Received 12" May 2021,
Revised 14" June 2021,
Accepted 08 July 2021

DOI: 10.14456/x0xx00000x

PROGRESS IN APPLIED
SCIENCE AND TECHNOLOGY

Faculty of Science and Technology
Rajamangala University of Technology Thanyaburi

Vol.11 No.2 (2021): xx-xx

ISSN (Print): 2730-3012
ISSN (Online): 2730-3020

https://ph02.tci-thaijo.org/index.php/past

The Common Fixed Point Theorems for Asymptotic
Regularity on b-Metric Spaces

Areerat Arunchai', Methini Muangchai' and Kewalee Thala'*

! Mathematics and Statistics Program, Faculty of Science and Technology, Nakhon Sawan
Rajabhat University, 398 Nakhon Sawantok sub-district Mueang district Nakhon Sawan,

Thailand

*E-mail: kewalee.t@nsru.ac.th

Abstract
In this paper, we propose the common fixed point theorems for asymptotic regularity on b-metric spaces.
The results presented in the paper improve and extend some previous results.
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1. Introduction

In many branches of science, engineering,
economics, computer science and the development of
nonlinear analysis, the fixed point theory is one of the
most important tool. Since the work of Banach (1)
known as the Banach Contraction Principle, many
mathematicians have extended and generalized the
results in (1). The Banach Contraction Principle states
that:

Theorem 1.1 (1) (The Banach Contraction Principle)
If a self-mapping f of a complete metric space
(X, d) satisfies the condition;

d(fx, fy) < Md(x,y),

M € [0,1), for eachx,y € X, then f has a unique
fixed point.

In recent years, several authors have
obtained fixed point theorem and common fixed point
theorem of mappings in the setting of many
generalized metric spaces. In 1966, Browder and
Petryshyn (2) introduced the notion of asymptotic
regularity. For example of asymptotic regularity and
its relevance to metric fixed point theorem can be seen
in (3-5).

In 2006, Proinov (6) was initiated study of
fixed point of the class of mappings (1.1).

Theorem 1.2 (6) Let T be a continuous and
asymptotically regular self-mapping on a complete
metric space (X,d) satisfying the following
conditions:

(1) There exists ¢ € ¢ such that
d(Tx,Ty) < ¢(D(x,))
forallx,y € X;
(i) d(Tx, Ty) < (D(x,y)) forallx,y € X with
X =y.

Then T has a contractive fixed point. Moreover, if
D(x,y) =d(x,y)+d(x,Tx)+d(y,Ty) and ¢ is
continuous and satisfies ¢(t) < tforallt > 0, then
the continuity of T can be dropped.

In2019, Gornicki (7) proved the fixed point
theorem for a complete metric space and f is a
continuous asymptotically regular mapping and if
there exists M € [0,1) and K € [0, o) satisfying

d(fx, fy) < Md(x,y) + K{d(x, fx) + d(%f)/()l},l)

for all x, y . Then f has a unique fixed point.

In 2019, Bisht and Singh (8) obtain the
existence of common fixed point theorems for
mappings  satisfying  Lipschitz—Kannan  type
condition.

Theorem 1.3 (8) If (X, d) is a complete metric space
and f,g:X = X. Suppose that f is asymptotically
regular with respect to g and there exist M € [0,1)
and K € [0, o) satisfying

d(fx, fy) < Md(gx, gy) + K{d(fx, gx)
+d(fy, g9}, (1.2)
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for all x,y € X. Further, suppose that f and g are
(f, g)-orbitally continuous and compatible. Then
C(f,g) # @ and f and g have a unique common fixed
point.

The idea of b-metric was initiated from the
works of Bourbaki (9) and Bakhtin (10).

In 1993, Czerwik (11) gave an axiom which
was weaker than the triangular inequality and formally
defined a b-metric space with a view of generalizing
the Banach contraction mapping theorem.

Theorem 1.4 (11) Let (X, d) be e a complete b-metric
space and let T : X — X satisfy
d(Tx, Ty) < go(d(x, y)),x,y eEX
where @ : R — R* is an increasing function such
that
lim ™(t) = 0,
for each t > 0. Then T has exactly one fixed point u
and
7lgrolc d(T™x,u) = 0,

for each x € X.

In this paper, we establish new common
fixed points theorems for asymptotic regularity on b-
metric spaces. Our work extends and improves some
important results due to many others.

2. Preliminaries
In this section we introduce the following
definitions for this paper.

Definition 2.1 (12) Let X be a non-empty set and
s > 1 be a given real number. A function b: X X X —
[0,0) is called b-metric if it satisfies the following
properties for each x,y,z € X:

®l):b(x,y) =0 x=y;

(62): b(x,¥) = b(y,x);

(b3): b(x,z) < s[b(x,y) + b(y,2)].

The pair (X, b) is called a b-metric space.

Example 2.2 Let X = {2,3,4} and a function
b:X x X > R be defined by
b(22)=b(33)=b(44)=0,
b(23)=b(3,2)=b(34)=b(43)=1,
b(24) =b(42)=m,

where s is a given real number such thatm > 2.
It is easy to see

m
b(x,z) < > [b(x,y) + b(y, 2)]
for all x,y,z € X. Therefore, (X,b) is a b-metric
space with constant s = ? However, if m > 2, the

ordinary triangle inequality does not hold and thus
(X, b) is not a metric space.

Definition 2.3 (12) Let (X, b) be a b-metric space. A
sequence {x, } in X is said to be:
(i) Cauchy ifand only if b(xp, xn) = 0

asn,m— oo;

(i1) convergent if and only if there exist x € X such
that b(x,,x) > 0asn — oo; and we write
lim x,, = x;
n—-oo

(iii) the b-metric space (X, b) is complete if every
Cauchy sequence is convergent.

Definition 2.4 (13) Let f and g be self-maps of a set
X (e, f,9:X - X). If w= fx = gxfor some
x € X, then x is called a coincidence point of f and
g, and w is called a point of coincidence of f and g.

The set of coincidence points and point of
coincidences of f and g are denoted by C(f, g) and
PC(f, g), respectively. If w = x then x is a common
fixed point of f and g and the set of common fixed
points is denoted by F(f, g).

Definition 2.5 Let f and g be two self-mappings of a

b-metric space (X, b). Then

(1) f is asymptotically regular with respect to g at
Xo € X, if there exists a sequence {x,}in X
such that gx,.; = fx,, forn =0,1,2,.., and
r{grolo b(gxn+1, 9%n+2) = 0.

(i) f and g are called compatible iff
711_1)’(010 b(fgxn, gfxn) =0, whenever {x,} is a
sequence in X such that

lim fx, = lim gx, =t,
n—-oo n—oo
for some t in X.

Definition 2.6 Let f and g be two self-mappings of a
b-metric space (X, b) and let {x,,} be a sequence in X
such that fx,, = gx,41 . Then the set
0(xo, f,9) = {fxn:in=012,..}
is called the (f, g)-orbit at x, and
g is called (f, g)-orbitally continuous if lim fx, =z
n—oo
implies lim gfx, =gz or
n—oo
f is called (f, g)-orbitally continuous if lim fx, =z
n—-oo
implies lim ffx, = fz.
n—oo
We say f and g are orbitally continuous if
fis (f,g)-orbitally continuous and g is (f,g)-
orbitally continuous.

3. Main results
We start this section by the following result:

Theorem 3.1 If (X, b) is a complete b-metric space
and f,g:X — X. Suppose that f is asymptotically
regular with respect to g and there exist M € [0,1) and
K € [0, ) satistying

b(fx,fy) < Mb(gx,gy) + K{b(fx, gx) +
b(fy,g9y)} (3.1)

for all x,y € X. Further, suppose that f and g are
(f, g)-orbitally continuous and compatible. Then
C(f,g) # 9 and f and g have a unique common fixed
point.
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Proof. Since f is asymptotically regular with respect Hence C(f,g) # @.
to g at x, € X, there exists a sequence {y,} in X such By compatibility of f and g, we have
that y,, = fx, = gxp41 foralln € N U {0} and gft=fgt=fft=ggt.
lim b(gxn41, GXna2) = lim b(yy, Yne1) =0. Using (3.1), we obtain
n—-oo n—-oo
We show that {y,} is a Cauchy sequence. Since
(3.1), for any n and any p > 0, b(ft,fft) < Mb(gt, gft)
b(fxn+p'fxn) = b()’n+p,3’n) _LIE{(Z([Z?;)) +b(fft,gf0)}
< - ’
= b (nip ) +KUb(ft, fO) + bt FF0))
+b(Yn+p+1'Yn)] = Mb(gt,gft)
< Sb(Vnﬂw Yn+p+1) = Mb(ft, fft)
+Sb(yn+p+1' )’n) SO:
< Sb(}/n+p: Yn+p+1) dth b(ft'fft) - Mb(ft,fft) <0,
+s2[b ) and then
Sb[ (yn+p+1 Yn+1) (1 — MYb(ft, fft) < 0.
+b(ne1 ¥ n)] Therefore,
= Sb(yn+p'yn+p+1) b(ft,fft) = 0.
+52b(Yn+p+1ﬁyn+1) Hence ft = fft = gft and ft is a common fixed
+ 52b(Yp+1, Yn) point of f and g.

< Sb(yn+p'yn+p+1)
+5%[Mb(Ynsp) ¥n)
+ K{b(yn+p+1'3]n+p)
+bns1, ¥ J] + 52bWns1, Yn)
< Sb(yn+p'yn+p+1)
+52Mb(Ynp, Yn)
+s2Kb (}’n+p+1, Yn+p)
+52Kb (Y41, ¥n)

+ 52 (V41 Y)-
So,

b(yn+p, yn) - SZMb(Ynﬂw Yn)
< 5b(3’n+p'3’n+p+1)
+Ssz(yn+p+1'Yn+p) + SZKb(Yn+1':Vn)

+Szb()’n+1, )
and then

b()’nﬂn)’n)(l _SZM)
< b()’n+p'3’n+p+1)(5 +52K)
+bnr1, Yn) (5% + %K),

Hence,
(s+s%K)
b()’nﬂm)’n) < (:_;M) b(yn+p,Yn+p+1)
2 ZK
+ o bOmen, ) (32)

By f is asymptotic regularity with respect to g, we
have b(yn+p,yn) — 0 as n — oo. Therefore, {y,} is
a Cauchy sequence. By completeness of X there exists
t € X such that
lim fx, = lim gx, = t.
n—oo n—oo
Since orbital continuity of f and g implies that
lim ffx, = lim fgx, = ft,
n—oo n—-oo
and
lim gfx, = lim ggx, = gt.
n—oo n—oo

Since compatibility of f and g,
lim b(fgx,, gfxn,) = 0. Letting n - oo, we get
n—oo

ft=lim fgx, = lim ggx, = gt.
n—oo n—oo

Suppose that st and ft are common fixed
point of f and g implies that fst = gst = st and
fft =gft = ft.Weshow that ft = st. Using (3.1),
we obtain
b(ft,st) = b(fft, fst)

< Mb(gft, gst)

+K{b(fft,gft) + b(fst, gst)}
= Mb(gft, gst)

= Mb(ft, st).
So,
b(ft,st) — Mb(ft,st) <0.
Hence,
0 < b(ft,st) < 0.
Therefore,

b(ft,st) =0.
Hence ft = st and f and g have a unique common
fixed point.

Corollary 3.2 If (X, b) is a complete b-metric space
and f,g:X = X. Suppose that f is asymptotically
regular with respect to g and there exist K € [0, o)
satisfying

b(fx, fy) < K{b(fx,gx) + b(fy,gy)}, (3.3)

for all x,y € X. Further, suppose that f and g are
(f, g)-orbitally continuous and compatible. Then
C(f,g) # 9 and f and g have a unique common fixed
point.

Proof. Since f is asymptotically regular with respect
to g at xo € X, there exists a sequence {y,,} in X such
that y, = fx,, = gxy44 foralln € N U {0} and

711_1)20 b(gxn+1, 9xn42) = il_r)go b(Yn, Yn+1) =0.
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We show that {y,} is a Cauchy sequence. Since
(3.3), forany n and any p > 0,
b(fxn+p'fxn) = b(Yn+p' :Vn)
= S[b(yn+pﬂyn+p+l)
+b(yn+p+1'yn)]
= Sb(yn+p'yn+p+1)
+Sb(Yn+p+1ﬁyn)
= Sb(yn+p'yn+p+1)
+52[b(3’n+p+1,)’n+1)
+b(Yn+1,¥n)]
= Sb(yn+p'yn+p+1)
+52b(yn+p+1f3’n+l)
+52b(Vn+1, Yn)
< Sb(yn+p'yn+p+1)
+s2 [K{ b(}’n+p+1' Yn+p)
+b (Y41, ¥0)}]
+52b(Yn+1, Yn)
< Sb(yn+p'yn+p+1)
+52Kb(}/n+p+1'.Vn+p)
+52Kb(Yn+1,¥n) + 52D Vns1, V)
= b(Ynﬂn Yn+p+1)(5 +5%K)
+bne1, V) (5%K + 57).

By f is asymptotic regularity with respect to g, we
have b(yn+p,yn) — 0 as n — oo. Therefore, {y,}
is a Cauchy sequence. By completeness of X there
exists t € X such that
lim fx, = lim gx, = t.
n-—oo n—oo
Since orbital continuity of f and g implies that
lim ffx, = lim fgx, = ft,
n—oo n-—oo
and
lim gfx, = lim ggx, = gt.
n—oo n-—oo

Since compatibility of f and g,
lim b(fgx,, gfxn,) = 0. Letting n — oo, we get
n—oo
ft=lim fgx, = lim ggx, = gt.
n—oo n—oo
Hence C(f, g) # 0.
By compatibility of f and g implies
gft=fgt=fft=ggt.
Using (3.3), we have
b(ft, fft) < K{b(ft,gt) + b(fft,gft)} = 0.

So,
0 < b(ft, fft) <O0.

Thus,

b(ft,fft) =0.
Hence ft = fft = gft and ft is a common fixed
point of f and g.

Suppose that st and ft are common fixed
point of f and g implies that fst = gst = st and
fft =gft= ft.Weshow that ft = st. Using (3.3),
we obtain
b(ft,st) = b(fft, fst)

< K{b(fft,gft) + b(fst, gst)}

=0.

Then

b(ft,st) = 0.
Hence ft = st and f and g have a unique common
fixed point.

In the next theorem, we drop orbital
continuity of a pair of mappings considered in
Theorem 3.1 besides relaxing compatibility by the
minimal non-commuting notion, i.e., non-trivially
weak compatibility. We recall that f and g are weakly
compatible (15) if fgx = gfx, whenever fx =
gx for some x € X.

Theorem 3.3 If (X, b) is a b-metric space and f and
g be self-mappings on an arbitrary non-empty set ¥
with values in a b-metric space X. Suppose that f is
asymptotically regular with respect to g and gY is a
complete subset of X for M, K € [0,1) satisfying
b(fx,fy) < Mb(gx, gy)
+K{b(fx, gx) + b(fy,gy)},

for all x,y €Y. Then C(f,g) # @ . Moreover, if
Y = X, then f and g have a unique common fixed
point provided f and g are non-trivially weakly
compatible.
Proof. Since f is asymptotically regular with respect
to g at xy € X, there exists a sequence {y,} in X such
that y,, = fx, = gxn41 foralln € N U {0} and

TP_{EO b(gxn+1,9%n+2) = TP_EYOIO b(¥n, Yn+1) =0.
We show that {y,,} is a Cauchy sequence. Since (3.1),
for any n and any p > 0,

b(fxn+p'fxn) = b()’n+p'3’n)

<s[b (yn+p' yn+p+1)
+b(yn+p+1'yn)]

= Sb(Yn+p'Yn+p+1)
+Sb(Yn+p+1ﬁyn)

< Sb(yn+p'yn+p+1)
+52[b(3’n+p+1'yn+1)
+b(Yns1, In)]

< Sb(Yn+p'Yn+p+1)
+52b(yn+p+1'3’n+l)
+ 52D (Yn+1,Yn)

< Sb(Yn+p'Yn+p+1)
+52[Mb(Yn4p, ¥n)
+ K{b(yn+p+1'3]n+p)
+bns1, Y)}] + 2D Wni1, ¥n)

< Sb(yn+p'yn+p+1)
+52Mb(Vn1p) Vn)
+ SZKb(yn+p+lﬂyn+p)
+ 52Kb(Yni1, )

+ 52D (Yn+1, Yn)-
So,

b(Ynﬂan) - SZMb(Yn+p'Yn)
= Sb(}’n+p' yn+p+1)
+52Kb(Yn+p+1ﬁyn+p)
+52Kb(Yn+1, ¥n)
+ Szb(Yn+1'yn),
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and then
b(yn+p'3’n)(1 _SZM)
< b(}/n+p'yn+p+1)(s +5%K)
+ b(Yni1s yn)(sz + 52K).

Hence,
(s + s2K)
b(yn+pf Yn) < m b(Yn+p'Yn+p+1)
(s + s%K)

+m bn+1, Yn)-

Since asymptotic regularity of f with respect to g,
b(yn+p,yn) — 0 as n— oo . Therefore, {y,} is a
Cauchy sequence in gY . Since gY is a complete
subset of X and y, = fx, = gx,4+1 is a Cauchy
sequence in gY. Then there exists t € X such that
7111_1)20 GXn+1 = gt.

Moreover,

lim fox, = lim gxneq =t.
By (3.1), we obtain
b(fxn, ft) < Mb(gxy, gt)

+K{b(fxn, gxn) + b(ft, gt)
= Kb(ft, gt).

So,
b(fxn, ft) = b(gt, ft) < Kb(ft, gt).
Thus,
b(gt, ft) — Kb(ft,gt) < 0.
Therefore,

b(ft,gt) = 0.

Hence C(f, g) # ©.

Since Y =X and f and g non-trivially weakly
compatible, then gft = fgt. This further implies that
fot =gft=fft = ggt.

Using (3.1), we obtain

b(ft,fft) < Mb(gt, gft)
+K{b(ft, gt) + b(fft, gft)}
= Mb(gt, gft)
+K{b(ft, ft) + b(fft, ff1)}
= Mb(gt, gft)
= Mb(ft, fft).
So,
b(ft, fft) — Mb(ft, fft) < 0.
Then
1 -M)b(ft,fft) <O0.
Therefore,

b(ft, fft) =0.
Hence ft = fft = gft and ft is a common fixed
point of f and g.

Suppose that st and ft are common fixed
point of f and g implies that fst = gst = st and
fft =gft = ft. We show that ft = st. Using (3.1),
we obtain
b(ft,st) = b(fft, fst)

< Mb(gft, gst)

+K{b(fft, gft) + b(fst, gst)}
= Mb(gft, gst)

= Mb(ft, st).

So,
b(ft,st) — Mb(ft,st) <0,
and then
(1 — M)b(ft,st) < 0.
Hence,
0 < b(ft,st) < 0.
Therefore,

b(ft,st) = 0.
Hence ft = st and f and g have a unique common
fixed point.

Remark. Let K =0 in Theorem 3.3, we obtain
b(fx,fy) < Mb(gx, gy)
+K{b(fx, gx) + b(fy, g»)}
=Mb(gx, gy)
< Mmax{b(gx, gy)
,b(fx,gx),b(fy,9y)
b(fx,gy) +b(fy, gx)}
, 2 .

Hence satisfy the condition in Corollary 3.4.

Corollary 3.4 If (X, b) is a b-metric space and f and
g be self-mappings on an arbitrary non-empty set ¥
with values in a b-metric space X. Suppose that f is
asymptotically regular with respect to g and gY is a
complete subset of X for M, K € [0,1) satisfying

b(fx, fy) < Mmax{b(gx, gy),b(fx, gx)

b(fy, 9), 2
for all x,y € Y. Then C(f, g) # @ . Moreover, if
Y = X, then f and g have a unique common fixed
point provided f and g are non-trivially weakly
compatible.

The following example illustrates Theorem 3.3.
Example 3.5 Let X = [2,20] and a function b: X X
X > Rbedefinedby b(x,y) = |x — y|? forall x,y €
R is a b-metric on X. Define self-mappings f and g
on X as follows

2, x=2
fx =16, x € (2,5]
2, x € (5,)
and
2, x=2
11, x € (2,5]
9X=Vx+1
3 x € (5,).

Then f and g satisfy the following conditions of

Theorem 3.3 and have a unique common fixed point

x = 2 which f and g are discontinuous:

(i) gY=1[2,71U{11} is a complete subspace of
X =[2,20];

(i) f and g satisfy the condition

4
b(fx, fy) < g{b(fx,g2) + b(fy, gv)}
forallx,y €Y and M € [0,1);

b(fx,gy) + b(fy,gX)}

y
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(iii) f and g are non-trivially weakly compatible as

f and g commute at their only coincidence point
x=2.
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