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Abstract

Many logical algebras such as BE-, KU- and BCC-algebras have their weak version as generalization. It is known that
a Cl-algebra is a weak version of a BE-algebra, a JU-algebra is a weak version of a KU-algebra, and a BZ-algebra is a weak
version of a BCC-algebra. In this paper, we introduce the concept of weak UP-algebras as a generalization of UP-algebras, and
investigate its basic properties. Additionally, some types of ideals in this type of algebras are introduced and analyzed.
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1. Introduction

The concept of UP-algebras as a generalization of
KU-algebras was introduced by lampan in 2017 (lampan,
2017). Ansari, Koam, and Haider (2019) introduced the
concept of roughness in UP-algebras and studied the lower
and upper approximations of UP-subalgebras and UP-ideals.
Senapati, Muhiuddin, and Shum (2017) studied interval-
valued intuitionistic fuzzy structures in UP-algebras. Senapati,
Jun, and Shum (2018) studied cubic sets in UP-algebras.
Senapati and Shum (2016) and Senapati and Shum (2017)
introduced and studied intuitionistic fuzzy bi-normed KU-
ideals and intuitionistic fuzzy bi-normed KU-subalgebras of
KU-algebras. Senapati (2018) introduced the concept of
(imaginable) T-fuzzy KU-ideals of KU-algebras. Images and
preimages of KU-ideals under homomorphism were
investigated. Senapati, Jun, and Shum (2020) introduced the
concepts of cubic intuitionistic KU-subalgebras and cubic
intuitionistic KU-ideals of KU-algebras. Characterizations of
cubic intuitionistic KU-subalgebras and cubic intuitionistic
KU-ideals of KU-algebras were considered.
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In this paper, we introduce the concept of weak UP-
algebras as a generalization of UP-algebras, and investigate its
basic properties. This generalization is designed by weakening
the axiomatic system of UP-algebras in the manner in which
the aforementioned generalizations of BCC-algebras, BE-
algebras and KU-algebras are designed by weakening the
corresponding axiom system.

2. Preliminaries

In this section, we use the definitions of UP-
algebras, UP-subalgebras, UP-ideals and other important
terminologies and some related results from the literature
(lampan, 2017; lampan, 2019).

Definition 2.1. ((lampan, 2017), Definition 1.3) An algebra
A=(A,-,0) of type (2,0) is called a UP-algebra if it satisfies
the following axioms:

(UP-1) (WX, y,2e A((y-2)-((x-y)-(x-2))=0).
(UP-2) (Wx e A)(0-x=X),

(UP-3) (Wx e A)(x-0=0), and

(UP-4) (WX, ye A((X-y=0AYy-x=0)=x=Y).

We denote this axiom system by [UP].
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By weakening this axiomatic system by omitting the
axiom (UP-3), a weak axiomatic system [WUP] is obtained:

Definition 2.2. An algebra A=(A,-,0) of type (2,0) is
called a weak UP-algebra if it satisfies the following axioms:
(WUP-1) (Vx,y,ze A)((Y-2)-((x-y)-(x-2))=0),
(WUP-2) (WX e A)(0-x=Xx), and

(WUP-4) (WX, y e A)((X-y=0AYy-x=0)=x=Y).
We denote this axiom system by [wUP] and we denote this
type of algebraic structure by wUP-algebra.

Comment 2.1. If awUP-algebra (A, -,0) satisfies also (UP-

3), then it is a UP-algebra. Therefore, the concept of wUP-
algebras is a generalization of the concept of UP-algebras
since the axiom (UP-3) is independent of the other axioms in
[wUP].

Similarly as in UP-algebras, in any wUP-algebra A
we can introduce a natural relation “ < putting

(WX, ye A(x<y<=x-y=0).

It is not difficult to see that in wUP-algebras the
following claims are valid:

Lemma 2.1. In a wUP-algebra A, the following properties
hold:

1) (Wxe A(X<X),

2 (WX, Y,2e A((XS YAy <Z2)=x<2Z),

@) (WX, Y, 2e AX<y=2z-x<z-y),and

@) (WY, 2e AXSy=>Yy-2<X-2).

Proof. By examining the evidence for assertions (1), (2), (3),
and (4) in Proposition 1.7 in article (lampan, 2017), we can
see that the demonstrations of these claims do not contain the
axiom (UP-3). Therefore, these claims are valid claims in the
axiom system [wUP], too.

Corollary 2.1. The relation < is an order relation in a wUP-
algebra A left compatible and right inverse compatible with
the internal operation in A .

Themap @: A—> A, defined by

) (VX e A)(p(X) =x-0), was formally introduced in
Dudek and Thomys, 1990 for BCH-algebras, but, in fact,
different properties of this map were used in Dudek and
Thomys (1990), Dudek and Thomys (2012), and Romano
(2018) to characterizations of special subclasses of weak
BCC-algebras, and Romano (2020) in describing the
properties of JU-algebras. Some important features of this
mapping in wUP-algebras are given in the following
proposition.

Proposition 2.1. Let A be a JU-algebra. Then
® (VX y € A)(Y-x<o(x-Yy)),

@ (Vxe Ax<p*(X)),

® (VX y € A)(p(y) <(X-y)- (X))

©) (WX, Yy e AXLy= oY) £o(X)).,
(10) (W%, y € A)(Y <(X)-(X-Y)).

a1 (Vx e A)(@*(X) = p(x)).

(12) (W%, y € A)(@(X) =(Y-X)-(Y)).
13) (Vx, Y € A)(@*(y) = o(X)- (Y - X)) .
(14) (Vx,y € A)(@*(x-y) = 0*(X)-9°(y)) . and
15) (Vx, y € A)(@*(x-y) =o(y-X)).

Proof. Ifweput Z=X in (WwUP-1), we get (6).
If we put Y =0 in (6), we get (7).
Ifwe put Z =0 in (WUP-1), we get (8).
Let X,y €A be such that X<Y. Then
X-y=0.If we put X-y =0 in (8), we get (9). So the
mapping ¢ is inversely monotone.

Ifweput Y=0 and Z=Y in (WUP-1), we get
(10).

Applying procedure (9) to inequality (7), we obtain
@ (X) < @(X) . On the other hand, if we put X = ¢(X)
into (7), we get (p(X) < (p3 (X) . These two inequalities give
(X) = @°(X) , according to (WUP-4).

If we apply (9) to inequality (10), we get

qD((p(X)-(X-y))S¢(y). If we extend the resulting

inequality on the left side with respect (6) and on the right side
with respect (8), we obtain

(X-y)-(X) <p(p(x) - (x- ¥)) <y) < (X-y)- (%)

Therefore, (12) is a valid formula in [wUP].
Ifwe put X=¢(y) and Y = Y- X into (12), we get

?*(y) = p(e(¥)) = ((y-X)-0(¥))- @y - X) = (X) - p(y - X) -
Ifwe put X=¢(X) and Y = X-Y into (13), we get

?* (X-y) = (p(X) - ((X- Y) - 9(X) = 9* (X) - p(p(y)) =
P’ (X)-0*(y) -

3. Ideals in wUP-algebras

A non-empty subset S of a wUP-algebra A is called
a wUP-subalgebra of A if

(W%, y € A((x e SAY € S)=X-y €S) holds.

In this section, we introduce the concept of ideals in
wUP-algebras and some types of ideals such as closed ideal,
(*)-ideal, ag-ideal, strong ideal, regular ideal, associative
ideal and t-ideal of a wUP-algebra.

Definition 3.1. A subset J of a wUP-algebra A is called a
wUP-ideal of A if

(1) 0eJ,and
32) (WX, Y, 2e A((X-(y-2)eIAyed)=x-ze).
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The following results are important properties of  Corollary 3.1. Let J be a wUP-ideal of a wUP-algebra A.
wUP-ideals of wUP-algebras. Then
(36) (W, ze A(y<zayeld)=zeld).
Proposition 3.1. Let J be a wUP-ideal of a wUP-algebra A.
Then
) (W, zeA((y-zedryeld)=zed),

14) (vx,y e A((@(x) e Iny eJ)=x-yed) and  Y:zZ=0Jandye].Thus € by 33).

Proof. Let y,Z € A besuchthat Y <z and yeJ. Then

(5) (VX’ ye A)((X-(p(y) ednye ‘]) o (X) € ‘]) ’ Example 3.1. Kerp={x e A: @(x) =0} is a wUP-ideal of
Proof. If we put x=0 in (J2), we get (J3) with respect to .

(WUP-2). a wUP-algebra A. First, we have Qe Kerg because
(34) is obtained from (J2) if we put z =y in (J2). 0-0=0 by (1). Let X,Yy,Z e A be arbitrary elements such
(J5) is obtained from (J2) if we put z=0 in (J2). that x- (y- z) eKergp and y e Kel’q).

Then ¢(x-(y-2)) =0 and ¢(y)=0. Thus, the following holds
0=p(x-(y-2)) =9*(y-2)-X) =0*(y-2)- 0" (X) = (9*(Y) - ©*(2))- 9" (X)

=(0-9°(2))- 0’ (0) = 9°(2) - 9* (X) = 9*(2-X) = p(x- 2).
As shown, the set Ker¢ satisfies both conditions (J1) and (J2). So, Kerg is a wUP-ideal of A.

Following the ideas presented in Dudek and Thomys (1990), Dudek, Zhang, and Wang (2009), Romano (2020), and
Thomys and Zhang, (2013) in this section we will introduce several types of ideals in this class of weak algebras and show the
connection between them. Names and designations of newly constructed ideals in wUP-algebra are retrieved from Dudek et al.
(2009) by analogy.

Definition 3.2. A wUP-ideal J of awUP-algebra A is called a closed wUP-ideal of A if the following holds
©) (Wxe A(xed=p(x)ed).

The following theorem shows that closed wUP-ideals and wUP-subalgebras coincide in wUP-algebras.

Theorem 3.1. A wUP-ideal J of a wUP-algebra A is a closed wUP-ideal of A if and only if J is a wUP-subalgebra of A .

Proof. Let J be a wUP-subalgebra of A.Then 0eJ and X J implies ¢;(x) =X-0eJ. So, the wUP-ideal J is a closed

wUP-ideal of A.
Conversely, assume that J is a closed wUP-ideal of A . Then for any X, yeA, wehave p(X)eJ and yeJ.

Thus X-Y € J by (J4). This means that J is a wUP-subalgebra of A .

Example 3.2. Kerg is a closed wUP-ideal of a wUP-algebra A. For any elements X,y e A such that ¢(x)=0 and
¢(y) =0, the following holds

P(x-y) =9’ (y- )=’ (y)-¢°(x)=0-0=0.
Hence, X-y € Kerg. Since Kerg is a wUP-subalgebra of A, the wUP-ideal Ker is closed according to Theorem 3.1.

Definition 3.3. A wUP-ideal J of awUP-algebra A is called (%)-wUP-ideal of A if the following holds
*) (WX, ye A((xeIryed))=y-xeld).

The following theorem shows the necessary and sufficient conditions of closed (%)-ideals in wUP-algebras.

Theorem 3.2. A wUP-ideal J of awUP-algebra is a closed (%)-ideal of A if and only (A .

Proof. Let J be a wUP-ideal of A . If gp(A)gJ , then obviously ¢(J)J . i.e. the wUP-ideal J is a closed wUP-ideal of
A . Let X,y € A be elements such that X€J and —(y €J). Then Xe J and g(y)eJ by hypothesis. At the other

hand, from from (10), in the form X < ¢(y)-(y-X),and X € J follows ¢(y)-(y-X) by (J6). From here it follows X - Y
according to (J3) because ¢(y) € J .
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For the converse, suppose that a wUP-ideal J of A is a closed (%)-ideal of A . Then for any ye A, we have
yelv—yeld).If yeld, then ¢(y)eJ because J is closed. If —(y € J), then from 0eJ and —(yeJ) it
follows (y)=Yy-0e J by (*).So, p(A)=J .

For any wUP-ideal J of a wUP-algebra A we can define a binary relation QJ on A putting:

(WX, ye A((x,y) €O, =(x-yeJay-xed)).

Such defined relation is an equivalence relation. It is a congruence on A because J is a wUP-ideal of A . Then the family
A/ 6, is awUP-algebra with respect to the operation “*” defined by

(Y%, y € A[XI*Ly]=[X-YD.
Clearly [0] ={x cA: Q(x) =X-0eJIJAXx=0-xe J}:{x cA: go(X) c J}gJ . For closed wUP-ideal J of A we have
[0]=J.

Theorem 3.3. A closed wUP-ideal J of awUP-algebra A is an (%)-ideal of A ifand only if A/J isa UP-algebra.

Proof. Let J be a closed (%)-ideal of a wUP-algebra A . Forany X € A holds @(X) € J by Theorem 3.2. Thus ¢(X)-0 e J
and O-(p(x) €J by Theorem 3.1 because J is a wUP-subalgebra of A. This means X-0eJ by (J4). Hence,
[X]*[0]=[0]. Finally, we have that A/ J is a UP-algebra.

Conversely, if A/ J isa UP-algebra, then [x]+[0] =[x-0]=[0] forany X € A. Hence, (X) =X-0e& J . So, the
wUP-ideal J is a closed (%)-ideal of A by Theorem 3.2.

Definition 3.4. A wUP-ideal J of a wUP-algebra A is called an ag-ideal of A if the following holds
(AG) (Vxe A) (¢’ (X) e J=>xed).

Example 3.3. The wUP-ideal Ker¢ is an ag-ideal of a wUP-algebra A . Indeed, let X € A be an element such that
@’ (x) € Kerg. Then g(¢?(x)) =0. Thus ¢(X) = ¢*(X) = (p* (X)) =0. Hence, X € Kerg. So, the wUP-ideal Kerg is

an ag-ideal of A .
The following theorem shows the equivalent conditions with ag-ideals in wUP-algebras.

Theorem 3.4. For a wUP-ideal J of a wUP-algebra A , the following conditions are equivalent:
(a) J isan ag-ideal of A,
0 (WX, ye A((X<yayed)=xel),
© (WX, Y,2e A(((z-x)-(z-y) e Inxed)=y ), and
@ (WX, ze A)(p(2)-(z-y)=yed).

Proof. (a)=(b). Let X, yeA be elements such that X<Y and yeJ. Then x-y:O and
P’ (Y- X)=p(X-y)=p(0)=0eJ by (15). Thus Y-X € J by (AG). Now, from y-xeJ and yeJ it follows X e J

by (J3). This means that the condition (b) is a valid formula in a wUP-algebra A .
(b)=>(c). Let X,Y,Z € A be arbitrary elements such that (z-X)-(z-y)eJ and XeJ. If we put Y =X,

Z=Y and X=Z in (WUP-1), we get X- Y <(Z-X)-(Z-Y).Fromthisand (z-X)-(z-y) € J itfollows X-y e J by
(J6). Now, from x-y e J and X € J itfollows y e J by (J3).

() =>(d). Putting X=0, we get (d).
(d)=>(@). Putting y =z, we get (a).

Theorem 3.5. A wUP-ideal J of a wUP-algebra A is a closed ag-ideal of A if and only if for every X € A both X and
@(X) belong or not belong to J .
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Proof. Let J be a closed ag-ideal of A . Then X € J implies (o(X) e J . Similarly, (D(X) e J implies (pz (X) e J . Since
J is an ag-ideal of A, it follows X € J . Hence, both X and ¢(X) belong or not belong to J .

Conversely, any wUP-ideal J with the property that both X and ¢(X) belong or not belong to J, is obviously
closed wUP-ideal of A . Moreover, if goz(x) e J , then also go(x) eJ . Thus X e J by hypothesis. So, the wUP-ideal J isa

closed ag-ideal of A.
In what follows, the concept of strong ideal of a wUP-algebra is introduced and analyzed.

Definition 3.5. A wUP-ideal J of awUP-algebra A is called a strong ideal of A if the following holds
S) (WX, yeA((xedr~Hyed)=>—x-yeld)).

Lemma 3.1. The condition (S) is equivalent to the condition

S1) (WX, ye AX-yeIan—H(xeld)=yeld).

Proof. The condition (S1) is obtained from the condition (S) by the logical contraposition and vice versa, (S) is obtained from
(S1) by the logical contraposition.
The following theorem shows that strong ideals and closed ag-ideals coincide in wUP-algebras.

Theorem 3.6. A wUP-ideal J of awUP-algebra A is a strong ideal of A if and only if it is closed ag-ideal of A .

Proof. Let J be a closed ag-ideal of A. Suppose X€J, —(y€J) and y-X e J. Then ¢(y-X) € J by (C). Also
@(X) € J by (C). Atthe other hand, we have @°(Y) = @(X)-@(y-X) € J by (12) and because J is a wUP-subalgebra

of A by Theorem 3.1. Thus @°(Y) € J . Hence y e J by (AG). We got a contradiction. So, it must be —(yXe J).
Therefore, J is astrong ideal of A .

Let A be astrong ideal of a wUP-algebra A . Suppose p?(x) e J and —(x e J). Then —(x-@*(X) € J) by (S).
At the other hand, from (7): X < @?(X) it follows X-¢*(X)>X-X=0eJ by (3). Then X-@*(X)€J by (36). The
obtained contradiction overthrows the assumption —.(X € J) . So, it must be X € J and we conclude that J is an ag-ideal of
A . To prove that J is closed we select arbitrary X € J . Them @°(X) e J by (7) and (J6). Suppose —(¢(x) € J). Now, from
this and 0 J it follows —(¢(X)-0= @’ (X) € J). The resulting contradiction overthrows the assumption —(¢(X) € J).

So, it must be ¢(X) € J . This proves that J is a closed ag-ideal of A.
The next type of ideals in wUP-algebras is the type of the regular ideals.

Definition 3.6. A wUP-ideal J of awUP-algebra A is called a regular ideal of A if the following holds
R) (WX, yeA((X-yedayeld)=xel).

The following theorem shows that regular ideals and closed ag-ideals coincide in wUP-algebras.
Theorem 3.7. A wUP-ideal J of awUP-algebra A is regular if and only if it is closed ag-ideal of A .

Proof. Let J be a regular ideal of a wUP-algebra A. For X,y € A such that X<y and yeJ, it follows
X-y=0€&J and yeJ.Thus XxeJ by (R).So, J isan ag-ideal of A by (b). Moreover, for X € J , by (7) and (J6), we
have ”(X) € J.But p(x)-0=p?(x)eJ and 0eJ give @(X) € J by regularity of J. Thus J is a closed ag-ideal of

A.
Opposite, suppose that J is a closed ag-ideal of A.For X,y € A suchthat X-Y€J and Y€ J have to be

o(X-y)ed and @(y) €J by (X). Then ¢*(X) =@(y) - @(X-y) € J because J is a wUP-subalgebra of A . Thus,

from ¢ (X) € J, itfollows X € J by (AG). This proves that J is a regular ideal of A .
The concept of associative ideals of wUP-algebras was introduced by the following definition.

Definition 3.7. A wUP-ideal J of a wUP-algebra A is called an associative ideal of A if the following holds
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A (WX, z2e A)(p(2)-2eI=x-2€).
Theorem 3.8. An associate ideal of a wUP-algebra A is a closed ag-ideal of A .

Proof. Suppose J is an associate ideal of a wUP-algebra A . Putting Z=0 in (A), we get (C). Putting x=0 in (A), we get
(AG).

The family of possible ideals in wUP-algebras is supplemented by the concept of t-ideals, introduced by the following
definition.

Definition 3.8. A wUP-ideal J of a wUP-algebra A is called a t-ideal of A if the following holds
M (WY, 2e A((X-y)-zeIAyed)=x-z€J).

The following results are important properties of t-ideals of wUP-algebras.

Proposition 3.2. Let J be a t-ideal of a wUP-algebra A . Then

© (WX, yeA(p(x-y)eInyed)=p(x)ed),
® (W,z2e A(p(X)-zeJ=X-2€J),and

© (Vxe A@*(X) e I=p(x) €J).
Proof. If we put Z=0 in (T), we get (e). Putting Y =0 in (T), we get (f). Putting Z=0 and Y =0 in (T), we get (g).

Theorem 3.9. Let J be a wUP-ideal of a wUP-algebra A . Then the condition (T) is equivalent to the condition (f).

Proof. The implication (T) => (f) was shown in the previous proposition.

If we put Y=0 and Z=Y in (WUP-1), we get 0-y<(x-0)-(x-y), i.e. y<e(x)-(x-y). Hence
@(X)-(x-y)eJ by (J3) because yeJ. On the other hand, if we put Xx=¢(x), ¥ =X-Y in (WUP-1), we get
X-y)-2<(@(X)-(X-Y))-(@(X)-2). From here and from (x-y)-zeJ it follows (¢(X)-(X-y))-(@(X)-2)d

according to (J6). Now, we have
(@(%)-(x-y) € IA(@X)- (X-¥)) - (AX)-2) € )= X)- €]
by (33). Thus X-Z € J according (f). So, J is a t-ideal of A.
The following theorem shows the necessary and sufficient conditions of t-ideals in wUP-algebras.

Theorem 3.10. A wUP-ideal J of a wUP-algebra A is t-ideal of A if and only if the following holds
() (X, 2 € A)(@(X)- 2= ¢*(X)-2).

Proof. (T)=>(h). Ifwe put X = @°(X) in (f), we get (h) by (1) since (f) is equivalent to (T).

Let J be a wUP-ideal of awUP-algebra A satisfying the condition (). Suppose @(X)-z € J for some X,Z € A.
Then ¢?(X)-z e J by (h). At the other hand, gDZ(X) -Z < X-Z is obtained from X < ¢?(X) by multiplying by right side
with Z with respect to (4). Now, from obtained inequality ¢*(X)-Z<X-Z and ¢*(X)-zZ € J it follows X-Z € J by (J6).

Thus, the condition (f) is a consequence of (h). Hence, (h) =>(T) since (f) < (T).
The following theorem shows another necessary and sufficient conditions of t-ideals in wUP-algebras.

Theorem 3.11. A wUP-ideal J of awUP-algebra A isat-ideal of A if and only if the following holds
k) (Vxe AX-p(x)ed).

Proof. (T)=>(k). Let J be a t-ideal of a wUP-algebra A . To prove (k) observe that (X-0)-@(X) = @(X)-@(X) =0e€ J

for any X € A by (1). Now, from (X-0)-¢(x) €J and 0€J it follows X-¢(X) €J by (T). So, the condition (k) is a
consequence of the condition (T).
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(K)y=>(T). Let X-go(x) e J bevalid forany X € A. Letus prove that the condition (f) is a valid formula in a wUP-algebra
A . suppose @(X)-z € J for some X,Z € A. Putting Y =¢(X) in (wUP-1), we get @(X)-Z <(X-@(X))-(X-2).
Thus (X-@(X))-(X-2) €J by (36) because @(X)-Z € J by hypothesis. Now, from (X-¢@(X))-(X-2)€J and
X- (p(X) e J itfollows X-Z € J by (J3). Therefore, condition (f) is satisfied, and therefore condition (T) is also satisfied.

4. Conclusions

In this paper, the concept of weak UP-algebras is introduced by omitting an axiom from the axiomatic system [UP] that
determines UP-algebras. In the newly designed axiomatic system [wUP] several types of ideals were introduced and analyzed.
The presented procedure for analyzing observed ideals in wUP-algebras can also be applied to some of the following conditions

applied to ideals. Let J be a wUP-ideal of a wUP-algebra A . We may consider the following conditions imposed on the wUP-

ideal J:

X) (W, Y,2e A(((X-y)-zeJAy-zeJ)=xeJ),and
) (W, Y,2e A((X-(Y-2)€edny-zed)=x-2€]).

It could, for example, prove to be valid.

Proposition 4.1. Let J be a wUP-ideal of a wUP-algebra A satisfying the condition (X). Then

(i) (¥, Y € A)((@(x-Y) € IAp(y) € J)=>x ),
(i) (WX, ze A((p(X)-zeIrzed)=xeJ),and

(i) (WX, ze A((zeIrx-zeJ)=xed).
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