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Abstract

The expected mean squares (EMS) for the effects in a two-way ANOVA model are derived when sampling from a

finite population, for factors A and B. The A-effects and B-effects are represented by 7; and By respectively, in the model.

Model effects are studied for the random and mixed effects models. Thus, in terms of hypothesis testing, we are interested in the
expected mean square formulas when the random effects are sampled from finite populations. For balanced data, the EMS for the
A, B and AB interaction effects when the effects are sampled from a finite population are the same as the EMS for an infinite
population. For unbalanced data, the EMS when the effects are sampled from a finite population in factors A, B and the AB
interaction, the EMS are not the same as for an infinite population because the values that multiply the variance components

differ.
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1. Introduction

Analysis of variance (ANOVA) is a statistical tech-
nique used in many fields of research, with applications in
industry, economics, education, natural and biological
sciences, and agriculture. A frequently-used experimental
design is the factorial design, which can allow investigating
multiple factors that may influence the response variable (y) .
The data are often analyzed with a multifactor ANOVA
model, which can be associated with a fixed, random or mixed
effects model (Montgomery, 2013). In the design of
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experiments, we must consider the suitability of the data
related to the proposed statistical analysis and the model
effects of interest to ensure appropriate statistical inferences.

For example, suppose a company has 50 machines
that make cardboard cartons for canned goods, and they want
to understand the variation in strength of the cartons. They
choose 10 machines at random from the 50 machines. In
addition to variation due to the machines, variation in
operators may also influence the strength of the cartons. Thus,
the manufacturer also chooses 10 operators at random. Each
operator will produce 4 cartons for each machine, with the
cardboard feedstock assigned at random to the machine-
operator combinations. We now have a two-way factorial
treatment structure with both factors being random and
completely randomized assignment of treatments to units
(Oehlert, 2010).
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In general, it is assumed that the levels of the factor
(e.g., machines and machine operators) are randomly selected
from an infinite population. This assumption is violated in this
example because the factor levels are selected from finite
populations. When the population size is large relative to the
sample size for each factor, it may be reasonable to assume
the population size infinite (Searle, Casella & McCulloch,
2009). In many cases, however, the population size is not
large relative to the sample sizes, and then the finite size can
affect the estimation of variance components of random
effects.

In introductory statistics courses, the variance of the
2

sample mean is given as Var(y) = 9_ which is appropriate
n

if the random sample was taken from an infinite or extremely

large population. To deal with a finite population, we have to

adjust variance formulas by N —Nn which is called “the finite
N

population correction (FPC)”. In this finite population case,

A N—n CTZ n O'Z - .
Var(Yegs) :[ N j7 - (Ln)? will be the variance

of the sample mean. The ratio s called « the sampling

fraction of the population”. If Nis small, the FPC is close

to 1, then the population size has negligible effect on the
estimated variance of the sample mean. In practice, it is
recommended that the FPC can be ignored when the sampling
fraction does not exceed 5% or 10% (Cochran, 1977).

Many researchers were interested in finite popu-
lation effects for variance component estimation, including
Tukey who in 1956 studied the variances of variance com-
ponent estimation for balanced data under the assumptions of
independence and normality. However, if we sampled from
finite populations, the finite population correction would be
related to the estimation of variances. Next, Cornfield and
Tukey (1956) considered the expected values of mean squares
in experiments with balanced data. They used a model of
sufficient generality and flexibility to define the formulas for
crossed and nested classifications. Moreover, for unbalanced
data, Tukey (1957) discussed the variance components for
one-way classification, while Searle and Henderson (1961)
dealt with the two-way classification model with one fixed
factor. Subsequently, Hartley (1967) developed a general
procedure for directly yielding the numerical values of the
coefficients in the formulas of expected mean squares (EMS)
with random and mixed models for one-way and two-way
classifications with unequal numbers when sampling from an
infinite population. It was useful to obtain mathematical
formulas for the numerical coefficients used to produce the
variance and covariance formulas for expected mean squares.
After that, Searle and Fawcett (1970) studied the EMS in
variance component models with random effects which are
assumed to be sampled from finite populations. They deve-
loped a rule for converting expectations under infinite popu-
lation models to finite population models. In addition, it can
be applied to balanced and unbalanced data, and used for
nested and cross classifications when it is assumed the set
levels for each factor is finite. Accordingly, Simmachan,

Borkowski, and Budsaba (2012) determined the EMS of
treatments and error for random effects in only the one-way
ANOVA model assuming a finite population, but with normal
errors.

In this research, we focus on the random effects in
the two-way ANOVA model, in other words, the two-factor
factorial model. We consider the case where the population of
the model effects are sampled from a finite population. We
apply the guidelines given in Searle and Fawcett (1970) who
assumed the model error is also sampled from a finite popu-
lation, to models with random effects but adjust the random
error to be normally distributed, which will affect expected
mean squares.

Finally, we derive the expected mean square
formulas for the two-factor factorial with random effects and
mixed effects models when the random effects are sampled
from a finite population. In this article, Section 2 contains the
research methodology. In Section 3, the results of this
research are presented. Conclusions are summarized in
Section 4.

2. Materials and Methods

In this section, we describe the methodology for
finding the expected mean squares in the model effects of the
two-factor factorial design.

2.1 The model effects of the two-factor factorial
design

A factorial design can be very efficient for studying
the effects of two or more factors. In this research only, the
two-factor factorial design is studied. If we assume that
factors A and B have a large number of population levels such
that the number of levels for each factor is assumed to be
infinite, then the two-factor factorial model is:

Vi = 4+7T+ 0, +(Tﬂ)ij + & €h)

where £/ is the mean, 7; and B, are the ith and jth level
effects of factors A and B with i=12..,a and
1=12,..,b, (z8);is the interaction effect of the (i, j)

combination, and random error Eij = N(0,o2) . Whether the

7; and B, effects in the model are fixed or random effects

depends on the research problem.
Consider the case when the numbers of randomly
selected factor levels (aandb) are small relative to the

population sizes (N and N, ). Thatis, the sampling fractions

2 and D are small and are related to the finite population
Na Nb
corrections ( FPCs) N.—a and N, —b . It is assumed that

Na Nb
sampling from the finite populations is done without
replacement.
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For factors A and B, let G, and G/; be the finite

distributions of the 7; and B, effects from populations of
effect of sizes N, and N, , respectively.
Case 1: Factors A and B are random with @ and

b sampled levels, respectively. Thus Tiv B (Tﬂ)ij, and
&;j are random effects. We take a simple random sample
)SRS( of 7; from G.(0,62) and a SRS of B, from
G/j(O,GIZ;)-

Case 2: Factor A is fixed with @ levels and factor
B is random with D sampled levels. Thus, the T; are fixed

effects and B (‘[ﬂ)ij ,and Ejj are random effects. We take
a SRS of B; from Gﬁ(oﬁ;).
Both Case 1 and 2 differ from Searle and Fawcett

(1970) because the random error & is assumed to be
normally distributed (and not finite).

2.2 The expected mean squares assuming a finite
population

Derivation of the expected mean squares when
sampling is from a finite population will differ from the
expected mean squares when sampling from an infinite
population. Gaylor and Hartwell (1969) assumed that the
mean of each population is zero, so that the population
variance can be defined as follows:

Na

1 2 9
N, _1ZTi - @

i=1

Na
For factor A: zfi =0and g’ =
i=1

Consequently,

N, 2 N, N, N,
(Zri] = ZTiZJFZZTiTi* = 0 and
i=1

i=1 i#i*

Zz’f = (N, -1)o?.

Thus,

N, N,
d > rr. = —(N,-1)o?- @)

i#i*

Nb
For factor B : >, =0and g2 -

=1 Nb A

Consequently,

30 - S 3mm, - om

= =g

Ny,
Zﬂiz = (N, -1)oy-
i1

Thus,

Ny Ny

ZZﬂ,ﬂr = —(Nb—1)6§~ ©)

J=i*

If 7, is a randomly sampled effect then using equation (2) we
get

1 &
E(r) = N_ZTi = 0 and

=

vr(e) = E(f)[e(a)] - 3 - St ©

a

For two sampled values 7; and 7. by (3) we get

1 N, N, 1 )
COV(Ti,Ti*) = E(’[’i’[i*) = —N (N _1)2 Tl = _N_O-T
)

If ,BJ. is a randomly sampled effect then using equation (4)
we get

var(p;) = E(ﬁf)_[E(ﬂi)T =

For two sampled values B and B by (5) we get

1 N, N, 1 ,
COV(ﬁj’ﬂj*) = E(ﬂjﬂj*) = méZﬂ]ﬁr = _Wb h

©

Furthermore, the population of interaction effects is defined in
the same way:

Na Nh

zz (B); =0 and the variance is defined as

i=1 j=1
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Na Ny

2
Zz(fﬂ)u
ol =ﬁ. Ny = N, xN, . (10)
ab

Extensions of the procedures in equations (6) to (10) were
derived which lead to

Cov|(B), (), | = E[(B), (B),.. ]

N, -1
(’i:’ )Jf/, Jd=i*andj=j*
_ ab
—iofﬁ ,otherwise
Nab
(11)

are two sampled values of the

where, ( ,5) and (rﬂ) )
interaction effects.
For infinite populations, the values of (2) and (3) are

gf and 0, respectively, and the values of (4) and (5) are gé

and 0, respectively. There will be changes in the expected
values of the mean square in finite population models. The
expected mean squares are linear functions of the variance
components. The coefficients were determined for finite
population models, and the expected values of mean squares
will not be the same as those assuming an infinite population
model.

2.3 Quadratic form for deriving the expected mean
square

Suppose Y is a vector of random variables, Aisa
symmetric matrix of real numbers, Ju is the vector of means,
and v is the covariance matrix for the random vector Y .
Each mean square can be written as a quadratic form y'Ay
in Y. From the properties of quadratic forms, the expected
value is

E(y'Ay) = tr(AV)+p'Ap, (12)

where the sums of each row in matrix A are zero; i.e. A1 =0
and 1 is a vector of ones. Moreover, in random effects models
p =pl,and pW’Ap = p'Aly = 0 in(12). Consequently,
the expected values of mean squares can be written as:

E(y'Ay) = tr(AV).

Because matrix A is the same in the cases of
sampling from finite and infinite populations of random
effects, the results can be applied to models with either finite
or infinite populations of random effects. That is,

E.(YAY) =

tr(AV,) and E. (y'Ay) = tr(AV.), (13)

where V_ and V. represent the covariance matrix when

sampling from infinite and finite populations, respectively.
From (13), the only difference between the expected mean
squares is in choice of V, andV_. Thus, the difference

between the corresponding forms of the covariance matrices is
determined by looking at the way V_ gets altered to

become Ve

2.3.1 The matrices of the quadratic forms

For each projection matrix P on a component
subspace, there is an appropriate decomposition to a matrix c
such that CC =P and CC' =1, and | is an identity
matrix of order equal to the dimension of the projection space
(Clarke, 2008). Suitable choices for ¢ are as follows:

1 1

C —1. ® = —=1

M \/— ab \/ﬁ \/ﬁ abn

1 '

CA:\/_[I ®1]® \/_ \/_[I ®1,]
Cy =1 ®1,®=1 [1L®1,81]

o EheLe -
Coo=1,01,021 = L1.®1,81]

AB a b \/H n \/H a b n

where, the dimension of these matrices are 1xabn for Cy
axabn for C,, bxabn for C,, abxabn for c,_,
. and I, are the identity matrices, and ® denotes a

Kronecker product.

The sum of squares (SS) in a two-factor factorial
design is derived from the following quadratic forms,

The correction term y'C,,C,,y -

The total SS

(SST) = ylcfl'CTy_y'C;\/ICMy

1
=y, ——1J :
yl: abn abn abn:|y

Note that: C, =1, then C’TC = I;bnlabn = Iabn.
The SS for A
(SSA) = y'CIACAy_yIC;\/ICMy

1 1
= y[lL-=3 |®=J, |y
y|:(a a a\J bn bn:|y
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The SS for B

(SSB) = y,C,BCBy_y,C;\/ICMy

1 1 1
- y|2a,e[1,-23, |®2d, ly-
y{a a (b b bj 0 n:|y

The interaction SS (SS

)

= Y'CCaY -y C,Cy -y CCy +y'C,Cyy

1 1 1
=y 1L,-=3, |9 1,-=J, |®=J ,
y|:(a aa\J (b bb) nn:|y
and the error SS (SS.) = SS, —SS, —SS; —SS,;
= y’|:|ab®(|n_1"]nj:|y
n

From these results, we get the following matrices
A, :i=1,2,3,4 for the quadratic forms:

1 1
A=|1,-=], =], forss,.
1 (a a aj bn bn A

1 1 1
A, = E‘]a@(lb_Bij@ﬁJ” for ss,,

1 1 1
A, = (la—aJaj@)(lb—Bij@EJn for SS,q.

and A, = |ab®(|n_1\]nj for sS, .
n

2.3.2 Variances and covariance in the random
effects model
For the random effects model, the 7;, ﬂj ) (T,B)ij'

and Ejj are random effects sampled from infinite populations
(Hocking, 1985). Then:

E(Yix) = M,

Cov (Vi Yirjoer) = o’ +o’+os+ol,  i=i*j=j k=k*
= ol +o)+o i=i* j= j* k =k*
= o? i=ix >
= o i i* = j*
= 0, i=i* j= j*.

In this research, the covariance may be different from the infinite case. We take a SRS of 7; from G_(0,57) and a

2
SRS of g, from G,(0,5;)- Then, Var(ri)z(l—Ni]o—f and Cov(z;,z. ) = —;’ , and var(ﬂj):£1_NiJg; and
a a b
2
Cov(ﬁj,ﬁj*)=—&- Because G, and G, are finite, (74) s finite too. That is, (z6); = G,(0,07) then

b

Var (), = [1_Nija’2ﬁ and Cov[(rﬁ)ij,(rﬁ)i*j*] =-

ab

2
Grﬂ TS P* Wi _
N forall i, j, i*and j* with N_ = N_xN,-

ab

Since 7; and ﬂj are selected from finite populations, then the variance and covariance for Case 1 is,

Cov, (yijk ) yi*j*k*)

= o+ 1—i ol + 1—i op+|1- L o i=i* j=j*k=k*
Na Nb Nab
1—i o-f,+ 1—i Gfﬁ i=i* j=j*k=k*
Nb Nab
1 L.
- 02{— j ; i=ix, = j*
bJ r Nab ”
1 1 2 L
— 1#1*, j=]*
o ( Nabjo'rp 1=
2 1 2 1 2 L.
o-r+[—N—b oyt _Nab o 10>, j=j*.
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Thus, v/, represents Cov, (yijk’ yi*j*k*) and has matrix form: V. = f111'+VF; , where

f, = [_ijarz J{_ija; J{_LJ Grzﬁ and V.. is formed as follows:

N, N, N, !
Ve = ol+olto,toy =V, i=i%j=j"k=k*
= ol+o,+0y =V, i=i*%j=j5k=#k*
= o’ =V, i=i%j#j* 4
= o, =V, 1#i*%j=]*
=0 =V, i#i*j=]j*

2.3.3 Variances and covariance for the mixed effects model

For the mixed effects model, T;are fixed effects and ﬁ,- , (Tﬂ)ij and &y are random effects sampled from infinite
populations (Hocking, 1985). Then,

E(yijk) = H+z,
Cov( Vi Vinjoce) = o’ +ol+al, i=i* j= j*k =k*
= o2 +ol, =i j= j k= k*
= o? 0% = j*
= 0, j# j*.

The t;are fixed effects which correspond to gf =0. We take a SRS of ﬂj from Gﬂ(o,a§)~ Then,

1) 2and o,
Var(ﬁj):[l—N—bJO'ﬁ Cov(p. ;) =
b

The ('[,B)ij interactions are sampled from Gﬂ(O,o-zﬂ) . Then, Var (Tﬂ)ij = (1_i O-Zﬂ and
! ! Nab k

2
COV[(Tﬁ)ij’(Tﬁ)i*j*J —_% forall i, j,i*and j* with N,, =axN,.

ab

For this case, the mean is E (y;, ) = u+1;, Therefore, the variance and covariance in Case 2 is,

1 1 S
COVF(yijk,yi*j*k*) = 02+(1—N—b]o-/2,+(1—N—abJo-fﬂ i=i*j= j5k=k*
= 1_i 0-;4. ]__i O-rzﬁ i =% j= j*k = k*
Nb Nab
1), 1 2 C
ik e T
1), 1 2 L
=|-—"Jo;+|—|o #
Nb] B ( NabJ 743 J J

Thus, V,, represents Cov, (yijk, yi*j*k*) and has the matrix form Ve, = f211’+VF; , where

f, = (_Nijg; .{_ij Uf,g and VF; is formed as follows:
b b

al
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VFx = 0'2+J;+ofﬂ = V,, i=i*j=j5k=k*
= o)+0) =V, i=0]j=j*k=k* (15)
= (7; = V,, i=i%j=j*
=0 = Vo, J#]J*

3. Results and Discussion

In this section, we present the expected mean squares when sampling from finite distributions of effects by using the
quadratic forms and variance-covariance matrices previously mentioned.

In this research, expected mean squares are derived for both balanced and unbalanced data for any finite distribution
using matrix notation in linear models. We begin with the matrices which are in the quadratic forms of the two-factor factorial

design: SS,= y'Ay, S§; = Y'ALY, SS,s= Y'Ayy, and SS_=y'A,y then, we compute the covariance matrices for the
random and mixed effects cases. Next, we multiply A by its covariance matrix in each case to find the expected sum of squares

by applying the property of quadratic forms: E(y'Ay) = tr(AV) + p'Ap . Finally, we divide the result by the degree of freedom
of each factor to get the expected mean squares.

3.1 Expected mean squares for balanced data

Case 1: (The random effects model) 7;, B, and (rﬂ)ij are random effects. We now derive the expected sum of

squares for the effects in Case 1 by taking the product of & row from matrix A and the corresponding column in matrix VF*

1
given in (14). The product will be the same for each of the @bn row and column pairs.
For example: Row 1 of the matrix A, is

[1—1 ST S S S S —1}
a a ai a a ai i a a a
bn bn bn

and column 1 of the variance covariance matrix is

[Ml M, ..M, |o! . cl|o;..0,0..0 | | ol ..o. 0 .. OJ ,
1 n-1 nb-1) bn bn
bn
where M, = o* +0’ +0) +05 and M, = o’ +0), +0.

For factor A, the expected sum of squares is

E-(SS,) = E.(YAy) = tr(AV,)

1 1 , .
trq(la—g.]a)®a\]bn}[flll +VFJJ v Al=0
1
abn(%j[(a—l)(az—kof+O'/2}+O'§5)+

(a-1)(n-1)(c? +0} +0%,)+(a-1)(b-1)no? —(a-1)no; |.
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E; (SS,)

_ 2 2 2
i =0’ +bno; +nc’,
A

Then, the expected mean square is E. (MSA) =

For factor B, the expected sum of squares is

E-(SSs) = E-(YAy) = tr(AV,)

1 1 1 , ol
- tr@g.]a®(Ib—Bij®ﬁJn}[flll +VFJJ L AL=0

= abn(%)[(b—l)((ﬂ +0o? +J§ +Jfﬁ)+
(b—l)(n—l)(of +0, +afﬂ)—(b—1)n0'f +(a—1)(b—1)naf,]
= (b-1)o’ +an(b-1)oj +(b-1)nc;.

E. (SS,)
df,

Then, the expected mean square is E,_ (MSB) = =g+ anof, + ntﬁ-

For the AB interaction, the expected sum of squares is
E. (SSAB) = E (Y'A3y) = tr (A3VF1 )

1 1)1 , e
trmla —gJaj®(lb —Bij®ﬁJn}[flll +VFJ],A31 -0

- abn(%)[(a—l)(b—l)(az +07+05+ 0% )+
(a-1)(b-1)(n-1)(0? +0} +0%)-(a-1)(b-1)nc? -
(a—1)(b—1)ncrf,]

= (a-1)(b-1)0? +(a-1)(b-1)no?,.

Then, the expected mean square is E. (MSAB) = M =0+ n(;fﬂ ,

df g

and for the error, the expected sum of squares is

E-(SSe) = E-(YAy) = tr(AV,)
trﬂlab®(|n—%3nﬂ[f111'+vFJj P AL=0

= abn(%j[(n—l)(az +Gf +0§ +(712ﬂ)—(n—1)(0'12 +0'§ +0'fﬂ)]

= ab(n-1)c’.

Then, the expected mean square is E; (MSE) = % =o°.
E

The EMS for A, B, AB interaction and error when sampling effects from finite populations are as same as the EMS
when sampling from infinite populations (Sahai & Ojeda, 2003). They differ, however, in the values of the variance components
gf, o—; and gfﬂ in each population. For Casel, the gf, o—; and gfﬂ represent finite population variance components that

include a FPC, while for the infinite case, gf , C;; and o—fﬂ represent the variance components that do not get adjusted by a FPC.

Case 2: (The mixed effects model) 7; are fixed effectsand s, (z),, and &y, are random effects. The variance and

covariance of this case depend on VF, given in (15). From the properties of quadratic forms, Case 2 is slightly different from

Case 1 for ' Ap which does not equal zero because p = g7+ .
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. 1
since p=0, then (n+1)A,(n+7) =TAT T =[1;, 7, .. Ta]®b_nll;” )

TA, = [bnrl—bT:Zri,...,bnrl—%ZTi bnra—l%nZTi,...,bnra—bznZTi}

1xabn

a
Assuming 3"z =0, then T'A; = bn[zy,.n?y Tprn?, ra,...,ra]mbﬂ and /A 1 = bnsz.
i=1
For factor A, the expected sum of squares is

E-(SSa) = E-(YAY)+wAp = tr(Alsz )+”’A1H
1 1 ) :
:t{[@a—g%j®gﬁ%J[nll+V%}}ﬂu+r]Adp+ﬂ
1 1 , '
_ trq(la—g\la]®%\]bn}[lel +VFJJ+T AT
= (a-1)o’+n(a-1)o}, +bnza:ri2 -
i=1
Then, the expected mean square is E_ (MS,) = —EF(S?SA) =o’+nol, +:_nza:ri2 .
A R E

For factor B, the expected sum of squares is
Ec(SSs) = E(YAy) = tr(AV,)

1 1 1
—tr| |2 13 led , L AL=0
tranaC@(lb b%j@ﬂ%}[lel +VF;H 2

= (b—l)O'2 +an(b—1)a§ +n(b—l)cfﬁ.

Then, the expected mean square is E. (MSB) _ EF((ijB)
B

For the AB interaction, the expected sum of squares is
Ee (SSAB) = E; (y’A3Y) = tr(Astz)

= trﬂ(l;éJJ@(lb—%JJ@%Jn}[lelqu;H: Al =0
= (a-1)(b-1)o*+(a-1)(b-1)nos.

E
Then, the expected mean square E_ (MSAB) = M =oc’+ nofﬁ,

df g

2 2 2
= o’ +ano;, +noy;-

and for the error, the expected sum of squares is

Ec(SSe) = E-(YAy) = tr(AV,)
1 , )
- trqlab(@(ln—ﬁ\]nﬂ[lel +VF;B L AL=0
= ab(n-1)c’.
Then, the expected mean square EF(MSE) = % =o°.
E

Like in Case 1, the EMS when sampling effects from finite populations in Case 2 are same as these when sampling
from infinite populations. The only difference in the inclusion of FPCs is in the 52 and gfﬁ variance components.
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3.2 Expected mean squares for unbalanced data

The effects model for the unbalanced two-factor factorial design is:

i=12,..a
Yk = u+1 + B+ (1B); + &y ; 11=12,...,b > (16)
k=12,..,n;

where the difference between equations (16) and (1) is that equation (16) has unequal replication.

The expected mean squares for unbalanced data are found by applying the method for finding expected mean squares
for balanced data but modifying matrices A,; p=12,3,4 toaccount for unequal N;; . Since the variance and covariances for
unbalanced data are the same as for balanced data, then the expected value of quadratic form y'Ay is still
E(y'Ay) = tr(AV)+p'Ap.

Case 1: Since 7; and B, are selected from finite populations, then the variance and covariance in Case 1 can be

written in matrix formas Vi, = f,11'+V_. where f — [_i};? (_ij ;Jr[_ijaz and \/_. is given in (14).
' ' N ’ N, N ’ '

We now show how to find expected mean squares of Case 1. The components that are used to determine
E-(SSa), E-(SSg), E-(SSas) and E (SS )in the unbalanced data are shown in Table 1.

a

Table 1. The components used in determination of E_ (SSA) ' E; (SSB) B, (SSAB) vand E, (SSE) for Case 1 for unbalanced data.

VF* (c) is the component of VF* for Case c.
E 1

The first row of Matrix Ap

Case Freq VF; (c)
A, A, A, A,
n, a) n,U b)n,U a b n,
c=2; i=i%, j= jrkzk* ny -1 i(l—lj i(l_gj i(l—lj[l—lj 1 Vo
n, a) n,U b)n, U a b) { n,
c=8 i=i*, j= j* n,—n, i(l_ij i[‘lj i(l_lj(_lj O "
n, a) n,\ b) n, a/U b
C=4;izi% j=j* S n,—n,-n i(_g] i(l_ij i(‘ljﬁl‘lj 0 Vi
ot n\ a/ n; b) n,\ a b
= n\a) n b) n a)l b

Note that “c” is the case of variance component in VF* from equation (14) wherec = 1, 2, ..., 5.
1

In Table 1, the first column presents the possible cases of the (i, j) treatment combination for the K" replication.
The second column shows the frequency of each c¢ which is in the first row of the matrix A, p=1234. The VF‘

. . . . . b .
components in the variance and covariance matrix are in the last column. Note that: N _ Za:n. _ Zn. and define
i g
i=1

=
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a

¢ =33 hmc, - TN

i=1 j—ln| Iljln

The EMS can be modified by multiplication of each column in this table as follows:

For factor A, E, (SSA) = tr (A1VF; )

- Zsl[(':ch -Alvalue).(va (c))- Dimension (AI)J
_1)V11+(Zalzb:&—aJ(1—le12+
i =1 N a
(an ) N a A= i=1 j=1 1.

-2 g:—:ﬁl—ijvﬁ(n“ —1)(1—§jv12 +(n.—n; )(1—§jv13+(n,j —nij)[—ijvu}
Ly (T R ohu oy
(a 1)[v +(‘;1 1jv P (N-C)V, a(al_l)(cl—ii””_ﬂvm}

a
i=1

Then, the expected mean square is
C 1 1 a b on.n.
E-(MS,) =V, (j—ljvlz+(gj(N —cl)v13+—1)(cl—_ Z;f}vm.
For factor B, E.(SS,) = tr (AZVF; )

[(Freqc -szalue)~(VF; (c))- Dimension (A, )J

50 E v 912 () ()12

J:1 -

- (b 1)V11+(C b)(bbl)vlz+[ii%_czj(_%JV&+(N_Cz)$vl4

Mm LM

1]
AN

- (b-1)

C, 1 2o nyn, 1
v11+[IO 1Jv [cz_’ ZJ__JV13+B(N—CZ)VM]

A a b n.n.
Then, the expected mean square is EF(MS ) V“+(C 1)\/ 1 [Cz_ ZL]VBW“(%)(N_CZ)VM'

For the AB interaction, E_(SS,;) = tr(A3VF*)

[(Freqc -A,value)- (VF; (c))- Dimension (A3)J

>

e
Ao 2]
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@Vﬂ —(a—l)(b—l)%vls _(a_l)(b_l)%VM

(a-1)(b-1)V,+(a-1)(b-1) "

N N N
(a—l)(b—l){vlﬁ(g—ljvu _Evlg_gvm]

N N N
Then, the expected mean square E. (MSAB) =V, +(E_l] V,, _EVB _EVM )
and for the error, E_(SS_) = tr (A4VF*)

5

= Z[(FreqC ~A4value)~(VF; (C))' Dimension (A4)}

= Vi, — abvn —NV,, + ab\/l2

- (N —ab)(V,—V,,)-
Then, the expected mean square E. (MS.) =V, —V,,.
Consequently, the EMS of the unbalance in Case 1 is summarized in Table 2.

Table 2.  Expectations of mean squares when sampling a finite population for the unbalanced Case 1.

Effect Component EMS (Finite) for unbalanced case
2
T; o C 1 1 n,
4 V, =1V, =|(N-C,)V, i
11+(a j 1z+[a)( 1) 1t a(a 1)( Zl; n. J
) 2 C a2, n;n. 1
B oy v11+(f—1jvu+ (cz Yy Jv13+(—j(N—c2)vl4
i=1 j=1 n.' b
N N
(Tﬂ)ij O'Tzﬂ V1+(5_ jvlz 3T gp 1
Eijk O'2 V11 12

Case 2: Since 7; are fixed effects and B, are selected from the finite population then the variance and covariance of
o’ o’
this case can be written in matrix formas V. = f211’+VF* where f, = A4 = Z£ | and VF* is given in (15).
2 2 Nb N b 2
The components that are used to determine E, (SSA), E. (SSB), E. (SSAB), and E. (SSE ) in the unbalanced data
are summarized in Table 3.

al

The method of using Table 1 for Case 1 is now applied to Table 3 for Case 2.

For factor A, E(SS,) = tr (AlVF* )+ WA R

Il
M-
1
—
n
=
@D
=
>
5
c
@D
~—
—_—
EN
~~
(2]
~
~—
9
3
@D
>
@
o
=}
—_
>
~—
| —
+
=
'
-

i=1

1]
M- L
M=
> |::
1
VR
=
|
| =
N
<
N
+
—_
=
[y
~— T
VR
'l“ .
® |-
N—
B<
+
—_
>
|
=
N—
|
|
N—
B<
L 1
+
=]
gl
~
N
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(a—l)V21+£

(a-1)

br']2

Note that C, = Za:Z i

i=1 j=1 n|

Table 3.

a b 2

DI

i=1 j=1 '}

V, +(C 1)V +
a

The components used in determination of E, (SSA) ,

o]

VF* (c) is the component of VF, for Case c.
2 2

a

2222

i=1 j=1 niA

bnn abn2

V,; +n, Zz’

JA e

i=1 j=1 n.

69

1 a b nn. n a
C - SRR | /i z'iz .
a(a—l)( ! ;H n J z —1; ]
C, ) 1 & N N < 2
L1V, - ——=-C, |V, +—=—> ¢*-
a 22 a(a—l)[;; , 1 23 _ ; i
E. (SSB ) . B, (SSAB) ,and E, (SSE) for Case 2 with unbalanced data.

Case

Freq

The first row of Matrix Ap

A A, A, A,
c=1 i=i* j=j*k=k* 1 1(, 1) 1(, 1) 1 1 1 V,
Sl ([ N ) Y 2
n, a/ n, b) n, a b Ny
c=2;i=i* j=j*k=k* n, -1 i(l—lj i(l—lj i(l—lj(l—lj 1 V,,
n, a) n,U b)) n, a b _”_11
c=3 i j=j* Ny =My i(_l) i(l_zj L(_ij(l_lj 0
n\ a/ n, b) n,\ a b Vas
R S k5
nU a) n\ b) n,U a/l b Vo =0
c=5; i=i* j#j* a 1( 1) 1[ 1) 1( 1]( 1]
> (n.—ny) === =|-=| =|-=||-= 0 V. =0
iz n\ a n,\ b) n,\ a b %
=(n~-_n1~)_( ~1_n11)

Note that “c” is the case of variance component in VF* from equation (15) wherec = 1, 2, ..
2

For factor B, E, (SSB)

)

C

tr(AV,. |

=1
a b n

PR

i=1 j=1 n

a4

[ (Freq, -szalue)-(vsz (c))~Dimension(A2)J

|:(1——)V21+( 1)(1—%Jv22+(n4j—nij)(l—%jvzs}
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b
Note that: N = an and C,
=

For the AB interaction, E_ (SS,g)

s
i=1 j=1 I
tr(AV,. |

4

c=1

&

(a-1)(b-1)V, +(N -

i=1 j=1

Then, the expected mean square is E, (MSAB) =V, +(

and for the error, E, (SSE) tr (A4VF; )

4

c=1
a b

22

i=1 j=1

{ni,.[l_i
nij

(N-ab)(V,,—V,,)-

Then, the expected mean square is E. (MS;.) = V,, —V,,.

(a—l)(b—l){vzﬁ(
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Z[(FreqC -Asvalue)~(VF; (c)) -Dimension (Ag)J

-

jvﬂ+(nij —1)(1—l

a2 o, )21
[ w1

i=1 j=1 i=1 j=1

1
b

3
11

1

ab)[l——

V.

23

b

N N
E_ljvzz bV23:|'
N N

% _1j V22 ab st

Z[(Freqc 'A4value)~(VF; (C))~ Dimension (A4)J

Jvﬂ—(nij —1)v22}

NV,, —abV,, — NV, +abV,,

Consequently, the EMS of the unbalanced in Case 2 is summarized in Table 4.

Table 4.  Expectations of mean squares when sampling a finite population for the unbalanced Case 2.
Effect Component EMS (Finite) for unbalanced case
T 2 2 C a b nij n,j n. a 2
' Zz‘i a-1 Vy+ 2-1|\V,+——— C1 DALV +—=> 7,
i=1 a a( i=1 j=1 ni. a-1 i=1
;i o2 C, 1
j B Vy+| =2-1|V,,+| = |[(N-C,)
b b
N N
(zB), o’ V,, +| —-1|V.
]
74 21 ab 2 b 23
gijk 0'2 VZl - 22

The EMS when sampling from a finite population
will be different from the EMS for an infinite population
(Sahai & Ojeda, 2004). In particular, the multipliers of the
variance components for each model effect are not the same
when the random effects are sampled from a finite population.

4, Conclusions

In this research, we have determined the expected
mean squares for the random effects in the random and mixed
effects models in two-factor factorial model assuming finite
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populations for A, B, and AB interaction effects. The error,
however, is assumed to be N(0, o) -

For the case of balanced data, the expected mean
square formulas for factors A, B, and the AB interaction when
the random effects are sampled from finite populations are the
same as the infinite population case. However, the primary
differences are the values of the variance components. In the

infinite case, o-f, 0-/23, and gfﬂ are assumed to follow nor-

mal distributions, while in the finite case they are the va-
riances of finite populations.

For an unbalanced case, the expected mean square
of error for finite population is equal to the expected mean
square for an infinite population. For the expected value of
mean square in factor A, B, and the AB interaction will not be
the same, because they depend on the multiplier values of the

population variances. Also, for the infinite case, &7, o-é, and

gfp are the variances of normally distributed random varia-

bles. For the finite case, they are the variances of finite popu-
lations.
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