CHAPTER 3 EPIDEMIC MODEL WITH
TRANSPORT-RELATED INFECTION

This chapter is organized as follows. The model with transport-related infection
is formulated based on SEIRS (susceptible - exposed - infected - recovered) in
section 3.1. In section 3.2, the effect of transport-related infection is studied via
mathematical analysis of model including stability of equilibria of the model.

3.1 Model Formulation

The epidemic model for transmission of a communicable disease with population
travel between two cities is based on monitoring the dynamics of the sub—population
(susceptible; S;(t), exposed(latent); F;(t), infected; I;(t), and recovered; R;(t), in the
city i, 7 = 1,2 at time ¢t ). Thus, the total population in city ¢ at time ¢ is given
by N; = Si(t)+E;(t)+L;(t)+R;(t) for ¢ = 1,2. It is assumed that both cities are
identical, i.e. the demographic parameters are the same for each city.

The population of susceptible individuals is increased by the recruitment of indi-
viduals which are all newborn into the population at the rate a and the loss of
infection-acquired immunity among recovered individuals (at the rate az) and by
the susceptible individuals of city j leave to city i (j # 4,¢ = 1,2) (at the rate aq).
In the other hand, it is decreased when the susceptible individuals in city 7 leave
to city j (at the rate o;) and by natural death (at the rate b). It is assumed that
susceptible individuals can acquire exposed individuals via effective contacts with
infected individuals. The disease is transmitted horizontally within and between
cities according to standard the incidence rate (that is, the number of new cases of
infection per unit time)

ﬂNi s for =12,

where [ is the transmission rate within a city.

This population is further decreased when the individuals in city j travel to city
i, and the disease is transmitted with the incidence rate
V(e Sj)(eal;) _ yaS5l;

= . for j=1,2,
(alSj+a1Ej+a1[j+a1Ri) Nj h o

where v is the transport-related transmission rate.

Thus, the rate of change of population of susceptible class is given by

dS; B Sl v a1 S;1;
7 =a-bS; — N; +a2Ri_alSi+alSj—_]Tjj—J.
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The population of exposed individuals is generated by the infected of susceptible
S;I; S 1;
individuals at the rate ﬁ—Nu and at the rate lc-yjl—vu when the individuals in city j
i J
travel to city 7. It is reduced by progression to symptoms development (at the rate
c), travel to city j (at the rate a;) and natural death (at the rate b). Thus

dE; i B &l

7a15j1j
dt N; '

N;

—(b+cta)Ei+oE;j+ (3:2)
The population of infected individuals in city ¢ is generated when exposed individuals
develop symptoms (at the rate c), and when infected individuals of city j leave to
city ¢ (at the rate ;). It is decreased by progression to the recovered class (at
the rate d), natural death and disease induced mortality (at the rate e), and when
infected individuals of city ¢ move to city 7 (at the rate o). Thus,

% :CEi_(€+d+Ol1)Ii+Q'1[i. (33)
The population of recovered individuals is generated when infected individuals re-
cover and move to the recovered class at the rate d, and when recovered individuals
of city j leave to city 4. It is decreased by the loss of infection—acquired immunity
(at the rate ap), by natural death (at the rate b), and when recovered individuals of
city ¢ move to city j (at the rate a;). Thus,

dR;
dt

— dlz = (b + o + ag) RZ + Oéle. (34)

It is assumed that the individuals have no infectious force in the latent period and
the exposed individuals cannot recover to susceptible individuals. The individuals
who are travelling do not give birth and do not take die. Infected individuals do not
recover during travel. Thus, the epidemic model for transmission of a communicable
disease with population travel between two cities consists of the following system of
non-linear differential equations:
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% = cEy— (e+d+ o) Iy + on ],
% =dl; — (b+ a; + a3) Ry + a1 Ry,
(3.5)
% =a—b52—ﬁ]5\;2212+a232~0152+a151—7a[1v‘51’1[1»
% =%—(b+c+al)E2+alEl+Va]lvflh,
%2 =cEy—(e+d+ i) L + a1 Iy,
% =dl, — (b+ a; + a2) Ry + a1 Ry

A flow diagram of the model is depicted in Figure 3.1. The standard incidence is
used in the model. If initial conditions are set as S;(0) > 0, E;(0) > 0, I;(0) > 0
and R;(0) > 0, it is easy to check that all solutions of (3.5) are nonnegative (that
is S;(0) > 0, E;(0) > 0, I;(0) > 0 and R;(0) > 0 for t > 0, ¢ = 1,2) under the
assumption 0 < v < 1. Note that the last two terms in the first and fifth equations
of (3.5) satisfy that

_ ya1S:1; >

a1 S; N, Z

0,(i =1,2),
for any S; > 0, E; >0, I; > 0 and R; > 0 when 0 < v < 1. This is reasonable

from a biological point of view, since the first term «;S; represents the susceptible

ya18:1;

individuals leaving city 7 and the second term denotes individuals in a;S5;

becoming infected during travel from city 7 to j. Henzce, the difference between these
two numbers should be nonnegative. It is supposed that 0 < v < 1.
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Figure 3.1 Schematic diagram of the SEIRS model for transmission of a commu-
nicable disease with population travel between two cities.

3.2 Analysis of the Model

In this section, the model (3.5) will be qualitatively analyzed into three cases which
are no individual travels, only susceptible and exposed individuals travel, and all
individuals travel. In each cases, the existence and locally stability of its associated
equilibrium is investigated to understand the effect of transport-related infection for
disease transmission.

3.2.1 No Individual Travels

The movement of individuals is neglected; consider the case where a; = 0, model
(3.5) can be reduced to the SEIRS model:

s SI
=a—-ﬁ—N——bS+agR,

dt
dE BSI
Et— —T—(b+C)E,
(3.6)
dl
a ZCE—(€+d)[,
e =dl — (b+a2) R.

dt
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3.2.1.1 Disease—Free Equilibrium

In the absence of infection (that is F = I = 0), the model (3.6) has a unique
disease—free equilibrium (DFE) , Py, obtained by setting the derivatives in (3.6) of
zero, given by Py = Py(S°,0,0,0) where
TR
= - 3.7

e (3.7)
The basic reproduction number of (3.6) can be established using the next generation
matrix operator method. Using the notation in Lemma 2.2 and Theorem 2.3, the

matrices F (for the new infection term) and V (for the transition term) are given
by

s

il

F= = (3.8)

0
0

and

—a + bS — CYQR
(b+c)E

—cE+(e+d) |’

—dI + (b il CYQ)R

(3.9)

respectively. The partial derivatives of (3.8) and (3.9) with respect to S, E, I, R,
at disease—free equilibrium (F), give

DF(Py) = F = ( 0. > (3.10)
amd
DY(P) =V = < bfcc eﬁd ) (3.11)

The matrices of (3.10) and (3.11) are of size 2x2 since there are two infectious classes.

Now, taking the inverse of matrix (3.11) leads to
1
2 0
v-l= 1o |- (3.12)
(b+c)e+d) e+d

Hence, the basic reproduction number for model (3.6) is

B

Ro =BV ls e T

(3.13)

Here p(FV ') represents the spectral radius of the matrix FV 1.
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Theorem 3.1 The disease—free equilibrium (DFE), F,, of the system (3.6) is lo-
cally asymptotically stable (LAS) if Ry < 1 and unstable if Ry > 1.

Proof. The Jacobian of system (3.6) at DFE, Po(g, 0,0,0), is

b
—b 0 —ﬁ (%))
0 -b-c 0
J(P)=| . _fé_d 0 ' (3.14)
0 0 d -b—ay

the eigenvalues of (3.14) are A\; = —b < 0, A2 = —(b+ a2) < 0, A3 and )4 are the
roots of the quadratic equation:

fO) =X+ b+ct+d+e)r+(b+e)e+d)(l-Ry) =0.

It is easy to see that A3 < 0 and A4 < 0 if Ry < 1. Thus, by Theorem 2.1, Py is LAS
if Ry < 1.

d

The basic reproduction number [26], denoted as R, represents the expected
number of secondary cases produced, in a completely susceptible population, by a
typical infective individual. If Ry < 1, then infected individuals in its entire period
of infectivity will produce less than one infected individuals on average. Thus,
disease will be wiped out of population. On the contrary, if Ry > 1, then infected
individuals in its entire infective period having contact with susceptible individuals
will produce more than one infected individuals on average, which will then lead to
the disease invading the susceptible population.

3.2.1.2 Endemic Equilibrium

In the presence of infection (E # 0 and I # 0), the system (3.6) has an endemic
equilibrium P,(S*, E*, I*, R*) where

a{(b+ as)(c+d+e)+cd}

g = 5 (3.15)
B - a(7€0—1)(bﬂ+a2)(e+d)7 (3.16)
1*=““m‘3“+wl (3.17)
R* _ aCd(Ro—l)(b'i‘ag), (318)

Q

Q = (Ro—1)(b(be + cd + dag + eas + bd + ce) + ceas)
+b(bc + cag + be + cd + das + eas + bd),
with

N* = S*+E*+I"+ R’

_ aRO{(b+a2)(c+d+e)+cd}=ROS,‘. (3.19)

Q
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Clearly, it is evident from equations (3.15)—(3.18) that if Ry < 1, the model has no
positive endemic equilibrium (Since E*, I* and R* will be negative values which are
biologically unrealistic). Therefore, the system (3.6) has an endemic equilibrium if
Ro > 1.

Theorem 3.2 If Ry > 1, the endemic equilibrium, P,, is LAS.
Proof. The Jacobian of system (3.6) at P, is

—b— 1 V2 —¥3 Y2t
el RN R T\ O
0 0 d = —idhg
where
3 ﬂl*(Nx i S*) - ﬂC(RO e 1)2 (b + CYZ)
Y = N+2 R ((b+ag)(c+d+e)+cd)’ 8.20)
_ Boilhe fc(Ro — 1) (b+ o)
VT N TR (Gtad(cHdte) ted) 5
! BS*(N* —I*) _ (Be+ BRo(d +e))(b+ az) + fedRo (3.23)

N+2 Ro2 ((b+ ao)(c+d+e) +cd)
and N* = S* + E* + I* + R*.

According to Lemma 2.1, the endemic equilibrium, P, is LAS if the following
conditions hold:

(i) Ay > 0. Obviously, ¢; > 0 for i = 1,2,3 when Rg > 1, and a5 < 0 for
1=1,2,3,4. Thus, A= —(au + ago + as3z + a44) > 0.

(i1) Ay = Jy + Jo + J3. Obviously, a; < 0 for i = 1,2,3,4 then
J1 = A44033 + G44Q92 + Q440711 + A33G11 > 0.
For J,, it is seen that

Jo = ag3age — azzdog
= (b+c+q)(e+d) —cis
= ale+d) + (b+c)(e+d) —cys

1 S*(N*-1I*
: N*
From (3.19) gives S* = = then
S*I*
Jg = 1/}2(6+d) + Bc (W) :1/12(€+d+C) > 0,

and
J3 = Q92011 — Q91012 = d)zb + (b + C)(wl + b) > 0.
Thus, Ao=Ji1+ Jo+ J3 > 0.
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(Z’L’L) A3 = Ql + Q2 + Qg. Since —aszz > 0, —agq > 0, J,>0 and Jz > 0, this yields

Q1= —ayu(Ja+J3) >0, Q2= —asls>0

and
Qs = —(az(agiaiz + as3az) + ar1(asaass — aspas3))
= odc+ (Y1 + b)(b+ a2)(e + d) — beys
= hoc(b+d) + (e + d)[¢h1(b+ a2) + bas] — cb(e + d).
Furthermore,

Q2+ Q3 = tyc(b+d) + (e + d)[p1(b+ az) + bag + b(b+ 1) + thic+ ob] > 0.

Thus, A3 = Ql + Qz 2 Q3 > 0.
(iv) Ag = det(J(P.)) = L1+ Lo+ L3, Since ags < 0, agg < 0 and J3 > 0, it is found
that
Ly = asuassts = (b+az)(e+d)Js,

L, de(bipz — Y1),
Lg = —(b + az)C'l,/}gb.

It is verified that

Ay = ble+d)(b+ as)(W1 + o) + chipa(b + az + cd)
+b1(e + d)(b+ as + ¢) + cagerpy > 0.

(v) AjA; — Az > 0. Since a;; < 0 for i = 1,2,3,4, and J; > 0 for s = 1,2,3, it
follows that

AjAy — A3 = —(an + ag)(Ji + Lo+ J3) —ass(J1 + J2) — assJ1 — Qs
= —an(Jo+ J3) — ag(fi + J3) — ass(J1 + J2) — assy
—a11(asaags + agsarr + assann) + (b +v2) J2
+ca(e + ¢) + beys > 0.

(vi) Finally, it can be shown that A;A;A; — A3 — A1A4 > 0, see Appendix A.

Hence, by Lemma, 2.1, all eigenvalues of J(P,) have negative real part when R > 1.
Thus, P, is LAS whenever it exists by Theorem 2.1.

O

3.2.2 Only Susceptible and Exposed Individuals Travel

In the case where the infected and recovered individuals are inhibited from travelling
to another city, and no have transport-related transmission rate, thatis a; =y =10,
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model (3.5) becomes

dS Si1
—dt—l =a—bS; — ﬁ]Vll : + agRy — 0151 + 0159,
dE Sl
d—tl = 5]\/}1 L (b+c+a1)E1+a1E2,
dI
d—tl =cEy — (e+d) I,
dR
E-l' = d[l . (b+C¥2) Rl,
(3.24)
ds. Sol
d—: =a—bS; — B]Vz2 + ag Ry — 1Sy + 151,
dE Sol
d_t2 = /31\[22 2 = (b+c+a1)E2+a1E1,
dl.
d—f =cE, — (e +d) I,
dR
—2 "= dl; — (b az) R
dt
3.2.2.1 The Local Stability of DFE
The model (3.24) has a disease—free equilibrium given by
P(2,0,0,0,,0,0,0). (3.25)

b b

Here, the next generation matrices F' and V' are given by

0 8 00
0 000
s 0080
0 000
and
b+c+ (031 0 —0 0
_ —c e+d 0 0 .
V= o 0 bictas O , respectively.
0 0 —c e+d

It follows that, using the next generation approach, the basic reproduction number
for the model (3.24) denoted by Ry = p(FV 1)

ol ST N
=TT o) o
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Note that R = Ry, see (3.13) and (3.26). The Jacobian of the model (3.24) is given
by
b EAY N5
ﬂﬂ—(BAJ, (3.27)

where P is an equilibrium of (3.24),

,B[i(Ni s Sz) /Bsili ﬁS’L(Nl N [1,) ﬂSi[i

—b—a; - N2 N2 - N2 N2 + oz
5[i(Ni = Si) e B b | BS:l; ﬁSi(Ni = Ii) _/351‘[1‘
Az — Ni2 Ni2 N.L'2 NiQ
0 c —e—d 0
0 0

fori =1,2, and

(67} 0 00

1 0 a00
% 0 0 00
0 0 00

The local stability proof for P is given below.

Theorem 3.3 The disease—free equilibrium, P;, of the model (3.24) is LAS when-
ever Ry < 1 and unstable if Ry > 1.

Proof. Evaluating the Jacobian of model (3.24) at P, gives

J<P1>:(‘§ §>,

where
—-b— a1 0 —6 (6) a1 0 00
_ 0 —-b—c—o 8 0 Il 0 o1 00
. 0 c —e—d 0 nflEe | pmmmn 1
0 0 d —b — g 0 0 00O

By Cui et al.[17], the characteristic polynomial of J(P) is given by

A-X B
det(J(P) — Al) = det< B A—/\I>
D g A+ B B
e WER B aFEST,
Ll A+ B B
‘d“( 0 A—B—M>

— det(A + B — \)det(A — B — M)
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where 0 is a zero matrix and [ is an identity matrix. Thus, the eigenvalues of J(P;)
are identical to those of A+ B and A — B, where

-b 0 —;‘3 (e7))

4 0 -b-c 3 0
A+ B 0 e —e—d 0 ’

0 0 d —b~a2
and
—-b—20q 0 —-f o
= 0 —-b—c—2m I3 0
oy e 0 c —e—d 0
0 0 d —b— ay

It is found that the eigenvalues of A + B and A — B are the roots of equations

fA+B()\) = (/\+b)(/\+b+a2)(/\2+a1)\+a2)=0,
facs(N) = A +b420)(A+b+ a2)(A? +azA +ag) =0,

respectively, where

ay = b+c+d+te,
(b+c)(d+e)(1 — Ryp),
a3 = (b+c+d+e+2a),

az

Bc

ag = (e+d)(b+c+2m) 1—(d+e)(b+c+2a1) .

It is easy to see that a; > 1, a > 1, a3 > 1, a4 > 1 when Ry < 1 and
Bc
(d+e)(b+ c+2ay)
rion (2.13), all eigenvalues of A + B and A — B have negative real part. Hence P

is LASif Ry < 1.

< Ry < 1. These imply that, using the Routh-Hurwitz crite-

O

3.2.2.2 The Existence and Local Stability of Endemic Equilibrium

In the presence of infection (Ej, s, I1, I # 0), model (3.24) has a unique endemic
equilibrium given by Py(S*, E*, I*, R*, S*, E*, I'*, R*) appearing in two cities when
R4 > 1. It is clear that the endemic equilibrium (P,) is identical P, (see (3.15)-
(3.18)), as show in the following results.

Lemma 3.1 The model (3.24) has a unique endemic equilibrium, P, if Ry > 1.
The local stability of P, is now explored in the next theorem.

Theorem 3.4 The endemic equilibrium, P,, is LAS if Ry > 1.

Proof. The Jacobian of (3.24) at P, is given by

J(P2)=<g i>,
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where
b~ @y =4 P2 —Y3 Yt o
A= (4 b= ==, Vs —2
0 c —e—d 0
0 0 d —b— ay
and
a; 0 0 O
I 0 (651 00
= 0 0 0O
0 0 0O

Similar to the proof of Theorem 3.3, to calculate the eigenvalues of J(P;) is equiv-
alent to calculate the eigenvalues of matrices A+ B and A — B. Since A+ B is the
same as A + B in the proof of Theorem 3.2, the eigenvalues of A + B have negative
real part if R, > 1. Future, the matrix A — B is given by

—b—203 — (2 —Y3 Yot
A (21 —b—c—2m — 1) Y3 —1a
b S = 0 (& —e—d 0
0 0 d —b—ay

For simplification, the entries of A — B is denoted by a;; for ¢,j = 1,2,3,4. It is
seen that the matrix A — B is in the form (2.14). It suffices to check that matrix
A — B satisfies the conditions in Lemma 2.1. This is checked as following six steps.

(i) A; > 0. From (3.21)—(3.23), it obvious that a; < 0 fori=1,2,3,4, and ¢; > 0
for i = 1,2,3 when Ry > 1. Thus, A; = —(a11 + az + ass + ag) > 0.

(i1) Ay = J1 + Jo + J3 > 0. Obviously a; < 0(i = 1,2,3,4), then

J1 = a4aa33 + ag4a92 + agsa11 + agzay; > 0.

For J, and Js, it is found that

J2 = as3a — a3zass3
= (b+c+2a+92)(e+d) —cys
= (Y24 2a1)(e+d) +cypp >0,

and

J3 = axpai — anan
= PYo(b+2a) + (b+c+20a1)(¥1 + b+ 204) > 0.

Thus, A2 > 0.
(ii1) Az = Q1+ Q2+Q3 > 0. Since J, > 0, J3 > 0 and ag3 < 0, ayy < 0, these yield

Ql = —a44(J2 + J3) >0 and Qg = —asz3J3 > 0.
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For @3, it can be verified that

Q3 = —(a32(a21a13 B a43a24) =+ an(a44a33 — G320,3))

(P1 + b+ 201) (b + az)(e + d) + depy — (b + 201)93

= deyy + (b+ 2a1)cy + (e + d)[Uh1 (b + ag) + az(b + 204)]
—c(b+2a1)(e + d),

where

Qo+ Qs = chp(b+d+2a;1) + (e+ d)[1(b+ az) + az(b+ 204)]
+(e + d)[1h2(b + 201) + Y1 (b+ c+ 201) + (b + 20;)%] > 0.
Thus, A3 = Q1+ Q2 + Q3 > 0.
(tv) Ay =det(A— B) = Ly + Ly + L3, where
L1 = (144(133J3 = (b + Clg)(e + d)Jg,

L2 = dC(I/IQ(b-F 2&1) — 1/)102),
L3 = —(b+a2)(b+2a1)cw3.

It is verified that

Ll + L2 + L3 = (b+ ag)(e + d)(b+ 2&1)(’1!11 + ’(/)2) + C¢2(b+ 2@1)(13 + g + Cd)
Y1(b + 2a1)(e + d)(b+ az + ¢) + cazey > 0,

then A4 > 0.
(v) AjA; — A3 > 0. Since J; >0 for i =1,2,3, and a;; < 0 for i = 1,2, 3,4,
A1Ay — A3 = —(a11 +ag)(J1 + 2+ J5) — ass(J1 + J2) — a1 — Qs
= —an(Jo+ J3) — axn(Si + J5) — ass(J1 + J2) — assdy
—all(a44a22 + 44011 + a33a11) + (b + 1/12 + 26!1)J2
+-ce(1hg + 2a;) + 2P + (b+ 2ay)cpz > 0.
(vi) Finally, it can be shown that A;A;A4; — A2 — A2A4, > 0, see Appendix B.

From (7)-(v), all the eigenvalues of A — B have negative real part. Since all the
eigenvalues of A — B and A + B have negative real part whenever Rj > 1, P, is
LAS whenever it exists according to Theorem 2.1.

O

3.2.3 All Individuals Travel Between Two Cities

In this section, the full model (3.5) is studied when all individuals can travel between
two cities. It is easy to see that a disease—free equilibrium, P; is the same as
a disease—free equilibrium of the models (3.6) and (3.24), and is given by (3.25).
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According the same processes as described in section 3.2.2, the next generation
matrices F' and V are given by

0 B8 0 v
0 0 0 O
= 0 Y 0 ,B ’
0O 0 0 O
and
b+c+a1 0 —Q 0
vk —c e+d+a 0 -
F —Qq 0 b+C+C¥1 0
0 - —c e+d+ o

It follows that, using the next generation approach, the reproduction number of the
model (3.5), denoted by Ry, is

plese

R =Rt G+ o

(3.28)

Consequently, using Theorem 2.3, the following results is established.

Lemma 3.2 The disease—free equilibrium, Py, of the model (3.5) is LAS if Rg, < 1,
and unstable if Ry, > 1.

The model (3.5) has a unique endemic equilibrium, denote by P;(S3, E}, I, R},
Sk, EX, I}, R}), appears in two cities where

a{(b+ a2)(c+d+e)+cd}

St = o (3.29)
gy = DB ] ]
- ac(Rm—Qi)(b+a2)’ it
py = o j)(b“”), -

and

Q, = (Roy— 1)(b(be + cd + dag + eay + bd + ce) + ceas)
+b(bc + cay + be + cd + das + eas + bd).

The Jacobian matrix of system (3.5) is given by

J(P) = ( ’;i iz ) : (3.33)
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where
Bl N; =8 BSil; BSi(N; — I,)  BS:I;
—b—a; — _—_—_N-2 N2 = N2 Ni2 + as
BL;(N; — 5) BSil;  BSi(N; — L) BS:1;
A; = N2 = N2 N2 N2
0 c —e—d—m 0
0 0 d —b— a1 — Qg
and
7041[i(Ni o Si) o1 Sil; W’alsi(Ni — Ii) vy Sil;
B N2 N2 -3 N2 N2
76Y1[i(Ni & Si) yerS; I 'Yalsi(Ni = [i) ya15:1;
B = N7 MTTN? N? E
0 0 g 0
0 0 0 (631

and N; = S; + E; + I; + R;, for ¢ = 1,2. Next, the local stability of P is analyzed
in the next theorem.

Theorem 3.5 The endemic equilibrium, P}, of (3.5) is LAS if Ro, > 0.

Proof. The Jacobian matrix of (3.5) at PJ is given by

KRGS B 2 )

where
~b~gy — 1 Y2 —3 VY2 + a2
A= 1 —b—c= o — ¥ V3 —o
0 c —e—d—oq 0 !
0 0 d -b— a1 — Qg
Qi1 — M K2 —H3 M2
e H1 Qp — M2 M3 —H2
0 0 a1 0 ;

0 0 0 (o %1
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with

oy — BLNG 53] Be(Roy — 1)% (b + ay)
' N2 Ror2 (b+ ag)(c+d+e)+cd)

by = pSIL Bec(Roy — 1) (b+ a2)
; N2~ Ro2((b+az)(c+d+e) +cd)’

gy — BSWN=L) _ (Bet fRoy(d+e))(b+ag) + BedRey
p N Roy? ((b+ az)(c+d+e) +cd)

f, vall;(N:; = S;) = ’7&16(7?,07 = 1)2 (b + a2)
: N2 Ro,? (b+ az)(c +d +e) +cd)’

[y = ’YalS;I; o Yyoic (R(yy - ].) (b + 062)
2 N2 Re((b+oo)(ct+d+e)+cd)

g MOl Ny =3 ) - (yaic + ya1Roy(d + €)) (b + ag) + yarcdRoy

N2? Roy? ((b+ az)(c+ d+€) + cd)

and N¥ = 5% 4+ E? + I + R}. The eigenvalues of J (P7) is equivalent to calculate
the eigenvalues of A+ B and A — B as in the following. First, according to Lemma
2.1, the matrix A + B:

—-b— 6, 6, —f3 02+ a2
b, 91 -b—c— 92 93 —02
2F B 0 c —-e—d 0 ’
0 0 d —b— (65)]

where 0; = ¥1 + p1, 02 = W2 + p2, 03 = ¥3 + ps is checked into six step. For
simplification, the entries of A 4+ B are denoted by a;; for 4,5 =1,2,3,4.

(i) A; > 0. Obviously, 8; > 0fori =1,2,3if Ro, > 1,and a;; <0 fori =1,2,3,4.
Thus, A; = —(a11 + ag + ass + as) > 0.

(43) J; >0 for i = 1,2,3. Since a;; <0 for i = 1,2,3,4, then

Ji = asass + assar + agann + azzan > 0,
JQ = Q33099 — A32023 = 02(6 +d+ C) > 0,
J3 = ageay —agap = (b + C)(b + 91) + b6, > 0.

(ZZZ) Az = Ql + QQ + Qg > 0. Since J; > 0, J3 >0, —ay > 0, and —asz > 0, then
Q1 = —ag(Jy + J3) > 0 and Q2 = —agzJs > 0, respectively.

For @3, it is verified that

Q3 = —(asz(azaiz + assags) + ayi(asass — a32093))
OQdC + (9 + b)(b + 052)(8 + d) - bCOg
= Oyc(b+d) + (e + d)[61(b+ a2) + bag] — cb(e + d).

It follows that
QQ 1= Q3 = 92C(b =+ d) + (6 + d)[gl(b + az) + bOZQ + b(b + 01) ot 916+ Hgb] > 0.
Thus, Az = Q1 + Q2 + @3 > 0.
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(iv) A4 = det(J) =Li+ Ly + L3y > 0, Since az3 < 0, agy < 0, and J3 > 0, it is
found that

L1 = a44a33J3 = (b + az)(e + d)J3,
dC(b92 — 91042),
L3 = —(b + a2)093b.

~
(%)
Il

It is verified that

Li+Ly+ Ly = b(e + d)(b + 012)(91 + 92) + cb02(b + oo + Cd)
+b61(e + d)(b+ s + ¢) + caged; > 0.

Thus, Ay=Li+ Ly+ L3 > 0.
(v) AjA; — A3 > 0. From (4)—(¢41), it can be seen that

A1Ay — A3 = —(an + ag)(J1 + Jo + J5) — ass(J1 + Ja2) — agsJy — Q3
= —ay(Jo+ J5) — age(J1 + J3) — ass(J1 + J2) — assJs
—ay1(agqasn + asgary + agzarr) + (b+ 02)J,
+692(€ + C) + b603 > 0.
(vi) Finally, it can be shown that A;A;A3 — A2 — A3A4 > 0, see Appendix C.

By Lemma 2.1, all eigenvalues of A + B have negative real part when Ro, > 1.

Next, the matrix A — B is given by

—b 201 — ¢y ) +13 G2+ g
e ¢1 ~ba—do— i ¢3 —®2
SR 0 c —e—d—2a; 0
0 0 d -b— 20[1 =~ g

where ¢1 = 1 — 1, ¢2 = Yo — po, ¢3 = Y3 — 3.

For convenience, the entries of A — B is denoted by a;; for 4,5 = 1,2,3,4, and
the eigenvalues of A — B is explored as follows.
(¢7) A; > 0. Obviously,
azz = —e—d—2a1 <O,
ass = —b—ay—20; <0.

Since 0 < Roy—1 < Roy < RE, when Rg, > 1, and also noting that 0 < y < 1,
these give

a1 = —b—1/11—2<2— 7¢ (Roy —1)° (b4 ay) >a1<0

Roy? ((b+ a2)(c+d +e) + cd)

e (R(),y o 1) (b+ a2)
. Rowz((b+a2)(c+d+e)+cd))a1 < 0.

Hence, A; = —(aj1 + age + ass + aas) > 0.

and gy = —b—C—’L/)g—(Q
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(7,2) Ji > 0, = 1, 2, 3. Since a;; < 0 fori = 1, 2, 3,4, Jl = Q44033 + Q44092 + Q44011 +
asszay; > 0.

For J,, it is seen that

Jo = (6+d+2a1)(b+6+¢2+2a1) — o3
(8- 7041)51:15;
= (e+d+20)(b+2a;+c¢) +(e+d+2a1)—1VT—
b
(B —v01)eSH(NZ — I3)
N

To test Jo > 0, it can be shown as the following two case:

Case 1: 3 > vay,
(B4 van)eS5 (G — L)
Nz? ’
(B + you)eSy(Ny = I7)
N*? :

1 St oaleg
2 (5+7a1)c< A 77>’

Ry N3 N2

Jo > (e+d+20)(b+2a1+c)—

> (b+o)(e+d) -

(B +ya1)cSiIy* 3

0.
= *2
N:

Case 2: 8 < vau,

Jo = (e+d+2a1)(b+20q +c¢)+(e+d+2a)

Nz?
[yen — B)eS5 (N =5}
+ % ,
N’Y
—yaq)SEI
> (e+d+2a1)(b+2a1+c)+(e+d—+—2a1)(ﬁ 7\[*12) ,
:
o1)S*I*
> (e+d)(b+c)+4a§—(e+d+2a1)(7;[)*2’7,
t
=

2 v¢(Roy — 1) (b + o)
2% (2 " Ro2((b+az)(c+d+e) +cd)) ’

Yoq (RO’Y =t 1) (b + Oég)
Heddfe (1 B Ro > (b+az)(c+d+e) + cd)) =0

Therefore, J, > 0, from case 1 and case 2.

For Js, it can be verified that
Js = (b+c+2a1)(b+2a1 + ¢1) + ¢2(b + 221)
= (b+c+2)(p1 +a1) + (b+c+2a)(b+ o) + (b4 2a1)¢2
= (b+c+20)(ag+¢1)+ (b+2a1)(b+ a1 + ¢2) +c(b+ ay).
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Noting that

e (Roy = 1) (b + @)
Ror (b+ az)(c+d+e)+ cd)) a; >0, (3.34)

oY i) Pl 2
wton = 1 mﬁ((b+a2)<c+d+e>+cd>> A i

when 0 < v <1 and Rg, > 0. Hence, J3 > 0.

ap+¢p = (1—

(111) As = Q1+ Q2+Q3 > 0. Obviously, Q1 = —ag(Jo+J3) >0, Q2 = —assJz >0
and

Qs = cdpy+ (b4 201 + ¢1)(b+ 201 + az)(e + d + 20q) — (b+ 20)cd3
= cd(ay +¢2) + (b+ 21 + ¢1)(b+ 204 + az)(e + d + 201)
—(b+ 2ay)cps — cdoy
> cd(éy + ) + (b+20a)[(b+ ) (e + d) — cdg]
—c(b+2a; + ag)(e + d + 2a;1) — ajcd.

It can be shown that
As = Q1 +Q2+ Qs

> (b+2m) {(b—% c)(e+d)—

0-ompsi=t)]
N’Y

as the following two case.

Case 1: 8 > vo,

A3 > (b+ 2(11) {(b—*-c)(g + d) _ C(ﬁ +’Ya1)S;(N; — I;):|

)
Ny
(b+ 201)(B + vou)cS I P

= 0.
= 2
N:

Case 2: < ~vay,

As > (b+201) [<b+ e +d)  Sper= A5,y = m} - 0.

2
*
NZ

From case 1 and case 2, it is clear that Az > 0.
(iv) Ag=det(A— B) = L1+ Ly + L3 > 0, where

Li = ayassts = (b+ s+ 2a1)(e+ d+ 204)Js,
Ly = dc[ga(b+ 201) — 1)

= dc[(dy + a1)(b+ 2a1)] — defou (b + 201) + drag),
Ly = —(b+ az+2a1)(b+ 20q)ces.



Furthermore,

Ly+ Lo+ L

with

J3 + C¢3 >

Jo — cayq
>
J3—cp1 =
>

Thus, Ag > 0.
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= (b+ o2+ 2a1) [(e 4 201)J3 + (b + 201)ces]
‘+‘d(b + 2(11)(J2 G cal) + dag(J3 = C¢1)

= (b+ag+2a) |(e+204)J3+ c(b+ 20a1)

(8 — yar)S(N — 1;)}
N2
+d(b + 20(1)(J2 — Ca1) + dOQ(Jg = C¢51)

SHN: = I
> @+2%+aaﬁ{@+2m)<h-cwn‘x; ”)]
z

+d(b + 201)(J2 — cay) + dog(Jz — cér)

cyay SNy — I3)

3~ N;Q
cyay SE(Ns — I3)
c(b+ar) — =
N'Y
S*(N* —1I*
cb + cay (1 g 7( *Z 7)>
Ny
Y
b 1—-— ] >0, 3.36
c +ca1< RO'y) (3.36)

(e4+d+ar)(b+c+ ¢+ 20) + ar(b+ ¢o + 201) — c¢3

0,
(b+ 200)(d1 + 1) + car + (b+2a1) (b + o1 + ¢2) + (b + 1)
0.

(v) AjAy— Az > 0. From (¢)—(éz), J; > 0fori =1,2,3 and a;; < Ofori =1, 2,3,4.
It is found that

A1A2 — A3

= —(an +ax)(Ji + o+ J5) — ags(J1 + J2) — asaJ1 — Q3
> —(a11 + ag)Js — annJ; — az — Q3
> —(au + a22)J3 = 011[J1 — a33a44] — 011033044
+(—ag —c)Jy + o — Q3
> —aj1assaa — (a1 +ag)Jz +cJo — Qs
> c(Jy — dad) + (264 c + 201 + (¢1 + 1) + (¢2 + 1)) J3

+(b+ 2aq)cos
> co(Jy = ¢od) + (b+ 20)(J3 + cd3)

S*(N* - I*
> c(Js — ¢od) + (b + 201) <J3 e [E[*Q )>

> C(J2 = ¢2d) + (b+ 20[1) (1 = %;) > 0,
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where

Jo — (ﬁgd > (6 +d+ 2a1)(¢2 T+ al) = (Z)gd > (6 + 2(11)(¢2 + Ot1) + day > 0.
Thus, A1Ag — A3 > 0.
(vi) Finally, A;A2A; — A3 — A?A4 > 0 is verified in Appendix D.

By Lemma 2.1, all the eigenvalues of A — B have negative real part. Therefore, it
can be concluded that all the eigenvalues of A + B and A — B have negative real
part. These imply that P} is LAS when Roy > 1 according to Theorem 2.1.

O





