CHAPTER 2 LITERATURE REVIEWS AND BASIC
MATHEMATICS

2.1 Literature Reviews

Population dispersal, as common phenomenon in human society, living styles, sexual
practices and rising international travel, which can be easily transmitted from one
region to other regions. In order to predict the spreading of infectious disease among
regions, epidemic model with transport-related infection have been proposed and
analyzed in recent years. Cui et al. [17] introduced a model based on SIS model
to describe the transmission of infectious diseases related by transports. The model
was given by
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Here S; and I; represent the number of susceptible and infected individuals in region
i (1 = 1,2), respectively. They assumed that both regions are identical, i.e. the de-
mographic parameters are the same for each region. They adopted the fixed number
of offspring, denoted by a, joins into the susceptible class per unit time. Natural
death rate for susceptible individuals is a constant per capita rate b. Infected indi-
viduals recover at a constant per capita rate d, and the per capita mortality rate for
infected individual is ¢. Since ¢ includes both natural and disease induced mortality,
one may assume that ¢ > b. In the model (2.1), disease is transmitted with the inci-
dence rate (that is, the number of new cases of infection per unit time) % within
region j(7 = 1,2). The transmission rate within a region is a constant 3. Suscepti-
ble and infected individuals of region ¢ leave to region j(j # 4,4,7 = 1,2) at a per
capita rate . When the individuals in region j travel to region i, disease is transmit-
ted with the incidence rate %%l where 7 is the transport-related transmission rate.
Cui et al. [17] defined the following reproduction numbers:
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where Ry, is basic reproduction number for (2.1) and Ry is the basic reproduction
number for each city when there are no individual move between regions (that is



v = 0). They had shown that when Ry < 1, each region is disease free, but there
may be Rg, > 1. This implied that transport-related infection on disease can make
the disease be endemic even if all the isolated regions are disease free. But when
only susceptible individuals travel between two regions, it is clear that Ry = Ro,
when v = 0. That is, the travel of susceptible individual would not change the
endemic condition of the regions. Thus, they suggested that restricting travel of
infected individual is important for controlling disease expansion.

In 2003, when SARS was spreading, entry and exist screening included visual in-
spection to detect symptom, temperature screening via thermal scanning, signs,
public address announcements, distributing health alert notice and administering
questionnaires to assess symptoms and possible exposure were done at the station
or airport to identify infected individual [20, 21]. Then, Lui et al. [18] considered
entry screening and exit screening to detect infected individuals (with probability
of successfully detecting an infected individual 6., 64, 0 < 6, 64 < 1, respectively).
They proposed an SIQS model and mathematically studied the following special
case of 8, = 6, 83 = O:
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The variable Q;, i = 1,2 denotes the number of isolated infected individuals in re-
gion 7, e is the capita mortality rate for isolated infected individuals and f is per
capita recovery rate of isolated infected individuals while treating. This research
studied the local asymptotic stability and permanence of model (2.3) and proved
that the endemic equilibrium was locally asymptotically stable if it existed and that
the disease was endemic in the sense of permanence. The result of this research
suggested that the entry screening is to be helpful for disease eradication since it
could always have the possibility to eradicate the disease led by transport-related
infection and had the possibility to eradicate disease even when the disease was
endemic in both isolated cities.



For many disease (e.g. influenza, measles chickenpox, etc), after recovery, the indi-
vidual have immunity to the disease. Thus an STR or STRS model is more suitable
for this kind of disease. To study the effect of transport-related infection, Lui and
Zhou [22] considered the following SRS model:
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Here, the variable R;, 1 = 1,2 represents the number of recovered individual in each

region. This research described an explicit formula for the reproduction number
RO'y:
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Their analysis showed that the disease—free equilibrium is globally asymptotically
stable if R, < 1. They gave some sufficient condition for global stability of en-
demic equilibrium when R > 1. They also found that the disease is endemic in
the sense of permanence if and only if the endemic equilibrium exists. This implied
that transport-related infection on disease could make the disease endemic even if
all the isolate regions were disease free.

Obviously, model (2.1), (2.3) and (2.4) assume that a susceptible individual be-
come infectious immediately after infected. However, for many disease, a host stay
in a latent period before becoming infectious after infected. To understand the ef-
fect of some travelling exposed individuals on the spread and control of infectious
disease, Wan and Cui [10] formulated the following SEIS model:
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where E;, i = 1,2 represents the number of exposed (latent) individual in each
region and the parameter ¢ denotes the transfer rate from exposed individuals to
infectious individuals. This research mainly studied locally asymptotically stable
of model (2.5) and the endemic equilibrium was proved to be asymptotically stable
with an addition condition besides the condition for its existence. This research
showed that the travelling of the exposed(means exposed but not yet infectious)
individual could bring disease from one region to other regions even if the infectious
individuals were inhibited from travelling among regions.

In this thesis, the model (2.5) is modified into the SEIRS model to describe the
transmission of infectious disease related by transports and will discuss in Chapter
3.

2.2 Basic Mathematics

In this section, some theories and basic mathematics are reviewed, and will use in
Chapter 3.

2.2.1 Linear Stability Analysis

Linear stability of the system of ordinary differential equations such as interacting
population models and reaction kinetics systems is determined by the roots of a
polynomial. The stability analysis are concerned with involving linear systems in

the vector form
dx
— = Ax. 2.6
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where A is the Jacobian matrix about the equilibrium point of (2.6) and x =
(z1, 9, ...,x,)T, T denotes transpose. Solutions of (2.6) are obtained by setting

x = ve™, (2.7)



in (2.6) where v is a constant vector (eigenvector corresponding to eigenvalue )
and the eigenvalues A are the roots of the characteristic polynomial

|A— M| =0, (2.8)

where I is an identity matrix. The solution of (2.6) is said to be stable if all roots A
of the characteristic polynomial lie on the left-hand complex plane, that is the real
part of A, (Re()\)), is less than zero for all roots A [23].

The stability of linear system (2.6) is given in the following definition and theo-
rem. (see more detail in [24])

Definition 2.1 Stable Critical Point [24]

Let x* be an equilibrium (critical) point of (2.6), and let x = x(t) denote the solution
which satisfies the initial condition x(0) = x where xq # x*. The equilibrium x* is
a stable critical point if given any radius p > 0, there is a corresponding radius
r > 0, such that if initial position xq satisfies | xg — x* |< r, then the corresponding
solution x(t) satisfies | x(t) — x* |< p for all ¢ > 0. In addition, if tlir}noo %(t) =%

wherever | xg — x* |< r, then x* is an asymptotically stable critical point.

Definition 2.2 Unstable Critical Point [24]

Let x* be an equilibrium (critical) point of (2.6), and let x = x(t) denote the solution
which satisfies the initial condition x(0) = xo where x¢ # x*. The equilibrium x*
is a unstable critical point in this case: There is a disk of radius p > 0 with the
property that, for any r > 0, there is an initial position x satisfies | xo — x* |< 7,
yet the corresponding solution x(t) satisfies | x(t) — x* |> p for at least one t > 0.

Theorem 2.1 [24] Let x* be a critical point of (2.6) and A is the Jacobian matrix
at x*. Then:

(1) If all eigenvalues of A have negative real part, then x* is an locally asymptot-
ically stable (LAS) critical point.

i1) If some eigenvalues of A have positive real part, then x* is an unstable critical
g
point.

2.2.2 Linearization of Nonlinear System

In this section, the linearization of system described by nonlinear differential equa-
tion is performed. The procedure is based on the Taylor series expansion and on
knowledge of the behavior solution of linear system. The main idea is to approx-
imate a nonlinear system by a linearized system (around the equilibrium point),
which is known that the behavior of the solutions of the linear system will be the
same as the nonlinear one.

Consider the general nonlinear system given by

dx_

N F(x), (2.9)
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Supposed. that x*/= (a7}, 3, w2l

is a equilibrium point which is obtained by
X
setting = = 0, where 0 is an n x 1 zero matrix. Linearize (2.9) about x* by setting

z = X — X*, where z = (21, 29, ..., z,)T represents a small quantity. Using Taylor’s
expansion on the right-hand side of (2.9), it yields that
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where all partial derivatives are evaluated at x*. Cancelling higher order terms
(which contain very small quantities), the matrix form of (2.10) is given by
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where J(x*) is called the Jacobian matrix. Since F(x*)=0, the linearized system
can be represented as

(2.11)

The stability of nonlinear system (2.9) may be analyzed in a neighborhood of the
equilibrium point x* by studying the linearized system (2.11).
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2.2.3 Routh—Hurwitz Criteria

Important criteria that give necessary and sufficient conditions for all of the roots
of characteristic polynomial (with real coefficients) to lie in the left half of the
complex plane are known as the Routh-Hurwitz criteria. According to theorem
2.1, if the roots of the characteristic polynomial lie in the left half of the complex
plane, then any solution to the linear, homogeneous differential equation converges
to zero. Hence, the Routh—Hurwitz criteria are used in Chapter 3 to determine local
asymptotic stability of an equilibrium for nonlinear system of differential equations.
The Routh—Hurwitz criteria are stated in next theorem.

Theorem 2.2 [23] Given a polynomial equation in ),
PN =X F gy k... 4 a0, =0, (2.12)

where the coefficients a; are real constants, i = 1, ...,n. The n Hurwitz matrices are
defined by using the coefficients a; of the characteristic polynomial and given by
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All of the roots of polynomial P()) are negative or have negative real part, Re(\) <
0, if the determinants of all Hurwitz matrices are positive:

det(H;) >0, j=1,2,...,n. (2.13)

As an example, for n = 2 gives a quadratic equation A% 4+ a; A + a; = 0. The Routh-
Hurwitz criteria for Re(\) < 0 are det(H;) = a; > 0 and

a

det(Hg) = 1 as

=ajap; >0

which implies that a; > 0 and ay > 0.

For n = 4 gives a polynomial equation A\* 4+ a;\®> + agA? + as) + a4 = 0. The
Routh-Hurwitz criteria are

a a,
Hi=a; >0, Hy= 11 Gj = ajay —ag > 0,
a;p ag 0 O
o L 1 ay ag O
Hys=|1 ay a4 |=ajaas — a§ = 03614 >0, Hy= g § > 0.
0 a; das 0
0 ay das

0 1 g Q4
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The conditions in equation (2.13) is necessary but not sufficient for confirming the
roots of the polynomial P(\) to lie in the left half of the complex plane. Then, the
sufficient conditions are the coefficients of P()\) being strictly positive. This result
is stated in the next corollary.

Corollary 2.1 Suppose the coefficients of the characteristic polynomial are real. If
all of the roots of the characteristic polynomial

PO) =ttt gl L lta,
are negative or have negative real part, then the coefficients a; > 0 fori = 1,2, ..., n.

Therefore, the Routh-Hurwitz criteria for polynomials equation of degree 2,4 (n =
2,4) will be used in Chapter 3, and are summarized

=2 : a;>0 and ay>0

) C 2 2
=4 : a;,1=123,4, @may—a3z3>0, aaxaz > a;+ ajay.

Next, the Routh-Hurwitz criteria (Theorem 2.2) is stated for the special kind of the
following matrix J:

air a2 a3 Ay
i ¢ il (2.14)
0 0 ag au
It is found that the characteristic polynomial of matrix J is given by
A AN+ AN+ AN+ A4 =0

where

Al = —tT‘CLC@(J), Ag = J1 i Jz + J3, A3 = Ql At Q2 + Q3, A4 = det(J)

and
J1 = agsas3 + agsag + agsar; + azsaqy,
Jo = agzaz — aspag3, J3 = axai; — azais,
Q1 = —au(Jo+Js5), Q2= —ass(Js),
Qs = —(Gsz(azlam == a43a24) = a11(a44<133 == a32a23)).

Here, trace(J) denotes the sum of the elements on the main diagonal of J. Hence,
by Theorem 2.2 (Routh-Hurwitz theorem), the following result is established.

Lemma 2.1 The matrix J (2.14) is stable (i.e. each eigenvalue of J has negative
real part) if and only if the following conditions hold:

(1) A; >0
(ZZ) AlAQ — Ag >0
(ZZZ) AlAQAg — Ag — A%A4 > 0.
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2.2.4 Next Generation Method

The next generation method is used to establish the local asymptotic stability of
disease—free equilibrium (DFE). The method was first introduced by Diekmann and
Hesterbeek [25], and refined for epidemiological models by van den Driessche and
Watmough [26]. The formulation in [26], which is based on disease transmission
model, is reproduced below. Suppose that the given disease transmission model,
with nonnegative initial conditions, can be written in terms of the following system:

d.’l?i .
F filx)=F(x) — Vi(®)y 1= Liaun (2.15)

where V;(x) = V; (x) — Vi (x), and x = (z1, ..., »)*, ; > 0 represents the number
of individuals in each compartment of the model. First of all,

X,={x>0|z;=0, i=1,..,m} (2.16)

with m < n is defined as the disease—free state (non-infected state variable of the
model) of the model. It is assumed that functions F;(x), V;"(x), Vi (x) are at least
twice continuously differentiable in each variable, and they satisfy the five axioms
below.

(A1) If x > 0, then F;(x), V' (x), Vi (x) > 0fori=1,2,..,m.
(A2) If z; = 0, then V; (x) = 0. In particular, if x € X, then V; (x) =0

fori =1,...m.
(AB) il S o
(A4) If x € X, then F;(x) = 0 and V7 (x) = 0 for i=1,...,m.

(A5) If F(x) is set to zero, then all eigenvalues of D f (Xo) have negative

real parts.
Here,

Fi(x) represents vector consisting the rate of appearance of new infections in com-
partment 1,

V7 (x) represents vector consisting the rate of transfer of individuals out of com-
partment 1,

V" (x) represents vector consisting the rate of transfer of individuals into compart-
ment 1,

Xo denotes the disease—free equilibrium,
Df(Xo) is partial derivative (3f;/0z;) evaluated at Xo.

Lemma 2.2 If X, is a disease—free equilibrium of (2.15) and f;(x) satisfies (Al)—
(A5), then the derivatives DF(Xo) and DV(X,) are partitioned as

orw=(11) w (3 1)
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where F' and V' are the mXxm matrices defined by

OF; ,_ )2 , e
B (83:]- (x0)> and V = <8xj (x0)> with "1£4) 7 <m

Further, F' is non-negative, V is a non-singular M-matrix, K3, K4 are matrices
associated with the transition term of the model and all eigenvalues of K, have
positive real part.

Finally, the following stability result follows.

Theorem 2.3 [26] Consider an arbitary disease transmission model given by (2.15)
with f;(x) satisfying the axioms (A1)—(A5). If xq is a DFE of the model, then xg is
locally asymptotically stable (LAS) if Ry = p(FV~!) < 1, but unstable if Ry > 1,
where p is the spectral radius.

Definition 2.3 Let A1, Ag,...,A, be the eigenvalues of square matrix A. Then its
spectral radius denoted by p(A), that is defined as

p(A) = max (| A, ).

1<j<n
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