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Abstract
The purposes of this research are to create new knowledge of fixed point theorems and
construct several new iterative methods for approximating a fixed point and a common fixed point
of nonlinear mappings in Banach spaces. We establish some convergence theorems of such

iterative methods for finding a fixed point and a common fixed point of nonlinear mappings.

Keywords: Uniformly convex / lIterative method / Nonexpansive mapping / Asymptotically

nonexpansive mapping / Asymptotically k-strict pseudo-contractive mapping
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CHAPTER 2

PRELIMINARIES

In this chapter, we give some definitions, notations, and some useful results
that will be used in the later chapter.

Throughout this thesis, we let R stand for the set of all real numbers and
N the set of all natural numbers.

2.1 Basic results

Definition 2.1.1. Let X be a linear space over the field K (R or C). A function
|- |l : E — R is said to be a norm on X if it satisfies the following conditions:

1) ||z|]| > 0,Vz € E;

(1)

(2) [[z]] =0 & = =0;

B3) [l +yll < llzll + llyll, Vo, y € E;
)

(4) ||az|| = |e||z]], Vo € E and Va € K.
Definition 2.1.2. Let (£, || - ||) be a normed space.

(1) A sequence {x,} C FE is said to converge strongly in X if there exists
x € E such that lim |z, —z|| = 0. That is, if for any e > 0 there exists a positive
n—=ao

integer N such that ||z, —z| < €,Vn > N. We often write lim z, =zorz, — x

n—-—uoo

to mean that x is the limit of the sequence {z,}.

(2) A sequence {x,} C E is said to be a Cauchy sequence if for any € > 0
there exists a positive integer N such that ||z, — z,| < ¢,V m,n > N. That is,
{z,} is a Cauchy sequence in B if and only if ||z, — z,|| — 0 as m,n — oc.

Definition 2.1.3. A normed space X is called complete if every Cauchy sequence
in X converges to an element in X.

Definition 2.1.4. A complete normed linear space over field K is called a Banach
space over K

Definition 2.1.5. Let C' be a nonempty subset of normed space X. A mapping
T : C — C is said to be lipschitzian if there exists a constant £ > 0 such that
for all z,y € C

[Tx =Tyl < kllz—yl| (2.1.1)

The smallest number k for which 2.1.1 holds is called the Lipschitz constant of T'.

Definition 2.1.6. A lipschitzian mapping 7' : C — ' with Lipschitz constant
k < 1 is said to be a contraction mapping.



Definition 2.1.7. An element z € C' is said to be a fized point of a mapping
T:C—Citt Te =x.

Definition 2.1.8. [Banach’s contraction mapping principle] Let (M, d) be
a complete metric spaces and let T' : M — M be a contraction. Then T has a
unique fixed point .

Definition 2.1.9. Let F' and E be linear spaces over the field K.

(1) A mapping T : F — F'is called a linear operatorif T'(x+y) = Tx+Ty
and T'(ax) = oTx,Vx,y € F, and Va € K.

(2) A mapping T : F' — K is called a linear functional on F if T a is linear
operator.

Definition 2.1.10. A sequence {x,} in a normed spaces is said to converge weakly
to some vector x if lim,, .., f(z,) = f(x) holds for every continuous linear func-
tional f. We often write x,, — x to mean that {z,} converge weakly to z.

Definition 2.1.11. Let ' and F be normed spaces over the field K and 7" : FF —
E a linear operator. T is said to be bounded on F, if there exists a real number
M > 0 such that ||T(z)|| < M||x||,Vx € F.

Definition 2.1.12. Sequence {z,}°, in a normed linear space X is said to be a
bounded sequence if there exists M > 0; such that ||z, || < M,Vn € N.

Definition 2.1.13. Let F' and E be normed spaces over the field K, T': FF — FE
an operator and ¢ € F'. We say that T is continuous at c if for every € > 0 there
exists 0 > 0 such that ||T'(z) — T'(c)|| < € whenever ||z —¢|| <d and z € F. If T is
continuous at each x € F, then T is said to be continuous on F.

Definition 2.1.14. Let X and Y be normed spaces. The mapping T : X — Y is
said to be completely continuous if and only if T'(C') is a compact subset of Y for
every bounded subset C' of X.

Definition 2.1.15. A mapping T : C — C is said to be semicompact if, for
any sequence {z,} in C such that ||z, — T'z,|| — 0 as n — oo, there exists
subsequence {,,} of {z,} such that {z,,} converges strongly to » € C.

Definition 2.1.16. A subset C' of a normed linear space X is said to be convex
set in X if A\x 4+ (1 — AN)y € C for each x,y € C and for each scalar A € [0, 1].

Definition 2.1.17. Let X be a real normed space and C' a nonempty subset of X.
A mapping T : C' — (' is said to be

(a) nonezpansive whenever ||Tx — Ty|| < ||z — y||,Vz,y € C;

(b) asymptotically nonexpansive on C' if there exists a sequence {k,} in
[1,00), with lim,, . k, = 1 such that

[Tz = Ty|| < kanllz = y]| (2.1.2)



for all x,y € C' and each n > 1;

(¢) strict pseudo-contractive mapping [3] if there exists a constant 0 < k < 1
such that
1T = Tyl < o — gl + k| — T — (I = Ty, (2.1.3)

for all z,y € C. (If (2.1.3) holds, we also say that T is a k-strict pseudo-
contraction.)

It is know that if T" is O-strict pseudo-contractive mapping, 7" is nonexpansive
mapping.

(d) asymptotically k-strict pseudo-contractive if there exists a constant 0 <
k < 1 satisfying

17"z = Ty|* < (14 ya)lle = yl* + &II(T = Tz — (1 = T")ylI?, (2.1.4)

for all z,y € C' and for all n € N where v,, > 0 for all n such that lim,_.. v, = 0.

Definition 2.1.18. [10] A Banach space X is said to be uniformly convez if for
each 0 < € < 2, there is § > 0 such that Va,y € X, the condition ||z| = ||y| = 1,
and ||z —y|| > e imply [ 52| <1-96.

Definition 2.1.19. [10] Let X be a Banach space. Then the modulus of convezity
of X 0:]0,2] — [0, 1] defined as follows:

. =+ yl
0(e) = inf{l — ——:[lz[| < L [ly[ < 1, ]|z — y[| = e}.

Theorem 2.1.20. [10] Let X be a Banach space. Then X is uniformly convex if
and only if 6(e) > 0 for all € > 0.

Theorem 2.1.21. [2] Let C' be a nonempty, closed, convex and bounded subset of
uniformly convex Banach space EE and let T : C' — C' be nonexpansive mapping.
Then T has a fized point.

Theorem 2.1.22. [10] Let C be a nonempty, closed, conver and bounded
subset of uniformly convex Banach space E and let T : C' — C' be asymptotically
nonexpansive mapping. Then T has a fixed point.

Definition 2.1.23. [29] A Banach space X is said to satisfy Opial’s condition if
any sequence {z,} in C, r,, — x weakly as n — oo implies that limsup,,_, ||z,—
z|| < limsup,,_ . ||z, — y| for all y € C with y # =.

Definition 2.1.24. [37] The mapping T : C — C with F(T') # () is said to satisfy
condition (A) if there exists a nondecreasing function f : [0,00) — [0, 00) with
f(0) =0, f(r) > 0 for all € (0,00) such that

[ = Ta| = f(d(z, F(T)))

for all € C where d(z, F(T')) = inf{||z — 2*|| : 2* € F(T)}.



Definition 2.1.25. [15] Two mappings T1,T» : C' — C where C' a nonempty
subset of X, is said to satisfy condition (A’) if there exists a nondecreasing function
f:]0,00) — [0,00) with f(0) =0, f(r) > 0 for all r € (0, 00) such that

1
5o =Thz| + llo - Tozll) = f(d(z, F))

for all x € C' where F := F(T}) N F(13) and d(x, F) = inf{||x — 2*|| : 2* € F}.
Remark 2.1.26. Note that condition (A’) reduces to condition (A) when Ty = Ts.

We modify this condition for three mappings T}, 15,13 : C — C as follows:

Definition 2.1.27. Three mappings T1,75,73 : C' — C where C is a subset
of X, is said to satisfy condition (A”) if there exists a nondecreasing function
f:[0,00) — [0,00) with f(0) =0, f(r) > 0 for all » € (0,00) such that

1
e = Tz| + llo - Toal| + |2 — Tsal]) = f(d(z, F))

for all € C where F := F(Ty) N F(Ty) N F(T3).

Remark 2.1.28. Note that condition (A”) reduces to condition (A) when T} = Ty =
Ts.

Remark 2.1.29. [37] It is well known that every continuous and demicompact
mapping must satisfy condition (A). Since every completely continuous 7' : C' —
C' is continuous and demicompact so that it satisfies condition (A).

Lemma 2.1.30. [39] Let {a,},{b.} and {0,} be sequences of nonnegative real
numbers satisfying the inequality

api1 < (14 6,)an + by, Vo =1,2, ...
If S0 0, <00 and Y 07 b, < oo, then
(i) lim,, . a,, exists;
(i) lim,— .o a, = 0, whenever liminf, . a, = 0.

Lemma 2.1.31 (Browder, [2]). Let X be a uniformly convexr Banach space, C a
nonempty closed convexr subset of X, and T : C' — X be nonexpansive mapping.
Then I —T is demiclosed at 0, i.e., if x,, — x weakly and x,, —Tx, — 0 strongly,
then x € F(T).

Lemma 2.1.32. [0] Let X be a uniformly convex Banach space, C a nonempty
closed convex subset of X, and T : C — C' be an asymptotically nonexpansive
mapping. Then I —T is demiclosed at 0, i.e., if v, — x weakly and x,—Tx, — 0
strongly, then x € F(T), where F(T) is the set of fizeds point of T.

Lemma 2.1.33. [38] Let X be a Banach space which satisfies Opial’s condition
and let {x,} be a sequence in X. Let u,v € X be such that lim,_, ||z, — u||
and lim,, . ||z, — v|| exist. If {zn,} and {z,, } are subsequence of {x,} which
converge weakly to u and v, respectively, then u = v.
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Lemma 2.1.34. [14] Let p > 1, r > 0 be two fized numbers. Then a Banach space
X is uniformly convex if and only if there exists a continuous, strictly increasing,
and convex function g : [0,00) — [0,00), g(0) = 0 such that

Az 4+ (1= Myll” < Al + (1 = Myll” = wp(Ng(llz = yl),
for all z,y in B, = {x € X :||z|]| <7}, A €0, 1], where
wy(A) = A1 = AP + AP(1 = N).

Lemma 2.1.35. [0] Let X be a uniformly convexr Banach space and B, = {x € X :
|z|| < r}, r > 0. Then there exists a continuous, strictly increasing, and convex
function g : [0,00) — [0, 00), g(0) = 0 such that

Az + By + 2 < Ml2l1® + Bllyll* + vll=)1* = ABg (|l = yl),
for all x,y,z € B, and all \, 3, € [0,1] with A+ 4+~ = 1.

Definition 2.1.36. Let H be a real Hilbert space with norm ||-|| and inner product
(-,+) and let C be a closed convex subset of H. For every point z € H, there exists
a unique nearest point in C', denote by Pox, such that

|z — Pox|| < ||z —vy||, forallyeC.

Pg is called the metric projection of H onto C. It is well known that Py is a
nonexpansive mapping of H onto C'.

Lemma 2.1.37. [2)] There holds the identity in a Hilbert space H :

(i) o+ yl* = [lz[1* + lyl* + 2(z, y), Yo,y € H.

(i) [|Ax + (1 = Nyl = Al=[]* + (1= Mlyl* = A1 = Nz = yl|* for all
x,y € H and X € [0,1].

Lemma 2.1.38. [19] Let T be an asymptotically k-strict pseudo-contractive map-
ping defined on a bounded closed convexr subset C' of a Hilbert space H. Assume
that {x,} is a sequence in C with the properties

(i) x, — z and
(ii) Tx, — x, — 0.

Then (I —T)z = 0.

Lemma 2.1.39. [71] Let C be a closed convex subset of a real Hilbert space H.
Given x € H and y € C. Then y = Peox if and only if there holds the inequality

(x—y,y—2)>0, VzeCl.

Lemma 2.1.40. [19] Assume that C is a closed convex subset of a Hilbert space
H and let T : C' — C be an asymptotically k-strict pseudo-contraction. Then for
each n > 1, T™ satisfies the Lipschitz condition:

[Tz = TY|| < Ln[lz -y

for all 2,y € C, where L, = “Y/1n0H,



CHAPTER 3

MAIN RESULTS

3.1 Approximating common Fixed points of nonexpansive
mappings in a Banach Space

In this section, we introduce a three-step iterative scheme with errors for
three nonexpansive mapping in a uniformly convex Banach space. Moreover, It
is proved that if the mappings satisfied condition (A), then the iterative scheme
converges strongly to a common fixed point of these mappings. And if one of
these mappings is demicompact or completely continuous, then the iterative scheme
converges strongly to a common fixed point of these mappings. It also shown that
if the our space satisfies Opial’ s condition, then we would have weak convergence
theorem of our iterative scheme.

Let C' be a nonempty closed convex subset of a Banach space X. Let T7,T5
and T3 be three nonexpansive mappings from C' to itself. Let F' be the set of
common fixed points of Ty, Ty and Ty that is F = (\_, F(T}) = {r € C : = =
Tll' = TQI’ = T3{L‘}

ALGORITHM 1.1. For a given x; € C, compute sequences {z,}, {y,} and
{z,} by the iterative schemes

zn = (1—a,—by)z, + a,Tiz, + byu,,
Yo = (1—cn—dp)zn + cnToz, + dyop, (3.1.1)
Tp+1 = (1 — Oy — ﬁn)yn + anT3yn + ﬁnwny n Z 17

where {u,},{v,}, {w,} are bounded sequences in C' and {a, }, {b.},{cn}, {dn}, {an},
{f,} are appropriate sequences in [0, 1].

If a, = b, =0, then Algorithm 1.1 reduces to

ALGORITHM 1.2. For a given z; € C, compute sequences {y, } and {z,}
by the iterative schemes

Yo = (1 —c,—dy)z, + cyTox, + dyo,, (3.1.2)
Tp+1 = (]- — Oy — ﬁn)yn + anT3yn + anny n Z 17

where {v,}, {w,} are bounded sequences in C and {c,},{d,}, {an}, {8} are ap-
propriate sequences in [0, 1].

If a, =b, = ¢, =d, =0, then Algorithm 1.1 reduces to

ALGORITHM 1.3. For a given z; € C, compute sequences {x,} by the
iterative schemes

Tor1 = (1—a,—6Gn)en + @ Tax, + Bow,, n>1, (3.1.3)
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where {w, } are bounded sequences in C' and {«,}, {3, } are appropriate sequences
in [0,1]. Algorithm 1.3 is known as a Mann-iterative scheme with error which is
introduced by Xu [11].

In the sequel, the following lemmas are needed to prove our main results.

Lemma 3.1.1. Let X be a uniformly convex Banach space, and let C' be a nonempty
closed and convex subset of X. Let Ty, T5, T3 be three nonexpansive self-mappings

of C and {x,} be the sequences defined as in (3.1.1) and " b, < o0, >~ d, <
00, > o7 B < oo. If F # 0, then lim,, . ||, — pl|| exists for all p € F.

Proof. Assume that F' # (). Let p € F' and
My = sup{|[un — pl| : n = 1}, My = sup{|jv, —p|| := 1}

Ms = sup{||w, —p|| : n > 1}, M = max{M;, My, M3}.

We have
|21 =2l = (1= an = Bu)yn + anT3yn + Bawn — pl|
= H(l — Qn _ﬁn)(yn_p) +O‘n(T3:yn_p)+ﬁn(wn_p)H
< (1= an = B)llyn — pll + anl|Tsyn — pll + Bullwn — p|
< lyn = pll 4 Ballwn — pll
lyn =2l = (1 = cn — dn)2zn + caTo2n + dnvn — 1|

= (1 = cn = dn)(zn — p) + ca(T220 — p) + dn(vn — )|
< (T=cn—dn)llzn = pll + cal Tozn — pll + dnllvn — pl|
< |lzn = pll + dullvn = pl|

lzn — 2l = [|(1 —an — bp)x, + by T2, + bpu, — pl|

[(1 = an = bn)(zn — p) + an(Trizy — p) + bu(un — )|
(1 = an = bp)l|zn = pl| + bul|Tr2n — pl| + ballun — pl|
|2 — pll + bullun — pl|

IAIA

It follows that ||z,41 — p|| < ||zn — || + bnl|wn — pl| + dn||vn — pl| + Bullw, — p|l.
And so ||z — pl| < ||zn — pl| + M (b + dp, + 5y).

Since Y 7 1 b, <00, Y2 d, <00, > 7 (3, < oo, by Lemma 2.1.30 implies that
lim,, o ||z, — ¢l exists. O

Lemma 3.1.2. Let X be a uniformly convexr Banach space, and let C be a nonempty
closed and convex subset of X. Let Ty, Ty, T3 be three nonexpansive self-mappings
of C and {an}, {bn}, {cn}, {dn}, {an} and {B,} be real sequences in [0,1] such that
an+bn, ¢ +d, and o, +06, are in[0,1] for alln > 1 and > 07 b, <00, Y 00 d, <
00, Y 0 By < 00. For a given xy € C, let {x,},{yn} and {z,} be the sequences
defined as in (3.1.1) with F # (.
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(i) If 0 < liminf, . o, <limsup, . (a,+06,) <1, thenlim, . ||T3y,—
yn|l = 0.

(i) If 0 < liminf, .. ¢, <limsup, . (c,+d,) <1, thenlim, . ||Toz,—
zn|l = 0.

(#1) If 0 < liminf, . a, <limsup,,__ . (a,+b,) < 1, thenlim, . [|T1z,—
znl = 0.

(iv) If0 < liminf, . a, <limsup, . (a,+5,) <1,0 <liminf, ¢, <
limsup,,_ (¢, +d,) <1 and 0 < liminf, . a, < limsup,,_(a, +b,) < 1,
then lim,, o [|Tox, — z,|| = 0 =lim, . ||T32, — ||

Proof. (i) From Lemma 3.1.1, we have lim,,_, ||z, — p|| exists for any p € F(T).
It follows that {x, —p}, {Thz,—p}, {20 —q}, {122, —p} and {y, —p}, {T3y, — p} are
all bounded. Also, {u, —p}, {v, —p} and {w, —p} are bounded by the assumption.
Now we set

ri = sup{flz, —p| :n =1},
ro = Sup{HTlxn _pH - n Z 1}7
rs = sup{|z, —pll:n > 1},

ry = sup{||Tzz, — pl| : n > 1},
rs = sup{|ly, —pll :n > 1},
r¢ = sup{||Tsy, —p| : n > 1},

r7 = sup{|ju, —p|| :n > 1},
rs = sup{||v, —p|l:n >1},
rg = sup{|w, —p| :n>1},

r = maX{T17T2,T37T4,T5,TG,T7,T8,T9}.
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By Lemma 2.1.35 we have

2o = pII* =

IA

IA A A

|y — pl?

IA

IN

IAINA

and

| Tt _pH2

IN

11 = an = b))z + anTizy + bouy — pl|?

(1 = an — by) (2 — p) + an(T12y — p) + bu(un — p)|I?
(1 = an = 0p)llwn = plI* + anl| Tiwn — pl* + by lun — p|®
= an(1 = ap = bp)g([| Trzn — zal|)

(1 = an = bp)llzn = plI* + anllzn = plI* + ballun — pII?
[0 = plI* + 7200 — an(1 = an — ba)g(| iy — )
[0 — plI* + r?bs,

(1 = cp — dp)zn + caTozn + dpv, — pl|?

11 = en = dn) (20 = p) + ca(Tazn — p) + dulva — p)|?
(1 —cn—dn)ll2n _pH2 + cnl| Tozn _pH2 + dpllvn — p||2
— (1= o — dp)g([|T220 — zal])

(1 —cn—dn)ll2n — p”2 + cnll2n — p||2 + dplvn — p||2
— (1 — ¢ — dn)g([|T2zn — 2])

|2 — pH2 +r?d, — cn(1 — ¢ — dn)g(| Tozn — 2al)

[EM —p||2 +r2d,

||(1 - Qp — Bn)yn + a, T3y, + Brwy, _p”2

(1 = = Ba) (Yo — D) + (T3 — p) + Bu(w, = p)|I?
(1 = an = da)llyn = plI* + anl| Tayn — pII* + Ballwn — pl”
— (1 = o = Bu) g (1 T5yn — ynll)

(1 = an = Bu)llyn — pH2 + anllyn _p||2 + Bullw, — pH2
— an(1 = an = Bu) 9| T3yn — yull)

1y = pI* + 728 — (1 — o — Ba) g (I Ty — yall),

which lead to the following:

an(l — Oy — 6n)g(HT3yn - ynH> < H'In _pH2 - H'In+1 _pH2

and

cn(l—c, —

and

+12(bp + dyy + By), (3.1.4)

d)g(|To2n = zall) < llwn = plI* = ll2nsr — pII?
+12(bp + dyy + B), (3.1.5)

an(1 = an = b)g(|Thzn — 2ull) < N2w = pll* = 201 — pl*

+72(by + dp + S3n), (3.1.6)
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(i) If 0 < liminf, ., a, < limsup,__ . (o, + B,) < 1, then there exist a
positive integer ny and n,n" € (0, 1) such that

0<n<a, and a, + 6, <n' <1 for all n> ny.
This implies by (3.1.4) that

n(1 = 7)g(||T3yn — yall) < [0 — plI* = |lZns1 — plI?
+12(by + dyy + B), (3.1.7)

for all n > ng. It follows from (3.1.7) that for m > ng

m 1 m
g TByn_yn S —( xn_pQ_ Ty 1_p2
nzzno (I ) o= 1) ;0(!\ 17 = l[zns1 — pI7)
+12 > (b + dy + ﬁn))
n=ng
1
< ——— | llwn — I
n(l =) ( o7
+7? Z(bn+dn+ﬁn)). (3.1.8)
n=ng
By letting m — oo in inequality (3.1.8) we get that Zf;no 9| T5yn — ynl|) < o0,
which implies lim, o ¢(||75yn — yn||) = 0. Since g is strictly increasing and

continuous at 0 with ¢g(0) = 0, it follows that lim,,— .. |75y, — yn|| = 0.

(ii) If 0 < liminf, ¢, < limsup, . (¢, + d,) < 1, then by using
the same argument as above with the inequality (3.1.5), it can be show that
lim,, oo [|[T22n — 20| = 0.

(iii) If 0 < liminf, . a, <limsup, . (a,+b,) < 1, then by using (3.1.6)
and the same argument as in (i), it can be show that lim, . ||T1 2, — z,|| = 0.

(iv) If 0 < liminf, . o, <limsup, (o, +5,) < 1,0 < liminf, ¢, <
limsup,_ (¢, +d,) <1and 0 <liminf,, . a, <limsup, . (a,+b,) <1, by
(i), (ii) and (iii) we have

lim ||T5y, — ynll = lim || T2, — 2,]| = lim ||Tiz, —2,||=0.  (3.1.9)

From z, = (1—a, —b,)x, +a, 12, +byu, and y, = (1—c, —dp)2n+ iy Toz, + dpo,,
we have

|lzn — znll = [|(1 = an — bp)x, + ay 112, + byuy, — 4|
an(Ti, — x) + bp(u, — )|

anl|ThTn — T || + bn ||t — 20|

T z, — x| + 270y,

IAINA
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and |y, — x| < ||T2zn — 20|l + [|Th20 — 0l| + 27D, + 2rd,,. Hence

|len — Toznll + | Tozn — Tozy||

|20 — znll + [[T220 — 2all + ||z — 24|
T2z — 2|l + 2] 20 — 2n |

T2z, — zul| + 2||Th 20 — xp|| + 47Dy,

| Tozn — 20|

(VAN VANN VAN VAN

and

[0 — Taynll + [ T3yn — Tswal|

120 = Ynll + 1 T390 = Ynll + [[yn — 20|
1 T3Yn — Ynll + 2[lyn — 20|

1T3yn — ynll + 2| T22 — 24|

+ 2||T &y, — x| + 470y, + 4rd,.

||T3xn - l’nH

VAN VAN VAR VAN

It follows from (3.1.9) that lim, . [|Tox, — x| = lim, o || 32, — 2,]| =0. O

Theorem 3.1.3. Let X be a uniformly convex Banach space which satisfies Opial’s
condition, and let C' be a nonempty closed and convex subset of X. Let Ty, T5, T3
be three nonexpansive self-mappings of C and let {a,},{b,},{cn}, {dn}, {an} and
{Bn} be real sequences in |0, 1] such that a, + by, ¢, +d,, and o, + B, are in [0,1]
foralln>1 and 7 b, <00, Y " dy, <00, > 7 3, < o0 and

(i) 0 < liminf, . o, <limsup,_  (a, + G,) <1,
(#) 0 < liminf, . ¢, <limsup,_ (¢, +d,) <1, and
(#i) 0 < liminf, . a, <limsup,_ . (a,+0b,) < 1.

For a given x1 € C, let {x,} be the sequence defined as in (3.1.1). If F # 0,
then {x,} converges weakly to a common fized point of Ty, Ty and Ts.

Proof. Let p € F. By Lemma 3.1.1, lim,,_ ||z, — p|| exists. Now we prove that
{z,} has a unique weak subsequential limit in F. To prove this, let p; and ps
be weak limits of subsequence {x,,} and {z,,} of {z,} respectively. By Lemma
3.1.2(iii), we have lim,, ., || 112, —x,| = 0. By Lemma 2.1.32, we have I =17, [—T5
and I — T3 are demiclosed with respect to zero, therefore T1p; = p;, Top; = p; and
Tsp; = p;, (i=1, 2) hence p;,p; € F. By Lemma 3.1.1 lim,, . ||z, — p1|| and
lim,, oo ||Zn — p2|| exist. Using Lemma 2.1.33 we obtain that p; = ps. Hence {xz,}
converges weakly to a common fixed point of 717,75 and T5. O

Our next goal is to prove a strong convergence theorem of iterative scheme
(3.1.1) to a common fixed point of T}, T> and T3.

Theorem 3.1.4. Let X be a uniformly conver Banach space, and let C be a
nonempty closed and convex subset of X. Let T}, Ty, Ts be three nonexpansive self-
mappings of C' satisfying condition (A) and let {a,},{bn}, {cn}, {dn},{an} and



17

{B,} be real sequences in [0, 1] such that a, + by, ¢, +d,, and o, + B, are in [0,1]
foralln>1 and "7 b, <00, Y " d, <00, > " 3, <oo and

(i) 0 < liminf, . a, <limsup, . (a,+ 5,) <1,
(7i) 0 < liminf, . ¢, <limsup,_ (¢, +d,) <1, and
(i) 0 < liminf, . a, <limsup,_ . (a,+b,) < 1.

For a given x; € C, let {x,},{yn}, {zn} be the sequences defined as in
(3.1.1). If F # 0, then {xn},{yn}, {zn} converge strongly to a common fized point
Of Tl,Tg and Tg.

Proof. By Lemma 3.1.2, we have

lim ||T3z, — z,|| = lim ||Tyz, —z,|| = lim ||Tiz, — z,| =0.
—00 n—aoo n—»-mo~o

By condition (A), we have f(d(zn, F)) < 3 (||[wn—Ti2p||+ |20 —Tozn ||+ 20 —Ts24]))-
It follows that lim,, . f(d(z,, F')) <0, hence lim,, ., f(d(z,, F')) =0.

Since f is a nondecreasing function and f(0) = 0, we obtain that lim,, ., d(z,, F) =
0. Thus we can choose a subsequence {z,, } of {z,} and a sequence (yx) C F such
that ||z,, — yx|| < 27% for all £ > 1. Then following the method of proof of Tan
and Xu [39], we get that {yx} is a Cauchy sequence in F' and so it converges.
Let yy — y. Since F is closed, y € F' and then z,, — y. By Lemma (3.1.1)
lim,, .« ||z, —p|| exits, Vp € F. It implies that lim,, ., ||z, —y|| = 0. Hence {x,}
converses strongly to a common fixed point of 717,75 and Tj;.

Since ||y, — zn|| < | T22n — 20|l + [|T120 — 0| + 270, + 21d, and ||z, — z,]| <
| T — T ||+ 27Dy, it follows from Lemma 3.1.2 (ii) and (iii) that ||y, —z,| — 0 as
n — oo and ||z, — &, || — 0 as n — oo, which imply that lim, . |y, —y| =0
and lim,, . ||z, —y|| = 0. O

Theorem 3.1.5. Let X be a uniformly convex Banach space, and let C be a
nonempty closed and convex subset of X. Let Ty, T, T5 be three nonexpansive
self-mappings of C' and let {a,},{bn},{cn}, {dn},{an} and {B,} be real sequences
in [0,1] such that a, + by, ¢, + d, and «, + B, are in [0,1] for all n > 1 and
Yo by <00, > 0 dy <00, >0 By < 0o and

(i) 0 < liminf, . a, <limsup, . (a,+ 5,) <1,
(#) 0 < liminf, . ¢, <limsup,_ (¢, +d,) <1, and
(i) 0 < liminf, . a, <limsup,_ . (a,+b,) < 1.

For a given x; € C, let {x,},{yn}, {zn} be the sequences defined as in
(5.1.1). If F # (0 and one of Ty, Ty and T3 is completely continuous, then {x,}, {y.},
{zn} converge strongly to a common fized point of Ty, Ty and Ts.
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Proof. By Lemma 3.1.1, {x,} is bounded. In addition, by Lemma 3.1.2, lim,, .,
|xn, — Thx,|| = 0, limy— oo ||z — Toxy,|| = 0 and lim, . ||z, — T32,| = 0, then
{T\z,}, {Tox,} and {T5x,} are also bounded. If T} is completely continuous, there
exists subsequence {T1z,,} of {T1x,} such that T\x,, — p as j — oo. Thus
imj o |25, — T2y, || = Hmy_oo |20, — Totn, || = limj_. [|2n, — T32y,|| = 0.
It follows that lim; . [|,, — p|| = 0. This implies by Lemma 2.1.32 that p €
F. Furthermore, by Lemma 3.1.1, we get that lim, .. ||z, — p|| exists. Thus
limp—.||zn — p|| = 0. The proof is completed. O

Theorem 3.1.6. Let X be a uniformly convex Banach space, and let C be a
nonempty closed and convex subset of X. Let Ty, T5,T5 be three nonexpansive
self-mappings of C and let {a,},{bn},{cn},{dn}H{an} and {B,} be real sequences
in [0,1] such that a, + b,, ¢, + d, and «, + B, are in [0,1] for all n > 1 and
Yo by <00, >0 dy, <00, > B < 00 and

(i) 0 < liminf,, . a, <limsup,_ (., + 5,) <1,
(i) 0 < liminf,, . ¢, <limsup, . (¢, +d,) <1, and
(#i) 0 < liminf, . a, <limsup,_ . (a, +b,) < 1.

For a given xy € C, let {x,}, {yn}, {20} be the sequences defined as in
(5.1.1). If F # 0 and one of Ty, Ty and T3 is demicompact, then {x,},{yn}, {zn}
converge strongly to a common fized point of Ty, Ty and Ts.

Proof. Suppose that T3 is demicompact. By Lemma 3.1.2, lim,, . ||z, — T12,|| =
lim, o ||2n — Tox,|| = lim, . ||z, — T32,|] = 0. Then there exists subsequence
{2y, } of {z,} such that {x,,} converges strongly to p € C. It follows from Lemma
2.1.32 that p € F'. Since lim, . ||z, — p|| exists by Lemma 3.1.1, it follows that
lim,, oo ||, — p|| = 0. O

3.2 Convergence theorems for asymptotically nonexpan-
sive mappings in a Banach Space

This section is to construct an iterative scheme for approximating common fixed
points of three asymptotically nonexpansive mappings to prove some strong and
weak convergence theorems for such mappings in a uniformly convex Banach space.

Let C be a nonempty closed convex subset of normed linear space X and
11,15, T3 : C" — C be three asymptotically nonexpansive self-mappings. For a
given z1 € C', compute the sequences {z,},{y,} and {z,} by the iterative scheme

zn = (1 —a, —by)z, + a, 1%, + byuy,
Yo = (1 —cp—dn)zn + 15z, + dyvp, (3.2.1)
Lp41 = (1 — Qp — ﬁn)yn + O‘nTzsnyn + ﬁnwna n>1,
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where {u, }, {v,}, {w,} are bounded sequences in C' and {a,, }, {b, }, {c.}, {dn}, {an},
{f,} are appropriate sequences in [0, 1].

If a,, = b, =0, then the scheme (3.2.1) reduces to the iterative schemes

Yo = (1 —cpn—dp)x, + Ty, + dyo,, (3.2.2)
Tpy1 = (1 - Qp — Bn)yn + anT??yn + anna n 2 17

where {v,}, {w,} are bounded sequences in C and {c,},{d,}, {an}, {6} are ap-
propriate sequences in [0, 1].

If a, = b, = ¢, = d,, = 0, then scheme (3.2.1) reduces to the modified Mann-
iterative scheme iterative schemes

Tpr1 = (1—ay—Bn)on + @ T5x, + Bow,, n>1, (3.2.3)

where {w, } are bounded sequences in C' and {«,}, {/3,} are appropriate sequences
in [0, 1].

In the sequel, the following lemmas are needed to prove our main results.
The next lemma is crucial for proving the main theorems.

Lemma 3.2.1. Let X be a uniformly convexr Banach space, and let C be a nonempty
closed and convex subset of X. Let T1,T5, T3 be three asymptotically nonexpansive
self-mapping of C with {k,},{l,},{m,} C [0,00), lim, o k, = 1,lim,, .1, =
Llim, oom, =1, > 2 (k, —1) < 00, > (I, —1) < o0,y 2 (m, —1) <
oo, respectively and {x,} be the sequence defined as in (3.2.1) and >~ b, <
00, Y o dy < 00, Y By < oo. If F 0, then lim,, . ||z, — p|| ezists for all
p € F.

Proof. Assume that F' # (). Let p € F' and

M, = sup{||u, — p|| : n > 1}, My = sup{||v, —p| :> 1}

M; = sup{||w, — p|| : n > 1}, M = max{M;, My, M3}.
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We have

lzn =pll = (L= an = bp)zn + bp T 20 + bpun —p|
= (1 —an = bp)(xn — p) + an(I7Tn — p) + bn(un — p)|
(1 = an = bp)l|wn — pll + bu | T7 @0 — pl| + ballun — pl|
(1 = an = ba)l|lzn — pll + bpkn | T 20 — | + bullun — p|
(L + an(kn — 1))l[2n — pllbnllun — p
knllzn — pll =+ b [un — pl|
lyn =2l = (1 = cn = dn)zn + T3 20 + dvn — pl|
(1 = cn = dn) (20 — ) + cn(T5'20 — p) + dn(ve — p)||
(1 —cn —dn)llzn — pll + cal| 1520 — pl| + dulvn — p|
(1 = cn = dn)llzn — pll + calu|| T35 20 — p| + dn[ve — pl|
(L + cn(ln = D)llzn = pll + dullvn — p
lnllzn = pll + dullvn — pl]
(1 — an — Bn)yn + anT5'Yyn + Brwyn — p|
I(X = an = Bn)(Yn = P) + an(T3'yn — p) + Bu(wn — )|
(1 = an = Ba)llyn — pll + || T5'yn — pll + Bullwn — pll
(1= an = Bu)llyn = pll + anmnl[T5'yn — pll + Bullwn — p
(1 + an(mn — 1)llyn — pll + Bullwn — p
M|y — Pl + Bnllwn — pl|
Mo [ln[Kn |20 — pll + bnllwn — pll] + dullvn — pll] + Ballwn — pl|
Ml k|2 — | + malnbnl|un = pll] + mndn|lvn = pll] + Bullwn — pli
hiH%n - p” + M(bn +dp + ﬁn)
(1+ (hy = 1) [[w = pll + M (b + d + ),

VAN VAR VARVAN

(VAN VANN VAN VAN

[zn41 =

VAN VAN VAR VANR VAN

VAN

where M is some positive constant and h,, = max{k,, l,,, M, }.

Notice that >~ 7, (h,—1) < cois equivalent to Y>>, (h2—1) < oo. Since > 7 b, <
00, Y oo dy <00, Y, B, < 00, by Lemma 2.1.30 implies that lim,, .« ||z, — p||
exists. []

Lemma 3.2.2. Let X be a uniformly convexr Banach space, and let C' be a nonempty
closed and convex subset of X. Let T1,Ts, T3 be three asymptotically nonexpansive
self-mapping of C with {k,},{l,},{m,} C [0,00), lim, .k, = 1,lim,, .1, =
Llim, oom, =1, (k,—1) <oo, >0 (I, —1) < o0, Y2 (m, —1) < o0,
respectively and {a,},{bn},{cn},{dn},{an} and {5,} be real sequences in [0,1]
such that a, + by, ¢, +d, and o, + B, are in [0,1] for alln >1 and Y~ b, <
00, Y oo dy <00, > B, < 00. For a given x1 € C, let {x,},{yn} and {z,} be
the sequences defined as in (3.2.1) with F # ().

(1) If 0 < liminf, . o, <limsup, ., (o,+05,) <1, thenlim, . [|[T5y,—
Ynll = 0.
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(i) If 0 < liminf, ., ¢, <limsup,_ (c,+d,) <1, thenlim, . |15 z,—
zn|| = 0.

(111) If 0 < liminf, . a, <limsup,_ . (a,+b,) < 1, thenlim, o |17, —
xnl = 0.

() If 0 < liminf, . o, <limsup,_ . (a,+03,) < 1,0 <liminf, ¢, <
limsup,_ (¢, +dy) <1 and 0 < liminf, . a, < limsup,_,(a, +b,) < 1,
then lim,, o ||T5'x, — x,] = 0 = lim,,— ||T5@, — z,]|.

Proof. (i) From Lemma 3.2.1, we know that lim,,_ ||z, — p|| exists for any p € F.
It follow that {z,, —p}, {17, —p}, {20 —q}, {152, —p} and {y, —p}, {15y, —p} are
all bounded. Also, {u,, —p}, {v, —p} and {w, —p} are bounded by the assumption.
Now we set

o= sup{llza—pllin > 1},
ro = sup{[|T{'z, — p[| : n = 1},
rs = sup{|z, —pll: n =1},
Ty = Sup{HTann _p” tno2 1}7
rs = sup{[[y. —pl :n > 1},
re = sup{[|T3'yn — pll : n = 1},
r7 = sup{[ju, —p[l : n > 1},
rs = sup{[lv, —pll :n > 1},
ro = sup{|lw, —pll:n =1},

ro= max{rl,rg,7“3,7’4,7“5,7‘6,7“7,7“8,7“9}. (324)



By using Lemma 2.1.35 we have

20 — plI”
lyn — p|?

and so
@041 — pl?

IN

IN (I VAN VAN VAN

IN

IA A

IN

IN

(1 = @ — ba) T + an T2y + byt — p|?

1(1 = @ = by) (@ — p) + an(T7'xp — p) + buun — p)||?
(1 —an —by)lwy, _sz + ap || Tz, — sz + b [l un — pH2
— an(1 = ay —b,)g(|| 7' ws — z0l|)

(1 = an = ba)l|lwn = plI* + ankyllzn — pl* + bllun — p|1?
(1 + an(ky = D)z — pl|* + by

kallzn — pll* + by,

(1 — cp — dp)zn + ca Ty zn + dyv, — p||?

1(1 = ¢ = dn) (20 = p) + (T3 20 — p) + dn (v, — p)|°
(1 —cn—dn)llzn —p||2 + call T3 20 — p”2 + dn |lvn — p”2
— (1 = cn — dn)g(|| T3 20 — zal|)

(1 —cn—dn)llzn _p“2 + Cnli”'zn - p||2 + dplvn — p”2
— a1 = cn = dn)g(|| T35 20 — zal|)

(1+ Cn(lr% — )[lzn — pH2 +r?d,

llza = plI* + 72,

(1 — o = Bu)yn + anT3'yn + Bowy, — pH2

(1 = i = Ba) (Y — p) + an(T3'yn — p) + Bu(wn — p)|I?
(1 —an —dn)lyn — p”2 + an || T3y — p||2 + Bnllwy, _pH2
— an(1 = an = Bu)g(1T5'Yn — yull)

(1 = an = Bu)llyn — pII* + anmillyn — plI* + Ballwn — pl®
— (1 = o = Bn)g(IT5' Y — ynll)

22
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VAN

(1+ an(m? — 1)lyn — plI> + r*Ba
- O‘n(l — Qn — ﬁn)g(HT;yn - yn”)
m2 |y — plI° + 1?80 — an(l — an — Bo) g1 T3y — ynll)
mi[l?q,HZn - p||2 + Tan] + TQﬁn
— ap(l — oy — Bn)g(HT??yn — ynl|)
m2[2[k2||z, — pl|* + r2bn) 4+ 72d,) + 726,
- an(l — OQp — ﬁn)gqlT;yn - ynH)
= m22E2 ||z, — pl|? + m22rPh, + mirid, + 1?83,
- O‘n(l — Qn — ﬁn)gq'T;yn - yn”)
< Rz, —p|* + M(b, +d, + )
— an(1 = an = B2)g(IT5'yn — ynll)
= (14 (k) = D)||an — pl* + M(by, + dy, + )
- an<1 — Qp — ﬁn)g(“T;yn - yn”)?

IAINA

IN

which leads to the following:

an(l = o = Bu)g(IT5'yn — yull) < N#w = plI* = 201 — pII®

+M((h2 = 1) + b, + dp + Bn), (3.2.5)
and
Maca(l = cn = da)g([|T5 20 — zall) < llwn = pII* = 2040 — pI?
+M((h3 = 1) + b, + dy, + Bn), (3.2.6)
and

m2laan(1— an — bp)g(|1 7720 — 20ll) < N2 — plI? = [[#0s1 — plI?
+M((h) = 1)+ by +do+ B),  (3.2.7)

(i) If 0 < liminf, . a, < limsup,_ . (o, + 3,) < 1, then there exist a
positive integer ng and 7,7’ € (0,1) such that

0<n<a, and a, + 6, <n' <1 for all n> ny.

This implies by (3.2.5) that

(1 =) T5yn — yull) < lzn — plI> = |01 — pI?
+M((B) = 1) + by + dy + Bn), (3.2.8)
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for all n > ng. It follows from (3.2.8) that for m > ng

m 1 m
9| T3 yn — yull) < —( o — Pl = |znt1 — ol
;0 (13 b o= 17) ;O(H 1* = l|zns1 — plI)
+MZ<<hi—1>+bn+dn+ﬁn>>
n=no

1 2
e
+M Y (B = 1)+ by +do + ﬁn)>. (3.2.9)

n=ng

oo

Let m — oo in inequality (3.2.9) we get that > 7 g([[T5'yn — ynl|) < oo, and
therefore lim,, o ¢(||75yn — yn||) = 0. Since g is strictly increasing and continuous
at 0 with ¢g(0) = 0, it follows that lim, . ||75y, — ya|| = 0.

(ii) If 0 < liminf, .. ¢, < limsup,_ . (¢, + d,) < 1, then by the using
a similar method, together with inequality (3.2.6), it can be show that lim,_
T3z — 2|l = 0.

(iii) If 0 < liminf, .a, < limsup, . (a, + b,) < 1, then by the
using a similar method, together with inequality (3.2.7), it can be show that
lim, oo || 17" %, — || = 0.

(iv) If 0 < liminf, o ap, < limsup,,_ (@, +0,) < 1,and 0 < liminf,
¢, <limsup,_ . (ch+d,) <land 0 < liminf, . a, <limsup,_ . (a,+b,) <1
by (i), (ii) and (iii) we have

lim || T3y, — yull = lim || 152, — 2z,|| = lm ||T7z, —x,] =0. (3.2.10)

From z, = (1—a,—b,)x,+a, T2, +byu, and y, = (1—c, —dy)zn + . Ta 20+ dpvy,
we have

||Zn_xn|| = ||(1 _an_bn)$n+anT1nxn+bnun_$n||
= |an(Ti'wn — 2n) + b (un — ) |
< an|| TV zn — 2ol + bpllun — 4|

S ||T1nxn - xn” + QTbna

and ||y, — ol < 1520 — 20| + | T7 @0 — 4| + 27D, + 2rd,. Hence

[0 = T3 zp || + |15 20 — T5' 24|

[z = 2ull + 11520 — 2nll + lnll2n — n|
17520 — 2all + (1 + 1n) |20 — 0|

175 20 = znll + (L + L) |17 %0 — @l + 2rby],

|15 20 — 20|

VAN VAN VAR VAN
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and

15 — @n| |2 = T3'ynll + [|15'yn — T5'zn|

20 = Yl + 175 Yn — ynll + mnllyn — 2l
1T5Yn = ynll + (1 + ma)||lyn — 2a

1T5'yn — ynll + (1 + ma)[[[ 1320 — 20|

+ || TV — || + 210, + 21d,]

VAN VAN VANVAN

It follows from (3.2.10) that lim,, . || 752, — 2, || = lim,— oo | 752, —2,|| = 0. O

Lemma 3.2.3. Let X be a uniformly convexr Banach space, and let C' be a nonempty
closed and convex subset of X. Let T1,T5, T3 be three asymptotically nonexpansive
self-mapping of C with {k,},{l,},{m,} C [0,00), lim, .k, = 1,lim,, .1, =
Llim, oom, =1, (k,—1) <o0, > 0" (I, —1) < o0, > 07 (m, — 1) < o0,
respectively and {a,},{bn},{cn},{dn},{an} and {B,} be real sequences in [0,1]
such that a, + by, ¢, + d,, and a, + B, are in [0,1] for alln > 1 and 37 | b, <
00, Y 0 dy < 00, Y > B, < 00. Fora given xy € C, let {x,}, {yn} and {z,} be
the sequences defined as in (3.2.1)with F # ().

If 0 < liminf, o a, <limsup, ,(a, + G,) <1, 0 < liminf,, ¢, <
limsup,,_ (¢, +d,) <1 and 0 < liminf, . a, < limsup, . (a, +b,) < 1,
then lim,, . [|Thz, — z,|| = lim,, . || T2z, — x| = lim,, o || T32, — 2,]] = 0.

Proof. By Lemma 3.2.2, we have
im |75y, — yull = lim |13z, — 2| = lim || T2, — x| =0,
and lim ||T3x, —x,|| = lm |73z, —x,]| =0. (3.2.11)
Also we obtain that ||y, — x,|| — 0 as n — oo by the proof of lemma 3.2.2.

Since Tn11 — Yn = n(T2Yn — Yn) + Bn(wn — yn), we have

[Znt1 = znll < Zng1 = Ynll + lyn — 24l
< T3y — ynll + Bullwn = ynll + lyn — all
And so
[Znt1 =TT Tnall < Znr — ool + (|17 @040 — T2l + |1 T7 20 — 20|
< Engr = 2ol + knllTngr — 20| + |17 20 — 20|

(L4 k) 2nsr = @l + [ T7 20 — 22|

(1 + k)T yn = ynll + Bullwn — ynll + 1y — zall]
+ [TV zn — xn”

IN

This together with (3.2.11) implies that ||z,11 — T{"Zpi1]| — 0 (as n — 0).
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Thus

|Zns1 — T || | @ni1 — TP @t | 4 | Titns — TP 2|

<
< ||55n+1 - T1n+1$n+1|’ + klﬂan — TV wp|| — 0,

which implies that lim,, . || T2, — x,| = 0.

Similarly, we obtain that lim, . ||Tox, — @, || = lim, .« | 132, — x| =0 O

Now we give a weak convergence theorem for iteration (3.2.1).

Theorem 3.2.4. Let X be a uniformly convex Banach space which satisfies Opial’s
condition, and let C' be a nonempty closed and convex subset of X. Let Ty, T, T;
be three asymptotically nonexpansive self-mapping of C with {k,},{l,},{m.} C
0,00), lim,, o0 kyy = 1, 1im,, o 1, = 1,1im,,oomy, =1, 02 (k,—1) <00, > 07,
(I, —1) <00, Y07 (my, — 1) < o0, respectively and let {a,}, {b,}, {cn}, {dn}, {cn}
and {B,} be real sequences in [0,1] such that a,, + by, ¢, +d, and o, + B, are in
0,1] for alln>1 and Y7 by, <00, Y o0 dp <00, .07 B, <00 and

(i) If 0 < liminf, . o, <limsup,,__ (o, + Bn) <1,
(i) If 0 < liminf, . ¢, <limsup, (¢, +d,) <1,
(i) If 0 < liminf, . a, <limsup, . (a, +b,) < 1.

For a given x1 € C, let {x,} be the sequence defined as in (3.2.1). If F # 0,
then {x,} converges weakly to a common fized point of Ty, Ty and Ts.

Proof. Let p € F. By Lemma 3.2.1, lim,,__, ||z, — p|| exists. Now we prove that
{z,} has a unique weak subsequential limit in F. To prove this, let p; and p,
be weak limits of subsequence {x,,} and {z,,} of {z,} respectively. By Lemma
3.2.3, we have lim,,__. |12, — z,|| = 0. By Lemma 2.1.32, we have [ — T, 1 — Ty
and I — T3 are demiclosed with respect to zero, therefore T1p; = p;, Top; = p; and
Tsp; = pi, (i=1, 2) hence p;,p; € F. By Lemma 3.2.1 lim,,__. ||z, — p1|| and
lim,, .« ||z, — p2|| exist. Using Lemma 2.1.33 we obtain that p; = ps. Hence {x,}
converges weakly to a common fixed point of 77,75 and T5. O]

Our next goal is to prove a strong convergence theorem:

Theorem 3.2.5. Let X be a uniformly convex Banach space, and let C' be a
nonempty closed and convexr subset of X. Let Ty, Ty, Ty be three asymptotically
nonezpansive self-mapping of C with {k,},{l,},{m,} C [0,00), lim, ok, =
Llim, ool = 1,lim,oomy, =1, > 07 (ky— 1) < o0, Y 00 (I, —1) < o0, D07,
(mn, — 1) < oo, respectively and let {a,},{bn}, {cn},{dn}, {an} and {B,} be real
sequences in [0, 1] such that a, + b,, ¢, +d,, and o, + B, are in [0,1] for alln > 1
and Y 07 by, <00, > 7 d, <00, Y2, By < oo and

(1) 0 < liminf, . a, <limsup,_ (o, + G,) <1,
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(i) 0 < liminf, ¢, <limsup,_ (¢, +d,) <1, and
(111) 0 < liminf,, . a, <limsup,,_ . (a, +b,) < 1.

For a given x; € C, let {x,},{yn}, {20} be the sequences defined as in
(5.2.1). If F # () and one of Ty, Ty and Tj is completely continuous, then {x,}, {y.},
{zn} converge strongly to a common fized point of Ty, Ty and Tj.

Proof. By Lemma 3.2.1, {x,} is bounded. In addition, by Lemma 3.2.3, lim, .
|z, — Thx,|| = 0, limy,— oo ||z — Toxy,|| = 0 and lim, . ||z, — T32,| = 0, then
{Thz,}, {Trx,} and {T3x,} are also bounded. If T} is completely continuous, there
exists subsequence {Tx,,} of {I\x,} such that T\x, — pas j — oo. Thus
imj oo |70, — Thwy, || = lmy oo |20, — Town, || = limj_ [[2n, — T32y,|| = 0.
It follows that lim; . [|7,, — p|| = 0. This implies by Lemma 2.1.32 that p €
F. Furthermore, by Lemma 3.2.1, we get that lim, . ||z, — p| exists. Thus
limy,—co||zn — p|| = 0. O

Theorem 3.2.6. Let X be a uniformly conver Banach space, and let C be a
nonempty closed and convex subset of X. Let Ty, T, T3 be three asymptotically
nonexpansive self-mapping of C with {k,},{l.}, {m,} C [0,00), lim, .k, =
Llim, ooly, =1lim, oom, =1, > (k,—1) <oo, Y 2 (l, —1) <00, > ",
(m, — 1) < oo, respectively and let {a,}, {bn}, {cn}, {dn}, {an} and {5,} be real
sequences in [0, 1] such that a, + by, ¢, +d,, and o, + By are in [0,1] for alln > 1
and Y07 by <00, Y7 dy, <00, Y00 By < oo and

(i) 0 < liminf, . o, <limsup,_ . (a,+ G,) <1,
(i) 0 < liminf,, . ¢, <limsup,_ (¢, +d,) <1, and
(#i) 0 < liminf, . a, <limsup,_ . (a,+0b,) < 1.

For a given xy € C, let {x,}, {yn}, {20} be the sequences defined as in
(3.2.1). If F # 0 and one of T1, Ty and T3 is demicompact, then {x,},{yn},{zn}
converge strongly to a common fized point of Ty, Ty and T;.

Proof. Suppose that T} is semicompact. By Lemma 3.2.3, lim,,, ||z, — Thx,| =
lim, . ||z, — Tox,|| = lim, .o ||z, — T32,]| = 0. Then there exists subsequence
{xn,} of {z,} such that {x,,} converges strongly to p € C. It follows from Lemma
2.1.32 that p € F. Since lim,,_ ||z, — p|| exists by Lemma 3.2.1, it follows that
lim,, o |2, — p|| = 0. O
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3.3 Strong convergence theorems by hybrid method for
asymptotically k-strict pseudo-contractive mapping in
Hilbert space

This section, we introduce the hybrid method of modified Mann’s iteration for an
asymptotically k-strictly pseudo-contractive mapping to prove some strong conver-
gence theorems for such mappings in a Hilbert space.

Fixed point iteration processes for nonexpansive mappings and asymptoti-
cally nonexpansive mappings in Hilbert spaces and Banach spaces including Mann
and Ishikawa iteration processes have been studied extensively by many authors to
solve nonlinear operator equations as well as variational inequalities: see [3, 21, 24,

]. However, Mann and Ishikawa iterations processes have only weak convergence
even in Hilbert space: see [10, 42].

Our iteration method for finding a fixed point of an asymptotically k-strict
pseudo-contractive mapping 7' is the modified Mann’s iteration method studied in
(21, 34, 35, 39] which generates a sequence {z,} via

Tpr1 = ptp + (1 —ap)T"x,, n >0, (3.3.1)

where the initial guess zy € C' is arbitrary and the sequence {w,}72, line in the
interval (0, 1).

In 2007, Takahashi, Takeuchi and Kubota [12] introduced the modification
Mann iteration method for a family of nonexpansive mappings {7,,}. Let xy € H.
For Cy = C and u; = Pg, o, define a sequence {u,} of C as follows:

Yn = QpUp + (1 - &n)Tnun7
Cot1={2 € Cn: lyn — 2|| < [lun — 2|1}, (3.3.2)

Upt1 = Pcn+1.%'0, n € N,

where 0 < «,, < a < 1 for all n € N. Then we prove that the sequence {u,}
converges strongly to zy = Pr(ryxo.

In 2008, I. Inchan [12], introduce the modified Mann iteration processes
for an asymptotically nonexpansive mapping. Let C' be a closed bounded convex
subset of a Hilbert space H, T be an asymptotically nonexpansive mapping of C
into itself and let zy € C. For C} = C and x; = Pg, (%), define {z,} as follows
way:

Yn = QpTp + (1 - an)Tnmn7
Crni1 =1{2€Cp: ||yn — 2|I* < |lzn — 2| + 6, }, (3.3.3)

Tni1 = Peo, ., xo, n €N,

n+1

where 6, = (1 — a,,)(k* — 1)(diamC)? — 0 asn — oo and 0 < a;,, < a < 1 for all
n € N. Then him prove that {x,} converges strongly to zy = Pr)o.
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Inspired and motivated by these fact, it is the purpose of this paper to
introduce the modified Mann iteration processes for an asymptotically k-strictly
pseudo-contractive mapping by idear in (3.3.3). Let C be a closed convex subset of
a Hilbert space H, T' be an asymptotically k-strictly pseudo-contractive mapping
of C into itself and let zg € C. For C; = C and z1 = Pr,(x9), define {x,} as
follows way:

Yn = QpTy + (1 - Oén)Tnxnu
Cri1 = {2 € Cp: llyn — 2[* < [|zn — 2|17

+k — an(1 — ap)||xn — T x|l + 6,.}, (3:3.4)

Tne1 = Po, o, n €N,

n+1

where 6, = (diamC)*(1 — ay,)y, — 0, (n — 00).

We shall prove that the iteration generated by (3.3.4) converges strongly to
20 — P F(T)x()-

Theorem 3.3.1. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be an asymptotically k-strictly pseudo-contractive mapping of
C into itself such that F(T) # 0 and let xyg € C. For C; = C and x1 = Pg,xp.
Assume that the control sequence {a,, }5° is chosen so that limsup,,_, . o, < 1—k.
Then {x,} generated by (3.3.4) converges strongly to zo = Pp(r)o.

Proof. We first show that F(T) C C, for all n € N, by induction. For any
z € F(T) we have z € C' = C} hence F(T) C Cy. Let F(T) C C,, for each m € N.
Then we have, for u € F(T) C C,,

[Ym — ul® = [lom@m + (1 — ) T™@m — ull?
= [l (@m — u) + (1 — @) (T2 — w)||?
= || — ull® + (1 — ) | T2 — ul]® = (1 — ) |20 — T2 ||
< apl@m = ull? + (1= an)[(1+ ) [2m — ull® + Ell2m, — T
— (1 — )| T — T2 ||
= (14 (1 = am)vm)lzm — ull® + [k — amn(l — ap)l|lzm — T"2n|1?
< [lzm —ull® + [k — 0 (1 = )| |2 — T @ ||* + (1 = ) Yo | 2 —
< | wm — vl + [k — am(1 — ap)]|xm — T™ 0 |]? + O

It follows that u € C,,41 and F(T) C Cpy1, hence F(T) C C, for all n € N.
Next, we show that (), is closed and convex for all n € N. It follows obvious that
C7 = C is closed and convex. Suppose that (), is closed and convex for each
m € N. Let z; € (41 C Cp, with z; — 2. Since C,, is closed, z € (), and
[Ym — 2l1? < N2 — 2ml|* + [k — (1 — @) lwm — T™ @[> + 0. Then

lym = 201* = lym — 2 + 2 — 2]
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<z = 2ml® + [k = am(1 = am)l|2m = T"2m|* + b + |12 — 27

F2[ym = 2llllz = 2.

Taking 7 — oo,

lym = 2I* < |2 = 2all® + [k = 0 (L = am)][|2m = T" T |* + .

Hence z € Cp,yq. Let 2,y € Cppq C Cyy with z = az + (1 — )y where a € [0, 1].
Since Cy, is convex, z € Cp, and ||y, — z||* < [|o — 2 ||* + [k — am(1 — o) || 2m —
T m? + O 1Yy — Yl < Ny — 2 ]* + [k = (1 = )|z — T2 > + 00, We

have
[Ym — 21> = [[ym — (az + (1 — @)y)|]?

= [le(ym — ) + (1 = @) (ym — ¥)|I?

= allym — 2 + (1 = a)|lym — yII> — a(l = ) |(ym — ) = (Ym — ¥)|I?

< ofle = 2wl + [k = am(l = am)]l|zm — T"@p|* + On)
+(1 = a)(ly = zmll® + [k = am(1 = am)]lzm = T 2m|* + )
—o(l = a)lly — |
= allz —zml? + (1= a)lly = znl* — (1 = ) [[(zm — ) = (2m = y)|I?
+Hk = (1 = am)l|zm = T"Tml|* + O

= llo(wm =)+ (1 =) (@m =) |+ [k — m (1= am)[|2m =T 2m||* +0m

= me - ZH2 + [k —am(l - am)]me - Tm"EmH2 + O

Then z € C,, 1, it follows that C),; is closed and convex. Hence C,, is closed and
convex for all n € N. This implies that {x,} is well-defined. From z, = P¢,xo, we

have
(xog — xp,x, —y) >0, for all y € C,,.

Since F(T') C C,, we have
(xo — xp, T —u) >0 for all u € F(T) and n € N.
So, for u € F(T), we have
0 <(xg—xp,xy —u) = (Tg — Tp, Ty — To + To — )
= —(xy, — T, Tp, — To) + (To — Tp, To — U)
< —llzn — @oll” + [lzo — @allllwo — ull.

This implies that
lzo — zall* < llzo — @nlllzo — ull,

(3.3.5)
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hence
lxo — zn|| < ||xo — ul|| for all w € F(T) and n € N. (3.3.6)

From z,, = P,z and .11 = P¢,,, 20 € Chyq1 C O, we also have

i1
(xo — Tp, Tp — Tpy1) >0 for all m € N. (3.3.7)
So, for x,.1 € C,, we have, for n € N
0 < (xg— Tn, Tn — Tny1) = (To — T, Ty — To + To — Tpr1)
= —(xy, — T, Tp, — To) + (To — Tp, To — Tpt1)
< —llzn — 2ol” + llzo — @allllwo — Zp4al-

This implies that
lzo = zall* < llzo — @20 — @nsal,

hence
|0 — zn|| < ||®o — Zpya]] for all n € N. (3.3.8)

From (3.3.6) we have {x,} is bounded, lim, . ||z, — 0| exists. Next, we show
that ||z, — z,41|| — 0. In fact, from (3.3.7) we have

[z — Tt I = [[(zn — z0) + (20 — g1 ||
= |20 — 20[1* + 2(2n — 20, 20 — Tns1) + |70 — T |
= |20 — 20[l* + 2(zn — 20, T0 — Tn + Tn — Tp1) + |T0 — Taga [
= ||lzn —20l|* = 2{0 —@n, 10— Tn) — 2(T0 — n, Tn — Tns1) + [ T0 — T [|®
< [lzn = 2oll” = 2llan — 2oll* + lzo — T4 ||
= —llzn — ol* + 70 — Tnia|*.
Since lim,, . ||z, — xo|| exists, we have that
nhjgo | — Zpia]] = 0. (3.3.9)
On the other hand, x,,,; € C,,1 C C,, implies that
Y = o I* < llon = 2ppa | + [k = an(l = a)]l|lwn — T2y * + 60, (3.3.10)
By the definition of y,,, we have
[y — @nll = llanzn + (1 — ) T2, — 2, |
= (1 —ap)||[T"xy — |-
From (3.3.10), we have

(L= I 720 = 2]l = llym — 2al®
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= Y0 — Tps1 + Tog1 — @)?
< Ny = Tostll? + 21 — 20l + 240 — Tasallll@ns — 2al
< lzn = Tngal? + [k — an(l — an)l|2n — T"2all* + O + (2041 — @[
2y — Tps [l 2na — 24
= [k — an(l — an)ll|zn — T"zull* + 2| 041 — Tall (2041 — @0
Yo = Tnal]) + .
It follows that
(1= an)? = (k = an(l = o)) |70 — T2 1* < 2[|2nsr = @l (|2041 — 2
HYyn = Tal]) + On.
Hence
(1= = )Tz = 2l < 2enss = 2all(12ns = 2all + o = i) + 60 (3:3.11)

From limsup,,_, . a, < 1 —k, we can chosen € > 0 such that a,, <1 — k% — € for
large enough n. From (3.3.9) and (3.3.11), we have

lim || T"x, — z,|| = 0. (3.3.12)

Next, we show that lim,, . ||T2, — 2,|| = 0. From Lemma 2.1.40, we have
T2 —zn | < | Tan =T an[|+ 1T 2 = T |+ [T 21 — T
F @41 — 0]
< Lillen = Tl + 1T 201 — 2ol + (14 Lo lon — 2l (3.3.13)
From (3.3.9) and (3.3.12), we have

lim ||Tz, — x| = 0. (3.3.14)

By (3.3.13), Lemma 2.1.38 and boundedness of {x,,} we obtain () # w,,(z,) C F(T).
By the fact that ||z, — 2ol < ||20 — 2ol for all n > 0 where 29 = Pp(ry(20) and the
weak lower semi-continuity of the norm, we have

[0 = 20| < [lzo — wl| < liminf,, oo [0 — 2]
< limsup,, . [0 =zl < |20 = 20,

for all w € wy(z,). However, since wy,(x,) C F(T), we must have w = 2, for all
W € Wy(xy). Thus wy(x,) = {2z} and then x,, — 2. Hence, x, — 20 = Ppr)(z0)

by

2n — 20l1* = l|zn — @ol|* + 2(2n — 20, 0 — 20) + |20 — 20]?
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< 2(||lz0 — 5130”2 + (xn — 0,20 — 20)) — 0 as n — 0.
This complete the proof. U

Using this Theorem 3.3.1, we have the following corollaries.

Corollary 3.3.2. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let T be k-strictly pseudo-contractive mapping of C into itself for
some 0 < k < 1 such that F(T) # 0 and let xo € C. For Cy = C and x1 = Pg,xo,
defined {x,} as follows;

Yn = QpTp + (]- - an)Tl‘na
C’n—i-l = {Z € Cn : Hyn - ZHz < Hxn - Z||2}, (3315)

Tpt1 = PCn.Han

for all n € N, where {a,,} C |, 5] for some o, B € [k,1). Then {z,} generated by
(3.3.15) converges strongly to zy = Pp(r)xo.

Corollary 3.3.3. [12] Let H be a Hilbert space and let C' be a nonempty closed
conver subset of H. Let T be an asymptotically nonexpansive mapping of C' into
itself such that F(T) # 0 and let xo € C. For Cy = C and x1 = Pg,xq, defined

{z,} as follows;

Yn = Qnlp + (1 - O‘n>Tn-'L‘na
Croi1 =1{2€Cp: |lyn — 2|I* < |lzn — 2||* + 6, }, (3.3.16)

Tny1 = Po,,, o, n €N,

n+1

where 0, = (1 — a,) (k2 — 1)(diamC)* - 0 asn — o0 and 0 < o, < a < 1 for all
n € N. Then {x,} generated by (3.5.16) converges strongly to zy = Ppr)xo.

Corollary 3.3.4. ([/2] Theorem 4.1) Let H be a Hilbert space and C' be a nonempty
closed conver subset of H. Let T be a nonexpansive mapping of C' into H such that
F(T) # 0 and let xo € H. For C; = C and u; = Pg,xg, define a sequence {u,} of
C as follows:

Yn = plly + (1 — o) Tup,

Crp1={2 € Cn t [lyn — 2[| < [lun — 2|1}, (3.3.17)

Uny1 = Po, o, n €N,

n+1

where 0 < a,, < a < 1 for alln € N. Then {u,} converges strongly to zo = Pr()xq.
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1 Introduction

In recent years, one-step and two-step iterative schemes (including Mann and
Ishikawa iteration processes as the most important cases) have been studied exten-
sively by many authors to solve the nonlinear operator equations in Hilbert spaces
and Banach spaces; see [0, 9], [13] [14] [15] 18, [19] and the references therein. Noor
[10,11] introduced and analyzed three-step iterative methods to study the approxi-
mate solutions of variational inclusions (inequalities) in Hilbert spaces by using the
techniques of updating the solution and the auxiliary principle. A similar idea goes
back to the so-called -schemes introduced by Glowinski and Le Tallec [4] to find a
zero of sum of two (or more) maximal monotone operators by using the Lagrangian
multiplier. Glowinski and Le Tallec [4] used three-step iterative schemes to find
the approximate solutions of the elastoviscoplasticity problem, liquid crystal the-
ory, and eigenvalue computation, and they showed that three-step approximations
perform better numerically. Haubruge et al. [5] studied the convergence analysis
of threestep schemes of Glowinski and Le Tallec [4] and applied these schemes to
obtain new splitting-type algorithms for solving variational inequalities, separable
convex programming, and minimization of a sum of convex functions. They also
proved that three-step iterations lead to highly parallelized algorithms under cer-
tain conditions. Inspired and motivated by these facts, we suggest a new class of
three-step iterative schemes for solving the nonlinear equation Tx = x for nonex-
pansive mappings in Banach space in this paper. Our schemes can be viewed as
an extension for Mann-iterative scheme with errors.

Let C' be a nonempty closed convex subset of a Banach space X. A mapping
T :C — C is called nonexpansive if |Tx — Ty| < |z —y|| for all z,y € C. The set
of all fixed points of T is denoted by F(T), i.e., F(T) = {z € C : x = Tx}. Let
T1,T> and T3 be three nonexpansive mappings from C to itself. Let F' be the set

'Supported by Thailand Research Fund and corresponding author
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of common fixed points of T},T» and T35 that is F' = ﬂ?zl FT)={zeC:z=
T1$ = TQJ? = Tgl‘}

ALGORITHM 1.1. For a given z; € C, compute sequences {z,}, {y,} and
{z,} by the iterative schemes

Zn = (1 — Qp — bn)xn + apT1xy, + bpuy,
yn = (1—cn—dn)zn + cnTozy + dyvn, (1.1)
Tn+l = (1 — Qp — ﬁn)yn + anTSyn + /anna n > 17

where {uy }, {vn}, {w,} are bounded sequences in C and {a, }, {bn}, {cn}, {dn}, {an},
{8, } are appropriate sequences in [0, 1].

If a,, = b, =0, then Algorithm 1.1 reduces to

ALGORITHM 1.2. For a given x; € C, compute sequences {y,} and {z,} by
the iterative schemes

Yn = (1 —c,—dp)zy + cnTaz, + dyoy, (1.2)
Tnt+1 = (1 — QO — ﬁn)yn + anT3yn + Bpw,, n>1,

where {v,},{w,} are bounded sequences in C' and {c,},{dn},{an}, {8n} are
appropriate sequences in [0, 1].

If a,, = b, = ¢,, = d,, = 0, then Algorithm 1.1 reduces to

ALGORITHM 1.3. For a given z; € C, compute sequences {x,} by the
iterative schemes

R (1 — Qp — ﬁn)xn + apT3x, + Bpwy,, n>1, (13)

where {w, } are bounded sequences in C' and {«, }, {8, } are appropriate sequences
in [0,1]. Algorithm 1.3 is known as a Mann-iterative scheme with error which is
introduced by Xu [19].

For a suitable choice of ay,, by, ¢y, dn, a, and 3, one can obtain a number of
new and known iterative schemes for solving nonlinear equations in Banach space
and Hilbert space. The purpose of this paper is to use the iterative scheme (1.1)) for
approximating common fixed points of three nonexpansive mappings and to prove
some strong and weak convergence theorems for such mappings in a uniformly
convex Banach space.

2 Preliminaries

Recall that a Banach space X is said to be uniformly convex if for each
e € 10, 2], the modulus of convexity of X given by:

8(e) = inf{1 — iz — | : 2] < 1, Jyll < 1, 2 — yll > &)
satisfies the inequality d(e) > 0 for all € > 0.

A Banach space X is said to satisfy Opial’s condition [12] if z,, — x weakly
as n — oo and z # y imply that limsup,,_, ||z, — z|| < limsup,,_, ., [z — ¥/

A mapping T : C — C is said to be demicompact if, for any sequence {z,} in
C such that ||z, — Tx,| — 0 as n — oo, there exists subsequence {x,,} of {z,}
such that {z,,} converges strongly to x € C.

A mapping T : C — X ia called demiclosed with respect to y if for each
sequence {z,} in C and each x € X,x,, — x weakly and Tz, — y imply that
zeCand Tz =y.
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A family {T;: C — C,i=1,2,3,...,n} of maps is said to satisfy condition (A)
(Definition 4.1. [3]) if there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) =0, f(r) > 0 for all r € (0,00) such that

%Q: lz — Tixl|) > f(d(z, F))

i=1
for all € C where d(z, F) = inf{||z —p|| : p€ F =, F(T3)}.
It is remarked that the condition (A) reduces to the condition (I) in ([16])
when T; =T fori=1,2,3,...,n
In the sequel, the following lemmas are needed to prove our main results.

Lemma 2.1 (Tan and Xu, [18]). Let {a,}, {bn} and {0,} be sequences of nonneg-
ative real numbers satisfying the inequality

ant1 < (14 0n)an + by, VR=1,2,..,

If 320 10, <00 and Y07 by < 00, then
(1) lim, o0 a,, exists.
(2) lim,,_, o a,, = 0 whenever liminf,,_, a, = 0.

Lemma 2.2 (Cho, Zhou and Guo, [2]). Let X be a uniformly conver Banach
space and By = {zx € X : ||z|| <r}, r > 0. Then there exists a continuous, strictly
increasing, and convex function g : [0,00) — [0,00), g(0) = 0 such that

1Az + By + 7zl < Alz))? + Bllyll? +1lz]1* = Mg (llz — yl)),
for all z,y,z € By, and all X\, 3,7 € [0,1] with A+ 8+~ =1.

Lemma 2.3 (Browder, [1]). Let X be a uniformly convex Banach space, C a
nonempty closed convex subset of X, and T : C — X be nonexpansive mapping.
Then I —T is demiclosed at 0, i.e., if x, — x weakly and z,, — Tx, — 0 strongly,
then v € F(T).

Lemma 2.4 (Suantai, [17]). Let X be a Banach space which satisfies Opial’s
condition and let {x,,} be a sequence in X . Letu,v € X be such that im,,_, ||z, —
ul| and lim, oo ||2n—v|| ezist. If {zy,} and {zm, } are subsequences of {x,} which
converge weakly to u and v, respectively, then u = v.

3 Main Results

In this section, we prove weak and strong convergence theorems of the three-
step iterative scheme (1.1) for nonexpansive mappings in a uniformly convex Ba-
nach space. In order to prove this, the following lemmas are needed.

Lemma 3.1. Let X be a uniformly convexr Banach space, and let C' be a nonempty
closed and convex subset of X. Let T1,T5, T3 be three nonexpansive self-mappings
of C and {x,} be the sequences defined as in (1.1) and Y, b, < 00, >0 dy <
00, Y00 1 Bn < oo. If F # 0, then lim,, .o ||z, — p|| exists for all p € F.

Proof. Assume that F # (). Let p € F and

M = sup{fun — pll : 0 = 1}, My = sup{Jlv, — p :> 1}
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Ms = sup{||w, —p|| : n > 1}, M = max{M;, My, Ms}.
We have

[Znt1 =2l = (1= an—Bn)yn + anT3yn + Bpwn — pl|

(1 = an = Bn)(Yn — p) + an(Tsyn — p) + Bn(wy — p)||
(1 —an = Ba)llyn — pll + anl|T3yn — pl| + Bnllwn — pll
[Yn = pll + Bullwn — pll

lyn —pll = (1 —cn—dn)zn + cnTozn + dnvn — p|

[(1 = cn = dn)(zn = p) + cn(T22n = p) + dn(vn — p)||

INIA

< (I =ca—da)llzn =Pl + cnl T2z = pll + dullon = p||
< lzn = pll + dullvn = pl|

zn =pll = (1= an—bp)on + bpT1@n + bpun — pl|
= (1 =an —bn)(zn —p) + an(Trzn — p) + bn(un —p)||
< (I —=an—by)llzn = pll + bul[T12n — pl| + bpllun — p||
< |lzn = pll + bullus — pl|

It follows that ||xn4+1 — pl| < ||@n — pl| + bnllun — pll + dnllvn — Pl + Bullwn — pl|-
And so ||zp41 — p| < ||#0 — p|| + M (b + di + Br).

Since 07 1 by, < 00, >one dy < 00, D07 B, < 00, by Lemma 2.1/ implies that
lim, 00 ||z — ¢l| exists. O

Lemma 3.2. Let X be a uniformly convex Banach space, and let C' be a nonempty
closed and convex subset of X. Let Ty, T, T3 be three nonexpansive self-mappings
of C and {an},{bn},{cn}, {dn},{an} and {B.} be real sequences in [0,1] such
that an + by, ¢n + dn, and o + By, are in [0,1] for alln > 1 and 270:):1 b, <
00, Y00 1 dy < 00, Y07 By < 00. For a given 1 € C, let {x,}, {yn} and {z,}
be the sequences defined as in (1.1]) with F # ().

(i) If 0 < liminf, o o, < limsup,,_, (an + 5n) < 1, then limy, o0 || T5Yn —
ynll = 0.

(i) If 0 < liminf,, o ¢p, < limsup,,_,(cn + dn) < 1, then lim, o || Toz, —
zn|| = 0.

(111) If 0 < liminf,, . a, < limsup,,_, . (a, +by) < 1, then lim, .o || T1 2, —
Zn|| = 0.

(iv) If 0 < liminf, . a, < limsup, (., + Gn) <1, 0 < liminf,, o ¢, <
limsup,,_,(¢n +dn) < 1 and 0 < liminf, . a, < limsup,_,(an + b,) < 1,
then lim, o0 [|Tozy, — n|| = 0 = limy,— o0 [| T35 — 24|

Proof. (i) From Lemma 3.1, we have lim,,_. ||z, — p|| exists for any p € F(T). It

follows that {z,, —p}, {Thzn — 0}, {zn —a}, {T22n —p} and {y, — p}, {T5y, — p} are
all bounded. Also, {u,, —p}, {v,—p} and {w, —p} are bounded by the assumption.
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Now we set

ri = sup{|jzn —pl| :n =1},

ro = sup{||Tiz, —p|:n > 1},

rs = sup{|[zn —p| :n =1},

rg = sup{||Tez, —p|| :n > 1},

rs = sup{[lyn —pll : n =1},

re = sup{||Tsyn —pl :n =1},

r7 = sup{||un —p| :n>1},

rs = sup{|jvy —pl[ :n =1},

ro = sup{[jw, —p| :n =1},

r = max{ry,re,r3,74,75,76,77,78,79}

By Lemma 2.2/ we have

llzn —pl?
yn — p|?

and
[ Zn1 —p||2

IN A A IA IN

IA

INIA

IN

IA

<

(1 = an — bp)zy + anTix, + by, — pl|?

[(1 = an —bn)(xn —p) + an(T17n — p) + bn(wn — p)||2
(1= ap = bp) |20 = plI* + anl|Trzn — p[|* + by lun — p|?
— an(l —an = bn)g(|Thzn — zn|)

(1 —an —by)llzy — p”2 + an||Tn — pH2 + bn[|lun —p||2
zn _pH2 +1%by, — an(1 = an —bp)g(||[Trzy — x4
I — pI? + r2bs,

(1 = ¢ — dp)zn + cnTozy + dpvn — pl?

[(1 = cn —dn)(2n —p) + cn(T2zn — p) + dn (v — p)||2
(1 —cn—dn)llzn _pH2 + cnl|Tozn — p”2 + dn||vy, —p||2
— cn(l = cn —dn)g(||T22n — znl])

(1 —cn —dn)ll2n _pH2 + cnllzn _pH2 + dy ||y, _pH2

= cn(1 = cn —dn)g(||T22n — 2nll)

l[2n — p||2 +rid, — en(1 = ¢ — dn)g(|[T2zn — 2n||)

(E _p”2 +r2d,

(1 = an = Bn)yn + anT3yn + Buwn _pH2

(1 = an = Bn)(Yn —p) + an(T3yn — p) + Bn(wy _p)”2
(1= an = dp)llyn = pII* + @l Tsyn — plI* + Bullwn — pl|?
— an(1 = an — Bn)g(IT3yn — ynll)

(1 —an = Ba)llyn _p||2 + anllyn _pH2 + Bnllwn _p”2
— an(1 = an = Bn) 9| T3Yyn — ynll)

Y —p||2 + 7B — an(1 = an = Ba)g(|T3yn — yull)

which lead to the following:

an (1

—an = Bn) 9| T3yn — ynll) < llzn _pH2 = |lznt1 —p||2

+72(bn + dp + B), (3.1)
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and

en(l—cn —dn)g(|T2zn — 2all) < ll7n *p||2 — |41 *p”Z
412 (b, + dypy + Br), (3.2)

and

an(1—an —bp)g(| Tz — zp|) < |lzs —p||2 = [|Tns1 _pH2
+12(byy + dp + Br), (3.3)

(i) If 0 < liminf, o0 oy < limsup,,_,(an + Bn) < 1, then there exist a
positive integer ng and 7,7’ € (0,1) such that

0<n<a, and a, + 6, <n <1 forall n>ng.
This implies by (3.1) that

n(1 =79 Tsyn — ynll) < 20 — plI* = 201 — pII
+72(by, + dy + Bn), (3.4)

for all n > ng. It follows from (3.4) that for m > ng

m m
1
9| Tsyn —ynl) < ( |Zn, — pII* = |01 — pI|?
R;O [ | =) n;g(l 1 = l|Zn+1 — %)
+7? Z (bn+dn+ﬁn)>
n=no

1
< —1 (jam —pl?
n(l—n’)< o P

+ 72 Zm: (by, + dp + ﬂn)>. (3.5)

n=ngo

By letting m — oo in inequality (3.5) we get that Y3°° g([T3yn — yull) < oo,
which implies lim,, o ¢(||T3yn — yn||) = 0. Since g is strictly increasing and
continuous at 0 with g(0) = 0, it follows that lim, . || T5yn — yn| = 0.

(ii) If 0 < liminf, o ¢, <limsup,,_ (¢, + dp) < 1, then by using the same
argument as above with the inequality (3.2), it can be show that lim, o || 722, —
zn|| = 0.

(iii) If 0 < liminf,, o an, < limsup,,_, . (an +by) < 1, then by using (3.3) and
the same argument as in (i), it can be show that lim,, o [|T12, — z,|| = 0.

(iv) If 0 < liminf, o0 a, < limsup,_, o (an + Gn) < 1, 0 < liminf,, . ¢, <
limsup,, ,.(¢n +dp) <1 and 0 < liminf,, . a, < limsup,, . (an + b,) < 1, by
(i), (ii) and (iii) we have

lim || T3y, — ynl| = lm [|Toz, — 2| = lim ||Ti2, — 2] = 0. (3.6)

From z, = (1—ay,—bp)xn+anT1xn+bpu, and y, = (1—cp—dp)zn+cpTozn+dyvn,
we have

Iz —znll = [|(1—an —bn)xn + anTia, + bpu, — x|
= |lan(T12n — Tn) + bp(un — zp)]|

an||T1wy — Tn|l + bnllun — 24|

T zn — zp|| + 270y,

IAIA
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and ||yn — znll < |T22n — 2znl| + | T12n — 0| + 2rb, + 2rd,,. Hence

IN

|zn, — Tozp|| + || T22n — Tozy ||

Zn — znll + [ T22n — 20| + |20 — 4]

|T2wy — o0

1T22n — 2nll + 2|20 — 24|
|To2n — 20|l + 2| Thxn — @4 || + 470y,

[VASVANVA

and

2 = Tsynll + [ T3yn — Tsas||

120 = ynll + 1 T3Yn — Yull + lyn — znl
17395 — yull + 2/lyn — 2|

1T3yn — ynll + 2(|T22n — 2|

+ 2| Ty — zpl| + 4rby + 4rd,,.

T35 — x|

VAN VAN VAR VAN

It follows from (3.6) that lim,, o [|T2%n — || = limy oo ||T32n — 2] =0. O

Theorem 3.3. Let X be a uniformly convex Banach space which satisfies Opial’s
condition, and let C' be a nonempty closed and convexr subset of X. Let T1,T5,T3
be three nonexpansive self-mappings of C and let {ay}, {bn}, {cn}, {dn}, {an} and
{Bn} be real sequences in [0, 1] such that a, + by, cn+d, and o, + By are in [0,1]
foralln>1 and Y07 1 by <00, Y oo dy <00, >0 B < 00 and

(1) 0 < liminf,, o o, <limsup,_, (a, + 5,) <1,

(#) 0 < liminf, o ¢, <limsup,,_, (¢, +dp) <1, and

(#i) 0 < liminf, o a, <limsup,, . (an + by) < 1.

For a given z1 € C, let {x,} be the sequence defined as in (1.1). If F # 0,
then {x,} converges weakly to a common fized point of T, T and Ts.

Proof. Let p € F. By Lemma [3.1), lim,,_, ||z, — p|| exists. Now we prove that
{z,} has a unique weak subsequential limit in F. To prove this, let p; and ps
be weak limits of subsequence {z,, } and {z,,} of {z,} respectively. By Lemma
3.2(iii), we have lim,, . ||Th 2, — || = 0. By Lemma 2.3, we have I —Ty,1 —Ts
and I — T3 are demiclosed with respect to zero, therefore T\p; = p;, Top; = p;
and Tsp; = p;, (i=1, 2) hence p1,ps € F. By Lemma 3.1 lim,, o |2, — p1]| and
lim;, oo ||Zn — p2|| exist. Using Lemma 2.4l we obtain that p; = ps. Hence {z,}
converges weakly to a common fixed point of 77,75 and T5. O

Our next goal is to prove a strong convergence theorem of iterative scheme
(1.1) to a common fixed point of 71,75 and T3.

Theorem 3.4. Let X be a uniformly convexr Banach space, and let C' be a non-
empty closed and conver subset of X. Let Ty, T, T5 be three nonexpansive self-
mappings of C satisfying condition (A) and let {an}, {bn}, {cn}, {dn}, {an} and
{Bn} be real sequences in [0, 1] such that a, + by, cn+d, and o, + By are in [0,1]
foralln>1 and Y07 1 by <00, Y o0 dp <00, >0, B < 00 and

(1) 0 < liminf,, o o, <limsup,_, (a, + 5,) <1,

(#) 0 < liminf, o ¢, <limsup,,_, (¢, +dp) <1, and

(#i) 0 < liminf, o a, <limsup,, . (an + by) < 1.

For a given 1 € C, let {zn}, {yn}, {20} be the sequences defined as in (1.1)).
IfF #£0, then {xn}, {yn},{zn} converge strongly to a common fized point of Ty, Ty
and Tj.
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Proof. By Lemma 3.2, we have

lim ||T32, — x| = lim ||Tez, — 2,|| = lim ||Th2, — z,] = 0.
n—oo n—oo n—oo

By condition (A), we have f(d(zn, F)) < 3(|ln — Than|| + |2n — Tozn || + [|zn —
Tzzn ).

It follows that lim,, . f(d(zy, F')) <0, hence lim, . f(d(zn, F)) = 0.

Since f is a nondecreasing function and f(0) = 0, we obtain that lim,,_, o, d(z,, F) =
0. Thus we can choose a subsequence {x,, } of {z,,} and a sequence (y) C F such
that ||z, — yx|| < 27F for all k > 1. Then following the method of proof of Tan
and Xu [I8], we get that {y;} is a Cauchy sequence in F and so it converges.
Let yp — y. Since F is closed, y € F and then z,, — y. By Lemma (3.1)
lim;, o0 ||Zn — p|| exits, ¥p € F. Tt implies that lim,, . ||z, —y|| = 0. Hence {z,}
converses strongly to a common fixed point of 77,75 and T5.

Since ||yn — Znll < |T22n — 2nll + |T120n — To|| + 2rby + 2rd,, and ||z, — 2, ]| <
|T12y — @y || + 2rby, it follows from Lemma [3.2] (ii) and (iii) that ||y, — x,|| — 0
as n — oo and ||z, — x| — 0 as n — oo, which imply that lim, e ||y —yl| =0
and lim,_, ||z, — y|]| = 0. O

Theorem 3.5. Let X be a uniformly convexr Banach space, and let C be a non-
empty closed and convex subset of X. Let Ty, T, T3 be three nonexpansive self-
mappings of C and let {an},{bn}, {cn}, {dn}, {an} and {B.} be real sequences in
[0,1] such that a, + by, ¢n + d,, and o, + B, are in [0,1] for all n > 1 and
Yo by <00, Y00 dy <00, D07 B < 00 and

(1) 0 < liminf,,_, o o, <limsup,_, . (a, + G,) <1,

(#) 0 < liminf, . ¢, <limsup,,_, (¢, +dp) <1, and

(#i) 0 < liminf, o a, <limsup,,_, . (an + by) < 1.

For a given z1 € C, let {zn},{yn}, {zn} be the sequences defined as in (1.1).
If F # 0 and one of Ty, Ty and Ts is completely continuous, then {x,},{yn}, {zn}
converge strongly to a common fixed point of T1, T and T3.

Proof. By Lemma/3.1, {x,} is bounded. In addition, by Lemma/3.2, lim,, oo ||z, —
Tiz,| =0, limp—oo||2n — Toxy|| = 0 and lim, o ||z, — T32,|| = 0, then {Thz,},
{Tyx,} and {T3x,} are also bounded. If T} is completely continuous, there ex-
ists subsequence {Tyx,,} of {Tix,} such that Tyx,, — p as j — oo. Thus
limj oo |[Tn, — T1Zn, || = iMoo |20, — Tomp, || = limj oo |20, — T32n, || = 0. It
follows that lim; . ||z, —p|| = 0. This implies by Lemma2.3/that p € F. Further-
more, by Lemma (3.1, we get that lim,, . ||, —p|| exists. Thus lim, ||z, —p| =
0. The proof is completed.

Theorem 3.6. Let X be a uniformly convex Banach space, and let C' be a non-
empty closed and convex subset of X. Let Ty, T5, T3 be three nonexpansive self-
mappings of C and let {an},{bn}, {cn}, {dn}{an} and {B,} be real sequences in
[0,1] such that a, + by, ¢n + dy, and o, + B, are in [0,1] for all n > 1 and
Yoo by <00, Y00 dy <00, D07 B < 00 and

(1) 0 < liminf,, o o, <limsup,_, . (a, + G,) <1,

(11) 0 < liminf, o ¢, <limsup,_, (¢, +dy) <1, and

(#i) 0 < liminf, o a, <limsup,,_, . (an + by) < 1.

For a given z1 € C, let {z,},{yn}, {zn} be the sequences defined as in (1.1).
If F # 0 and one of Th, Ty and Ts is demicompact, then {z,}, {yn}, {20} converge
strongly to a common fized point of Ty, Ty and Tj3.
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Proof. Suppose that T is demicompact. By Lemma [3.2, lim,, .o ||x, — Thz,|| =
limy, o0 ||2n — Tozn|| = limy oo [|2n — T32,|| = 0. Then there exists subsequence
{xn,;} of {x,} such that {z,,} converges strongly to p € C. It follows from
Lemma 2.3 that p € F. Since lim,_. ||z, — p|| exists by Lemma 3.1}, it follows
that lim, ., ||z, — p|| = 0. O
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Abstract

In this paper, we introduce a three-step iterative scheme with errors for
three asymptotically nonexpansive mappings in a uniformly convex
Banach space. The new iterative scheme includes modified Mann
iterative scheme with errors as special case. The results obtained in this
paper present w:e.ak and strong convergence theorems of such schemes
to a common fixed point of these mappings.

1. Introduction

Fixed-point iteration processes for asymptotically nonexpansive
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uniformly convex, Opial's condition, completely continuous, demicompact.
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mapping in Banach spaces including Mann and Ishikawa iterations
processes have been studied extensively by many authors; see [2-11].
Many of them are used widely to study the approximate solutions of the
certain problems; see [7, 8, 13]. In 2000, Noor [6] introduced a three-step
iterative scheme and studied the approximate solutions of variational
inclusion in Hilbert spaces. In 2002, Xu and Noor [14] introduced and
studied a three-step scheme to approximate fixed point of asymptotically
nonexpansive mappings in a Banach space. Cho et al. [2] extended their
schemes to the three-step iterative scheme with errors and gave weak
and strong convergence theorems for asymptotically nonexpansive
mappings in a Banach space. Suantai [11] defined a new three-step
iteration which is an extension of Noor iterations and gave some weak
and strong convergence theorems of the modified Noor iterations for
asymptotically nonexpansive mappings in uniformly Banach space.

Let C be a nonempty closed convex subset of normed linear space X.
Then a self-mapping 7 :C - C is said to be nonexpansive if
[Tx-Ty|<|x-y|forallx, y e C. Aself-mapping T : C — C is called
asymptotically nonexpansive if there exists a sequence {k,} < [0, =),
lim, _,, k, =1 such that

|77 - Ty || < k]2 - ¥
forall x, y e C andeach n = 1.

From the above definitions, it follows that a nonexpansive mapping
must be asymptotically nonexpansive, but the converse does not hold. It
was proved in [3] that if X is uniformly convex and C is bounded, closed
and convex, then every asymptotically nonexpansive mapping has a fixed
point. Inspired and motivated by these facts, we suggest a three-step
iterative scheme defined as follows.

Let T7, T5, T3 : C — C be three asymptotically nonexpansive self-
mappings. For a given x; € C, compute the sequences {x,}, {y,} and

{z,} by the iterative scheme

Zn = (I —a, - bn)xn. ¥ anﬁnxn + by,
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Y = - L — )zn * CnTﬂnzn + dpuy,

Xy = (L=0p =Bp)¥n + 0n T3y +Bawp, n21, (1.1)
where {u,}, {v,} and {w,} are bounded sequences in C and {a,}, {b,},
{en ), {dnl) {an} and {B,} are appropriate sequences in [0, 1].

If a, = b, = 0, then the scheme (1.1) reduces to the iterative schemes

Yn == —dy)xy + e, Tx, + Anln,

Tn+l = (1 gy = Bn )yn * auTSRyn +Pap, n21, (1.2)
where {v,} and {w,} are bounded sequences in C and {¢,}, {d,}, {c,}
and {B,} are appropriate sequences in [0, 1].

If @ = b, =c, =d, =0, then scheme (1.1) reduces to the modified
Mann-iterative scheme
Xpa = (1-ap = Bp)xy + T3 x, +Ppwy, n21, (1.3)
where {w,} are bounded sequences in C and {a,} and {B,} are
appropriate sequences in [0, 1].

The purpose of this paper is to establish strong convergence theorems
under only one map which is completely continuous or demicompact and
weak convergence theorems under space satisfying Opial’s condition in a
uniformly convex Banach space.

Recall that a Banach space X is said to be uniformly convex if for each
¢ € [0, 2], the modulus of convexity of X given by:
s 1
o) = intfl-3lz-y]: D=l s LUyl s L lx-y]2 e}
satisfies the inequality 8(¢) > O for all € > 0.

A Banach space X is said to satisfy Opial’s condition [8] if x, = x

weakly as n — « and x # y imply that

lim sup| x, — x | < lim sup| x, - ¥ |

n—0 n—x
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A mapping T : C — C is said to be demicompact if, for any sequence

{*x,} in C such that [x,-Tx,|—>0 as n — =, there exists

subsequence {.tnj} of {x,} such that {-"an} converges strongly to x C.

A mapping T:C - X is called demiclosed with respect to y if for
each sequence {x,} in C and each x € X, x, - x weakly and Tx, — y

imply that x € C and Tx = y.

In the sequel, the following lemmas are needed to prove our main
results.

Lemma 1.1 (Tan and Xu [12]). Let {a,}, {b,} and {3, } be sequences

of nonnegative real numbers satisfying the inequality

Qpey S(L+8,)a, +b,, Yn=12...
If Z:=1 8, <= and Z:=1 b, < «, then
(1) im,_,, a, exists.
(2) im,_,, @, = 0 whenever liminf, ,, a, =0.

Lemma 1.2 (Cho et al. [2]). Let X be a uniformly convex Banach space
and
B.={xeX:|x||<r}, r>o.

Then there exists a continuous, strictly increasing and convex function

_ g:[0,0) > [0,x), g(0)=0
such that

I +By+vz P <M= +Bly P+l zI” - 2Be(| - ¥ ]),
forall x,y,ze B, andall &, B,y € [0,1] with A +B+y=1.

Lemma 1.3 (Chidume et al. [1]). Let X be a uniformly convex Banach
space, C be a nonempty closed convex subset of Xand T : C - X be an
asymptotically nonexpansive mapping. Then I —-T is demiclosed at 0,
ie., if x, > x weakly and x, —Tx, — O strongly, then x e F(T),

where F(T') is the set of fixed points of T.
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Lemma 1.4 (Suantai [11]). Let X be a Banach space which satisfies
Opial’s condition and let {x,} be a sequence in X. Let u, v e X be such

that lim, o x, —u| and lim, ,u|x, —v| exist. If {x, } and {xp, }

are subsequences of {x,} which converge weakly to u and v, respectively,

then u = v. In the sequel, ni=1 F(T;) will be denoted by F.

2. Main Results

In this section, we prove weak and strong convergence theorems of
the three-step iterative scheme (1.1) for three asymptotically
nonexpansive mappings in a uniformly convex Banach space. In order to
prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 2.1. Let X be a uniformly convex Banach space, and let C be a
nonempty closed and convex subset of X. Let Ty, Ty and T3 be three

asymptotically nonexpansive self-mappings of C with {k,}, {I,}, {m,} <
ID) 00]‘ lim,_,q &, =1, im, 0 lp =1, lim, o m, =1, Z:=1 (kn - 1) < @,
E m_l (I, =1) < oo, Z:zl (mp —1) <, respectively and {x,} be the sequence

defined as in (1.1) and 3" b, <@, Y~ dp <@, > By < If
F # @, then lim,_,|x, — p| exists forall p € F.

Proof. Assﬁme that FF = &. Let p € F. Then we have

l2n -2l =10 -an -by)xpn + anTi"%y +byn ~ P
S(-ap =bp)|%n ~ P+ ol T'%n - p |+ buf un - P |
S (A -an -by)|%n =P |+ ankal 2 £ || + by un - 2|
SQ+ap(ky —1)] 2 = |+ ba]un - P

Skn“xn"'p""'bn"un_p"'
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lyn =Pl =10 -cp—dn)zn +caT3zp + dnvp - p|
S(-cp -dp)| 2, = p |+ ea] T3z = P | + dn] vn - P
S(-cpmdp)l2n — P+ calull zn - P+ dnllvn - |
SQ+ceplln =) 2n =2 +dnflvn -p|
Shlzn—pl+dn]vn -pl
lnet =0 1= [~ G ~ By} + 0aTE 3 + Bty = 2|
< (L= - Ba)l3n - 1+ &nl T¥3n - o1+ Bal - 2
<(U-ap=Ba)lyn — Pl +anmal yn - p|+Balwn - p|
< (1 +ap(my —1)| 3 - 2| +Balwn - 2|
S mplyn = P+ Balwn - P
< mu[ln[knll % = 2|+ Ball un = P ]+ dnf vn = 2 [
+Balwn - p|
= Mnlnkn| % = £ |+ mpbbn| un - P |
+mpdp| v, = p | +Balwn - 2|

S bl % = p |+ M5, +dy +By)
=+ (hn =)l %n - 2|+ M(by + dn + Bn),

where M is some positive constant and h, = max{k,, l,, m,}.

Notice that Z:=1 (h, —-1) < © is equivalent to Z:=1 (R —1) < .
Since Z:=1bn <, Z‘::Idn <, Z::-],Bn <, by Lemma 1.1 it implies
that lim,_, .| x, - p| exists.

Lemma 2.2. Let X be a uniformly convex Banach space, and let C be a
nonempty closed and convex subset of X. Let T), Ty and T3 be three
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asymptotically nonexpansive self-mappings of C with {k,}, {l,}, {m,} <
[0- ), im, pky =1, im, o l, =1, lim, ,, m, =1, Z:=1 (kn -1)
< @, Z:=1 (I, - 1) <@, Z:=1 (my, —1) < oo, respectively and {a,}, {b,},
{en), {dn}s {0n) and {B,} be real sequences in [0, 1] such that a, + by,
¢y +d, and a, +PB, are in [0,1] for all n21 and Z:=1 b, < =,
Z:.ﬂ_d?’- o Z:le” S0, Foragiuen X € C! let {xn}l {yn} and {zn}
be the sequences defined as in (1.1) with F = @.

(@) If 0 < liminf,_,, 0y < imsup,_,o(a, +Br) <1, then

]j—mn.—m:" T3'Yn = In " =0.
(ii) If 0 < lim inf, ., ¢, < lim sup,_u(c, +dp) < 1, then
nmn—»w]l T3z, -z, | =0.
(iii) If 0 < lim inf,,_, @, < lim sup,_ym(a, + by) < 1, then
limp | 7725 — %, | = 0.
(iv) If 0 < lim inf, ,, 0, < imsup,_ (0, +B,) <1,
0 < liminf, ,, ¢, < imsup, ,,(c, +d,) <1
and
0 < liminf, ,, a, < limsup,_,o(a, +b,) <1,
then
lim, | 732 =25 | = 0 = limy, o T5'%p — %, |-
Proof. (i) From Lemma 2.1, we know that lim,_, | x, — p | exists for
any pe F. It follows that {x, - p}, {T{"x, - p}, {2z, —q}, {T5'2, - p} and

{yn ~ b}, {T3'y, — p} are all bounded. Also, f{u, -p}, {v, -p} and
{w, - p} are bounded by the assumption. We shall use L to denote the
positive different constants appearing in the following reasoning.
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By using Lemma 1.2, we have
|20 =2 1P = | (= ap = ba)%n + T %y + bty - p |
= [0 = an = b) (5 = P) + @ (T2 = p) + b tn = P)
< (L=ap = b)) %0 = 2 IF + 0| T2 = 2| + ba un - p|?
- Gy (1 = @y = by) (| T2, ~ 2, |)
<@ -ay =by)| %0 — P I* + ankil % = 2P + byt — £ P
< 1+ an(ky = 1)) %, - p | + Lb,
< kf‘:"xn —pﬂ2 + Lb,,
| n =21 = 1@ -cn = dn)2n + € TH2, + dyuy, - 2|
=@ ~cp ~dn)(2n ~ D) + n (T 25 = D) + du(vn - D) IP
<U-cy=d)l2n =PI +cal T2, - P + dullva - 2 |
el = ¢y = d) 8| T82y - 25 |)
<(-cy=dy)| 2, = PI? + calil 2, - P IF + dulvs - £
L=y — dy)&(| T§ 20 - 2, )
<@+ ey -1)] 20 - 2 + Ld,

<Rz - oI + Ld,,
and so
| zns1 =P ||2 =| @ =cp =Br)¥n + @nT8Yn + Batwp — P "2
== cp =Br) O = P) + @n(T3'9n — D) + Ba(wn — D) I?
S@-0p—dp)| ¥ =PI + 0al Ty, - PP +Ballwn - £ |

- an(l st ﬁn)g(" T;J’n =n ")
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$(@-cp =Bl n = PP + @amil v = 2P +Ballwn - £ |
—ap(l-cn =Bn)g(| T8 yn — ¥ )
< (0 +.an(my - 1) 7 - I - LBy
— ol -0y = Bn)g(| T8 v = ¥n [)
S malyn =2 + LBy = on (1= ctn = Ba)&(l T8 = 3n )
smillilz, - p P + Ld,]+ LB,
~an(l~ap = Bn)g(| T8 vn = 0 )
< malilkal % - p I + Lby ] + Ldy ]+ LB,
—on(~an = Br)g(| T8 vn = 3 |)
< miGk3| 2 - PP + Lb, + Ld,, + LB,
—an(l =y =Bn)g(| 75'yn — 2n |)
< bl %n = P + L{by + dy +Bs)
—on(l—a, —Bn)e(| T5'yn — 3n [)
= L+ (hg 1) 2 - P | + L(by +dy +B,)

-, -, =Br)g(| T3 yn — 7a ),

which leads to the following:
oL~ cn =Br)e( T8 yn = yn ) < | %0 = B IF =1 %ns1 - B P
+ L((hg =1)+ by = dy +B,),  (21)
cnll=cn —dn)g| T52n —2n ) < | 22 =2 P = | 2ns1 - 2|

+ L((hE = 1)+ b, +dp + B,) 2.2)
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and
(L =y = by)g(| T%n = % [) < | %0 = PP = | %nir - 2 P
+L((RS 1)+ by +dy +B,)- (2.3

(i) If 0 < liminf,_, 0, < limrsup,_,o(c, +B,) <1, then there exist a
positive integer ng and m, n' € (0, 1) such that

0<n<a, and a, +B, <n' <1 forall n 2 ng.
This implies by (2.1) that
-8 T3 = ¥n 1) < 1% = PP =1 %0ss - P IP
+ L((RS —1)+ b, +dy +By). (2.4)
for all n 2 ng. It follows from (2.4) that for m 2 ng
m
Zg(ll R | n(l — [nz e i ERE )

n=ng

+LZ((hf—1)+bn+dn+l3uJJ

n=no
1 2
S~ | -
n(l-n*)[""“v i

m
+ LY ((hf = 1)+ by +dp +Ba) |. (2.5)

n=

Let m — « in inequality (2.5). Then we get that
2, EUTE = yn <

and therefore lim,_ o, 8(]| 73'y» — ¥» [|) = 0. Since g is strictly increasing
and continuous at 0 with g(0) = 0, it follows that

im, ol 75'yn =¥ | = 0
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(i) If 0 < lim inf, ,,, ¢, < limsup,_,,(c, +dy,) <1, then by using a
similar method, together with inequality (2.2), it can be shown that
limy o] 7222 =25 | = 0.

(iii) If 0 < lim inf, 5 @, < lim sup,l,&_m(an +b,) < 1, then by using a
similar method, together with inequality (2.3), it can be shown that
lip sl T2 — 35 | = 0.

@iv) If 0 < liminf, ,, o, <limsup,_ (e, +B,) <1, 0<liminf, . c,
< limsup, ,.(c, +d,)<1 and O<liminf, . a, <limsup,_,.(a, +b,)

<1, from (i), (ii) and (iii) we have

]im"—T:Bnyn —n "; Jﬂ_“ T}?zﬂ —Zn I—

n—x

= ;P_?L“ Tz, -2 | = 0. (2.6)
From
Zp = (1-ay = By)x, + @y "%y, + bty
and
I = (1 —Cp — du)zn + chZRZn + d‘num
we have
lzn-' xn " = ]l (1-ap - by )xp + anTlen + bplty — %y "
= II an(Tlnxn -Xp)+ bn(un - xn) |'
s an" Tlnxn —Xn I + bn" Up —Xp I]
s “ Tﬁxn, —Xn l + 2rb,
and

| v —%n | S | T3 25 — 2 | + | T*%p — x5 | + 27b, + 2rd,.
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Hence
| T5'%n = %n | < | %0 = T3'25 | + | T2 20 — T5'% |
PITRERTT S pox Py
S| T2 25 [+ (A +1n)] 2 — %0 |
<1 T3 - 20 1+ @+ L)1 Ty = 3 | 208
and
| 7550 = 2n | < |20 = T30 | + |1 T8 90 — T35 |
Sl =9 1+ 17550 = 2n |+ mal 7n = % |
SITEyn = n |+ @+ mp)| 3p =2 |
NI yn = I |+ W+ mp) [ T3 2, = 2, |
+| T %y, — 25 | + 2rb, + 2rd,].
It follows from (2.6) that

limn—rm“ 1% — 2, [I = ]jmn—m" TBExn —Xn " = 0.

Lemma 2.3. Let X be a uniformly convex Banach space, and let C be a
nonempty closed and convex subset of X. Let Ty, Ty and Ty be three

asymptotically nonexpansive self-mappings of C with {k,}, {I,}, {m,}
0,2), limy ky =1, limp,oly =1, limy,omy =1, > (ky -1)
< @, Z:=I (I, =1) < =, Z::l (mp —1) < , respectively and {a,}, {bn},
{en}, {drn}, {an} and {B,} be real sequences in [0, 1] such that a, +b,,

¢, +d, and o, +B, are in [0,1] for all n>1 and Z:=1 b, < =,

Zm d, < o, Z:=15ﬂ < o, For a given x, e C, let {x,}, {y,} and {z,}

n=1

be the sequences defined as in (1.1) with F = @.
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If
0 <liminf, ,, a, <limsup,_ (¢, +Bn) <1,
0 <liminf,_, ¢, <limsup,_,,(c, +d,) <1
and .
0 < liminf, 4 @, < limsup,_,.(a, +b,) <1,
then
Hmp, oo T1%n = %n | = imp o0 | Toxp — 5 |
=lim,_ | Tax, — 2, | =0.
Proof. By Lemma 2.2, we have
Um | T8y, -y, | = lim| T5'2, —2, |
- lim| T, -5, | =0,
and

lim| 73'x, — %, | = lim | Tg'x, -, | = O. 2.7
n—® n—se
Also we obtain that || y, —x, | >0 as n— = by the proof of Lemma 2.2.
* Since
Zns1 = In = &n(T¥n = Yn) + Baln = n),
we have

[Ixn+1 —Xn “S"xrul‘yn ""'ﬂyn_xn I

s “Trfyn —Yn ""’Bn“ Wn = Yn ||+||yn. -2, |

And so

“ R i | <1 %ns1 = %n | + | ' %pin — %0 | + | T'%p — %p ”

Suxn-v-l._xn ""'knﬂxnﬂ"‘xn““'ﬂrlnxn_xn "
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= [+ kp)| %1 = x5 |+ | %5 = 25 |
= {14 kn)m Trfyn =n ll + Bnu Wn = Yn " + " Yn = %n ”]
| T — %0 ||
This together with (2.7) implies that
l%ps1 =T %2 | > 0 (asn — ).
Thus

Tn+1

I 2%ns1 = Tidinen | S | %nar = T nar |+ ] Tittnen = T 20 |

< | %nar = T 0 |+ Rl Znss = T%pan | = O,
which implies that lim, .|| Tyx, — x, | = 0.
Similarly, we obtain that
im0 Toxn — %y || = Himp ool Taxn - %5 | = 0.
Now we give a weak convergence theorem for iteration (1.1).

Theorem 2.4. Let X be a uniformly convex Banach space which
satisfies Opial's condition, and let C be a nonempty closed and convex
subset of X. Let T1, Ty and Ty be three asymptotically nonexpansive self-

mappings of C with {k,},{I,}, {m,} < [0, ), lim, .k, =1, lim, i, =1,

limn—)w mn = 1’ Z:=1 (kﬂ. . l) < @, Z::=1 (IP'I. o 1) <™, Z: 1(mn B 1) < @™,

respectively and let {a,}, {b,}, {c,}, {dn.}. {a,} and {B,} be real

sequences in [0, 1] such that a, +b,, c, +d, and a, +B, are in [0, 1]
forall n 21 and Z:___I b, < @, Z:=1 d, <, Z:=1 B, < » and

(i) 0 < liminf, ,, o, < limsup,_,.(a, +B,) <1,

(i) 0 < liminf, ,, ¢, < limsup,_,,(c, +d,) <1,

(ili) 0 < liminf, ,, @, < limsup,_,(a, +b,) < 1.
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For a given x, € C, let {x,] be the sequence defined as in (1.1). If
F = @, then {x,] converges weakly to a common fixed point of Ty, Ty
and Ta.

Proof. Let p € F. By Lemma 2.1, lim,_,,| %, — p| exists. Now we
prove that {x,} has a unique weak subsequential limit in F. To prove

this, let p; and p; be weak limits of subsequences {x,, } and {xnj} of

{x,}, respectively. By Lemma 2.3, we have lim,_,,| Tix, — %, | = 0. By
Lemma 1.3, we have I-T}, I-T, and I -T, are demiclosed with
respect to zero, therefore Tip; = p;, Top; = p; and Tap; = p; (i =1, 2)
hence py, pg e F. By Lemma 2.1 lim,_,|x, -~ p1 | and lim,_,.[x, - ps ||
exist. Using Lemma 1.4 we obtain that p, = ps. Hence {x,} converges

weakly to a common fixed point of T}, T5 and Tj.

Our next goal is to prove a strong convergence theorem:

Theorem 2.5. Let X be a uniformly convex Banach space, and let C be
a nonempty closed and convex subset of X. Let T,, Ts and T3 be three

asymptotically nonexpansive self-mappings of C with {k,}, {I,}, {m,} =
[0, @), lim,_yoky =1, lim, ok, =1, limy_yom, =1, Z:=1 (ky =1) < oo,

Z:':l(in -1)< =, Z:_l (my, —1) < =, respectively and let {a,}, {b.}, {cn},
{d,), {a,} and {B,} be real sequences in [0, 1] such that a, +b,, cn +dy

and a, +B,.arein [0,1] forall n>1 and Z:=1 b, <, Z:=1 d, < ®,
Z:=1Bﬂ < « and
(i) 0 < liminf, ,, o, < limsup,_,x(a, +B,) <1,
(i) 0 < liminf, ,, ¢, < limsup,_,,(c, +d,) <1, and
(iii) 0 < liminfy, ,,, @, < Hmsup,_,o(a, + b,) < L.

For a given x;  C, let {x,}, {y,} and {z,} be the sequences defined
asin(1.1). If F # &, and one of T}, Ty and Ty is completely continuous,
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then {x,}, {y.} and {z,} converge strongly to a common fixed point of
Tl’ T2 and T3.

Proof. By Lemma 2.1, {x,} is bounded. In addition, by Lemma 2.3,
“ limp o 2y - Tixp | = 0,
limy, o] %5 = Ty, | = 0
and
limy, o0 %n = T3%, | = 0,

then {Tix,}, {Tbx,} and {T3x,} are also bounded. If 7} is completely

continuous, then there exists subsequence {Tlxnj} of {T1x,} such that
T_—anj — p as j = =. Thus
limj_,q| Xn; = Txn, | = lim; o Xp; = Toxn, [
= lim; | Zn; = T3%n, | =o0.

It follows that lim; ,,|x,, — p|| = 0. This implies by Lemma 1.3 that

p € F. Furthermore, by Lemma 2.1, we get that lLim, ,.|x, - 2|
exists. Thus lim, ,,|x, - p|| = 0.

Theorem 2.6. Let X be a uniformly convex Banach space, and let C be
a nonempty closed and convex subset of X. Let Ty, Ty and T3 be three

asymptotically nonexpansive self-mappings of C with {(k,}, {l,}, {m,} <
[0,0), im, ok =1, lim, oo lp =1, limy_,om, =1, Z:=1 (kp =1) < o0,

Z:=1 (I, =1) <, Z::z (m, —1) < «, respectively and let {a,}, {b,}, lcn},
{dn}, {an} and {B,} be real sequences in [0,1] such that a, -b,,

¢n +d, and a, +PB, are in [0,1] for all n2>1 and Z:=1 b, < w,
Z:=1dn < o0, Z:;lﬁﬂ- <« and

() 0 < liminf, ,, a, < limsup,_,u(a, +Bs) <1,
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@(ii) 0 < lim inf,_,, ¢, < lim sup,_,»(c, +d,) <1, and
(iii) 0 < liminf,_,, @, < limsup, ,,(a, +b,) < L.

For a given x, € C, let {x,}, {yn} and {z,} be the sequences defined
as in (L.1). If F = @, and one of Ty, To and T3 is demicompact, then
{x,}, {¥,} and {z,} converge strongly to a common fixed point of Ty, T
and Tj.

Proof. Suppose that T} is semicompact. By Lemma 2.3,
ﬁmn—)m" xp — Tixp " = limn—ymu xp — Toxy ||
= lim, | 2, — T, [ = 0.
Then there exists subsequence {xnj} of {x,} such that {xnj} converges

strongly to p e C. It follows from Lemma 1.3 that p e F. Since
lim, ] x, — p | exists by Lemma 2.1, it follows that

]imn—»m" Xn — pl = 0.
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1. Introduction

Let H be a real Hilbert space, C a nonempty closed convex subset of H and T : C — C a mapping. Recall that T is
nonexpansive if |[Tx — Ty|| < ||x — y|| forallx, y € C. A point x € C is a fixed point of T provided Tx = x. Denote by F(T) the
set of fixed points of T; that is, F(T) = {x € C : Tx = x}. We know that a Hilbert space H satisfies Opial’s condition [1], that
is, for any sequence {x,} C H with x, — x, the inequality

liminf||x, — x|| < liminf||x, — y||
n—oo n—oo

holds for every y € H with y # x.
Recall that amapping T : C — C is said to be a strict pseudo-contractive mapping [2] if there eXists a constant0 < k < 1
such that

ITx — TylI> < lIx —ylI> + kI — T)x — I — Tyl*, (1.1)

for allx,y € C.(If (1.1) holds, we also say that T is a k-strict pseudo-contraction.)

It is known that if T is a O-strict pseudo-contractive mapping, T is a nonexpansive mapping.

In this paper we will consider an iteration method of modified Mann for asymptotically k-strict pseudo-contractive
mapping. We say that T : C — C is an asymptotically k-strict pseudo-contractive mapping if there exists a constant
0 < k < 1 satisfying

IT" — T"|I> < (1 + yu)llx — ylI> + kIl T — TMx — (I — Thyll?, (12)
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forallx,y € C and for all n € N where 3, > 0 for all n such that lim,_, ., ¥, = 0. We see that if k = 0, then T is an
asymptotically nonexpansive mapping. By Goebel and Kirk [3], T is an asymptotically nonexpansive mapping if there exists
a sequence {y,} of nonnegative numbers with lim,_, », ¥, = 0 and such that

IT" — T[> < (1 + ya)llx — ylI?, (1.3)

forallx, y € C and all integersn > 1.

Fixed point iteration processes for nonexpansive mappings and asymptotically nonexpansive mappings in Hilbert spaces
and Banach spaces including Mann and Ishikawa iteration processes have been studied extensively by many authors to solve
nonlinear operator equations as well as variational inequalities: see [4-7]. However, Mann and [shikawa iteration processes
have only weak convergence even in Hilbert space: see [8,7].

Our iteration method for finding a fixed point of an asymptotically k-strict pseudo-contractive mapping T is the modified
Mann'’s iteration method studied in [9-12] which generates a sequence {x,,} via

Xpi1 = nXn + (1 —an)T"x,, n >0, (1.4)

where the initial guess xo € C is arbitrary and the sequence {o;,}12 lies in the interval (0, 1).
In 2007, Takahashi, Takeuchi and Kubota [7] introduced the modification of the Mann iteration method for a family of
nonexpansive mappings {T,}. Let xo € H. For C; = C and u; = P¢, Xo, define a sequence {u,} of C as follows:

Yn = oty + (1 — o) Ty,
Cry1 =1{z € Gyt llyn —zll < llun — zlI}, (1.5)
Upy1 = Pcn+1X0, neN,

where 0 < o, < a < 1forall n € N. Then we prove that the sequence {u,} converges strongly to zy = PrXo.

In 2008, Inchan [13], introduced the modified Mann iteration processes for an asymptotically nonexpansive mapping.
Let C be a closed bounded convex subset of a Hilbert space H, T be an asymptotically nonexpansive mapping of C into itself
and let xy € C.For C; = C and X1 = P, (Xo), define {x,} as follows:

Yn = opXy + (1 - Oln)Tan,
Cor1 ={z € Gyt llyn — zII* < llxa — 2|1> + 64}, (1.6)
Xn+1 = Pcn+1X0, neN,

where 6, = (1 — an)(kﬁ — 1)(diamC)?> — O0asn — ooand 0 < &, < a < 1foralln e N. Then he proves that {x,}
converges strongly to zo = Pr(r)Xo.

Inspired and motivated by these facts, it is the purpose of this paper to introduce the modified Mann iteration processes
for an asymptotically k-strict pseudo-contractive mapping by the idea in (1.6). Let C be a closed convex subset of a Hilbert
space H, T be an asymptotically k-strict pseudo-contractive mapping of C into itself and let x, € C. For (; = C and
X1 = Pc, (o), define {x,} as follows:

Yn = anXy + (1 — an)T" Xy,
Ci={ze€C:llyn— Z”Z =< %, — 2”2 + [k — on(1 — o) ]llxp — T"Xn” + 6}, (1.7)
Xnt1 = Pg, X0, nEN,

where 6, = (diam C)?(1 — a,)yy — 0, (n — 00).
We shall prove that the iteration generated by (1.7) converges strongly to zo = Prr)Xo.

2. Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-, -) and let C be a closed convex subset of H. For every
point x € H, there exists a unique nearest point in C, denoted by Pcx, such that

Ix —Pex|| < llx—yl|l, forallyeC.

Pc is called the metric projection of H onto C. It is well known that P¢ is a nonexpansive mapping of H onto C.
We collect some lemmas which will be used in the proof of the main result.

Lemma 2.1 ([14]). The following identities hold in a Hilbert space H:
@) Ix+y1* = IxI> + yI* +2(x, y), Vx,y € H.
(i) 1A% + (1 = DylI> = Xl + (1 = D ylI> = 21 = V)lIx — y||* forall x,y € H and 4 € [0, 1].

Lemma 2.2 ([15]). Let T be an asymptotically k-strict pseudo-contractive mapping defined on a bounded closed convex subset C
of a Hilbert space H. Assume that {x,} is a sequence in C with the properties

(i) X, — z and

(ii) Tx, — x, — 0.
Then (I — T)z = 0.
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Lemma 2.3 ([16]). Let C be a closed convex subset of a real Hilbert space H. Givenx € H andy € C, theny = Pcx if and only if
the following inequality holds

x—y,y—z)>0, VzeC.

Lemma 2.4 ([15]). Assume that C is a closed convex subset of a Hilbert space H and let T : C — C be an asymptotically k-strict
pseudo-contraction. Then for each n > 1, T" satisfies the Lipschitz condition:
IT"% — TY|| < Lullx =yl

forallx,y € C, where L, = 1m0k W

3. Main results

In this section, we prove strong convergence theorems by hybrid methods for asymptotically k-strict pseudo-contractive
mappings in Hilbert spaces.

Theorem 3.1. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T be an asymptotically k-strict
pseudo-contractive mapping of C into itself such that F(T) # @ and let xo € C. For C; = C and x; = Pc,Xo, assume that
the control sequence {o, )52 ; is chosen such that limsup,,_, ,, &, < 1 — k. Then {x,} generated by (1.7) converges strongly to
Zp = PF(T)X().

Proof. We first show that F(T) C C, for alln € N, by induction. For any z € F(T) we have z € C = C; hence F(T) C C;. Let
F(T) C Gy for each m € N. Then we have, foru € F(T) C Cy

1Ym — ) = lletmXm + (1 — &) T"x — ul®

= llomXm —u) + (1 — o) (T X — Ll)||2

A | Xm — u”2 + (1= ap) I T"%m — qu —am(1 — o) |Xm — mem”2
A | Xm — u”2 + (1 — o) [(1 + ym) [1Xm — u||2 + KllXm — mem||2] —am(1 — o) |Xm — Tme”2
A+ A = am)yYm) |1Xm — u”2 + [k — am(1 — o) l|Xm — Tme”2
< x%m — u“z + [k — am(1 — o) 1|Xm — mem”2 + (1 — o) Y| Xm — Ll||2
< lxm — ull? + [k — m(1 = o)X — T"% | + 6.

A

It follows that u € Cy,4q and F(T) C Cpyq, hence F(T) C C, for all n € N. Next, we show that G, is closed and convex for
all n € N. It obviously follows that C; = C is closed and convex. Suppose that Cp, is closed and convex for each m € N. Let
zj € Cyy1 C G Withzj — z.Since Gy is closed, z € G and [|ym — Zi[1* < lI2j — Xm 1> + [k — ctm (1 — &)1 |Xm — T X [|* + O
Then
Iym —2z1* = Iym — 2+ 2 — 2|
= llym — zl* + Iz — 2> + 2(ym — 7, 2 — 2)
12 = Xmll? + [k = etm(1 = e&m)1llxm — T™%ml1? + O + l12) — 211 + 2llym — ZllIZ; — 2II.

IA

Taking j — oo,
Iym — 21> < 1z = xmll* + [k — @m(1 — a1 Xm — T™%m)|* + Opn.

Hence z € Cpyq. Letx,y € Cpyq C Cp withz = ax + (1 — o)y where o € [0, 1]. Since G, is convex, z € Cp and
||ym—x||2 = ||X_Xm||2+[k_am(1_am)]||xm_Tme||2+9m» lym —J’I|2 = ||y_xm||2+[k_am(]_am)]||xm_Tme||2+9mv
we have

lym = 2I? = lym — (@x+ (1 =)

= lla@m — X + (1 =) Gm — W

allym — xlI1> + A = ) lym —yI> — (1 = )| (n — %) — Gm — VI
a([Ix = xpll* + [k — am(1 — am)][1Xm — T"%nl|* + 6m)
+ (1= a)([ly = xal® + [k = am(1 = am)]xm — "X [1> + O) — (1 — ) ly — x||?
allx = x> + (1 = )ly = xnl* — (1 = )|t — %) — & — )|
+ [k — @ (1 — @) [1%m — T™ % 1> + O
= lla®m — %) + (1 — )X = Y)I” + [k — am(1 = am)][xXm — T 1> + O
= [|%m — z|1* + [k — am(1 — ) Xm — T™ x> + G-

A
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Then z € Gy, it follows that G4 is closed and convex. Hence C, is closed and convex for all n € N. This implies that {x,}
is well defined. From x, = P, Xo, we have
(Xo — Xn, X —y) >0, forally € G,.
Since F(T) C C,, we have
(Xo — Xp,x, —u) >0 forallue F(T)andn € N. (3.1)
So, for u € F(T), we have

0 < (xo — Xp, Xn — U) = (X0 — X, Xy — Xo +Xo — U)
= _<Xn_XO’Xn _XO>+<XO_XH»XO_U)

< —lxn — %ol1* + lIxo — Xull[IX0 — ull.
This implies that
lIxo = %all* < [IX0 — Xallllxo — ul],
hence
lXo — xn|l < |lxo —u|| forallu € F(T)andn € N. (3.2)

From x, = Pc,%o and X1 = Pc,, X0 € Cyp1 C Gy, We also have
(X0 — Xn, Xn — Xpp1) > 0 foralln € N. (3.3)
So, for x,.1 € Cy, we have, forn € N

0 < (Xo — Xp, Xn — Xng1) = (X0 — Xn, Xp — Xo + X0 — Xn41)
= —(X; — X0, Xn — Xo) + (X0 — Xn, Xo — Xn41)

2
— X0 = XollI* + lIXo — XnllIXo — Xn411-

IA

This implies that
X0 = %all* < [IX0 — XallllXo — Xn111l,
hence
IXo — xull < lixo — Xu41ll foralln € N. (3.4)

From (3.2) we have {x,} is bounded, lim,_, , ||X;, — Xo|| exists. Next, we show that ||x;, — x,+1|| — 0. In fact, from (3.3) we
have
1%, — Xn+l||2 = [|(Xa — X0) + (x0 — Xn+1)||2
= llxn — Xoll* + 2(xn — X0, Xo — Xn41) + X0 — Xns1I?
= X0 — Xoll* + 2(Xa — X0, X0 — Xn + Xn — Xng1) + X0 — Xpp1 ||
%0 — Xoll* — 2(Xo — Xn, X0 — Xn) — 2(Xo — Xn, Xn — Xnt1) + X0 — Xni1”
X0 — %0 l1* = 2[lxa — XoI” + X0 — Xn41[®

2 2
=0 = XollI” + lIXo — X4 [l

IA I

Since lim,,_, o || X, — Xo|| exists, we have that

lim [|x; — xpq1]| = 0. (3.5)
n—oo
On the other hand, x,,11 € C,41 C C, implies that

1yn = %n1l1? < 11x0 = Xag1[I? + [k — an(1 = an)1l[x0 — T"%al|* + 6r, (3.6)
By the definition of y,, we have
[yn = %all = llotnxn + (1 — ctn) T"Xp — Xl
= (1 —an)lIT % — Xn .
From (3.6), we have
(1= an)*[IT"%n = Xall* = 1yn — Xall?

2
= |lyn — Xn+1 + Xpp1 — Xnll
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< Y0 = X112 + 1Xne1 — Xall® + 21¥n — Xa1 [ 1Xns1 — X
< %0 — X1 lI” + [k — ot (1 — o) Ixa — T"%nll® + O + X1 — Xnll* + 201¥n — Xns 1]l |Xns1 — Xl
= [k — ota(1 — &)1 l1%n — T"%all* + 2l1xns1 — Xall (X1 — Xall + [V — Xas1]l) + On.

It follows that
(1= a)® = (k= an(1 = @) IXn = T [1* < 201%n1 = Xall(Xa1 = Xall + 1Y — Xng1ll) + 6n.
Hence
(1 —k—a)IT"0 — Xl < 2[%p+1 — Xall ([ Xn 1 — Xnll 4 Y0 — Xns1 ) + O (3.7)

From lim sup,,_, o, &n < 1 — k, we can choose € > 0 such that o, < 1 — k — € for large enough n. From (3.5) and (3.7), we
have

lm [T, — x|l = O. (3.8)
n—oo

Next, we show that limy,_, » ||TX; — X5|| = 0. From Lemma 2.4, we have
ITx0 = Xall < [ Tx0 — T X0l 4+ 1T %0 — T %o |+ 1T X1 — Xt |+ 1Xas1 — Xall
< Lillxn — Tl + 1T Xni1 — Xpga | + (1 + Lok ) X0 — X |1 (3.9)
From (3.5) and (3.8), we have
lim ||Tx, — x,|| = 0. (3.10)
n—00

By (3.9), Lemma 2.2 and boundedness of {x,} we obtain ¢ # w,,(x,) C F(T). By the fact that ||x, — Xo|| < ||zo — Xo|| for all
n > 0 where zo = Py (Xo) and the weak lower semi-continuity of the norm, we have

A

X0 — Zoll < lIxo — wll < liminf{|xo — X,|l
n—oo

IA

lim sup [|xo — X, Il < llXo — 2ol

n—oo
forall w € w,(x,). However, since w,,(x,) C F(T), we must have w = z, for all w € w,,(x,). Thus w,, (x,) = {zo} and then
Xn — zo. Hence, x, — 2o = Prr)(Xo) by
X0 — Zoll> = [lxa — XolI” + 2(Xn — X0, X0 — 20) + Ilx0 — 20|
2(llz0 — xoll® + (Xn — X0, X0 — 20)) — 0 asn — oo.

IA

This completes the proof. O

Using this Theorem 3.1, we have the following corollaries.

Corollary 3.2. Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T be a k-strict pseudo-contractive
mapping of C into itself for some 0 < k < 1 such that F(T) # ¥ and let xy € C. For C; = C and x; = P¢, X, define {x,} as
follows;

Yn = anXy + (1 — ay)Txy,
Cop1 = {2 € Go: lyn —2II” < 1% — 2017}, (3.11)
Xn+1 = Pc,, (X0,

foralln € N, where {a,} C [«, B] for some o, B € [k, 1). Then {x,} generated by (3.11) converges strongly to zo = Prr)Xo.

Corollary 3.3 ([13]). Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T be an asymptotically
nonexpansive mapping of C into itself such that F(T) # @ and let xo € C. For C; = C and x; = P, Xo, define {x,} as follows;

Yn = OnXp + (1 - Oln)Tana
Gt = {2 € o 2 lyn — 2II* < llxn — 2I1° + 64}, (3.12)
Xn+1 =PC,1+1XO» neN,

where 6, = (1 — an)(kﬁ — 1)(diam C)> — Oasn — ooand 0 < a, < a < 1foralln € N. Then {x,} generated by (3.12)
converges strongly to zo = Pr(r)Xo.
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Corollary 3.4 ([7, Theorem4.1]). Let H be a Hilbert space and C be a nonempty closed convex subset of H. Let T be a nonexpansive
mapping of C into H such that F(T) # @ and let xy € H. For C; = C and u; = P, Xo, define a sequence {u,} of C as follows:

Yn = olp + (1 — o) Ty,
Copr={z€Cllyn—zll < llun —2z|I}, (3.13)
Upyr1 = PC,H_lev ne Na

where 0 < o, < a < 1foralln € N. Then {u,} converges strongly to zo = PrXo.
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