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(Forward Kinematics) (Joint)
(Inverse Kinematics)
(Velocity and Force Jacobian)
(Forward and Inverse Dynamics)
2-Link  Planar Arm
Articulated Robot

Gradient Projection

4.2 2-Link Planar Arm

4.1 Kinematics Model 2-Link Planar Arm



421 (Robot Parameter) 41
Link oy —Cl =
11=/2 =05 .
Link NE, - 1kg.
422 - (D-H parameter)
D-H parameter (Forward Kinematics)
42 D-H parameter 41

gﬂﬁ 4.2 MsRUNUEN9BBUTUNAKLY 2-Link Planar Arm
4.1 D-H parameter  2-Link Planar Arm

Link No.() ~ Link Twist (a,.,) Link Length(a,.) Link Offset (d) Joint Angle (G)
1 0 0 0 Q
2 0 i 0 P

3 0 0 0 0
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(.1 1aM
01, d
(Prismatic Joint) (Revolute Joint)
Denavit-Hartenberg ..1955 R . Hartenberg  J. Denavit
[19] D-H parameter Homogeneous Transformation Matrix
COS 61 - Sln#l 0 «1-1

. SiNo'cosatl cosBicosa(l - sinail -disinaz
“ 7 sinoxsina( 1 coso sin«(1 cosor, 1l dIcosa, 1
0 0 0 1

423 (Forward and Inverse Kinematics)
(Forward Kinematics)

Joint
(Joint Space) 3 XY Z
(Cartesian Space) (Base Frame)

cos(#1+02) - sin(dj+02) 0 cos6(L, +cos(0l+02)L2
e sin(0, +01)  cos{oX+02) 0 sin0L, +sin(0,+02)L2

o 0 0 1 0
0 0 0 1

P

; R P

3l = i

PZ

0 00 1

\T

[R] = Rotation Matrix 2 Link Planar Arm
[P] = Position Vector : x Y z
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(Inverse Kinematics)

3
Xy, Z Cartesian Space
Algebraic, Geometric Geometric
Geometric
Joint 1
0X=Atan2{y,x)~ Atan2(k2,kx) ( 1 2 )
X=Kklcos#1- k2sin61
y =k1sin 6X+ k2CC8U
kx- L x+£2c05$2
k2= L25In92
Joint 2
02= Atan2(21,L2Y)\-(c0502)2,x 2+ y 2-L x- L 2)
( 2 )
4.2.4 (Jacobian)

(Revolute  Joint)
(Prismatic Joint)

(Velocity Jacobian)



-, SIN9X- Z2Sin~1+62) -L2sin(M +02) 9x

= 7,0086X+ L2cos(9, +92) L2c0s(9j+92) o1

0 - ZjSin9X- L2sin(#, +02) -L 2sin(0, +92)
' Z, COSOX+ L2cos(#1+62)  L2c05(9x+92)

(Force Jacobian)
(
) ( )
h 2 SiN9X [2+. cos#2 |,
y 2 0 72 fy
4.2.5 (Forward and Inverse Dynamics)
(Joint Torque)
Cartesian ~ Space 2
Lagrangian Formulation Recursive Newton-Euler Formulation

Recursive Newton-Euler  Formulation ~ (

(Forward Dynamics)

(Joint Torque)

(" W2+ jm 22+ m2coso212)6x+ (A m j2+ 4m2C0S62 2)02
r = -m 289220092 - ~ m25m 921292

+_ 191COS6x+ ~m 2g1C0S(#1+62) +m2glCOS(IX+ 62)

T2- (M 224+ w2cos0N2)9x+ (jm22)02+. m2SiN921292+-"m2ylcos(0x+92)

2



(Inverse Dynamics)

(Link)
- A+ gsmOx

Vv = M0X+gcosd
[((SInf " - (006> )&% -~ 2- 002) 1 Sm(oX+ 02

2

l((c0s02)01- (sin02)0x + ~9\ +7£2) +£ cos(i +#.)

4.2.6
1) Global Collision Avoidance

XYZ

Cartesian Space (Off-line Collision Avoidance)
Ko Kv
4.3

26



N «< X

H}

—J

0 -*

Inverse
Kinematics

+ +
M(6)
+RR+ +4%
B(6)+C(0) p===s
Kp Kv G() : :
T
+(T>, A |
— (0 L 0
-+ : :

Global Avoidance
Technique

4.3 2-Link Planar Arm

Globhal Collision Avoidance

Forward
Kinematics

N <X



2)

Local Collision Avoidance

Cartesian Space (Real-time Collision Avoidance)
Kp  Kv
44

XYZ

28



[re]

Inverse
—’

Kinematics

e
’
¢
’
L
’
]
.
‘
L]
]
]
'
A

Local Avoidance
Control Law

? et
: F d v
5_’_ ’Klnzr:::ics s
g |
B(6)+C(6) |ansn,
s |}
i
* A LA
= ¢ : ;
4.4 2-Link Planar Arm Local Collision Avoidance

29
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4.2.1 (
2
1) Global Collision Avoidance
(050 025 Z=0
X =03 20 (0.75,0)
8 rad/sec. 45

03/ — ]
0.2 /_\..'. A
0.1} / < |

E 0:r X End Point Starting Point- 71‘
o1f |
a2} ]

| Virtual Wall i

4).3‘f X=03 | |
02 04 06 08 1 12 14 16 1.8 2

X axis
45 Global
Kp=100, Kv =20
(05,0) 04243
Z=0 X =03 20
(080) 0.1697 mis,



Y axis

3l

| ]
0.31[» ;
0.2!” 4
04 '
®e0000 00000 00090 008 t-—;:' o -9 e .'....‘ ‘

5 o e
> » \ i it |
s End Point Starting Point _!
o E

5| .s

| Virtual Wa

03| X=03 i

i 1 N £ 1 | [— SR, /S L 1 caig)
0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

X axis
4.6 Global
Kp=100, Kv =20
Local Collision Avoidance
(050) 0.5 720
X =03 (20) (0.75,0)
= % radfsec. 4.7
03l | A~ S i
0.2 J
0.1! (
0 R Starting Poinl~"7'+“
End Point

01- l
|

0.2+ lt
| |
0.3} Virtual Wall |
(. X=03, 1 1 ! S S| A [ ¢ T L..__g,____l___,__..._J

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

X axis
4.7 Local

Kp =95 Kv=19.5



4.2.8

Kp =35, Kv=11.83

2-Link Planar Arm

Kv

Global Collision Avoidance
Local Collision Avoidance

Local Collision Avoidance

32

(05,0) 0.4243
=0 X=103 20)
(0.80) 0.1697 |
48
|
Xz (
d
End Point Starting Point |
AT 1.2 1.4 16 18 é
X axis
48 Local



4.3 Articulated Robot

PRENNE
[ ] [ ] ................
' T
s e M

31/ 4.9 Kinematics Model Articulated Robot
431 (Robot Parameter) 49

Link ax-a2-a3 =10 inch,

=/2=/3 =5 inch,
Link mn=m2-m13 - 1kg
Inertia~~ Motor ~ Link ymi=3dm2  =200x10'6kg.m.2
432 - (D-H parameter)
D-H parameter (Forward Kinematics)

410 D-H parameter 42



4.10 Articulated Robot

4.2 D-H parameter  Articulated Robot
Link No.() ~ Link Twist (ax) Link Length(ail Link Offset (d}) Joint Angle (4§)

1 0 0 0
2 90 0 0 @
3 0 12 0 (2
4 0 13 0 O<
a 14 1aM
6-, d( Prismatic
Revolute Joint
Denavit-Hartenberg . 1955 R . Hartenberg  J. Denavit
[19] D-H parameter Homogeneous Transformation Matrix
oS 01 - Sin01 0 2 L

Sin01c0Sa1x C0S61C0Sa, : - SN@ , -d ,SiNau
sin#, sina cos6lsina, , coSat;: cosat 1
0 0 0 1



43.3 (Forward and Inverse Kinematics)

(Forward Kinematics)

Joint
(Joint  Space) 3 XY Z
(Cartesian Space) (Base Frame)
( )
cos#, cos(02+G3) -coso3sin.. +#3) -sin#l 4
sin#, Cos(02+03) -Sin#, sin... +#3) cos#, 774
- SiN.. +03) - COS... +03) 0 734
0 0 0 1
L2 7B/
4 =(/cos#2+ /cos(#2+ 5 )) cos#1
T24 = (/cos#2+/cos... +::))Sini
T34 =-1sin02- /sin... +03)
(Inverse Kinematics)
3
Xy, Z Cartesian Space
(Joint Space) (Base Frame)

Geometric ( )

Joint 1
~#1=[4tan2(y,je) ( 2 )

X=(/c0Ss2 +1 cos(i2 +63)c0S62
y =(/Cc0S62+/C0S... +o.)SINE,

Z= /sin#2+ /sin(#2 + 63)



Joint 2
- 12-12-12
p—cs
U-0n\z 'r)
T 62=P 4yl
L2=13=1
Joint 3
03 =180- cos'L 1
L2=L3=1
434 (Jacobian)
(Revolute  Joint)
(Prismatic Joint) (
)
(Velocity Jacobian)
°V4=°) (0)0

cos82+cos(82+53)sm81 (sin82+ (2+ 3)cos 1 00581 g}
\= cos(82+83+ cos®)cosBl - (sin824( ( 2+ 8&)sin@3 - sin 1

0 - (cos 2+cos( 2+ 3))' = cos( 2+ 3

- (cos 2+cos{61+ J)sin 1 sm62+ ( 2+ J)cos 1 -cos I ( 2+ 63))/
cos(82+®+cos83cos8]l sm82+ 8%}£m 1 -sin Isin( 2+ 3)/

c0582+ Cos(#2+ - cos( 2+
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(Force Jacobian)
(
) ( )
V 0 0 L(sin(02+ 02) + SIN02) -
r= q, = LSIN02 L(cos"3+1) 0 fy
13 0 0 L(cos(92+92)+ C0S02) |
4.3.5 | (Forward and Inverse Dynamics)
(Joint Torque)
Cartesian ~ Space 2
Lagrangian Formulation Recursive Newton-Euler Formulation

Recursive  Newton-Euler  Formulation

(Forward Dynamics)

(Joint Torque)

(§n“l2+ %m 42+m2c0s922)9x+ (A3-m j2+"2-m200502 2)02

- - m2SiNo2120102-  2SiNo21202

N\gICOS& + 2 M2a coscst +02) + M2 1COS#1+62)
2= (Al 212 +\-m 2COS0M2)0 X+ ( Im212)02+ 7/ 25in02120 2+ Mm2glcos(0x+02)

rs = (“msl2)02+]-m2(sin02)12+\m 2l cos(#, +02)



(Inverse Dynamics)

(Link)

0 0 0 0 0 0
Poa,= 0 X0+ 0 X- 0 XOwt 0 = 0
0. 0 n 4 g ¢

cos D(sin(0, +01+03)MN cos Hcos(0] 02+ $3))( 22 cos9%%y.2/ +gsm&
- smo](sm# (# +61+63))1 + sm62cos(93+92+93)<’>2y + cos

(cosf<9, 0246 3)0n - (sin(0, +02+93)(% COS

sin Lo ( 2+ 3) 2- (cos0)0, +cosOcos( 2+ IX( 1V +( 3Y)
Pl -sin qsin(ft, + 3) 2- () D 3-«) Zeos( 2+ )( )2+sin Lcos((2+ 3) 23- cos 1 23( 2
( 2+ 3)+cos( 2+ 3AXcos ) R+((cos( 2+ 3))-( . 2+ 3-2(cos( 2+ 3)( ( 2+ 3)cos 123~ sin ,(0}

sin Lcos( 2+ 3) 2- (cos 1) 3+cos Lcos( 2+ J)X( R)2+( 3)2)
Re@s= - 1 Isin( 2+ 3) 2-(00 1 3-00 Icos( 2+ 3X 122+ 1 Ycos( 2+ 3) 2 3-COSDsin( 2+ 3)( 3)2
( 2+ 3+cos( 2+ 3))(cos0) 2+(cos( 2+ 3)- in( 2+ 3)-2cos( 2+ 3) in( 2+ 3J)Xcos0) 230 -( I 22

43.6

Articulated Robot
CRS Robot 3
Local Collision Avoidance

Local Collision Avoidance

XYZ
Cartesian
Space (Real-time Collision Avoidance)
Ko Kv 4.11



<

Inverse
Kinematics

» s

Local Avoidance Control
Law

«

Forward
Kinematics

]

pewe)orvonnonnns

Articulated Robot

Local Collision Avoidance



43.7

Z axis

438

XY

Local Collision Avoidance

XY
(7,05) 25 /=
X=5 (20,0,10) (9.5,05)
6 radian/sec. 412
58 - —
| | Awidance Path |
2! ; Reference Path |
g Virtual wall X=5 |
1 l i “"1
0 i ™
| Er(\g;g)m Start Point _ ¥ !
& (20,0)
2!
Bl walxes— S » = B SR
4 6 8 10 12 14 16 18 20
X axis
10 - —~ . ‘
Start Point .
8. (20,10)
6: End Point (9.5,5)
| ——
% 6 8 0 12 14 16 18 20
X axis
4.12 Kp=45, Kv=13.42
Articulated
(7,05 (20,0,10)
X=5 Local Collision Avoidance
Local Collision Avoidance
On-line

(Step Size)
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44

2-Link Planar Arm Articulated Robot

Global Collision Avoidance

Off-line Collision Avoidance Local Collision

Avoidance

On-line Collision Avoidance Global Local Collision

Avoidance

Gradient Projection
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