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Abstract

In this project, we study the third-order Lagrange perturbation theory and found that there are
different grow functions for each perturbative order. There are essentially one growth function for
first and second order of perturbation. There are three growth functions in the third order of pertur-
bation; however, only two of them independently involve in the growth of non-linear structure. The
second and third order of perturbation could be approximately written in terms of the first-order
growth function with only 1% variation. This approximation is commonly known in literature as
the Einstein-de Sitter approximation.

The calculation of non-linear power spectra with Lagrange perturbation theory show that the
variation of the Einstein de-Sitter approximation in the power spectrum could be as high as 10%.
This variation is significance and cannot be ignored with the capabilities of the next generation
surveys.

The growth functions depends on the amount of matter and energy in the universe. Hence,
the growth functions can be used to measure the matter and energy parameters especially the
dark energy sector. In addition, the growth functions could be used to distinguish between to
models of dark energy; namely, the cosmological constant and the dynamical dark energy, via
galaxy redshift surveys. The parameter constraints from redshift survey when combined with the
constraints from Planck’s CMB will give better and tighter constaints.

Keywords: cosmology, cosmological perturbation theory, dark energy, Lagrange perturba-
tion theory, large-scale structure
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N3 NANINGBNITIUNIULUUAINTINA (Lagrange perturbation theory) s1nuinflandunisiaule
(growth functions) vesrunUILULluenAndwarefeidulpaunazHsndunsdulnazunsarnulung
suniu Tuanddedidinideladgnumnissuniufsinduiiany wudtluddiuivids uagaedifladdunisiiivlngiiu
axnilefleandu druanunaudiendunisifulaauilendy winindinaneaminisaisiaiieswadosflentuvintu
g d’J U a o U dl o L dl = 6 a o U d‘ d!
naililstunsiulaludduiiaes waradunauansadsuluguussinavesilsidunisiulaasuividalag
fnsenuranafeuagiusEan 1% NAIMWNASe AluinidedellounsldrussanainGends nsuse-
UukuU Einstein-de Sitter

dammwnnaaUnafumatagldnmssuniuiuuansidnuianuaaandouindugalane 10% sailives
adglunisutananisdisn Uszneuduwalulagnsdrmafiasnsalialaegisuiugyinlmsiawnsaiay
Tn1sUszunauwuu Einstein-de Sitter 1aan

flefFunmsiiuluysimuesUsenevaans wasndnu dauflsidunmsivlnaduileiduivnzanlunisin
AANUAUILULEENS Waznasnudln Tunsalveanasanudn sgunsaleflendunisifulnlun1suenanumiauwan
semneAsiisnsnainen (cosmological parameter) uaz ndsnuiiauuuna’a (dynamical dark energy)
PINMIATIITINTAANIATNIANE 9 WU Ardaiamnsiwes (parameter constraint) fild1nn1sdsa
asdnsdlethunsufuesfiamsinesainunasdaslieinsunidy
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1 UNd

nguiusiliudadunguinddnlunsinulassaisvesennnumnia (large-scale structure of the uni-
verse) [1, 2] TuaLﬂaixﬁuiw@ﬁuﬂWiﬁﬂwﬂmaa%ﬁwaqLaﬂn‘wmmaaﬁﬂwﬂ(ﬁmﬂeﬁmwﬁmiiumul,%qLﬁu (lin-
ear perturbation theory) [3] %ﬁmaﬁlé’mawqwﬁﬁmmma’%maé’ﬂwmwL%ﬂmaa%fwumLaﬂﬂwimimlﬁﬁiu
syAUaLNaNInnIY 1 Angwiea (~1 Gpc) il wineildlosdosnisfiasfinulasiawenenanluszivana
Pdnaslulusziunense (~1 Mpc) uummmmwawqwgmiwmumLauamm dlosnanuldidadu
veusdtuatuiinsnamniuluainaiidn aﬁm'ﬁﬂﬂwﬂmqaﬁwaaLaﬂﬂ‘vﬂ,uaLﬂaiumuumqwmﬂmmma
Toun msliizuuudeivisey (semi-analytical methods) [4, 5] wien1sad1suuusassnauinnessyuy
aun1AuM (N-body simulations) [6]

Joyan13dunan1saligednsa Lﬁduﬂﬁﬁﬁw%am”amawﬂLﬂaﬁmwﬁwﬁm (Type la Supernova) [7—
9] nsdrsaedlalasilitundenan (Cosmic Microwave Background — CMB) [10—13] %30 n15é1574
Baryonic Acoustic Oscillations (BAOs) [14] waz n1sinasutdanisiiines [15] lé’%aagﬂﬁugmﬁmmlﬁ
diuienaniinisuenefsieaiss Msveiefvesenawsneaussliasaesuglalagvguiaasialy
uianansnesunglddedaifondy wdsewde (dark energy) FwildungugiindneEememdsnuiinfided-
g fip NouA1AIINTINEINe (cosmological constant) [16] msﬁmwaﬂ"]moﬁ’ﬁﬂ'ﬁ’mimmmmiaﬁﬂﬂ
Tesueusngnisalinisveeiwesenanuannelmialgwinisuiuaziden (fine-tuning problem) [17, 18]
usnilelunnenawimsingnainends Smguinisiannsassueld A wdanudiauvuwade (dynami-
cal dark energy) Inenisfviualiiaunisaniue (equation of state) Wity P = wpc? tnefl P wnu A
AL 0 WU ANUAUILULY ¢ W Araansauasiugaanne ez w unl wisdnesaunisaniuz (equation of
state parameter) A1 w °v1mmuaummﬂmaﬂﬂwmmammamwmwaﬂluﬂm W< —1 ”Lusufum e w iy
lﬂimmawmmwwamuaa‘lumq w>—1 ﬂivuuﬂmum w mmﬁaﬁﬂmmﬂﬂammﬂu 1[13] Fadurniieniu
fui w vemAsiImsinsnaIne ffunsuenauuansesEwinsaimadnsaine uarnduiln
wuunadndadudgmitinmedmsutiniland nsdsnmadnsluranesadnsiannsofivesiinveamnsi-
wosmednsaineldlasiamzegnidansdinesmivadesiundanuiln Wosnadsldazegluligi-
SATNA (redshift space) Liﬁﬁwuﬁ’uﬂzgmmiﬁmLﬁsﬂuﬂ‘%ﬂ“ﬁm%Wﬁ (redshift-space distortion) n150n
Jerluigliaadnifimanevaussiibdensdsustasiladfunsiuladsiufusmsfinesaumsanus w
é’fﬂﬁ?umsa%fwL.waé’wamwwmwﬁsummiﬁmLﬁaﬂuﬂ%gﬁLﬁ@%v\lﬁﬁaﬁmmﬁﬂﬁmiuﬂﬂﬁﬁﬂwwwﬁqawuﬁmLwaa"’J’m

nmsdramdssaiddglumsinulasiaisliidaduluennn léun BAOs Sulurdudsswosenanluye
Fuduiiedouiiulusmeunazuueevluaniwmanasn [13] Sinssossesvaaniosglunisdsamadnslugy
vosrduluaUnasuiida (power spectrum) lu BAOs awnavesndvluanaduidazaenadosiuainavou
\de (sound horizon scale) BAO mmaamlﬁmﬂmiﬁwmmmé’umiﬂmwamﬁm (two-point correlation
function) uazeranasuiaalul3giiisndniv [1, 14, 19-23] f-ﬁ'ﬂﬁmmsmmwaammLﬁuﬁmé’qwaﬁiﬂﬁﬁﬁm%’u
nsFnmimesaunsaausTiusnune Fsennsadiuiivdniinelianmsiaiisdlilasonitungsls
Jueeei



a

Tuhatuuarewanlulndiaziindosdie uaslassnsmsdmamadnsiiddyAatumnnanediidnenmly
miﬁﬁinmiﬁﬂsﬁﬂ5@Uﬂquﬁuﬁﬁmﬁwlé’ﬂ%q wagdnuinniau lawn Dark Energy Survey (DES)' [24],
Extended Baryon Oscillation Spectroscopic Survey (eBOSS)?, Euclid®, Large Synoptic Survey
Telescope (LSST)* [25], Square Kilometre Array (SKA)®, Wide-Field InfraRed Survey Telescope
(WFIRST)S [26] Tassmsdrsaawmaniaztnelisdnlalasiadesssuunnnvosenamnniulaganizogn
fdlassadidluanadilidadu ffumsdnwm@mguiiderhanudilafesulasesdiaduidanuddy
asm?JaiunwLLUﬁma%’amaVﬂé’mﬂﬂﬁﬁﬁn Tassmsdsniteziiatulueueamearitaudddomnindne-
amiazdsemsdng wasmmingiiensed z 2 3 Judussesvineiianelunisdisnn BAOs Tuanasziu
~150 Mpc LLlILLGﬂUﬂ’]Li@‘UWWW’]ﬂIﬂaLﬂEJQ‘VI’«JuﬁWi’J’w] BAOs lawuniu

wuuaesddinneivedasaieuvnmavesenandlddaduidnenmitey s linanauunuildann-
Tassairsdsadmnuduanlasnsiieudisunanisdsaildanamisdinedsns q wikhisnsaiauuuii-
aosiiduiidey AenssunulvuediiigainaliiBadu uazsuifisunuuiaesmguivuuudiaosnonin-
wesszuvaynaouii Tdansalindiladnvarremdsmuiinlfidueead Bnssuniuiiduiiteundn 9
Tapavgud] Ao NOBNIIIUNIUNNTEIY (standard perturbation theory — SPT) [27-29] wag ngufin1s
SUNULUUAINT 1A (Lagrange perturbation theory — LPT) [30-32] d@usuunanuusiataiuisadns
Wisfileann [33]

SPT I%ﬁaLLUsL%qdmaaizaaqﬁa Taun aunuANNBUILLULIAYYBIEENS (matter overdensity field), o, waz
dunamsisauda (divergence of the velocity field), v, usnszdufinuiluainaves BAOs SPT liilélvina
nsmuninTu R RLSuF UM sTUNIY ﬂ'wé’uwsiﬂmwammmﬂé’uﬁumisumuﬁqﬂqmiﬂé‘lﬁmﬁﬁﬁu [34]

=3

At inidedsludnynastsegnanisldan LPT lunuidensianuusiugiiuniseuiniganiiwasldfmudsdy

Saizlﬂm@hLﬁaaﬁﬂﬁu’qé’wiwﬂﬂ%ﬁ’uLLUUﬁwaamauﬁaLmaﬁixwaumﬂLaué”ﬂﬁdwﬂ’h [35]
1‘14@’]‘14’37\]Elﬂjﬁ]wLUUﬂﬁiﬂﬂ‘lﬂﬂﬂEJI‘?W]QU{]ﬂﬁiUﬂ’JUL“UQIuMﬂ’N (gravitational perterbative theory) [33] iy
\eTivzeduiednuaznmsnevedlassadiaenan mmmﬂs‘“mﬂLi:umuﬁuaﬂimamiﬂamimmwg]miiumu
Baliuansluuszendldiunisfinudunssanimlidi@edu (non-linear correlation) MinanauIuA UMUK
usuM@euRa (primordial non-Gaussian density fields) Lm'L‘ﬁaamﬂiwdwﬁﬁ%ﬁumﬁﬁﬁ%agjﬁ?u Jo-
Hﬁﬂ’]iﬁ’]i’lﬁmm&ﬂuﬁ’ﬁ’mLL‘Wﬁ\‘iﬁ( (Planck spacecraft) [36] Iimsiaamsfiwesuewn@eusaiy (pri-
mordial non-Gaussianity) fa. 3einiiinlulduansdemmumunutiuueunideusaiuodediteszannneiioz

Julszhuimidne Feldiuasunisussandlivguimssuniudsliuaislu@nen BAOs [20] unu

1 http://www.darkenergysurvey.org
2http://www.sdss.org/surveys/eboss/
3hitp://sci.esa.int/euclid/
4http://www.ls:st.org/
>hitps://www.skatelescope.org
6ht'(p://wﬁrst.gsfc.nasa.gov/
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http://sci.esa.int/euclid/
http://www.lsst.org/
https://www.skatelescope.org
http://wfirst.gsfc.nasa.gov/
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A = a gy ° aa = Y o
1) wefnwmguinssunmuidadidua wasdmgeiilalulssendldlunisinuaddnvarlasaiwesonnn
VUINUAENTIA

¢ = A sy = B a v o &
2) UszgndngefnssumudsiugulunsfnuieuluSuduvesonnn uazndanuila

3 A5n15AnNE

naenszeriallunsaluuiduladinsfnunguinissuniudaltunis Faegmeiunainaieislaedu
MOULINAZANY IV WANTTUNIULINTEIU Wan i sAnwianasuialuudndossiu ndeniuisladne
VOUHNITIUNIURUUAINT I eanansailuuszenalinisaddelulasansile

3.1 Ugynuazgudssa

[
XY v

LuaqmﬂivwmmmLuumiwn%aauu ‘Uallﬁﬂﬂiﬁ’]i')‘ﬂ?laﬂEJ’mﬁWi'J"ULL‘WﬂQﬂ (Planck spacecraft) Tavinsin

Y
=< 1

AnsfiwosuouiniBoudaiu fiu Fenit il fuanddenumuivusun@euduiuesditoezomod
wLdulsuiuiidne [36] ﬁ]ﬂiﬂLUﬂSUﬂ?iUizQﬂﬁﬂﬁmqwgﬂ’li'ﬁUﬂ’mLﬁﬁﬂiuuﬂ’JﬂUﬂﬂw’l BAOs uay n13in
Denluusgleadnd wnu Inevisidndddngufmssuniulumsfnemiewdu dwglanarilusienusely

=

3.2 N uANNYIVDY

¥
0 aw

Tuindeilivinddsldsusmauiang q feadestuidenuisels

3.2.1 Mae)n1sinlaseadne (Structure Formation Theory)

Tassadsunnesmuiuluenanduiinainauldasineaws (inhomogeneities) fiinainnisnsziienves
AUNANNUILUUYDIEENT p(X, 1) Fusranunsationnls fadl

_ plx,0) = pl1)
6(x, t) = T, (1)

Tneil o(x, 1) 38N ANUNUIRUULAY X Lmummaamwuﬂuwnm‘lmmm (comoving) p(f) unuAINT
wiadgluitalaywisd wamammaqaummﬂmmLLuumuﬁuuaaﬂuaumimmmamm (continuity equation)

0
E’O(x’ 1)+ V- (p(x, Hu(x, t)) =0, ()
WAL AUNIVDIDDELADT

Eu(x, 1)+ 2H(Hu(x,t) + u(x,t) - Vu(x,t) = -Vo&(x,1), 3)



a 12

loe?l u wiu Ausafina (peculiar velocity) waz V. = 4, unu fdnfiunisnsifeuluiialaynied
H(t) = a/a wnumasnguida uag @ dndliuaisluiialaynisg

V20(x,t) = SQM(t)HZ(t)é(x, 1), 4)

e Qy Wuns1imesanumruliuYeddds (matter density parameter) 51avdleny @ndaiass (ve-
locity potential) 6 ¢ail
O(x,t) =V -u. (5)

Y v

Tunguiinssumudadu aun1snisiiunivesanunuiwiuiu wasdndeusudeuladed

0
Eé(x’ 1) +0(x,t) =0, (6)
Y31 P
Ee(x, 1)+ 2H6(x,t) = gQM(t)HQ(t)é(x, 1). (7)

[
[y v

IN@AUNT (6) wag aunis (7) wiasldaunseyiusandyduiuasavenisdiatdanuuuwiuiule deil

2

0 0 3 2
5006 1) + 2H(0)26(x, 1) = SO H (1)5(x, 1). ®)

R
s A %

a9 v o s o I a = I3 = o vo X
Li']zﬂgallllmlﬁ L‘Uﬂu‘ﬂﬂﬂsﬁum@\‘iﬂﬁﬂlﬂiﬁu"lLLu‘ULﬂUFL‘L!EﬂV]LLEJﬂLUUWQﬂ%UW‘UUﬂUL’JﬁWI@@Qu
5(x, 1) = D (1)50(x), )

5580 Dy (1) 31 Mandunisiiulaadu (linear growth function) Taeyl 6o (x) WLAMUALIMULAUT I
Frnatanamila lnevlusnasun §(x) anuvuwuuiuinatdiuiesihld D, = 1 finadagiu
NaUNIs (8)-(9) wiagldaumseyiusnsiindves Dy fall

D, +2H(t)D, — gQM(t)H2(t)D1(t) = 0. (10)

' '
a1 o ' a

aun1stsmuduaunisiuanadenisiiivlavesnnuruiiduiufildiud ”fyLﬁuamwﬂumwa‘ii’mmmwm
1ATIEFENANNNAIA
3.2.2 wqwﬁmiwmummgm (Standard Perturbation Theory)

lunguijansuniu (perturbation theory) uaz Mneuvasanunuiuuiy way Andanusinansadou
warluguraTinvematdeluilla

=
ks

Na
Il

O1(x, 1) + Oa(x, 1) + O3(x, 1) + ...,
O(x,1) = Py(x, 1) + Do(x, 1) + P3(x, 1) + ..., (11)
01(x,1) + Ox(x, 1) + O3(x, 1) + ...,

D
o
=
Na

Il



lne?l wenduduil n azuUsiunssiu D} fdlaeiialuua D, fidnteendt 1 astivenduduiigeasiidessntos
AINEIAU Inauns (11) wagldauniseyiusandiyiilieseildunisiivlalusdazduduveinissuniu

1§ el
- : 3 2 3 2712
DQ -+ 2HD2 - EQMH DQ = iQMH Dl’ (12)
. . 3 3
Ds, + 2HD;, — aQMHQDga - 5QMH2 (D} + D\D,). (13)
. . 3 3
Dy, +2HDs;, — EQMHzD% = EQMHQDi (14)

Tnefiisnaziens Dy(t) wnuilsddunmsiulndusivans Dy, (1) was Dy, (1) winilsddunsdulndufuani isnae
Fuléin Dy(f) o D2(1) uaw Dsg (1), Day(£) o D3(1) diariu iilopnuiaznin 513sienn d, (1) = Dyo(1)/DA(1),
dso(t) = Ds,(t)/D3 (1) waw dsy(t) = Day(t)/D3(2) dwsuenanuuu Einstein-de Sitter (EdS) d, =
3/7, dsq = 5/21 uag dy, = 1/6

Tungufn13TUNILLINSEIY TN15N32BVBUVDIAUINANUAUILULLAUVDIEENT, O uaz auudndaiunsy
6 luusniinsies (Fourier space) Tgoradd

(&9

5z k) = ) Dio,(k), 0(zk)

(15)

—aHf ) Di6,(k),
n=1

ne? z, H uay a Ao 15a3n9 (redshift) Ammsiasuida (the Hubble parameter) way ananaunnines (scale

factor) mudsu Taedl aumdndanuddinmsuusiumueainauineesa f = dinD/dIna ~ QU
Lng?l MeUNITTUNIUSUAUT 1 iy
d3p1 dgpn
5l’l<k) = f (27T)3 te (271')3 (2ﬂ)3630(k - p[l,n])Fn([pl’ pn])élin(pl) U 6]in(pn)’
3 3 (16)
d P1 d Pn

oo - |

Tnedt Fo(py, . ..

(27)3 T (2703(2”)35%(" - P[1,n])Gn([P1’Pn])51in(P1) < Olin(Py)>

:P,) = Fu([p1>P,)), Py = Py +- -+ P, 402 61(k) = O (k). aelditeulvvadlingy

adwlulnuansies py, ..., p, il
Poials - - s IPldsalpy s - - -5 Pyl = 0, (17)
SransaUsTInaevesiisiiy F, uas G, 1éssi
T e e e )
' P P (18)
1Pl = o (PP (P P G (o)

SEUNTaNAERENMBNYBELNANTLLLAYReNITudRLeN  Awenfiineitesriue1y (long wave-
length mode) uag woniltivaUsiunaudu (short wavelength mode) fiail

Siin(k) = 61 (k) + 6% (k), (19)

5



< (L S i = 4 & o v ™ 4 & a
lpgi 61(in)(k) uay 61(in)(k) WNUMBNTINNINATUEND UagARUAY ATUAIAY InaufinanAfuaURzilaNINY)-

Yy o la v o Py ] av v = ] = ANa a i 4 & 4 o
Ty Anulddsduisnagladnwmnel lnenanlaainnsenenuiimeunaueniioninanenduduilarinnig
wAaun1s (16), (18) waz (19) lnanudusiuseai

- . d3p d3p —ip -(x—DE (L) (x))
S ,k _ D" d3 —zk'xf 1 n [1,1] lin
@k =, Jerer [ Gh e

X [P 23y, (p1) -0, (£

Vl(ii) ip oy, | 2 = o 4 o
Dal — ? i (P) BUTUMBNNLINAAUTINY T ASUY
e mguimssumutusldansafisdameniinanaiutsenlfasdesanibvinatenduriedu
ptaiitfoes Tnvaunsvamaiilgenunildnandaninnsn q vesmssumuauuaTILLLLEANS wag aul
NsuvesmEesaansiin aunidsausaorlulddunmunatusiddlddely

AaUneSuAAY Ao NMsAIMEINTIANW (correlation) vesawmaNuruULluesay fil
(" (k)s™ (k') = (21)26% (k + k)P, (k), (21)
el P, (k) Aoaunadumdivasdunssnnmauuamunuwiudusun m wag n anua1su 65 (k) Ao dlan
wasasn (Dirac’s delta function) TuuSalianudii (...) Ae Alasgeswesla (ensemble average) 131
T8 1-loop U 2-loop @ UnATUMAIRIT
Pioop = Paa(k) + Pr3(k)
P oop = P15(k) + Poy(k) + Pssa(k) + Pssp(k)

(20)

~ & U a Y a —(L
Tne#l wnwesnnszinmduteulay :l(in) (p) =

(22)

P1_to0p 488 Pa_1o0p HAnudusiusiu biseectrum uay trispectrum muaau annsuiasluaiduag 9 9
\AE783AU 1-loop uag 2-loop Weninil

Plg(k) = 6P1m(k)f i

d
i oo p =P Pin().
@3)

_ d*k, dk, 5 5
Patky=2 | e o (2000 = Ky [P, o) Pr k) P

nay
d’p, &’p,
Py (k) = 30P; 2P
15(k) = 30 lm(k)f(%r)?’ (2m)3

_ d3k1 d3k2 d3p 3 _ (24)
Pauk) = 24f (27)* (27)° (27r)3(2ﬂ) Pk = fna)

X F2(k1, k2)F4(k1, ks, p, —P)Plin(P)Plin(k1)P1in(k2),

Fs(k,p, —pi, Py —=P5) Piin(P1) Pin(P2),

a4
_ (Pis(k))”
Puall) = Pt

_ &Pk dPhy dPhs ,
Pz (k) = 6 f 20 2 (Qﬂ)g(zn) Sp(k — kjug) - [Fs(ky, ko, k3)])? Pin(ky) Py (ko) Pin (ks).

(25)
Tnei Pyin(k) = P1y(k) = (04 (k)0yin (k)Y unuanpsumaudaiduvesaans (linear matter power spec-
trum)



3.2.3 wqwﬁﬂ'ﬁsunfml,l,wmnswé (Lagrange Perturbation Theory)

TunIfetiagadunsnunseUIIsAILINNTTUNIUKUUAINT YRS [32] TussuuainsneAsuriueayna
X WYNUNUNMETAALUUAINTINA ¢ wag auIunisnsedn (displacement field)

x(1) = q(x) + ¥(q,1), (26)

[

log x wiunnwmesmuritlussuuiialaynisd aprnumnwuuiulussuuiidauuuainslould dall
3 3
et = [ &gy g wia) -1 @)
aunsn1simasunveauIunisnsedn dudisil
2 d
(g0 +2H ()

TA8UANNITTUNIU LS1ENUNTONTLINENIUAUINNITATEIA LA AIT

W(g,1) = U\(q,1) + (g, 1) + Ws(q,1) + ... (29)

LiwmmmL°Uﬂuammmiﬂivﬁmiuiﬂﬁqﬂﬁzjumaﬁiwmﬂauiuauﬂiumwi i

f
e ] 2o
X Ly(kys .. Ky 1) (]_[ So(k,-)), (30)

logil W, (k, 1) uni waunssunmuadui n vesauunisnsedalulsolinsies uway L, (k... k1) uny
1ABSLUANIITUNIUAINT MY ( Lagrangian perturbative kernels) fienunisudasBiesnldluaideididudsil

U(q,t) = -V&(x,1). (28)

:fd3xf(x)exp(—ik-x), 31
WAy
&k -
fw) = [ 5 S f e (1k - x). (32)
WatlARSuaNISTUMUAINISs ULy SusUMSTUMUTTuRUnadussl
k
Lk, t) = /ER (33)
k (ky - k)’
Ly(ky, ko,t) = d; (f)ﬁ ll - W , (34)
k (ky - k2)2 ((ky + ko) - k3)2
Lga(kl,kQ, kg,t) — 3d3a( )(kz)(l —SW 1 - 1
k (k- ko)® (Ko ko) (Ko - kes) (K - Ky)
—2d 1- 2 35
»0 (k)\ e T e + Y

oo k = Z k; Ls, SnJunfesiliaunns (symmetrized) n1ewas

i



3.24 @wnndunidsluy3gliase (Real-space Power Spectrum)

alnasuidsilenulanniinisiuanmEiesdunssanmaesgaveIn LRy
P(k) = f d’x &(x) exp(—ik - x), (36)

loe?l € unu dunssannansgauasmuILUUAY A uduTuS e saUnasuMaatUA I LU AL DU

<5(k)5*(k')> = (2m)°6p(k — k') P(k), (7

logf P(k) unuanasudds wae o(k) uwnuanuvuwduiuludiginiies @unis (27)) awnasuiasly
U3iinsiesvuegivvunvesinees k = |k| wihtiu annnssuindsnisanalu [32] Aawnasuidadeuld

b@
=De

2
P(k,z) = exp l—@ fdp PL(p, Z)l

dZZ(Z)
2

X {PL(k, 7) + ( Q1 (k) + dz(z) Qo (k) + %Q?,(k) (38)

+ 2(d3a(Z)R1<k> + dz(Z)R2(k))},

Tnofl Py (k) wnu awnssuindadadu Q,(k) uaz R, (k) \Wuilsituduiindalusy

K ore !
0.k) = — [ drPukn) f dx
A Jo -1
Q,(r, x)
X Py [k(1+ 7% = 2rx)'/?] i (39)
1 Ko .
R = Pl [ ar P R (0)
Toedt P, (k) = Py(k,z = 0) wiuaUnesuiasugatagiu
O:(r,x) = r? (1 —x2)2, (41)
Os(r,x) = (1 - x2) rx(1—rx), (42)
Qs(r,x) = x*(1- rx)°, (43)
Ou(r,x) = 1-2%, (44)
wag
~ 2 3 4 |14+r
Rir) = -5 (1 T r2) (3 — 1472 + 3r4) + 5 (r2 - 1) In|—|. (45)
Ry(r) = 3(1 - ) (3-27 +3") + i(r2 - 1)3(1 +7%)In Lty (46)
2 r2 r 1—rl

8



----- linear
— nonlinear

104 1

103 -

P(k) [h~3Mpc?]

w,CDM Model

102 -

10! : :
1072 1071 100

k [hMpc']

JUN 10 nsmuaasanadumandady (an) uas awunafumasli@ady (duiu) uanenaauansnsluud
azisnTWvivaIwuuTIaaLanan w,CDM (21319 1) nsandmsuiuudnassdy q Ianwazadieadiy 310
uuasas z = 0.5, 1.5 and 2.5 Aasnasuiaslidadunanstiana ky /2

519z@eumninle (observables) [uilaidureasa @y z dmsulenaniuu Einstein de-Sitter nafllaaenndes
fiu [32] Auweiievssnss Ut HasTuAumelonglniuwdsaluaunis (38) agsodiausyanaliiiunilanuae
(order of unity) FaewwnilsFadenn analigadulin

1 -1/2
knl = [@ fdk/PL(k/)l . (47)

1TREFAANMIANNINAT k> ky/2 Aranasumasdmsusuudnaesenan w,CDM uanslugui 1 du
fneena



325 awunasuidsludsgiisnng (Redshift-space Power Spectrum)

AvesanaslulsgiiisndnividanwazueulelanseUn (anisotropic) Asiuazufiuiiamaiiomeuiuitaluiug

[

&4 2 Mnnszuadsnmsawanily [32] Aanasumaduliglisednideuls 9l
Py(k,u,z) = exp{—k2 [1 + f(f + 2)u2] A}

X

(1+ fu?)?Pule,2) + ) g2 f" Enn(K)| (48)

n,m

Tefl u = z - k/k uwnuailalsidves k feifisuiuwuds

A= [ akp, (49)
672
waz
_ dIn D, 50)
~ dlna’ (
fartuduiinga E,, (k) \uilsiduinduiinsaluguves Q,(k) uaz R, (k)
Ew®) = 200,00+ 4000 + 10.K) + 2 (OR(K) + 24 0RN),  51)
Ey(k) = 4Eq(k), (52)
da (1) 3 1
Ex(k) = — 5 O (k) — EQQ(k) + ZQ4(k) — 2d,(1)Ry(k), (53)
2 do () 3
Eoy(k) = (de (1) + 5 )Q1(k) + (5dz(f) + E)Qz(k)
+30;(k) — in;(k) + (2d2(t) + 6d3a(f))R1(k) + 10d,(7)Rs (k), (54)
Enk) = (001 ~30x(8) + 504(K) = 24,0, (k). (55)
3
Ey(k) = 1_6Q1(k)’ (56)
Es3(k) = dp(1) Qi (k) + (de(f) + 3)Q2<k) + 203(k)
—%Q4(k) +2d,(1)Ry (k) + 40, ()R, (K). (57)
3 3 1
Es(k) = _gng(k) - gQQ(k) + %Q4(k)a 1 (58)
Eu(k) = EQl(k) + §Q2(k) + §Q3(k) - ZQ4(k)- (59)

dmiuenaniuu Einstein-de Sitter d, = 3/7, ds, = 5/21 waz dy, = 1/6 nadnsTilFasnsau [32]
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A1519% 1: AmnsdwasvawananluwiaziuuINasg

ACDM | wCDM | w,CDM
Oph’ 0.0223
Oph? 0.1401
Oy 0.7019
A2 x 10° 22061
T 0.0956
n, 0.9695
wo -1.0 -0.8 -1.0
W, 0.0 0.0 0.1

4 FFAsAATIzvideya

dmdulasinmsdsaning anuEfinavesmsidnsazinliiensdndelumadnniuigs ie du-
Wisﬂmw)IuLLmLé‘QLLazLL,mﬁ’quﬂsum;gﬁqmm miﬁmLﬁaaﬁLﬁuUﬁﬂgmiﬂiﬁmmsav‘huwma’jwdwwﬁﬂ wava-
wsodalflunsnseseunguiininainedadonin mmaaeudanear-unadui (Alcock-Paczynski (AP)
test) [37] AP test mmiaﬁaﬂﬁi’f’i’ﬂﬂmamﬂ’a%awé’muﬁﬂquwa’?mié%amimaﬁi@w’mﬂimﬂa%f’mﬁﬁfmmsw

Fnsfisadnivising q funnUeuiisuiu Iuﬁﬁaﬁ;ﬁﬁﬁ%ﬂ%ﬂdnﬁqLLUUf{ﬁaawiN q il lunisdnw

41 WUUDIADINAINULALUUNAIN

AvinIdelaldiimuanidives (parametrization) vesaunisanusnasnuiinuuunanlaenisnszatemdias
5 (Taylor expansion) wuu Chevallier-Polarski-Linder (CPL) [38, 39]

w(a) = wg + w,(1 — a), (60)
39

Z
W(Z) = Wo + Wy—— (61)
® 147

089 wy wag w, Wuaiai Tunsdlvesansiidnsnainenazls wy = —1.0 and w, = 0.0 wslunsaivialy

ﬂ'ﬂwwmﬁma%aumiamusLﬂuﬁﬂimﬁlé’ﬁaamﬂé’aqﬁ’usﬁayjamsﬁﬁn A1ANAAYDY Wy Wag W, MNToyad1sIvly
Ua30u " 151agldane MCMC 371 planck_lowl _lowLike_highL_BAO lugnuveya base_w_wa Feflwsfimes
fifoenIs 53fsoyani1sd1539 BAO 911 DR11LOWZ, DR11CMASS [41], MGS uav 6DF [42] 1513l
Asiamnsiiaed fail

wo = —1.030 £ 0.361,  w, = —0.334 £ 0.909. (62)

Y o av [ 1 o < [ 1 o Aa v Aa LY
gvin3delauwdanuuiassenamduaunuy loun wuuiiaes ACDM NdAULUUINANBAANALIAIAIRIINS-
a1 (wy = —1.0 and w, = 0.0) wuud1a03 wCDM 71 wy = —0.8, w, = 0.0 uaz uwuuinass w,CDM

o

Tuganaianidunsidel deyaagnvesrdninmilnesves PLANCK 2018 lagnineuns [40]
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A15197 2:  ANITWasNIYIuN1591a84lASINN5E159AAN5IANS

Survey Z g V, b,
(Mpc3h3) (Mpc3h™3)
SKA1 0.0-1.0 0.278 3.80 x 10*° 1.052
ACDM SKA2 1.0-2.0 1.80 x 1073 1.09 x 10 2.091
DESI 20-3.0 | 2.06x107 5.79 x 10%° 3.703
SKAT 0.0-1.0 0.300 3.34 x 1010 1.049
wCDM SKA2 1.0-2.0 2.07x 1073 9.49 x 1010 2.093
DESI 20-3.0 | 2.32x107° 5.79 x 10*° 3.701
SKA1 0.0-1.0 0.279 3.34 x 10%° 1.051
w,CDM SKA2 1.0-2.0 1.83x 1073 1.07 x 10 2.091
DESI 2.0-3.0 2.09 X 107° 5.71 x 1019 3.703
7wy = —1,w, = 0.1 lusuusrass ACDM 7ifidasiadnsnainelaevlumnisfwesaunisanius w,

I 1 Ql' 1 r-:l' Yo o [ = = = P 5 1 1 4
wag w, Wurad weklisanngdnvindaiulsslevilunsfinuddlalien wy uag w, NsaesAuUsaila 11379
7 1 1A5705UAINI T 0SNG LU UUTIADUDNANVIENULUU

4.2 UUUIa09ANlULDEVDINSIANS

AaUnesumdinlatuedivylinveswiingiadu (tracers) uinisnseaedinsiaduluuiaselilaasviou

NMINTEUAVEEAT8E19RSlUATINN ASTAIAIAINISUUSHUTRIAMUTUILLUIALAATIT Ul el s uiugans
a 1 1 . a a ;% [ dy

5158071 Aluwed (bias) wasiasanluweadadu [43, 44] asil

0,(k) = b16(k), (63)

lnef 8, (k) wnu anumuniiuiueensndng Aanasumamunandinsaivaunsarwalaainniswlas
awnasudaduvesaans Pp(k) — b2Py (k) Tuaunisi (48)

Pog(k,p,2) = Py(k, . z) : (64)

Py (k)—b3 Py (K)

AY89 by FUAUlATINISEITIIANTIINTAIarna lumdedialy

4.3 WUURIABILASINISANSIIAISIAING

Tuhdetlasldndmidasinsdrsanmdnsiviauls wesdudusuilunsauuusiassmsdisaansing
WluenAdetuil

Square Kilometre Array (SKA) Wulasanisdrsiamnsnang LLazLaﬂﬂ‘wmaiﬁﬂ?iu%wquaVﬁmdaﬁ@@?&mu
%’Ué’i’zgmmagiﬁﬂszmml,aw%ﬂﬂéf wazUszmrooalnsia ﬁﬂszmﬂLLaw%ﬂﬂéfLﬁuamuﬁ&?aém%’uQﬂﬂiajm’m’?@
AduAIAluts (350 MHz —15.3 GHz) IummzﬁﬂizmmaamnﬁaLﬂuaawuﬁﬁgﬁm%’uqﬂﬂsﬂimwﬁ’mﬁu
anudlutng (50 MHz — 350 MHz) & nsAinsidsufcanislumausnagGulule.a. 2020 wiaitaesiididil

8ﬁagaﬁ]m SKA'’s Baseline Design document version2 (October 2015) i https://www.skatelescope.org
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mssudyanasnnninawsndusinae Susiunslulszanade.a. 2025 nikdludvanenaivermansngn
209 SKA fonmsfinwidnuazmesssumfivemdsnuiin feauansoves SKA fiaunsaasiadunisdng
HI iﬁﬁﬂuaumrﬂm&ﬂ%ﬂﬁuﬁwqmmm’g 21-cm N15n3UUNTTUaAUaRINAINIUIINAITNANNAUYB AT (Spin-
flip transition) dlosnanuivesnisvanyaesndanilunseuiiewiniu 1420 MHz ﬂé’aﬁmqﬁﬁﬁé’ammﬁiu
23 ~100 MHz s 1420 MHz 1wu SKA annsaiizasiaduansidns Hi lelnadis z ~ 10 vieyaugune
(epoch of reionization)
dusunuudnasinsdrsiannsianswuuaion SKA nagldatlunes wagmilendunnunuiwiunisang
999 SKA 910 [45] fildannnssiaes [46] Anumuuiunnsdnsaesadn dn/dz uwagenluneadadulusy
Hlertuvonsadnviidu &edl
dn/dz = 10572177 exp (-6.6374 7) (65)

bl
b.(z) = 0.5887 exp (0.8137), (66)

Tnefirmnfinesldsaadliflndifesiu SKA lumlaiass

Dark Energy Spectroscopic Instrument (DESI) fiulassnsérsiaasdnsildndesinsimidinngaun
fuAnfidadululumsfnyndsnuiln BAO way nsfnwilsrdumaiiivlmsunstndeluligiiaad viad
Tns3n13 DESI {ulasinsiisesenuiainlasenis Baryon Oscillation Spectroscopic Survey (BOSS) i
Uszauaudnsa [47] ImqmséfﬁamzL'%Imﬁﬂ’amﬂuﬂﬂﬂ. 2019 Tngin15MIANISAIINRLATIANUAITIING
LarAeTTINNT MU maeaszeznafiuvedasints DESI %mamqmﬁuﬁﬁaaﬁwmmdw
14,000 m5190901 Tnefi DESI azasiasumarisiiundlanausan (Ly-a forest) lugaasadi 2.1 < z <
3.5 dwumnneiaEndivwes 1egliflaiduaumuiuiuansidnsves DESI baseline (lugudl 3.17
Tu [47) warUszanneluuearesmeniain BOSS by(z) = 3.6D;(z = 2.4)/Dy(z = 0) lagdl Dy (2)
wnuientunsiaulagadu [48]

4.4 N13ATUIUAIANUAAIALAFDULABLUNINTNYIYDS

ﬁvﬁ’ﬁ%’aléll,ﬁw’mmLim%wv‘lﬁm%’uLwaSﬂaaqmiéhi’;ﬁ]mﬁﬁﬂﬁaamﬂuammqﬁﬁﬁé’awhﬁ’u saileuanalsly
A15197 2 2NN LARIANNALIR LTINS TUMSITNS i, warUSunasmsdrsaluaunisi (69) Tne
I9zBunEadnidosiasnit SKAT way SKA2 mudeu dadunuusiassnsdrsaiisanuuuanain SKA
waiaaslaefilsimsiimesandisises SKA lumladiaesnuiam i, way V, lwhusafgniugam
Fnvigavieeanwuuininaldesiulasinis DESI msluweadmiuwuuinaedlasenisérianaie SKA uag wuu
asslasinsdrsianay DESI lamuiailumsiadeniu drasadnidestiausniieuideaiulasenisdsna
mdnsiinuiuinaudlifnanniin duthasedwigarhefsuferiulasimsdnamsdnsiruiuilun
wilJudedn wagldainanavessaBuiinuasadnvivasridlenn z = 0.5, 1.5 wag 2.5 Tunsaruiailanidu
nsLeule
Tumsiuneamstadildainnisdrmasagldnszuidsmsundndilumes [49, 50] Tnefiuvindfvwes
Feuld §adl .
Fop = ;Tr |c.CcC,C, (67)

lnef Fop unussausenavvasuvsndiivwes F C wnu wv3ndanuwdsusiusiuies (covariance matrix)
way C, = 9C/06, Tneil 0, WNUNISIARDT m‘muamﬂmumaﬂuﬂimmmw P (k, u) 83AUsznouves
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wnsngfyesleula aall [51, 52]

1 [ 0 0
Foz,B = 4—7[2 dk k2 f d/.la— In Ps’g(k,lll) X 8_0'3 In Ps,g(k,,u) Veff(k,,ll). (68)

kpmin

Y3U105UsaNINaNISANTIWNAY

_ 2
ngPs,g(kvﬂ) )) , (69)

Ve k’ = Vs —
o) (1 + ngPog(k, p

Toedi V., wiuU3unnsvesn1sdisa uay Mg W ANRAANUNUILLILANTIANS MSUTZINAANLARIAREDY
MﬂﬂumLum‘%ﬂeﬁmﬂﬁmaaLw%ﬂsﬁ?\lﬂjLszja%s?'}qﬁ]ﬂﬁmﬂ’nmamLﬂﬁauﬁLumwzauﬁqm o, V0IN51ANes 6, ey
vpuLm Cramé-Rao

ol >F,.. (70)

TunszuiBuvindivmesarliraanedeudilitosiiuanamnudusiiamsni liudwicn  dwdu
AUNASUMAaLTLEUYBIEEsATUININTUSLAS CAMB? [53]

‘Lumﬁﬁﬁﬁaﬁﬁﬁﬁ%’mvmLﬁumiﬁﬂmmﬁi”ﬁmaamﬁﬁma%mmmmLLu'u Town Qgh?, Quh?, Qa way
WIHReTANNITAN UL lmm Wo, Wa Fomnsfwefmanitnatuiledtunsiivia (Eq. (12)-(14)) wasdwos
A2, T uae ny Fumsiwesiiitesiuemeadnaumdadaduminiy uarlifinnuiedostuilaiduns
wulala 9 LLmLﬁfmmumzmaasamwwamLmainqummbLummﬂmmwmmﬂLﬂaaumvl,mmmim CMB %84
PLANCK fgndasiu ‘%x‘iL’i’lﬁ]%i’JUﬂuﬁLﬁuﬁ’]ﬂ’nmﬂa’liﬂLﬂﬁdilaul,ﬁméfu (prior) @1MSUNTIATILRANUAIY
wasusioll wenanilused b, Tuaunsii (63) Adaindumsiwiiddaisndudeuihunan ﬁaﬁﬁﬁﬁ%’a
IgUszanaanuaaimndeutesiusealiii 20% lnen1stiernnunainadeuiiinandaaiasuniuema 9
LazeAAAlAde U INgUnsainT e InTtlue Inevheiigansiweslukoasiluiunseuiuns
indafalawdy (marginalization) saumsifiwesiiluesdlsznauvesuydndiuwesiialunsinszsim
mumandeulunsiseidy §d

0= {QBhQ, QMhQ, QA’ Wo, Wa}' (71)

Avesnsimesnaass (fiducial parameter) agulilunsneil 1 Amnsiiwesluteadmiunuudiasslnsenis
drsmmminsiiuansnstuasulilumsed 2 saidisaraniluonanlusiazuuudeenenambusuuey
v

AmiineimaaosildludmiumrEndauulsususmiies PLANCL tnannyadeya planck_Lowl _-
LowLike_highL_BAO lugu base_w_wa ﬁaﬁium%’ayjaﬁﬁm Wo W8z W, (@un157 (62)) fiuanansana1vnass
TurnuilusatisaraugslinisuUsunuresamindanuulsususumieiidtosnn q dmsuiundilng
Wwesiuludsglinnsfimes

9ht'[ps://camb.info/
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A1519% 3 AINANIANeSAaRIIANNTENY 68% laeTl wy = Nph? Way wy = Quh? INNTEUIU
nsusITalawdu

0wy X 100 T uy oq, T Ty

SKA1 0.1162 0.00358 0.00248 0.1764 0.6074

= SKA2 0.1689 0.00571 0.00240 0.3693 1.2106
8 DESI 1.7792 0.05812 0.04672 5.0634 16.111
= All Bins 0.0780 0.00233 0.00150 0.1498 0.5080
All Bins + PLANCK 0.0192 0.00058 0.00104 0.0918 0.3179
SKA1 0.1180 0.00362 0.00255 0.2815 0.4355

s SKA2 0.1645 0.00545 0.00230 0.7768 1.1567
8 DESI 1.5174 0.05137 0.03998 9.4672 13.988
g All Bins 0.0731 0.00220 0.00152 0.2402 0.3671
All Bins + PLANCK 0.0193 0.00064 0.00119 0.0359 0.0636
SKA1 0.1259 0.00387 0.00052 0.3519 0.6101

s SKA2 0.1691 0.00570 0.00048 0.7394 1.2328
8«, DESI 1.7552 0.05785 0.00936 10.640 17.789
8 All Bins 0.0825 0.00248 0.00031 0.2979 0.5121
All Bins + PLANCK 0.0194 0.00064 0.00025 0.0361 0.0778

5 Wan1sAN®I

uailgannsneilunuidendsd wlduansenadnasumdadadu Wisuifeutumadnasumdslidaduly
U 1 U7 2 uansindumssanmassaaluuinlisadwinldannsuvamSiesvosmannsumadliidaduly
U‘%@Lﬁﬁ%ﬂﬁluaumiﬁ (48)

Tumsvaaeuuuudiaemdanuianuuine q §iideliuszendumindiurmaiinesnaass Adriai
Audasiy 68% (68% confident level) ndannszuiumsusavalawiunandunsad 3 AvinIdelalus
wuudaedlasinsdsiansdnsesnduaunguiiewnusadni laun SKA1, SKA2 uaz DESI s1eaziden
yosuuUtannsdrsveglumssi 1 nufuansidriaildannsmunaieunthues PLANCK wagynise
W9 (All bins + PLANCK)

Aranasumadlaidadulaeisnis LPT lnensyuiwiowes [32] LLamﬂugUﬁ 19 nguanadn (cut-off scale)
fiaunidaglimanasuihddaiuiug Sunadstussedly Quuind k) feddudonnanmsiuls
vosanaliiBadu anavwadnannsansadulilasnsdmaiieedniddags Uiindeyadldldldinniund
widlesndnnumninsfianasiisndvivigs mssnamessnumandnsivduioananiadoassszns Ié-
LA MTAARINNEIINIR UATNNTANANNALNTIVIUNSAINTIITA 913UT B inasiiuldinsumiasadusin
shanagliedriaiiafian (z = 0.0 — 1.0) wwanasdes 1 egnsilivsilosadyidanundedu (@ansad 2
Usznev) esnnisndniluusastiaudasesioty sagldadnfafiiutunisansiudoyaluyniend fi
wandliiiuluguil 4 mnguisazdiuldimaiamnsdinesainlasimsdmamsdnsdinilnifes viednin
Adfamisdimesildan PLANCK
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ACDM wCDM wy,CDM
200

0.048
150

100 0.042

0.036

0 50 100 150 200

200 0.030

150
0.024

100

0.018

0.012

0.006
150

100 0.000

[~ Mpc]

n

—0.006

Ut 22 daneduiddlidadulusiofisediuuu LPT Taeifl 1. uwiuesdusznauiineanniuuun
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Abstract. This article gives a brief overview of the time-dependent Lagrangian perturbation
theory as a theoretical tool to predict the behavior of galaxy clustering in quasi-linear regimes.
While most of the Lagrangian perturbation theories are based on an Einstein-De Sitter space
where the growth function is time independent, more accurate theoretical predictions could be
achieved by time-dependent growth functions in a more general cosmology. This is directly
applicable to the dynamical dark-energy where the clustering behavior can be recognized with
time-dependent growth functions.

1. Introduction

One of the main goals of cosmology is to understand the large-scale structure of the Universe.
The structures that we see in the galaxy surveys today are derived from the widely accepted
gravitational instability with primordial matter density fluctuations [1, 2]. A quantitative
understanding of the dynamics of the structure formation requires a theoretical modeling that
can be applied with statistical tools to test the theory against observations. Predicting the
behavior of the formation of the structures is crucially important as a direct way to validate
the current dynamical theory of gravity with the observations such as the Baryonic Acoustic
Oscillations (BAOs) [3]. As a simple, but accurate, model for numerical predictions, an
irrotational and pressureless fluid of cold dark matter physics is normally considered in the
non-relativistic regime [4]. The observable could, in principle, be predicted. When higher-order
terms are considered, one would expect that the numerical predictions should be more accurate;
however, with the cost of higher complexities and computational time.

There are two main classes of non-relativistic cosmological perturbation theory. One is
expressed observable quantities in terms of the Eulerian frame, called Standard Perturbation
Theory (SPT) [5, 6, 7]. Other one is given in the Lagrangian frame, call Lagrangian Perturbation
Theory (LPT) [8, 9]. This article I shall give a brief overview of the time dependent Lagrangian
perturbation theory up to the third order with is sufficiently high enough for accurate numerical
predictions especially the applications of the dynamical dark energy where the equation of state
is a function of time.

2. Lagrangian Perturbation Theory
In Lagrangian perturbation theory, the dynamical variable is the displacement field x(t) =
q(x) + ¥(q,t), where W is the displacement field, q is the position of the particle at the initial
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time. The dynamical equation is given by

: j;\p Fort)Sw| = SaymB2n - 1), (1)

t

where J(q,t) is the Jacobian of the transformation between x and g. The Hubble parameter,
H(t), composes of the component of the universe mainly cold dark matter Q/(¢) and dynamical
dark energy Qpg(t) with the constant curvature parameter k.

2 c
HHét) = Qu(t) + Qpg(t) — alz(t)'

The dark energy depends on the equation of state parameter as

z(t)
14 2(t)’

(2)

w(t) = wy + wq
where z(t) is the redshift wy and w; are constants [10, 11].

3. The Evolution Equations for Perturbations
In order to describe the large scale structure that we see in the universe, we shall expand the
density field and the velocity field as

iz, t) = Oi(x,t)+ 62(z,t)+ ..., (4)
v(xz,t) = wvi(z,t)+ve(x,t)+..., (5)

where 6, and v, is the corresponding nth order perturbative overdensity and velocity field
respectively.

3.1. First Order
To the first order, we can write the overdensity as

(51(.’13,t) = Dl(t)e, (6)

where D (t) is the linear growth function. e(x) is the initial background overdensity. The linear
growth function can be found by solving the second-order differential equation with appropriated
initial conditions;

Dy +2HD; — %QMHQDl = 0. (7)

3.2. Second Order
In order to calculate the second order term, the velocity potential, ¢(x), is needed,

vi(z,t) = —D V(). (8)

It turns out that the time-dependent growth function for the second-order perturbation Ds(t)

is given by
3

2

As one can see the second order growth function is proportional to D?.

Dy +2HDy — gQMHQDg = “QuHD?. (9)
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Figure 1. The time evolution functions for third order terms Q70 = 0.3, Qpro = 0.7 for
different values of wg and w; with the normalization condition D; =1 at a = 1.

3.8. Third Order
There are two time dependent growth functions for the third order terms Ds,(t) and Dsp (%)
which are given by

. . 3 3
Dsa + 2H D3, — §QMH2D33 5QMH2 (D} +3D1Ds) ,

(10)
Dsy, + 2H Dy, — gQMHQng = gQMHQDi. (11)

Similar, to the second-order growth function, the third-order growth functions are proportional
to D3.

4. Results

In this article, we shall assume a flat cosmology with dark energy component i.e. o =
0.3,Qpro = 0.7 and k& = 0. The time evolution equations are solved using fourth order Runge-
Kutta method with the condition Dj(a = 1) = 1 i.e. the linear growth function is equal to
unity at the present epoch. The second and third-order growth functions are shown in FIG. 1
for different cosmological models with different value of wy and w;. The growth functions are
sensitive to the equation of state parameter of the dynamical dark energy. The difference in
growth rate is more pronounced at the present epoch.

5. Conclusions

We study the third order Lagrangian perturbation theory and derive the time dependent
evolution functions. We find that there are different growth functions for different perturbative
orders; however, there are two independent evolution functions for the third-order quantities
which describe different terms in the expansion. The evolution function is sensitive to the
equation of state parameter of the dynamical dark energy w which is helpful for large-scale
structure surveys, where the effect of time-dependent w would be discernible. While the effect
of w on large-scale structure would look marginally different from the time-independent one’s, it
is possible to stack the differences in many redshift slides to amplify the difference. This can be
achieved with the the Alcock-Paczyriski (AP) test [12] where the change in the angular diameter
distance can be recognized. Our approach is advantageous to the standard perturbation theory
(SPT) approach since we only need to specify the initial conditions for the first order quantities
in the density and velocity field.
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We apply the Lagrange perturbation theory with time-dependent growth functions at second and
third order of perturbation with the aim to model the effect of the dynamical dark energy on the

redshift-space distortions.

Our fiducial galaxy redshift surveys are modeled after the upcoming

SKA and DESI redshift surveys. We include PLANCK CMB priors and the 20% uncertainty on the
linear bias parameter, incorporating the unknown instrumentation noise. After the marginalizing,
our results show that the constraints on the density parameter could potentially get better than ~1%,
while the constraints on wg and w, could be better than ~ 5% and ~ 60% respectively, consistent
with works done before. However, the inclusion of time-dependent growth functions would alter
the non-linear power spectrum by as much as ~10%. The inclusion of the time-dependent growth
functions become crucial as the precision get better.

PACS numbers:
I. INTRODUCTION

Current cosmological data, such as the observed dis-
tance modulus of Type Ia Supernova (SNIa) [1-3], the
Cosmic Microwave Background (CMB) [4-7], the Bary-
onic Acoustic Oscillations (BAOs) [8] and an indepen-
dent Hubble parameter measurement [9], suggest that
the expansion of the Universe is accelerating. One of the
explanations of the cause of the acceleration is the mys-
terious form of energy called “dark energy”. The simplest
model of dark energy is the cosmological constant [10].
While the cosmological constant is enough to explain the
current data, its constancy leads to a fine-tuning prob-
lem [11, 12]. Apart from the cosmological constant, an
alternative model of dark energy is an ideal fluid with
an equation of state given by P = wpc?, where P and
p are fluid pressure and density respectively. w is the
equation of state which could, in general, varies with
time. In order for the fluid to give rise to the acceler-
ating expansion, the value of w must be w < —%. The
energy consideration requires w > —1; however, the cur-
rent constraint on w is very close to —1 [7]. Therefore,
distinguishing the cosmological constant and dynamical
dark energy is a challenging problem in cosmology. With
the redshift surveys, the number of observed galaxies of
billion galaxies can potentially be able to constrain cos-
mological parameters especially the equation of state for
the dynamical dark energy. Since we can only observe in
redshift space along the line-of-sight, the redshift-space
distortion effect (RSD) is an inevitable consequence. The
RSD effect is sensitive to the density growth functions,
which sequentially depend on w. Hence, galaxy surveys

*E-mail: teeraparbc@nu.ac.th

are viable probes of dark energy and accurate theoretical
modeling of the RSD effect is crucial.

One of the prominent probes of the non-linear struc-
ture of the universe is the baryonic acoustic oscillations
(BAOs), primordial sound waves which were propagated
in the hot plasma of photons and baryons in the early
Universe [13]. The BAO effect leaves a distinct statisti-
cal imprint of oscillatory features in the power spectrum
on the scale that corresponds to the sound horizon scale.
The BAO effect could be detected through the observed
two-point correlation functions and the power spectra in
redshift space [8, 14-19]. The two-point correlation func-
tion provides a powerful probe of the time-dependent
equation of state of dark energy model in a manner that
is highly complementary to measurements of the cosmic
microwave background (CMB).

Within the present time and the next few decades,
there will be several large-scale-structure surveys that
explore increasingly larger and deeper regions of the
Universe; for example, Dark Energy Survey (DES)!
[20], Extended Baryon Oscillation Spectroscopic Sur-
vey (eBOSS)?, Euclid®, Large Synoptic Survey Telescope
(LSST)* [21], Square Kilometre Array (SKA)®, Wide-
Field InfraRed Survey Telescope (WFIRST)® [22]. These
surveys will help our understanding of the growth of
the structure in the Universe especially in the non-linear
regimes. Therefore, it is essential to have an accurate
theoretical modeling to interpret the upcoming observa-

L http://www.darkenergysurvey.org

2 http://www.sdss.org/surveys/eboss/
3 http://sci.esa.int /euclid /

4 http://www.lsst.org/

5 https://www.skatelescope.org

6 http://wfirst.gsfc.nasa.gov/



tional data. The futuristic surveys are important because
those surveys will map out to redshift z > 3 where the
oscillatory feature of BAOs can be observed effectively
on the scale ~150 Mpc. Even at low-redshift, for large-
sky coverage surveys, it is marginally possible to observe
the BAOs.

Analytical modeling of the large-scale structure of the
universe on nonlinear scales has a potential to consider-
ably increase the science return of upcoming surveys by
increasing the number of modes available for model com-
parisons. One way to achieve this is to model nonlinear
scales perturbatively. Therefore, predicting the precise
non-linear behaviour of the galaxy power spectrum using
analytical approaches and comparison to N-body simu-
lations is an essential step in interpreting these data and
in elucidating the nature of dark energy. There are two
main perturbative modelings in the literature, the Eu-
lerian standard perturbation theory (SPT) [23-25] and
Lagrangian perturbation theory (LPT) [26-28] for a re-
view see [29].

SPT requires two fundamental random fields; overden-
sity field and velocity field. However, at the scale rele-
vant for BAOs, SPT starts to break down and increas-
ing the number of perturbative terms does not resolve
much. The higher-order SPT does not give any sensible
prediction for the correlation function because unphysi-
cal behavior in small wavelength limit prevents Fourier
transform from converging [30]. Therefore, in this arti-
cle, we shall exploit the LPT resummation as an alterna-
tive to SPT. LPT has an advantage over SPT because it
is convenient and customary to set up the initial condi-
tions for N-body simulations. The calculation of effects of
redshift-space distortion is straightforward in LPT [31].
In addition, LPT focus on perturbing the displacement
field rather than overdensity and velocity fields.

The goal of this article is to investigate the poten-
tial of utilizing galaxy redshift surveys to constraint the
equation of state parameter for dark energy in BAO
power spectrum in redshift space by applying an ana-
lytic cosmological perturbation theory (LPT) formalism
in Ref. [28]. In §II, we shall describe the LPT theory in
both real space and redshift space with time dependent
growth functions. In §III, we shall describe the models
and assumptions for our analysis and give the result in
§IV. Discussions and conclusions are given in §V.

1II. THEORY

In this section, we shall describe all the relevant the-
ories in this analysis such as the structure formation
theory [32], Lagrangian perturbation theory and the
redshift-space distortion. For a complete and more rig-
orous review of the cosmological perturbation theory, we
advise the reader to study Ref. [29]. In this work, we fol-
low the Lagrangian perturbation formalism in Ref. [28].

A. Structure Formation Theory

The structure that we see in the Universe is generated
from small inhomogeneities where the fluctuation of the
density field, p(x,t), is defined as

plx, 1) = p(t)
p(t)
where d(x, t) is the density overdensity or contrast and x is
the comoving distance vector. p(¢) is the average density

in the comoving coordinate system. The dynamics of the
density field is governed by the continuity equation;

S(x,1) = , (1)

%p(x, H+V- (p(x, Hu(x, t)) =0, (2)
and Euler’s equation,
%u(x, 1) +2H(Hu(x, 1) +u(x,1)-Vu(x,t) = =VO(x,1), (3)

where u is the peculiar velocity and V = 0y is the comov-
ing gradient operator. H(t) = d/a is the Hubble expan-
sion rate. @ is the comoving gravitational potential,

V20(x, 1) = gQM(I)HQ(t)(S(x, 1), (4)

where Qu is the matter density parameter.
We shall define the velocity potential, 6, as the diver-
gence of the comoving peculiar velocity field

0(x,1)=V - u. (5)

In the linear cosmological perturbation theory, the
growth of the density and the velocity potential are given
by

0
Eé(x, 1)+ 0(x,t) =0, (6)
and
Ee(x, 1)+ 2HH(x,1) = EQM(t)H ®)o(x, 1). (7)

From Eq. (6) and Eq. (7), a second-order differential
equation in terms of the overdensity is given by,

625 2H ‘95 = 39 H?(t)6 8
gl (x,1) + (t)E (x,1) = 5 M(OH(1)6(x,1).  (8)

Assuming a linear growth factor Dy(¢) such that
6(x, l‘) = D1(t)50(x), (9)

where dg(x) is the overdensity at a particular time. It is
customary to normalize the growth function to unity so
that 8o(x) represent the overdensity at the present epoch.
From Eq. (8)-(9), we have the equations describing the
evolution of the linear density perturbations as

D1+ 2H(t)D - gQM(t)H2(t)D1(t) =0. (10)



D1 is known as the linear growth factor and has been used
pretty much in a linear regime and as an extrapolation
to non-linear regimes. Perturbatively, we can expand the
overdensity as

6(x, 1) = 61(x,t) + 2(x,1) + 03(x, 1) + .. ., (11)

where 6,(x,1) is proportional to 6g(x). Similarly, we can
define

D(x,1) = O1(x,1) + Oo(x, 1) + O3(x, 1) + ..., (12)
where, from Eq. (4), V2®,(x,t) = (3/2)QmH%5,(x,1). In
addition,

0(x,1) = 01(x, 1) + O(x, 1) + O3(x, 1) + . .., (13)

where 6,,(x, ) is proportional to ¢{j(x). With perturbative
definitions in Eq. (11)-(13), additional growth functions
in higher order are given by

) .3 3
Dy +2HDz = SQMH? D2 = SQuH?DY, (14)

;QMHQ (D3 + D1D2),
(15)

. . 3
D3y + 2HDs, — §QMH2D3Q

3
5QMH?D% (16)

.. . 3
ng + 2HD3b - EQMHQD&,

We define Ds(t) as the second-order growth function, and
D3, (t) and D3y (t) as the third-order growth functions —
there are two independent third-order growth functions.
Notice that Do(r) o« D?(t) and Ds,(t), D3p(t) o< D3(t);
hence, it is convenient to define dj(f) = Dg(t)/D%(t)7
d3a(t) = D3a(1)/D3(t) and dap(r) = Dsp(t)/D3(t). For an
Einstein-de Sitter (EdS) universe, dy = 3/7, dza = 5/21
and d3b = 1/6

B. Lagrangian Perturbation Theory

We shall follow the Lagrangian perturbation theory
from Ref. [28]. In this model of perturbation, the Eule-
rian particle position x can be mapped to a Lagrangian

J

particle position g by the displacement field ¥,

x(1) = q(x) + ¥(q. 1), (17)

where x is in the Eulerian comoving coordinate descrip-
tion. The overdensity in Lagrangian position is given by

5(x. 1) = / Pgodx—q-¥aq)-1  (18)

where 62 »(x) is the Dirac’s delta function in 3D. The equa-
tion of motlon in terms of the displacement field is given
by

ilI’( t)+2H(l)i‘I’( 1) =
dt2 q’ dt qs -

In principle, we can expand ¥(q, 1) as

—Vd(x,1).  (19)

Y(q,t) =Y1(q, 1)+ ¥a(q, 1) + P3(q, 1)+ .... (20)

We can define the Fourier mode of the displacement field
¥ as

D”(t) 5 5 ( : )
n(k 1) = 2n)° 6 ki—k
l_[/ @r )3) o Zl
x Lo(kn, .. k1) (]_[ So<k,->), (21)
i=1

where ‘?n(k, t) is the n-th order displacement vector field
in Fourier space and L,(k1,...,k,t) are the Lagrangian
perturbative kernels. Our convention for the Fourier
transform is

f(k) = / d3x f(x)exp(—ik -x), (22)
and
f(x) = (33’)‘3 F(k) exp (1k x) (23)

The time-dependent Lagrangian perturbative kernels are
given by

Ll(kl’[) = %’ (24)
k ki ko)?
Lok, ko, t) = dz(f)ﬁ —% , (25)
2 2
Laulbo kg ad) = 3d3a(t)(k )( ("222‘5) )(1_ ((k1+k12).k3) )
k (k1-ko)® (ki -ko) (ks k3) (ks ky)
_2d3b(l) (—2) 1-3 k%k% k%k%k?} l s (26)
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FIG. 1: The linear matter power spectra (dotted) and non-

linear matter power spectra (solid) at different redshifts in the
waCDM model (see TABLE I). The same plots for the other
models have similar features. From top to bottom, z = 0.5,1.5
and 2.5. The non-linear power spectra have a cut-off scale at
kn1/2.

where k = Zki. L3, will need to be symmetrized in

i
terms of k’s later.

1. Real-space power spectrum

The power spectrum is defined as a Fourier transform
of the two-point correlation function of overdensity,

P(k) = / d3x &(x) exp(-ik - x), (27)

where ¢ is the two-point correlation function. The power
spectrum has a simple relation as

<S(k)5*(k')> = (2n)363 (k — k")P(k), (28)

where P(k) is the power spectrum and 6(k) is the Fourier
transform of overdensity (Eq. (18)). The power spectrum
in Fourier space depends only on the magnitude of the
wave vector, k = |k|. Following the formalism in [28], the

power spectrum is given by
k2

P(k,z) = exp [——2 /dp Pr(p, z)}
6

do?(2)

x {PL<k, )+ 2520100 + ax(210a0) + 50304

+ Q(dsa(Z)Rl(k) + dQ(Z)Rz(k))}, (29)

where Py (k) is the linear matter power spectrum. Q,(k)’s
and R, (k)’s are the integral functionals of the form:

k3 00 1
On(k) = yrell i dr Pr(kr) L dx
_ / Q~I’l(r’ X)
X Pr, [k(l +r% = 2rx)! 2] T2 222 2rx)2(30)
1 k3 e _
Rak) = PR /O dr Pokr) Rar), (31)

where Py (k) = Pr(k,z = 0) the linear power spectrum at
the present epoch.

O1(r,x) = r* (1 - x2)2, (32)
Os(r, x) = (1 - x2) rx(1—rx), (33)
Os(r,x) = x2(1-rx)?, (34)
Qu(r,x) = 1-x%, (35)

and

Ry(r) —r% (1+7%) (3142 + 3

+%<r2—1)4ln1i:, (36)
Ry(r) = ’% (1 - r2) (3 -2 4+ 3r4)
() (el 6

We shall express time in terms of redshift z for observ-
ables. For an Einstein de-Sitter universe, our result is
consistent with Ref. [28]. The validity of this approach
is applicable when the argument of the exponential term
in Eq. (29) is of the order of unity; hence, we define the
nonlinear scale k) as

kn1 =

1 _
— [ dk’Pp(k’ . 38
o [avnw)| (39)
We will apply a cut-off scaling where k < ku1/2. The

power spectra for the ACDM model (see §IIT) is shown
in FIG. 1 as an example.

2. Redshift-space power spectrum

The power spectrum in redshift space is anisotropic
and, hence, depends on the observed direction Z, the



radial direction. Following the formalism in [28], the
redshift-space power spectrum is given by

Ps(k, j,2) = exp {-k? [L+ f(f +2)u?] A}

X [(L+ F12) Pl )+ ) 2" " Enn(K) |

(39)

where u = Z-k/k is the direction cosine of the wave vector
k with respect to the line-of-sight,

1
A= ) dk Py (k), (40)
and
dlnD1
= . 41
f dlna (41)

The integral E,;,,(k)’s are the integral functionals in terms
of Qn(k) and R, (k) of the forms:

Enolk) = %2 % 0010 + 4000 + 505(K)
+2d3a(t)R1(k) + 2d2(t)R2(k), (42)

E11(k) = 4Epo(k), (43)

£t = -0, 20,00 + ;040
—2d2(t)R1(k) (44)

Eaa(k) = (2d22(t>+ 2())Q1(k)+(5dz(t)+ )Qz(k)

+303(k) - ZQ4(k) + (2d2(l) + 6d3a(f))R1(k)

+10d5(f)Ra(k), (45)
Exs() = ~(0Q1(K) - 30:(K) + 504(K)

2Ry () (16)
Ex(d) = +-01(k) (47)

Eas(k) = da(001(k) + (2d2<z) . 3)920«) +205(0)

~5Quk) 4 20OR (K) + 4o DR(K), (45)

Ega(k) = ~201(0) = S0:(8) + 104(h) (49)
Eu(k) = 0100+ 305(0) + 3 05(0) ~ 104(K).  (50)

For an EdS universe, dy = 3/7, d3, = 5/21 and dz, = 1/6,
we recover the results done by [28].

III. MODELS AND DATA ANALYSIS

In galaxy redshift surveys, the peculiar velocities of
galaxies cause a distortion between the observed power

spectrum (or correlation function) along a line-of-slight
and the direction perpendicular to the line-of-slight. The
distortion effect can be predicted and tested the underly-
ing cosmology known as the Alcock-Paczyniski (AP) test
[33]. The AP test can be used to track the effect of the
dynamical dark energy in redshift surveys with different
redshift slices. In this section, we shall describe our dy-
namical dark energy models and analytical methods for
galaxy redshift surveys.

A. Dynamical Dark Energy

We shall use a parametrization of the equation of state
of the dynamical dark energy by using a Taylor expansion
in the Chevallier-Polarski-Linder (CPL) model [34, 35];

w(a) = wg + wa(l — a), (51)
or

b4

w(z) = wg + Wag - (52)
where wg and w, are constants. In the case of the
cosmological constant, wg = -1.0 and w, = 0.0. In
general the equation of state parameters wg and w,
could be any values allowable by observational data.
For the current observational constraint of wgy and
wa7, we shall use the MCMC exploring chain from
planck_lowl_lowLike_highLl._BAO data with the base
base_w_wa. This data set include the constraints on pa-
rameter of our interest. In addition, the data include
late-time BAO observational data from DRI11LOWZ,
DR11CMASS [37], MGS and 6DF [38]. From the data,

we have

wo = —1.030 + 0.361, wa = —0.334 £0.909. (53)

We shall demonstrate the application of the LPT for-
malism by considering the following fiducial models; a
ACDM-like model which follows the standard ACDM
model with the cosmological constant (wy = —1.0 and
wa = 0.0), wCDM-like models with wy = —0.8 and

= 0. 0 and w,CDM-like model with wyg = -1 and
wa = 0.1. In the ACDM model with cosmological con-
stant, A, both wg and w, are constant; however, for an
acedemic propose, we shall vary both parameters. The
summary of all the fiducial models and their parameters
are summarized in Table. I.

B. Galaxy Bias

The measurement of the power spectrum depends on
the type of tracers; however, they may not exactly fol-

7 At the time of preparation for the manuscript, the update cos-
mological parameter constraints, PLANCK 2018, result has been
released. [36]



TABLE I: Fiducial cosmological parameters and their value
for all models.

[ ACDM | wCDM | w.CDM |

Qph? 0.0223
Qpph? 0.1401

Qp 0.7019
A2 x 107 2.2061

T 0.0956

ns 0.9695

wo -1.0 -0.8 -1.0

Wa 0.0 0.0 0.1

low the distribution of the underlying dark matter. For
galaxy-type tracer on large scales, we shall apply a linear
bias by as [39, 40],

54(k) = byo(k), (54)

where 6,(k) is the galaxy overdensity. The power spec-
trum with galaxies as tracers is given by replacing
Py (k) — b2Py(k) in Eq. (39),

Ps,g(k’ M’ Z) = Ps(k’ /J, Z) . (55)
P (k)—=b3 Py (k)

The value of b; depends on surveys described in the next
section.

C. Galaxy Surveys

In this section, we shall give a brief introduction to
some of the selected future surveys. Additionally, we
shall describe how those surveys will motivate us on how
we decide our fiducial surveys and redshift bins based on
the real surveys.

1. SKA

The Square Kilometre Array (SKA) is a giant radio
telescope located in two sites, in South Africa and West-
ern Australia. The South Africa’s site will host mid-
frequency receivers (350 MHz —15.3 GHz) while the Aus-
tralia’s site will host low-frequency receivers (50 MHz —
350 MHz)®. The first operation phase will commence
in 2020. The second phase, which is about ten times
more sensitive, will be active in about 2025. One of the
key science goals of SKA is to understand the nature of
dark energy. With the capabilities of SKA, a large num-
ber of HI galaxies could be detected with precise redshift

8 Data taken from SKA’s Baseline Design document version2 (Oc-
tober 2015) at https://www.skatelescope.org

information using the 21-cm line from the spin-flip tran-
sition. Since rest frequency of the transition is at 1420
MHz, telescopes with frequency range from ~100 MHz
to 1420 MHz such as the SKA could detect HI galaxies
upto z ~ 10 or the epoch of reionization.

For an SKA-like fiducial survey, we shall follow the bias
and number count fitting functions for SKA from [41]
via a mock catalog [42]. The number count per redshift
dn/dz and the linear bias b1(z) as a function of redshift
are given by

dn/dz = 1057767 21757 ox (=6.63742),  (56)
and
b1(z) = 0.5887 exp (0.813 2), (57)

with parameters emulating the SKA phase 2 capabilities.

2. DESI

Dark Energy Spectroscopic Instrument (DESI) is a
ground-based dark energy experiment that will study
baryon acoustic oscillations (BAO) and the growth of
structure through redshift-space distortions (RSD) as
a successor of Baryon Oscillation Spectroscopic Survey
(BOSS) [43]. The survey will start in 2019 mapping mil-
lion of galaxies and quasars. The full five-year DESI sur-
vey will cover a baseline survey of 14,000 deg?. DESI will
be able detect quasars via Ly-a forest in 2.1 < z < 3.5.
For the purpose of the Fisher analysis, we follow the
number count using DESI baseline (Figure 3.17 in [43])
and the bias from BOSS quasar bias b1(z) = 3.6D1(z =
2.4)/D1(z = 0) where Dj(z) is the linear growth factor
[44].

3. Our Fiducial Surveys

We shall divide our redshift bins into three equally
spaced bins as shown in TABLE II. In the table, the
average number density of galaxies tracers, g, and the
survey volume, V;, in Eq. (60) are also shown. The first
two bins, called SKA1 and SKA2, are modeled after SKA
phase 2 where we took the SKA survey parameters into
account while calculating n, and V. Similarly, the last
bin is modeled after DESI survey. The bias for SKA-like
survey and DESI-like survey are also shown. The first
two bins will provide an insight to how the SKA will give
a constraints on wide-area-type survey, while the last bin
will represent a deep small-area-type of surveys. We shall
use to mean value of redshift in each bin, z = 0.5, 1.5 and
2.5 respectively, for the calculation of the power spectra
and growth functions.



TABLE II: The value of different survey parameters for each cosmological model (see text).

Survey z flg Vs b1
(Mpc=3h3) | (Mpc3h3)
SKA1 0.0-1.0 0.278 3.80 x 1010 1.052
ACDM SKA2 1.0-2.0 | 1.80%x1073 | 1.09 x 1011 2.091
DESI 2.0-30 |206x107° | 5.79 x 1010 3.703
SKA1 0.0-1.0 0.300 3.34 x 1010 1.049
wCDM SKA2 1.0-2.0 |2.07x1073 | 9.49 x 1010 2.093
DESI 2.0-30 |232x107° | 5.79 x 1010 3.701
SKA1 0.0-1.0 0.279 3.34 x 1010 1.051
waCDM SKA2 1.0-2.0 |1.83%x1073 | 1.07x 1011 2.091
DESI 2.0-3.0 |[209%1075 | 5.71x 1010 3.703

D. Fisher Matrix Formalism

In order to forecast the constraints on cosmological
parameters for a given survey, we utilize the Fisher in-
formation matrix method [45, 46],

Fop = %Tr [C.CtCpC, (58)

where Fog is a component of the Fisher matrix F. C is
the covariance matrix and C, = dC/d6, where 6, is a
parameter. For the two-dimensional redshift-space power
spectrum Pg(k, u) a component of the Fisher matrix is
given by [47, 48],

F L /kmxdka/ld O P, (k)
= — —In
B2 o o Hag, NwelBH

0
X == In Pk o) Vesi (k. o). (59)
B

The effective survey volume is given by

gPag(k, 1) )2

_— 60
1+ ngPs gk, p1) (60)

Veﬁ(k, #) = ‘/S (
where V; is the volume of the survey and 7, is the mean
galaxy number density. The estimated uncertainty from
the inverse Fisher matrix gives an optimal uncertainties
0, of the parameter 8, for the Cramé-Rao bound

o2 > F,L. (61)

With the Fisher matrix formalism, a conservative esti-
mate of the uncertainty in measurement could be ob-
tained. The matter power spectra were computed using
CAMB? [49].

We shall focus our attention on the density parame-
ters Qph?, Qnmh?, Qa and the equation of state parame-
ters wg, w, as those parameters has a direct impact on the

9 https://camb.info/

growth functions (Eq. (14)-(16)). The parameters A%, t
and ng are power-spectra-related parameters. They are
not directly relevant to the growth functions; however,
their uncertainty in measurements will affect the con-
straint on other parameters. Hence, we shall include the
uncertainty in the parameters A?z, 7 and ng in our analy-
sis using PLANCK’s priors. The inclusion of the bias pa-
rameter by (Eq. (54)) is necessary as it is an unavoidable
effect of galaxy clustering. In addition, we shall assume
that the bias and instrumental noise are unknown within
20% accuracy. It is considered as a nuisance parameter
which shall be marginalized. Hence, our fiducial cosmo-
logical parameters, after marginalization, for the Fisher
analysis used in this article are

0 = {Qph?, Qunih?, Qa, wo, Wa }. (62)

The values of fiducial cosmological parameters are sum-
marized in Table I. The values of the bias parameter bq
for different model and redshift bin are summarized in
Table II. In this article, all the cosmological models are
assumed flat.

Our fiducial cosmological parameters for
Planck covariance matrix is based from
planck_lowl_lowLike_highL_BAO data with the

base base_w_wa. This dataset will give different values
of wo and w, (Eq. (53)). However, we shall assume the
variation of the covariance matrix is negligible across a
small changes in the parameter space.

IV. RESULTS

In this article, the effect of dynamical dark energy on
the non-linear power spectra in form of redshift-space
distortion was investigated (see §II). The linear matter
spectra and non-linear matter power spectra using LPT
are shown in FIG. 1. We illustrate the observable effects
of the redshift-space distortion in real space by perform-
ing the inverse Fourier transform of the non-linear power
spectra in Eq. (39) and the results are shown in FIG. 2.
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FIG. 2: The correlation function of the LPT non-linear power spectrum in redshift space where r, is the perpendicular
component to the line-of-sight and r|| is the parallel component to the line-of-sight. The models are, from left to right, ACDM,
wCDM and w, CDM respectively (see TABLE I). The bins are, from top to bottom, SKA1, SKA2 and DESI respectively.

In order to test the model of dynamical dark energy,
we apply the Fisher matrix analysis in §III to our fidu-
cial models. The 68% CL constraints on our parameters
of interest after marginalization is shown in TABLE III.
We divide the galaxies into different redshift bins; SKA1,
SKA2, and DESI. The details of the bins are described in
TABLE 1. Additionally, the combined constraints from
all redshift bins (All bins) and with PLANCK’s priors
(All bins + PLANCK) are also shown.

V. DISCUSSIONS AND CONCLUSIONS

The non-linear power spectra using the LPT formal-
ism [28] are shown in FIG. 1. From the figure the cut-off
scale, beyond which the approximation will be invalid,
increases with redshift (in k-space). This is due to the
growth of non-linear scales. Even though smaller scales
can be probed by high-redshift surveys, the gain of in-
formation is hindered by decreasing number of observed
galaxies at high redshifts. The decrement in number of



0.00 0.800
—0.25 1 0.775 1
—0.50 1 0.750 A

—0.75 0.725

Qp

0.700 A

—1.25 1 0.675

—1.50 1 0.650

—1.75 1 0.625

—2.00 1 0.600

2175 2200 2225 2250 2275 2300
Qph?

T T T T T T T T T T T
0.134 0.136  0.138 0.140 0.142 0.144 0.146 -2.0 —1.5 -1.0 -0.5 0.0

Qi wo

FIG. 3: 95%CL confidence level constraints on some of the cosmological parameter pairs; Qph? and wq (left), Qpp and Qp
(middel), wg and wy (right) for the waCDM model. The dark solid line is the PLANCK constraints on the parameters from
planck_lowl_lowLike_highl._BAO MCMC chain. The blue dotted line is the constraints from galaxy surveys (all bins) and the
red dashed line in the combined PLANCK and galaxy surveys constraints.

FIG. 4: An example of 95%CL constraints on wg and w, from
different redshift bins for the w,CDM model. The dark solid
line is the constraint from PLANCK. The innermost dashed
blue line is the constraint from SKA1, the lowest redshift bin.
The dotted red line is the constraint from the SKA2 bin and
the outermost dotted-dased line is from the DESI bin.

galaxies is both intrinsic and instrumental. In FIG. 4,
the optimal bins where the constraining power is high-
est is the lowest bins (z = 0.0 — 1.0) and progressively
decreases at higher-redshift bins (see TABLE. II). Since
all the bins are independent, we can achieve better con-
straints by combining the information from all the bins
as shown in FIG. 3. From the figure, we could see that

the constraints from the galaxy surveys alone are compa-
rable to that of all sky PLANCK’s CMB survey. Some
of the parameters have slightly better constraints than
PLANCK alone.

From FIG. 3 and TABLE. III, the data from galax-
ies redshift surveys are sensitive to Qa, wg, w, and mildly
sensitive to Qumh2. This is due to the fact that those pa-
rameters directly involve in the growth functions which
play an important role in late-time evolution of the Uni-
verse. The constraint on Qph? is not considerably bet-
ter in comparison to PLANCK’s constraint (see the left
panel in FIG. 3). The combination of information from
PLANCK with redshift surveys in general give tighter
constraints in all cosmological parameters. In addi-
tion, parameter constraints from both PLANCK’s cos-
mic microwave background observation and redshift sur-
veys have different degeneracy directions which will give
a more compact constraints. The variation of the con-
straining power across different models are not signifi-
cantly different; however, the constraints on wy and w,
are better in wCDM and w,CDM models.

Our fiducial surveys are modeled after SKA and DESI.
We apply the survey specifications from SKA for z =
0.0 — 2.0 and DESTI’s for z = 2.0 - 3.0 in TABLE IIL
SKA utilize the 21-cm emission lines to detect HI galax-
ies; however, the frequency range of SKA could poten-
tially observe HI galaxy beyond redshift 2.0. Since the
constraining power does not significantly improve with
higher redshifts, we shall only limit SKA capability to
redshift 2.0 for a conservative estimation. The extra
DESI-like deep-survey bin does not give any noticeable
improvement. We have include the uncertainties in power
spectrum parameters such as 7, ny and AE& as the inher-
ited uncertainty from PLANCK’s CMB measurements.
We add 20% uncertainty in the bias parameter and all
the unknown instrumentation noise will be incorporate
into the bias uncertainty.
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FIG. 5:  The ratio between non-linear power spectra with
time-dependent growth functions P(k) and non-linear power
sprectra with an EdS approximation Pgrgg(k). The solid blue
line is the nonlinear powerspectra at z = 0.5, the dashed green
line and the dotted red line are at z = 1.5 and z = 2.5 respec-
tively. In the figure, the model w,CDM is shown; however,
the same plot for the other models have similar features.

With the instrumentation noises and the bias estima-
tion described in the previous paragraph, the overall con-
straints of all the parameters (All Bins + PLANCK) are
at ~1% accuracies for the density parameters, ~ 5% on
the equation of state parameter wg and ~ 60% on w,
(see TABLE III). Our results are consistent with a sim-
ilar work done in [50]. These precisions will rule out
most of the non-standard cosmological models and put
even tighter constraints on dark energy models; there-
fore, an accurate theoretical model of the observables be-
come crucial. This is why second and third order growth
functions (Eq. (14)—(16)) should be treated with care.
Many works on standard perturbation theory (SPT) and
Lagrange perturbation theory use the Einstein de Sit-
ter (EdS) values for the second and third-order growth
functions known as the EdS approzimation [51]. In
the EdS universe, Dy = (3/7)D%, D3, = (5/21)D51)’ and
D3y, = (1/6)D:13 (see § II for more details), which simply
leaves only one independent growth function, namely D;.
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The variations in the value of Dy, D3, and Dgj, across re-
alistic region in the parameter space is ~1% from that of
the EdS values [52]. However, the variation in the non-
linear power spectrum with time-dependent growth func-
tions get magnified. In FIG. 5, we demonstrate the frac-
tional difference in the non-linear power spectra (Eq. 29)
between the EdS parameter value P(k) and the non-EdS
parameter value Pgqg(k). Our result is consistent with
the work in [53]; however, our work apply the Lagrange
perturbation theory across various scales and redshifts.
The non-EdS parameter values are according to the mod-
els in TABLE I. From the figure, it can be seen that the
fractional difference is, on average, ~5% across interested
range of redshift and could get up to ~ 10% in certain
redshift. The maximum different occurs at k ~ 0.5 h
Mpc™!, a quasi-linear regime. This is an indicator that as
the precisions get better, the EdS approximation may not
be accurate enough and a need for higher-order growth
functions is emerging.

In this article, we demonstrate an application of La-
grangian perturbation formalism by [28] on the effects
of dynamical dark energy on the observation of redshift-
space power spectra and correlation functions. With up-
coming powerful telescopes such the SKA and DESI, the
constraints on the density parameters could potentially
achieve better than ~1% while the constraints on dark
energy parameters wg and w, could be better than ~ 5%
and ~ 60%. However, a better more accurate theoretical
modeling is also needed. The EdS approximation which
is often used for cosmological perturbation theory may
need to be revised. We suggest that the inclusion of the
time-dependent growth functions in the second-order and
third-order term become crucial as the precision get be-
low 1%; however, the impact of these functions on the
outcome of measurements still needs further investiga-
tion.
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TABLE III: 68%CL constraints on the fiducial cosmological parameters where wg = Qph? and wy; = Qh? after marginal-

ization.
Owp X100 oQ, Twg Ow,
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