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บทน ำ 

 

ทฤษฎีจุดตรึง (fixed  point  theory) นับเป็นแขนงที่ส าคัญแขนงหนึ่งในสาขาของการ 
วิเคราะห์เชิงฟังก์ชัน (functional analysis )  ในปัจจุบันนักคณิตศาสตร์ได้ศึกษาและวิจัยในแขนง
ดังกล่าวกันอย่างต่อเนื่อง         ในการคิดค้นทฤษฎีเพ่ือหาองค์ความรู้ใหม่ ๆ นั้นนับว่ามีประโยชน์
เป็นอย่างมากต่อทางวิชาการ และ การพัฒนาประเทศ     เป็นที่ยอมรับว่าทฤษฎีและองค์ความรู้
ใหม่ๆ ที่เกิดจากการวิจัยนั้น  นอกจากจะมีประโยชน์อย่างมากในการพัฒนาความรู้เชิงวิชาการใน
สาขาและแขนงต่างๆนั้นแล้ว   บางครั้งยังสามารถน าไปประยุกต์ในสาขาอ่ืนๆ  และเป็นพ้ืนฐานส าคัญ
ในการพัฒนาทางวิทยาศาสตร์พื้นฐาน (basic  science) ซึ่งเป็นการวิจัยพื้นฐาน (basic research ) 
เพ่ือสร้างองค์ความรู้ใหม่  อันถือเป็นพ้ืนฐานในการพัฒนาประเทศชาติต่อไป 

ทฤษฎีจุดตรึงนับว่าเป็นแขนงหนึ่งที่สามารถประยุกต์ได้อย่างกว้างขวาง 
โดยเฉพาะอย่างยิ่งต่อการศึกษาเก่ียวกับ    การมีค าตอบ (existence of solution) และ  การมี
เพียงค าตอบเดียว ของสมการ (uniqueness  of solution)    ตลอดจนการคิดค้นหาวิธีในการ
ประมาณหาค าตอบของสมการต่างๆ       ดังนั้นการศึกษาทฤษฎีต่างๆ ที่เกี่ยวข้องกับการมีจุดตรึง
ของการส่งต่างๆ และ การหาระเบียบวิธีต่างๆที่ใช้ในการประมาณค่าค าตอบนั้นจึงเป็นหัวข้อที่มีนัก
คณิตศาสตร์กลุ่มหนึ่งจ านวนมากให้ความสนใจศึกษา เมื่อศึกษาการมีค าตอบของสมการต่างๆแล้ว 
ปัญหาที่น่าสนใจต่อไปก็คือ เราจะหาค าตอบของสมการต่างๆนั้นได้อย่างไร  ค าถามดังกล่าวนี้ก็ท าให้มี
นักคณิตศาสตร์จ านวนมากสนใจศึกษา  คิดค้นระเบียบวิธีการกระท าซ้ าของจุดตรึง(fixed-point 
iterations) ต่างๆที่ใช้ในการหาค าตอบ และ ประมาณค าตอบ เพ่ือน าไปประยุกต์ใช้เกี่ยวกับการ
แก้ปัญหาในเรื่องของสมการตัวด าเนินการไม่เชิงเส้น (nonlinear operator equations)  ในเรื่อง
ของแก้ปัญหาอสมการการแปรผัน (variational inequality problem (VIP)) และแก้สมการหา
ค าตอบของปัญหาเชิงดุลยภาพ(equilibrium  problems (EP)) ปัญหาที่ดีที่สุด(optimizations 
problems)  ทั้งในปริภูมิฮิลเบิร์ตและปริภูมิบานาค   ซึ่งปัญหาดังกล่าวเป็นปัญหาที่ส าคัญที่มี
ประโยชน์มากมายในสาขาวิชาต่างๆ เช่นสาขาวิชาฟิสิกส์  คณิตศาสตร์ประยุกต์  วิศวกรรม และสาขา
ทางเศรษฐศาสตร์ 

จากความส าคัญข้างต้นเป็นผลให้นักคณิตศาสตร์จึงได้ศึกษาและวิจัยในแขนงดังกล่าว 
กันอย่างต่อเนื่อง ซึ่งการวิจัยเกี่ยวกับวิธีการท าซ้ าของจุดตรึง และการประมาณค่าจุดตรึงที่ส าคัญนั้น
สามารถน ามาเป็นเครื่องมือในการแก้สมการหาค าตอบของปัญหาเชิงดุลยภาพ ดังเช่นใน ปี 1997 
Combettes และ Hirstoaga   ได้เริ่มต้นศึกษาและใช้วิธีประมาณค่าแบบซ้ าในการค้นหาผลเฉลยของ
ปัญหาเชิงดุลยภาพ และได้พิสูจน์ทฤษฎีบทการลู่เข้าอย่างเข้ม (strong convergence theorems) 
ในปริภูมิฮิลเบิร์ต นอกจากนั้นแล้วยังมีนักคณิตศาสตร์อีกมากมาย น าวิธีการประมาณค่าแบบซ้ า
ดังกล่าวมาประยุกต์ใช้ในการแก้ปัญหาอสมการการแปรผัน ปัญหาค่าน้อยสุด และปัญหาอื่นๆ ทาง
คณิตศาสตร์   

ดังนั้นการคิดค้นเพ่ือให้เกิดวิธีการประมาณค่าแบบซ้ าของจุดตรึงชนิดใหม่ๆ และทฤษฎี 
การลู่เข้าสู่จุดตรึงจึงเป็นองค์ความรู้ใหม่ทีจ่ะได้รับ นอกจากนั้นแล้วยังสามารถใช้วิธีการประมาณค่า
ดังกล่าวเพ่ือประยุกต์ใช้หาค าตอบของปัญหาเชิงดุลยภาพ และ ปัญหาอสมการการแปรผัน และ
ปัญหาอื่นๆ ทางคณิตศาสตร์  ซึ่งองค์ความรู้ใหม่ที่ได้นั้นจะเป็นพื้นฐานที่ส าคัญในการพัฒนาสาขาวิชา



การวิเคราะห์เชิงฟังก์ชันและสาขาวิชาอ่ืนๆ ที่เก่ียวข้อง ดังที่ได้กล่าวมาแล้วข้างต้นอันจะเป็นพ้ืนฐาน
ในการพัฒนาประเทศชาติต่อไป   

 ในงานวิจัยนี้ ผู้วิจัยได้น าเสนอวิธีการประมาณค่าแบบซ้ าหลายๆแบบ เพ่ือใช้ส าหรับการ
ประมาณค่าจุดตรึงร่วมของการส่งไม่เชิงเส้นแบบต่าง ๆ และเพ่ือแก้ไขปัญหาในทางคณิตศาสตร์หลาย
แบบตัวอย่างเช่น ปัญหาอสมการการแปรผัน ปัญหาเชิงดุลยภาพ ปัญหาเชิงดุลยภาพแบบผสม ปัญหา
เชิงดุลยภาพแบบผสมนัยทั่วไป และระบบของปัญหาเชิงดุลยภาพในทั้งปริภูมิฮิลเบิร์ต และ ปริภูมิบา
นาค 



   เอกสารแนบหมายเลข 1 

เน้ือหาโครงการโดยสรุป 
วิธีการประมาณค่าแบบซ้้าของตัวด้าเนินการไม่เชิงเส้นสา้หรับการแก้ปญัหาอสมการการแปรผัน และ 
ปัญหาเชิงดุลยภาพนัยทัว่ไป 

(Executive Summary : ITERATIVE APPROXIMATION METHODS OF NONLINEAR OPERATORS FOR 

SLOVING VARIATIONAL INEQUALITY PROBLEMS AND GENERALIZED EQUILIBRIUM PROBLEMS) 

 
1. ความส้าคญัและที่มาของปัญหา 

วิธีการประมาณค่าแบบซ้้าของจดุตรึง (Iterative approximation method of fixed point)  นับเป็น
แขนงที่ส้าคัญแขนงหนึ่งในสาขาของการวิเคราะห์เชิงฟังก์ชัน (functional analysis )  ในปัจจุบันนักคณิตศาสตร์
ได้ศึกษาและวจิัยในแขนงดังกล่าวกันอย่างต่อเนื่อง   การคิดค้นเพื่อให้ไดม้าซึ่งวธิีการประมาณค่าแบบต่างๆที่
ใชใ้นการประมาณค่าจุดตรึงของการส่งแบบต่างๆ หรือประมาณค่าค้าตอบของอสมการต่างๆนั้นจึงเป็นหวัข้อทีม่ี
นักคณิตศาสตร์จ้านวนมากให้ความสนใจศึกษา เน่ืองจากมีนักนักคณิตศาสตร์กลุ่มหนึง่ที่ได้ศึกษาการมีค้าตอบ
ของ จุดตรึงของการส่งแบบต่างๆ และค้าตอบของอสมการต่างๆ แล้ว ปัญหาที่น่าสนใจต่อไปก็คือ เราจะค้นหา
ค้าตอบนั้นได้อย่างไร  ค้าถามดังกล่าวนี้ก็ท้าใหม้ีนักคณิตศาสตร์จ้านวนมากสนใจที่ศึกษา  โดยได้คิดค้น
ระเบียบวธิีการกระท้าซ้้าของจุดตรึง (fixed-point iterations) ส้าหรับการส่งแบบต่างๆ หรือ วธิีการประมาณค่า
แบบซ้้า (Iterative approximation methods) เพื่อใช้ในการหาคา้ตอบ และ การประมาณค่าค้าตอบให้กับการส่ง
ต่างๆเหล่านั้น พร้อมทั้งน้าผลทีไ่ดไ้ปประยุกตใ์ช้เกีย่วกับการแกป้ัญหาในเรื่องของ การหาผลเฉลยของอสมการ
การแปรผัน (variational inequality problem (VIP)) ผลเฉลยของปัญหาเชงิดุลยภาพ (equilibrium  problems 
(EP)) ปัญหาเชงิดุลยภาพแบบผสม (mixed equilibrium  problems (MEP)) ปัญหาเชงิดุลยภาพแบบผสมนัย
ทั่วไป (generalized mixed equilibrium  problems (GMEP)) รวมทั้ง ระบบปัญหาเชงิดุลยภาพ (system of 
equilibrium  problems(SEP)) ปัญหาที่ดีที่สุด (optimizations problems) และ ปญัหาค่าน้อยที่สุด 
(minimizations problems) ทั้งในปริภูมิฮิลเบิรต์และปริภมูิบานาค   ซึ่งองค์ความรู้ใหม่ที่ไดจ้ากการศึกษาทฤษฎี
เกี่ยวกับปัญหาดังกล่าวนั้นเป็นแบบจ้าลองพื้นฐาน และ เครื่องมอืที่ส้าคัญในการศึกษาเกี่ยวกับทัง้ปัญหาเชิงเส้น
และไม่เชงิเส้น (linear and nonlinear problems) ซึ่งปัญหาทั้งสองดังกล่าวถือเป็นปัญหาหลักในการศึกษาทั้งใน
แง่ของวิทยาศาสตร์บริสุทธิ์ (pure sciences) และวิทยาศาสตร์ประยุกต์ (applied sciences) อย่างเชน่ทางด้าน 
ช่างเครื่อง(mechanics) ฟิสิกส์(physics) การหาค่าที่ดีที่สุด และการควบคมุ (optimization and control) 
การเงิน(finance) นิเวศวิทยา(ecology) เครือข่าย(network) ก้าหนดการไม่เชิงเส้น(nonlinear programming), 
ทฤษฎีเกี่ยวกับเกมส์(game theory)  เศรษฐศาสตร์และการเคล่ือนย้ายเชิงดุลยภาพ(economics and 
transportation equilibrium)   วิทยาศาสตร์ของวิศวกรรมศาสตร์(engineering science) เป็นต้น  

การศึกษาทฤษฎีบทเกีย่วกับอสมการการแปรผันน้ัน ต้องอาศยัเทคนิคความรู้ที่ผสมผสานกันของ การ
วิเคราะห์เชงินูน (convex analysis), การวิเคราะห์เชิงฟังกช์นั (functional analysis) และการวิเคราะห์เชงิ
ตัวเลข (numerical analysis) มาประกอบกันเพื่อให้ได้ซ่ึงค้าตอบของอสมการแปรผัน  ซึ่งวิธทีี่นิยมใช้กันอย่าง
แพร่หลาย คือ การคิดค้นวิธีการประมาณค่าแบบซ้้าโดยใช้เทคนิคการฉาย (projection technique) (ดู [4], [6], 
[11], [12], [20-32], [52-54] )   ซึ่งจากการแก้ปัญหาโดยใช้วธิกีารดังกล่าว ท้าให้นักคณิตศาสตร์ได้มองเห็นถึง
ความสัมพันธ์ระหว่างปญัหาอสมการการแปรผัน และ ปัญหาของจุดตรึง(fixed point problem) นอกจากนั้นแล้ว 
ในปี 1997 Combettes และ Hirstoaga [9] คิดค้นวิธีการประมาณค่าแบบซ้้าเพื่อการหาผลเฉลยของปญัหาเชิง
ดุลยภาพ (EP) ซึ่งเป็นนัยทั่วไปของปญัหาอสมการการแปรผนั โดยใช้ปัญหาของจุดตรึงมาช่วยในการแก้ไข
ปัญหาดังกล่าว อีกทั้งปญัหาเชงิดุลยภาพนี้ถือเป็นเครื่องมือส้าคัญยิ่งในการแก้ปญัหาในทางฟสิิกส์ หรือแม้กระ
ทั้งในทางเศรษฐศาสตร์ ซึ่งสามารถดูได้จากเอกสารอ้างอิง [6] , [10] และ [18] เป็นผลใหต้่อมาในปี 2008  
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Peng และ Yao [30] ได้ศึกษาและคิดค้นวิธีประมาณค่าแบบซ้้าเพื่อใชใ้นการค้นหาผลเฉลยรว่มของปัญหาเชงิ
ดุลยภาพแบบผสมนัยทั่วไป (GMEP) และ ปัญหาจุดตรงึของการส่งไม่ขยายในปริภูมฮิิลเบิร์ต นอกจากนั้นแลว้ 
ในปี 2009 Saeidi [39] ได้ศึกษาถึงปัญหาที่เป็นนัยทั่วไปกว่าปญัหา EP ซึ่งถูกเรียกว่าระบบของปัญหาเชิงดุลย
ภาพ (SEP)  
 จากที่กล่าวมาข้างต้นจะเห็นได้วา่การศึกษาทฤษฎีบทเกีย่วกับวธิีการประมาณค่าแบบซ้้าส้าหรบัแก้ไข
ปัญหาอสมการการแปรผัน ปญัหาเชิงดุลยภาพ ปัญหาเชิงดุลยภาพแบบผสม ปญัหาเชิงดุลยภาพแบบผสมนัย
ทั่วไป รวมทัง้ ระบบปญัหาเชิงดุลยภาพ ส้าหรับการส่งแบบไมข่ยายนั้นนับเป็นหัวข้อการศึกษาที่น่าสนใจและมี
ประโยชน์ความส้าคัญเป็นอย่างยิ่ง  

ดังนั้นในการคิดค้นทฤษฎีเพื่อหาองค์ความรูใ้หม่ ๆ นั้นนับว่ามปีระโยชน์เป็นอย่างมากต่อทางวชิาการ 
และ การพัฒนาประเทศ     เป็นที่ยอมรับว่าทฤษฎแีละองค์ความรู้ใหม่ๆ ที่เกิดจากการวิจยันัน้  นอกจากจะมี
ประโยชน์อย่างมากในการพฒันาความรู้เชิงวชิาการในสาขาและแขนงต่างๆนั้นแล้ว   บางครั้งยังสามารถน้าไป
ประยุกต์ในสาขาอื่นๆ  และเป็นพื้นฐานส้าคัญในการพัฒนาทางวิทยาศาสตรพ์ื้นฐาน (basic  science) ซึ่งเป็น
การวิจัยพื้นฐาน(basic research) เพื่อสร้างองค์ความรู้ใหม่  อันถือเป็นพื้นฐานในการพัฒนาประเทศชาตติ่อไป 

 
2.  วัตถุประสงค์ของโครงการ 

2.1   น้าเสนอวิธีการประมาณคา่แบบซ้้าชนิดใหม่ๆที่เป็นนัยทั่วไป เพื่อหาผลเฉลยของปญัหาอสมการ
การแปรผัน ปญัหาเชิงดุลยภาพ ปัญหาเชิงดุลยภาพแบบนัยทั่วไป ปัญหาเชงิดุลยภาพแบบผสม ปญัหาเชิง
ดุลยภาพแบบผสมนัยทั่วไป รวมทั้ง ระบบปัญหาเชิงดุลยภาพ และ ปัญหาจุดตรึงของการส่งไม่ขยายบน
ปริภูมฮิิลเบิร์ต เพื่อก่อให้เกิดทฤษฎีบท และองค์ความรู้ใหม่ๆ ในด้านการวิเคราะห์เชิงฟังกช์ัน     

2.2  น้าเสนอวิธีการประมาณค่าแบบซ้้าเพื่อหาค้าตอบรว่มของปญัหาในข้อที่ 5.1 และปัญหาจุดตรึง 
     ของการส่งไม่เชิงเส้นแบบอืน่ๆ ทั้งบนปริภมูิฮิลเบิร์ต และปริภูมิบานาค เพื่อก่อให้เกิดทฤษฎีบท และองค์   
     ความรู้ใหม่ๆ ที่กว้างขวางมากขึ้น 

2.3     ศึกษาถงึบทประยุกต์ของผลลัพธ์ที่ได้จากข้อ 2.1 และ 2.2 เพื่อน้าไปสู่การแก้ปัญหาด้าน 
ศาสตร์และด้านอ่ืนๆ เช่น ช่างเคร่ือง ฟิสิกส์ การเงิน นิเวศวทิยา เครือข่าย การหาค่าที่ดีทีสุ่ดและการ
ควบคุม ก้าหนดการไม่เชิงเส้น ทฤษฎีเกี่ยวกับเกมส์ เศรษฐศาสตร์และการเคล่ือนย้ายเชิงดุลยภาพ  
วิทยาศาสตรข์องวศิวกรรมศาสตร์ เป็นต้น 

 
3. ระเบียบวิธวีิจัย 

3.1  ค้นคว้าหาเอกสาร  ต้ารา วารสาร และ เอกสารส่ิงพิมพ์ที่เกีย่วข้องกบังานวจิัยด้าน ทฤษฎบีท
เกี่ยวกับการประมาณค่าและทฤษฎีบทจุดตรึง จากแหล่งข้อมูลตา่งๆ  
   3.2  ศึกษาเงื่อนไขที่จ้าเป็นและเพียงพอต่างๆ ที่เกี่ยวกับการประมาณค่าจุดตรงึของการส่งแบบไม่
ขยายหรือการส่งแบบอื่นๆ จากเอกสารที่ได้รับหรืองานวจิัยต่าง ๆ  
  3.3  ศึกษารูปแบบต่าง ๆ ของวธิีการประมาณค่า เพื่อแก้ไขปญัหาอสมการการแปรผัน ปัญหาเชิงดุลย
ภาพ ปัญหาเชิงดุลยภาพแบบนยัทั่วไป ปัญหาเชิงดุลยภาพแบบผสม ปัญหาเชงิดุลยภาพแบบผสมนัยทั่วไป  
ระบบของปญัหาเชิงดุลยภาพแบบผสมนัยทั่วไป หรือปัญหาค่าน้อยสุดในปริภูมฮิิลเบิร์ตและปรภิูมิบานาคจาก
เอกสารที่เก่ียวข้อง 
 3.4  โดยการอาศยัองค์ความรู้ทีส้่าคัญต่าง ๆ ทีไ่ด้จากการศึกษาตามระเบียบวธิีตามข้อ 3.1 – 3.3  
และประสบการณ์ที่ได้จากการแลกเปล่ียนความคิดเห็นและปรึกษาผู้เชี่ยวชาญทั้งในประเทศและผู้เชี่ยวชาญ
ต่างประเทศที่มีการเชื่อมโยงการท้าวิจยักันอยู่เพื่อก่อให้เกิดแนวทางในการคิดค้นทฤษฎีบทใหม่ๆ และองค์
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ความรูใ้หม่ ๆ  ที่เกีย่วกับวิธีการประมาณค่าแบบต่างๆ เพื่อแก้ไขปัญหาอสมการการแปรผัน ปญัหาเชงิดุลย
ภาพ ดุลยภาพแบบนัยทั่วไป ปญัหาเชงิดุลยภาพแบบผสม ปัญหาเชิงดุลยภาพแบบผสมนัยทั่วไป  ระบบของ
ปัญหาเชิงดุลยภาพแบบผสมนัยทั่วไป หรือปัญหาค่าน้อยสุด ตามวัตถุประสงค์ที่ก้าหนดไวใ้นข้อ  2.1 - 2.2 
 

4. แผนการด้าเนินงานวิจัยตลอดโครงการในแต่ละชว่ง 6 เดือน 
 

ปีที่1 (2553) 

กิจกรรมและขั้นตอนด้าเนินงาน                   2553 (6 เดือนแรก) 

   1   2   3   4   5   6 

1. ค้นคว้าหาเอกสารที่เก่ียวข้องกับวิธีการประมาณ
แบบซ้้าของจุดตรงึของการส่งแบบไมข่ยายหรือ การส่ง
ไม่เชิงเส้นแบบอื่นๆ 

      

2. ศึกษาความรู้พื้นฐานเกี่ยวกับกับวิธีการประมาณ
แบบซ้้าของจุดตรงึของการส่งแบบไมข่ยายหรือ การส่ง
ไม่เชิงเส้นแบบอื่นๆ จากเอกสารที่ได้รับ 

      

3. คิดค้นและวจิัยเพื่อน้าเสนอวธิีการประมาณค่าแบบ
ซ้้าของจุดตรึงชนิดใหม่ๆ เพื่อใชใ้นการหาผลเฉลยของ
ปัญหาอสมการการแปรผัน ปญัหาเชิงดุลยภาพ ปัญหา
เชิงดุลยภาพแบบผสม ปัญหาเชงิดุลยภาพแบบผสมนัย
ทั่วไป  ระบบของปญัหาเชิงดุลยภาพแบบผสมนัยทั่วไป 
ตามวตัถุประสงค์ 2.1 

      

4. รายงานความก้าวหน้าของโครงการใน 6 เดือนแรก       

กิจกรรมและขั้นตอนด้าเนินงาน              2553 (6 เดือนหลัง) 

   7   8   9   10  11   12 

1. เดินทางไปหาเอกสารที่เก่ียวข้องเพิ่มเติม       

2. คิดค้นและวิจัยเพื่อน้าเสนอวธิีการประมาณค่าแบบ
ซ้้าของจุดตรึงชนิดใหม่ๆ เพื่อใชใ้นการหาผลเฉลยของ
ปัญหาอสมการการแปรผัน ปญัหาเชิงดุลยภาพ ปัญหา
เชิงดุลยภาพแบบนัยทั่วไป ปัญหาเชิงดุลยภาพแบบ
ผสม ปัญหาเชิงดุลยภาพแบบผสมนัยทั่วไป  ระบบของ
ปัญหาเชิงดุลยภาพแบบผสมนัยทั่วไป ในปริภูมฮิิล
เบิร์ต  เพิ่มเตมิ 
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3.เขียน และ พิมพ์ผลงานวจิัยเกีย่วกับวธิีการประมาณ
ค่าแบบซ้้าของจุดตรึง รวมทั้งส่งผลงานเพื่อลงตีพิมพ์ใน
วารสารนานาชาติทีม่ีค่า Impact factor 

      

4. รายงานความก้าวหน้าของโครงการใน 6 เดือนหลัง       

 
 

ปีที่ 2 (2554) 

กิจกรรมและขั้นตอนด้าเนินงาน              2554 ( 6 เดือนแรก) 

   1   2   3   4   5   6 

1. เดินทางเพื่อค้นหาเอกสาร วารสาร เพิ่มเติม       

2.  ศึกษาบทความวจิัยที่เกี่ยวกบัวิธีการประมาณค่า
แบบซ้้าของจุดตรงึชนิดใหม่ๆ เพื่อใชใ้นการหาผล
เฉลยร่วม ของปญัหาอสมการการแปรผัน ปัญหาเชงิ
ดุลยภาพ ปัญหาเชิงดุลยภาพแบบนัยทัว่ไป ปัญหาเชงิ
ดุลยภาพแบบผสม ปญัหาเชิงดลุยภาพแบบผสมนัย
ทั่วไป  ระบบของปญัหาเชิงดุลยภาพแบบผสมนัยทั่วไป
ในปริภูมบิานาค เพิ่มเติม   

      

3.  เดินทางไปหาเอกสาร วารสาร เพิ่มเตมิ       

4.  รายงานความก้าวหน้าของโครงการใน 6 เดือนแรก 
ปีที่ 2 

      

กิจกรรมและขั้นตอนด้าเนินงาน              2554 ( 6 เดือนหลัง) 

   7   8   9   10   11   12 

1. คิดค้นและวิจยัเพื่อน้าเสนอวิธีการประมาณ 

ประมาณค่าแบบซ้้าของจุดตรึงชนิดใหม่ๆ  เพื่อใช้ในการ
หาผลเฉลยร่วม ของปัญหาอสมการการแปรผัน 
ปัญหาเชิงดุลยภาพ ปัญหาเชิงดลุยภาพแบบผสม 
ปัญหาเชิงดุลยภาพแบบนยัทั่วไป  ปัญหาเชิงดุลยภาพ
แบบผสมนยัทั่วไป ในปรภิูมิบานาคตามวตัถุประสงค์ 
2.2 เพิ่มเตมิ 

      

2. เขียนและส่งผลงานเพื่อลงตีพมิพ์ในวารสาร       
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นานาชาต ิ

 

3.  เขียน และ พิมพ์ รายงานฉบบัสมบูรณ์ของโครงการ 

      

4. ส่งรายงานฉบับสมบูรณต์่อ สกว.       

 
5. ผลงาน/หัวข้อเร่ืองที่คาดวา่จะตีพิมพใ์นวารสารวชิาการระดับนานาชาติในแต่ละปี 

 ปีที่ 1 :  ชื่อเรื่องที่คาดวา่จะตีพมิพ์ :  “Strong convergence of the iterative approximation 
methods for solving mixed equilibrium problems and fixed point problems of an nonexpansive 
mappings in Hilbert spaces”    
วารสาร “Fixed point Theory and Applications”  เป็นวารสารระดับนานาชาต ิม ีImpact factor = 0.728   

 ปีที่ 2 : ชื่อเรื่องที่คาดว่าจะตีพมิพ์  :  เรื่อง “Strong convergence of the iterative approximation 
methods for solving generalized mixed equilibrium problems, variational inequality problems  and fixed 
point problems in Banach spaces” 

วารสาร “Applied Mathematics and Computation” เป็นวารสารระดับนานาชาติทีม่ี impact factor = 0.961 

 

6. งบประมาณโครงการ 

รายการ ปีที่ 1 ปีที่  2 รวม 

1. หมวดค่าตอบแทน 
    - ค่าตอบแทนหัวหน้าโครงการ 

 
120,000 

 
120,000 

 
240,000 

2. หมวดค่าวัสด ุ
    - ค่าวัสดุส้านักงาน 
    - ค่าวัสดุคอมพิวเตอร์(เช่นซื้อ แผ่น CD  หมึกปริ้นท)์ 

 
10,000 
 10,500 

 
10,000 
10,500 

 
20,000 
21,000 

3. หมวดค่าใช้สอย 
    -  ค่าใชจ้่ายส้าหรับเดินทางเพื่อท้าวิจยัและน้าเสนอผลงานวจิัยใน
ประเทศได้แก ่
    -  ค่าพาหนะ 
    -  ค่าที่พัก 
    -  ค่าเบี้ยเล้ียง 
    -  ค่าส่งไปรษณีย์และค่าถ่ายเอกสาร 
    - ค่าตีพิมพ์วารสาร(Page charge) 

 
 
 

15,000 
13,500 
4,800 
10,000 
25,000 

 
 
 

15,000 
13,500 
4,800 
10,000 
25,000 

 
 
 

30,000 
27,000 
9,600 
20,000 
50,000 

4. หมวดค่าจ้าง 
    - ค่าจ้างนิสิตช่วยปฏิบัตงิานวิจัยจ้านวน 1 คน(ให้ค้นคว้าหา
เอกสารงานวิจัยที่เกีย่วข้องและรวมถึงงานด้านอ่ืน ๆ ด้วย) 

 
31,200 

 
31,200 

 
62,400 

รวมงบประมาณโครงการ 240,000 240,000 480,000 
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เหตุผลในการจ้างนิสิตชว่ยงาน 
1. เพื่อช่วยในการสืบค้นข้อมูลใหม่ๆ  ตามทีไ่ด้รับหมอบหมายอยู่ตลอดเวลาเพราะงานทางด้านการคิดค้น

ทฤษฎีบท หรือองค์ความรู้ใหม่ ๆ จ้าเป็นที่ต้องทราบข้อมูลที่เปน็ปัจจุบันใหม้ากที่สุด 
2. เพื่อช่วยในการพมิพ์งาน  (paper) หรือ พมิพ์รายงานต่างๆ   
3. เพื่อเป็นการพัฒนาความรู้ในการวิจัยด้านน้ีให้กับนักศึกษา ส้าหรับเตรียมความพร้อมในการศึกษา

ระดับที่สูงขึ้นไป  
รายละเอยีดในการจา้งนิสิต 
    ค่าจ้างนิสิตช่วยปฏิบัติงานวิจยัจ้านวน 1 คน  โดยจ่ายให้นิสิตเป็นรายเดือน ๆ ละ  2,600    บาท  
เป็นเวลา 2 ปี รวมรายจ่ายทีต่้องจ้างนิสิตช่วยงานเป็นจ้านวนเงนิ  2,600 x 12 x 2= 62,400  บาท 
 



 

วัตถุประสงค์ของโครงการ 
 

1 น้าเสนอวิธีการประมาณค่าแบบซ้้าชนิดใหม่ๆที่เป็นนัยทั่วไป เพื่อหาผลเฉลยของปัญหาอสมการ  
การแปรผัน ปัญหาเชิงดุลยภาพ ปัญหาเชิงดุลยภาพแบบนัยทั่วไป ปัญหาเชิงดุลยภาพแบบผสม 
ปัญหาเชิงดุลยภาพแบบผสมนัยท่ัวไป รวมท้ัง ระบบปัญหาเชิงดุลยภาพ และ ปัญหาจุดตรึงของ
การส่งไม่ขยายบนปริภูมิฮิลเบิร์ต เพื่อก่อให้เกิดทฤษฎีบท และองค์ความรู้ใหม่ๆ ในด้านการ
วิเคราะห์เชิงฟังก์ชัน 

2 น้าเสนอวิธีการประมาณค่าแบบซ้้าเพื่อหาค้าตอบร่วมของปัญหาในข้อที่ 5.1 และปัญหาจุดตรึง
ของการส่งไม่เชิงเส้นแบบอื่นๆ ทั้งบนปริภูมิฮิลเบิร์ต และปริภูมิบานาค เพื่อก่อให้เกิดทฤษฎีบท 
และองค์ความรู้ใหม่ๆ ที่กว้างขวางมากขึ้น 

3 ศึกษาถึงบทประยุกต์ของผลลัพธ์ที่ได้จากข้อ 1 และ 2 เพื่อน้าไปสู่การแก้ปัญหาด้าน
คณิตศาสตร์และด้านอื่นๆ เช่น ช่างเครื่อง ฟิสิกส์ การเงิน นิเวศวิทยา เครือข่าย การหาค่าที่ดี
ที่สุดและการควบคุม ก้าหนดการไม่เชิงเส้น ทฤษฎีเกี่ยวกับเกมส์ เศรษฐศาสตร์และการ
เคลื่อนย้ายเชิงดุลยภาพ  วิทยาศาสตร์ของวิศวกรรมศาสตร์ เป็นต้น 

 
ระเบียบวิธีวิจัย 

 
1 ค้นคว้าหาเอกสาร  ต้ารา วารสาร และ เอกสารสิ่งพิมพ์ที่เกี่ยวข้องกับงานวิจัยด้าน ทฤษฎีบท

เกี่ยวกับการประมาณค่าและทฤษฎีบทจุดตรึงจากแหล่งข้อมูลต่างๆ  
2 ศึกษาเงื่อนไขที่จ้าเป็นและเพียงพอต่างๆ ที่เกี่ยวกับการประมาณค่าจุดตรึงของการส่งแบบไม่

ขยายหรือการส่งแบบอื่นๆ จากเอกสารที่ได้รับหรืองานวิจัยต่างๆ  
3  ศึกษารูปแบบต่าง ๆ ของวิธีการประมาณค่า เพื่อแก้ไขปัญหาอสมการการแปรผัน ปัญหาเชิง

ดุลยภาพ ปัญหาเชิงดุลยภาพแบบนัยท่ัวไป ปัญหาเชิงดุลยภาพแบบผสม ปัญหาเชิงดุลยภาพ
แบบผสมนัยทั่วไป  ระบบของปัญหาเชิงดุลยภาพแบบผสมนัยทั่วไป หรือปัญหาค่าน้อยสุดใน
ปริภูมิฮิลเบิร์ตและปริภูมิบานาคจากเอกสารท่ีเกี่ยวข้อง 

4 โดยการอาศัยองค์ความรู้ที่ส้าคัญต่าง ๆ ที่ได้จากการศึกษาตามระเบียบวิธีตามข้อ 1 – 3  และ
ประสบการณ์ท่ีได้จากการแลกเปลี่ยนความคิดเห็นและปรึกษาผู้เชี่ยวชาญทั้งในประเทศและ
ผู้เชี่ยวชาญต่างประเทศที่มีการเชื่อมโยงการท้าวิจัยกันอยู่เพื่อก่อให้เกิดแนวทางในการคิดค้น
ทฤษฎีบทใหม่ๆ และองค์ความรู้ใหม่ ๆ  ที่เกี่ยวกับวิธีการประมาณค่าแบบต่างๆ เพื่อแก้ไข
ปัญหาอสมการการแปรผัน ปัญหาเชิงดุลยภาพ ดุลยภาพแบบนัยท่ัวไป ปัญหาเชิงดุลยภาพ
แบบผสม ปัญหาเชิงดุลยภาพแบบผสมนัยทั่วไป  ระบบของปัญหาเชิงดุลยภาพแบบผสมนัย
ทั่วไป หรือปัญหาค่าน้อยสุด ตามวัตถุประสงค์ที่ก้าหนดไว้ในข้อ  1 - 2 
 



ผลการวิจัย

Rattanaporn Wangkeeree, A new hybrid projection algorithm basing on the shrinking projection
method for a pair of asymptotically quasi-φ-nonexpansive mappings, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 14, NO.2(2012), 298-313.

In this paper, motivated and inspired by the above research works, we introduce a new hybrid
projection algorithm basing on the shrinking projection method for a pair of asymptotically quasi-φ-
nonexpansive mappings to have strong convergence theorems for approximating the common element
of the set of common fixed points of such two mappings and the set of solutions of the variational
inequality for an inverse-strongly monotone operator in the framework of Banach spaces. We prove
strong convergence theorem which is our main result.

The main results of this paper

Theorem 1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T be a closed and asymptotically quasi-φ-nonexpansive mapping with
the sequence {kT

n } ⊂ [0, 1) such that kT
n −→ 1 as n −→ ∞ and S be a closed and asymptotically

quasi-φ-nonexpansive mapping with the sequence {kS
n} ⊂ [0, 1) such that kS

n −→ 1 as n −→ ∞.
Assume that T and S are uniformly asymptotically regular on C and Ω := F (T ) ∩ F (S) ∩ V I(A,C)
is nonempty and bounded. Let A be an α-inverse-strongly monotone mapping of C into E∗ with
‖Ay‖ ≤ ‖Ay − Aq‖ for all y ∈ C and q ∈ Ω. Let {xn} be a sequence generated by the following
algolithm: 

x0 = x ∈ E, chosen arbitrary,
C1 = C, x1 = ΠC1x0,

wn = ΠCJ−1(Jxn − rnAxn),

zn = J−1(αnJxn−1 + βnJTnxn + γnJSnwn),

yn = J−1(δnJx1 + (1− δn)Jzn),

Cn+1 = {u ∈ Cn : φ(u, yn) ≤ δnφ(u, x1) + (1− δn)ξn},

xn+1 = ΠCn+1x0, ∀n ≥ 1,

(0.1)

where ξn = αnφ(u, xn−1) + (1 − αn)φ(u, xn) + (kn − 1)θn, kn = max{kT
n , kS

n} for all n ≥ 1, and
θn = sup{φ(z, xn) : z ∈ Ω}. Assume that {αn}, {βn}, {γn}, {δn} and {rn} are the sequences in [0, 1]
satisfying the restrictions:
(C1) limn−→∞ δn = 0;
(C2) {rn} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied
(a) lim infn−→∞ αnβn > 0 and lim infn−→∞ αnγn > 0 and
(b) limn−→∞ αn = 0 and lim infn−→∞ βnγn > 0.

Then {xn} converges strongly to ΠΩx0, where ΠΩ is the generalized projection from E onto Ω.

2. R. Wangkeeree, U. Kamraksa, R. Wangkeeree , A General composite algorithms for solving
general equilibrium problems and fixed point problems in Hilbert spaces, Abstract and Applied
Analysis, Volume 2011, Article ID 976412, 25 pages, doi:10.1155/2011/976412
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In this paper, motivated by the above results, we introduce a general iterative scheme below in a
real Hilbert space H, with the initial guess x0 ∈ C chosen arbitrary,

φ(un, y) + 〈Axn, y − un〉+ 1
r 〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnγf(xn) + (I − αnF )Sp(n+1)
i(n+1) xn,

xn+1 = µnPC [yn] + (1− µn)un, n ≥ 0.

(0.2)

where p(n) = j + 1 if jN < n ≤ (j + 1)N, j = 1, 2, . . . and n = jN + i(n), i(n) ∈ {1, 2, . . . , N}, C is a
nonempty closed and convex subset ofH, {αn} and {µn} are two sequences in [0,1], φ : C ×C −→ R
is a bifunction satisfying certain conditions, S1, S2, . . . , SN : C −→ C is a finite family of asymptotically
nonexpansive mappings with sequences {1 + k

i(n)
p(n)} respectively, f : C −→ H is a contraction with

coefficient 0 < ρ < 1, F is δ-strongly monotone and λ-strictly pseudo-contractive with δ + λ > 1, γ is a
positive real number such that γ < 1

ρ

(
1−

√
1−δ

λ

)
and A is an α-inverse strongly monotone mapping.

We prove that the proposed algorithm converges strongly to x∗ ∈ Ω which is the unique solution of the
following variational inequality

〈(F − γf)x∗, x− x∗〉 ≥ 0, x ∈ Ω.

In particular,
(I) if F is a strongly positive bounded linear operator on H, then x∗ is the unique solution of the
variational inequality ;
(II) if F = I, the identity mapping on H and γ = 1, then x∗ is the unique solution of the variational
inequality ;
(III) if F = I, the identity mapping on H and f = 0, then x∗ is the unique solution of minimization
problem.

The main results of this paper

Theorem 1. Let C be a nonempty closed and convex subset of a real Hilbert space H.
Let S1, S2, . . . , SN : C −→ C be a finite family of asymptotically nonexpansive mappings with
sequences {1 + k

i(n)
p(n)} respectively, such that k

i(n)
p(n) −→ 0 as n −→∞, hn := max1≤i(n)≤N{k

i(n)
p(n)} and

Γ := ∩N
i=1Fix(Si),

Γ = Fix(SNSN−1SN−2 . . . S1) = Fix(S1SN . . . S2) = · · · = Fix(SN−1SN−2 · · ·S1SN ).

Let A : C −→ H be an α-inverse strongly monotone mapping. Let φ : C × C −→ R be a bifunction
which satisfies conditions (A1)-(A4) such that Ω := EP ∩Γ is nonempty. Let F : C −→ H be δ-strongly
monotone and λ-strictly pseudo-contractive with δ + λ > 1, f : C −→ H a ρ-contraction, γ a positive
real number such that γ < (1−

√
(1− δ)/λ)/ρ and r a constant such that r ∈ (0, 2α). For given x0 ∈ C

arbitrarily, let the sequence {xn} be generated iteratively by (0.2). Suppose that {αn} and {µn} are
two sequences in [0, 1] satisfying the following conditions:
(C1) limn−→∞ αn = 0, limn−→∞

αn+1
αn

= 1,
∑∞

n=0 αn = ∞ and limn−→∞
hn

αn
= 0;

(C2) 0 < lim infn−→∞ µn ≤ lim supn−→∞ µn < 1 and limn−→∞
µn+1−µn

αn+1
= 0.

Assume that
∑∞

n=1 supz∈B ‖S
p(n+1)
i(n+1) z − S

p(n)
i(n) z‖ < ∞, for each bounded subset B of C. Then, the

sequence {xn} converges strongly to x∗ of the following variational inequality

〈(F − γf)x∗, x− x∗〉 ≥ 0, x ∈ Ω (0.3)

or equivalently x̃ = PΩ(I − F + γf)x̃, where PΩ is the metric projection of H onto Ω.
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3. Rattanaporn Wangkeeree, Rabian Wangkeeree , Strong convergence theorems of the general
iterativemethods for nonexpansive semigroups in Banach spaces∗, J Glob Optim DOI 10.1007/s10898-
011-9835-6.

Let E be a real reflexive Banach space which admits a weakly sequentially continuous duality
mapping from E to E∗. Let S = {T (s) : 0 ≤ s < ∞} be a nonexpansive semigroup on E such that
Fix(S) := ∩t≥0Fix(T (t)) 6= ∅, and f is a contraction on E with coefficient 0 < α < 1. Let F be
δ-strongly accretive and λ-strictly pseudo-contractive with δ + λ > 1 and γ a positive real number such
that γ < 1

α

(
1−

√
1−δ

λ

)
. When the sequences of real numbers {αn} and {tn} satisfy some appropriate

conditions, the three iterative processes given as follows :

xn+1 = αnγf(xn) + (I − αnF )T (tn)xn, n ≥ 0,

yn+1 = αnγf(T (tn)yn) + (I − αnF )T (tn)yn, n ≥ 0,

and
zn+1 = T (tn)(αnγf(zn) + (I − αnF )zn), n ≥ 0

converge strongly to x̃, where x̃ is the unique solution in Fix(S) of the variational inequality

〈(F − γf)x̃, j(x− x̃)〉 ≥ 0, x ∈ Fix(S).

Our results extend and improve corresponding ones of Li, Li and Su [S. Li, L. Li, and Y. Su, General
iterative methods for a one-parameter nonexpansive semigroup in Hilbert space, Nonlinear Analysis
70 (2009) 3065-3071] and Chen and He [R. Chen and H. He, Viscosity approximation of common fixed
points of nonexpansive semigroups in Banach space, Applied Mathematics Letters 20 (2007) 751-757]
and many others.
For solving the equilibrium problem, let us assume that the bifunction φ satisfies the
following conditions:
(A1) φ(x, x) = 0 for all x ∈ C;
(A2) φ is monotone, i.e., φ(x, y) + φ(y, x) ≤ 0 for any x, y ∈ C;
(A3) φ is upper-hemicontinuous, i.e., for each x, y, z ∈ C,

limsupt−→0+φ(tz + (1− t)x, y) ≤ φ(x, y);

(A4) φ(x, ·) is convex and lower semicontinuous for each x ∈ C.

The main results of this paper

LetE be a real Banach space. Let T be a nonexpansive mapping onE. For f ∈ ΠE and F a δ-strongly
accretive and λ-strictly pseudo-contractive with δ + λ > 1 and 0 < γ < min

{
δ
α ,

1−
√

1−δ
λ

α

}
. For each

t ∈ (0, 1), the mapping St : E −→ E defined by

St(x) = tγf(x) + (I − tF )Tx, ∀x ∈ E

is a contraction mapping. Indeed, for any x, y ∈ E,

‖St(x)− St(y)‖ ≤ ‖tγ(f(x)− f(y)) + (I − tF )Tx− (I − tF )Ty‖

≤ tγ‖f(x)− f(y)‖+ (1− t

(
1−

√
1− δ

λ

)
‖x− y‖

≤

(
1− t[(1−

√
1− δ

λ
)− γα]

)
‖x− y‖ (0.4)
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Thus, by Banach contraction mapping principle, there exists a unique fixed point xt in E that is

xt = tγf(xt) + (I − tF )Txt. (0.5)

Lemma 1. Let E be a real reflexive strictly convex Banach space which has uniformly Gâteaux
differentiable norm. Let T be a nonexpansive mapping with F (T ) 6= ∅ and f : C −→ C a contraction
mapping with coefficient α(0 < α < 1), and let F be a δ-strongly accretive and λ-strictly pseudo-

contractive with δ + λ > 1 and 0 < γ < min
{

δ
α ,

1−
√

1−δ
λ

α

}
. Then the net {xt} defined by (0.5)

converges strongly as t −→ 0 to a common fixed point x̃ in F (T ) which solves the variational inequality
:

〈(F − γf)x̃, j(x̃− z)〉 ≤ 0, z ∈ F (T ). (0.6)

Lemma 2. Let E be a real reflexive strictly convex Banach space which has uniformly Gâteaux
differentiable norm and admits the duality mapping Jϕ with gauge ϕ such that ϕ is invariant on [0, 1],
i.e. ϕ([0, 1]) ⊂ [0, 1]. Let T be a nonexpansive mapping on E with F (T ) 6= ∅ and f ∈ ΠE a contraction
mapping with coefficient α(0 < α < 1), let A be a strongly positive bounded linear operator on E

with coefficient γ̄ > 0 and 0 < γ < γ̄ϕ(1)
α . Assume that the net {xt} defined by (0.5) converges

strongly to a common fixed point x̃ in F (T ) as t −→ 0. Suppose that {xn} ⊂ E is bounded and
limn−→∞ ‖xn − Txn‖ = 0. Then

lim sup
n−→∞

〈γf(x̃)−A(x̃), Jϕ(xn − x̃)〉 ≤ 0. (0.7)

Theorem 3. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J . Let S = {T (t) : 0 ≤ t < ∞} be a u.a.r. nonexpansive semigroup on E such that
Fix(S) 6= ∅. Suppose that the real sequences {αn} ⊂ [0, 1], {tn} ⊂ (0,∞) satisfy the conditions

lim
n−→∞

αn = 0,
∞∑

n=0

αn = ∞ and lim
n−→∞

tn = ∞.

Let F be δ-strongly accretive and λ-strictly pseudo-contractive with δ+λ > 1, f : E −→ E a contraction
mapping with coefficient α ∈ (0, 1) and γ a positive real number such that γ < 1

α

(
1−

√
1−δ

λ

)
. Then,

the sequence {xn} defined by

x0 = x ∈ E, xn+1 = αnγf(xn) + (I − αnF )T (tn)xn, n ≥ 0 (0.8)

converges strongly to x̃, where x̃ is the unique solution in Fix(S) of the variational inequality

〈(F − γf)x̃, j(x− x̃)〉 ≥ 0, x ∈ Fix(S) (0.9)

or equivalently x̃ = QFix(S)(I − F + γf)x̃, where QFix(S) is the sunny nonexpansive retraction of E
onto Fix(S).
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Abstract. In this paper, we introduce a new hybrid projection algorithm based on the shrinking projection method for

approximating a common element of in the fixed point sets of two asymptotically quasi-φ-nonexpansive mappings and the
solutions set of a variational inequality corresponding to an inverse-strongly monotone operator. The strong convergence

theorem is established in real Banach spaces. Our results improve and extend the corresponding results announced by

recent results.
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1. Introduction

Let E be a Banach space and let C be a nonempty, closed and convex subset of E. Let A : C → E∗

be an operator. The classical variational inequality problem [19] for A is to find x∗ ∈ C such that

〈Ax∗, y − x∗〉 ≥ 0,∀y ∈ C, (1.1)

where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized duality pairing between E
and E∗. The solution set of (1.1) is denoted by V I(A,C). Such a problem is connected with convex
minimization problem, complementarity, the problem of finding a point x∗ ∈ E satisfying 0 = Ax∗.
First, we recall that a mapping A : C → E∗ is said to be:

(i) monotone if 〈Ax−Ay, x− y〉 ≥ 0, for all x, y ∈ C.
(ii) α-inverse-strongly monotone if there exists a positive real number α such that

〈Ax−Ay, x− y〉 ≥ α‖Ax−Ay‖2, for all x, y ∈ C.

Let J be the normalized duality mapping from E into 2E∗
given by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖‖x∗‖, ‖x‖ = ‖x∗‖}.
It is well known that if E∗ is uniformly convex, then J is uniformly continuous on bounded subsets of
E. Some properties of the duality mapping are given in [10, 32, 36].

Recall that a mappings T : C → C is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C.

A mapping T is said to be quasi-nonexpansive if F (T ) 6= ∅ and

‖Tx− y‖ ≤ ‖x− y‖, for all x ∈ C, y ∈ F (T ).

A mapping T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞) with
kn → 1 as n →∞ such that

‖Tnx− Tny‖ ≤ kn‖x− y‖, for all x, y ∈ C.

A mapping T is said to be asymptotically quasi-nonexpansive if F (T ) 6= ∅ and there exists a sequence
{kn} ⊂ [1,∞) with kn → 1 as n →∞ such that

‖Tnx− y‖ ≤ kn‖x− y‖, for all x ∈ C, y ∈ F (T ).

∗Corresponding author:
Email address: rattanapornw@nu.ac.th.
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2 R. WANGKEEREE

A mapping T is called uniformly L-Lipschitzian continuous if there exists a constant L > 0 such that

‖Tnx− Tny‖ ≤ L‖x− y‖, for all x, y ∈ C.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [14] in 1972.
Since 1972, many authors have studied the weak and strong convergence of iterative processes for such
a class of mappings.

Let C be a nonempty closed convex subset of a Hilbert space H and a mapping PC : H → C is
called the metric projection of H onto C if for each x ∈ H, there exists a unique element Px ∈ C such
that ‖x− Px‖ = d(x, C).

If C is a nonempty closed convex subset of a Hilbert space H and let PC : H → C be the metric
projection of H onto C, then PC is a nonexpansive mapping. This fact actually characterizes Hilbert
spaces and, consequently, it is not available in more general Banach spaces. In this connection, Alber
[2] recently introduced a generalized projection operator

∏
C in a Banach space E which is an analogue

of the metric projection in Hilbert spaces.
Consider the functional φ : E × E → R defined by

φ(y, x) = ‖y‖2 − 2 〈y, Jx〉+ ‖x‖2 (1.2)

for all x, y ∈ E. Observe that, in a Hilbert space H, (1.2) reduces to φ(y, x) = ‖x−y‖2 for all x, y ∈ H.
The generalized projection ΠC : E → C is the mapping that assigns to an arbitrary point x ∈ E the
minimum point of the functional φ(y, x), that is, ΠCx = x∗, where x∗ is the solution of the following
minimization problem:

φ(x∗, x) = inf
y∈C

φ(y, x). (1.3)

The existence and uniqueness of the operator ΠC follows from the properties of the functional φ(y, x)
and the strict monotonicity of the mapping J (see, for example, [1, 2, 9, 28]). In Hilbert spaces,
ΠC = PC . It is obvious from the definition of the function φ that

(1) (‖y‖ − ‖x‖)2 6 φ(y, x) 6 (‖y‖+ ‖x‖)2 for all x, y ∈ E.
(2) φ(x, y) = φ(x, z) + φ(z, y) + 2 〈x− z, Jz − Jy〉 for all x, y, z ∈ E.
(3) φ(x, y) = 〈x, Jx− Jy〉+ 〈y − x, Jy〉 6 ‖x‖‖Jx− Jy‖+ ‖y − x‖‖y‖ for all x, y ∈ E.
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x, y ∈ E,

φ(x, y) = 0 if and only if x = y.

For more details see, for example, [10, 32]. Let C be a closed convex subset of E, and let T be a
mapping from C into itself. We denote by F (T ) the fixed point set of T . A point p in C is said to be
an asymptotic fixed point of T [30] if C contains a sequence {xn} which converges weakly to p such
that limn→∞ ‖xn − Txn‖ = 0. The asymptotic fixed point set of T will be denoted by F̂ (T ). Recall
the following definitions:

(i) A mapping T : C → C is called relatively nonexpansive [8, 9, 11] if F̂ (T ) = F (T ) and
φ(p, Tx) 6 φ(p, x) for all x ∈ C and p ∈ F (T ).

(ii) A mapping T : C → C is said to be relatively asymptotically nonexpansive [1, 26] if F̂ (T ) =
F (T ) 6= ∅ and there exists a sequence {kn} ⊂ [0,∞) with kn → 1 as n → ∞ such that
φ(p, Tnx) 6 knφ(p, x) for all x ∈ C, p ∈ F (T ) and n ≥ 1.

(iii) A mapping T : C → C is said to be φ-nonexpansive [25, 28, 38] if φ(Tx, Ty) ≤ φ(x, y) for all
x, y ∈ C.

(iv) A mapping T : C → C is said to be quasi-φ-nonexpansive [25, 28, 38] if F (T ) 6= ∅ and
φ(p, Tx) ≤ φ(p, x) for all x ∈ C and p ∈ F (T ).

(v) A mapping T : C → C is said to be asymptotically φ-nonexpansive [38] if there exists a
sequence {kn} ⊂ [0,∞) with kn → 1 as n → ∞ such that φ(Tnx, Tny) ≤ knφ(x, y) for all
x, y ∈ C.

(vi) A mapping T : C → C is said to be asymptotically quasi-φ-nonexpansive [38] if F (T ) 6= ∅ and
there exists a sequence {kn} ⊂ [0,∞) with kn → 1 as n →∞ such that φ(p, Tnx) ≤ knφ(p, x)
for all x ∈ C, p ∈ F (T ) and n ≥ 1.

(vii) A mapping T : C → C is said to be asymptotically regular on C if, for any bounded subset
D of C, the following equality holds:

lim
n→∞

sup
x∈D

‖Tn+1x− Tnx‖ = 0.
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(viii) A mapping T : C → C is said to be closed if for any sequence {xn} ⊂ C such that limn→∞ xn =
x0 and limn→∞ Txn = y0, then Tx0 = y0.

Remark 1.1. The class of (asymptotically) quasi-φ-nonexpansive mappings is more general than the
class of relatively (asymptotically) nonexpansive mappings which requires the strong restriction that
F̂ (T ) = F (T ).

Remark 1.2. In a real Hilbert spaces, the class of (asymptotically) quasi-φ-nonexpansive mappings
is coincides with the class of (asymptotically) quasi-nonexpansive mappings.

We give some examples which are closed and asymptotically quasi-φ-nonexpansive.

Example 1.3. (1). Let E be a uniformly smooth and strictly convex Banach space and A ⊂ E × E∗

be a maximal monotone mapping such that its zero set A−10 is nonempty. Then Jr = (J + rA)−1J is
a closed and asymptotically quasi-φ-nonexpansive mapping from E onto D(A) and F (Jr) = A−10.

(2). Let ΠC be the generalized projection from a smooth, strictly convex and reflexive Banach
space E onto a nonempty closed and convex subset C of E. Then ΠC is a closed and asymptotically
quasi-φ-nonexpansive mapping from E onto C with F (ΠC) = C.

One classical way to study nonexpansive mappings is to use contractions to approximate a non-
expansive mapping (see [4]). More precisely, let t ∈ (0, 1) and define a contraction Gt : C → C by
Gtx = tx0 +(1−t)Tx for all x ∈ C, where x0 ∈ C is a fixed point in C. Applying Banach’s Contraction
Principle, there exists a unique fixed point xt of Gt in C. It is unclear, in general, what is the behavior
of xt as t → 0 even if T has a fixed point. However, in the case of T having a fixed point, Browder [4]
proved that the net {xt} defined by xt = tx0 + (1 − t)Txt for all t ∈ (0, 1) converges strongly to an
element of F (T ) which is nearest to x0 in a real Hilbert space. Motivated by Browder [4], Halpern [15]
proposed the following iteration process:

x0 ∈ C, xn+1 = αnx0 + (1− αn)Txn, n > 0 (1.4)

and proved the following theorem.

Theorem H. Let C be a bounded, closed and convex subset of a Hilbert space H and let T be a
nonexpansive mapping on C. Define a real sequence {αn} in [0, 1] by αn = n−θ, 0 < θ < 1. Define a
sequence {xn} by (1.4). Then {xn} converges strongly to an element of F (T ) which is nearest to u.

Recently, Martinez-Yanes and Xu [21] has adapted Nakajo and Takahashi’s [23] idea to modify the
process (1.4) for a single nonexpansive mapping T in a Hilbert space H:

x0 = x ∈ C chosen arbitrary,

yn = αnx0 + (1− αn)Txn,

Cn = {v ∈ C : ‖yn − v‖2 6 ‖xn − v‖2 + αn(‖x0‖2 + 2 〈xn − x0, v〉)},
Qn = {v ∈ C : 〈xn − v, x0 − xn〉 > 0},
xn+1 = PCn∩Qn

x0.

(1.5)

They proved that if {αn} ⊂ (0, 1) and limn→∞ αn = 0, then the sequence {xn} generated by (1.5)
converges strongly to PF (T )x.

In [27] (see also [22]), Qin and Su improved the result of Martinez-Yanes and Xu [21] from Hilbert
spaces to Banach spaces. To be more precise, they proved the following theorem.

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, C be a nonempty
closed convex subset of E and let T : C → C be a relatively nonexpansive mapping. Assume that
{αn} is a sequence in (0, 1) such that limn→∞ αn = 0. Define a sequence {xn} in C by the following
algorithm: 

x0 = x ∈ Cchosen arbitrary,
yn = J−1(αnJx0 + (1− αn)JTxn),
Cn = {v ∈ C : φ(v, yn) ≤ αnφ(v, yn) + (1− αn)φ(v, xn)},
Qn = {v ∈ C : 〈xn − v, Jx0 − Jxn〉 > 0},
xn+1 = ΠCn∩Qn

x0.

(1.6)

If F (T ) is nonempty, then {xn} converges to ΠF (T )x0.
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In [24], Plubtieng and Ungchittrakool introduced the following hybrid projection algorithm for two
relatively nonexpansive mappings:

x0 = x ∈ C chosen arbitrary ,

zn = J−1(αnJxn + βnJTxn + γnJSxn),
yn = J−1(δnJx0 + (1− δn)Jzn),
Hn = {z ∈ C : φ(z, yn) 6 φ(z, xn) + αn(‖x0‖2 + 2 〈z, Jxn − Jx〉)},
Wn = {z ∈ C : 〈xn − z, Jx− Jxn〉 > 0},
xn+1 = PHn∩Wn

x, n = 0, 1, 2, . . . ,

(1.7)

where {αn}, {βn}, {γn} and {δn} are sequences in [0, 1] satisfying αn +βn + γn = 1 for all n ∈ N∪{0}
and T, S are relatively nonexpansive mappings. They proved, under appropriate conditions on the
parameters, that the sequence {xn} generated by (1.7) converges strongly to a common fixed point of
T and S.

Very recently, motivated by the above research work, Qin, Cho and Kang [25] introduced and
considered the shrinking projection method which was first introduced by Takahashi et al. [35] in
a real Hilbert space for two asymptotically quasi-φ-nonexpansive mappings in uniformly smooth and
uniformly convex Banach spaces. To be more precise, they proved the following results.

Theorem QCK. Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly
smooth Banach space E. Let T be a closed and asymptotically quasi-φ-nonexpansive mapping with the
sequence {kT

n } ⊂ [0, 1) such that kT
n → 1 as n → ∞ and let S be a closed and asymptotically quasi-φ-

nonexpansive mapping with the sequence {kS
n} ⊂ [0, 1) such that kS

n → 1 as n → ∞. Assume that T
and S are uniformly asymptotically regular on C and Ω := F (T )∩F (S) is nonempty and bounded. Let
{xn} be a sequence generated by the following algolithm:

x0 = x ∈ E, chosen arbitrary,
C1 = C, x1 = ΠC1x0,

zn = J−1(αnJxn + βnJTnxn + γnJSnxn),
yn = J−1(δnJxn + (1− δn)Jzn),
Cn+1 = {u ∈ Cn : φ(u, yn) ≤ φ(u, xn) + (kn − 1)θn},
xn+1 = ΠCn+1x0, ∀n ≥ 1,

(1.8)

where kn = max{kT
n , kS

n} for all n ≥ 1, and θn = sup{φ(z, xn) : z ∈ Ω}. Assume that {αn}, {βn}, {γn},
{δn} and {rn} are sequences in [0, 1] which satisfy the following conditions:

(C1) αn + βn + γn = 1;
(C2) lim infn→∞ βnγn > 0, limn→∞ αn = 0;
(C3) 0 ≤ δn < 1 and lim supn→∞ δn < 1.

Then the sequence {xn} converges strongly to ΠΩx0.
The problem of finding a solution to variational inequalities for monotone mappings in Hilbert spaces

and Banach spaces has been intensively studied by many authors; see, for instance, [5, 16, 20] and the
references therein. Iiduka and Takahashi [17] introduced the following algorithm for finding a solution
of the variational inequality for an α-inverse-strongly monotone mapping A with ‖Ay‖ ≤ ‖Ay − Au‖
for all y ∈ C and u ∈ V I(A,C) in a 2-uniformly convex and uniformly smooth Banach space E. For
an initial point x0 = x ∈ C, define a sequence {xn} by

xn+1 = ΠCJ−1(Jxn − λnAxn),∀n ≥ 0. (1.9)

Assume that λn ∈ [a, b] for some a, b with 0 < a < b < c2α
2 where 1/c is the 2-uniformly convexity

constant of E. They proved that if J is weakly sequentially continuous, then the sequence {xn}
converges weakly to z = limn→∞ΠV I(A,C)(xn).

In this paper, motivated and inspired by the above research works, we introduce a new hybrid
projection algorithm based on the shrinking projection method for two of asymptotically quasi-φ-
nonexpansive mappings to have strong convergence theorems for approximating a common element in
the fixed point sets of these two mappings and the solution set of the variational inequality for an inverse-
strongly monotone operator in Banach spaces. Our results improve and extend the corresponding
results announced by recent results.
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2. Preliminaries

A Banach space E is said to be strictly convex if ‖x+y
2 ‖ < 1 for all x, y ∈ E with ‖x‖ = ‖y‖ = 1 and

x 6= y. It is also said to be uniformly convex if limn→∞ ‖xn−yn‖ = 0 for any two sequences {xn}, {yn}
in E such that ‖xn‖ = ‖yn‖ = 1 and limn→∞ ‖xn+yn

2 ‖ = 1. Let U = {x ∈ E : ‖x‖ = 1} be the unit
sphere of E. Then the Banach space E is said to be smooth provided

lim
t→0

‖x + ty‖ − ‖x‖
t

exists for each x, y ∈ U . It is also said to be uniformly smooth if the limit is attained uniformly for
x, y ∈ U . It is well know that if E is smooth, then the duality mapping J is single valued. It is also
known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded
subset of E. Some properties of the duality mapping have been given in [13, 29, 32, 33]. A Banach
space E is said to have Kadec-Klee property if a sequence {xn} of E satisfying that xn ⇀ x ∈ E and
‖xn‖ → ‖x‖, then xn → x. It is known that if E is uniformly convex, then E has the Kadec-Klee
property; see [13, 32, 33] for more details.

We define the function δ : [0, 2] → [0, 1] which is called the modulus of convexity of E as following

δ(ε) = inf{1− ‖x + y

2
‖ : x, y ∈ C, ‖x‖ = ‖y‖ = 1, ‖x− y‖ ≥ ε}. (2.1)

Then E is said to be 2-uniformly convex if there exists a constant c > 0 such that constant δ(ε) > cε2

for all ε ∈ (0, 2]. Constant 1
c is called the 2-uniformly convexity constant of E. A 2-uniformly convex

Banach space is uniformly convex, see [7, 34] for more details. We know the following lemma of
2-uniformly convex Banach spaces:

Lemma 2.1. [3, 6] Let E be a 2-uniformly convex Banach, then for all x, y from any bounded set of
E and jx ∈ Jx, jy ∈ Jy,

〈x− y, jx− jy〉 ≥ c2

2
‖x− y‖2 (2.2)

where 1
c is the 2-uniformly convexity constant of E.

Now we present some definitions and lemmas which will be applied in the proof of the main result
in the next section.

Lemma 2.2 (Kamimura and Takahashi [18]). Let E be a uniformly convex and smooth Banach space
and let {yn}, {zn} be two sequences of E such that either {yn} or {zn} is bounded. If limn→∞ φ(yn, zn) =
0, then limn→∞ ‖yn − zn‖ = 0.

Lemma 2.3 (Alber [2]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x ∈ E. Then, x0 = ΠCx if and only if 〈x0 − y, Jx− Jx0〉 > 0 for any y ∈ C.

Lemma 2.4 (Alber [2]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E and let x ∈ E. Then

φ(y,ΠCx) + φ(ΠCx, x) 6 φ(y, x)

for all y ∈ C.

Let E be a reflexive strictly convex, smooth and uniformly Banach space and the duality mapping
J from E to E∗. Then J−1 is also single-valued, one to one, surjective, and it is the duality mapping
from E∗ to E. We need the following mapping V which studied in Alber [2],

V (x, x∗) = ‖x‖2 − 2〈x, x∗〉+ ‖x‖2 (2.3)

for all x ∈ E and x∗ ∈ E∗. Obviously, V (x, x∗) = φ(x, J−1(x∗)). We know the following lemma:

Lemma 2.5 (Kamimura and Takahashi [18]). Let E be a reflexive, strictly convex and smooth Banach
space, and let V be as in (2.3). Then

V (x, x∗) + 2〈J−1(x∗)− x, y∗〉 ≤ V (x, x∗ + y∗)

for all x ∈ E and x∗, y∗ ∈ E∗.
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Lemma 2.6 ([12, Lemma 1.4]). Let E be a uniformly convex Banach space and Br(0) = {x ∈ E :
‖x‖ 6 r} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g : [0,∞) → [0,∞) with g(0) = 0 such that

‖λx + µy + γz‖2 6 λ‖x‖2 + µ‖y‖2 + γ‖z‖2 − λµg(‖x− y‖), (2.4)

for all x, y, z ∈ Br(0) and λ, µ, γ ∈ [0, 1] with λ + µ + γ = 1.

An operator A of C into E∗ is said to be hemicontinuous if for all x, y ∈ C, the mapping F of [0, 1)
into E∗ defined by F (t) = A(tx+(1− t)y) is continuous with respect to the weak∗ topology of E∗. We
denote by NC(v) the normal cone for C at a point v ∈ C, that is

NC(v) = {x∗ ∈ E∗ : 〈v − y, x∗〉 ≥ 0,∀y ∈ C}.

Lemma 2.7. [31] Let C be a nonempty closed convex subset of a Banach space E and A a monotone,
hemicontinuous operator of C into E∗. Let Ψ ⊂ E × E∗ be an operator defined as follows:

Ψv =
{

Av + NC(v), v ∈ C;
∅, v /∈ C .

Then Ψ is maximal monotone and Ψ−10 = V I(A,C).

3. Main Results

In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T be a closed and asymptotically quasi-φ-nonexpansive mapping with the
sequence {kT

n } ⊂ [0, 1) such that kT
n → 1 as n → ∞ and S be a closed and asymptotically quasi-φ-

nonexpansive mapping with the sequence {kS
n} ⊂ [0, 1) such that kS

n → 1 as n → ∞. Assume that T
and S are uniformly asymptotically regular on C and Ω := F (T ) ∩ F (S) ∩ V I(A,C) is nonempty and
bounded. Let A be an α-inverse-strongly monotone mapping of C into E∗ with ‖Ay‖ ≤ ‖Ay −Aq‖ for
all y ∈ C and q ∈ Ω. Let {xn} be a sequence generated by the following algolithm:

x0 = x ∈ E, chosen arbitrary,
C1 = C, x1 = ΠC1x0,

wn = ΠCJ−1(Jxn − rnAxn),
zn = J−1(αnJxn−1 + βnJTnxn + γnJSnwn),
yn = J−1(δnJx1 + (1− δn)Jzn),
Cn+1 = {u ∈ Cn : φ(u, yn) ≤ δnφ(u, x1) + (1− δn)ξn},
xn+1 = ΠCn+1x0, ∀n ≥ 1,

(3.1)

where ξn = αnφ(u, xn−1) + (1 − αn)φ(u, xn) + (kn − 1)θn, kn = max{kT
n , kS

n} for all n ≥ 1, and
θn = sup{φ(z, xn) : z ∈ Ω}. Assume that {αn}, {βn}, {γn}, {δn} and {rn} are the sequences in [0, 1]
satisfying the restrictions:

(C1) limn→∞ δn = 0;
(C2) {rn} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity

constant of E;
(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied

(a) lim infn→∞ αnβn > 0 and lim infn→∞ αnγn > 0 and
(b) limn→∞ αn = 0 and lim infn→∞ βnγn > 0.

Then {xn} converges strongly to ΠΩx0, where ΠΩ is the generalized projection from E onto Ω.

Proof. We divide the proof of Theorem 3.1 into four steps.
(I). We show first that the sequence {xn} is well defined. It is easily to seen that V I(A,C) is closed
and convex. By the same argument as in the proof of [38, Lemma 2.4], one can show that F (T )∩F (S)
is closed and convex. Hence Ω := F (S)∩ F (T )∩ V I(A,C) is a nonempty, closed and convex subset of
C. Consequently, ΠΩ is well defined.
Next, we prove by induction that Cn is closed and convex for all n ≥ 1. It is obvious that C1 = C is
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closed and convex. Suppose that Cj is closed and convex for some j ∈ N. For any u ∈ Cj , we observe
that

φ(u, yj) ≤ δjφ(u, x1) + (1− δj)[αjφ(u, xj−1) + (1− αj)φ(u, xj) + (kj − 1)θj ]
is equivalent to

2(1− δj)αj〈u, Jxj−1〉+ 2(1− δj)(1− αj)〈u, Jxj〉+ 2δj〈u, Jx1〉 − 2〈u, Jyj〉
≤ δj‖x1‖2 + (1− δj)αj‖xj−1‖2 + (1− δj)(1− αj)‖xj‖2 − ‖yj‖2 + (1− δj)(kj − 1)θj .

It can be seen that Cj+1 is closed. Next, we prove that Cj+1 is convex. In fact, u1, u2 ∈ Cj+1, % ∈ (0, 1).
Put u∗ = %u1 + (1− %)u2. From the definition of Cj+1, we have

2(1− δj)αj〈u1, Jxj−1〉+ 2(1− δj)(1− αj)〈u1, Jxj〉+ 2δj〈u1, Jx1〉 − 2〈u1, Jyj〉
≤ δj‖x1‖2 + (1− δj)αj‖xj−1‖2 + (1− δj)(1− αj)‖xj‖2 − ‖yj‖2 + (1− δj)(kj − 1)θj

and

2(1− δj)αj〈u2, Jxj−1〉+ 2(1− δj)(1− αj)〈u2, Jxj〉+ 2δj〈u2, Jx1〉 − 2〈u2, Jyj〉
≤ δj‖x1‖2 + (1− δj)αj‖xj−1‖2 + (1− δj)(1− αj)‖xj‖2 − ‖yj‖2 + (1− δj)(kj − 1)θj .

Therefor we have

2(1− δj)αj〈%u1, Jxj−1〉+ 2(1− δj)(1− αj)〈%u1, Jxj〉+ 2δj〈%u1, Jx1〉 − 2〈%u1, Jyj〉
≤ δj‖x1‖2 + (1− δj)αj‖xj−1‖2 + (1− δj)(1− αj)‖xj‖2 − ‖yj‖2 + (1− δj)(kj − 1)θj

and

2(1− δj)αj〈(1− %)u2, Jxj−1〉+ 2(1− δj)(1− αj)〈(1− %)u2, Jxj〉
+2δj〈(1− %)u2, Jx1〉 − 2〈(1− %)u2, Jyj〉

≤ δj‖x1‖2 + (1− δj)αj‖xj−1‖2 + (1− δj)(1− αj)‖xj‖2 − ‖yj‖2 + (1− δj)(kj − 1)θj .

Combining the last two inequalities, we obtain

2(1− δj)αj〈u∗, Jxj−1〉+ 2(1− δj)(1− αj)〈u∗, Jxj〉+ 2δj〈u∗, Jx1〉 − 2〈u∗, Jyj〉
≤ δj‖x1‖2 + (1− δj)αj‖xj−1‖2 + (1− δj)(1− αj)‖xj‖2 − ‖yj‖2 + (1− δj)(kj − 1)θj .

The convexity of Cj implies that u∗ ∈ Cj . Therefor, we have u∗ ∈ Cj+1. Then we conclude that Cj+1

is closed and convex. Hence for each n ≥ 1, Cn is closed and convex.
(II). Next, we show that Ω ⊂ Cn for all n ≥ 1. In fact, Ω ⊂ C1 = C is obvious. Suppose Ω ⊂ Cn for

some n ∈ N. Then, for all q ∈ Ω ⊂ Cn, we know from Lemma 2.5 that

φ(q, wn) = φ(q,ΠCJ−1(Jxn − rnAxn))
≤ φ(q, J−1(Jxn − rnAxn))
= V (q, Jxn − rnAxn)
≤ V (q, (Jxn − rnAxn) + rnAxn)− 2〈J−1(Jxn − rnAxn)− q, rnAxn〉
= V (q, Jxn)− 2rn〈J−1(Jxn − rnAxn)− q, Axn〉
= φ(q, xn)− 2rn〈xn − q, Axn〉+ 2〈J−1(Jxn − rnAxn)− xn,−rnAxn〉. (3.2)

Since q ∈ V I(A,C) and A is α-inverse-strongly monotone, we have

− 2rn〈xn − q, Axn〉 = −2rn〈xn − q, Axn −Aq〉 − 2rn〈xn − q, Aq〉
≤ −2αrn‖Axn −Aq‖2. (3.3)

Therefore, from Lemma 2.1 and the assumption that ‖Ay‖ ≤ ‖Ay − Aq‖ for all y ∈ C and q ∈ Ω, we
obtain that

2〈J−1(Jxn − rnAxn)− xn,−rnAxn〉 = 2〈J−1(Jxn − rnAxn)− J−1(Jxn),−rnAxn〉
≤ 2‖J−1(Jxn − rnAxn)− J−1(Jxn)‖‖rnAxn‖

≤ 4
c2
‖JJ−1(Jxn − rnAxn)− JJ−1(Jxn)‖‖rnAxn‖

=
4
c2
‖(Jxn − rnAxn)− Jxn‖‖rnAxn‖

=
4
c2

r2
n‖Axn‖2
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≤ 4
c2

r2
n‖Axn −Aq‖2. (3.4)

Substituting (3.3) and (3.4) into (3.2) and using the condition that rn < c2α/2, we get

φ(q, wn) ≤ φ(q, xn) + 2rn

(
2
c2

rn − α

)
‖Axn −Aq‖2 ≤ φ(q, xn). (3.5)

Using (3.5) and Lemma 2.6, for each q ∈ Ω ⊂ Cn, we obtain

φ(q, zn) = φ(q, J−1(αnJxn−1 + βnJTnxn + γnJSnwn))
= ‖q‖2 − 2αn〈q, Jxn−1〉 − 2βn〈q, JTnxn〉 − 2γn〈q, JSnwn〉

+ ‖αnJxn−1 + βnJTnxn + γnJSnwn‖2

≤ ‖q‖2 − 2αn〈q, Jxn−1〉 − 2βn〈q, JTnxn〉 − 2γn〈q, JSnwn〉
+αn‖Jxn−1‖2 + βn‖JTnxn‖2 + γn‖JSnwn‖2

= αnφ(q, xn−1) + βnφ(q, Tnxn) + γnφ(q, Snwn)

≤ αnφ(q, xn−1) + βnkT
n φ(q, xn) + γnkS

nφ(q, wn)
≤ αnφ(q, xn−1) + βnknφ(q, xn) + γnknφ(q, wn)
≤ αnφ(q, xn−1) + βnknφ(q, xn) + γnknφ(q, xn)
= αnφ(q, xn−1) + (1− αn)knφ(q, xn)
= αnφ(q, xn−1) + (1− αn)knφ(q, xn) + (1− αn)φ(q, xn)− (1− αn)φ(q, xn)
= [αnφ(q, xn−1) + (1− αn)φ(q, xn)] + (1− αn)(kn − 1)φ(q, xn)
= [αnφ(q, xn−1) + (1− αn)φ(q, xn)] + (kn − 1)φ(q, xn). (3.6)

It follows from (3.6) that

φ(q, yn) = φ(q, J−1(δnJx1 + (1− δn)Jzn))
= ‖q‖2 − 2δn〈q, Jx1〉 − 2(1− δn)〈q, Jzn〉+ ‖δnJx1 + (1− δn)Jzn)‖2

≤ ‖q‖2 − 2δn〈q, Jx1〉 − 2(1− δn)〈q, Jzn〉+ δn‖x1‖2 + (1− δn)‖zn‖2

= δnφ(q, x1) + (1− δn)φ(q, zn)
≤ δnφ(q, x1) + (1− δn)([αnφ(q, xn−1) + (1− αn)φ(q, xn)] + (kn − 1)θn)
= δnφ(q, x1) + (1− δn)ξn. (3.7)

So, q ∈ Cn+1. Then by induction, Ω ⊂ Cn for all n ≥ 1 and hence the sequence {xn} generated by
(3.60) is well defined.

(III) Next, we show that {xn} is a convergent sequence in C. From xn = ΠCnx0, we have

〈xn − u, Jx0 − Jxn〉 ≥ 0, ∀u ∈ Cn. (3.8)

It follows from Ω ⊂ Cn for all n ≥ 1 that

〈xn − z, Jx0 − Jxn〉 ≥ 0, ∀z ∈ Ω. (3.9)

From Lemma 2.4, we have

φ(xn, x0) = φ(ΠCnx0, x0) ≤ φ(u, x0)− φ(u, xn) ≤ φ(u, x0),

for each u ∈ Ω ⊂ Cn and for all n ≥ 1. Therefore the sequence {φ(xn, x0)} is bounded. Furthermore,
since xn = ΠCn

x0 and xn+1 = ΠCn+1x0 ∈ Cn+1 ⊂ Cn, we have

φ(xn, x0) ≤ φ(xn+1, x0), for all n ≥ 1.

This implies that {φ(xn, x0)} is nondecreasing and hence limn→∞ φ(xn, x0) exists. Similarly, by Lemma
2.4, we have, for any positive integer m, that

φ(xn+m, xn) = φ(xn+m,ΠCn
x0)

≤ φ(xn+m, x0)− φ(ΠCn
x0, x0)

= φ(xn+m, x0)− φ(xn, x0), for all n ≥ 1. (3.10)

The existence of limn→∞ φ(xn, x0) implies that φ(xn+m, xn) → 0 as n → ∞. From Lemma 2.2, we
have

‖xn+m − xn‖ → 0, as n →∞.
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Hence, {xn} is a Cauchy sequence. Therefore, there exists a point p ∈ C such that xn → p as n →∞.

(IV). Now, we will show that p ∈ Ω. Indeed, taking m = 1 in (3.10), we have

lim
n→∞

φ(xn+1, xn) = 0. (3.11)

It follows from Lemma 2.2 that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.12)

This implies that

‖xn+1 − xn−1‖ ≤ ‖xn+1 − xn‖+ ‖xn − xn−1‖ → 0 as n →∞.

Then

lim
n→∞

‖Jxn+1 − Jxn−1‖ = 0. (3.13)

It follows from the last two inequalities that

φ(xn+1, xn−1) ≤ ‖xn+1‖‖Jxn+1 − Jxn−1‖+ ‖xn−1 − xn+1‖‖xn−1‖ → 0 as n →∞. (3.14)

On the other hand, since xn+1 ∈ Cn+1, we obtain

φ(xn+1, yn) ≤ δnφ(xn+1, xn) + (1− δn)[αnφ(xn+1, xn−1) + (1− αn)φ(xn+1, xn) + (kn − 1)θn].

It follows from the condition (3.11), (3.14) and limn→∞ kn = 1 that

lim
n→∞

φ(xn+1, yn) = 0.

From Lemma 2.2, we have

lim
n→∞

‖xn+1 − yn‖ = 0. (3.15)

Combining (3.12) and (3.15), we have

‖xn − yn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − yn‖ → 0 as n →∞. (3.16)

Since J is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖Jxn − Jyn‖ = 0. (3.17)

On the other hand, noticing

‖Jyn − Jzn‖ = δn‖Jx1 − Jzn‖ → 0 as n →∞. (3.18)

Since J−1 is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖yn − zn‖ = 0. (3.19)

Using (3.12), (3.15) and (3.19) that

lim
n→∞

‖xn − zn‖ = 0. (3.20)

Taking the constant r = supn≥1{‖xn+1‖, ‖Tnxn‖, ‖Snwn‖}, we have, from Lemma 2.6, that there
exists a continuous strictly increasing convex function g : [0,∞) → [0,∞) satisfying the inequality
(2.4) and g(0) = 0.

Case I. Assume that (a) holds. Applying (2.4) and (3.5), we can calculate

φ(u, zn) = φ(u, J−1(αnJxn−1 + βnJTnxn + γnJSnwn))
= ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉

+ ‖αnJxn−1 + βnJTnxn + γnJSnwn‖2

≤ ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉
+αn‖Jxn−1‖2 + βn‖JTnxn‖2 + γn‖JSnwn‖2

−αnβng(‖Jxn−1 − JTnxn‖)
≤ αnφ(u, xn−1) + βnφ(u, Tnxn) + γnφ(u, Snwn)

−αnβng(‖Jxn−1 − JTnxn‖)
≤ αnφ(u, xn−1) + βnknφ(u, xn) + γnknφ(u, wn)

−αnβng(‖Jxn−1 − JTnxn‖)
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≤ αnφ(u, xn−1) + βnknφ(u, xn) + γnknφ(u, xn)

+ 2rnγn

(
2
c2

rn − α

)
‖Axn −Au‖2 − αnβng(‖Jxn−1 − JTnxn‖)

≤ αnφ(u, xn−1) + (1− αn)knφ(u, xn) + 2rnγn

(
2
c2

rn − α

)
‖Axn −Au‖2

−αnβng(‖Jxn−1 − JTnxn‖). (3.21)

This implies that

αnβng(‖Jxn−1 − JTnxn‖) ≤ αn[φ(u, xn−1)− knφ(u, xn)] + knφ(u, xn)− φ(u, zn)
≤ αn[φ(u, xn−1)− φ(u, xn)] + (kn − 1)φ(u, xn) + φ(u, xn)− φ(u, zn)
≤ αn[φ(u, xn−1)− φ(u, xn)] + (kn − 1)θn + φ(u, xn)− φ(u, zn). (3.22)

We observe that

αn[φ(u, xn−1)− φ(u, xn)] + (kn − 1)θn + φ(u, xn)− φ(u, zn)
≤ αn[‖xn−1‖2 − ‖xn‖2 − 2〈u, Jxn−1 − Jxn〉]

+ ‖xn‖2 − ‖zn‖2 − 2〈u, Jxn − Jzn〉+ (kn − 1)θn

≤ αn[‖xn−1 − xn‖(‖xn−1‖+ ‖xn‖) + 2‖u‖‖Jxn−1 − Jxn‖]
+ ‖xn − zn‖(‖xn‖+ ‖zn‖) + 2‖u‖‖Jxn − Jzn‖+ (kn − 1)θn.

It follows from (3.12), (3.17), (3.18) and (3.20) that

lim
n→∞

αn[φ(u, xn−1)− φ(u, xn)] + (kn − 1)θn + φ(u, xn)− φ(u, zn) = 0. (3.23)

Applying lim infn→∞ αnβn > 0 and (3.23) to (3.22), we get

lim
n→∞

g(‖Jxn−1 − JTnxn‖) = 0.

By the property of function g, we obtain that

lim
n→∞

‖Jxn−1 − JTnxn‖ = 0. (3.24)

Since J−1 is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖xn−1 − Tnxn‖ = lim
n→∞

‖J−1(Jxn−1)− J−1(JTnxn)‖ = 0. (3.25)

From (3.12) and (3.25) , we have

lim
n→∞

‖xn − Tnxn‖ = 0. (3.26)

Note that
‖Tnxn − p‖ ≤ ‖Tnxn − xn‖+ ‖xn − p‖.

From (3.26), we obtain

lim
n→∞

‖Tnxn − p‖ = 0. (3.27)

On the other hand, we have

‖Tn+1xn − p‖ ≤ ‖Tn+1xn − Tnxn‖+ ‖Tnxn − p‖ ≤ sup
x∈{xn}

‖Tn+1x− Tnx‖+ ‖Tnxn − p‖.

The uniformly asymptotically regularity of T and the last inequality imply that

lim
n→∞

‖Tn+1xn − p‖ = 0. (3.28)

That is TTnxn → p as n →∞. From the closedness of T , we see that p ∈ F (T ). In the same manner,
we can apply the condition lim infn→∞ αnγn > 0 to conclude that

lim
n→∞

‖xn − Snwn‖ = 0. (3.29)

Again, by (C2) and (3.21), we have

2γn

(
α− 2

c2
b

)
‖Axn −Au‖2 ≤ 1

a
[αn[φ(u, xn−1)− φ(u, xn)]
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+(kn − 1)θn + φ(u, xn)− φ(u, zn)]. (3.30)

It follows from (3.23) and lim infn→∞ γn ≥ lim infn→∞ βnγn > 0 that

lim inf
n→∞

‖Axn −Au‖ ≤ 0.

Since lim infn→∞ ‖Axn −Au‖ ≥ 0, we have

lim
n→∞

‖Axn −Au‖ = 0. (3.31)

From Lemma 2.4, Lemma 2.5, and (3.4), we have

φ(xn, wn) = φ(xn,ΠCJ−1(Jxn − rnAxn))
≤ φ(xn, J−1(Jxn − rnAxn))
= V (xn, Jxn − rnAxn)
≤ V (xn, (Jxn − rnAxn) + rnAxn)

− 2〈J−1(Jxn − rnAxn)− xn, rnAxn〉
= φ(xn, xn) + 2〈J−1(Jxn − rnAxn)− xn,−rnAxn〉
= 2〈J−1(Jxn − rnAxn)− xn,−rnAxn〉

≤ 4
c2

b2‖Axn −Au‖2. (3.32)

It follows from (3.31) that

lim
n→∞

φ(xn, wn) = 0. (3.33)

Lemma 2.2 implies that

lim
n→∞

‖xn − wn‖ = 0. (3.34)

Since J is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖Jxn − Jwn‖ = 0. (3.35)

Combining (3.29) and (3.34), we also obtain

lim
n→∞

‖wn − Snwn‖ = 0. (3.36)

Moreover

‖wn − wn+1‖ ≤ ‖wn − xn‖+ ‖xn − xn+1‖+ ‖xn+1 − wn+1‖.
By (3.34) and (3.12), we have

lim
n→∞

‖wn − wn+1‖ = 0. (3.37)

Note that
‖Snwn − p‖ ≤ ‖Snwn − wn‖+ ‖wn − xn‖+ ‖xn − p‖.

From (3.26), we obtain

lim
n→∞

‖Snwn − p‖ = 0. (3.38)

On the other hand, we have

‖Sn+1wn − p‖ ≤ ‖Sn+1wn − Snwn‖+ ‖Snwn − p‖
≤ sup

w∈{wn}
‖Sn+1w − Snw‖+ ‖Snwn − p‖.

The uniformly asymptotically regularity of S and the last inequality imply that

lim
n→∞

‖Sn+1wn − p‖ = 0. (3.39)

That is SSnwn → p as n →∞. From the closedness of S, we see that p ∈ F (S).

Case II. Assume that (b) holds. Using the inequalities (2.4) and (3.5), we obtain

φ(u, zn) = φ(u, J−1(αnJxn−1 + βnJTnxn + γnJSnwn))
= ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉
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+ ‖αnJxn−1 + βnJTnxn + γnJSnwn‖2

≤ ‖u‖2 − 2αn〈u, Jxn−1〉 − 2βn〈u, JTnxn〉 − 2γn〈u, JSnwn〉
+αn‖Jxn−1‖2 + βn‖JTnxn‖2 + γn‖JSnwn‖2

−βnγng(‖JTnxn − JSnwn‖)
≤ αnφ(u, xn−1) + βnφ(u, Tnxn) + γnφ(u, Snwn)

−βnγng(‖JTnxn − JSnwn‖)
≤ αnφ(u, xn−1) + βnknφ(u, xn) + γnknφ(u, wn)

−βnγng(‖JTnxn − JSnwn‖)
≤ αnφ(u, xn−1) + βnknφ(u, xn) + γnknφ(u, xn)

+ 2rnγn(
2
c2

rn − α)‖Axn −Au‖2 − βnγng(‖JTnxn − JSnwn‖)

≤ αnφ(u, xn−1) + (1− αn)knφ(u, xn) + 2rnγn(
2
c2

rn − α)‖Axn −Au‖2

−βnγng(‖JTnxn − JSnwn‖). (3.40)

This implies that

βnγng(‖JTnxn − JSnwn‖) ≤ αn[φ(u, xn−1)− knφ(u, xn)] + knφ(u, xn)− φ(u, zn)
≤ αn[φ(u, xn−1)− φ(u, xn)] + (kn − 1)φ(u, xn) + φ(u, xn)− φ(u, zn)
≤ αn[φ(u, xn−1)− φ(u, xn)] + (kn − 1)θn + φ(u, xn)− φ(u, zn). (3.41)

It follows from the condition lim infn→∞ βnγn > 0 and (3.23) that

lim
n→∞

g(‖JTnxn − JSnwn‖) = 0.

By the property of function g, we obtain that

lim
n→∞

‖JTnxn − JSnwn‖ = 0. (3.42)

Since J−1 is uniformly norm-to-norm continuous on any bounded sets, we have

lim
n→∞

‖Tnxn − Snwn‖ = lim
n→∞

‖J−1(JTnxn)− J−1(JSnwn)‖ = 0. (3.43)

On the other hand, we can calculate

φ(Tnxn, zn) = φ(Tnxn, J−1(αnJxn−1 + βnJTnxn + γnJSnwn))
= ‖Tnxn‖2 − 2〈Tnxn, αnJxn−1 + βnJTnxn + γnJSnwn)〉

+ ‖αnJxn−1 + βnJTnxn + γnJSnwn)‖2

≤ ‖Tnxn‖2 − 2αn〈Tnxn, Jxn〉 − 2βn〈Tnxn, JTnxn〉 − 2γn〈Tnxn, JSnwn〉
+αn‖xn‖2 + βn‖Tnxn‖2 + γn‖Snwn‖2

≤ αnφ(Tnxn, xn) + γnφ(Tnxn, Snwn). (3.44)

Observe that

φ(Tnxn, Snwn) = ‖Tnxn‖2 − 2〈Tnxn, JSnwn〉+ ‖Snwn‖2

= ‖Tnxn‖2 − 2〈Tnxn, JTnxn〉+ 2〈Tnxn, JTnxn − JSnwn〉+ ‖Snwn‖2

≤ ‖Snwn‖2 − ‖Tnxn‖2 + 2‖Tnxn‖‖JTnxn − JSnwn‖
≤ ‖Snwn − Tnxn‖(‖Snwn‖+ ‖Tnxn‖) + 2‖Tnxn‖‖JTnxn − JSnwn‖.

It follows from (3.42) and (3.43) that

lim
n→∞

φ(Tnxn, Snwn) = 0. (3.45)

Applying limn→∞ αn = 0 and (3.45) and the fact that {φ(Tnxn, xn)} is bounded to (3.44), we obtain

lim
n→∞

φ(Tnxn, zn) = 0. (3.46)

From Lemma 2.2, one obtains
lim

n→∞
‖Tnxn − zn‖ = 0. (3.47)
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We observe that
‖Tnxn − xn‖ ≤ ‖Tnxn − zn‖+ ‖zn − xn‖.

This together with (3.20) and (3.47), we obtain

lim
n→∞

‖Tnxn − xn‖ = 0. (3.48)

From the uniformly asymptotically regularity of T , we obtain that

lim
n→∞

‖Tn+1xn − p‖ = 0. (3.49)

That is TTnxn → p as n → ∞. From the closedness of T , we see that p ∈ F (T ). By the same proof
as in Case I, we obtain that

lim
n→∞

‖xn − wn‖ = 0. (3.50)

Hence wn → p as n →∞ for each i ∈ I and

lim
n→∞

‖Jxn − Jwn‖ = 0. (3.51)

Combining (3.43), (3.48) and (3.50), we also have

lim
n→∞

‖Snwn − wn‖ = 0. (3.52)

From the uniformly asymptotically regularity of S, we obtain that

lim
n→∞

‖Sn+1wn − p‖ = 0. (3.53)

That is SSnwn → p as n →∞. From the closedness of S, we see that p ∈ F (S).
We next show that p ∈ V I(C,A).

Let Ψ ⊂ E × E∗ be an operator defined by :

Ψv =
{

Av + NC(v), v ∈ C;
∅, v /∈ C. (3.54)

By Lemma 2.7, Ψ is maximal monotone and Ψ−10 = V I(A,C). Let (v, w) ∈ G(Ψ), since w ∈ Ψv =
Av + NC(v), we have w −Av ∈ NC(v). From xn = ΠCnx ∈ Cn ⊂ C, we get

〈v − xn, w −Av〉 ≥ 0. (3.55)

Since A is α-inverse-strong monotone, we have

〈v − xn, w〉 ≥ 〈v − xn, Av〉
= 〈v − xn, Av −Axn〉+ 〈v − xn, Axn〉
≥ 〈v − xn, Axn〉. (3.56)

On other hand, from wn = ΠCJ−1(Jxn − rnAxn) and Lemma 2.3, we have 〈v − wn, Jwn − (Jxn −
rnAxn〉 ≥ 0, and hence

〈v − wn,
Jxn − Jwn

rn
−Axn〉 ≤ 0. (3.57)

Because A is 1
α constricted, it holds from (3.56) and (3.57) that

〈v − xn, w〉 ≥ 〈v − xn, Axn〉+ 〈v − wn,
Jxn − Jwn

rn
−Axn〉

= 〈v − wn, Axn〉+ 〈wn − xn, Axn〉 − 〈v − wn, Axn〉+ 〈v − wn,
Jxn − Jwn

rn
〉

= 〈wn − xn, Axn〉+ 〈v − wn,
Jxn − Jwn

rn
〉

≥ −‖wn − xn‖.‖Axn‖ − ‖v − wn‖.
‖Jxn − Jwn‖

a
, (3.58)

∀n ∈ N∪{0}. By taking the limit as n →∞ in (3.58) and from (3.34) and (3.35), we have 〈v−p, w〉 ≥ 0
as n →∞. By the maximality of Ψ we obtain p ∈ Ψ−10 and hence p ∈ V I(A,C). Hence we conclude
that

p ∈ Ω := F (T ) ∩ F (S) ∩ V I(A,C).
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Finally, we show that p = ΠΩx0. Indeed, taking the limit as n →∞ in (3.9), we obtain

〈p− z, Jx0 − Jp〉 ≥ 0, ∀z ∈ Ω (3.59)

and hence p = ΠΩx0 by Lemma 2.3. This complete the proof.
�

Corollary 3.2. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T be a uniformly L-Lipschitzian continuous and asymptotically quasi-φ-
nonexpansive mapping with the sequence {kT

n } ⊂ [0, 1) such that kT
n → 1 as n →∞ and S be a uniformly

L-Lipschitzian continuous and asymptotically quasi-φ-nonexpansive mapping with the sequence {kS
n} ⊂

[0, 1) such that kS
n → 1 as n → ∞. Assume that Ω := F (T ) ∩ F (S) ∩ V I(A,C) is nonempty and

bounded. Let A be an α-inverse-strongly monotone mapping of C into E∗ with ‖Ay‖ ≤ ‖Ay −Aq‖ for
all y ∈ C and q ∈ Ω. Let {xn} be a sequence generated by (3.60). Assume that {αn}, {βn}, {γn}, {δn}
and {rn} are the sequences in [0, 1] satisfying the restrictions (C1), (C2) and (C3) in Theorem 3.1.
Then {xn} converges strongly to ΠΩx0, where ΠΩ is the generalized projection from E onto Ω.

Proof. Following the proof lines of Theorem 3.1, we can obtain the following facts :
(i) Ω is closed and convex;
(ii) Ω ⊂ Cn for all n ≥ 1;
(iii) {xn} is a Cauchy sequence and then {xn} and {wn} are convergent sequences in C;
(iv) limn→∞ ‖xn − xn+1‖ = 0 = limn→∞ ‖wn − wn+1‖;
(v) limn→∞ ‖xn − Tnxn‖ = 0 = limn→∞ ‖wn − Snwn‖.
It is sufficient to show that limn→∞ ‖Tn+1xn − Tnxn‖ = 0 = limn→∞ ‖Sn+1wn − Snwn‖. We observe
that

‖Tn+1xn − Tnxn‖ ≤ ‖Tn+1xn − Tn+1xn+1‖+ ‖Tn+1xn+1 − xn+1‖+ ‖xn+1 − xn‖+ ‖xn − Tnxn‖
≤ (1 + L)‖xn+1 − xn‖+ ‖Tn+1xn+1 − xn+1‖+ ‖xn − Tnxn‖.

This implies that limn→∞ ‖Tn+1xn − Tnxn‖ = 0. Similarly, we can show that limn→∞ ‖Sn+1wn −
Snwn‖ = 0. By Theorem 3.1, we have the desired conclusion. This completes the proof.

�

From the definition of quasi-φ-nonexpansive mappings, we see that every quasi-φ-nonexpansive map-
ping is asymptotically quasi-φ-nonexpansive with the constant sequence {1}. From the proof of Theo-
rem 3.1, we have the following results immediately.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T and S be a closed and quasi-φ-nonexpansive mappings such that
Ω := F (T ) ∩ F (S) ∩ V I(A,C) is nonempty and bounded. Let A be an α-inverse-strongly monotone
mapping of C into E∗ with ‖Ay‖ ≤ ‖Ay − Aq‖ for all y ∈ C and q ∈ Ω. Let {xn} be a sequence
generated by the following algolithm:

x0 = x ∈ E, chosen arbitrary,
C1 = C, x1 = ΠC1x0,

wn = ΠCJ−1(Jxn − rnAxn),
zn = J−1(αnJxn−1 + βnJTxn + γnJSwn),
yn = J−1(δnJx1 + (1− δn)Jzn),
Cn+1 = {u ∈ Cn : φ(u, yn) ≤ δnφ(u, x1) + (1− δn)ξn},
xn+1 = ΠCn+1x0, ∀n ≥ 1,

(3.60)

where ξn = αnφ(u, xn−1)+(1−αn)φ(u, xn), and θn = sup{φ(z, xn) : z ∈ Ω}. Assume that {αn}, {βn}, {γn},
{δn} and {rn} are the sequences in [0, 1] satisfying the restrictions:

(C1) limn→∞ δn = 0;
(C2) {rn} ⊂ [a, b] for some a, b with 0 < a < b < c2α/2, where 1/c is the 2-uniformly convexity

constant of E;
(C3) αn + βn + γn = 1 and if one of the following conditions is satisfied

(a) lim infn→∞ αnβn > 0 and lim infn→∞ αnγn > 0 and
(b) limn→∞ αn = 0 and lim infn→∞ βnγn > 0.
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Then {xn} converges strongly to ΠΩx0, where ΠΩ is the generalized projection from E onto Ω.
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We introduce a general composite algorithm for finding a common element of the set of solutions of
a general equilibrium problem and the common fixed point set of a finite family of asymptotically
nonexpansive mappings in the framework of Hilbert spaces. Strong convergence of such iterative
scheme is obtained which solving some variational inequalities for a strongly monotone and
strictly pseudocontractive mapping. Our results extend the corresponding recent results of Yao
and Liou (2010).

1. Introduction

Let C be a nonempty, closed, convex subset of a real Hilbert space H . Recall that a mapping
A : C → H is called α-inverse-strongly monotone if there exists a positive real number α
such that 〈Ax − Ay, x − y〉 ≥ α‖Ax − Ay‖2, for all x, y ∈ C. It is clear that any α-inverse-
strongly monotone mapping is monotone and 1/α-Lipschitz continuous. Let f : C → H be
a ρ-contraction, that is, there exists a constant ρ ∈ [0, 1) such that ‖f(x) − f(y)‖ ≤ ρ‖x − y‖
for all x, y ∈ C. A mapping S : C → C is said to be nonexpansive if ‖Sx − Sy‖ ≤ ‖x − y‖ for
all x, y ∈ C and asymptotically nonexpansive [1] if there exists a sequence {kn} ⊂ [0,∞)with
limn→∞kn = 0 such that

∥
∥Snx − Sny

∥
∥ ≤ (1 + kn)

∥
∥x − y

∥
∥, ∀x, y ∈ C. (1.1)

Denote the set of fixed points of S by Fix(S). For asymptotically nonexpansive self-map S, it
is well known that Fix(S) is closed and convex (see, e.g., [1]).
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The class of asymptotically nonexpansive mappings which is an important general-
ization of that of nonexpansive mappings was introduced by Goebel and Kirk [1]. They
established that if C is a nonempty, closed, convex, bounded subset of a uniformly convex
Banach space E and S is an asymptotically nonexpansive self-mapping of C, then S has a
fixed point in C.

Let A : C → H be a nonlinear mapping and φ : C × C → � a bifunction. Consider a
general equilibrium problem:

Find z ∈ C such that φ
(

z, y
)

+
〈

Az, y − z
〉 ≥ 0, ∀y ∈ C. (1.2)

The set of all solutions of the general equilibrium problem (1.2) is denoted by EP, that is,

EP =
{

z ∈ C : φ
(

z, y
)

+
〈

Az, y − z
〉 ≥ 0, ∀y ∈ C

}

. (1.3)

If A = 0, then (1.2) reduces to the following equilibrium problem of finding z ∈ C such that

φ
(

z, y
) ≥ 0, ∀y ∈ C. (1.4)

If φ = 0, then (1.2) reduces to the variational inequality problem of finding z ∈ C such that

〈

Az, y − z
〉 ≥ 0, ∀y ∈ C. (1.5)

We note that the problem (1.2) is very general in the sense that it includes, as special
cases, optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games, and others. See, for example, [2–5].

In 2005, Combettes and Hirstoaga [6] introduced an iterative algorithm of finding the
best approximation to the initial data and proved a strong convergence theorem. In 2007, by
using the viscosity approximation method, S. Takahashi and W. Takahashi [7] introduced
another iterative scheme for finding a common element of the set of solutions of the
equilibrium problem and the set of fixed points of a nonexpansive mapping. Subsequently,
algorithms constructed for solving the equilibrium problems and fixed point problems have
further developed by some authors. In particular, Ceng and Yao [8] introduced an iterative
scheme for finding a common element of the set of solutions of the mixed equilibrium
problem (1.2) and the set of common fixed points of finitely many nonexpansive mappings.
Maingé and Moudafi [9] introduced an iterative algorithm for equilibrium problems and
fixed point problems. Yao et al. [10] considered an iterative scheme for finding a common
element of the set of solutions of the equilibrium problem and the set of common fixed
points of an infinite nonexpansive mappings. Noor et al. [11] introduced an iterative method
for solving fixed point problems and variational inequality problems. Wangkeeree [12]
introduced a new iterative scheme for finding the common element of the set of common
fixed points of nonexpansive mappings, the set of solutions of an equilibrium problem, and
the set of solutions of the variational inequality. Wangkeeree and Kamraksa [13] introduced
an iterative algorithm for finding a common element of the set of solutions of a mixed
equilibrium problem, the set of fixed points of an infinite family of nonexpansive mappings,
and the set of solutions of a general system of variational inequalities for a cocoercive
mapping in a real Hilbert space. Their results extend and improve many results in the
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literature. For some works related to the equilibrium problem, fixed point problems, and
the variational inequality problem, please see [1–57] and the references therein.

However, we note that all constructed algorithms in [7, 9–13, 16, 57] do not work
to find the minimum-norm solution of the corresponding fixed point problems and the
equilibrium problems. Very recently, Yao and Liou [46] purposed some algorithms for finding
the minimum-norm solution of the fixed point problems and the equilibrium problems. They
first suggested two new composite algorithms (one implicit and one explicit) for solving
the above minimization problem. To be more precisely, let C be a nonempty, closed, convex
subset of H , φ : C × C → � a bifunction satisfying certain conditions, and S : C → C a
nonexpansive mapping such that Ω := Fix(S) ∩ EP /= ∅. Let f be a contraction on a Hilbert
spaceH . For given x0 ∈ C arbitrarily, let the sequence {xn} be generated iteratively by

φ
(

un, y
)

+
〈

Axn, y − un

〉

+
1
r

〈

y − un, un − xn

〉 ≥ 0, ∀y ∈ C,

xn+1 = μnPC

[

αnf(xn) + (1 − αn)Sxn

]

+
(

1 − μn

)

un, n ≥ 0,
(1.6)

where A is an α-inverse strongly monotone mapping. They proved that if {αn} and {μn} are
two sequences in [0,1] satisfying the following conditions:

(i) limn→∞αn = 0,
∑∞

n=0 αn = ∞ and limn→∞(αn+1/αn) = 1,

(ii) 0 < lim infn→∞μn ≤ lim supn→∞μn < 1 and limn→∞((μn+1 −μn)/αn+1) = 0, then, the
sequence {xn} generated by (1.6) converges strongly to x∗ ∈ Ω which is the unique solution
of variational inequality

〈(

I − f
)

x∗, x − x∗〉 ≥ 0, x ∈ Ω. (1.7)

In particular, if we take f = 0 in (1.6), then the sequence {xn} generated by

φ
(

un, y
)

+
〈

Axn, y − un

〉

+
1
r

〈

y − un, un − xn

〉 ≥ 0, ∀y ∈ C,

xn+1 = μnPC[(1 − αn)Sxn] +
(

1 − μn

)

un, n ≥ 0,
(1.8)

converges strongly to a solution of the minimization problemwhich is the problem of finding
x∗ such that

x∗ = arg min
x∈Ω

‖x‖2, (1.9)

where Ω stands for the intersection set of the solution set of the general equilibrium problem
and the fixed points set of a nonexpansive mapping.

On the other hand, iterative approximation methods for nonexpansive mappings have
recently been applied to solve convex minimization problems; see, for example, [25, 43, 44]
and the references therein. Let B be a strongly positive bounded linear operator onH , that is,
there is a constant γ > 0 with property

〈Bx, x〉 ≥ γ‖x‖2 ∀ x ∈ H. (1.10)
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A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert spaceH

min
x∈Fix(S)

1
2
〈Bx, x〉 − 〈x, b〉, (1.11)

where b is a given point in H . In 2003, Xu [43] proved that the sequence {xn} defined by the
iterative method below, with the initial guess x0 ∈ H chosen arbitrarily:

xn+1 = (I − αnB)Txn + αnu, n ≥ 0, (1.12)

converges strongly to the unique solution of the minimization problem (1.11) provided
the sequence {αn} satisfies certain conditions. Using the viscosity approximation method,
Moudafi [29] introduced the following iterative process for nonexpansive mappings (see [43]
for further developments in both Hilbert and Banach spaces). Let f be a contraction on H .
Starting with an arbitrary initial x0 ∈ H , define a sequence {xn} recursively by

xn+1 = (1 − αn)Txn + αnf(xn), n ≥ 0, (1.13)

where {αn} is a sequence in (0, 1). It is proved [29, 43] that under certain appropriate
conditions imposed on {αn}, the sequence {xn} generated by (1.13) strongly converges to
the unique solution x∗ in C of the variational inequality

〈(

I − f
)

x∗, x − x∗〉 ≥ 0, x ∈ H. (1.14)

Recently, Marino and Xu [28] mixed the iterative method (1.12) and the viscosity
approximation method (1.13) introduced by Moudafi [29] and considered the following
general iterative method:

xn+1 = (I − αnB)Txn + αnγf(xn), n ≥ 0, (1.15)

where B is a strongly positive bounded linear operator onH . They proved that if the sequence
{αn} of parameters satisfies the certain conditions, then the sequence {xn} generated by (1.15)
converges strongly to the unique solution x∗ inH of the variational inequality

〈(

B − γf
)

x∗, x − x∗〉 ≥ 0, x ∈ H (1.16)

which is the optimality condition for the minimization problem: minx∈Fix(S)(1/2)〈Bx, x〉 −
h(x), where h is a potential function for γf(i.e., h′(x) = γf(x) for x ∈ H).

Recall that amapping F : H → H is called δ-strongly monotone if there exists a positive
constant δ such that

〈

Fx − Fy, x − y
〉 ≥ δ

∥
∥x − y

∥
∥
2
, ∀x, y ∈ H. (1.17)
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Recall also that a mapping F is called λ-strictly pseudocontractive if there exists a positive
constant λ such that

〈

Fx − Fy, x − y
〉 ≤ ∥

∥x − y
∥
∥
2 − λ

∥
∥
(

x − y
) − (

Fx − Fy
)∥
∥
2
, ∀x, y ∈ H. (1.18)

It is easy to see that (1.18) can be rewritten as

〈

(I − F)x − (I − F)y, x − y
〉 ≥ λ

∥
∥(I − F)x − (I − F)y

∥
∥
2
. (1.19)

Remark 1.1. If F is a strongly positive bounded linear operator on H with coefficient γ , then
F is γ -strongly monotone and 12-strictly pseudocontractive. In fact, since F is a strongly
positive, bounded, linear operator with coefficient γ , we have

〈

Fx − Fy, x − y
〉

=
〈

F
(

x − y
)

, x − y
〉 ≥ γ

∥
∥x − y

∥
∥
2
. (1.20)

Therefore, F is γ-strongly monotone. On the other hand,

∥
∥(I − F)x − (I − F)y

∥
∥
2 =

〈(

x − y
) − (

Fx − Fy
)

,
(

x − y
) − (

Fx − Fy
)〉

=
〈

x − y, x − y
〉 − 2

〈

Fx − Fy, x − y
〉

+
〈

Fx − Fy, Fx − Fy
〉

=
∥
∥x − y

∥
∥
2 − 2

〈

Fx − Fy, x − y
〉

+
∥
∥Fx − Fy

∥
∥
2

≤ ∥
∥x − y

∥
∥
2 − 2

〈

Fx − Fy, x − y
〉

+ ‖F‖2∥∥x − y
∥
∥
2
.

(1.21)

Since F is strongly positive if and only if (1/‖F‖)F is strongly positive, we may assume,
without loss of generality, that ‖F‖ = 1. From (1.21), we have

〈

Fx − Fy, x − y
〉 ≤ ∥

∥x − y
∥
∥
2 − 1

2
∥
∥(I − F)x − (I − F)y

∥
∥
2

=
∥
∥x − y

∥
∥
2 − 1

2
∥
∥
(

x − y
) − (

Fx − Fy
)∥
∥
2
.

(1.22)

Hence, F is 12-strictly pseudocontractive.

In this paper, motivated by the above results, we introduce a general iterative scheme
below in a real Hilbert spaceH , with the initial guess x0 ∈ C chosen arbitrary:

φ
(

un, y
)

+
〈

Axn, y − un

〉

+
1
r

〈

y − un, un − xn

〉 ≥ 0, ∀y ∈ C,

yn = αnγf(xn) + (I − αnF)S
p(n+1)
i(n+1) xn,

xn+1 = μnPC

[

yn

]

+
(

1 − μn

)

un, n ≥ 0,

(1.23)

where p(n) = j + 1 if jN < n ≤ (j + 1)N, j = 1, 2, . . . and n = jN + i(n), i(n) ∈ {1, 2, . . . ,N},
C is a nonempty, closed, convex subset of H , {αn} and {μn} are two sequences in [0,1],
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φ : C × C → � is a bifunction satisfying certain conditions, S1, S2, . . . , SN : C → C is a finite
family of asymptotically nonexpansive mappings with sequences {1 + k

i(n)
p(n)}, respectively,

f : C → H is a contraction with coefficient 0 < ρ < 1, F is δ-strongly monotone and λ-
strictly pseudocontractive with δ + λ > 1, γ is a positive real number such that γ < (1/ρ)
(1 −

√

(1 − δ)/λ), and A is an α-inverse strongly monotone mapping. We prove that the
proposed algorithm converges strongly to x∗ ∈ Ω which is the unique solution of the
following variational inequality:

〈(

F − γf
)

x∗, x − x∗〉 ≥ 0, x ∈ Ω. (1.24)

In particular,

(I) if F is a strongly positive bounded linear operator on H , then x∗ is the unique
solution of the variational inequality (1.16),

(II) if F = I, the identity mapping on H and γ = 1, then x∗ is the unique solution of the
variational inequality (1.14),

(III) if F = I, the identity mapping on H and f = 0, then x∗ is the unique solution of
minimization problem (1.9).

The results presented in this paper extend and improve the main results in Yao and
Liou [46], Marino and Xu [28], and many others.

2. Preliminaries

Let C be a nonempty, closed, convex subset of a real Hilbert spaceH . For every point x ∈ H ,
there exists a unique nearest point in C, denoted by PCx such that

‖x − PCx‖ ≤ ∥
∥x − y

∥
∥, ∀y ∈ C. (2.1)

PC is called the metric projection of H onto C. It is well known that PC is a nonexpansive
mapping of H onto C and satisfies

〈

x − y, PCx − PCy
〉 ≥ ∥

∥PCx − PCy
∥
∥
2
, (2.2)

for every x, y ∈ H . Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈

x − PCx, y − PCx
〉 ≤ 0,

∥
∥x − y

∥
∥
2 ≥ ‖x − PCx‖2 +

∥
∥y − PCx

∥
∥
2
,

(2.3)

for all x ∈ H,y ∈ C. For more details, see [39]. We will make use of the following well-known
result.

Lemma 2.1. Let H be a Hilbert space. Then, the following inequality holds:

∥
∥x + y

∥
∥2≤ ‖x‖2 + 2

〈

y, x + y
〉

, ∀x, y ∈ H. (2.4)
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Throughout this paper, we assume that a bifunction φ : C × C → � satisfies the
following conditions:

(A1) φ(x, x) = 0 for all x ∈ C,

(A2) φ is monotone, that is, φ(x, y) + φ(y, x) ≤ 0 for all x, y ∈ C,

(A3) for each x, y, z ∈ C, limt↓0φ(tz + (1 − t)x, y) ≤ φ(x, y),

(A4) for each x ∈ C, the mapping y �→ φ(x, y) is convex and lower semicontinuous.

We need the following lemmas for proving our main results.

Lemma 2.2 (see [6]). Let C be a nonempty, closed, convex subset of a real Hilbert space H . Let
φ : C × C → � be a bifunction which satisfies conditions (A1)–(A4). Let r > 0 and x ∈ C. Then,
there exists z ∈ C such that

φ
(

z, y
)

+
1
r

〈

y − z, z − x
〉 ≥ 0, ∀y ∈ C. (2.5)

Further, if Tr(x) = {z ∈ C : φ(z, y) + (1/r)〈y − z, z − x〉 ≥ 0, ∀y ∈ C}, then the following hold:

(i) Tr is single-valued and Tr is firmly nonexpansive, that is, for any x, y ∈ H ,

∥
∥Trx − Try

∥
∥
2 ≤ 〈

Trx − Try, x − y
〉

, (2.6)

(ii) EP is closed and convex and EP = Fix(Tr).

Lemma 2.3 (see [30]). Let C be a nonempty, closed, convex subset of a real Hilbert space H . Let the
mappingA : C → H be α-inverse strongly monotone and r > 0 a constant. Then, one has

∥
∥(I − rA)x − (I − rA)y

∥
∥2 ≤ ∥

∥x − y
∥
∥2 + r(r − 2α)

∥
∥Ax −Ay

∥
∥2
, ∀x, y ∈ C. (2.7)

In particular, if 0 ≤ r ≤ 2α, then I − rA is nonexpansive.

Lemma 2.4 (see [45]). Let S be an asymptotically nonexpansive mapping defined on a bounded,
closed, convex subset C of a Hilbert space H . If {xn} is a sequence in C such that xn ⇀ x and
‖Sxn − xn‖ → 0 as n → ∞, then x ∈ Fix(S).

Lemma 2.5 (see [44]). Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1 − αn)an + αnσn + γn, n ≥ 0, (2.8)

where {αn}, {σn}, and {γn} are nonnegative real sequences satisfying the following conditions:

(i) {αn} ⊂ [0, 1],
∑∞

n=1 αn = ∞,

(ii) lim supn→∞σn ≤ 0,

(iii)
∑∞

n=1 γn < ∞.

Then, limn→∞an = 0.
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Lemma 2.6 (see [41]). Let E be a strictly convex Banach space and C a closed, convex subset of E.
Let S1, S2, . . . , SN : C → C be a finite family of nonexpansive mappings of C into itself such that the
set of common fixed points of S1, S2, . . . , SN is nonempty. Let T1, T2, . . . , TN : C → C be mappings
given by

Ti = (1 − αi)I + αiSi, ∀i = 1, 2, . . . ,N, (2.9)

where I denotes the identity mapping on C. Then, the finite family {T1, T2, . . . , TN} satisfies the
following:

N⋂

i=1

Fix(Ti) =
N⋂

i=1

Fix(Si),

N⋂

i=1

Fix(Ti) = Fix(TNTN−1TN−2 · · ·T1) = Fix(T1TN · · ·T2) = Fix(TN−1TN−2 · · ·T1TN).

(2.10)

The following lemma can be found in [35, Lemma 2.7]. For the sake of the
completeness, we include its proof in a Hilbert space’s version.

Lemma 2.7. Let H be a real Hilbert space and F : H → H a mapping.

(i) If F is δ-strongly monotone and λ-strictly pseudocontractive with δ + λ > 1, then I − F is
contractive with constant

√

(1 − δ)/λ.

(ii) If F is δ-strongly monotone and λ-strictly pseudocontractive with δ + λ > 1, then for any
fixed number τ ∈ (0, 1), I − τF is contractive with constant 1 − τ(1 −

√

(1 − δ)/λ).

Proof. (i) For any x, y ∈ H , we have

λ
∥
∥(I − F)x − (I − F)y

∥
∥
2 ≤ ∥

∥x − y
∥
∥
2 − 〈

Fx − Fy, x − y
〉 ≤ (1 − δ)

∥
∥x − y

∥
∥
2
, ∀x, y ∈ H.

(2.11)

Thus,

∥
∥(I − F)x − (I − F)y

∥
∥ ≤

√

1 − δ

λ

∥
∥x − y

∥
∥, ∀x, y ∈ H. (2.12)

Since δ+λ > 1, we have (1−δ)/λ ∈ (0, 1). Hence, I−F is contractive with constant
√

(1 − δ)/λ.

(ii) Since I − F is contractive with constant
√

(1 − δ)/λ, we have for any τ ∈ (0, 1),

∥
∥x − y − τ

(

Fx − Fy
)∥
∥ =

∥
∥(1 − τ)

(

x − y
)

+ τ
[

(I − F)x − (I − F)y
]∥
∥

≤ (1 − τ)
∥
∥x − y

∥
∥ + τ

∥
∥(I − F)x − (I − F)y

∥
∥
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≤ (1 − τ)
∥
∥x − y

∥
∥ + τ

√

1 − δ

λ

∥
∥x − y

∥
∥

=

⎛

⎝1 − τ

⎛

⎝1 −
√

1 − δ

λ

⎞

⎠

⎞

⎠
∥
∥x − y

∥
∥, ∀x, y ∈ H.

(2.13)

Hence, I − τF is contractive with constant 1 − τ(1 −
√

(1 − δ)/λ).

Lemma 2.8. Let S1, S2, . . . , SN : C → C be a finite family of asymptotically nonexpansive mappings
with sequences {1+ki(n)

p(n)}, respectively, such that k
i(n)
p(n) → 0 as n → ∞. Then, there exists a sequence

{hn} ⊂ [0,∞) with hn → 0 as n → ∞ such that

∥
∥
∥S

p(n)
i(n) x − S

p(n)
i(n) y

∥
∥
∥≤ (1 + hn)

∥
∥x − y

∥
∥, ∀x, y ∈ C, (2.14)

where p(n) = j + 1 if jN < n ≤ (j + 1)N, j = 1, 2, . . . and n = jN + i(n); i(n) ∈ {1, 2, . . . ,N}.

Proof. Define the sequence {hn} by hn := max{ki(n)
p(n) : 1 ≤ i(n) ≤ N} and the result follows

immediately.

In the rest of our discussion in this paper, we will assume that p(n) = j + 1 if jN < n ≤
(j +1)N, j = 1, 2, . . . and n = jN+ i(n); i(n) ∈ {1, 2, . . . ,N} and hn := max{ki(n)

p(n) : 1 ≤ i(n) ≤ N}
for all n ≥ 1, and for each n ≥ 1, n = (p(n) − 1)N + i(n).

3. Main Results

Now, we are a position to state and prove our main results.

Theorem 3.1. Let C be a nonempty, closed, convex subset of a real Hilbert space H . Let S1, S2, . . . ,

SN : C → C be a finite family of asymptotically nonexpansive mappings with sequences {1 + k
i(n)
p(n)},

respectively, such that ki(n)
p(n) → 0 as n → ∞, hn := max1≤i(n)≤N{ki(n)

p(n)} and Γ :=
⋂N

i=1 Fix(Si),

Γ = Fix(SNSN−1SN−2 · · ·S1) = Fix(S1SN · · ·S2) = · · · = Fix(SN−1SN−2 · · ·S1SN). (3.1)

Let A : C → H be an α-inverse strongly monotone mapping. Let φ : C × C → � be a bifunction
which satisfies conditions (A1)–(A4) such that Ω := EP∩Γ is nonempty. Let F : C → H be δ-
strongly monotone and λ-strictly pseudocontractive with δ + λ > 1, f : C → H a ρ-contraction, γ a
positive real number such that γ < (1 −

√

(1 − δ)/λ)/ρ, and r a constant such that r ∈ (0, 2α). For
x0 ∈ C arbitrarily, let the sequence {xn} be generated iteratively by (1.23). Suppose that {αn} and
{μn} are two sequences in [0, 1] satisfying the following conditions:

(C1) limn→∞αn = 0, limn→∞(αn+1/αn) = 1,
∑∞

n=0 αn = ∞ and limn→∞(hn/αn) = 0,

(C2) 0 < lim infn→∞μn ≤ lim supn→∞μn < 1 and limn→∞((μn+1 − μn)/αn+1) = 0.
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Assume that
∑∞

n=1 supz∈B‖S
p(n+1)
i(n+1) z−S

p(n)
i(n) z‖ < ∞, for each bounded subset B ofC. Then, the sequence

{xn} converges strongly to x∗ of the following variational inequality:

〈(

F − γf
)

x∗, x − x∗〉 ≥ 0, x ∈ Ω (3.2)

or equivalently x̃ = PΩ(I − F + γf)x̃, where PΩ is the metric projection of H ontoΩ.

Proof. First, we rewrite the sequence {xn} by the following:

xn+1 = μnPC

[

yn

]

+
(

1 − μn

)

Tr(xn − rAxn), n ≥ 0, (3.3)

where the mapping Tr is defined in Lemma 2.2. Pick z ∈ Ω and un = Tr(xn − rAxn). The
nonexpansivity of Tr and I − rA implies that

‖un − z‖ = ‖Tr(xn − rAxn) − Tr(z − rAz)‖
≤ ‖xn − z‖, ∀z ∈ Ω.

(3.4)

Setting γ := (1 −
√

(1 − δ)/λ) and using Lemma 2.7(ii), we have

∥
∥yn − z

∥
∥ =

∥
∥
∥αnγ

(

f(xn) − Fz
)

+ (I − αnF)
(

S
p(n+1)
i(n+1) xn − z

)∥
∥
∥

≤ ααnγ‖xn − z‖ + αn

∥
∥γf(xn) − Fz

∥
∥ +

(

1 − αnγ
)

(1 + hn+1)‖xn − z‖
=

[

1 − αn

(

γ − αγ
)

+
(

1 − αnγ
)

hn+1
]‖xn − z‖ + αn

∥
∥γf(xn) − Fz

∥
∥.

(3.5)

By our assumptions, we have (1−αnγ)(hn+1/αn) → 0 as n → ∞. We can assume, without loss
of generality, that (1 − αnγ)(hn+1/αn) < (1/2)(γ − αγ). Applying Lemma 2.7, we can calculate
the following:

‖xn+1 − z‖ =
∥
∥μn

(

PC

[

yn

] − z
)

+
(

1 − μn

)

(un − z)
∥
∥

≤ μn

∥
∥PC

[

yn

] − z
∥
∥ +

(

1 − μn

)‖un − z‖
≤ μn

∥
∥yn − z

∥
∥ +

(

1 − μn

)‖xn − z‖
≤ μn

[

1 − αn

(

γ − αγ
)

+
(

1 − αnγ
)

hn+1
]‖xn − z‖

+ μnαn

∥
∥γf(xn) − Fz

∥
∥ +

(

1 − μn

)‖xn − z‖

=
[

1 − μnαn

[
(

γ − αγ
) − (

1 − αnγ
)hn+1

αn

]]

‖xn − z‖ + μnαn

∥
∥γf(xn) − Fz

∥
∥

≤
[

1 − 1
2
μnαn

(

γ − αγ
)
]

‖xn − z‖ + μnαn(1/2)
(

γ − αγ
)

(1/2)
(

γ − αγ
)

∥
∥γf(xn) − Fz

∥
∥.

(3.6)
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By induction, we obtain, for all n ≥ 0,

‖xn − z‖ ≤ max

{

‖x0 − z‖, 2
∥
∥γf(x0) − F(z)

∥
∥

γ − αγ

}

. (3.7)

Hence, {xn} is bounded. Consequently, we deduce that {un}, {f(xn)}, and {yn} are all
bounded.

Next, we show that

lim
n→∞

‖xn+N − xn‖ = 0. (3.8)

From (1.23), we have

∥
∥yn+N − yn+N−1

∥
∥ =

∥
∥
∥αn+Nγf(xn+N) + (I − αn+NF)Sp(n+N+1)

i(n+N+1) xn+N

−αn+N−1γf(xn+N−1) − (I − αn+N−1F)S
p(n+N)
i(n+N) xn+N−1

∥
∥
∥

=
∥
∥
∥αn+Nγ

(

f(xn+N) − f(xn+N−1)
)

+ (αn+N − αn+N−1)γf(xn+N−1)

+ (I − αn+NF)
(

S
p(n+N+1)
i(n+N+1) xn+N − S

p(n+N+1)
i(n+N+1) xn+N−1

)

+ [(I − αn+NF) − (I − αn+N−1F)]S
p(n+N+1)
i(n+N+1) xn+N−1

+(I − αn+N−1F)
(

S
p(n+N+1)
i(n+N+1) xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

)∥
∥
∥

≤ αn+Nγα‖xn+N − xn+N−1‖ + |αn+N − αn+N−1|γ
∥
∥f(xn+N−1)

∥
∥

+
(

1 − αn+Nγ
)

(1 + hn+N+1)‖xn+N − xn+N−1‖

+ |αn+N−1 − αn+N |‖F‖
∥
∥
∥S

p(n+N+1)
i(n+N+1) xn+N−1

∥
∥
∥

+
(

1 − αn+N−1γ
)
∥
∥
∥Sp(n+N+1)

i(n+N+1) xn+N−1 − S
p(n+N)
i(n+N) xn+N−1

∥
∥
∥

≤ αn+Nγα‖xn+N − xn+N−1‖ + |αn+N − αn+N−1|γ
∥
∥f(xn+N−1)

∥
∥

+
(

1 − αn+Nγ
)

(1 + hn+N+1)‖xn+N − xn+N−1‖

+ |αn+N−1 − αn+N |‖F‖
∥
∥
∥S

p(n+N+1)
i(n+N+1) xn+N−1

∥
∥
∥

+ sup
x∈{xn:n∈�}

∥
∥
∥S

p(n+N+1)
i(n+N+1) x − S

p(n+N)
i(n+N) x

∥
∥
∥,

(3.9)
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and from (3.3), we have

‖xn+N+1 − xn+N‖ =
∥
∥μn+NPC

[

yn+N
]

+
(

1 − μn+N
)

un+N − μn+N−1PC

[

yn+N−1
]

−(1 − μn+N−1
)

un+N−1
∥
∥

=
∥
∥μn+N

(

PC

[

yn+N
] − PC

[

yn+N−1
])

+
(

μn+N − μn+N−1
)

PC

[

yn+N−1
]

+
(

1 − μn+N
)

(un+N − un+N−1) +
(

μn+N−1 − μn+N
)

un+N−1
∥
∥

≤ μn+N
∥
∥yn+N − yn+N−1

∥
∥ +

(

1 − μn+N
)‖un+N − un+N−1‖

+
∣
∣μn+N − μn+N−1

∣
∣
(∥
∥PC

[

yn+N−1
]∥
∥ + ‖un+N−1‖

)

,

‖un+N − un+N−1‖ = ‖Tr(xn+N − rAxn+N) − Tr(xn+N−1 − rAxn+N−1)‖
≤ ‖(xn+N − rAxn+N) − (xn+N−1 − rAxn+N−1)‖
≤ ‖xn+N − xn+N−1‖.

(3.10)

Therefore,

‖xn+N+1 − xn+N‖ ≤ μn+Nαn+Nγα‖xn+N − xn+N−1‖ + μn+N |αn+N − αn+N−1|γ
∥
∥f(xn+N−1)

∥
∥

+ μn+N
(

1 − αn+Nγ
)

(1 + hn+N+1)‖xn+N − xn+N−1‖

+ μn+N |αn+N−1 − αn+N |‖F‖
∥
∥
∥S

p(n+N+1)
i(n+N+1) xn+N−1

∥
∥
∥

+ μn+N sup
x∈{xn:n∈�}

∥
∥
∥S

p(n+N+1)
i(n+N+1) x − S

p(n+N)
i(n+N) x

∥
∥
∥

+
(

1 − μn+N
)‖xn+N − xn+N−1‖

+
∣
∣μn+N − μn+N−1

∣
∣
(∥
∥PC

[

yn+N−1
]∥
∥ + ‖un+N−1‖

)

≤ (

1 − μn+Nαn+N
(

γ − γα
))‖xn+N − xn+N−1‖ + μn+Nαn+N

×
[(

hn+N+1

αn+N
+ hn+N+1γ

)

M

+
∣
∣
∣
∣
1 − αn+N−1

αn+N

∣
∣
∣
∣
γ
∥
∥f(xn+N−1)

∥
∥ +

∣
∣
∣
∣

αn+N−1
αn+N

− 1
∣
∣
∣
∣
‖F‖

∥
∥
∥S

p(n+N+1)
i(n+N+1) xn+N−1

∥
∥
∥

+
1

μn+N

∣
∣
∣
∣

μn+N − μn+N−1
αn+N

∣
∣
∣
∣

(∥
∥PC

[

yn+N−1
]∥
∥ + ‖un+N−1‖

)
]

+ sup
x∈{xn :n∈�}

∥
∥
∥S

p(n+N+1)
i(n+N+1) x − S

p(n+N)
i(n+N) x

∥
∥
∥.

(3.11)

By Lemma 2.5, we obtain that

lim
n→∞

‖xn+N+1 − xn+N‖ = 0. (3.12)
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Furthermore,

‖xn+N − xn‖ ≤ ‖xn+N − xn+N−1‖ + ‖xn+N−1 − xn+N−2‖ + · · · + ‖xn+1 − xn‖ −→ 0, as n −→ ∞.
(3.13)

Hence,

lim
n→∞

‖xn+N − xn‖ = 0. (3.14)

Next, we show that

lim
n→∞

‖xn − un‖ = 0. (3.15)

By the convexity of the norm ‖ · ‖, we have

‖xn+1 − z‖2 = ∥
∥μn

(

PC

[

yn

] − z
)

+
(

1 − μn

)

(un − z)
∥
∥
2

≤ μn

∥
∥PC

[

yn

] − z
∥
∥
2 +

(

1 − μn

)‖un − z‖2

≤ μn

∥
∥yn − z

∥
∥
2 +

(

1 − μn

)‖un − z‖2

= μn

∥
∥
∥αnγf(xn) + (I − αnF)S

p(n+1)
i(n+1) xn − z

∥
∥
∥

2
+
(

1 − μn

)‖un − z‖2

= μn

∥
∥
∥αnγf(xn) − αnF(z) + (I − αnF)S

p(n+1)
i(n+1) xn − (I − αnF)z

∥
∥
∥

2
+
(

1 − μn

)‖un − z‖2

≤ μn

∥
∥
∥(I − αnF)S

p(n+1)
i(n+1) xn − (I − αnF)z

∥
∥
∥

2
+ μnα

2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2μnαn

〈

(I − αnF)S
p(n+1)
i(n+1) xn − (I − αnF)z, γf(xn) − F(z)

〉

+
(

1 − μn

)‖un − z‖2

≤ μn

(

1 − αnγ
)2(1 + hn+1)2‖xn − z‖2 + μnα

2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖ + (

1 − μn

)‖un − z‖2

≤ μn

(

1 − αnγ
)(

1 + 2hn+1 + h2
n+1

)

‖xn − z‖2 + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖ + (

1 − μn

)‖un − z‖2

= μn

(

1 − αnγ
)(

1 + h∗
n+1

)‖xn − z‖2 + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖ + (

1 − μn

)‖un − z‖2,
(3.16)
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where h∗
n+1 = 2hn+1 + h2

n+1. From Lemma 2.3, we get

‖un − z‖2 = ‖Tr(xn − rAxn) − Tr(z − rAz)‖2

≤ ‖(xn − rAxn) − (z − rAz)‖2

≤ ‖xn − z‖2 + r(r − 2α)‖Axn −Az‖2.

(3.17)

Substituting (3.17) into (3.16), we have

‖xn+1 − z‖2 ≤ μn

(

1 − αnγ
)(

1 + h∗
n+1

)‖xn − z‖2 + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

+
(

1 − μn

)[‖xn − z‖2 + r(r − 2α)‖Axn −Az‖2
]

=

(

1 − αnμn

(

γ − h∗
n+1

αn

))

‖xn − z‖2 − αnμnhn+1γ‖xn − z‖2

+ μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2 + 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

+
(

1 − μn

)

r(r − 2α)‖Axn −Az‖2.

(3.18)

Therefore,

(

1 − μn

)

r(2α − r)‖Axn −Az‖2 ≤
(

1 − αnμn

(

γ − h∗
n+1

αn

))

‖xn − z‖2 − ‖xn+1 − z‖2

+ μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2 + 2αnμn

(

1 − αnγ
)

× ∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

≤ (‖xn − z‖ + ‖xn+1 − z‖)‖xn − xn+1‖

+ μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖.

(3.19)

Since lim infn→∞(1 − μn)r(2α − r) > 0, ‖xn − xn+1‖ → 0 and αn → 0, we derive

lim
n→∞

‖Axn −Az‖ = 0. (3.20)
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From Lemma 2.2, we obtain

‖un − z‖2 = ‖Tr(xn − rAxn) − Tr(z − rAz)‖2

≤ 〈(xn − rAxn) − (z − rAz), un − z〉

=
1
2

(

‖(xn − rAxn) − (z − rAz)‖2 + ‖un − z‖2

−‖(xn − z) − r(Axn −Az) − (un − z)‖2
)

≤ 1
2

(

‖xn − z‖2 + ‖un − z‖2 − ‖(xn − un) − r(Axn −Az)‖2
)

=
1
2

(

‖xn − z‖2 + ‖un − z‖2 − ‖xn − un‖2 + 2r〈xn − un,Axn −Az〉 − r2‖Axn −Az‖2
)

.

(3.21)

Thus, we deduce

‖un − z‖2 ≤ ‖xn − z‖2 − ‖xn − un‖2 + 2r‖xn − un‖‖Axn −Az‖. (3.22)

By (3.16) and (3.22), we have

‖xn+1 − z‖2 ≤ μn

(

1 − αnγ
)(

1 + h∗
n+1

)‖xn − z‖2 + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

+
(

1 − μn

)[‖xn − z‖2 − ‖xn − un‖2 + 2r‖xn − un‖‖Axn −Az‖
]

≤
(

1 − αnμn

(

γ − h∗
n+1

αn

))

‖xn − z‖2 + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

+
(

1 − μn

)[−‖xn − un‖2 + 2r‖xn − un‖‖Axn −Az‖
]

.

(3.23)

Therefore,

(

1 − μn

)‖xn − un‖2 ≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

+
(

1 − μn

)

[2r‖xn − un‖‖Axn −Az‖]

≤ (‖xn − z‖ − ‖xn+1 − z‖)‖xn − xn+1‖ + μnα
2
n

∥
∥γf(xn) − F(z)

∥
∥
2

+ 2αnμn

(

1 − αnγ
)∥
∥γf(xn) − F(z)

∥
∥‖xn − z‖

+ 2r
(

1 − μn

)‖xn − un‖‖Axn −Az‖.

(3.24)
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Since lim infn→∞(1 − μn) > 0, αn → 0, ‖xn+1 − xn‖ → 0 and ‖Axn −Az‖ → 0, we derive that

lim
n→∞

‖xn − un‖ = 0. (3.25)

Next, we show that

lim
n→∞

∥
∥xn − Si(n+N)Si(n+N−1)Si(n+N−2) · · ·Si(n+2)Si(n+1)xn

∥
∥ = 0. (3.26)

By using (3.14), it suffices to show that

lim
n→∞

∥
∥xn+N − Si(n+N)Si(n+N−1)Si(n+N−2) · · ·Si(n+2)Si(n+1)xn

∥
∥ = 0. (3.27)

Observe that
∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥ ≤ ‖xn+N − xn+N−1‖ +

∥
∥
∥xn+N − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

≤ ‖xn+N − xn+N−1‖ + μn+N−1
∥
∥
∥PC

[

yn+N−1
] − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

+
(

1 − μn+N−1
)
∥
∥
∥un+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

≤ ‖xn+N − xn+N−1‖ + μn+N−1
∥
∥
∥yn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

+
(

1 − μn+N−1
)
∥
∥
∥un+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

≤ ‖xn+N − xn+N−1‖ + μn+N−1αn+N−1

×
(∥
∥γf(xn+N−1)

∥
∥ +

∥
∥
∥FS

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

)

+
(

1 − μn+N−1
)‖un+N−1 − xn+N−1‖

+
(

1 − μn+N−1
)
∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥.

(3.28)

Hence,

∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥ ≤ 1

μn+N−1
‖xn+N − xn+N−1‖

+ αn+N−1
(∥
∥γf(xn+N−1)

∥
∥ +

∥
∥
∥FS

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

)

+

(

1 − μn+N−1
)

μn+N−1
‖un+N−1 − xn+N−1‖.

(3.29)

From (3.14), (3.25), limn→∞αn = 0, and (C2), we have

∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥ −→ 0 as n −→ ∞. (3.30)
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Since Si(n) is Lipschitz with constant Li(n) for each i(n) ∈ {1, 2, . . . ,N} and for L =
max1≤i≤N{Li(n)}, and for any positive number n ≥ 1, n = (p(n) − 1)N + i(n), we have

∥
∥xn+N−1 − Si(n+N)xn+N−1

∥
∥ ≤

∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥ +

∥
∥
∥S

p(n+N)
i(n+N) xn+N−1 − Si(n+N)xn+N−1

∥
∥
∥

≤
∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥ + L

∥
∥
∥S

p(n+N)−1
i(n+N) xn+N−1 − xn+N−1

∥
∥
∥

≤
∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥

+ L
(∥
∥
∥S

p(n+N)−1
i(n+N) xn+N−1 − S

p(n+N)−1
i(n) xn−1

∥
∥
∥

+
∥
∥
∥S

p(n+N)−1
i(n) xn−1 − xn−1

∥
∥
∥ + ‖xn−1 − xn+N−1‖

)

.

(3.31)

Since for each n > N, n +N = n(modN), and also n = (p(n) − 1)N + i(n), so

n +N =
(

p(n) − 1 + 1
)

N + i(n) =
(

p(n +N) − 1
)

N + i(n +N), (3.32)

that is,

p(n +N) − 1 = p(n), i(n +N) = i(n). (3.33)

Hence,

∥
∥
∥S

p(n+N)−1
i(n+N) xn+N−1 − S

p(n+N)−1
i(n) xn−1

∥
∥
∥ =

∥
∥
∥S

p(n)
i(n) xn+N−1 − S

p(n)
i(n) xn−1

∥
∥
∥ ≤ L‖xn+N−1 − xn−1‖. (3.34)

Also,

∥
∥
∥S

p(n+N)−1
i(n) xn−1 − xn−1

∥
∥
∥ =

∥
∥
∥S

p(n)
i(n) xn−1 − xn−1

∥
∥
∥. (3.35)

Therefore, substituting (3.34) and (3.35) into (3.31), we have

∥
∥xn+N−1 − Si(n+N)xn+N−1

∥
∥ ≤

∥
∥
∥xn+N−1 − S

p(n+N)
i(n+N) xn+N−1

∥
∥
∥ + L2‖xn+N−1 − xn−1‖

+ L
∥
∥
∥S

p(n)
i(n) xn−1 − xn−1

∥
∥
∥ + L‖xn−1 − xn+N−1‖.

(3.36)

From (3.30) and (3.14), we have

lim
n→∞

∥
∥xn+N−1 − Si(n+N)xn+N−1

∥
∥ = 0. (3.37)

Also,

∥
∥xn+N − Si(n+N)xn+N−1

∥
∥ ≤ ‖xn+N − xn+N−1‖ +

∥
∥xn+N−1 − Si(n+N)xn+N−1

∥
∥, (3.38)
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so that

xn+N−1 − Si(n+N)xn+N−1 −→ 0 as n −→ ∞. (3.39)

Indeed, noting that each Si(n) is Lipschitzian and using (3.39), we can calculate the following:

xn+N − Si(n+N)xn+N−1 −→ 0 as n −→ ∞,

Si(n+N)xn+N−1 − Si(n+N)Si(n+N−1)xn+N−2 as n −→ ∞,

...

Si(n+N)Si(n+N−1) · · ·Si(n+2)xn+1 − Si(n+N)Si(n+N−1) · · ·Si(n+2)Si(n+1)xn −→ 0 as n −→ ∞.

(3.40)

It follows from (3.40) that

xn+N − Si(n+N)Si(n+N−1) · · ·Si(n+1)xn −→ 0 as n −→ ∞. (3.41)

Using (3.14), we have

xn − Si(n+N)Si(n+N−1) · · ·Si(n+1)xn −→ 0 as n −→ ∞. (3.42)

Hence (3.26) is proved. Let Φ = PΩ. Then, Φ(I − F − γf) is a contraction on C. In fact, from
Lemma 2.7(i), we have

∥
∥Φ

(

I − F − γf
)

x −Φ
(

I − F − γf
)

y
∥
∥ ≤ ∥

∥
(

I − F − γf
)

x − (

I − F − γf
)

y
∥
∥

≤ ∥
∥(I − F)x − (I − F)y

∥
∥ + γ

∥
∥f(x) − f

(

y
)∥
∥

≤
√

1 − δ

λ

∥
∥x − y

∥
∥ + αγ

∥
∥x − y

∥
∥

=

⎛

⎝

√

1 − δ

λ
+ αγ

⎞

⎠
∥
∥x − y

∥
∥, ∀x, y ∈ C.

(3.43)

Therefore, Φ(I − F − γf) is a contraction on C with coefficient (
√

(1 − δ)/λ + αγ) ∈ (0, 1).
Thus, by Banach contraction principal, PΩ(I − F − γf) has a uninique fixed point x∗, that
is PΩ(I − F − γf)x∗ = x∗ which mean that x∗ is the unique solution in Ω of the variational
inequality (3.2). Next, we show that

lim sup
n→∞

〈

γf(x∗) − Fx∗, xn − x∗〉 ≤ 0. (3.44)
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Let {xnj} be a subsequence of {xn} such that

lim sup
n→∞

〈

γf(x∗) − Fx∗, xn − x∗〉 = lim
j→∞

〈

γf(x∗) − Fx∗, xnj − x∗
〉

. (3.45)

Since {xn} is bounded, we may also assume that there exists some x̃ ∈ H such that xnj ⇀ x̃.
Since the family {Si}Ni=1 is finite, passing to a further subsequence if necessary, we may further
assume, for some i(n) ∈ {1, 2, . . . ,N}, it follows that

xnj − Si(n+N)Si(n+N−1) · · ·Si(n+1)xnj −→ 0 as j −→ ∞. (3.46)

By Lemma 2.4, we obtain

x̃ ∈ F
(

Si(n+N)Si(n+N−1) · · ·Si(n+1)
)

, (3.47)

so this implies that x̃ ∈ Γ. Next, we show x̃ ∈ EP. Since un = Tr(xn − rAxn), for any y ∈ C, we
have

φ
(

un, y
)

+
1
r

〈

y − un, un − (xn − rAxn)
〉 ≥ 0. (3.48)

From the monotonicity of F, we have

1
r

〈

y − un, un − (xn − rAxn)
〉 ≥ φ

(

y, un

)

, ∀y ∈ C. (3.49)

Hence,

〈

y − un,
uni − xni

r
+Axni

〉

≥ φ
(

y, uni

)

, ∀y ∈ C. (3.50)

Put zt = ty + (1 − t)x̃ for all t ∈ (0, 1] and y ∈ C. Then, we have zt ∈ C. So, from (3.50), we
have

〈zt − uni , Azt〉 ≥ 〈zt − uni , Azt〉 −
〈

zt − uni ,
uni − xni

r
+Axni

〉

+ φ(zt, uni)

= 〈zt − uni , Azt −Auni〉 + 〈zt − uni , Auni −Axni〉

+
〈

zt − uni ,
uni − xni

r

〉

+ φ(zt, uni).

(3.51)

Note that ‖Auni − Axni‖ ≤ (1/α)‖uni − xni‖ → 0. Further, from monotonicity of A, we have
〈zt − uni ,Azt −Auni〉 ≥ 0. Letting i → ∞ in (3.51), we have

〈zt − x̃, Azt〉 ≥ φ(zt, x̃). (3.52)
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From (A1), (A4), and (3.52), we also have

0 = φ(zt, zt) ≤ tφ
(

zt, y
)

+ (1 − t)φ(zt, x̃)

≤ tφ
(

zt, y
)

+ (1 − t)〈zt − x̃, Azt〉
= tφ

(

zt, y
)

+ (1 − t)t
〈

y − x̃, Azt
〉

(3.53)

and, hence,

0 ≤ φ
(

zt, y
)

+ (1 − t)
〈

Azt, y − x̃
〉

. (3.54)

Letting t → 0 in (3.54) and using (A3), we have, for each y ∈ C,

0 ≤ φ
(

x̃, y
)

+
〈

y − x̃, Ax̃
〉

. (3.55)

This implies that x̃ ∈ EP. Therefore, x̃ ∈ Ω. Therefore,

lim sup
n→∞

〈

γf(x∗) − Fx∗, xn − x∗〉 =
〈

γf(x∗) − Fx∗, x̃ − x∗〉 ≤ 0. (3.56)

Finally, we prove that xn → x∗ as n → ∞. From Lemma 2.7 and (1.23), we obtain

‖xn+1 − x∗‖2 = ∥
∥μn

(

PC

[

yn

] − x∗) +
(

1 − μn

)

(un − x∗)
∥
∥
2

≤ μn

∥
∥PC

[

yn

] − x∗∥∥2 +
(

1 − μn

)‖un − x∗‖2

≤ μn

∥
∥yn − x∗∥∥2 +

(

1 − μn

)‖un − x∗‖2

= μ
∥
∥
∥αnγf(xn) − αnF(x∗) + (I − αnF)S

p(n+1)
i(n+1) xn − (I − αnF)x∗

∥
∥
∥

2

+
(

1 − μn

)‖un − x∗‖2

=
(

1 − μn

)‖xn − x∗‖2 + μn

∥
∥
∥αn

(

γf(xn) − F(x∗)
)

+ (I − αnF)
(

S
p(n+1)
i(n+1) xn − x∗

)∥
∥
∥

2

≤ (

1 − μn

)‖xn − x∗‖2 + μn

(

1 − αnγ
)2(1 + hn+1)2‖xn − x∗‖2

+ 2μnαn

〈

γf(xn) − F(x∗), xn+1 − x∗〉

≤ (

1 − μn

)‖xn − x∗‖2 + μn

(

1 − αnγ
)(

1 + 2hn+1 + h2
n+1

)

‖xn − x∗‖2

+ 2μnαn

〈

γf(xn) − F(x∗), xn+1 − x∗〉

=
(

1 − μn

)‖xn − x∗‖2 + μn

(

1 − αnγ
)(

1 + h∗
n+1

)‖xn − x∗‖2

+ 2μnαn

〈

γf(xn) − F(x∗), xn+1 − x∗〉
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≤
(

1 − μnαn

(

γ − h∗
n+1

αn

))

‖xn − x∗‖2

+ 2μnαn

(

γ − h∗
n+1

αn

)[

1
(

γ − h∗
n+1/αn

)

〈

γf(xn) − F(x∗), xn+1 − x∗〉
]

,

(3.57)

where h∗
n+1 = 2hn+1 + h2

n+1. Hence, all conditions of Lemma 2.5 are satisfied. Therefore, xn →
x∗. This completes the proof.

The following example shows that there exist the sequences {αn} and {μn} satisfying
the conditions (C1) and (C2) of Theorem 3.1.

Example 3.2. For each n ≥ 0, let αn = 1/(n + 1) and μn = 1/2 + 1/(n + 1). Then, it is easy to
obtain limn→∞αn = 0,

∑∞
n=0 αn = ∞ and limn→∞(αn+1/αn) = 1, 0 < 1/2 = lim infn→∞μn ≤

lim supn→∞μn = 1/2 < 1 and limn→∞((μn+1 −μn)/αn+1) = 0. Hence, conditions (C1) and (C2)
of Theorem 3.1 are satisfied.

Corollary 3.3. Let C,H,A, φ,Ω, f, F, r be as in Theorem 3.1. Let S1, S2, . . . , SN : C → C be a
family of nonexpansive mappings. Let T1, T2, . . . , TN : C → C be mappings defined by (2.9). For
Tn := Tn mod N , let the sequence {xn} be generated by

φ
(

un, y
)

+
〈

Axn, y − un

〉

+
1
r

〈

y − un, un − xn

〉 ≥ 0, ∀y ∈ C,

xn+1 = μnPC

[

αnγf(xn) + (1 − αnF)Tnxn

]

+
(

1 − μn

)

un, n ≥ 0.
(3.58)

Assume that
∑∞

n=1 supz∈B‖Tn+1z − Tnz‖ < ∞ for each bounded subset B of C and the sequences {αn}
and {μn} satisfy the following conditions:

(C1) limn→∞αn = 0,
∑∞

n=0 αn = ∞ and limn→∞(αn+1/αn) = 1,

(C2) 0 < lim infn→∞μn ≤ lim supn→∞μn < 1 and limn→∞((μn+1 − μn)/αn+1) = 0.

Then the sequence {xn} converges strongly to x∗ of the following variational inequality:

〈(

F − γf
)

x∗, x − x∗〉 ≥ 0, x ∈ Ω, (3.59)

or equivalently x̃ = PΩ(I − F + γf)x̃, where PΩ is the metric projection of H ontoΩ.

Proof. By Lemma 2.6, we have

N⋂

i=1

Fix(Ti) = Fix(TNTN−1TN−2 · · ·T1) = Fix(T1TN · · ·T2) = Fix(TN−1TN−2 · · ·T1TN). (3.60)

Therefore, the result follows from Theorem 3.1.
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Remark 3.4. As in [58, Theorem 4.1], we can generate a sequence {Sn} of nonexpansive
mappings satisfying the condition

∑∞
n=1 sup{‖Sn+1z − Snz‖ : z ∈ B} < ∞ for any bounded

subset B of C by using convex combination of a general sequence {Tk} of nonexpansive
mappings with a common fixed point.

Setting γ = 1, F = I, and Sn ≡ S, a nonexpansive mapping, in Corollary 3.3, we obtain
the following result.

Corollary 3.5 ([46], Theorem 3.7). Let C, H , A, φ, f , r be as in Theorem 3.1. Let S : C → C be a
nonexpansive mapping such thatΩ := EP∩Fix(S)/= ∅. Let the sequence {xn} be generated by

φ
(

un, y
)

+
〈

Axn, y − un

〉

+
1
r

〈

y − un, un − xn

〉 ≥ 0, ∀y ∈ C,

xn+1 = μnPC

[

αnf(xn) + (1 − αn)Sxn

]

+
(

1 − μn

)

un, n ≥ 0.

(3.61)

Assume the sequences {αn} and {μn} satisfy the following conditions:

(C1) limn→∞αn = 0,
∑∞

n=0 αn = ∞ and limn→∞(αn+1/αn) = 1,

(C2) 0 < lim infn→∞μn ≤ lim supn→∞μn < 1 and limn→∞((μn+1 − μn)/αn+1) = 0.

Then, the sequence {xn} converges strongly to x∗ of the following variational inequality:

〈(

I − f
)

x∗, x − x∗〉 ≥ 0, x ∈ Ω. (3.62)
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Abstract Let E be a real reflexive strictly convex Banach space which has uniformly
Gâteaux differentiable norm. Let S = {T (s) : 0 ≤ s < ∞} be a nonexpansive semigroup on
E such that Fix(S) := ∩t≥0 Fix(T (t)) �= ∅, and f is a contraction on E with coefficient
0 < α < 1. Let F be δ-strongly accretive and λ-strictly pseudo-contractive with δ + λ > 1

and 0 < γ < min

{
δ
α
,

1−
√

1−δ
λ

2α

}
. When the sequences of real numbers {αn} and {tn} satisfy

some appropriate conditions, the three iterative processes given as follows :

xn+1 = αnγ f (xn) + (I − αn F)T (tn)xn, n ≥ 0,

yn+1 = αnγ f (T (tn)yn) + (I − αn F)T (tn)yn, n ≥ 0,

and

zn+1 = T (tn)(αnγ f (zn) + (I − αn F)zn), n ≥ 0

converge strongly to x̃ , where x̃ is the unique solution in Fix(S) of the variational inequality

〈(F − γ f )x̃, j (x − x̃)〉 ≥ 0, x ∈ Fix(S).

Our results extend and improve corresponding ones of Li et al. (Nonlinear Anal 70:3065–
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1 Introduction

Let E be a real Banach space. A mapping T of E into itself is said to be nonexpansive if
‖T x − T y‖ ≤ ‖x − y‖ for each x, y ∈ E . We denote by Fix(T ) the set of fixed points of T .
A mapping f : E −→ E is called α-contraction, if there exists a constant 0 < α < 1 such
that ‖ f (x) − f (y)‖ ≤ α‖x − y‖ for all x, y ∈ E . A family S = {T (t) : 0 ≤ t < ∞} of
mappings of E into itself is called a nonexpansive semigroup on E if it satisfies the following
conditions:

(i) T (0)x = x for all x ∈ E ;
(ii) T (s + t) = T (s)T (t) for all s, t ≥ 0 ;
(iii) ‖T (t)x − T (t)y‖ ≤ ‖x − y‖ for all x, y ∈ E and t ≥ 0 ;
(iv) for all x ∈ E, the mapping t 
→ T (t)x is continuous.

We denote by Fix(S) the set of all common fixed points of S, that is,

Fix(S) := {x ∈ E : T (t)x = x, 0 ≤ t < ∞} = ∩t≥0 Fix(T (t)).

In [1], Shioji and Takahashi introduced the following implicit iteration in a Hilbert space

xn = αn x + (1 − αn)
1

tn

tn∫
0

T (s)xnds, ∀n ∈ N (1.1)

where {αn} is a sequence in (0, 1), {tn} is a sequence of positive real numbers which diverges
to ∞. Under certain restrictions on the sequence {αn}, Shioji and Takahashi [1] proved strong
convergence of the sequence {xn} to a member of F(S). In [2], Shimizu and Takahashi studied
the strong convergence of the sequence {xn} defined by

xn+1 = αn x + (1 − αn)
1

tn

tn∫
0

T (s)xnds, ∀n ∈ N (1.2)

in a real Hilbert space where {T (t) : t ≥ 0} is a strongly continuous semigroup of nonex-
pansive mappings on a closed convex subset C of a Banach space E and limn−→∞ tn = ∞.
Using viscosity method, Chen and Song [3] studied the strong convergence of the following
iterative method for a nonexpansive semigroup {T (t) : t ≥ 0} with Fix(S) �= ∅ in a Banach
space :

xn+1 = αn f (x) + (1 − αn)
1

tn

tn∫
0

T (s)xnds, ∀n ∈ N, (1.3)

where f is a contraction. Note however that their iterate xn at step n is constructed through
the average of the semigroup over the interval (0, t). Suzuki [4] was the first to introduce
again in a Hilbert space the following implicit iteration process:

xn = αnu + (1 − αn)T (tn)xn, ∀n ∈ N, (1.4)

for the nonexpansive semigroup case. In 2002, Benavides, Acedo and Xu [5] in a uniformly
smooth Banach space, showed that if S satisfies an asymptotic regularity condition and {αn}
fulfills the control conditions limn−→∞ αn = 0,

∑∞
n=1 αn = ∞, and limn−→∞ αn

αn+1
= 0,

then then both the implicit iteration process (1.4) and the explicit iteration process (1.5)

xn+1 = αnu + (1 − αn)T (tn)xn, ∀n ∈ N, (1.5)
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converge to a same point of F(S). In 2005, Xu [6] studied the strong convergence of the
implicit iteration process (1.1) and (1.4) in a uniformly convex Banach space which admits a
weakly sequentially continuous duality mapping. Recently Chen and He [7] introduced the
viscosity approximation process :

xn+1 = αn f (xn) + (1 − βn)T (tn)xn, ∀n ∈ N, (1.6)

where f is a contraction, {αn} is a sequence in (0, 1) and a nonexpansive semigroup {T (t) :
t ≥ 0}. The strong convergence theorem of {xn} is proved in a reflexive Banach space which
admits a weakly sequentially continuous duality mapping. In [8], Chen and He introduced and
studied modified Mann iteration for nonexpansive mapping in a uniformly convex Banach
space.

On the other hand, iterative approximation methods for nonexpansive mappings have
recently been applied to solve convex minimization problems; see, e.g., [9–13] and the ref-
erences therein. Let H be a real Hilbert space, whose inner product and norm are denoted by
〈·, ·〉 and ‖ · ‖, respectively. Let A be a strongly positive bounded linear operator on H : that
is, there is a constant γ̄ > 0 with property

〈Ax, x〉 ≥ γ̄ ‖x‖2 for all x ∈ H. (1.7)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H :

min
x∈C

1

2
〈Ax, x〉 − 〈x, b〉, (1.8)

where C is the fixed point set of a nonexpansive mapping T on H and b is a given point in
H . In 2003, Xu ([10]) proved that the sequence {xn} defined by the iterative method below,
with the initial guess x0 ∈ H chosen arbitrarily:

xn+1 = (I − αn A)T xn + αnu, n ≥ 0, (1.9)

converges strongly to the unique solution of the minimization problem (1.8) provided the
sequence {αn} satisfies certain conditions. Using the viscosity approximation method, Moud-
afi [14] introduced the following iterative iterative process for nonexpansive mappings (see
[15] for further developments in both Hilbert and Banach spaces). Let f be a contraction on
H . Starting with an arbitrary initial x0 ∈ H , define a sequence {xn} recursively by

xn+1 = (1 − αn)T xn + αn f (xn), n ≥ 0, (1.10)

where {αn} is a sequence in (0, 1). It is proved [14,15] that under certain appropriate con-
ditions imposed on {αn}, the sequence {xn} generated by (1.10) strongly converges to the
unique solution x∗ in C of the variational inequality

〈(I − f )x∗, x − x∗〉 ≥ 0, x ∈ H. (1.11)

Recently, Marino and Xu [16] mixed the iterative method (1.9) and the viscosity approxima-
tion method (1.10) and considered the following general iterative method:

xn+1 = (I − αn A)T xn + αnγ f (xn), n ≥ 0, (1.12)

where A is a strongly positive bounded linear operator on H . They proved that if the sequence
{αn} of parameters satisfies the certain conditions, then the sequence {xn} generated by (1.12)
converges strongly to the unique solution x∗ in H of the variational inequality

〈(A − γ f )x∗, x − x∗〉 ≥ 0, x ∈ H (1.13)
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which is the optimality condition for the minimization problem: minx∈C
1
2 〈Ax, x〉 − h(x),

where h is a potential function for γ f (i.e.,h′(x) = γ f (x) for x ∈ H ).
Very recently, Li et al. [17] introduced the following iterative procedures for the approx-

imation of common fixed points of a one-parameter nonexpansive semigroup on a Hilbert
space H :

x0 = x ∈ H, xn+1 = (I − αn A)
1

tn

tn∫
0

T (s)xnds + αnγ f (xn), n ≥ 0, (1.14)

where A is a strongly positive bounded linear operator on H .
Let δ and λ be two positive real numbers such that δ, λ < 1. Recall that a mapping F with

domain D(F) and range R(F) in E is called δ-strongly accretive if, for each x, y ∈ D(F),
there exists j (x − y) ∈ J (x − y) such that

〈Fx − Fy, j (x − y)〉 ≥ δ‖x − y‖2, (1.15)

where J is the normalized duality mapping from E into the dual space E∗. Recall also that
a mapping F is called λ-strictly pseudo-contractive if, for each x, y ∈ D(F), there exists
j (x − y) ∈ J (x − y) such that

〈Fx − Fy, j (x − y)〉 ≤ ‖x − y‖2 − λ‖(x − y) − (Fx − Fy)‖2. (1.16)

It is easy to see that (1.16) can be rewritten as

〈(I − F)x − (I − F)y, j (x − y)〉 ≥ λ‖(I − F)x − (I − F)y‖2, (1.17)

see [18].
Let C be a nonempty closed convex subset of a real Hilbert space H , and T : C −→ C be

a mapping. T is said to be a λ-strictly pseudo-contraction in light of Browder and Petryshyn
[19] if there exists a λ such that

‖Fx − Fy‖2 ≤ ‖x − y‖2 − λ‖(x − y) − (Fx − Fy)‖2, (1.18)

for every x, y ∈ C .

Remark 1.1 From (1.16) we can prove that if F is λ-strictly pseudo-contraction, then F is
Lipschitz continuous with the Lipschitz constant 1+λ

λ
; see [20] for more details.

In this paper, motivated by the above results, we introduce and study the strong conver-
gence theorems of the general iterative scheme {xn} defined by (1.19) in the framework of a
reflexive Banach space E which admits a weakly sequentially continuous duality mapping :

x0 = x ∈ E, xn+1 = αnγ f (xn) + (I − αn F)T (tn)xn, n ≥ 0 (1.19)

where F is δ-strongly accretive and λ-strictly pseudo-contractive with δ + λ > 1, f is
a contraction on E with coefficient 0 < α < 1, γ is a positive real number such that

γ < 1
2α

(
1 −

√
1−δ
λ

)
and S = {T (t) : 0 ≤ t < ∞} is a nonexpansive semigroup on E .

The strong convergence theorems are proved under some appropriate control conditions on
parameter {αn} and {tn}. Furthermore, by using these results, we obtain strong convergence
theorems of the following new general iterative schemes {yn}, and {zn} defined by

y0 = y ∈ E, yn+1 = αnγ f (T (tn)yn) + (I − αn F)T (tn)yn, n ≥ 0 (1.20)
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and

z0 = z ∈ E, zn+1 = T (tn)(αnγ f (zn) + (I − αn F)zn), n ≥ 0. (1.21)

The results presented in this paper extend and improve the main results in Li et al. [17] and
Chen and He [7] and many others.

2 Preliminaries

Throughout this paper, it is assumed that E is a real Banach space with norm ‖ · ‖ and let J
denote the normalized duality mapping from E into E∗ given by

J (x) = { f ∈ E∗ : 〈x, f 〉 = ‖x‖2 = ‖ f ‖2}
for each x ∈ E , where E∗ denotes the dual space of E and 〈·, ·〉 denotes the generalized
duality pairing and N denotes the set of all positive integer. In the sequel, we shall denote
the single-valued duality mapping by j , and denote F(T ) = {x ∈ C : T x = x}. When

{xn} is a sequence in E , then xn −→ x (respectively xn ⇀ x, xn
∗
⇀ x ) will denote strong

(respectively weak, weak*) convergence of the sequence {xn} to x . In a Banach space E ,
the following result (the Subdifferential Inequality) is well known ([28, Theorem 4.2.1]):
∀x, y ∈ E,∀ j (x + y) ∈ J (x + y),∀ j (x) ∈ J (x),

‖x‖2 + 2〈y, j (x)〉 ≤ ‖x + y‖2 ≤ ‖x‖2 + 〈y, j (x + y)〉. (2.1)

A real Banach space E is said to be strictly convex if ‖x+y‖
2 < 1 for all x, y ∈ E with

‖x‖ = ‖y‖ = 1 and x �= y. It is said to be uniformly convex if for all ε ∈ [0, 2], there exits
δε > 0 such that

‖x‖ = ‖y‖ = 1 with ‖x − y‖ ≥ ε implies
‖x + y‖

2
< 1 − δε.

The following results are well known and can be founded in Ref. [28]:

(i) A uniformly convex Banach space E is reflexive and strictly convex ([28, Theo-
rem 4.2.1 and 4.1.6])

(ii) If E is a strictly convex Banach space and T : E −→ E is a non-expansive mapping,
then fixed point set F(T ) of T is a closed convex subset of E ([28, Theorem 4.5.3]).

Recall that the norm of E is said to be Gâteaux differentiable (and E is said to be smooth),
if the limit

lim
t−→0

‖x + t y‖ − ‖x‖
t

(2.2)

exists for each x, y on the unit sphere S(E) of E . Moreover, if for each y in S(E) the limit
defined by (2.2) is uniformly attained for x in S(E), we say that the norm of E is uniformly
Gáteaux differentiable. It is well known that if E is a Banach space with a uniformly Gáteaux
differentiable norm, then the mapping J : E −→ E is single-valued and norm to weak star
uniformly continuous on bounded sets of E [28, Theorem 4.3.6]. If C is a nonempty convex
subset of a strictly convex Banach space E and T : C −→ C is a nonexpansive mapping,
then fixed point set F(T ) of T is a closed convex subset of C [28, Theorem 4.5.3].

Now, we present the concept of uniformly asymptotically regular semigroup (also see
[21,22]). Let C be a nonempty closed convex subset of a Banach space E, S = {T (t) : 0
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≤ t < ∞} a continuous operator semigroup on C . Then S is said to be uniformly asymptot-
ically regular (in short, u.a.r.) on C if for all h ≥ 0 and any bounded subset D of C ,

lim
t−→∞ sup

x∈D
‖T (h)(T (t)x) − T (t)x‖ = 0.

The nonexpansive semigroup {σt : t > 0} defined by the following lemma is an example of
u.a.r. operator semigroup. Other examples of u.a.r. operator semigroup can be found in [21,
Examples 17, 18].

Lemma 2.1 [3, Lemma 2.7] Let C be a nonempty closed convex subset of a uniformly
convex Banach space E, and D a bounded closed convex subset of C, and S = {T (s) :
0 ≤ s < ∞} a nonexpansive semigroup on C such that F(S) �= ∅. For each h > 0, set
σt (x) = 1

t

∫ t
0 T (s)xds, then

lim
t−→∞ sup

x∈D
‖σt (x) − T (h)σt (x)‖ = 0.

Example 2.2 The set {σt : t > 0} defined by Lemma 2.1 is u.a.r. nonexpansive semigroup.
In fact, it is obvious that {σt : t > 0} is a nonexpansive semigroup. For each h > 0, we have

‖σt (x) − σhσt (x)‖ =
∥∥∥∥∥∥σt (x) − 1

h

h∫
0

T (s)σt (x)ds

∥∥∥∥∥∥
=
∥∥∥∥∥∥

1

h

h∫
0

(σt (x) − T (s)σt (x))ds

∥∥∥∥∥∥
≤ 1

h

h∫
0

‖σt (x) − T (s)σt (x)‖ds.

Applying Lemma 2.1, we have

lim
t−→∞ sup

x∈D
‖σt (x) − σhσt (x)‖ ≤ 1

h

h∫
0

lim
t−→∞ sup

x∈D
‖σt (x) − T (s)σt (x)‖ds = 0.

Let C be a nonempty closed and convex subset of a Banach space E and D a nonempty
subset of C . A mapping Q : C −→ D is said to be sunny if

Q(Qx + t (x − Qx)) = Qx,

whenever Qx + t (x − Qx) ∈ C for x ∈ C and t = 0. A mapping Q : C −→ D is called a
retraction if Qx = x for all x ∈ D. Furthermore, Q is a sunny nonexpansive retraction from
C onto D if Q is a retraction from C onto D which is also sunny and nonexpansive. A subset
D of C is called a sunny nonexpansive retraction of C if there exists a sunny nonexpansive
retraction from C onto D. The following lemma concerns the sunny nonexpansive retraction.

Lemma 2.3 ([23,24]) Let C be a closed convex subset of a smooth Banach space E. Let
D be a nonempty subset of C and Q : C −→ D be a retraction. Then Q is sunny and
nonexpansive if and only if

〈u − Qu, j (y − Qu)〉 ≤ 0

for all u ∈ C and y ∈ D.
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Lemma 2.4 [25, Lemma 2.3] Let {an} be a sequence of nonnegative real numbers satisfying
the property:

an+1 ≤ (1 − tn)an + tncn + bn,∀n ≥ 0,

where {tn}, {bn}, {cn} satisfying the restrictions:

(i)
∑∞

n=1 tn = ∞;
(ii)

∑∞
n=1 bn < ∞;

(iii) lim supn→∞ cn ≤ 0.

Then limn→∞ an = 0.

The following lemma will be frequently used throughout the paper and can be found in [26].

Lemma 2.5 [26, Lemma 2.7] Let E be a real smooth Banach space and F : E −→ E a
mapping.

(i) If F is δ-strongly accretive and λ-strictly pseudo-contractive with δ + λ > 1, then

I − F is contractive with constant
√

1−δ
λ

.
(ii) If F is δ-strongly accretive and λ-strictly pseudo-contractive with δ + λ > 1, then for

any fixed number τ ∈ (0, 1), I − τ F is contractive with constant 1 − τ

(
1 −

√
1−δ
λ

)
.

Let N be the set of positive integers and let l∞ be the Banach space of bounded val-
ued functions on N with supremum norm. Let LIM be a linear continuous functional on
l∞ and let x = (a1, a2, ...) ∈ l∞. Then sometimes, we denote by LIMn(an) the value of
LIM(x). We know that there exists a linear continuous functional LIM on l∞ such that
‖LIM‖ = LIM(1) = 1 and LIM(an) = LIM(an+1) for each x = (a1, a2, ...) ∈ l∞. Such
a LIM is called a Banach limit. Let LIM be a Banach limit. Then,

lim inf
n−→∞ an ≤ LIM(x) ≤ lim sup

n−→∞
an

for each x = (a1, a2, ...) ∈ l∞. Specially, if an −→ a, then LIM(x) = a; see [28] for more
details.

Proposition 2.6 [28] Let E be a real Banach space which has a uniformly Gâteaux differ-
entiable norm. Suppose that {xn} is a bounded sequence of E and let LIMn be a Banach
limit and z ∈ E. Then

LIMn‖xn − z‖2 = inf
y∈E

LIMn‖xn − y‖2

if and only if

LIMn〈y − z, j (xn − z)〉 = 0, ∀y ∈ E .

Let (X, d) be a metric space. A subset M of X is called a Chebyshev set, if for each
x ∈ X , there exists a unique element u ∈ M such that d(x, u) = d(x, M), where d(x, M) =
inf z∈M d(x, z).

Theorem 2.7 (Day-James Theorem) [27] E is a reflexive strictly convex Banach space if
and only if every nonempty closed convex subset of E is Chebyshev set.

Lemma 2.8 [29, Lemma 3.2] Let C be a nonempty closed convex subset of E and let {T (t) :
0 ≤ t < ∞} be a u.a.r. nonexpansive semigroup on C such that Fix(S) �= ∅ and at least
there exists a T (t) which is demicompact. Then, for each x ∈ C, there exists a sequence
{T (t j ) : 0 ≤ t j < ∞, j ∈ N} ⊂ {T (t) : 0 ≤ t < ∞} such that {T (t j )x} converges strongly
to some point in Fix(S), where t j −→ ∞ as j −→ ∞.
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3 Main results

Let E be a real Banach space. Let T be a nonexpansive mapping on E . For f ∈ �E and
F a δ-strongly accretive and λ-strictly pseudo-contractive with δ + λ > 1 and 0 < γ <

min

{
δ
α
,

1−
√

1−δ
λ

2α

}
. For each t ∈ (0, 1), the mapping St : E −→ E defined by

St (x) = tγ f (x) + (I − t F)T x, ∀x ∈ E

is a contraction mapping. Indeed, for any x, y ∈ E ,

‖St (x) − St (y)‖ ≤ ‖tγ ( f (x) − f (y)) + (I − t F)T x − (I − t F)T y‖

≤ tγ ‖ f (x) − f (y)‖ + (1 − t

(
1 −

√
1 − δ

λ

)
‖x − y‖

≤
(

1 − t[(1 −
√

1 − δ

λ
) − γα]

)
‖x − y‖. (3.1)

Thus, by Banach contraction mapping principle, there exists a unique fixed point xt in E that
is

xt = tγ f (xt ) + (I − t F)T xt . (3.2)

Lemma 3.1 Let E be a real reflexive strictly convex Banach space which has uniformly
Gâteaux differentiable norm. Let T be a nonexpansive mapping with F(T ) �= ∅ and f :
C −→ C a contraction mapping with coefficient α(0 < α < 1), and let F be a δ-strongly

accretive and λ-strictly pseudo-contractive with δ+λ > 1 and 0 < γ < min

{
δ
α
,

1−
√

1−δ
λ

2α

}
.

Then the net {xt } defined by (3.2) converges strongly as t −→ 0 to a fixed point x̃ in F(T )

which solves the variational inequality :

〈(F − γ f )x̃, j (x̃ − z)〉 ≤ 0, z ∈ F(T ). (3.3)

Proof We first show that the uniqueness of a solution of the variational inequality (3.3).
Suppose both x̃ ∈ F(T ) and x∗ ∈ F(T ) are solutions to (3.3), then

〈(F − γ f )x̃, j (x̃ − x∗)〉 ≤ 0 (3.4)

and

〈(F − γ f )x∗, j (x∗ − x̃)〉 ≤ 0. (3.5)

Adding (3.4) and (3.5), we obtain

〈(F − γ f )x̃ − (F − γ f )x∗, j (x̃ − x∗)〉 ≤ 0. (3.6)

Noticing that for any x, y ∈ E ,

〈(F −γ f )x −(F −γ f )y, j (x − y)〉= 〈Fx−Fy, j (x −y)〉−γ 〈 f (x)− f (y), j (x − y)〉
≥ δ‖x − y‖2 − γ ‖ f (x) − f (y)‖‖ j (x − y)‖
≥ δ‖x − y‖2 − γα‖x − y‖2

= (δ − γα)‖x − y‖2 ≥ 0. (3.7)
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This together with (3.6) implies that x̃ = x∗ and then the uniqueness is proved. Below we
use x̃ to denote the unique solution of (3.3). Next, we will prove that {xt } is bounded. Take
a p ∈ F(T ), then we have

‖xt − p‖ = ‖tγ f (xt ) + (I − t F)T xt − p‖
= ‖(I − t F)T xt − (I − t F)p + t (γ f (xt ) − F(p))‖

≤ (1 − t

(
1 −

√
1 − δ

λ

)
‖xt − p‖ + t (γ α‖xt − p‖ + ‖γ f (p) − F(p)‖).

It follows that

‖xt − p‖ ≤ 1(
1 −

√
1−δ
λ

)
− γα

‖γ f (p) − F(p)‖.

Hence {xt } is bounded, so are { f (xt )} and {FT (xt )}. The definition of {xt } implies that

‖xt − T xt‖ = t‖γ f (xt ) − F(T xt )‖ −→ 0 as t −→ 0. (3.8)

Assume that tn −→ 0 as n −→ ∞. Set xn := xtn and define μ : E −→ [0,∞) by

μ(x) = LIMn‖xn − x‖2, x ∈ E,

where LIMn is a Banach limit on l∞. Since μ is continuous and convex and μ(z) −→ 0 as
‖z‖ −→ ∞, and E is reflexive, μ attains its infimum over E . Let u ∈ E be such that

LIMn‖xn − u‖2 = inf
x∈E

LIMn‖xn − x‖2

and let

K =
{

x ∈ E : μ(x) = inf
x∈E

LIMn‖xn − x‖2
}

.

Then K is nonempty because u ∈ K . Furthermore, it easy to see that K is a closed convex
subset of E . From (3.8), it follows that

μ(T x) = LIMn‖xn − T x‖2 ≤ LIMn‖T xn − T x‖2 ≤ LIMn‖xn − x‖2 = μ(x),

which implies that T (K ) ⊂ K , that is, K is invariant under T . Let p ∈ F(T ). It follows
from Day-James’s theorem that there exists a unique element z ∈ K such that

‖p − z‖ = inf
x∈K

‖p − x‖. (3.9)

Hence,

‖p − T z‖ = ‖T p − T z‖ ≤ ‖p − z‖, (3.10)

and so T z = z since z is minimizer of μ over K . Hence z ∈ F(T ) ∩ K . For any t ∈ (0, 1)

and y ∈ E , then z + t (y − Fz) ∈ E . By Proposition 2.6, we have

LIMn〈z + t (y − Fz) − z, j (xn − z)〉 = 0,

which implies that

LIMn〈y − Fz, j (xn − z)〉 = 0, ∀y ∈ E . (3.11)
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On the other hand, we have

‖xn − z‖2 = ‖tnγ f (xn) + (I − tn F)T xn − z‖2

≤ ‖(I − tn F)T xn − (I − tn F)z‖2 + 2tn〈γ f (xn) − Fz, j (xn − z)〉

≤ (1 − tn

(
1 −

√
1 − δ

λ

)2

‖xn − z‖2 + 2tn〈γ f (xn) − Fz, j (xn − z)〉

≤ (1 − tn

(
1 −

√
1 − δ

λ

)
‖xn − z‖2 + 2tn〈γ f (xn) − Fz, j (xn − z)〉

which implies that

‖xn − z‖2 ≤ 1(
1 −

√
1−δ
λ

)2〈γ f (xn) − Fz, j (xn − z)〉

= 1(
1 −

√
1−δ
λ

)2〈γ f (xn) − y, j (xn − z)〉 + 1(
1 −

√
1−δ
λ

)2〈y − Fz, j (xn − z)〉.

Applying (3.11) to the above inequality, we obtain that

LIMn‖xn − z‖2 ≤ 2(
1 −

√
1−δ
λ

)LIMn〈γ f (xn) − y, j (xn − z)〉

+ 2(
1 −

√
1−δ
λ

)LIMn〈y − Fz, j (xn − z)〉

= 2(
1 −

√
1−δ
λ

)LIMn〈γ f (xn) − y, j (xn − z)〉

≤ 2(
1 −

√
1−δ
λ

)LIMn‖γ f (xn) − y‖‖xn − z‖. (3.12)

Setting y := γ f (z) in (3.12), we have(
1 −

√
1 − δ

λ

)
LIMn‖xn − z‖2 ≤ 2LIMn‖γ f (xn) − γ f (z)‖‖xn − z‖

≤ 2γαLIMn‖xn − z‖2

and hence ((
1 −

√
1 − δ

λ

)
− 2γα

)
LIMn‖xn − z‖2 ≤ 0.

This implies that LIMn‖xn −z‖2 = 0, and then there exists a subsequence {xtn j
} of {xtn } such

that xtn j
−→ z as j −→ ∞, still denoted {xn}. Next, we prove that z solves the variational

inequality (3.3). From (3.2), we have

(F − γ f )xt = 1

t
[(I − t F)T xt − (I − t F)xt ].
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On the other hand, note for all x, y ∈ E ,

〈(I − T )x − (I − T )y, j (x − y)〉 = 〈x − y, j (x − y)〉 − 〈T x − T y, j (x − y)〉
= ‖x − y‖2 − 〈T x − T y, j (x − y)〉
≥ ‖x − y‖2 − ‖T x − T y‖x − y‖
≥ ‖x − y‖2 − ‖x − y‖2 = 0.

For p ∈ F(T ), we have

〈(F − γ f )xt , j (xt − p)〉 = 1

t
〈(I − t F)T xt − (I − t F)T xt , j (xt − p)〉

= −1

t
〈(I − T )xt − (I − T )p, j (xt − p)〉

+ 〈Fxt − FT xt , j (xt − p)〉
≤ 〈Fxt − FT xt , j (xt − p)〉.

Replacing t with tn and letting n −→ ∞, noticing that Fxtn − FT xtn −→ Fz − Fz = 0,
we have that

〈(F − γ f )z, j (z − p)〉 ≤ 0, ∀p ∈ F(T ).

That is, z ∈ F(T ) is a solution of (3.3). Then z = x̃ . In summary, we have that each cluster
point of {xt } converges strongly to x̃ as t −→ 0. This completes the proof. ��
Lemma 3.2 Let E be a real reflexive strictly convex Banach space which has uniformly
Gâteaux differentiable norm. Let T be a nonexpansive mapping with F(T ) �= ∅ and f :
C −→ C a contraction mapping with coefficient α(0 < α < 1), and let F be a δ-strongly

accretive and λ-strictly pseudo-contractive with δ+λ > 1 and 0 < γ < min

{
δ
α
,

1−
√

1−δ
λ

2α

}
.

Assume that the net {xt } defined by (3.2) converges strongly to a fixed point x̃ in F(T ) as
t −→ 0. Suppose that {xn} ⊂ E is bounded and limn−→∞ ‖xn − T xn‖ = 0. Then

lim sup
n−→∞

〈γ f (x̃) − F(x̃), j (xn − x̃)〉 ≤ 0. (3.13)

Proof We note that

xt − xn = tγ f (xt ) + T xt − t FT xt − xn

= t (γ f (xt ) − Fxt ) + (T xt − xn) − t (FT xt − Fxt )

= t (γ f (xt ) − Fxt ) + (T xt − T xn) + (T xn − xn) + t (Fxt − FT xt ).

It follows that

‖xt − xn‖2

≤‖T xt −T xn‖2 + 2〈t (γ f (xt )−Fxt ) + (T xn −xn)+t (Fxt −FT xt ), j (xt −xn)〉
≤ ‖xt − xn‖2 + 2t〈(γ f (xt ) − Fxt ), j (xt − xn)〉
+ 2〈T xn − xn, j (xt − xn)〉 + 2t〈Fxt − FT xt , j (xt − xn)〉

≤ ‖xt − xn‖2 + 2t〈(γ f (xt ) − Fxt ), j (xt − xn)〉
+ 2‖T xn − xn‖‖ j (xt − xn)‖ + 2t‖Fxt − FT xt‖‖ j (xt − xn)‖

≤ ‖xt − xn‖2 + 2t〈(γ f (xt ) − Fxt ), j (xt − xn)〉
+ 2‖T xn − xn‖‖xt − xn‖ + 2t‖Fxt − FT xt‖‖xt − xn‖
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which implies

〈(γ f (xt ) − Fxt ), j (xn − xt )〉
≤ ‖T xn − xn‖‖xt − xn‖

t
+ ‖Fxt − FT xt‖‖xt − xn‖. (3.14)

Since {xt }, {xn} and {T xn} are bounded and xn − T xn −→ 0, taking the upper limit as
n −→ ∞ in (3.14), we get that

lim sup
n−→∞

〈(γ f (xt ) − Fxt ), j (xn − xt )〉 ≤ ‖Fxt − FT xt‖ lim sup
n−→∞

‖xt − xn‖. (3.15)

Taking the upper limit as t −→ 0 in (3.15), we have that

lim sup
t−→0

lim sup
n−→∞

〈(γ f (xt )−Fxt ), j (xn −xt )〉≤‖Fx̃−Fx̃‖ lim sup
n−→∞

‖xt −xn‖=0. (3.16)

Since E has a uniformly Gâteaux differentiable norm, we obtain that j is single-valued and
strong-weak∗ uniformly continuous on bounded subset of E . It follows that

|〈(γ f (x̃) − Fx̃), j (xn − x̃)〉 − 〈γ f (xt ) − Fxt , j (xn − xt )〉|
=|〈(γ f (x̃)−Fx̃), j (xn − x̃)− j (xn −xt )〉+〈γ f (x̃)−γ f (xt )+Fxt −Fx̃, j (xn −xt )〉|
≤ |〈(γ f (x̃) − Fx̃), j (xn − x̃) − j (xn − xt )〉|

+ (‖γ f (x̃) − γ f (xt )‖ + ‖Fxt − Fx̃‖) ‖xn − xt‖ −→ 0 as t −→ 0.

Hence, ∀ε > 0, ∃δ > 0 such that ∀t ∈ (0, δ), for all n ∈ N, we have

〈(γ f (x̃) − Fx̃), j (xn − x̃)〉 ≤ 〈γ f (xt ) − Fxt , j (xn − xt )〉 + ε.

By (3.16), we get that

lim sup
n−→∞

〈(γ f (x̃) − Fx̃), j (xn − x̃)〉
= lim sup

t−→0
lim sup
n−→∞

〈(γ f (x̃) − Fx̃), j (xn − x̃)〉
≤ lim sup

t−→0
lim sup
n−→∞

〈γ f (xt ) − Fxt , j (xn − xt )〉 + ε

≤ ε.

Since ε is arbitrary, we get that

lim sup
n−→∞

〈(γ f (x̃) − Fx̃), j (xn − x̃)〉 ≤ 0.

This complete the proof. ��
Theorem 3.3 Let E be a real reflexive strictly convex Banach space which has uniformly
Gâteaux differentiable norm. Let {T (t) : 0 ≤ t < ∞} be a u.a.r. nonexpansive semigroup
on C such that Fix(S) �= ∅ and at least there exists a T (t) which is demicompact. Suppose
that the real sequences {αn} ⊂ [0, 1], {tn} ⊂ (0,∞) satisfy the conditions

lim
n−→∞ αn = 0,

∞∑
n=0

αn = ∞ and lim
n−→∞ tn = ∞.

Let F be δ-strongly accretive and λ-strictly pseudo-contractive with δ+λ > 1, f : E −→ E
a contraction mapping with coefficient α ∈ (0, 1) and γ a positive real number such that
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0 < γ < min

{
δ
α
,

1−
√

1−δ
λ

2α

}
. Then, the sequence {xn} defined by (1.19) converges strongly

to x̃ , where x̃ is the unique solution in Fix(S) of the variational inequality

〈(F − γ f )x̃, j (x − x̃)〉 ≥ 0, x ∈ Fix(S) (3.17)

or equivalently x̃ = QFix(S)(I − F + γ f )x̃ , where QFix(S) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Note that Fix(S) is a nonempty closed convex set. We first show that {xn} is bounded.
Let q ∈ Fix(S). Thus, by Lemma 2.5, we have

‖xn+1 − q‖ = ‖αnγ f (xn) + (I − αn F)T (tn)xn − (I − αn F)q − αn Fq‖
≤ αn‖γ f (xn) − Fq‖ + ‖I − αn F‖ ‖T (tn)xn − q‖
≤ αnγ ‖ f (xn) − f (q)‖ + αn‖γ f (q) − Fq‖ + ‖I − αn F‖‖xn − q‖

≤ αnαγ ‖xn − q‖ + αn‖γ f (q) − Fq‖ +
(

1 − αn

(
1 −

√
1 − δ

λ

))
‖xn − q‖

=
(

1 − αn

(
1 −

√
1 − δ

λ
− αγ

))
‖xn − q‖ + αn

(
1 −

√
1 − δ

λ
− αγ

)

× ‖γ f (q) − Fq‖
1 −

√
1−δ
λ

− αγ

≤ max

⎧⎨
⎩‖xn − q‖, 1

1 −
√

1−δ
λ

− αγ

‖γ f (q) − Fq‖
⎫⎬
⎭, ∀n ≥ 0.

By induction, we get

‖xn − q‖ ≤ max

⎧⎨
⎩‖x0 − q‖, 1

1 −
√

1−δ
λ

− αγ

‖γ f (q) − Fq‖
⎫⎬
⎭, n ≥ 0.

This implies that {xn} is bounded, and hence so are { f (xn)} and {FT (tn)xn}. This implies
that

lim
n−→∞ ‖xn+1 − T (tn)xn‖ = lim

n−→∞ αn‖γ f (xn) − FT (tn)xn‖ = 0. (3.18)

Since {T (t)} is a u.a.r. nonexpansive semigroup and limn−→∞ tn = ∞, we have, for all
h > 0,

lim
n−→∞ ‖T (h)(T (tn)xn)−T (tn)xn‖≤ lim

n−→∞ sup
x∈{xn}

‖T (h)(T (tn)x)−T (tn)x‖=0. (3.19)

Hence, for all h > 0,

‖xn+1 − T (h)xn+1‖ ≤ ‖xn+1 − T (tn)xn‖ + ‖T (tn)xn − T (h)T (tn)xn‖
+‖T (h)T (tn)xn − T (h)xn+1‖

≤2‖xn+1−T (tn)xn‖+‖T (tn)xn −T (h)T (tn)xn‖ −→ 0. (3.20)

That is, for all h > 0,

lim
n−→∞ ‖xn − T (h)xn‖ = 0. (3.21)
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Since {T (t) : 0 ≤ t < ∞} is a u.a.r. nonexpansive semigroup, by Lemma 2.8, for each
x ∈ E , there exists a sequence {T (t j ) : 0 ≤ t j < ∞, j ∈ N} ⊂ {T (t) : 0 ≤ t < ∞} such
that {T (t j )x} converges strongly to some point in Fix(S), where t j −→ ∞ as j −→ ∞.
Define a mapping T of E into itself by

T x = lim
j−→∞ T (t j )x .

By [29, Remark 3.4], we see that T is a nonexpansive mapping such that F(T ) = Fix(S).
Applying (3.21), we can also get that

lim
n−→∞ ‖xn − T xn‖ = lim

n−→∞ lim
j−→∞ ‖xn − T (t j )xn‖

= lim
j−→∞ lim

n−→∞ ‖xn − T (t j )xn‖ = 0. (3.22)

Let f be a contractive mapping of E and let the net {xt } be a unique point of E such that

xt = tγ f (xt ) + (I − t F)T xt .

It follows from Lemma 3.1 that {xt } converges strongly as t −→ 0 to a fixed point x̃ in F(T )

which solves the variational inequality :

〈(F − γ f )x̃, j (x̃ − z)〉 ≤ 0, z ∈ F(T ).

By Lemma 3.2, we have

lim sup
n−→∞

〈γ f (x̃) − Fx̃, j (xn − x̃)〉 ≤ 0. (3.23)

Finally we shall show that xn −→ x̃ . For each n ≥ 0, we have

‖xn+1 − x̃‖2 = ‖αnγ f (xn) + (I − αn F)T (tn)xn − (I − αn F)x̃ − αn F x̃‖2

≤ ‖αnγ f (xn) − αn F x̃ + (I − αn F)T (tn)xn − (I − αn F)x̃‖2

= ‖(I − αn F)T (tn)xn − (I − αn F)x̃‖2 + 2αn〈γ f (xn) − Fx̃, j (xn+1 − x̃)〉

≤
(

1−αn

(
1−
√

1 − δ

λ

))2

‖xn − x̃‖2+2αn〈γ f (xn)−γ f (x̃), j (xn+1− x̃)〉

+ 2αn〈γ f (x̃) − Fx̃, j (xn+1 − x̃)〉. (3.24)

On the other hand,

〈γ f (xn) − γ f (x̃), j (xn+1 − x̃)〉
≤ γα‖xn − x̃‖‖xn+1 − x̃‖

≤γα‖xn − x̃‖
⎡
⎢⎣
√√√√(1−αn

(
1−
√

1 − δ

λ

))2

‖xn − x̃‖2+2αn |〈γ f (xn)−Fx̃, j (xn+1− x̃)〉|
⎤
⎥⎦

≤ γα

(
1 − αn

(
1 −

√
1 − δ

λ

))
‖xn − x̃‖2

+γα‖xn − x̃‖√2|〈γ f (xn) − Fx̃, j (xn+1 − x̃)〉|√αn

≤ γα

(
1 − αn

(
1 −

√
1 − δ

λ

))
‖xn − x̃‖2 + √

αn M0, (3.25)
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where M0 is a constant satisfying M0 ≥ γα‖xn − x̃‖√2|〈γ f (xn) − Fx̃, j (xn+1 − x̃)〉|.
Substituting (3.25) in (3.24), we obtain

‖xn+1 − x̃‖2 ≤
(

1 − αn

(
1−
√

1 − δ

λ

))2

‖xn − x̃‖2 + 2αnγα

(
1 − αn

(
1 −

√
1 − δ

λ

))

‖xn − x̃‖2

+2αn
√

αn M0 + 2αn〈γ f (x̃) − Fx̃, j (xn+1 − x̃)〉

=
⎛
⎝1−2αn

(
1 −

√
1 − δ

λ

)
+ α2

n

(
1−
√

1 − δ

λ

)2
⎞
⎠ ‖xn − x̃‖2

+2αnγα

(
1 − αn

(
1 −

√
1 − δ

λ

))
‖xn − x̃‖2

+2αn
√

αn M0 + 2αn〈γ f (x̃) − Fx̃, j (xn+1 − x̃)〉

=
(

1−2αn

[(
1 −

√
1 − δ

λ

)
−αγ + αnγα

(
1 −

√
1 − δ

λ

)])
‖xn − x̃‖2 +

+αn

⎡
⎣αn

(
1 −

√
1 − δ

λ

)2

‖xn − x̃‖2 + 2M0
√

αn

+ 2〈γ f (x̃) − Fx̃, j (xn+1 − x̃)〉] .
= (1 − αnγn) ‖xn − x̃‖2 + αnγn

βn

γn
, (3.26)

where

γn = 2

[(
1 −

√
1 − δ

λ

)
− αγ + αnγα

(
1 −

√
1 − δ

λ

)]

and

βn =
⎡
⎣αn

(
1 −

√
1 − δ

λ

)2

‖xn − x̃‖2 + 2M0
√

αn + 2〈γ f (x̃) − Fx̃, j (xn+1 − x̃)〉
⎤
⎦ .

It is easily to seen that
∑∞

n=1 αnγn = ∞. Since {xn} is bounded and limn−→∞ αn = 0, by
(3.23), we obtain lim supn−→∞

βn
γn

≤ 0. Applying Lemma 2.4 to (3.26) to conclude xn −→ x̃
as n −→ ∞. This completes the proof. ��

Using Theorem 3.3, we obtain the following two strong convergence theorems of new
iterative approximation methods for a nonexpansive semigroup {T (t) : 0 ≤ t < ∞}.
Corollary 3.4 Let E be a real reflexive strictly convex Banach space which has uniformly
Gâteaux differentiable norm. Let {T (t) : 0 ≤ t < ∞} be a u.a.r. nonexpansive semigroup
on C such that Fix(S) �= ∅ and at least there exists a T (t) which is demicompact. Suppose
that the real sequences {αn} ⊂ [0, 1], {tn} ⊂ (0,∞) satisfy the conditions

lim
n−→∞ αn = 0,

∞∑
n=0

αn = ∞ and lim
n−→∞ tn = ∞.
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Let F be δ-strongly accretive and λ-strictly pseudo-contractive with δ+λ > 1, f : E −→ E
a contraction mapping with coefficient α ∈ (0, 1) and γ a positive real number such that

0 < γ < min

{
δ
α
,

1−
√

1−δ
λ

2α

}
. Then, the sequence {yn} defined by (1.20) converges strongly

to x̃ , where x̃ is the unique solution in Fix(S) of the variational inequality

〈(F − γ f )x̃, j (x − x̃)〉 ≥ 0, x ∈ Fix(S)

or equivalently x̃ = QFix(S)(I − F + γ f )x̃ , where QFix(S) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Let {xn} be the sequence given by x0 = y0 and

xn+1 = αnγ f (xn) + (I − αn F)T (tn)xn, ∀n ≥ 0.

Form Theorem 3.3, xn −→ x̃ . We claim that yn −→ x̃ . Indeed, we estimate

‖xn+1 − yn+1‖ ≤ αnγ ‖ f (T (tn)yn) − f (xn)‖ + ‖I − αn F‖‖T (tn)xn − T (tn)yn‖

≤ αnγα‖T (tn)yn − xn‖ +
(

1 − αn

(
1 −

√
1 − δ

λ

))
‖xn − yn‖

≤ αnγα‖T (tn)yn − T (tn)x̃‖ + αnγα‖T (tn)x̃ − xn‖

+
(

1 − αn

(
1 −

√
1 − δ

λ

))
‖xn − yn‖

≤αnγα‖yn − x̃‖+αnγα‖x̃−xn‖+
(

1−αn

(
1 −

√
1 − δ

λ

))
‖xn −yn‖

≤ αnγα‖yn − xn‖ + αnγα‖xn − x̃‖ + αnγα‖x̃ − xn‖

+
(

1 − αn

(
1 −

√
1 − δ

λ

))
‖xn − yn‖

=
(

1 − αn

(
1 −

√
1 − δ

λ
− γα

))
‖xn − yn‖

+αn

(
1 −

√
1 − δ

λ
− γα

)
2αγ(

1 −
√

1−δ
λ

− γα

)‖x̃ − xn‖.

It follows from
∑∞

n=1 αn = ∞, limn−→∞ ‖xn−x̃‖ = 0 and Lemma 2.4 that‖xn−yn‖ −→ 0.
Consequently, yn −→ x̃ as required. ��
Corollary 3.5 Let E be a real reflexive strictly convex Banach space which has uniformly
Gâteaux differentiable norm. Let {T (t) : 0 ≤ t < ∞} be a u.a.r. nonexpansive semigroup
on C such that Fix(S) �= ∅ and at least there exists a T (t) which is demicompact. Suppose
that the real sequences {αn} ⊂ [0, 1], {tn} ⊂ (0,∞) satisfy the conditions

lim
n−→∞ αn = 0,

∞∑
n=0

αn = ∞ and lim
n−→∞ tn = ∞.

Let F be δ-strongly accretive and λ-strictly pseudo-contractive with δ+λ > 1, f : E −→ E
a contraction mapping with coefficient α ∈ (0, 1) and γ a positive real number such that
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0 < γ < min

{
δ
α
,

1−
√

1−δ
λ

2α

}
. Then, the sequence {zn} defined by (1.21) converges strongly

to x̃ , where x̃ is the unique solution in Fix(S) of the variational inequality

〈(F − γ f )x̃, j (x − x̃)〉 ≥ 0, x ∈ Fix(S)

or equivalently x̃ = QFix(S)(I − F + γ f )x̃ , where QFix(S) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Define the sequences {yn} and {βn} by

yn = αnγ f (zn) + (I − αn F)znandβn = αn+1 for all n ∈ N.

Taking p ∈ Fix(S), we have

‖zn+1 − p‖ = ‖T (tn)yn − T (tn)p‖ ≤ ‖yn − p‖
= ‖αnγ f (zn) + (I − αn F)zn − (I − αn F)p − αn Fp‖

≤
(

1 − αn

(
1 −

√
1 − δ

λ

))
‖zn − p‖ + αn‖γ f (zn) − F(p)‖

=
(

1 − αn

(
1 −

√
1 − δ

λ

))
‖zn − p‖

+αn

(
1 −

√
1 − δ

λ

)
‖γ f (zn) − F(p)‖(

1 −
√

1−δ
λ

) . (3.27)

It follows from induction that

‖zn+1 − p‖ ≤ max

⎧⎨
⎩‖z0 − p‖, ‖γ f (z0) − F(p)‖

1 −
√

1−δ
λ

⎫⎬
⎭ , n ≥ 0. (3.28)

Thus both {zn} and {yn} are bounded. We observe that

yn+1 = αn+1γ f (zn+1) + (I − αn+1 F)zn+1 = βnγ f (T (tn)yn) + (I − βn F)T (tn)yn .

Thus Corollary 3.4 implies that {yn} converges strongly to some point x̃ . In this case, we also
have

‖zn − x̃‖ ≤ ‖zn − yn‖ + ‖yn − x̃‖ = αn‖γ f (zn) − Fzn‖ + ‖yn − x̃‖ −→ 0.

Hence the sequence {zn} converges strongly to some point x̃ . This complete the proof. ��
Using Theorem 3.3, Lemma 2.1 and Example 2.2, we have the following result.

Corollary 3.6 Let E be a real uniformly convex Banach space which has uniformly Gâteaux
differentiable norm. Let {T (t) : 0 ≤ t < ∞} be a nonexpansive semigroup on C such that
Fix(S) �= ∅ and at least there exists a T (t) which is demicompact. Suppose that the real
sequences {αn} ⊂ [0, 1], {tn} ⊂ (0,∞) satisfy the conditions

lim
n−→∞ αn = 0,

∞∑
n=0

αn = ∞ and lim
n−→∞ tn = ∞.
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Let F be δ-strongly accretive and λ-strictly pseudo-contractive with δ+λ > 1, f : E −→ E
a contraction mapping with coefficient α ∈ (0, 1) and γ a positive real number such that

0 < γ < min

{
δ
α
,

1−
√

1−δ
λ

2α

}
. Then the sequence {xn} defined by

{
x0 = x ∈ E,

xn+1 = αnγ f (xn) + (I − αn F) 1
tn

∫ tn
0 T (t)xnds, n ≥ 0

converges strongly to x̃ , where x̃ is the unique solution in Fix(S) of the variational inequality

〈(F − γ f )x̃, j (x − x̃)〉 ≥ 0, x ∈ Fix(S)

or equivalently x̃ = QFix(S)((I − F + γ f )x̃), where Q Fix(S) is the sunny nonexpansive
retraction of E onto Fix(S).

Corollary 3.7 Let H be a real Hilbert space. Let {T (t) : 0 ≤ t < ∞} be a nonexpansive
semigroup on C such that Fix(S) �= ∅ and at least there exists a T (t) which is demicompact.
Suppose that the real sequences {αn} ⊂ [0, 1], {tn} ⊂ (0,∞) satisfy the conditions

lim
n−→∞ αn = 0,

∞∑
n=0

αn = ∞ and lim
n−→∞ tn = ∞.

Let f : E −→ E be a contraction mapping with coefficient α ∈ (0, 1) and A a strongly
positive bounded linear operator with coefficient γ > 1

2 and 0 < γ < (1 − √
2 − 2γ )�α.

Then the sequence {xn} defined by{
x0 = x ∈ E,

xn+1 = αnγ f (xn) + (I − αn A) 1
tn

∫ tn
0 T (t)xnds, n ≥ 0

converges strongly to x̃ , where x̃ is the unique solution in Fix(S) of the variational inequality

〈(A − γ f )x̃, j (x − x̃)〉 ≥ 0, x ∈ Fix(S)

or equivalently x̃ = QFix(S)((I − A + γ f )x̃), where QFix(S) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Since A is a strongly positive bounded linear operator with coefficient γ , we have

〈Ax − Ay, x − y〉 ≥ γ ‖x − y‖2.

Therefore, A is γ -strongly accretive. On the other hand,

‖(I − A)x − (I − A)y‖2 = 〈(x − y) − (Ax − Ay), (x − y) − (Ax − Ay)〉
= 〈x − y, x − y〉 − 2〈Ax − Ay, x − y〉 + 〈Ax − Ay, Ax − Ay〉
= ‖x − y‖2 − 2〈Ax − Ay, x − y〉 + ‖Ax − Ay‖2

≤ ‖x − y‖2 − 2〈Ax − Ay, x − y〉 + ‖A‖2‖x − y‖2.

Since A is strongly positive if and only if ( 1
‖A‖ )A is strongly positive, we may assume,

without loss of generality, that ‖A‖ = 1, so that

〈Ax − Ay, x − y〉 ≤ ‖x − y‖2 − 1

2
‖(I − A)x − (I − A)y‖2 = ‖x − y‖2

−1

2
‖(x − y) − (Ax − Ay)‖2.
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Hence A is 1
2 -strongly pseudo-contractive. Applying Corollary 3.6, we conclude the

result. ��
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