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Abstract
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Project Title: lterative approximation methods of nonlinear operators for sloving
variational inequality problems and generalized equilibriums
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University
E-mail Address: rattanapornw@nu.ac.th (R. Wangkeeree)
Project Period: June 15, 2010 - June 14, 2012

The purposes of this research are to introduce several new iterative approximation
methods for approximating the common fixed points of the countable families of
nonlinear mappings and solving many mathematical problems such as variational
inequality problems, equilibrium problems, mixed equilibrium problems, generalized
mixed equilibrium problems and system of equilibrium problems in both Hilbert spaces

and Banach spaces
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NANISIRE

Rattanaporn Wangkeeree, A new hybrid projection algorithm basing on the shrinking projection
method for a pair of asymptotically quasi-¢-nonexpansive mappings, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 14, NO.2(2012), 298-313.

In this paper, motivated and inspired by the above research works, we introduce a new hybrid
projection algorithm basing on the shrinking projection method for a pair of asymptotically quasi-¢-
nonexpansive mappings to have strong convergence theorems for approximating the common element
of the set of common fixed points of such two mappings and the set of solutions of the variational
inequality for an inverse-strongly monotone operator in the framework of Banach spaces. We prove
strong convergence theorem which is our main result.

The main results of this paper

Theorem 1. Let C' be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. LetT be a closed and asymptotically quasi-p-nonexpansive mapping with
the sequence {kI'} c [0,1) such that kI — 1 as n — oo and S be a closed and asymptotically
quasi-¢-nonexpansive mapping with the sequence {k3} C [0,1) such that k¥ — 1 as n — oc.
Assume that T and S are uniformly asymptotically regular on C and Q := F(T)NF(S)NVI(A,C)
is nonempty and bounded. Let A be an a-inverse-strongly monotone mapping of C into E* with
lAy|| < ||Ay — Agq|| for all y € C and q € Q. Let {x,} be a sequence generated by the following
algolithm:
xo = x € E, chosen arbitrary,
C1 = C,z1 = Ilg, w0,
wy = e " YJzy — mAxy),
2n = J HanJrn_1 + BuJT"xy, + 0 J S™wy), (0.1)
Yn = J 1 (0p w1 + (1 = 6,) T 2),
Cni1={u € Cp : d(u,yn) < 0nd(u,z1) + (1 = 8,)&n},
Tni1 =g, o, Yn2>1,
where &, = and(u,tp_1) + (1 — an)d(u,z,) + (kn — 1)0,, k, = max{kl k5} for all n > 1, and
0, = sup{d(z,x,) : z € Q}. Assume that {a,},{6n}, {7}, {0n} and {r,} are the sequences in [0, 1]
satisfying the restrictions:
(C1) limy— 00 6, = 0;
(C2) {rn} C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2-uniformly convexity
constant of E;
(C3) an + Bn + v, = 1 and if one of the following conditions is satisfied
(@) liminf, . apB, > 0 and liminf, .. anv, > 0 and
(b) lim,_ o a, = 0 and liminf,,__,o, Bnyn > 0.

Then {x,} converges strongly to Tlgxo, where Ilg, is the generalized projection from E onto Q.

2. R. Wangkeeree, U. Kamraksa, R. Wangkeeree , A General composite algorithms for solving
general equilibrium problems and fixed point problems in Hilbert spaces, Abstract and Applied

Analysis, Volume 2011, Article ID 976412, 25 pages, doi:10.1155/2011/976412
1



In this paper, motivated by the above results, we introduce a general iterative scheme below in a
real Hilbert space H, with the initial guess xy € C chosen arbitrary,

(b(unvy)""<A:En7y_un>+l<y_un7un_xn> 207 Vy€C>

r

Yo = Y f(@n) + (I = anF)SI V2, (0.2)
Tn+1 = ,unPC [yn] + (1 - Nn)uny n Z 0.

where p(n) = j+1ifjN <n < (j+1)N,j=1,2,... andn = jN +i(n), i(n) € {1,2,...,N},Cisa
nonempty closed and convex subset of H, {«,, } and {u, } are two sequencesin[0,1],¢: C xC — R
is a bifunction satisfying certain conditions, Sy, Ss, ..., Sy : C — C'is a finite family of asymptotically
nonexpansive mappings with sequences {1 + k;((z))} respectively, f : C — H is a contraction with
coefficient 0 < p < 1, F'is §-strongly monotone and A-strictly pseudo-contractive with § + A > 1, v is a

positive real number such that v < % (1 — % and A is an a-inverse strongly monotone mapping.

We prove that the proposed algorithm converges strongly to x* € €2 which is the unique solution of the
following variational inequality

(F—~f)z*,z—a*) >0, z€eq.

In particular,

() if Fis a strongly positive bounded linear operator on H, then z* is the unique solution of the
variational inequality ;

(I) if ' = I, the identity mapping on H and ~ = 1, then z* is the unique solution of the variational
inequality ;

(Il if F = I, the identity mapping on H and f = 0, then z* is the unique solution of minimization
problem.

The main results of this paper

Theorem 1. Let C' be a nonempty closed and convex subset of a real Hilbert space H.
Let S1,59,...,5v : C — C be a finite family of asymptotically nonexpansive mappings with
sequences {1 + k') } respectively, such that &)

o i(n)
() o) 0asn — oo, hy 1= maxlgi(n)SN{kp(n)} and
I =N, Fiz(S;),

I'= Fix(SNSN_lsN_g . Sl) = Fz’x(SlsN . SQ) == Fix(SN_lSN_g . SlSN)

Let A: C — H be an a-inverse strongly monotone mapping. Let ¢ : C' x C — R be a bifunction
which satisfies conditions (A1)-(A4) such that Q := EPNT is nonempty. Let F: C — H be J§-strongly
monotone and A-strictly pseudo-contractive with § + A > 1, f : C — H a p-contraction, + a positive
real number such thaty < (1 — /(1 —4)/A)/p and r a constant such that r € (0,2a). For given zy € C
arbitrarily, let the sequence {z,} be generated iteratively by (0.2). Suppose that {a,,} and {u,} are
two sequences in [0, 1] satisfying the following conditions:

(C1) Timy, oo 0y = 0, limy,—oq 22 =1, 372 [, = 00 and limy, o 22 = 0;
Bntl=Hn __ 0

Qnt1

Assume that >°>°  sup.cp ||Sf((;i—11))z - Sf((,:l))ZH < oo, for each bounded subset B of C. Then, the

sequence {z, } converges strongly to z* of the following variational inequality

(C2) 0 < liminf,, o pn < limsup,,_ . pn <1andlim,

(F—~f)z",x—2*) >0, z€Q (0.3)

or equivalently & = Po(I — F + ~f)&, where P is the metric projection of H onto .
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3. Rattanaporn Wangkeeree, Rabian Wangkeeree , Strong convergence theorems of the general
iterative methods for nonexpansive semigroups in Banach spaces*, J Glob Optim DOI 10.1007/s10898-
011-9835-6.

Let E be a real reflexive Banach space which admits a weakly sequentially continuous duality
mapping from E to E*. Let S = {T'(s) : 0 < s < oo} be a nonexpansive semigroup on E such that
Fiz(S) := Ny>oFiz(T(t)) # 0, and f is a contraction on E with coefficient 0 < o« < 1. Let F' be
d-strongly accretive and A-strictly pseudo-contractive with § + A > 1 and ~ a positive real number such

thaty < 1 (1 — 1/% . When the sequences of real numbers {«,, } and {¢, } satisfy some appropriate

conditions, the three iterative processes given as follows :
Tn+1 = O‘n’}/f(mn) + (I - anF)T(tn)xnyn >0,

Yn+1 = Y (T(tn)yn) + (I = anF)T(tn)yn,n > 0,
and
Zng1 = T(tn)(anvf(zn) + (I — nF)zn),n > 0
converge strongly to Z, where z is the unique solution in Fiiz(S) of the variational inequality
(F =72, j(x— 1)) 20, z € Fiz(S).

Our results extend and improve corresponding ones of Li, Li and Su [S. Li, L. Li, and Y. Su, General
iterative methods for a one-parameter nonexpansive semigroup in Hilbert space, Nonlinear Analysis
70 (2009) 3065-3071] and Chen and He [R. Chen and H. He, Viscosity approximation of common fixed
points of nonexpansive semigroups in Banach space, Applied Mathematics Letters 20 (2007) 751-757]
and many others.

For solving the equilibrium problem, let us assume that the bifunction ¢ satisfies the
following conditions:

(A1) ¢(x,x) =0forallz € C;
(A2) ¢ is monotone, i.e., ¢(x,y) + ¢(y,z) < 0 forany z,y € C;
(A3) ¢ is upper-hemicontinuous, i.e., foreach z,y,2 € C,

limsup, o+ ¢(tz + (1 — t)z,y) < d(z, y);

(Ad) ¢(x,-) is convex and lower semicontinuous for each x € C.
The main results of this paper

Let F be areal Banach space. LetT be a nonexpansive mappingon E. For f € Ilg and F a d-strongly
accretive and A-strictly pseudo-contractive with § + A > 1 and 0 < v < min {i, W} For each
€ (0,1), the mapping S; : E — E defined by
Si(z) =tyf(x)+ (I —tF)Tz, Vz € E
is a contraction mapping. Indeed, for any z,y € E,
1Se(x) = Sew)l < Ntv(f(2) = f(y) + (I = tF) Tz — (I —tF)Ty|

tlf@) = F@)l+ (1 —t (1 - 1;5> |z~ yl

IN

(1 i) —704) v 04

IN
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Thus, by Banach contraction mapping principle, there exists a unique fixed point z; in E that is

xy = tyf(xy) + (I —tF)Txy. (0.5)

Lemma 1. Let E be a real reflexive strictly convex Banach space which has uniformly Gateaux
differentiable norm. Let T be a nonexpansive mapping with F(T') # () and f : C — C a contraction
mapping with coefficient a(0 < o < 1), and let F' be a d-strongly accretive and A-strictly pseudo-

contractive with § + A > 1 and 0 < v < min{i,l_ Val%& . Then the net {z;} defined by (0.5)

converges strongly as t — 0 to a common fixed point & in F/(T') which solves the variational inequality
(F=7f),j(% - 2)) <0,z € F(T). (0.6)

Lemma 2. Let E be a real reflexive strictly convex Banach space which has uniformly Gateaux
differentiable norm and admits the duality mapping J,, with gauge ¢ such that ¢ is invariant on [0, 1],
i.e. ¢([0,1]) C [0,1]. Let T be a nonexpansive mapping on E with F(T) # () and f € IIx a contraction
mapping with coefficient a(0 < a < 1), let A be a strongly positive bounded linear operator on E
with coefficient ¥ > 0 and 0 < v < ;“"T(l). Assume that the net {z:} defined by (0.5) converges
strongly to a common fixed point Z in F(T) as t — 0. Suppose that {z,} C E is bounded and
lim, o ||zn, — Txn|| = 0. Then

limsup (vf(z) — A(Z), J,(z, — Z)) <O. (0.7)

n——ao0

Theorem 3. Let E be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J. Let S = {T'(t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup on E such that
Fix(S) # (. Suppose that the real sequences {a,} C [0,1], {t,} C (0, 0) satisfy the conditions

oo
lim «a, =0, E a, =oocand lim t, = oco.
n—-meoeo 0 n—-a~oo
n—=

Let F' be §-strongly accretive and A-strictly pseudo-contractive withd+ X > 1, f : E — E acontraction
mapping with coefficient a € (0,1) and v a positive real number such that v < é (1 - \/175) Then,
the sequence {z,,} defined by
o= € B xn11 = anyf(xn) + (I — anF)T(tp)xn,n >0 (0.8)
converges strongly to Z, where & is the unique solution in Fiz:(S) of the variational inequality
(F=7f)z,j(x —2)) 20, © € Fix(S) (0.9)

or equivalently & = Qpiys)(I — F + 7 f)x, where Qpi,(s) is the sunny nonexpansive retraction of E
onto Fiz(S).
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A NEW HYBRID APPROXIMATION ALGORITHM BASED ON THE
SHRINKING PROJECTION METHOD FOR TWO ASYMPTOTICALLY
QUASI-¢-NONEXPANSIVE MAPPINGS
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Thailand.

Abstract. In this paper, we introduce a new hybrid projection algorithm based on the shrinking projection method for
approximating a common element of in the fixed point sets of two asymptotically quasi-¢-nonexpansive mappings and the
solutions set of a variational inequality corresponding to an inverse-strongly monotone operator. The strong convergence
theorem is established in real Banach spaces. Our results improve and extend the corresponding results announced by
recent results.

Keywords: Asymptotically quasi-¢-nonexpansive mappings, Banach space, Generalzied projection, Shrinking projection
method, Variational inequality.

AMS Subject Classification: 47H09, 47TH10

1. INTRODUCTION
Let F be a Banach space and let C' be a nonempty, closed and convex subset of E. Let A: C — E*
be an operator. The classical variational inequality problem [19] for A is to find z* € C such that
(Az*,y — ™) > 0,Vy € C, (1.1)
where E* denotes the dual space of E and (-,-) denotes the generalized duality pairing between E
and E*. The solution set of (1.1) is denoted by VI(A,C). Such a problem is connected with convex

minimization problem, complementarity, the problem of finding a point z* € FE satisfying 0 = Az*.
First, we recall that a mapping A : C' — E* is said to be:

(i) monotone if (Ax — Ay,x —y) >0, forall x,y € C.
(ii) a-inverse-strongly monotone if there exists a positive real number « such that

(Az — Ay, z — ) > al|Az — Ay|?, for all z,y € C.
Let J be the normalized duality mapping from E into 2F" given by
Jo=A{z" € E": (x,2%) = [lx|ll«"]], [J«]| = l="|}-

It is well known that if £* is uniformly convex, then J is uniformly continuous on bounded subsets of
E. Some properties of the duality mapping are given in [10, 32, 306].
Recall that a mappings 7' : C' — C' is said to be nonezpansive if

ITx — Tyl < ||z —y||, for all z,y € C.
A mapping T is said to be quasi-nonezpansive if F(T) # () and
Tz —y|| <|lz—yl, forallz € C,y € F(T).

A mapping T is said to be asymptotically nonexpansive if there exists a sequence {k,} C [1,00) with
k, — 1 as n — oo such that

IT"x — T y|| < kpllx —yl|, for all z,y € C.

A mapping T is said to be asymptotically quasi-nonezpansive if F(T) # () and there exists a sequence
{kn} C [1,00) with k,, — 1 as n — oo such that

IT"z —y|| < kpllz —yl, for all z € C,y € F(T).

*Corresponding author:
Email address: rattanapornw@nu.ac.th.
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A mapping T is called uniformly L-Lipschitzian continuous if there exists a constant L > 0 such that
|IT"z —T"y|| < L|jx —y||, for all z,y € C.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [14] in 1972.
Since 1972, many authors have studied the weak and strong convergence of iterative processes for such
a class of mappings.

Let C' be a nonempty closed convex subset of a Hilbert space H and a mapping Pc : H — C is
called the metric projection of H onto C' if for each x € H, there exists a unique element Px € C such
that ||z — Pz|| = d(z, C).

If C is a nonempty closed convex subset of a Hilbert space H and let Po : H — C be the metric
projection of H onto C, then Pg is a nonexpansive mapping. This fact actually characterizes Hilbert
spaces and, consequently, it is not available in more general Banach spaces. In this connection, Alber
[2] recently introduced a generalized projection operator [ in a Banach space E which is an analogue
of the metric projection in Hilbert spaces.

Consider the functional ¢ : F x E — R defined by

¢y, x) = lyll* — 2 (y, Ja) + ||z]? (1.2)
for all x,y € E. Observe that, in a Hilbert space H, (1.2) reduces to ¢(y,z) = ||z —y||? for all z,y € H.
The generalized projection llo : E — C' is the mapping that assigns to an arbitrary point = € E the
minimum point of the functional ¢(y, x), that is, Ilcx = «*, where z* is the solution of the following
minimization problem:

ola”2) = inf B(y,) (13)

The existence and uniqueness of the operator Il follows from the properties of the functional ¢(y, x)
and the strict monotonicity of the mapping J (see, for example, [1, 2, 9, 28]). In Hilbert spaces,
IIc = Pe. It is obvious from the definition of the function ¢ that

1) (lyll = llzIN* < ¢y, 2) < (lyll + [|=]))? for all 2,y € E.

(2) d(z,y) = d(x,2) + &d(2,y) + 2{x — 2, Jz — Jy) for all z,y,z € E.

() oz, y) = (z, Jz = Jy) + (y — x, Jy) < |[=[|[[Jz — Jyll + [ly — [l[ly] for all 2,y € E.

(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all z,y € E,

¢(z,y) =0 if and only if x = y.

For more details see, for example, [10, 32]. Let C be a closed convex subset of E, and let T be a
mapping from C into itself. We denote by F(T') the fixed point set of T. A point p in C is said to be
an asymptotic fixed point of T [30] if C' contains a sequence {z,} which converges weakly to p such

that lim, o ||, — T2y | = 0. The asymptotic fixed point set of T will be denoted by F(T). Recall
the following definitions:

(i) A mapping T : C — C is called relatively nonexpansive [3, 9, 11] if F(T) = F(T) and
¢(p, Tx) < ¢p(p,x) for all x € C and p € F(T).
(ii) A mapping T : C — C is said to be relatively asymptotically nonexpansive [1, 20] if F(T) =

F(T) # 0 and there exists a sequence {k,} C [0,00) with k, — 1 as n — oo such that
o(p, T"zx) < knp(p,z) for all z € C, p € F(T) and n > 1.

(iii) A mapping T : C' — C' is said to be ¢-nonezpansive [25, 28, 38] if (T, Ty) < ¢(x,y) for all
xz,y € C.
(iv) A mapping T : C — C is said to be quasi-¢-nonexpansive [25, 28, 38] if F(T) # () and

o(p, Tx) < ¢p(p,x) for all x € C and p € F(T).

(v) A mapping T : C — C is said to be asymptotically ¢-nonexpansive [38] if there exists a
sequence {k,} C [0,00) with k, — 1 as n — oo such that ¢(T"z, T"y) < kpo(z,y) for all
xz,y € C.

(vi) A mapping T : C — C is said to be asymptotically quasi-¢-nonexpansive [38]if F(T) # () and
there exists a sequence {k,} C [0,00) with k,, — 1 as n — oo such that ¢(p, T"z) < k,¢(p, x)
forallz € C,pe F(T) and n > 1.

(vii) A mapping T : C — C is said to be asymptotically regular on C' if, for any bounded subset
D of C, the following equality holds:

lim sup | 7"z — T"z| = 0.
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(viii) A mapping T : C' — C'is said to be closed if for any sequence {z,,} C C such that lim, . x, =
xo and lim, ., Tz, = yo, then Txy = yqg.

Remark 1.1. The class of (asymptotically) quasi-¢-nonexpansive mappings is more general than the
class of relatively (asymptotically) nonexpansive mappings which requires the strong restriction that
F(T) = F(T).

Remark 1.2. In a real Hilbert spaces, the class of (asymptotically) quasi-¢-nonexpansive mappings
is coincides with the class of (asymptotically) quasi-nonexpansive mappings.

We give some examples which are closed and asymptotically quasi-¢-nonexpansive.

Example 1.3. (1). Let E be a uniformly smooth and strictly convex Banach space and A C E x E*
be a maximal monotone mapping such that its zero set A~10 is nonempty. Then J, = (J +7rA)~1J is
a closed and asymptotically quasi-¢-nonexpansive mapping from E onto D(A) and F(J,) = A710.

(2). Let I be the generalized projection from a smooth, strictly convex and reflexive Banach
space E onto a nonempty closed and convex subset C of E. Then Il¢ is a closed and asymptotically
quasi-¢-nonexpansive mapping from E onto C with F(Ilg) = C.

One classical way to study nonexpansive mappings is to use contractions to approximate a non-
expansive mapping (see [4]). More precisely, let ¢ € (0,1) and define a contraction Gy : C — C by
Gix =txg+ (1—t)Tx for all € C, where zy € C' is a fixed point in C. Applying Banach’s Contraction
Principle, there exists a unique fixed point z; of G; in C'. It is unclear, in general, what is the behavior
of x; as t — 0 even if T has a fixed point. However, in the case of T having a fixed point, Browder [4]
proved that the net {z;} defined by z; = txo + (1 — t)T'z, for all ¢t € (0,1) converges strongly to an
element of F(T') which is nearest to z( in a real Hilbert space. Motivated by Browder [4], Halpern [15]
proposed the following iteration process:

290 €C, Tpy1 =anzo+ (1—an)Tz,, n=0 (1.4)

and proved the following theorem.

Theorem H. Let C' be a bounded, closed and convex subset of a Hilbert space H and let T be a
nonezxpansive mapping on C. Define a real sequence {a,} in [0,1] by a, = n=% 0 < 6 < 1. Define a
sequence {x,} by (1.4). Then {x,} converges strongly to an element of F(T') which is nearest to u.

Recently, Martinez-Yanes and Xu [21] has adapted Nakajo and Takahashi’s [23] idea to modify the
process (1.4) for a single nonexpansive mapping 7" in a Hilbert space H:

xg = x € C chosen arbitrary,
Yn = anzo + (1 — apn) Ty,
Co={veC:lyn— vl < llzn —v]* + an(llzol® + 2 (wn — 20,v))}, (1.5)
Qn={vel: (x,—v,xg—x,) >0},
Tn+1 = Pc,nqg, %o.
They proved that if {a,} C (0,1) and lim, o o, = 0, then the sequence {x,} generated by (1.5)
converges strongly to PF(T)LIL‘.

In [27] (see also [22]), Qin and Su improved the result of Martinez-Yanes and Xu [21] from Hilbert
spaces to Banach spaces. To be more precise, they proved the following theorem.

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, C be a nonempty
closed convexr subset of E and let T : C' — C be a relatively nonexpansive mapping. Assume that
{an} is a sequence in (0,1) such that lim, . o, = 0. Define a sequence {x,} in C by the following
algorithm:

xg = x € C'chosen arbitrary,
Yn = J YanJzo + (1 — ) JTxy,),
Cn={veC:0v,yn) < and(v,yn) + (1 — an)p(v, )}, (1.6)
Qn={vel:{(x,—v,Jxg— Jz,) >0},
Tpt1 = e, g, To-
If F(T) is nonempty, then {x,} converges to Ilp(ryzo.



301

4 R. WANGKEEREE

In [24], Plubtieng and Ungchittrakool introduced the following hybrid projection algorithm for two
relatively nonexpansive mappings:

xg = x € C chosen arbitrary ,
20 = J NanJry + BndTan + YnJSty),
n=J Y 6nJxo + (1 —8,)T2n),
Hy ={z€C:¢(2,yn) < ¢(2,20) + an(|lzo||? + 2(2, Jzn, — Jz))},
W,={2€C:{(x,—2z,Jor— Jx,) >0},
Tnt1 = Pu,aw,z, n=0,1,2,...,

(1.7)

where {an}, {6n}, {70} and {d,} are sequences in [0, 1] satisfying o, + B, + v, = 1 for all n € NU{0}
and T,S are relatively nonexpansive mappings. They proved, under appropriate conditions on the
parameters, that the sequence {z,} generated by (1.7) converges strongly to a common fixed point of
T and S.

Very recently, motivated by the above research work, Qin, Cho and Kang [25] introduced and
considered the shrinking projection method which was first introduced by Takahashi et al. [35] in
a real Hilbert space for two asymptotically quasi-¢-nonexpansive mappings in uniformly smooth and
uniformly convex Banach spaces. To be more precise, they proved the following results.

Theorem QCK. Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly
smooth Banach space E. Let T be a closed and asymptotically quasi-¢-nonexpansive mapping with the
sequence {kL} C [0,1) such that kI — 1 as n — oo and let S be a closed and asymptotically quasi-¢-
nonexpansive mapping with the sequence {k3} C [0,1) such that ki — 1 as n — oo. Assume that T
and S are uniformly asymptotically regular on C and Q := F(T)NF(S) is nonempty and bounded. Let
{zn} be a sequence generated by the following algolithm:

zo =x € E, chosen arbitrary,

Cy =C,x1 =1¢ w0,

2n = J HanJry, + BT 2y + Y S"xy),

Yn = J X 0pJzn + (1 —6,)J2p),

Cni1={u € Cp : d(u,yn) < ¢(u,zn) + (kn — 1)0},
Tny1 =g, 20, Vn2>1,

where ky, = max{kL k3} for alln > 1, and 0,, = sup{d(z,x,,) : z € Q}. Assume that {a,}, {Bn}, {0},
{6n} and {r,} are sequences in [0,1] which satisfy the following conditions:

(Cl) an + ﬁn + v = 1;

(C2) liminf, o Bpnyn > 0, lim, o @, = 0;

(C3) 0 <6, <1 andlimsup,,_, ., 0, < 1.

Then the sequence {x,} converges strongly to Ilgxg.

The problem of finding a solution to variational inequalities for monotone mappings in Hilbert spaces
and Banach spaces has been intensively studied by many authors; see, for instance, [5, 16, 20] and the
references therein. Iiduka and Takahashi [17] introduced the following algorithm for finding a solution
of the variational inequality for an a-inverse-strongly monotone mapping A with |Ay| < ||Ay — Aul|
for all y € C and uw € VI(A,C) in a 2-uniformly convex and uniformly smooth Banach space E. For
an initial point zg = x € C, define a sequence {z,} by

Tpi1 = HoJ Y (Jx, — AAxy,), V0 > 0. (1.9)

(1.8)

Assume that A, € [a,b] for some a,b with 0 < a < b < “27"‘ where 1/c is the 2-uniformly convexity
constant of E. They proved that if J is weakly sequentially continuous, then the sequence {z,}
converges weakly to z = lim, oo Iy 7¢4,0y(70).

In this paper, motivated and inspired by the above research works, we introduce a new hybrid
projection algorithm based on the shrinking projection method for two of asymptotically quasi-¢-
nonexpansive mappings to have strong convergence theorems for approximating a common element in
the fixed point sets of these two mappings and the solution set of the variational inequality for an inverse-
strongly monotone operator in Banach spaces. Our results improve and extend the corresponding
results announced by recent results.
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2. PRELIMINARIES

A Banach space E is said to be strictly convex if || ££2|| < 1 for all z,y € E with [|z|| = ||y = 1 and
x # y. Tt is also said to be uniformly convex if lim,_,« ||Zn — yn || = 0 for any two sequences {z,}, {yn}
in E such that ||z, || = [[ys|| = 1 and lim,, o [|225¥2(| = 1. Let U = {z € E : ||| = 1} be the unit
sphere of E. Then the Banach space FE is said to be smooth provided
ety o]
t—0 t

exists for each x,y € U. It is also said to be uniformly smooth if the limit is attained uniformly for
z,y € U. It is well know that if F is smooth, then the duality mapping J is single valued. It is also
known that if F is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded
subset of E. Some properties of the duality mapping have been given in [13, 29, 32, 33]. A Banach
space F is said to have Kadec-Klee property if a sequence {z,} of F satisfying that x,, = 2 € E and
lznll — |lz||, then =, — z. It is known that if F is uniformly convex, then E has the Kadec-Klee
property; see [13, 32, 33] for more details.

We define the function ¢ : [0,2] — [0, 1] which is called the modulus of convexity of E as following

Tty
2

Then F is said to be 2-uniformly convex if there exists a constant ¢ > 0 such that constant §(g) > ce?
for all € € (0,2]. Constant % is called the 2-uniformly convexity constant of E. A 2-uniformly convex
Banach space is uniformly convex, see [7, 34] for more details. We know the following lemma of

2-uniformly convex Banach spaces:

d(e) = inf{1 — | |2,y € Cllafl = llyl = 1, |z — yll = }. (2.1)

Lemma 2.1. [3, 6] Let E be a 2-uniformly convex Banach, then for all z,y from any bounded set of

FE and jx € Jx,jy € Jy,
2

. . c
(@ =,z —jy) = S o=yl (2:2)
where % s the 2-uniformly convexity constant of E.

Now we present some definitions and lemmas which will be applied in the proof of the main result
in the next section.

Lemma 2.2 (Kamimura and Takahashi [18]). Let E be a uniformly convex and smooth Banach space
and let {yn}, {zn} be two sequences of E such that either {y,} or {z,} is bounded. Iflim, oo @(Yn, 2n) =
0, then lim, s ||yn — 2n|| = 0.

Lemma 2.3 (Alber [2]). Let C' be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, o = ez if and only if (xg — y, Jx — Jxg) = 0 for any y € C.

Lemma 2.4 (Alber [2]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E and let x € E. Then

oy, Uox) + ¢(Loz, z) < ¢(y, )
forally e C.

Let E be a reflexive strictly convex, smooth and uniformly Banach space and the duality mapping
J from E to E*. Then J~! is also single-valued, one to one, surjective, and it is the duality mapping
from E* to E. We need the following mapping V' which studied in Alber [2],

V(z,2") = [l]* = 2(z,2") + |« (2.3)
for all z € E and z* € E*. Obviously, V(z,z*) = ¢(z, J~(z*)). We know the following lemma:

Lemma 2.5 (Kamimura and Takahashi [18]). Let E be a reflexive, strictly convex and smooth Banach
space, and let V' be as in (2.3). Then

Vi) + 20071 @) — 0,5") < V(o +y7)
forallz € E and z*,y* € E*.
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Lemma 2.6 ([12, Lemma 1.4]). Let E be a uniformly convex Banach space and B,.(0) = {z € E :
lz|| < r} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g :[0,00) — [0, 00) with g(0) =0 such that

Iha + py + vz < Allll* + pllyll* + yllzl* = Mgl = yl), (2.4)
for all z,y,z € B-(0) and A\, p,y € [0,1] with A+ p+y=1.

An operator A of C into E* is said to be hemicontinuous if for all z,y € C, the mapping F of [0,1)
into E* defined by F(t) = A(tx+ (1 —t)y) is continuous with respect to the weak* topology of E*. We
denote by N¢(v) the normal cone for C' at a point v € C, that is

Ne(w)={z* € E*: (v—y,z*) > 0,Vy € C}.

Lemma 2.7. [31] Let C' be a nonempty closed convex subset of a Banach space E and A a monotone,
hemicontinuous operator of C into E*. Let W C E x E* be an operator defined as follows:

Av+ N¢g(v), v e C;

0, vg C .

Then W is mazimal monotone and ¥~—10 = VI(A,C).

Yy =

3. MAIN RESULTS

In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T be a closed and asymptotically quasi-¢-nonexpansive mapping with the
sequence {kI'} C [0,1) such that kI — 1 asn — oo and S be a closed and asymptotically quasi-¢-
nonezrpansive mapping with the sequence {kﬁ} C [0,1) such that kf; — 1 asn — oco. Assume that T
and S are uniformly asymptotically regular on C and Q := F(T)NF(S)NVI(A,C) is nonempty and
bounded. Let A be an a-inverse-strongly monotone mapping of C into E* with || Ay|| < ||Ay — Aq|| for
ally € C and q € Q. Let {x,} be a sequence generated by the following algolithm:

xro =z € E, chosen arbitrary,

C1 = C,xy =g, 0,

wy, = HeJ Y(Jx, — r,Axy,),

2n = J HanJrn_1 + Bud T @ + Yo J S"wy,), (3.1)
Yn = J 1 (0pJz1 + (1 — 6,) T 2n),

Cni1={u € Cp : ¢(u,yn) < 0nd(u, x1) + (1 = 8,)8n},

Tny1 = e, 70, Y 2>1,

where &, = and(u, xy_1) + (1 — an)d(u, z,) + (ky — 1)0,, kn = max{kl k3 for all n > 1, and
0, = sup{d(z,z,) : z € Q}. Assume that {an}, {Bn} { ¥}, {0n} and {r,} are the sequences in [0, 1]
satisfying the restrictions:
(C1) limy, o0 8, = 0;
(C2) {rn} C [a,b] for some a,b with 0 < a < b < c®a/2, where 1/c is the 2-uniformly convexity
constant of E;
(C3) ap + Bn + vn =1 and if one of the following conditions is satisfied
(a) liminf, . anBn > 0 and liminf, o a7y, > 0 and
(b) lim,,—,oo @, = 0 and liminf,, o Bpyn > 0.

Then {x,} converges strongly to gz, where g is the generalized projection from E onto €.

Proof. We divide the proof of Theorem 3.1 into four steps.

(I). We show first that the sequence {z,} is well defined. It is easily to seen that VI(A,C) is closed
and convex. By the same argument as in the proof of [38, Lemma 2.4], one can show that F(T) N F(S)
is closed and convex. Hence Q := F(S)N F(T)NVI(A,C) is a nonempty, closed and convex subset of
C. Consequently, Il is well defined.

Next, we prove by induction that C,, is closed and convex for all n > 1. It is obvious that C; = C is
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closed and convex. Suppose that C; is closed and convex for some j € N. For any u € C}, we observe
that

P(u, ;) < 050(u, 1) + (1 — 05)[edp(u, zj—1) + (1 — a;)(u, z;) + (k; — 1)6;]
is equivalent to
2(1 = &j)aj{u, Jrj_1) +2(1 — 6;)(1 — aj){u, Jxj) + 26 (u, Jz1) — 2(u, Jy;)
< Gl P+ (1= ap)agllzi—all? + (1= ;)1 = ag)llas1? = [lys 1 + (1 = 8;)(k; — 1)6;.
It can be seen that C41 is closed. Next, we prove that C;11 is convex. In fact, u1,us € Cj11, 0 € (0,1).
Put u* = pu1 + (1 — p)ua. From the definition of C;41, we have
2(1 =) ur, Jej_1) +2(1 — 6;)(1 — aj){ur, Joj) + 26;(ur, Jx1) — 2(u1, Jy;)
< Gillan P+ (U= ap)agllai—all? + (1= ;) (1 — o)l |1? = [lys 12 + (1 = 8;) (k; — 1)6);
and
2(1 = 65)aj{ua, Jrj—1) +2(1 — 6;)(1 — o )(ue, Jzj) + 20, (ug, Jx1) — 2(us, Jy;)
< Gilleall? + (1= 6yl 4+ (1= ;)1 = ay)lla;|1* = [lyslI* + (1 — ;) (k; — 1)6;.
Therefor we have
2(1 = 6j)aj{our, Jrj—1) +2(1 — 6;)(1 — a){ou1, Jx;) + 20;(ou1, Jx1) — 2{ous, Jy;)
< Gl + (= 0p)agllzi—al* + (1= 61 = ag)llasl* = llysll* + (1= 8;)(k; — 1)6;
and
2(1 = 6;)a; (1 — 0)ug, Jwj—1) + 2(1 — 6;)(1 — o )((1 — 0)uz, Jx;)
+26;((1 — o)uz, Jo1) — 2((1 — 0)uz, Jy;)
< Gl + (1= p)agllzi—al? + (1= ;)1 = ag)llas1* = [ly; 1 + (1 — 6;) (k; — 1)6;.
Combining the last two inequalities, we obtain
2(1 = 9)a;(u, Jej_1) +2(1 — §;)(1 — ay)(u*, Jxj) + 26;(u”, Jx1) — 2(u”, Jy;)
< Gillan P+ (= ap)agllai—al? + (1= ;) (1 —ag)llas1? = [lys 1> + (1 = 8;) (ks — 1)6;.
The convexity of C; implies that u* € C;. Therefor, we have u* € C ;. Then we conclude that C';,
is closed and convex. Hence for each n > 1, C,, is closed and convex.
(IT). Next, we show that Q C C,, for all n > 1. In fact, Q C C; = C is obvious. Suppose Q C C,, for
some n € N. Then, for all ¢ € Q C C),, we know from Lemma 2.5 that
H(q,wn) = ¢(97HCJ_1(J7371 — 1 Azy))
&g, T (Jxy — rpAzy,))
Vg, Jxn — rnAxy)
V(g,(Jon — rnAxy) + rpAzy,) — 20T (T2, — rpAzy,) — g, Azy,)
= Vg, Jxn) — 2ro(J (Jzy — rpAxy,) — q, Azy)
= ¢(q,2n) — 2rp{xn — q, Axy) + 2(J Ty — 1 Axy) — Ty —1n Azy). (3.2)
Since q € VI(A,C) and A is a-inverse-strongly monotone, we have
—2rp{x, —q, Az, = —2r,(x, — q, Az, — Aq) — 2r,(x, — q, Aq)
< —2ar,| Az, — Aq|?. (3.3)

IN

IN

Therefore, from Lemma 2.1 and the assumption that ||Ay|| < ||Ay — Ag|| for all y € C and ¢ € Q, we
obtain that

2<J_1(Jacn —rpAzy,) — Tp, —TrAzy)

2(J_1(an —rpAzy,) — J_l(an), —rpAxy,)
21T Tz — rpAxy) — T (T ||[|rn Az ||

4
C—2||JJ_1(an —rpAxy) — JT N Tz ||||re Az, |

IN

IN

4
S (zn = rnAwn) = Jan||[lrn Az,

4
= C—QriHAanQ
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4 5 2
< C—zrnHAxn — Aq|*. (3.4)
Substituting (3.3) and (3.4) into (3.2) and using the condition that 7, < c2a/2, we get
2
(Z)(Qa wn) S ¢(qa xn) + 2Tn (C2rn - O() ||Axn - AQHQ S ¢(Qa an). (35)
Using (3.5) and Lemma 2.6, for each ¢ € Q C C,,, we obtain
(g, 2n) = &(q,J" (aanEn—l + Bn T 2 + v S"wy))

= gl = 2an{g, Jrn_1) = 2Bn{q, JT"x0n) — 270 (g, J 5™ wy)

F lanTzn—1 + Bud T2y + 7 J S wy, ||

lgll® = 20 (g, Jzn—1) — 2Bn(q, JT"p) — 275 (g, J S wy)

+ O‘n”anfl H2 + ﬁnHJTnanQ + ’YnHJSnwn”Q

and(q, Tn—1) + Bnd(q, T"xp) + Yn¢(q, S"wn)

ancﬁ(q@n 1)+ Bkl ¢(q, xn) + ki d(q, wn)
n®(q, Tn—1) + Brknd(q; Tn) + Ynknd(q, wy)

¢(q7 —1) + Buknd(q, 2n) + Vnknd(q, )

(¢, (g,

( (

IN

IN A IA

an (¢, tn-1) + (1 — o) kn (g, 2n)
an@(q; Tn-1) + (1 — an)knd(q, ) + (1 — an)d(q, v5) — (1 — an)d(q, x7)
[ d(q, 1) + (1 — an)d(q, 2n)] + (1 — an)(kn — 1)é(g, zn)
= [@n9(q, Tn-1) + (1 — an)d(q, zn)] + (kn — 1)d(q, 7). (3.6)
It follows from (3.6) that
?(q,yn) = olq, _1(5 Jr1+(1— 571)']271))
lall* = 20n{q, Jz1) = 2(1 = 6,)(q, T2n) + |0 T 21 + (1 = 6,) 2|
lall* = 20,.a, Jél?l) = 2(1 = 8n)(gs Jzn) + Gnllza]|? + (1 = 8,) [zl
on (g, 1) + (1 — 6n) (g, 2n)
Snd(q,x1) + (1 = 0n)([0nd(q, 2n—1) + (1 — an) (g 20)] + (kn — 1)0n)
on@(g; 1) + (1 — 6n)&n- (3.7)

So, ¢ € Cpt1. Then by induction, Q C C), for all n > 1 and hence the sequence {x,} generated by
(3.60) is well defined.
(ITI) Next, we show that {x,} is a convergent sequence in C. From z,, = Il¢, o, we have

(VAN

IN

(xn —u,Jxg — Jzp) >0, Yue€C,. (3.8)
It follows from 2 C C,, for all n > 1 that
(xn — 2z, Jxg — Jxy) >0,  Vze . (3.9)

From Lemma 2.4, we have

¢(xn7x0) = ¢(ch-r07$0) S ¢(U,$0) - (b(u,xn) S ¢(U,$0>7

for each uw € Q C C), and for all n > 1. Therefore the sequence {¢(z,, o)} is bounded. Furthermore,

since z, = Ilg, zo and 2,11 = I, 20 € Cpy1 C Cp, we have

O(xn,x0) < d(Tpt1,20), foralln>1.

This implies that {¢(z,, xo)} is nondecreasing and hence lim,, o0 ¢(xy, o) exists. Similarly, by Lemma
2.4, we have, for any positive integer m, that

¢($n+m; xn) = ¢(xn+mv HCn‘rO)
< d(@ntm o) — d(Ilc, 2o, 20)
= O(Tnrm,Zo) — O(xn,xp), for all n > 1. (3.10)

The existence of lim,, o, ¢(z,,zo) implies that ¢(z,rm,xn) — 0 as n — co. From Lemma 2.2, we
have
[Zntm — znl — 0, as n — oo.



306

A NEW HYBRID APPROXIMATION ALGORITHM 9

Hence, {z,} is a Cauchy sequence. Therefore, there exists a point p € C such that z,, — p as n — oc.

(IV). Now, we will show that p € Q. Indeed, taking m =1 in (3.10), we have

lim ¢(xpy1,2n) =0. (3.11)
It follows from Lemma 2.2 that
lim ||zpe1 —2n] =0. (3.12)

This implies that
[#n1 = Tnall < l[2nt1 = znll + |20 — 2n 1] = 0 as n — oo.
Then
nan;o |Jxnt1 — Jxn—1]|| = 0. (3.13)
It follows from the last two inequalities that
¢(@nt1,Tp—1) < ||[Tns1l|J2nt1 — J2poall + [|2n-1 — Tnga|[|2n-1] = 0 as n — oo. (3.14)
On the other hand, since x,,+1 € C),+1, we obtain
(@nt1,Yn) < 0n@(@ny1, 2n) + (1= On)[and(Tni1, tn-1) + (1 = an)d(Zni1, 2n) + (kn — 1)0n].
It follows from the condition (3.11), (3.14) and lim,,_ o, k, = 1 that
6 11,50) =
From Lemma 2.2, we have
Tim_ (21 — vl = 0. (3.15)
Combining (3.12) and (3.15), we have
120 = ynll < llzn = Zngrll + 2041 — ynll = 0 as n — oo. (3.16)

Since J is uniformly norm-to-norm continuous on any bounded sets, we have

n]LII;O |Jzn — Jyn| = 0. (3.17)
On the other hand, noticing
| Tyn — Jznll = dnl|Jx1 — J2n|| — 0 as n — cc. (3.18)
Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have
Jim [y, — zn[| = 0. (3.19)
Using (3.12), (3.15) and (3.19) that
nhi%o |xn — 25| = 0. (3.20)

Taking the constant r = sup, > {|[Tn1 |, [|[T" s, [|S"wn |}, we have, from Lemma 2.6, that there
exists a continuous strictly increasing convex function g : [0,00) — [0,00) satisfying the inequality

(2.4) and ¢(0) = 0.
Case I. Assume that (a) holds. Applying (2.4) and (3.5), we can calculate
d(u,zn) = d(u,J HanJrn_1 + Bnd Ty + Y0 JS™wy))
= ull® = 200 (u, Jxp 1) — 280 (u, JT" ) — 279, (u, JS™wy,)
+ |l zn—1 + BpJT 2y + v J S™wy ||?

< Jul® = 200 (uy Jxp 1) — 280 (u, JT™ ) — 29, (u, JS™wy,)
—|—an||an,1||2 + 5n||JTnxn||2 + 7n||JSnwnH2
— anBng(|JTn—1 — JT"xy||)

< and(U, Tn—1) + Bud(u, T"wy) + Yn(u, S"wy)
— anBng([[Jn—1 — JT"zy |

<

)
and)(uv xnfl) + 5nkn¢(uv xn) + ’Vnkn(ﬁ(ua wn)
—anBug([|Jrn—1 — JT"2,||)
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IN

an¢(uv xn—l) + ﬂnkn¢(u7 xn) + ’Ynknﬁb(uy 177,)

2
+ 27 Yn (c2rn - a) Az, — AuH2 — anOng(|Jpn—1 — JT"2,]|)

IN

2
an¢(u,$n,1) + (1 - an)kn¢(uvxn> + 2rn’7n <02Tn - Oé) ||Axn - Au||2

—anBng(|Jxn-1 — JT x,|). (3.21)
This implies that

Oénﬁng(Hanfl - JTnan) an[qﬁ(u, Tno1) — kno(u, xn)} + kno(u, xn) - ¢(u, Zn)
Qn [¢(ua xn—l) - ¢(u7 xn)] + (kn - 1)(15(11,, mn) + (b(ua wn) - ¢(u7 Zn)

anld(u, xn_1) — P(u,xzp)] + (kn — 1)0n + d(u, ) — d(u, z). (3.22)

INIAIA

We observe that
an[¢(ua Tpo1) — (b(u,xn)] + (kn — 1)05 + ¢(u, 75) — d(u, 2,)
< O‘n[Hxn—1”2 - ”1771”2 = 2(u, Jan—1 — Jag)]
Hlzall? = llzall® = 2(u, Jen — Tzn) + (kn — 1)bn
< anfllen—a = @all(lznall + llzall) + 2lullll JEn—1 = Jzal]
Fllzn = zull(lznll + lzall) + 2llullllJzn = Tzn|l + (kn = 1)6n.
It follows from (3.12), (3.17), (3.18) and (3.20) that
lim ap|[éd(u, zn—1) — o(u, xn)] + (kn — 1)0n + d(u, ) — d(u, z,) = 0. (3.23)

n—oo
Applying liminf,, . ap B, > 0 and (3.23) to (3.22), we get
lim g(||Jxp—1 — JT"2,|) = 0.
By the property of function g, we obtain that
lim ||Jzp—1 — JT"x,|| = 0. (3.24)
Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have
lim ||2p_1 — T"2,|| = lim ||J ' (Jzpy) — JH(JT"2,)|| = 0. (3.25)
n—oo n—oo
From (3.12) and (3.25) , we have
lim ||z, — T"x,|| = 0. (3.26)
Note that
[Tz — pl| < | T" 20 — znl| + [lzn — pl.
From (3.26), we obtain
lim ||T"z, — p| = 0. (3.27)
On the other hand, we have

17"y —pl| < T an — T || + | 720 —pll < sup T2 — T || + | Tz, — pll.

z€{z,}

The uniformly asymptotically regularity of T and the last inequality imply that
lim | 7"z, —p|| = 0. (3.28)
n—oo

That is TT™z, — p as n — oo. From the closedness of T, we see that p € F(T). In the same manner,
we can apply the condition liminf,,_. . .y, > 0 to conclude that

lim |z, — S"wy| = 0. (3.29)
Again, by (C2) and (3.21), we have

210 (0= 50) Bow = Aul? < 2o fo(unor) = o,z
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+(kn — )00 + ¢(u, 2n) — d(u, 2n)]-

It follows from (3.23) and liminf, o v, > liminf, . Bnv, > 0 that
linrr_l)igf |Az, — Au|| <O0.

Since liminf,,_, [|Az, — Aul| > 0, we have
nlin;o Az, — Au|| = 0.

From Lemma 2.4, Lemma 2.5, and (3.4), we have

Oz, wy) = (b(meCJ_l(an—rnAxn))

< o(an, J (T, — raAxy))
= Vi(xn, Jz, —r,Ax,)
< V(zn, (Jxn —rnAzy,) + rAxy,)
—2(J Y Jxp — rpAxy) — 2y, T Ay,
= H(Tn,Tn) + 20T (T2 — ThATy,) — 20, —rpAxy,)
= 2J 7 (Jxy — rpAzy,) — 20, —TnAxy,)
< GAz, — AulP.

It follows from (3.31) that
lim ¢(z,,w,) =0.

n—oo

Lemma 2.2 implies that
lim |z, —wy| = 0.
n—oo
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim ||Jz, — Jw,| = 0.
n—oo
Combining (3.29) and (3.34), we also obtain
lim |w, —S™w,| = 0.
n—oo
Moreover
[wn — wngall < lwn = zoll + (|20 — Tpsa || + 12041 — waga -
By (3.34) and (3.12), we have

lim |lw, — wpi1]] = 0.
n—oo

Note that
15" wn = pll <[5 wn = wall + [Jwp = znll + [[2n = pl-
From (3.26), we obtain

lim ||S"w, —p| = 0.

n—oo

On the other hand, we have
18" wn — | 18" wn, — S wn| +[|S™wy — p

sup |8 w — S"wl|| + ||S™w, — p||-.

we{wy }

<
<

The uniformly asymptotically regularity of S and the last inequality imply that

lim ||S"*"tw, — p|| = 0.

n—oo

That is SS™w, — p as n — co. From the closedness of S, we see that p € F(5).
Case II. Assume that (b) holds. Using the inequalities (2.4) and (3.5), we obtain

O(u,2n) = S(u, J (o Jono1 + B T Ty + Y J S wy,))
llull? = 200 (u, Jzp—1) — 28, (u, JT™ ) — 2, (u, JS™w,,)
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(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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+ lan T zn—1 + BuJT 2y + v J S wy, ||

<l = 200 (u, Tz _1) — 26n (u, JT™2,,) — 2y, (u, J S wy,)
—|—an||an,1||2 + ﬂnHJT"an? + '7n||=]snwn||2
= BoYng(|JT" "z, — JS™wp |)
< (U, Tno1) + Bn(u, T"wp) + Yo (u, S™"wy,)
—= By g(IJT" 2 — JS™wh])
< (U, Tn—1) + Brknd(u, Tn) + Ynknd(u, wy)
= Bong(|JT" "z, — JS™wy |)
< an@(uy xn_1) + Buknod(u, xn) + Ynknd(u, 2,,)
20— )| Az — Al — Gurag (LI T" 2, — "0,
< apd(u,xpn_1) + (1 — ap)knd(u, z,) + 27’n’7n(0%7'n —a)||Az, — Aul|?

= Bong(|JT @y, — JS™wy|]). (3.40)
This implies that

Bnng (|| JT" xy, — JS"wy]|) an[p(u, Tp—1) = knd(u, zn)] + kno(u, zn) — ¢(u, 25,)

an[(u, Tn—1) — d(u, zn)] + (kn — 1)@(u, 1) + ¢(u, x5) — ¢(u, 2n)
anlo(u,xn_1) — P(u, )] + (kn — 1)0, + d(u, r) — ¢(u, 25,). (3.41)
It follows from the condition liminf, . B,7v, > 0 and (3.23) that

lim g(||JT" 2, — JS"wy,]||) = 0.
n—oo

IN A CIA

By the property of function g, we obtain that
nhﬁn;() |JT" 2y — JS™wy,]|| = 0. (3.42)
Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have
Jim |72, — S™wy || = lim |J~HJIT™2n) — J (IS w,)|| = 0. (3.43)
On the other hand, we can calculate
T2, 2p) = (T xn, J NanJry_1+ BTz, + v JS™w,))

= | T"2,|]? = 2T, anJxn_1 + BT %y + Y JS™w,))
+ ||Oén<]$n—1 + ﬂnJTnl'n + ’YnJSnwn)HQ

< T wn||? = 2000 (T 0, Jn) — 280 (T %0, JT ) — 270 (T 2, JS™ w5,
+ O‘n”xn”2 + 5n||Tnxn”2 + 'Vn”SnwnHQ
< Oznd)(T”l‘n, xn) + 7n¢(Tnxna Snwn) (344)

Observe that
H(T"xp, S"wy) = ||T"2n|* — 2(T" 2y, JS wy,) + || S™w, ||
= | T™2n||? — 2T 2y, JT "z + 2(T" "z, JT "z, — JS™wy,) + || S wy ||
15 wnl|* = | T"2n|* + 2 T" 20 ||| T T 2 — J S 1wn|
15" wn = T wn|([1S" wnl| + 1T wnl]) + 2T @[ JT" 20 — JS"wn |-
It follows from (3.42) and (3.43) that

<
<

lim ¢(T"x,, S"w,) = 0. (3.45)
Applying lim,, o ap, = 0 and (3.45) and the fact that {¢(T"z,,x,)} is bounded to (3.44), we obtain
lim ¢(T" "y, 2,) = 0. (3.46)

n—oo

From Lemma 2.2, one obtains
lim || 7"z, — z,| = 0. (3.47)
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We observe that
T2y — 2pl| < (| T"2n — 2nll + |20 — zn |-
This together with (3.20) and (3.47), we obtain

lim ||T"z,, — x,|| = 0. (3.48)
From the uniformly asymptotically regularity of 7', we obtain that
lim [|T"% 2, —p| =0. (3.49)

n—oo

That is TT"z,, — p as n — oo. From the closedness of T', we see that p € F(T). By the same proof
as in Case I, we obtain that

nlLIIOIO |z — wn|| = 0. (3.50)
Hence w,, — p as n — oo for each 7 € I and
nlirrgo [Tz, — Jwy| = 0. (3.51)
Combining (3.43), (3.48) and (3.50), we also have
nl;rr;o 15" wy, — wy]|| = 0. (3.52)

From the uniformly asymptotically regularity of S, we obtain that

lim [|S" w, —p|| = 0. (3.53)

n—oo

That is SS™w, — p as n — co. From the closedness of S, we see that p € F'(5).
We next show that p € VI(C, A).
Let ¥ C E x E* be an operator defined by :

| Av+ N¢(v), veC;
Yy = { 0. v C. (3.54)

By Lemma 2.7, ¥ is maximal monotone and ¥=10 = VI(A, C). Let (v,w) € G(¥), since w € Yv =
Av + N¢(v), we have w — Av € Ne(v). From z, =1l¢, z € C,, C C, we get
(v —ap,w—Av) > 0. (3.55)
Since A is a-inverse-strong monotone, we have
(v —xp,w) > (v—x,, Av)
= (v—my,, Av — Azp) + (v — xy, Azy)
> (v —xp, Azy). (3.56)

On other hand, from w, = lcJ *(Jx, — r,Az,) and Lemma 2.3, we have (v — wy,, Jw, — (Jx, —
rnAz,) > 0, and hence

Jx, — Jw

(v — wy, o " — Az,) <0. (3.57)
Because A is 1 constricted, it holds from (3.56) and (3.57) that
(v =2p,w) > (V= Xp, Axp) + (v — Wy, M — Azxy)
= (V= Wn, AZyp) + (W, — T, AT) — (U — Wy, Axy) + (U — Wy, M)
= (Wy — Tn, Azp) + (v — Wy, M)
>l — Az — o — w, 122 T, (3.59)

V¥n € NU{0}. By taking the limit as n — oo in (3.58) and from (3.34) and (3.35), we have (v—p,w) >0
as n — oo. By the maximality of ¥ we obtain p € ¥710 and hence p € VI(A, C). Hence we conclude
that

peQ:=F(T)NF(S)NVI(AC).
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Finally, we show that p = IIgzo. Indeed, taking the limit as n — oo in (3.9), we obtain
(p—z,Jrg—Jp) >0, VzeQ (3.59)

and hence p = [lgxy by Lemma 2.3. This complete the proof.
|

Corollary 3.2. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T be a uniformly L-Lipschitzian continuous and asymptotically quasi-¢-
nonexpansive mapping with the sequence {kX'} C [0,1) such that kL — 1 asn — oo and S be a uniformly
L-Lipschitzian continuous and asymptotically quasi-¢-nonexpansive mapping with the sequence {k2} C
[0,1) such that k3 — 1 asn — oo. Assume that Q := F(T)N F(S)NVI(A,C) is nonempty and
bounded. Let A be an a-inverse-strongly monotone mapping of C into E* with ||Ay|| < ||Ay — Aq|| for
ally € C and q € Q. Let {z,} be a sequence generated by (3.60). Assume that {an}, {Bn}, {7}, {0n}
and {r,} are the sequences in [0,1] satisfying the restrictions (C1), (C2) and (C3) in Theorem 3.1.
Then {x,} converges strongly to lqxg, where g is the generalized projection from E onto Q.

Proof. Following the proof lines of Theorem 3.1, we can obtain the following facts :
(i) Q is closed and convex;

(ii) Q C C, for all n > 1;

(iii) {zn} is a Cauchy sequence and then {z,} and {w,} are convergent sequences in C;

(iv) limp oo |2 — Tnt1]| = 0 = limy— oo ||wpn — Wt ||;

(v) limp o0 |20 — T"2p|l = 0 = limy, o0 |Jws, — S™wh|.

It is sufficient to show that lim, . |72, — T"x,| = 0 = lim, . ||S" tw, — S"w,||. We observe

that

HTnJrlxn =Tzl < ||Tn+1xn - TnJrlxn-&-l” + ||Tn+1xn+1 = Tpg1 |l + |1 — znll + 20 — T"20 ||
< A+ LD)lzpsr — xall + HTn+1xn+1 = Tppall + ||z — T"20 .

This implies that lim, . || 7"z, — T"2,|| = 0. Similarly, we can show that lim, . ||S" 1w, —

S™wy, || = 0. By Theorem 3.1, we have the desired conclusion. This completes the proof.
|

From the definition of quasi-¢-nonexpansive mappings, we see that every quasi-¢-nonexpansive map-
ping is asymptotically quasi-¢-nonexpansive with the constant sequence {1}. From the proof of Theo-
rem 3.1, we have the following results immediately.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let T and S be a closed and quasi-¢p-nonexpansive mappings such that
Q:=F(T)NnF(S)NVI(A,C) is nonempty and bounded. Let A be an a-inverse-strongly monotone
mapping of C into E* with ||Ay| < ||[Ay — Aq|| for ally € C and q € Q. Let {x,} be a sequence
generated by the following algolithm:
xo =x € E, chosen arbitrary,
Cr = C,z1 = Il 2o,
wy = e Y Jzy — rAxy),
zn = J NanJTn—1 4 Bnd T + v d Swy,), (3.60)
Yn = J 1 (0pJz1 + (1 —6,) T 2),
Cni1={u € Cp : ¢(u,yn) < 0nd(u,z1) + (1 = 81)6n},
Tny1 = e, 20, Y 2>1,
where &, = and(U, Tn_1)+(1—an)d(u, ), and 0, = sup{p(z,z,) : z € Q}. Assume that {an}, {6n}, {¥n};
{6n} and {r,} are the sequences in [0,1] satisfying the restrictions:
(C1) limy,— o0 0, = 0;
(C2) {rn} C [a,b] for some a,b with 0 < a < b < c?a/2, where 1/c is the 2-uniformly convexity
constant of E;
(C3) ay + Bn + v =1 and if one of the following conditions is satisfied
(a) liminf, o @B > 0 and liminf, o a7y, > 0 and
(b) lim,,—,o0 @, = 0 and liminf,, o Bpyn > 0.
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Then {x,} converges strongly to gz, where g is the generalized projection from E onto €.

Acknowledgements. The first author would like to thank Naresuan University and The Thailand
Research Fund, Grant MR(G5380244 for financial support.

REFERENCES

1. R.P. Agarwal, Y.J. Cho, and X. Qin, Generalized projection algorithms for nonlinear operators, Numer. Funct. Anal.
Optim. 28 (2007) 1197-1215.

2. Ya.l. Alber, Metric and generalized projection operators in Banach spaces: properties and applications, in: A.G.
Kartsatos (Ed.), Theory and Applications of Nonlinear Operator of Accretive and Monotone Type, Marcel Dekker,
New York, 1996, pp. 15-50.

3. B. Beauzamy, Introduction to Banach spaces and their Geometry, second ed., North- Holland, 1985.

4. F. E. Browder, Fixed point theorems for noncompact mappings in Hilbert spaces. Proc. Natl. Acad. Sci. USA 53,
1272-1276 (1965).

5. F. E. Browder and W. V. Petryshyn, Construction of fixed points of nonlinear mappings in Hilbert space, Journal of
Mathematical Analysis and Applications, vol. 20, no. 2, pp. 197-228, 1967.

6. R. E. Bruck and S. Reich, Nonexpansive projections and resolvents of accretive operators, Houston J. Math. 3(1977),
459-470.

7. K. Ball, E. A. Carlen, E. H. Lieb, Sharp uniformly convexity and smoothness inequality for trace norm , Invent.
Math., 115(1994), 463-482.

8. D. Butnariu, S. Reich, A.J. Zaslavski, Asymptotic behavior of relatively nonexpansive operators in Banach spaces, J.
Appl. Anal. 7 (2001) 151-174.

9. D. Butnariu, S. Reich, A.J. Zaslavski, Weak convergence of orbits of nonlinear operators in reflexive Banach spaces,
Numer. Funct. Anal. Optim. 24 (2003) 489-508.

10. I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems. Kluwer, Dordrecht (1990)

11. Y. Censor, S. Reich, Iterations of paracontractions and firmly nonexpansive operators with applications to feasibility
and optimization, Optimization 37 (1996) 323-339.

12. Y.J. Cho, H.Y. Zhou, G. Guo, Weak and strong convergence theorems for three-step iterations with errors for
asymptotically nonexpansive mappings, Comput. Math. Appl. 47 (2004) 707-717.

13. I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, Kluwer, Dordrecht, 1990.

14. K. Goebel, W.A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings, Proc. Am. Math. Soc. 35
(1972) 171-174.

15. B. Halpern, Fixed points of nonexpanding maps, Bull. Am. Math. Soc. 73 (1967) 957-961.

16. H. Iiduka, W. Takahashi, and M. Toyoda, Approximation of solutions of variational inequalities for monotone map-
pings, Panamerican Mathematical Journal, vol. 14, no. 2, pp. 49-61, 2004.

17. H. Iiduka andW. Takahashi, Weak convergence of a projection algorithm for variational inequalities in a Banach
space, Journal of Mathematical Analysis and Applications, vol. 339, no. 1, pp. 668-679, 2008.

18. S. Kamimura, W. Takahashi, Strong convergence of a proximal-type algorithm in a Banach space, SIAM J. Optim.
13 (2002) 938-945.

19. D. Kinderlehrer, G. Stampaccia, An introduction to variational inequalities and their applications , Academic Press,
New York, 1980.

20. F. Liu and M. Z. Nashed, Regularization of nonlinear ill-posed variational inequalities and convergence rates, Set-
Valued Analysis, vol. 6, no. 4, pp. 313-344, 1998.

21. C. Martinez-Yanes, H.K. Xu, Strong convergence of the CQ method for fixed point iteration processes, Nonlinear
Anal. 64 (2006) 2400-2411.

22. S. Matsushita, W. Takahashi, A strong convergence theorem for relatively nonexpansive mappings in a Banach space,
J. Approx. Theory 134 (2005) 257-266.

23. K. Nakajo, W. Takahashi, Strong convergence theorems for nonexpansive mappings and nonexpansive semigroups,
J. Math. Anal. Appl. 279 (2003) 372-379.

24. S. Plubtieng, K. Ungchittrakool, Strong convergence theorems for a common fixed point of two relatively nonexpansive
mappings in a Banach space. J. Approx. Theory 149, 103-115 (2007).

25. X. Qin, S.Y. Cho, and S. M. Kang, On hybrid projection methods for asymptotically quasi-/-nonexpansive mappings,
Applied Mathematics and Computation 215 (2010) 3874-3883.

26. X. Qin, Y. Su, C. Wu, K. Liu, Strong convergence theorems for nonlinear operators in Banach spaces, Commun.
Appl. Nonlinear Anal. 14 (2007) 35-50.

27. X. Qin, Y. Su, Strong convergence theorems for relatively nonexpansive mappings in a Banach space. Nonlinear
Anal. 67, 1958-1965 (2007)

28. X. Qin, Y.J. Cho, S.M. Kang and H. Zhou, Convergence of a modified Halpern-type iteration algorithm for quasi-¢-
nonexpansive mappings, Appl. Math. Lett. 22 (2009) 1051-1055

29. S. Reich, Review of Geometry of Banach spaces, Duality Mappings and Nonlinear Problems by loana Cioranescu,
Kluwer Academic Publishers, Dordrecht, 1990, Bull. Amer. Math. Soc. 26 (1992) 367-370.

30. S. Reich, A weak convergence theorem for the alternating method with Bregman distance, in: A.G. Kartsatos (Ed.),
Theory and Applications of Nonlinear Operators of Accretive and Monotone Type, Marcel Dekker, New York, 1996,
pp. 313-318.



313

16 R. WANGKEEREE

31. R. T. Rockafellar, On the maximality of sums of nonlinear monotone operators , Trans. Amer. Math. Soc., 149(1970),
75-88.

32. W. Takahashi, Convex Analysis and Approximation Fixed points, Yokohama-Publishers, 2000 (Japanese).

33. W. Takahashi, Nonlinear Functional Analysis, Fixed point Theory and Its Applications, Yokohama-Publishers, 2000.

34. W. Takahashi, K. Hashimoto, M. Kato, On sharp uniform convexity, smoothness, and strong type, cotype inequalities
, J. Nonlinear Convex Anal., 3(2002), 267-281.

35. W. Takahashi, Y. Takeuchi, R. Kubota, Strong convergence theorems by hybrid methods for families of nonexpansive
mappings in Hilbert spaces, J. Math. Anal. Appl. 341 (2008) 276-286.

36. M. M. Vainberg, Variational Methods and Method of Monotone Operators. Wiley, New York (1973)

37. H.K. Xu, M.G. Ori, An implicit iterative process for nonexpansive mappings, Numer. Funct. Anal. Optim. 22 (2001)
767-773.

38. H. Zhou, G. Gao, B. Tan, Convergence theorems of a modified hybrid algorithm for a family of quasi-/-asymptotically
nonexpansive mappings, J. Appl. Math. Comput. doi:10.1007/s12190-009-0263-4.



ATANWIN 2

A General composite algorithms for solving

general equilibrium problems and fixed point

problems in Hilbert spaces

R. Wangkeeree, U. Kamraksa and R. Wangkeeree

Abstract and Applied Analysis, (2011), Article ID
976412, 25 pages doi:10.1155/2011/976412.



Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2011, Article ID 976412, 25 pages
doi:10.1155/2011/976412

Research Article

A General Composite Algorithms for
Solving General Equilibrium Problems and
Fixed Point Problems in Hilbert Spaces

Rattanaporn Wangkeeree, Uthai Kamraksa,
and Rabian Wangkeeree

Department of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000, Thailand
Correspondence should be addressed to Rabian Wangkeeree, rabianw@nu.ac.th

Received 31 October 2010; Revised 8 February 2011; Accepted 8 March 2011

Academic Editor: Yuming Shi

Copyright © 2011 Rattanaporn Wangkeeree et al. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

We introduce a general composite algorithm for finding a common element of the set of solutions of
a general equilibrium problem and the common fixed point set of a finite family of asymptotically
nonexpansive mappings in the framework of Hilbert spaces. Strong convergence of such iterative
scheme is obtained which solving some variational inequalities for a strongly monotone and
strictly pseudocontractive mapping. Our results extend the corresponding recent results of Yao
and Liou (2010).

1. Introduction

Let C be a nonempty, closed, convex subset of a real Hilbert space H. Recall that a mapping
A : C — H is called a-inverse-strongly monotone if there exists a positive real number «
such that (Ax - Ay, x - y) > a||Ax — Ay|?, for all x,y € C. It is clear that any a-inverse-
strongly monotone mapping is monotone and 1/a-Lipschitz continuous. Let f : C — H be
a p-contraction, that is, there exists a constant p € [0,1) such that ||f(x) — f(y)| < pllx - v
for all x,y € C. Amapping S : C — C is said to be nonexpansive if ||Sx — Sy|| < ||x — y|| for
all x, y € C and asymptotically nonexpansive [1] if there exists a sequence {k,} C [0, o0) with
lim,, _, ok, = 0 such that

15> = Syl < 1+ ka)[[x -y

, Yx,yeC (1.1)

Denote the set of fixed points of S by Fix(S). For asymptotically nonexpansive self-map S, it
is well known that Fix(S) is closed and convex (see, e.g., [1]).
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The class of asymptotically nonexpansive mappings which is an important general-
ization of that of nonexpansive mappings was introduced by Goebel and Kirk [1]. They
established that if C is a nonempty, closed, convex, bounded subset of a uniformly convex
Banach space E and S is an asymptotically nonexpansive self-mapping of C, then S has a
fixed pointin C.

Let A: C — H be a nonlinear mapping and ¢ : C x C — R a bifunction. Consider a
general equilibrium problem:

Find z € C such that ¢(z,y) + (Az,y—z) >0, VyeC. (1.2)
The set of all solutions of the general equilibrium problem (1.2) is denoted by EP, that is,
EP={zeC:¢(z,y)+(Az,y-z) >0, Vy e C}. (1.3)
If A =0, then (1.2) reduces to the following equilibrium problem of finding z € C such that
$(z,y) >0, VyeC. (1.4)
If ¢ = 0, then (1.2) reduces to the variational inequality problem of finding z € C such that
(Az,y-z)>0, VyeC. (1.5)

We note that the problem (1.2) is very general in the sense that it includes, as special
cases, optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games, and others. See, for example, [2-5].

In 2005, Combettes and Hirstoaga [6] introduced an iterative algorithm of finding the
best approximation to the initial data and proved a strong convergence theorem. In 2007, by
using the viscosity approximation method, S. Takahashi and W. Takahashi [7] introduced
another iterative scheme for finding a common element of the set of solutions of the
equilibrium problem and the set of fixed points of a nonexpansive mapping. Subsequently,
algorithms constructed for solving the equilibrium problems and fixed point problems have
further developed by some authors. In particular, Ceng and Yao [8] introduced an iterative
scheme for finding a common element of the set of solutions of the mixed equilibrium
problem (1.2) and the set of common fixed points of finitely many nonexpansive mappings.
Maingé and Moudafi [9] introduced an iterative algorithm for equilibrium problems and
fixed point problems. Yao et al. [10] considered an iterative scheme for finding a common
element of the set of solutions of the equilibrium problem and the set of common fixed
points of an infinite nonexpansive mappings. Noor et al. [11] introduced an iterative method
for solving fixed point problems and variational inequality problems. Wangkeeree [12]
introduced a new iterative scheme for finding the common element of the set of common
fixed points of nonexpansive mappings, the set of solutions of an equilibrium problem, and
the set of solutions of the variational inequality. Wangkeeree and Kamraksa [13] introduced
an iterative algorithm for finding a common element of the set of solutions of a mixed
equilibrium problem, the set of fixed points of an infinite family of nonexpansive mappings,
and the set of solutions of a general system of variational inequalities for a cocoercive
mapping in a real Hilbert space. Their results extend and improve many results in the
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literature. For some works related to the equilibrium problem, fixed point problems, and
the variational inequality problem, please see [1-57] and the references therein.

However, we note that all constructed algorithms in [7, 9-13, 16, 57] do not work
to find the minimum-norm solution of the corresponding fixed point problems and the
equilibrium problems. Very recently, Yao and Liou [46] purposed some algorithms for finding
the minimum-norm solution of the fixed point problems and the equilibrium problems. They
first suggested two new composite algorithms (one implicit and one explicit) for solving
the above minimization problem. To be more precisely, let C be a nonempty, closed, convex
subset of H, ¢ : C x C — R a bifunction satisfying certain conditions, and S : C — C a
nonexpansive mapping such that Q := Fix(S) N EP #0. Let f be a contraction on a Hilbert
space H. For given xj € C arbitrarily, let the sequence {x,} be generated iteratively by

1
U, Y) + (AXp, Y — Uy + —(Y — Uy, U, — X)) >0, YyeC,
P (un,y) + (Axn,y = n) + —(y ) y 16

Xni1 = PnPe[anf (x2) + (1 — an)Sxy] + (1 = pu)un, n>0,

where A is an a-inverse strongly monotone mapping. They proved that if {a,} and {u,} are
two sequences in [0,1] satisfying the following conditions:

(i) limy,— oty =0, X2 ay = 0o and limy, , o (1,1 /atn) = 1,

(ii) 0 < liminf,  op, <limsup, , pn <1and limy, . o ((Hne1 — pn) / an1) = 0, then, the
sequence {x,} generated by (1.6) converges strongly to x* € Q which is the unique solution
of variational inequality

(I-f)x',x-x*)>0, xeQ. (1.7)

In particular, if we take f = 0in (1.6), then the sequence {x,} generated by

1
P(un, y) + (Axp, y — up) + ;(y — U, Up—Xy) >0, VyeC, o

Xni1 = PnPe[(1 = an)Sxn] + (1= pn)un, 120,

converges strongly to a solution of the minimization problem which is the problem of finding
x* such that

x* = arg min|lx]?, (1.9)

where Q stands for the intersection set of the solution set of the general equilibrium problem
and the fixed points set of a nonexpansive mapping.

On the other hand, iterative approximation methods for nonexpansive mappings have
recently been applied to solve convex minimization problems; see, for example, [25, 43, 44]
and the references therein. Let B be a strongly positive bounded linear operator on H, that is,
there is a constant y > 0 with property

(Bx,x) >7|lx|* Vxe€H. (1.10)
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A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H

.1
min —

xeFiX(s)2<Bx,x) —(x,b), (1.11)

where b is a given point in H. In 2003, Xu [43] proved that the sequence {x,} defined by the
iterative method below, with the initial guess xo € H chosen arbitrarily:

Xp1 = —a,B)Tx, +a,u, n>0, (1.12)

converges strongly to the unique solution of the minimization problem (1.11) provided
the sequence {a,} satisfies certain conditions. Using the viscosity approximation method,
Moudafi [29] introduced the following iterative process for nonexpansive mappings (see [43]
for further developments in both Hilbert and Banach spaces). Let f be a contraction on H.
Starting with an arbitrary initial xo € H, define a sequence {x,} recursively by

Xne1 = (1 —ay)Txy + anf(x,), n>0, (1.13)

where {a,} is a sequence in (0,1). It is proved [29, 43] that under certain appropriate
conditions imposed on {a,}, the sequence {x,} generated by (1.13) strongly converges to
the unique solution x* in C of the variational inequality

(I-f)x*,x-x*)>0, xeH. (1.14)

Recently, Marino and Xu [28] mixed the iterative method (1.12) and the viscosity
approximation method (1.13) introduced by Moudafi [29] and considered the following
general iterative method:

Xpe1 = (I —ayB)Txy + ayyf(x,), n>0, (1.15)

where B is a strongly positive bounded linear operator on H. They proved that if the sequence
{an} of parameters satisfies the certain conditions, then the sequence {x,} generated by (1.15)
converges strongly to the unique solution x* in H of the variational inequality

((B-yf)x",x-x*)>0, xeH (1.16)

which is the optimality condition for the minimization problem: minycrix(s)(1/2)(Bx, x) —
h(x), where h is a potential function for y f(i.e., h'(x) = yf(x) for x € H).

Recall thatamapping F : H — H is called 6-strongly monotone if there exists a positive
constant & such that

(Fx-Fy,x-y)>6 ||[x-y|’, VYxyeH. (1.17)
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Recall also that a mapping F is called M-strictly pseudocontractive if there exists a positive
constant A such that

(Fx-Fy,x-y) < |x-y| - A|(x-y) - (Fx-Fy)|", VxyeH  (118)
It is easy to see that (1.18) can be rewritten as
(I-F)x-(I-F)y,x-y)>A||(I-F)x— (I—F)y||2. (1.19)

Remark 1.1. If F is a strongly positive bounded linear operator on H with coefficient y, then
F is y-strongly monotone and 12-strictly pseudocontractive. In fact, since F is a strongly
positive, bounded, linear operator with coefficient y, we have

(Fx-Fy,x-y)=(F(x-y),x-y) 27 |x-y|" (120)
Therefore, F is y-strongly monotone. On the other hand,

I =F)x = (I = Fy|’ = ((x~y) - (Fx - Fy), (x - y) - (Fx - Fy))
=(x-y,x-y)-2(Fx-Fy,x-y)+ (Fx - Fy,Fx - Fy)
(1.21)
= lx=yl* ~2(Fx~Fy,x—y) + | Fx~ Fy|
< llx=yll” ~2(Fx = Fy,x = y) + [ FI*||x -y

Since F is strongly positive if and only if (1/||F||)F is strongly positive, we may assume,
without loss of generality, that ||F|| = 1. From (1.21), we have

1
(Fx-Fy,x-y) < |lx-y|*- SN =F)x—(1- By’
(1.22)

2 1 2
=llx=vl" =5l =y) - (Fx=Fy)]".
Hence, F is 12-strictly pseudocontractive.
In this paper, motivated by the above results, we introduce a general iterative scheme
below in a real Hilbert space H, with the initial guess xy € C chosen arbitrary:
1
P(un, y) + (Axp, y — up) + ;(y — U, Up—X) >0, VyeC,

Y = Y f(xn) + (L - auF)Sht) s, (1.23)

Xn+1 = pnPc [yn] + (]- - ﬂn)un/ n>0,

where p(n) = j+1if jN <n < (j+1)N,j=1,2,...andn = jN +i(n), i(n) € {1,2,...,N},
C is a nonempty, closed, convex subset of H, {a,} and {y,} are two sequences in [0,1],
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¢ : C xC — Ris abifunction satisfying certain conditions, Si,S,...,Sn : C — C is a finite
family of asymptotically nonexpansive mappings with sequences {1 + k;(("n)) }, respectively,
f : C — H is a contraction with coefficient 0 < p < 1, F is 6-strongly monotone and -
strictly pseudocontractive with 6 + A > 1, y is a positive real number such that y < (1/p)
(1 -4/(1-6)/1), and A is an a-inverse strongly monotone mapping. We prove that the
proposed algorithm converges strongly to x* € Q which is the unique solution of the
following variational inequality:

((F-yf)x*,x-x*)>0, xeQ. (1.24)

In particular,
(I) if F is a strongly positive bounded linear operator on H, then x* is the unique
solution of the variational inequality (1.16),

(IT) if F = I, the identity mapping on H and y = 1, then x* is the unique solution of the
variational inequality (1.14),

(Il) if F = I, the identity mapping on H and f = 0, then x* is the unique solution of
minimization problem (1.9).

The results presented in this paper extend and improve the main results in Yao and
Liou [46], Marino and Xu [28], and many others.

2. Preliminaries

Let C be a nonempty, closed, convex subset of a real Hilbert space H. For every point x € H,
there exists a unique nearest point in C, denoted by Pcx such that

lx - Pex|| < ||x-y|, VyeC (2.1)

Pc is called the metric projection of H onto C. It is well known that Pc is a nonexpansive
mapping of H onto C and satisfies

2 (2.2)

(x -y, Pex = Pcy) > || Pex - Pey

for every x,y € H. Moreover, Pcx is characterized by the following properties: Pcx € C and
(x = Pcx,y — Pcx) <0,

(2.3)

[l = y||* > llx = Pex|* + ||y - Pex||?,

forall x € H,y € C. For more details, see [39]. We will make use of the following well-known
result.

Lemma 2.1. Let H be a Hilbert space. Then, the following inequality holds:

x+ < x> +2(y, x +y), V¥x,y€H. (2.4)
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Throughout this paper, we assume that a bifunction ¢ : C x C — R satisfies the
following conditions:

(Al) ¢(x,x) =0forallx € C,
(A2) ¢ is monotone, thatis, ¢(x,y) + ¢(y,x) <0forallx,y € C,
(A3) for each x,y,z € C, limyjpp(tz + (1 - t)x,y) < p(x,y),

(A4) for each x € C, the mapping y — ¢(x, y) is convex and lower semicontinuous.

We need the following lemmas for proving our main results.

Lemma 2.2 (see [6]). Let C be a nonempty, closed, convex subset of a real Hilbert space H. Let
¢ : CxC — R be a bifunction which satisfies conditions (A1)—(A4). Let r > 0 and x € C. Then,
there exists z € C such that

¢(z,y)+%<y—z,z—x>20, Vy e C. (2.5)

Further, if T, (x) = {z € C: ¢(z,y) + (1/r){y — 2,z — x) > 0,Yy € C}, then the following hold:

(i) T; is single-valued and T, is firmly nonexpansive, that is, for any x,y € H,

|| Trx - T,y”2 <(Tyx-Ty,x-y), (2.6)

(ii) EP is closed and convex and EP = Fix(T}).

Lemma 2.3 (see [30]). Let C be a nonempty, closed, convex subset of a real Hilbert space H. Let the
mapping A : C — H be a-inverse strongly monotone and r > 0 a constant. Then, one has

||[(I-rA)x—- (I —rA)y”2 <||x —y||2 +71(r - 2a)||Ax - Ay 2 Vx,y € C. (2.7)

In particular, if 0 < v < 2a, then I — r A is nonexpansive.

Lemma 2.4 (see [45]). Let S be an asymptotically nonexpansive mapping defined on a bounded,
closed, convex subset C of a Hilbert space H. If {x,} is a sequence in C such that x, — x and
|Sxn — xnl] = 0asn — oo, then x € Fix(S).

Lemma 2.5 (see [44]). Assume {ay,} is a sequence of nonnegative real numbers such that

ani1 < (1= ap)ay + anOn +yn, n20, (2.8)

where {a,}, {04}, and {y,} are nonnegative real sequences satisfying the following conditions:
(i) {an} C[0,1], 372 an = oo,
(ii) limsup,_, 0, <0,
(ifi) X7 ¥n < 0.

Then, lim,, _, wa, = 0.
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Lemma 2.6 (see [41]). Let E be a strictly convex Banach space and C a closed, convex subset of E.
Let 51,55,...,5n : C — C be a finite family of nonexpansive mappings of C into itself such that the
set of common fixed points of S1,So,..., SN is nonempty. Let T1, Ty, ..., Tn : C — C be mappings
given by

Ti=(1-a)l+axS;, Yi=1,2,...,N, (2.9)

where I denotes the identity mapping on C. Then, the finite family {T;,T,,...,Tn} satisfies the
following:

N N
(Fix(T;) = (" Fix(S:),
= = (2.10)

N
ﬂ FlX(T,) = PiX(TNTN_lTN_z cee Tl) = FiX(TlTN s Tz) = FiX(TN_lTN_z cee TlTN).
i=1

The following lemma can be found in [35, Lemma 2.7]. For the sake of the
completeness, we include its proof in a Hilbert space’s version.

Lemma 2.7. Let H be a real Hilbert space and F : H — H a mapping.

(i) If F is 6-strongly monotone and A-strictly pseudocontractive with &6 + A > 1, then I — F is
contractive with constant /(1 — 6)/A.

(ii) If F is 6-strongly monotone and A-strictly pseudocontractive with 6 + A > 1, then for any
fixed number T € (0,1), I — TF is contractive with constant 1 — (1 - /(1 - 6)/1).

Proof. (i) For any x,y € H, we have

M =Fyx=(I=Fy|l* < [lx-y||* - (Fx~Fy,x-y) <1 -8)|x~y|", VYxyeH.
(2.11)
Thus,
[1-6
10 =F)x == Pyl <\|——llx-yll. vxyeH. (2.12)

Since 6+1 > 1, we have (1-6)/A € (0,1). Hence, I - F is contractive with constant \/(1 - 6) /\.
(ii) Since I — F is contractive with constant /(1 — 6) /A, we have for any 7 € (0, 1),

|x-y-7(Fx-Fy)|| = |1-7)(x-y) + T[T - F)x - (I- F)y]||

<A-7)||x-y| +7||I-F)x-(I-F)yl
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1-6
<@-nlx-yl+ 252 x- vl

=<1—T<1— —1;6>>||x—y, Vx,y € H.
(2.13)
Hence, I — 7F is contractive with constant 1 — 7(1 — /(1 - 6) /). O

Lemma 2.8. Let S1,S,,...,5n : C — C bea finite family of asymptotically nonexpansive mappings
with sequences {1+ k;((';)) }, respectively, such that k;((';)) — 0asn — oo. Then, there exists a sequence

{h,} C [0, 0) with h, — 0asn — oo such that

ST x =St y||< A+ R lx -yl ¥xyeC, (2.14)

i(n)

wherep(n) =j+1if N <n<(j+1)N,j=1,2,...andn = jN +i(n);i(n) € {1,2,...,N}.

Proof. Define the sequence {h,} by h, := max{k;(&)) : 1 <i(n) < N} and the result follows

immediately. O

In the rest of our discussion in this paper, we will assume that p(n) = j+1if jN <n <
(j+1)N,j=1,2,...and n = jN +i(n);i(n) € {1,2,...,N} and h,, := max{k;‘gj) :1<i(n) <N}
foralln >1,and foreachn >1,n = (p(n) - 1)N +i(n).

3. Main Results
Now, we are a position to state and prove our main results.

Theorem 3.1. Let C be a nonempty, closed, convex subset of a real Hilbert space H. Let S1,5,, ...,
Sn : C — C be a finite family of asymptotically nonexpansive mappings with sequences {1 + k;((";f) 1,

respectively, such that k;(("n)) — 0asn — oo, hy, = maX1§i(n)SN{k;((nn))} and T := nfﬁl Fix(S;),
I'= FiX(SNSN_lsN_z cee 51) = Fix(SlSN s 52) == FiX(SN_lsN_z s 515]\]). (31)

Let A : C — H be an a-inverse strongly monotone mapping. Let ¢ : C x C — R be a bifunction
which satisfies conditions (A1)-(A4) such that Q := EPNI is nonempty. Let F : C — H be 6-
strongly monotone and A-strictly pseudocontractive with 6+ A > 1, f : C — H a p-contraction, y a
positive real number such that y < (1 —~/(1-06)/\)/p, and r a constant such that r € (0,2a). For
xo € C arbitrarily, let the sequence {x,} be generated iteratively by (1.23). Suppose that {a,} and
{pn} are two sequences in [0, 1] satisfying the following conditions:

(C1) limy— oty = 0, limy s oo (i1 /) = 1, > @ty = 00 and limy, oo (hy /aty) = 0,

(C2) 0 < liminf, . opy, <limsup, | pn < 1and limy, o ((fns1 — Hn) /ni1) = 0.
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Assume that 37> sup,, g ||Sf((::11))z—5ﬁ%)z|| < oo, for each bounded subset B of C. Then, the sequence

{xn} converges strongly to x* of the following variational inequality:

(F-yf)x",x-x*)>0, x€Q (3.2)

or equivalently X = Po(I — F + yf)X, where Pg is the metric projection of H onto Q.

Proof. First, we rewrite the sequence {x,} by the following:
Xn+1 = /flnPC [yn] + (1 - ,un)Tr(xn -rAx,), n2=0, (3.3)

where the mapping T, is defined in Lemma 2.2. Pick z € Q and u, = T,(x, — rAxy,). The
nonexpansivity of T, and I — rA implies that

lun — zl| = | T (xn —7Axy) — Tr(z — T AZ)||

(3.4)
<|lxn —z|l, VzeQ.
Setting y := (1 —4/(1 -6)/A) and using Lemma 2.7(ii), we have
lyn —z|| = ||@ny (f (xn) - F2) + (I — a,F) (Sﬁrjll))xn - z> ”
< aapyllxn — z|| + an ||y f (xn) = Fz|| + (1 = ay) (1 + hyir) |20 — z|| (3.5)

= [1-an(y —ay) + (1= anY) hua] %0 = 2l + an ||y f (xn) = F2||-

By our assumptions, we have (1-a,Y)(h,,,;/a,) — 0asn — oo. We can assume, without loss
of generality, that (1 — a,,y) (h,,1 /) < (1/2)(y — ay). Applying Lemma 2.7, we can calculate
the following:

21 = 2l = || n (Pe [ya] = 2) + (1 = pn) (un = 2)|
< pin|Pelyn] = 2| + (1= ) 1t = 2|
< |y = =] + (L = pn) o = 2|
< [l = (¥ - ay) + (1 - any) hpa] xn - 2|

3.6
+ |y F i) = 2]| + (1= pn) 16 = =] (3.6)

By
22| | 21+ sl ) ~ P2
n

pnotn(1/2) (Y - ay)
(1/2)(y - ay)

= |ttt |7 ar) - (1= )

|y f (xn) - Fz||.

1 —
< [1- gpntn - ), 211+
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By induction, we obtain, for alln > 0,

(3.7)

l|xn — z|]| < max{ [|xo0 —

2||Yf(xo) F(2)| }
y—ay

Hence, {x,} is bounded. Consequently, we deduce that {u,}, {f(x,)}, and {y.} are all
bounded.
Next, we show that

Jim [lxpen = x| = 0. (3.8)

From (1.23), we have

N+1
e f (en) + (I = e F)S N N

Yen = Yen-a]l = |

(n+N)

—neN-1Y f (Xpen-1) = (I - an+N—1F)Sf(:+N) Xn+N-1 ”

e NY (f (X0eN) = f (Cnan=1)) + (@nenN = Xnen-1)Y f (Xnan-1)

N+1 N+1

+ (I - anNF) <Sp::N:1))x"+N Sﬁ(:rN:l))xHN—l)
N+1

+[(I —ansNF) = (I — anin- 1F)]Sp::N:1))xn+N—1

N+1
+(I = anen-1 F) (I %nen-1 = Sy nen-1 ) |

< ANV XniN = XNt + [N = Anen-a |y ]| f (enen-1) ||

(3.9)
+ (1 - “n+N?)(1 + hn+N+1)”xn+N - xn+N—1”
N+1
+ |an+N71 - an+N|”F|| ||Sf(<::N:1))xn+N,1 ||
— N+1
+ (1 - apn-1Y) ||Sf’((,;1:N:1))xn+N 1- ,HN) XN~ 1”

S A NY XN = XpaN-1]| + [@neN = Anen-1 Y] f (nan-1) ||

+ (1= anenY) (1 + Bpene1) | XN — Xnan- |

N+1
#lanen-1 = ansn [ SHns e |

Sp n+N+1) Sp(n+N)

+ sup i n+N+1) i(n+N)

x€e{x,:neN}
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and from (3.3), we have

1neN+1 = XN || = || HneNPe [Ynen] + (1 = pnenN ) thneN = pneN-1Pc [Ynen-1]
—(1 = ptnsn-1) tnen-a |
= || nen (P [Ynen] = Pe [Ynin-1]) + (UneN — pnen-1) Pe [Ynen-1]
+(1 = pnen) (UneN = UnenN-1) + (HneN-1 = PneN ) UneN-1 |
< PN ||YnenN = Ynen-t || + (1= poen) Jtnan = tpen- || (3.10)
+ | pnen = pnen-1 | (|| Pe [ynenaa] || + 1tnen-all),
lunen = tnen-ll = I Tr (XN — T AXpN) = Tr(Xnen-1 = T AXneN-1) ||
< Genen =T AXpeN) = (XneN-1 = TAXpeN-1) |

< ”xn+N - xn+N—1”.
Therefore,

[1%nenN+1 = XnanN || € PN OGN YA XN = XneN-1 || + PN |EnenN = Cnen-1]y || f Ccnen-1) ||

+ pnenN (1 = penY) (1 + BN || %nen = Xpan-1|

p(n+N+1)
+ HueN|AneN-1 = &N ||| F | ||S,(n+N+1) Xn+N-1
p n+N+1) p(n+N)
+ HneN  SUP ||S n+N+1) 1(n+N)
x€{x,:ne

+ (1 - /4n+N) 12N = Xnen-1|
+ |pnen = pnen- | (|| Pe [Ynen-1] || + lttnen-1ll)

< (1= pnen@nen (F = Y)) |1 XneN = Xnan-1 || + pneNAninN

Rpin+ —
X [<$ +hn+N+1Y)M

An+N
Xn+N-1 On+N-1 pn+N+1)
+1- - Yl f Cenen-0) || + o i N+1) XneN- 1”
1 N ~ HntN-1
b [EeN N ]+ ||un+N,1||)]
Hn+N AN
p(n+N+1) p(n+N)
+ sup |S1(n+N+1) -5 i(n+N) ||
x€e{x,:neN}

(3.11)
By Lemma 2.5, we obtain that

lim ||xn+N+1 - xn+N|| =0. (312)
n— oo



Abstract and Applied Analysis 13

Furthermore,

12¢n+n = 2|l < [XneN = Xnen-1ll + [[XneN-1 = Xnen-2ll + -+ - + [[Xpe1 = Xn]| — 0, as n — co.

(3.13)
Hence,
Hm [l n = x| = 0. (3.14)
Next, we show that
Jim [l — un | = 0. (3.15)

By the convexity of the norm || - ||, we have

lnsr = 217 = [lpn (Pe[ya] = 2) + (1= ) (= 2) ||
< pn|| Peya] = 2II* + (1 = o) 4 — 21
< pnllyn = z[|* + (1= o)l - 2|1

2
any f ) + (L= anF) S 0 = 2|+ (1= ) e = 22

:‘un

n+ 2
= in| @y f (en) = anF () + (1 = @ F)Si) xn = (1 = anF)z||” + (1= p) 1t = 2IP

i(n+1)

2
(L= anF)Siry 0 = (I = auP)z||” + puctl ||y f (n) = F(2)|°

<
+ 24ty (1= anF)S[ %0 = (I = auF)z, v f () = F(2) ) + (1= o) 14 = 21
< pin (1= )" (14 her) 20 = 2+ et |y £ () = F(2)|1°
+ 20t (1 = a7 ||y £ (3n) = F(2) |16 = 21| + (1 = pin) |14 = 21|
< pn (1= @) (14 2k + B2, )10 = 20 + e[y f () = F(2)|?
+ 20t ptn (1= ) |Yf (xn) = F(2)|[[1200 = 2l + (1 = ptu) 100 = 2|
= pin (1= an¥) (1 + 1) 130 = 2I° + pacl ||y f (2n) = F ()|

+ 20 (1 = an¥) ||y f (xn) = F@)|| 1260 = 2]l + (1 = pn) |14 — 217,
(3.16)
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where h*

* 1 = 2hp + k2. From Lemma 2.3, we get

n+l°

llun — 2”2 = Ty (xp —rAxy) = Tr(z — TAZ)HZ
< (xn =7 AXy) - (z—rAzZ)|? (3.17)

< |lxn = z|* + 7(r - 2a) || Ax,, — Az
Substituting (3.17) into (3.16), we have

21 — zlI* < pn (1 = an) (1 + ) 16 — z|* + .“n“i”}/f(xn) - F(2) ”2
+ 2apn (1= anY) [y f (xn) = F(2)[[lxn - 2|

+ (1= pn) [l = 21 + 7 = 2a) | A, — Az

” (3.18)
-(1- ¥ L - 2| = anpnhner ¥l xn — z|*
< cxnyn<r an>>llxn 2| = anpnhna Y| %0 — 2|l

+ @ ||y £ (en) = F(2)|I” + 2t (1 = V) ||y £ () = F(2) || 120 = 2]
+ (1—pn)r(r —2a)||Ax,, — Az|]%

Therefore,

(1= pa)r(2a = 1) ]| Axy — Az| < <1 — Gnpin <? - %>> %0 = 2l = [|ns1 = z1°

+ pn@2 [y f (en) = F@)||* + 2anptn (1 - aaT)
x ||y f (xn) = F(2) ||l - Il

< lloen = 2l = ll2nr = 2> + i |ly f(ea) = FR|I* (3.19)
+ 20t (1= a,Y) ||y f (xn) = F(2) || = 2|

< (|1xn = zI| + [1Xns1 = 2l 1% = X |
+ ||y f (xa) - F(2)|°
+ 2t (1= a,Y) ||y f (xn) = F(2) || = zlI-

Since liminf, (1 — pn)rRaa —r) > 0, ||x, — Xp+1|| — Oand a, — 0, we derive

lim [| Ax, - Az]| = 0. (3.20)
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From Lemma 2.2, we obtain

[, — 2”2 =T (xp —rAxy) = Tr(z - TAZ)HZ

< {((xy —1Axy) — (z—-1Az), Uy, — 2)
1 2 2
= 5 (I =A%) = (2= rAZ)|P + |~ 2

11t = 2) = P(A%y — AzZ) = (1t — 2)])

1
< 5 (llen = 21+l = 217 = 16w = ) = (A = A2
1
= > <||xn - z||2 + ||un — z||2 —||xn — un||2 +2r{xy — Up, Axy, — Az) — r2||Axn — Az||2>.
(3.21)
Thus, we deduce
it = 21> < Nlxn = 201 = 10 = tal® + 27|20 — ||| Axw — Az]]. (3.22)
By (3.16) and (3.22), we have
1%n41 — 2“2 < ,un(l - an?) (1 + h:1+1)||xn - 2”2 + .unai”}’f(xn) - F(z) ”2
+ 20 ptn (1 — a¥) ||y f (xn) — F(2)||[lxn — =]
+ (1= pon) [loen = 2 = Nt = al* + 27 = [ A2 ~ Az
. ) X , (3.23)
S\ 1T-anpn| ¥ - . llxn — z|| +#n“n”Yf(xn) - F(z)"
+ 2t (1= an¥) ||y f (xn) = F(2) || l1%n — 2l
+ (1= i) [0 = sl + 2711, = s Ay = Az
Therefore,
(1= pa) 126 = wnll® < ot = 21 = 1201 = 2l + pne2 ||y f (x0) = F(2)||”
+ 20t (1 = ) ||y f (n) = F(2) || 1|20 — |
+ (1 - /’ln) [27'||xn - un””Axn - AZ”]
(3.24)

< (%0 = 2l = [1Xne1 = 2D 11%n = Xne1 || + pna ||y f (xn) = F(2)]||?
+ 2Ulnﬂn (1 - an?) ”Yf(xn) - F(z) ” lxn — z||
+ 27‘(1 - #n)”xn = uy||||Ax, — Az||.
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Since liminf, oo (1 — ptn) >0,y — 0, ||Xps41 — xp|| — O and ||Ax, — Az|| — 0, we derive that

lim [|x;, = ]| = 0. (3.25)

Next, we show that

lim ”xn - Sz(n+N)Sz(n+N 1)5 n+N-2) * Si(n+2)Si(n+1)xn” =0. (3.26)

n—oo
By using (3.14), it suffices to show that

nliir(}o”anrN = Si(neN) SineN-1)SitnaN=-2) * * - Si(n+2) Si(n+1) X || = 0. (3.27)

Observe that

SP("

(n+N
XntN-1 = S0 N) xn+N 1” < ||%neN = Xpen-1 || + | SP" )

XntN = Oj(neN) Xn+N-1 ||

p(n

< lxneN = Xnen-1l + fuen- 1||Pc Ynin-1] = S n+N) N 1”

+ (1= pen-1) || Unen-1 — ,HN) )1 ”

< xneN = Xnen-1ll + HueN-1 |[Ynen-1 = n+N) xn+N 1 ||

+ (1= pnan-1) |[Unen-1 = Sigy, N) XN ”
S %neN = XnaN-1]| + PneN-1AneN-1
<”Yf(xn+N D]+ ||F5p,ff15))xn+w 1”)
+ (1 = pnen-1) [|ttnen-1 — Xnen-1|

p(n
Xn+N-1 — Sl<n+N) Xn+N-1 ”

+ (1 - /fln+N—1)
(3.28)

Hence,

p(n+N
Xn+N-1 — Sz(n+N) xn+N—1|| <

12N = Xpen—t|

Hn+N-1
+ an+N—1<”Yf(xn+N71)” + ||FS?((:+]5))xn+N—l ||> (3.29)

+ (1 - /fln+N—1)

YN [ttnen-1 = Xpen-1]-
n+N—

From (3.14), (3.25), lim, _, ., = 0, and (C2), we have

XpiN-1— Sf’::%)me 1” —0 asn— oo. (3.30)
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Since Sj) is Lipschitz with constant L;y) for each i(n) € ({1,2,...,N} and for L =
maxi<i<N{Lim)}, and for any positive number n > 1, n = (p(n) — 1)N +i(n), we have

(n+N) (n+N)
| nen-1 = Sitnen) Xnen-1|| < | Xn+N-1— Sf(,HN) Xn+N-1|| + Sf(mN) Xn+N-1 = Si(n+N) Xn+N-1
p(n+N) p(n+N)-1
< | Xn+N-1 — Si(nJrN) XniN-1|| + L Si(n+N) Xn+N-1 ~ Xn+N-1
p(n+N)
< | XntN-1 = SNy Xn+N-1

N)-1 N)-1
(S -

+[ 8t ™ sne1 = 20| + et = el
(3.31)
Since for each n > N, n+ N = n(modN), and also n = (p(n) - 1)N +i(n), so
n+N=(p(n)-1+1)N +i(n) = (p(n+N)-1)N +i(n+ N), (3.32)
that is,
p(n+N)-1=p(n), i(n+ N) =i(n). (3.33)
Hence,
||5ﬁ(,:1:,}\\7]))_1xn+1\171 - Sﬁ(,f)JrN)_lan ” = ||Sf((nn))xn+N—1 - SZ(:))XnA ” S L||xpen-1 — X1l (3.34)
Also,
||sf(§1’§*N)*1xn,1 Xt || - | S 1 = 2n | (3.35)
Therefore, substituting (3.34) and (3.35) into (3.31), we have
| xnen-1 = Signeny Xnen-1]| < | Xp+N-1 — Sﬁr:]]\x)xnﬂ\f—l ” + L?|| 2 N-1 — Xt |
(3.36)
+ L||sf(§j))xn,1 — X1 || + L[t — Xnan- -
From (3.30) and (3.14), we have
nlill;”xmz\f—l = SitneN) Xnen-1]| = 0. (3.37)
Also,
|2neN = Sitneny Xnen-1]| < 1%nen = Xnen-a |l + || Xnen-1 = Signeny Xnen-1]|, (3.38)




18 Abstract and Applied Analysis

so that

Xn+N-1 — Si(mN)me,l — 0 asn— oo. (339)

Indeed, noting that each S;(,) is Lipschitzian and using (3.39), we can calculate the following;:

XneN = Si(nN)xny — 0 as n— oo,

Si(n+N)XneN-1 = Si(n+N) Si(n+N-1) XnsN-2 @S 1 —> 0,

(3.40)
Sin+N)Si(neN-1) * ** Sin+2)Xn+1 = Si(n+N) SigneN-1) * ** Sin+2)Sina1)Xn — 0 as n — oo.
It follows from (3.40) that
Xn+N = Si(naN) Si(neN-1) * - Sin+1)Xn — 0 as n — co. (3.41)
Using (3.14), we have
Xn = Sitn+N) Sin+N-1) * - * Si(ns1)Xn — 0 as n — oo. (3.42)

Hence (3.26) is proved. Let @ = Pq. Then, ®(I — F — yf) is a contraction on C. In fact, from
Lemma 2.7(i), we have

(I -F-yf)x-®(I-F-yf)y| <|(I-F-yf)x-(I-F-yf)y|
<||I=F)x= I =Fy| +y|lf(x) - f(»)]

1-6
<A/ 2wl arlix- v 649
= 1-9 +ay )||x-
- 1 Y y

Therefore, ®(I — F — yf) is a contraction on C with coefficient (1/(1-6)/A + ay) € (0,1).
Thus, by Banach contraction principal, Po(I — F — yf) has a uninique fixed point x*, that
is Po(I — F — yf)x* = x* which mean that x* is the unique solution in Q of the variational
inequality (3.2). Next, we show that

, VYx,yeC.

lim sup(y f (x*) - Fx*, x, — x*) <0. (3.44)

n—oo
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Let {x,, } be a subsequence of {x,} such that

limsup(y f(x*) — Fx*,x, — x*) = jlirg<yf(x*) — Fx*, xp, — X" > (3.45)

n—oo

Since {x,} is bounded, we may also assume that there exists some X € H such that x,;, — X.

Since the family {S;}Y, is finite, passing to a further subsequence if necessary, we may further
assume, for some i(n) € {1,2,..., N}, it follows that

Xn; = Sin+N)Si(n+N-1) * ** Si(n+1)Xn, — 0 as j — co. (3.46)

By Lemma 2.4, we obtain
X € F(SitneN)SitneN-1) - - - Sin+1) ) s (3.47)

so this implies that X € I'. Next, we show X € EP. Since u,, = T, (x, — rAx,), for any y € C, we
have

1
¢ (un, y) + — (Y = thn, tn = (X = 1 Ax)) 2 0. (3.48)
From the monotonicity of F, we have
1
;<y = Un, Un — (Xn — rAxn)) > (i)(y, un), VyeC. (3.49)

Hence,

<y — Uy, Uy, ;xm n Axni> >¢(y,un), VyeC. (3.50)

Put z; =ty + (1 —t)x for all t € (0,1] and y € C. Then, we have z; € C. So, from (3.50), we
have

Un

i~ Xy
(zt = Un, Azt) > (24 — Up, Azy) — <zt - Up,, p LA Axni> + Pz, uy,)

= (2t — Up, Azt — Allp,) + (24 — Up,, Ally, — AXp,) (3.51)

Uy — Xy,
+ <zt - Uy, — - "l> + P(zt, Un,).

Note that ||Auy,, — Axy, || < (1/a)||uy, — x| — 0. Further, from monotonicity of A, we have
(2t — Un,, Azy — Auy,) > 0. Letting i — oo in (3.51), we have

<Zt - f, AZt> > (;b(Zt, i) (352)
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From (A1), (A4), and (3.52), we also have

0= ¢(Zt’ Zt) < t¢(Zt,y) + (1 - t)gb(zt, 'JE)
<td(zey) + (1 )(z - %, Azp) (3.53)

= t¢(z1,y) + (1~ DE(y - %, Az)
and, hence,
0<P(z,y) + (1 -t)(Az, y - X). (3.54)
Letting t — 01in (3.54) and using (A3), we have, for each y € C,
0< (X y) +(y- X, AX). (3.55)
This implies that X € EP. Therefore, X € Q. Therefore,

limsup(y f (x*) = Fx", x, — x*) = (yf(x") - Fx", X - x7) <0. (3.56)

n— oo

Finally, we prove that x, — x* asn — oco. From Lemma 2.7 and (1.23), we obtain

ent =217 = [lpen (Pe [ya] =) + (1= pn) (= x")||°

24 (1= pn) [l — x|

< pin| P [yn] - x*
< pi|yn = 2 |F + (1= pn) i — x* |1

" 1 «||
@y f () = anF (") + (I = )} 0 = (1 - )|

4]

+ (1= )l = x|

|2

an(yf(xn) = F(x*)) + (I - a,F) <Sf(<::11))xn - x*>

= (1= pn) %0 = X*|* + ptn
< (1= ) 120w = |2 + pn (1 = @ 7)* (1 + hi1)? || — ¥
+ 2pn0t (y f () = F(x*), Xps1 — X*)
< (1= )t = %°[1* + pin (1 = aa7) <1 +2hni + hi+1> 12 = x>
+ 2Unan (Y f (Xn) = F(x"), a1 = X7)
= (1= o) 130 = X7 + pin (1 = @¥) (1 ) e = 7|2
+ 20y (y f (xn) = F(x*), Xns1 — Xx*)
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_ I .
< <1_#nan<}’_ a—ﬂ>>”xn -X ”2

+2unay <Y - [Xn1> I:(7 _ /“n) <Yf(xn) = F(x"), xp11 —x >],

n+l
(3.57)
where b} | = 2hy + hfl .1- Hence, all conditions of Lemma 2.5 are satisfied. Therefore, x,, —
x*. This completes the proof. O

The following example shows that there exist the sequences {a,} and {p,} satisfying
the conditions (C1) and (C2) of Theorem 3.1.

Example 3.2. For eachn > 0,leta, =1/(n+1) and p, = 1/2+1/(n + 1). Then, it is easy to
obtain lim, ., a, = 0, >0 g, = o0 and limy, (@1 /a,) = 1,0 < 1/2 = liminf, oy, <

limsup, , pn=1/2<1and lim, o ((4n+1 — pin) / ans1) = 0. Hence, conditions (C1) and (C2_)
of Theorem 3.1 are satisfied.

Corollary 3.3. Let C,H, A, ¢,Q, f,F,r be as in Theorem 3.1. Let S1,S5,...,Sn : C — C bea
family of nonexpansive mappings. Let T1, Ty, ..., Ty : C — C be mappings defined by (2.9). For
Ty := Ty mod N, let the sequence {x,} be generated by

1
¢ (un y) + (AXn Y = tn) + —(Y = thnyUn = %) 20, Yy €C, (3.58)

Xni1 = PnPe[any f(xn) + (1 = anF)Tuxy] + (1 = pn)un, n>0.

Assume that 3,77 sup, g||Tns1z — Taz|| < oo for each bounded subset B of C and the sequences {ay, }
and {u,} satisfy the following conditions:

(C1) limy—, oty = 0, 3070 an = 00 and limy, o (0,1 /tn) = 1,

(C2) 0 < liminf, . op, <limsup, | pn <1and limy, o ((4,.,q — Hn)/ans1) = 0.

Then the sequence {x,} converges strongly to x* of the following variational inequality:
(F-yf)x",x-x*)>0, xe€Q, (3.59)
or equivalently X = Po(I — F + y f)X, where Pq is the metric projection of H onto Q.

Proof. By Lemma 2.6, we have

N
ﬂ FIX(TI) = FiX(TNTN,lTN,z s Tl) = FiX(TlTN tee Tz) = FiX(TN,lTN,z s TlTN). (360)
i=1

Therefore, the result follows from Theorem 3.1. O
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Remark 3.4. As in [58, Theorem 4.1], we can generate a sequence {S,} of nonexpansive
mappings satisfying the condition >,,°; sup{||Sps1z — Snz|| : z € B} < oo for any bounded
subset B of C by using convex combination of a general sequence {Tx} of nonexpansive
mappings with a common fixed point.

Settingy =1, F = I, and S,, = S, a nonexpansive mapping, in Corollary 3.3, we obtain
the following result.

Corollary 3.5 ([46], Theorem 3.7). Let C, H, A, ¢, f, r be as in Theorem 3.1. Let S : C — C bea
nonexpansive mapping such that Q := EP NFix(S) # 0. Let the sequence {x,} be generated by

¢(tn, y) + (Axp, y — uy) + %(y — U, Up—Xn) 20, VYyeC,

(3.61)
X1 = PnPe[anf (xn) + (1 — an)Sxp| + (1 = pu)un, n>0.
Assume the sequences {a,} and {u,} satisfy the following conditions:
(Cl) lim, , e, =0, 21?;0 a, = oo and hmnﬂoo(am_l/an) =1,
(C2) 0 < liminf, . op, <limsup, _, pn < 1and limy, o ((ns1 — Hn)/@ni1) = 0.
Then, the sequence {x,} converges strongly to x* of the following variational inequality:
(I-f)x",x=x") 20, xeQ. (3.62)
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1 Introduction

Let E be area Banach space. A mapping T of E into itself is said to be nonexpansive if
ITx=Ty| < |Ix—y]| foreachx,y € E. Wedenoteby Fix(T) the set of fixed pointsof T.
A mapping f : E — E iscalled a-contraction, if there existsa constant 0 < o < 1 such
that || f(x) — f(y)|| < a|lx —y| foral x,y € E.Afamily S ={T():0 <1t < oo} of
mappingsof E intoitself iscalled anonexpansive semigroup on E if it satisfiesthe following
conditions:

(i) TOx =xfordlx € E;

(i) T(s+t)=T(s)T(t) forals,t>0;

i) ITOxX-=TOYI<IIx—y|fordlx,y e Eandt >0;

(iv) foral x € E, themappingt — T (t)X is continuous.
We denote by Fix(S) the set of all common fixed points of S, that is,

Fix(S):={xeE:Ttx=x,0<t < oo} =Ni>0Fix(T(t)).

In[1], Shigji and Takahashi introduced the following implicit iteration in a Hilbert space
1]
Xn = apX + (1 — an)r/T(s)Xnds, vneN (11)
n
0

where {a,} isasequencein (0, 1), {tn} isasequence of positive real numberswhich diverges
to co. Under certain restrictions on the sequence {«y, }, Shioji and Takahashi [1] proved strong
convergenceof the sequence {x,, } toamember of F (S). In[2], Shimizu and Takahashi studied
the strong convergence of the sequence {x,,} defined by
1]
Xn+1 = anX + (1 — an)t—/T(s)xnds, vh e N 1.2
"0
in areal Hilbert space where {T (t) : t > 0} isastrongly continuous semigroup of nonex-
pansive mappings on a closed convex subset C of a Banach space E and lim,_, » th = o0.
Using viscosity method, Chen and Song [3] studied the strong convergence of the following
iterative method for anonexpansive semigroup {T (t) : t > 0} with Fix(S) # ¥ inaBanach
space
1}
Xny1 =an F(X)+ (21— an)t— / T(s)Xpds, VneN, (1.3
"0
where f isacontraction. Note however that their iterate x, at step n is constructed through
the average of the semigroup over the interval (0, t). Suzuki [4] was the first to introduce
again in aHilbert space the following implicit iteration process:

Xn = apu + (1 — an)T(tn)Xn, vn e N, (14)

for the nonexpansive semigroup case. In 2002, Benavides, Acedo and Xu [5] in auniformly
smooth Banach space, showed that if S satisfies an asymptotic regularity condition and {an}

fulfills the control conditions limy_—, oo an = 0, > o j an = o0, and limy_—, o a"‘+ =0,
then then both the implicit iteration process (1.4) and the explicit iteration process (1 5)
Xn+]_ = apu + (1 — an)T (tn)Xn, vn e N, (15)
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converge to a same point of F(S). In 2005, Xu [6] studied the strong convergence of the
implicit iteration process (1.1) and (1.4) in auniformly convex Banach space which admitsa
weakly sequentially continuous duality mapping. Recently Chen and He [7] introduced the
Viscosity approximation process :

Xn1 =an f(Xn) + (A = B)T (tn)Xn, VYN €N, (1.6)

where f isacontraction, {«n} isasequencein (0, 1) and a nonexpansive semigroup {T (t) :
t > 0}. The strong convergence theorem of {x,} is proved in areflexive Banach space which
admitsaweakly sequentially continuousduality mapping. In[8], Chen and Heintroduced and
studied modified Mann iteration for nonexpansive mapping in a uniformly convex Banach
space.

On the other hand, iterative approximation methods for nonexpansive mappings have
recently been applied to solve convex minimization problems; see, e.g., [9-13] and the ref-
erencestherein. Let H beareal Hilbert space, whose inner product and norm are denoted by
(-,-yand | - ||, respectively. Let A be astrongly positive bounded linear operator on H: that
is, thereisaconstant y > O with property

(AX, X) > 7|Ix||® foral x e H. (1.7)

A typical problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on areal Hilbert space H :

1
[(nglgé(Ax,x) — (X, b), (1.8)

where C isthe fixed point set of a nonexpansive mapping T on H and b isagiven point in
H. In 2003, Xu ([10]) proved that the sequence {x,} defined by the iterative method below,
with theinitial guess xg € H chosen arbitrarily:

Xn1 = (I —anA)TXp +opu, n >0, (1.9

converges strongly to the unique solution of the minimization problem (1.8) provided the
sequence {ay, } satisfies certain conditions. Using the viscosity approximation method, M oud-
afi [14] introduced the following iterative iterative process for nonexpansive mappings (see
[15] for further developmentsin both Hilbert and Banach spaces). Let f be acontraction on
H. Starting with an arbitrary initial Xg € H, define a sequence {x,} recursively by

Xn+1 = (1 —an)TXn +an f(Xn), n=>0, (1.10)

where {an} isasequencein (0, 1). It is proved [14,15] that under certain appropriate con-
ditions imposed on {ay,}, the sequence {x,} generated by (1.10) strongly converges to the
unique solution x* in C of the variationa inequality

(1 — H)x*,x —x* >0, xeH. (1.12)

Recently, Marino and Xu [16] mixed theiterative method (1.9) and the viscosity approxima-
tion method (1.10) and considered the following general iterative method:

Xner = (I —anA)T Xy +anyf(Xy), n=>0, (1.12)

where A isastrongly positive bounded linear operator on H. They proved that if the sequence
{an} of parameters satisfies the certain conditions, then the sequence {x,,} generated by (1.12)
converges strongly to the unique solution x* in H of the variational inequality

(A—yf)x*, x—x*>0, xeH (2.13)
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which is the optimality condition for the minimization problem: minycc %(Ax, x) — h(x),
where h isapotential function for y f (i.e.,h’(x) = y f (x) for x € H).

Very recently, Li et a. [17] introduced the following iterative procedures for the approx-
imation of common fixed points of a one-parameter nonexpansive semigroup on a Hilbert
space H :

th
1
Xo =X € H,Xpy1 = (I —anA)t—/T(s)xnds+oznyf(xn), n >0, (2.19)
n
0

where A isastrongly positive bounded linear operator on H.

Let § and 1 betwo positive real numberssuchthat §, & < 1. Recall that amapping F with
domain D(F) and range R(F) in E iscalled §-strongly accretive if, for each x, y € D(F),
thereexists j(x — y) € J(x — y) such that

(Fx — Fy, j(x —y)) = 8lIx — yl?, (1.15)

where J isthe normalized duality mapping from E into the dual space E*. Recall also that
amapping F iscalled A-strictly pseudo-contractive if, for each x, y € D(F), there exists
j(xX —y) € J(x —y) such that

(FX = Fy, jx = y)) < Ix = yI* = Al(x —y) — (Fx — Fy)|2 (1.16)
It is easy to seethat (1.16) can be rewritten as
(I =Fx = =F)y, jx—y) = Al = F)x — (I = Py, (1.17)

see[18].

Let C beanonempty closed convex subset of areal Hilbert spaceH,and T : C — C be
amapping. T issaid to be a-strictly pseudo-contraction in light of Browder and Petryshyn
[19] if there exists a A such that

IFx — FylI2 < IIx — ylI> = Al(x — y) — (Fx — Fy)||%, (1.18)
forevery x,y € C.

Remark 1.1 From (1.16) we can prove that if F is A-strictly pseudo-contraction, then F is
Lipschitz continuous with the Lipschitz constant %; see [20] for more details.

In this paper, motivated by the above results, we introduce and study the strong conver-
gence theorems of the general iterative scheme {x,} defined by (1.19) in the framework of a
reflexive Banach space E which admits aweakly sequentially continuous duality mapping :

Xo=X€E, Xnpr1=anyf(Xn) + (I —anF)T(tn)Xn, n>0 (1.19)

where F is §-strongly accretive and A-strictly pseudo-contractive with § + 1 > 1, f is
a contraction on E with coefficient 0 < o < 1,y is a positive real number such that

Y < 5 (l—J%) and S = {T(t) : 0 < t < oo} is a nonexpansive semigroup on E.

The strong convergence theorems are proved under some appropriate control conditions on
parameter {an} and {t,}. Furthermore, by using these results, we obtain strong convergence
theorems of the following new general iterative schemes {y,}, and {z,,} defined by

Yo=Y € E, Ynr1=any T (T{t)Yn) + (I —anF)T(t)yn, n>0 (1.20)
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and
Z0=2¢€E, znp1=TM)(anyf(@n) +d —onF)zn), n>0. (1.21)

The results presented in this paper extend and improve the main resultsin Li et a. [17] and
Chen and He [7] and many others.

2 Preliminaries

Throughout this paper, it is assumed that E isarea Banach space withnorm || - || and let J
denote the normalized duality mapping from E into E* given by

JoO ={f e E*: (x, f) = x| = |||}

for each x € E, where E* denotes the dual space of E and (-, -) denotes the generalized
duality pairing and N denotes the set of all positive integer. In the sequel, we shall denote
the single-valued duality mapping by j, and denote F(T) = {x € C : Tx = x}. When
{xn} isasequencein E, then x, —> x (respectively x, — X, Xp Aox ) will denote strong
(respectively weak, weak*) convergence of the sequence {x,} to x. In a Banach space E,
the following result (the Subdifferential Inequality) is well known ([28, Theorem 4.2.1]):
VX,y € E,Vj(X+Yy) e JX+Y),VjX) e J(X),

IXI1% 4+ 2(y, j)) < IX + Y12 < IXI2+ (Y, j&x+ ). (2.)

A real Banach space E is said to be strictly convex if Yl < 1 for al x,y e E with
Xl = lyll = 1and x # y. Itissaid to be uniformly convex if for all € € [0, 2], there exits
8¢ > O such that

IXI'= 1yl = 1with|x —y| = € implies

Ix +yl
5 <1-54..

The following results are well known and can be founded in Ref. [28]:

(i) A uniformly convex Banach space E is reflexive and strictly convex ([28, Theo-
rem 4.2.1 and 4.1.6])

(if) If E isastrictly convex Banach spaceand T : E — E isanon-expansive mapping,
then fixed point set F(T) of T isaclosed convex subset of E ([28, Theorem 4.5.3)).

Recall that thenorm of E issaid to be Gateaux differentiable (and E issaid to besmooth),
if the limit

. X +ty| —[IX
im XY= Ix

t—0 t (22)

exists for each x, y on the unit sphere S(E) of E. Moreover, if for each y in S(E) the limit
defined by (2.2) isuniformly attained for x in S(E), we say that the norm of E isuniformly
Gateaux differentiable. Itiswell knownthat if E isaBanach spacewith auniformly Géteaux
differentiable norm, then the mapping J : E — E issingle-valued and norm to weak star
uniformly continuous on bounded sets of E [28, Theorem 4.3.6]. If C isanonempty convex
subset of a strictly convex Banach space E and T : C — C is a nonexpansive mapping,
then fixed point set F(T) of T isaclosed convex subset of C [28, Theorem 4.5.3].

Now, we present the concept of uniformly asymptotically regular semigroup (also see
[21,22]). Let C be a nonempty closed convex subset of a Banach space E, S = {T(t) : O
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<t < oo} acontinuous operator semigroup on C. Then S is said to be uniformly asymptot-
ically regular (inshort, u.ar.) on C if for al h > 0 and any bounded subset D of C,

lim sup || T (h)(T (t)x) — T()x|| =0.
t"ooxeD

The nonexpansive semigroup {ot : t > 0} defined by the following lemma s an example of
u.ar. operator semigroup. Other examples of u.ar. operator semigroup can be found in [21,
Examples 17, 18].

Lemma2.1 [3, Lemma 2.7] Let C be a nonempty closed convex subset of a uniformly
convex Banach space E, and D a bounded closed convex subset of C, and S = {T(s) :
0 < s < oo} a nonexpansive semigroup on C such that F(S) # @. For each h > 0, set
ot(x) = L [5 T (s)xds, then

Jim sup flor () = T (ot ()| = 0.
—7®xeD

Example 2.2 Theset {oy : t > 0} defined by Lemma 2.1 is u.a.r. nonexpansive semigroup.
Infact, itisobviousthat {0t : t > 0} isanonexpansive semigroup. For eachh > 0, we have

h

1
ot (X) = onot(X) || = |ot(X) — H/T(S)Ut(x)ds
0

1 h
= H/(Ut(x)_T(s)Ut(X))dS
0
h
1
< H/”Gt(x) —T(s)or(x)||ds.
0

Applying Lemma 2.1, we have
L h
lim sup [lot(X) — oot (X) || < */ lim sup [lot(x) — T(s)ot(X)[|ds = O.
—00yeD h A t—00yep
Let C be anonempty closed and convex subset of a Banach space E and D a nonempty
subset of C. A mapping Q : C — D issaid to be sunny if
Q(Qx +t(x — Qx)) = Qx,

whenever Qx +t(x — Qx) e Cforx e Candt =0. Amapping Q : C — Discdleda
retraction if Qx = x for al x € D. Furthermore, Q isasunny nonexpansive retraction from
C onto D if Q isaretraction from C onto D which isalso sunny and nonexpansive. A subset
D of C iscalled a sunny nonexpansive retraction of C if there exists a sunny nonexpansive
retraction from C onto D. Thefollowing lemmaconcernsthe sunny nonexpansive retraction.

Lemma 2.3 ([23,24]) Let C be a closed convex subset of a smooth Banach space E. Let
D be a nonempty subset of C and Q : C — D be a retraction. Then Q is sunny and
nonexpansive if and only if

(U—Qu, j(y-Qu) =0
forallu e Candy € D.
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Lemma 2.4 [25, Lemma 2.3] Let {an} be a sequence of nonnegative real numbers satisfying
the property:

ant+1 < (L —tp)an +thcy + by, ¥n > 0,

where {t,}, {bn}, {cn} satisfying the restrictions:
(i) 2nzith = oo;
(i) >p2qbn < o0;
(iii) limsup,_. oo Cn < 0.
Then limy_ o an = 0.
Thefollowing lemmawill be frequently used throughout the paper and can be found in [26].

Lemma?2.5 [26, Lemma 2.7] Let E be a real smooth Banach spaceand F : E — E a
mapping.
(i) If F is 8-strongly accretive and A-strictly pseudo-contractive with § + A > 1, then

| — F is contractive with constant /=2

(i) If F is 8-strongly accretive and A-strictly pseudo-contractive with § + A > 1, then for

any fixed number ¢ € (0, 1), | — tF is contractive with constant 1 — ¢ (1 — %)

Let N be the set of positive integers and let 1°° be the Banach space of bounded val-
ued functions on N with supremum norm. Let LIM be a linear continuous functional on
1°° and let x = (a1, az, ...) € I°°. Then sometimes, we denote by LI1M(a,) the value of
LIM (x). We know that there exists a linear continuous functional LIM on I*° such that
ILIM|| =LIM(1) =1andLIM(a,) = LIM(an+1) for each x = (a1, a2, ...) € 1°°. Such
aLIM iscalled aBanach limit. Let LIM be aBanach limit. Then,

liminfa, < LIM(x) < limsupap

n—> 00 n—> 00
for each x = (a1, a2, ...) € 1°°. Specidly, if a, —> a, then LIM (x) = a; see[28] for more
details.

Proposition 2.6 [28] Let E be a real Banach space which has a uniformly Gateaux differ-
entiable norm. Suppose that {x,} is a bounded sequence of E and let LIM, be a Banach
limitand z € E. Then

LIMp[%n — ]2 = inf LIMq[Ixn — y|I2
yeE

if and only if
LIMp(y —z, j(xn —2)) =0, Vy € E.

Let (X, d) be ametric space. A subset M of X is called a Chebyshev set, if for each
x € X, thereexistsauniqueelementu € M suchthat d(x, u) = d(x, M), whered(x, M) =
inf,em d(x, 2).

Theorem 2.7 (Day-James Theorem) [27] E is a reflexive strictly convex Banach space if
and only if every nonempty closed convex subset of E is Chebyshev set.

Lemma 2.8 [29, Lemma 3.2] Let C be a nonempty closed convex subset of E and let {T (t) :
0 <t < oo} be a u.a.r. nonexpansive semigroup on C such that Fix(S) # ¢ and at least
there exists a T (t) which is demicompact. Then, for each x € C, there exists a sequence
{T(j)):0=<tj <oo,j e N} C{T(t):0=<1t < oo}suchthat {T (tj)x} converges strongly
to some point in Fix(S), where tj — oo as j — oo.
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3 Main results

Let E be areal Banach space. Let T be a nonexpansive mapping on E. For f € Ig and
F a §-strongly accretive and A-strictly pseudo-contractive with§ + 1 > 1and0 < y <

RN . .
ming o, — . Foreacht € (0, 1), themapping S; : E — E defined by

Six) =tyfxX)+ (1 —tF)Tx, Vxe E
is acontraction mapping. Indeed, for any x, y € E,

[St() = St = Ity () = £() + (1 =tF)Tx — (I —tF)Ty||

1-6
=ty f oo — Wl +(1—t(1—,/A)|IX =Vl
1-4
=< (l—t[(l— Vo)~ J/a]) X =yl (31)

Thus, by Banach contraction mapping principle, there exists auniquefixed point x; in E that
is

xt =ty f(xe) + (I —tF)Txy. (3.2)

Lemma3.1 Let E be a real reflexive strictly convex Banach space which has uniformly
Gateaux differentiable norm. Let T be a nonexpansive mapping with F(T) # @ and f :

C — C a contraction mapping with coefficient (0 < « < 1), and let F be a §-strongly

)
x

accretive and A-strictly pseudo-contractive with§ +1 > 1and 0 < y < min g o

Then the net {x;} defined by (3.2) converges strongly ast — 0 to a fixed point X in F(T)
which solves the variational inequality :

(F—yD%, j(R —2)) <0,z € F(T). 3.3)

Proof We first show that the uniqueness of a solution of the variationa inequality (3.3).
Suppose both X € F(T) and x* € F(T) are solutionsto (3.3), then

(F—yDX, j(Xx=x%)) <0 (34)
and

(F—yHx*, j(x* —=%)) <0. (35)
Adding (3.4) and (3.5), we obtain

(F=yHX = (F —yfH)x*, j& —x%) <0. (3.6)
Noticing that for any x,y € E,
(F=yD)x=(F=yhy, jx —=y)) =(FX=Fy, jx=y) =y (fO—f(y), j(x =)
> 5lx — ylIIZ =y F00 — FMITx =yl

> §lx — yIIZ — yalx — y|?
=@ —ya)lx—yl*=0. @7
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This together with (3.6) impliesthat X = x* and then the uniqueness is proved. Below we
use X to denote the unique solution of (3.3). Next, we will prove that {x;} is bounded. Take
ap e F(T), then we have

Ixt — pll = ity f(xo) + (I =tF)Tx¢ — pl
= =tFH)Tx — (I =tF)p+t(yf(x) — F(p)I

1-6
< (l—t(l— ‘/A) Xt — pll + t(yelixe — pll+ Iy f(p) — F(P)ID.

It follows that

1
Xt = pll < lyf(p) — FPI.
%)

Hence {x;} isbounded, so are { f (x¢)} and {F T (x¢)}. The definition of {x;} implies that
xe = Txell =ty f(xt) — F(Tx)ll — Oast —> 0. (3.8)
Assumethat t, —> Oasn — oo. Set X := Xy, and define u : E — [0, 00) by
w(X) = LIMp|xn — X|I%, X € E,

where LIMy, isaBanach limit on 1°°. Since i is continuous and convex and ;1(z) — O as
Izl — oo, and E isreflexive, u attainsitsinfimum over E. Let u € E be such that

LIMniXn — ull® = inf LIMylIxy — X |1
xeE
and let
K ={xe€E:ux)=inf LIMy|xn — x|I°} .
xeE

Then K is nonempty becauseu € K. Furthermore, it easy to see that K is aclosed convex
subset of E. From (3.8), it follows that

w(Tx) = LIMp[xq — Tx[? < LIMp | TXn — Tx[|% < LIMg|l%n — x| = (),

which impliesthat T (K) c K, that is, K isinvariant under T. Let p € F(T). It follows
from Day-James's theorem that there exists a unique element z € K such that

Ilp—zll = inf [p—xI. (3.9
xeK
Hence,
lp=Tzll=ITp—-Tzll =Ip—zl (3.10)

andso Tz = z sincez isminimizer of u over K. Hencez € F(T) N K. Forany t € (0, 1)
andy € E,thenz +t(y — Fz) € E. By Proposition 2.6, we have

LIMp(z+t(y—Fz)—1z, j(xn —2)) =0,
which implies that
LIMn(y — Fz, j(xn —2)) =0, Vy e E. (3.11)
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On the other hand, we have

X0 — 2112 = lltay f (Xn) + (I =t F)Txn — 2|12
<10 =taF)Txn — (I =t F)zl|? 4 2t (y f (xn) — FZ, j (X0 — 2))

2
1-6 .
<(1-t (1— \/ )\) IXn — Z||2+2tn()/f(xn) —Fz, j(Xn —2))
15 ) .
<(A-thf1- - IXn = zlI* + 2ta (¥ f (Xn) — FZ, j(Xn — 2))

which implies that

1 .
Ixn —2z||% < (2<yf<xn> —Fz, j(xn — 2))
=)

1-§
A
1
1—
(=)
Applying (3.11) to the above inequality, we obtain that

2 .
LIMqllxn — )1 < (LIMn<yf(xn) — Y, j(Xn —2))
=)

2(y — Fz, j(xn — 2)).
1-5
A

1 .
= (2<yf(xn) =Y. 1(a —2)) +
/%)

2
+—————LIMp{y —Fz, j(xn —2))
(5)
2
= LIMp(yf(xn) =Y, j(xn — 2))
(V%)
2

Settingy := yf (2) in (3.12), we have

LIMally f(xn) = YllliXn — zII. 312

1-6
(l— /\)LanIIXn — 2| < 2LIMally f (%) = ¥ F @ Il1%0 — 2]

< 2yaLIMp|x, — )2

-6
((1_ . )_2)/04)|_||\/|n||xn -z? <0

Thisimpliesthat LIMp || Xy —2 |12 = 0,andthen there existsasubsegquence {xt, . } of {Xt, } such
that thj —> zas ] —> oo, still denoted {x,}. Next, we prove that z solves the variational
inequality (3.3). From (3.2), we have

and hence

(F—yf)x = %[(I —tF)Txt — (I —tF)Xt].
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On the other hand, notefor all x,y € E,

(=T = =Ty, jx=y)) =X=Y, jx=¥) = (Tx =Ty, j(Xx —y))
=X —yIZ = (Tx =Ty, j(x —y))
> |Ix = ylI> = I Tx — Tylx — yl|
> |Ix — ylI* = Ix — ylI> = 0.

For p € F(T), we have

(==Y

(F=yHxt, jxt = p)) = A =tFH)Txe — (I =tF)Txt, j(xt — p))

f(
1 .
= _f((l =T)xe = =T)p, jXx — p))
+(Fxt — FTx, j(X — p))
< (Fxt = FTxt, j(Xt — p)).

Replacing t with t, and lettingn — oo, noticing that Fxy, — FTxy, — Fz — Fz =0,
we have that

(F=yf)z,j@z—p) <0, VpeF().

That is, z € F(T) isasolution of (3.3). Then z = X. In summary, we have that each cluster
point of {x;} converges strongly to X ast — 0. This completes the proof. m}

Lemma 3.2 Let E be a real reflexive strictly convex Banach space which has uniformly
Gateaux differentiable norm. Let T be a nonexpansive mapping with F(T) # @ and f :
C — C a contraction mapping with coefficient «(0 < « < 1), and let F be a §-strongly
/5

accretive and A-strictly pseudo-contractive with§ +A > 1and 0 < y < min g 5 .

Assume that the net {x;} defined by (3.2) converges strongly to a fixed point X in F(T) as
t — 0. Suppose that {x,} C E is bounded and limy_— ~ [|Xn — TXn|| = O. Then

limsup (y f (X) = F(%), j(xn = X)) < 0. (3.13)

n—-00

Proof We note that

Xt —Xn =ty (X)) + Txt —tFT Xt — Xy
=ty f(x) — Fxo) + (TXt — Xn) — t(FTxt — FXxt)
=t(yfxe) — Fxt) + (Txt — TXn) + (TXn — Xn) + t(FXt — FTXyp).
It follows that

It — Xn 12
<ITxe—TXnll% 4 20t (¢ f (x) = FXt) + (T Xn —Xn) +t(FXt — FTXt), j (Xt —Xn))
< % = Xall? + 2t{( f (x0) — FX), j (x¢ — Xn))
+ 2(TXn — Xn, j (Xt — X)) + 2t(Fx¢ — FTX¢, j(Xt — Xn))
< % = Xall2 + 2t{( f (x0) — FXo), j (x¢ — Xn))
+ 2T X0 = Xall1§ ¢ — X)) [l 4+ 2t Fxe — FTxe]l1§ (% — Xn) |
< X = Xnll2 + 2t{(r f (x0) — FX0), j (x¢ — Xn))
+ 2 Txn = XnllIXe = Xnll + 2L Fxt — FTx¢[llI%¢ — Xnll
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which implies
((rf(xt) = Fxo), J(Xn — Xt))
< M0 = X0lPe =20l y e — BTl (314)
Since {xt}, {Xn} and {T x,} are bounded and x, — Tx, — O, taking the upper limit as
n — oo in (3.14), we get that

limsup((y f (xt) — FXt), j(Xn — Xt)) < IFxt — FTx¢lllimsup[Ixt — xnll.  (3.15)

n—-o0 n—-oo

Taking the upper limit ast — 0in (3.15), we have that

limsuplimsup ((y f (x¢) — FXt), j (Xn—Xt)) <|[FX—FX| limsup || xt —xn||=0. (3.16)
n—-o0

t—0 n—o0

Since E has auniformly Gateaux differentiable norm, we obtain that j is single-valued and
strong-weak* uniformly continuous on bounded subset of E. It follows that

Ky £ = FX), jon = X)) — (v F(x) = Fxt, j(n — X0)|
=Ky O =FX), J&n =)= j(xn=X0)+(y F )=y F(x)+Fxt = FX, j (X0 —X0))|
= Ky FX) = FX), j(xn = %) = j(Xn — X0))|
+ Uy f &) =y ol + 1IFxe — FXID) [Xn = Xt| — Oast — 0.

Hence, Ve > 0,38 > O suchthat Vt € (0, §), for al n € N, we have
(T = FX), jixn = %)) < (¥ T(xt) = Fxt, j(Xn — Xp)) + &.
By (3.16), we get that

limsup ((y f (X) = FX), j(Xa — X))

n—oo

= limsuplimsup ((y f (X) — FX), j(Xp — X))

t—0 N—

<limsuplimsup (yf (xt) — Fxt, j(Xah — Xt)) + €
t—0 N—
<e&.

Since ¢ is arbitrary, we get that

limsup ((y f (X) = FX), j(Xn = X)) = 0.

n—-o00
This complete the proof. O
Theorem 3.3 Let E be a real reflexive strictly convex Banach space which has uniformly
Gateaux differentiable norm. Let {T (t) : 0 <t < oo} be a u.a.r. nonexpansive semigroup

on C such that Fix(S) # @ and at least there exists a T (t) which is demicompact. Suppose
that the real sequences {«n} C [0, 1], {tn} C (0, co) satisfy the conditions

[o¢]
lim an =0, E ap=o00 and lim ty = occ.
n—oo 0 n—-o0

n=

Let F be §-strongly accretive and A-strictly pseudo-contractive withd+1 > 1, f : E — E
a contraction mapping with coefficient « € (0, 1) and y a positive real number such that
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0 <y < min g o ~_ 1. Then, the sequence {xn} defined by (1.19) converges strongly

to X, where X is the unique solution in Fix(S) of the variational inequality
(F=yDX, j(x—=X)) >0, x € Fix(S) (3.17)

or equivalently X = Qrixs)(I — F + ¥ )X, where Qrix(s) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Notethat Fix(S) isanonempty closed convex set. Wefirst show that {x, } isbounded.
Letg € Fix(S). Thus, by Lemma2.5, we have

Xn+1 = all = llany f(Xn) + (I —on F)T (t)Xn — (I —anF)q — anFA|
< anllyfxn) = Fall+ I —anFILIT ()X —qll
< any ) = F@I +onlly @ — Fall + 11 —anFllixa —qll

1-6
< anaylxn — qll +anllyf (@) — Fqll +(1—‘1n (1—\/ A)) IXn —qll
(1 1 1-6 1 1-6
=\t-oan\t-y 5~ IXn —all + an Vo T

II)/f(Q) Fall

1 ‘/ —ay
aXlllX all !
n— s
1- 5 —ay

By induction, we get

IA

lyf@) — Fqll], vn > 0.

—|¥f(@) - Fqll], n=>o0.

IXn —qll < max { [IXo—qll,
I 1- ,/ —ay

Thisimplies that {x,} is bounded, and hence so are { f (x,)} and {FT (t,)Xn}. Thisimplies
that

n“m [Xnt1 — T (t)Xnll = Him anlly f(xn) — FT (th)Xa| = 0. (3.18)
—> 00 n—oo

Since {T (1)} is a u.ar. nonexpansive semigroup and lim,_—, » ty = oo, we have, for al
h >0,

M AT O @)x0) =T @)xnll < Tim - sup [IT ()T (t)x) =T (t)x[|=0.  (3.19)

X xefxn)

Hence, for all h > 0,

IXn+1 — T (MXngall < IXngz — T @DXnll + 1T {)Xn — T ()T (t) Xn |
HITMT t)xn — T (M Xnyall
< 2[Xn+1 =T @) Xn | +IT )X =T ()T (tn)Xnll —> 0. (3.20)

Thatis, for all h > 0,
lim ||xn — T(h)Xh|| = 0. (3.20)
n—oo
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Since {T(t) : 0 < t < oo} isau.ar. nonexpansive semigroup, by Lemma 2.8, for each
x € E, there existsasequence {T (tj) : 0 <tj < o0, j € N} C{T(t) : 0 <t < oo} such
that {T (tj)x} converges strongly to some point in Fix(S), wheretj — oo as j — oo.
Defineamapping T of E into itself by

Tx = lim T(tjx.
j—00
By [29, Remark 3.4], we see that T is a nonexpansive mapping such that F(T) = Fix(S).
Applying (3.21), we can a'so get that
im [[Xn = Txnll = lim lim [[Xn — T (tj)Xn|
n—s-o0 n—>00 j— 00

= lim lim |xy = T(tp)xnll =0. (3.22)

J—o0 n—-o00
Let f be acontractive mapping of E and let the net {x;} be a unique point of E such that
Xt =ty f(x¢) + (1 —tF)Tx;.

It followsfrom Lemma3.1 that {X;} convergesstrongly ast — Otoafixed pointX in F(T)
which solves the variational inequality :

(F—=yDX, j(X—=2)) <0,z € F(T).
By Lemma 3.2, we have

limsup(y f(X) — FX, j(xn — X)) < 0. (3.23)

n—oo
Finally we shall show that x, —> X. For eachn > 0, we have
[Xn+1 — X”Z = llany T (Xn) + (I —an F)T (th)Xn — (I —an F)X — an FXHZ
< llany f (Xn) — an FX + (1 — an F)T (t)%n — (1 — an F)XI?
= (1 —an BT {t)Xn — (I —an F)XHZ + 2on (y T (Xn) — FX, j(Xn41 — X))

2
1-6 .
f(l—an(l— )) 10 =17+ 2en (¥  (Xn) =¥ f (%), ] (Xn11—X))

A
+ 2000 (¥ T (X) — FX, j(Xngp1 — X)). (3.24)
On the other hand,

(yfxn) =y, j(Xns1 — X))
< valxn = XlliXn41 = XI|

2
- 1-6 - oo -
<ya|Xn—X| J(l—an (1_‘/A)) [IXn =X 1124200 | (¥ f (Xn) — FX, j (Xnp1—%))]
1-6 L2
<yall—-oanf|1- S IXn = XI|

+yalxn — XIV2(y f (xn) — FX, j(nt1 — ) |v/an
< ya(l—an (1— 1;5)) X0 — XII% + /o Mo, (3.25)
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where M is a constant satisfying Mo > ya/|Xxn — X[v/2[(y f (Xn) — FX, j(Xn11 — X))|.
Substituting (3.25) in (3.24), we obtain

2
1-6 1-6

Ixn — %1%
+20n /an Mo + 2an (¥ F (R) — FX, j (Xnt1 — X))

- (1_2% (1_ \/1?)+a§(1—/1?)2> 10 —X |12
+2anya (1 —an (1 - /1?)) X — %12

+201 /otn Mo + 20 (y £ (X) — FX, j(Xn41 — X))

:(1_2an [(1 - ﬁ)-ay +anya (1 —~ /1?3)}) IIXn — K117 +

2
1-6
+an |:(¥n (l— A) [IXn —X||2+2M0«/07n
+ 2(yf(X) = FX, j(Xnp1 — X))].
= (1 —oanyn) X0 — %12 +Oan/n%: (3.26)
n
where
[1-6 1-6

and

-5

Itiseasily to seenthat > °7 ; anyn = 0. Since {xn} is bounded and limy_—, oo an = O, by
(3.23), weobtainlimsup,__, « ﬁ—: < 0. Applying Lemma2.4to (3.26) to concludex, —> X
asn —> oo. This completes the proof. O

1Xn — XII” + 2Mo/arm + 2(y F(X) — FX, j(Xn41 — i))} .

Using Theorem 3.3, we obtain the following two strong convergence theorems of new
iterative approximation methods for a nonexpansive semigroup {T (t) : 0 <t < oo}.

Corollary 3.4 Let E be a real reflexive strictly convex Banach space which has uniformly
Géateaux differentiable norm. Let {T (t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup
on C such that Fix(S) # ¥ and at least there exists a T (t) which is demicompact. Suppose
that the real sequences {an} C [0, 1], {tn} C (0, co) satisfy the conditions

n—-oo

o0
lim an:O,Zan:oo and lim t, = oo.
O n—oo
n=
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Let F be §-strongly accretive and A-strictly pseudo-contractive withs+1 > 1, f : E — E

a contraction mapping with coefficient « € (0, 1) and y a positive real number such that
_[1=s

0 <y < min g ZaA . Then, the sequence {yn} defined by (1.20) converges strongly

to X, where X is the unique solution in Fix(S) of the variational inequality
(F—yHX, j(x =X)) =0, x € Fix(S)

or equivalently X = Qrixs)(I — F + yf)X, where Qrix(s) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Let {x,} bethe sequence given by Xxo = yo and
Xn+1:anyf(Xn)+(| _anF)T(tn)Xn, vn > O.
Form Theorem 3.3, x, —> X. Weclaim that y, —> X. Indeed, we estimate

Xn+1 = Y1l < any [T (T t)yn) — I+ 1T = an FIIT (t)Xn — T (tn) Yl

1-6
< anya|T(tn)yn — Xall + (l—an (1— A)) [IXn — Ynll

< anya|T ) yn — T @)X + anyallT (th)X — Xnll

[1—-6
+(1— on (1— )) IXn — ynll
A
- . )
San)/a”yn—X||+(¥n7/05||X—Xn||+(1—05n (1— A)) 1Xn = Ynll

< anyallyn — Xnll +anyalXn — X|| + anya X — Xnl

AN\ P
_ (1_0(”(1_\/1;75—)/(1))”)% —yal

1-6 20y _
+onfl1-— —— e IX — Xnll-
(1—\/%‘3—)/04)

Itfollowsfrom > o2 ; an = 00, limy— o [|Xn—X|| = Oand Lemmaz2.4that || Xn—Yn| —> O.
Consequently, y, — X asrequired. O

Corollary 3.5 Let E be a real reflexive strictly convex Banach space which has uniformly
Géateaux differentiable norm. Let {T (t) : 0 < t < oo} be a u.a.r. nonexpansive semigroup
on C such that Fix(S) # ¥ and at least there exists a T (t) which is demicompact. Suppose
that the real sequences {an} C [0, 1], {tn} C (0, co) satisfy the conditions

n—00

o0
lim an:O,Zan:oo and lim t, = oo.
0 n——oo
n=

Let F be §-strongly accretive and A-strictly pseudo-contractive withd+1 > 1, f : E — E
a contraction mapping with coefficient « € (0, 1) and y a positive real number such that
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1—./1=8
0<y <min g > 2 ] Then, the sequence {z,} defined by (1.21) converges strongly

to X, where X is the unique solution in Fix(S) of the variational inequality
(F=yH)X, jx=%)) >0, x € Fix(S)

or equivalently X = Qrixs)(I — F + ¥ )X, where Qrix(s) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Define the sequences {y,} and {8,} by
Yn = Cln)/f(Zn) + (I — On F)Znandﬂn = On+1 foraln eN.
Taking p € Fix(S), we have

IZnrs — Pl = IT{E)Yn — T ) PI < lIyn — PIl
= [lanyf@n) + (I —onF)zn — (I —anF)p —anFpl|

1-35
< (l—an (1— /\)) lizn — Pl +anlly fzn) — F(P)II

e T

+an(1— /1—6)||yf<zn)—F<p>||. 327
S ()
A

Iy fzo) — F(P)I Cn=o
e

Thus both {z,} and {y,} are bounded. We observe that

It follows from induction that

lzny1 — pll < max l”ZO —pll, (3.28)

Yo+l = an1y F (Zny) + (I —ant1F)Znga = By F(T () yn) + (1 = B F)T (th) Yn.

Thus Corollary 3.4 impliesthat {y,} converges strongly to some point X. In this case, we also
have

lzn — X1l < 1Zn = Ynll + lIYn = Xl = onlly f(zn) — Fzall + [y — Xl —> 0.
Hence the sequence {z,,} converges strongly to some point X. This completethe proof. 0O

Using Theorem 3.3, Lemma 2.1 and Example 2.2, we have the following result.

Corollary 3.6 Let E be a real uniformly convex Banach space which has uniformly Gateaux
differentiable norm. Let {T (t) : 0 <t < oo} be a nonexpansive semigroup on C such that
Fix(S) # ¢ and at least there exists a T (t) which is demicompact. Suppose that the real
sequences {an} C [0, 1], {tn} C (0, co) satisfy the conditions

n—-oo

o0
lim an:O,Zan:oo and lim t, = oo.
O n—oo
n=
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Let F be §-strongly accretive and A-strictly pseudo-contractive withs+1 > 1, f : E — E

a contraction mapping with coefficient « € (0, 1) and y a positive real number such that
_ [1-s

O0<y <min [ g 2aT ] Then the sequence {xn} defined by

Xo=X € E,
Xni1 = anyf (o) + (1 —anF)E [ T(®Xads, n >0

converges strongly to X, where X is the unique solution in Fix(S) of the variational inequality
(F—y®HX, j(x —X)) >0, x € Fix(S)

or equivalently X = QFrix(s)((I — F 4+ yf)X), where Qrix(s) is the sunny nonexpansive
retraction of E onto Fix(S).

Corollary 3.7 Let H be a real Hilbert space. Let {T(t) : 0 < t < oo} be a nonexpansive
semigroup on C such that Fix(S) # @ and at least there existsa T (t) which is demicompact.
Suppose that the real sequences {on} C [0, 1], {tn} C (O, co) satisfy the conditions

n—-oo

o0
lim an:O,Zan:oo and lim t, = oo.
0 n—oo
n=

Let f : E — E be a contraction mapping with coefficient « € (0, 1) and A a strongly
positive bounded linear operator with coefficient y > % and0 <y < (1—-4/2-2y) /.
Then the sequence {xp} defined by

Xo =X € E,
Xn41 = ny T (xn) + (1 —an A " T(Oxds, n >0

converges strongly to X, where X is the unigue solution in Fix(S) of the variational inequality
(A—yDX, j(x —=%)) >0, x € Fix(S)

or equivalently X = Qrixs)((1 — A+ y)X), where QFrix(s) is the sunny nonexpansive
retraction of E onto Fix(S).

Proof Since A isastrongly positive bounded linear operator with coefficient 37, we have
(Ax — Ay, x —y) = 7lx — |
Therefore, A isy-strongly accretive. On the other hand,

(1= A)x — (1 — A)Y[I> = (x — y) — (AX — Ay), (X — y) — (Ax — Ay))
= (X — Y, X —y) — 2(AX — Ay, X — y) + (Ax — Ay, Ax — Ay)
= [Ix — y|I® — 2(Ax — Ay, X — y) + | Ax — Ay||?
< Ix — ylI> — 2(Ax — Ay, x — y) + [IAI%]x — y|I*.

Since A is strongly positive if and only if (ﬁ)A is strongly positive, we may assume,
without loss of generality, that || A|| = 1, so that

1
(AX — Ay, x —y) < Ix — y|? - S = Ax = (1 - A2 = Ix —y|I?

1
—5 0= y) = (A — Ay)|2.
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Hence A is %-strongly pseudo-contractive. Applying Corollary 3.6, we conclude the
result. O
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