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A
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Wucﬂijiiu@leiJLﬁu"llﬂﬂl"llﬁ3'Jlllﬂﬂ')ﬂuﬂﬂgqﬂzﬂﬂﬁﬂﬁWN!WaﬂN IﬂﬂﬂmﬁﬂﬂﬁmﬂQEﬂﬂiq

A 9y

H @ 1 oajl { I~ H 1 %

aAMasNAINE1 Ao IduvaUNIa Yo nssE asduduiniszez nananaes
1 1 3 dy A Aa 9 1 = [

FLHTNINITEHINYAADNIADIVIT0INUN 1215 URENUId UV LIUATINAYINY JUNT

v v Y v
ANHABUTNATUIINNTZUIUMITAINA1IVZYNIT 8NN AWM AINIADADUIY (Delaunay
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A

AINA1IVOIA NI ANIADADUIUNISoNIIAUANIAIINaNdoNTo U108 (empty
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13N AU YUADADUIU mmamﬂugﬂ‘n 3.4 [28]
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d' 4 d‘ 1
5UN 3.4 uriia 12 s uoaaza N AINIAD A ULY

U

A v a = T dil ~ [ =
WenduuINITafInIsuanun laueeniugiUnssaunasule o

A Ay Y Y ) = Y
’ﬁHJL”HaEJlI‘V]]lﬂi]%ﬂ53ﬂE]TJﬂ’JfJ"gﬂﬂﬂ’lEJLLﬁ%Lﬁ'H‘U’E]‘]JHJG]“U@Qﬁ']iJLW@Elll I@Iﬂ!ﬁuﬂlﬁ)ﬂlﬂm"lﬁ]\i

)

@

~ a ] ~ = A 9 A J a
FIVAYN UAMTNUAADABULUIRNIEN (locally Delaunay) NeIDLND iUV VAN Uau1%n

q

D.
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A 2 v S Y ¥ o
VOIA N ABUNGIAWINABVIA Y ADUduvp VAU Tatuy uaziduvuaniy
a = ] v o 1 ~ 9 3 a =
ANFNVOINOIAWIHNABY 1HFUAIAIE19 UM 3.5 1duve Ve ab TuanFnveINIa
Y ' Y = vy = =
abc uaz adb 90 d AvvegNIgUNIINAVADNIBVENLHAYY abC (U IdUYDULUA ab 39N
Auauiameaoudmmizn tagznmduyevvavosarasunn o dunieluTanuil

wAa [ $ { oa; I~ { 1
paauameao ULz aumasunauan e Ty Tamuiluanumasunoas [27]

v
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A 9 = 2 1
g‘]J“I/I 3.5 w@uvouus ab HAUTNUAUADADULULANIEN

Y
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$ 4 4 u d
AuiuINgUN 3.5 esauaaen  abc uaz adb hdleiu nag @3l
4 4 , 4 ;4 »
fimdenyuriay  adbc (convex quadrilateral) taziiestimsulsd@vasuyuuaveoniy

A ° Y  am an a3 = 9 1Y) &
ﬁ1lllﬁafluﬁ®\1§j‘]_] ﬁn\l'ﬁﬂﬂigci/nllﬂ 2799 'J‘ﬁlﬁﬂ!ﬂuﬂ’]ﬁllﬂ\?ﬁlwaﬂuuuuﬂauﬂqﬂlﬁu ab w39y
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v 4 4 g 4 C L aad g C 4
lamuiden abe wag adb Fuiluammasuasaouni drudsnaeuilumsutdimaguyy
& { 5 1 1 [ -Y) qs/l
urandedu cd ¥z ldaumasy ade uag bed Fa luiluaumasumeasunl daiu M3
9 = ] A A o Y Y Y [
asaumasuaeasuinnmvasule q ausanszinldlagmsnduduveuns 1o
4 4 oa e e . 4 4
aumagyaedgnegaany aurulunsaivesgii 3.6 auvasy ade wag bed ensouilag
v & 4‘ WYY o g ' 4 o Y
Tiduaurasuaeasui 1A I AT UIFUYIVIVAT IWVBIEUH AEUN T 1NLFU cd
IS < o ' 79 Y o {
vududu ab udu nszurumsdenanamnsodszgnd lsnuammaonla 4 nelulawu
aa = A Y I A 1 =& Y] 1 ~ 1
aeella Tasenumaend lavzifuamimasuaoasuniauys FInN5zUIUNTAINGIPNEENI

8aneINUMINAUAIM (edge-flip algorithm) [27,29]

o o
51U 3.7 yumeluauvaew

A4 A = < £y o1 = '
L‘JJ?JW%"I?’L?I!'I?I‘]JTI 3.7 auviaew ade wag bed cm"lmﬂuﬁmmaﬂumaaamu

9 1
uyueluasil o, + a,,8,,7, 1ag B+ B,,7,,6, MuaKu draumasy abc uay adb

1
=<

[ ! ' o J o v
Fatlumumasuaeaouulyuneludsl o, 8,7, + 7, 482 a,,8, + 5,, B, MuaAU lag
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[ Y Y a = [ [ Y] 4 9 3 A = ~
21NN IANULITVIAUAUNYINUANNTNAUTUDIATUTNTUDIT N AU WU DY abcd Hagyy

A a Y cﬂl} A 1
M lUNNAINATUNIE WU

a, =0,
bz 0,

V22 B,
72

(3.2)
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U
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dvasy ade uaz bed Nyw 6, waz S, Wuyuindnigamudiay Al

= 2 A3 A P v 1 P~ S &
aumiasy abe Nynnaniigan lanyy S, tag J, tdwe druaumasy adb 9nginmu

A
YN o, 18 B, 10001 @, Mag £, MNaIaU AINUYY S, + 5, doulaniyu &, uag 4,

q

= Y Ad A A = 1 3 J
ane deemnsaaglladwumeluddnigavesamaey abe taz adb Hvwa lidnna
a4 A = A = I A A3 A
yumeluianigavesaumasy ade wag bed wionadmisnilalan yumeluiidnige
A [ = (= ' A QA A =
VNTIUINAYUIADAD UL fJ’E)iliJ‘ll“LHﬂulllLﬁﬂﬂ’ﬂlqlMﬂ?ﬂil&ﬂ!ﬁﬂﬂﬁ;ﬂﬂlﬂﬂﬁ?ﬂ!fﬁaﬂilalﬂ 9 B
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va o 1 1 wva { < { {
AaauaaINaFend garaNtayun e lun@nngaiviua Inga (MaxMin angle property)

q
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¥ @ =

H (] I~ { { [ @ { [
[27] @iy aumdsuaeaouduuaNmasuNyanyazn IndiReaiuaumasuaIum1

A
nnnga

3.2 MsAFNmNHARNIA AR MIHIAZNTA3199AND N AINY

9 H 1 1 I~/ 09/' [ [ Y
MIFTNaNasNARauY aNsaulNeen lalluaesTuneundn o Al
09.1’ ~ £ g 9 A 19 Yo oA 1 9
Tunounniuunsaseaumasuasas U 1N UadeNoguUIdUYD VIVAYDI TALNY
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(boundary triangulation) tazdunouNgoudumsas e umasaoasuunelulamwu g

] ] d' ld' 9 :1' d' d! 9 ad 9 1
MsuLegosaIMAgLIAD AR UL IAnINTUAUNNLY #ae18miasnganenieluTawu
0DV TuA (automatic node  insertion) JASAUTUMITNTON o AUAITATIVADUITLHLH1
1 1 d‘d 1 9 o 1 d'sl 9 1 zﬂ' Y a d‘ d‘d
sEnIngafenioguainugaaeiaeimsunsnd v medlesnumsiamumasuni

1 A . £ ~ 1 9 % P 9 o 9

susnnnuswamanlyl (sliver) ¥aziinanennugndssvesnaansn ldanmssiuiuaie

~ ad A o o

v E4
SLIUIUITLYIAAUQY ﬁWWgﬂéjﬁﬂﬂiﬁujuﬂﬁﬁgNﬁ”&lmaﬂnmi’)ﬂ’t’)umiuﬂﬂﬂ’ﬂﬂﬁ %3’5}1\1’0\1

N

'
v Ak A o

o 4 v o = Y o ax
pedaneasnuNNaw lag Tudwesias Indu (Bowyer and Watson) [13,14] «m"l,ﬂmmuanms

D

nagougaaonteluna (incrcle  test) ¥11Flunsnadoguauiianoaouiives

=
aunagy
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) dJ d YY)
3.2.1 dane3nnvasludEasuaz Indu

aq Y 1 I ~ (Y] ~ 35
anuald lawugnniseanifluaumasmaeasunidelugln 3.8 iy
o Y o J £ 4 =
Mrualviinsunsnyade p FIgauaaialgdnanauszuigdminigluaalulamy
NTZUIUMTAS WA VHAGUIADADUIUNIBHAINITUNTNIADI TAUY 1TUAIINITAUN
dumaguiigade p  egnielu uaziimanadeuauauiialnandouseuinulalves
= A Y qu 3 1 2 o Qy ~ [ 1 3 £ o Y
dumasuNegioudanua Juasude lihimsaunsmumasudenannaun Ferild
a dy A . Y [ [ A 9 S o 9 =
AANUNIN (cavity) ABUIBVYIAAD P A1UFUN 3.9 uazgameniNMsasNaIumasuAD

ldg’ " 9 ) 1 1 0911 tﬂy tﬂ' 1 [ 1 [ d‘
GRITISTATEURNSEPY AYNITANTUADIINYAADVNUNAVDINUNINNIYIIAND P ﬂxﬂugﬂ‘ﬂ 3.10

517 3.8 dwmdsun ludmuguauidnasdouseunulaimenaimsuningase p

Y

v

A a = Y] 1 Qsll o Yy a A A
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msuningaaeadlu Tamuignuidredmmasumoas uLaINna1u11d)
v o J J { 1 qﬂj} v 1
198U AWTTeUANUFURUTIZHINT NN AD UIUNINUANDUNITHNTNYARD P
d' 1 QBII v \ 3 dy
(T)) Laz@UNAIULADADUUNINUANINAINITUNTNYAAD P (T, ,, ) AU

i+1

T..=T,-C,+B, (3.3)

~ = = A ay =& o Y a dy ~
Iﬂfﬂ’l Cp HUNYDN L‘*If@]‘ll?]\‘iﬁ'llllﬁaﬂﬂlﬂ@ﬁ@ulu%Qﬂﬁﬂﬂﬂ“ﬁﬂﬂ?iﬁlﬂﬂwuﬂ

' = A 1 v & vy Y
AN AL Bp HUWYI L"]f@]sll’t’)\iﬁ'lulﬁaﬂillﬂﬂﬁE]ULUVIQﬂﬁﬁ'NGlJLllJ'lqlﬁilﬂjﬂﬂ'ﬁﬁ']ﬂlﬁu@]@fﬂ']ﬂ

k4 Y ]
PAR0NIMUAYDINL 1191899000 P
y 4 :
3.2.2 MIATNANITIALADADUIY

[ a =K 9 d' ] - .
panNeINUNITaI A INasuaeao Uty (DelaunayTriangulation)
Y o ] dy » £ 1 1 9
UsznoualenszuIUMTHan 9 a8sens aail Usemsnuiansuiagaae uudUYo LA
d' 9 d' 1 [ 1 d' 1 d' d'
vodlauy uazdsen1sNnaoImsaInidison led9aaoadanalnnouLInunyed Tamu

= 9 !

[ P~ v A A 1 o @ A {
poniusumasuneldteu lvaumaueeaoun duaasludanesiun 1 419819 [28]
gana3nui 1 DelaunayTriangulation(P, T, p)

o Y <3| 4D Y o w
1. fmuald P, k=1,.... n ihusavesgadeninuauuduvouaved lamu Tagd1auves
1 o 3 oo <3 a
ﬁ;ﬂﬂaumﬁuma‘u!,Wmwu’aﬂﬂlmTﬂmui]zﬁj@wmﬂ‘umuam‘iJLL‘iJ‘iJ‘l/nu!ﬂJaJmWﬂ1 (cew)
< 1 [ =] o w < a
t:sfmml,ﬂ‘IJ‘gﬂﬁﬁmulﬁuﬂlamﬂmmﬂumaﬂﬂmu AN UATNAA VLU UMMV UUINNN

o < 1 { 1
(cw) Llﬁgﬂ']ﬁu@clﬁl T L‘llul“]f@'J"I\isll’t’)\iﬁ'n\llﬂafﬂﬂﬂﬂaﬂl‘llu

o Y I 1 ] <) = ] .
2. ﬂWWu@iﬂ P; L‘]Jummﬁmma"u I uodIwe P uay ti WuaMasunpa uUuuIaY i

Voun T
Y a A v 9 0911 o Y 3 )
3. aFNEUMABUTNANAONIOUIANINIAYOUY P tagmuua liituangnveasa T
4. owyado p, Swuna ljarne P

v { i ' s o W ¥ ¥a
5. Aumeuvasy t veuwa T Aussggese  p, melu seawisonsziilalas1dis

vosaoidu (Lawson searching method) [29,30]
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Y ' 9 v
6. auMvdwaey t, Nnuai ikuguauiasnasdonseudialaroonsinea T
g o , a 2 1Y aadyy a o Y v
ﬂTﬂuuﬂTﬂTiﬁﬁTQﬁ'TﬂJlﬁaﬂllLﬂ@aﬂutuﬂluﬂJ’ﬂﬁﬁJﬂﬁﬂTﬁV]llﬂﬂ‘ﬁ‘U']ﬂﬂjsuﬂ 3.2.1 UYNAU

o Y = P 42’ RS a
vagimua liaumasuaeasuingnyuinInitluaunsnveusa T

Y 1

Y ' Y
7. Mdauduaeuil 4 84 6 auNTzNIgARoNINAYOITEA P gaiNe1san

S = o A ] v = o A
8. a‘U‘ﬂ\TL’HM!fHﬁEJ‘JJVNWiJ@WI@QﬂWEIH@ﬂT@HJH "’]Nﬂigﬂﬂ“lJ@’Jﬂt’f'lilLWﬁEJ‘JJ‘VNﬂiJWVHJi]ﬂG]'O

Y
1 %

FINAUYAADYDITININATUAY NT0d I douNTganeNIrNADgUMdUIDIYA

Q

I = A~ 9 Y ' o
ﬂ1ﬁlclu"ll'é)\ﬂﬂlllu uazgﬂuﬁmmaﬂuﬂwaﬂmllm (CrOSS product) VDIATUITINNITDIVDN

A =l 1 4
amvasuiiaiesndngud

o axk A =~ Y Y a =
DANOINUN 1 ’mlﬂiﬂlﬂlﬂuclugﬂLmiJGU’eNIﬂﬂmEliJmEJGlGILLU?Jﬂﬂ"UENﬂﬁLGUEJu

E4
=1

Iﬂ‘iuﬂim%\ﬁﬁg (object oriented programming) [31] 1EER

DelaunayTriangulation(P, T, p)

Let PO be the collection of node objects;
Let TO be the collection of triangle objects;

PO.Initialize;

TO.Initialize;

t « T.FindTriangleContainNode(p);
TO « T.IncircleTriangles(t, pP):
PO « TO.DestroyTriangles();
T.CreateNewTriangles(P0O, p);

T .AssignNeighborhoodTriangles;

End;

3.2.3 msaegadenialamy

Y ' o o A a J o dy Y a A 0
maaswganenelulamudmiuinednusatviag ldnatanuugiilu

1oNa1501909 [15,16] Tagnisaireganonislulawulagdnlulia azgnaiuguaie

Q

v A

a e’d‘o [ [ a aaw ] I~ LY a Q’o [
WlmeindiAyaeIdl A dulszansoarh (@) Wumdulsz@nsdmiunianitdoy
v Y ' ¥
52011932 NI19AA0NABINITUNTNLAZIAADNIAINVBIEININADN Fe0zTinadon 1)
1 $ [ % a a"’ I~ T W a Q(o [
HUMU UV IIHALN (mesh  density) adududszansiudi (8 Wuadulszansdmsy
1 1 1 a Y A d‘d 1 Y o 1 d’ﬁ) 9
MInadeUszezNIznINgaas luusnalndifesiiiogudinuyanenasanisunsndi i

=] = 1 1 A A 9 d? 1
vy $99zinano31s19veaa unasuNgnaI 199U 1Y (regularity  of  triangulation)
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s Y
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[ a VoA 9 dgl ] ] 9 1w %
WENﬁnﬂ‘ﬂi]ﬂ@]’f)‘ﬂ@,ﬂﬁiNGUL!EJ"I(lﬁllfﬂﬂcluIﬂllluPH‘L.!ﬂ15‘1/]ﬂﬁﬂﬂﬂ?ﬂﬂ?ﬁhﬂigﬁtﬂ‘ﬁ‘ﬂﬂﬁﬂd
= = v &2 Y o ax . . o Ay Y
UM AYNADADULUNITYNT I NUYUNINIYDANDINY DeIaunayTrlanguIatlon ﬂ\i‘ﬂ”lﬂﬂiﬂ’l

Yy 9 Y [ a I3} o 9 1
vwddsdaunnisems Tagdanssiudmsumsadnyanenielulauulagonluda

(MeshRefinement) [28] Seae U
Sanesiiui 2 MeshRefinement(P, T, ¢, 3, iteration)

o I [} qs/l o w
1. smuald P k=1, ..., nilusavenadoiuauuduvouua lawu Taod1auvesga
[ @ < o < a
ADUUFUVDVIVANIIUDNVDL LA UABITAN VMU AU DUNIWANUIR (cow) UaE
[ e o w < a
yanowduve U8 1UUI Tan A DI ANUA NN UL LA MTLUIRN (cw)
o [ 1 1 { [
2. dwuald VvV illuwamanvesgeaenazgnuninasnmeluTamu uaz T ifluwavss
d' 1A 9 @ a R - .
auasuaeasii lavinoaneaiy DelaunayTriangulation
o 1 1 1 i & 3 [ H 1
3. MUIUAITZYZH1NY099AAD (nodal spacing value, dp,) Fuiluaunfevesszezn
[ [ d’dﬂ) A 1 [ = " W 1 3 1 o
szrINganeNlaureNaonualaevesa Ay Tasainanaaziiualiziives

1 v ;
NN < yanen1e Ty lamy Al

dp, =3 [p, =p| G4)

M

—

Taghi M #uneD99anso1 %) 9060 i

4. DALY t e T
o o ] 1 a o { < 1 o J 1
5. Aadriagaguinueauamumany t, Hugade Q MUINUAITLILHINVDIYA
4
A Q  @loaums (3.4) . uazAiuiaszezinngaae Q lidwalatensanues
amaey § (d ) Tas m=1,2,3)
o oo a & 9 o o 1
6. Mmanadeumaulszans a lasomin d_ < (a-dp,) @WMITVUNMIVOIM=1,2,3
1 [ [B) W A 3q Y @ ] 3 A A 1
uaasigene Q i mumanamoumduilszans o Alinduliddupoun 4 mesu
anvaonoa i
) 1 1 [ 1 d' 1 Y dy a Y 1w )
7. MUIUTLILHN s, 91NYAA0 Q ”lﬂmﬁ;ﬂ@mﬂgmmiﬂﬂauﬁmu AuuA 1N UTIIU N
90610
1 U a Qd’ o s 1 -
8. MmInageumdulszans £ lavdmin s; <(B-dp,) awmsyuNmMvesj=1, ..., N
1 1 1 1w a = I [ [ QsJ‘ { 4 1
uaaengaae Q likumsnageumduilszdns g nlnnauluddiuaoun 4 a1y

aumasudalal
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v < 1
9. FJaunugade Q avluwma V

Y [ = ~ Ao ] v Y o [ qu‘ A A 1
10. ﬂTWWﬂﬂQﬂ\illﬁﬁJLﬁﬁfJiJT]EJQ"LiJQﬂFJTIH]"IﬂL“])’@I T Glﬂﬂﬁﬂllﬂﬂﬂmu@@u‘ﬂ 4 W99 1U

muviasudalll

o qgj 9 a 4 = 9 [ Y=
11. mmmmﬂ@ﬂmwmium Vv aﬂuimuu U I NINOAUNUAT TN AIUAIIDANDITNY

DelaunayTriangulation 419Au

o o w { ) { o a J . -
12. mmnummumuﬁ 4 5\1 11 Wﬂﬂ“]Ji]TL!’J‘Llﬂi\‘lﬁﬂTﬂu@]TﬂﬂWﬁnﬂ@ﬂi Iteration

[ AR A = 9y ~ 9 a
UagwanaInun 2 f:’ﬂllTﬁﬂLEUEluelugﬂlﬂ_l‘]J"llfJ\1Tﬂﬂlﬂﬂﬂﬂ?ﬂiﬂllﬂ?ﬂﬂﬂlﬂﬂﬂWﬁ

b4
v A

L'G?JEJuIﬂ‘iLLﬂim%\ﬁﬁQ (object oriented programming) [31] Iaeati

MeshRefinement(P, T, alpha, beta, iteration)

Let PO be the collection of node objects;

For i=1 To iteration {
Do t « T.NextTriangle {
p « t.ComputeTriangleCentroid();
p-dp « t.ComputePointDistributionFunction();
p-dm(1:3) « t.DistanceCentroidToVertices();
p-Rejected = FALSE;
For j=1 To 3 {
If (p.dn@@) < alpha * p.dp)) {
p-Rejected = TRUE;
Break;
}:
}:
IT (Not p.-Rejected) {
PO.Initialize;
PO « T.FindInsertedNodeOfNearestTriangles;
Do pl « PO.NextNode {
If (distance(p, pl) < (beta * p.dp)) {
p-Rejected = TRUE;
Break;

};
ITf (Not p.Rejected) P.AddNodeAslInsertedNode(p);
};

Do p « P.NextlnsertedNode {
Call DelaunayTriangulation(P, T, p);
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WeouT1s1n311F93Ag (object oriented programming) [31] TAA

AdaptiveRemeshing(P, T, PO, Hmin, Hmax, threshold)

Do {
Do p « PO.NextInteriorNode {
If (p-hi < Hmax) {
t « T.FindTriangleContainNode(p);
pq <« t.ComputeTriangleCentroid();
pg.dp « t.ComputePointDistributionFunction();
pg.dm(1:3) « t.DistanceCentroidToVertices();

pg.Rejected = FALSE;
For j=1 To 3 {

If (pg-hi > pg.dm.Average Or pg.dm(j) < Hmin) {

Pg-Rejected = TRUE;
Break;

¥

If (Not pg-Rejected) P.AddNodeAslInsertedNode(pQ);

Do p « P.NextlnsertedNode {

Call DelaunayTriangulation(P, T, pP);
}:

} Loop Until (P.lInsertedNodes <= threshold);
End;
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Haweilengumslsuvis (scaling function) [33,34] AU

_dp

2= ScaleRange(%,O,l, Xrmin s ;(maxj (3.15)

max min
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Taga y.. Azl g, ¥uee andesngatazinnigad msunslsy
3 Jq ¥ a qgj dgl o 1
v wazgnivua laedld Tasdnamnsaesszyunvilsznnveeilyni uaoinnisnaasy
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k4
nntiuIninefleddumsdsuvunainl¥lusanesiu AdaptiveRemeshing

A

uazimsdiulialeulumsasinaeuiounsngadeadlulawu Tasnavesilsndunis

H 4 v
v A =

[ o ' v Jo { o @ a 1 1 [ '
Ysvvnegildmeyiusouaundes Idondrsiavuannuranaiaiisuanaiied

1 Y] 5 ] 1 { a i a i < A Aa o o [ 4 I
Tugadavniia 9 1w A ldnnuinannanaudennsenamiduia lideiies udu o
gnimualianasulsuaa 1dlunsnudinanivuiailndifesiu deezlduaaslu
(% 1 d' 1 = 1 a dy 1 % dycy
d10g19nrznanneae i TaguuiAaNug IMUeIMINENHEIUTEHINAIFIavUIAA 1Y
a J v [ A 9 o o ] ~
AanaranazlanFunmsdSuvuia telglumssivuavuianazdumisvesauvasy

Usud ldnmunzay Idgnuaasaalugili 3.13

Computed Solution Geometry
(Key variable) (Mesh distribution)

Error Estimator Scaling Function

Domain rediscretization |

[ k4 9
37 3.13 1UIAANUFIUVBIMIHAUNAIUTZHINAIFIAVUIAATIWAANAIA

o [y o [ { Y] @
gagladFumsdsuvinadimsumseas waumasulsudala

dane3 i AdaptiveRemeshing #1 1a5umsysualgalsz@nsnin (Saneiu

(%

~ o 9 A AR A o [ o 1 dy = = [ dy
n4) %gﬂm"lﬂﬂlmmum anNaInNuN 3 mmumimmmmmﬂu"lﬂ UINYASIDYIAANIU

[ AaR

ane3 il 4 AdaptiveRemeshing(P, T, PO, &, £, h.i,» N » Zmin Xmax » threshold)

o I [ { g [
1. smuald PO lumayadouesdumasuiiunad (background mesh)
I VoA 9 d? 1 I = ~ 9 d? ]
2. Plumavesgadenazgnasauuinlvi uaz T illusaaumasunazgnadayuin vy
3. ewgadomely p, a0 PO

A 1
4. dwn h>h_ naulddeiuneun 3
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Aumamumaey t, vouwa T Aussygade  p, nelu geamnsonszinlalaeldns
Jd o o ° o 1T Aaw Jd a 4 {
yogaoidn  udrihimsmuudwniiinagaguin v e uATIMALY t,
o <3| 1 o 1 ] 1
Amualiilugade Q AMuiumszeziupIgane Q Alaums (3.4)
A H H
Auszezvinnngane Q ludwalaensamveseumae t, (d_ Tash m=1,2,3)
4 H
Anumduilszans g, vesaae Q areaums (3.15) uazMIATLezNIuRaoued d_
(s;=(d,+d,+d;)/3)
o ' 4 Y o o 09.:’ A
Mmanaaon y-a vesgaae Q Taednn (1 -a-h)>s, Idnaulldeiunoun 3
Mmsnaaou y-4 vo9aaae Q lasamiin d_ <(z -h_. /B) dwsuunaives m1d
A H
navu ldsiuaoun 3
v 1
Jaivgaso Q avluwa P
9 [ = 1 ::;cu (] 1 Y o 3' 09,’ ,:; = 1
anndenaliganenda lignemainea P ldisduaeui 3 89 10 ae 'l
o 1 05/' 9 A 4 [ Aa R
Mnsunsngadenandalima P aslulamy wazaswaurasuaigdanaIny
DelaunayTriangulation ahna1inudidnaau
Q ! { = 3 R 3 o @ QSJ} {
fndaugase A (Q luwa P) wnniia threshold nnduludaiuasud 3

9
a Y

3 Qy o
Nﬂguuﬂiﬁ}ﬁuq@ﬂTiVﬂﬁuﬂl@ﬂﬂi%‘U'}uﬂWi

(Y ak A =) F2 = 9 a
uageanainun 4 fﬂlﬂ'iﬂlﬂlﬂuiug‘]JLL‘]J‘]J“]J6QIﬂﬂm&lilﬂwslmlu’f]ﬂﬂﬂ]ﬂﬂﬂﬁ

E4
v A

weuldsung NL%Q’?@]Q (object oriented programming) 1adail

AdaptiveRemeshing(P, T, PO, alpha, beta, Hmin, Hmax, _

XImin, Xlmax, threshold)

Do {

Do p « PO.NextinteriorNode {
If (p-hi < Hmax) {
t « T.FindTriangleContainNode(p);
pPg <« t.ComputeTriangleCentroid();
pPg-dp « t.ComputePointDistributionFunction();
pPg.dm(1:3) « t.DistanceCentroidToVertices();
Pg.Xi <« pg.ScalingFunction(Hmin, Hmax, XImin, XImax);
pg-Rejected = FALSE;
IT (pg.Xi *alpha * pg.hi < pg.dm.Average) {
For j=1 To 3 {
I (pg.dm@@) < (pg.Xi * Hmin 7 beta)) {

pPg-Rejected = TRUE;
Break;
}:
}:
Else pPQg-Rejected = TRUE;
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If (Not pgq.-Rejected) P.AddNodeAslInsertedNode(pQ);
};

Do p « P.NextlnsertedNode {
Call DelaunayTriangulation(P, T, p);
};
} Loop Until (P.lInsertedNodes <= threshold);
End;

#m5uIsms leaudanesne DelaunayTriangulation, MeshRefinement
- - [ N a Y ~ [
taz AdaptiveRemeshing (danesnun 4). awiseesinglugiluunvesldamen daaaaly
v a R - 9J 1
9anaINN Main ¥19a14

[ AaR

aﬂaimﬁSMain(P, T, PO, alpha, beta, iteration, Hmin, Hmax, _

XImin, Xlmax, threshold, isadaptive)

Let BP be the collection of boundary point objects that stored in
sequence of counter-clockwise direction for all outside boundaries
and clockwise direction for all inside boundaries;

Let PO be the collection of background point objects;

Let P be the collection of point objects;

Let T be the collection of mesh objects;

Let alpha be the constant that controls shape of formed triangles;

Let beta be the constant that controls regularity of the
triangulation;

Let iteration be the number of loops to refine meshes;

Let Hmin and HmMax be the minimum and maximum element size,
respectively;
Let Xi_min and Xi_max be the minimum and maximum scaling
coefficients,
respectively;

Let threshold be the number of minimum increasing points for each
iteration;

Let isadaptive be the flag to generate background or adaptive meshes;

BP.iInitialize;
PO.Initialize;
P_.Initialize;

T.Initialize;
IT (isadaptive) {

P0.ReadBackgroundNodes;
BP.RediscretizeBoundaryNodes;

Else’{

BP .ReadBoundaryNodes;
};

BP .CreateConvexHull;
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P.AddNode(BP.p1, BP.p2, BP.p3, BP.p4);
T.AddTriangle(tl, BP.p1, BP.p2, BP.p3);
T.AddTriangle(t2, BP.p3, BP.p2, BP.p4);

Do p « BP.NextBoundaryNode {

Call DelaunayTriangulation(P, T, p);
¥

T .RemoveOutsideDomainTriangles;

Call MeshRefinement(P, T, alpha, beta, iteration);
IT (isadaptive)
Call AdaptiveRemeshing(P, T, PO, alpha, beta, Hmin, Hmax, _
Ximin, Xlmax, threshold);

T.LaplaceSmoothing;

End;

Y ' k2 d' U 4
34 masmm‘minammasjwmuﬂsum‘lﬂ

v
v 1 =)

@ ' A { Y] Y a a
fegransnanlsing luiadediiudedsnldlumsnadeuiszaniam

Y = v v WYY A o Yy 9 A
myasenumasunuulsud 1ddsenssurumsnitanededuy Tasvunavosanumvasy
o J o 1 Skt 1 1 A
(h) gnimualasilanduais q aenez lananaeee 1 nszuiumsnadeuisududlonts
) A g 5 o aYu o Ao A,
A9 UAY (initial mesh) Aaeand lawy pu s FuRs  MuaieA1LIBVA
~ o VA 9 1 Qs}l 9 o | 9
wosaumasy (h) - Tastimuami ldasuuyade anduldoanesiun 4  lumsada
= [ 9 Y o a gl ' o A A A d? A = =
aumasuuyulsudlla wazldiduiumssiaunnauiusumasuu oS sume
Y
numanensInou hilidedinny
% 1 I 9 d’ [ YY) 9 d!
fedrsalumsadnenunasuunvlsudl ldeasauuinanaravesTamu

sUAMABUAUAN (adaptive meshes along centerline of a rectangular domain) [33,34] Tag

U
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o Y ~ A 1 o Jo Ao % °
mwmimmmmﬁmmasJaJmﬂﬂegﬂﬂmuﬂTﬂﬂﬂqwummsﬂszmmmmzmmw AN

_[y—ﬂr
h(y) =0.42 - et (3.16)
= o T Aawv qﬂj ! o Iy d‘
Tag Yy HuUgoN Auridanna luuuing diu J7R 5k UQﬂﬂWﬁuﬂiﬂllﬂ"lﬂ\WI
1 v o w A A v F2 3 A = & A 9
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1 A ) A 1 9 a J o o 9 a
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A Y Y = (Y Y £
MINN 3.1 ‘Ui’]lqlla‘u@ﬁﬂ13ﬁﬁTQﬁ1N!Wﬁ8NLLUUﬂ§1]gl'Jllﬂ@ﬂﬂﬂl!ujﬂﬂﬂa"ﬁﬂlﬂ\iiﬂlﬂu

GATGLIT
msSudassd Tugene | SwaueaNug | AumwealuA (%)
meiTudY 297 544 99.45
1 9,287 18,438 99.95
2 9,782 19,426 99.91
3 9,797 19,456 99.87

4 o ' o a a 4
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IndiRseaumasuaum saansaduna laglFaums (3.17) [35] f3il

longest

1|.d 2

| : |S S| : | (3.17)
|S|n7/| dshortest |S n7|

Tagh d  wanede szeene uaz yimualitiaumio 600 Feazimiuld

=1

a oA U 9 A v W YA A A v
aumeamuan ldanmsadnaumasunuuluaa 1alialseum 99% wiedniienil
1 d‘ 1 [} A o Y [ d' 9 1 d!
nu1eAuN urasy lagaiu vy TuTamuidnyas Indmesduamuvasudiumi &9

A9ANAIN VAV AN ABL NS M UA TasaumMs (3.16)
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v o

sUFvasuIns o (adaptive meshes along a diagonal of a square domain) [33,34] Tassmualy

u Q

H 1 9
VUIAVOIAWINATUNYAADYNA M UA TATANNITALL

a(l—2x) . o’ px(1—x)
V2 p2) 20+ p2f

1 tant g @d=2y) a’pyl-y)
2x(1-x)| tan"* B «/§(1+,Bz) 2(1+ﬂ2)z

h(x,y) =2y(l-y)[tan™ p—
(3.17)

I 1 a P g v o 1T Ao
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5qiﬁ (Alpha-Shape adaptive meshes in a square domain) [33,34,36] Tasimualiviiaves

v v 9
aumasuNanegniuAlasauM ALl

min(02(4—1)? +0.005,10) ' if A>1

h(x,y) =
9) min(0.2(4=1)? +0.01,1.0)  if 1<1

(3.18)

T a g o o v
TagA1mmes A gniimualagaunisiiasany x° —y> +2-31x=0

A = [y F2 3 A = o & A Y ] A 9 A
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Usinamldng f(u) wazdou lusudnldgnimuaeddanu dmsugluoyliFaduves
a Y4 {1 ~ 1A
Ysmaldng f(u) fehgafe f(u)=u?/2 uaziGenaums (4.25) Aregiunylusadu
a v Jdo 1 1 4 4 9 A . . . .
voalSualdndaanainin aumstesinosuun 13aumia (inviscid Burgers’ equation) [43]
ou 1ou?
—+=—=0 (4.27)
ot 2 oX
A A A Y Y o YA A ] [ Qal’ =
uazmmmmmu"!mLimullﬂgﬂmwuﬂclﬁummmﬂumq 9 ANUU W
1 a v J A A v 9 I
MUITOLUINYANTTNVOINAANTUBDITUNIT (4.27) wazdou lusudu (4.26) pon lailu 2

Y
NIl aeee llil

ad
NIAUN 1 U, > Upg
E4

o o A o A Y A A Y o 1 A
ﬁ'ﬂ"i311ﬂﬁﬂluWaaWﬁﬂﬁ@ﬂﬂﬁﬂ\iNﬁ)uqﬂlliﬂﬁuﬂﬂﬂaTJ 9

u_ ,Xx<st

u(x,t) = { (4.28)

Ug X St

. < < 4 o
Tagi s MINEH ANWTIVEIFN (shock speed) FaanusamuInil@an

anuduiusveasu lminazd11nii e Taeldauns (4.18) 139 (4.19)

2 2

S =EUR — UL
2 U — U (4.29)
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= Y < 4 Ay < £ A v o 9
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anusnnananuivesdudon uaziduguansuzauntieglinnuiniooniinamus,
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VDUTULON
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A
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o [ J ] o 4 a @ [ I~
dmsunsatraansnasanaedIou luEuduasnanaisodlulyld 2
o [ [ AR [ { Y Y
Usgms dmsvlsgmsusnwadwssu@ernvilsing luaums (4.28) uadnyuzyoInisaa
o ¥ o = ) Yy < a ' v o ~ 9
AuvoUFUANANBUZNITDIAINIDUAUFBAIZIANMANA A UA U N 45 Taordu
o Y

v 3 9 ' = Yy < D) y v Y A
AUANHUSATUNAIISHAITUEIIUDININANNLIIVDIUAUTON LUASITUAUANHUSATUNUIICY

3 ' < y o 2 A ' A .
AULIIUINNIIANIULTIVDUTAUEDN HFAUTINIT A UEDNVYY (expansmn shock)
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) [ A [ 4 [ P 9 A A 9 Y] U A
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u, ,X<ut
u(x,t) =9 x/t U t<x<ugt (4.30)
Ug , X > Ugt

@ v @ @ [~ [ { % <3 1 ]
anuzvesmsaanuvoudunuanyuziiulldluglin 4.6 Feozmrunli

<3 v J 1 Y Y
Usingududonlunadns uarzsingmansznedrveaduauansus lnedudenazu

9 @ v o oA & & ddy 9 [ @ A o a & A
LLaZLﬁuﬂﬂ!ﬁﬂ‘lﬂlﬂ!%%Zﬁﬂﬂuﬂﬁ)‘ﬂﬁlﬂﬂﬂﬁ‘uﬂ %Qil&ﬂiﬂ!uLﬁUQmﬁﬂHﬂ‘!gﬁﬂﬂuﬂﬁ)‘ﬂﬂ']mﬂ PILTYN
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HAANT IHANHUSAINA1I ﬂﬁuﬂlﬂw (expansion wave)

u(x,t) 4 t A

\
>

A v J = A
JUN 4.6 waansvEIANMNS (4.27) Tunsel u, <u, (AAUVEY)

o T 9 9

< 1 A = v IA 4 @
Gl’J’é)ElN"llNﬁl!%ZLﬁH’JﬂHﬂiﬂWl U, <Up HHAANINOTDAAQDINUTUNITUAL
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A I =& Y = ddy o a oA
LADNAAANTNUNITUWIIHT UNLAYD ngUlmJﬂ"l'iﬁﬂ‘lﬁlﬂuﬂimujﬂt’JuﬂﬂﬂmﬁWﬁ'@i%@ Lax [40]
4 ' = a Yy < ;’f 9 [ Y @ 2 I 1
uax”lmﬁuam NIUVDINIINATUFONUU AT UAUADHUSATUHAIISUAIINLTININNIN
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AVLIIVDUAUTON UASITUAMANHUSATUNTUIICHUAITNLTIUDINITAIINLIIVDITUTDN
o &y o Y A v o Y oA v oA P Y "o
muumuﬂmaﬂymwmnmimﬂuuumuﬂfamwmmnuwﬂimgiugﬂm 4.4 YNAUNIUY

& 9 9 = A = 3 o L. £
LLﬁZN@‘LAU]ﬂJGUNGmQﬂLiEJﬂ’N Rou'lueuTnstvewand (Lax entropy condition) Sf4@1N1TD

E4
v A

Woulugduuuvesnruduiug Iaaail
F/(u) > s> f'(Uy) 431)
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Tagh f'(u) Wt aAnusIveudugmanyus auiudsawsaagllan

Tunsdifi u, <u, Tiaunsofendudenmszradnsi 1 lidulmudeu lueuInstlves
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VDIN1TBUINY (conservation form) At

% + %—f #0 (4.32)
Taeii Uliag E gninmua dati

U=[p pu pel (4.33)
E = [pu pu’ + p puH]r (4.34)

auna € Ianuaeiiloazainsomatoyiusouduniald aunis

a o Jd S A
(4.32) mmsm%u“lugﬂu‘uusumsz‘uumJmimegwuﬁﬂaﬂﬁqwuﬁumq (quasi-linear form)

ouU ouU
5 FAUS (4.35)

1 OE a @ 7 . L a @
Taoi A(U):% N8 anInge11al (Jacobian matrix) Fuilumasnes

YUR-3 X 3 aauaadlugums (4.36) ij'na'n

0 ) 1 0
AU) = @ (B-7)u y-1 (4.36)
_ 3 2 _ 2 2
(y—2u” au (B3-2yu N a "
2 y-1 2 y-1 i

= 3 A 2 a [ dy
TWJ a nugnd ANNLI AT (speed of sound) FIYNUITHANIU
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a= P (4.37)
ol

A J I A A va
HaZINeININTEUVANMToDEIas I UsTUUAUNIT NI aNTANI
a 4 J a @ 3 2 1 . J
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puusoiow sy a4, gnisend Haaududennos (lincarly degenerate field) 9
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a

a

[ @

] 1w ] a o W T 4 % %
AITULIANINY ‘]Jﬂ’JTNL?’HJ@QN’J?T?JN?T%J%@L‘I?@Q C’fiqmmmL%ﬂuclugﬂgmmmmmmwuﬁ

9

[40,45]'18 6371
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Wadaadnvar 4 uay 4, dwuidudaliseilonziinnuduiussuladaadnyay 4,

q



52

Ay d'oa./‘ 9 a o W 1
wu‘nmﬁmwmmmﬁmﬁ%

A t
contact discontinuity

LaznAANMI (4.40) 1@ u uaz p elawmidudmsy
shock

1 dl
ADLUDY [40]

expansion wave
1
1
1
Uy

d o o o an
ummmwuanmiaamaaﬂuwﬁqm

A o
TUU

1 4.7 wadws i lilamued

31



NN 5

A Ay 4 1 an Y 1 o d ¢
‘53!‘UE]‘U'Jﬁ"l‘ll‘r’h!ﬂ’Jf’]QN!!Q%’JTJ’ﬂ]‘il!‘l]ﬁ!!tlﬂNﬁﬂN‘V\Iﬁﬂ"‘lﬁUﬂ\‘lii’J

{ ' a s 1 7 4
uni 5 aznandemslFszdeuds W ludrequisadisumes (cell-centered
° @ ] I~] A H
finite volume method) @ m5uMsuLsTamueeniulsuasaruguglnssammaon
A = as 4 1 ’q Y o A a [N A v J
osnnszidevds W ludrequansolszgna ldnuilymmani hineiiowoswadns
<3| 1 ) [ a o oA L a 4
laiueded vagdmiumsdszanalsmnarandgn ldonmsdszgnaldszibouds I lud
1 J J yas 1 1 ailiics J . ..
roquaduans vz lIsmsutisennaa1slanagveels) (Roe’s flux-difference  splitting
£ I Ax A Y ] o ] o [ L a A A
scheme)  Fududsnlnarwsudrigalagmmizanumiudvoswadns luusnuing
A o o [ A =3 Y1 ax v 1 = Y Y A Aa o 19 <3
Adude liaeiilos duidisananaziilygmaailfigtosnmisidraveginemay
uaz luaeuierzna1delsnIsAIUINMIFIIIAT (time step) NvNIzaN SMTUMIUATLUY
A ana Aa o 9 ax (2 9 .. L] = = 2
AUNT008IA0S IUFADINATIANAUAIGATHVUTAUTS (explicit method) BE19TLEDOTNIN F
<3| 1 A o o ° o am Y Y ~ as a o Y o
Wududdianudrginndusudsmsudilymidesziondnideduay msgdmntinua
[] ~ [} o Y [ P 9 ] Y A ~ ]
Fraai lmangaw orvazi limaansa la bignaes wisluunnsdietvss liawise

o v A Y £%
ﬂ”lu'Jmﬁ”lNﬁﬂW‘ﬁVI@]@ﬂﬂ”lﬁllﬂmﬂ

5.1 s21Devd W ludequ

a 4 J I a { @ a o [ o
selionds I ludreguiluasn ldsuanuisudisumsuniyminis lva
= v o A < = ' Y a " A . . . v
HUURMITAAINANMSIGIFIA 5000 11INAAIN TiinoIiY (discontinuity) VOIHAANT
' A < A A o W T A Y '
moluTawu wu pdusenuierduda luasiies malnadinangnarugu Tagszuuauns
o A = /i A s s
P0IBT AIN IAUAAIRIBANNT (4.1) D4 (4.3) TasnuItetiszidonlddisiadsumes (cell-
] I { { <] { ' a
centered method) TumisuiaTamueamiunuivnaaniEond UsuasaIuau (control
v v Y
volume) AYlugi 5.1 Tas Q, winedadTmasaiunui | uaz 0Q, HungaiiuHInILAL
1 v Y
(control surface) ¥04UTanasAIUANT j dvisuUSunasaruguidnssenumasunurInIgy

y v o A
ﬂigﬂ@‘]_]ﬂjﬂQWU%QﬁWNm@QﬁWNL‘WaﬂN

I 1 o @ 1 a o Y o A
fﬂiLﬂ'Uﬂ1ﬁ'ﬂ1u$ﬂ'l§ll?ia’ﬁ'lﬁi“lJLmaZ“lJillW]iﬂ')’]JﬂiJ Qﬂﬂ'l’ﬂuﬂglﬂl,ﬂuﬂﬂ/l

o v a £ A A o v (& £
GHLL'I’T‘L!Qﬂ\?ﬂﬁ'l\iﬂ]ﬂ\iﬂill'l@]ﬁﬂi]ﬂﬂll c]Nilzmmmmaa@m1&11ua1wauﬂ5mmmmuwm 9
~ ] I dy ~ I 9 ad o 1 1 ] I g ~
!Lagli8ﬂﬂ15l!ﬁ\11ﬂmu’ﬁ]6ﬂlﬂuwu%ﬂlu’lmﬁﬂﬂlﬂﬁ‘ﬁﬂ\‘]ﬂaTYN ﬂ’liLHJ\‘lIﬂ!iJ‘LlﬂE)ﬂ!‘lJHWUVI

3 Aa 9 v o 2 . . . .
YNAANNNANNYNABI IUSUANMHA (first order spatial discretization) [2,45]



54

"‘ o
A

d‘ a o v Aax 4 o
51UN 5.1 ﬂill"l@]iﬂ’l‘ﬂﬂuﬁWﬁiU’J‘ﬁl%ﬁﬁl“ﬁumﬂi

U

Y s Y ~ an 4 [
nsunilyminis luavedszvuaunisessassaesiionds I ludregu
J J A ] { v
IFadIUIADS [45,46] FUAUAIINITWoNaNNS 3.6)  IHeglugdunuingzH (compact

form)

aa—LtJJrV-T(U):O (5.1)

Tas #(U) #1189 D3 voelSTunanldndiFanienin (physical  flux
vectors) Aaa@Adluanms (4.9) uag (4.10) wagmsdszmnaaniuzyesms lvameluunay

Usmasaruquaelamudmiunsimng @, Bududemsduiiinsaaums (5.1) meld

Usinasaugu Q,

[ [Q+V-‘F(U)}d§2j -0 52
Q, ot

z o 8 = ~ 4 9y
ﬂ1ﬂuuﬂ1ﬂ1iﬂ§$QﬂG}‘Vli]H;]“]J‘i/]ﬁlJ’ENﬂimmzlmﬁ (Green-Gauss theorem) (41

o P £ ]
AUWIUNTOIUDIFUNT (5.2) AL

j%_LtJde + $lr)-nlis; <0 (5.3)
Q, Q)

[

A Y 9 9 ax s do 9
NNNATINULAIUVINAU ammaamumaimwum“lwﬁmusmmmflwamﬂiu

1 a = Lﬂ' ISl 1w 1 td‘ 1
!W]ﬁ%ﬂiﬂWﬁ‘ﬂ’J‘UﬂiﬂJﬂWﬂﬂ‘ﬂ Tﬂﬂmmmm‘ummaﬂmmﬁmummmi"lwamaimmaz

9

9
U3uasniuguiin g auiu msdszunamaniuzvesns laneluuaaziliuasaiugy

[ 9
ansanszi lddiemsmaundsnnmsouiinsanaeanalsunsniugu



55

— 1
U, =Q—jtJo|Qj (5:4)

iQ;
Y
o o 1 [ ] I
nniushmsunuaaums (5.4) asluaums (5.3) uazdagiideIna ldiiu

dU, 1
1 ___- U)-alds. 5.5
dt Q, aij[(F( ) n] J )

& ¢ 9 A < 0 a
SHDIINWIUNNATUVNINDVDITNNIT (5.5) L‘]J‘L!ﬂ”liﬂiuilmﬂiiﬂmﬂﬁllﬁa
[ Jd dy a a = = a Aa o
ﬂlﬂﬁ?\'ﬁﬂ%ﬂWUWl&W’Jﬂ’JUﬂN an le’f)\‘]‘]_IiiJWliﬂ’J‘UﬂiJ QJ- “l)’\i“llll“l/lN'igL‘]JEJ‘iJ’J‘ﬁLGINﬁ?lLaélJ

: a v Jdo v a
ﬁﬁJ"Iiﬂﬁﬁ]%ﬂiglﬂm‘ﬂi3J"IiLlﬂ”li‘lﬁﬁﬂlﬂﬂwaﬂ%ﬂ\iﬂﬂ13@g{38ﬂﬁi’JﬂJ (M3uan) ‘1Jimmm'i"l‘wa

9
v A

v Jd 9 qﬂj a 9/ a) o
ﬂlﬂﬂwaﬂG]iN"ILlﬂ”I‘Ll‘ﬂ\iﬁiJWUﬂ\‘l‘]JiNT@]iﬂ’JUﬂMHﬂﬂ?ﬂﬂu ANU

du . 1

i

dt Q.

J

Z

i

[7U)-n]as] (5.6)

||
—

4
Ty N; minnededaumuinuaveslsinasaiugu dimsunsaiveans
] 9 a 4 a ana 9 =~ Y | =
wieTamumseamuaavaoyluaesiia N, deslinwiny 3 e uag AS| naneds
9 a 4 a o a a 09: A
ANuVBRIAIYITINAIAINAN | NegaanulTmasatuay | (Suasatuguianuan

9 a .
AT INTAILAY j)

Jd o A 1
m‘iﬂ’i&’mmwi]u‘lfINGfi}wﬁmlmme‘i (5.6) Iﬂﬁm’ﬂﬂ%ﬂ%}ﬁﬂﬁlm%wﬂ

@ J @ L 3 ) [
L'Ja']llﬂﬂ%ﬂl!%}qmﬂ\‘iﬂ@ﬂlaai (explicit Euler method) llagﬁJ@Wﬁ]uslfﬁllﬂﬂgulfg]jﬁuﬂ']'iﬁ'lﬁﬁﬂﬂ'ﬁ

4
Aaauzveams madmsulsmasniugu Q; el

AU 1 N,
=-—— > |F(U)-naS; 5.7
At Q, IZ V)] G7
L al\1t | ¢
U] S [FU)-n]AS! (5.8)

1=1

—

Tagi AU, =U -0 dau U uag U] vuned an1uzvoans lva
9
dmivdimesaiugy Q; ananluewna n+l uaznaniliiiu n amuddy dmivdunou

do llvesmsmuadieszfonds W ludequesadimuans WumsszinaslSunadnd

= 1

1 4
[F(U)-A] vosaums (5.8) Fallogarenurainnateds [45] dmsulunuisetivziaonly

U

~ am 1 1 v J @ Y = v 9 o
s2eVITMILUenHan19lansvee1s) @Ni]$Ulﬂﬂanﬂﬁlazlﬁlﬂﬂiuﬂjﬁlﬁ]ﬂﬂqﬂ



56

(Y] d d
5.2 Ismsudavenaamaiantuesls)

an ] 1 v Jd amdy Yo v v =2
’Jﬁﬂ'lill'ﬂ\‘ul,ﬁlﬂWﬁ@]'l\i‘i/\lﬁﬂ‘;]fsll@\‘lIi'JL‘]J‘Ll'J‘ﬁ‘WUlﬂiﬂﬂ'liﬁlﬂlliﬂﬂull'lﬂfﬂuﬂ\‘l

v J °

% { 1 o 1 v a o W 1
‘ﬂﬁ]ﬁ;“ﬂu L‘W‘513ﬁﬁﬂ‘iﬂslﬁ’ﬂﬁﬁwﬁfﬂiﬂTH’JfL!ﬁLLZJ‘LJEﬂIﬂEllﬂWWzﬁluﬁ’JuNﬁaWﬁﬂlfJ\‘lW’JﬁNWﬁqm

[ 1

[ =® Y1 ax =1 9 9 = a o o [ "9
FALIU DILNINID Qﬂ’ﬁTJﬂ$1I{lﬂj‘l"iW]Tuﬂ’ﬂllUl‘i!,’t:’fi‘lEJiﬂTWL‘]NG]’JLﬁ"U’ﬁWﬂiUUN‘ﬂﬂlﬂ1ﬂ§UN

) g

1 A dyo.l & A a 4 a Y v o a I
ABLIUBN u'é)ﬂﬁ]WﬂuEJ\‘]HJH’J‘ﬁ‘ﬂfﬂll15QWq%uLlﬁ$fJ‘ﬁ°U1Elﬂ’Jflﬂ’NiJﬁiJWH‘ﬁﬂNﬂm@]ﬁWﬁﬂi‘ﬂ
<3

f

§ a 1 4 : a a
A [33,34,47,48] 1ilof15anauns (5.8) WUNWIUNIY NI BYRIFUMIFI0TUeT I
v Jd 9 oa/’ Aa I s Y o 14
ﬂ'lﬁulﬂa‘ll’f)\‘]waﬂclfN"lufs’anI\‘]‘WNW’U@Q‘]J?M'WH?’YNJQN saziuwanaesimsdszununie

sedlonaBFednay e ldamsaiimssuiaaniuzaosms lvadmsulsmasaiugu

Jd v

Q, ina1lueuiaa n+l FaMIAUIUNIUaInaeEITonszi ladrensilszun

YSinaldndiFamoenn #(U) daolSinaldngiFeaiay FU) TavTnguow (Godunov)

a o

I o 1 o ax o a v JdAa o o 1 Y
[49] WunIdemunsnninaueIsmsmuIanlsunanldnsiyianavainaalenis
Yo ~ o c’d'dy a J = A a o
!Lﬂﬂﬂgﬁ'l‘"f]\ﬁ uu‘V]WHW'Jﬂ']‘UﬂiJi31’7'3']\’1ﬁf]\1ﬂ3NT@]?ﬂ?UﬂNﬂ@gﬁﬂﬂu
Py = d o [ s Y ax ]
ﬂ"lﬁLLﬂ‘]JﬂJ‘HWsUf’N'illuuﬁ"l‘Vii‘]_ligﬂﬂff?JﬂTS@f‘]ﬂlﬁﬂiﬂﬁﬂﬁ‘ﬁﬂlﬂﬂiﬂﬁ]uﬂw M]JJ
I A A o o a v Jda o ] 9 9
WunieuuInin LW§1$ﬂ1§ﬂ”lu'Jﬂl‘]JiiJ1ﬂW\lﬁﬂ“]fLGINﬁ'JL'G‘I"ULL‘]J‘]JLLNH@‘I?Q@I@QGI,“])'L'JQTGlUﬂTE

S a YA { 3 A

‘]JiS‘JJ'JﬁWEﬂJTﬂ Llagig‘ﬂ‘llﬁllfnﬁ@f’]ﬂ!a@5&ﬂuﬁ§ﬂﬂﬁﬂﬂ1§£%ﬂﬂi§wu‘ﬁﬂﬂﬂdulﬂlﬂulﬂfﬂ!ﬁu@ﬁﬂ
% u’j ] [ R A v Aav v 2 Y o F) = < o @

muuglumﬂnmma gl ll']ﬁNlJLlﬂ'J’ﬂEW]']H@ullﬂu'll,ﬁu'ﬂﬂ”ﬁLlﬂﬂﬂJuWTﬂlﬂﬁﬁﬂJuuﬁTﬁiﬂigﬂﬂ

4 U . R ' J Y o ax
aunisesu@osuUUsZIM (approximate Riemann solver) ‘%Y 159 [4] Tavdueusdzms
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dUNT (quasi-linear form) LU

N L AU W) <0 (5.9)
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Tas AQU) =a(F—l(JU) WG a3 nden Indl (Jacobian’ matrix) §115VID

] 1 [ 4 4 o d Y o a 4 = 1 =\
LLUQLL&ﬂNﬁ@]TQT\Iﬁﬂ%ﬂJ@QIi?ﬁ]SQﬂHTNTﬂﬁgEJﬂ@“IL"U"Iﬂ‘]JLﬂJ@]iﬂ"]SEﬂIﬂ‘LI uaxmllﬂﬁlzmﬂmmu

a dJo U o [ 4 . . 9 v s T
WASNFAINa NI UMIUszanaveels) (Roe’s approximation) ATYANHY A

aa—LtJ+ AU U )V -U)=0 (5.10)
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Taowainden Intiveslsd A deslinuautia [4] dsaelaldl
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1. A(U,U) = AU) Tagit AQU) =6(1(;_SJ) MU a3 ngen Iadl

-~ J { g @ o a ] 3
2. AU, ,Up) Aoalinn1zad (eigenvalues) Mdudgnavdruaussaniiu uag
4 { a 1 [ ) [ 1
INIABTIIZA (cigenvectors) NUANNDATZABAUAIMTUNAAIUDY U

uag Ug

v o JIda @ d o Y J 9 I a
3. AN UTenanyalaataadluauns (5.11) Y9araouiluasaaue

dmsuueaves U, tay U,
AUGUL )W, =U,) = EUg)-FU,) (5.11)

A =) = 1 A <3 1 A o
Worl5auMeTEHINNNTAIFNNIT (5.3) 1AL (5.10)  ILUAUIUNONING
a a £ o . a P o oA
duMNIAauNs (5.10) aaoanelamiy taglszgndngu)uNvoInI uuazmManunaun
% 1 =] [ 09/1 % 4
ADIVOIAUNMIAINA1INL IATUNIT (5.3) HEAAINEAUNTNITDINANVADAAADINY LAZIID
=1 = a [ c’oaj (% a
nfSeumevaums (5.8) tag (5.10) UsmanlangamnnuveuvelTmnasniuan & a1mu1so

[

E4
Aonlugduuuvesdnge Ind deil

£ =F(U)-n=AU)-U (5.12)

9
J o a

wagdlsmamlangasninaaiay F, gaivmualeg
F,= AU Ug) U (5.13)

9
9 v a [ Al £ (Y Y a
ﬁﬁ’ii‘]J‘]Jﬁll1ﬂlwaﬂ"]ﬂﬂf\1¢]’llaﬂl¢]\1ﬂ1ﬂﬂ‘]JGlI@‘]J‘1]i’N’]J§3JWIiﬂ’J‘Uﬂ‘3J Fn UDI
~ ax 1 ' v J =
szleuITMsuLenNan 1 aNansvea 157 [4,45,46] mmimmauiugﬂgguumaqauﬂwi (5.14)

FauaaId19ad
1 ~
Fnzz[Fn(UL)Jr Fn(UR)—‘A‘(UR—UL)] (5.14)

-~ a ' J %
Tag A HUEDAUNATNEVDIAINITNTLIOVBI157 (dissipation matrix) ¥4

a 4 1 [V 1 A =2 Y a o 1
LUATNFUDIAINITNTSINIAINGA mmmmzmﬂuiwag“lugﬂmmmmﬂ«vmmmmzmuaz

RS NFUDIINADS1D1ZD 1T
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A=RAR™ (5.15)

W - F?‘K‘F?*l (5.16)

~ a o J Y . . .
Tag R 111894 WA NFY01INAB35 1912 ATUYN (right eigenvector matrix)

4

-~ =2 a d 1 . . v A
Hag A YU UATNFUDIAUINE N (eigenvalue matrix) ANY

Al |v,-a
A= :% - X.,” (5.17)
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— 1 IS 3 [ a ~
Tﬂf] Vn ?Tll']flﬁ\i ﬂ']ﬂ')ﬁJLi')@]Qﬂ?ﬂﬂﬂﬂlﬂﬂﬂlﬂﬁﬂiﬂ?@]ﬁﬂ?ﬂﬂﬂ uag a

= v < =l A o ]
RUWOL AININUT AT (sound speed) (HBNINITUNUAIFNUNIT (5.16) ﬁ\?cluﬁllﬂ"li (5.14) uag

° J [ 4 a a 4 4
ﬂﬁ’iu@jﬁlﬂWﬂ’NNLWQLLiQ"U@Qﬂau (wave strength, @) @jﬂ‘l.!ﬂTﬂJIﬂﬂﬂWiﬂmm@]iﬂ‘ﬂfﬂlﬂﬁlﬁﬂlﬁﬂﬁ

Y 9 / y Y o U 1
191Z]ATUSY (left eigenvector matrix) mnmmwmNamwmamummmﬂwa

= _ o o e [ Y] 1
a=RU,-U,) waziimadaiseanas lng aq

F, = [F 0+ E U - RIFR U, -Uy)] (5.19)

Fo=lF )+ Fun) - Rk .19
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dmsuilgminis Ivaluaesd@ngnaiuqudleszuudunisessians ou

v o d o J
Uszneudls aumseysnEuIa auMsoysny lunuanu X aumseysny luuuiunu y uag

2
v A

v oW 1 o o
AUNITDYINHNANTU Iﬂ&lﬂ'l(’ll'fN attag R iuaai

[ Ap — paAV, |
RIE ot
PAV,
a (5.20)
Ap — =5
Ap + paAV,
23° ]
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1 0 1 1
~ |U-na na u u+na
R=|_ - - - - - (5.21)
v-na na v V+na
H-au va 05@U’+v? H+au

[ a 1

- = 1 ] dy =
Tﬂf] Vt HUWOI MANUITIVHIUNUNWNURNINIUAY TIU N, Lag ny UGN

q

4 % 1 o o o o
nﬂmaiﬂjmﬂwﬁwmaiuumuﬂu X uagy auaey aimsuauns (5.19) Elxifﬂlﬂiﬂﬁﬁlu

E4
v A

Tugtuuuvesesdlszneuiidvenunzasd s uaunsoooians luaeiia lanail
1 1 ool
F=JlRUD+F, (UR)]—EZakPk}rk (5.22)
k=1

2 < A =2 A
Iﬂﬂ o, TUAYDI AR ITULUNLLIIUDINA U k, /lk NUIYDINZIUDIAAU K

v Jdo 1

= 7 v A v A
g r, UUWDIINABDILVIZATUVIMNTUNUTOUAUIIE I ﬂ,k YDInaU K

v
A

o o a A~ 4 ~ N =< 1 A a
ﬁ1ﬂiﬂﬂiﬂ1m%u!ﬂiﬂdﬁu18 o ATUUU HUIYDI ﬂ1maﬁlﬂim1mﬁﬂ1u$ﬂﬁ

2
=

4 o
Tvavealsy (Roe-averaged state) AN

P =~ PLPx (5.23)
~ U P TUp/ PR
u= (5.24)
VAL T/ Pr
7= Vi O VR4 PR (5.25)
VAL A Pr
q= Ho\ oL+ Hepor (5.26)
NPL TAPR
a%= (y—l){ﬁ —%(GZ +\72)} (5.27)

5.3 MIMHUABIINI

) 12 J an
Tumangugms daums (5.8) dmSumsudszuuauNTe01a03 IUd0la

a o Y Aan o Y .. IS = A o . 9
1FIANAVAIBITUVUFALIL (explicit method) VLUANNADYILOYINIAT (time step) UAIDEY

1 1 td‘ d! 1 aaj tﬂ' o 1 o U o ti'd =
NIINIAINYUN ) 1MUY [50] IﬂﬂN@ullsll‘llﬂ\‘lf‘l'l'iﬂ?ﬁﬂﬂ%?ﬂlﬁﬁ?fﬂﬁﬁiJﬂ'lﬁﬂ']u”Jﬂ!“I/mLﬁﬂEJi
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(58n31 199U )Y CFL  (CFL condition) UAABUILTAAIIDIITAMIAHUAFINIAIVBNA VNN
A v o = &’f ° Y a v <
WsanngMsoyInEana1sonns wazivua Indsuaans f(u) veaaunis (4.20) 11l
P~ v J S { I o [ H 4 '
Ysunaldndisudunss f(u) =au Taeh a:1fludravainsila q weunua f(u) aslu
<3 9 & A 1 Aa 9 . .
auNg (4.20) nozldaums (5.28) HUTYNIT AUNITNIWUFIUTUAT (linear  advection
. & aa
equation) Tuniiedia

o

+a—=0 (5.28)
ot OX

@ 1 (] [ I~4
Tag u Mu19D9 @205 NIIVAIWBIANMT LHAZ a HUIEDI AIANSIVDI
o @ d'dyo YA 0 e ] 4 o Y ) Y]
mamluuanny x dwmsvluiinmrualvisaaimnnigud vasimuald lawudmsy

nmsfnegneldtouly (x.t) e [Rx R ] uaziitou lusudu dail
u(x,0) = u,(x) (5.29)
v J 9 o A A
HOANTIAUATIVDIANMS (3.39) d1nsuieu v t >0 [42] Ao
u(x,t) =u,(x—at) (5.30)

A A Y Y = Y ' Y
IWNITUININTUNIT (5.28) VYNAU Li'lﬁ"liﬂﬁmﬂlﬁluﬁhﬂWﬁ@ﬂﬂa'l'ﬂ‘ﬂ’f]g‘lu
a @ J % 1 ] a a 1 1w
JUnuvvesTuMIFIeyWuT a1y (ODE) 9819919 fMmnauua a gﬂuﬂmsl,ﬁ’ﬁmmmu
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AIULTI AU
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=== 531
o (5.31)

4 ' < [
eunuATrums (5.31) adudums (528)  Adinsadeuldeglugilues
aumaFeeyiusania wu

du(x(,) _ou oudx

~ (5.32)
dt ot oOx dt

1Fuase X = x(t) Naeandesduaums (5.31)  luszwiuxt Sendn du

AUANYUE (characteristic curve) [42] 1o lRdBROMIUTAINAaUNS (5.28) Tuszuy xt
ag Yo ] A A v S Y o A a

ANNA TR AU X 1WA NsuAY (t, =0) TUAMIAY X, HaziIMsduinIaaums (5.31)

moeluTamu [(x,,x)x (0,0)] a¢ldaumsiduaudanbuziiuga (x,, 0) luszuiuxt @9

waaalugiin 5.2
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X=X, +at (5.33)

X =X, +at

Xo

JUN 52 @uguanEaZAILga (X, , 0)

4 a § Qs’l al 4 ] [ & A
Wenasaglh 5.2 8nase Tasauuaiulenatdiull (1, >0) vadwsh

' '
=) =) 4

° 1 3 v o A 9 A o

AMNUI (X, t) veilunadnsouioannou lusuaudsnivualuauns (5.30) W12

I v J ~ 1 9 ] [} 1 A A 9 o v A

Lﬂuwaa‘wmuﬂﬂwagumauﬂmaﬂymzwm@ﬂ (%, 0) drueu lusudy & duniadu g
=) o ] [P=1 1 d' 1Y o’d‘ o ]

UMW UDIINAULNUI X, 12 hitiwala Q| aansilagunlasveInad s NA LU (x,t)

[ QS’I o oA o ]

AuiuANUY X, Nnademalaguuasvedrnaanindwmis (x, t) 501 Tamuves

M3NHAABNY (domain of dependence)

Q(x,t) ={%} (5.34)

) [ ~ 1" v 9 9 <] 1 A o v w <
15U Tawuyeamsinanenudeay sztlusranlveuaiinaowiiluna

1INNTNAINNUS V04N TIINUANAITUVDILAASTUNIT FI01092HAMINN NS 01108
1 3 Y o :,’ ~ = o [ o
ngudn 1@ asiuauns (5.34) ansanvz@eonlugiduuudmsuszuuaums laena o T

9

v A
ANU

Q(xt) ={x:[x - x|<at} (5.35)

9

o o d v [ 3 A A 9
FIMIUISUUANUNITIDYLADI U AIAITNLTINUINNEA (a Glﬁb'ﬁluﬂTﬁ

max)

1 Y1 o L:' 1 2 td' -] 2 as/’ tﬂ' o
Usznagnann: lsmduavinnigavesnnnzasdaninmualuanms (5.17) daiuiei
msnfseuisnfuaums (5.35)  msfvuaamvedndazlinasaiugu Q, dmiy
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Q.
At = i |
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§ [ 4 o [ o
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AS! :%i‘sjy-ﬁjl (5.38)

vinmsnadeunuilyniaie q wudt daudiinsauIamIAIgIuIan
[} v ! a 14 o Y a )
mugaudmivuaazlTinainiugy At aaeaunis (536)  mwsailnimaaui
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(Roe’s FDS with Van Leer’s entropy fix method, RoeVL) [9]
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Abstract

Adaptive Delaunay triangulation is combined with the cell-centered upwinding algorithm to analyze high-speed compressible flow
problems. The H-correction entropy fix is modified and included in the upwinding algorithm for unstructured triangular meshes to improve
the computed shock wave resolution. The solutmn accuracy is further 1mpm\-'od by coupling an error estimation procedure to a remeshing

algorithm. Efficiency of the combined is 1 1 by
steady and unsteady high-speed compressible flows,
@ 2003 Published by Elsevier Lid.

12 supersonic shocks and shock propagation behaviors for both the

Keywords: Compressible flow; Cell-centered upwindings Emropy fix; Carbuncle phenomenon

1. Introduction

High-speed compressible flows normally involve com-
plex flow phenomena,-such as shock waves, flow
expansions, and shock-shock interactions [1]. The cell-
centered upwinding algorithm based on the Roe's fux
averaging [2] is widely used for solutions due to its
efficiency for providing solution accuracy with less
computational effort. The algorithm, however, may
produce unrealistic results near shock waves especially
for flow at high mach numbers. One of such results is
referred as the carbuncle phenomenon [3] that arises due
to the use of one-dimensional upwinding numerical flux
for multidimensional problems. The algorithm may, in
addition, introduce an excessive numerical dissipation to
other regions where it is particularly harmful, such as'in
the boundary layer. To avoid this effect, the H-correction
entropy fix has been introdueced and applied 1o the cell-
centered upwinding algorithm for structured rectangular
meshes [4]. In this paper, the H-correction entropy fix is
modified for unstructured triangular meshes  arbitrarily
generated from the adaptive Delaunay triangulation
technique. The Delaunay triangulation [5.6] is used to
construct triangular meshes for arbitrary two-dimensional
geometries. The mesh refinement introduced by Weath-
erill and Hassan [7], and presented as Object Oriented

* Corresponding author, Tel /fax: 4 66-2-218-6621.
E-mail address: fmepde@eng.chula.ac.th (P. Dechaumphuai).

(965-99T8/03/3 - see fromt matter ©
doiz 10, 101 6/S0965-9978(03 )00083-8

2003 Published by Elsevier Lid,

Programming by Karamele et al. [8], are used to generate
nodes inside the domain: To improve the analysis solution
accuracy, an adaptive remeshing procedure with the
second derivative type error indicator [9] is also
implemented into the Delaunay triangulation. The effi-
ciency of the combined procedure is evaluated by
analyzing a series of both steady and unsteady high-
speed compressible flows.

2. Numerical technique

The finite volume formulation of two-dimensional Euler
equations for high-speed compressible lows of an element
with domain £2 may be written in the form,

iJ‘ ﬂdﬂ+§ﬁ‘-nd§='[ Jan, M
ar Jn n
adr

where £2is a control volume. U is the vector of conservative
variables, F is the vector of the convective fluxes, and J is
the source term vector. The Roe's approximate Riemann
solver is implemented in the framework of the cell-centered
scheme. The numerical flux, passing through a shared side
of the two adjacent left and right elements, is given by

F = L[(Fu + Fop) = RIAIR™ (U — U] 2

where R is the right eigenvectors matrix, and Al is the
diagonal matrix of the eigenvalues [Al.
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Fig. 1. Cell imerfaces of a typical gnstrucyared wiangular mesh.

The Roe's appmxinmp’-'Riemm solver is one of the
most successful approaches for capturing shock waves
with high solution accuracy. However, according to the
study of Quirk [3]. some unrealistic results have heen

in Engineering Software 34 (2003) 533-538

Then the acoustic eigenvalues [Al are modified according
1o Ref. [10] yielding the [A" such that

1A* = max(Al, 7). 5)

To evaluate the ability of the modified H-correction
entropy fix as described above for triangular meshes, the
problem of a mach 8 flow past a blunt body is used.
Fig. 2(a) shows the computational domain with a uniform
triangular mesh that consists of 15 nodes in radial
direction and 140 nodes in tangential direction. The
density contours of spurious solution obtained from the
original Roe’s scheme with the carbuncle phenomenon is
shown in Fig. 2(b). The carbuncle-free solution using the
modified H-correction entropy fix based on the equations

- as described above is shown in Fig. 2(c).

found in certain problems such as the earbuncle

phenomenon. Such phenomenen refers to a protuberant
shock profile appears in the computation of blunt-body

problems, and a planar moving shock in a duct where a

centerline grid is perturbed (odd-even decoupling). To
cure these problems, the H-gorrection entropy fix
proposed in Ref. [4] for structured rectangular meshes is
modified for unstructured triangular meshes. For the
triangular cell interfaces as shown in Fig. 1, the proposed
H-correction entropy fix is

7! = Lmax(ny. 2. M. s 75). 3)
where m;, § = 1-5 are_deiermined. from

= 3 max (g = ALh. “)

(2)

)
The second problem is a mach 6 moving shock along
odd—even grid perturbation of a straight duct. The
computational domain consists of a uniform triangular

~ mesh with 801 nodes along the axial direction of the duct

and 21 nodes in the transverse direction. The nodes along

~ the centerline is perturbed in the transverse direction with

magnitude of =10 ° [3]. Fig. 3(a)-(d) show density
~ contours of the normal shock obtained from the original

(b)

Roe{s scheme at various positions. The figures show the
deteriorate  shock shape after x =50, and then the
numerical instability becomes progressively worse until
‘the shock breaks down. The same problem is repeated
using of the Roe’s scheme with the modified H-correction
entropy fix. The predicted density contours at the
same - positions are-shown in Fig. 3(e)—(h). The figures
show accurate shock resolution as it propagates through
the duct. '

(©)

Fig. 2. A mach 8 inviscid flow past a blunt body: (a) computational domain; (b) density contours (Roe's scheme); and (c) density contours (Roe’s scheme with

modified H-correction entropy fix).
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Fig. 3. A mach 6 moving shock along odd—even grid perurbation: () —(d)
density contours (Roe's scheme); and (€)-(h) density contours (Roe's
scheme with modified H-correction entropy fix).
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Fig. 4. Problem statement.of a mach 3 flow past a 15 degrees wedge.

3. Algorithm evaluation

To further evaluate the capability of the combined
adaptive Delaunay triangulation and the cell-centered
upwinding algorithm with the maodified H-correction

NI NS
SAATAS

=

ich / Advances in Engineering Software 34 (2003) 533-538 535

entropy [ix. four simulations of both the steady and unsteady
compressible flows are used. The two examples of steady
flow and two examples of transient flow are: (1) a mach 3
flow past a 15 degrees wedge, (2) a mach 15.3 flow past a
eylinder, (3) a shock wave propagation in a tube, and (4) a
shock wave propagation from underwater explosion.

3.1, Mach 3 flow past a 15 degrees wedge

The problem statement of a mach 3 steady-state
compressible flow past a 15 deg wedge is p d in
Fig. 4. The adaptive mesh consisting of 11,847 elements and
the corresponding density contours of the problem are
shown in Fig. 5(a) and (b), respectively. Fig. 6(a) and (b)
shows the predicted density and mach number solutions of
the adaptive mesh along the section A—A as compared to
the exact solutions.

3.2, Mach 15.3 flow past a cylinder

The problem statement of a steady-state mach 15.3 flow
past a cylinder is described in Fig. 7. Fig. 8 shows the
adaptive mesh consisting of 36,986 elements, as well as the
resulting density, pressure and mach number contours, With
this mesh, good Aow resolution quality including very sharp
bow shock is obtained from the combined procedure as
shown in Fig. 8(b)-(d).

3.3. Shock wave propagation in a tube

The first transient flow test case used for evaluation the
efficiently of the adaptive cell-centered upwinding algor-
ithm with the modified H-correction entropy fix is the
unsteady shock wave propagation in a tube. The two regions
of the tube are separated by a diaphragm at the middle of the
tube [1]. The pressure ratio across the diaphragm is initially
prescribed as 10. Fig. 9 shows the predicted normalized
density, pressure and velocity distributions at time 1 = 2 ms
compared to the exact solution. Fig. 9(d) shows the adaptive

(®)

Fig. 5. A mach 3 flow past a 157 wedge: (a) adaptive mesh; and (b) density contours,
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evaluate the efficiency of the algorithm, the
y yropagation from an underwater explosion is
stigated. The stiffened gas equation of state for

—4/} ible medium is given by Ref. [11]
-~

(b)

Fig. 8. A mach 15.3 flow past & cylinder: (a) adaptive mesh; (b) density contours; (c) pressure contours; and (d) mach number contours,

(6)

is a pressure-like constant. For

492 MPa. Fig. 10 shows the

1 ribing the dimensions of the

i do in meters and the shock wave
phenomenon genes from the initial pressure of 12 GPa

=

.l 13

(©) (d)
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Fig. 11. Transient adaptive meshes and the predicted pressure contours for a shock wave propagation from an underwater explosion,

4. Conclusion

Adaptive Delaunay triangulation was combined with the
cell-centered upwinding algorithm for solving high-speed
compressible flows. The H-correction entropy fix was
modified for using with the unstructured triangular meshes.
The method was evaluated using the problems of a mach 8
flow past a blunt body and a mach 6 moving shock along
odd—even grid perturbation in a duct. The results show that
the method can eliminate the unrealistic carbuncle phenom-
enon and provide accurate shock resolution. The combined
procedure was then further evalvated for the two steady-
state flow examples of a mach 3 flow past a wedge and a
mach 15.3 flow past a blunt body; and another fwao transient
flow examples of the shock wave propagations in a tube and
from an underwater explosion. These examples show that
the adaptive cell-centered upwinding algorithm with the
modified H-correction entropy fix can provide high solution
accuracy with reduced computational effort for high-speed
compressible flow problems.
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of the high-order accurate scheme on adaptive meshes to
effectively obtain detailed flow solutions.

CONCLUSION

A mixed entropy fix method is proposed to improve
numerical stability of the Roe's flux-difference splitting
scheme. The method combines the modified entropy fixes
by Van Leer e7 al. and Pandolfi and D’ Ambrosio, togﬁl.*l‘
The method was then evaluated by several well-known
test cases and found to cﬁMﬁ%ﬁy&m solutions that
may arise from the use of the ]
These unphysical suln i "
phenomenon on the bow st
body, and the expansion s
over a forward facing
solution accuracy, the high-
Runge-Kutta temporal
implemented. The me
adaptive mesh gen
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Two-Dimensional Adaptive Mesh Generation Algorithm and its
Application with Higher-Order Compressible Flow Solver

Sutthisak Phongt . h, I ote Dechaumphai®
e donghkorn University,

A combined procsdtre i dimensionul Deliumay giesh generation algorithm and an
adaptive remeshin 3 dable Now solver is presented. A
prendo-code p echnique. The Mux-dilference

splitting scheme n for high-speed compressible Mow
analysls on ug fates nonphysical Nlow solutions
suiely s th from the bow shock of the
Mow over o bl \ periurbation in o straight duct
for the Cuir gois Turther extended to ucheve
higher- crde ormance of the combined proce-

dure is evaluate

high-speed ¢

£ everal pleady-state and transient

Key Words: Ad incle Phenomenan, ff-correction

‘(\{‘C\: ".-:3:.0 )

de the domain, points are generatcd indepen-
1. Intmln‘ S T cnily by an automatic point creation algorithem
it “ , )

24l IR~ ont and Weatherill, 1993 ; Karamete ¢t al.,

Spatial disenety
prerequisite o e e S SRS ———Fa-snimnes A2 olution accuracy of the nu-
finite- volumic ™ i peril diTers  merical analy f d to improve the computed
equations S v sfrpduptation is needed. An adaptive
model of the problem. G meshing tecpique is incorporated with an

process sturts ot e generation of the point  appropriated™efror indicator to dictate u close

lisn; the poin are subscquently connected 00 gorrelation between the size of elements and the

triangular elements. Thpolnts :ngtinn step s beligar of the corresponding computed solu-
io

olten ti ' 3 plemented 10 ciplure

in (Bow m H }IEf] n%ﬂ?:]n solution with « reason-

the r wi ol . The process of the
ks,

as well-shaped us possible for the given, poi nd-plh&nmhin: is to first @ngrate an initial

ARARHPHE R e R =

gions where sdaptation s vital are determined
* Corresponding Author, by an error indicator, and new adapled mesh for
w&mfﬁhm. Chulalongkarn D¢ S0lution is caurcly genernigd. The some pro-
Vimiversity, Banghkok 10330, Thailand. (Manuscript Re-  ©ess is repeated until the specified convergenee
ewived May 24, 2004, Revised Scptember 24, 2004) eriterion is mel. The efficiency of the overall
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procedure is evaluated by calculating flows that  with the implementation procedure in an oh-
include the supersonic shock wives and shock  jected-orienicd  programming concept. Section
propugaiion behioviors. 3 deseribes the Roc’s fMux-difference splining

High-speed compressible Mows normully dn scheme with some well-known problems that ex-
volve complex Mow phenomens, ks t numerical shock instability. A Roe's scheme
shock waves and shock-shod s Wy Al 0 mized entropy fis method is then pro-
ous numerical mviseid AR n P tnd exasmined for their capabilities. The

1 : eme is further extended to higher-
problem (Roe, 1981 Steper and Wirming, 1981 ; irder €olition accuracy and then evaluated by
Liou et al., 1993 ; Tg i _' ghimark test coses i Section 4. Fin-
2002, Kang et ul., performunce of the scheme I8 evalunt-
tions, the Mux-diflg sp nstructured meshes for solving
(1981) is widely used d dy-state and iransient high-speed
and mathematical flow. problems.

may sometimes e 1
tions in ceriain probiems, gichdes the o nay Triangulation and
phenomenon  (Pef¥ and o St i iF tion Technique
spurious bump in the kil a4

blunt hady, Tn the odi=evel e cocration und uduptation

[Chuirk, 1994), ap : r , The mesh ¢ ion implememed in this pa-
grow with the planar gho o ' er [ \_‘ he Delaunay triangulation (Bowyer,
the duct. To improvefthe &6 ol sab, 19810, The algorithm iisell does

these problems, Quirk poi
ginal Roe's scheme sho
placed by other schemes i the®
shock, Ir has been known that
scheme does nat mhl}

the procedire for ereating new poinis
domuin. The sutomutic point creution
dure presented in this paper are derived
i the algornthm suggested by Marchant and
1993) The shape and size of clemenis

may allow wnr f oigts inside the domain are con-
{1983) propbscds] [ation 1o trel Sefllefents, the Alpha and the Beta
repluce the neur 4 [ cigenvalucs by some  coeflicients, The ¢ f’ idea of the aulomatie point
tolerances. The Wocediae 15 1o search for the element
Harten's entropy [ mlh the % ’ e il conforms 1@ both the Alphn and Beta testing

values 15 given b 'l en Leer et al. I:’IW?]I criteria and a A point placement at the cantroid
This paper proposed a mixed entropy fix me-  of that element. New elements can then be created
:hnd for the Roe's schendd.ah adappres unstrue- by thgeBielaunay trangulation nlg-:nrithm The

e

Homtl. :tiulpluuu w:hnique of Flhd To cupuge fast variations of OfF gflution, small

I'llnhcr uunded to higher- md.ermlullun secura-  all alunmu {Bnuluummu and Maorgan, 1992}
T:'}' and then evaluated h:lp several benchmark fest = i o

The preseniation in this puper starts m Section where Al is the higher principal quantity of the
2 describing un aduaptive remeshing technigue  element considered,
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2= P | e region with smaller solution gradicnt such as
* m(l ax* H ay ) & \he tail of the expansion fun, When the ndaped

elements generated by this function are distoried
in shape, the Alpha and Bea coellicients are
ncorporated to control the point density and the
larity of triangulation,

proposed adaptive mesh regeneration is
the concepts of the Delaunay triangula-
mesh refinement. The new mesh is
jeied using the information from the previ-
sckground mesh, and it 15 compesed of
in the regions with large chunges
tion gradicnts, and lurge elements in
ling regions where the chunges of the
ents are smull, Detailed process of

and ¢ is the selected solution

Remeshing algo 3
dimensionless
sure-switch coc

indicater au nod

k. =g

where J and Go agher) two 1 Cthe | odapiive remeshing technique is described o3
irinngle, ¢, 4 v . \

A =max { | — g%, i : coriihm AdaptiveRemeshing (F. T, I'0. al-
@ is used to RTINgEhe S puity Wb beltlice foms. Xise Xieas. threshold)

ur numericul Sucillagion. Wceording (o-nuR i ' k=1, . m he the set of paints of

experiment eapecidlly ©OF aponed scher the hackground mesh.

that will be explamedtlater. ¢ af a ) P be the set of paints and T be the st

prescribed os 0.003 gt Thin of triomgles.

A*=0,005{ ; + s F4n :

gy and iy are oscillated

pectively.
Procipsil exper

lﬂ"l'l:l‘l'“ ’

" Read next interior point py of the back-
ground mesh from PO
& 10 iy > Misax then go 1o stcp 3,

Search tripgle #& in T which contains

——'—___.__? 8 ﬂm.hﬂe the un“uid ur lh!
5 I —— i WO——, Sy P P T 41 (el |- K L ' &
pressibl eI b ek L sbib e WO LM it 13 PO fu. und com-

! Sainudistiibution function of point fiy
My cause | Wl

quate refinenient becuuse 1 0 i -

weiled gecording 1o the maximum value of the o = ;?-Elp_-—ml (5]
second decivatives, In_ofder o overcome this

problem, an clemesidtie scall@unction, which ~ plgre M s aumber of surrounding nodes 1o
L

SRV aar a s

wchung(JE 0 o alle i e i oS, 7 foc polon
W 2 R A VAT

by
I
minates exeessive distortion of the regularity of 8. Perform the Xi-Alpha test for point fg. 11
the triangulation. The value of s limits the  (xisalphash) >=5, then reject the paint fg
Aumber of painis mserlion in the high gradient and return (o dep X
region such as shock. while the valve of upper 9. Perform the Xi-Bein test for point fq I
limit Yamx allows Lo inscrn more points into the  two oul of throe of da< (s hea/ betal for any
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mp= g, 2,03, then reject the point pg and requrn e Let P be the collection of point objects ;
step b Let T be the collection of mesh objects ;
10, Accept the point fpy for insertion Let afpha be the constant that controls shape of
Deluunay triangulation algorithm and formed triangles ;
P ima S, el befa be the constant that controls regularity

Il Repeat steps 3 1o 10 ' the triangulation ;
)ﬂn be the number of loops to refine

are considered.
12 Perform the Delaumag i ngnlat

— w-ﬂm be the mimimum and maxi-

size. respectively ;

inserted points in M
threshold, then go T8 Step_lebMheeiise sop the Xi sax be the minimum and

13, If number of accep

algorithm. | senling coefficients, respectively ;
: be the number of minimum increa-
Smuthcprnpmmd et oA
guaraniee the goog

e flag to generate background
meshes |

\

laxution (Frey, 1991)
ping technigue is h
shaped mesh impedh
method 15 to make the
o equilmeral triongle:
cqualize the verexdegrog
ed 1o cach point) towardithe yalue ’ ! ;s !

the Laplacian smooihifig wrmaith i : sdBackgroundNodes ;

i p HF. RediscretizeBoundsry Nodes |
,‘6(‘.0‘!‘
22 Mesh generation hph wiatadion Tse |

algorithm ouhntin 72 d/‘/j
This m‘l‘lun prEsEn iy

combining togeth s ;
Delaunay tri abdaning il iiiadi beliinsiineid g poAddNode 18 ’-./t, BP. p2, BP, p3. BP. pd);
cedure, and  the A8 SNUdBP. pl, BP. p2, BP. p3);
This main algorithe i angle\e2, BP. p3, BP, p2, BE. pd),;
object-orienied programming :
inte account the Wdvantages of the code enca- Do p— BF. joundaryMode |
paulation, inheritance, and pnlymnrphr:m capa- Call ﬂtllmﬂ‘l‘imﬂlihu (P p);
hilities. The implementa Belor thefimin algo. |

R 1UTEIY] El‘llm??”“’”

(P, T. aipha, bet, ﬂcmﬂ‘mffu.
rr..,.xf.mrmmwm

QW xgqeaary

:Iu-ckwi!c direction for all ouside boun-
darics and clockwise direction for all inside
boundaries ; T. MeshRelaxation ;

Let P60 be the collection of background point T, LaplaceSmoathing ;
ohjects ; End;

P, Read BoundaryMNodes |
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To evaluate the performineg o o ure constunts equal 0 zero and one, respec-
remeshing technigue with wely., Figure | shows the series of aduptive
Ilmn.l.'uuper{!'il:l meshes gencrated by three iverations based on a
given as an analytic | ¢ initial mesh, The value of mesh generation
dimensional do Ay pene WiEMcients, @ 2. Zeine Dess are 05, 06, 075,
tion process sto i i i s Icspecﬂl‘:h*.lﬁ.wloihcprucribddi-
ed in the dom if af Atk nction in Eq. (6], small element sizes

sizex at all points ; --_ arcund the centerling of the do-

function. Th figure shows that size similarity of the
nduptive remeshig Sumeshes 1 generuied ulong the narrow
the resulting g the centerling of the domain. The
fterntion proce mits the number of point insertion

ingrement is i i genterline of the domain, while the
The three cxuliples piage. el pener ullows more nodes (o be insered

with the unnl T i pihier rogions.
ment sires pres ification of scale range and Yo, feax
meshes alon, effects on the resulting meshes os
doman, (2] adap Fig. 1. Without the scule runge, the
of u square dony 1 i omposed of smull elements concentra-
adapiive meshes in g @uare g < --'\, gund line a (see Fig. 21 with progressively
Adaptive Meshes #longy PEiet] lar ek clements outwards s fa< iy, fre. Hence,
tangular Domain ;. The (i a miesh consisting of relatively uniform elements
adaptive mesh generation: 3] Pt n o wider centerline bond of the domuin muy be
ar domain, The TR i ted. This mesh hos beer physical correla-
domaln dre ] 1 haviors of shocks. The scale
N r——laaedr: the nodu! spacing volues into
*). ey Is necording (0 Ymen 60d Yees.
—- | i . the genernted element sizes are

where ¥ i ”l urinble &r B Tatively dfforn:.

~ Addapti - leshes alung o Diagonal of Sepuure
Do ¢ The second example concerns with un
ngeMive mesh generation in o unit square do-

r%u are coleulated by Eq.
m I is set o 05 for this
L . 15 function gengruigs baoih

a w
TINEINE
i ¥
s
i oy - '
O WA D e
i
a4
2
s
Fig. 1 Adapiive meshes along cenierline of a recian- Fig. 2 Dimribution of clement sizcs ulong the v

gular domain direction
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negative and positive values, only the positive An Alpha-Shape Adaptive Meshes in o Square
values of this function are used to determing the  Domain: The thod example presenis un alpho-
clement size by scaling into the new range of  shape aduplive mesh generution in a square deo-
0001 and 0.2 " mpin. The slphs shape function |[Borouchaki et
§97) is used to calculate element sizes in an
e dommin

(0.204=1)"+0.008, 1.0} of 421
020 4= 1174001, 100 iFd<]

klx, ¥} =2y(1=4) [lm‘

+!HJ-I]EW" 8 (8)
of parameier 4 & determined
here g=al(x+ - ~-
:;:“ J‘I'l ; i :r :’j. . —'33.: =0, Figure 4 shows the
oqbe 2 ’ L daprive meshes generated from
live erations buscy 0 nimesh. Th ’
* \ The value of mesh genera-
vilue of mesh generatig - 1 :
v B\ Kuam Xmna are 0.5, 06, (63,
o are 05, 0.6, 03808 0
P B . The smaller slements ure
combination of the valug
e A alpha-shape in the domain
baungd ! i
s s are generated in the other
Alpeoblems, the preferred values of
d 06, respectively (Karumete
\ n general, the acceptable ranges of
‘ : alues are 0.3~08, and 0.7~ 13,
o 4 4 2 pectivelfy In addition, the values of 0.4 and
- Sen for Yen And Yaes. respectively,
high"speed compressible flow resr cases
ated later in this paper.

Speed Compressible

- _;’« olver
“

"" 8 the Delaunay iriangula-

& nulomutig point creation procedure, and
the udl.pu'w: cmieaBing technique has been eva-
. Tuated by Ippljr].tl] to solve high-speed com-
'-"- pressible flow problems. The Roe's flux-differ-

; ly used for com-
‘a w Eﬂ;ﬂ‘% ﬁaﬁﬁﬁ: its eMiciency for
ulo This section briefly

1 erien ﬁtpllim l.‘mr mnlhnd and ils ﬂe.nw for com:-

ichnm m::.r not provide correct solutions for the
compiessible Euler computation are presenied
P hrain o hrstim in this section Nonphysical numericul solutions

Fig. 4 An nlpha-shape sduptive methes In & square  muy arise from the implementation of the one-
domain dimensional upwinding numerical flux function
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onto the multidimensionul formulation. Te avaid  where Ve is the normal velocity, and & is the
such solutions, & mixed entropy fix method thit  speed of sound at the cell interfuce.

combines the entropy fix method ur L el

al. and the modified multidi g
tion methed by Pandolfi and D%
is proposed in this pap Ll
fix methods are pre
farmance are d
tions in this
the first-orde
meshes.

32 The mived entropy fix method
The original Roe's scheme previously describ-
d has been found to produce unphysical solu-
s of the Buler equations in some certnin pro-
These include the expansion shock from
v over a sicp, and the carbuncle pheno-
ol Mow over a blunt body. To avaid such
solutions, the emtrapy fix methods
83 ; Van Leer ¢t al, 1989 Pondolfi
hrosio, 2K ; Lin, 1995 ; Sanders o
Dechaumphar wnd Phongthanapanich,
i proposed and investigated. By
periment, the ¥Wan Leer et al's en-
od can perform very well for flows
shocks thul conlain sonic points
laws over a forward facing step. Mean-
ndolfi and D'Ambrosio version of
orrection entropy fix is suitable to cor-
umerical nstability from  insufficient
sation injected 1o the entropy and shear wa-
uch as the flow over the blunt body pro-
Blem. Thus, this paper proposes 3 mixed entropy
method thut combines the entropy fix me-
of Van Leer et ol. and the modified multi-
d, and ssipation method by Pandolfi and
T IR LT LT o b 1 115,071 modified ff -correcuion, loge-
g the original cigenvalues as

31 Roe's MNus

The govers
Euler equations ik
flow are given &

where [J is th
E und @ are the
in x and ¥ dired
gis equation of #ate

gy
where f is the pressure,
the internul energy, am
ratio, By Inl:yntu 1]

"
where F' is ihe numerical fux"vector and A ..

ke VA2
unit rmrn:ll vector of the nl! buundusr Thn M_t
numerical fux the cell interface be- hLI- +a™ LAl (14)
l.wm fefl cell d the rifthieell B neeord- | g™
Wﬂmﬂ FlUSF i~ -
1
QWﬁMﬁ“‘i“ A7 Wﬁ@@ﬁl *
Eq. (12) are. The values g, f=2 1o 5 as shown in Figures
Va—a s{ad-(h) far bath the sructured and unstruciur-
g Ve (13) ¢d meshes nre piven by :}r—ﬂ.irn:l:l:[H.u Aur |0
- v where L and & denote the left and right elements,

Vata respectively.
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2 e
o e ik

(n) (b}
Fig. 5 Cell interfaces of - (a) structured unilie
mesh (b)) unatroctured minngulor

b e} (d}

This mixed enropy [ix
to the Vun Leer ¢t al.'s e
handling the acoustic
and the Pandolfi and [3°Ad
H-vorection entrop
sheur waves (for k=2
fix method his bee
three test cases involvg
earhuncle  phenom
coupling. These test cas
ance of the proposed
blems with differ,
tared drmgular meshe

The carbuncle ph
flow solution, the so-
menon, of a aeady :
from the original Roe'sSchome
by Perry and Imlay (19554085
refers to a spurious bump o ;
the Mow cemer line ahead of the b
phenomenon s highly prid-depshs

in

¢ over & blunt body, enlinged
\\- mesh and computed density con-
s b} firm mesh: lch-(d] sccond
#= 10 third mesh

Sumeving shock along edd-even grid

and D" Ambrosieg 26

lurge number i

and Moschen

the computed d

entropy s meth 3 i

ferent element aspect --.7. ed VIEWS O . 8 Diffractiot ‘L a Mich 2 sock over a 90°

the clements near the flow center line of the first, corner

second, and the third also lhnwn in

the figures, carbuncle not  and Iheﬁm dlrn.'num of the duct. The

T LI R

ment th & magnitude of
The Quirk's test {add-even decoupling): .ﬂnm =10 Fll'l.lrll 7 shows the ca density

ther is o mach 6 moving shock Iun', contours #-the normal shock at Iogations

) B St | Ffrobad i o bt |
of o uniform triangular mesh with B00 and diffraction : The last test case, the ex-

equal intervals respectively along the axial  pansion ﬂmuh problem, used to evaluate the nu-




2198 Suithisak Phongthanapanich and Pramole Dechaumphial

merical instubility is the diffraction of 4 Mach 2 ronge of O ta 2 In this paper, the clipping of
shock moving over o #0° corner, Flannt § shows  weights s slightly different by modifying enly
the computed density contours ob ; the value of weights of boundury meshes. If any
mined entropy fix method. On the sther handg weight becomes negative, its abselute value is
nuld not pro pe d for simplicity. Several examples presented
elgw have shown that such modification per-
ell. The @ in Eg. (17) represents the
for preventing spurious oscillution that
ccur in the region of high gradienis. In
Vekatukrishnon's limiter funcion
wkrishnan, 1995) 1y selected.
d-order temporal accuracy is ac-

solution dug to the negal
occurs during the &g
the turming corned,

4. Hig
and Appl

: / implementing the second-order accu-

ta time stepping method (Shu and

Y 4 £ BE ional eff he
triangular e BV, To reduce computationil eflor, 1

it time steps are wsed for steady-state
; y the minimum global time step
Solution Wecur \ N ﬂ., dea in Ref (Linde and Roe, 1997
lation described

he trunsient analysis.

imprﬂmb’ q { 1 . h ' 'I \ .
Intiom far hot . \ Jumerical evaluntion

m::_,":::” A per-order extension of the Roc's scheme

lution for each cell filce (R o gReopsiecd enteayy e gl Soe e

stanpe, the solution at -1.!(‘ # preceding section is evaluated by solving

several test cases. The medified scheme is also

combined with the adaptive meshing rechnugque

zncrutes unsrugtured triangular meshes for

plgk Mgw phenomena. The selected test

- metric rarefaction wave, (2}

on 1‘ on at o wall, (3] Mach 2

wob channel, and (4] Mach 2 shock re-
ection IL n wedge.

Symmetfic rarefaction wave : The initial con-

ditions of the Aow on the lef and right sides of

| v
:Lu ulidn: al nodes. wh’ﬁs lhe puudu sl alis i bet ity bty
« 1 |-| { i (7.0, 1.0, 0.2}, Such inivisl
' a (Linde and Roe, 1997)
acmmi ar the cemmul region. The
== iw..-u: i} o (e
pie a
al mod

tizmi

where ¢

und the pre : mpmiwi;r:ik the solunon
at the clement centroid ; g, #=1, 2. 3 are the

&

(18} ml mmpuluinml dM i dh'id:-d nto
values e 18 1

is the number of m.- surrounding cells. The cell cumputcd denglty. pressiire and s-velociy dmﬁ-
weights, wy, may be differed significantly from  butions along the fube length wt time =03
unity for some severe distorted meshes us indi-  which are compured with the Steger-Warming
cated in Ref (Holmes and Conncll, 1989), with  FVS+{Steger and Warming. 1981), AUSM (Liou
suggestion far clipping all the weighs in the  and Steffen, 1993), HLLC (Toro et al, 1994],
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e}

Fig. 9 Comparative exielh (e sislitroms | Compiitative exact and computed solutions

lime [=0.3 [ ymy ' : g =L} for symmetric rarcfaction

problem SOV (2) #enaidl d ] v &, probier #2b: (n) density distribu-

pressure distrib 3 b} pressure distributions | and (¢}
distributions distribulions

and the exact solution
sure distributions are ; e - M =20
four schemes. But for the, ;

the AUSM and the HL
solution Bsocuracy WS COMpOr

Warming FYS and the propostd-sélic the </ it "]
vicinity of centrilyse, sdtemnt of an obligee shock re-

pealed using Mie Jnpher-ordernee
L il L
TR e \/
() 1{.7]

il 3
LI

Figures 10(a) <
extension of R
trepy fix method ‘.
tion than its first-omd

Ohbligue shock reflection ot o wall: The prob-
lem stmement of an ohllql.ﬂl.ﬁ:t refleetion ut

(d}

Fig. 12 hnubt{qm shock reflect wall: (a)-
WEXSninind mesh and the nding den-

ﬁJ%'}-WW

solution such a5 the density contours
as shown in Fig. 12(b}. This Mow solution is
then used to generate an adaptive mesh 1o clus-  elements on the other regions. The Auid analy-
ter small slements in the regions of high density  sis is then performed again to yield a more ac-
gradients, and ot the sume time, to use lorger  curste solution. The entire process is repeated (o
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reflection 4 812): 1) ()
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" Third adaptive mesh: and (h] Drensity
CONLoUNs

generate the third adaptive
responding solution a
| widing more detailed Mow beha-
he i generaled from the shock
hedupper wall which eoulid ot e
the first-order scheme.
e &l thock reflection over a wedge: The
well. - computatio vl donyain for a Mach 2 shock re-
Mach 2 flow in a 15" channel : Both the first- fMection over 0 wedge at 4h degrees [ Takayama
arder and higher-ordGtMoe's sghemes with the  and-Mang, 1997) is illustroed in Figure 17, Fig-

transient adaptive
B
in instants as the reflection

Fug 14. The third M.I.p':lw muh i1s cor- rlnn form over o @c The transent

7 e

flow in the 15" channel is repeated but with the  clements wre in:ruml to lpprnﬂmlmlr 28,000
use of the higher-order scheme. The third adap- a1 bomom right image of Fig. 18 The figures
tve mesh, and s corresponding density con-  highlight the wse of the higher order nccuraty
tours ure shown in Figs: 16{n)=(b). These fig-  scheme on adaptive meshes to effectively obiain
ures highlight the capability of the higher-order  detmled Now salution.
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sical solutions thar may arise from the use of
the original Roe's scheme. The method was also
combined with an adaptive mesh generation tech-
igue to demonstrate its applicability for arhi-
nstructured meshes. The entire process was
accurate solutions for bath
amd transient flow test cases,
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FLUX-DIFFERENCE SPL!TTING"E&HEME WITH MODIFIED
MULTIDIMENSIONAL DISSIPATION ON UNSTRUCTURED
MESHES

Sutthisak Phengthanapanich and Pramote Dechaumphai®

ABSTRACT

A Mug-difTarenca splitting Seheme with o modified multidimensional dissipation
fior highespeed gom pressible Mow enalysis on unstructused meshes is presented. The
scheme elimin@tes unpliysicyl flow behaviors such 85 a spurious bump of the carbun-
cke ph:numgun that oceurs on the bﬁnihod:’l'rum flow over a blum body, and the
expansion shock ﬂm'mlcd from Now awvel “::u'wal\d facing step, The switching fune-
tion suggested by Cuirk s lmphnwrllﬁl chece o deteot the vicimily of strong
shock. The proposed scheme s further extended 1o ebtain higher-order spatial and
temporal solution actiracy’ The scheme is, in atdition, combined with an adaptive
meshing technique that generates unstructured trinngular meshes 1o resemble the flow
phenomena for reducing computational ﬁ[;ll.. The entire procedure 15 evalunted by
snlving severn] henchmarks g well nuudfmmlrmmm high-speed compress-

ibleflow problems,

Koy Wardsssusk instabilitics, carbunele phenomencn, Roc's FDS, entropy fix,

H-vorrection.

LN TRODUCTHON

High-speed compressible flows normally in-
volve complex flow phenomena; such asstreng shock
waves, shock-shock interactions and shear layers.
Vurious muemerical v escid (e Tormislaiwons bave
been ‘mw'ﬂ!\;ﬂ]\'c i pprosimsbe Rinm.nnrm*:-
lem. Among these formulations, the flux-difference
splitting scheme by Roe (1981) is widely used due to
its aeeuracy. quality and mathematical clarity, How-
ever, the scheme muy sometimes tead 1o unphysacal
Plow selutians i gertuin problems, suel a5 the Gar-
buncle phenoatenon {Pérry and ImTay, 1988 with a
spurious bump in the bow shock from flow over a
blunt body. The scheme may not provide an accurate
solutien for the complex impinging shock phenom-
enon yielding kinked muech stem {Cuirk, 1954} gen-
erated lrom a moving shock over a ramp. [n the odd-
even decoupling problem, an unrealistic perturbation

=Corresponding auther, (Tel: &6:2-2180620; Fax: 06=2-714-
&2l Emall: fmepdoiteng chula ac.th)

‘The suibsars are with the Mechanscal Engineering Diepariment,
Chulslonghem University, Bangkok 10330, Thailmnd

may grow with the planar shock s it moves along
the duct. To improve the solution accuracy of teae
problems, Quirk peinted out that the onginal Roe's
schemerghould be modified or replaced by other
schemesanahe viciniy of & strong shock

1t his been known, Top some time, thil Koe's
emginil seheme does not selisly the entropy condi-
tion and may allow unrealistic expansion shack
Harten (1983} proposed an entropy fix formulation
1o replace the near zero small cigenyalugs by some
tleranges. Themgthematien] backnround of Harten's
entropy [ix with the sgppested olemice ¥ elues wis
given by Van Leer of al 71989y

The main ebjectives of this paper are 10 propose
and evaluate o modified Roe's scheme on adapuve
unstructured meshes for two-dimensional hagh-speed
compressible (low snalyses. The entropy (1x method
by Van Leer of af. (1989 and the mullidimensional
dissipation technique given by Pandelfi and
I Ambrosio (2001 ) are medified for unstruciured tri-
angular meshes and implemented e Koe™s oniginal
scheme.  To prevent unnecessary dissipation injec-
Lo in same cases, the switching funclion suggested
by Quirk may be applicd as a choice to detect the
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viciniiy of a sirong shock.

The presentetion in this paper starts i ﬁﬂt
1l deseribing some well-known Fﬂ:_lm: wlwn,h M
hibit numerical shock msubﬂlt}r from Roe's acheme.
The entropy fix methods of Van iLeer af al. (1989),
Sanders ef al. (199%), and Pandolfiand D" Amb W
(2001 ) are examined o mvestigate their capahi
as well us solution accur
scheme with a mixed

provide correet solutions
COMPULATON Sre prese
numerical selulions m
tion of the one-dimensional
function onto the multidim

aveid such solutions, the three fix-methods

2001; Sanders of al, 199%) have Been recently sug- -

Wﬁtum 'l;g-”h‘//‘

Sowrnl of the Chiness Insiiole of Engimesrs. Vol 27, No. 7 (Z004)

hcrtp 12 the pressure, p 18 the densiiy. ¢ 18 the n-
] mnggr and y1s the specific heat ratio.
y antegrabing Eg. (1) over o control volume,
lying the divergence theorem to the rr.su!l—
I'I.GjI'BL

m&mm

where F s the numerical flux vector and A is the unit
noemal vectar of the cell boundary, The numerical
e veetor ot the cell interface between the lei cell
L uwnd the nght eell & socording to Roe's scheme
(1981) s

o 'itpq»"'ﬂd]‘ i }:‘ CAEN
%  where ri 15 the wave sirength of the & wave, 4; i the

eigeny e, and rg s the comesponding nght eigenvector,
Tlu eigenvaluas in the above Eq. (4) are

{3}

(4}

(5

wta

a1 the cell interface.

(Van Leer or al., 1989; Pandolfi arTéEmme?%: V', is the normal velacity, and a is the speed of

gested becawse of their simplicity -ﬁ:aﬁmumm
implementation. * mixed entrepy fix method that
combines the enitopy- I'ixswlhaﬁ\n{ Vian Lunud.
{1959 i the m o

method by Pandoll

] P S [ ey

and D'Amh‘ﬂm mun. % pq.'p-

ey e
el

posed in this paper—Betails of these entropy fix meth-
ods arc presented hercin and their performance de-

termined by test cases. All selutions in this seetion
wse the Hoe's scheme with the Dirst-onder acouracy
on unstructured triangular m]m

1 nn'gmmmmmsmimwmmi )

Dhllm

The governing differential squations of the Euler v

equations fior two-dim ensional inviscid flow aregiven

where U is the vector of conservation variables, E
and & are the vectors of the convection Muxes inx-
and y-directions, respectively, The perfect gas cqua-
twm of state is i the form,

pepulr-1) 2

‘hﬂsmglml scheme, previously deseribed, has
been found |

e unph_-,m.n] solutivons of the
ertain problems. These mnclude
am a flow over a step, and the
manca of a flow over a blunt bady.
h uniphysical solutions, the entropy fix
m = ﬂ'-]'urlrn’ fll 3. Vin Leer of al | 1989, Lin,
1995, Sanders efal, 1998; Pandolfi and D' Ambrosio,
2001y have been proposed and investigated. The per-
formance of these three versions of entropy [ix meth-
ods are firsl evalunted for strectured meshes herein
These m are. J.hpn agtended 1o unstrectured
' migshes a }i&mtnd JP ﬂii* paper later,

i g’nn.lgug‘: entropy fu&;mﬂhud (RoeVL) is de-
signed to correct unphysical expansion shock. The
onc-dimensional entropy fioe was devigloped by replac-

ing the ui_m;wl;\nsyu speeds of the nooustio wives

{;fﬁn t—’j fin ,u}*

(LM | 4| 2 2p"
[ A= 4P (€)
el e, ] <ann
where
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, : J
ink ihe -

Fig. | Cell inierfsces ol (ujstmsetured unifrm mesh; | * un-
structured wiangulas mh .

q"=mma.-m’ﬂ?

,’ A

: i‘n
e an iden ol

auﬁ![ﬁ ﬂafm'nf.lhn
has been smw ]
e emmn of th

Tﬁeﬂvuni“:i

entropy fix methaod, Th
eliminme the unrealisi

the methad are the simpliciiy 119 unplemeniation
into the existing scheme and thy etersfrec chag=
acteristics.  For the two wangular cells shown 15—"4

Fig. 1{b}, the H-correeti
Banders o al, (1998), (1
deseribed by Dechaumphai
{2003 ) 1o

i Phongthsnapanich
¥y

' =maxin, M. G M. O

where 1. i-ltnSan: it

[mgaﬁv'-} A it

on medarding W
E.'A r bﬂ'n,ﬂ‘l{ljlﬁfﬂ .; ‘/j kinked mach stem, the carbuncle phenomenon, and
— = e

body problem. Thus, this paper proposes a mixed

) -qs]-—ﬁ__ /?:J\:'np}' fix method {RoeVLPA) thot combines the

Tix methosd of Van Leer ef af. { 1989) and the

MF multidimensional dissipation method by

and D" Ambrosio (2001}, the modified H-
mmin b_', replacing the original cigenvalues as

|-1|.1|- |‘I'I.4|zz"ir'I

-
maal]d, 4 |, 0™}

|‘1|-‘|'-'1f]” (ny

where n'" and ™ gre defined in Egs. (T) and {10,
rl'.‘miwly ‘I'hls-rnhrdrmrq\y fix method (RocVLPA)

% 15 equivalent o e KoeVL o handhing acoustic waves

(for 4= 1 and 4} and the RoePA for entropy and shear
waves (For k=2 and 3).
- The abave four methads have been evaluated

l.I;II'IB. fivee 1es1 enses involving expansion shocks, the

wadd-even decoupling as presented in the follow-

.f?{m:c:ini‘: These vest cases highlight the perform-

ofthe RocPA, RocSA. RoeVL. and the proposed

fi! !ég\l' LPA on problems with different Mow phenom-
J y 974 ‘gun structured triangular meshes,
h 349

2. The Expansion ﬂju.

Fandolfi Iﬂﬂ‘h *Ambrosio (2001) proposed an-
other version nrlhe-#-cm‘mm entropy fix by ex-
cluding the m, from Eg. (8) 1o avold an erroncous in-
Jection of arifici scosity, and this method is op-
plicable only o entropy and shear wirves (for &2 and
), The method was wsed ,he',' Druguiel and Zeitoun
{2003) to study shock wave reflections @i Supersonic
steady flows. Themodified M-correctionentropy fix
by Pandglfi and D‘Amhrmh (2001, [RocPAj is

M =max(a, M. M. Re) (1)

whq:r: Rede 2 od are given-in Eq-{¥).

It has been found that the aboye thiree methods.
namely the RoeVL, Rwshanﬂ RoeP A, performwell
on cerliin problems bt may fail for shers, For ex-
ample, as presented later, the KoeV L can perform very
well for flows with expansion shocks that contain
sonic points such as the Mow over a forward facing
step. Mennwhile, the RoclPA is suitable 1o correct
the numerical instability from insolTicient dissipation
imjected 1o the entropy and shear waves such as the
kinked mach stem problem and the flow over the blunt

! sehame may procuce an unphysical
n:pllm M it does not satisfy the en-
wjrm Forillustrae this phenomenon. a Mach
3 Mow over a forward facing step (Woodward and
Colella, 1984) isinvestignted, The density contours
compuied from the HoePA, RoeSA, HoeVL, and
RoeVLPA are shown in Fig. 2{ay(d), respectively.
The fighutes show that the RoePA produces an
unphysical-expansion-shock-on wop of the siep cor-
ner, whereas the RocSA, RogVL, nnd RocVLPA pro-
vide realistic solwlions,

Another expansion shock problem vsed to
evaluate fimerical instability is the difTraction of a
Mach-2 sheck moving aver a-80° corer.Figs. 3a)

~and (b) show the computed density contours abiained

frasm the Roel Loand RoeVLPA, rrlEc#hw!}' i the
other hand, neither RoePA nor Koe%A conld provide
a proper solution due to negative internal energy that
oceurs during the computation in the vicinity of the
wrmning cormner,

A The Kinked Mach Stem

The kinked mach stem generated from a shock

164
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Fig 2 Mach 3 flow over i forward Facing |
RS A {2) RoeWl; udqll&u'h'l:ly—
BELT

TRV ENR (Ve 0
light the perlo
Aap-(d) respect .
tained from the Ro RouSA, |

for a Mach $ normal hock moving o i
The RoePA, Roe nd RoeVLPA provide renson-
ahly accurate solulisms, 1h=|'| that the kinked moach
stem is recovered with the Iy broken-down in-
cidem shock. TheRu‘v’L \-er.ynﬂh broken-
down |
Such a

pation
Tation {Qeirk, I'J'EH- Gmumr and Mnmhclln. iﬂﬂﬂj
o o
nu lution

bunele phensmenon, of a steady-state Oow over a
blunt bedy from Roe's original scheme was first re-
ported by Perry and Imlay (1988). Such a phenom=
enon refers 1o spuricus bump on the bow shock near
the flow center line ahewd of ihe blunt body, The
phenomenon is highly grid-dependent {Pandolfi and
" Ambrosio, 2001}, but does not require a large
number of grid points to appear (Gressier and

onstrate this grid-depend-
o, theRoePA, RoeSA, RoeVL, and

ods are employed with three meshes
el aspect ratios. An enlarged view
pr the flow centerline of the first

mesh and the corresponding density contours are

shnmn in Fug,s. 5{:1]-{5}, The carbuncle phenmmenan
b dppear in any scheme with the use of this

m:i nd mesh has more
u in I‘I'ir: i iis i clem the eircumferential di-
a5 s in L; (n}. The RoelA and

RoeVLPA provide realistic Now behavior while the
RoehA mm'lu'L nxlulm smnll hu o the bow

Ie plu:

menan int
th hi ?[n‘.l
While the BoePA and the proposed RoeVLPA still
o 1 able Mow sol e carbuncle phe-

nomena are casily observed in the RoeSA and RoeVL.
ns shown in Figs, T(b)-(e).

&, The Quirk’s Test (Odd-Even Decoupling)

The last test case is a Mach & moving shock
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(1] A=
| I | |
ik =% =D

Fig. & mhimnlwm
,_l

N o
along odd-even prid p
(Quirk, 1994) 5 ‘numpmuom dum COnsIRLE
of a uniform triangular niesh with 800 and 20 equal
intervals mpccllv"fi along the axial and the trans-
verse directions o duer. The grids along the duct
centerline mre perturbed in the transverse direction
wilh magnitude of £10°°, I-qp B{a)-(d) show the com-
puted density contours of the nofmal shoeh dt the three

locations along the ducr by :I;s RaePhy RaeSh. o
RocVL, VLA, I R
N T E

resolution whereas Ih: Rm:\"i suflers from numeri-
cal instabilities. As explained by Gressier and
hiét {2 hnxwm igaqnu:t, is=
| mmumumam ﬁc
I_f!s‘ilm :ﬂch
~ suggests that mll.llllt:nnl dws:pﬂllm 1“];!!“5'1 to the

7 entropy and shear waves ia thus needed to stabilise

Ree's scheme as done by RoePA, RoeSA, and
RoeVLPA,

The results obtained from the above five test
enses show tht the proposed RoeV LPA method per-
forms well to provide realistic Mow solutions for all
fest cases.

:"ln'h?’mt provide

i T,
m‘ﬁm;mm,\.mnuﬂ: and {d) RoeVLPA

£
Qyitﬂh; Function

gu-l flux-difference splitting scheme
table solution in the vicinity of a
strong shock. (1994} suggested thae the scheme
should be replaced by o more dissipative scheme such
as the HLLE scheme (Einfeldi, 1988) in such a re-
gion, To-detect the vicinity of a strong shock, Quirk

| mmtpwwlmy fungtion,

A5 ! (12}
mlrl,ﬁ,_ ph] -~ B

. 1 lem=
i %ﬁfﬁ:&%g the pres p nn;gl"ﬁc fi and

This pressure -mmhmg lunn!r.rrl hirs h.'m Exm-
ined a5 a comdition for modilying the eigenvalues thal
correspond to the entropy and shear waves of the pro-
posed RoeVLPA methoed, The test case of the Mach &
moving shock along the odd-even grid perurbation in o
stravight dhoct is repeated with the use of the above switch-
g Tunction,  Figs. S{aj-(by show density comours ob-
tained from the RoeVLPA method with the pressure
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Fag, 10 Denssty conionns of & dal ihﬂk aver @ I ot 025 (8] 1Ko VLPAS (b} R 21-Roe VLPAS
(b M 2=Roe VLA wilh o= -l{dl VLA with a1,

switchil
wres ehearly mdicate that the quality of the shock resal
tion depends on the sehected threshold values. ﬂlﬂse.x—-

MANARRIE L N e T——

APFLICATION ON UNSTRUCTURED

S TRIANGULAR ME

EEEEEATER VEan]

l:ira computidional demain i the Ureshold paranseter is
selected properly. The Quirk's pressure switching fanc-
ton described in this section will be examined again for
the problem of Mach 5.0% shock over a 907 comer as
shown in Fig. 10, But for the rest of the problems pre-
serted in this paper, all computations are performed with-
oul activating this Quirk"s pressure switching function.

describedd in the preceding section can be ingproved wsing
a higher-order formulation for both space and tine, A
higher-onder spatial discretization is achieved by apply-
ing the Taybor's serics expansion o the ecll-centered so-
Tution for each cell face (Frink or of,, 1991}, For instance,
thee sarlustivns af the midpoint of an element edgge between
nede | and 2 shown in Fig. 11, can be reconstrected from
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P 'J;-I“:lzg.'j s ‘Iia J
where g=[p v v p]’ consisis of the primhh\:i vari- &
ables of the density, the velucily companents, and the
pressure, respectively; o is the solulion at the ebe-
ment centraid; gy, =1, 2. 3 are the solitions at nides.
I ahis paper, the invmf-'ﬂfﬁ welghiing from llu: il
centroid 1o the nodes (f

positivity (Frink and Pirzadeh is used r

thai preserves
.rtl/

Fig 10 Lincat reconstructian om & typical trisngular lement

11 3. Wumerical Evaluation

The higher-arder extension of Roe's scheme
wills the progosed entropy fix method described in
the preceding section is evaluated by solving several
test cases. The modified scheme is also combined

. with an adaptive meshing technique that generates un-
* struetured trigngular meshes for more complex fow

region of high gradients_In thi
Timiter function { Ve

We=min, ) 13

pi y

——
—

phenomena, The selected test cases are: (1) Sod shock
tube, (2} Diffraction of Mach 5.09 shock over a 90°
ry (33 Obligue shock reflection at a wall, (4)
weh 2 flow iR a 13° channel, and (£) Mach 2 shock

A
A reflection over o wedge,

or l’fjﬁmj' Shewh Tube

The one-dimensional shock whe test case, the

K \ed Mled Sod shock tube (Sod, 1978), is salved by

where d_"g.~fnd- -utﬁnh"i- rd -&\.'Ih"fhﬁ'li-
The g, ond f-.qm respectively the maximum and
minimimm vu[ulinhlmmmm- b mﬂm
The function ¢ is STkt s :

The value £ is equal 1o {Kh)Y, where X is a constant
of 5 in this paper and fr is ths awerigze mesh size.

2. Second-Qrder Temporal Discretization
Scmﬂ-ﬂﬁcrumwﬂ accuracy s u]zlcwd by

implementing the second-order accurate Bunge-Kutia
time stepping method (Sho ond Csher, 1988}

w_'ﬁ;“j%‘p Ff
ﬁ .s'll Fon)

where Aris the time step. To reduce the computation
effor, the local element time steps are used for steady-
state analysis, while the minimum global time siep
bosed on spectral radii (Vijovan aond Kallinderis,
1994 ) i used For transient analysis.

=l e - an

a twosdimensional domain. The initial condi-
lim ﬂf‘lllfhﬂ; the left and right sides are given
P, ir. P = 1”;0! 1.0) and (p. w. phy=(0.125,
o). | computarional domain is di-
| imtervals in the v- wnd p-

I'E'S.T!mﬂely The domain is discretized

.lﬂl‘h uniform triangular elements. Figs. 12(a)-(f} show

the computed density, pressure and p-velocity disird-
butions along the tube length which ore compared with
the exact solutions at time =015, The figures show
that theligher-order extension of Roe's scheme with
the errgpy-Tix-FoeVLF Acmethod provides more ac-
curane l.nlutlanl than its first-order solutions.

it nm’rwriun of Mach 5,09 Shack Moving over o 907
i nrngr

Thls test casé is taken from Qurick ( m{}l a5 the
Mach £.00 qmt shock moves Teft 1o right.
Figs. 10{n)-(b) show the cumput:d density contours
ol time #=0.25 from the firsi-order and higher-order
accuriale RoeVLPA, respectively. The better delailed
fMow field, including higher shock reselution and
sharper comact surface behavier, can be obtained wsing
the higher-order accurate RoeVLPA, Figs. 10(c)-(d)
show the computed density contours from the higher-
order accurale RoeVLPA again using the Quirk’s
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e Kind shasek tuhe (RoeL 8
sl dbstelbtione {e, ) 8
ons: and {s, 7 1) and,

spurious oscillati
by reducing the
10d), The solutlon ¢
very well with th

ined byQuilit{lm'r

(i €Ml igne Klock Rr_ﬂnl.l’ o H‘M\"

ﬁ%ﬁ%ﬁﬁﬁﬂ

mqmlhtnhedh'l'lmg. el and Dech
(2002} is used 1o generate adaptive unsuw.’lgﬂl fri-

N BT

m:m,swhmhhrmu' contours, as shawn
im Fig. 14}, This Mow solution is then wsed o gen-
erate an adaptive mesh to cluster small elements in
the regions of sharp changes of the density gradiems,
and ai the same time, to use larger elements on the
other regions.  The Muid analysis is then performed
again o yield a more acecurate solulion.  The enline
process is repeated 1o generate the third adaptive mesh

RN

£ wrazas

¢ {nm an s wall (a)-=ih) Inivial mesh
ling density comiomrs; and (2h-(dh Third
J d the corresponding demsity contours

and the corresponding solution as shown in Figs, 14(c)-
(dy. Figs. 15(a)=(b) shew comparative density and
pressure distributions between the computed and
exmct salutions ol 0.5, The figures show the higher-
order accurate RoeVLPA can deal with abrupl change
of solutions across shocks very well.
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!-ﬂhﬂ'lﬂ! with the proposed entropy fix RoeVLPA are
:ﬂlulad on unstructuered meshes by using the prob-
lem ofa Mach 2 Mow i o 157 channel as presented in
Fig. 1&. The third adaptive mesh and their corre-
sponding flow solutions computed by using the first-
order RoeVLPA such as the density, pressure,
and Mech number are shown in Figs, 17{n)-(d}, re-
apectively, The analysis of Mach 2 Mow in the 15°

- gEmsant mﬂé
TR

Soumal of the Chvoess insthiule of Engireird, Vol 27, Mo, 7 (3004)

ch 2 flow ina 137 channel { N2 §-RoeVLPAL (a) Thad
(bt Rmesity consours: (6) Pressure sunsours.,

- )

0T —™

Fig, 19 mdumminﬂlmmwa

RoeVLPA. The third adaplive mesh, and their corre-
spending solutions are shown in Figs., 18(a)-(d).
These figures highlight the capability of the higher-
order RoeVLPA to provide more detailed Mow
behavior, such s the stem generated from the shock
impinging on U upper wall, which could not be cap-
tured by 1l first-order RoeV LPA.
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Fag. 10 Transsm sdaplive

p‘oﬂ dri{ll; %"ﬂ a Miach 2 shock reflcction over a wedge al four different stages of

the gammpuratios | o WLPA
Y { ..I
".{ 4 :.1 '/I o %
%
vl Mach 2 Shock Reflectfon over o Wedge |plﬁvc me in such a region, This, thus, ol-
«j/ lows the wse ol the same entropy fix method for the

The computational don
reflection over a wedge at

Jiang, 1997) i3 illustrated in 1'I| EI[.E& shum - -

series ol ransient adaptive meshes an

ing computed density contours atjlﬂﬁlljlﬂliﬁ!ﬂ "J

as the reflection shock starts 1o fofm over a wedge,
The transient ah meshes consist of approximately

20,000 L‘I.cmuﬁw tiitie bel'om ﬂucum shm:k'

i far a:ﬁ.ﬁh 3 shuhm Mow domain. To further improve solulion ac-

v, higher-order spatial and second-order Runge-

Kua remporal discretization were also implemented.

method was also combined with an adaptive mesh

ion technique to demonstrate its applicability

may unstruct meshes, The entire proc-

mwmq;u ‘ide more accurate solutions for
m-% d transient Mow test cases.

renches the w@gf,
prasimaiely 3 ) elemenis al the botlom I‘th-ih—
age of Fig. 20. Tlu-ﬁgum highlight the use of the
higher-order accurate RoeVLPA on adaptive meshes
1o effeetively ob ¢ detailed Mow solution.

IV, CONCLUSIONS

A mrised gntropyfix methodis
prove ngmarical mhll%‘v ﬁfm’ %qu-ﬂff
splitting schems. | The
fied entropy lixes proposed by Van Leer ef al, fo-
gether with the Pandolfi and 13" Ambrosio miethods.
qu ingthod was then, r'mut by seseral wll--

len cases gniﬂ} mingt m x .

vigns ﬂm the use of B
; nnl scheme, Thr,sc unphy‘skzal solutions include the
carbuncle phenomenon on the bow shoek of the Now
over a blunt body, and the expansion shock gener-
ated from the Now over a forward facing step. The
switching function suggested by Quirk for identify-
ing the region of the sirong shock was investignted.
Such a condition was combined with the proposed
methed in erder (0 avoid the application of a more

csxﬁ:wmﬁf;
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NOMENCLATURE

a spead of sound at the cell interfuce
je ﬁ!tc@ll";mrm'

E oo convection Muxes in x- nndg -dll'ﬂi!lll'lﬂ!i-. re-

CApectively.

F, o=, mumerical flux veclor
M ::ﬁ:a ek size

K ﬁﬁd canstant

i unit rlurmnl veclor

" rressure

i vector of primitive variables

i right eigenvector

(4 veetor of conservation variables

[ % normal velogity

n conlrol volume

o threshold parameter
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