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4. Background and Rationale

Data analysis is an integral part of statistics, and statistical methods to analyze data
arising from various sources abound in the literature. Nevertheless, the need for new methods of
data analysis often arises because of emerging new and difficult data collection methods and
innovative statistical problems. For example, in the context of environmental science, it is
necessary to study the overall pollution level or state of the environment in a given region on the
basis of several key factors such as the pollution level of air, land, water, and the like. It is thus
necessary to suitably and meaningfully define an aggregate index which captures the essential
features of the component indices and yet represents an overall picture of the environment. Data
Envelopment Analysis (DEA) and its variations such as Multiple Criterion Decision Making
(MCDM) are recent statistical techniques which are used to compute this aggregate index. In
another context, Ranked Set Sampling (RSS) has been proved to be a very cost effective means
of sampling from a population compared to the traditional simple random sampling. Many
aspects of RSS have already been studied in the context of estimating population mean, variance,
quantiles in a nonparametric setup as well as many other meaningful parametric functions while
sampling from parametric models. As a third application, we mention that in the context of data
analysis based on random or mixed effects models with the usual treatment and block effects
arising in an additive form, a recent notion of generalized P-value has been very effective in
some non-standard testing problems. These latter problems have the peculiarity that standard
hypotheses testing methods do work. We have identified a few problems of this type, and we will
apply generalized P-value to solve these problems. Quite often, there are multiple solutions to
these testing problems, and it would then be natural to compare the competing test procedures in
terms of both size and power. Measurement of agreements among different judges or individuals
is another important example of a recent new statistical method which can be further developed
and applied in some practical cases. Lastly, some statistical aspect of social network is yet
another innovative application of statistical methods.
We believe that there are ample opportunities to carry out several statistical data analyses

projects along the above lines which would be very helpful in the context of Thailand.
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5. Project Objectives
The main objectives of this project are given as follows.
5.1 Data Envelopment Analysis (DEA) and Multiple Criteria Decision Making (MCDM)
5.1.1 Comparing and ranking estimators on the basis of MCDM in the following estimation
problems:
(1) Two standard estimates of & based on binomial distribution; B(n, 6)
(2) Three estimates of 6 (1-0) based on binomial distribution: B(n, 6)
(3) Four estimates of p, including preliminary test estimators (PTEs) based on normal
distribution : N(p, o?)

(4) Four estimates of a common mean p based on two normal distributions N(u, o?)

and N(p, o2)

5.1.2 Applying data integration methods to air pollution data from Bangkok,
Thaitand

5.2 Ranked Set Sampling (RSS)

5.2.1 Proposing quadratic nonnegative unbiased estimates of the population variance based on
balanced RSS for some well known distributions such as uniform, exponential, and normal
distributions

5.2.2 Applying RSS in a few situations and study the estimates of the population mean and
variance.

5.2.3 Applying the RSS estimates of the population mean based on exponential distribution from
Sinha et al.(1996) for proposing the RSS estimates of the reliability

5.2.4 Modifying the best linear unbiased estimate (BLUE) of the scale parameter using RSS for
obtaining nonnegative unbiased estimates of the scale parameter based on Normal,
Logistic, Double exponential, Two-parameter exponential, and Weibull distributions.

5.2.5 Applying the above nonnegative unbiased estimates of the scale parameter for estimating
the population quantiles based on the same distributions

5.3 Analysis of Mixed/Random Effects Models

5.3.1 Estimating parameters of the first model (model ), i.e. a bivariate normal distribution with

common mean by MLE and MM,
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5.3.2 Estimating parameters of the second model (model 11), i.e. a bivariate normal distribution
with common variance by MLE and MM.

5.3.3 Studying the properties of the estimates, i.e. mean, variance.

5.3.4 Comparing the variance of the estimates between two methods for model 1.

5.3.5 Applying mode! I to small sample data set.

5.3.6 Computing the power of the test of model | by simulation

5.4 Statistical Methods in Assessing Agreement
5.4.1 Part | Discrete variable
(1) Approximating Cohen’s kappa statistic and compute its asymptotic variance.
(2) Proposing the modified Cohen’s kappa estimates and computing their asymptotic
variances.
(3) Determining the sample size for the desired power of the test based on modified
Cohen’s kappa statistics.
{4) Computing the power of the test for a given sample size based on the modified Cohen’s
kappa statistic.
(5) Proposing the standardized Cohen’s kappa and find their properties, i.e. mean, variance
5.4.2 Part IT Continuous variable
(1) Deriving the four test statistics for the hypothesis
Ho: px = [y, Ox = Oy, p = pg (¥)
based on the bivariate normal population for the small sample size and the large
sample size,
(2) Applying the four test procedures for testing hypothesis (*) to real data set on Diaspirin
crosslinked hemoglobin (DCLHb) of 299 patients, measured by HemoeCue method and
its modification.

(3) Simulating the power of the tests for testing hypothesis (*).

5.5. Statistical Aspects of Social Network

5.5.1 Studying the soctal network, key parameters, descriptive features, and the basic concepts

of dyadic models.
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5.5.2 Applying the dyadic models to the Baghra Village Social Network data and describing the
basic features of the data.

5.5.3 Analyzing the Baghra Village Social Network data by using dyadic models for V-Arrays,
W-Arrays, and Y-Arrays and estimating maximum likelihood estimators for the parameters
and associated standard errors.

5.5.4 Proposing the models of the dyadic relational network when the two classifications are

crossed with each other and applying this to the Baghra Village Social Network data.

6. Research Activities

The activities in this project have been progressing very well, keeping up with the
proposed plan. These activities can be shown as follows.
1) Data Envelopment Analysis (DEA) and Multiple Criterion Decision Making
(MCDM)

Multiple Criteria Decision Making (MCDM) has recently been recognized as an efficient
statistical method to combine component ‘indices’ arising from many ‘sources’ into a single
overall meaningful index (Filar, 1999; Maitra, et.al., 2002) Such an index can be effectively used

to compare relevant ‘facilities’. The basic premise is a data matrix X =(x;) : Kx N where the
rows represent facilities which need to be compared or ranked with respect to the element x;'s,

the columns represent various sources of the elements x;'s and thex;'s themselves represent

some quantitative information about the facilities. In the context of environmental science, the

x;'s may represent levels of pollutants, facilities represent the sources of the pollutants (e.g,,

chemical or nuclear facilities) and the columns represent different types of pollution. In the

context of an estimation problem, the x;'s may represent mean squared errars of different

estimators, designated by rows, for different values of the unknown parameter, designated by
columns. Since usually it is difficult to compare the facilities on a multiple scale, MCDM
provides a statistical method to combine the elements in any row into a single value which can

then be used to compare the rows on a linear scale.
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The MCDM is a procedure to integrate multiple indicators into a single meaningful and

overall index by combining (x,...,x,y) for row 7/ across all indicators j =1,2,...,N. We can

define an Ideal Row as one with the smallest observed value for each column

IDR = (minx,,..,minx;y) = (u,...,u4y) (1.1)
i )

and a Negative-ideal Row (NIDR) as one with the largest observed value for each column
NIDR = (maxx;,,..maxx,,) = (v,,...,vy). (1.2)
For any given row 7, we now compute the distance of each row from ldeal row and from
Negative Ideal row based on the Ly-norm by using the formulae :
U j)zw

L DRy = 1% 88 THD) Wi 13
2(LIDR) = 13— "] (13)
i=1 Zi:le;"

N (x; -y ')2“"
Ly(i,NIDR) = [Z%]“Z (1.4)
j=l Z}:lx{f’

where w,,w,,...,w, are suitably chosen nonnegative weights between 0 and 1. An objective

way to select the weights (Maitra, et.al.,2002) is to use Shannon ’s entropy (Shannon and

Weaver, 1947) measure ¢ based on the proportion p,;,..., py ; forthe jth column where

£
py = xl ,:_Z,xfj . {1.5)

Forthe jth column, ¢, is computed as

K
¢, = -2 pylog(py)/[log(K)]. (1.6)
i=l
Obviously, it is assumed here that x;'s are positive.
The quantity ¢ essentially provides a measure of closeness of the different proportions. The

smaller the value of ¢, the larger the variation among the proportions for classifying the rows.

So we can select the weights as
wi o= (=g (=41, j=1,..,N. .7

In addition to Shannon’s entropy measure, we can also use the sample vartance (Maitra, et.al,,

2002) of these proportions, given by
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K
i = 2 Apy ~ BT (K-D). (1.8)
i=1

2

g is directly

- . . . 2
If x; and s; denote the mean and variance of x; in the jthcolumn, s7,,.,

proportional to sjf /X f, which is the square of the sample coefficient of variation ¢v; for the j th

column. Therefore we propose to usew; = cv; forall .

The various rows are now ranked based on an overall index 7 computed as

L, (i, IDR)

, : , izl oLk, (19)
L,(i,IDR) + L, (i, NIDR)

1;

In addition to Ly-norm we can also use the Li-norm as a distance measure and rank the

rows once again. The L;-norm distance is defined as

N = W
L(i,IDR) - ZM (1.10)
J=l =Xy
u |xa‘j"'"flwf
L(i,NIDR) = Z—K-— (1.11)

7=l 2y
where w;"s are appropriate weights.
A ‘continuous’ version of this setup would involve x;'s where the index ; would vary

‘continuously’. In the context of the problem of comparing several estimators of a parameter, the

xj;'s are chosen to represent the mean squared errors of estimators which are functions of the

parameter, denoted by & . So the Li-norm and Z-norm would be redefined as

H
— bl

L (i, IDR) [x;(8) - u(@)]w(@)do (1.12)
9
7]

L(G,NIDRY = [[(6)-x,;@)]w(8)d6 (1.13)
g
6

L,(i,IDR) = f(x,.(e)—u(e))zw(a)de (1.14)
8



BRG4680010 8 Report 36 months

&
L,(i,NIDR) = I(x,-(Q)—v(G))zw(ﬁ)a’Q (1.15)
g

where u(6) = min{x;(8)}, v(6) = max{x;(#)},and 8 <0 <86.

We study and apply the theory of Multiple Criteria Decision Making (MCDM) to two
kinds of problems. First we apply data integration methods to air poliution data from ten
monitoring stations in Bangkok and meteorological data from five parts of Thailand. Second we
compare and rank estimators on the basis of MCDM in the following estimation probiems: two

standard estimates of @ based on binomial distribution: B(»,8), three estimates of 6 (1 —&)based

on binomial distribution: B(n,8), four estimates of 4, including Preliminary Test Estimators

(PTEs), based on normal distribution: N(,u,az), and six estimates of a common mean g based

on two normal distributions N(u,o7)and N(u,o3).(See papers in Appendices)

2) Ranked Set Sampling

Ranked set sampling is a procedure introduced by Mclntyre (1952) which combines random
sampling and the ability to rank the sampling units, with respect to the characteristic of interest,
without making the actual measurements. The general protocol of an RSS (Patil, 2002) can be
described as follows.

Step I: Select k random samples of size & units from the population.

Step 2: Without yet knowing any values for the variable of interest, rank the units within each
set based on a perception of relative values for this variable. This may be based on
personal judgment or done with measurements of a covariate that is correlated with the
variable of interest.

Step 3. Choose a sample for actual analysis by including the smallest ranked unit in the first set,
then the second smallest ranked unit in the second set, continuing in this fashion until
the largest ranked unit is selected in the last set.

Step 4. Repeat steps 1 through 3 for » cycles until the desired sample size, N = k», is obtained
for analysis.

In this study, we assume that the sample sizes are equal for both simple random sample (SRS)

and ranked set sample (RSS); ie. N=kxn.
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Let X,, X,, ..., X, be a simple random sample of size £ on a random variable X with
probability density function f(x) and finite mean, x4 and finite variance, 0. Let X ., = X,
denote the ith order statistic from the ith sample of size £ with mean 1, = 4, and variance
Ty = 0y Let X = X)) denote the ith order statistic from the ith sample of size k in the jth
cycle (f=1,2,..., n). Asingle cycle RSS with set size £ may be displayed in a rectangular array

such as the following:

Xon Xazy - Xyy
KXoy Koy o Xy
Kay Kuy - X

It is obvious that the new sample, Xy, X¢5y,..., Xy, known in the literature as a Ranked Set
Sample, are independent but not identically distributed. Moreover, marginally, X 1is
distributed as X, , the ith order statistic in a sample of size k from F(x). Thus E(X,,}= 4,
and Var(X,,))= oy, ,for i =1,2,.., k.

The relationships among y,az,,u(,},aé) for i=1,..,k are
2

i k * 2
— Ha 2 _ O (Ju(f) ~ )
p—Z—-—k and o) -*Z P +z P )
=] =] F=l

Melntyre(1952) proposed

&

=2 X /k @1

i=1
as a rival unbiased estimate of y as opposed to & = X, ZX [k .
i=1
Dell and Clutter(1972) provided the explicit expression for the variance of /& as
&

. 2 k ; 0—
Var(y,) === 32 Gl =).=% 2.2)
i=1 =1

Stokes(1980) suggested the following estimate of o’
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k —
Z(X(ﬁ) - Xm)z

B gites =L P (2.3)

& (= 1)
with E(o ol
( S:om) par k(k"l)
which shows that &2 .. is in general biased, and

k

1 k-1
Va"(o's:gm) (k- 1)2 l:[ ] Zﬂqr) +4Z T(:)C"(:) +4[ JZ Ty
4 & (k 1)
5 3 ahety S S |, 24

f&f=1

where ‘u‘,(') = E(X(”) _ /l(r)): for I = 3,4 and T(f) = #U) I

To increase the efficiency of the RSS-based estimate of u, McIntyre(1952) suggested
replicating the entire RSS process several times. Quite generally, if N =kxn with £ <n, we

can use an RSS procedure based on & units at a time, and repeat the process » times. A

balanced RSS (BRSS) with set size & and the number of cycles » is displayed such as the

following : .
x5 XE o X
U W %
X‘f” X(:”’ . X(,;"’ for j=1,...,n
Xy Xin - X
where X, ..., X)), forall j and k, are independent.

Furthermore, E(X{))= 4, and Yar(X{))=op, ;forall j.

The overall estimate of x is then given by

" XU)-|

" — ; n A_/UJ
BNk =X, <33 al i) S

=1 F=] i

k[ n xn kY
Sajpr /‘f=Z P (25)

=1 el R
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The variance of g, (N =kx#n) is given by

Var(,&bm(N:kxn))z_l_[%z_.Zk:(’u“’—‘u) ]:Zk:o-m : (2.6)
n

b 2
i=1 k i=l k 2]

Stokes (1980) suggested the following estimate of o2,

S-‘o.ies = Z Z ( (“) ) (27)

j=! i=1

_ n &
where X, =YY X/ [kn. Again, 63, is biased with

=1 1=l

k(g — 1Y
E(& At B P ey
( Sfakev) ; k(kn _ 1)

. n kn —1
and  Var(8g,.) = (kn—1)? l:[ ] Z Hun ™+ 42 O+ 4( ermfuz,(:)

) 2 “D=(n-1" &
Z%) Oy (=Dt ) ;J(-‘)]‘ (2.8)

2
M sl k'n

What we have described above can be called an equal allocation scheme (or balanced
RSS) in the sense that each of the k£ order statistics is replicated an equal number of times,
namely, n times.

It is quite possible to use unequal allocation (or unbalanced RSS, UBRSS) schemes as

well. In this case, data are obtained by independently observing the ith order statistic », times,
where /=1,...,k, resulting in a total of N =n +---+n, observations. Data can be denoted by

XD, i=1,...,k j=1,..,n . It should be noted that each order statistics is obtained on the basis

of a simple random sample of size %.

An unbiased estimate of x is then constructed as

Z ” (2.9)

ubr.s‘s

a-|—~

_ " 6)]
where X, = Z#, with its variance given by
Fl

¥
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. 1 & oy
Var(ji,,..)=— E —_. (2.10)
The estimate of population variance o’ is

. * 1 82 G (X — M)
GE =S 14— |2 S O T 2.11
ubrss Z[ k(h", —-])] kn Z k ( )

f=1 i i=l

where ¢, = Z(X((;;’ - X))’ (See Perron and Sinha , 2004).
=1

In most situations, the ranking may not be done perfectly. To tackle this problem, Stokes
(1977) considered the case where the ranking is done on the basis of a concomitant variable X
instead of judgment variable.

Following Stokes (1977), Yu and Lam(1997) assumed that the regression of ¥ on X is
linear, i.e,

Y=g+ pot(X - )+ 6
Oy

where X and &£ are independent and ¢ has zero mean. It follows that & has a variance given by
or(l-p%.

Yu and Lam (1997) proposed an unbiased regression-type RSS estimate of the population

mean, u, , when the population mean, g, , of X'is known. This is given by

}7”3- = _’5.5 +§(‘u-¥ _‘X;r.fx)> ' (212)
_ 1 & k
whete 7, =L 334D, X, = 233X and
f=‘! =1 =1 1=!
& —_
Z(Xé.f} X )R -F.)
f= A
(X - X,
ZZ b
2 Z’z
with Var(}’mg) -p%) 1+E[ 3 ] (2.13)
{ X((!j)) “Hy = G o2 -
where Z;1) = ——0_ ZZ(“) , S = ZZ(Z(;’) )

X f=L =l jl!-‘l
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We tackle several estimation problems and compare our proposed RSS estimates with the SRS
naive estimates and apply this alternative strategy, RSS, in some real situations. Then
methodologies of this study are given as followings:

1. Proposing quadratic nonnegative unbiased estimates of the population variance based on
balanced RSS for some well-known distributions such as uniform, exponential, and normal
distributions.

2. Applying RSS in a few situations and study the estimates of the population mean and
variance.

3. Applying the RSS estimates of the population mean based on exponential distribution from
Sinha ef al. (1996) for proposing the RSS estimates of the reliability.

4, Modifying the best linear unbiased estimate (BL.UE) of the scale parameter using RSS for
obtaining nonnegative unbiased estimates of the scale parameter based on Normal, Logistic,
Double exponential, Two-parameter exponential, and Weibull distributions.

5. Applying the above nonnegative unbiased estimates of the scale parameter for estimating the
population quantiles based on the same distributions.

The results of this study will be seen in reprint of papers in the Appendices.

3) Analysis of Random/Mixed Linear Models

In this topic we address the statistical inference for the common mean of a bivariate
normal population with unequal variances (Model I). We discuss estimation and tests for the
common mean, the variances and the correlation coefficient. Both maximum likelihood and
method of moments estimates are derived and some important features of both the methods are
pointed out. Our application includes an Environmental Protection Agency (EPA) small data set
on Reid Vapor Pressure (RVP) (Nussbaum and Sinha (1997); Yu, ef al. (2002)).

Model specification and description of the data set

We assume that a random sample {(x,,y,), i= l,2,...,n} is drawn from a bivariate normal

population of (X,Y) with a common mean, with the parameters (u, 0,07, p). There are

practical situations where the assumption of a common mean is valid. Our goal is to provide

estimates and tests for the parameters under the above model. We consider both the maximum
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likelihood estimates as well as the moment estimates, and discuss their properties. We also
provide relevant test statistics for testing hypothesis about the common mean, the variances, and
the correlation coefficient.

Our data set illustrating a common mean scenario deals with the paired observations

(x,,»,) representing field and lab data on RVP for 15 locations. This problem is motivated by

the following practical issue in the context of the attempt by the EPA of the United States to
evaluate the gasoline quality based on what is known as Reid Vapor Pressure (RVP).
Occasionally, an EPA inspector would visit gas pumps in a city, take samples of gasoline of a
particular brand, and measure RVP right at the spot which produces cheap and quick
measurements. Once in a while, the inspector after measuring RVP at the spot will also ship a
gasoline sample 1o a laboratory for a measurement of presumably higher precision at a higher
cost, thus getting the pair (field, lab). Since usually laboratory measurements (¥) are much more
expensive than field measurements (X) because of special packaging to be used to ship a gasoline
sample from a field to a laboratory, not ali the gasoline samples will be shipped to the laboratory
and hence the resulting data would consist of many field measurements with occasional paired
measurements obtained from both the field and laboratory. Our statistical analysis here is based
on only the paired data reported below in Table 3.1 The scenario is such that the means are

equal, but the variances are different.

Table 3.1 The field and lab data on RVP for new reformulated gasoline

X Y X Y
8.03 8.28 8.60 8.52
8.64 8.63 7.83 7.92
9.14 9.28 7.88 7.89
7.86 7.85 8.56 8.48
8.70 8.62 7.83 7.95
9.28 9.14 7.99 8.32
7.86 7.86 7.56 7.60
7.83 7.90
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Statistical analysis of the model N{y, 1,0,,5,,0)

Estimation of parameters

We discuss both the method of maximum likelihood (MLE) and the method of moments
(MM) for estimating the four parameters: y,o,07 and p.

Method of maximum likelihood (MLE)
Since the joint p.d.f. of x and y is

V[ mat 20
- 1 E(I—Pz)l_ of . o} Ul*’z(x F)(y-ﬂ}]
f(x’y) - 7 e H
2o O,41~p

for the given data set {x,,yi ), i=12,...,n, the joint p.d.f. or the likelihood can be simplified to

1 {SE +H(f'ﬂ.’)1 =5i+n(;-..ﬂ)z 2p (Sb.ﬂt(f—p)(f-p]]:l

l 2(1-50) o? al a
L(ﬂ:aiaGZSPIIaZ)=( € g L

271‘0',0'2\]1—,02]‘

where

F=Yx/n,5=Yy,/n,80 =3 (x, -5, =Y (y,~P) and S, = 3 (x, - D, ~ 7).

2

Obviously, the sufficient statistics are x,3,S, ,Sj and §,,, and these are not complete.

Equating the first derivatives of In L with respect to the parameters u,0,,0, and p to zero, and

solving these equations, we get the MLEs as

Iy _ ‘;':(Sj _Sxy)+ ;(sz _Sx)r)
Hus =T g2 08

) (3.1)

_ V(s s _
&EMLE =']_ S2+n(x J’) ( - ,y)z (3.2)

n|"" (s2+52-25,] |

oo 697528,

o1

Comie = MR (S: +Sﬁ -ZSW)Z J, (3.3)
nlz-3)(s? -5, )(s2-5,)

i (s+s2-25,F o4

Pins = -
- \/S2+n(f—;)2(Sf—Sxy)2 \/ z+n(f")_’)2(sj_sxy)2

(52 +52-25_F
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Method of Moments (MM)
From E(X)=pu, EQ)=u, EX*)=py" +o}, E¥*)=p* +o! and

E(XY)=Cov(X,Y)+ u* = po,a, + 4*, we can write:

H 2 n ' n
p
Xi ny 2
1 i=t

{= = and u4’ + poo, ===

2 2 2, 2
H tog = . s HOtOoy =

Since an estimate of x4 seems arbitrary and not unique, we choose to use the MLE of x4

under the assumption that ¢},0 and p are known, and then replace o?,0; and p by MM

estimates.
xol+yol-po,o,(x+7) .Tc(crz— 00')4-*(02— cro-)
Sice"(zo'z)"—‘zylp]l Y)_ 1 TRPOC, Y VO, — LUO,
nee Uy \Gy 0, P 2 2 2 2 ’
o/ +0, —2p0,0, o + 0, -2p0,0,
" 2 " Ll 3 L
Zx, Zx;}"; ny foy:
using o - po,G, =H—— = and o} - po,o, = - = .
n " n n
we get

f[Z yi - ixfy,] + ?[Z X = x.%]
n 1=l =l /

i=l J=l

z( Y

Using (3.5), the MM estimates of o7,0; and pare obtained as

2
IIE DT I DD
i=l i=1 1=l

~2 — = _ i i=] , (3 6)

C 1 . ,, )
Z(x.f - y:)
i=1

(3.3)

Hppg =

2
3y z[zyf _ zxfyf]+f[zxf azx,y,]
L3 i=l I=1 I=l =1 i=1
Topng = - » (3.7

4 Z;(xf“yf)z

5, =1 . {3.8)
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Expressed in terms of %,7,8;,52 and S_, the above estimates reduce to

. Hsi-5, )+ (s -s,)

= , 3.9
S48 =28, +n(E - p)’ 3:9)
- — -2
;o _Stenst [ HS) -8, )v5ds-S,)
Gl s = ol e —— | > (3.10)
n | ST +S; =28, +n(F- ) |
_ —_ _ 2
o St [ a{sy-s, )4 3l81-5,)
Tyams = 3 3 — 5| 3.1H
n | S, 8, 28, +n(x-y) |
Sy [ 353-s,)+ 352 -5,) |
~ n SI+8) -2, +n(x -y 3.12)

n 52 +52-28, +n(Z-p) n Se+8; =28, +n(Z-3)

b =
. ‘/Sf o _{ #(s2 -5, )+ 3(s2-s,) JZ _Jsﬁ + k[ w(s2-s, )+ 5ls2-5,) T

Remark It is interesting to observe that unlike the MLEs of u,¢},0; and p, the MM estimates
given above do not satisfy the (full) equivariant conditions:

() fi(aX +b,a¥ +b,a’S],a’S;,a*S,)) # af(X,Y,8;,8},5, )+b, Va,b real.
(i) 6} (aX +b,a¥ +b,a’S},a’S},a*S,) # a’ 1 (X,Y,S2,52,8,), Va,b real.
(iii) &, (aX +b,a¥ +b,a’S?,a’S2,a’S, ) # a*6,(X,¥,S],52,5,), Va,b ceal.
(v) plaX +b,aY +b,a°S;,a’S2,a*S, ) # p(X,7,52,8%,S,), Va,b real.
However, these estimates satisfy the less general equivariance property.

iy p(aX,a¥,a’S],a’S},a’S,) =aji(X,Y,52,52,5,), Va,b real.

@iy é’f(a)_(",af,asz,azSﬁ,aszy) =a’s} (f,}_",SE,S;,Sﬂ,), Ya,b real.

(iiiy 6;(aX,a¥,a’S?,a’S,a’S,))=a"6;(X,Y,8},82,5,), Va,b real.

(ivy plaX,a¥,a’S!,a’S}.a*S )= p(X,7,51,82,8,), Va,b real.

Properties of estimates
In this section we study the large sample properties of the MLE and MM estimates. The

results given in the Appendix can be used to derive the expressions of large sample means and
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variances of the estimates of the parameters. This is done below by first expressing the ML and
MM estimates in terms of

n-1"n-1"n-1

2 S2 S
_Z=mpT2,T3,T4,TS)=[f,;’ Sx L xy ].

MLEs:
I NI T+ LG - T)
MLE T.+7, 21, ,
51 =1+ GBVETY oo (G -T) @ 1)

) =T,
Yo (nen-eny MY (e -2n)
T _(Tl _Tz)z(Ta '_TS)(Td _Ts)
5
(T3+‘?:¥_2T5)2

Pras = 5 = - —.
\jTJ _(6-1n)@-1) '\/E‘(T'_Tz) (-1,

(T3+T4—-2T5)2 (T3+T4_2T5)2

Moment Estimates:

~ _ W -T)+ LT - T5)
lumf - 7 *
L+T, -2, +a(T, -T,)

1
. T, -7 ~T,
aﬁw=Ts+Tf-[ (T, =T+ T,(T, s)],

(L+T, -2T)+ (T, - 1,)

2
- T -
&M:Tﬁﬁ{ T(T, =T + (T, = T,) ]

(Ts +T4 _27;)+(I.; _Tz)z

2
T _l_TT _ TI(TA—T;)-'-TI(T;_TS)
T (T -2+ (T - )

JT‘”’*TII—[ (L -T)+ 0(5 1) ]2.\/?4+72_[ (1, -T,)+ T,(T, - T,) T

(T, +T, =2T,)+(T, - T, L@ AT 2T+ (1 - T

Pane =

We now apply the general result for the mean and variance of ¢(7) given in the

Appendix and readily get the following results.
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Method of MLE:

a2y 2 2 1- oMo le?
E(ﬁMLs)':#’ Var(ﬁm.g)= (1 2 )0'10'3 + ( P )0'10'2 +O[ 1 ],

(o} +0? -2pc,0,)n (o] +0l-2po,0,)n°

oo, - po,)’ IJ 20 1 }
E(&} 2+ — Z t+o|—|, Var(& ==t +0| —|,
(O pue) = Ty (0_11 +0'zz “2p0,0,)n . ( 5MLE-) n [nz

2 2 4 A

- 1 . 20 1

E(G} —ol+— 02 (©, = p73) +0(-), Var(c =2 +O[*—-*J,
(Tasus) = (o} +0) =2pco)n  \n) (G2sa) n n’

. .o, (1-p*)? 1 . [ !
Eppue)=p+—7— ";( p) +o[—], Var(pyz) = a-p%" O[TJ'
(o) +0, ~2poa,yin n n R

Method_ of Moments:

(1-pHolol ( ! )
E =, Var = +0|— 1,
(fape ) = 1 = (g ) = PR S p— 5

E(&IZW) = ‘-""'12 + O[%J s

Var(Gl,,,) = 20! &71 (o} + 0] -2pa,0,)+24’ (0, - po,)’ )+O[;12—],

(o] +ol —2po,o,)n

E(S) ) = ol + O[i} ,
Fl

Var(d‘,zm) = 20—: (O.ZZ(O-I2 +O'22 _2)00-!0-2) + 2}”2(0-2 #po-])z)+0[%],
L

(o +0} -2p0,0,)n
. 1
E(pp)=p +O[;] )

Var(ﬁMM)

_(1—,01)(1+,02)[0.265(Uf+0§ 2;0002)4'#2(‘73“’22)2(‘7'2+022)2]+O[L]
nO’l ¥, (O-| to 2100'10'2) nz

1-p*

n

=

if of =05 .
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Comparison of the estimates
In this section we compare the MLEs and MMs of u,0},07 and p based on their large

1

] . Details are omitted.
n

sample properties. We first discuss on the basis of terms up to O[

(1) Estimation of u
(1-p")ojo;
(o} +0l -2pc,0,)n

Since Var{i,, )=

X R . 1
=Var(fy,) s e ® Haps > Up 10 0{;—}-

(ii) Estimation of o

The variance of 6',2 for method of MLE and MM, up to 0[1] , are
n

4

R R 2 2 2 2 4 2 = 2 + 2 2 _ 3
Var(o_ﬁm,ﬁ') ‘—‘2_:1— and Var(gﬁm{) = =G (O-l (o) +0, £0,0;) # (o, = pc,) )

(0'12 + O-; —2pooy)n

Obviously,

" n . n 1
when u =0, Var(87,,,) = Var(dl,4,). 80 6 s ® 6lups, upto O[;].

When u#0, Var(él,,,) <Var(8},,,). So 6}, is better than &, , up to O(l]
' ' n

(iii) Estimation of &,
Simliarly,

20) 20202 (0} + 02 ~2p0,0,) + 2 (o, — po,)?)

Var(G: ) = and Var(6; ,p,) =

(o} +0l -2po,0,)n

Again, when g =0, Var(S] ) = Var(67 ) - S0 65 4us = G aps > UP 1O O(—l-]
n

R - a2 o 1
When p#0, Var(6;,,5) <Var(61,4,). S0 63 44z 1s better than &; ,,, , up to O(—J .
I

(iv) Estimation of p

The variance of o for method of MLE and MM, up to O(l), are the following
n

_a2y2
Var(p, ) = A=p7)" and
n
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(L- p*)1 + pHlolo(c} + a2 - 2p0,0,) + 1 (o? —ol) (ot +a1) ]

Var(p,,,) =
(Prae) nolol(ol +o) -2p0,0,)

Obviously,

when p=0, Var(P,,; )~ Var(B,p,) - SO Prye = Pyus » UP O O(ij
e

When u #0, Var(p,,;) <Var(p,,,). So p,,,. isbetter than 5,,. , up to O[-[—J
n

We next discuss the comparison of the estimates based on terms up to 0(;1;] Qur
observations are the following. Details are omitted.
(iy For 4,,. and 4,,,,
when p =0, Var(i,,,.)~Var(f,, ). S0 e =
when g #0, Var(i,,,) <Var(fi,,, ). S0 f,,, is better than 4, .
(i’ For 67, and &, ,
when u =0, Var(6l,,.) <Var(&a) . So 61, is better than &}, ,
when u # 0, the comparison is not straightforward.
(iii)’ For &3 ,,, and &3,,,,
when =0, Var(6; ,,.) <Var(6;,4:)- S0 65,4, 1s better than &7,
when u # 0, the comparison is not straightforward.
(iv)’ For p,,. and pu,,»
when =0, Yar(p,, .} <Var(p,,, ). So p,,, isbetter than o, ,

when u # 0, the comparison is not straightforward.

Tests of hypotheses

We consider the probiem of constructing large sample tests for suitable hypotheses of the
basic parameters u,o,0; and p.
A. Test for H,: u = p, against H,: u # u, where g, is a given constant.

The test statistic is given by
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Method of MLE: T, =-trus "o

H ~ .
1}Var(#m5)
f:’m — Hy

Method of Moments: T, = F—t——x
VVar(i,,.)

s A . : 1 . .
where Var(g,, ) and Var(i,,,) are the estimated variances up to order O[—-]. We reject H, if
n

!T,FI >Z,, incaseof 7, and if |T1p| >Z,, incaseof T, .
B. Test for H,: 0} = o} against H,:0} # 0] .
The test statistic is given by

&EMLE _6'22,,\41.3

g I} (Ag a2
A O\ prg — Taane

Method of MLE: T

) ~2
Frame — Taamme

o = -
A2 A7
‘\/Va"(o'i.w T

Method of Moments: 7,

where Var(6lys —62,us) and Var(Gla, — 61, ) are the estimated variances up to order
1 . . . . .
O[;] We reject H, if |T,,|> Z,, incase of T,,, and if |T,,|> Z,, in case of T,,_ .

C. Test for H,: p = p, against H,: p # p, where p, is a given constant.
In case of p,, ., we test this hypothesis based on the variance stabilizing transformation h(p) =
arctanh (p) since E(p,,.)~ p and Var(p,,.)~ (l—_—fi
We use the test statistic:

T, = Vn(h(r) = h(py)).

Also, based on J,,, , we propose to use the test statistic
T2 - aaMM ~Fe
P ~ -
vVar(pu.)
where I}ar(,éw) is the estimated variance up to order O[—I—J, Under H,, 7, and T, follow
H

asymptotic standard normal distributions.
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An Application of Model 1
We provide the numerical results of the analysis of the data set given in Table 3.1 The

summary statistics are shown in Table 3.2

Table 3.2 Summary statistics for Data in Table 1

Data Statistics

15 N
8.2393 X
8.2827 y
(.2848 s
0.2454 s;
0.9716 R
3.9868 S?
3.4355 s
3.5957 Sy

Analysis of data set
We apply the basic bivariate model given earlier to analyze this data set. From the
summary statistics in Table 2, we have 7|= 8.2393, 7,= 8.2827, T,= 0.2848, 7,= 0.2454 and

T,=0.2568. Based on these statistics, we can compute the estimated values of the parameters as

shown in Table 3.3

Table 3.3 The estimated values of the MLE and MM estimates

MLE estimated values MM estimated values
Fas 83127 R 7.4631
Strns 0.2902 52 12.4728
G 0.2463 62 ar 13 1494

Prus 0.9690 Prns 0.9996
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Since the sample size of the above data set is small (only 15), rather than using the large
sample theory as developed in the previous section, we use the famous resampling technique to
derived the cut-off points of the various test statistics mentioned in the previous section. Table
3.4 shows the 5% and 95% cut-off points of the three test statistics from 800 resample data sets.

Table 3.4 The 5% and 95% cut-off points for each test statistic

Hypothesis Method of MLE Method of moments
Testing 5% 95% 5% 95%
Hy =8 0.7117 4.2795 -138.3927 3.6289

H, ol =0 -0.4879 2.1540 -39.4765 0.5802
Hy:p=09 0.3964 4.5923 1.7341 143.1814

We now use the above cut-off points to carry out three hypotheses of interest.
A.Testfor H,: u=8 against A :u+8.

The value of the test statistic 1s given by

Method of MLE: T, =—Hws =8 4556
Var(ty,;)
. ﬁw -8 _
Method of Moments: T,, =222 =.127933

2 .

" VVar(ig,)
Since 0.7117 < T, <4.2795 and -138.3927 < T, < 3.6289, so we accept H, by both the tests.
B. Test for H,: 0! = o) against H,: 0! + o) .

The value of the test statistic is given by

5_2 ——6‘2
Method of MLE: T, = ———2E —2ME = 1642
~ AT
JVar(O’ims —Gopus)

»2 ~2
Method of Moments: T, = v " T _ 39138
\/ Var (&IZ,MM -é :,MM )

Since -0.4879 < 7| <2.1540 and -39.4765 < T}, < 0.5802, so we accept H, by both the tests.

C.Testfor H,: p=109 against H,: p#09.

The value of the test statistic is given by
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Method of MLE: T, =/n(a(r) - k(p,)) =2.3371

Put ~ Po
Method of Moments T, =——=—— =19.0788
Jar(poa)

Since 0.3964 < 7, <4.5923, and 1.734]1 < 7, , < 143.1814, so we accept H by both the tests.

Power of the proposed tests

In this section we provide some simulated results of power of the proposed tests in order

to compare the tests derived by two methods: MLE and MM. We generate paired data form a

bivariate normal distribution with #» = 5, and 10. For testing H,: 4 =0, we generate data under
=0 (size) and different values of gz (power). For testing H,:0 =o and H,: p=0.5, we
take p =0 without loss of generality. We have computed Bur D> Do Tigs T, and Ty, with

1000 runs. The results are shown in Tables 3.5 - 3.10,

Table 3.5 Simulated power of the test: H,: =0 when ¢? =1,n=35

M

o5 p Test  _y5 -1 05 0.5 1 1.5
0.6 0.2 T, 0051 0051 0051 0051 005( 005
T. 0168 0.116 0070 0066 0.09  0.150

0.4 T, 0051 0051 0051 0051 0051 0051
L, 0192 0117 0071 0063 0106 0.164

0.6 T, 0051 0051 0051 0051 0051 0.05]
T 0221 0142 0080 0070 0122 0.194
1.5 0.2 T, 0050 0056 0.050 0.050 0.050 0.050
L, 0109 008 0056 0060 0072 0.109
0.4 T 0.049  0.049  0.049  0.049  0.049  0.049
T, 0115 0079 0056 0060 0077 0.119

0.6 T, 0.051  0.051 0.051 0.051 0051 0.051
T, 0127 009 0056 0061 0090  0.130
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Ji;

o, p Test .15 5 -0.5 0.5 1 1.5
0.6 0.2 T, 0049 0049 0049 0.049 0049  0.049
T, 0141  0.103 0065 0053 0069 0.100
0.4 T 0.050 0.050 0.050 0.050 0.050 0.050
T 048  0.104 0.067 0055 0075 0.110
0.6 T,, 0051 0051 0051 0051 0051 0051
T, 0143 0100 0065 0063 008 0.127
1.5 0.2 T, 0050 0050 0.050 0050 0.050 0.050
T 0103 0078 0056 0054 0068 0.090
0.4 T, 0.050  0.050  0.050  0.050 0.050  0.050
T, 0112 0085 0.060 0054 0070  0.095
0.6 T,  0.050 0.050 0050 0.050 0050 0.050
T, 0118 0091 0062 0.051 0073 0.102

Table 3.7 Simulated power of the test: H

ol =¢l when 7 =1,n=5

%
p Test 0.6 0.8 1.5 2
0.2 T 0.064 0.053 0.065 0.090
The 0.061 0.050 0.059 0.095
0.4 Ty 0.071 0..059 0.059 0.078
Tyo 0.057 0.044 0.071 0.095
0.6 T\ 0.079 0.063 0.062 0.085
Tso 0.045 0.041 0.058 0.071
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Table 3.8 Simulated power of the test: H,: 0] =o; when o? =1,n=10
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o3
I Test 0.6 0.8 L5 2
0.2 Ty 0.101 0.060 0.071 0.152
Tso 0.144 0.076 0.077 0.142
0.4 T 0.128 0.063 0.083 0.171
Tyo 0.141 0.085 0.076 0.134
0.6 T 0.159 0.071 0.101 0.200
T, 0.151 0.071 0.077 0.148
Table 3.9 Simulated power of the test: H,: p=0.5 when ¢’ =1,n=35
P
7, Test 0.1 0.3 0.4 0.6 0.7 0.8
0.6 T, 0.045 | 0.044 | 0.045 | 0.050 | 0.046 | 0.041
0y 0.083 | 0062 | 0.055 | 0.048 | 0046 | 0.039
0.8 Ty 0.039 | 0.044 | 0.045 0.049 | 0.044 | 0038 |
Oy 0.081 | 0061 | 0055 | 0.047 | 0.038 | 0.036
1.5 T, 0.053 0,048 0.048 0.046 0.045 0.043
Ty 0.085 | 0068 | 0056 | 0048 | 0.036 | 0.041
2 T, 0043 | 0.048 | 0.048 | 0.049 | 0046 | 0.041
T 0.087 | 0062 | 0053 | 0.044 | 0034 | 0042
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+ Table 3.10 Simulated power of the test: H,: p=0.5 when o =1,n= 10

7,

o; Test 0.1 0.3 0.4 0.6 0.7 0.8

0.6 1, 0.046 | 0.044 | 0.047 0.046 0.049 0.051
Ty 0.085 | 0065 | 0.058 | 0.047 | 0051 | 0.048

0.8 T, 0.045 0.046 0.045 0.051 0.053 0.060
T 0.085 | 0.067 | 0058 | 0048 | 0047 | 0.046

1.5 T 0.047 0.045 0.047 0.048 0.055 0.063
4y 0.085 | 0.066 | 0055 | 0.052 | 0.048 | 0.042

2 Ty 0.050 | 0.048 | 0.050 | 0.050 | 0.056 0.068 |
4y 0.083 | 0065 | 0054 | 0051 | 0048 | 0051

We can see from the tables that for testing H,: 4 =0, the test based on 7, is better than the test
based on 7, . However, for testing £,: 0} =07, it tums out that the test based on 7,  is better
than the test based on T, . For testing H,:p=0.5, we see that the test based on T, is better

than the test based on T, for o < 0.5. The conclusion reverses for o> 0.5

Next we consider the problem of drawing inferences on the common variance of a
bivariate normal population with different mean (Model 11). We discuss estimation and tests for
the different mean, the variance and the correlation coefficient -both maximum likelihood and
method of moments estimates- and point out some important features of both the methods. Our
application includes data on Diaspirin crosslinked hemoglobin (DCLHb) of 299 patients,
measured by HemoCue method and its modification (Hedayat ef @l., 2002).

Model specification and description of the data set

We assume that a random sample {(x,,¥,),7=1,2,..,n} is drawn from a bivariate normal

population of (X,Y) with a common variance, with the parameters (u,,z,,07, p). There are

practical situations where the assumption of a common variance is valid. Our goal is to provide
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estimates and tests for the parameters under the above model. We consider both the maximum
tikelihood estimates as well as the moment estimates, and discuss their properties. We also
provide relevant test statistics for testing hypothesis about the different mean, the common
variance, and the correlation coefficient.

The data set deals with Diaspirin crosstinked hemoglobin (DCLHb) of 299 individuals,

measured in two different ways, resulting in paired data {(xf, 52 )}. DCLHb which is solution

containing oxygen-carrying hemoglobin was created as a blood substitute to treat acute trauma
patients and to replace biood loss during surgery. Measurements of DCLHb in patient’s serum
after infusion are routinely performed using a Sigma instrument. A method of measuring
hemoglobin called the HemoCue photometer was modified to reproduce the Sigma instrument
DCLHb results. To validate this modified method, serum samples from 299 patients over the
analytical range of 50-2000 mg/dL were collected. DCLHb values of each sample were
measured simultaneously with the HemoCue and Sigma methods. The problem here is to assess
‘agreement’ between the two methods in terms of their means, assuming that the variances are
equal. Our statistical analysis here is based on only the paired data reported below in Table 3.11.

The scenario is such that the variances are equal, but the means are different.

Statistical Analysis
Estimation of parameters

We discuss both the method of maximum likelihood (MLE) and the method of moments
(MM) for estimating the four parameters: u,,u,,0 and p.
Method of MLE

Since the joint p.d.f. of x and y is

oy p— ] 2 e-m[(x-y. F 4l ¥ -2 -t X1 )]’
2ac 4l-p ‘

for the given data set {x, ,y,}, i=1.2,...,n,the joint p.d.f. or the likelihood can be simplified to

i

W[SE"‘"(E‘M )z +3§ +"{;'#2Y‘2P(So-+”(f_ﬂl)(.;—iul ))]
e

|

2

L(/Upﬂz’o-!plﬁaZ)z
(21:02 1-p
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where X=Y x /n,y=2 y,/n,8} =Y (x,-%*,8} = (y,-7) and

Sy =2, (x, =Dy, - ¥).

Table 3.11 Data on DCLHb of 299 patients, measured by HemoCue method (X) and its

modification (¥}

X Y X Y X ¥ X Y X )4 X Y X Y
1340 1330 100 100 | 180 180 50 50 50 50 320 310 | 270 270
106 100 | 1610 1600 | 50 50 60 60 [ E170 1180 | 1430 1430 | 80 80

80 80 150 140 70 70 | 1610 1600 | 330 330 90 20 70 70
1340 1340 | 1380 1380 [ 1550 1560 | 200 200 60 60 210 220 | 210 200
530 550 | 520 510 80 80 90 90 90 90 (1770 1770 | 30 50
240 240 | 1430 1420 90 20 160 160 | 310 310 | 600 600 | 1200 1220

60 60 330 330 70 70 50 50 90 90 360 350 | 1070 1080

70 80 90 90 | 1560 560 | 1040 1040 | 360 360 70 70 400 460

50 50 90 20 710 720 | 1250 1250 | 1120 1120 130 130 [ 120 %20
1720 1770 | 1920 (950 | 190 190 | 50 150 | 1200 1210 | 630 680 80 90
460 460 70 60 106 100 | 1530 1530 | 280 210 | 116 1:0 | 790 790
130 140 | 880 990 | 7206 720 | 440 440 60 &0 360 360 | 680 e80

50 50 | 1490 1490 | 710 710 [ 1680 1740 | 1450 1450 | 70 70 80 80

60 60 330 320 g0 80 500 500 | tOC 100 70 70 g50¢ 850
270 270 | 1440 1420 670 670 | 100 100 | 360 360 60 60 340 340

30 80 | 1150 1830 270 280 80 70 950 940 | 130 130 | 450 450
910 910 | 816 820 80 70 50 &0 80 80 420 420 | 130 130
650 700 | 400 400 ! 1380 1380 | 1180 1230 | 1120 1170 | 340 340 | 850 BS0

90 30 110 120 | 670 670 80 70 450 460 | 230 220 | 240 240
900 890 | 1510 1520 | 440 430 | 1180 1160 | 150 150 | 400 400 | 430 430
130 140 | 1030 1010 | 140 140 | 460 460 | 740 750 | 140 130 50 50

80 80 370 370 90 80 190 190 | 880 880 | 390 380 50 50
1840 1830 | 150 150 | 1510 1380 | 1150 1150 ) 540 540 50 76 360 360
430 430 | 800 800G | 860 870 | 530 520 | 230 230 | 570 560 | 400 400

BO 90 580 580 90 20 450 450 | 1180 1180 | 530 540 | 180 110
90 100 | 220 2406 | 160 160 | 200 200 | 1500 1510 | 410 420 | 930 980
160 160 90 20 230 240 | 1380 1300 | 760 760 60 60 200 200
500 500 | 530 530 | 520 SKO | 320 320 | 130 130 | 460 460 50 50

60 60 | 470 470 | 1000 1010 | 170 180 | 1060 1080 | 50 50 480 430
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Table 3.11 Data on DCLHb of 299 patients, measured by HemoCue method (X) and its

modification (¥) (continued)

X Y X Y X Y X Y X Y X Y [ X Y
200 200 | 200 210 | 450 450 | 1250 1250 [ 770 770 | 330 340 | 100 100
130 130 | 100 100 | 300 270 | S80 580 | 360 380 | 690 690 | 160 160
110 110 | 1080 1080 | 150 150 | 430 430 | 450 460 | 120 120 | 80 80
9 9 | 50 50 280 280 | 186 18 | 50 50 | 90 90 [ 760 760
910 910 | 570 570 | 80 8O | 1040 1040 | 230 230 | 790 790 | 590 590
770 770 | 360 370 | 820 790 | 420 420 | 460 460 | 570 520 | 700 700
800 810 | 240 240 | 510 520 | 870 870 [ 360 370 | 130 140 [ 130 130
50 50 | S0 60 | 130 130 | 1260 13230 | 640 640 | 1430 1400 | 230 230
620 610 | 1660 1740 | 1610 1610 | 840 840 | 110 110 | 420 420 | 50 50
200 210 | 50 60 | 70 70 | 320 320 | 1590 1590 | 670 680 | 500 SO0
190 190 | 1190 1150 50 50 | 70 70 | 500 510 | 8 80 | 500 500
9 90 | 70 80 | 1420 1440 | 70 60 | 810 810 | 300 300 | 60 60
140 140 | 1640 1660 | 330 330 | 1410 1440 | 80 90 | 210 220
110 130 | 880 820 | 90 90 | 450 450 | S80 580 | 130 120 N

Obviously, the sufficient statistics are x, ¥, Sf,Si and S, , and these are not complete.

Equating the first derivatives of log L with respect to the parameters y,, i4,,¢ and p to zero, and

solving these equations, we get the MLEs as

Hine =% (3.13)
;&:,ms =y (3.14)
.. SIS
Oppp =——— (3.15)
2n
. 28
S;+S,

Method of Moments
From E(X) =, EX)=p,, E(X*)=pf +0°, EQ*)=pi +o’ and

E(XY)=Cov(X,Y)+ u p, = po’ + up, , we can write
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it n

2 2
2% 2. PESY
ul+ot= ’=‘n , M+ o’ :——‘=‘n ,and g, + pot =2 :

Since g, =X, u, =y, 50 we get

H

DI HOEE L

0_2 - i=) __EZ = 2= - Mx
n n n
Z Y.iz Z (}"J - f)z S‘l
2 _ =t =2 _ =l _ "y
o) —_— - - =
R n
Zxryi (x:' —‘?)(y: —p) S
2 _ =l = =l - _ %
pot = ~Xy = =—
n n n
Solving these equations, the MM estimates are obtained as
Bigs =X (3.17)
Hopas =7 (3.18)
R §? +8?
R =P (3.19)
2n
S_/n 25
Do = o/ = 2. (3.20)

g>  S;+8]
Remark It is interesting to observe that the MM estimates are the same as the MLEs. Moreover,

the MLEs and MM estimates satisfy the equivariant conditions:

(i) iaX +b,aY +b,a*S},a’S},a’S,,) = aﬁ(f,}?,Sf,Sj,Sq) +b, Va,b real.
(i) 3)(aX +b,a¥ +b,a’S? .a*S2,a’S,)) =a’6] (X,¥,82,52.8,,), Va,b real
(iii) & (aX +b,a¥ +b,a’S2,a’S},a8,)) =a’ 67 (X,Y,S},82,5,), Va,b real,
(iv) plaX +b,aY +b,a’S?,a’S?,a*S, )= p(X,Y,52,8},5,,), Va,b real,

Properties of estimates
We study the large sample properties of the MLE and MM estimates. This is done befow

by first expressing the ML and MM estimates in terms of
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n-t"n~1"n-1

/ 2 g 5
z=mﬂz,ryn,7;)=[f,y, e 2y ”].

MLEs:

y - - 7. +7T N 27
Moas =1 Byane =715, Uf{w =70 and Poras :EETSTJ'
Moment Estimates:

by b - T +T ~ 2T
Hioppe =105 Hoppe =755 O':M = 2 L., and Pt =T3+ST4 .

We now apply the general result of the mean and variance of @(7') and readily get the

following results.
Method of MLE:

2 2

~ ~ [4) ~ - o
E(f pu5) = H0» Var(#l,m.g) = _n- s EQly e ) = My Var{ty 1) = h};— s
o'+ p%)

n 3

E(Gyys) = o?, Var(&:df_g) =

i)

- |- pt . [~ p2)? )
E(PM;_H)=P—'O—(—n—Q, Var(prAE):%_'_O[_?J.

Method of Moments:

2

2
a ~ ~ (53
_n s E(#z,w) =My Var(#z,w) = ‘_n_;

E(ﬁl,\m) =H, Var(ﬁl,w) =

4 2
E(Gl)=0, Var(dly) =M,

i A2 X RIS 1
Bpra) = p = 2L, ar(g) = 5L 0[;],

Tests of hypotheses

We consider the problem of constructing large sample test for suitable hypotheses of the
basic parameters u,,u,,0 and p.
A. Testfor H: u, =y, against H @y, # u,.

The test statistic is given by
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Method of MLE: T, === Fiane ~ Hraae
\{Var(#!MLE - ﬁz,,\ms)

Method of Moments: T, =— Frsmr ~ Han
JVar(;}l_w = s g )

where ﬁar(ﬁww — 4 ) and Var(f, e — Baans ) are the estimated variances up to order of

O(l] We reject H, if [T,,|> Z,,, incase of T, and if |I,,| > Z,, in case of 7;,.

lee 2
n #

B. Test for H,: o’ = o against H,: 0" # o, where o is a given constant.

Test statistic is given by

~ 2 2
o -0
Method of MLE: T, =-ME 0
Var(d’"fu)
G, -0l
Method of Moments: T, =0

i Var(62,,)
~ n £y ~ . . 1 .
where Var(G},.) and Var(él,,) are the estimated variances up to order of O[—J. We reject
e

H, if [T,|> Z,, incaseof T, andif |T,,|> Z,,, incase of T, .

o ?
C.Testfor H,: p = p, against H: p # p, where p, is a given constant.

In case of p,,;, we test this hypothesis based on the variance stabilizing transformation h(p) =

: R . (1-p*)y
arctanh (p) since E(p,,.)=~ p and Var(p)~——.
H

We use the test statistic:
T, =n(h(r) - h(py)).
In case of p,,,, we also test this hypothesis based on the variance stabilizing transformation by
using the same test statistic as in case of p,, ..
Test statistic is given by
T,, =n{h(r) = h(py)).

Under H,, 7, and T,, follow asymptotic standard normal distributions.

2
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An Application of Model II

In this section we provide the numerical results of the analysis of the data set given in
Table 1. The summary statistics are shown in Table 3.122.
Analysis of data set

We have applied all techniques described in above section to analyze this data set. Using

the summary statistics in Table 3.12, we have T,= 489.3311, 7,= 490.2676, 7,= 225060.6249,
7,=225669.0557 and T,=225203.5353. Based on these statistics, we can compute the estimated

values as shown in Table 3.13,
Table3.12 Summary statistics for Data in Tablel.

Data Statistics
299 N
489.3311 X
4902676 y
225060.6249 52
225669.0557 s}
0.9993 r
67068066.22 S
67249378.6 S?
67110653.51 S,

Table 3.13 The estimated values of the MLE and MM estimates.
The MLE estimate The estimated value The MM estimate The estimated value

A pe 4893311 Py as 489.3311
£ ps 490.1676 L pns 490.1676
G2, 225364.8402 32, 225364.8402

Brge 0.9993 » 0.9993
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Since we obtained the same estimates for both methods, we now provide three
hypotheses of interest based on only the method of MLE.
A.Testfor H,: y =, against H @y # u,
The test statistic is given by

Method of MLE: T, = e T s - 09016
\/ Var(i s =y pne)

Since -1.96 < T, < 1.96, so we accept H .

B. Test for H,:c’ =225364 against H,:0* # 225364 .

The test statistic is given by
= s =% _ 0.0000
Var(61,.)

MLE

Method of MLE: T

Since -1.96 < T, < 1.96, so we accept A .

C. Testfor H,: p=0.9 against H,: p#0.9.

The test statistic is given by

Method of MLE: T,, = n{h(r) - h(p,)) = 43.0959

Since T, > 1,96, so we reject H .

Power of the proposed tests
In this section we provide some simulated results of power of the proposed tests for

method of MLE. We generate paired data form a bivariate normal distribution with n= 5 and 10.

For testing H,: o’ =1, we generate data under o = 1 (size) and different values of ¢’ (power).
For testing H,: 4 = g, and H: p=0.5, we take u, =0. We have computed T, T, and T,

with 1000 runs. The results are shown in Tables 3.14 — 3.18.

We can see from the tables that for testing H,: u, = u,, when u, <0, the power will
increase if u, decrease and p increase. On the other hand, when g, > 0, the power will increase
if 1, and p increase. For testing H,:o? =1, when o increase the power will decrease. For

testing H,: o =0.5, it turns out that the power will increase as p increase,
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RemarkFor testing H,:¢” =1 and H,: p = 0.5, the powers do not depend on the values of z,,

since the MLEs and MM estimates for o* and p are not the function of 4, and g, .

Table 3.14 Simulated power of the test: H: g, =z, when g, =0, 6> =1,n=5

Hy
fe, -1.5 -1 -0.5 0.5 1 1.5
0.2 0.478 0.246 0.094 0.112 0.270 0514
0.4 0.622 0.321 0.126 0.146 0.363 0.638
0.6 0.775 0.442 0.152 0.213 0.544 0.854
0.8 0.967 0.747 0.266 0.324 0.793 0.981]

Table 3.15 Simulated power of the test: Hyp =p, when g, =0, 0> =1,n=10

Hy
0 -1.5 -1 -0.5 0.5 1 1.5
0.2 0.932 0.645 0.207 0.181 0.578 0.902
0.4 0.977 0.770 0.268 0.236 0.709 0.964
0.6 0.998 0.899 0.353 0.350 0.871 0.993
0.8 1.000 0.997 0.657 0.629 0.989 1.00¢
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Table 3.16 Simulated power of the test: H,:c’ =1 when g, =0,7=5, 10

n=35 n=10
o’ o’

Hy 0 0.6 0.8 1.5 2 0.6 0.8 1.5 2
-i.5 0.2 0.103 0.056 0.138 0.313 0273 0087 0.086 0.291]
0.4 0.114  0.052 (¢.114 0.257 0266 0.096 0.194 0.440
0.6 0096 0.058 0.100 0.207 0220 0.082 0.172 039
0.8 0082 0059 0.i14 0.209 0.159  0.061 0.154 0.380
-1 02 0103 0.05¢ 0.138 0313 0.273 0.087 0.086 0291
04 0114 0.052 0.114 0257 0266 0.096 0.194 0.440
0.6 009 0.058 0.100 0207 0.220 0.082 0.172 0394
0.8 0.082 0.059 0.114 0.209 0.159 0.061 0.154 0.380
-0.5 0.2 0103 0056 0.138 0.313 0.273 0,087 0.086 0.291
0.4 0.114 0.052 0.114 0.257 0266 0.096 0.194 0.440
0.6 0096 0.058 0.100 0.207 0.220 0.082 0.172 0.3%4
0.8 0082 0059 0.114 0.209 0.159 0.061 0.154 0380
0.5 0.2 03103 0.056 0.138 0313 0273 0.087 0.086 0291
04 0114 0.052 0.114 0.257 0.266 0.096 0.194 0.440
0.6 0.096 0058 0.100 0.207 0.220 0.082 0.172 0.39%
0.8 0082 0.059 0.114 0209 0.159 0.061 0.154 0.380
1 02 0103 0056 0.138 0.313 0.273 0.087 0.08 0.291
0.4 0.114 0052 0.114 0.257 0266 0.096 0.194 0440
0.6 0.096 0.058 0.100 0.207 0220 0.082 0172 0.3%
0.8 008 0059 0114 0209 0.159 0.061 0.154 0.380
1.5 0.2 0.103 0056 0.138 0.313 0273 0.087 0.086 0.291
0.4 0.114 0.052 0.114 0.257 0.266 0.096 0.194 0.440
0.6 0.096 0.058 0.100 0.207 0220 0.082 0.172  0.3%
0.8 0.082 0059 0.[14 0209 0.159  0.061 0.154 0.380
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Table 3.17 Simulated power of the test: H,: p=0.5 when g, =0, ¢’ =1,n=5

p

1, 0.2 0.4 0.6 0.8
s 0.042 0.047 0.054 0.095
-l 0.042 0.047 0.054 0.095
-0.5 0.042 0.047 0.054 0.095
0.5 0.042 0.047 0.054 0.095
1 0.042 0.047 0.054 0.095
1.5 0.042 0.047 0.054 0.095

Table 3.18 Simulated power of the test: H,:p=0.5 when g, =0, ¢’ =1,n=10

fo,

iy 0.2 0.4 0.6 0.8
15 0.151 0.055 0.066 0.382
1 0.151 0.055 0.066 0.382
-0.5 0.151 0.055 0.066 0.382
0.5 0.151 0.055 0.066 0.382
1 0.151 0.055 0.066 0.382
1.5 0.151 0.055 0.066 0.382

4) Statistical Methods in Assessing Agreement
In this study we address the statistical inference of assessing agreements in two parts according

to the type of information that we collect: discrete and continuous.

4.1) Discrete Case

Measurements of agreement are of great importance for assessing the acceptability of
new or generic process, methodology, and formulation in many fields of laboratory performance,
instrument or assay validation, method comparisons, statistical process control, goodness of fit,
and individual bioequivalence. There are numerous examples that illustrate these situations: the
agreement of laboratory measurements collected in various laboratories, the agreement of a

newly developed method with gold standard method, the agreement of manufacturing process
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measurements with specifications, the agreement of observed values with predicted values, and
the agreement in bioavailability of a new or pgeneric formulation with a commonly used
formulation. By the way, measuring agreement has been used very often to designate the levei of
agreement between different data-generating sources referred to as raters. A rater could be a
medical laboratory, a clinical chemist, a psychologist, a radiologist, a clinician, a nurse, a
psychiatric classification system, or a general measurement instrument. One of the most popular
indices of agreement was originally presented by Cohen (1960), namely Cohen’s kappa statistic

(xc), as a reliability index for measuring agreement between two raters employing nomina!

scales.

Basically, Cohen described that the kappa statistic ranges between -1 and 1. Later, Cohen
(1968) extended the original kappa statistic by presenting the weighted kappa. It is useful when
the data arise from an ordered scale but the original kappa statistic is useful if the data arise from
a nominal scale. Formulas for estimators of standard errors for kappa can be found, for instance
in Hildebrand et ai. (1977) and in Liebetrau (1983). When the sample size is sufficiently large,
Everitt (1968) and Fleiss ef al. (1969} gave valid formulas for approximate large-sample mean
and variance of the two statistics, kappa and weighted kappa.

Several authors have proposed guidelines for the interpretation of kappa statistic. Vide,
for example, Landis and Koch (1977a), Kraemer (1979), Fleiss (1981), and Lantz and Nebenzahi
(1996). Even a matter as simple as the range of kappa is not clear from the literature but many
discussions of kappa state that it ranges from —I to 1, with 0 indicating no agreement beyond that
expected by chance and | indicating perfect agreement.

Extensions have also been made to allow for more than two raters (Light, 1971; Landis
and Koch, 1977b; Conger, 1980; Gross, 1986; Berry and Mielke, 1988; Posner ef al., 1990,
Lehmann et af., 1995), more than two possible ratings (Flack et a/., 1988; Haley and Osberg,
1989; Donner and Eliasziw, 1992; Lau, 1993), ordinal data (Fleiss, 1971; Fleiss and Cohen,
1973; Cicchetti, 1972; Cicchetti, 1977; Gamsu, 1986) and continuous data (Conger, 1985; Rae,
1988).

In addition, many other applications of kappa statistic in a varitety of different contexts
can be found in Spitzer ef al. (1967), Fleiss ef al. (1972), Kraemer and Bloch (1988), Boushka et
al. (1990), Hutchinson (1993), Schouten (1993), Shoukri et al. (1993), Brenner and Kiiebsch
(1996), Cantor (1996), Donner and Klar (1996), Shoukri and Main (1996), Donner (1998),
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Robert and McNamee (1998), Pinfold et al. (2000), Barnhart and Williamson (2002), Blair
(2002), Lin et al. (2002), Washington et al. (2003), Glenn et al. (2005), and Ruamviboonsuk er
al. (2005, 2006).
A Brief Description of Cohen’s Kappa and Its Features

Let us consider a reliability research where 2 raters, ;eferred to as rater A and rater B, are
required to classify subjects into one of 2 possible response categories. The 2 response
categories, labeled as 1 and 2, are assumed to be disjoint. An interpretation of the probabilities

m, for i,j=1,2, in a cross-classification of the reliability research can be depicted as given in

Table 4.1.

Table 4.1 Joint distribution of classification probabilities for 2 raters

and 2 response categories

Rater B
Rater A Total
1 2
] Ty o .
2 Ty Ty T,
Total 7T, T, ‘ I

It follows from Table 2.1 that =, represents the chance that rater A classifies a subject

into category /, while rater B classifies the same subject into category j, 1 <17, j<2.

In this set-up, Cohen’s kappa for assessing agreement between the two raters is defined

as
8,6
K, =<2 —* 4.1
e | (4.1)
where 8, =7n,+x,,, 8, =27, +7,7,. (4.2)

In applications, if there are n subjects and n, represents the number of subjects
classified in category 7 by rater A and in category j by rater B, the sample estimate of «. is

given by

.= %, "ége (Cohen’s kappa statistic) (4.3)
[ - [
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"y 1, R, ~ n,+n
- [ ~ . ~ .
where 7, =, #, == # =L ,6 =12
g n n

- +
G, = la T (4.4)

n 13

We now proceed to critically examine some features of x..
The following properties of x. are well known.
(i) k. =1 ifand only if 8, =1. This means that there are no controversial judgement by
the two raters i.e., the disagreement cells [(1,2) and (2,1)] have zero probability each,
(i}) x. =0 ifand only if 4, = 8,. Technically, this holds if and only if
(m,, -7+ {7y ~ 7,7, )= 0 (4.5)
which, in its tum, implies that we necessarily have

=7, 1Si,j<2. (4.6)

That is, the two raters perform independently.

(i) . =-t ifand only if z,, +7,, =0, 7, =x,, =0.5. Technically, this means that
both the agreement cells have zero probability each while the two disagreement cells are equally
likely. -

The case of “x. = ~1" seems to impose too restrictive behavior on the part of the raters.
When 7, = 7,, =0, there is already an indication of total disagreement between the two raters.
Therefore, in such situations, irrespective of the values assumed by 7, and 7,, (0 <7 ,,7,, <1,
7, + 7y, = 1), the kappa coefficient is desired to assume the value —1. With this in mind, let us

set 7, =a and 7, =1—a, 0<a <] and analyze the situation with the purpose of modifying

the definition of x,. to deal with the full strength of disagreement between the two raters,

Modifications to Cohen’s Kappa

Qur first modification is aimed at the value x. = —1. We modify «, as

8,-6,

Kt = A-8, .
and suggest a value of A to take care of the situations:
7y, =7,,=0, 7, =, 7, =1-a, 0<a<] along with «,,, =-1. (4.8)

Under (4.8), «,,, reduces to
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_ ~2a(l-a)

= : 4.
T el -a) “9
and «,,, = -1 yields
A=d4a(l-a). (4.10)

In view of (4.8), we have &, =7, =a so that @ has dual interpretation. Therefore, we may

T, tr,

replace ¢ by in (4.10). This yields

+ +
A=4. T, 2?3,2 Ty 252. - (71';, + 7T, )(73-! + 71'2_) . (4.11)
Next, substituting (4.11) in (4.7), we obtain
-8
Ko % 20 @“.12)

- (ﬂ‘-], +ﬁ_2)(ﬂ'_| + 7"'-2-) - ge

or equivaiently,

Ky = % ~6. . (4.13)
(ﬁl. + ,’!‘T‘E)(E_' + ?Tzl) - (ﬂl-ﬂ'_‘l + ﬁa”z-)
Finally, upon simplification, we can rewrite the modified kappa «,,, as
DLl (4.14)

ML -
R H, +A,7,

This medification is based on the analysis of situations leading to total disagreement

between the two raters. We verify below that all the three essential features of «. are retained by
x,,. Clearly, «,,, =0 if and only if 8, = ,. The other two values (+1) are examined below in

Theorem 1.

Theorem 1 Let «,,, be the modified kappa as defined in (4.14). Then

0
I if and only if Table 2.1 is of the form [‘; 1 ] for 0 < ¢ <1 (4.159)
-

0
-1 if and only if Table 2.1 is of the for‘m[1 C;], for0D<a <. (4.15i1)
-

Proof: We start with the proof of (4.151).

90 r_gf

Recall that «,,, = —>—"——.
T, T,
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90 —65‘

T, tm,

Then =1

S Ty Ty ~ (AT ARG ) = Ty — 7, =0
Ay F Ty = A (T, AT, (7, 1)
S a,ta, =7, +x,)x, +7,)
© w1y +7y =+, -7, Ml -7), +7y)
& l-(my, +7,)=1- (7, - 7,)*
& 7y + 7y =(7y, _ﬂzl)z-
Therefore, we obtain x,, =x,, =0.

Next, we will prove (4.15it).

. g, -6
Since «,, =——"—"——, we then have
T TT, F T,

6, -8,
T\, +m 7,

=1

& my tmy, ~ (A, v r, )y, v, =0
& Ay Ay =W AT~y )+ T, (T, —7y)
< ;rll +7r22 = (ﬂ'-l P‘EAI)(?I& —EQ)
& Iy, F oy = (7 = 75)"
Hence, we establish that 7, =7, = 0.

The proof of the theorem is now complete. !
In addition we illustrate some characteristics of the Cohen’s kappa and modified kappa in

the foltowing theorems,
Theorem 2 Suppose #,,7,, #0, 7,x, >, 7, and 7, +7, >0.5,then x.,x,, <0.

Proof: We first show that x. <. The Cohen’s kappa is given by

g, -4,
T8

_ (=, +7r;2)"[(751| + T, W@y + 7)) + {7y + 705 )7, + ﬂ'zz)]
B I—[(fr“ + 7, Hy + 7)) (7, + 7y )y, +”22)]
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[ (?rlz "'"Tzn)] [(”u + 7 )y, + 7))+ (T + A Ny, + ”22)] (4.16)
[(ﬂ'u+E|2)(’rn+7r1|)+(7rz|+7r22)(7r|2+’522)] l

Replacing 1 by (7, + 7, + 7,y + 7 Y71, + 7y + T, + 75, ) in (3.10), we have

2
[(”11("’70 )+, + 752;))"’ 2r, 7y + iﬂ"122 + 7‘2|]'(”12 +7y)
l(’ru(”az + )+ Ty (7, +”25))+2’ru”zz +ﬂ'|22 +?r22]}

KC:

2 2

_ (70 + 7y N7y + 7)) + 27, 700, + 7 + 7y, — (7, + 7))
2 2
(71, + 7 )7y + 70y ) + 27, 7oy + 7, ¥ 7y,

2 2
_ (74 + 75y = D1y + 7)) + 270,700, + 75 + 7y (4.17)
2 7 .
(70y) + 700 W1y + 703,) 4 270, 700 + 7T + 705,

Again, we substitute 1 = (7, + 7, + 7, +7,,)(7,, + 7, + 7, +7,,) in(3.11) and re-write it as

27 7y = Ay Tsy) (4.18)

P
[ z 7
(7 + e )Ty + 7)) + 27 oy + 7y, + 7y,

We now consider the right hand side of (4.18). The denominator is always positive, that is
(7)) + T, Y(7yy + 7)) + 2, 70y + 78y + 70}, > 0. For the numerator, we recall 7,7, > 7,,7,,, S0
we can obviously see that k. < 0.

Next, we prove that «,,, <0. Recail

__ B8,-86,
Kon =
R 7, T,

_ (7, +7fzz)_[(7rn + 700 Wy + 7 ) (g + 720 ) (7, +’ng)]' (4.19)
[(?Tn F RNy + Tpy) + (), 70y My, + ”n)]

Now (z,, +7,,) is replaced by
() + Ty + 7y + 7 N7, + 7y + 7y +7,,) = (7, +7,,) and, therefore, (4.19) can be written in
the form

[(ﬂ (7, F 7 )+ A7y, "‘”21))"‘2”11”22 'Hrlz +”2:} (1, + 7))
[(”n F T Wy + 70y )+ 27,7y +2”12”2|]

M

2
- (7)) + 7 Yy + g )+ 27, 70y + 705 + 785, — (7, +7y)

(72, + Ty Yy + 70y ) + 2 725y + 270,70

_ (" + 7 =V + 705 ) + 27, 7Ty, "‘ﬂ'lzz +”221 ' (4'20)

2 )
(7 + T W7y + 7y )+ 27,7y + 71, + 75,

Next, we make the substitution using the relation
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V=(m + 7, + 7y + T, W7y + 7y + 7y, +7,)
and (4.20) thus becomes

27 Ty = B yy)

Ky = (4.21)
(W + T Y + 7)) + 20,7y + 270,70,

which is negative whenever z,,7, > 7,,m,,.

This completes the proof, O

Corollary 1 Suppose x,,,7,, #0, 7,7, <a, 7, and x,, +r,, > 0.5, then x.,x,, >0.
Theorem 3 «. =«,,, ifandonly if 7z, =z, orequivalently, =, =x,.
Proof: Our proof of this claim begins with

Ko =Ky = B =T, 00 T, =7,.

6,-68,  6,-8,

Suppose «, = k,,,, or = ,
1-6, ma,+r,7,

or equivatently, | -z x, -m, 7, =m 7, +t 7,7,
We then substitute 1=(x, +m,)(m, +x,) in the above expression. So it takes the form
Ty ¥ ATy — Ty~ My, =0,
ot mim, — )+ m(r, ~m,)=10,
or equivalently, (my, —m Wy, ~ 7, )=0.
Thatis 7, =z, or 7, =7, .
To prove the converse of this claim
T, =, 0T By =7y =0 Kp = Kpyps
we assume that 7, =z, which is equivalentto 7, == ,.

90 - 82

Therefore, x. = SEvR

_ 7y +t Ay AT R,

| -mm, — 7,7,

2 2
Ty v 7y =7, .

- 2 2
(m, +m, Nm, +7,)— 7 — 7y,

2 2
Tyt Ay -, A,

- 2 2
(ﬂ'i. + 7[2.) _ﬂﬁ =7,
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Thus, we can conclude that k. =«,,, & 7, =7, 0r 7, =7,.
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8

It has been noted by Cantor (1996) that all of the values #,,7,,8,, 8, 7,, 7, T,

and m,, can be determined by 7,7, and x,.. That s,

m,=l—-a,n,=l-n,8 =27, +m,7,, 8, =x.(1-6,)+6,,

Ty =0, ~m 472, 71, =0, — 7y, My =7, — 7y, and 7, =7, -

e

(4.22)

Since 8, -8, =, (z, 7, +m,7,), it turns out that an analogous result also holds in terms of

.7, and &, .

Remark 1 In the above, we have dealt with the situations: Kappa = 0, x1. It is only patural to

expect that Kappa— +1(~1) whenever 7z, +7, —>1(0) and =, +z, =>0(). We will

consider two scenarios and examine such situations below.

Table 4.2 Scenario |

Rater B
Rater A Total
1 2
l 0.40 0.03 0.43
2 0.03 0.54 0.57
Total (.43 0.57 1.00
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Table 4.3 Scenario II .
Rater B
Rater A Total
1 2

1 0.93 0.02 0.95

2 0.04 0.01 0.05
Total 0.97 0.03 1.00

For scenario | : &, =0.8776 and «,,, = 0.8776.

For scenario I : «, =0.2208 and «,, =0.2219.

The Cohen’s kappa x. and medified kappa «,,, surprisingly indicate a low level of

agreement between raters A and B following the second scenario. In fact, it is difficuit to explain

why the raters would have a high level of agreement in scenario [ and a low level of agreement
in scenario I[. Let us examine two more scenarios.

Table 4.4 Scenario J1I

Rater B
Rater A Total
1 2
| 0.03 0.40 0.43
2 0.54 0.03 0.57
Totat 0.57 0.43 1.00
Table 4.5 Scenario 1V,
Rater B
Rater A Total
1 2
1 0.02 0.93 0.95
2 0.01 0.04 0.05
Total 0.03 0.97 1.00

For scenario Il : «,. =-0.8439 and «,,, = -0.8776.
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For scenario [V: x. =—0.0184 and x,,, =~-0.2219.

Once more, it is hard to explain why the raters would have a much higher level of
disagreement in scenario III and the level of disagreement for scenario IV is not at all high. It
turns out that neither Cohen’s kappa x. nor the modified kappa x,,, may serve the purpose of
assessing agreement/disagreement in all situations, We attempt one more modification below.

In order to obtain a good expression for assessing agreement or disagreement, it seems
necessary to modify Cohen’s kappa once more. Towards this, we start with a study of the

maximum and minimum of Cohen’s kappa for given value of £, as presented below.

Theorem 4 For given 8,, 0 <8, <1,

_ 2
6, =0, +—(1 %) R (4.23)
’ 2
7
g  =@|1-=1. 4.24
£,min n[ 2 J ( )
Further,
g?.
K, = Zo 425
€ .max 1+(}_€a)2 ( )
1-6
I 2 1. 4.26
J'ct':.mm [1 +80] ( )

Proof: Recallthat 8, ==z, 7z, +#, 7,
= (7)) + 3, )70 + 7y)) (7 + 7 Sy +70y,)
= ’rlza + ”;2 F (7 F ANy + 7)) + 270,75,
Since @, = m, + Ty, then 6, =z, + 75 +6,(1-6,) + 27,7y,

We first maximize 6, by maximizing (%,7,,) and (x, + #J,) simultaneously.

: -8
Clearly, max(r,,7,,) subject to =, +m, =1-6, occurs when =, =7, = 5 > . Further,

max(x}, + 72,) subject to =, +m,, =8, occurs when m,, =8, 7, =0 or z,=0,7, =6,

Both the solutions are simultaneously feasible.

2

—9 Y 1-8,)?
Therefore, we have 8, =687 +6,(1 —60)+2[1 > "J =6, L4=8)
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1-6,)" . :
Hence &, ., =6, + (—;’”L if and only if Table 2.1 reads as
1-8 1-8
é, 5 : 0 > .
or
1 -
8, 0 1-6, 9.
2 2

Since x,. is decreasing function in 8, , we also deduce that

90 - ge,max

X .=
£, min
1 - ge,max

1-#6, upon simplification
=- , on.
1+8, P P

Next, to minimize ., we need to minimize (7,,7,) and (7} + 72,) simultaneously.
Again, min(m,7,) subject to =, +x, =1-6, occurs when =x,=1-6,7, =0 or
Further, min(z}, +x,,) subject to 7, +m,, =6, occurs when

m, =0,m,y, =1-6,.

[}

6 . .
Ty ="y = ?" . Both the solutions are simultaneously feasible.

AK 6,
Then, we have 8, =2 2 +6,(1-8)=6, 1—7 .

©

Hence 8, ;. = 90(1 - %’—] if and only if Table 2.] reads as

el 3
or
o0 2 i-g, %
2 2

Since k. is decreasing function in &, , we also derive

90 - 98 min 902 ° . . .
K¢ o = —= — , upon simplification.
) -6, . 1+(1-6)
The proof of this theorem is now complete, o

In the next theorem, we give analogous results when 8, is specified.

Theorem S For given &,, 0< 6, <1,

N
(l) ge‘z
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Gpmex = 15 O =0, K =1, Ky =1 4.27)
1
ity 8. >—
(i) 6, 2
426 -1 -6
ea,max =1 * 9o,min = 029‘, -1 » KC.ma.x =1 ] KC,rnin =" (428)

1-8

4

|
iy &, < —
(iii) &, 5

1-J1-28, -6,
Oy = 14126, , 6, . =0, K¢ = s K¢ amin =—[ 9‘19 ] (4.29)

1-86, 1-8,
Proof:
]
g =—
(i) €, >
. . . 12 0 . :
Obviously, 8, ... =1 if and only if Table 2.1 reads as 0 12 and 6,,.. =0 ifand only if

0 12
Table 2.1 reads as )
/2 0

Hence «. . =1 and k. . =-1.

: 1

) 8, > —

(i) 6, 5

Recall that 6, = 7} + 2, + (7, + 7wy, Ny +7,)) + 270,70, -
Since 6, =7, + 7y, then 8, =z) + 72 +6,(1 - 8,) + 27,7y, .

We first minimize 8, by maximizing (z,,7, ) and (7, + #2,) for given 8,.

Note that max(z,7,,) subject to 7z, + 7, =1-6, occurs when =z, ==, =

max(rrf, + ;‘r.fz) subject to 7z, +my, =6, occurs when x, =8, ,7,, =0 or x, =0,7,, =0, .
Both the solutions are simultanecusly feasible.

Then, we have 6, = 6] +6,(1-6,) + 2[1 29} 6, +4 f) ,

or equivalently, 67 = 26, ~1 which yields 8, = 26, - 1.

Hence 8, . =./26, —1 if and only if Table 2.1 reads as
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1-./26, 1
J26. -1 —
1-,26, -1 .

2
CO t] orm'n_ge 299_1_9e
nsequently, KCm.in = o= o
: 1-8, =)

Report 36 months

. 1-.J26, -1
- J2e 21 ’
e 6

Next, to maximize &,, we set 7, =#, =0 and 7, +x,, =1. For given 6,, the solutions to 7,

14,26, -1
2

1+./28, -1 .

and 7, are

reads as 2 .
0 l¢,/298 -1
2
(i) 8, < l
<2

. Accordingly, 8, =1 and, hence, x . =1. Further, Table 2.1

Recall that 8, =z} + 75, +0,(1 -8} + 2m 7, ,

or equivalently, 8,(1-8,) =6, ~n] -2,

For 9{,<%, AL F+7y =1 (m, =m,, =0) s

[ .
ml+m, =6, < 5 e contradictory.

=27, 7Ty

not feasible because =z, +z,, =1 and

Set, therefore, 7, +7,, =1-8, 7w, + 7, =& ,s0that z} + 7l + (1= 6)5 + 27,7, =6,

or equivalently, (1= 8)5 =8, —(n] +n3,) =27, 7,,.

L (1=8)’
2

- 2 2
Since 7, + 7y, 2

. (l _5)2

and 7,7, 20, we deduce (1~5)6 6, -

or equivalently, § 2 ./1-28, . Thatis, 7, +7,, =1-8 <1-,/1-28, .

Therefore, 6, . =1 —+f1 - 286, if and only if Table 2.1 reads as

1-,/1-286, fiT58,

2

1-/1-26,

0 —_
2

1-/1-28, 0
r

2
- J1-26, |
Ji-26,  —
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1-.,/1-28, -6, J1-28
Consequently, we have x ., = " 9" *=1- -y e

C e . _ 2 2
Next, to minimize &, , we re-write 6,(1-8,) =6, — x|, — 75, — 27,7, as

8,(1-6,)=6, —(m, + ”22)2 + 207 gy — Ty 7yy)
=4, -8, + 2(7) Ty — 37Ty, )
ie, 8, =86, +2(m, 7y — 7,7, ). Therefore, we minimize (m,7,,) and maximize (7 ,x,,)

simultaneously.

Set 7, = m,, = 0, then we obtain 6, =2z ,7,, and =, + 7, =1.

1+.,/1-26, 17./1-26,

Since 7, — m, =+/1-26, , we get z,, Sl and 7, = 5
1t ./1-28,

Thus, & . =0 if and only if Table 2.1 reads as 2

’ 15 i,

2
a

And as a result, we have x . =— i "9 .
This completes the proof. 0

Remark 2 We may now suggest the foliowing modification to «. based on its standardization.

- Kc‘max —Ke
Kyy =

KC,max - KC i

Thus, in effect, we will have

92
K mox (8,) K. 0.6y
(1) x4,(6,)= ool L= —* when 8, is specified.
K¢ mae (8,) = K o (6,) g, 1-6,

-+
1+(1-8,)" 1+86,

J‘C(',max (91.) - KC
J'('-C.mrax (ge) - KC‘.mm (69)

(i) xy,(8,)= when 8, is specified.
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(I_KC N l
, fo =—
2 R
, if 8 >~
(26, -1-8, 2
<
1-41-26, -6,
1-6 ke 1
= ,if 8, < —.
1-1-28, 2
- -

Remark 3 In view of the expressions for «. .. and «. .. for given &, and the underlying

structures for the cell probabilities, we can explain the results in Tables 3.1-3.4. In Tables 3.1

and 3.2, 8, = 0.94 . Therefore,

62

K =—2 _— =(0.8804 corresponding to
C.max i+(1—90)2 p g

> 178 | (047 006 (047 0
- s r
0o Z 0 047 0.06 0.47

and

-8
K =- 2 | = ~-0.0309 corresponding to
C.min (1 +9 } p g

/]

(-6,
% 57| (094 0.03 0 0.03
= , or .
-9, & 003 0 0.03 0.94

The value of & in scenario I is given by &, = 0.8776 which is very close to «. ... This

is because the structure in Table 4.2 [scenario ] closely resembles the structure corresponding to

Kemx given above. Similar explanation holds for the value of x. in Table 4.3 {scenario 1I].

Also, the results in Tables 4.4 and 4.5 can be justified along similar lines of argument.
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4.2) Continuous Case

Making inference about the common mean is one of the oldest problems in statistical inference.
Several authors have made notable contributions to this topic. Beginning with Cohen and
Sackrowitz (1984) considered several tests, including a normal approximate test for testing about
the common mean. Furthermore, Cohen and Sackrowitz (1977) deal with the hypothesis testing
for the common mean and for balanced incomplete blocks designs (BIBD) and an application of
this shown in Cohen and Sackrowitz (1989). Recently, Krishnamoorthy and Lu (2003) presented
procedures for hypothesis testing and interval estimation of the common mean of several normal
populations based on the concepts of generalized p-value and generalized confidence limit.
Later, Krishnamoorthy and Lu (2004) compared the five tests for the common mean of several
multivariate normal populations. In addition, test for common variance and test for the
correlation coefficient also are the interesting problems. Mathew, Sinha and Zhou (1993)
addressed the testing hypothesis concerning a common mean vector of two independent linear
models having different variances and the testing hypothesis concerning a common variance
component in linear models involving two variance components. Inferences on the correlation
coefficient in bivariate normal populations from ranked set samples for means and variances
known case mentioned in Stokes (1980).

In this topic we are interested in combining the problems testing for common mean, common
variance, and common correlation coefficient into one overall probiem testing by using four test
procedures for the small sample size and the large sample size. These test procedures based on a

bivariate normal population.

Derivation of Test Procedures for Small Sample Size

Assuming that X and ¥ have a bivariate normal distribution with means #, and u , variances

o’ and of, , correlation coefficient o and covariance of X and Yis po o, . We denote this by

X 2
[Y]WNZ[[#X]’[ o ] ’ o0
luy ,OG‘XCJ'), O-y

where —0 <y, 11, <0, 0,,0,>0, ~l<p<i.

We wish to combine the problems testing for common mean, common variance, and common

correlation coefficient into one overall problem testing
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Hyip =p,0,=0,p=p, versus H, :H, isnottrue, (2.2)
where p, is a given value.

In addition, we use 4 test procedures for testing to our problem based upon the smali sample size

and the large sample size. We begin with the testing problem (2.2) for » is small sample size,

First test procedure, we use the statistic A, from the Likelihood Ratio Test (LRT) as derived in

the following,

X
Suppose { 'J, i=1,2,..., n follow n paired data of bivariate normal distribution.

So the joint probability density function (pdf) of x, and y, is given by

] ! (x-p. Y . (-Vi‘ﬁ‘y)L 2 (M‘ﬂ,){)‘;‘#,}]
2(1-;:!2 J al ol i .0
f(x:’yr).: € i ! g H (23)
270,00 ,\1-p*

then the likelihood is

!Vg(x.'ﬂx ]1 g(}’;‘ﬂy)z i("i‘ﬂr)[)’. ‘!‘y)

i=l

1

. 28

21-p? o gy L
1
Hp.,.0,,0,, 0| data) = —e (2.4)
’ ’ [Zﬂa,dﬂfl —sz
Define J—C=Zxr/”1 ?';Zy:/n: S: =Z(x: '_f)za Syz :Z(yi _;)1
(2.5}

and §_ = (x, - - 7).

It is obvious that we have

"t

Z(xr _#I)z =S,3 +ﬂ(i—ﬂx)2,

i=1

S -, F =52 +n(3-n )}, (2.6)

i=l

and .Z:.:(xl —,ux)(y, —yy)=Sxy +n(f—,u,)()7—,uy).

After substituting (2.6) into (2.4) and rearranging the terms considerably, we then obtain the

likelihood function
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a | {FEop) &'ﬂr)z y_f"'r -92 5,
1 I * al B 2P ] M-} o p 296,0,]
. K )[ 27

Since the likelihood ratio test statistic A is defined as the ratio of the maximum value of the

likelihood when the parameters are restricted based on the null hypothesis to the maximum value
of the data without the additional assumption.

For our problem, the likelihood ratio test statistic is given by

Max L(,ux,,u,,o'f,af, po'data)

A= Holft =2, 0, =0, p=pq ) (28)
Max Lip,,p,.0;,0,, pldata)
We first evaluate Max Ly, ,p,,0f02, pO(data) .

Holt =g, ,0,=0,,p=0

Under the null hypothesis, the likelihood function in equation (1.7) becomes

A : = = = 1 2,82
E_W‘(x‘#r)z (-t V200 (G- X2, )| » m[sr $! 2,005,,,] 2.9)

b

I 1
[2:«':031/1 ~pl r
and so the log-likelihood function is

log;& =-nlog2m —glog(l - ,o§)— 2nlogo,

e - A G- Y 20, 1 Y- 1)

2t - p,

x

After differentiating (2.10) with respect to ., and o, respectively, then the results are

dlog L

H n 2 _ o

=T SR u ) - W - a )= 2p |- 2 2.1t
Bu, 2(1_,0;}0_:[ (x )ux) (y .”x) Po[ (x+y)+ #:]] ( )
and
dlogl _,

T (1—,:2)0: (G- a0} + G- 1) ~200E - 1. X5 - 2,)

X

Ja

(2.12)

+(1—_§F[53 +82-2p,8, ]
0 x

The estimators of x, and o are obtained by solving the equations
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(1= p)Jx+ (1= po )7 ~2(1- pg 2, = 0 (2.13)

and _ _

2= gl f(T - Y+ (- Y 20, F - NF - )|+ 52482 2p,8, =0 (2.14)
respectively.

Hence the estimators are given by

ho="27 (2.15)

and

b ] +6-af -2ple-pJp-5)|e 52451 -20,5,

62 = (216
: 2l 7] (2.16)
By substituting (2.15) into (2.16), we have
A7 1 n = =\2 2 2 }
g, = =1+ X3V +S,+5.-2p,5_ +. 2.17
X 2n1_p02 {2( pﬂx y) x ¥ pO X ( )

We can substitute (2.15) and (2.17) in (2.9) and then writing the result as

nyl—pl
H,y -Ma,),{ _ L(Jux7#x’o.:’af5p()|data)= L | e™" . (2.18)
e e ﬁ[g(l-l‘f)a)(—’—f—y)z+Sf+5i‘2posny

2 2
Next, we find uMﬁ;ﬁo@ Ly, p,,0,.,0,, p|data) .

The fikelihood function under unrestricted assumption as given in equation (2.7), and therefore

the log-likelihood function is
log L = —nlog2x —nlogo, —nlogao, mglog(l -p)
n |G-ny G-uF | (3-u)7-n
- 1 7 T 7 2P
2(! - pj o, o, o, )

(g2 g2 S
! S"+—’;—2p 2 } 2.19)

_2il—p2j ol o, ag.o,

After differentiating (2.19) with respect to u, and g, respectively, then the results are the

following equations:
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dlogl  -n |[-2F-u) 20F-n)]
Y 2(1 T) 5 + (2.20)
px - p L o-x O-xo-y J
and
otogl __-n_[-25-1,) 20(E-4,)] ..
- 2 2 . ( ' )
ou, 2(1—ﬂ_ T, 0,0, |
By equating (2.20) and (2.21) to zero, we have
o, . O, _
= p—=p, =X—-p—=y (2.22)
G-Y O-)’
and
T o, _
p—=p, ~p,=p—%~F. (2.23)
o, c,

The estimators of g, and u, are obtained by solving the equations (2.22) and (2.23) thus the

estimators are given by
f,=xand g, =y. (2.24)

In the same way, the estimators of o], o, and p are easily obtained by equating the first
derivatives of (2.19) with respect to the parameters o,, ¢, and o to zero, and solving these

equations, leading to

g2 S? S S
a2 _Px 22 _ Ty A X B S s
G, = = G, " ,and 5 5.5, or po.ag, =0, - (2.25)

By replacing (2.24) and (2.25) into the equation (2.7), we get

Max L(u,,u,,0.,0,pldata) = " 1e™. (2.26)
Unresicicd ’ A 2m[SZS2 - 82,
After substituting (2.18) and (2.26) into the equation (2.8), this leads to

. 4Jll-p7 5282 - 52 )
T (4 p XE-F) 42087 +57 - 20,5, }

H

A (2.27)

Since any constant can be ignored, thus we decide as follows:
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Reject H, if A’ = S:S, =55 d (228
) 0 = 1 28)

a1+ p, Xx - 3Y +2{9§ +8) - 2pos,y} <

where d, is a generic constant.

Second test procedure, following Lin er al. (2002), the sample counterpart of concordance
correlation coefficient is given as
2rs,s,

ro= R 2.29
C o si+si+(y-%)° 2:29)

2
y?

where x, ¥, 52, 52, and s,, represent the usual sample based on » paired observations on (x, y)
and each with divisor ».
This means that 57 and s, can be put in the form
D R

n n (2.30)
2 Z (y! - P)z
§, ==—
£

s

and =
n

Under H,, we then substitute (2.30) in (2.29), so the expression takes the form

20,58
' =— fox_y I (2.31)
S;+5)+ n(y - %)
That is,
. o v 2p,8.8
Reject H,, if ) =—5——— 5 <d,, (2.32)
S, +S, S )
where 4, is a generic constant.
Third test procedure, Lin, L, (2002) showed that
W=Ine’ ~Nw=Ing",0)) (2.33)
where & =(u, ~p,) +ol+ol -20,, (2.34)
et =(F-X)" +s) +s! -2s,,, (2.35)
2= (e, —p ) fe?
wd ol = (- (g, —p)' /e 236)

n—2
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Under #, it follows that

Jn-2
V2

Once again, when (2.37) are substituted by (2.30) and any constant can be ignored, so we decide

([ -%)? + 52 +s2 =25, |- 202t - o)) }~ (0,1 2.37)

as follows:

n(7-%) ~2p,5,8,

Reject H, if A, = g
x ¥

>d,, (2.38)

where d, is a generic constant.

Fourth test procedure, we use the statistic

—2inP -2InP,~2InP, (2.39)
where
d =x,-ysi=1..n, (2.40)
54 =ZEL'_I;Q, (2.41)
e
d =L€i, (2.42)
n
u,=x, +y; i=h..n, (2.43)
v,=x, -y, i=1..,n, (2.44)
.= 2.0 0, - 7) , (2.45)
\}Z(ur _H)EZ(”’; _‘7)2
S 2000, P (2.46)
'\JZ(x.-' - f)zz(yt - 5’;)2
i
P =P ‘t,,_,|> p , (2.47)
P = P’[|’n-z|"_ml_\{‘iz—w} (2.48)
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L (1+rYy 1 [1+p, “
{5‘ in[l ~ r] - 5 ln[“"—l e ]}H . (249)

Thus the implement able form of the level a test will look tike this:

and P = Pr[lN(O,l)[ >/n-3

Reject H,, if A, =-2InF -2InP, -2InP, > z1. (2.50)
We may summarize the test procedures for our testing problem (2.2) as follows:
8282 -~ 82
Test Procedure 1: Reject H, if 4, = — <d,.
i+ p YT~ F) + 2482 + S ~2p,5, ]

20,55, B
S2+82+n(y-x)

np-3f -20,5.S,
Sy +8;

Test Procedure 2: Reject A, if 1, =

d,.

Test Procedure 3: Reject H, if 1, = >d,.

Test Procedure 4: Reject H,if 2, =-2InA -2InP, -2In P, > 2.

Computation of the Cut-off Points

In this section we compute d,, d,, and d, for test procedure 1, 2, and 3 respectively. This is

done below by first expressing A;, A, and 2] in term of ¥, ¥,, and ¥,.

n(x-y)

Define 2 ~ oV, S2~aV,, S ~ 2y, cand ——24 42 3.1
eltne o, ~ o, V. v, PLETI Ny £/ ) 20’:(1—;00) Aiag, (3.1)
Recall that

. VS8 =55

] = — ~\2 2 2 » (32)

n(1+pu)(x—y) +2{S)r +5, *Zpony}

I 2rs,s, (3.3

2 sf+sf,+()7-f)2, '

. (-%F-2s,

At el 2 3.4

ol G4

and A, =-2InP ~2InP,-2In P, (3.5)

We then substitute (3.1} in (3.2), (3.3), and (3.4), so it take the form
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. '\JVIT”z—P;V;

A = s 3.6
Y (RS AN AT AN YH A GO
2pg ViV,

h = Vi+h +2(1"Po)2512 i G
and 2 =2{(1“Po)2’1 ‘PoVVin}‘ (3.8)

’ ntn,

We now use the following steps to compute d,,4,, and 4.
Step 1: Generate the standard normal distribution N(0,1) for computing the chi-square
distribution with 1 degree of freedom y? = [N(0,H] .

Step 2: Simulate n—1 independent paired samples of bivariate normal distribution subject to

1
(H']~NZ {0}[ ,00] sfori=1..,n—1.
W, 0\ oy 1

Step 3: Evaluate V|, V,, and V, by using the formulae:

2
a=1?

Vi=ul+ - +u

Vy=wl +-+w,, (3.9)

Step 4: Calculate A, 1, and A; from equations (3.6), (3.7), and (3.8) respectively.
Step 5: Repeat step 1 through 4 for 1000 times by using g, =0.7,0.8,0.9 and »=35, 10, 15, 20.
Step 6: Find each value of d,,d,, and d; for the level a =1%, 5%.

All cut-off points are shown in Table 3.1.
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Table 3.1 Cut-off points for » =35, 10, 15,20, £, =0.7,0.8,0.9, and a =1%, 5%.

& Lo ] d, d, ds
5 0.08357 | 0.24412 | 0.32555
a7 .10 | 0819761 | 047031 ) -0.34353
. 15 | D.31i65 | 0.69650 | -0.70036
20 | 041133 | 0.72618 | -0.83907
s 0.09788 | 0.33229 | 0.02564
0.01 og |- 10 ] 0.23447 | 0.61392 | -0.53633
15 | 0.37106 | 0.79665 | -0.80141
20 | 049238 | 0.82992 | -0.34482
|5 | 013314 ) 0.49368 | -0.33277
qg |10 | 032284 | 0.7/020 | -0.75790
151051254 | 0.89550 | -0.91159
20 | 0.68581 | 0.93365 | -D.95043
.5 | 0.14472 ; 038018 | -0.10107
a7 |10 | 023358 } 055080 | -0.49281
15 | 032245 | 971140 | -0.73922
20 0.42569 | 0.74171 | -0.88563
5| 016570 | 0.50348 | -0.33914
0.05 og L. 10 | 027726 | 0.67172 | -0.64366
_ 15 | 038482 | 081303 | -0.84584
| 26 | 0.50765 | 0.84767 | -0.89166
31023413 [ 0.67620 | -0.62293
0.9 10 | 0.38469 | 0.32106 | -0.81179
15 | 0.53525 | 0.91466 | -0.95157
20 | 0.70224 | 0.95363 | -0.99211

Power Computation

In this section we also address the computation of the power which correspending to our 4 test
procedures, We can brief the power of test as follows:

First Test:  Power = Pr[7, <d,| (4.1)

8252_82
i R (4.2)

where 7, = .
Y a4 po XE- ) +2{ST +57 20,5,
Second Test: Power = Pr[7T, <d, | (4.3)
2p,5.8
where T, = P02y (4.4)

S 48 4n5-5F
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Third Test: Power =Pr7, >d,] - - : (4.5)
- —\2
ny-x)y -2p,85.8
where T, = G x)z f" s (4.6)
S, +S)
Fourth Test: Power = Pr{T, > 72| 4.7
where T, =2In P, -2In P, -2In P,. ' (4.8)

To compute power of the test for test procedure 1-4 we use the following steps.

Step 1: Simulate » independent paired samples of bivariate normal distribution subject to

0N (
(x'J”N: { } 1,— PING ; fori=1,...,n, under the alternative hypothesis
y.- 5| )ol 52 52

H,.
Step 2: Calculate X,¥,57,S; and S,, by using equation (2.5) for test procedure 1-3. Compute
d,s:.d,u,v,r,r P, P, and P, for test procedure 4 from equations (2.40)-(2.49)

respectively.

Step 3: Evaluate the values of 7,,7,,7; and 7, by applying equations (4.2), (4.4), (4.6) and

(4.8) respectively.
Step 4: Repeat step | through 3 for 1000 times by using 6, =0.5, 1, 1.5, 2;5,(>1 say) = 1.5, 2,

2.5 and &, (<1 say) =05, 0.7, 0.9, p, (for p, =0.7) = 0.6, 0.65, 0.75, 0.8, p, (for
Po =0.8)=10.6,07,08509and p, (for p, =0.9)=0.7,0.8, 0.95.
Step 6: Compute the power of 7,,T,, 7, and 7, as follows.

The number of data withvalue of 7, less than d|

Powerof T, = 1000 (4.9
Power of 7, = The number of data wlig;\(;alue of 7, lessthan d, . (4.10)
Power of T, = The number of data wiltggglueof T, more than d, . @11
Power of T, = The number of data withvalue of 7, more than 7. . @1

1000
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Derivation of Test Procedures for Large Sample Size

In this section we discuss the testing problem (2.2) for large values of n. We are now in a

position to derive the expressions of large sample means and variances of the values 4;, 4, and
A, by applying large sample theory. This is done below by first expressing these estimates in

temof 7 =7, 7, 1,7, 7).

P _ 2% r - Z(y, 7

n-1 n-—-1 ¢ - 1 -1
Z(x -x)(y, -
-1 n-1
We then substitute (5.1) in (3.2), (3.3), and (3.4), and simplify the terms considerably for large

Define 7, =%, T, =7, T, =

(5.1)

and T =

n, 0 it take the form

. ,/TT -T2
" 3% 4 3 (5.2)

A, = > ,
(+p )T = T)° +2{T, +7, - 2,7}

20, T.T,
Poriszdy (5.3)

r,+7, +(T2—T,)2 ’

' (Tz _Tl) = 2p, T, ' (5.4)

and A
" A T, +7,

g =

By using the general result for the mean and variance, see Appendix I, then the mean and

variance of the estimates A;, A, and A, are as follows.

. 1 3 1

E(L) ~ - ~ + O(—] , (5.5)
Coafi-pt smfl-p ail-pp T\
’ 3 1

Vii)s —————x O — |. 5.6

PR [nj GO

. polp2 +20, -3) 1

E(A) = py + » = p, +0 =) (5.7

2n R

. 2~ @!
E(d;) = —p, + pzn =Pyt OL;] (5.9
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. 6+ 4 2_ 4
V(l])zpf’ 20, +5p, —8p, + zO[L} (5.10)

2n? n
When n is large, we can summarize the test procedures for our testing problem (2.2) as follows:

4-E(Gy) _ d-E()

Test Procedure 1: Reject H, if 2, <d, & e ——.  (.ID
1\/ Var(A,) *J Var(i,)

Test Procedure 2: Reject H, if A, <d, © R’ZZE(’{!) < 4 :E(’?'z). (5.12)
Var(4,) VVar(A,)
. L] _ Ls d _ .
Test Procedure 3: Reject H, if A, >d, & ﬁ—f\i(;“—) > 3—/\% (5.13)
1} Var(2,) \I Var(i;)
Test Procedure 4: Reject Hyif A, =—-2InP,-2InP, -2In P, > z2, (5.14)
where d, =x, - y,;i=1..,n, (5.1%)
d -d)
szz( —4D" (5.16)
(n-1)
- >4,
d= , (5.17)
n
u =x,+y,; i=l..,n, (5.18)
v, =x, =y, i=l.,n (5.19)
.- 2 (@~ ~¥) , (5.20)
N2 =Y (v, -7’
r=r, = Z(xi:t)(yfay)‘ -, (5.21)
JZ(xr —X) Z(y:‘ ~¥)
i n|d
P =Pr{|[N(O,1)] > ﬂ q (5.22)
Sq
-
Nn—-2
P, =Pr| |V (0.1 > —\7:—:—} (5.23)
l-r.
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lln(1+r]—lln 1+ p,
2 \U=-r) 2 1-p, )

and P = Pr,:|N(O,1)| >ain-3

} . (5.24)

Numerical results
Here we provide the numerical results of the analysis for our testing problem (2.2) by using two

data sets as follows: 1) data set for small sample size 2) data set for large sample size.

Analysis of data set for small sample size

First data set, refers to Yu et al. (2002), is the paired observations (x,, y,} representing field and

lab data on RVP for 15 locations as given in Table 6.1.1. This problem is motivated by the
following practical issue in the context of the atternpt by the Environmental Protection Agency
(EPA) of the United States to evaluate the gasoline quality based on what is known as Reid
Vapor Pressure (RVP). Occasionally, an EPA inspector would visit gas pumps in a city, take
samples of gasoline of a particular brand, and measure RVP right at the spot which produces
cheap and quick measurements. Once in a while, the inspector after measuring RVP at the spot
will also ship a gasoline sample to a laboratory for a measurement of presumabiy higher
precision at a higher cost, thus getting the pair (field, lab). Since usually laboratory
measurements (¥) are much more expensive than field measurements (X) because of special
packaging to be used to ship a gasoline sample from a field to a laboratory, not all the gasoline
samples will be shipped to the laboratory and hence the resulting data would consist of many
field measurements with occasional paired measurements obtained from both the field and
laboratory. Qur statistical analysis here is based on only the paired data. The scenario is such that
the means are equal, but the variances are different. In addition, the summary statistics for first

data set are shown tn Table 6.1.2.

i

Table 6.1.1 Field and lab data on RVP for new reformulated gasoline

[ x {803 ]864] 514|786 [870] 528|286 [ 783 [ s60 | 783 [ 7.88] 856 [ 783 | 7.99 | 7.56
v (828 | 863]928]785 |862|914]78 |790 (8527921789 848][795(832]760
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Table 6.1.2 Summary statistics for first data set

- = ] T - - -
" z ¥ 5y 5, 82 5 Sy r d 53 i Ter

15 8.2393 | B.2827 | 0.2848 | ¢.2454 | 3.9868 | 34355 | 3.5957 | 0.9716 | -0.0433 | 0.0163 LIS.S‘ZZD 0.3002

For small values of #, we apply our test procedures to analyze this data set for testing (2.2). By

replacing the statistics in Table 6.1.2 into equations (3.2)-(3.4) when p, =0.7, 0.8, 0.9, we then
obtain the values of 4;, A, and A, respectively. Once again, we substitute the statistics in Table
6.1.2 into equations (3.47)-(3.49), we then get the values of A, P,, and 7, for p, =0.7,0.8,0.9.

Next, we substitute these values in (3.5) to obtain A, as shown in Table 6.1.3.

Table 6.1.3 Values of the estimates 4;, 4;, 4, and &, for p, =0.7,0.8,0.9

) ﬂ; A; ’%; ‘ A;

0.7 0.18159 | 069642 | -0.68426 |27 96632
(.8 0.25850 | 0.79476 (| -0.79398 |21.28919
09 0.44843 | 0.89411 | -0.89371 | 13.04%8%

It follows from Table 2.1 that 4, < d,, 4, <d,,and A, < d, forall p, =0.7, 0.8, 0.9.
Since xgg¢ =16.81187 and yau, =12.59158, we then have A, < zl¢; a=0.01,0.05 for all

P, =07,0.8,09.

Hence, based on p, =07, 0.8, 0.9, we reject H, for all test procedures [-4 at significance level
«=0.01,0.05, thatis, z, » p, or G, #G, or p# p,.

Analysis of data set for large sample size

Following Lin e ai. (2002), second data set deals wit_h Diaspirin crossiinked hemoglobin
(DCLHb) of 299 individuals, measured in two different ways, resulting in paired data {(x,, y,.)}
as displayed in Table 6.2.1. DCLHb which is solution containing oxygen-carrying hemogtobin,
was created as a blood substitute to treat acute trauma patients and to replace blood loss during
surgery. Measurements of DCLHb in patient’s serum after infusion are routinely performed
using a Sigma instrument. A method of measuring hemoglobin called the HemoCue photometer
was modified to reproduce the Sigma instrument DCLHb results. To validate this modified

method, serum samples from 299 patients over the analytical range of 50-2000 mg/dL were
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collected. DCLHDb values of each sample were measured simultaneously with the HemoCue and
Sigma methods. The problem here is to assess ‘agreement’ between the two methods in terms of
their means, assuming that the variances are equal, Here we apply the results of Model II along
with the use of large sample theory. Furthermore, the summary statistics for second data set are
shown in Table 6.2.2.

For large values of #, we also apply our test procedures to analyze the second data set

for testing {(2.2). By replacing g, = 0.7, 0.8, 0.9 into equations (5.5)-(5.10), we then get that

for p, =0.7: E(4)) - 0.3501, E(1,) = 0.7, E(A;) - ~0.7,

for p, =0.8: E(A4)) > 04167, E(A,) - 0.8, E(A;) = 0.8, 621

for p, =0.9: E(4)->0.5735, E(1;,) - 0.9, E(A}) = 0.9,

and the variances of A7, 4; and A, tend to zero for all p, =0.7,0.8,0.9.

The values of 7, 7,, 7, 7,, and T, are estimated by substituting the statistics in Table 6.2.2 into
(5.1). Next we replace these values into equations (5.2)-(5.4) when p, =0.7, 0.8, 0.9, then the

values of the estimates 1;, A; and A, are obtained as shown in Table 6.2.3.
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Table 6.2.1 Data on DCLHb of 299 patients, measured by HemoCue method (X) and its

modification (¥)

X r X Y by be X ¥ X he X Y X He
1340 [ 1330 | 100 7| 106 180 5 36 ] 39 30 320 | 310 [ 21 [ 270
100 190 | 1810 | 1500 | 50 50 50 &0 1176 | 1180 [ 14320 | 1436 80 | 80
80 80 130 140 |70 70 1610 | 1600 | 330 | 330 30 50 [ 79 70
1340 7 1340 [ 1380 | 1380 j 15 1560 1 200 [ 200 60 60 | 210 | 220 2107 200
530 1 550 7 520 510 80 g0 50 30 90 S0 | 170 ] 170 | 50 50
240 | 240 | 1436 | 1426 | 90 30 160 160 1 3101 310 600 | 600 ¢ 1200 | 1220
&0 60 330 1 330 70 70 501 30 90 50 360 T 350 ] 1070 | 108C
70 20 50 90 156 1560 | 1040 | 1040 | 360 360 70 1 70 400 | 400
50 a0 50 90 7107 720 | 1250 [ 1250 [ 120 T 1120 | 130 130 120 120
1720 | 17770 | 1920 | 7850 | 190 130 150 150 1200 | 1210 | &80 630 30 S0
460 | 460 0 60 ] 100 | 16O [1530 [ 1530 | 210 | 210 | 11D 110 [ 79 | 790
130 | 140 | 880 | 3%0 | 20 | 720 | 440 | 440 (] 60 | 360 | 3560 680 | 680
50 S0 1490 | 1490 | 710 | 710 [ 1680 | T740 | 1450 [ 1450 [ 70 70 B0 80
60 60 30 | 320 <] 80 500 T 500 | 106 110 70 70 ] 850 | H50
270 | 270 11440 1420 F 670 [ 670 [ 100 | 100 | 360 | 380 &0 60 340 | 240 |
30 80 1150 [ 7130 | 270 | 280 | 80 70 950 940 130" 1 130 | 450 | 450
910 310 810 820 80 70 50 60 80 80 420 420 130 130
630 | F00 [ 400 406G | 1380 [ Y380 | 1180 | 1230 | 11206 [ 1770 | 340 | 340 1 850 | 8§50
90 20 1106 120 | 670 | 670 30 10 450 | 480 [T230 | 220 | 280 | 240
900 | 890 | 151 15201 440" 1 430 | 1180 | 1360 [ 150 | 1507 | 409 | 400 | "430 T 430
L] 140 | 10620 | 1010 | 140 140 17460 460 | /407 | 750 140 1207 50 30
80 B0 | 370 | 30 20 a0 0] 1% | 38¢ | 880 | 330 380 50 30
1840 [ 1830°% 150 150 | 1510 | 138G | 1750 [ 1150 | 540 | 340 50 70 360 | 360
43 430 | 800 [TBOO | BeO | ¥/0 | 530 [ 520 | 230 230 | 376 | 380 [ 400 [ 400
20 30 | 580 3 50 | %o 430 [ 450 | 31180 | 1180 | 530 [ 540 110 [ 110
30 100 | 220 240 | 160 [ 160 | 200 | 200 | 1500 [ 1510 | 41 420 | 98D | 980
160 180 90 S0 230 | 240 | 1380 | 1300 | 760 | 760 60 60 200 ] 200
500 | 500 | 530 530 [ 520 510 | 320 | 320 130 130 | 460 | 460 50 50
&0 60 470 1 470 | 1006 | 1010 [ 179 180 | 1060 | 1080 50 20 480" | 480
200 [ 200 1 200 | 270 [ 450 | 450 | 1250 [ 1250 1 770 [~770 330 [ 340 100 100
| 130 | 130 100 1006 | 300 | 270 | 380 [ 580 | 360 | 380 | 690 [ €90 150 160
1707 ] 716 | 1080 | 1080 | 159 150 | 430" | 430 ] 450 | 460 | 120 120 80 30
90 90 50 56 280 [2B0 | 180 18C 30 50 S0 90 760 [ 760
g10 |7 910" | 570 576 ] 80 [ W0 | 1040 [ 1040 § 230 | 230 17790 | /90 | 580 | 550
Ti0 (/70 360 | 370 | 820 [ 790 [ 420 [ 420 | 460 | 460 | 570 | S20 | 700 [ F00
300 10 [ 240 [ 240 | 510 520 | 87| 870 | 360 370 130 140 130 130
50 50 1 &0 130 130 | 1260 | 1230 | 640G " 6407 | 1430 | 1400 | 2 239
620 | 610 t 1660 | 1740 [ 1610 | 1610 0 | 840 110 | 110 [ 420 | 420 50 S50
210 T 2i0 50 & | 70 0 | 320 | 3207 1590 [ 1590 | 670 [ 680 | 500 | 500
90 1 190 150 [ 1150 50 56 O 70 | 500 510 | &0 80 50 500
90 90 70 80 1420 [ j440 [ 70 &0 810 | 810 | 300 300 60 60
140 | 140 | 1640 | 1660 | 330 330 | 1470 | 1440} 80 96 | 210 | 220
730 [ T10 [ 880 | 820 | %0 90 | 450 [ 450 | 580 | 580 | 130 120 _ |

Table 6.2.2 Summary statistics for second data set

n x 3 5 55 2 !‘ 57 8,
299 | 489.3311 | 490.2676 225(.'!60,6249T 225669.0557 6?06806522] £7249378.6 | 67110653.51
i il
r d S: in Lo

0.9593 -0.9365 322.6100 979.5987 -0.0357
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Table 6.2.3 Values of the estimates 4;, 4;, and A, for p, =0.7,0.8,0.9
ENEREEE
0.7 0.0315 | 0.6999 | -0.69%89

0.8 0.0471 | 0.799% | -0.7999
0.9 0.0939 | 0.8999 | -0.899%

Again, for test procedure 4 we substitute the statistics in Table 6.2.2 into equations (5.22)-(5.24),

we then get the values of P, P,, and A, for p, =0.7,0.8, 0.9. Next, we substitute these values
in ~2In P, -2In £, - 2In P, this lead to A, — o forall p, =0.7,0.8,0.9.

By replacing the statistics in Table 6.2.3, (6.2.1) and A, — o into equations (5.11)-(5.14), then
based on p, =0.7,0.8,0.9, we reject &, for all test procedures 1-4 at significance level
e =0.01,0.05, thatis, u #u, or o, 20, or p= p,.

It should be noted that the conclusion for four test procedures are the same when we apply with
real data for small sample size and large sample size based on a bivariate normal population.
This can also concentrate on the other meaningful bivariate distributions such as bivariate
exponential, bivariate lognormal, bivariate gamma, etc. We propose to undertake this study in

the future.

5) Statistical Aspects of Social Network

The analytical and statistical study of social networks is relatively new in the area of social
sciences. In the context of social sciences, a network is referred to as a social network. The social
network perspective focuses on social relationships or ties (links) among actors in the society.
The actors or units of a social network can be different according to the relationship under
consideration such as individuals, families, households, villages or towns, regions, rural or urban
areas. Social relationships can be involuntary like ties of kinship or voluntarily established in
courses of interaction, mutual consent etc. Illustrative examples include friendship providing
help and support at a time of crisis, flow of goods, traffic etc, choice of individuals to spend
leisure time together, preference in marriage and the like. Incidentally a relationship can be

negative also.
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In a social network we are interested in a dyadijc relation, which involves a pair of actors
and the (possible) tie(s) between them. Dyadic analyses focus on the properties of pair-wise
relationships, such as whether a specific dyadic relationship exists between the members of any
pair of them or nét, or whether it flows in both directions or only in one direction because social
relationships are not necessarily symmetric. Asymmetric relations are also not uncommon in
societal contexts. Social network analyses call for special statistical techniques as the former
deals with dyads and sometimes, dyadic relations may exist only through a large number of
intermediaries.

Some aspects of social networks including models for social behavior have been studied
by several authors such as Goodman (1979), Wasserman (1980), Holland and Leinhardt (1981),
Wasserman ef al. (1985), Rao and Bandyopadhyay (1987), lacobucci and Wasserman (1988),
[acobucci (1989), Freeman (1992}, and Sinha (1997).

The main objectives of this study are to provide a description of dyadic models and take
up their applications in the context of a real survey data. We also propose models of the dyadic
relational network for two-way crossed classifications and apply these models to the same survey
data.

Theoretical Background of Dyadic Models

As usual, we start with N individuals forming a network based on a certain meaningful
“criterion” exhibiting some form of social choice between any pair of individuals. The
possibilities of choice involving the individuals (i) and (j) are:

(1) (0,05 (D @0y ) O, @¥) LD
with obvious interpretations in terms of "go" or "no go™. The bc;dy of data arising from a network
in the form of the incidence matrix of order N x N is referred to as X -dafa. In general, X -data
is not symmetric. For modelling purpose, we convert X -data into what is called the " ¥ -array”.
It is a symmetric matrix of order 2N x2N and it is based on classification of each individual’s

choice of 0 and 1 with reference to every other individual. Thus, for example, whereas X,
assumes the values 0 or 1, we convert it into ¥, ,, , which is a 2x2 matrix with the two rows
designated as »=0,1 and also the two columns designated as s=0,1 and the entries of this
matrix are composed of three 0°’s and only one 1, depending on the nature of X, and X .

Thus, for example, if X, =0= X ,, then there is no arc in between / and j in any direction and
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so consequently, r =5 = 0. Therefore, the "celi" (0,0) in the expression for ¥, .., will receive

the value | and the rest will assume value0 .
The contemplated model for ¥ -array dwells on specific expressions for the multinomial cell

probabilities corresponding to the four cells designated by (r,s) for every pair of
individuals (7, ) . Denoting by P[(r,s);(i, j)] the probability that the cell (#,s) receives the value

! and the rest agsume the value 0 each, the model, simply stated in terms of LogP is explicitly

given by:
LogP[(0,0);,(4, )]= 2,3 (1)
LogP[(LOY, (i, D= A, + O+, + B; (2)
LogP[(0,1);;, N =4, +6+e,+ B, (3)
LogP[(L,1;(5, N]= A, +20+ e, + B, +a, + B, +(af). (4)

In the above expressions, for every pair (;,f),4, is a normalizing constant since the four

probability expressions add up to unity. This gives

/1’;( - —ln{l + ea‘l'n:,-l-ﬁ} +e€+a;-+,8, +829+(a'+,8,]+(a,+,8,j+(a;9)]. (5)

The other parameters are interpreted as follows : .
{a) @ represents the "movement” parameter and for each move [by either / or j or by both], its
presence in the model expression for probability is thus incorporated;
(b) « [respectively, ] represents the "outdegree” aspect [respectively, the "indegree" aspect] of
an individual and it is individual-specific in general terms;
(c) (af) represents the "reciprocity” aspect of the pair of individuals concerned and it is
regarded as a global phenomenon [so that its dependence on specific individuals™ features is
ruled out].
More general models are discussed in Wasserman and Faust (1999).

Note that while the indegree and/or outdegree aspects are assumed to be individual-
specific, the reciprocity aspect is taken to be a "global" phenomenon and not pair-wise
individuals-specific. The same is true of & as a parameter indicating the “global" aspect of

movement of individuals in the network. It receives weight 2 for the last case when both the
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individuals move to each other. We must also note that there are altogether N(N ~1) ordered
pairs of individuals indexed by (7,f) in terms of X -data and in terms of Y -array, we have
unordered pairs of the type (i, 7). Further to this, in the model described above, there are

altogether 1+ N+ N +1=2(N +1) parameters. As a matter of convention, it is assumed that

Za,. = Z /A =0 so that, in effect, there are 2N parameters to be estimated. For a given pair of
individuals, the likelihood function is readily expressible in terms of the multinomial [4-
cel}] probabilities, using the indicator functions. Hence the joint log-likelihood function for all
such unordered pairs of individuals can be written down in a routine manner. The central
probiem towards finding maximum likelihood estimates of the parameters lies in the dependence
of the 4;’s on the others viz., #,a,,¢,, f,, B,,(aff). Therefore, the likelihood equations are not
analytically tractable and one has to take recourse to statistical computing.

Having described a general model as above, we can now restrict to some simplified
models which are motivated by considerations of possible "grouping” among the individuals. In
a sociological context, these groupings may be prompted by, for example, family size,
occupation, caste, kinship and the like. If we consider one such "external factor”, then the
individuals may be classified into several disjoint categories and the category-specific out-degree
and in-degree parameters may be more appropriate to use. "fl'lat means we can dispense with

individual-specific o, and JB, parameters and replace them by the associated group
representatives. Thus, for two groups or categories [[ike small/large family size], we may use ¢,
and a, along with the induced constraint N,a, + N,a, =0. The same is true of the £ s, the in-
degree parameters. Of course, 6 and (aff) remain unaltered. This leads to what has been

referred to as W -array. It may be noted that under the W -array, the number of parameters

reduces to 1+(C-D+(C-1)+1=2C where C is the number of categories induced by the

externaj factor.

For the I -array involving two groups, the model description is given by

LOgP[(O, 0): ("s f)] = ;“I,I; (6)
LogP[(L,O),(, D] =4A,, +0+a, + 4, (7

LogP[(0,1),(i, ] = ’1;,; +0+a; + /3.:; 8
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LogP[(L,1);(, D] =4, , +20+ 20, +28, +(af). )]

when the two individuals are doth in Category [ . Similar descriptions apply for the cases: Both

are in Category I/ or one is in Category [ while the other is in Category II.

LogP[(0,0), (i, N = A, 415 (10)
LogP[(l,O);(f,j)]=/1,.” +@+a,+ By (11)
LogP[(0,1;(, D]= A, , +0+a, + B;; (12}

LogP[(LD (N =4, 4 +20+a, + B, +a, + 5, +{af), (13)

when “ 17 is in Category [ while *j ” is in Category /.

LogP[(0,0),(5, N1= 24, 1 (14)
Logp[(ljo);(i)j)]=z’u,f +€+aﬂ +ﬂ;; (15)
LogP{(0,1;((, )= 2y, +8+a, + B,; (16)

LogP{(L1 (i, N=A4,, +20+a,+ B, +o, + B, +(af), (17)

when “ i is in Category /7 while “j” is in Category /.

LogPI(0,05, )] = Ay i | (18)
LogP[(1,0),(i, D= A, , + 8+ oy, + By, (19)
LogP[(0,13;(f, N} = Ay + B+, + By; | (20)
LogP[(L,1);(i, D)= Ay, + 26+ 2, + 23, +(ap), @1

when the two individuals are both in Category II .

Further, in the first and the last situations, the model description remains the same no
matter which individual belongs to which Category (go or no go) vide (7)-(8); (19)-(20).

Moreover, for this model involving two groups, there are altogether 6 parameters viz,
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8,a,,a,, B, By, (@f)and there are two defining relations viz.,
Noa,+ Ny, =0=N,B,+N,pB,. So effectively, we have 6, (@), a,(=,), B(=4,) only

as the free parameters to be estimated.

There is yet another simplified version of the ¥ -array as well. For example, in situations
where individuale ’s and B°’s are insignificant or sufficiently small compared to the other
parameters, we can ignore them in the model description. This is referred to as ¥ -array and the

model with only two parameters reduces to

LogP[(0,0).(, )]= 4; (22)
LogP[(L0),(, )= A +8, (23)
LogP{(0,1;(7, /)= A +6; (24)
LogP[(L1);(7, /)] = A + 26 +(af). | (25)

For a mature reader we can provide further analytical results as follows. These are needed
for the purpose of estimation of the model parameters. Normally, we use the maximum
likelihood method of estimation of the parameters and hence we need to explicitly write down
the joint likelihood function under different models. In this context it is important to know how
the likelihood depends on the data,.or rather, what are the summary statistics that are involved in
the likelihood function. These summary statistics are referred to as sufficient statistics. For the

Y -array, the summary statistics are the individual out-degrees and in-degrees i.e., d,,e, -vaiues
apart from s, the total number of reciprocali pairs. The likelihood involves Za’, as well which is
the same as Ze,. For the W -array, the sufficient statistics are Z; df,zﬁ dr’Z: ef,zn e, and s.

Finally, for the V -array, all we need are Zd, [which is the same as Ze,] and s.

Rao and Bandyopadhyay (1987) discuss a very special case of this model.
Main Results

We will now elaborate on the nature of the solutions under the ¥ -and W -arrays. These
are relatively much easier to tackle unlike the Y -array which is computation-intensive. For the

¥ -array, the log-likelihood is given by
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LogL=ANC, +0(2.d) +(af)s (26)

where A is given by

A = —Infl +2e° + 2], (27)
First note that

dAldO = -2e°[1+ 7P 1 + 267 + 3040 (28)
and that

dAd(af) = - B[] + 2e? + 2], (29)
Next note that

dLogLid8 ="C,.dA/d8 + D, (30)

dLogL/d(aff) = "C,.dAid(aB)+s. (31)

Here D = Za’, . From the above, we can easily write down the two equations. Set Dx=[2-1]".

[t foliows that

en9+(a;?) = D*. (3,2)
We now use this defining relation involving ¢ and ¢f in the first equation (30) and derive,
upon simplification,

& = — D-2s ' (33)

K=

whence we can solve for 6. Subsequently, we solve for (¢f) from the defining relation given

above.

) _ D g [(g) @ _S)] (34)

e’ D-~2s%
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For the W -array involving two categories [ and [/ with sizes N, and N, respectively, the
dyadic model is given above in (6)-(9) when both the individuals belong to the first category.

Note that in this case the 4,, parameter is given by the relation

’1!,.' =—z’n[1 +2e$+a,+.8,- + 826‘+2(a_,+ﬁr)+(a;3)]_ ' (35)
Similar expressions are available for 4, , and 4, , . Then we can write
Logl=2, N/ (N, ~D/2+ NN, 2, , + Ay N,y (N, =1)/2 +
Ol(b+2c)+(e+f+28)+(g+2r)+
el(b+2c+ f+g)-N,/N,(e+g+g+2r)] +
Blb+2c+e+g)-NJ/N,(f+g+g+2r]+ (@B)c+g+r]} (36)

where we have used the symbols a,b,c;d,e, f,g; p,q,r to denote the frequencies corresponding
to the cells: [(0,0), (0,1), (1,1); (0,0), (0,1, (1, 0), (},1); (0,0), (0,1),(1,1)]

the first set of three correspond to Category I, the second set of four correspond to the Crossed
Categories [x II and the last set of three correspond to the Category I7.

Moreover, & denotes o, and 8 stands for £, . We have naturally expressed «,, and g, in
terms of & and £ respectively. It facilitates to draw Table 1 showing the frequency counts in

different cells.

Table 1 Frequencies of W-array
Gl G2

—_—

=B e}

—
a o |C e O

0
d
f
P_
9

g len 10 (O =

il

0 TQ—J
]
Q) a+bre=|
1 a = 2

(iiy d+e+ f+g=NN, (37)

Note that
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(i) p+q +r :[A;”]
As we have mentioned before, the difficulty in obtaining explicit solutions to the likelihood
equations lies in the complex nature of dependence of the A’s on other parameters. These
parameters have exclusive and common roles to play. Thus, for example, @ and (@f) are
comimon whereas the others are exclusive to the Cross-Categories. Fortunately, we have only
four independent parameters to estimate from the data. Moreover, the likelihood equations can
be writien down in a routine manner. It would help to "initiate" the solution by writing down
some initial conditions.

We suggest :
a®@=(b+ f+ec+ g)/N (N -1) (38)

BO=(b+e+c+gN,(N~D;(af)V =(c+g+r)"C, (39)

and then we start solving for 8. The cycle goes like: 8, (a8), @, 8.

Numerical Example

There was an extensive survey in the village of Baghra near Giridih, Bihar, India in the
year 2002. It was a multi-purpose survey covering, among other items of enquiry, information on
“financial help" received from HHs in the village during the reference peried of 12-month
duration in 2001-2002 till the date of the survey. It resulted in a social network covering a total
of 104 HHs. A substantial number of these HHs were “isolates” scattered over four [4] main
communities: Muslim, Koiri, Gowatla and Turi and these communities collectively covered more
than 90 percent of the HHs. The network is exhibited in Appendix. We took up the study of
modelling of the dyadic relations among the HHs in the communities separately. For this, again,
we deleted the isolates in each community. Thus, effectively, we are Jeft with 14 Muslim HHs,
36 Koiri HHs, 12 Gowala HHs and 20 Turi HHs.

For each of the communities listed above, we examined the dyadic relational models
based on W-arrays. For this, we needed to adhere to a “grouping” mechanism and we used two
criteria: HHs [Small Family / Large Family} and Occupation [Primarily Agriculture / Non-

Agriculture]. Thus for each community, we have fitted dyadic interaction models for data in the
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form of W-arrays resulting from both the grouping criteria. The results are given in Table 2

below,
Table 2 Parameter Estimates and their SE of Fitted Model for W-Array Data
g (eB) a B
(SE) (SE) (SE) (SE)
Muslim : HHs Size' -1.9623 1.0907 0.0561 -0.1376
{0.26) (0.69) (0.21) (020
Muslim : Occupation -1.9501 1.0687 -0.0221 -0.0221
(0.26) (0.69) {0.16) (0.16)
Koiri : HHs Size® -3.6596 2.8806 -0.0065 -0.1733
(0.20) (0.57) (0.19) (0.19)
Koiri : Occupation* -3.7442 2.8782 -0.1740 0.6205
(0.22) {0.59) 027 (0.25)
- - -0.1050 -0.5187
(0.23) {0.25)
Gowala : HHs Size”’ -2.2654 0.4889 -0.5634 -0.1199
(0.38) (1.23) {0.38) (0.35)
Gowala : Occupation ® -2.2256 0.6472 0.1878 -0.0854
(0.37) (12D (0.22) (0.18)
Turi : HHs Size’ -2.5866 1.6199 0.0169 -0.2242
(0.28) (0.7%9) {0.23) (0.23)
Turi : Occupation® -2.6977 1.8608 -0.1531 0.2014
0.29) (0.80) (0.21) (0.22)

1: Small Family size €5 vs, Large Family Size 2 6;

2: Carrying Coal vs. Misc. others;

3: Small Family size €6 vs. Large Family Size 27;

4: 3 Categories of Occupation : Agri. Labourer / Daily Labourer vs. Factory Labourer
{/ Cloth Mill Worker - cum - Labourer/ Water Carrier / Coal Carrier / Mason /
Helper vs. All others combined;

5: Small Family Size <6 vs. Large Family Size > 7;

6: Agri. Labourer vs. Rest;

7. Small Family Size <4 vs. Large Family Size =2 5;
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8: Rickshaw Puller vs. Rest
In the same spirit, we also examined the dyadic relational models based on V-arrays. For
this, there is no need for grouping. The results are given in Table 3 below.
Table 3 Parameter Estimates and their SE of Fitted Model for V-Array Data

6 (ap)
(SE) (SE)
Muslim 1.9683 1.1034
(0.26) (0.69)
Koiri -3.6829 2.949
021 (0.57)
Gowala 22,1751 0.5656
(0.35) (1.19)
Turi -2.689 1.843
(0.28) (0.79)

For the V-array, we have also tested the hypotheses about common & and (e8). First,
we test the common £ parameter
Ho:8,=6,=6,=6,.
The Chi-square statistic has the value 31.018 with 3 degree of freedom. We reject Hos

since 31.018> 7445 (3) = 7.815. So there is no significant common @ parameter.
Next, we test the common {ef) parameter

Ho: (), =(af), =(aB), =(ap),

The Chi-square statistic has the value 5.9569 with 3 degree of freedom. We accept Hgs
since 5.9569 < x445 (3} =7.815 and the estimated common (/7) parameter is 1.9689.

So the movement parameters of all 4 communities have a difference, but there is a
common reciprocal parameter of all 4 communities.

For the W-array, we have also tested the hypotheses of significance of the o and §
parameters — those whose estimates are around 0.10 or smaller in absolute value. The tests were
based on the computation of the maximum likelihood under the original model and then under

the restricted model, assuming the insignificance of the parameter(s) being tested. Then the
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difference of the two log-likelihoods is asymptotically Chi-square with 1 df for every single
parameter being tested.

The results indicate _ _

(a) For Muslim Community, «=0for both HHs and Occupation and, further, g=0 for
Occupation only; Chi-square values are 0.135, 0.019 and 0.019, respectively

(b) For Koiri Community, & =0 for HHs; Chi-square value is 0.1751

(¢) For Gowata Community, £ =0 for both HHs and Occupation; Chi-square values are 0.1178
and 0.2183, respectively

(d) For Turi Community, ¢ =0 for HHs; Chi-square value is 0.001

After deleting the insignificant model parameters, all others have been estimated using

method of maximum likelihood once more. The results are given in Table 4 below.

Table 4 Parameter Estimates and their SE of Fitted Model for W-Array Data after
deletion of insignificant parameters

~

-

0 (a8) é s
(SE) (8E) (SE) (SE)
Muslim: HHs Size  -1.9568 1.0733 - -0.1316
(0.26) (0.69) (0.21)
Muslim: Occupation -1.9683 1.1034 - -
(0.26) {0.69)
Koiri: HHs Size -3.6606 2.8844 - -0.1733
(0.20) (0.57) (0.19)
Koiri: Occupation  -3.7442 2.8782 -0.1740 0.6205
{0.22) (0.59) (0.27) {0.25)
- - -0.1050 -0.5187
(0.23) (0.25)
Gowala: HHs Size  -2.2713 0.5833 -0.5567 -
(0.38) (1.19) (0.38)
Gowala: Occupation -2.2087 0.5694 0.1898 -
{0.36) (1.19) (0.22)
Turi: HHs Size -2.6857 1.8016 - -0.2213
(0.29) (0.79) (0.24)
Turi: Occupation ~2.6977 1.8608 -0.1531 0.2014
(0.29) (0.80) 0.21) (0.22)

Remark I It is evident from the computations in Tables 2 and 3 that we can also take up the

problem of simultaneous testing of significance of & and £ with respect to each of the

communities. It is a routine task to compute the log-likelihood values under the usual [fuil]
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model and under the sub-model when the null hypothesis [of insignificance of the parameters] is
assumed to be true. | |

Next, we take up the problem of modelling the dyadic relational network when the two
classifications are crossed with each other, thus resulting into 4 Crossed Categories with respect

to HHs Size and Occupation [with 2 options for each] in the next section.

Crossed Classification of Dyadic Models

We propose to model the dyadic relational network when the two classifications are
crossed with each other, thus resuiting into 4 Crossed Categories with respect to HH Size and
Occupation [with 2 options for each]. It can be drawn as Table 5 showing the frequency counts
of each of the 4 Crossed Categories, denoted as Cl, C2, C3, and C4.

Table 5 The frequency counts of each of the 4 Crossed Categories

I I |
O
FS A NA
I SF NC1 NC2
I LF NC3 NC4
]

O = Occupation : A = Agriculture, NA = Non-Agriculture
FS = Family size : SF = Small Family, LF = Large Family

Under this set up the dyadic model for & pair of HHs in W-array will depend on the categories
(C1-C4) to which the HHs belong. We may refer to { (Ci, Ci), i =1, 2, 3, 4} as pure categories
while { (Ci, C}), 1<1#j <4} as mixed categories. Since in a W-array, the individual HHs do not
have specific roles, (Ci, Cj) and (Cj,Ci) will have identical modet descriptions. Thus, in effect
there are 10 Crossed Categories viz., (C1, Cl), (C2, C2), (C3, C3), (C4, C4), (Ct, C2), (C1,C3},
(C1, C4),(C2, C3), (C2, C4) and (C3, C4).

For this model, there are altogether 10 parameters viz., 9,(a,6’),a,_,,a;_,,,a,‘,.!,,a,,.,,,

B s By 4>By .5 By and the defining refations involving & ’s and [ s are given by
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NClea,, + NC2a, , + NC3a, , + NC4a,, ,
=0=NCIg,, + NC2B, , + NC3§, ,+ NCAB, .
Sufficient statistics are d, ,, d, ,, dy,, dy ;. €4, €y, €44, €, ands, where d,, =
sum of out-degrees of all HHs in (1,7} Category,
e, , = sum of in-degrees of all HHs in (1,1) Category, and similarly for other d’s and

e’s; s = total number of reciprocal pairs.
For the W-array, the log-likelihood function of each case is given as

log L, = ’11[ ] +0 Z d:”"‘au Z .'HJ"JB;J Z ei;f.f+(aﬂ)s(;,.’),(-’.f)

ie(4,1) re{f 0y ie(f.1}

logL, = %(NC}Xch +9 Z i H0 Z H!+(a,",,’ +)6.f,ﬂ) Z Ay

re(f,0} e(4,i) re(1. 1}

+(ar,u + ﬁu) Z df;!,! +(aﬁ)s(f,;).{;,u)

(1.1

log L, = %(NC}XNC:)’)'*"H Z i +6 Z d:;.f,.f +(a;,f+}8ff_:) z df;if,i

(1,7} ie{i1.1) (i)
+(a.u..r + /3;,: ) (Z‘, )dl;f.! + (aﬂ) S(.f,!).(y,!)
ie{#. !

log L, =4, (NCI x NC4) +m Z d!:.’.’,ff +8 Z digs+ (am + ﬁ.’f.ﬂ') Z di;ﬂ,!}

ie(1,1) ie(# 47} =)
+(an,u + ﬁ;_;) (z: )du,: +(.aﬁ)s[!,f},(ﬂ,ﬁ)
[

NC2
iOg LS = R’S[ 2 ]+8 Z di;f.ﬂ + ai.ﬁ Z d:‘:f.ﬁ + ﬁ!‘}.’ Z ei;;‘.l! + (aﬁ)s(,:‘n)‘(_:bﬁ]

e, (7.1 {1

log Ly = A (NC2xNC3)+8 Y d, +m 3 dyy+(c,y+Bys) D o,

iefl i) i1} reld it)

+ (ah',f + ﬁr,u) Z Ayt (aﬁ)s(!,ﬁ].(f!,f)

i1 1)

IOg L? = ’17 (NC2 X NC4) +0 Z d:,f.f,.".' +m Z d.-‘;.f,h‘ +(a1,n + ﬁH,H) Z di:.’!.ﬁ

re{7 1) se(dt i) re( )

+(a1.’,.fr +ﬁ.-‘,!.") Z oy +(aﬁ)s{f,ff).(ff,ﬂ)

&t 11}
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NC3
log Ly = 44 [ }"‘ 8 Z ag &y Z doyi+ )Bn,f Z Cort (aﬂ) St 131y
2 (i 1) se(lr, 1} re(lt. 1)

log Ly = A (NC3X NC4)+8 Z Ay +0 Z Aoy +(an,; + ﬁﬂ,ﬂ) z Do

re(11,1) e{H.i1) ie{if .f)
(a',r; at P, :) {Z: )d, ny T (aﬁ)s(ﬁ 1.1}
L=

NC4
log L, = ’110( J +0 z dr'.ﬂ,.’! +ay Z d:;.*.',ﬁ +ﬂ.’f,!! Z Copnt (Oﬁﬁ) Star, ). (1.1}

fe(it 0} ie{#i 1) 1e(1.i1}

where the 4,, (i=1,2,...,10) parameters are given by
A= —ln[l + 26" Ps +ew+z(a”+ﬁ”)+(“’9)]
A, =-In [1+69+a,_,+ﬁ;_;1 PP TIN zem“»f,g,,,mmwm(mg)]
A =—In [1+es+a”+,8w w et g za+au+,9,u+aﬂi+ﬂu+{aﬁ)]

1

—1In

+

es*arﬁﬂuu +e‘9+“uﬂ+ﬁu te 2840y ;i g dap g+ By (“ﬁ}]

=~Inl 1+ 3*‘“},1; + B + e23+2(RIJ!+ﬁIJ!)+(aﬂ)]

—inl1+ ee+a”_,+,s,” e Brag  +8 4 + 20+au,+,ﬁ,_,_,+a,u+ﬂ”,+{aﬁ}]

—inl 1+ F*“u*ﬂm _!_92”*2(“:“*43::1)*{“3}]

—In l:l_l_eg"‘“m*ﬁ;u: te Brixy ;¥ B, + 29*“:;;*:5:1;.'1‘“;:,:;4‘5;:;“(“;3]]
—ln[

1+e‘9+“w+ﬁn.ﬂ +e5'+“:u;+:3.'u te 28+ay ;4 By tay n+ By (“ﬂ)]

.

The log-liketihood is given as
¢

log L= log L,
=1

= Z AM, + ‘92 d,+ N (df,!) Ty (dJ’,H ) tay, (dﬂ.!) Ty (du,u)
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+5,, (eu ) + 54 (ex',ﬁ ) + B (eﬁ.f ) + By (eﬂ,ﬂ) + (aﬂ)s >
where M, =Coefficients of 4,, 1 €1 <10.
The maximum likelihood method is needed to estimate the parameters of the above model. The

initial solutions are also helpful. We have the marginal with respect to family size &, ,3,_ and

the marginal with respect to occupation &.,, 3, .
~ {0)
(a) {(aB) as an average of the two.

NI- =N!,." +N.’,H ’ NH- =NHJ +NHJ!

Nooa +N g0y
=a,
Ny, + N,

R

NII,!aH,f + Ny @y
et/
Ny +Nyy

Ny, +N, o, =0
(b) N!,ré?.)} =4, (N.f..' + N.’..‘!)

g ~(0} _ ‘il- (NIJ +Nr.ﬂ)
o a ;= .
NJ,!

(©) NHJ&.E?,}! = dﬂ- (NHJ + Nﬂ,h‘ ) + &-; (N,f,.' + NH,J )

v G (N ¥ Ny )48, (N, 4N
So @) = .
Ns‘.’,.*

(d) NHJ!&E.S}H =d,, (Nf.ﬁ +NH,H)

So o,:(u} _ ., (N!,H + N:u.f )
i '
NH,H

NC1 NC3 NC4

ma:,: - NC2 Ay~ NC?2 a,,, and

We also replace o, , by -
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NC
NC

NCI
NC2

5 B, » inderiving the maximum likelihood estimates.

NC3
)8;,;; by — ﬁu - NC?2 IBH..' =

Then we start solving for first iterative parameters. The same cycles go on.

Numerical Example (Continued)

From the previous example of Baghra village data, we used two classifications: HHs [Small
Family / Large Family] and Occupation [Primarily Agriculture / Non-Agriculture]. Thus for each
community, we have fitted the dyadic relational network model when the two classifications are
crossed with each other. The results are given in Table 6 below.

Table 6 Parameter Estimates and their SE of Fitted Mode! for Crossed Model

g (aﬁ ) é!.! éﬁJ éﬁ,ﬂ ﬁ;,r B s By

(SE)  (SE) (SE) (SE) (SE)  (SB) (SE) (SE)
Muslim -2.0006 1.1532 -0.1303 0.0525 -0.7810 -0.0441 0.0453 0.3872
027)  (0.70)  (042) (025) (1.00) (0.41) (0.24) (0.69)

Koiri  -3.8005 3.0266 -0.0413 -0.2396 0.1863 -0.7322 0.8135 0.0352
(023)  (0.60)  (0.60) (0.35) (0.76) (0.79) (0.29) (0.26)

Gowala -2.6750 0.7690 0.0461 0.8298 03699 -02689 0.0348 0.4756
(0.92) (125) (0.95) (0.93) (1.08) (0.45) (0.44) (0.61)

Turi  -2.7594 1.9527 -0.1300 -0.112]1 -0.0284 -0.0467 0.1865 0.0553
030) (0.8  (0.32) (0.52) (0.37) (032) (0.48) (0.36)

The movement parameters (§) of ail 4 communities are highly negatively large.
Therefore, we expect a large number of (0, 0) cells in each community which is otherwise

evident from the survey data. The excess effects of « and £ are not necessarily pronounced.

For the crossed model, we have tested the hypotheses of equality of each of the & and g8
parameters and the (aﬁ) parameter across all the 4 communities. The test is asymptotically Chi-

square with 3 degree of freedom for every single parameter being tested. The results are as

follows:

(a) For o, parameter, (a,,) =(e,,) =(a,,), =(a,), for crossed classification with Chi-

square value computed as 0.048 and the expected common «, , parameter is -0.1067.
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(b) For a,, parameter, (), =(2,,) =(ay,), =(@4,), for crossed classification 1.339
Chi-square value computed as 1.339 and the expected common ¢, , parameter is -0.0209.
(c) For @, parameter, (@, ,) =(u.), =(@yu), =(@y,), for crossed classification with

Chi-square value computed as 0.783 and the expected common «, , parameter is -0.0324.

(d) For §,, parameter, (,6’,‘, )M =(ﬁu )K = (,B,,, )G =(ﬁ‘,_, )T for crossed classification with Chi-

square value computed as 0.779 and the expected common £, , parameter is -0.1451.

() For f,, parameter, (f,,) =(ﬁff-f)x =(Bu. )G =(f,,), for crossed classification with

Chi-square value computed as 4.606 and the expected common B, , parameter is 0.2962.

(f) For B, parameter, (B, ), ={Buu), =(Buu); =(Bun), for crossed classification with
Chi-square value computed as 0.623 and the expected common f,, , parameter is 0.1159.
(g) For (aff) parameter, (af),, =(af), =(af), ={afB), for crossed classification with Chi-
square value computed as 5.384 and the expected common (@) parameter is 2.0377.
For the crossed model, we have also tested for each community the hypotheses of

significance of the & and S parameters whose estimates are around 0.10 or smaller in absolute
value. The tests were based on the computation of the maximum likelihood under the original
model and then under the restricted model, assuming the insignificance of the parameters being
tested. The difference of the two log-likelihoods is asymptotically Chi-square with 1 degree of
freedom for every single parameter being tested.

The results show that

(a) For Muslim community, «,, =0, a,, =0, §,, =0, g, ;=0 for crossed classification with

Chi-square values computed as 0.132, 0.0602, 0.0158, and 0.0392, respectively.

(b) For Koiri community, «,, =0, a,, =0,and 8,, =0 for crossed classification with Chi-

square values computed as 0.03, 0.426, and 0.008 respectively.

(c) For Gowala community, a,, =0 and f,, =0 for crossed classification with Chi-square

values computed as 0.0564 and 0.0486 respectively.
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(d) For Turi community, «,, =0, «,,=0, a,,=0, §,,=0, 8,,=0, g,, =0 for crossed
classification with Chi-square values computed as 0.2928, 0.1748, 0.1946, 0.1936, 0.14, and

0.196 respectively.
After deleting the insignificant model parameters, all others have been estimated using

method of maximum likelihood once more. The results are given in Table 7 below.

Table 7 Parameter estimates and their SE of fitted model for W-array data using crossed

classification after deletion of insignificant parameters.

é (aﬁ) aA!J &L’J éﬂ,ﬁ BI,I BH.I /éﬂ'_ﬂ
(SE) (SE) (SE) (SE) (SB)  (SE) (SE)  (SE)

Muslim -1.9783 1.1184 - - -0.7904 - - 0.4017
(0.26) (0.70) (0.87) (0.65}

Koiri -3.7353  2.9330 - -0.1352 - -0.6228 0.7710 -
(022) (0.19) (0.30) (0.68) (0.28)

Gowala -2.5828 0.7790 - 0.7512  0.2925 -0.2286 - 0.4649
(0.53) (1.20) (0.62) (0.84) (034 (0.58)

Turi -2.6660 1.7986 - - - - - -

(028)  (0.79)

Conclusion

For V-array the parameter estimates showed that all 4 communities have very little
tendency towards “dyadic movement” between HHs within community, but when the movement
take place, there are some tendency for these dyadic relations to be reciprocated. All 4
communities can be concluded in the same way i.e., the two-way ties is very rare event. Mostly
the HHs are self-sufficient and one-way ties are also rare. The 4 communities have a comme
reciprocal parameter, but there are different movement parameters.

We have already discussed the salient feature of model fitting with respect *
classification of Occupation vs. HH Size. Below we discuss some feat:

classification and HH Size classification, taken one at a time.
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(d) For Turi community, ,, =0, a,, =0, a,,=0, 8,,=0, 8,,=0, §,,=0 for crossed

classification with Chi-square values computed as 0.2928, 0.1748, 0.1946, 0.1936, 0.14, and
0.196 respectively.

After deleting the insignificant model parameters, all others have been estimated using

method of maximum likelihood once more. The results are given in Table 7 below.

Table 7 Parameter estimates and their SE of fitted model for W-array data using crossed

classification after deletion of insignificant parameters.

6 (aﬁ] d;, Gy g &y 4 B.r,; 5;;,; )éﬂ,a
(SE) (SE) (SE) (SE) (SE) (8E) (SE) (SE)
Muslim -1.9783 1.1184 - - -0.7904 - - 04017
(0.26)  (0.70) (0.87) (0.65)
Koiri -3.7353  2.9330 - -0.1352 - -0.6228 0.7710 -
(0.22)  (0.19) (0.30) (0.68)  (0.28)
Gowala -2.5828 0.7790 - 0.7512  0.2925 -0.2286 - 0.4649
(0.53)  (1.20) (0.62) (0.84)  (0.34) (0.58)
Turi  -2.6660 1.7986 . ) ] - - .
(0.28)  (0.79)
Conclusion

For V-array the parameter estimates showed that all 4 communities have very liitle
tendency towards “dyadic movement” between HHs within community, but when the movement
take place, there are some tendency for these dyadic relations to be reciprocated. Afl 4
communities can be concluded in the same way i.e., the two-way ties is very rare event. Mostly
the HHs are self-sufficient and one-way ties are also rare. The 4 communities have a common
reciprocal parameter, but there are different movement parameters.

We have already discussed the salient feature of model fitting with respect to the crossed
classification of Qccupation vs. HH Size. Below we discuss some feature of Occupation

classification and HH Size classification, taken one at a time.
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a) For each of these classifications, it turns out that the movement parameters (&) are
negatively large, thereby indicating prevalence of (0,0) cells. This is true for all the communities.

b) The out-degree and in-degree parameters are not significant for either classification.
This is also true for all the communities.

In fine, therefore, there is predominantly a scenario of “rare” movement among HHs of

all the communities. Only when the movements are visible, one-way ties are less frequent than

the two-way ties [(@f ) is significant compared to o or £}

Village BAGHRA
2002

L

Figure 1 Network of “mutual help relation” among HHs in- Baghra near the town of Giridih in

the state of Bihar, India (2002).
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7. Overall Output
7.1 Summary Table

Table 2: Outputs

Report 36 months

Outputs

Proposed No. / Actual No.

1. Papers submitted in international journais

2. Papers submitted in international published book
2. Papers accepted for publication”

3. Papers appeared in international joumais‘

4. Papers presented in international conferences

7/12
0/1
777
7/6
3/10

("See Appendix)

7.2 Papers submitted and /or appeared in international journals

7.2.1 Tiensuwan, M. and Sarikavanij, S. (2003). On estimation of population variance based on

a ranked set sample, Journal of Applied Statistical Science, Vol.12, No.4, pp.283-295.
(Indexed/Abstracted in MathSciNet, Statistical Theory and Method Abstracts)

7.2.2. Sarikavanij, S. and Tiensuwan, M.(2003). On Two Novel Applications of Ranked Set

Sampling. Calcutta Statistical Association Bulletin, Vol. 54, Nos. 213-214, pp. 105-114.

(Indexed/Abstracted in MathSciNet, Statistical Theory and Method Abstracts)

7.2.3 Sarikavanij, S.; Tiensuwan, M.; and Sinha, B.K.(2004). Estimation of Reliability Based on
Exponential Distribution and Ranked Set Sample. Pakistan Journal of Statistics, Vol.

20(1), pp. 31-36.

(Indexed/Abstracted in MathSciNet, Statistical Theory and Method Abstracts)

7.2.4 Lertprapati, S.; Tiensuwan, M; Sinha, B.K.(2004). A statistical approach to combining

environmental indices with an application to air poltution data from Bangkok, Thailand.
Pakistan Journal of Statistics, Vol.20(2), pp. 245-261.(Impact factor: -)
(Indexed/Abstracted in MathSciNet, Statistical Theory and Method Abstracts)
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7.2.5 Lertprapai, S.; Tiensuwan, M.; and Sinha, B.K (2004) On a comparison of two standard
estimates of a binomial proportion based on multiple criteria decision making method.
Journal of Statistical Theory and Aplications, Vol.3,10.2, pp.141-149. {Impact factor: -)
(Indexed/Abstracted in MathSciNet)

7.2.6 Lertprapai, S. ;Tiensuwan, M. ; and Sinha, B.(2004). On a comparison of three estimators
of binomial variance by multiple criteria decision making method. Infernational Journal of
Statistical Sciences, Vol.3, pp.105-117. (Impact factor: -)

(Indexed/Abstracted in Statistical Theory and Method Abstracts)

7.2.7 Tiensuwan, M.; Lertprapai, S. and Sinha, B.(2005). On a comparison of several competing
estimates of a univariate normal mean by multiple criteria decision making method

(To appear in Communications in Statistics-Simulation and Computation, Vol. 35, No 4,

2006)
(Impact factor: 0.220; Journal Citation Reports, 2003)

7.2.8 Tiensuwan, M.; Lertprapai, S. and Sinha, B.(2005). On a comparison of four estimates of
a common mean by multiple criteria decision making method.
(Submitted to Jowrnal of Statistical Research )(Impact factor: - }
(Indexed/Abstracted in Statistical Theory and Method Abstracts)

7.2.9 Tiensuwan M., Sarikavanij S., and Sinha, B.K. (2005). Nonnegative unbiased estimation
of scale parameters and associates quantites based on a ranked set sample.
(Submitted to Communications in Statistics-Simulation and Computation)

(Impact factor = 0.220; Source: Journal Citation Reports, 2003)

7.2.10 Sinha, B. K., Yimprayoon, P. and Tiensuwan, M.(2006). Cohen’s Kappa: A Critical
Review and Some Modifications.
(Submitted to Calcutia Statistical Association Bulletin)
(Indexed/Abstracted in MathSciNet, Statistical Theory and Method Abstracts)
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7.2.11 Sunthornworasiri, N., Tiensuwan, M., and Sinha, B.K. (2005). Statistical Inference for a
Bivariate Normal Population with a Common Mean.
(Submitted to International Journal of Statistical Sciences)

(Indexed/Abstracted in Statistical Theory and Method Abstracts)

7.2.12 Em-ot, P., Tiensuwan, M., and Sinha, B.K. (2006). Some Aspects of Stochastic Modeling
of Dyadic Relations in Social Networks :Theory and Applications.
(Submitted to Journal of Statistical Theory and Aplications)
(Indexed/Abstracted in MathSciNet)

7.3 Paper submitted to an international published book

7.3.1 Yimprayoon, P. ,Tiensuwan, M., and Sinha, B.K. (2006). Some Statistical Aspects of
Assessing Agreements: Theory and Applications.
(Submitted to Festschrift Tarmo Pukkila on his 60% birthday; The Festschrift will be a
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BRG4680010 103 Report 36 months

7.4.9 Yimprayoon, P; Tiensuwan, M.; Sinha, BK.(2005). Some aspects of assessing agreements
based on Cohen's kappa. Jnternational Conference in Mathematics and Applications
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ON ESTIMATION OF POPULATION VARIANCE
BASED ON A RANKED SET SAMPLE

Montip Tiensuwan and Sukuman Sarikavanij
Department of Mathematics, Faculty of Science, Mahidol University,
Rama 6 Road, Bangkok, 10400, Thailand
E-mail: scmts@mahidol.ac.th

SUMMARY

Ranked set sampling (RSS) is by now a weil known sampling strategy which provides more
efficient estirnates of a population mean compared to the traditional simple random sampling (SRS).
Although a lot of work on RSS has been done related to estimation of the mean, very little is known
about estimation of variance. In this paper the problem of variance estimation based on RSS is studied
in detail. It is shown that, based on a single cycle RSS, there does not exist an unbiased estimate of
population variance. For multiple cycles in the balanced case, nonnegative quadratic unbiased
estimates of population variance are derived. We compare our estimates with an unbiased estimate
based on SRS for umform, exponential and normal distnibutious. The resulis show that our proposed
estimates are more efficient than the one based on SRS.

Keywords: Ranked set sampling, Simple random sampling, Variance.
AMS 1991 Subject Classification: 62H12

1. INTRODUCTION

In sampling situations when the vartable of interest from the experimental units can be more
easily ranked than quantified, it turns out that, for estimation of the population mean, an old concept
of Mclntyre (1952), namely, “Ranked Set Sampling” (RSS) is highly beneficial and much superior to
the standard simple random sampling (SRS). Fortunately, in many agricultural and environmenial
studies, it is indeed possible to rank the experimental or sampling units without actually measuring
them. See Hall and Dell (1966).

Ranked set sampling (RSS) is a procedure introduced by Mclntyre (1952) which combines
random sampling and the ability to rank the sampling units, with respect to the characteristic of
interest, without making the actual measurements. Early work on RSS concentrated on estimation of
the population mean. Several authors have proposed the use of RSS in the collection of environmemntal
data, discussed the efficiency of Mclntyre’s onginal sampling scheme, and investigated the efficiency
of RSS. In 1966, Halls and Dell applied Mclntyre’s method, coining it “ranked set sampling” for
estirnating the weights of browse and herbage in a pine-hardwood forest of east Texas. For theoretical
justification of the use of RSS, we refer 1o Takahasi and Wakimoto {1968).
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Stokes (1980) extended the technique of RSS to propose an estimator of variance, which is
asymptotically unbiased regardless of the presence of errors in ranking. Furthermore, the asympiotic
efficiency of this estimaior, relative to the one based on the same number of quantified observations
from a simple random sampie, is greater than unity for any underlying distribution, even if ranking
@ITOLS OCCULr.

In this paper we address unbiased estimation of the population variance based on an RSS.

2. THEORETICAL BACKGROUND

2.1 Simple Random Sampling (SRS)
Let X, X,,..., X, denote a sample of independent identically distributed (i.i‘d'.) random
variables, each X, having mean x4 and varance o’ . Then a standard unbiased estimator of x is

L
Heps = ZX,./N with Var{ftg.) = GQ/N.

i=|

Analogously, a standard unbiased estimator of olis

X, - X,
22 = 2.1
i R N-3)O‘4
th VvV 2 N fi_.(___ o)
with Var( & g ) N NN-D) (2.2)

where p, = E(X - )",

2.2 Ranked Set Sampling (RSS)

Let X = X .., denote the ith order statistic from the #th set of & observations with mean

(FR) (i}

My = My;y and variance oy, = 0. Let X)) = X7} denote the ith order statistic from the ith
sample of size k in the jth eycle { f= 1,2, ..., 7). A single cycle of RSS with set size ¥ may be

displayed in a rectangular array such as the following:

X(“) X(l?-} XUN)
X{ZI) X{EZ) T X{ZN]

X{NI) X[N.":') X{NN)



BR(G4680010 108 Report 36 months
On Estiration of Population Variance Based on a Ranked Set Sample 285

The important point to emphasize is that aithough RSS requires identification of as many as N?
expenimental or sampling units, only N of them, namely, {X(”) veers Xoum } are actually

measured, thus making a comparison of this sampling strategy with SRS of the same size N
meaningful.It is obvious that the new sample X \,,, X 5y, ..., Xy, knOWNR in the literature as a

Ranked Set Sample, are independent but not identically distributed. Moreover, marginally, X, is

distributed as X(:;)» foralli=1 ..., N, sothat
E(X ;) = Hyyand Var(X ;) = oy

fori=1,2,...., N .
Mclntyre {1952) proposed

_ N
Hpss = K pss = ZX(H}/N (2.3)

i=t

as a rival unbiased estimator of £ as opposed to XN )
Dell and Clutter (1972) provided the following explicit expression for the variance of iy, where

My, is the mean of X .

(24)

2 N PAY:
R lo3 {(Hp — 1)
Var(ilps) = o= D 000

N N?

For increased efficiency, we can use multple cycle RSS. Quite generally, if N = kxn with
k £ n, we can use an RSS procedure based on & units at a time, and repeat the process 7 times. A
balanced RSS (BRSS) with set size & and the number of cycles » is displayed such as the following:

i=1

V2] (3] (N
X(I 1 XU2) Tt X{ik)
() ) {5
an Xan - Ko for j =1 "
(i) N 1/}
X{.{-l} X(kl) {&k)

where X:,j,)), . X({;?) , for all /, are independent. Furthermore,

E(XZ)) =y, and Var(X))) = oy forall .

The overall estimator of g is then given by
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n |l & XU et
#akss(Nzkx")=Z Z‘——” ?’I=Z 235 (2.5)
jer| =l k P
k ” XU} k :X_' .
o N DA /e yha Ty
i=l| =t a K

The variance of [ 46 (N =k x 1) is given by

2 k - 2
Var(figess (N = kxn)) = %—ZW}/’: (2.6)
i=]

thus indicating its superiority over X, based on N = k x # units.

. . 2
The relationships between 4, T, tyy, .0y My, 0‘(2”,, - O_(zk) are

k kgt k 2
o Ha > % (l — 1) .
M= ZT and o = ZI 3 +!Z] P .

i=l ¥

‘What we have described above can be called an equal allocation scheme (or balanced RSS) in the
sense that each of the & order statistics is replicated an equal number of times, namely, »n times.

Now let us briefly explain how the population variance, o’ is estimated on the basis of a RSS.

For a single cycle RSS, Stokes (1980) suggested the foilowing estimate of o’

Z(X{n‘) _X,Rss)z

& s Stokes = P ' @n

]
where X p¢ = Z X [k, with
i=I

2 J ()u 1230 #)3
E(S o) =0+ 0 T (2.8)
R85/ Siokes) Z[ kD)

which Shows that & ks, sones 1S in general biased, and

.5 1 k-1)'& Lo, -1\
Var(S s siotes) = -1 p Zﬂau) + 42%}‘7::) + a Zrmﬂs(s)
- i=l i=l i=)
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k—]
2 Zdt:) (Zf) ( ) Z (;)} 2.9

fer'=l

- ! 2
where 1, = E(X 14y = Hugy)' for l =34, oy = ol and Ty ™ iy — H -

For a balanced RSS (BRSS) with NV = f71 where & is the set size and # is the number of
cycles, Stokes {1980) suggested

n

& R 2
{

22 (X%~

~ 2 A=l =l .

O 8ass/ siokes = o1 — 1 (2.10)

n kK
where X = 3 > X Jkn. Again, & }ass, siones i biased for o7 with

j=lo=l

2, d (ﬂu;&) - 'u)z
=1 k(k-n_ 1)

E(O'aks,wsmes )= (2.1})

and

.2 " —1 P& o —1\&
Var(asmmmm-) = ) 2#4{;) + 4Z z-(r)'f--’--::) + 7 ZT(E)#M)

(k-1 pm /=l

20n-D—(km-1)* &
Zcr Gy + (n—-1)—{ )Za;,].(z.lz)
i=l

2.2
M jera k F¢d

Our objective in this paper is to propose two unbiased estimates of o? based on a balanced RSS.
We will derive the variances of our proposed estimates of o’and demonstrate that
Var(6 gssi prapase) < Var(Sgps) for three well known distributions: Uniform, Exponential and

Normal. It may be noted that our proposed estimates of o’ are always nonnegative and unbiased,
regardless of the underlying parent population.

3. MAIN RESULTS

Ranked set sampling is considered as two cases, single cycle » = | and multiple cycles n > |,

Based on a ranked set sample of a single cycle, we show that an unbiased estimate of o’ does not
exist. For multiple cycles in the balanced case, we derive two nonnegative quadratic unbiased

estimators of o~ .
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3.1 Nonexistence of an Unbiased Variance Estimator Based on a Single Cycle RSS
Let X ={X 1, Xy s Xy ) o= [L Lo 15
E(X) = [)u(nnu(z):---aﬂ(k)]' =#r-) !

and

Var(X) = =diag[crf,,,ofz},...,crfn] = Z
2
0 Ty
Suppose 67 = X'AX is an unbiased estimator of ¢ where A is a matix Axk so that
k
E(6%) = E(X'4X) = ¢”. Since E(X'AX) = p(,du, + 2 a,00, and from a basic identity,
i=1

2

2
o k(e
ol = Z !i” + Z Hi ) , for unbizsedness io hold, we must have
= it
R d (1”(5) - ﬂ)z
,{JHAJU{‘) = Z—_k— (3.1
i=t
and
% LI, 34
2 i)
23500 = 2 k (32)
=l i=l
1 1.1 1 1 k-1
From (3.1}, weget 4 = —|f, — L ,sothat g, = —|1~—| = . From (3.2), we get
hee k[ Tk k| k] E b e
a, = % which is a contradiction. Hence the result.
3.2 Proposed Variance Estimators Based on 2 BRSS
Lol £ — 2
Consider the basic identity o7 = —+ Z—u Fewritten as

k {=1 k

i=l

2
o o=

x|

k k
I:ZO'(Z:') +Z'“t2i)]_»“2' (3.3)
i=1 i=!
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From this basic identity {3.3), it is clear that an unbiased estimate of & can be obtained by

plugging in unbiased estimates of (0'(2,.) +;.z{“;}) and u’. Since Z(X("{))) /n is an unbiased
j=1

estimate of the former terra and f;ﬁfﬁg for j j' is an unbiased estimate of u”, it follows

easily that an unbiased estimate of o? is given by

: K g XATE
O\ arss 7 propose Z z Z ' (34)
i=1 4=l =l n(n _1)

The above estimate can be readiiy simplified in terms of B and # which represent, respectively, the
between and within sum of squares of the entire balanced data, defined as

B= ki’()?;»;’s -X)? ,w= ii(}(;{} XPY with X = ZX“‘ /n.

/=1 J=t i=l J=t

-2
Thea, &\gpss/ propese DECOMES

" (J) V) )
NrsXps W b
6_2 [") _ = — ——— , 3.5

1BRSS 7 propose ;; }"Z}';l ﬂ(?‘! - ]) kn k(n - 1) (3.5)

which is a nonnegative unbiased estimatos.
Following the same idea as above, we can suggest another nonnegative unbiased estimator of

o’ Itis easy to verify that

*
EW) = n(k—i)l:az +er,.),/k(k—1)}, (3.6)
f=1
- X )
EW)=(n=-1)Y 00, (3.7)
=1 .
L
@)= p ) 2% (3.8)
. j(— i X
E(B) = TZ LN Ty (9
=1 i=l
where

B'=nd (X, -X) (3.10)
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. k . .
=YX X ) (3.11)
i=|

i 1=1

Qur proposed second estirmator of ol is given by.

. fm-k+1 ., B
O'EZBRSSfpropose =mw +E' {3.12)

3.3 Derivation of Variances of Our Proposed Estimators

In this section, we compute the variances of our proposed estimators. First, we will state the
variances of W, B, B", W', Cov(W ,B) ,and Cov(W ", B ) as follows.

k k k
- _ 12 _
Define 7| = E Mgy » T = z TwCam» I3 = E:T(E}Ju'.i{i) »
=l pr

i=l

& k
Ty = D 0l0ky . and T =D o). (3.13)

f<i=1 i=l

Lemma 3.1 Var(W) = nli[%} T, +47, + 4[k—k-1-JT3 +£2—T4 *(}{k—zD-Tj:l.

Lemma 3.2 Var(B) = (’; :1)[(;14){?, +6}’;}—(nﬂ3)(iaé)] }
H 1=}

2 2
- 4 —
Lemma 3.3 Var( B )=[l-—l ZI-+4HT2+(1—~]— a7, + 1:4 +[2n 3 [l—lJ 75.
k) n k k. n k

Lemma 3.4 Var(W' )= (n=1) 7, - (n=3)(n-1) T5.
n n

Lemma 3.5 Cov(W,B) = %{2(1’( - 1)2(!? -1 T+ 4(nk- 1) T,

——,};(4@ - 1)[i af,,J +(n- D2k - 6)?;)} .

Report 36 months
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. e k- - ko — -
Lemma 3.6 Cov(W B ) :(—l;:n(i_l)'Tu +2(n~—1)T3—3( ?ﬂ(” I)Ts-

Now, we can use the previous lemmas to compute the variances of our proposed estimates of

o’ as in the following theorems. Details are omitted.

) T +4T, +4T, 1 2 : i
Theorem 3.1 Var(a,zgm,pmmg) = k;n - kn I+ kinfn-1) [zo—ﬁ)) l
Theorem 3.2 Var(&fgm;pmpm) =

T +4T, +4T, (K’n’-k'n-2) 2 (& L, Y
- T, + o
in k4n2(n—l) ST ant Z (i)

i=l

3.4 Compautation of Variances of Our Proposed Estimators for Uniform Exponential
and Normal Distributions

Proposition 3.1 For the uniform {0,1) distribution, the variances of our proposed estimators are
given as

Var(é) )= I + 1
1RSI propose L 30Uk + 1)k +2)n 18(k+ 1) kin(n—1)

Var(&, )= k*+2k+2 A2 20 4k -4
28RSS 7 propose 15k3(k+1)3)k+2)(n—}) SOk]n(k+1)3(k+2)

5k + 9%k -2k -12
4 .
90k (k + 1)* (k +2)

Proposition 3.2 For a standard exponential distribution, the variance of our proposed estimator is
given as

~1
Var( T igrss7 propole )

_| 20006°n ~ 10k = 8k + 8k + 2n = 1) i ,.( 1 J“
k'n(n—1)

82k - Dk -1 & < LY
+[ k'n };,,,.Z:,[k-ml)(quwl)
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[t e o )
A 5 ) el
sl s ]

e sl T

S bR e ()
S S )

e R

The variance of the other estimator has a similar expression. We amit details,
Proposition 3.3 For a standard normal distribution, the variance of our proposed estimator is
given as

Var( d—IZBRSSJ’ propose )
_ k (] 3
=2ic;: 2k+2+ 7kn Thk+12 Z ‘[P(x)ez d
kn(n-1) =1

6(2?1')2,3( n{n—1) =

13 o 21 4 1 " z
Z“ (x)e ] 2O on(n-1) Z[Ip(x)e )

24(2:1‘)21( n T b= J



BRG4680010 116 Report 36 months

On Estimation of Population Variance Based on 2 Ranked Set Sample 293

(2??) k.‘. ‘t;[ Ipz(x)e- dx):|

[y /o . _ |
+—2?_ Z[ ,[Pz(x)e-xde] I_Z[ '[Pz(x)e"zdx}[ .[‘%(x)e"?‘ dxﬂ

i=l

(2r) 2 kin LN L=i-s

[+ (= . 1T & (o 3,0 Y]
+; Z[ IPz(x)e"‘dx] Z[ _[P(.r)e"’ dx

(2?!') —: o= JL ~ad /]

k

-2 )
_m Z[-IP (x)e J Z[ J‘PZ(X)Q-dexJ

i=l \ -~

ﬁ[i[ J By d J[Z[ A e d"ﬂ

=

2 b (v Y
T an k=1 Z,[ [ e ]J

— Z*:[szfx)eqadsz J_i@fg (x)e‘_%f dx]jJ

Qr)yikia(n-1) L™=

1 & 2 Y
T a2n) 'k n ,,[JP(")Q dx]

In the above, Px{x)-P5(x) are suitable polynomiais defined in Bose and Gupta(1959).
The variance of the other estimaior again has a similar expression. We omit details,
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3.5 Computation of Variance of Unbijased Estimator of Population Variance Based
on SRS for Uniform, Exponential and Normal Distributions

. . ~2 . ..
In section 2, the variance of O g, in (2.2), is given as

He _ (N-3)o*

Var(Ggs) = N NN-D

~ 2 . . . -
Next, tet us compute ¥ar(a ,s) for uniform, exponential and normal distributions.

. 4N +6
For Uniform (0,1) distribution, we get Var(Gly,) = ——— .
T20N(N -1)
e .2 8N -6
For a standard exponential distribution, we get Var(og,) = Xf(N N For a standard rormat
o .2 2
dismribution, we get Var(G g, ) =}\T—l—.

3.6 Comparison of the Estimators

~2 -2 - : -
Now we compare O gpg and G gpes/ propase s Crorsss oropose » f0T uniform, exponential and normal
distributions by computing the relative efficiency (R.E.) of c};ﬂs,me relative to & 5y defined as

follows.

a2
R.E.=[ _VarGus) Jx 100% .

-2
Var ( O srss/ propose )

Table 3.1 The relative efficiency (R.E.) 0f G gacs, ropose TEIAtIVE to & 5o for the uniform (0,1)
distribution where k=2, 3, 4,5 and n = 10, 15.

(n, k)
&;Mym’w (w,i\ (:0,3)T(10,4) e, T as,2 [ (15,3 | (15,4 | (15,5

6.58 17.66 31.19 4588 4.47 15.51 29.14 43.93

-2
O 1p8s5 prapose

<2
O 28855 ¢ propose

6.89 17.86 31.32J 4598 4.61 15.60 29.20 43.97
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Table 3.2 The relative efficiency (R.E,) of &;R.S'Sfpmpoye relative to 5‘;,?3 for a standard

exponential distribution where £=2,3,4,5 and 7 = 10, 15 3255/ propose -

R

6§m:pmpm €19,2) | (10,3) | (10,4) | (10,5) | (15,2) | (15,3} | (15,43 | (15,5

ol 3.74 8.08 12.53 16.94 3.58 7.90 12.38 16.79
| BRSS / propose

&t 3.97 8.09 12.55 16.95 3.59 7.94 12.38 16.80
28RSS / propose

Table 3.3 The relative efficiency (R.E.) of &;m;prme refative to &;Rs for a standard normal
distribution where £ =2,3, 4, 5 and n =10, 15.

{n, k)
~2
G lassimme | 002 | (0.3 [ (10,4 [ (10.5) [ (15,2) [ (15,3 [ (15,4 [ (15,5
ot 2.61 10.74 20.23 30.04 1.7 9.91 19.46 2933
VBRES 7 propose
&L 2.74 10.82 20.28 30.08 1.8] .94 19.49 29.35
1BRS5S / propose
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ON TWO NOVEL APPLICATIONS OF RANKED
SET SAMPLING

SUKUMAN SARIKAVANIJ! and MONTIP TIENSUWAN?
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ABSTRACT: In this paper we cliscuss two case studies which clearly indicate
the advantages of using a ranked set sample (RSS) over those of a simple randowm
sample (SRS). The applications of R5S considered lhere cover single family homes
sales data, and tree data. It is demonstrated that in each case RSS is much more

efficient than SRS for estimation of population mean.

Keywords and phruses: Ranked set sample. Simple random sample, Bal-
anced ranked set sample, Unbalanced ranked set sample.

AMS(2000) Subject Clussification: Primary 62D03; Secondary 62F10

1. INTRODUCTION

In this paper we discuss two case studies which clearly indicate the ad-
vantages of using a ranked set sample (R3S} over those of a simple random
sample (SRS). The applications of R3S considered here cover single family
homes sales data {Bowerman and O'Connell. 1993}, and tree data (Platt
et al.. 1988). The objective in these studies is not so much in a direct
application of RSS to efficiently solve an estimation problem but rather to
strongly suppovt the fact that use of RSS over SRS does provide substan-
tial advantages for estimation of a population mean. Thus in these studies:
samples from the entire population ave made available so that a comparisou

1Supported by a fellowship fromn the Institute for the Promotion of Teaching Science

and Technology (IPST)
?Supported by a fellowship from Thailand Research Fund (TRF)
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are obtained via SRS and RSS. Morveover, in case of unbalanced RS5S, since
the population values are all available, it is indeed possible then to use the
optimum choice of the replications of different order statistics.

For a description and some basic results on RSS, we refer to Stokes
(1980}, Takahasi and Wakintoto (1868), and Sinha et al. (1995). For other
applications of RSS, we refer to Cobby et al. (1983), Halls and Dell (1966),
and Sarikavanij and Tiensuwan {2003).

1. APPLICATIONS OF RS8S

In this section we describe two applications of RSS. All relevant and
required formulae on RSS are given in Appendix B.

2.1. Single family homes sales price data. In this application of RSS,
we consider (63 single family homes sales price data given in Appendix A
and compare the effectiveness of SRS and RSS based on a sample of size
15. The data are obtained from Table 4.2, pages 138-139. of Bowerman and
O’'Connell (1993). We consider these 63 values as comprising the population
so that the population niean is 78.8 and the population variance is 1206.94.
An SRS of size 15 is drawn from the population of 63 values, and the sample
mean and sample variance are obtained as # = 70.3 and s° = 1306.5,
resulting in the estiniate of the variance of the sample mean as 87. To draw
an RSS of size 13, we first draw an SRS of size 43 out of 63 values, then
divide the sample data at random into 3 sets of 9 each, then divide the 9
values within each set at random into a 3 x 3 square. and finally we draw
an RSS of size 3 from each set. These values {X,;} are given below in

Table 2.1.1.

Table 2.1.1. Ranked set sample of single family homes sales price

i
1 2 2 4 3
53.4 44.5 5.0 68.0 34.0
0.0 100.0 101.0 52.0 73.0
115.0 135.0 G9.0 149.0 540

L2 ]

Several statistics can now be routinely computed based on the above
values and various formulae available in Stokes {1980) and Perron and Sinha
{2003). See Appendix B. These are given below in Table 2.1.2. It is clear
that RSS is doing much better than SRS for estimation of the population

meal.
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Table 2.1.2. Estimates of population mean and variance of single
family homes sales price based on RSS

r Py §

Grsy  Far{fass) 0% ... Eh &3 EF &l
81.13 39.5 1183.7¢ 11:0.:32 125 62 1186.30 938.77

We also generated 20 sets of RSS from the ahove population values and
computed various suminary statistics. These are given below in Table 2.1.3.
Table 2.1.3. Estimates of population mean and variance of single

family homes sales price for 20 RSS samples

saimple  fags  durlfinss) i, ay Frl &7 EH
i 81.13 39.50 1163.70 1(10.32 1115.62 i186.BCG 976.77
2 33.16 42,43 150882 1:436.24 145G.68 1308.43 126308
3 §5.66 36.32 141718 1387.0L 135¢.02 17.85 1722.92
4 76.27 0,92 T13.75 T12.85 657.08 634.09 903.60
5 78.33 19.72 575.90 S538.75 §957.22 551.12 577.06
g 803.53 55.19 950.89 34.61 J12.68 956.97 863.77
T 72.85 28.11 531.74 345.15 543.06 332.32 574.07
B V.8l 53.95 1D#D.38 105L.76 1032.03 1053.12 10438.51
b v8.65 21.39 1138.41 1079.80 1084.41 110242 1925.85
1Q T6.35 47.60 74775 T46.28 T45.50 T42.30 755.69
%) 88.52 TAOY 2348.64 1278.20 288.21 2r3g.3T 2393.01
12 73.99 25.37 768.12 T60.50 T40.91 §60.97 100074
13 33.07 60.31 2194.37  2123.81  2103.40 202754 23T
|8 v3.96 29,24 800.31 T8G.70 Tve.20 734.21 21266
15 VG 3362 105561 1972.21 L022.5% tozq.08 HO17.74
16 827 T4.33 2005.68 1978.38 1948.29 131724 2368.02
b T79.648 3t.86 1088.85 1063.77 10863.12 1035.52 1011.58
18 737 2712 893.41 665.79 674.30 704.35 563.635
19 86.04 53.62 2333.34 226249 225007 220037 241159
20 76.57 9G.97 2000.21 2037.16  2047.83 2093.53 1909.08

From the above table, it is evident that even allowing for sampling
fluctuations, RSS offers much improvement compared to SRS. Some salient
features of the sa;apling distributions of the above statistics are summarized

in the following Table 2.1.4. '

Table 2.1.4. Sumrnary statistics of estimates of population mean
and variance for 20 RSS samples

variable Mean 5.D. Median
BASS 79.43 4.70¢ ¥a.51
Ser{irsg)  45.33 20.56 40.97

52 126:.80 611.86 1078.12

gS!:ankeA

& 1227.48 590.82 1037.77
d’s 1223.01  587.10 106008
&‘% 1205.14 575.26 1069.32
F: 1281.10 63640 101.1.66
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2.2. Tree data. In this application of RSS. we refer t¢ an important
data set fromr Platt et al. {1988) related to 399 conifer (pinus palustris)
trees. The original data were collected ou seven variables of which we have
used enly swo: Y. the diareter in centimeters at breast height, and Y, the
entire height in feet. To wmake an casy application of RSS, we deleted the
last 3 observations. This truncated data set is reported in Sarikavapij and
Tiensuwan {2003}.

Treating this as the population, we computed the population means
e = 20,9641, p, = 52.6768. the population variances o3 = 309.543, o] =
3253.44. Considering its random decomposition iato 44 squares each of
dimension 3 x 3. we computed the variances of the three order statistics
ol = 156.37. 03, = 114040 and o, = 4174.35 ouly for ¥, which can
be used when we cousider an uunhalanced RSS.

To compare SRS and RSS, we drew an SRS of size n = 30 and computed
the sample mean and the sample variance for Y. For RSS. we drew a total of
90 simple random sample of trees from the above population, divided these
ohservations into 10 sets of O each, theu divided each set at random into a
3x 3 square, and finally performed RSS based on X -values. which eventually
led to RSS ¥-values. For UBRSS. we used the replications ny = 2, np =6
and nz = 22 for the three ovder statistics in the usual way, which are
propovtional to 1 : 3.3 : 4.8, All these sample values are reported in Table
2.2.1.

Based on the sample values given in Table 2.2.1, we can easily compute
estimates of the population mean and variance of ¥ as well as the estimates
of the variance of the estimated mean of ¥ by each of the three methods:
SRS, BRSS, UBRSS. Again. the formulae to compute these elements appear
in Stokes {1930} aad Perron and Sinha {2003). See Appendix B. These are
reported below in Table 2.2.2. It is obvious from this table that both the

BRSS and the UBRSS are deing much better than SRS.
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Table 2.2.1. SRS, BRSS and UBRSS samples

No. | SOS suaple | No. BRSS sample No. UBRSS sample
L 219 i a 1 22
a2 16 2 13 1 66
3 11 3 103 2 18
4 94 3 5 2 31
5 33 2 40 2 A6
& 28 3 223 2 3B
T 203 1 & 2z 26
a la¢ 2 T0 2 22
9 16 3 T8 3 3ja
10 L5 L J 3 37
1l 5 2 27 3 140
12 a 3 a2 3 108
13 L1 1 21 3 105
Ld 32 2 L& i 107
15 [§:] 3 N6 3 2%
ig 43 1 28 3 92

T 8 2 a2 3 104
18 85 3 106 3 95
19 a5 1 11 3 222

0 35 3 12 3 109
*l Lo 3 a1 3 38
22 17 1 20 3 120
3 &y 2 €0 3 BT

24 152 3 1T 3 244
i 19 1 & 3 34
26 3 4 3 3 33
27 222 3 1a 3 LU
235 223 1 1 3 1l
2 @ 2 L 3 I3
30 3 3 154 3 192

Table 2.2.2. Estimates of population mean and variance of the
height of tree

7 Nethod Meaniy} Varinacel i) Vadance of mean(y)
Population 52.68 325244 EREE]
SRS £9.27 $773.03 192.43
BRSS 58.5 62,.0., =4203.36 53.29
F1=1116.30
F3=4116.54
6";:4115,33
#31=4115.50
UBRSS 60.55 200896 74.23

To study the behavior of RSS from a frequentist point of view, we also
generated 20 sets of RSS from the above pepulation and computed various
summary statistics. These are given below in Table 2.2.3 (a).(b). It is thus
ciear that even allowing for sampling fluctuations, RSS does much better

than SRS.
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Table 2.2.3(a). Estimates of population mean and variance of
the height of tree for 20 RSS samples

sunple  dings  pur(fiass)  Fepape,  Fp I 3 Ex
i 50.33 T8.LD 3015.20 2951.76 2907.13 3405.58 1726.18
b4 60.17 L16G.34 S4L9. 11 5311L.50 S343.35 5645.92 4397.78
3 35.37 61.55 3250.32 3as5.03 J204.71L 2291.90 2933.45
4 50.67 T1.16 3744.02 3708.69 364G0.39 3543.61 4147.02
5 50.97 34.89 24 18.27 2403.63 2387.72 224461 2832.96
[ 5247 T6.41 3279.08 J235.54 3247.06 3350.77 29:24.41
T 55.87 d43.11 3751.01 4700.50 3700.98 379510 3445.08
.1 49.53 52,467 2170.43 21953 2151.13 2165.8T 2105.49
g 48.70 81.93 4G{6.70 3976.14 3964.74 3862.14 4283.56
Lo 58.87 104,56 IsE3INT 3950.02 3934.51 J466.84 51056.93
i1 64.80 102.9G 4L42.30 4Li7.18 4107.19 A017.21 4387.12
i2 60.63 6G.88 4742.03 4G36.67 4630.54 4778.15 4253.83
13 52.53 49.50 902,40 2832.51 B35 13 2995.07 2419.87
14 52.53 60.76 2698.40 257054 2669.28 M75.18 2062.04
t3 49,23 . 83.24 3321.43 337417 3233.95 I47T1.98 274016
X1 42.43 41.33 1943.94 1934.88 192447 1790.78 2323.94
v 56.67 107.75 3705.20 1691.53 36380.44 3670.45 IT48.53
18 42,13 53.34 3375.02 3331.02 3331.36 3334.24 333233
19 54.4 41.51 4378.52 4309.94 4314.0% A35. By G135 4
30 48.1T7 53.28 247187 2430.313 442 T4 23519 85 EJ Lo iy

Table 2.2.3(b). Summary statistics of estimates of population
mean and variance based on 20 RSS samples

wariable Mean 5.0 Median
ARrss 53,84 3.71 52.5
barlfinss} T5.04 21.11 7179

B ioes 3433.03  B3L.07  338.23

a: 330334 AB5.74 330260

a3 3385.56 869.08  4312.66

a3 3415.55 910.46  3435.26

i 3333.38 983.u2 314221

To use the RSS regression estimate of the mean of V¥, we generated
afresh 25 SRS on ¥ and an equal number of BRSS samples on both X and
Y, using & =n = 5. This is done in the usual way by first selecting RSS X-
values and then the corresponding Y-values (judgment ordered®, resulting
in {Z¢r)e Yieje). These values are repor-ed below in Tabie 2.2.4. We bave
used the results from Yu aud Lam (1997} to compute the regression-based
R3S estimate of y, and also its estimated variance. See Apperdix B. Other
results are also obtained in a similar way. These are all reported in Table
2.2.5. As expected. we find the performance of the regression-based RSS
estimate of g, to be very impressive compared to those of SRS- and BRSS-

based estiinates.
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Table 2.2.4. SRS and BRSS samples

No. | SRS sample | No. | BRSS sample | No. | SRS sample | No. BR55 sample
1 iz [ (13.2.38) 4 33 4 {1a.82)
2 o 2 {3.2.2 15 140 5 (57.8.188}
3 41 3 {18.%,21) i6 25 L 1 {2.5.3}
4 T 4 (47.9,137) 17 26 C 2 {3.7,6}
5 a2 5 {45.9,202) 18 70 3 {12.7,38)
8 9 1 (2.8.4) 19 85 4 {36.4,103)
7 7 2 (3.1.4) 20 10 5 (39.8,196)
8 5 3 {18.4.272 21 238 1 (3.4)

9 176 4 134.99) 22 s 2 {11.1,40)

10 34 5 {41.1,105) 23 i3 2 {19.9,55)
11 105 1 {12.5.34) 24 34 4 (4L.8,91)
12 24 2 {13.4.21) 25 105 3 {36.7.77)
i3 3 3 {21.3.40)

Table 2.2.5. Esfimates of population mean and variance of the
Leight of tree

Method Mean(y) Yarinace(y} ~ Varnance of mean{y)
Population 52.68 325341 8.22
SRS 54.8 3634.42 145.38
BRSS 64.52 &%, ..., =3897.76 36.76
&1=37806.18
sioarrs el
é’i =3772.31
Fi=3811.69
REQ $9.50 52, .4.,=3897.76  (based on 4%,,,,,} 26.59
o"i =3780.18 {based on &7} 25.39
63 =3T78.61 (based on &3] 25.38
#y=3772.31 {based on a3} 25.83
F7=3811.69 (based on &7) 26.10
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Appendix A: Sales price of sixty-three single-family residences

Residenca, Sules Price, y [ Resiclenve. Sales Price. y | Residence, Sales Price, y
i { % 51000} i (x5L000) i { = 31000)
53.5 22 B5.0 L& §0.0
2 49.0 23 80.¢0 44 83.0
3 50.5 2.1 94.0¢ 45 1150
4 49.9 25 74.0 46 $0.0
S 52.0 28 89.0 47 53.2
-] 53.0 2 63.0 48 G61.0
T 80.5 28 ov.s 49 147.0
8 88.0 29 330 50 210.0
9 $u.0 30 142.5 51 60.0
[1s] 119.0 31 923.2 53 100.0
1t 46.0 32 38.0 53 44.3
12 i8.0 i3 63.0 54 55.0
i3 49.5 34 Go.0 L1-S 33.4
14 103.0 35 34.0 1] 85.0
15 152.5% J6 52.0 a7 73.0
18 a5.0 T 73.0 58 10.0
17 60.0 38 23.0 59 Lal.¢
18 58.5 39 60.0 60 E8.0
ig 10L.0 10 T30 61 139.0
20 79.4 11 71.0 82 1450.0
21 125.0 42 340 &3 33.0

Appendix B: Selected Formulae

Balanced data: {r();}. 7 = 1,....k (set size); ¢ = 1,...,n (nuniber of
cycles}.

L forss = = Ty Doy 2o/

2. O3ipkes = 2oimi Zf=1 (% — 2/ (kn = 1)

3. &2 = W/kn + B/k(n — 1)

63 = {Ukm — k + 1)/(Aa(n — 1))|W*" + B /kn
= W/kn + W* /(3 (n — 1))

63 = [(kn =k + 1)/(kn(n - 1))|B + B~/kn
=3 Zf;l(x(r}i — Frga(i))?

8 W= Zi:l i (T = En)?

9. B =k L (Tresiy — Torse)?

o« »
%

=1
=
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10. B~ = RZLI{E(,-) = Tyrea)®

1L Erpsty = Shmy B(rrifk

12, Ty = 30, Tyl

13, Zpras = F = 30, Bragyy/n = ZE‘:JZ,‘-‘:[ z(ryi/ K|/
W Bar(fBures) = Dar(Zongs) = Tpey 63, /K7n0

13. é_(z,_} =i (2 ~ En)P/(r = 1)

16. fures = o B = Fhrs s H e ti = Finss)
\/Z}'_, DI CTUTE S Ly S S TR L
Y[rji* Judgment ordered value.
Unblanced data: {z;}.i=1..,n:r=1,..k

17. fiuprss = Z:-:I[Z::l 'r'(!']ifn?‘]/k

18. Gar(fBusrss) = Lbey 03, /K30,

19. 7y = il (@i — £)*/ (e = 1)
2. Fry = X 2/
-2 & y P - v = -~
21. 63,,,, = Lo (1 +1/k(n — 1}]3(2'_}/;:11,. + Zf::l(z(,} — Busrss)2/k

22 5%, = il (Bini ~ Bl
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ABSTRACT

Assume X (strength} -(1/91)(.:“’“ ,x>0,6 >0, independent of Y (siress)
~{1/8,}¢"", y>0,8,>0. [n this paper we consider the problem of estimation of the
reliability R(8,,6,)=P(X >Y) W= :on:_s-idcr both simple random sample (SRS) and

ranked sct sample (RSS), and provide several estimates of R .along with their
COMparisons.

1. INTRODUCTION
X 2.
In this paper we consider the problem of estimation of the reliabilicy

R(8,,6,)=P(X >Y) basedon X|,..., X, ~iid ~ X where ¥ is the svength with
pdf, f(x)= (1/9;)8'#9' cand Y,,..., Y, ~ &id ~ ¥ where Y is the stress with pdf,

fyy= (1/6’2 ) e_’“'m2 , and X and ¥ are indcpenden-t. We consider both simpte random

sample {SRS) and ranked set sampie {RSS), and provide several estimates of R. Under
RSS, we have used three estimates of R. The comparisons of the estimates of R are
conducted for large sample sizes as well as small sample sizes.

-

For details about RSS, we refer- to Stokes (1980}, McIntyre {1952), Takahasi and
Wakimoto (1968}, Dell and Clutter (1972) and Sinha, Sinha and Purkayastha {1995).
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Since X ~ Exp(6)) and ¥ ~ Exp(8,) R(8,,8,)=6,/(8 +8,). For estimation of
R(6,,8,) based on SRS, let X,,..., X, ~iid~ Exp(8), ¥,,....Y, ~iid~ Exp(8,).

Li

Obviously standard estimates of 8, and &, are X and Y ., respectively. So we use
X
8,.8,) = .7 (1)
SRI( ) X+ ¥
2
By the Central Limit Theorem, for large N and M, X ~ N(@” ) ¥~ N(g,,'g_)

Therefore, by using standard Taylor expansion, we get for farge N and M’

; g (1 1
Reps(8,,6,) ~ N| R(4.8, _"_(,_._ — | (2)
A ‘), [ (@.6.) (6, +8,)° N+Mj

For using RSS, we write M=kn and M=sm, and draw RSS from the X-population as
{X[‘,;’,’}. i=1,...,k;j=1,..,n and from the Y-population as {}ﬁ*‘;’} i=1,...,s

j=L...m, (see Mclntyre (1952)). From Mclatyre (1952) and Sinha, Sinha and
Purkayastha (1995), the estimates of £, and 9 based on RSS are obtained as

T I
=1 = 1= sl TS
O X e (], B & & Y Sheit! (4)

"‘""" [EZ‘C‘;I‘ ]/[azizl:] ‘B!“ - ;;Cua;., ;ﬁlz

d. i
where a,, =—’,‘k-, d, = [ | } -Z ) - =£’;’"

o k141 k- f+l el
d, ZIZ( L J _Z[ J. Here 49.3‘,“ is the best linear unbiased
Rl Y S | -1+

estimate of & based on RSS-data. For 90p; our strategy is a variation of the usuat RSS

sample, which is based on always drawing the 7" order statistic from each row of all the
cycles, r depending on thc set size, resulting in X((:;)‘ i=l,...,k, j=1,...,n 2and

YU)J—I W5 f=h.o..m. FollowmgSmhaetal (1995), we use .

o yin . M X(('il
mw [;; ;Mj(/ ) . mp.‘ [;:Z.;: ‘.. J]/ (5)

had
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Here 7, is such that @, is the smallest among a,,,...,a,, and r, is such that @, is
the smallest among &,_,...,a

[H ) LA .

Once &, and &, are estimated as above, an estimate of R(&,,8,) is obtained

- é
by Res(8,.6,)=="F— To sndy the large sample properties of
Byzss + Grass

}égﬁ (6,,6,) . we first state the following theorem where proof follows from the CLT.

Theorem 2.1 For large # and m, the distributions of the estimates of &, and &, based on
RSS are given by :

- 25 n 5
a) 91Mr~ N|j9|,"fi_:_"2dm }\ QZM:' [ 11 2 Zdl-f} (6)
e .
- 2 (& 1 -1 " 501 B
®) Oipre~ N 9.,—'—[2—J v G~ [z-*— (7)
- n o a

ral a;g-

~ 2 - ' 2
) Gy~ N[gl,%} . N[gpglﬁ] ®)
5m

T"i "
The large sample distributions of R,e(8,,8,) are stated below.

Theorem 2.2 For large # and m, the distributions of the estimates of R{6,,8,) based on
RSS are given by the following:

- I — k ' 5 h
a) RM:(QHGZ) ~N R(gl!gl) (6 8) [Zdlk {k2n+zdl:\—f‘s‘2mJJ (9)

i=| =l

b) Ry (6.6,) ~ N R(G,&z),—e& i3 Z Z_,__ (10)
i G +9z)4 R e Qi =l iy

¢) R,,(6,.6,) ~ N| R(6,,6,), (96 "’;’) [a,x +§_;:: ] ' (11
- L _/‘

Proof. Follows from Theorem 2:1 and Taylor expansion.
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3. - COMPARISON OF ESTIMATES

In this section we provide a comparison of the above estimates of R(6,,8, ) We first
mention about the large sample resuit.

Theorem 3.1 For large n and m, Var(ﬁ’op‘) < Var(}%wﬂ) < Var(ﬁm) < Var(ﬁﬁs)‘
Proof. 1. To compare yar(R, ) With Var(ém) is equivalent to comparing /N with

ida/kz” and 1/M with idm /stm -

il I=l

£ £ .
Since N=kn and idﬂr < k.50 de fiin = Zd}u ! Nk €Y/ N . Similarly we get

i=| i=l =l

D di I sM <YM . So Var(R,.) < Var(Ryy).

i=}

- N k
2. To compace Var(R,,} with Var(Rg,,) is equivalent to comparing > d  kn

[Z”J-' and ia’h{szm with: i(ii]_[' par

- & i=i M 4

From the numerical computations, we verified that [Z_] Z d, J&2 forallk Of

inl Qg yuf

a

il M

=i
course the same is. true for comparing Zd /s? with (Z_—] .
- =l
So Var(}%mw) < Var(ém).
-1
) with Var(R,,,) is equivaient to cowparing l[i"_] with
H

ant Fpg

3. To compare ¥ar{R

Blue

£ - -l a -
- Z_]_ with &=
e O ) §m

. .
Since a,., <a,,, Vi, then_l->_!_ andizi[a J %S[Z%J .
(4 i

a,.; Iy a., 1=l =1

=1 .
Similarly, we get —2= 8 ¢ [Z—) . So Var(éaﬂ) < Var(ﬁm")

s pel- 30 :
This completes the proof. '
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We conclude this paper with a small sample comparison of the above estimates
of R(8,,6,) based on 1000 simufations using SAS. We have taken N=Af=10, and
n=m=5, k=s=2Z. The table below shows the bias and the variance of :the proposed
estimates of R(8,,8,).

" Tabte 3.1 Comparison of estimates of R(&,,,) in small samples

6=1,6=1 |6=1t,6=2]| 6=1,8=3 | 6=1, 6,=4
R=0.3 R=0(.33 R=0.25 R=0.2
bias var bias var bias var bias var
SRS 0.00179 | 0.01041|0.00781| 0.00842| 0.00933| 0.00625 | 0.00943| 0.00472
Mclntyre 0.00618 | 0.00797]0.01031| 0.00648| 0.01082| 0.00477 | 0.01036| 0.00357
Blue -0.00358( 0.00884 | 0.00205| 0.00705( (0.0039%| 0.00515 | 0.00459| 0,00383
Optimum -3,00292| 0.00807[0.00744] 0.00656| 0.00841] 0.00484 | 0.00831| 0.00362
Table 3.1 (continued)
8=2, 8 =I 8=3, 6=1 8=4, 8,=1
R=0.67 R=0.75 £=0.8
bias var bias var bias var
SRS -0.00469 | (.00863 | -0.00677 | 0.00648 | -0.00729| 0.00492
Mclntyre 0.00073 | 0.00845 | -0.00146 | 0.00475 | -0.00234 | 0.00355
Blue -0.00854 | 0.00732 | -0.00961 | 0.00546 | -0.0094% [ 0.00413
Optimum -0.0022t | 0.00651 | -0.00396 | 0.00478 | -0.00448 | 0.00357

It follows from the above table that, even in small samples, the estimates of
R(8,,6,) based on RSS have both smaller bias and smaller variance compared to the
SRS-based estimate. It zlso happens that the estimate of R(5,,6,) based on Mcntyre
procedure is marginally better than the two other RSS-based estimates.
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ABSTRACT

in this paper we concentrate on the air pollution data measured as carbon monoxide,
nitrogen dioxide, sulfur dioxide and ozone from ten monitoring stations in Bangkok.
Thailand and apply Multiple Criteria Decision Making (MCDM) method to compute an
overall air poliution index for these stations and compare them. We also study robustness
of these overall indices.

1. INTRODUCTION

Multipie Criteria Decision Making (MCDM) has recently been recognized as an
efficient stasistical method to combine component “indices’ arising from many ‘sources’
into a single overall meaningful index. Such an index can be effectively used o compare
relevant “facilities’. The basic premise is a data matrix X =(x;) : KxN where the rows

represent facilities which need to be compared or ranked with respect to the element

xy's. the columns represent various sources of the elements x,'s and x;'s themselves

represent some quantitative information about the facilities. In the context of
environmental science, the x;'s may represent levels of pollutants, facilities represent
the sources of the pollutants (e.g., chemical or nuclear facilities) and the columns
represent different types of pollution. Since usually it is difficult 10 compare the facilities .

on a mulhiple scale, MCDM provides a statistical method to combine the elements in any
Tow into a singie value which can then be used to compare the rows on a linear scale.

245
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In this paper we briefly review MCDM in Section 2 and apply this technique and
some of its variations to the air pollution data from Bangkok, Thailaad in Section 3,
Some conclusions are drawn in Section 4.

2. MCDM AND ITS MODIFICATIONS

In this section we briefly describe the Multiple Criteria Decision Making procedure
and some of its variations.

2.1 A Brief Description

MCDM is a procedure 10 integrate multiple indicators into a single meaningful and
overall index by combining (x;,....x;y) for rew I across all indicators j=12.....N.
We can define an Ideal Row as one with the smaliest observed value for each column

fDR = (mlnl X“.,..,mini X.N} = (ul‘,..,u._\;)
and a Negative-ideal Row {NIDR) as one with the largest observed value for each column
NIDR = (max; xy....,max; X,y ) = {vy.-.vn ).

For any given row i, we now compute the distance of each row from Ideal row and
from Negative ldeal row based on the Ly-norm by using the formulae :

.
uj) W
L{i,IDR) = [Z—),’]'”
i=1 Zi:lxl-j
. 2\.U'.
L,(i.NIDR) = [}:(K”—),’]'”
=1 Z| ]x{i
where w, w,,...,w, are suitably chosen nonnegative weights between 0 and 1. The

denominator above plays the role of a ‘norming’ factor. An objective way to selcct the
weights is to use Shannon’s (4] entropy measuse qp based on the propomon Pije- ,pKJ

for the jth column where e .

0.7

K
pij = xij‘! Zi=lxu .

Forthe jthcolumn, ¢; is computed as

K
6, = Ly In(py)/(nK).
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The quantity (¢ essentially provides a measure of closeness of the different

proportions. The smaller the value of ¢, the larger the variation among the proportions
for classifying the rows. So we can select the weights as

wi o= (=X (1-4)] . j=i. N,

In addition to Shannon’s entropy measure, we can also use the sample variance of
these proportions, given by

I . )
;(prop = Z(Pij "5;]-';“(‘1)-

)=

5

i X; and sf denote the mean and variance of x;; in the jth column, sf,pmp is

directly propertional to sJ1 !Ef. which is the square of the sample coefficient of variation

cv,. Therefore we propose touse w; = ¢v;.

The vanous rows are now ranked based on an overali index 1 computed as

L,(i.IDR)

f - : . oi=l . K.
Li(i.IDR) + L5{i, NIDR)

In addition to L,-norm we can also use the Li-nomm as a distance measure and rank
the rows once again. L,-norm distance is defined below and the denominator again is
used as a “normung” factor.

L,(i,iDR) = iM

i= Zi'ilxsj

. 3 |"-_i “’;‘l“’j
L{i.NIDR) = Y1——— |
j=1

K
Zi=l xi;
2.2 Madifications of MCDM

Here we describe two modifications of MCDM (Sinha and Shah, 2002).
Let di=[d;.d,;,....d;y} which represents the row-vector of dj's, distance of x,

from min, x;,, 11K 1gj<N, for/-th row invelving N columns, and
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di = [d1.d5,.,diy] which represents the row-vector of dj's, distance of x; from

max; x,,, 121£K, 1< N, for /-th row involving N columns.

Modification {:

Li(dd) = [Zw (df rd;t V[qu]k } _ - [ ¥ wR* x[zxu] ]

where I refers to all ) for which d* >0 while £ referstoall j for which . =90 and

142

R, is a finite quantity of our choice subject to R; 2 max [d;/d;] taken over all § for

which- du >0,

Modification II:

X3 153 ' K2 1:2
Li(dd™} = !Z (w;d,; )"[ZXU] } + [ZI(Wj‘rdi-k){ij] }
+ [Z"[W‘”f)j[zx'z"] I'}

where 1; 2 min{dg} being taken over all d” >0 and T refers to all j for which
d. >0 while I' refers to all j for which d. =0. In the above k is a positive

number,

To check the robustness of various sets of ranks produced by different methods, we
will compute Spearman’s rank correlation (SRC) coefficient -

= J- A‘
f K(K ~1) i= Z

where A, = difference between ranks. it is obvious that a large value of r signifies a
good agreement.
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2.3 Electre Method

Electre Method (Sinha and Shah, 2002) is used for comparing the status of two
locations rather than ranking all of them together. We begin with the KxN data matrix

X of observations and proceed as follows:

Step 1:
Transform X = [X;,X,.... X1 10 R = [R(,Ry,..,Ry] whereR; = X’z _
il
Step 2:
Transform R 10 V = RW where W = diagfw . w,...w].
Step 3:
Construct two matrices C and D
MaX.. o Vg =V
where cu - Z wk and du - kv < 1k k ]kl
Kivig ¥y max, |v, — "jicl
g - A
Compute E:% an d=22$“—.
K(K -1) K(K-1)
Step 4:

Construct matrices F and G such that

o= l‘CuﬁE and _ i,duﬁa
Y |0 ; otherwise 85 0 : otherwise

Step 5:
Define matrix E where ey = fi_; 8-

It should be noted that the weights w,'s are obrained as discussed before, and that

e; = 0 means that row { is better than row j.

3. AN APPLICATION

In this section we apply the previously described MCDM method and its
modifications to the air pollution data from Bangkok, Thailand. The main air pollutants
in Bangkok are carbon manexide (CO,), nitrogen dioxide (INO;) and sulfur dioxide (8G;)
whith are released directly from motor vehicles. The photochemical reaction on the oxide
of nitrogen is ozone {O;) which is a secendary pollutant.
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The data sets were provided by the Pothution Control Department of Thailand and
were recorded by t0 monitoring stations in Bangkok during 1998 - 2004. The moritoring
stations are as follows:

I. Ramkhkamheang University
2. National Heusing Authority
3. Huai Khwang

4. Nonsee Vitaya School

5. Singharatpitayakorn School
6. Thonburi

7. Chokchai 4

8. Dindaeng

9. Meteorological Department
10. Ratburana.

The tocations of 10 monitoring stations in Bangkok are shown in Figure 1,

r

5
Lag ph (7) ChokChai 4
‘ /

- . (3) Huai Khwang (1} Ramkhamhaeng Uni.

e

S D:

{5) Singharatpitayakom school

{8) Dindagng afona (2) MNational Housing Authority

_ 14} Nonsee Vilaya school

T, (6) Thomburi {9) Meteorological Dep.
A Sang «hyt onbun

. {10) Ratburana

5

.. Bangkok Area ..

L]

Figure 1 : Location of 10 monitoring stations in Bangkok area
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At each station, the signals from the insmunents were sampled every five seconds
and hourly average values were calculated and stored. For our analysis, we have used the
annual averages of each pollutant. The entire data set appears in a Technical Report

{Lentprapai et al., 2003).

To apply the MCDM method, we use both the distance measures L and L, as well
as the two choices of weights based on phi and ceefficient of variation (¢v). © We show
below the results in four sets of the values of combined indices for each year. The final
ranks of the rows are then based on the average index. We also compute the standard
deviation to show the closeness of the four indices in a row. Tables 1 — 4 present ali the

results for years 1998 - 2001.

Table 1;: Results of MCDM Method on Air Pollution Data in 1998,

B Monitoring Station v Ll W Wi L2 W Mean  SD Rank
1) Ramkhamheang University |0.3574 0.3610]0.3891 0.392210.3749 0.0183 &
F} National Housing Authority [0.2983 (.302310.3327 0.3359]0.3173 0.0197 4
p) Huai Khwang 0.4423 0.4461;0.4390 0.442510.4425 (0.0029 9
}4} Nonsee Vitaya school 0.2934 (0.2896)0.3271 0.323510.3084 (.0196 3
5} Singharatpitayakom school {0.3707 0.3685]0.3932 0.3%37]0.3815 G.0138 7
6) Thonburi 0.4255 0.4293]|0.428]1 0.4316(0.4286 (.0025 8
7) Chokchai 4 0.3685 0.3665[0.3716 0.3693(0.3691 0.0021 5
8) Dindaeng 0.8054 0.7983|0.6909 0.6855(0.7450 0.0657 10
9) Meteorological Department [0.0387 0.0402[0.0492 0.G503(0.0446 0.0060 1
10) Ratburana 0.1217 0.1236/0.1828 0.1858|0.1535 0.0356| -2 |
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Table 2: Results of MCDM Method on Air Pollution Data in 1999,

] m%xths

tion fata

Monitering Station W1 Ll W2 Wi L2 o Mean SD Rank
1) Ramkhamheang University |0.4414 0.4374(0.4683 0.4667|0.4534 0.6163( ¢
2) National Housing Authority ]0.3281 0.3154]0.3709 0.3634(0.3445 0.0269] 3
3} Huai Khwang 0.4271 0.4172|0.4287 0.4190|0.4230 0.0058( 7
4) Nonsee Vitaya school 9.3519 0.3367)|0.3745 0.3621(0.3563 0.0160| 4
3) Singharatpitayakow school |0.4193 0.4004)0.4328 0.4169104174 0.0t33 6
&) Thonburi 0.4499 0.44510.4464 0.4411|0.4456 0.0636 8§
7) Chokchai 4 0.3654 0.3609|0.3665 0.3615|0.3636 0.0028| 5
8} Dindaeng 10.7386 0.7341|0.6180 0.6146/0.6763 0.06%4| 10
%) Meteorological bepartrnent 0.1890 0.1984)0.2448 0.2518|0.2210 0.0319| 2
10} Ratburana 0.1382 0.1404(0.1831 0.1851|0.1617 0.0259 i

Table 3: Results of MCDM Method on Air Pollution Data in 2000.

"Monitoring Station W1 L1 w2 Wi L2 w2 Mean SD Rank
1} Ramkhamheang University |0.4031 0.4041(0.4141 0.4150|0.4091 0.0064| 9
2) National Housing Authoruy [0.2499 0.2470,0.295t 0.2930(0.2713 0.0264 4
3) Huai Khwang 0.3090 0.3190(0.3038 0.3126|0.3111 0.0064| -7
4) Nonsee Vitaya school 0.2067 0.2305(0.2485 0.2660|0.2379 0.0254 4
S) Singharatpitayakom school [0.3392 0.3315|0.3606Q (0.3558|0.3466 0.0135| . .8
63 Thonburi 0.2907 0.2958)0.2909 0.2948|0.2930 0.0026 5
7) Chokchai 4 0.3010 0.3143/0.2929 ©.3045|0.3032 0.0089 6
8) Dindaeng 0.7350 0.7544|0.6410 0.6489|0.6948 0.0582| 10
9) Meteorological Department [0.1420 0.1320(0.1599 0.1548(0.1472 0.0126 i
10) Ratburana 0.2370 0.2243 0.2661 0.0414 3

0.3049 0.2983
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Table 4: Results of MCDM Method on Air Pollution Datsa in 2001,

Monitoring Station 'w_l L1 3 o L2 - Mean  SD FRaE

1} Ramkbamheang University (04144 $.3669]0.4595 (.435610.419} 0.0394 8
2} National Housing Authority 0.3074 (.3006(0.3512 0.3411]0.3250 £.0248 7
) Huai Khwang 0.2739 0.289110.2730 0.2850/0.2803 0.008! 6
#) Monsee Vitaya schoot 0.1967 0.208210.2155 0.2226)0.2107 0.0111 3
5) Singharatpitayakom school [0.4501 0.4371[0.4554 0.4414(0.4460 0.0083 9
6} Thonburi 0.1853 0.2000}0.1865 0.1991[0.1927 §.0079 2
7} Chokchai 4 0.2237 0.234210.2238 0.2331]0.2287 0.0057 4
} Dindaeng . 0.5948 0.6508[0.5424 §£.5680(0.5890 0.0464( 10
E) Meteorological Department [0.1684 $.1544]0.1954 0.1852j0.1759 0.0181
Ll_()};Ratburana 0.213) 0.194610.2675 0.2539(0.2323 0.0341 5

From Tables 1-4, we observe that most often (1998, 2000, 2001) first rank is
Meteorological Department station which means this station is expected 1o be good in
terms of air pollution. On the other hand, Dindaeng station performed poorly. We
selected these two stations fo represent their performances graphically in Figures 2 - 3.
These figures also depict their ranks for each season sepatrately, rainy, summer and
winter, along with the overall canks. Details of seasonal analyses appear in the Technical
Report. Returning to the air pollution data sets, we have applied Modifications 1 and I1
using various value of K to see ranks afresh. These are reported in Tables 5 — 12. The
values of Spearman’s rank correlation of two sets of ranks between MCDM method and
Modifications 1 and if are shown m Table 13. Tables 14-15 show these vaiues for
Modifications [ and 1l within themselves for different values of 4. The robustness of the
ranks is obvious in view of the large values of Spearnmnan’s rank correlation uniformly in
alj cases. :
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METEORPOLOGICAL DEPARTMENT STATION

1 _V_ ﬂ 4 ¥
1550 == . 2000 . 2An
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Figure 2 : Order of rank of Meteoroiogical Department station for.1998-2001.

DINDAENG STATION
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. — - "
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Figure 3 : Order of rank of Dindaeng station for 1998-2001.
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Table 5: Results of Moadification { for 1998.
Monitoring Station | k=1 Rank k= [.5 Rank| k=2 Rank{k =2.5 Rank| k=3 Rank
1) Ramkhamhcang 1 4108 10 02828 10 |0.2065 10 [0.1558 10 [0.1198 10
University
2) National Housing 6 (o) 3 logsos 3 (00405 4 |0.0208 4 looios 4
Authority
1) Huai Khwang 02306 6 (0.1188 5 lo.os27 5 |o033s 5 lo0180 5
4) Nonsee Vitaya g 1050 4 (00819 4 l0.0404 3 (00205 3 (0.0105 3
School
3) ggﬁ'ﬁ’a‘p"ayakc'm 0.3344 -9 (02449 9 |0.1882 9 101472 9 [0.1158 9
6} Thonburi 02561 7 10,1523 7 ]0.0944 7 00594 7 ]0.0376 7
7y Chokebai 4 02274 5 {0.1261 6 100726 6 |0.0425 6 l0.0251 6°
8) Dindacng 02742 8 |o.1642 8 lo.1005 8 |00623 8 lo0389 &
9) Meteorological {6 0145 1 f00073 1 (00016 1 [0.0003 1 o001 1
Department
10) Ratburana 0.1039 2 [0.0389 2 |0.0146 2 {00055 2 [0.0021 2 |
Table 6: Results of Modification I1 for 1998.
(ot matle =1 Bankd & =9 Ran
Monitoring Station | k=1 Rank/k =1.5 Rank| k =2 Ranklk = 2.5 Rank| k=3 Rank
V) Ramihamheany 1o cons g lg4202 7 02824 8 0197 9 [0.1413 9
University
2} Mational Housing |4 505 3 [03467 4 [0226 4 |0.1505 4 01017 5°
Authonty
3) Huai Khwang 06569 7 (04246 8 lo2788 7 |0.185 & l0.1238 6
4) Nonsee Vitaya 140649 4 (03426 3 102212 3 {04047t 3 | 01 3
School .
3) g;’;i’::m“’"a"a""m 0.6155 S (03996 6 02703 6 |0.1879 7 [0.1334 8
6) Thonburi 0.6673 9 [04347 9 |02858 9 [0.1887 8 [0.125 7.
7} Chokchai 4 0.6257 6 [0.3934 02495 5 |0.1589 5 [0.1015
8} Dindaeng 08476 10 [0.6385 10 [0.4953 10 ]0.3902 10 [0.3108 10
9) Meteorological o 3016 ¢ 51506 1 00773 1 | 004 1 [00211 1
Department ) .
10) Ratburana 04187 2 02455 2 |0.148 2 00905 2 (00558 "2
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Table 7; Results of Modification I for 1999,

Momitoring Stauen | k=1 Ranklk=1.5 Rank| k=2 Ranklk=2.5 Rank| k=3 Raunk

h S“m"ha_"‘h““g 0.2396 10 10.1050 8 |0.0466 5 |0.0208 4 |0.0094 4
niversity

2} National Housing |5\ 405 5 [g0649 2 0.0201 2 [0.0132 2 [0.0060 2
Authority

3} Huai Khwang 02067 7 [0.1002 7 lo.0495 7 |0.0247 7 |0.0124 6

4) g:;’:gf"“m 0.1520 3 |0.0688 3 lo.0321 3 |oo1s2 3 |ooo73 3

3 g‘;i'(‘j‘""‘?“aya""m 0.1927 6 [0.0919 4 [0.0453 4 |0.0228 S 00116 5

6) Thonbori 02276 8 |0.1179 9 [o.0628 9 |0.0340 9 |o.0186 9

7} Chokchai 4 0.1921 5 [0.0931 0.0468 6 [0.0241 6 |0.0125 7

8) Dindaeng 0.2342 9 [0.1261 10 (0.0688 10 |[0.0378 10 [0.0210 10

9 'L‘;’c‘e"m"’g'c"' 01757 4 |0.096 6 |0.0544 8 |0.0310 8 [0.0177 8
epartment

10) Ratburana 0.0855 1 [0.0275 1 [0.0091 1 |0.0030 1 [0.0010 1

Tabile 8: Results of Modification II for 1999,

Monitoring Station | k = | Rank|k = 1.5 Rank| k =2 Rank|k=2.5 Rank| k=3 Rank

1) Ramkhamheang |4 co17 o 164307 9 [03188 9 02423 9 [0.1898 9
University

2) Naticnal Housing

Authority 0553 3 103578 3 02403 5 101653 S |0.157 S

3) Husi Khwang 06285 7 lo407t 7 lo2701 7 | 0482 6 |o.1241 6

4) Nonmsee Vitaya 15 se06 4 03629 4 02373 3 |ois71 4 lo10s1 4
School

3 g;’;‘i';al‘a“’““)’ak"m 06138 6 (04001 6 (0269 6 |0.1842 7 |0.1278 7

6} Thonburi 0652 8 [0.4273 8 |0.285 8 |0.1921 8 [0.1305

7) Chokchai 4 0.5992 03752 5 [0.2383 4 |0.1524 3 |0.0981

8) Dindaeng 0.7974 10 |0.5967 10 |0.4617 10 |0.3632 10 [0.2888 10

9) Meteorological 15 4008 5 [0.3073 2 [0.1947 2 |0.1236 2 |0.0786 2
Department .

10} Ratburana 04172 1 [0.2363 1 |0.1401 1 |0.0849 1 [0.0521 1
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Table 9: Results of Wodification 1 for 2000.

Monitoring Station | k= { Rank|k = 1.5 Rank| k =2 Rank|k=2.5 Rank] k=3 Rank

1) E“‘.““‘“,""he““g 03624 10 [0.2161 10 [0.1348 10 |0.0865 10 [0.0566 10
nl\'erslty

2) National Housing 14 1509 5 00638 2 [0.0278 2 [0.0123 2 [0.0055 2
Authority

3) Huai Khwang 0.2027 6 |0.1032 6 |0.0542 6 |0.0289 6 |0.0155 6

" ?:hnjjfwaya 0.1989 4 [0.1326 8 [0.0908 8 |0.0631 8 |0.0439 8

3) gi';?é:‘;“a‘f’“axa""m 0.2100 8 [0.1025 S |0.0508 5 |0.0255 5 |0.0129 S

6) Thonburi 02076 7 |0.1095 7 [0.0594 7 |0.0326 7 [0.0180 7

7) Chokchai 4 0.1998 S |0.0981 4 [0.0491 4 00248 4 [00126 4

8) Dindaeng 02719 9 [0.1697 9 |0.1094 © 00722 9 [0.0485 9

9) Meteorological 14 1955 | o512 1 |0.0214 1 [0.0090 1 [0.0038 i
Department

10) Ratburana 0.1550 3 |0.0731 3 00357 3 [0.0178 3 |0.0089 "3

Table 10: Results of Modification 1T for 2000.

Monitoring Statton | k=1 Rank|k = 1.5 Rank| k =2 Rank|k = 2.5 Rank| k=3 Rank

I} Ramkhambeang |4 o798 9 04461 9 (03146 9 0.2317 9 [0.1754 9
University

2} National Housing |, 5353 4 153331 3 (02171 6 [0.1455 6 [0.0994 6
Authority

3) Huai Khwang 05949 7 (03576 7 02165 5 |0.1315 5 |0.0801 S

4) Nonsee Vitaya |5 511y 2 (03072 2 |0.1892 2 [0.1189 2 |0.076%1 2
Schoot

3) g;‘;ﬁra‘p“aya“’“ 0.6024 8 | 0385 8 (02568 8 |0.1766 8 [0.1244 8

6} Thonburi 0.5856 0.3508 0.2121 4 [0.1289 0.0788 4

7} Chokchai 4 0.5863 6 (03486 S 0209 3 |0.126 3 [0.0762 3

8) Dindaeng 0.8251 10 |0.6191 10 | 0.486 .10 |0.3925 10 |0.3234 10

9) Meteorological 14 4597 4 92481 1 (01374 1 00765 1 [0.0427 t
Department

10) Ratburana 05246 3 (03367 4 |06.2272 7 |0.1578 7 |0.ti17 7
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Table 11: Results of Modification I for 2001.

)

Monitoring Station | k=1 Rankk = 1.5 Rank| k=2 Ranklk=2.5 Rank[ k =3 Rank

1) Ramkhamheang

Univerainy 0.1658 6 0.072¢ 5 [0.03t8 5 {00140 4 [0.0062 3

2) :““0“‘." Housing 1o 1616 s lo.0789 6 |0.0416 7 [0.0232 7 [0.0133 7
uthonty

3) Huai Khwang 0.2043 8 [0.t088 8 [0.0595 & |0.0329 8 10.0182 8

4) Nonsce Vitaya g 1913 3 100510 3 [0.0250 3 00120 3 [0.0069 5
Schoel

3) Singharatpitayakom |6 5654 10 [0.1467 10 [0.0837 10 |0.0484 10 10.0282 9
School : : 10 10.08 - 028

6) Thonburi 0.1500 4 |0.0674 4 |0.0311 4 |0.0145 5 |0.0068 4

7} Chokchai 4 0.1676 7 [0.0802 7 100397 6 100199 6 [0.0t00 &

8) Dindaeng 62331 9 [0.1368 9 [0.0808 9 [0.0479 9 [0.0284 10

9) Meteorological | 4023 5 90390 2 |0.0143 2 |0.0053 2 [0.0020 2
Department

10) Ratburana 0.0946 1 [0.0330 & |0.0119 1 |0.0044 1 |0.0016 1

Table 12 : Results of Modification IT for 2001.

Monitoring Station | k=1 Rankjk = 1.5 Rank| k=2 Rank k=25 Rank| k=3 Rank

I} Ramkhamheang g o7y g |o4800 9 (03613 o [0279 o 02194 ©
University

2} National Housing 15 00> ¢ | 0384 7 |02571 7 04751 7 [0.1206 7
Authority

3) Huai Khwang 0.5990 7 10.3667 & [02250 6 |0.1398 & [0.086% 6

4) Nomsce Vitaya g 5169 5 103014 3 [0.178¢ 3 [0.1064 3 [0.0636 3
School

3) g:i‘i‘;jm'P"“Ya""“‘ 0.7084 © |0.476t 8 [03255 8 [0.2251 8 [0.1571 8

6) Thonburi 0.5207 3 [0.2983 0.173 01012 1 [0.0597 1

7} Chokchai 4 0.5541 0.3263 0.194 4 | 0.116 4 |0.0697 4

8) Dindaeng 0.7948 10 |0.5889 10 |0.4497 10 | 0.349 10 | 0274 10

9) Meteorological |0 joqg | (92872 1 [0.1706 t [0.1024 2 100619 2
Department .

10} Ratburana 0.521 4 [03244 4 (02062 5 [0.1324 5 |0.0855 S
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Table 13: Spearman’s Rank Correlations Between MCDM and
ivlodifications I and IL.

Year

Modification [

Modification 1

k=1 k=15 k=2 k=25 k=3

k=1 k=15 k=2 k=25 ki

1998

1999

2000

2001

0.7818 0.7333 0.7455 0.7455 0.7455
0.9515 0.8545 0.6364 0.6000 0.5758
0.9030 0.6364 0.6304 0.6364 0.6364

0.7333 0.7212 0.7576 0.6848 0.6182

0.9030 0.5758 0.93%4 0.8909 0.8667
1.0000 1.0000 0.9636 0.9394 0.93%4

1.0000 0.9758 0.7939 0.7939 0.7939

0.9636 0.9758 0.9879 0.9758 0.9758

Table 14: Spearman’s Rank Correlations for Modification {
for Different Values of k. -

Year

k=1.5

k=1,
k=2

k=t,
k=2.5

k=1,
k=3

k=15,
k=2

k=t.5,
k=2.5

k=2,
k=]

| k=2.5,
k:

k=1.5,
k=3

k=2,
k=2.5

1998
1999
2000
2001

£.9879
069152
0.8424

0.9879

0.9758 [0.9758 | 0.9758] 0.9879

0.7091 | 0.6606 | 0.6364 10.9152

0.8424 | 0.8424 | 0.8424 | 1.0G00

0.9636| 0.9394 | 0.8788 | 0.9879

0.9879
0.8667
1.0000

0.9758J

0.9879 | 1.0000 { 1.0000 | 1.0000

0.8424 |0.9879 1 0.9758 | 0.9879

1.0000 | 1.0000 | 1.0000 | 1.0000

0.9212|0.9879 (0.9394 | 0.9515

Table 15: Spearman’s Rank Correlations for Modification I1
for Different Values of k.

Year

k=1,
k=1.5

k=1,
k=2

k=1,
k=2.5

k=1,
k=3

k=1.5,
k=2

k=25,
=3

k=2,
k=3

k=1.5,
k=2.5

k=1.5,
k=3

k=2,
k=25

1998
1999
2000

2001

0.9636
1.0000
0.9758

0.9636

0.9758

0.9636

0.7939

0.9515

0.9394
0.9394
0.793¢%

0.9273

0.8606
0.9394
0.793%

4.9273

0.9879
0.9636
0.8182

0.9879

0.6394 | 0.8509 | 0.975810.9273 | 0.9758

0.9394 | 0.9394 | 0.9758 [0.9758 | 1.0000

0.8182|0.8182 | 1.000C | 1.0000 | 1.0000

0.9758 | 0.9758 | 0.9879 | 0.9879 | 1.0000




BRG46380010

150 Report 36 months

260 An Application to Air Pollution Daia

The rest of this section is devoted to a discussion of the Electre Method described in
Section 2.3, For every year (1998 - 2001), we begin with the data matrix X, and follow
steps 1-5 to evenmally obtain the matrix E. The four E-mamices are shown below in
Table 16.

Table 16: E-matrices.

Station { 2 3 4 5 6 7 8 9 10 |Station i 2 3 4 5 6 7 8 9 10
P {001 00600001 1 1 o1 010000 1 1
2 {0000CG0G 000 T I 2 looo1 00001t 1
3t 1011060601 1 3t tot 11001
4 {11 00000O0 I | 4 (0000001001
s it e1 0000 1 1 s i 1061 00001 1
6 |1 v 1 1 1 0 1 &1 1% 6 11 1 01 1 01 ¢ 1 1
71t r 1100001 7 ]t 1101000t 1
8 (1 1 1 ¢+ 1 1 1 011 g |r 111811101 ¢
9 lo o0 000O00O0O 9 (00010000 Q I
0 |coo6o0600¢0T1 0 10 looooo0oo0o0 o000
Year 1998 Year 1999
L ]
Station 1 2 3 4 5 6 7 8 9 10 |Saton 1 2 3 4 5 6 7 8 9 (0
t Jor ot 600011 1 {601 010000 11
2 oo ot o000 1 2 Jooo 1t 00001 1
3 lr o1 U110t 3 Jtr o1 081001
4 j0000CO0O0D0O0G0 O 4 1600000O0COCOGO 1
S /110100001 1 s it 0101 001
& (1 1t 01101 011 6 {1 ¢t 01 0000 1 1
7 lt1 0110001 1 7 1110101001t 1
S I U S S S R B AR I g lt 111111 011
9 oo o1 000001 9 {00601 00000 |
W0 {oo0100000G0 10 /6 000000O0TCO0O
Year 2000 Year 2001
-

From the above table. we can conciude that in 1998, Meteorological Department
station is the best and Ratburana station is the second. For 1999, the best station is
Ratburana and the second best stations are Meteorological Department and Nonsee
Vitaya school. In 2000, Nonsee Vitaya school and Ratburana are the best station and the
second best station, respectively. Finally, in 2001, the best station is Ratburana and the
second best station is Nonsee Vitaya School. In addition, the worst station is Dindeang
for every year.
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4. CONCLUSION

This paper presents a statistical study of the four air pollutants in the four-year period
(1998-2001) from ten monitoring stations in Bangkok, Thailand using MCDM method.
MCDM method is used to integrate the various columns of a data matrix so that each row
is endowed with a single overall index. summarizing the different component indices
over columns, thus making a ranking of the rows and hence their comparison feasible.
Some modifications of MCDM are also used to rank the stations.
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1. INFRODUCTION

consider the problem of estimation of 2 binomial proportion & basedon X' ~B(n,8), n
known, 0 < & < 1. In this paper we compare T} =X /n, and

Ty =[X +~/n /2]/[n ++/n] on the basis of Multiple Criteria Decision Making (MCDM)
method. This method is briefly decribed in Section 2 and Section 3 contains the main
results for our problem. Our recommendation is to use 75 rather than 7} for most

reasonable values of n.

2. A brief description of MCDM procedure

In the context of a ‘discrete’ data matrix X =(x;):KxN where xfj’s
represent ‘risk’ of ith ‘source’ for jth ‘category’; and we need to compare the X rows
simultaneously with respect to all the N columns, MCDM is a novel statistical procedure
to integrate the multiple indicators (X;1,...,x; )} for Tow i across all indicators into a
single meaningful and overall index. This is done by defining an Ideal Row with the
smallest observed vatue for each colurmn as

IDR = (mingxp,...omimgxipy) = (up, ... .un)}
and a Negative-ideal Row (NIDR) with the largest observed value for each column as

NIDR = (max;x;p, ....max; x5y ) = (vi,...,vN ).
For any given rowi, we now compute the distance of each row from Ideal row and from

Negative Ideal row based on a suitably chosen norm. Under L,-norm, we compute

LN

L(i,IDR} =
=
N
Li(i,NIDR) = Y [v; ~xy]w,
j=1

where w J,-' s are appropriate weights. The various rows are now compared based on an

overall index computed as

Li(i,IDR)

X : , i=1,....K. (2.1)
Ly(i,IDR} + Ly(i,NIDR)

Ly(Index;} =

Similarty, under L,-norm, we compute
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N
Ly(i,IDR) = [Z(xz.‘r‘ _uj)zwj]uz

j=l

N
Ly(i,NIDR) = [ D (x5 -v;)2w; ]/
=1

and compare the rows based on
L,(i,IDR)

- N I.=1,...,K'. (2.2)
L,(i,IDR} + L,(i, NIDR)

Ly(Index,) =

A ‘continuous’ version of this setup would involve xg-’s where the index J

would vary ‘continuously’. In the context of the problem of comparing several estimates

for estimation of 6, x;;'s are chosen to represent the mean squared errors of the

estimates for various values of 8, and L;-norm and L,-norm would be redefined as

5
L,(i,IDR) = J[x;(@)—u(ﬁ)]w(&)dﬂ (2.3)
; .
g
L,(i,NIDR) = J[v(&’)—x‘-(e)]w(&')dﬂ (2.4)
8
7
Ly(i,IDR) = J.(x;(ﬁ)—u(ﬁ))zw(ﬂ)dé' (2.5)
g
5 .
Ly(i,NIDR) - I(x,-(G)—v(G})zw(G')de. 2.6)
; _

Comparison of estimates is then based on the overall index defined as

[x:08)-u(8)]w(6)do

Ly(Index;) = - ,
[Uaito)-uto)weeras + [[v(0)-5,0)lwce)as
g 8

1D e B

143
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g
[(5:¢6)-u(8) ) (o) a8
L,(Index, )= é - ,
(x;(8)~u(0) )2 w(8)df + j(xim)—v(e))zwm) df
&g

A - S

3. Main Resuit
In this section we consider two standard loss functions, namely, absolute error
loss (L;-norm) and squared etror loss (1-norm).
3.1. L;-norm. We first prove a general result in the case of L,-norm, showing that the
MCDM approach in this case is equivalent to a standard Bayesian approach. Suppose

7,....Tg are estimates of § to be compared with respect to their mean squared errors
(MSE) MSE(T; )=x;(0),i=1,...,K, where § <8 <8.

Theorem 3.1 : Under L-norm, 7; is better than T ; if

g 8
J'x,-(a)w(a)de < J'xj(a)w(e)a'e.
8 g
(3.1
Proof: I; is betterthan T if

LI 1|

%, (8) —u (8) |w(@)d8 [x,(0)-u(8) [w@)do

[v(6)~x,(8) Iw(@)do [v(8)-x,0) [w@) s

1 i t;q;‘al
I'D '_t':b]' I

—

g
{B — [x, (@) w(&) de}

g g §
{jxf (@Y w(B)db — A][B— jx H(Ow©) d@] < ’:Jx (@ w(6)ds — 4
8 8 g

g g I e
7 7

where 4 = J'u(e)w(a)de and B = jv(a)w(e)de. Since [B—A4] > 0, T; is
74 é

better than T ), if
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g g
_[x, @) w@)ds < _[x H(OYW(B)d8.
& &

This completes the proof.

Corollary 3.2 : Let € be a binromial proportion, 0 <@ <1. If the weight function is
defined by wy(8) = 68°'(1-6)F7 with a = B=n/2, Ty(x)=[x+/ni2}/[n+n]
is the best estimate of ¢ under the MCDM approach.

The robustness of T5(x) for some other choices of @ and S can be seen from the
following cases where we mention values of # for which 75 (x)} is better than 7j(x ).
Casel: a=fF=1:n 6[1,19]. Case2: a=f8=15:n 6[1,41].

Case3: a=f=2:ne[l,71].  Cased: a=f=3:ne(1,155],

Following Filar et al, (1999), we now consider two additional choices of w8 ). The first

one, denoted by w,(8), is based on the notion of entropy between MSE(T] )and

MSE(T, } for various values of 8, and the second one, denoted by wq('6 ), is based on
' the coefficient of variation of MSE('T; ) and MSE(T, ) for various values of 6.

In the context of binomial parameter estimation problem, recall that X ~B(n,8),

N(x)=x/n, Tz(x)=[x+\{;/2}l[n+\/;], MSE(T| )= 9(1-9) and MSE(7T,) =
n
n .
m—)—z—.lt then readily turns out that
1—gpf8 ‘
wy(8) = 2% 3.2)
[[1-9(8)]3d8
8
where
a(1-8) (1 —6)
= _L n . n
Y | ) S Claa-g. |

no 4(n+n)? no an+n)?
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n n
4(n+\/;)2 1 4(n+~./;)2
60-6), __ n 8 60-0) _ n
n 4(n +n)? n 4(n+n)?

and

6(1-8) n
4(n+n)?
g) = . 3
n 4n+ Jn )2
Verification of (3.1) for these two weight functions has been carried out for various
values of n, using MATHEMATICA. The results are stated below.

Corollary 3.3 : Let € be a hinomial proportion, 0 <8 <1. Under wy(8), Tr(x)}is

better than Ty(x) forall n = 1.
Corollary 3.4 : Let & be a binomial proportion, 0 <& <1. Under w3(8), Th(x}is

better than 7y(x) forall ne{ 1,19].
3.2. L;-norm. In the case of L,-norm with a general weight function w (&), proceeding

as before, it is casily seen that T; is better than 7 if

)

[x,08)-u(8)2 w(6)do x;(8)—u(6)f w(6)do

[%:08)~v(8)F w(8)d8 x;(0)~v(8) F w(8)ds

[ B | Y
A
|<b’l: DD o -1

(3.4)

We now simplify (3.4) in the case of our problem of comparison of T} and T,

for estimation of the binomial proportion & Obviousty MSE(T, } £ MSE(T;) holds

whenever ¢;(n) <8 <cy(n), where

2
1- 1—{ e ] '
n+n 55

cy{n}= 5

and

146
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“\F‘Lfﬁf

: (3.6)

cyn)= 5
Moreover, the Ideal row and Negative-ideal row are casily obtained as
u(8):IDR =
6(1-8) n 6(1-8)
—28<eyn), ————=—:ci{n) <8 <cyfn), J8>cs(n)
{ n | H 4(n+&)2 l( 2() n 2 }
v(8): NIDR=

n 8(1-8) n
——— 8 <e(n), refn)<f<e,(n), —————:8>c,(n
{4(n+J;)2 1(n) i 2(n) wndn ) 2( )}

(3.4) is now simplified as

o1-0)Y U o6 2
j [ ” —(_)]w(ﬁ)d9<1[(_)— il ]w(@)df?

2 2
b<cr(npopscy(n) A+ V) g ain o Aneda)
=
1 61-6)) alr) or1-a))
_[ n_ 9091 weyae < 2 r__901-9)| e a0
5 \4n+n)r  n dn+n)t on

c(n}

: 3.7

Theorem 3.5 : Let & be a binomial proportion, 0 < 8 <1. If the weight function is
defined by w(8)= 6’“’1(1—1‘3?)‘8_1 for some a,f >0, then T;(x) is better than
T1(x) based on Ly-norm if » satisfies (3.8).

Proof : Since w(8) = 9a_l(1—9)'8_1, (3.7) reduces to -

1” it _en-8)  6*-0)

8% lr1-6,8"1 4p
16(n+vn)* 2n+n)? nt ] (1-9)

0



BRG44680010 159 Report 36 months 148

Satinee Lertprapal, Montip Tiensuwan and Bimal K. Sinha

8(n+1fr:)4 (n-t-\/;)z n?

CZ(R) 2 2 2
g [ n 6(1-6)  26%(1-0) Jga_l(lhg)ﬁ_lde

ci{n)

n?  T(aJT(B) L Dfe+UK(p+1) 1 T(a+2)T(B+2)
16(n+\/;1—)4 [la+f) 2(n+\/’?:)2 I'a+p+2) n® Lfa++4)

cz(jl.ﬂ) nzé)a—lﬂ_g)ﬁ—l _Ga(l__g)ﬁ . 29a+1(1_9)ﬁ+1]dg. )

ey i 8(n+n)* (n+n)? n?
We now consider some special cases of a and S and indicate values of » for which
(3.8) holds.
Casel: a=f=1:n 6[1,14]. Case2: a=f8=15:n¢ [1,26].

Case 3 : a=ﬁ=2:ne[1,41]. Case4: a=,8=3:ne[1,82].

Case 5 : a=)8=\f;/2: nelt.
It is interesting to observe that in this case also, T outperforms 7] for all values of #

under the minimax prior distribution.
As in the case of L-norm, here also we considered the other two weight functions ws (&)

and wy{8), and verified (3.7) for various values of n, using MATHEMATICA. The

results are stated below.

Corollary 3.6 : Let & be a binomial proportion, 0 <& < 1. If the weight function is
defined by (3.2) then 75 is better than 7] based on L;-norm forall #2 1.

Corollary 3.7 : Let § be a bmonﬁal proportion, 0 <@ < 1. If the weight function is
defined by (3.3) then T is better than 7 based on Lr-norm if ne{1,14].
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4, Conclusion

Based on the above analysis under L;- and L,- norms, our recommendation is to

use 75 rather than 7 for small values of n.
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Abstract

In this paper we consider the problem of estimation of § (1 — ) based
on X ~ B(n,#), n being known and 0 < § < I, & being uvnkrown. We
compare three standard estimators T} = -'E 1- '—X—) T = M,
n n n{n—1)
Xn-X)+n//2+n/4
T =

2 13 o+ /o
cision Making (MCDM) procedure. MCDM is a novel statistical procedure
to compare several competing estimators of a parameter. It turns cut that
our preference is mostly for 7).

on the basis of Multiple Criteria De-
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1 Introduction

We consider the problem of estimation of 8 (1 — 8} based on X ~ B(n.d). Here n
is known and 0 < @ < 1, @ being unknown. It is well known that there are three

standard estimators of (1 — 8), namely, 71 = i;g (l - %) ; the maximum likeli-
F
X{n-X
hood estimate {1}, T» = ?(%—:-1—)), the minimum variance unbiased estimate, and

T = Xn—-X)Y+n "n/2+n/4
P (n + /n)?

we compare Ty, T3 and T3 on the basis of Multiple Criteria Decision Making (MCDM)

method. This method is briefly described in Section 2 and Section 3 contains the

main results of this paper. It turns out that most often 7 is the preferred choice. For

detailed discussions on MCDM, we refer to Zeleny [3].

, based on the minimax estimate of 8. In this paper

2 A brief description of MCIDM procedure

In the context of a ‘discrete’ data matrix X = (zi;) : K x N where z;'s represent
‘risk” of ith ‘source’ for jth ‘category’, and we need to compare the K rows simul-
taneously with respect to all the IV columns, MCDM is a novel statistical procedure
to integrate the multiple indicators (z;y, ... ,x;n) for row i across all indicators into
a single meaningful and overall index. This is done by defining an Ideal Row {IDR)
with the smallest observed value for each column as

IDR = (minzy, ..., minziv) = (w1, ..., uy), say
and a Negative-ideal Row (NIDR) with the largest observed value for each column as
NIDR = (maxay, ...,maxzy) = (v, ..., ty), say

For any given rows,we now compute tha distance of each row from Ideal row and from
Negative Ideal row based on a suitably chesen norm. Under L -norm, we compute

N N
Li{i,IDR) = Z |ig = uslw; = Z[x,j—u;-] Wi
i=1 i=t
N N
Li(:,NIDR) = S jzg—ulw = Y f[u-zy w
j=1 j=1

where w; 's are appropriate weights. The various rows are now compared based on an
overall index computed as -
Lz, IDR)

bndes) = r—pey o viRy - oK (@
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Similarly, under La-norm, we compute

i

La(i, IDR) = [ (mij — uy)?uy]*?
j=1
N

I,(i NIDR) = Zz,, 412

and compare the rows based on

Lo(i, IDR)
12, IDR) + La(i, NIDR)'

Lo(Index;) = i=1,.... K (2

A ‘continuous’ version of this setup would involve z;;'s where the index 7 would vary
‘continuously’. Inthe context of our problem of comparing T , T2 and 73 for estimation
of 8{1~8), obviously K = 3, z;;'s are chosen to represent the mean squared errors of
Ty , Ty and T3 for vacious values of 8, and L),-norm and Lz-norm would be redefined

as
1
L(i.IDR) = [ @)~ wo) w(e)as ©
| J
L(i,NIDR) = /[*u(ﬁ)—a:i(ﬂ)l w (8) d6 (4)
3]
1
L(i.IDR) = | [ @)= ue)w()ds ()
0
1
L.(i,NIDR) = [ (:(8) — v (0) 2w (6) d8 (8)
] - .

where u(6) = min {z:(8)} and (0} = max {z:(6)}.

3 Main Results

We first start with the mean squsared errors of T}, Thand T}, given below. For detailx
of derivation, we refer to Technical Report [3].

MSE(T) = Bi(n)6+ Ci(n)8° + Di(n)&* + Eyi(n)é* (7)



BRG4680010

164 . Report 36 months

108 International Journal of Statistical Sciences, Vol. 8 (Special), 2004

where Bl(n) = w} Cl (n) — (5-"1 -7 (14_ n?) + e ,
Dyny = 2223 (4”;" an) =2 4 By = B2 Lk %) 0
MSE(T2) = Ban)8+ Ca(n)8? + Da(n) 8 + Ea(n)8? (8)
1 _ (7-5n) _4(2n-3) -2 -3)
where Bg(n) = n, CQ(?’!.) = m, Dz(l’l) = —n (ﬂ — 1) and Eg(n) = _T_LW
MSE(T3) = As(n) + Ba(n) 7+ Ca(n)8* + Da(n)6° + F3(n) Al (9)
where Aa(n) = CIRZERL”,
B _ =2(2n 4 2n/n)(nn/2 +nfd) + nf{n — 1)?
3(n) = CEWAT :
: 2020 + 20 R)(nR/2 + n/4) + 2n + 2nym)? ~n(3n — T){n - 1)
Ca(n) = (n + /) ;
v =2(2n+ 2nvm)’ + (20 = 3)(n — 1)
Dg(ﬂ) = \(/73:;' \/H)'i
_ (@n+ 2y’ -2n(2n—3)(n - 1)
and £i(n) = T V) .

- Writing z((8) = MSE(T}) , z2(8) = MSE(T2) and 23{8) = MSE(T;), we present
in Figure } their graphical patterns for n = 5,10,13,20. It is interesting to note the
bimodal nature of z,{#)and x2(@), and convex nature of z3(8).

Since 0 < & < 1, the intersection of three graphs can separate the interval of ¢ into
seven intervals (0 < ¢1(n) < ca{n) < cz(n) < c4(n) < ¢c5(n) < cs(n) < 1). Obviously,
MSE(T})= MSE(T:) hoitds whenever 8 = c3(n), c4(n)} where

(n) = ST On? - V12 = 3dn + 10907 — 6273 + 9
) = 26— itn + 008y . _

and

caln) = 6 — 17n + 9n? + V12 — 64n + 109n* — 6247 + On®
wee 2(6 — 17n + 9n?) '
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Figure 1: Graphical illustration of mean squared errors for n = 5,190,153, 20.

Likewise, MSE(T )= MSE(73) holds whenever § = ca(n), cs(n) where

a(n) = 24 +48y7 + 4n — 88n™? — T2n% + 32032 4 44n® + 827/% -
((-24 — 48/ — 4n + 88032 4+ 7202 — 32052 — 44n® — 8nT/2)2
4(24 4 48/ + 4n — 88n%/% — 72n% + 32n%/2 1 4477 + 807/
(2 +4v/m — 8n¥? — 6n? 4 4n®? 4 6n® + 20777 '
(4 + 16v/7 + 167 — 32032 — 8802 — 32052 + 114n3+
1287772 — 370t — 12402 — 26n° + 5201 V2 1 2305) VY 2)) 1/?/ |
(2(24 + 487 + dn ~ 8807 — 72n? 4 32032 4 44n® + &0 7/2)) -
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and
es(n) = 24+ 487 + dn — 88032 — 72n% + 32252 1 44n® + 872 +
((“24 — 487 — 4n + 88n>? 4 72n% — 3273/? — 4403 — 8n7/%)2—

4(24 + 48/n + 4n — 88n¥/? — 720 4 320%2 4 44n® 1 8n7?)
(2 + 4yn ~ 8nY2 — 6n? + 40%7 1 6n® 4 20717 -
(4 +16/7 + 16n — 32n%/% — 88n% — 32n5/% + 11403+

/2
198n7/2 — 37nt — 12402 — 2605 + 500112 4 25,n6) 1/2)) ! /
(2(24 + 487 + 4n — 88n%% — 7202 + 3205/ 4 44n° + 8n7/2)).

Lastly, MSE(72)= MSE(T3) holds whenever 8 = ¢1(n), cs(-n) where

1

ci(n) = —48 —56y/m + 24n + 40n>/? + 8n% — ((48 + 56/ — 24n — 40> — 8n?)?
~d4(—48 — 56+/n + 24n + 40n%/2 1 8n2)(~4 — 5/ + 2n + 3n%% + 202
—/16 + 34/ ~ 16n — 78n3/2 — 24n2 + 44n%/2 4 24n3 })V?
(2 (—48 — 56y/7 + 24n + 40n¥? + 8n?))

and
cs(n) = —48 ~56ym+ 24n + 40n%? + 8n? + (48 + 3617 — 24n — 4003/ — 8n?)?
—4(—48 — 56/n + 24n + 40n*? 1+ 8n?)(—4 ~ 5/ + 2n + 0% + 207
—\ﬁs + 34/ — 160 — T813/2 — 24n2 + 44n5/2 4 2403 )2/
- (2(—48 — 36v/n + 24n + 40n>? 4 8n?)).

Moreover, the Ideal row and Negative-ideal row are as follows :

IDR - u(8)={z,{0) : 0 <c2(n), z3(8) : caln) < 8 < c5(n),  (8) : 8 > e5(n)}.

(10)
NIDR:v(8) = {z3(8):80<cy(n), 22(8) : c1(n) < 8 < c3(n),
z1(6) : ca(n) < 8 < cg(n),z2(8) : ca(n) < 8 < cs(n),
z3(0) : 8 > cg(n)}. {11}

Since we are dealing with a continuous parameter @, 0 < & < 1, a proper formulation
of the MCDM procedure as described earlier in (3)-(6) can be given as follows.
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3.1 Analysis based on L,-norm
For ¢ = 1, applying equations (3} and (4), we get
eg{n)
L(LIDR) = [ (51(6) - =a(8)) w(0) 45,
c{n)
Li(L.NIDR) = (z3(8) — 2,(F)) w(f)dd +
g<cy (n)ob>ce(n)
e cg{n)
[ @6y =z w) a6 + [ (@2(6) - 21(6)) i) o5
afnl egfn)
For i = 2, applying equations (3) and (4}, we obtain
L1(2,IDR) = / (22(8) - 2,(0)) w(0) db +
8 <cp(n)_b>csind
csind
[ @a®) - 22833 wio) ae,
vgin)
ealm)
Li(2. NIDR) = / (x3(8) — x2(8)) w(8) d8 + / (x1(6) — 22(8)) w(8) db.
< e in)uf>cpin) i c3{n)
For i = 3, applying equaticns (3) and (4), we obtain
LEIDR) = [ (o) - 2a(®) w(e) a8
d<cainysd=cs(n)
ea(n) ee(n)
Li(3,NIDR) = / (2:2{8) — za(8)) w(8) d& + f (z2(6) — x3(8)) w(8) do +
er(n) ean) ‘
es(n)
[ @0 =240)) w(t) ab.
€a(n)

The overall index can then be computed from equation (1). It is clear that for the
purpase of comparison of the three estimates, we can work with

Li(i, IDR)
Ly(i, IDRY + L (i. NIDRY

Li(Index;) = i = 1,23
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3.2 Analysis based on Ls-norm
For i = 1, applying equations (3) and {6), we get

cz(n)

L+(1.IDR) (21(8) — £3(6))* w(8) r.zé,
\cz(n)

il

(a(8) — 2.())* w(8) 46 +

g<er{n) ..J #>esln)
ra(n)

f (72(8) — 2,(9))? «w(8) d& +

c{n}
zgin}

/' (22(8) — x1(8))? w(f) db
\ cy{n)

For i = 2, applying equations (3) and (6), we obtain

Lo(1, NIDR)

o5 n)

Lo(2,IDR} = / (22(6) — 2,(8))% w(6) dE + f (29(B) — x3(8))*e(8) &8,
8 <ca(n) J8>c3in) o)
ci(n)
Ls(2, NIDR) = / (23(8) — 22(8))* w(8) d& + / (21(8) — z2{8))% w(6) d8.
#<cr{n)u 8>cs(n) ca(n)
For i = 3, applying equations (3) and (8), we obtain
La(3,IDR) = [ @ -=6) we a,
\t?ﬁoz(n) G8>es{n)
ca(n) caln)
f (#2(8) — za(8))* w(8) 48 + / (22(8) — z3(8))* w(8) dB+
LeNDR) = | el
[ @106 - 2000 w(e) ao
\ estn)




BRG4680010

169 Report 36 months -

Lertprapail, Tiensuwan and Sinha: On a comparison of three estimators 113

Uneler Ly-norm also, the overall index can he computed from equation (2} for each
value of n.

3.3 Choice of weight functions

. . . go-1(1 — g)3-1
Our Arst weight function w(8) is defined by w,(#) = w forsome a, i3 >
0, which is a conjugate prior for the binomial parameter §. Following Filar et al. [2}. we
also consider two additional choices of w (8). The first one, denotec by wq(#), is based
on the notion of entropy among x (6}, z2(8) and xz3(8) for various values of 8, and the
second one, denoted by w3(f), is based on the coefiicient of variation of x((9), z2(8)
and «3(#) for various values of & (Vide [4}}. It turns ot that

1(,'2(9) = _é_}_:ﬂ?L (12)

f1—8(®)}ds
8

where 2(0} = pye Z ::‘I(S) . log _3_‘).:..(_9)__ )

A pae) | L)
an - -
wa(8) = V2(23(8) + z3{(8) + 23(8) — 21 (B)x2(8) — £1(F)x3(0) — r2(8)x3(8))
sl?) = 21(8) + 23(8) + 23(0)

(13)
For details of above decivation, we refer to Technical Report [3]. These expressions can
be readily computed using the functions z,{8}, x2{8} and z3{@} given in {3.1)-(3.3).

3.4 Comparison of estimators

We report in Table 1 the ranks of the three estimators when compared on the hasis of
the weight function w;(f). In Table 2, we provide the ranks for the two other weight

functions w2(8) and ws(#).
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Tabie 1: Rank of three estimators using weight w{6)*

Ly Lo
rank rank rank rank

(a=8=1) (a=8=yn/2} |{a=3=1) (a =8 =yn/2)

n =5 T 2 2 2 2
T 3 3 3 3.

Ta 1 1 1 1

n=10 T, 2 2 1 2

T 3 3 2 3

T3 1 1 3 1

n=13 T 1 2 1 2

Ts 3 3 3 3

Ty 2 1 2 1

n=20 7T, 1 3 1 2

Ts 2 3 2 2

T3 3 1 3 1

* Rank 1 = best, Rank 3 = worst

Table 2: Rank of three estimators using weights wo(8)and w3 (8)*

| L, Lq |
2 9)

e
[~}
=
e |
e
Ca
Famm Y
£
&
g
g
Car
———
N
o

n=10 Tl

n=20 Tl

P =y o Ry o~ Loy

WobD =] e = r =] e re |

L by o W B | L B =] e O R

3
1l
—
[¥]]
e
IV Y] PRI R PRUTRN PR ()

3
* Rank 1 = best, Rank 3 = worst
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4 Conclusion

Based on the above analysis under L;- and Ls- norms, we conclude that, for small
values of n, our preference is unifocrmly for 7). Under the weight function wy(6), T3
also has some advantages. Of the three estimators studied in this paper, it turns out

1 n—
that T is improper since T3(x} > 1 whenever v <z<® * ‘/ﬁ. On the other

hand, both T} and 73 are seen to be proper estimators. Therefore, one should use the

truncated version T5 of T2 and compute its mse and then compare it with the other '
two. This will improve the performance of T; and possibly make it preferable over T

and T3, We propose to undertake this study in future.
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Appendix
Derivation of equations (3.1)-{3.3).

Recall that
X X) T Xin-X) T X{n-X)+n/n/2+n/4
r 42 3=

n=3(-%) R=TE =T
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Let 83 = 8(1 — ). It is easy to verify that B(X) = nf, E(X?) = n8{(1 +nd - 8)
E(X3) = nb(1 + 3n0 + n%6?% — 3n8? ~ 36 + 267), and

E(X%) = nB(1 — 70 + Tnf + 1262 — 18n6? + 6n26% - 66° + 11n8° — 6n26* 4 n34°).
Moreover, V(X} = né(l — 8), and one can easily show

V(X?) = nb{l — 76 + 6n8 + 1267 — 16n8% + 4n?8% — 68° + 10n8® — 4n28%), and .
Cov(X,X?) = n8(1 +2n8 — 2m8% + 207 — 36).

Note that £(T}) = fO=8)n-1)

1), E{Tz} = 6(1 — 8}, and
E(Ty) = {9(1 ~®)(n-1)+ Léf+ %} ﬁﬁ)—"’

Hence, (E(T)) — 8)? = n—mld (8% — 27%¢° + n26%), (E(T2) — 8)% = 0, and
2
(E(T3) — 65)% = — ((n‘/ﬁ+3)—28(1—9)n(1+\/ﬁ)) .

(n+ n)* 2 4
Furthermore, -
vihy = V (%ﬁﬂ) = T% (R?2V{X) + V(X?) - 2nCou(X, X?)
= ;;1-5 (n(n-1)%8+ (Bn-T)(n-n?) 6 + (2n - 3)(4n? —4n) &) +
f% ((2n - 3)(2n — 2n%) 8Y)
X(n-X
V) = V(50T = gy (YO0 + VO -2 Coutt )
= n————g(nl_ V2 (n{n —1)%6 + (5n — T)(n —n2)8? + (2n — 3)(4n? — 4n)6®) +
val—_{)_? ((2n ~ 3)(2n — )64,

_ X(n—=X)+ny/n/24+nj4
v = v (S

m (n*V(X) + V(X?) - 2nCor( X, X?)

f;z__{_l_m (n{n —1)%0 + (5n — T)(n —n?)8% + (2n — 3)(4n? — 4n)6%) +

m ((2n ~ 3)(2n — 2n%)8*) .
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We are now in a position to compute the mean squared errors of the three estimators.

1. MSE(T\} = E(T, — &) = V(T1) + {E(T) - 6)?
= % {n(n =126 + ((3n — T)(n — n?) + n?) 62 + ((2n — 3}4n? ~ 4n) — 2n?) 83
+{(2n = 3)(2n — 2r?) + n?) &'} .
2. MSE(Ty) = E(Ts ~66)2 = V(T3)

= ng—(,:_—l)z{n(n ~ 1) = n(5n — T)(n — 1)6% + 4n(2n — 3)(n - 1)6° -

2n(2n — 3)(n — 1)6}.
3. MSE(T3) = E(Ts — &) = V(D) + (E(T3) — 6)?

ml_\/ai{[(?n + 2nyR)? — 2n(2n — 3)(n — 1)]6°

+[—-2(2n + 21f.*.\/5)_2 + 4n(2n — 3)(n — 1}]6°
+[2(2n + 22R}ny /2 + nfd) + (27 + 2n/R)? — n(5n — T)(n — 1))§?
+(~2(2n + 2nvR) (ny/A/2 + n/4) +n(n — 1)%8 + (nvn/2 +n/4)*).

Finally, a justification of (13} follows from the following cbservation. Referring to {2]
and [4], note that

£3: (m0) - 50)°
wy(8) = = )

R

3
% ; z;(8)
S:isnce
3 @:l6) ~ 2(0)) = 2 (#36) + 73(6) + 23(0) - 51(8)z2(68) ~ 21(8)m3(6) — z2(0)s(0)]

i=1
{13) foliows.



BRG4680010 174 ' Report 36 months
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ABSTRACT

In this paper we consider the problem of estimation of the mean of a univariate normal
‘population with an unknown variance when uncertain non-sample prior information about the
mean is available. We compare four estimators of the mean, including pre-test and shrinkage
estimators. The performances of the estimators are compared based on the Multiple Criteria
Decision Making (MCDM) procedure in order to find the best estimator.

Key Words: Multiple criteria decision making; pre-test estimate; shrinkage estimate; univariate
normal mean. AMS 2000 Subject Classification: 62C25; 62G05

1. Introduction

We consider the problem of estimation of the mean g of a normal population N{u,o*) based
on a random sampte X', X,,..., X, of size n. Assume that uncertain non-samplie prior information
on the value of u is available in the form of a nuit hypothesis Hy : g = p,. In this context,

Khan and Saleh (2001) discussed three biased estimators of 4 given by:

1) f,(d)y =did, +(1-d)py, 0<d <1, the restricted estimator (RE) with a coefficient of distrust
d, where d is the degree of distrust in the nuil hypothesié, Hy, 1 pu=y,,and ji =X, the
maximum likelihood estimator of x.

W (i, - o)

Sﬂ
= g, ~(t=d)(H, — 1) fd f.,|<fa;2), the preliminary test estimator (PTE) as a

2 AP () =g, @), |<;a‘,2) + H, I(II |>Ia1’2) |2, l_

linear combination of the maximum likefihood estimator and the RE, where #(4) is an indicator
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function of the set 4 and ¢,,, is the critical value chosen for the two-side o — level test based on

the Student-/ distribution with v = n~1 degree of freedom.

~s S, ~ . . .
3) dy=Hyt l———f—— (#, ~ Hy), the shrinkage estimator (SE) by using the
|V, - )]

preliminary test approach, where ¢ is a constant function of v.

In this paper we compare the unbiased estimator ¥ (Casella and Berger, 1990) and the three
biased estimators as described above on the basis of mean squared errors (MSE) (Casella and
Berger, 1990} by using Multiple Criteria Decision Making (MCDM) method for searching the
best estimator. This method is briefly described in Section 2, and Section 3 contains the mean

squared errors of each estimator. Section 4 describes the main results. Qur recommendation is o

use x from the MCDM point of view. Among the biased estimators, the shrinkage estimator j

performs the best.

2. A Brief Description of MCDM Procedure

In the context of a ‘discrete’ risk matrix X =(x;): Kx N where xjj's represent ‘risk> of ith

‘estimator’ for jth ‘parameter point’, and we need to compare X estimators simujtaneously
with respect to all the N parameter points, MCDM is a novel statistical procedure to integrate the
multipte risks (x;,...,x,, ) for the ith estimator into a single meaningful and overall risk factor
(see Filar et al., 1999 and Maitra et al. 2002). The X estimators are then compared on the basis of
these integrated risk factors. Integration of risks is done by defining an Ideal Row with the
smallest observed value for each column as |

IDR = (minxﬂ, -.-,m{inx‘.-N) = (ul.)"')uﬂ)
f

and a Negative-ideal Row (N[DR) with the largest observed value for each column as

NIDR = (m;’ixx”,...,maxxm) = (Vs aVy).

For any given row i, we now compute the distance of each row from Ideal row and from Negative

Ideal row based on a suitably chosen norm. Under L~-norm (Zeleny, 1982), we compute

N
["I (f, [DR) = Z (xfj - u}) wj
j=1
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N
L(i,NIDR) = Y (v;-x;)w
i =1

where w;'s are appropriate weights. The various rows are now compared based on an overal

index computed as

Ly Index;) = - L'(I’IDR_) , i=1,...,K. 2.1
L,(i,IDR) + L,(i, NIDR)

Similarty, under Z;-norm (Zeleny, 1982), we compute

N
Ly(i,IDR) = [ X (xy-up)?w, 1'%,
i=t

2

L,(i, NIDR) = Z -y, ) w12,

and compase the rows based on
L,(i,IDR)

_ , i=l.LK. (2.2)
L,(i,IDR) + L, (i, NIDR)

Ly{Index;) =

A ‘continuous’ version of this setup which is relevant for our probiem would involve xj's
representing risks or MSEs where the index j would vary ‘contimuously’. In the context of our
problem of comparing i, &,(d), af™d) and 4F for estimation of g, obviously K =4,
x;;'s represent the mean squared errors of &, . &,(d) f PTE¢d) and ¥ which are functions of

a real-valued parameter 8 (see below), and L-norm and L,-norm would be redeﬁned_a.s

L,(i IDR) = ?(x,(@—u(@))w(@)dé‘ (2.3)
g _

L(i, NIDR) = ajv(a) -x,(0))w(0)do (2.4)
4

Ir(i,IDR) = ﬁ(x,.(a)-u(e))ﬁw(e)de (2.5)
&

Ly(i,NIDR) = \/?(x,(@)vv(ﬂ))zw(ng)dﬁ (2.6)
8

where u(@) =miin {x(8)} and w(@)= max {x®&)3, i=1,2,3,4.
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3. Mean Squared Errors

We first start with the mean squared etrors of f,. 2,(d), 276 (d} and i°. We refer to Khan

and Saleh (2001) for details.

2

MSE(Z,) = °—.
n

2
MSE(f2,(d)) = O-T(d2+(l-d)zﬁz), A=&ﬁ;—#_o).

2

MSE(ATE(d)) = ,O-_[l—(l_dz)Gs.v[%Fa;Azjﬂl-d)Az{Zle(—;—Fa;Az}—(l +d)G5,[éFa;AZ)H.
" :

where G, (-;4%) is the c.d.f. of a non-central F-distribution with (p.g) degrees of freedom and

non-centrality parameter A?, and A? is the departure constant from the null hypothesis.

n
(g = 2 F[E]
MSE(]) = T-1-2KX2e ? ~1)], K, = -l
n 7 n-1 [n—l]
T ——
2
Since o’/n is a common term so we ignote it. Writing 7, 4,(d), 27T (d) and g as
I, T, Ty and T, respectively, we get
MSE(T}) = 1,
MSE(T,) =d* +(1-d)* A%,

MSE(Ty) = 1-(1-d? )G,),,[% o Az] +(1~-d)A? {263.,, % F; AZJ - +d)Gs, G F, ;A )}

n
2 £ [2 F[EJ

MSE(T,) = t-=K}[2e ¥ ~1], K, = J———"2_.
g n-1 n-1

)

In order to appty the MCDM procedure, we need to evaluate the above MSEs for various values

of A%, First, we consider
MSET) = 1-(i-d%) G,_,[%Fa;A’JHI—d)Az{ZGab,(%}i;A’)—(l+a’)Gs_v[%F;;af]},

Let F = ¢, Note that

Lv.a
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1 2 - 2oa2 c 2
G, (3E0t) = B [:c;(A) <& z]
V
(AI]J{
a5 2
= =12
= e ? Pr ZM:J <= ,
7=0 J X v

and in the same manner

GS V[lFa;AZJ =
]

The above probabilities are computed by simulation (1000 replications) for & = 0.05, 0.25 and

0.5 and appear in Tables 1, 2 and 3 respectively.

In view of entries in Tables 1, 2 and 3, we can approximate Gy, (% Fu; AzJand Gs, [% Fus AZJ

as

A (5
1 X -2 c
Gs,y[—Fa;ﬁz] x ye? PT[X3Z+2jS ;,‘83]

j!

.}:0 — rl
use from Table 1, 2 and 3
[Az]j |
2=
1 L <2 ¢
Gy | E:4 | = Ye? Pr[ G2 S — f]
5,!/[5 a ] )Zu ][ : Zs i ,VZ |

wse from Table 1,2 and 3
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Table 1 The simulated probabilities forn =5, 10, 15; &= 0.05
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Simulated Probability
n=5 n=1i0 n=15
J 2
x;«-Zj < Fi 4. 05 X}ni < F e 08 Z3+2j i:.1-9.-01‘ x52+2i < B9 05 Z:ij Fi14; .05 z§+2j < Fia; 05
i 4 2 4 3 9 z 9 s 14 T 14

0 0.805 0.655 0.43 0.225 0.26 0.098
1 0.655 0.522 0.225 0.089 0.098 0.027
2 0.522 0.356 0.089 0.055 0.027 D.015
3 0.396 0.317 0.053 0.02 0.015 0.004
4 0.317 0.221 0.02 0.013 (.004 0.005
3 (.22} 0.165 0.013 0.002 0.005 0

6 0.165 0.122 0.002 0.003 0 0
7 0.122 0.088 0.003 0.001 4] 0
8§ 0.088 0.073 0.001 0.001 ] 0
9 0.073 0.041 (.001 0 O 0
10 £2.041 0.03 0 0 0 0
1t 0.03 0.02 0 0 0 0
12 (.02 0.015 0 0 0 ¢
13 0.015 0.01 0 { 0 0
14 0.01 0.004 ] 0 0 0
15 0.004 0.006 ¢ 0 0 0
16 0.006 0.003 0 g 0 0
17 .003 0.001 0 4 ¢ 0
18 0.001 0 0 0 0 {0
19 0 4] 0 0 0 0
20 ] 0 0 0 0 ¢

F1‘4;‘05 = 7.7086, F13;_os = 5.1173,1::,[4;‘05 = 46001,




BRG4680010

180

Table 2 The simulated probabilities forn =5, 10, 15; a= 0.25
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Simulated Probability
n=>=5 n=10 n=15
J 2
Ay < Faos | Y41 _ Frsos Zivzj _ Fioos 232 < Fs: 05 Begj _ Fiasos 2y Fusos
I 4 23 4 x5 9 3 9 X 14 i 14

0 0.155 0,162 0.13 0.G31 0.07% 0.609
1 0,162 0.057 0.031 0.005 0.00% 0.001
2 {.057 0.028 (.005 0.002 0.001 3.001
3 6.028 {.009 0.002 ] 0.001 0

4 0.009 0.008 0 0 0 0

5 0.008 0.001 0 0 0 It

6 0.001 0.001 Y 0 0 9

7 0.001 0 0 0 0 1]

8 ] 0 G 0 0 0

g 4 0 i 0 ] 0
10 0 0 4] 0 0 0
il 0 G 0 0 0 [t}
12 0 0 0 0 0 0
13 0 0 0 1) 0 G
14 0 4] 0 1] 0 0
15 0 4] 0 ] 0 0
16 0 0 0 Q 0 ]
17 0 g 0 { 0 G
18 0 0 0 0 0 ]
19 0 0 0 0 0 ]
20 0 0 0 0 0 0

F|.4;,2s = ]8074, F],g;‘zj = 1.5121, F1,14;_25 = 1.4403.
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Table 3 The simulated probabilities for n = 5, 10, 15; &= 0.5
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Simulated Probability
n=35 n=10 n=15
;
B Faos | 2ha < Flq, 05 2'32+2j Fi.9.05 3.'52+2j < Fi.9; .05 t3ha5  Foges 2 Buaes
X 4 1i 4 z i % 9 Xy t4 1 14

0 0.107 0.02 ($.031 0.002 0.0i3 0
1 0.02 0.001 4.002 0.001 0 0
2 0.001 0.001 0.001 0 0 0
3 0.001 0 0 0 0 0
4 0 0 0 0 0 0
5 ] 0 0 i} 0 0
6 4] 0 4] 0 0 0
7 G 0 4] 0 0 0
8 0 0 0 4] 0 0
9 D 0 0 0 0 0
14 0 4 0 0 0 Q
11 0 0 g 4] 0 4]
12 0 0 0 0 ¢] G
13 0 1] 0 0 0 1]
14 0 0 0 0 0 0
15 Q0 0 Y] 0 0 0
16 g 0 0 0 0 0
17 ¢ 0 0 0 0 0
18 0 0 0 0 0 0
19 0 0 4] 0 0 4]
20 0 0 0 0 0 4]

Figs = 0.5486,Fi0.5 = 04938,F 145 = 0.47%.

4. Main Results
In this section we compute the mean squared errors of each estimator and compare them based on

MCDM. We consider three values of d (d =0, 0.25, 0.5) and three values of n (n= 8§, 10, 15) for

each « (@ = 0.05, 0.25, 0.5) and denote A’by & It may be mentioned that & = 0 corresponds to

the usual preliminary test estimator. We have considered the range 0 <& <10 and show only the

result in two cases, i.e. Case I: d=0.25,n=15, a=0.05 and Case II: d=10.5, n=10, & = 0.05.

The others can be obtained in the same manner.

Casel: d=025,n=5, =005

MSET) = 1,
MSE(T,)

(0.25)% +(1-025)%9 = 0.0625+0.56258,
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MSE(Ty) = 1-(1- d2)03_4[~31~ F, ;9} +{1-4)8 {263‘4 [% F, ;ej - (1 +d)Gs 4 [% F, ;9}}

= ¢792(-0.754688+%'? + 02864066 + 0.1853918? + 0.04373446° + 0.005409679°
+0.000644 87 +0.000042686% +2.7117x107%87 +1.47792x1077 8% + 578966 x 1077 §°
+3.72135x1070 9% +8.63766x1072 ' +3.11546x107139'2 + 7.84746x 1071% g3
+2.5073x 1071 9% + 7.78882x 107 1% + 4.64923x 10721 %6 + 4.45216x 1072 Y7
+7.5856x1075 918 1 8.93738x107%° 91%)
F(%J 3 r

5
1-'__

2, _E_ _JT [2] _‘F,___ﬁ
MSE(Ty) = 1-—K;[2e 2 -1], K= 5‘11*[5_1] “Yar()  4V2

1}

2
1.5625—-1.125¢79/2.

t

We present their graphical pattems for d=0.25, = § and ¢ = 0.05 in Figure 1.

3 h
. 53 T .

4; /_f/

33 f/- T3

2 5

1§ e %
3 G il
1

D-| ‘T rrr1r1rrrr17rr+srirrirr*a7TFTrFrTernt 8
0 2 4 B 8 10

Figure 1 Graphical illustration 6f mean squared errors for d=0.25, n=5 and &= 0.05.
Casell: 4=0.5,n=10, a=0.05
MSET) = 1,

MSET,) = (0.5 +(1-0.5)%8 = 025+0.250,

1

MSE(T,) = 1-(1- dz)ow[% F, ;9] +(1~d)6 {2633[5 F, ;9] —(l+ a')Gs_g[é—Fa ;QJ}

L}

1-0.3225¢7%2 4+ 0.176875¢79/29 + 0.0707813¢~%/29% + 0.005109e /%67
+0.000794271e7%26% + 0.0000241536¢7%/26° +2.96224x107° /255
~891307x107°e™#/297 +3.41506 10 ¢™/26% + 2.01836x 1071 7929
+5.38229x 10712 7929
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=10-

2 2

2 _ [z r(%] 2 r(s) _128[2
MSE(T,) = 1-=K2[2e 2 -1], Kip= = |2 Ly
{Ta) , Kiol2e I Ko 10-1r(10-1) 91_(9) 105V

= 1-0.6018(-1+2¢7%'%).

We present their graphical patterns ford=0.5, » = 10 and &= 0.05 in Figure 2.

MSE | e
2.55 . . //
s f_/
2§ /"/
1.5] - &
1 = ’7;3
E i 1
:/ /’/
0.5:/ ‘
3 rtr1r1r1trrrt+rrrryrrrrrrrIrrTrtyryri 9
0 2 A & 8 - 10

Figure 2 Graphical iilustration of mean squared errors for d = 0.5, n= 10 and a = 0.05.

Since0 < & < 10, the intersection of four graphs can separate the interval of 6 into seven
intervals (0 <¢, <¢, <c¢; <, <c <, <10). Moreover, the Ideal row and Negative-ideal row are
as follows:

IDR:u(0) = {u(8):0 <c|, 1,(8) ¢, <0<y, u,(8) 10, <8<y, uy(0):¢; <8 <¢y,
us(B):cy <8 <c5,ug(0):c5 <8 <y, uy(0):8 >c4}

NIDR :w(8) = (v(8):8<c, v(8):¢, <8<y, vy(B):¢, <8<y, v(0)ic; <8 <cy,
vi(8)icy <@ <5, v (@) s <8 <cq,v5(8):0> ¢4}

The Ideal row and Negative-ideal row for each interval are shown in Tables 4, 5 and 6 for a =

0.05, 0.25 and 0.5 respectively. '

Table 4 The /DR and NIDR for each interval at & =0.05

d . g=< ¢y CIE8Cy | Gy o3<<c, Co<<Cs C5<6<Cy i<l
U, V1 iy Vi Ly V3 Uy Vi Ls Vs 273 V5 Hy Vq
0.0 5 L, T, T, T, | T, Ty Ty T T, T, nn T,

10 n NI, LT, T3 | T, T T T T, Ve L h
15 n 4L T L L, L\, T LTI n
0.25 ] I L h »hy L, | LW I L | T
10 L L LG|L »|nh L nh LT Lh|h T
i5 L, | hHh L T\ L L, T
0.5 5 I, WL LWL T, 1 T T T T T W T,
16 L, T, LT T T Ty T Ty T, Ty Iy T,
15 n WL h|h T | T T T, Ts T, Ts W L
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Table 5 The /DR and NIDR for each interval at @=0.25

d n g< [} C|<9<c2 02{6(63 C;‘CM;‘ C4‘*’~9<C§ Cs<9<05 C5{9'
Uy Vi Uy V2 H3 L] 7] vy g V3 173 Vg Uy Wy
0.0 5 , .| & L|L &% Ll|%h nl|7. &4 &

19 Tz Tt Tz T; Tq T3 T4 T3 Td T 2 T| Tz T; Tz
i5 L, |\, LT, h | L L nh LT, LI §
0.25 5 n L LWL L Lh|Th Lh LT hn
10 T I I, |5 75 T Ty T Ta T Ts 7 T3
15 L | K| K| LT L | L i |
8.5 5 L T KL | LN TN s | T T,
10 Hh T H|h T T Ts T T i Ty I T
15 L "L KWL LT, Lnh T, L nh b

Table 6 The IDR and NIDR for each interval at ¢ = 0.5

d n 8< ¢y C\<8<C; | €285y C3<8<C, £,<6<Cs C5<E<C, C<l
41 LY Uz V3 Uy vy Uy VYa ifg Vs Ug ¥ U Va
0.0 5 T 2 T[ Tz T; T4 T 3 T4 T;; T4 Tz T] Tz T[ Tg

10 L L LTy T Ts Ty Ts T, T; T T o
15 T, | Th LT T | Ty T.| T L | T | T &
0.25 5 nhn WL LT, T T, T T, T4 Ty ' W T;
10 T, W nh " T3 T T T\ Ty T, Ty T T
t5 L | LT 0 | L | L | T D
0.5 3 I, W& LWL x|, T,\nNh | Th | T\ +h
t0 T, TWWH TG T T 7y T Ty T; Ts T ¥
15 I, WL K| Th T 75 Ts T T T Ta n T

4.1. Analysis based on L;-norm

Fori=1,2, 3, 4, applying equations (2.3) and (2.4), we get

) € )
LG,IDR) = [(x,(8) -, (6))w(8)d0 + ]‘(x,. 60)~u,(6))w(60)d8 + [(x,(8) ~us(6))w(©)dE +
0 o @

](xf(e) —u, (6))w(8)dE + j(x,. (8) ~ us(8))w(8)d8 + T(x,. (8) —ug ())w(8)db +
e, 4

€ 4

10
[(x, @~ (8))w(6) a8,

(]
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L,(i, NIDR) =

-12-
[01(0) - x,)w(@)dB + [(+,(0) - x,B))w(8)d + [(v(8) - x,(8))w(8) 6 +
[H ) 2

[©40) ~ %, @)w(©)d8 + [(v5(8) - x,@)w(8)d8 + [(v5(6) - x, ()} w(8)d6 +

1

€4 ]

10
I(v? (8) ~ x,(8))w(8)d6.

5

The overall index can then be computed from equation (2.1).

4.2. Analysis based on L;-norm

Fori=1,2,34,

L,(i,IDR) =

applying equations (2.5) and (2.6), we get

L,(i, NIDR) =

- ¢ cy
[65:6) - 4,0 w(8Yd8 + [(x,(6) -, OF w(0)d8 + [(3,(8) - uy () w(©)dE +
]

G <1
<y <y G5
[(,0) - u,(0)) wi)d8 + [(x,(8)-us @) w(@)dO + [(x,(8) - ug(8)) w(0)d6 +

Lo
& @ -, 0)) w(B)db

e

U 1 o
j.(v, 6) - x, ) w(8)d6 + [(v,(8)-x,(0)) w(@)d8 + [(v(8)~x,(0)) w(6)db +
¢ £ e

[AGE %, (0)) w(8)d8 + [b5(8)=x(8)F w(6)d6 + [(v5(8) - x,(O) w(6)d6 +

I e 1] cy

19
[(26) - x,(®)) w(6)d8

s

Under Ly-norm also, the overall index can be computed from equation (2.2).

4.3. Choice of weight functions

Our first weight function w, (8)is defined by w,(8) = 1. Following Filar et al. (1999), we also

consider two additional choices of w(#). The first one, denoted by w,(#), is based on the

notion of entropy among x,(8), x,{8), x;(6) and x,(¢) for various values of &, and the
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second one, denoted by w,(8), is based on the coefficient of variation of x (&), x,{(8), x;(&)
and x, () for various values of &. It turns out that
1-¢(f
W@ = - #(6)
[t1-¢6) 1 a6
Q

where ¢(8) = - 1424" :;(9) log x,(6)

log i in(g) ixi(g)
=l

f:l

3

and

\/ 3x7 () + 353 (8) + 352 (8) + 3x2 (8) — 2x,(8)%,(0) — 2%, (B) (%, (6) + x,(8) )
iy — 12ROE@+5E)+x(0)

2.5 )

4.4. Comparison of the estimators

We report summary of the ranks of the four estimators when compared using L,-norm and Ls-

norme on the basis of the weight functions w,(8), w,(8) and w,(8) for &= 0.05, 0.25 and 0.50

in Tables 7, 8 and 9, respectively.
Table 7 Rank of four estimates using weights w, (), w, (8) and w4(8) at a = 0.05"

d " T Li-norm Ly-norm

Wi Wy W Wy Wa Wi

0.0 5 T\ 1 2 1 i 2 1
T; 4 4 4 4 4 4

T 3 3 3 3 3 3

[ 2 I 2 2 1 2

10 T 1 1 1 { 1 i

T 4 4 4 4 4 4

T, 3 3 3 3 3 3

T, 2 2 2 2 2 2

15 a 1 i i 1 1 1

7, 3 2 4 4 3 4

i 2 4 3 3 4 3

. |2 3 2|2 2 2|
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Table 7 (Continued)

Y Rl A R T L ] B S Y R N TR 1oY CESIR S Uy NP
El .
gl Rt TN~ AT |~ ot N
Lay
~J
Sy Rl A T e I ] e R B Y P N R L R
Y Rl T R R ] B R NI (R e [
A R e A I R A T T ) [Fp v e,
L]
3
Y Rl A T | L T Y B I Y o P N VY (N
I L M [ Sl M U [ G S Sl S Tl M T A G
o s
S 2 2 ) = hil
v
w | i
o <

worst

Rank 1 = best, Rank 3

0.25°

Table 8 Rank of four estimates using weights w, (8), w, (8) and w4 (6) at a

W3

N o N e
El o

gl 2|+ e | e N en
1

Blm N~ N~ e

L] o |~ 8 on|— o+ ot
gl - v~ |~
[]
~]

Flm o — o Nt
LT [l SAR o of Sl Sl Sl Ao A Ll Sl
2 [» = “

<
AP~
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Table 8 (Continued)

W3

= worst

e B e Rl s ] el 2 T BT S I Y E R S I R ] P S IS PR IR [ oot
I TR A e R B R ] B R B e P TR Il E S R Y P S It LN A B P A SRt
L
3
EYEal il TR S I o e I i A S B P I R S I E R U LY R S I Eo - S B
L Rl S R B I ol s N T BT L e N e I R B S I R SR o] R S
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Table 9 Rank of four estimates using weights w, (8), w,(8) and w;(&)at
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5. Conclusion

It is obvious from Figures 1 and 2 that there is no one estimator which dominates the other
estimators in terms of mean squared errors. Based on L;- and L,- norms, we conclude that our
preference is uniformiy for 7| under three weights w, (£), w, (8)and w, (&) for all values ofx.

Moreover, among the biased estimators 75, T and Ty, it tuns out that 73 and 7, have some edge

over T for w, (8), w, (6) and w4 (&) for all values of .
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