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1. Abstract

(English) Nanotechnology is a frontier revolutionary technology that offers a wide
range of promising applications such as computers, electronics, medical devices,
etc. The development of nanotechnology applications requires an understanding of
responses of nano-scale structures such as nanobeams/wires, nanotubes,
nanoparticles and nanoplates, which are the key components of nano-scale devices.
The present research investigation is motivated by the need to develop a suitable
theoretical model to analyze the complex behavior of nano-scale beams and plates
observed in experiments. Mechanistic models incorporating surface stress effects
are developed during this investigation and applied to examine the influence of size
effects and boundary conditions on nanobeam and nanoplate responses. The
outcomes from the present research investigation provide a novel insight into the
complex size-dependent behavior of nanobeams and nanoplates. This knowledge is
crucial for the nanotechnology researchers and engineers to produce reliable

designs of nano-scale devices and nanotechnology applications.
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2. Executive Summary

Nanotechnology has remarkably become one of the most interesting fields of
research and technology that offers a wide range of applications. For instance,
researchers have developed a noninvasive surgery method that could blast tumors
or other diseased areas without damaging healthy tissue by using a lens coated with
carbon nanotubes to convert light from a laser to focused sound waves. Nanowires
are being explored due to their unique chemical and electrical properties to make
efficient solar cells. Nano-crystalline silicon carbide has been used in hard protective
coatings for computer hard disks. For public utilities, researchers are developing
economical and efficient water purification technique which would allow inhabitants
in the third-world countries to access clean water. According to existing and
potential benefits to various applications and a growing demand for high
performance nano-scale devices, nanotechnology will undoubtedly become a frontier
revolutionary technology capable of profoundly impacting our society.

Nano-scale beams and ©plates are the key components of
nanoelectromechanical system (NEMS)-based technology and other nano-scale
devices. To successfully design and manufacture nano-scale devices, a fundamental
understanding of their mechanical properties and behavior is required. Investigation
of nano-mechanical properties and responses can be achieved by either conducting
experiments or performing mathematical simulations. For structures with nano-scale
dimensions such as nanobeams and nanoplates which have relatively high surface
area-to-volume ratio, the size effect due to surface energy can play an important
role on their mechanical properties and responses. Nanobeam experiments, for
instance, show a complex size-dependency of elastic modulus that is influenced by
beam thickness and end boundary conditions. Mathematical simulations based on
conventional concepts of mechanics, therefore, need to be modified to account for
surface energy effects that exist at the nano-scale.

Based on the above introduction, it is clear that an understanding of size-
dependent behavior of the structures at nano-scale is critical for an effective and
reliable design of nano-scale devices and nanotechnology applications. Significant
research efforts, therefore, need to be directed toward the investigation related to
the mechanical responses of nano-scale structures. To serve these challenges, this

research project examines the key research issues related to the mechanical



responses of nano-scale beams and plates. Mechanistic models of nano-scale
beams and plates incorporating surface stress effects are developed and applied to
investigate the influence of various parameters such as size effects and boundary
conditions on responses of nanobeams and nanoplates. The outcomes from the
present research provide a better understanding of mechanical responses of
nanobeams and nanoplates, which are useful in the development and improvement

of nano-scale devices and nanotechnology applications.

3. Objectives of the Research Project

The objectives of the research project are:

1) To develop mechanistic models incorporating surface effects based on
Gurtin-Murdoch continuum theory for analysis of nano-scale beams by means of the
principle of equilibrium.

2) To verify the governing equation and identify admissible boundary
conditions of nano-scale beams by means of the variational formulation. In addition,
analytical solutions for nano-scale beams with different end boundary conditions are

to be re-derived and examined.

3) To employ the nano-scale beam model and solutions obtained from 1)
and 2) to investigate the influence of size effect and end boundary conditions on the
response of nhanobeams.

4) To develop mechanistic models incorporating surface effects based on
Gurtin-Murdoch continuum theory for static and dynamic analysis of nano-scale
rectangular plates.

5) To construct analytical and finite element (FE) solutions for static and
dynamic analysis of nano-scale rectangular plates.

6) To employ the nano-scale rectangular plate model and solutions obtained

from 4) and 5) to investigate the influence of size effects and boundary conditions

on static and dynamic responses of rectangular nanoplates.

4. Research methodology

The present research project is concerned with the development of mechanistic

models incorporating surface stress effects for the analysis of nano-scale beams



and rectangular plates. The research methodology, procedures and fundamental

theories to be employed in the research project are summarized as follows:
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Figure 1 (a) Surface stresses on an incremental element of top surface layer; and

(b) stress components of an incremental bulk element.

4.1 Development of nano-scale rectangular plate models

Consider an incremental element of a thin rectangular nanoplate with a
Cartesian coordinate system (X, y,z) as shown in Fig.1. It is assumed that the
response of the plate is governed by the continuum theory proposed by Gurtin and
Murdoch (1975a, 1975b) and its deflections are small and strains are infinitesimal.
According to the Gurtin-Murdoch theory (Gurtin and Murdoch, 1975a and 1975b),
the plate element consists of a bulk material and surface layer of zero mathematical
thickness. Stresses acting on the surface and bulk incremental elements are shown
in Fig. 1(a) and Fig. 1(b) respectively. The elastic properties of surface element are
surface Lamé constants A, and g, surface residual stress under unstrained

conditions 7,, and the surface mass density (defined as the mass of atoms of a unit



surface area) p,. From Gurtin-Murdoch theory (Gurtin and Murdoch, 1975a and

1975b),

+ * + +
TOé‘aﬁ + (14 _TO)(ua,ﬂ +uﬁ,a>+ (7o +/10)u;/,y§aﬂ + 70U, 4 (1a)
T, =7u;, (1b)
where z‘iﬁ(a,ﬂzx, y) with superscripts ‘ + * and ‘ — ’ denotes the surface stress

components of the top and bottom surfaces respectively.

The force equilibrium equations of the top (Fig. 1(a)) and bottom surfaces can

be expressed as,

Tt~

ai,a

O-zi :po ui (23)

T;i,a +O_;i = p(;u: (2b)
where 0, (i=X,Y,2) is the resulting contact tractions existing on the interface of
bulk and top surface layers due to the interaction between the surface layer and

bulk.

Equilibrium of an incremental element of the bulk (Fig. 1(b)) in the

X —direction can be expressed as:

h/2 60‘ h/2 60 h/2 h/2
I —Xdz+ _[ —Ldz+o) —0o, + j b.dz = .[ ol dz (3)
—-h/2 —-h/2 ay —h/2 —-h/2

where 0y, bi and p are bulk stresses, body forces and mass density of the bulk

material respectively; and h is the thickness of the plate.

Similarly, the equilibrium of the bulk element in the Y- and =z -directions

respectively yield,

h/2 80 h/2 ad h/2 h/2
[ —2dz+ [ —2dz+0}, -0, + [ bdz= | piidz (4a)
—h/2 8X —h/2 ay —h/2 —h/2
h/2 h/2 ao_ h/2 h/2
j%du [ —Zdz+oy,-0,+ [ bdz+a(xy)= [ pt,dz (4b)
—-h/2 8X —-h/2 6)/ —-h/2 —-h/2

where q(x, y) denotes the applied loading on the plate.



Next, the moment equilibrium equations of the bulk element about the Y -

and X-axis can be expressed as:

hj'z (%Jraa_yxj 7dz +g(0; +a;X)— hJI‘Z o,, dz+ hjg b, zdz = hjz pu, zdz  (5a)

-h/2 6X ay —h/2 -h/2 ~h/2
and
h/2 ao. ao. h h/2 h/2 h/2
(—Xy+—yy}zdz+—(a;y+azy)— .f o, dz+ I b, zdz = j pii, zdz  (5b)
—h/2 ax ay 2 -h/2 -h/2 -h/2

Assume that the bulk material is homogeneous and isotropic and let E and v
denote its Young’s modulus and Poisson’s ratio respectively. Its constitutive

relations can be expressed as,

E Ev v
O-xx = 1—V2 gxx +1—V2 gyy +1—V O-zz (63)
o, = E gyt Ev Ey T Y o (6b)
N R B B
o, = E & (6¢)
i 1—V2 ia

In the present research project, bulk stress o, is assumed to vary linearly

through the plate thickness to satisfy the equilibrium conditions on the surface.

Therefore,
1 . N 7, . _
O, :E(Gzz +Gzz)+ﬁ(o-zz _Gzz) (7)

Rewriting o,, in terms of surface stresses using Eq. (2) and assuming p, =

Po = P, Yields,

+

1 _ - ey L, . _ - N
O, = E(Taz,a “Tora — PoU; + P, ) +E(Taz,a +Taz,a = PoY; — P, ) (8)

7
For a Kirchhoff plate,
U =-Z—;u :—za—w; u, = w(x, ) ®)
oy

where w(X,y) denotes the vertical displacement of the plate.



The relevant strain-displacement relations for the bulk materials are,

o ow. . dw o _dw
8XX——Zy, 8W——ZW, gxy__zaxay

and gXZ :€yZ :822 :0 .

After further manipulations, the following governing equation for a thin plate

incorporating the effects of surface energy can be obtained based on Egs. (1) - (10).

. 0*'w o'w  o'w o’w  d*w
D| —+2—F—+—5 |-21)| — +—5 |+a(X,y)
OX ox*ey® oy ox* oy

2 3 2 2 4 4
:—(ph+2p0)aw (ph+p0h _pohvj[éw 8Wj (11)

+ +
a2 |12 2 Bl-v) | ot oyttt
3 2 2
where D*:L2+h—(2,uo+ﬂo)— 7oy :
121-v?) 2 6(1-v)

4.2 Variational formulation of nano-scale beam model

Consider a thin beam with cross-section symmetric about the z-axis and
length L as shown in Fig. 2. A beam based on the Gurtin-Murdoch continuum
model has an elastic surface (mathematically zero thickness) perfectly bonded to the
bulk material. The outward unit normal N and tangent t of the cross-section are as
shown in Fig. 2. The elastic surface has distinct material properties and accounts for

the surface energy effects (Miller and Shenoy, 2000; Lee and Rudd, 2007).

g(x)

Figure 2 Geometry of beam and coordinate system.



Let w denote the deflection along the centroidal axis (x,0,0) of the beam.
For thin beams with Euler-Bernoulli hypothesis, the displacements u, and u, along

the X- and z-directions are given by:

ow(x,t
uX:—zﬁ; u, =w(xt) (12)
OX
Therefore, the non-zero bulk strain is:
ou 2w(x,t
Ex = * :_Za (2 ) (13)
OX OX

The beam is in the plane stress state with non-zero bulk stresses, o, and
o,,. The elastic surface (outward unit normal Nn) has non-zero stresses 7,, and
T, - Assuming a homogeneous and isotropic bulk material, the relevant constitutive

relations of the bulk can be expressed as,
o, =Eg, +vo, (14)
where E is the elastic modulus and v is Poisson’s ratio.
The stress component o,, is usually neglected in the classical beam theory.
However, the Young-Laplace condition (Young, 1805; Laplace, 1805; Chen et al.,
2006) along the surface- bulk interface requires a non-zero o,, . Following Lu et al.

(2006), o

equilibrium conditions on the interface. Therefore,

, 18 assumed to vary linearly through the beam thickness to satisfy the

1 _ z _
O-ZZZE(O-;Z-FO-ZZ)_'—E(O-;Z_O-ZZ) (15)
where ofz and o,, are stresses at the top and bottom fibers, respectively, and H
is the height of the beam.
The surface constitutive relations can be expressed as (Gurtin and Murdoch,
1975a and 1975b),
Txx = z-0 + (zﬂo +ﬂ'0)ux,x; Tnx = TOun,x (16)

where 7, is the surface residual stress under unconstrained conditions; , and A,
are surface Lame constants; and U, and U, are the displacements along the X-

and N -direction respectively.



The surface equilibrium at any point is expressed by (Gurtin and Murdoch,

1975a and 1975b),
Toxx —o,N, = pouzS (17)
where U; denotes the acceleration of surface layer in the z -direction.

By substituting Eqgs. (12), (13) and (17) into Eqgs. (14), (15) and (16), the

following expressions for non-zero stresses are obtained.

2z, O°w o*w 2vz( o*w
c,=—(@y——pW); o,=—-FEz + T, — PoW 18
2= (7o o PoW) o2 H ( 0 o2 £o j (18)
o*w oW
Tw = 7o _Z(Zﬂo +/10) 6)(2 ; Tox = To&nz (19)

The total strain energy of the beam contains two parts, i.e., the elastic strain
energy stored in the bulk material (U®) and the elastic strain energy of the surface
(U%):

XX XX

UBZ%IVJ &, dV ) Uszéj.r(fxxgxx—l—rnxgnx)dr (20)

where V is the bulk volume and [ is the surface area.

From Egs. (18), (19) and (20), the strain energies stored in the bulk and

surface can be expressed as,

L/ A2 \? L 2
ue - %(EFZV:(’M(Z—\QV] dx + ZVLPOIW(Z\QIJdX (21)
o\ X 0 X
1 S otwY 1 L5 awY
Us = E(Z[Llo-l—ﬂo)l*j(y] dx + ETOS J.(&J dx (22)
0 0

where | =J.A22dA is the moment of inertia of the beam cross-section; |” =I 2°ds is
S
the perimeter moment of inertia; S :J- nfds; A is the cross-sectional area and S is
S

the perimeter of the cross section.

In the case of beams with rectangular cross-section of height 2h and width b,

the geometry parameters are given as,

3 3
|=2b3h : |*=2bh2+%; s"=2b and H=2h (23)




The potential energy due to a distributed load ((Xx) on the beam, prescribed

end moment ( M ) and end force ((j), as shown in Fig. 2, is

= — IOLq(x)w(x)dx + [M %Nj — (QW)‘ (24)

where M and Q_ are the moment and force at the ends of the beam respectively.

The kinetic energy of nanoscale beam is,
1¢ 1¢

T = Z[pAW)’dx + = [ pys" (W) dx (25)
2 0 2 0

In view of Egs. (21), (22), (24) and (25), the total energy functional of

nanoscale beam is,

I(x,w,w,w) = UP+U+V+T

1 2vit o*w 1 owY’
= Z|El - o 4 I d = d
2{ H ) Maxj S (ax) "
2vlp, .. [ 0°w 17
+ ! (ax jdx +§_[pA(W)dx+ jpos(w)dx

- jq(x)w(x)dx + [M @j
5 OX

— (Qw) (26)

Taking the variation of Eq. (26) together with integration by parts leads to the

following governing equation for a beam (Washizu, 1982):

2vit . |o*w . O*'W
I:El — H 0 +(2,U0+/10)| :|8X4 —TOS y—q

2vlp, o'w ~ O°W
:—T'L)Oaxzatz—(pA—i-pos )F, 0<X<L (27)

and the admissible boundary conditions for a nanoscale beam are:

_ 2vl W)  Low 2vip, 8w
Q:{El ”°+(2 4 A }[a ] 7,8 %\;V_ vao aiatz or W=W (28)

- 2vIT o’'w) 2vlp, &°w ow
M=—| El - O+ (24 + Ay - 0 =W 29
[ (2t + %) }[ale H o2 O (29)



where W and W' denote the prescribed displacement and slope at the beam end

respectively.

Equation (27) is similar to the classical beam equation but includes an
additional term due to the effect of residual surface stress. It reduces to the classical
model (Gere and Timoshenko, 1991) if the surface energy effect is completely
neglected, i.e., u,, A, and 7, are zero. Equations (27) - (29) are identical to the
corresponding equations derived by Liu and Rajapakse (2010) using the force and
moment equilibrium of an infinitesimal beam element. Based on Eq. (27), the

modified bending stiffness of nanobeam can be defined as,

2viz,
H

K, = El - +(2uy + A)1” (30)

The homogeneous solution of Eq. (27) can be written as,

w(x) = Ce¥™*+ Ce¥™ + C,x + C, (31)

where ¢ =7, /K, ; K, is defined by eq (19); and C, to C, are unknown arbitrary

constants to be determined from the boundary conditions.

Details on the formulation of the analytical solutions including the explicit
expression for static and free vibration of nanoscale rectangular plates under various

boundary conditions are given by Sapsathiarn and Rajapakse (2016).

4.3 Finite element model of nano-scale rectangular plate

The finite element model of nano-scale rectangular plate provides an efficient
tool to analyze and predict the mechanical response of plate elements encountered
in nano-scale devices and other nanoelectromechanical systems. A finite element
formulation of a nano-scale rectangular plate based on the Gurtin—Murdoch model
(static and dynamic conditions) has been developed based on a weighted residual
formulation. The governing equations for Gurtin-Murdoch nano-scale rectangular
plate model are employed in the weighted residual FE formulation to explicitly obtain

the plate stiffness and mass matrices.

Galerkin’s weighted residual method is applied to Eq. (11) to develop the
finite-element (FE) formulation for plates. Following Zienkiewicz and Taylor (2000),

the weighted residual statement for static loading is:



4 4 4 2 2
IV_V{D*(a \iv+2 82W2 +8 \iv]—Zz'O [a—\iv+a—\/2\/}+q(x, y)}dv =0 (32)
v OX ox‘oy® oy ox- oy

where V denote the volume of the plate and W is the weight function.

Integrating Eq. (32) by parts, the weak formulation can be written as,

*82 o’w  o*w LOPW( OPw Pw
H >+tv— |+D —; >V —
oy oy“\ oy OX

O*W 52ijr2 [awﬁw OW oW

__+_—j+wq}dxdy 0 (39
OXOy OXoy ox Ox oy oy

+2(1-V) D*[

A 4-node rectangular finite element with w, @, [=ow/0x] and 6, [=0ow/dy]
as the nodal variables is considered. The element nodal displacement vector can be

written as,
wi=[w @ & .. w 6 6] (34)

Vertical displacement, w, is interpolated by using a set of shape functions as,

w=Nw* = N, W + N6, + N, + ... + Nyw* + N0/ + N6 (35)
where,
Ny = L+ &A@+ & + 106 =17) (36)
N =2 66D+ )L+ &)’ @)
N =270 ~DL )0+ 7, (39)
=2 = sz = (39)

in which (XO, yO) are the global coordinates of the center of a rectangular plate finite

element.

Substitution of Eq. (35) into Eq. (33), yields the element stiffness matrix ( K®)
and nodal force vector (f°) as,
K* = [{B,'CB, +2r,B'B, | dxdy ; f* = [ Nqdxdy (40)
QO QO

where,



aNfl.l aNlZ 8I\Il3 aN4l aN42 aN43
oX  ox ox  Ox ox oX

Bi=lon, oN,  oNy oN, N, N, “o

oy oy ¥y ¥y Iy
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ox? Ox? Ox? Ox? ox? OX?
g | Ny Ny PNy N, N, Ny “2)
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262N11 282N12 262N13 282N41 282N42 282N43
Oxoy OXoy OXoy Oxoy OXoy oxoy |
D" vD’ 0
C=(vD" D’ 0 (43)
0 0 (1-v)D’
L 2

It can be seen from Eq. (40) that surface stresses contribute to the stiffness
matrix of a plate element. In the absence of surface stress effects, the stiffness
matrix reduces to the classical elasticity case. The assembly of element stiffness

matrices and nodal force vectors yields the following global equilibrium equation:
Kr=f (44)

where K, r and T are the global stiffness matrix, global nodal force vector and

global generalized displacement vector, respectively.

For dynamic analysis, the inertia terms on the right hand side of Eq. (11)
have to be considered in the finite element formulation, and these terms correspond
to the element mass matrix. It can be shown that the element mass matrix is given

by,

h ph*  ph?v
Me = h+20 )N'N+| 2204 2L Po B.B. ‘dxd 45
j{(p & (12 2 6(1—v)j 1 1} d (49

Q
The global finite element equation for dynamic analysis is:

M+ Kr =f (46)

where M is the global mass matrix.



Substituting r(t)=e“'r in Eq. (46), the natural frequencies and mode

shapes can be obtained by solving the following eigenvalue problem.
[K-o’M|r=0 (47)

where o is the frequency of vibration in rad/s.

5. Results and Discussion

5.1 Nano-scale rectangular plate

A comparison of the finite element model for plate static deflections and natural
frequencies with the analytical results available in literature is presented for the case
of elastic rectangular plate without surface effects. A plate with all edges simply
supported (SSSS) under uniformly distributed loading is considered. Due the
symmetry of the plate geometry and loading, a quarter model with NxN elements

is employed for the finite element analysis.

Table 1 Comparison of deflections of simply-supported (SSSS) plates under
uniformly distributed load (a =200 nm, b =200 nm, h =10 nm).

FE solution (Quarter model) Analytical
Material
2%2 4x4 10x10 12x12 Solution
(0.0) 0.03864 0.03735 0.03698 0.03696 0.03690
w(y,
(0.04902) (0.04689) (0.04628) (0.04625) (0.04617)
Al
0.02811 0.02715 0.02688 0.02687 0.02683
w(0.25a,0.25a)
(0.03546)  (0.03392) (0.03348) (0.03345) (0.03339)
0.0) 0.03810 0.03667 0.03627 0.03625 0.03619
w(y,
S (0.04636) (0.04418) (0.04357) (0.04353) (0.04344)
i
0.02769 0.02665 0.02635 0.02633 0.02629

w(0.25a,0.25a)
(0.03354)  (0.03196)  (0.03151)  (0.03148) (0.03142)

Deflections corresponding to the classical plate theory are shown in parenthesis.

The numerical results for both finite element solutions and analytical solutions
are presented in Table 1. The finite element solutions converge and agree within
0.3% of analytical solutions when the number of plate elements, N >10. Accuracy
of the present solution is also verified by comparing with the limiting case of
classical plate theory solutions (Timoshenko and Woinowsky, 1959). The solutions

from current model are obtained for the classical case by setting the surface



material coefficients ,, A, and 7, to zero. These comparisons are not presented
in the report for brevity. Very good agreement between the two sets of solutions is

noted.

Next, selected numerical results are presented to investigate the influence of
surface properties and boundary conditions on the size-dependent static and free
vibration response. Plates made of aluminum (Al) and silicon (Si) are used in the
numerical study. The relevant bulk and surface material properties are given in

Table 2 (Miller and Shenoy, 2000; Shenoy, 2005).

Table 2 Material properties of aluminum and silicon.

E A T
Material v Ho 0 0 P 3 Po )
(GPa) (N/m) (N/m) (N/m) (kg/m") (kg/m")
Al 90 0.23 -0.54251 3.4939 0.5689 2.7x10°  5.46x10"
Si 107 0.33 -2.7779 -4.4939  0.6056 2.33x10°  3.17x10"

Deflection profiles of Si and Al nanoplates with all edges simply-supported (SSSS)
under a uniformly distributed load ((,) and a concentrated point load (P,) at the center
of the plate are shown in Fig. 3 and Fig. 4 respectively. Non-dimensional central
displacement of the plate, W, = W(O,O)EhS/(qu4) and W, = W(0,0)Ehsl(Poaz) are
considered in the numerical study. The solutions for an identical classical plate (zero
surface material parameters) (Timoshenko and Woinowsky, 1959) are also shown in
Figs. 3 and 4 for comparison. These numerical results clearly show that surface energy
effects have a significant influence on plate deflections. It is observed that static
deflections of Al and Si nanoplates under both types of loading are lower than the

corresponding classical plate solutions. This implies that surface energy effects make

the plates stiffer compared to the classical plate theory.
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Figure 4 Deflection profiles of Al and Si plates with all edges simply-supported (SSSS)
under point load (a = 200 nm, b =200 nm, h = 10 nm).



Deflection profiles of Al and Si plates with two opposite edges simply supported

and other two edges clamped (SCSC) and plates with all edges clamped (CCCC) are

shown in Figs. 5 and 6 respectively. Similar to a simply-supported plate (Fig. 3), surface

energy effects produces stiffening of plates but the effect is less prominent. Note that

the main contribution from the surface energy is due to the surface residual stress 7,

and the associated Young-Laplace effect that is directly proportional to the plate

curvature. The radius of curvature of a plate with clamped edges is generally higher

than a simply supported plate. Therefore the influence of surface residual stress is more

prominent for simply supported plates. Similar behavior was also observed for

nanobeams (Liu and Rajapakse, 2010).
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Figure 5 Deflection profiles of silicon SCSC plates under uniformly distributed load ( a

200 nm, b =200

nm, h =10 nm).
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Size-effect of the response of nanoplates subjected to a uniformly distributed load
(q,) for different boundary conditions is illustrated in Fig. 7. Plates made of aluminum
(Al) with a = 200 nm, b = 200 nm and thickness (") varying from 5 — 25 nm are
considered. Variation of normalized plate deflection, w(0,0)/a, where w(0,0) is the
deflection at the center of the plate with the plate thickness is plotted in Fig. 7 in which
the nondimensional applied load is kept constant for all plates, i.e., , a’/(Eh®) = -1. The
classical solutions for the three boundary conditions are identical and independent of
plate thickness for a given nondimensional loading and plate boundary conditions. The
size-effect on the normalized deflection compared to the classical case is clearly evident
from Fig. 7 and the solutions confirm that the plate behavior significantly depends on
the presence of surface residual stress. In addition, the size-dependency of the plate
response depends on the boundary conditions of the plate. Plates with all edges simply-
supported (SSSS) show the highest dependency on size followed by SCSC plates and
clamped plates (CCCC). Furthermore, the numerical results reveal that the size-effects
reduce with increasing plate thickness h. In particular, size-dependent behavior

becomes negligible when the thickness of the plate is greater than 20 nm.

Table 3 Natural frequencies of Al and Si nanoplates for different boundary conditions

(a =200 nm, b =200 nm, h =10 nm).

Boundary Natural frequency (GHz)
Material .
condition oy, @,, Dzq Wy,
9.242 33.569 74.027 130.656
SSSS
(8.451) (33.805) (76.061) (135.220)
13.200 40.452 85.203 135.449
Al SCSC
(12.567) (40.294) (86.056) (137.666)
16.072 45.932 89.540 144.146
CCcCC
(15.614) (45.991) (90.602) (146.534)
11.028 40.574 89.740 158.561
SSSS
(10.227) (40.906) (92.039) (163.630)
15.773 48.602 102.503 163.170
Si SCSC
(15.205) (48.707) (103.946) (166.356)
19.258 55.221 107.664 173.122
CCccC
(18.890) (55.578) (109.331) (176.504)

Natural frequency from the corresponding classical plate theory is shown in parenthesis.



Natural frequencies of Al and Si nanoplates with different boundary conditions,
i.e., SSSS, SCSC and CCCC, are presented in Table 3. It is noted that plate mode
shapes are not significantly altered from the corresponding classical plate mode shapes.
Natural frequencies obtained from the classical plate theory for identical plates are
shown in parenthesis in Table 3. Table 3 confirms that the surface stress plays an
important role on the first (lowest) natural frequency of both Al and Si nanoplates. The
effect is more prominent in the case of simply supported boundary conditions (SSSS)
when compared to the cases of CCCC and SCSC plates, similar to the behavior
observed for deflection profiles. Presence of surface stresses leads to higher
fundamental natural frequencies for all types of boundary conditions when compared to
the corresponding classical plates. This behavior is also consistent with the stiffer
response of nanoplates observed in Figs. 3-5. It is also observed that the surface effect
is less significant on higher natural frequencies while the classical plate solutions for

higher modes are slightly larger than the corresponding nanoplate solutions.

5.2 Nano-scale beam

5.2.1 Examination of the discrepancy between existing solutions

Figure 8 Nanobeam model of He and Lilley (2008).

Consider the solution developed by He and Lilley (2008) for the beam shown in
Fig. 8. They derived the governing equation by simply adding an equivalent
distributed loading due to surface residual stress (Young-Laplace effect) to the

classical beam equation with a modified beam stiffness. Their governing equation is,

o Y
Kb dX4 = p(X) (48)




and in the absence of any applied distributed loading, p(x) was defined by He and
Lilley (2008) as

d*w
p(X) = 2(TO + Esgx)b 2 (49)
dx
where Eis the surface elastic modulus, &, is the longitudinal surface strain and b is

the beam width.

The modified bending stiffness of a rectangular beam K;* was determined by
adding the stiffness contributions of surface layer with thickness t and bulk material
(Fig. 8). Assuming t<«H, He and Lilley (2008) expressed the stiffness of

nanoscale beam by

K::Ell+%Est2+%ESH3 (50)

where |, = %bH .

By neglecting the contribution due to longitudinal surface strain in p(x), the
beam governing equation (48) was simplified to:
o d*W d’w

Kb d7 = ZTObW (51)

which can be re-written as

1

4 2
[EH%Est%EEH?}dW AW

W — TOS W— 0 (52)

S

where s =2b.

The above governing equation derived by He and Lilley (2008) is similar to the
(static) results of Liu and Rajapakse (2010) and the present variational approach
(see eq (16)), except that the modified beam stiffness is different. He and Lilley
(2008) obtained the modified bending stiffness by simply adding the contribution of
classical bending stiffness of the bulk and that due to a surface layer with finite
thickness. However, the nanobeam stiffness given in the present formulation and Liu
and Rajapakse (2010) are obtained based on the consideration of full elastic field
based on the continuum model of Gurtin-Murdoch. Moreover, to satisfy the Gurtin-

Murdoch surface equilibrium equations, the vertical bulk stress was also considered



by Liu and Rajapakse (2010) and in the present formulation. The influence of bulk

vertical stress on the bending stiffness is represented by the second term of Eq. (27).

The homogeneous solutions of the governing equation of He and Lilley (2008) is
also given by Eq. (31) with Kg (Eq. 30)) replaced by K;* (Eq. 50)). In the ensuing
sections, beams under different end conditions, i.e., simply-supported, cantilevered,
and clamped-clamped, are re-examined to identify the reason for the discrepancy

between the Liu and Rajapakse (2010) and He and Lilley (2008).
5.2.2 Beams under different end conditions
5.2.2.1 Cantilever beams

Consider a cantilever beam of length L subjected to a concentrated static load IEL
at the free end. According to the present scheme and Liu and Rajapakse (2010), Eq.
(27) governs the (static response) beam and the boundary conditions are expressed by
Egs. (28) and (29) (by removing the dynamic term). Table 4 compares the boundary
conditions used by Liu and Rajapakse (2010) and those used by He and Lilley (2008).

Table 4 Comparison of boundary conditions for cantilever beams.

Liu and Rajapakse (2010) He and Lilley (2008)

1) w(0) =0 1) w) =0

2) wW(@0) =0 2) w(@) =0

3) M(L)=0 3) Moment equilibrium at x=0

4) Q(L)=F, 4) Vertical force equilibrium at x=0

For a static problem, Eq. (27) is simplified to

L d*w . d?w

K, ™ 7,8 v -q=0 (53)

and the corresponding natural boundary conditions are

. d’w

3
*d—W+TOS*d—W and M =—K, —
dx dx

Q=-K; (54)



The first and second boundary conditions are identical between the two models
(see Table 4). In view of Egs. (28) and (29), the third and fourth boundary conditions
given by Liu and Rajapakse (2010) yield,

Kow'(L) =0 and —-KWw'(L) +7,sW(L) = F, (55)

Using the first two boundary conditions of Table 4 and Eq. (55), the solution for

cantilever beam can be obtained as,

F . sinh(xv/e — L&) +sinh(Lv¢)

W(x) = !

K,& \/Z cosh(L\/Z)

where () is a constant that depends on the magnitude of load, beam bending stiffness

= OF (x) (56)

and surface residual stress; and f (X) is a deflection shape function.

Instead of using boundary conditions at the beam ends to determine nanobeam
solutions, He and Lilley (2008) replaced the third and the forth boundary conditions
by the moment and force equilibrium conditions at X=0 (see Table 4). Using the
resultant shear force and bending moment of a nanobeam cross section defined in
Egs. (28) and (29) together with the condition of zero slope at X=0, the moment

and vertical force equilibrium at X =0 can be written as
-K;w'(0) = -FL and —K; w"(0) = F, (57)
The moment equilibrium condition at the beam end (x = 0) in Table 4 was,
however, expressed by He and Lilley (2008) as,
[— L [—
K, w'(0) = FL + jros*w”xdx = FL + 7,8 [Lw/(L)-w(L)] (58)
0
and the force equilibrium at X=0 was given by He and Lilley (2008) as,

L
-K;w"(0) = F + J-Z'OS*W" dx = F + z,sw(L) (59)
0

Substitution of the first two boundary conditions of Table 4 and Egs. (58) and
(89) in the general solution yields the following solution for a cantilever beam based

on the He and Lilley (2008) model:

F_cosh(Lvz) - tanh(LVe) sinh(x\/e —Ly/e)
K, & Je Je cosh(Le)

w(Xx) =

(60)



Obviously, the solutions given by Egs. (56) and (60) are different. To identify
the reason for this difference we examine the boundary conditions of the He and
Lilley model shown in Table 4. Note that in writing right hand side of Egs. (58) and
(59), He and Lilley (2008) assumed that a distributed load of magnitude 2bz,w" is
acting on the beam by interpreting the right hand side of Eq. (51) as an equivalent
distributed load. Furthermore, they used the expressions for stress resultants of a
classical beam in the left hand side of Egs. (58) and (59) in applying the boundary
conditions. As shown here the stress resultants and natural boundary conditions for
a Gurtin-Murdoch beam governed by Eq. (27) are given by Egs. (28) and (29).
Therefore, the expressions for a classical beam stress resultants used by He and
Lilley to derive their solutions are not valid for a Gurtin-Murdoch beam although the
governing equations of both schemes are similar [Eq. (27) and Eq. (51)
respectively]. It is also noted that even though one could interpret the right hand
side of Eq. (51) as equivalent to a load, it is not a physical load. This term
fundamentally alters the beam governing equation as it is a function of the beam
curvature and results in substantially different stress resultants and natural boundary

conditions.

Based on Eq. (60), He and Lilley (2008) concluded that the cantilever nanobeam
exhibits a softer elastic behaviour for 7, >0. They explained that the stiffer or softer
behaviour of nanoscale beams is attributed to the signs of the curvature and surface
stress during the static bending. The downward curvature for the cantilever nanobeams
results in a positive curvature and, according to Eq. (51), a positive curvature results in
a positive distributed transverse force in the same direction with the external load if
7, > 0. Thus, the distributed transverse force increases the transverse displacement of

the beam bending and the cantilever nanobeams behaves like a softer material.

The explanation of softer and stiffener behaviour of nanoscale beams using the
equivalent transverse distributed force (Eq. (51)) and the signs of the curvature is
questionable. Consider the governing equation of nanobeam in Eq. (27), it could be
seen that the differentiation of nanobeam bending from the classical beam bending is
due to the modified bending stiffness El —2vlz,/H + (2, +4,)1” and the presence
of the second order derivative term —Z'OS*dZW/ dx?. Similar to the case of column
buckling, the second order derivative term alter the structure of the nanobeam

governing equation considerably and is primarily responsible for the diversity of



nanoscale beam behaviour from the classical beam. The interpretation of second order

derivative term as a distributed force along the nanoscale beam is questionable.

We also note that the general solutions for beam deflection are identical for He and
Lilly (2008) and Liu and Rajapakse (2010). Therefore, it can be concluded that as long
as the boundary conditions are expressed in terms of deflections, slopes, bending
moment and/or shear force at a cross section with zero slope, the solutions obtained
from He and Lilley (2008) and Liu and Rajapakse (2010) are identical. We prove this by

considering the case of simply-supported and fixed-fixed beams in the next sections.
5.2.2.2 Simply-supported beam

Table 5 summarizes the boundary conditions for a simply supported beam
employed by He and Lilley (2008) and Liu and Rajapakse (2010). As the beam
structure is symmetric with respect to the loading plane, the half beam model

(0<x<L/2) can be used in the analysis.

Table 5 Comparison of boundary conditions for simply supported beams.

Liu and Rajapakse (2010) He and Lilley (2008)

) w0)=0 1) w(0) =0

2) M(0)=0 2) w'(0)=0

3) W’(L/2)=0_ 3) w(L/2)=0

4) Q*(L/2):% 4) Force equilibriumat x=0

In view of Eq. (28), the second boundary condition of Liu and Rajapakse
[M”(0)=0] leads tow"(0) =0. Therefore the first three boundary conditions of He
and Lilley (2008) given in Table 5 is identical to Liu and Rajapakse (2010). Next, the
substitution of the forth boundary condition of Liu and Rajapakse (Q"(L/2)=F_/2)
together with w'(L/2)=0 in Eq. (28) yields,

R

—K,w"(L/2) = (61)

Based on Eq. (54), the forth boundary condition in Table 5 given by He and

Lilley (2008), i.e., force equilibrium at X=0, can be written as,



_L

K, W"(0)+ 7,8 W(0) = — (62)

2
The forth boundary condition was considered by He and Lilley (2008) as

L/2 'E
+ J TS Wdx = 7L — 7,5 W(0) (63)
0

_ K;*Wm (0) —

N |,_'|'|I

It can be seen that Eq. (63) is identical to Eq. (62). It is also found that the
solutions for simply-supported beams from the two approaches are identical. The

solution for deflection of a simply-supported beam is given by

R |, sinh(xye)
W) = ZKSJX Jz cosh(Lz /2)}

5.2.2.3 Clamped-clamped beam

(64)

Table 6 summarizes the boundary conditions for a clamped-clamped beam used
by He and Lilley (2008) and Liu and Rajapakse (2010). The half beam model
(0<x<L/2) is used in the analysis due to symmetry of the beam structure with

respect to the loading plane.

Table 6 Comparison of boundary conditions for clamped-clamped beams.

Liu and Rajapakse (2010) He and Lilley (2008)

1) w(@) =0 1) w@0) =0

2) W(0)=0 2) w(0)=0

3) w(L/2)=0 3) wW(L/2)=0

4) Q*(L/2)=% 4) Force equilibrium at x=0

The first three boundary conditions are identical. The forth boundary conditions
for Liu and Rajapakse (2010) and He and Lilley (2008) beam models are given in
Egs. (61) and (63) respectively. It can be shown that the two models again result in
identical solutions for clamped-clamped beams. The solution for deflection of a

clamped-clamped beam is obtained as

F . sinh(xv/e — L& 1 4) +sinh(L\/e / 4)
K& Je cosh(Le 1 4)

w(x) =

(65)



6. Conclusion

Mechanistic models incorporating surface stress effects based on the Gurtin-
Murdoch surface elasticity theory are developed to analyze nanoscale beams and
rectangular plates. Closed-form analytical solutions for rectangular nanoplates can
be derived for certain plate configurations. A finite element formulation for
nanoplates is successfully developed based on the weighted residual method.
Numerical results indicate that the static and dynamic responses are significantly
influenced by surface energy effects and plate boundary conditions. Highest
influence of the surface energy effect is observed for simply-supported plates
followed by SCSC plates and only minor effects are noted for clamped plates. This
behavior is consistent with the fact that the surface stress contribution associated
with Young-Laplace effect is controlled by the curvature of plate. Plates with smaller
radius of curvature (simply-supported) therefore show the highest effect of surface
stress. First natural frequency of plates shows a substantial effect of surface stress
but the influence diminishes for higher natural frequencies. However, mode shapes
show negligible influence of surface energy effects.

A variational approach was used to re-derive the governing equation and
admissible boundary conditions for a beam based on Gurtin-Murdoch surface
elasticity theory. The new governing equation is identical to that derived by Liu and
Rajapakse (2010) by considering equilibrium of an infinitesimal beam element. The
governing equation derived by He and Lilley (2008) has the same structure, but the
modified stiffnesses are different from Liu and Rajapakse (2010) and the present
study. The admissible boundary condtions are also obtained from the variational
formulation, which is identical to the resultant shear and moment at section given by
Liu and Rajapakse (2010). On the other hand, the shear force and moment condition
used by He and Lilley (2010) were based on the classical beam theory does not
agree with the natural boundary condition from the variational formulation. He and
Lilley solutions for nanobeams were determined by using essential boundary
conditions and these force and/or moment equilibrium conditions at the origin.
However, the condition of equilibrium at the beam origin, depending on the beam
type, may fail meet the requirement at the other beam end and as a result cantilever

beams shows behaviour different from other beams.
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Abstract In this paper, the Gurtin—-Murdoch continuum theory is applied to develop a new continuum mechan-
ics model for static and dynamic analyses of nanoscale rectangular plates. The relevant governing equations
are established from basic principles. Analytical solutions for static and free vibration of nanoscale rectangular
plates are presented for selected boundary conditions. A finite element method for the analysis of rectangular
nanoplates is also developed to solve general cases that cannot be solved analytically. Expressions for stiffness
and mass matrices and the load vector are derived by using a weighted residual formulation. A selected set of
numerical results is presented to investigate the size-dependent static and free vibration response of plates and
the influence of surface material properties and boundary conditions.

1 Introduction

Nanoplates are key elements of various nanotechnology-based devices such as nanoelectromechanical systems
(NEMS), sensors [1]. Successful design and manufacture of nanoscale devices require thorough understanding
of their mechanical properties and deformations.

Various modeling approaches have been proposed to investigate the behavior of nanostructures. Atom-
istic simulations [2] provide a strong theoretical basis to analyze nanostructures, but such simulations are
computationally prohibitive when applied at a device/system level. Modified continuum mechanics models
based on a theory proposed by Gurtin and Murdoch [3,4] that incorporates the effects of surface energy have
been widely used in the literature for the analysis of nanostructures due to their computational efficiency and
versatility [3—10]. A nanoplate model based on the Gurtin—-Murdoch continuum theory is considered to have a
bulk material region and an elastic surface with mathematically zero thickness. The surface elastic constants
are different from those of the bulk and can be determined by atomistic computations [2,11,12].

In this paper, a mechanistic model incorporating the effects of surface energy based on the Gurtin—-Murdoch
surface elasticity theory [3,4] is developed to analyze the response of rectangular nanoplates. Rectangular
geometry is commonly encountered in the development of NEMS-based devices. Previous studies have devel-
oped models for circular nanoplates, nanofilms and nanobeams [5—10]. A set of closed-form analytical solutions
and a finite element formulation for static and dynamic analyses of nanoplates are presented. Selected numer-
ical results are presented to portray the size-dependent response of nanoplates and the influence of surface
properties and boundary conditions.
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2 Formulation of governing equations

Consider an incremental element of a thin rectangular nanoplate with a Cartesian coordinate system (x, y, z)
as shown in Fig. 1. It is assumed that the response of the plate is governed by the continuum theory proposed by
Gurtin and Murdoch [3,4], and its deflections are small and strains are infinitesimal. According to the Gurtin—
Murdoch theory [3,4], the plate element consists of a bulk material and surface layer of zero mathematical
thickness. Stresses acting on the surface and bulk incremental elements are shown in Fig. 1a, b, respectively.
The elastic properties of a surface element are surface Lamé constants Ag and (i, surface residual stress under
unstrained conditions 7o, and the surface mass density (defined as the mass of atoms of a unit surface area) py.
From Gurtin—Murdoch theory [3,4],

Ty = todep + (o — 1) (w5 0k, ) + (T0 + Aot dup + Toud . (1.1
Toz = TOU (1.2)
where raiﬂ (o, B = x, y) with superscripts ‘+’ and ‘—’ denoting the surface stress components of the top and

bottom surfaces, respectively.
The force equilibrium equations of the top (Fig. 1a) and bottom surfaces can be expressed as

+ + et
Tozi,a - Uzi - 'OO u;, (21)
Tyia T0, = Py il 2.2)

where a;ir (i = x,y, z) are the resulting contact tractions existing on the interface of bulk and top surface layers
due to the interaction between the surface layer and bulk.
Equilibrium of an incremental element of the bulk (Fig. 1b) in the x-direction can be expressed as:

n2 h)2 h/2 h/2
ao do - ji
/ —B;X dz + / _B;X dz+of —o + / bydz = / piixdz 3)
—h)2 ~h/2 —h/2 —hi2

where o;;, b; and p are bulk stresses, body forces and mass density of the bulk material, respectively; and 4 is
the thickness of the plate.

Fig. 1 a Surface stresses on an incremental element of the top surface layer; and b stress components of an incremental bulk
element
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Similarly, the equilibrium of the bulk element in the y- and z-directions, respectively, yields,

B2 0 h)2 h/2
00y A0y _ .
/ 8;} dz + / —a;} dz + o;y — 0, Tt / bydz = / pitydz, “.1)
—n2 —h/2 —h/2 —h/2
h/2 h2 h/2 h/2
do oy _ .
/ T4z + / g de ol o+ / bodz +q(x, y) = / piizdz 4.2)
—h/2 —h/2 —h/2 ~h/2

where g (x, y) denotes the applied loading on the plate.
Next, the moment equilibrium equations of the bulk element about the y-axis and x-axis can be expressed
as:

h/2 h/2 h/2 h/2
do ao h ..
/ ( 8;)5 n a;X) zdz + 3 (o +0)— / oy dz + / byzdz = / plixzdz,  (5.1)
—h/2 —h/2 ~h/2 ~h/2
h/2 h/2 h/2 h/2
doyy  d0yy h X _ .
and ar + W zdz + 5 (ozy + azy) — oy, dz + byzdz = piiyzdz.  (5.2)
—h/2 —h/2 —h)2 —h)2

Assume that the bulk material is homogeneous and isotropic and let £ and v denote its Young’s modulus
and Poisson’s ratio, respectively. Its constitutive relations can be expressed as

E Ev 1%

Oxx = mex + = v28yy + - UUzz, (6.1)
E Ev v

Uyy = msyy‘i_ l_vzgxx—i_ I_UUZZ’ (6.2)
E

Oigqg = 1— 1)2 Eia- (63)

In the present paper, the bulk stress o, is assumed to vary linearly through the plate thickness to satisfy the
equilibrium conditions on the surface. Therefore,

1 _ z _
Ozz = E (O—z,—iz_. + Gzz) + /_l (O—z—iz_. - Gzz) : (7

Rewriting o, in terms of surface stresses using Eq. (2) and assuming ,oo+ = p, = po yields

1 _ . e z _ .. e
0, = 3 (‘cjzﬂ — Toza — ,ooug|r + poii ) + 7 (t;'z’a + T — pou;' — poid, ) . (8)
For a Kirchhoff plate,
ow Jw
Uy = —Za; Uy = —Zgi u; =w(x,y) )

where w(x, y) denotes the vertical displacement of the plate.
The relevant strain—displacement relations for the bulk materials are

%w 92w 92w

Exx = _ZW; Eyy = —Zw§ Exy = —Zm, (10)

and &y, = &y; = &,; = 0.
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After further manipulations, the following governing equation for a thin plate incorporating the effects of
surface energy can be obtained based on Egs. (1)-(10):

L (3w d*w *w Pw 3w
Dot P oy Toyr ) TP g Ty ) HeY)

9w p3h poh? poh2v 9w 9w
= —(ph+2p0)— + ( 5= - 11
(Ph+2p0) 50 +( n 6(1—v)) (8x2812 + 8y28t2) (b

3 2 h2
where D* = #}iﬂ) + 2 2uo + o) — R

3 Analytical solutions
3.1 Static loading

For static problems, the governing equation, Eq. (11), is simplified to

D*V*V2w —21gVZw +g(x,y) =0, O<x<a, O<y<b (12)

3.1.1 Plates with all edges simply supported (SSSS)

Consider a rectangular plate of dimensions a and b in the x- and y-directions with all edges simply supported
and subject to a distributed loading of the form:

oo o0
q(x,y):ZqunsinmaLxsin%, O<x<a, 0<y<b. (13)

m=1n=1

Boundary conditions are:

w = 0lx=0,a; w= 0|y:0,b» (14.1)
M; = 0lx=0,a5 M;k = 0|y=0,b (14.2)
where
92w 3w 92w 92w
M*=-D*— —D—: M‘=-D*— —D— 15
* 0x2 9y2 Y ay? Fax2 (15)

3 2
and Dy = 150 + - (ko + 10).

Observing that, since w = 0 at all edges (from boundary conditions), therefore, 32w /dx% = 0 for the
edges parallel to the x-axis and 3%w/dy> = 0 for the edges parallel to the y-axis. Using expression (15) for
M} and M ;, boundary conditions (14.2) can be written as

%w _

5 3_)12 = (16)

x=0,a y=0,b

The deflection function of a simply supported plate can be represented by a double Fourier series of the form:

o 0
w(x,y) = Zzw’"” sin =% in ? (17)
a
m=1n=1

Substituting Egs. (13) and (17) into Eq. (12) and equating coefficients, the unknown coefficients in Eq. (17)
can be obtained as

—Ymn

Wy = — 2 . (18)
D4 (’;’—2 + ’;—2) + 27n2 (’;LZ + Z—z)
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For a uniformly distributed load, g (x, y) = qo:

4490
Gmn = —5—(1 = cosmm)(1 — cosnx). (19.1)
w2mn

For a concentrated load Py at the point (a’, b'):

4Py . mma’ . nmd
= —sin sin
mn ab a b

(19.2)

The plate stress resultants can be determined by using Eq. (15) and Egs. (17)—(19).

SSSS plates on elastic substrate

Nanoplates that are placed on an elastic substrate can be modeled as a plate on a Winkler foundation. For
plates on an elastic substrate with Winkler constant &, the governing equation is

D*V2V2w — 210V2w — kw + g(x) = 0. (20)
The solution for plates with simply supported edges resting on elastic substrate is given by Eq. (17) with

—qmn

Wyn = — : (1)
D*r# ( >+ Zz) + 2772 (’;Lz + ;’—2) —k

3.1.2 Plates with two opposite edges simply supported and remaining edges clamped (SCSC)

To derive the solution of an SCSC plate, consider first a plate with two opposite edges x = 0 and x = a

simply supporﬂtgr(i When the load distribution ¢ is a function of x only and represented in the form ¢ =

—1 qm Sin where g, is a constant, the deflection of the plate can be expressed in the form of [13],
o0
b b
w(x,y)=w1+ZYmsianx, 0<x<a, —§<y<§, (22)

m=1

in which w; satisfies the boundary conditions at x = 0 and x = a; and Y, is a function of y only and satisfies
the boundary condition at y = £b/2.
Boundary conditions for a SCSC plate are given by

0| dw _, 23.1)
w=0|y=04; — = ; .
x=0,a dx2 0
dw
=0 ;o — =0 , 23.2
w=O .y T =0 (23.2)
The function w; can be determined from
prdimn _, dhwn (x) =0 (24)
— 21T X) =
dx* 0 dx? a4
subjected to the boundary conditions
d*w;
=0|y=04; —= =0 . 25
wi | 0,a dx2 Y (25)
It can be shown that the solution w; for loading ¢ = > | g sin “Z* can be obtained as
ad mmx
z sin ) (26)

D*n4 mt 21:0712 m? a
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The function Y, must satisfy the homogeneous differential equation

o0 [o¢]
mmx M x
D*V2V2 D Vs -2V D i = 0.
n SIN 210V Y,, sin P 0 27
It can be proved that the general solution of Y;, can be expressed as

mmy muy mmr\2 | 27 _ mr N2, 27
Yo = Ame" @ + Bpe™ "0 + Cpe?V )0 4 p oV CE D (28)

where the four constants A,,, By, C,, Dy, are to be determined from the plate boundary conditions along
y = =b/2.
From Egs. (22), (27) and (28), the deflection of the SCSC plate can be written as

> mm mmr\2 , 210 mr\2 | 210 mimx
w(xvy)ZZ[Ame @ +Bme ”y+cm€y (a)+D* +D e ( )+D*:|Sin
m=1 a
o
. mmXx
Z sin . (29)
me1 D* 4m + 2‘[071'2 a

It can be proved that the boundary condition in (23.1) is automatically satisfied by the solution in Eq. (29).
Substitution of Eq. (29) into the boundary condition in (23.2) yields a set of equations for determining the
coefficients A, By, Cii, Dy, and the following solutions for these coefficients are obtained:

a2 (A 1) ()

Ay =By = — s (301)
2 (D*T[4 + 2107[2 )

am (%2) ("5 - )( W)

C, = D,y = . . (30.2)
Q (D*n4'a"—4 + 2r0712’;%)

where 2 = (’7;—”) (gmgb — ) ( (mn)2+3)rg ) _ (”Z_ﬂ)z _ %LQ (eanb + 1) (eb (mn)2+3)rg B 1);

and for a uniformly distributed load g¢ : ¢, = — {l (=n™ } ; (31.1)
. 2q0 . mml
and for a line load gp along x =1 : ¢, = — sin —, (31.2)
a a

3.2 Free vibration analysis

Free vibration characteristics (natural frequencies and mode shapes) of nanoscale plates are an important
consideration in the design of NEMS and other nanodevices. Based on Eq. (11), the governing equation for

free vibration of a rectangular nanoscale plate is
D* d*w ) d*w n d*w 32w n 32w 4 (oh+2 )82w

— — — —_— ‘[ — — —

ot T Tax2ay T oA 0\ ox2 T oy2 ) TR T PGS

3 h? h2v *tw 9w
(e o ) = 0. (32)
12 2 6(1 —v) ) \ax20:2 ' 9y29r
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3.2.1 Plates with all edges simply supported

The dynamic response of a simply supported nanoplate undergoing time-harmonic oscillations at frequency
o can be represented as

o0 o0
mmx . nmwy
wx,y,t) = E E Winn SIN sin Tye"”’, 0O<x<a, O0<y<b. (33)
a
m=1n=1

Substitution of w from Eq. (33) into Eq. (32) yields the following solution for the natural frequencies of the
plate:

D* (12 +22)% + 219 (32, + 22
W = G 3h") _ 0('22 ") . omon=1,23,... (34)
v
(oh+200) + (5 + 24 — £H25) (32, +33)

where A,, = mm/a and )\, = nm /b.

3.2.2 SCSC plates

Assuming that the edges x = 0 and x = a are simply supported, the dynamic response of the plate can be
expressed as

o0

. b b

w:leYmsianxe”‘”, 0<x<a, —§<y<§. (35)
m=

Substituting Eq. (35) into Eq. (32) and consideration of each harmonic m yield

o[22 -2 e ] s -2+ 2

3 2 2 2
p h  poh pPoToh“v 2 mir\ 2 d“Y,
—(ph +2 %y, —_—_t —(—) — | =0. 36
(ph + 2pp)w m+(12+ > 6(1_v))w m+dy2 (36)
The solution of Y,, in Eq. (36) can be expressed as
Y, = AV ity =B L B o INMAY=B L 0 INMRATYHE L D eI Pty B (37)

where &, = 253y = 70 — (£ + poh? — L5 0 and § = V/(ph + 2p0)0? + 7.

The four constants A, B, Cp,, Dy, in Eq. (37) are to be determined from plate boundary conditions along
the y = 4b/2 edges. The substitution of Y,, in Eq. (37) into the boundary conditions at y = £b/2 [see Eq.
(23.2)] yields the frequency equation from which @ can be determined using numerical techniques.

4 Finite element formulation
4.1 Formulation for static loading

Galerkin’s weighted residual method is now applied to Eq. (12) to develop the finite element (FE) formulation
for plates. Following Zienkiewicz and Taylor [14], the weighted residual statement for static loading is:

/‘ pr (P Bw w0 2wy L v — o (38)
w —27 X, =

x4 ax2ay? = 9yt O\ 9x2 dy? a5y
14

where V denotes the volume of the plate and w is the weight function.
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Integrating Eq. (38) by parts, the weak formulation can be written as

// L0%w (92w N 3w +D*a2w 3w N 3w
V—s- — | tv—
9x2 3x2 dy? ay? \ 9y? dx2
4201 — wD* Pw 3w g (2RO 00
dxdy dxdy O\ ox ox
A 4-node rectangular finite element with w, 6, [=0w/0x] and 6, [=0w/dy] as the nodal variables is considered.
The element nodal displacement vector can be written as

Jw dw
dy dy

) + wq] dxdy = 0. 39)

T
(W) = [wle; ol... w“e;‘e;‘] . (40)

Vertical displacement, w, is interpolated by using a set of shape functions as

w=Nw’= Njw' + N129; + Nl39y1 + o Nygw* + N429;L + 1\/439;L 41)
where
1 2 2
Ni1 =§(1+So)(1+no) (2+&+n—&—-n7), (42.1)
1
Niz = g&iGo = DA +no)(1 +£0)%, 42.2)
1
Niz = 2ni(1o = D +n0) (1 + 10)?, (42.3)
X — X0 — 0
&= PR n=yby; o =§&&; no=nm; (42.4)

in which (xg, yp) are the global coordinates of the center of a rectangular plate finite element.
Substitution of Eq. (41) into Eq. (39) yields the element stiffness matrix (K¢) and nodal force vector (f¢)

as
K¢ :/{BzTCBz—i—ZtOBlTBl}dxdy; fe =/quxdy (43)
20 20
where
B ag\’u N1 36N13 o ag\’zu N4 86N43
— J G qJ G
B, = a]\fll 31\}612 31\f13 31\;511 91\}512 31\&3 ’ (44.1)
L 9y ay dy ay ay dy
32N11 32N12 32N13 32N41 32N42 82N43
g2 K g’ ga? K 9a?
B, — 0°N11 N12 0°N13 0“ N4y N42 0“N43 (44 2)
2 32)*2 (2) 32)12 62)12 (Zy dy? ’ .
23 N1 2() Ni2 J°N13 . 28 Nap 20 Ny 23 Ny3
L < dxady dxay axay dxady dxay axdy
[ D* vD* 0
C=|vD" D* 0 (44.3)
o o U=po°

It can be seen from Eq. (43) that the surface stresses contribute to the stiffness matrix of a plate element. In
the absence of surface stress effects, the stiffness matrix reduces to the classical elasticity case. The assembly
of element stiffness matrices and nodal force vectors yields the following global equilibrium equation:

Kr=f (45)

where K, r and f are the global stiffness matrix, global nodal force vector and global generalized displacement
vector, respectively.
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4.2 Free vibration problem

For a dynamic analysis, the inertia terms on the right-hand side of Eq. (11) have to be considered in the finite
element formulation, and these terms correspond to the element mass matrix. It can be shown that the element
mass matrix is given by

3 2 2
p°h  poh poh~v T
M¢ = h+2p0)NIN+ | =— + =— — —— ) BTB, |dxdy. 46
/[(p 0) (12 2 6(1—v)) 15 Y (46)

£20

The global finite element equation for a dynamic analysis is:
Mi + Kr =1 47)

where M is the global mass matrix.
Substituting r(¢) = ¢'“’r in Eq. (47), the natural frequencies and mode shapes can be obtained by solving
the following eigenvalue problem:

[K - o™M]r=0 (48)

Table 1 Material properties of aluminum and silicon

Material E(GPa) v wo (N/m) 2o(N/m) 7o(N/m) p (kg/m?) po (kg/m?)
Al 90 0.23 —0.54251 3.4939 0.5689 2.7 x 10° 5.46 x 1077
Si 107 0.33 —2.7779 —4.4939 0.6056 2.33 x 10° 3.17 x 1077

Table 2 Comparison of deflections of simply supported (SSSS) plates under uniformly distributed load obtained from analytical
and finite element (FE) methods (¢ = 200nm, » = 200nm, # = 10nm)

Material FE solution (quarter model) Analytical solution
2x2 4 x4 10 x 10 12 x 12
Al
w(0,0) 0.03864 0.03735 0.03698 0.03696 0.03690
(0.04902) (0.04689) (0.04628) (0.04625) (0.04617)
w(0.25a,0.25a) 0.02811 0.02715 0.02688 0.02687 0.02683
(0.03546) (0.03392) (0.03348) (0.03345) (0.03339)
Si
w(0, 0) 0.03810 0.03667 0.03627 0.03625 0.03619
(0.04636) (0.04418) (0.04357) (0.04353) (0.04344)
w(0.25a,0.25a) 0.02769 0.02665 0.02635 0.02633 0.02629
(0.03354) (0.03196) (0.03151) (0.03148) (0.03142)

Deflections corresponding to the classical plate theory are shown in parentheses

0
N surface elasticity
\\ analytical solution
-0.01 \\\ ———- classical plate solution
AN *  FE solution
N
0.02 1 N oA :
=0.1 \}\\ A Sl
R
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2 SN
-0.03 + SN R
NN
DN
N
\-\ A
-0.04 + Y 4
. -
T T
]
-0.05 +
0 0.1 0.2 0.3 0.4 0.5
xla

Fig.2 Deflection profiles of Al and Si plates with all edges simply supported (SSSS) under uniformly distributed load (@ = 200 nm,
b =200nm, 2 = 10nm)
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Fig. 3 Deflection profiles of Al and Si plates with all edges simply supported (SSSS) under point load obtained from analytical

solutions (a = 200nm,b = 200 nm, h = 10nm)
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Fig. 4 Deflection profiles of silicon SCSC plates under uniformly distributed load obtained from analytical solutions (¢ = 200 nm,

b =200nm, h = 10nm)
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Fig. 5 Deflection profiles of Al and Si plates with all edges clamped (CCCC) under uniformly distributed load obtained from FE

solutions (¢ = 200nm, b = 200nm, 2 = 10nm)
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Fig. 6 Size-effect of central deflection of uniformly loaded Al plates with different thicknesses under SSSS, SCSC and CCCC
boundary conditions obtained from FE solutions (¢ = 200nm, b = 200nm)

where w is the frequency of vibration in rad/s.

5 Numerical results and discussion

Analytical solutions and the FE formulation presented in the previous sections are implemented in a computer
code to examine the influence of various material and geometric parameters as well as boundary conditions on
the static and dynamic behaviors of rectangular nanoscale plates. Plates made of aluminum (Al) and silicon
(Si) are used in the numerical study. The relevant bulk and surface material properties are given in Table 1
[11,12].

The accuracy of the present analytical and finite element (FE) solutions and the convergence of finite
element solutions are first assessed. For this purpose, a plate with all edges simply supported (SSSS) under
uniformly distributed loading is considered. Due to the symmetry of the plate geometry and loading, a quarter
model with N x N elements is employed for the finite element analysis. The numerical results for both finite
element solutions and analytical solutions are presented in Table 2. The finite element solutions converge and
agree within 0.3 % of analytical solutions when the number of plate elements N > 10. The accuracy of the
present solution is also verified by comparing with the limiting case of classical plate theory solutions [15]. The
solutions from the current model are obtained for the classical case by setting the surface material coefficients
Lo, Ao and T to zero. These comparisons are not presented in the paper for brevity. Very good agreement
between the two sets of solutions is noted.

Next, selected numerical results are presented to investigate the influence of surface properties and boundary
conditions on the size-dependent static and free vibration response. Deflection profiles of Si and Al nanoplates
with all edges simply supported (SSSS) under a uniformly distributed load (gp) and a concentrated point
load (Pp) at the center of the plate are shown in Figs. 2 and 3, respectively. Deflections of SSSS plates
are obtained from analytical solutions presented in Sect. 3. Nondimensional central displacements of the
plate, wy, = w(0,0)E h3 / (qoa4) and wp = w(0,0)ER> / (Pya?), are considered in the numerical study. The
solutions for an identical classical plate (zero surface material parameters) [15] are also shown in Figs. 2 and
3 for comparison. These numerical results clearly show that surface energy effects have a significant influence
on plate deflections. It is observed that static deflections of Al and Si nanoplates under both types of loading
are lower than the corresponding classical plate solutions. This implies that surface energy effects make the
plates stiffer compared to the classical plate theory.

Deflection profiles of Al and Si plates with two opposite edges simply supported and the other two edges
clamped (SCSC) and plates with all edges clamped (CCCC) are shown in Figs. 4 and 5, respectively. Deflections
of SCSC and CCCC plates are obtained from the analytical solutions (Sect. 3) and FEM (Sect. 4), respectively.
Similar to a simply supported plate (Fig. 2), the surface energy effect produces stiffening of the plates, but the
effect is less prominent. Note that the main contribution from the surface energy is due to the surface residual
stress 79 and the associated Young—Laplace effect that is directly proportional to the plate curvature. The radius
of curvature of a plate with clamped edges is generally higher than that of a simply supported plate. Therefore,
the influence of surface residual stress is more prominent for simply supported plates. A similar behavior was
also observed for nanobeams [7].
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obtained from FE solutions

Table 3 Natural frequencies of Al and Si nanoplates for different boundary conditions (¢ = 200nm, » = 200nm, # = 10nm)

Material Boundary condition Natural frequency (GHz)
w11 w22 33 W44
Al SSSS 9.242 33.569 74.027 130.656
(8.451) (33.805) (76.061) (135.220)
SCSC 13.200 40.452 85.203 135.449
(12.567) (40.294) (86.056) (137.666)
CCccC 16.072 45.932 89.540 144.146
(15.614) (45.991) (90.602) (146.534)
Si SSSS 11.028 40.574 89.740 158.561
(10.227) (40.906) (92.039) (163.630)
SCSC 15.773 48.602 102.503 163.170
(15.205) (48.707) (103.946) (166.356)
CCccc 19.258 55.221 107.664 173.122
(18.890) (55.578) (109.331) (176.504)
Natural frequency from the corresponding classical plate theory is shown in parentheses
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Fig. 7 Mode shapes of SSSS nanoplates obtained from FE solutions a first mode and b second mode

xla

1.0

The size-effect of the response of nanoplates subjected to a uniformly distributed load (gq) for different
boundary conditions is illustrated in Fig. 6. Plates made of aluminum (Al) with @ = 200nm, » = 200nm and
thickness (/) varying from 5 to 25 nm are considered. The solutions presented in Fig. 6 are obtained from the
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Fig. 8 Mode shapes of SCSC nanoplates obtained from FE solutions a first mode and b second mode

finite element (FE) model outlined in Sect. 4. The variation of normalized plate deflection, w(0, 0)/a, where
w(0, 0) is the deflection at the center of the plate with the plate thickness is plotted in Fig. 6 in which the
nondimensional applied load is kept constant for all plates, i.e., goa®/(Eh3) = —1. The classical solutions for
the three boundary conditions are identical and independent of the plate thickness for a given nondimensional
loading and plate boundary conditions. The size-effect on the normalized deflection compared to the classical
case is clearly evident from Fig. 6, and the solutions confirm that the plate behavior significantly depends on
the presence of surface residual stress. In addition, the size dependency of the plate response depends on the
boundary conditions of the plate. Plates with all edges simply supported (SSSS) show the highest dependency
on size followed by SCSC plates and clamped plates (CCCC). Furthermore, the numerical results reveal that

the size-effects reduce with increasing plate thickness 4. In particular, the size-dependent behavior becomes
negligible when the thickness of the plate is >20 nm.

Natural frequencies of Al and Si nanoplates with different boundary conditions, i.e., SSSS, SCSC and
CCCQC, are presented in Table 3. The corresponding mode shapes of Al plates are depicted in Figs. 7, 8 and
9. These solutions are based on the finite element (FE) model. It is noted that the plate mode shapes are not
significantly different from the corresponding classical plate mode shapes. The natural frequencies obtained
from the classical plate theory for identical plates are shown in parentheses in Table 3. Table 3 confirms that
the surface stress plays an important role on the first (lowest) natural frequency of both Al and Si nanoplates.
The effect is more prominent in the case of simply supported boundary conditions (SSSS) when compared to
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Fig. 9 Mode shapes of CCCC nanoplates obtained from FE solutions a first mode and b second mode

the cases of CCCC and SCSC plates, similar to the behavior observed for the deflection profiles. The presence
of surface stresses leads to higher fundamental natural frequencies for all types of boundary conditions when
compared to the corresponding classical plates. This behavior is also consistent with the stiffer response
of nanoplates observed in Figs. 2, 3 and 4. It is also observed that the surface effect is less significant on
higher natural frequencies, while the classical plate solutions for higher modes are slightly larger than the
corresponding nanoplate solutions.

Aninterpretation of the influence of the surface energy on the natural frequencies cannot be obtained directly
from Eq. (32) for arbitrary boundary conditions. However, the analytical solution for natural frequencies of

SSSS plates given by Eq. (34) presents some insight into the behavior observed in Table 3. The effect of surface
mass density (pp) terms in Eq. (34) is so negligible compared to the bulk mass density terms, and these can be
dropped without loss of any accuracy. This simplification results in the following approximation for natural
frequencies of SSSS plates:

D* (A2 + A2 27
p]E m p;;) +— 0 e (49)
(_sz + W) (_sz + W)

Note that the denominator of Eq. (49) is primarily influenced by the second term (constant) as the first term
rapidly becomes smaller with increasing m and n (higher modes). The second term of Eq. (49) therefore reflects

So
1s

n
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a direct contribution of surface residual stress (the key parameter of surface energy effects), and it is nearly
constant for all modes. The first term of Eq. (49) increases with increasing m and n (D* is constant for a given
plate and dominated by the bulk bending stiffness compared to the contributions from surface effects) and
controls the magnitude of natural frequency, while the second term becomes relatively smaller compared to
the first term for higher frequencies. This is the reason for diminishing influence of surface effects for higher
natural frequencies observed in Table 3.

6 Conclusions

A new mechanistic model based on the Gurtin—Murdoch surface elasticity theory is developed to analyze
rectangular nanoplates. It is found that closed-form analytical solutions can be derived for certain plate config-
urations. A finite element formulation for nanoplates is successfully developed based on the weighted residual
method. Numerical results indicate that the static and dynamic responses are significantly influenced by surface
energy effects and plate boundary conditions. The highest influence of the surface energy effect is observed
for simply supported plates followed by SCSC plates, and only minor effects are noted for clamped plates.
This behavior is consistent with the fact that the surface stress contribution associated with the Young—Laplace
effect is controlled by the curvature of the plate. Plates with smaller radius of the curvature (simply supported)
therefore show the highest effect of surface stress. The first natural frequency of plates shows a substantial
effect of surface stress, but the influence diminishes for higher natural frequencies. However, mode shapes
show negligible influence of surface energy effects.
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ABSTRACT— In this Letter, a variational approach is used to study bending of nanoscale
beams with surface energy effects. This work is motivated by the differences that exist
between recently reported solutions for nano-cantilevers. Surface energy is incorporated
using Gurtin-Murdoch surface elasticity theory. The governing equation and admissible
boundary conditions are obtained from a variational formulation. Closed-form analytical
solutions for beams with different boundary conditions, i.e., simply-supported, cantilevered,
and clamped-clamped ends, are re-examined and the reason for differences between existing

solutions for nano-cantilevers is identified.
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1. Introduction

Nanobeams are used in a wide range of nanotechnology devices (e.g., resonators and
sensors). Several past studies have developed mathematical models for the mechanical
response of nanobeams. He and Lilley (2008) applied the Gurtin-Murdoch continuum theory
(Gurtin and Murdoch, 1975a and 1975b) to develop a mathematical model for nanobeams.
They concluded that the effect of residual surface tension can be considered equivalent to a
distributed loading and nanobeams can be modeled by the classical beam theory with a
modified bending stiffness. The solutions given by He and Lilley (2008) showed that a
cantilever nanobeam is softer whereas a simply-supported or fixed-fixed nanobeam is stiffer

compared to a classical beam when the surface residual stress is positive (Fig. 1).
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Figure 1. [reproduced] Deflections of nanobeams as per He and Lilley (2008) (a) cantilever, (b)
simply supported, (c) fixed-fixed; solid line: 1o = 0; dashed line; 1o = +1 uN/um; and dotted line:

To = -1 uN/um.

This behaviour was explained by considering the sign of beam curvature under different
end conditions. Liu and Rajapakse (2010) also developed a mathematical model for

nanobeams based on the Gurtin-Murdoch theory and used the equilibrium of an infinitesimal



beam element and full elastic field to derive their model. However, their solutions show that
cantilever, simply-supported and fixed-fixed beams are stiffer compared to the corresponding
classical beams under positive surface residual stress. The objective of this Letter is to
investigate this discrepancy. The governing equation and admissible boundary conditions are

re-derived using a variational method. The root cause of the discrepancy is identified.
2. Variational Formulation

Consider a thin beam with cross-section symmetric about the z-axis and length L as shown
in Fig. 2. A beam based on the Gurtin-Murdoch continuum model has an elastic surface
(mathematically zero thickness) perfectly bonded to the bulk material. The outward unit normal
n and tangent t of the cross-section are as shown in Fig. 2. The elastic surface has distinct
material properties and accounts for the surface energy effects (Miller and Shenoy, 2000; Lee

and Rudd, 2007).

N Surface: 4, 4, 7, Q
L

4%%

Figure 2. Geometry of beam and coordinate system.



Let w denote the deflection along the centroidal axis (x,0,0) of the beam. For thin beams

with Euler-Bernoulli hypothesis, the displacements ux and u, along the x- and z- directions are

given by:

U ——7 ow(Xx,t) :

x x u, =w(x,t) 1)

Therefore, the non-zero bulk strain is:

2
o = ou, _ o“w(x,t)

o ox x>

)

The beam is in the plane stress state with non-zero bulk stresses, o,, and o,,. The elastic

surface (outward unit normal #) has non-zero stresses 7, and 7., . Assuming a homogeneous and

isotropic bulk material, the relevant constitutive relations of the bulk can be expressed as,
O-XX = EgXX + VGZZ (3)

where E is the elastic modulus and v is Poisson’s ratio.

The stress component o,, is usually neglected in the classical beam theory. However, the
Young-Laplace condition (Young, 1805; Laplace, 1805; Chen et al., 2006) along the surface-
bulk interface requires a non-zero o,, . Following Lu et al. (2006), o,, is assumed to vary

linearly through the beam thickness to satisfy the equilibrium conditions on the interface.

Therefore,

+

1 z
o, =—(o, +0,)+— (0, —0, 4
7z 2( 2z ZZ) H( 2z ZZ) ( )



where o, and o, are stresses at the top and bottom fibers, respectively, and H is the height of

the beam.

The surface constitutive relations can be expressed as (Gurtin and Murdoch, 1975a and

1975b),

Ty =79+ (zﬂo +Ao)ux,x; Tx = TOunyX (5)

where 7, is the surface residual stress under unconstrained conditions; g, and A, are surface

Lame constants; and u, and u, are the displacements along the x- and n- direction respectively.

The surface equilibrium at any point is expressed by (Gurtin and Murdoch, 1975a and

1975b),

Tax ~ Oz n,= loouzS (6)

where U denotes the acceleration of surface layer in the z-direction.

By substituting eqs (1), (2) and (6) into eqs (3), (4) and (5), the following expressions for

non-zero stresses are obtained.

2z . 0*w . o’w  2vz( o*w .
Oy, :_(Toy_pow); o, =-FEz o + H (To o _pOWJ (7)
o*w ow
=7,—2(2u, + ;T =T —N, 8
z-xx 2-0 ( luO ﬂ'O) axz 7 TO 8X ( )

The total strain energy of the beam contains two parts, i.e., the elastic strain energy stored

in the bulk material (U®) and the elastic strain energy of the surface (U*):
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where V is the bulk volume and 7 is the surface area.

From egs (7), (8) and (9), the strain energies stored in the bulk and surface can be expressed

as,

L/ A2, )\2 L 2
U® = E(El—ZV'TOJI a_"z" dx + 2V"’°jw a"z" i (10)
2 H J3lox H ¢ (0X
.1 i O°w owY’
U® = E(Zﬂo +AO)I !(7} dX + ETOS I(@Xj dX (11)

where Iszzsz is the moment of inertia of the beam cross-section; I*:I z?ds is the
S

perimeter moment of inertia; s =j n’ds; A is the cross-sectional area and s is the perimeter of
S
the cross section.

In the case of beams with rectangular cross-section of height 2h and width b, the geometry

parameters are given as,

2bh® 4h°

| = . 1"=2bh*+—; s"=2b and H=2h (12)
3

The potential energy due to a distributed load q(x) on the beam, prescribed end moment

(M) and end force (Q), as shown in Fig.2, is

L

- (Qw) (13)

0
0

V = - joLq(x)W(x)dx + (I\ﬁ %’Z]




where M and Q are the moment and force at the ends of the beam respectively.

The kinetic energy of nanoscale beam is,

175 1% .
T = = | pAW?dX + = | p.s" (W)%dx 14
2!p() zgpo (W) (14)

In view of egs, (10), (11), (13) and (14), the total energy functional of nanoscale beam is,

I(x,w,w,w) = UP+U°+V 4T

2
J dx + %ros J(awj dx

+2VI1|,00 ‘([W(wajdx n _J.,oA(W) dx + = _[pos (W)*dx
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- (Qw)], (15)

- JL'q(x)W(x)dx + [I\Z @j
5 OX

Taking the variation of eq (15) together with integration by parts leads to the following

governing equation for a beam (Washizu, 1982):

2viz . |o*w . O°W
{EI - O+ (2 + Ay) }W—ros ——q

ox*
vlp, o'w « O°W
T 2at2_ 0 _atz’
T (pA+p,S) O<x<L (16)

and the admissible boundary conditions for a nanoscale beam are:

3 3
2V'TO+(2 0+ )] }( W) b W2 TW oy (17)
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where w and W' denote the prescribed displacement and slope at the beam end respectively.
Equation (16) is similar to the classical beam equation but includes an additional term
due to the effect of residual surface stress. It reduces to the classical model (Gere and
Timoshenko, 1991) if the surface energy effect is completely neglected, i.e., u,, 4, and 7,
are zero. Equations (16) - (18) are identical to the corresponding equations derived by Liu

and Rajapakse (2010) using the force and moment equilibrium of an infinitesimal beam

element. Based on eq (16), the modified bending stiffness of nanobeam can be defined as,

2viz,
H

K, = El - +(2uy + A)1” (19)

The homogeneous solution of eq (16) can be written as,
w(x) = CleJZX+ Cze‘J;X+ C,x+ C, (20)

where ¢=7,5" /K, ; K, isdefined by eq (19); and C, to C, are unknown arbitrary constants to

be determined from the boundary conditions.
3. Examination of the discrepancy between existing solutions

3.1 He and Lilley Model



T

Figure 3. Nanobeam model of He and Lilley (2008).

Consider the solution developed by He and Lilley (2008) for the beam shown in Fig. 3.
They derived the governing equation by simply adding an equivalent distributed loading due
to surface residual stress (Young-Laplace effect) to the classical beam equation with a

modified beam stiffness. Their governing equation is,

4

W _ ox) (21)
X

Ky
and in the absence of any applied distributed loading, p(x) was defined by He and Lilley
(2008) as

2
P() =205, +E,6 )07 (22)
X

where E;is the surface elastic modulus, ¢, is the longitudinal surface strain and b is the

beam width.



The modified bending stiffness of a rectangular beam K.~ was determined by adding the

stiffness contributions of surface layer with thickness t and bulk material (Fig. 3). Assuming

t < H, He and Lilley (2008) expressed the stiffness of nanoscale beam by

K —El, + TEbH?+ SE.H® (23)
b 1 2 S 6 S

where |, :ébH3.

By neglecting the contribution due to longitudinal surface strain in p(x), the beam

governing equation (21) was simplified to:

wd'w d’w
Kb W = ZTObW (24)

which can be re-written as

1

4 2
[El +%ESbH2+€ESH3}d—W—TO dw

— -0 A-1
dx* dx? (A1)

where s"=2b.

The above governing equation derived by He and Lilley (2008) is similar to the (static)
results of Liu and Rajapakse (2010) and the present variational approach (see eq (16)),
except that the modified beam stiffness is different. He and Lilley (2008) obtained the
modified bending stiffness by simply adding the contribution of classical bending stiffness of
the bulk and that due to a surface layer with finite thickness. However, the nanobeam
stiffness given in the present formulation and Liu and Rajapakse (2010) are obtained based

on the consideration of full elastic field based on the continuum model of Gurtin-Murdoch.

10



Moreover, to satisfy the Gurtin-Murdoch surface equilibrium equations, the vertical bulk
stress was also considered by Liu and Rajapakse (2010) and in the present formulation. The
influence of bulk vertical stress on the bending stiffness is represented by the second term of eq
(16).

The homogeneous solutions of the governing equation of He and Lilley (2008) is also given
by eq (20) with K, (eq 19)) replaced by K;” (eq 23)). In the ensuing sections, beams under
different end conditions, i.e., simply-supported, cantilevered, and clamped-clamped, are re-

examined to identify the reason for the discrepancy between the Liu and Rajapakse (2010) and

He and Lilley (2008).
3.2 Beams under different end conditions
3.2.1 Cantilever beams

Consider a cantilever beam of length L subjected to a concentrated static load F, at the free

end. According to the present scheme and Liu and Rajapakse (2010), eq (16) governs the (static
response) beam and the boundary conditions are expressed by eqs (17) and (18) (by removing
the dynamic term). Table 1 compares the boundary conditions used by Liu and Rajapakse (2010)

and those used by He and Lilley (2008).

11



Table 1. Comparison of boundary conditions for cantilever beams.

Liu and Rajapakse (2010) He and Lilley (2008)

) w@) =0 ) w() =0

2) w(0) = 0 2) W(0) = 0

3) M'(L)=0 3) Moment equilibrium at x=0

4) Q(L=F 4) Vertical force equilibrium at x=0

For a static problem, eq (16) is simplified to

. d*w . d?w
K, v —
X

q=0 (A2)

and the corresponding natural boundary conditions are

L dw . dw - . d?w
—+7,8 — and M =-K, —-
a7 dx ® dx?

Q=-K (A-3)

The first and second boundary conditions are identical between the two models (see Table
1). In view of eqs (17) and (18), the third and fourth boundary conditions given by Liu and

Rajapakse (2010) yield,
Kow'(L) =0 and -Kw'(L)+z,sW(L)= F (25)

Using the first two boundary conditions of Table 1 and eq (25) together with eq (20), the

solution for cantilever beam can be obtained as,

F . sinh(xv/e — L/e) +sinh(Lv¢)
Kye Je cosh(Lv/s)

w(x) = =Qf (x) (26)
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where Q is a constant that depends on the magnitude of load, beam bending stiffness and surface
residual stress; and f (x) is a deflection shape function.

Instead of using boundary conditions at the beam ends to determine nanobeam solutions,
He and Lilley (2008) replaced the third and the forth boundary conditions by the moment and
force equilibrium conditions at x=0 (see Table 1). Using the resultant shear force and
bending moment of a nanobeam cross section defined in eqgs (17) and (18) /or (A-3) together
with the condition of zero slope at x=0, the moment and vertical force equilibrium at x=0

can be written as
—K;*W"(O) = —IELL and —K;“*vv”'(O) = IfL (27)

The moment equilibrium condition at the beam end (x = 0) in Table 1 was, however,

expressed by He and Lilley (2008) as,
[ L —_—
K,;w'(0) = FL + _[ros*w"xdx = FL + 7,8 [Lw'(L)—w(L)] (28)
0
and the force equilibrium at x = 0 was given by He and Lilley (2008) as,

L
~K,w"(0) = F_+ I ,SWdx = F + 7,sW(L) (29)

0

Substitution of the first two boundary conditions of Table 1 and eqs (28) and (29) in the
general solution of eq (20) yields the following solution for a cantilever beam based on the

He and Lilley (2008) model:

F_cosh(Lve) . tanh(Lv/e) _sinh(xye — L)

wix) = K e Je Je cosh(L/e)

(30)

13



Obviously, the solutions given by eqgs (26) and (30) are different. To identify the reason
for this difference we examine the boundary conditions of the He and Lilley model shown in
Table 1. Note that in writing right hand side of eqs (28) and (29), He and Lilley (2008)

assumed that a distributed load of magnitude 2bz,w" is acting on the beam by interpreting

the right hand side of eq (24) as an equivalent distributed load. Furthermore, they used the
expressions for stress resultants of a classical beam in the left hand side of eq (28) and (29)
in applying the boundary conditions. As shown here the stress resultants and natural
boundary conditions for a Gurtin-Murdoch beam governed by eq (16) are given by eqs (17)
and (18). Therefore, the expressions for a classical beam stress resultants used by He and
Lilley to derive their solutions are not valid for a Gurtin-Murdoch beam although the
governing equations of both schemes are similar [eq (16) and eq (24) respectively]. It is also
noted that even though one could interpret the right hand side of eq (24) as equivalent to a
load, it is not a physical load. This term fundamentally alters the beam governing equation as
it is a function of the beam curvature and results in substantially different stress resultants

and natural boundary conditions.

Based on eq (30), He and Lilley (2008) concluded that the cantilever nanobeam exhibits a
softer elastic behaviour for z, >0 as shown in Figure 1(a). They explained that the stiffer or
softer behaviour of nanoscale beams is attributed to the signs of the curvature and surface stress
during the static bending. The downward curvature for the cantilever nanobeams (Figure 1(a))
results in a positive curvature and, according to eq (24), a positive curvature results in a positive
distributed transverse force in the same direction with the external load if z, >0. Thus, the

distributed transverse force increases the transverse displacement of the beam bending and the

cantilever nanobeams behaves like a softer material.

14



The explanation of softer and stiffener behaviour of nanoscale beams using the equivalent
transverse distributed force (eq (24)) and the signs of the curvature is questionable. Consider the
governing equation of nanobeam in eq (16) / (A-2), it could be seen that the differentiation of

nanobeam bending from the classical beam bending is due to the modified bending stiffness

El —2viz,/H+(2u,+4,)I” and the presence of the second order derivative term

—7,5 d’w/dx?. Similar to the case of column buckling, the second order derivative term alter

the structure of the nanobeam governing equation considerably and is primarily responsible for
the diversity of nanoscale beam behaviour from the classical beam. The interpretation of second

order derivative term as a distributed force along the nanoscale beam is questionable.

We also note that the general solutions for beam deflection are identical for He and Lilly
(2008) and Liu and Rajapakse (2010) (see eq (20)). Therefore, it can be concluded that as long as
the boundary conditions are expressed in terms of deflections, slopes, bending moment and/or
shear force at a cross section with zero slope, the solutions obtained from He and Lilley (2008)
and Liu and Rajapakse (2010) are identical. We prove this by considering the case of simply-

supported and fixed-fixed beams in the next sections.

3.2.2 Simply-supported beam

Table 2 summarizes the boundary conditions for a simply supported beam employed by
He and Lilley (2008) and Liu and Rajapakse (2010). As the beam structure is symmetric with

respect to the loading plane, the half beam model (0<x<L/2) can be used in the analysis.

15



Table 2. Comparison of boundary conditions for simply supported beams.

Liu and Rajapakse (2010) He and Lilley (2008)

) w(@) =0 1) w() =0

2) M'(0)=0 2) w'(0)=0

3 w(L/2)=0 3) w(L/2)=0

4) Q*(L/z):% 4) Force equilibriumat x=0

In view of eq

(17) / (A-3), the second boundary condition of Liu and Rajapakse [ M"(0)=0] leads
tow"(0)= 0. Therefore the first three boundary conditions of He and Lilley (2008) given in
Table 2 is identical to Liu and Rajapakse (2010). Next, the substitution of the forth boundary

condition of Liu and Rajapakse (Q"(L/2)=F,_/2) together with w(L/2)=0 in eq (17)

yields,
*oa M IEL
—K,w"(L/2) = > (31)
Based on eq (A-3), the forth boundary condition in Table 2 given by He and Lilley
(2008), i.e., force equilibriumat x=0, can be written as,
kL m *oa IEL
—K, w"(0)+ 17,5 W'(0) = > (32)
The forth boundary condition was considered by He and Lilley (2008) as
— L/2 If
—KSW"(0) = 7L + [ ros'wrdx = 7L — 7,5'W(0) (33)
0

16



It can be seen that eq (33) is identical to eq (32). It is also found that the solutions for
simply-supported beams from the two approaches are identical. The solution for deflection of a

simply-supported beam is given by

W(x) = (34)

F { sinh(x/z) }

| X—
2K, & Je cosh(Le /2)
3.2.3 Clamped-clamped beam

Table 3 summarizes the boundary conditions for a clamped-clamped beam used by He
and Lilley (2008) and Liu and Rajapakse (2010). The half beam model (0<x<L/2) is used

in the analysis due to symmetry of the beam structure with respect to the loading plane.

Table 3. Comparison of boundary conditions for clamped-clamped beams.

Liu and Rajapakse (2010) He and Lilley (2008)

1) w(0) = 0 1) w(0) = 0

2) w(0)=0 2) w(0)=0

3) w(L/2)=0 3) w(L/2)=0

4) Q*(L/Z)z% 4) Force equilibrium at x=0

The first three boundary conditions are identical. The forth boundary conditions for Liu
and Rajapakse (2010) and He and Lilley (2008) beam models are given in eqgs (31) and (33)
respectively. It can be shown that the two models again result in identical solutions for

clamped-clamped beams. The solution for deflection of a clamped-clamped beam is obtained as

F . sinh(xve — L\e 1 4) +sinh(LVe / 4)
2K, & Je cosh(Le 1 4)

w(x) =

(35)
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In summary, a variational approach was used to re-derive the governing equation and
admissible boundary conditions for a beam based on Gurtin-Murdoch surface elasticity
theory. The new governing equation is identical to that derived by Liu and Rajapakse (2010)
by considering equilibrium of an infinitesimal beam element. The governing equation
derived by He and Lilley (2008) has the same structure, but the modified stiffnesses are
different from Liu and Rajapakse (2010) and the present study. The admissible boundary
condtions are also obtained from the variational formulation, which is identical to the
resultant shear and moment at section given by Liu and Rajapakse (2010). On the other hand,
the shear force and moment condition used by He and Lilley (2010) were based on the
classical beam theory does not agree with the natural boundary condition from the variational
formulation. He and Lilley solutions for nanobeams were determined by using essential
boundary conditions and these force and/or moment equilibrium conditions at the origin.
However, the condition of equilibrium at the beam origin, depending on the beam type, may
fail meet the requirement at the other beam end and as a result cantilever beams shows

behaviour different from other beams.
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Static and dynamic analysis of nanoscale rectangular plates
incorporating surface energy
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In this paper, the Gurtin—-Murdoch continuum theory is applied to develop a new continuum mechanics
model for static and dynamic analysis of nanoscale rectangular plates. The relevant governing equations
are established from basic principles. The analytical static and free vibration solutions of nanoscale
rectangular plates are presented. A finite element method for analysis of rectangular nanoplates is also
developed in the present paper. Explicit solutions for stiffness and mass matrices and the load vector are
derived by using a weighted residual formulation. A selected set of numerical results are presented to
investigate the size-dependent static response of nanoscale rectangular plates and the influence of surface

properties and boundary conditions.

Keywords: nanotechnology, nanoplate, surface residual stress, deflection, free vibration

1 Introduction

Nanoplate structures are key elements used in
various  nanotechnology-based devices such as
nanoelectromechanical systems (NEMS) [1]. To
successfully design and manufacture nano-scale devices,
a fundamental understanding of their mechanical
properties and behavior is required.

Various modeling approaches have been proposed
to investigate the behavior of nanostructures. Atomistic
simulation [2] have been used by several researchers but
the simulation is computationally prohibitive when
applied at a device/system level. Continuum mechanics
models incorporated with surface energy based on
Gurtin and Murdoch has been widely used in the
literature for analysis of nanostructures due to their
computational efficiency and wversatility [3-6]. A
nanoplate model based on the Gurtin—Murdoch
continuum theory is considered to have bulk material
region and an elastic surface with mathematically zero
thickness. The surface elastic constants are different
from those of bulk and can be determined by atomistic
computations and experiments [2].

In this paper, a mechanistic model incorporating the
effects of surface energy based on the Gurtin-Murdoch
surface elasticity theory [3] is developed to analyze the
responses of rectangular nanoplates. A set of closed-
form analytical solutions and finite element formulation
for static and dynamic analysis of thin rectangular
nanoplates are developed in the present paper. Selected
numerical results are presented to portray the size-
dependent response of rectangular nanoplates and the
influence of surface properties and boundary conditions.

or;
+ W
(a) TW + dy+
07,
T+ dy
oy Py
T
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Ty g T+ < dx
o

Figure 1: (a) surface stresses on an incremental element
of top elastic surface layer and (b) Stress components of
an incremental bulk plate element

2 Formulation of rectangular nanoplates governing
equations

Consider a thin rectangular plate with Cartesian
coordinate system (x,y,z). It is assumed that the response
of the plate is governed by the continuum theory
proposed by Gurtin and Murdoch [3] and its deflections
are small and strains are infinitesimal. An incremental
element of the bulk is shown in Fig. 1(b) and the
corresponding incremental element of the top surface is
shown in Fig. 1(a). The elastic properties of surface



materials are Lamé constants Ao, 4 and surface residual
stress under unstrained conditions 7, and the mass
density of the surface is p,. From Gurtin-Murdoch
theory [3],

O, + 1y — 10)( +uﬁa)
Hzy + U8, + T\ (1a)
Ty = ToUs, (1b)
where 7., (a,f=xyYy ) denotes the surface stress

components of the top and bottom surfaces respectively.

The force equilibrium equations of the top surface
(Fig. 1(a)) in the x- and y-directions can be expressed as

9% % e (2a)
8X ay X X

6T 6’2’

ey oA (#0)

where o (i=x,y,2z) is the resulting contact tractions

existing on the interface of bulk and top surface layer
due to the interaction between the surface layer and
bulk. Superscripts + and — are used to denote the field
guantities on the top and bottom plate surfaces
respectively.

The equation of force equilibrium for an
incremental element of the bulk (Fig. 1(b)) in the x-
direction can be expressed as

h/2 h/2
I a(y—xxdz+
—h/2 ox -h/2
h/2 h/2
+ [ bdz= [ pidz ©)
—h/2 -h/2
where o, b, and p are bulk stresses, body forces and

mass density of the bulk material; h is the thickness of
the plate.

From Fig. 1(b), the force equilibrium equations in
the y- and z-directions and the bending moment
equilibrium equations) about the x- and y-axis can also
be obtained. Assumed homogeneous and isotropic, the
constitutive relations of the bulk material can be
expressed as,

E Ev v
Oy = 17 Ex +l—v2 &y +1—v o, (4a)
E Ev 1%
Ty TS T S T O (4b)
E
O, = ZGSia = 1_V2 Eiy (4C)

In the present paper, o,, is assumed to vary linearly

through the beam thickness and satisfy the equilibrium
conditions on the surface,

A AR ATI G ©

The following displacement functions fields are
assumed for Kirchhoff plate,

W uy =220, =wix,y)
ay’ z ! (6)

The relevant strain-displacement relations are,

o*w o’w o*w
Eq=—l—— 1 £yl 16y~ L @)

ox? ' oy 'Y oxoy

Based on Egs. (1)-(7), the governing equation for a
thin plate including surface effects can be obtained as,

o 0*w o'w  o'w
OX ox-oy® oy

ow o°w
—270(6 Tt 5 ]Jrq(x y) 8
o*w
= —(Ph+2/70)¥
3 2 2 4 4
_Lh+:00h+ h*v 8W+8W
12 2 6(1-v) )\ oxPet®  oy?at?
3 2 2
where D*=L2+h—(2yo+lo)— hzov .
12(1-v°) 2 6(1-v)

3 Analytical solutions
3.1 Static loading of rectangular nanoplate

For the static problems, the governing equation, Eq.
(8), is simplified to,

D'V’V’w-27,V*w+q(x,y) = 0
O<x<a, O0<y<hb 9)
2 2
where V* :8_2+6_2 :
ox° oy
Consider a rectangular plate of sides a and b with
all edges simply-supported and subject to a distributed
loading of the form

q(x,y) = iiqmm sin Msin mzy

m=1n-1 a b (10)
Boundary conditions:
[W: O]X:O,x:a ; [W: O]y:O,y:b (11a)
M, = 0],0ca s [M; = 0]y, (11b)
where

2 2 2

My =0 CW p fu MRy, (124)
OX oy. 6(-v)
2 2 2

Y o> toxt B(l-v)



Eh’v h?
——+— (A +7,).
a7 Bt

Observing that, since w=0 at all edges (from
boundary conditions Eq. (11a)), therefore 6*°w/ox* =0
for the edges parallel to the x-axis and o6*w/oy* =0 for

the edges parallel to the y-axis. The deflection function
of simply-supported plate can be represented by the
double Fourier series

and D, =

w(x,y) = ZZW sm—sm Zy (13)

m=1 n=1

Substituting Egs. (10) and (13) into Eq. (9) and
equating coefficients, the solutions of simply-supported
plate can be obtained as

= _2 (14)
n

For a uniform distributed load q(x,y)=0,:

4q
d,, = nz—n:n (1-cosmz)(@—cosnr) (15a)

For a concentrated load P, at (a’,b"):

Oy = ﬂsin mza sin@ (15b)
ab a b

3.2 Free vibration analysis of rectangular nanoplate

The free vibration characteristics (natural
frequencies and mode shapes) of nanoscale plates are an
important consideration in the design of NEMS devices.
The dynamic response of a simply supported nanoplate
can be assumed as

w(x,y,t) = ZZW sm—sm NZY giot

m=1 n=1 b

(16)
O<x<a, O<y<b

Substituting w from Egs. (16) into Eq. (8) yields the
characteristic equation of the plate whose roots are the
natural frequencies

D™ (22 +42) +25, (A2 +22)
h ph?  hiv
h+2p,)—| £ +£2 A2+ 22 17
) e I
mn=123,..

where A, =mz/a and A4, =nz/b.

a)Z:

4 Finite element formulation

Galerkin’s weighted residual method is now applied
to Eqg. (8) to develop the finite-element (FE) formulation
of rectangular nanoscale plates. The weighted residual
statement for static loading is [7]

4 4 4
O:IW{D*[a \iv+2_62W2 +6_\ivj
v OX ox-oy® oy

o’w  o°w
—22'0 [y + WJ + q(X, y)} dv

(18)

A 4-node rectangular finite element with w,
0, [=ow/ox] and 6, [=ow/ oy] as the nodal variables.

The element nodal displacement vector can be written as,

wi=[w & & .. w ¢ o] (19)

The displacement is interpolated by using a set of
shape functions as,

w=Nw® = N, W + N,,6* + N6

20
+ oo+ NW! + N, 00 + N 0! (20)

where

Ni1:é(1+§0)(1+770)(2+§o+770_52_772) (21a)

1 2
Ni, :gé(go “D(L+7,)1+ &) (21b)
1 2
Nis = §77i (770 _l)(1+770)(1+770) (21¢)
¢= X_ax‘): n="" y° P =85 M= (21d)

in which (x,,y,) are the global coordinates of the
center of the rectangle and
Substitution of Eg. (20) into Eq. (18), the finite

element model of nanoscale rectangular plate is
obtained by

[KHw}={F"} (22)
where
K* = [{B,/CB, +27,B,B, } dxdy; (23a)
Q
1 v 0
= j Ngdxdy ; C=D"|v 1 0 (23b)
o) 0 0 (1-v)/2
Ny ON, Ny ONg N, ONg
ox  ox  ox o ox X OX
oy oy &y oy oy @y
- BZ N 7
N, N, Ny &N, N, N,
ox? o2 e o o2
PNy PNy, Ny #N, N, N, (23d)
ayz ayz (—NZ (—7y2 (—7y2 ayz
262N11 ZazNiz 262N13 282N41 262N4z 262N43
| Oxoy  Oxdy  Oxdy oxoy  oxoy  Oxoy |




5 Numerical solutions

The analytical solutions and FE formulation
presented in the previous sections are implemented in a
computer code to analyze rectangular nanoscaled plates.
Plate made of aluminium (Al) and silicon (Si) are used
in the numerical study. The relevant bulk material
properties are E = 90 GPa, v = 0.23 for Al and E = 107
GPa, v = 0.33 for Si [2]. The surface material properties
for a [100] surface of these materials are 7 = 0.5689
N/m, 1 = -5.4251 N/m, Ao = 3.4939 N/m, p= 2.7x10°
kg/m® and p = 5.46x107 kg/m? for Al and 7 = 0.6056
N/m, 1= -2.7779 N/m, Ao = -4.4939 N/m, p = 2.33x10°
kg/m® and pp=3.17x10" kg/m? for Si [2].
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Figure 2: Deflection profiles of plates with all edges
simply-supported under uniformly distributed load
(a=200 nm, b =200 nm, h =10 nm)
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Figure 3: Deflection profiles of SSCC plate under
uniformly distributed load
(a =200 nm, b =200 nm, h =10 nm)

Deflection profile of Si nanoplate with all edges
simply-supported under uniformly distributed load g is
presented in Fig. 2. Classical plate solutions [8] for
identical plates (zero surface material parameters) are
also shown in these figures to assess the influence of
surface energy. Static deflections of Si nanoplate is
lower than the classical plate model. This implies that
surface energy effects incorporated in the nanoplate
model make the plates stiffer. Figure 3 shows the

deflection profiles of Al and Si plates with two opposite
edges simply supported and the other two edges
clamped (SSCC). Compared to the simply-supported
plate (Fig. 2), surface energy effect causes a similar
stiffening behavior, although less prominent. The main
contribution for the deviated responses between the
classical and nanoscale plates is due to the surface

material parameters 1, , 4, and z,.

6 Conclusion

A mechanistic model incorporating the effects of
surface energy based on the Gurtin-Murdoch surface
elasticity theory is proposed to analyze the responses of
rectangular nanoplates. A set of closed-form analytical
static and free vibration solutions of nanoscale
rectangular plates are presented. A finite element
formulation for thin rectangular nanoplates are
successfully developed. Selected numerical results are
presented to portray the size-dependent response of
rectangular nanoplates and the influence of surface
properties and boundary conditions.
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