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Chapter 1

Executive Summary

The following notations will be used in this research : N denotes the set

of all natural numbers; R+ denotes the set of all real non-negative numbers; Rn

denotes the n-dimensional Euclidean space equipped with the Euclidean norm

∥ · ∥; Rn×r denotes the space of all matrices of (n× r)-dimensions; AT denotes the

transpose of the matrix A; A is symmetric if A = AT ; I denotes the identity matrix;

λ(A) denotes the set of all eigenvalues of A; λmax(A) = max{Reλ : λ ∈ λ(A)};

λmin(A) = min{Reλ : λ ∈ λ(A)}; matrix A is called semi-positive definite (A ≥ 0)

if xTAx ≥ 0, for all x ∈ Rn; A is positive definite (A > 0) if xTAx > 0 for all

x ∈ Rn − {0}; matrix B is called semi-negative definite (B ≤ 0) if xTBx ≤ 0,

for all x ∈ Rn; B is negative definite (B < 0) if xTBx < 0 for all x ∈ Rn − {0};

A > B means A − B > 0 (B − A < 0); A ≥ B means A − B ≥ 0 (B − A ≤ 0);

h̄ = max{h2, r2}, h2, r2 ∈ R+; xt = x(t+ s), s ∈ [−h̄, 0]; ∗ represents the elements

below the main diagonal of a symmetric matrix.

Consider the following uncertain impulsive switched linear control system

with time delays

ẋ(t) = Aik(t)x(t) + Bik(t)x(t− hik(t)) + Cik(t)x(t− rik(t))

+fik(t, x(t)) + gik(t, x(t− hik(t))) + wik(t, x(t− rik(t)))

+Diku(t), t ̸= tk,

∆x(t) = x(t)− x(t−) = Gkx(t
− − hik(t

−)), t = tk,

x(t0 + s) = ϕ(s), ∀s ∈ [−h̄, 0],

Aik(t) = Aik +∆Aik(t), Bik(t) = Bik +∆Bik(t),

Cik(t) = Cik +∆Cik(t),

(1.1)

where x(t) ∈ Rn denotes the state variable, u(t) ∈ Rs denotes the control input,

ik ∈ {1, 2, ...,m}, k,m ∈ N . Aik , Bik , Cik , Dik and Gk are given constant matrices

of appropriate dimensions. The delays hik(t) and rik(t) are interval time-varying
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bounded continuous functions satisfying

0 ≤ h1 ≤ hik(t) ≤ h2,

0 ≤ r1 ≤ rik(t) ≤ r2,

where h1, h2, r1 and r2 are given positive real constants. The uncertainties fik(.),

gik(.) and wik(.) represent the nonlinear parameter perturbations with respect to

the current state x(t), the delayed state x(t−hik(t)) and delayed state x(t−rik(t)),

respectively. They satisfy that fik(t, 0) = 0, gik(t, 0) = 0, wik(t, 0) = 0 and

fT
ik
(t, x(t))fik(t, x(t)) ≤ η2xT (t)x(t),

gTik(t, x(t− hik(t)))gik(t, x(t− hik(t))) ≤ ρ2xT (t− hik(t))x(t− hik(t)),

wT
ik
(t, x(t− rik(t)))wik(t, x(t− rik(t))) ≤ ζ2xT (t− rik(t))x(t− rik(t)),

where η, ρ and ζ are given positive real constants. The uncertain matrices ∆Aik(t),

∆Bik(t), ∆Cik(t) and ∆Dik(t) are norm bounded and can be described as[
∆Aik(t) ∆Bik(t) ∆Cik(t)

]
= Kik∆ik(t)

[
L1
ik

L2
ik

L3
ik

]
, (1.2)

where Kik , L
1
ik
, L2

ik
and L3

ik
are given constant matrices of appropriate dimensions.

The class of parametric uncertainties ∆ik(t) which satisfies

∆ik(t) = Fik(t)[I − JFik(t)]
−1, (1.3)

is said to be admissible where J is a known matrix satisfying

I − JJT > 0, (1.4)

and Fik(t) is uncertain matrix satisfying

Fik(t)
TFik(t) ≤ I. (1.5)

∆x(t) = x(t+k ) − x(t−k ), lim
ν→0+

x(tk + ν) = x(t+k ), x(t
−
k ) = lim

ν→0+
x(t − ν). ϕ(t) is

the initial function with the norm ∥ϕ∥ = supθ∈[−h̄,0] ∥ϕ(θ)∥. We assume that the

solution of the impulsive switched system (1.1) is right continuous i.e., x(t+k ) =
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x(tk). tk is an impulsive switching time point and t0 < t1 < t2 < · · · < tk <

· · · , tk → +∞ as k → +∞ and introduce the quantity

τ = inf{ti+1 − ti : i = 1, 2, 3, ...}.

This τ is called the dwell time of the system (1.1). Under the switching law of

system (1.1), at the time tk, the system switches to the ik subsystem from the ik−1

subsystem.

Remark The conditions (1.4) and (1.5) guarantee that I−JFik(t) is invertible. It

is easy to show that when J = 0, the parametric uncertainty of linear fractional

form reduces to a norm bounded one.

The objectives of this research are: (i) to establish new delay-range-

dependent sufficient conditions for robust exponential stability of system (1.1)

when u(t) = 0 and (ii) to design a robust state feedback controller

u(t) = Kx(t), (1.6)

which robustly exponentially stabilizes (1.1), where K is a constant gain matrix

of appropriate dimensions to be designed.

Definition 1.0.1 Given β > 0. The system (1.1) is exponentially stable, if there

exist switching function ik and positive real constant M such that any solution

x(t, ϕ) of the system satisfies

∥x(t, ϕ)∥ ≤ M∥ϕ∥e−βt, ∀t ∈ R+.

Lemma 1.0.2 (Halanay Lemma) Let m(t) be a positive scalar function and assume

that the following condition holds:

D+m(t) ≤ −am(t) + bm̄(t), t ≥ t0,

where D+m(t) = lim sup
∆t→0+

m(t+∆t)−m(t)

∆t
, 0 < b < a. Then, there exists β > 0

such that for all t ≥ t0,

m(t) ≤ m̄(t0)e
−β(t−t0).

Here, m̄(t) = sup
t−h̄≤s≤t

{m(s)} and β satisfies β − a+ beβh̄ = 0.
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Lemma 1.0.3 (Schur complement lemma) Given constant sysmetric matrices X

Y, Z where Y > 0. Then X + ZTY −1Z < 0 if and only if X ZT

Z −Y

 < 0 or

 −Y Z

ZT X

 < 0.

Lemma 1.0.4 For given matrices Q = QT , H, E, R = RT > 0 of appropriate

dimension, then

Q+HFE + ETF THT < 0,

for all F satisfies F TF ≤ R, if and only if there exist a positive number ϵ > 0,

such that

Q+ ϵ−1HHT + ϵETRE < 0.

Lemma 1.0.5 Suppose that ∆(t) is given by (1.3)-(1.5). Let M , S and N be real

matrices of appropriate dimensions with M = MT . Then, the inequality

M + S∆(t)N +NT∆T (t)ST < 0,

holds, if and only if, for any scalar δ > 0,
M S δNT

ST −δI δJT

δN δJ −δI

 < 0.

Lemma 1.0.6 Let Gk be given matrices as in (1.1). Let P be symmetric positive

definite matrix. Then  P PGk

GT
kP GT

kPGk

 ≤ δkI, (1.7)

if and only if 
−δkI 0 P

0 −δkI GT
kP

P PGk −P

 ≤ 0, (1.8)

for δk is positive real constant, k ∈ N .
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Proof. Consider inequality (1.7), we have P PGk

GT
kP GT

kPGk

 ≤ δkI.

Equivalently,  −δkI 0

0 −δkI

+

 I

GT
k

P
(

I Gk

)
≤ 0.

By using Schur complement Lemma in the above inequality, we get
−δkI 0 I

0 −δkI GT
k

I Gk −P−1

 ≤ 0. (1.9)

Pre-multiplying (1.9) by diag{I, I, P} and post-multiplying by diag{I, I, P}, we

obtain 
−δkI 0 P

0 −δkI GT
kP

P PGk −P

 ≤ 0. (1.10)

The proof of the lemma is complete. �

Then, we consider system described by the following state equation of the

form

ẋ(t) = A(t)x(t) + B(t)x(t− h(t)) + f(t, x(t))

+g(t, x(t− h(t))) +D(t)
∫ t

t−δ(t)
x(s)ds, t > 0;

x(t0 + θ) = ϕ(θ), ẋ(t0 + θ) = φ(θ), ∀θ ∈ [−max{h2, δ}, 0],

A(t) = [A+∆A(t)], B(t) = [B +∆B(t)],

D(t) = [D +∆D(t)],

(1.11)

where x(t) ∈ Rn is the state variable, A, B and D ∈ Rn×n are known real constant

matrices. h(t), δ(t) are discrete and distributed time-varying delays, respectively,

0 ≤ h1 ≤ h(t) ≤ h2, ḣ(t) ≤ hd ≤ ∞,

0 ≤ δ(t) ≤ δ,
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where h1, h2 are positive real constants representing lower and upper bounds of

the delay, respectively, hd, δ are positive real constant. Consider the initial func-

tion ϕ(t), φ(t) ∈ C([−max{h2, δ}, 0], Rn) denote continuous vector-valued initial

function of t ∈ [−max{h2, δ}, 0] with the norm ∥ϕ∥ = supθ∈[−max{h2,δ},0] ∥ϕ(θ)∥,

∥φ∥ = supθ∈[−max{h2,δ},0] ∥φ(θ)∥. The uncertain matrices ∆A(t), ∆B(t) and ∆D(t)

are norm bounded and can be described as[
∆A(t) ∆B(t) ∆D(t)

]
= EF (t)

[
G1 G2 G3

]
where E, G1, G2 are know constant matrices with appropriate dimensions. The

uncertain matrix F (t) satisfies

F (t)TF (t) ≤ I.

The uncertainties f(t, x(t)), g(t, x(t − h(t))) represent the nonlinear parameter

perturbations with respect to the current state x(t) and the delayed state x(t −

h(t)), respectively, and are bounded in magnitude of the form

fT (t, x(t))f(t, x(t)) ≤ η2xT (t)x(t),

gT (t, x(t− h(t)))g(t, x(t− h(t))) ≤ ρ2xT (t− h(t))x(t− h(t)),

where η, ρ are given real constants.where η, ρ are given real constants.

Definition 1.0.7 The system (1.11) is exponentially stable, if there exist positive

real numbers α and M such that for each ϕ(t), φ(t) ∈ C([−h2, 0], R
n), the solution

x(t, ϕ, φ) of the system (1.11) satisfies

∥x(t, ϕ, φ)∥ ≤ M max{∥ϕ∥, ∥φ∥}e−αt, ∀t ∈ R+.

Lemma 1.0.8 (Jensen’s inequality) For any constant matrix Q ∈ Rn×n, Q = QT >

0, scalar h > 0, vector function ẋ(t) : [−h2, 0] → Rn such that the integrations

concerned are well defined, then

−h

∫ 0

−h

ẋT (s+ t)Qẋ(s+ t)ds ≤ −
(∫ 0

−h

ẋ(s+ t)ds
)T

Q
(∫ 0

−h

ẋ(s+ t)ds
)
.
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Rearranging the term
∫ 0

−h
ẋ(s+ t)ds with x(t)−x(t−h), we can yield the following

inequality:

−h

∫ 0

−h

ẋT (s+ t)Qẋ(s+ t)ds ≤

 x(t)

x(t− h)

T −Q Q

Q −Q

 x(t)

x(t− h)

 .

Lemma 1.0.9 For any constant matrices Q11, Q22, Q12 ∈ Rn, Q11 ≥ 0, Q22 ≥

0,

Q11 Q12

∗ Q22

 ≥ 0 scalar h1 ≤ h(t) ≤ h2, and vector function ẋ : [−h2, 0] → Rn

such that the following integration is well defined, then

−(h2 − h1)

∫ t−h1

t−h2

x(t)
ẋ(t)

T Q11 Q12

∗ Q22

x(t)
ẋ(t)

 dt

≤


x(t− h1)

x(t− h(t))∫ t−h1

t−h(t)
x(t)dt


T 

−Q22 Q22 −QT
12

∗ −Q22 QT
12

∗ ∗ −Q11




x(t− h1)

x(t− h(t))∫ t−h1

t−h(t)
x(t)dt

 .

Lemma 1.0.10 Let x(t) ∈ Rn be a vector-valued function with first-order continuous-

derivative entries. Then, the following integral inequality holds for any matrices

X,Mi ∈ Rn×n, i = 1, 2, . . . , 5 and a scalar function h := h(t) ≥ 0 :

−
∫ t

t−h

ẋT (s)Xẋ(s)ds ≤

 x(t)

x(t− h)

T  MT
1 +M1 −MT

1 +M2

−M1 +MT
2 −MT

2 −M2

 x(t)

x(t− h)


+h

 x(t)

x(t− h)

T M3 M4

MT
4 M5

 x(t)

x(t− h)

 ,

where 
X M1 M2

MT
1 M3 M4

MT
2 MT

4 M5

 ≥ 0.

Lemma 1.0.11 For given matrices Q = QT , H, E, and R = RT > 0 of appropriate

dimemsion, then

Q+HFE + ETF THT < 0
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for all F satisfies F TF ≤ R, if and only if there exist a positive number ϵ > 0,

such that

Q+ ϵ−1HHT + ϵETRE < 0.

Lemma 1.0.12 (Schur complement lemma) Given constant sysmetric matrices X

Y, Z where Y > 0. Then X + ZTY −1Z < 0 if and only if X ZT

Z −Y

 < 0 or

 −Y Z

ZT X

 < 0.



Chapter 2

Main Results

In this research, we investigate the problems of robust exponential stability

and stabilization analysis for uncertain impulsive switched linear control systems

with discrete interval time-varying delays and nonlinear perturbations. The time

delays are continuous functions belonging to the given interval delays, which mean

that the lower and upper bounds for the time-varying delays are available, but the

delay functions are not necessary to be differentiable. Based on the combination of

mixed model transformation, Halanay inequality, utilization of zero equations, de-

composition technique of coefficient matrices and a common Lyapunov functional,

new delay-range-dependent robust exponential stability and stabilization criteria

are established in terms of linear matrix inequalities (LMIs) for considered sys-

tems. Moreover, The problem of robust exponential stability criteria for uncertain

linear system with interval discrete time-varying delay, distributed time-varying

delay and nonlinear perturbations is studied in this research. Based on construct-

ing an augmented Lyapunov-Krasovskii functional, decomposition technique of

coefficient matrix, combination of descriptor model transformation and utilization

of zero equation, new delay-range-dependent robust exponential stability criteria

are derived in terms of LMIs.

2.1 Stabilization for Impulsive Switched Nonlinear Con-

trol System with Delays

We now introduce the following notations for later use:∑
ik
=

(
Σik

i,j

)
9×9

, (2.12)
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where Σ
ik
i,j = Σ

ik
j,i

T
, i, j = 1, 2, 3, ..., 9,

U = PM, W = PN,

Σ
ik
1,1 = U +W + UT +W T +QT

1 (Aik +B1
ik
+ C1

ik
) + (Aik +B1

ik

+C1
ik
)TQ1 + ϵ1η

2I + aP,

Σ
ik
1,2 = P −QT

1 + (Aik +B1
ik
+ C1

ik
)TQ2, Σ

ik
1,3 = −U +QT

1B
2
ik
+ (h2 − h1)Q3,

Σ
ik
1,4 = −W +QT

1C
2
ik
+ (r2 − r1)Q4, Σ

ik
1,5 = QT

1 , Σ
ik
1,6 = QT

1 , Σ
ik
1,7 = QT

1 ,

Σ
ik
1,8 = −U −QT

1B
1
ik
+ (h2 − h1)Q5, Σ

ik
1,9 = −W −QT

1C
1
ik
+ (r2 − r1)Q6,

Σ
ik
2,2 = −QT

2 −Q2, Σ
ik
2,3 = QT

2B
2
ik
, Σ

ik
2,4 = QT

2C
2
ik
, Σ

ik
2,5 = QT

2 , Σ
ik
2,6 = QT

2 ,

Σ
ik
2,7 = QT

2 , Σ
ik
2,8 = −QT

2B
1
ik
, Σ

ik
2,9 = −QT

2C
1
ik
,

Σ
ik
3,3 = −(h2 − h1)Q3 − (h2 − h1)Q

T
3 + ϵ2ρ

2I − bP,

Σ
ik
3,4 = Σ

ik
3,5 = Σ

ik
3,6 = Σ

ik
3,7 = 0, Σ

ik
3,8 = −(h2 − h1)Q

T
3 − (h2 − h1)Q5,

Σ
ik
3,9 = 0,Σ

ik
4,4 = −(r2 − r1)Q4 − (r2 − r1)Q

T
4 + ϵ3ζ

2I − cP,

Σ
ik
4,5 = Σ

ik
4,6 = Σ

ik
4,7 = Σ

ik
4,8 = 0, Σ

ik
4,9 = −(r2 − r1)Q

T
4 − (r2 − r1)Q6,

Σ
ik
5,5 = −ϵ1I, Σ

ik
5,6 = Σ

ik
5,7 = Σ

ik
5,8 = Σ

ik
5,9 = 0, Σ

ik
6,6 = −ϵ2I,

Σ
ik
6,7 = Σ

ik
6,8 = Σ

ik
6,9 = 0, Σ

ik
7,7 = −ϵ3I, Σ

ik
7,8 = Σ

ik
7,9 = 0,

Σ
ik
8,8 = −(h2 − h1)Q5 − (h2 − h1)Q

T
5 , Σ

ik
8,9 = 0,

Σ
ik
9,9 = −(r2 − r1)Q6 − (r2 − r1)Q

T
6 .

Theorem 2.1.1 The nominal system (1.1) when u(t) = 0 is exponentially stable, if

there exist symmetric positive definite matrix P , any appropriate dimensional ma-

tricesM,N,Qi, i = 1, 2, . . . , 7, and positive real constants µ, λ, η, ρ, ζ, ϵ1, ϵ2, ϵ3, a, b, c

with a > b+ c and δk > 0 for all k ∈ N such that the following LMIs hold:

∑
ik
< 0, (2.13)

−δkI 0 P

0 −δkI GT
kP

P PGk −P

 ≤ 0, (2.14)

µh̄ ≤ infk∈N{tk − tk−1}, (2.15)

max{δ̄k + δ̄ke
λh̄} ≤ M < eλµh̄, (2.16)
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where δ̄k = δk
λmin(P )

, k ∈ N and λ is the unique positive root of the equation

λ− a+ (b+ c)eλh̄ = 0.

We introduce the following notations for later use:

ΓT
ik

=
[
KT

ik
Q1 KT

ik
Q2 0 0 0 0 0 0 (v2 − v1)K

T
ik
Q3

]
,

Υik =
[
L1

ik
0 L2

ik
L3

ik
0 0 0 0 L4

ik

]
,

∑̃
ik

=


∑

ik
Γik σΥT

ik

ΓT
ik

−σI σJT

σΥik σJ −σI

 .

Theorem 2.1.2 The system (1.1) when u(t) = 0 is robustly exponentially stable, if

there exist symmetric positive definite matrix P , any appropriate dimensional ma-

tricesM,N,Qi, i = 1, 2, . . . , 7, and positive real constants σ, µ, λ, η, ρ, ζ, ϵ1, ϵ2, ϵ3, a, b, c

with a > b+ c and δk > 0 for all k ∈ N such that the following LMIs hold:

∑̃
ik
< 0, (2.17)

−δkI 0 P

0 −δkI GT
kP

P PGk −P

 ≤ 0, (2.18)

µh̄ ≤ infk∈N{tk − tk−1}, (2.19)

max{δ̄k + δ̄ke
λh̄} ≤ M < eλµh̄, (2.20)

where δ̄k = δk
λmin(P )

, k ∈ N and λ is the unique positive root of the equation

λ− a+ (b+ c)eλh̄ = 0.

We introduce the following notations for later use:

ΠT
ik

=
[
DT

ik
Q1 0 0 0 0 0 0 0 0

]
,

Ψik =
[
DT

ik
Q1 DT

ik
Q2 0 0 0 0 0 0 0

]
.

Theorem 2.1.3 If there exist symmetric positive definite matrix P , any appro-

priate dimensional matrices M,N,Qi, i = 1, 2, . . . , 7, and positive real constants

µ, λ, η, ρ, ζ, τ, ϵ1, ϵ2, ϵ3, a, b, c with a > b+ c and δk > 0 for all k ∈ N such that the
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following LMIs hold: 
∑

ik
ΨT

ik
τΠik

Ψik −τI 0

τΠT
ik

0 −τI

 < 0, (2.21)


−δkI 0 P

0 −δkI GT
kP

P PGk −P

 ≤ 0, (2.22)

µh̄ ≤ infk∈N{tk − tk−1}, (2.23)

max{δ̄k + δ̄ke
λh̄} ≤ M < eλµh̄, (2.24)

where δ̄k = δk
λmin(P )

, k ∈ N and λ is the unique positive root of the equation

λ − a + (b + c)eλh̄ = 0, then closed-loop nominal system (1.1) is exponentially

stable and the state feedback control law is given by

u(t) = DT
ik
Q1x(t).

We introduce the following notations for later use:

Π̃T
ik

=
[
DT

ik
Q1 0 0 0 0 0 0 0 0 0 0

]
,

Ψ̃ik =
[
DT

ik
Q1 DT

ik
Q2 0 0 0 0 0 0 0 0 0

]
.

Theorem 2.1.4 If there exist symmetric positive definite matrix P , any appro-

priate dimensional matrices M,N,Qi, i = 1, 2, . . . , 7, and positive real constants

σ, µ, λ, η, ρ, ζ, ξ, ϵ1, ϵ2, ϵ3, a, b, c with a > b + c and δk > 0 for all k ∈ N such that

the following LMIs hold: 
∑̃

ik
Ψ̃T

ik
ξΠ̃ik

Ψ̃ik −ξI 0

ξΠ̃T
ik

0 −ξI

 < 0, (2.25)


−δkI 0 P

0 −δkI GT
kP

P PGk −P

 ≤ 0, (2.26)

µh̄ ≤ infk∈N{tk − tk−1}, (2.27)

max{δ̄k + δ̄ke
λh̄} ≤ M < eλµh̄, (2.28)
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where δ̄k = δk
λmin(P )

, k ∈ N and λ is the unique positive root of the equation

λ−a+(b+c)eλh̄ = 0, then closed-loop system (1.1) is robustly exponentially stable

and the state feedback control law is given by

u(t) = DT
ik
Q1x(t).

2.2 Stability for Nonlinear System with Delays

We introduce the following notations for later use.∑
=

[
Σi,j

]
17×17

, (2.29)

where Σi,j = ΣT
j,i, i, j = 1, 2, 3, ..., 17,

U1 = P1C,

U2 = P1H,

Σ1,1 = U1 + UT
1 + U2 + UT

2 +QT
1A1 + AT

1Q1 + 2αP1 + P2 + P3 − e−2αh2P5

−e−2αβh2P8 + h2
2P10 − e−2αh2P11 + (βh2)

2P12 − e−2αβh2P13 + P14 + P15

+P16 + P17 + h2[W
T
1 +W1] + h2

2W3 + βh2[W
T
6 +W6] + (βh2)

2W8

+ϵ1η
2 + δ2P22 +MT

1 +M1 +NT
1 +N1 + ZT

1 A1 + AT
1Z1,

Σ1,2 = P1 −QT
1 + AT

1Q2 + h2
2Q3 + (βh2)

2Q4 +M2 +N2 − ZT
1 + AT

1Z2,

Σ1,3 = −U1 +QT
1B2 + e−2αh2P5 + h2R

T
2 + e−2αh2P11 −MT

1 +M3 +N3

+ZT
1 B2 + AT

1Z3,

Σ1,4 = −U2 + e−2αβh2P8 + βh2R
T
5 + e−2αβh2P13 +M4 −NT

1 +N4 + AT
1Z4,

Σ1,5 = −U1 −QT
1B1 −MT

1 +M5 +N5 − ZT
1 B1 + AT

1Z5,

Σ1,6 = −U2 +M6 −NT
1 +N6 + AT

1Z6,

Σ1,7 = h2[−W T
1 +W2] + h2

2W4 +M7 +N7 + AT
1Z7,

Σ1,8 = βh2[−W T
6 +W7] + (βh2)

2W9 +M8 +N8 + AT
1Z8,

Σ1,9 = −e−2αh2QT
3 +M9 +N9 + AT

1Z9,



14

Σ1,10 = −e−2αβh2QT
4 +M10 +N10 + AT

1Z10,

Σ1,11 = M11 +N11 + AT
1Z11,

Σ1,12 = M12 +N12 + AT
1Z12,

Σ1,13 = M13 +N13 + AT
1Z13,

Σ1,14 = M14 +N14 + AT
1Z14,

Σ1,15 = QT
1 +M15 +N15 + ZT

1 + AT
1Z15,

Σ1,16 = QT
1 +M16 +N16 + ZT

1 + AT
1Z16,

Σ1,17 = QT
1D +M17 +N17 + ZT

1 D + AT
1Z17,

Σ2,2 = −QT
2 −Q2 + h2

2[P4 + P5 + P6] + (βh2)
2[P7 + P8 + P9] + h2

2P11

+(βh2)P13 + (h2 − h1)
2[P18 + P19] + (βh2 − βh1)

2[P20 + P21]

−ZT
2 − Z2,

Σ2,3 = QT
2B2 −MT

2 − ZT
2 B2 − Z3,

Σ2,4 = −NT
2 − Z4,

Σ2,5 = −QT
2B1 −MT

2 − ZT
2 B1 − Z5,

Σ2,6 = −NT
2 − Z6,

Σ2,7 = −Z7,

Σ2,8 = −Z8,

Σ2,9 = −Z9,

Σ2,10 = −Z10,

Σ2,11 = −Z11,

Σ2,12 = −Z12,

Σ2,13 = −Z13,

Σ2,14 = −Z14,

Σ2,15 = QT
2 + ZT

2 − Z15,

Σ2,16 = QT
2 + ZT

2 − Z16,
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Σ2,17 = QT
2D + ZT

2 D − Z17,

Σ3,3 = −e−2αh2P2 + hdP2 − e−2αh2P5 + h2
2R1 − h2R

T
2 − h2R2 − e−2αh2P11

−e−2αh2P19 + ϵ2ρ
2 −MT

3 −M3 + ZT
3 B2 +BT

2 Z3,

Σ3,4 = −M4 −NT
3 +BT

2 Z4,

Σ3,5 = −MT
3 −N5 − ZT

3 B1 +BT
2 Z5,

Σ3,6 = −M6 −NT
3 +BT

2 Z6,

Σ3,7 = −M7 +BT
2 Z7,

Σ3,8 = −M8 +BT
2 Z8,

Σ3,9 = e−2αh2Q3 −M9 +BT
2 Z9,

Σ3,10 = −M10 +BT
2 Z10,

Σ3,11 = e−2αh2P19 −M11 +BT
2 Z11,

Σ3,12 = −M12 +BT
2 Z12,

Σ3,13 = −M13 +BT
2 Z13,

Σ3,14 = −M14 +BT
2 Z14,

Σ3,15 = −M15 + ZT
3 +BT

2 Z15,

Σ3,16 = −M16 + ZT
3 +BT

2 Z16,

Σ3,17 = −M17 + ZT
3 D +BT

2 Z17,

Σ4,4 = −e−2αβh2P3 + βhdP3 − e−2αβh2P8 + (βh2)
2R4 − βh2R

T
5 − βh2R5

−e−2αβh2P13 − e−2αβh2P21 −NT
4 −N4,

Σ4,5 = −MT
4 −N5 − ZT

4 B1,

Σ4,6 = −NT
4 −N6,

Σ4,7 = −N7,

Σ4,8 = −N8,

Σ4,9 = −N9,

Σ4,10 = e−2αβh2Q4 −N10,

Σ4,11 = −N11,
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Σ4,12 = e−2αβh2P21 −N12,

Σ4,13 = −N13,

Σ4,14 = −N14

Σ4,15 = −N15 + ZT
4 ,

Σ4,16 = −N16 + ZT
4 ,

Σ4,17 = −N17 + ZT
4 D,

Σ5,5 = −e−2αh2P4 −MT
5 −M5 − ZT

5 B1 −BT
1 Z5,

Σ5,6 = −M6 −NT
5 −BT

1 Z6,

Σ5,7 = −M7 −BT
1 Z7,

Σ5,8 = −M8 −BT
1 Z8,

Σ5,9 = −M9 −BT
1 Z9,

Σ5,10 = −M10 −BT
1 Z10,

Σ5,11 = −M11 −BT
1 Z11,

Σ5,12 = −M12 −BT
1 Z12,

Σ5,13 = −M13 −BT
1 Z13,

Σ5,14 = −M14 −BT
1 Z14,

Σ5,15 = −M15 + ZT
5 −BT

1 Z15,

Σ5,16 = −M16 + ZT
5 −BT

1 Z16,

Σ5,17 = −M17 + ZT
5 D −BT

1 Z17,

Σ6,6 = −e−2αβh2P7 −NT
6 −N6,

Σ6,7 = −N7,

Σ6,8 = −N8,

Σ6,9 = −N9,

Σ6,10 = −N10,

Σ6,11 = −N11,

Σ6,12 = −N12,
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Σ6,13 = −N13,

Σ6,14 = −N14,

Σ6,15 = ZT
6 −N15,

Σ6,16 = ZT
6 −N16,

Σ6,17 = ZT
6 D −N17,

Σ7,7 = −e−2αh2P14 + h2[−W T
2 −W2] + h2

2W5,

Σ7,8 = Σ7,9 = Σ7,10 = Σ7,11 = Σ7,12 = Σ7,13 = Σ7,14 = 0,

Σ7,15 = ZT
7 ,

Σ7,16 = ZT
7 ,

Σ7,17 = ZT
7 D,

Σ8,8 = −e−2αβh2P15 + βh2[−W T
7 −W7] + (βh2)

2W10,

Σ8,9 = Σ8,10 = Σ8,11 = Σ8,12 = Σ8,13 = Σ8,14 = 0,

Σ8,15 = ZT
8 ,

Σ8,16 = ZT
8 ,

Σ8,17 = ZT
8 D,

Σ9,9 = −e−2αh2P10,

Σ9,10 = Σ9,11 = Σ9,12 = Σ9,13 = Σ9,14 = 0,

Σ9,15 = ZT
9 ,

Σ9,16 = ZT
9 ,

Σ9,17 = ZT
9 D,

Σ10,10 = −e−2αβh2P12,

Σ10,11 = Σ10,12 = Σ10,13 = Σ10,14 = 0,

Σ10,15 = ZT
10,

Σ10,16 = ZT
10,

Σ10,17 = ZT
10D,

Σ11,11 = −e−2αh1P16 − e−2αh2P19,
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Σ11,12 = Σ11,13 = Σ11,14 = 0,

Σ11,15 = ZT
11,

Σ11,16 = ZT
11,

Σ11,17 = ZT
11D,

Σ12,12 = −e−2αβh1P17 − e−2αβh2P21,

Σ12,13 = Σ12,14 = 0,

Σ12,15 = ZT
12,

Σ12,16 = ZT
12,

Σ12,17 = ZT
12D,

Σ13,13 = −e−2αh2P18,

Σ13,14 = 0,

Σ13,15 = ZT
13,

Σ13,16 = ZT
13,

Σ13,17 = ZT
13D,

Σ14,14 = −e−2αβh2P20,

Σ14,15 = ZT
14,

Σ14,16 = ZT
14,

Σ14,17 = ZT
14D,

Σ15,15 = −ϵ1I + ZT
15 + Z15,

Σ15,16 = ZT
15 + Z16,

Σ15,17 = ZT
15D + Z17,

Σ16,16 = −ϵ2I + ZT
16 + Z16,

Σ16,17 = ZT
16D + Z17,

Σ17,17 = −e−2αδP22 + ZT
17D +DTZ17.

Theorem 2.2.1 For given positive real constants h1, h2, hd, α and β, system (1.11)

is exponentially stable if there exist positive definite symmetric matrices Pi, i =

1, 2, . . . , 22, any appropriate dimensional matrices C,H,Qj,Wk, Rs,Mm, Nn, Zt,
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j = 1, 2, . . . , 4, k = 1, 2, . . . , 10, s = 1, 2, . . . , 6, m = 1, 2, . . . , 17, n = 1, 2, . . . , 17,

t = 1, 2, . . . , 17 and positive real constants ϵ1 and ϵ2 such that the following sym-

metric linear matrix inequalities hold:R1 R2

∗ R3

 > 0, (2.30)

R4 R5

∗ R6

 > 0, (2.31)

P10 Q3

∗ P11

 ≥ 0, (2.32)

P12 Q4

∗ P13

 ≥ 0, (2.33)


e−2αh2P6 −R3 W1 W2

∗ W3 W4

∗ ∗ W5

 ≥ 0, (2.34)


e−2αβh2P9 −R6 W6 W7

∗ W8 W9

∗ ∗ W10

 ≥ 0, (2.35)

∑
< 0. (2.36)

Moreover, the solution x(t, ϕ, φ) satisfies the inequality

∥x(t, ϕ, φ)∥ ≤

√
N

λmin(P1)
max[∥ϕ∥, ∥φ∥]e−αt, t ∈ R+,

where

N = λmax(P1) + h2λmax(P2 + P14 + P16) + βh2λmax(P3 + P15 + P17)

+h3
2λmax(P4 + P5 + P6 + P18 + P19) + δ3λmax(P22)

+(βh2)
3λmax(P7 + P8 + P9 + P20 + P21)

+h3
2λmax

(R1 R2

RT
2 R3

)
+ (βh2)

3λmax

(R4 R5

RT
5 R6

)

+h3
2λmax

(P10 Q3

QT
3 P11

)
+ (βh2)

3λmax

(P12 Q4

QT
4 P13

)
.
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We introduce the following notations for later use.

ΓT =
[
ET (Q1 + Z1) ET (Q2 + Z2) ETZ3 ETZ4 ETZ5 ETZ6 ETZ7

ETZ8 ETZ9 ETZ10 ETZ11 ETZ12 ETZ13 ETZ14 ETZ15

ETZ16 ETZ17

]
.

∑̃
=

[
Σ̃i,j

]
17×17

, (2.37)

where Σ̃i,j = Σ̃T
j,i = Σi,j, i, j = 1, 2, 3, ..., 17, except

Σ̃1,1 = U1 + UT
1 + U2 + UT

2 +QT
1A1 + AT

1Q1 + 2αP1 + P2 + P3 − e−2αh2P5

+h2
2P10 − e−2αh2P11 + (βh2)

2P12 − e−2αβh2P13 + P14 + P15 + P16 + P17

+h2[W
T
1 +W1] + h2

2W3 + βh2[W
T
6 +W6] + (βh2)

2W8 + ϵ1η
2 + δ2P22

−e−2αβh2P8 +MT
1 +M1 +NT

1 +N1 + ZT
1 A1 + AT

1Z1 + εGT
1G1,

Σ̃1,3 = −U1 +QT
1B2 + e−2αh2P5 + h2R

T
2 + e−2αh2P11 −MT

1 +M3 +N3 + ZT
1 B2

+AT
1Z3 + εGT

1G2,

Σ̃1,17 = QT
1D +M17 +N17 + ZT

1 D + AT
1Z17 + εGT

1G3,

Σ̃3,3 = −e−2αh2P2 + hdP2 − e−2αh2P5 + h2
2R1 − h2R

T
2 − h2R2 − e−2αh2P11

+ϵ2ρ
2 −MT

3 −M3 + ZT
3 B2 +BT

2 Z3 + εGT
2G2, Σ̃3,17 = −M17 + ZT

3 D

−e−2αh2P19 +BT
2 Z17 + εGT

2G3,

Σ̃17,17 = −e−2αδP22 + ZT
17D +DTZ17 + εGT

3G3.

Theorem 2.2.2 For given positive real constants h1, h2, hd, α and β, system (1.11)

is robust exponentially stable if there exist positive definite symmetric matrices Pi,

i = 1, 2, . . . , 22, any appropriate dimensional matrices C,H,Qj,Wk, Rs,Mm, Nn, Zt,

j = 1, 2, . . . , 4, k = 1, 2, . . . , 10, s = 1, 2, . . . , 6, m = 1, 2, . . . , 17, n = 1, 2, . . . , 17,

t = 1, 2, . . . , 17 and positive real constants ϵ1, ϵ2 and ε such that the following
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symmetric linear matrix inequalities hold:R1 R2

∗ R3

 > 0, (2.38)

R4 R5

∗ R6

 > 0, (2.39)

P10 Q3

∗ P11

 ≥ 0, (2.40)

P12 Q4

∗ P13

 ≥ 0, (2.41)


e−2αh2P6 −R3 W1 W2

∗ W3 W4

∗ ∗ W5

 ≥ 0, (2.42)


e−2αβh2P9 −R6 W6 W7

∗ W8 W9

∗ ∗ W10

 ≥ 0, (2.43)

∑̃ Γ

ΓT −εI

 < 0. (2.44)

Moreover, the solution x(t, ϕ, φ) satisfies the inequality

∥x(t, ϕ, φ)∥ ≤

√
N

λmin(P1)
max[∥ϕ∥, ∥φ∥]e−αt, t ∈ R+,

where

N = λmax(P1) + h2λmax(P2 + P14 + P16) + βh2λmax(P3 + P15 + P17)

+h3
2λmax(P4 + P5 + P6 + P18 + P19) + δ3λmax(P22)

+(βh2)
3λmax(P7 + P8 + P9 + P20 + P21)

+h3
2λmax

(R1 R2

RT
2 R3

)
+ (βh2)

3λmax

(R4 R5

RT
5 R6

)

+h3
2λmax

(P10 Q3

QT
3 P11

)
+ (βh2)

3λmax

(P12 Q4

QT
4 P13

)
.
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