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Chapter 1

Executive Summary

Let C be a closed and convex subset of a real Hilbert space H. By an
equilibrium problem we understand the problem of finding

x̃ ∈ C such that f(x̃, y) ≥ 0 ∀y ∈ C

where C is a given subset of a Banach space E and f : C × C → R is a
given function with f(x, x) = 0 for all x ∈ C. We denote the set of all such
x̃ by EP(f). Blum and Oettli [1] proved that under appropriate setting on
the bifunction f , the solution set EP(f) coincides with the solution set of the
following problems:

Variational inequality: For an operator A : C → H, the solution set for
the variational inequality is given by

VI(C,A) := {u ∈ C : ⟨v − u,Au⟩ ≥ 0∀v ∈ C}.

If we set f(x, y) = ⟨y − x,Ax⟩, then it follows that EP(f) = VI(C,A).

Optimization: For a convex, proper and lower semicontinuous function g :

C → (−∞,∞], the set of minimizers of f is given by

argminC g := {u ∈ C : g(u) = min
x∈C

g(x)}.

1
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If we set f(x, y) = g(y)− g(x), then it follows that EP(f) = argminC g.

Saddle point: Suppose that φ : C1×C2 → R where C1, C2 are closed convex
subsets of H. Recall that a point (x̃1, x̃2) ∈ C1 × C2 is a saddle point of
φ if

φ(x̃1, y2) ≤ φ(y1, x̃2) ∀(y1, y2) ∈ C1 × C2.

If we set C := C1 × C2 and define f : C × C → R by

f((x1, x2), (y1, y2)) := φ(y1, x2)− φ(x1, y2),

then EP(f) coincides with the set of saddle points of φ.

Fixed point problem: For a given mapping T : C → C, the fixed-point set
of T is given by

Fix(T ) := {x ∈ C : x = Tx}.

If we set f(x, y) := ⟨x− Tx, y − x⟩, then EP(f) = Fix(T ).

However, for each problem above, there are many independent corresponding
schemes.

From now on, we assume that E is a Banach space with dual E∗ and C

is a closed convex subset of E. The value of x∗ in the dual space E∗ of a
Banach space E at x ∈ E is denoted by ⟨x, x∗⟩. We assume from now on that
a Banach space E is smooth, that is, the limit limt→0

1
t
(∥x+ ty∥ − ∥x∥) exists

for all norm one elements x, y ∈ E. This implies that the duality mapping J

from E to 2E
∗ defined by

x 7→ Jx = {x∗ ∈ E∗ : ⟨x, x∗⟩ = ∥x∥2 = ∥x∗∥2}

is single-valued and we do consider the singleton Jx as an element in E∗. If
E is additional assumed to be strictly convex, that is, there are no distinct
elements x, y ∈ E such that ∥x∥ = ∥y∥ = 1

2
∥x+ y∥ = 1, then J is one-to-one.
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Let us note here that if E is a Hilbert space, then the duality mapping is just
the identity mapping.

To deal with a solution of the equilibrium problem for a bifunction f :

C × C → R, the following assumptions are prerequisite:

(C1) f(x, x) = 0 for all x ∈ C;

(C2) f(x, y) + f(y, x) ≤ 0 for all x, y ∈ C;

(C3) f(x, ·) is convex and lower semicontinuous for all x ∈ C;

(C4) f is maximal monotone, that is, for each x ∈ C and x∗ ∈ E∗,

f(x, y) + ⟨y − x, x∗⟩ ≥ 0 for all y ∈ C

whenever ⟨z − x, x∗⟩ ≥ f(z, x) for all z ∈ C.

It is noted (see [4]) that if f satisfies conditions (C1)–(C3) and the following
condition:

(C4’) lim supt↓0 f((1− t)x+ tz, y) ≤ f(x, y) for all x, y, z ∈ C,

then f satisfies condition (C4). The following are known: if E is a strictly
convex, smooth and reflexive Banach space and C is a nonempty closed convex
subset of E, then

• the function

x 7→
{
z ∈ C : f(z, y) +

1

r
⟨y − z, Jz − Jx⟩ ≥ 0 ∀y ∈ C

}
where x ∈ E and r > 0 is well-defined and single-valued; so we write
z = T f

r (x);

• EP(f) = Fix(T f
r ).
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The following three generalizations of a nearest point projection in a Hilbert
space (see [2, 3]) are very interesting. For x ∈ E and x0 ∈ C

Metric projection: x0 = PCx if and only if ⟨x0 − y, J(x− x0)⟩ ≥ 0 ∀y ∈ C;

Alber’s generalized projection: x0 = ΠCx if and only if
⟨x0 − y, Jx− Jx0⟩ ≥ 0 ∀y ∈ C;

Ibaraki–Takahashi’s sunny generalized nonexpansive retraction:
x0 = RCx if and only if ⟨x− x0, Jx0 − Jy⟩ ≥ 0∀y ∈ C;

The study of equilibrium problems are very related to these three general-
izations (see the paper in the appendix [A2]).
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Chapter 2

Main Results

Let us summarize our results obtained in this project. The full papers are
appeared in the Appendix. The result in Section 2.x is described precisely in
the paper [Ax].

2.1 Strong convergence via Halpern’s method

We develop a new tool to conclude the strong convergence of the iterative
scheme of Halpern type:{

x1, u ∈ C are arbitrarily chosen;
xn+1 = αnu+ (1− αn)Txn (n ≥ 1),

where C is a closed convex subset of a certain Banach space, T : C → C is a
strongly nonexpansive mapping with a fixed point, and {αn} is a sequence in
(0, 1) satisfying

lim
n→∞

αn = 0 and
∞∑
n=1

αn = ∞.

When we apply our result to the problem of finding a zero of an accretive
operator, our deduced result improves the recent result of Aoyama et al. [K.

5
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Aoyama, Y. Kimura, W. Takahashi, M. Toyoda, Approximation of common
fixed points of a countable family of nonexpansive mappings in a Banach space,
Nonlinear Anal. 67 (2007) 2350–2360] by removing some assumptions on the
parameters.

Finally we discuss the new sufficient condition studied by Song [Y. Song,
A new sufficient condition for the strong convergence of Halpern type itera-
tions. Appl. Math. Comput. 198 (2) (2008) 721–728; Y. Song, New strong
convergence theorems for nonexpansive nonself-mappings without boundary
conditions. Comput. Math. Appl. 56 (6) (2008) 1473–1478] and correct the
main result of Song and Chai [Y. Song, X. Chai, Halpern iteration for firmly
type nonexpansive mappings, Nonlinear Anal. 71 (10) (2009) 4500–4506].

2.2 Ray’s theorem for nonlinear problems

We prove the following result: Let C be a closed convex subset of a certain
Banach space E. The following assertions are equivalent:

• C is bounded;

• Every mapping T : C → C satisfying

⟨Tx− Ty, J(x− Tx)− J(y − Ty)⟩ ≥ 0 ∀x, y ∈ C,

has a fixed point;

• The equilibrium problem for a bifunction f : C × C → R satisfying

(C1) f(x, x) = 0 for all x ∈ C;

(C2) f(x, y) + f(y, x) ≤ 0 for all x, y ∈ C;

(C3) f(x, ·) is convex and lower semicontinuous for all x ∈ C;
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(C4) f is maximal monotone, that is, for each x ∈ C and x∗ ∈ E∗,

f(x, y) + ⟨y − x, x∗⟩ ≥ 0 for all y ∈ C

whenever ⟨z − x, x∗⟩ ≥ f(z, x) for all z ∈ C;

has a solution;

• The variational inequality for an operator A : C → E∗ satisfying

(C5) ⟨x− y, Ax− Ay⟩ ≥ 0 for all x, y ∈ C;

(C6) for each x, y ∈ C the mapping t 7→ A((1t)x + ty), where t ∈ (0, 1)

is continuous with respect to the weak* topology of E∗.

has a solution.

We also discuss the dual equilibrium problems in the sense of Takahashi and
Zembayashi [A strong convergence theorem for the equilibrium problem with
a bifunction defined on the dual space of a Banach space. Fixed point theory
and its applications, 197–209, Yokohama Publ., Yokohama, 2008].

2.3 Common fixed point theorem of
Lipschitzian mappings

Let C be a nonempty bounded closed convex subset of a real Hilbert space
H. Let {Tn} be a family of Ln-Lipschitzian mappings of C into itself with a
common fixed point and limn→∞ Ln = 1, that is,

• ∥Tnx− Tny∥ ≤ Ln∥x− y∥ for all x, y ∈ C;

• there exists a point p ∈ C such that p = Tnp for all n ≥ 1.
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Suppose that {αn} is a sequence in [0, b] ⊂ [0, 1) and define an iterative se-
quence



x1 ∈ H is arbitrarily chosen;
C1 = C;

yn = αnxn + (1− αn)Tnxn;

Cn+1 = {z ∈ Cn : ∥yn − z∥2 ≤ ∥xn − z∥2 + (1− αn)(L
2
n − 1)(diamC)2};

xn+1 = PCn+1x1.

Using the technique from the shrinking projection method we prove that the
sequence {xn} converges to a common fixed point of a countable family of
Lipschitzian mappings if there exists a family T of mappings of C into itself
such that

•
∩

T∈T Fix(T ) =
∩∞

n=1 Fix(Tn);

• I − T is closed at zero for all T ∈ T .

Our results include recent ones concerning asymptotically nonexpansive map-
pings due to Plubtieng and Ungchittrakool [Strong convergence of modified
Ishikawa iteration for two asymptotically nonexpansive mappings and semi-
groups, Nonlinear Analysis. Theory, Methods & Applications, vol. 67, no. 7,
pp. 2306–2315, 2007] and Zegeye and Shahzad [Strong convergence theorems
for a finite family of asymptotically nonexpansive mappings and semigroups,
Nonlinear Analysis. Theory, Methods & Applications, vol. 69, no. 12, pp.
4496-–4503, 2008; and its corrigendum in Nonlinear Analysis, Theory, Meth-
ods & Applications, vol. 73, pp. 1905–1907, 2010] as special cases.
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2.4 Zero of variational inequalities in Banach
spaces

Let E be a 2-uniformly convex and smooth Banach space with the 2-
uniform convexity constant c and C be a closed convex subset of E. Assume
that an operator A : C → E∗ satisfies the following conditions:

(M1) A is α-inverse strongly monotone where α > 0;

(M2’) A−10 ̸= ∅.

We prove the following two results:

1. Suppose that {xn} is iteratively constructed by the following x1 = x ∈ C arbitrarily chosen and

xn+1 = ΠCJ
−1(Jxn − λnAxn) (n ≥ 1),

where {λn} is a sequence in [a, b] for some a, b such that 0 < a <

b < c2α/2. If the duality mapping J : E → E∗ is weakly sequentially
continuous, then the sequence {xn} converges weakly to some element
z ∈ A−10. Further z = limn→∞ ΠA−10(xn).

2. Suppose that {yn} is iteratively constructed by the following y1 = y ∈ C arbitrarily chosen and

yn+1 = ΠCJ
−1(αnJy + (1− αn)(Jyn − λnAyn)) (n ≥ 1),

where {λn} is a sequence in [a, b] for some a, b with 0 < a < b < c2α/2

and {αn} is a sequence in (0, 1) satisfying limn→∞ αn = 0 and
∑∞

n=1 αn =

∞. Then the sequence {yn} converges strongly to z = ΠA−10(y).
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This algorithm was studied by Iiduka and Takahashi [Weak convergence of a
projection algorithm for variational inequalities in a Banach space, J. Math.
Anal. Appl. 339 (2008) 668–679] for finding a solution of the variational
inequality problem for an inverse strongly monotone operator in a Banach
space. We first remark that, under the assumptions imposed on the operator
in their paper, the iterative sequence converges weakly to a zero of the operator,
not just a solution of the variational inequality problem. In our proof, slightly
modified from the original, we do not assume the uniform smoothness of a
space as was the case there. Finally, using Halpern’s type method, we modify
this algorithm to obtain the strong convergence to a zero of an inverse strongly
monotone operator which is nearest to the initial element of the algorithm in
the sense of the Bergman distance associated with the function 1

2
∥ · ∥2. The

technique of the proof is taken from [A1].

2.5 Strong convergence theorem for
quasi-nonexpansive mappings

Based on the new tool proposed by Saejung (see [A1]), we improve the
viscosity approximation process for approximation of a fixed point of a quasi-
nonexpansive mapping in a Hilbert space proposed by Maingé [The viscos-
ity approximation process for quasi-nonexpansive mappings in Hilbert spaces,
Computers & Mathematics with Applications, vol. 59, no. 1, pp. 74–-79,
2010]. More precisely, we study an iterative sequence {xn} by{

x1 ∈ C is arbitrarily chosen;
xn+1 = αnf(xn) + (1− αn)Txn (n ≥ 1),

where C is a closed convex subset of a Hilbert space, T : C → C is a strongly
quasi-nonexpansive mapping, f : C → C is a strict contraction, and {αn} is a
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sequence in (0, 1) satisfying

lim
n→∞

αn = 0 and
∞∑
n=1

αn = ∞.

An example beyond the scope of Maingé’s result is given.

2.6 Convergence theorems for variational in-
equalities of accretive operators

Let C be a nonempty subset of a 2-uniformly smooth Banach space E and
α > 0. A mapping A : C → E is said to be α-inverse strongly accretive if

⟨Ax− Ay, J(x− y)⟩ ≥ α∥Ax− Ay∥2

for all x, y ∈ C. The variational inequality problem for A : C → E is the
problem of finding an element u ∈ C such that

⟨Au, J(v − u)⟩ ≥ 0 for all v ∈ C.

The set of solutions of the problem above is denoted by S(C,A).
In this section, we assume that Q : E → C is a nonexpansive sunny

retraction, that is,

• Q(Qx+ t(x−Qx)) = Qx for all t ≥ 0;

• Q2 = Q.

Suppose that {xn} is iteratively defined by{
x1 ∈ C arbitrarily chosen
xn+1 = αnxn + (1− αn)QC(xn − λnAxn) (n ≥ 1)
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where {αn} ⊂ [0, 1], {λn} ⊂ (0, α
K2 ], and K is the 2-uniform smoothness

constant of E.
Under appropriate assumptions on the parameters αn and λn, we present

two weak convergence theorems for inverse strongly accretive mappings in
Banach spaces, which are supplements to the recent result of Aoyama et al.
[Weak convergence of an iterative sequence for accretive operators in Banach
spaces. Fixed Point Theory Appl Art 2006, 13 (2006). ID 35390]. The first
one is proved in the absence of the uniform convexity of a space while the
second one is not. We also compare our results to the previous known ones.

2.7 Maingé’s hierarchical optimization prob-
lems

Let H be a real Hilbert space. Recall that a mapping T : H → H is called

• µ-Lipschitzian iff

∥Tx− Ty∥ ≤ µ∥x− y∥ for all x, y ∈ H;

• a contraction iff it is α-Lipschitzian with α ∈ [0, 1[, and in this case, we
also say that T is a contraction with the coefficient α;

• r-strongly monotone iff

⟨Tx− Ty, x− y⟩ ≥ r∥x− y∥2 for all x, y ∈ H;

• quasi-nonexpansive iff Fix(T ) ̸= ∅ and

∥Tx− q∥ ≤ ∥x− q∥ for all (x, q) ∈ H × Fix(T );
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• β-demicontractive iff Fix(T ) ̸= ∅ and T satisfies

⟨x− Tx, x− q⟩ ≥ 1− β

2
∥x− Tx∥2 for all (x, q) ∈ H × Fix(T );

(the inequality above is equivalent to

∥Tx− q∥2 ≤ ∥x− q∥2 + β∥x− Tx∥2)

• strongly quasi-nonexpansive iff T is quasi-nonexpansive and

xn − Txn → 0

whenever {xn} is a bounded sequence in H and ∥xn−q∥−∥Txn−q∥ → 0

for some q ∈ Fix(T ).

We are interested in the problem of finding an element

(x∗, y∗) ∈ Fix(S1)× Fix(S2)

such that the following two inequalities are satisfied:

⟨x∗ − f(y∗), x− x∗⟩ ≥ 0 ∀x ∈ Fix(S1),

⟨y∗ − g(x∗), y − y∗⟩ ≥ 0 ∀y ∈ Fix(S2).

where S1, S2 : H → H are quasi-nonexpansive mappings and f, g : H → H

are contractions.
The aims of this research is to investigate an iterative method for solv-

ing a system of variational inequalities with fixed-point set constraints. Our
scheme can be regarded as a more general variant of the algorithm proposed
by Maingé [New approach to solving a system of variational inequalities and
hierarchical problems. J. Optim. Theory Appl. 138 (2008) 459–477]. Using
the technique proposed in [A1], we propose an alternative analysis that al-
lows us to relax some assumption imposed in his paper for convergence of the
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considered method. As a complementary result, we show how to adapt these
processes to the case when the constraints involve operators belonging to the
class of hemi-contractive mappings; this goes beyond the scope of Maingé’s
result. Recall that T : H → H is hemi-contractive if Fix(T ) ̸= ∅ and T

satisfies
⟨x− Tx, x− q⟩ ≥ 0 for all (x, q) ∈ H × Fix(T ).

2.8 A system of variational inequalities for ac-
cretive operators

Katchang and Kumam [An iterative algorithm for finding a common so-
lution of fixed points and a general system of variational inequalities for two
inverse strongly accretive operators. Positivity 15, 281–295 (2011)] studied
the following problem:

Find (x̂, ŷ) ∈ C × C such that, for each x ∈ C, the following
inequalities {

⟨λAŷ + x̂− ŷ, j(x− x̂)⟩ ≥ 0;

⟨µBx̂+ ŷ − x̂, j(x− ŷ)⟩ ≥ 0

holds for some j(x− x̂) ∈ J(x− x̂) and j(x− ŷ) ∈ J(x− ŷ),

where C is a closed convex subset of a Banach space E, A,B : C → E are
possibly nonlinear operators, and λ, µ are two positive real numbers.

We give a very short and simple proof of their result. In our proof, we do not
assume the uniform convexity of a space. Our result is a strict generalization
of their result because there exists a strictly convex and 2-uniformly smooth
space which is not uniformly convex.
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1. Introduction

Let C be a subset of a Banach space E. A mapping T : C ! E is called nonexpansive if kTx� Tyk  kx� yk for all x, y 2 C .
A point x 2 C such that x = Tx is called a fixed point of T . The problem of finding fixed points of nonexpansive mappings
has been widely investigated by many authors (see [1–17] and the references therein). In 1967, Halpern proved that the
sequence {xn}, iteratively generated by

x1, u 2 C; xn+1 = n�✓u + (1 � n�✓ )Txn (n � 1)

where C is a closed convex subset of a Hilbert space and ✓ 2 (0, 1), converges strongly to a fixed point of T .
Many mathematicians [5,18–20,8] have investigated and extended Halpern’s iteration to certain Banach spaces and

replaced the sequence {n�✓ } with the sequence {↵n} ⇢ (0, 1) which satisfies the following conditions:

(C1) limn!1 ↵n = 0;
(C2)

P1
n=1 ↵n = 1;

(C3) limn!1
↵n

↵n+1
= 1 or

P1
n=1 |↵n � ↵n+1| < 1.

Recently, Suzuki [13] discussed several sufficient conditions on the sequence {↵n} ⇢ (0, 1) that guarantee the convergence
to a fixed point of nonexpansive mappings.

On the other hand, Chidume and Chidume [3] and Suzuki [12] independently discovered that together just conditions
(C1) and (C2) are sufficient for the strong convergence of the following iterative sequence:

x1, u 2 C; xn+1 = ↵nu + (1 � ↵n)(�xn + (1 � �)Txn)
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to a fixed point of T .
The purpose of this paper is to provide a nice subclass of nonexpansive mappings that together just conditions (C1) and

(C2) are sufficient for the strong convergence of Halpern’s iteration to a fixed point of T . Even in Hilbert spaces, our result is
new. We apply our result for finding zeros of an accretive operator. Finally, we discuss the new sufficient condition studied
by Song [9,10] and we correct the main results of Song and Chai [11].

2. Preliminaries

Since geometry of Banach spaces plays an important role in the theory of nonexpansive mappings, we recall some defi-
nitions and facts that are needed in our study.

Let E be a real Banach space and E⇤ its dual. We denote the value of f 2 E⇤ at x 2 E by hx, f i. The normalized duality
mapping J : E ! 2E⇤ is defined by

Jx = {x⇤ 2 E⇤ : hx, x⇤i = kxk2 = kx⇤k2} for each x 2 E.

The following inequality

kx + yk2  kxk2 + 2hy, ji

holds for all x, y 2 E and j 2 J(x + y).
A Banach space E is said to be

• strictly convex if 1
2kx + yk < 1 for all norm one elements x, y 2 E and x 6= y;

• uniformly convex if for each " > 0 there exists � > 0 such that 1
2kx + yk  1 � � for all norm one elements x, y 2 E and

kx � yk � ";
• smooth if the limit limt!0

1
t (kx + tyk � kxk) exists for all norm one elements x, y 2 E.

It is known that every uniformly convex Banach space is reflexive and strictly convex. If E is smooth, then the normalized
duality mapping J is single valued and in this case the image of J is treated as a member of E⇤.

We say that a norm of Banach space E is uniformly Gâteaux differentiable if the limit limt!0
1
t (kx + tyk � kxk) exists for

all norm one elements x, y 2 E and its values is attained uniformly for all norm one elements x 2 E. In this case, J : E ! E⇤

is uniformly norm-to-weak* continuous on each bounded subset of E.
Let C be a subset of a Banach space E and let D be a subset of C . A mapping Q : C ! D is sunny if

Q (Qx + t(x � Qx)) = Qx

for all x 2 C and t � 0 such that Qx + t(x � Qx) 2 C . We say that Q is a retraction if Q 2 = Q . In a smooth Banach space, a
retraction Q : C ! D is sunny and nonexpansive, where C is convex, if and only if hx � Qx, J(z � Qx)i  0 for all x 2 C and
z 2 D (see [21]).

The following lemma is observed by Maingé.

Lemma 1 ([6, Lemma 2.1]). Let {�n} be a sequence of real numbers such that there exists a subsequence {�nj} of {�n} such that
�nj < �nj+1 for all j 2 N. Then there exists a nondecreasing sequence {mk} of N such that limk!1 mk = 1 and the following
properties are satisfied by all (sufficiently large) numbers k 2 N:

�mk  �mk+1 and �k  �mk+1.

In fact, mk is the largest number n in the set {1, . . . , k} such that the condition �n < �n+1 holds.

We will need the following lemma.

Lemma 2 ([1, Lemma 2.3]). Let {sn} be a sequence of nonnegative real numbers, {↵n} a sequence of real numbers in [0, 1] withP1
n=1 ↵n = 1, {un} a sequence of nonnegative real numbers with

P1
n=1 un < 1, and {tn} a sequence of real numbers with

lim supn!1 tn  0. Suppose that

sn+1  (1 � ↵n)sn + ↵ntn + un for all n 2 N.

Then limn!1 sn = 0.
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3. Main result

3.1. Convergence theorem for a single mapping

The following lemma is extracted from [1]. The proof is given here for sake of completeness.

Lemma 3. Let E be a reflexive Banach space whose norm is uniformly Gâteaux differentiable. Let C be a closed and convex subset
of E and let T : C ! C be a nonexpansive mapping such that F(T ) 6= ? and suppose that one of the following holds:

• every bounded, closed and convex subset D of C such that T (D) ⇢ D contains a fixed point of T ;
• E is strictly convex.

Suppose that {xn} is a bounded sequence in C such that xn � Txn ! 0 and u 2 C. Then

lim sup
n!1

hu � p, J(xn � p)i  0,

where p 2 F(T ) and satisfies the following inequality

hu � p, J(q � p)i  0 for all q 2 F(T ).

Proof. For each t 2 (0, 1), there exists a unique element zt 2 C such that

zt = tu + (1 � t)Tzt .

In fact, it follows since x 7! tu + (1 � t)Tx is a contraction. It is known that {zt} converges strongly to p 2 F(T ) as t # 0.
Moreover, hu � p, J(q � p)i  0 for all q 2 F(T ).

We next consider the following

kxn � ztk2 = kt(xn � u) + (1 � t)(xn � Tzt)k2

 (1 � t)2kxn � Tztk2 + 2thxn � u, J(xn � zt)i
= (1 � t)2kxn � Tztk2 + 2tkxn � ztk2 + 2thzt � u, J(xn � zt)i
 (1 � t)2(kxn � Txnk + kTxn � Tztk)2 + 2tkxn � ztk2 + 2thzt � u, J(xn � zt)i
 (1 � t)2(kxn � Txnk + kxn � ztk)2 + 2tkxn � ztk2 + 2thzt � u, J(xn � zt)i.

Then

lim sup
n!1

kxn � ztk2  ((1 � t)2 + 2t) lim sup
n!1

kxn � ztk2 + 2t lim sup
n!1

hzt � u, J(xn � zt)i.

Consequently,

lim sup
n!1

hu � zt , J(xn � zt)i  t
2
lim sup
n!1

kxn � ztk2.

For a given number " > 0, by the uniform norm-to-weak* continuity of the duality mapping J on bounded sets and the
(strong) convergence of {zt}, there exists a number � > 0 such that

hu � p, J(xn � p) � J(xn � zt)i < " and kzt � pk kxn � ztk < "

for all 0 < t < � and for all n 2 N. This implies that

hu � p, J(xn � p)i = hu � p, J(xn � p) � J(xn � zt)i + hu � p � (u � zt), J(xn � zt)i + hu � zt , J(xn � zt)i
 hu � p, J(xn � p) � J(xn � zt)i + kzt � pk kxn � ztk + hu � zt , J(xn � zt)i
< 2" + hu � zt , J(xn � zt)i

for all 0 < t < � and for all n 2 N. Consequently,

lim sup
n!1

hu � p, J(xn � p)i  2" + lim sup
n!1

hu � zt , J(xn � zt)i

 2" + t
2
lim sup
n!1

kxn � ztk2.

Letting t # 0, we have

lim sup
n!1

hu � p, J(xn � p)i  2".

Since " > 0 is arbitrary, this gives the desired result. ⇤
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A mapping T : C ! C is said to be strongly nonexpansive [22] if T is nonexpansive and

xn � yn � (Txn � Tyn) ! 0

whenever {xn} and {yn} are sequences in C such that {xn � yn} is bounded and kxn � ynk � kTxn � Tynk ! 0.

Theorem 4. Let E be a Banach space such that one of the following conditions is satisfied:

(1) E is uniformly smooth;
(2) E is reflexive, strictly convex and its norm is uniformly Gâteaux differentiable.

Let T be a strongly nonexpansive mapping from a closed and convex subset C of E into itself. Suppose that u 2 C and {xn} is a
sequence generated iteratively by x1 2 C and

xn+1 = ↵nu + (1 � ↵n)Txn,

where {↵n} is a sequence in (0, 1) such that limn!1 ↵n = 0 and
P1

n=1 ↵n = 1. Then {xn} converges strongly to a fixed point
Qu of T , where Q is a sunny nonexpansive retraction from C onto F(T ).

Proof. Let p = Qu 2 F(T ). Then

kxn+1 � pk = k↵n(u � p) + (1 � ↵n)(Txn � p)k
 ↵nku � pk + (1 � ↵n)kTxn � pk
 ↵nku � pk + (1 � ↵n)kxn � pk
 max{ku � pk, kxn � pk}.

In particular, {xn} is bounded.
Notice that if there exists a subsequence {xnk} of {xn} such that

lim
k!1

(kxnk+1 � pk � kxnk � pk) = 0,

then it follows from limk!1 ↵nk = 0 that

lim
k!1

(kTxnk � pk � kxnk � pk) = 0.

Consequently, since T is strongly nonexpansive, xnk � Txnk ! 0. It follows from Lemma 3 that

lim sup
k!1

hu � p, J(xnk � p)i  0.

Let us consider the following two cases.
Case 1. kxn+1 � pk  kxn � pk for all sufficiently large n. In this case, limn!1 kxn � pk exists and hence limn!1(kxn+1 �
pk � kxn � pk) = 0. This implies that

lim sup
n!1

hu � p, J(xn � p)i  0.

Finally, by the subdifferential inequality and the nonexpansiveness of T , we have

kxn+1 � pk2 = k↵n(u � p) + (1 � ↵n)(Txn � p)k2

 (1 � ↵n)
2kTxn � pk2 + 2↵nhu � p, J(xn+1 � p)i

 (1 � ↵n)kxn � pk2 + 2↵nhu � p, J(xn+1 � p)i.
It follows immediately from Lemma 2 that limn!1 kxn � pk2 = 0.
Case 2. there exists a subsequence {kxnj �pk} of {kxn �pk} such that kxnj �pk < kxnj+1 �pk for all j 2 N. By Lemma 1, there
exists a strictly increasing sequence {mk} of positive integers such that the following properties are satisfied by all numbers
k 2 N:

kxmk � pk  kxmk+1 � pk and kxk � pk  kxmk+1 � pk.
Consequently,

0  lim
k!1

(kxmk+1 � pk � kxmk � pk)
 lim sup

n!1
(kxn+1 � pk � kxn � pk)

 lim sup
n!1

↵n(ku � pk � kxn � pk) = 0.
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It follows from the remark above that

lim sup
k!1

hu � p, J(xmk � p)i  0.

Moreover, since

kxmk+1 � pk2  (1 � ↵mk)kxmk � pk2 + 2↵mkhu � p, J(xmk+1 � p)i
we have

↵mkkxmk � pk2  kxmk � pk2 � kxmk+1 � pk2 + 2↵mkhu � p, J(xmk+1 � p)i
 2↵mkhu � p, J(xmk+1 � p)i.

In particular,

lim
k!1

kxmk � pk2  2 lim sup
k!1

hu � p, J(xmk+1 � p)i  0.

This and limk!1(kxmk+1 � pk � kxmk � pk) = 0 implies that

lim sup
k!1

kxk � pk2  lim
k!1

kxmk+1 � pk2 = 0.

The proof is finished. ⇤

Now we prove that Theorem 4 remains true if the space admits weakly sequentially continuous duality mapping. A
continuous and strictly increasing function ' : [0, 1) ! [0, 1) is a gauge function if '(0) = 0 and limt!1 '(t) = 1. The
mapping J' : E ! 2E⇤ is defined by

J'(x) = {x⇤ 2 E⇤ : hx, x⇤i = kxk kx⇤k, kx⇤k = '(kxk)}
and is called the duality mapping with the gauge function '. We say that a Banach space E has aweakly sequentially continuous
duality mapping if there exists a gauge function ' such that the duality mapping with the gauge function ' is single-valued
and weak-to-weak* sequentially continuous. Note that every `p space where 1 < p < 1 has a weakly sequentially
continuous duality mapping J' with '(t) = tp�1. It is clear that the duality mapping J' with the gauge function '(t) ⌘ t is
the normalized duality mapping. For more details, we refer to [23].

Lemma 5 (Subdifferential Inequality). Let E be a Banach space and ' be a gauge function. Define �(t) =
R t
0 '(s)ds for all

t 2 [0, 1). Then the following inequality holds:

�(kx + yk)  �(kxk) + hy, ji
for all x, y 2 E and j 2 J'(x + y). In particular,

kx + yk2  kxk2 + 2hy, ji
for all x, y 2 E and j 2 J(x + y).

Inspired by [16, Theorems 3.1 and 3.2], we prove the following result.

Lemma 6. Let E be a reflexive Banach space having a weakly sequentially continuous duality mapping J' . Let C be a closed and
convex subset of E and let T : C ! C be a nonexpansive mapping such that F(T ) 6= ?. Suppose that {xn} is a bounded sequence
in C such that xn � Txn ! 0 and u 2 C. Then

lim sup
n!1

hu � p, J'(xn � p)i  0,

where p 2 F(T ) and satisfies the following inequality

hu � p, J'(q � p)i  0 for all q 2 F(T ).

Proof. It is proved in [16, Theorems 3.1 and 3.2] that such an element p 2 F(T ) does exist. To see that lim supn!1hu �
p, J'(xn � p)i  0, we extract a subsequence {xnk} of {xn} such that xnk * q and

lim
k!1

hu � p, J'(xnk � p)i = lim sup
n!1

hu � p, J'(xn � p)i.

Notice that, since J' is weakly sequentially continuous, we have (see [24])

lim sup
k!1

�(kxnk � Tqk) = lim sup
k!1

�(kxnk � qk) + �(kq � Tqk).
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But we know that

lim sup
k!1

�(kxnk � Tqk) = lim sup
k!1

�(kTxnk � Tqk)  lim sup
k!1

�(kxnk � qk).

This implies that �(kq � Tqk) = 0 and hence q 2 F(T ). We now conclude that

lim
k!1

hu � p, J'(xnk � p)i = hu � p, J'(q � p)i  0.

The proof is finished. ⇤

Using Lemmas 5, 6 and modifying the proof of Theorem 4, we obtain the following result, the proof of which we omit.

Theorem 7. Let E be a reflexive Banach space having a weakly sequentially continuous duality mapping. Let T be a strongly
nonexpansive mapping from a closed and convex subset C of E into itself. Suppose that u 2 C and {xn} is a sequence generated
iteratively by x1 2 C and

xn+1 = ↵nu + (1 � ↵n)Txn,

where {↵n} is a sequence in (0, 1) such that limn!1 ↵n = 0 and
P1

n=1 ↵n = 1. Then {xn} converges strongly to a fixed point
Qu of T , where Q is a sunny nonexpansive retraction from C onto F(T ).

In Hilbert space setting, we have the following result.

Corollary 8. Let C be a closed and convex subset of a Hilbert space H and let T : C ! C be a strongly quasi-nonexpansive
mapping, that is, T has the following properties:

• F(T ) 6= ?;
• kTx � pk  kx � pk for all x 2 C and p 2 F(T );
• xn � Txn ! 0 whenever {xn} is a bounded sequence in C such that kxn � pk � kTxn � pk ! 0 for some p 2 F(T ).

Suppose in addition that I � T is demi-closed at zero. Suppose that u 2 C and {xn} is a sequence generated iteratively by x1 2 C
and

xn+1 = ↵nu + (1 � ↵n)Txn,

where {↵n} is a sequence in (0, 1) such that limn!1 ↵n = 0 and
P1

n=1 ↵n = 1. Then {xn} converges strongly to a fixed point
Pu of T , where P is a metric projection from C onto F(T ).

Proof. It is easy to see that hu� Pu, q� Pui  0 for all q 2 F(T ). Moreover, if {zn} is a sequence in C such that zn � Tzn ! 0
and zn * q, then q 2 F(T ) and hence lim supn!1hu � Pu, zn � Pui  0. We now follow the proof of Theorem 4 and obtain
the result. ⇤

Remark 9. The iteration studied by Maingé [6, Theorem 3.1], when a contraction in the scheme is a constant mapping, is a
special case of our result. In fact, the mapping Tw = (1 � w)I + wT , where w 2 (0, 1) and T is quasi-nonexpansive, is a
strongly quasi-nonexpansive mapping.

3.2. Convergence theorem for a family of mappings

Employing the idea in [1], we obtain the following theorem, whose proof is left for the reader to verify. Recall that a
sequence of nonexpansive mappings {Tn} from C into itself is a strongly nonexpansive sequence if

xn � yn � (Tnxn � Tnyn) ! 0

whenever {xn} and {yn} are sequences in C such that {xn � yn} is bounded and kxn � ynk � kTnxn � Tnynk ! 0.

Theorem 10. Let C be a closed and convex subset of a uniformly convex Banach space E whose norm is uniformly Gâteaux
differentiable and let {Tn}1n=1 : C ! C be a strongly nonexpansive sequence. Suppose that the following conditions are satisfied:

(M1) For each bounded subset B of C,
1X

n=1

sup{kTn+1z � Tnzk : z 2 B} < 1;

(M2) Let T : C ! C be defined by Tz = limn!1 Tnz for all z 2 C and suppose that

F(T ) =
1\

n=1

F(Tn) 6= ?.
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Suppose that u 2 C and {xn} is a sequence generated iteratively by x1 2 C and

xn+1 = ↵nu + (1 � ↵n)Tnxn,

where {↵n} is a sequence in (0, 1) such that limn!1 ↵n = 0 and
P1

n=1 ↵n = 1. Then {xn} converges strongly to Qu, where Q is
a sunny nonexpansive retraction from C onto F(T ) = T1

n=1 F(Tn).

We will apply this theorem for finding zeros of an accretive operator in the next section.

4. Zeros of an accretive operator

Let E be a Banach space. An operator A ⇢ E ⇥ E with the domain D(A) = {x 2 E : Ax 6= ?} and range
R(A) = S{Ax : x 2 D(A)} is called accretive if for any (x1, y1), (x2, y2) 2 A there exists j 2 J(x1�x2) such that hy1�y2, ji � 0.
It is known that A is accretive if and only if kx1 � x2k  kx1 � x2 + r(y1 � y2)k for all (x1, y1), (x2, y2) 2 A and r > 0. We
say that an accretive operator A satisfies the range condition if the closure of D(A) is contained in the range of the operator
I + rA for all r > 0, where I is the identity operator, that is, D(A) ⇢ T

r>0 R(I + rA). Denote by Jr the resolvent of an accretive
operator A, where r > 0, which defined as follows:

Jr x = xr , x 2 xr + rAxr .

In other words, Jr = (I + rA)�1. For more details, we refer to [25]. It is known that Jr : R(I + rA) ! D(A) is nonexpansive
and F(Jr) = A�10 := {x 2 D(A) : 0 2 Ax}.

We prove a strong convergence theorem for the problem of finding zeros of an accretive operator which is an improve-
ment of the recent results in [1,26].

The following observation follows from the fact that firmly nonexpansive mapping is strongly nonexpansive in the
presence of uniform convexity (see [22]). Recall that a mapping T : C ! E, where C is a subset of a Banach space E, is
firmly nonexpansive if kTx� Tyk  kt(x� y) + (1� t)(Tx� Ty)k for all x, y 2 C and t > 0. Note that in the definition above
we can consider only 0 < t  1.

Lemma 11. Let E be a uniformly convex Banach space and A ⇢ E⇥E an accretive operator such that D(A) ⇢ C ⇢ T
r>0 R(I+rA)

for some closed and convex subset C of E.

(1) For each r > 0, the resolvent Jr is firmly nonexpansive and hence strongly nonexpansive.
(2) If {rn} is a sequence in (0, 1), then {Jrn} is a strongly nonexpansive sequence.
(3) If {rn} is a sequence in (0, 1) such that inf{rn : n 2 N} > 0 and

P1
n=1 |rn � rn+1| < 1, then the sequence {Jrn} satisfies

conditions (M1) and (M2).

Proof. (1) Let x, y 2 C . Then (Jr x, 1
r (x � Jr x)), (Jr y, 1

r (y � Jr y)) 2 A. Since A is accretive,

kJr x � Jr yk 
���Jr x � Jr y + s

r
(x � Jr x � (y � Jr y))

���

=
���
s
r
(x � y) +

⇣
1 � s

r

⌘
(Jr x � Jr y)

���

for all 0 < s  r . This implies that Jr is firmly nonexpansive.
(2) Let {xn} and {yn} be two sequences in C such that {xn � yn} is bounded and kxn � ynk � kJrnxn � Jrnynk ! 0. Suppose
that {nk} is a subsequence of {n} such that limk!1 kxnk � ynkk = a. We show that xnk � ynk � (Jrnk xnk � Jrnk ynk) ! 0. We
may assume that a > 0. Otherwise, we are done. Since A is accretive,

kJrnk xnk � Jrnk ynkk
2 

����Jrnk xnk � Jrnk ynk + rnk
2

✓
1
rnk

(xnk � Jrnk xnk) � 1
rnk

(ynk � Jrnk ynk)
◆����

2

=
����
1
2
(Jrnk xnk � Jrnk ynk) + 1

2
(xnk � ynk)

����
2

 1
2
kJrnk xnk � Jrnk ynkk

2 + 1
2
kxnk � ynkk2.

Note that

lim
k!1

kJrnk xnk � Jrnk ynkk = a,

and

lim
k!1

����
1
2
(Jrnk xnk � Jrnk ynk) + 1

2
(xnk � ynk)

���� = a.
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It follows by the uniform convexity of E that

xnk � ynk � (Jrnk xnk � Jrnk ynk) ! 0.

Therefore xn � yn � (Jrnxn � Jrnyn) ! 0. This means that {Jrn} is a strongly nonexpansive sequence.
(3) is proved in [1]. ⇤

As a consequence of the preceding result and Theorem 10, we have the following theorem which is an improvement of
[1, Theorem 4.3].

Theorem 12. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux differentiable and let C be a nonempty,
closed convex subset of E. Let A ⇢ E ⇥ E be an accretive operator such that A�10 6= ? and D(A) ⇢ C ⇢ T

r>0 R(I + rA). Let
{↵n} be a sequence of [0, 1] such that limn!1 ↵n = 0 and

P1
n=1 ↵n = 1. Let {rn} be a sequence of positive real numbers such

that inf{rn : n 2 N} > 0 and
P1

n=1 |rn+1 � rn| < 1. Let u 2 C and {xn} be a sequence defined by x1 = x 2 C and

xn+1 = ↵nu + (1 � ↵n)Jrnxn for all n 2 N.

Then {xn} converges strongly to Qu, where Q is the sunny nonexpansive retraction of C onto A�10.

Remark 13. The conclusion of Theorem 12 above is proved in [1, Theorem 4.3] under the superfluous condition limn!1
↵n

↵n+1
= 1 or

P1
n=1 |↵n+1 � ↵n| < 1.

5. Remarks on Song’s sufficient condition

Recently, Song [9,10] gave a new sufficient condition for the strong convergence of sequences generated by Halpern’s
iteration. We quote his result here.

Theorem 14 ([9, Theorem 3.1]). Let C be a closed and convex subset of a Banach space E whose norm is uniformly Gâteaux
differentiable and let T : C ! C be a nonexpansive mapping such that F(T ) 6= ?. Assume that {xn} is a sequence in C generated
by u, x1 2 C and

xn+1 = ↵nu + (1 � ↵n)Txn for all n 2 N,

where {↵n} is a sequence in (0, 1) such that
P1

n=1 ↵n = 1. For a Banach limit µ, let

Kµ =
⇢
z 2 C : µnkxn � zk2 = min

y2C
µnkxn � yk2

�
.

Suppose that Kµ \ F(T ) 6= ? for all Banach limits µ and xn+1 � xn ! 0. Then {xn} converges strongly to some fixed point of T .

Recall that a continuous linear functional µ on `1 (the Banach space of bounded real sequences) is called a Banach limit
if kµk = µ(1, 1, . . .) = 1 and µn(an) = µn(an+1) for all {an} 2 `1.

The key point of the proof of Song’s result is to show that lim supn!1hu�p, J(xn�p)i  0 bymaking use of the following
lemma.

Lemma 15 ([8, Proposition 2]). Let {a1, a2, . . .} 2 l1 be such that µn(an)  0 for all Banach limits µ and lim supn!1(an+1 �
an)  0. Then lim supn!1 an  0.

Unfortunately, to apply this lemma when an := hu � p, J(xn � p)i, the condition that µnhu � p, J(xn � p)i  0 for all
Banach limits µ seems to be overlooked to verify.

Later, Song and Chai [11] used the result above to prove a strong convergence theorem for firmly type nonexpansive
mappings. Hence the proofs of their main results ([11, Theorems 3.1 and 3.3]) are also questionable. Recall that for a subset
C of a Banach space E, a mapping T : C ! C is firmly type nonexpansive if there exists a positive real number k such that

kTx � Tyk2  kx � yk2 � kkx � Tx � (y � Ty)k2 for all x, y 2 C .

It is clear that every firmly type nonexpansive mapping is strongly nonexpansive. Hence it follows from our Theorem 4 that
their results remain true.
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We prove that every firmly nonexpansive-like mapping from a closed convex subsetC of a smooth,
strictly convex and reflexive Banach pace into itself has a fixed point if and only ifC is bounded.We
obtain a necessary and sufficient condition for the existence of solutions of an equilibrium problem
and of a variational inequality problem defined in a Banach space.

1. Introduction

Let C be a subset of a Banach space E. A mapping T : C → E is nonexpansive if ‖Tx − Ty‖ ≤
‖x − y‖ for all x, y ∈ C. In 1965, it was proved independently by Browder [1], Göhde [2],
and Kirk [3] that if C is a bounded closed convex subset of a Hilbert space and T : C → C
is nonexpansive, then T has a fixed point. Combining the results above, Ray [4] obtained the
following interesting result (see [5] for a simpler proof).

Theorem 1.1. Let C be a closed and convex subset of a Hilbert space. Then the following statements
are equivalent:

(i) Fix(T) := {x ∈ C : x = Tx}/=∅ for every nonexpansive mapping T : C → C;

(ii) C is bounded.

It is well known that, for each subset C of a Hilbert space H, a mapping T : C → H
is nonexpansive if and only if S := (1/2)(I + T) is firmly nonexpansive, that is, the following
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inequality is satisfied by all x, y ∈ C:

〈
Sx − Sy, (x − Sx) −

(
y − Sy

)〉
≥ 0. (1.1)

In this case, Fix(T) = Fix(S). We can restate Ray’s theorem in the following form.

Theorem 1.2. Let C be a closed and convex subset of a Hilbert space. Then the following statements
are equivalent:

(i) Fix(S)/=∅ for every firmly nonexpansive mapping S : C → C;

(ii) C is bounded.

To extend this result to the framework of Banach spaces, let us recall some definitions
and related known facts. The value of x∗ in the dual space E∗ of a Banach space E at x ∈ E is
denoted by 〈x, x∗〉. We assume from now on that a Banach space E is smooth, that is, the limit
limt→ 0(1/t)(‖x + ty‖ − ‖x‖) exists for all norm one elements x, y ∈ E. This implies that the
duality mapping J from E to 2E∗ defined by

x *−→ Jx =
{
x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2

}
(1.2)

is single-valued and we do consider the singleton Jx as an element in E∗. If E is additionally
assumed to be strictly convex, that is, there are no distinct elements x, y ∈ E such that ‖x‖ =
‖y‖ = (1/2)‖x + y‖ = 1, then J is one-to-one. Let us note here that if E is a Hilbert space, then
the duality mapping is just the identity mapping.

The following three generalizations of firmly nonexpansive mappings in Hilbert
spaces were introduced by Aoyama et al. [6]. For a subset C of a (smooth) Banach space
E, a mapping T : C → E is of

(i) type (P) (or firmly nonexpansive-like) if

〈
Tx − Ty, J(x − Tx) − J

(
y − Ty

)〉
≥ 0 ∀x, y ∈ C, (1.3)

(ii) type (Q) (or firmly nonexpansive type) if

〈
Tx − Ty, (Jx − JTx) −

(
Jy − JTy

)〉
≥ 0 ∀x, y ∈ C, (1.4)

(iii) type (R) (or firmly generalized nonexpansive) if

〈(x − Tx) −
(
y − Ty

)
, JTx − JTy〉 ≥ 0 ∀x, y ∈ C. (1.5)

Recently, Takahashi et al. [7] successfully proved the following theorem.
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Theorem 1.3. Let C be a closed and convex subset of a smooth, strictly convex and reflexive Banach
space. Then the following statements are equivalent:

(i) Fix(T)/=∅ for every mapping T : C → C which is of type (Q);

(ii) C is bounded.

As a direct consequence of the duality theorem [8], we obtain the following result (see
also [9]).

Theorem 1.4. Let C be a closed subset of a smooth, strictly convex and reflexive Banach space such
that JC is closed and convex. Then the following statements are equivalent:

(i) Fix(T)/=∅ for every mapping T : C → C which is of type (R);

(ii) C is bounded.

The purpose of this short paper is to prove the analogue of these results for mappings
of type (P). Let us note that our result is different from the existence theorems obtained
recently by Aoyama and Kohsaka [10]. We also obtain a necessary and sufficient condition
for the existence of solutions of certain equilibrium problems and of variational inequality
problems in Banach spaces.

2. Ray’s Theorem for Mappings of Type (P) and Equilibrium Problems

The following result was proved by Aoyama et al. [6].

Theorem 2.1. Let E be a smooth, strictly convex and reflexive Banach space, and let C be a bounded,
closed and convex subset of E. If a mapping T : C → C is of type (P), then T has a fixed point.

Let C be a closed and convex subset of a Banach space E. An equilibrium problem for a
bifunction f : C × C → R is the problem of finding an element x̂ ∈ C such that

f
(
x̂, y
)
≥ 0 ∀y ∈ C. (2.1)

We denote the set of solutions of the equilibrium problem for f by EP(f). We assume that a
bifunction f : C × C → R satisfies the following conditions (see [11]):

(C1) f(x, x) = 0 for all x ∈ C;

(C2) f(x, y) + f(y, x) ≤ 0 for all x, y ∈ C;

(C3) f(x, ·) is convex and lower semicontinuous for all x ∈ C;

(C4) f is maximal monotone, that is, for each x ∈ C and x∗ ∈ E∗,

f
(
x, y
)
+
〈
y − x, x∗〉 ≥ 0 ∀y ∈ C (2.2)

whenever 〈z − x, x∗〉 ≥ f(z, x) for all z ∈ C.
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Remark 2.2. It is noted (see [12]) that if f satisfies conditions (C1)–(C3) and the following
condition:

(C4’) lim supt↓0f((1 − t)x + tz, y) ≤ f(x, y) for all x, y, z ∈ C,

then f satisfies condition (C4).

Lemma 2.3 (see [12]). Let C be a closed and convex subset of a smooth, strictly convex and reflexive
Banach space E and f : C × C → R satisfy conditions (C1)–(C4). Then for each x ∈ E, there exists
a unique element z ∈ C such that

f
(
z, y
)
+
〈
y − z, J(z − x)

〉
≥ 0 ∀y ∈ C. (2.3)

Employing the methods in [5, 7], we obtain the following result.

Theorem 2.4. Let E be a smooth, strictly convex and reflexive Banach space and C a closed and
convex subset of E. The following statements are equivalent.

(a) Fix(T)/=∅ for every mapping T : C → C which is of type (P);

(b) EP(f)/=∅ for every bifunction f : C × C → R satisfying conditions (C1)–(C4);

(c) EP(f)/=∅ for every bifunction f : C×C → R satisfying conditions (C1)–(C3) and (C4’);

(d) C is bounded.

Proof. (a)⇒(b) Assume that a bifunction f : C × C → R satisfies conditions (C1)–(C4). We
define T : E → C by x *→ Tx = z ∈ C where z is given by Lemma 2.3. The mapping T is of
type (P). In fact, for x, x′ ∈ E, we have Tx, Tx′ ∈ C and hence

f
(
Tx, Tx′) +

〈
Tx′ − Tx, J(Tx − x)

〉
≥ 0,

f
(
Tx′, Tx

)
+
〈
Tx − Tx′, J

(
Tx′ − x′)〉 ≥ 0.

(2.4)

By the condition (C2),

〈
Tx − Tx′, J(x − Tx) − J

(
x′ − Tx′)〉 ≥ 0. (2.5)

In particular, the restriction of T to the closed and convex subset C is of type (P). It then
follows from (a) that EP(f) = Fix(T)/=∅.

(b)⇒(c) It follows directly from Remark 2.2.
(c)⇒(d) We suppose that C is not bounded. By the uniform boundedness theorem,

there exists an element x∗ ∈ E∗ such that inf{〈x, x∗〉 : x ∈ C} = −∞. We define f : C × C → R
by

f
(
x, y
)
= 〈y − x, x∗〉 ∀x, y ∈ C. (2.6)
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It is clear that f satisfies conditions (C1)–(C3) and (C4’). Moreover, EP(f) = ∅ since

p ∈ EP
(
f
)
⇐⇒

〈
y − p, x∗〉 ≥ 0 ∀y ∈ C

⇐⇒ −∞ = inf
{〈
y, x∗〉 : y ∈ C

}
≥
〈
p, x∗〉.

(2.7)

(d)⇒(a) This is Theorem 2.1.

Let C be a subset of a Banach space E. We now discuss a variational inequality problem
for a mapping A : C → E∗, that is, the problem of finding an element x̂ ∈ C such that
〈y − x̂, Ax̂〉 ≥ 0 for all y ∈ C and the set of solutions of this problem is denoted by VI(C,A).
Recall that a mapping A : C → E∗ is said to be

(i) monotone if 〈x − y,Ax −Ay〉 ≥ 0 for all x, y ∈ C;

(ii) hemicontinuous if for each x, y ∈ C the mapping t *→ A((1− t)x+ ty), where t ∈ [0, 1],
is continuous with respect to the weak∗ topology of E∗;

(iii) demicontinuous if {Axn} converges to Ax with respect to the weak∗ topology of E∗

whenever {xn} is a sequence in C such that it converges strongly to x ∈ C.

It is known that if C is a nonempty weakly compact and convex subset of a reflexive Banach
space E and A : C → E∗ is monotone and hemicontinuous, then VI(C,A)/=∅ (see e.g., [13]).

As a consequence of Theorem 2.4, we obtain a necessary and sufficient condition for
the existence of solutions of a variational inequality problem.

Corollary 2.5. Let E be a reflexive Banach space and C a nonempty, closed and convex subset of E.
Then the following statements are equivalent:

(a) VI(C,A)/=∅ for every monotone and hemicontinuous mapping A : C → E∗;

(b) VI(C,A)/=∅ for every monotone and demicontinuous mapping A : C → E∗;

(c) C is bounded.

Proof. (a)⇒(b) It is clear since demicontinuity implies hemicontinuity.
(b)⇒(c) To see this, let us note that there is an equivalent norm on E such that the

underlying space equipped with this new norm is smooth and strictly convex (see [14, 15]).
Moreover, the monotonicity and demicontinuity of any mapping A : C → E∗ remain
unaltered with respect to this renorming. We now assume in addition that E is smooth and
strictly convex. Suppose that C is not bounded. By Theorem 2.4, there exists a fixed point-free
mapping T : C → C such that it is of type (P). We define A : C → E∗ by

Ax = J(x − Tx) ∀x ∈ C. (2.8)

For each x, y ∈ C, we have 〈x − y,Ax − Ay〉 = 〈x − y, J(x − Tx) − J(y − Ty)〉 ≥ 0, that is, A
is monotone. Moreover, it is proved in [6, Theorem 7.3] that A is demicontinuous. Therefore,
VI(C,A) = Fix(T) = ∅.

(c)⇒(a) It is a corollary of [13, Theorem 7.1.8.]

We finally discuss an equilibrium problem defined in the dual space of a Banach space.
This problem was initiated by Takahashi and Zembayashi [16]. Let C be a closed subset of a
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smooth, strictly convex and reflexive Banach space E such that JC is closed and convex. We
assume that a bifunction f∗ : JC × JC → R satisfies the following conditions:

(D1) f∗(Jx, Jx) = 0 for all x ∈ C;

(D2) f∗(Jx, Jy) + f∗(Jy, Jx) ≤ 0 for all x, y ∈ C;

(D3) f∗(Jx, ·) is convex and lower semicontinuous for all x ∈ C;

(D4) f∗ is maximal monotone (with respect to JC), that is, for each x ∈ C and u ∈ E,

f∗(Jx, Jy
)
+
〈
u, Jy − Jx

〉
≥ 0 ∀y ∈ C (2.9)

whenever 〈u, Jz − Jx〉 ≥ f∗(Jz, Jx) for all z ∈ C.

In [16], a bifunction is assumed to satisfy conditions (D1)–(D3) and

(D4’) lim supt↓0f
∗((1 − t)Jx + tJz, Jy) ≤ f∗(Jx, Jy) for all x, y, z ∈ C.

We are interested in the problem of finding an element x̂ ∈ C such that

f∗(Jx̂, Jy
)
≥ 0 ∀y ∈ C (2.10)

and the set of solutions of this problem is denoted by EP∗(f∗).
The following lemma was proved by Takahashi and Zembayashi ([16], Lemma 2.10)

where the bifunction satisfies conditions (D1)–(D3) and (D4’). However, it can be proved that
the conclusion remains true under the conditions (D1)–(D4). We also note that the uniform
smoothness assumption on a space in [16, Lemma 2.10] is a misprint.

Lemma 2.6. Let C be a closed subset of a smooth, strictly convex and reflexive Banach space E such
that JC is closed and convex. Suppose that a bifunction f ∗ : JC × JC → R satisfies conditions
(D1)–(D4). Then for each x ∈ E there exists a unique element z ∈ C such that

f∗(Jz, Jy
)
+
〈
z − x, Jy − Jz

〉
≥ 0 ∀y ∈ C. (2.11)

Moreover, if T : E → C is defined by x *→ Tx = z where z is given above, then T is of type (R).

Based on the preceding lemma and Theorem 2.4, we obtain the result whose proof is
omitted.

Theorem 2.7. Let E be a smooth, strictly convex and reflexive Banach space, and let C be a closed
subset of E such that JC is closed and convex. The following statements are equivalent:

(i) Fix(T)/=∅ for every mapping T : C → C which is of type (R);

(ii) EP∗(f∗)/=∅ for every bifunction f∗ : JC × JC → R satisfying conditions (D1)–(D4);

(iii) EP∗(f∗)/=∅ for every bifunction f∗ : JC× JC → R satisfying conditions (D1)–(D3) and
(D4’);

(iv) C is bounded.
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We modify the iterative method introduced by Kim and Xu (2006) for a countable family of
Lipschitzian mappings by the hybrid method of Takahashi et al. (2008). Our results include recent
ones concerning asymptotically nonexpansive mappings due to Plubtieng and Ungchittrakool
(2007) and Zegeye and Shahzad (2008, 2010) as special cases.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H . A mapping T : C → C
is said to be Lipschitzian if there exists a positive constant L such that

‖Tx − Ty‖ ≤ L‖x − y‖ ∀x, y ∈ C. (1.1)

In this case, T is also said to be L-Lipschitzian. Clearly, if T is L1-Lipschitzian and L1 < L2,
then T is L2-Lipschitzian. Throughout the paper, we assume that every Lipschitzian mapping
is L-Lipschitzian with L ≥ 1. If L = 1, then T is known as a nonexpansive mapping. We
denote by F(T) the set of fixed points of T . If C is nonempty bounded closed convex and
T is a nonexpansive of C into itself, then F(T)/= (see [1]). There are many methods for
approximating fixed points of a nonexpansive mapping. In 1953, Mann [2] introduced the
iteration as follows: a sequence {xn} defined by

xn+1 = αnxn + (1 − αn)Txn, (1.2)
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where the initial guess element x1 ∈ C is arbitrary and {αn} is a real sequence in [0, 1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results is proved by Reich [3]. In an infinite-dimensional Hilbert
space,Mann iteration can conclude only weak convergence [4]. Attempts tomodify theMann
iteration method (1.2) so that strong convergence is guaranteed have recently been made.
Nakajo and Takahashi [5] proposed the following modification of Mann iteration method
(1.2):

x1 = x ∈ C is arbitrary,

yn = αnxn + (1 − αn)Txn,

Cn =
{
z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖

}
,

Qn = {z ∈ C : 〈xn − z, x − xn〉 ≥ 0},

xn+1 = PCn∩Qnx, n = 1, 2, 3, . . . ,

(1.3)

where PK denotes the metric projection from H onto a closed convex subset K of H . They
prove that if the sequence {αn} bounded above fromone, then {xn} defined by (1.3) converges
strongly to PF(T)x. Takahashi et al. [6] modified (1.3) so-called the shrinking projection method
for a countable family of nonexpansive mappings {Tn}∞n=1 as follows:

x1 = x ∈ H,

C1 = C,

yn = αnxn + (1 − αn)Tnxn,

Cn+1 =
{
z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖

}
,

xn+1 = PCn+1x, n = 1, 2, 3, . . . ,

(1.4)

and prove that if the sequence {αn} bounded above from one, then {xn} defined by (1.4)
converges strongly to P∩∞

n=1F(Tn)x.
Recently, the present authors [7] extended (1.3) to obtain a strong convergence

theorem for common fixed points of a countable family of Ln-Lipschitzian mappings {Tn}∞n=1
by

x1 = x ∈ C is arbitrary,

yn = αnxn + (1 − αn)Tnxn,

Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn

}
,

Qn = {z ∈ C : 〈xn − z, x − xn〉 ≥ 0},

xn+1 = PCn∩Qnx, n = 1, 2, 3, . . . ,

(1.5)
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where θn = (1 − αn)(L2
n − 1)(diamC)2 → 0 as n → ∞ and prove that {xn} defined by (1.5)

converges strongly to P∩∞
n=1F(Tn)x.

In this paper, we establish strong convergence theorems for finding common fixed
points of a countable family of Lipschitzian mappings in a real Hilbert space. Moreover, we
also apply our results for asymptotically nonexpansive mappings.

2. Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Then,

‖x − y‖2 = ‖x‖2 − ‖y‖2 − 2
〈
x − y, y

〉
, (2.1)

‖λx + (1 − λ)y‖2 = λ‖x‖2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2 , (2.2)

for all x, y ∈ H and λ ∈ [0, 1]. For any n points x1, x2, . . . , xn in H , the following generalized
identity holds:

∥∥∥∥∥

n∑

i=1
λixi

∥∥∥∥∥

2

=
n∑

i=1
λi‖xi‖2 −

∑

i<j

λiλj‖xi − xj‖2, (2.3)

where λi ∈ [0, 1] and
∑n

i=1 λi = 1.
We write xn → x (xn ⇀ x, resp.) if {xn} converges strongly (weakly, resp.) to x. It is

also known thatH satisfies:

(1) the Opial’s condition [8] that is, for any sequence {xn} with xn ⇀ x,

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖ (2.4)

holds for every y ∈ H with y /=x

(2) the Kadec-Klee property [9, 10]; that is, for any sequence {xn} with xn ⇀ x and
‖xn‖ → ‖x‖ together imply xn → x.

Let C be a nonempty closed convex subset of H . Then, for any x ∈ H , there exists a unique
nearest point in C, denoted by PCx, such that

‖x − PCx‖ ≤ ‖x − y‖ ∀y ∈ C. (2.5)

Such a mapping PC is called the metric projection of H onto C. We know that PC is
nonexpansive. Furthermore, for x ∈ H and z ∈ C,

z = PCx iff
〈
x − z, z − y

〉
≥ 0, ∀y ∈ C. (2.6)

To deal with a family of mappings, the following conditions are introduced: let C be a subset
of a Banach space, let {Tn} and T be families of mappings of C with

⋂∞
n=1 F(Tn) = F(T)/= ,

where F(T) is the set of all common fixed points of all mappings in T. {Tn} is said to satisfy
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(a) the AKTT-condition [11] if for each bounded subset B of C,

∞∑

n=1
sup{‖Tn+1z − Tnz‖ : z ∈ B} < ∞, (2.7)

(b) the NST-condition (I) with T [12] if for each bounded sequence {zn} in C,

lim
n→∞

‖zn − Tnzn‖ = 0 implies lim
n→∞

‖zn − Tzn‖ = 0 ∀T ∈ T, (2.8)

(c) the NST-condition (II) [12] if for each bounded sequence {zn} in C,

lim
n→∞

‖zn+1 − Tnzn‖ = 0 implies lim
n→∞

‖zn − Tmzn‖ = 0 ∀m ∈ , (2.9)

(d) NST∗-condition with T [13] if for each bounded sequence {zn} in C,

lim
n→∞

‖zn − Tnzn‖ = 0, lim
n→∞

‖zn − zn+1‖ = 0, (2.10)

imply limn→∞‖zn − Tzn‖ = 0 for all T ∈ T.

In particular, if T = {T}, then we simply say that {Tn} satisfies the NST-condition (I) with T
(NST∗-condition with T , resp.) rather than NST-condition (I) with {T} (NST∗-condition with
{T}, resp.).

Remark 2.1. It follows directly from the definitions above that

(i) if {Tn} satisfies the NST-condition (I)with T, then {Tn} satisfies the NST∗-condition
with T

(ii) if {Tn} satisfies the NST-condition (II), then {Tn} satisfies the NST∗-condition with
{Tn}.

Lemma 2.2 (see [11, Lemma 3.2]). Let C be a nonempty closed subset of a Banach space, and let
{Tn} be a family of mappings of C into itself which satisfies the AKTT-condition, then the mapping
T : C → C defined by

Tx = lim
n→∞

Tnx ∀x ∈ C (2.11)

satisfies

lim
n→∞

sup{‖Tz − Tnz‖ : z ∈ B} = 0, (2.12)

for each bounded subset B of C.

From now on, we will write ({Tn}, T) satisfies AKTT-condition if {Tn} satisfies AKTT-
condition and T is defined by (2.11).
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Lemma 2.3 (see [13, Lemma 2.6]). Let C be a nonempty closed subset of a Banach space. Suppose
that ({Tn}, T) satisfies AKTT-condition and F(T) =

⋂∞
n=1 F(Tn)/= . Then, {Tn} satisfies the NST-

condition (I) with T . Consequently, {Tn} satisfies the NST∗-condition with T .

Remark 2.4. There are families of mappings {Tn} and T such that

(1) {Tn} satisfies the NST∗-condition with T, and

(2) {Tn} fails the NST-condition (I) with T and the NST-condition (II).

The following example shows that the NST∗-condition with T is strictly weaker than
NST-condition (I) with T and the NST-condition (II).

Example 2.5 (see [13, Example 2.9]). LetH := 2 and C := [0, 1]× [0, 1]. Define T1, T2 : C → C
as follows:

T1
(
x, y
)
=
(
x, 1 − y

)
, T2

(
x, y
)
=
(
1 − x, y

)
, (2.13)

for all (x, y) ∈ C. Hence, T1 and T2 are nonexpansive mappings with

F(T1) ∩ F(T2) =
(
[0, 1] ×

{
1
2

})
∩
({

1
2

}
× [0, 1]

)
=
{(

1
2
,
1
2

)}
/= . (2.14)

Let Tn = Tn−1( mod 2)+1. Then, {Tn} satisfies NST∗-condition but it fails NST-condition (I) with
T and the NST-condition (II).

Lemma 2.6. Let C be a nonempty closed convex subset of a real Hilbert space H . Let {Tn} and {Sn}
be two families of tn-Lipschitzian and sn-Lipschitzian mappings of C into itself, respectively. Let {Un}
be a family of mappings of C into itself defined by

Un = Tn
(
βnI +

(
1 − βn

)
Sn
)

∀n ∈ , (2.15)

where {βn} is a sequence in [a, b] for some a, b ∈ (0, 1) and I is an identity mapping. Assume that
{tn} and {sn} are two sequences such that tn → 1 and sn → 1. Then, the following statements hold.

(i) {Un} is a family of Ln-Lipschitzian mappings of C into itself, where Ln = (βnt2n + (1 −
βn)t2ns2n)

1/2 and Ln → 1.

(ii) Suppose that T1 and T2 are families of mappings of C into itself such that F(T1) =⋂∞
n=1 F(Tn), F(T2) =

⋂∞
n=1 F(Sn) and F(T1) ∩ F(T2)/= . If {Tn} and {Sn} satisfy the

NST∗-condition withT1 andT2, respectively, then {Un} satisfies the NST∗-condition with
T1 ∪T2 and

∞⋂

n=1
F(Un) = F(T1) ∩ F(T2). (2.16)



6 Abstract and Applied Analysis

Proof. (i)We first observe that

‖Unx −Uny‖2 ≤ t2n‖βn
(
x − y

)
+
(
1 − βn

)(
Snx − Sny

)
‖2

≤ t2n
(
βn‖x − y‖2 +

(
1 − βn

)
‖Snx − Sny‖2

)

≤ βnt
2
n‖x − y‖2 +

(
1 − βn

)
t2ns

2
n‖x − y‖2

= L2
n‖x − y‖2,

(2.17)

for all x, y ∈ C. That is, Un is Ln-Lipschitzian. Since tn → 1 and sn → 1, it follows that
Ln → 1.

(ii) Let {zn} be a bounded sequence inC such that limn→∞‖zn−Unzn‖ = limn→∞‖zn+1−
zn‖ = 0. Let p ∈ F(T1) ∩ F(T2), and let M = sup{‖zn −Unzn‖, ‖zn − p‖ : n ∈ }. Then

‖zn − p‖2 ≤
(
‖zn −Unzn‖ + ‖Unzn − p‖

)2

= ‖zn −Unzn‖2 + 2‖zn −Unzn‖
∥∥Unzn − p

∥∥ + ‖Unzn − p‖2

≤ 3M‖zn −Unzn‖ + ‖Tn
(
βnzn +

(
1 − βn

)
Snzn

)
− Tnp‖2

≤ 3M‖zn −Unzn‖ + t2n‖βn
(
zn − p

)
+
(
1 − βn

)(
Snzn − p

)
‖2

= 3M‖zn −Unzn‖ + βnt
2
n‖zn − p‖2 +

(
1 − βn

)
t2n‖Snzn − p‖2

− βn
(
1 − βn

)
t2n‖zn − Snzn‖2

≤ 3M‖zn −Unzn‖ + βnt
2
n‖zn − p‖2 +

(
1 − βn

)
t2ns

2
n‖zn − p‖2

− a(1 − b)‖zn − Snzn‖2

= 3M‖zn −Unzn‖ + L2
n‖zn − p‖2 − a(1 − b)‖zn − Snzn‖2,

(2.18)

for all n ∈ . In particular,

a(1 − b)‖zn − Snzn‖2 ≤ 3M‖zn −Unzn‖ +
(
L2
n − 1

)
‖zn − p‖2. (2.19)

So, we get

lim
n→∞

‖zn − Snzn‖ = 0. (2.20)

Since {Sn} satisfies the NST∗-condition with T2, we have

lim
n→∞

‖zn − Szn‖ = 0 ∀S ∈ T2. (2.21)
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Since

‖zn − Tnzn‖ ≤ ‖zn −Unzn‖ + ‖Unzn − Tnzn‖

≤ ‖zn −Unzn‖ +
(
1 − βn

)
tn‖zn − Snzn‖,

(2.22)

it follows that

lim
n→∞

‖zn − Tnzn‖ = 0. (2.23)

Since {Tn} satisfies the NST∗-condition with T1, we have

lim
n→∞

‖zn − Tzn‖ = 0 ∀T ∈ T1. (2.24)

It is easy to see that F(T1) ∩ F(T2) ⊂
⋂∞

n=1 F(Un). To see the reverse inclusion, let z ∈⋂∞
n=1 F(Un) follow the first part of the proof above but now let zn ≡ z. Then, z ∈ F(T1) ∩

F(T2) = F(T1 ∪T2). Hence, {Un} satisfies the NST∗-condition with T1 ∪T2.

Lemma 2.7. Let C be a nonempty closed convex subset of a real Hilbert space H . Let {Tni}∞n=1 be
families of Lni-Lipschitzian mappings of C into itself for i = 1, 2, . . . , r, respectively. Let {Tn} be a
family of mappings of C into itself defined by

Tn =
r∑

i=1
βniTni ∀n ∈ , (2.25)

where {βni}∞n=1 are sequences in [a, b] for some a, b ∈ (0, 1) satisfying
∑r

i=1 βni = 1 for all n ∈ .
Assume that {Lni}∞n=1 are sequences such that Lni → 1 as n → ∞ for all i = 1, 2, . . . , r. Then, the
following statements hold.

(i) {Tn} is a family of Ln-Lipschitzian mappings of C into itself, where Ln = (
∑r

i=1 βniL
2
ni)

1/2

and Ln → 1.

(ii) Suppose that Ti are families of mappings of C into itself such that F(Ti) =
⋂∞

n=1 F(Tni)
for i = 1, 2, . . . , r and

⋂r
i=1 F(Ti)/= . If {Tni} satisfies the NST∗-condition with Ti for all

i = 1, 2, . . . , r, then {Tn} satisfies the NST∗-condition with
⋃r

i=1 Ti and

∞⋂

n=1
F(Tn) =

r⋂

i=1
F(Ti). (2.26)
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Proof. (i) From (2.3), we have

‖Tnx − Tny‖2 =
∥∥∥∥∥

r∑

i=1
βni(Tnix − Tniy)

∥∥∥∥∥

2

≤
r∑

i=1
βni‖Tnix − Tniy‖2

≤
(

r∑

i=1
βniL

2
ni

)
‖x − y‖2

= L2
n‖x − y‖2,

(2.27)

for all x, y ∈ C. That is, Tn is Ln-Lipschitzian. Since Lni → 1 for i = 1, 2, . . . , r and
∑r

i=1 βni = 1,
it follows that Ln → 1.

(ii) Let {zn} be a bounded sequence inC such that limn→∞‖zn−Tnzn‖ = limn→∞‖zn+1−
zn‖ = 0. Let p ∈

⋂r
i=1 F(Ti), and let M = sup{‖zn − Tnzn‖, ‖zn − p‖ : n ∈ }; it follows from

(2.3) that

‖zn − p‖2 ≤
(
‖zn − Tnzn‖ + ‖Tnzn − p‖

)2

= ‖zn − Tnzn‖2 + 2‖zn − Tnzn‖
∥∥Tnzn − p

∥∥ + ‖Tnzn − p‖2

≤ 3M‖zn − Tnzn‖ +
∥∥∥∥∥

r∑

i=1
βni(Tnizn − p)

∥∥∥∥∥

2

= 3M‖zn − Tnzn‖ +
r∑

i=1
βni‖Tnizn − p‖2 −

∑

i<j

βniβnj‖Tnizn − Tnjzn‖2

≤ 3M‖zn − Tnzn‖ +
r∑

i=1
βniL

2
ni‖zn − p‖2 − a2

∑

i<j

‖Tnizn − Tnjzn‖2

= 3M‖zn − Tnzn‖ + L2
n‖zn − p‖2 − a2

∑

i<j

‖Tnizn − Tnjzn‖2.

(2.28)

So, by (i), we get

lim
n→∞

‖Tnizn − Tnjzn‖ = 0 ∀i, j ∈ {1, 2, . . . , r}. (2.29)
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For each k = 1, 2, . . . , r, we have

‖zn − Tnkzn‖ ≤ ‖zn − Tnzn‖ + ‖Tnzn − Tnkzn‖

= ‖zn − Tnzn‖ +
∥∥∥∥∥

r∑

i=1
βni(Tnizn − Tnkzn)

∥∥∥∥∥

≤ ‖zn − Tnzn‖ +
r∑

i=1
βni‖Tnizn − Tnkzn‖ −→ 0.

(2.30)

Since each family {Tnk}∞n=1 satisfies the NST∗-condition with Tk,

lim
n→∞

‖zn − Tzn‖ = 0 ∀T ∈
r⋃

i=1
Ti. (2.31)

It is easy to see that
⋂r

i=1 F(Ti) ⊂
⋂∞

n=1 F(Tn). To see the reverse inclusion, let z ∈
⋂∞

n=1 F(Tn).
Follow the first part of the proof above but now let zn ≡ z. Then, z ∈

⋂r
i=1 F(Ti) = F(∪r

i=1Ti).
Hence, {Tn} satisfies the NST∗-condition with

⋃r
i=1 Ti.

Lemma 2.8. Let C be a nonempty closed convex subset of a real Hilbert space H , and let {Tn} be
a family of Ln-Lipschitzian mappings of C into itself with Ln → 1 and

⋂∞
n=1 F(Tn)/= . If {Tn}

satisfies the NST∗-condition withT, whereT is a family of mappings of C into itself such that F(T) =⋂∞
n=1 F(Tn), then F(T) is closed and convex.

Proof. It follows from the continuity of Tn that F(Tn) is closed and so is F(T) =
⋂∞

n=1 F(Tn).
Now, we prove that F(T) is convex. To this end, let x, y ∈ F(T). Put z = tx + (1 − t)y, where
t ∈ (0, 1). From (2.2), we have

‖z − Tnz‖2 = t‖x − Tnz‖2 + (1 − t)‖y − Tnz‖2 − t(1 − t)‖x − y‖2

≤ tL2
n‖x − z‖2 + (1 − t)L2

n‖y − z‖2 − t(1 − t)‖x − y‖2

= t(1 − t)
(
L2
n − 1

)
‖x − y‖2.

(2.32)

So, we get

lim
n→∞

‖z − Tnz‖ = 0. (2.33)

Since {Tn} satisfies the NST∗-condition with T, we have ‖z − Tz‖ = 0 for all T ∈ T. Then,
z ∈ F(T) and so F(T) is convex.

Remark 2.9. The conclusions of Lemmas 2.6, 2.7, and 2.8 remain true if we replace a Hilbert
spacewith a uniformly convex Banach space. Recall a Banach spaceX is uniformly convex if for
any ε > 0, there exists δ > 0 such that ‖x‖ = ‖y‖ = 1 and ‖x−y‖ ≥ ε imply ‖(x+y)/2‖ ≤ 1−δ.
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3. Main Results

In this section, using the method introduced by Takahashi et al. [6], we obtain a strong
convergence theorem for a countable family of Lipschitzian mappings.

Recall that a mapping T : C → C is closed (demiclosed, resp.) at y if whenever {xn} is a
sequence in C satisfying xn → x (xn ⇀ x, resp.) and Txn → y, then x ∈ C and Tx = y.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a real Hilbert spaceH . Let {Tn}
be a family of Ln-Lipschitzian mappings of C into itself with a common fixed point. Assume that {αn}
is a sequence in [0, b] for some b ∈ (0, 1). For x1 = x ∈ H and C1 = C, one defines a sequence {xn}
of C as follows:

yn = αnxn + (1 − αn)Tnxn,

Cn+1 =
{
z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn

}
,

xn+1 = PCn+1x, n = 1, 2, 3, . . . ,

(3.1)

where

θn = (1 − αn)
(
L2
n − 1

)
(diamC)2 −→ 0 as n −→ ∞. (3.2)

Suppose that T is a family of mappings of C into itself such that F(T) =
⋂∞

n=1 F(Tn) and I − T is
closed at 0 for all T ∈ T. If {Tn} satisfies the NST∗-condition with T, then {xn} converges strongly to
PF(T)x.

Proof. By Lemma 2.8, we have F(T) is closed and convex. We now prove thatCn is closed and
convex for each n ∈ by induction. It is obvious that C1 = C is closed and convex. Assume
that Ck is closed and convex for some k ∈ . For z ∈ Ck, we know that

‖yk − z‖2 ≤ ‖xk − z‖2 + θk (3.3)

is equivalent to

2〈xk − yk, z〉 ≤ ‖xk‖2 − ‖yk‖2 + θk. (3.4)

It follows that Ck+1 is closed and convex. Next, we show that

F(T) ⊂ Cn ∀n ∈ . (3.5)
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It is clear that F(T) ⊂ C1 = C. Suppose that F(T) ⊂ Ck for some k ∈ . Then, for p ∈ F(T),

‖yk − p‖2 = ‖αkxk + (1 − αn)Tkxk − p‖2

≤ αk‖xk − p‖2 + (1 − αk)‖Tkxk − p‖2

≤ αk‖xk − p‖2 + (1 − αk)L2
k‖xk − p‖2

= ‖xk − p‖2 + (1 − αk)
(
L2
k − 1

)
‖xk − p‖2

≤ ‖xk − p‖2 + θk,

(3.6)

we have p ∈ Ck+1. Therefore, we obtain (3.5). Now, the sequence {xn} is well defined. As
xn = PCnx,

‖xn − x‖ ≤ ‖z − x‖ ∀z ∈ Cn, ∀ n ∈ . (3.7)

In particular, since F(T) ⊂ Cn,

‖xn − x‖ ≤ ‖p − x‖ ∀p ∈ F(T), ∀n ∈ . (3.8)

On the other hand, from xn = PCnx and xn+1 ∈ Cn+1 ⊂ Cn, we have

‖xn − x‖ ≤ ‖xn+1 − x‖ ∀n ∈ . (3.9)

Therefore, {‖xn − x‖} is nondecreasing and bounded. So,

lim
n→∞

‖xn − x‖ exists. (3.10)

Noticing again that xn = PCnx and for any positive integer k, xn+k ∈ Cn+k−1 ⊂ Cn, we have

〈xn − xn+k, x − xn〉 ≥ 0. (3.11)

It follows from (2.1) that

‖xn+k − xn‖2 = ‖(xn+k − x) − (xn − x)‖2

= ‖xn+k − x‖2 − ‖xn − x‖2 − 2〈xn+k − xn, xn − x〉

≤ ‖xn+k − x‖2 − ‖xn − x‖2.

(3.12)

It then follows from the existence of limn→∞‖xn − x‖2 that {xn} is a Cauchy sequence.
Moreover,

lim
n→∞

‖xn+1 − xn‖ = 0. (3.13)



12 Abstract and Applied Analysis

We now assume that xn → w for some w ∈ C. Now, since xn+1 ∈ Cn+1 and Cn+1 ⊂ Cn,
‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 + θn which implies that

‖yn − xn+1‖ ≤ ‖xn − xn+1‖ +
√
θn −→ 0. (3.14)

From αn ≤ b < 1, we get

‖xn − Tnxn‖ =
1

1 − αn
‖yn − xn‖

≤
1

1 − b

(
‖yn − xn+1‖ + ‖xn − xn+1‖

)
−→ 0.

(3.15)

Since {Tn} satisfies the NST∗-condition with T, we have

lim
n→∞

‖xn − Txn‖ = 0 ∀T ∈ T. (3.16)

Since I − T is closed at 0 for all T ∈ T, we have (I − T)w = 0. This implies that w ∈ F(T).
Furthermore, by (3.8),

‖w − x‖ = lim
n→∞

‖xn − x‖ ≤ ‖p − x‖ ∀p ∈ F(T). (3.17)

Hence, w = PF(T)x. This completes the proof.

Lemma 3.2 (see [9, Theorem 10.4]). Let C be a nonempty closed convex subset of a real Hilbert
space, and let T : C → C be a nonexpansive mapping. Then, I − T is demiclosed at 0.

It is not difficult to see from the proof of Theorem 3.1 that the boundedness of C can
be discarded if {Tn} is a family of nonexpansive mappings. So, we immediately obtain the
following theorem.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H . Let {Tn} and
T be two families of nonexpansive mappings of C into itself such that

⋂∞
n=1 F(Tn) = F(T)/= and

suppose that {Tn} satisfies the NST∗-condition with T. Assume that {αn} is a sequence in [0, b] for
some b ∈ (0, 1). Then, the sequence {xn} in C defined by (1.4) converges strongly to PF(T)x.

Remark 3.4. Theorem 3.3 includes [6, Theorem 3.3] as a special case since the NST-condition
(I) with T implies the NST∗-condition with T.

Theorem 3.5. Let C be a nonempty bounded closed convex subset of a real Hilbert spaceH . Let {Tn}
be a family of Ln-Lipschitzian mappings of C into itself with a common fixed point. Suppose that T
is a family of mappings from C into itself such that F(T) =

⋂∞
n=1 F(Tn) and I − T is demiclosed at

0 for all T ∈ T. Assume that {αn} is a sequence in [0, b] for some b ∈ (0, 1). If {Tn} satisfies the
NST∗-condition with T, then the sequence {xn} in C defined by (1.5) converges strongly to PF(T)x.

Proof. The proof is analogous to the proof of [7, Theorem 10] and Theorem 3.1, so it is omitted.
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4. Deduced Results

Let C be a subset of a real Hilbert space H . A mapping T : C → C is said to be an
asymptotically nonexpansive if there exists a sequence {kn} of real numbers such that kn ∈
[1,∞), kn → 1, and

‖Tnx − Tny‖ ≤ kn‖x − y‖ ∀x, y ∈ C, n ∈ . (4.1)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [14]
as an important generalization of the class of nonexpansive mappings. They proved that if C
is nonempty bounded closed convex and T is an asymptotically nonexpansive self-mapping
of C, then T has a fixed point.

In this section, we use the NST∗-condition to obtain recent results proved by Kim and
Xu [15], Plubtieng and Ungchittrakool [16], and Zegeye and Shahzad [17, 18]. We start with
the following auxiliary result.

Lemma 4.1. Let C be a nonempty closed convex subset of a Hilbert space H , and let T be an
asymptotically nonexpansive mappings of C into itself with a sequence {kn} in [1,∞) satisfying
kn → 1 and F(T)/= . Then, {Tn} is a family of kn-Lipschitzian mappings of C into itself and
satisfies the NST∗-condition with T .

Proof. We note that {Tn} is a family of kn-Lipschitzian mappings of C into itself. Let {zn} be a
bounded sequence in C such that

lim
n→∞

‖zn − Tnzn‖ = 0, lim
n→∞

‖zn+1 − zn‖ = 0. (4.2)

Since

‖zn+1 − Tzn+1‖ ≤ ‖zn+1 − Tn+1zn+1‖ + ‖Tn+1zn+1 − Tzn+1‖

≤ ‖zn+1 − Tn+1zn+1‖ + k1‖Tnzn+1 − zn+1‖

≤ ‖zn+1 − Tn+1zn+1‖ + k1(‖Tnzn+1 − Tnzn‖ + ‖Tnzn − zn‖ + ‖zn+1 − zn‖)

≤ ‖zn+1 − Tn+1zn+1‖ + k1(kn + 1)‖zn+1 − zn‖ + k1‖Tnzn − zn‖,

(4.3)

it follows that

lim
n→∞

‖zn − Tzn‖ = 0. (4.4)

It is easy to see that F(T) ⊂
⋂∞

n=1 F(Tn). To see the reverse inclusion, let z ∈
⋂∞

n=1 F(Tn)
following from the first part of the proof above, but now let zn ≡ z. Then, z ∈

⋂∞
n=1 F(Tn), and

hence
⋂∞

n=1 F(Tn) ⊂ F(T). This implies that {Tn} satisfies the NST∗-condition with T .

Lemma 4.2 (see [19]). Let C be a nonempty bounded closed convex subset of a Hilbert spaceH , and
let T be an asymptotically nonexpansive mappings of C into itself. Then, I − T is demiclosed at 0.
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Using Theorem 3.1 and Lemmas 2.6 and 4.1, we have the following result.

Theorem 4.3. Let C be a nonempty bounded closed convex subset of a real Hilbert space H , and let
S, T be two asymptotically nonexpansive mappings of C into itself with sequences {sn} and {tn},
respectively, and F(S)∩F(T)/= . Assume that {αn} is a sequence in [0, b] and {βn} is a sequence in
[a, b] for some a, b ∈ (0, 1). For x1 = x ∈ H and C1 = C, one defines a sequence {xn} of C as follows:

zn = βnxn +
(
1 − βn

)
Snxn,

yn = αnxn + (1 − αn)Tnzn,

Cn+1 =
{
z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn

}
,

xn+1 = PCn+1x, n = 1, 2, 3, . . . ,

(4.5)

where

θn = (1 − αn)
((

t2n − 1
)
+
(
1 − βn

)
t2n
(
s2n − 1

))
(diamC)2 −→ 0 as n −→ ∞. (4.6)

Then, {xn} converges strongly to PF(S)∩F(T)x.

Using Theorem 3.5 and Lemmas 2.6 and 4.1, we have the following result.

Theorem 4.4 (see [16, Theorem 3.1]). Let C be a nonempty bounded closed convex subset of a real
Hilbert space H , and let S, T be two asymptotically nonexpansive mappings of C into itself with
sequences {sn} and {tn}, respectively, and F(S)∩F(T)/= . Assume that {αn} is a sequence in [0, b]
and {βn} is a sequence in [a, b] for some a, b ∈ (0, 1). For x1 = x ∈ C, one defines a sequence {xn} of
C as follows:

zn = βnxn +
(
1 − βn

)
Snxn,

yn = αnxn + (1 − αn)Tnzn,

Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn

}
,

Qn = {z ∈ C : 〈xn − z, x − xn〉 ≥ 0},

xn+1 = PCn∩Qnx, n = 1, 2, 3, . . . ,

(4.7)

where

θn = (1 − αn)
((

t2n − 1
)
+
(
1 − βn

)
t2n
(
s2n − 1

))
(diamC)2 −→ 0 as n −→ ∞. (4.8)

Then, {xn} converges strongly to PF(S)∩F(T)x.
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Using Theorem 3.1 and Lemmas 2.7 and 4.1, we have the following result.

Theorem 4.5. LetC be a nonempty bounded closed convex subset of a real Hilbert spaceH . Let {Ti}ri=1
be a finite family of asymptotically nonexpansive mappings of C into itself with sequences {kni} for
i = 1, 2, . . . , r, respectively, and suppose that

⋂r
i=1 F(Ti)/= . Assume that {αni}∞n=1 are sequences in

[0, 1) such that αn0 ≤ b < 1, αni ≥ a > 0 for some a, b ∈ (0, 1) and
∑r

i=0 αni = 1 for all n ∈ . For
x1 = x ∈ H and C1 = C, one defines a sequence {xn} of C as follows:

yn = αn0xn + αn1T
n
1 xn + αn2T

n
2 xn + · · · + αnrT

n
r xn,

Cn+1 =
{
z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn

}
,

xn+1 = PCn+1x, n = 1, 2, 3, . . . ,

(4.9)

where

θn =
(
αn1

(
k2
n1 − 1

)
+ αn2

(
k2
n2 − 1

)
+ · · · + αnr

(
k2
nr − 1

))
(diamC)2 −→ 0 as n −→ ∞.

(4.10)

Then, {xn} converges strongly to P∩r
i=1F(Ti)x.

Using Theorem 3.5 and Lemmas 2.7 and 4.1, we have the following two results which
were proved by Zegeye and Shahzad [17, 18].

Theorem 4.6. Let C be a nonempty bounded closed convex subset of a real Hilbert space H . Let
{Ti}ri=1 be a finite family of asymptotically nonexpansive mappings of C with sequences {kni} for
i = 1, 2, . . . , r, respectively, and suppose that

⋂r
i=1 F(Ti)/= . Assume that {αni}∞n=1 are sequences in

[0, 1) such that αn0 ≤ b < 1, αni ≥ a > 0 for some a, b ∈ (0, 1) and
∑r

i=0 αni = 1 for all n ∈ . For
x1 = x ∈ C, one defines a sequence {xn} of C as follows:

yn = αn0xn + αn1T
n
1 xn + αn2T

n
2 xn + · · · + αnrT

n
r xn,

Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn

}
,

Qn = {z ∈ C : 〈xn − z, x − xn〉 ≥ 0},

xn+1 = PCn∩Qnx, n = 1, 2, 3, . . . ,

(4.11)

where

θn =
(
αn1

(
k2
n1 − 1

)
+ αn2

(
k2
n2 − 1

)
+ · · · + αnr

(
k2
nr − 1

))
(diamC)2 −→ 0 as n −→ ∞.

(4.12)

Then, {xn} converges strongly to P∩r
i=1F(Ti)x.
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Theorem 4.7. Let C be a nonempty bounded closed convex subset of a real Hilbert space H . Let
i = {Ti(t) : t ∈ + , i = 1, 2, . . . , r} be a finite family of asymptotically nonexpansive semigroups

such that F =
⋂r

i=1 F( i)/= . Assume that {αni}∞n=1 are sequences in [0, 1) such that

αn0 ≤ b < 1, αni ≥ a > 0, (4.13)

for some a, b ∈ (0, 1) and
∑r

i=0 αni = 1 for all n ∈ . Let {tni, i = 1, 2, . . . , r} be finite positive and
divergent real sequences. For x1 = x ∈ C, one defines a sequence {xn} of C as follows:

yn = αn0xn + αn1
1
tn1

∫ tn1

0
T1(u)xndu + αn2

1
tn2

∫ tn2

0
T2(u)xndu

+ · · · + αnr
1
tnr

∫ tnr

0
Tr(u)xndu,

Cn =
{
z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn

}
,

Qn = {z ∈ C : 〈xn − z, x − xn〉 ≥ 0},

xn+1 = PCn∩Qnx, n = 1, 2, 3, . . . ,

(4.14)

where

θn =
(
αn1

(
L2
u1 − 1

)
+ αn2

(
L2
u2 − 1

)
+ · · · + αnr

(
L2
ur − 1

))
(diamC)2 −→ 0 as n −→ ∞, (4.15)

with Lui = (1/tni)
∫ tni
0 LTi

i du. Then {xn} converges strongly to PFx.
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a b s t r a c t

In this paper, we consider the projection algorithm studied by Iiduka and Takahashi
(2008) [10] for finding a solution of the variational inequality problem for an inverse
stronglymonotone operator in a Banach space.We first remark that, under the assumptions
imposed on the operator in their paper, the iterative sequence convergesweakly to a zero of
the operator, not just a solution of the variational inequality problem. In our proof, slightly
modified from the original, we do not assume the uniform smoothness of a space as was
the case there. Finally, using Halpern’s typemethod, wemodify this algorithm to obtain the
strong convergence to a zero of an inverse strongly monotone operator which is nearest to
the initial element of the algorithm in the sense of the Bergman distance associated with
the function 1

2k · k2.
© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Let E be a real Banach space with the dual space E

⇤. The value of a functional x⇤ 2 E

⇤ at x 2 E is denoted by hx, x⇤i. For a
subset C of E, the variational inequality problem [1,2] of an operator A : C ! E

⇤ is the problem of finding an element u 2 C

such that
hv � u, Aui � 0 for all v 2 C .

The set of solutions of the problem above is denoted by VI(C, A), that is, VI(C, A) = {u 2 C : hv � u, Aui � 0 for all v 2 C}.
This problem is interesting and have been extensively studied by many authors because it includes various problems in
many branches in mathematics and sciences, for example, convex optimization problems, complementarity problems, etc.
Relations between convex functions and variational inequalities were considered by Rockafellar [3] andMoreau [4]. The fact
that complementarity problems can be deduced from variational inequalities was given by Karamardian [5].

If E is a Hilbert space, one of several methods for finding an element in VI(C, A) is the projection algorithm, which is
defined as follows:

⇢
x1 = x 2 C arbitrarily chosen and
x

n+1 = P

C

(x
n

� �
n

Ax

n

) (n � 1), (1)

where P
C

is themetric projection of a Hilbert space E onto C and {�
n

} is a certain sequence of real numbers. The convergence
result of the sequence {x

n

} generated by the algorithm (1) was studied by many authors (e.g., see [6–8]).
If E is a Banach space, Alber [9] discussed the projection algorithm above with the metric projection P

C

replaced by the
generalized projection ⇧

C

. He also proved a convergence theorem for uniformly monotone operators with a certain growth
condition. Inspired by Alber’s work, Iiduka and Takahashi [10] proved the following result for an inverse strongly monotone
operator. The related definitions and notion will be given in the next section.
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Theorem 1.1. Let E be a 2-uniformly convex and uniformly smooth Banach space with the 2-uniform convexity constant c and

let C be a closed convex subset of E. Assume that an operator A : C ! E

⇤
satisfies the following conditions:

(M1) A is ↵-inverse strongly monotone where ↵ > 0;
(M2) VI(C, A) 6= ?;

(M3) kAyk  kAy � Auk for all y 2 C and u 2 VI(C, A).

Suppose that {x
n

} is iteratively constructed by the following

⇢
x1 = x 2 C arbitrarily chosen and

x

n+1 = ⇧
C

J

�1(Jx
n

� �
n

Ax

n

) (n � 1), (2)

where {�
n

} is a sequence in [a, b] for some real numbers a, b such that 0 < a < b < c

2↵/2. If the duality mapping J : E

! E

⇤
is weakly sequentially continuous, then the sequence {x

n

} converges weakly to some element z 2 VI(C, A). Further
z = lim

n!1 ⇧VI(C,A)(xn).

The purpose of this paper is to give a remark on the condition (M3) imposed on the operator A in Theorem 1.1. This
condition implies that the solution set VI(C, A) is identical to the set of zeros of the operator A, that is, VI(C, A) = {u 2 C :
Au = 0}. Moreover, we slightly modify their original proof and obtain the result without assuming the uniform smoothness
condition. Finally, using Halpern’s type method, we modify this algorithm to obtain the strong convergence to a zero of the
operator Awhich is nearest to the initial element of the modified algorithm in the sense of the Bergman distance associated
with the function 1

2k · k2.

2. Preliminaries

Let E be a real Banach space with the dual space E

⇤. When {x
n

} is a sequence in E, we denote the strong convergence and
weak convergence of {x

n

} to x 2 E by x

n

! x and x

n

* x, respectively. The set of all weakly cluster points of {x
n

} is denoted
by !w{x

n

}, that is, !w{x
n

} = {x 2 E : there exists {x
n

k

} ⇢ {x
n

} such that x
n

k

* x}. The duality mapping J : E ! 2E

⇤ is the
point-to-set mapping defined by

Jx = {x⇤ 2 E

⇤ : hx, x⇤i = kxk2 = kx⇤k2} (for all x 2 E).

Let us recall some geometric properties which are used in this paper. A Banach space E is said to be

• strictly convex if for any kxk = kyk = 1 with 1
2kx + yk = 1, we have x = y;

• smooth if lim
t!0

1
t

(kx + tyk � kxk) exists for all x, y 2 E with kxk = kyk = 1.

The uniform character of two properties above are related to the following moduli:

�
E

(") := inf
⇢
1 � 1

2
kx + yk : kxk = kyk = 1, kx � yk � "

�
(" 2 [0, 2])

%
E

(⌧ ) := sup
⇢
1
2
(kx + ⌧yk + kx � ⌧yk) � 1 : kxk = kyk = 1

�
(⌧ � 0).

We say that E is

• uniformly convex if �
E

(") > 0 for all " 2 (0, 2);
• uniformly smooth if lim⌧!0

%
E

(⌧ )
⌧

= 0.

It is known that E is uniformly convex (uniformly smooth, resp.) if and only if E⇤ is uniformly smooth (uniformly convex,
resp.). To deal with some estimates, we also need the stronger property than uniform convexity. A space E is 2-uniformly

convex if there exists a constant k > 0 such that �
E

(") � k"2 for all " 2 (0, 2). It is known that E is 2-uniformly convex if
and only if there exists a constant c > 0 such that

kx + yk2 � kxk2 + 2hy, j
x

i + c

2

2
kyk2

for all x, y 2 E and j

x

2 Jx (see [11–13]). The largest constant c such that the inequality above holds is called the 2-uniform
convexity constant of E. In particular, if E is 2-uniformly convex with the 2-uniform convexity constant c, then

kx � yk  2
c

2 kj
x

� j

y

k (3)

for all x, y 2 E and j

x

2 Jx, j

y

2 Jy.
Let us recall some known fact concerning the geometric properties and the properties of the duality mapping (for more

information, we refer to Cioranescu’s book [14] and its review by Reich [15]):
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• If E is smooth, then Jx is a singleton for all x 2 E. In this case, we treat each singleton Jx as the element in Jx and we
consider J as a single-valued mapping J : E ! E

⇤.
• If E is smooth, strictly convex and reflexive, then the duality mapping J : E ! E

⇤ is one-to-one and onto. Moreover, J is
strictly monotone, that is, hx � y, Jx � Jyi > 0 for all x, y 2 E with x 6= y.

• If E is smooth, strictly convex and reflexive, then J

�1 is single-value, bijective and it is the duality mapping from E

⇤

into E.
• If E is uniformly smooth, then J : E ! E

⇤ is norm-to-norm uniformly continuous on bounded sets.
• We say that the duality mapping J : E ! E

⇤ isweakly sequentially continuous if x
n

* x implies Jx
n

⇤
* Jx. Here

⇤
* denotes

the weak

⇤
convergence the dual space E

⇤.

Let E be a smooth Banach space. Let ' : E ⇥ E ! [0, 1) be defined by

'(x, y) = kxk2 � 2hx, Jyi + kyk2 (x, y 2 E).

This function ' is very similar to the distance function but it is not, for example, it is not symmetry and fails the triangle
inequality in general. In Hilbert space setting, '(x, y) = kx� yk2 because Jy = y. It should be noted that 1

2' is the Bregman
distance associated with the function 1

2k · k2 (for more detail, we refer to [16]). Alber [9] introduced the following type of
projection: let C be a closed and convex subset of a reflexive, smooth and strictly convex Banach space E, for each x 2 E,
there corresponds a unique element x0 2 C , denoted by ⇧

C

x, such that

'(x0, x) = min{'(y, x) : y 2 C}.
Themapping⇧

C

is called the generalized projection from E onto C . If E is a Hilbert space, then⇧
C

is just themetric projection
from E onto C . Moreover, it is known that the following two inequalities hold for all x 2 E and for all y 2 C:
• hy � ⇧

C

x, J⇧
C

x � Jxi � 0;
• '(y, ⇧

C

x)  '(y, ⇧
C

x) + '(⇧
C

x, x)  '(y, x).

The following results are essentially needed for our main result.

Lemma 2.1 ([9,17]). Let E be a smooth and uniformly convex Banach space. Suppose that {x
n

} and {y
n

} are sequences in E such

that one of them is bounded. If lim
n!1 '(x

n

, y
n

) = 0, then lim
n!1 kx

n

� y

n

k = 0.

Lemma 2.2 ([10]). Let C be a closed convex subset of a smooth and uniformly convex Banach space E. Let {x
n

} be a sequence in

E such that

'(y, x
n+1)  '(y, x

n

) for all y 2 C and n � 1.

Then the sequence {⇧
C

x

n

} converges strongly to some element z 2 C.

Wemake use of the following functional V : E ⇥ E

⇤ ! [0, 1) studied in [9]:

V (x, x⇤) = kxk2 � 2hx, x⇤i + kx⇤k2

for all x 2 E and x

⇤ 2 E

⇤. In other words, V (x, x⇤) = '(x, J�1(x⇤)) for all x 2 E and x 2 E

⇤. The following two inequalities
are consequences of the subdifferential inequality and the convexity of the function k · k2, respectively.

Lemma 2.3 ([9]). Let E be a reflexive, smooth and strictly convex Banach space. Then the following statements hold

• V (x, x⇤)  V (x, x⇤ + y

⇤) + 2hx � J

�1(x⇤), y⇤i;
• V (x, ↵x⇤ + (1 � ↵)y⇤)  ↵V (x, x⇤) + (1 � ↵)V (x, y⇤);

for all x 2 E, x⇤, y⇤ 2 E

⇤
and ↵ 2 (0, 1).

The following two lemmas are our main tool for proving the strong convergence of the modification of the projection
algorithm.

Lemma 2.4 ([18]). Let {�
n

} be a sequence of real numbers such that there exists a subsequence {�
n

j

} of {�
n

} such that �
n

j

< �
n

j

+1
for all j � 1. Then there exists a nondecreasing sequence {m

k

} of positive integers such that the following two inequalities:

�
m

k

 �
m

k

+1 and �
k

 �
m

k

+1

hold for all (sufficiently large) numbers k. In fact, m

k

is the largest number n in the set {1, 2, . . . , k} such that the condition

�
n

< �
n+1 holds.

Lemma 2.5 ([19–21]). Let {s
n

} be a sequence of nonnegative real numbers, {↵
n

} be a sequence in (0, 1) such that

P1
n=1 ↵

n

= 1,

and {t
n

} be a sequence of real numbers with lim sup
n!1 t

n

 0. Suppose that

s

n+1  (1 � ↵
n

)s
n

+ ↵
n

t

n

for all n � 1.

Then lim
n!1 s

n

= 0.
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In virtue of Lemma 2.4, the condition lim sup
n!1 t

n

 0 in Lemma 2.5 can be slightly weakened as follows. In fact, the
proof of the following lemma is extracted from the recent work of the first author [22].

Lemma 2.6. Let {s
n

} be a sequence of nonnegative real numbers, {↵
n

} be a sequence in (0, 1) such that

P1
n=1 ↵

n

= 1, and {t
n

}
be a sequence of real numbers. Suppose that

s

n+1  (1 � ↵
n

)s
n

+ ↵
n

t

n

for all n � 1.

If lim sup
k!1 t

n

k

 0 for every subsequence {s
n

k

} of {s
n

} satisfying lim inf
k!1(s

n

k

+1 � s

n

k

) � 0, then lim
n!1 s

n

= 0.

Proof. The proof is split into two cases.
Case 1: There exists an n0 2 N such that s

n+1  s

n

for all n � n0. It follows then that lim inf
n!1(s

n+1 � s

n

) = 0. Hence
lim sup

n!1 t

n

 0. The conclusion follows from Lemma 2.5.
Case 2: There exists a subsequence {s

m

j

} of {s
n

} such that s
m

j

< s

m

j

+1 for all j 2 N. In this case, we can apply Lemma 2.4 to
find a nondecreasing sequence {n

k

} of {n} such that n
k

! 1 and the following two inequalities:

s

n

k

 s

n

k

+1 and s

k

 s

n

k

+1

hold for all (sufficiently large) numbers k. It follows from the first inequality that lim inf
k!1(s

n

k

+1 � s

n

k

) � 0. This implies
that lim sup

k!1 t

n

k

 0. Moreover, by the first inequality again, we have

s

n

k

+1  (1 � ↵
n

k

)s
n

k

+ ↵
n

k

t

n

k

 (1 � ↵
n

k

)s
n

k

+1 + ↵
n

k

t

n

k

.

In particular, since each ↵
n

k

> 0, we have s

n

k

+1  t

n

k

. Finally, it follows from the second inequality that

lim sup
k!1

s

k

 lim sup
k!1

s

n

k

+1  lim sup
k!1

t

n

k

 0.

Hence lim
k!1 s

k

= 0. This completes the proof. ⇤

3. Results

3.1. A remark on the condition (M3) imposed on the operator

Proposition 3.1. Suppose that C is a subset of a Banach space E and A : C ! E

⇤
is an operator satisfying condition (M3). Then

the solution set VI(C, A) is identical to the set of zeros of A, that is, VI(C, A) = {u 2 C : Au = 0}.
Proof. For convenience, we write A

�10 = {u 2 C : Au = 0}. It is clear that A�10 ⇢ VI(C, A). To see the reverse inclusion, if
VI(C, A) = ?, then VI(C, A) ⇢ A

�10 holds trivially. Next, we assume that VI(C, A) 6= ? and let p 2 VI(C, A). It follows from
condition (M3) that kApk  kAp � Apk = 0, that is, Ap = 0 and hence p 2 A

�10. This also implies VI(C, A) ⇢ A

�10. Hence
VI(C, A) = A

�10. ⇤

Remark 3.2. As a consequence of Proposition 3.1, Theorem 3.1 of [10] (see Theorem 1.1) provides an algorithm for finding
an element in A

�10. This refines their result.

From now on, we will consider the problem of finding a zero of an operator instead of finding a solution of a variational
inequality problem.

3.2. A recapitulation of Iiduka and Takahashi’s result

Recall that an operator A : C ! E

⇤ is ↵-inverse strongly monotone, where ↵ > 0, if

hx � y, Ax � Ayi � ↵kAx � Ayk2

for all x, y 2 C .
The following easy observation also plays an important role in our main result.

Proposition 3.3. Let C be a closed convex subset of a Banach space E. Assume that A : C ! E

⇤
is ↵-inverse strongly monotone

where ↵ > 0. Suppose that {x
n

} is a sequence of C such that Ax

n

! 0. Then !w{x
n

} ⇢ A

�10.

Proof. Let y 2 !w{x
n

}. Then there is a subsequence {x
n

k

} of {x
n

} such that x
n

k

* y. It is clear that y 2 C . Since A is ↵-inverse
strongly monotone, we have

↵kAy � Ax

n

k

k2  hy � x

n

k

, Ay � Ax

n

k

i ! 0.

In particular, Ax
n

k

! Ay. Because Ax

n

! 0, so Ay = 0. Hence !w{x
n

} ⇢ A

�10. ⇤

We recapitulate the result given by Iiduka and Takahashi without assuming the uniform smoothness condition.
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Theorem 3.4. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant c and let C be a

closed convex subset of E. Assume that an operator A : C ! E

⇤
satisfies the following conditions:

(M1) A is ↵-inverse strongly monotone where ↵ > 0;
(M20) A

�10 6= ?.

Suppose that {x
n

} is iteratively constructed by the following

⇢
x1 = x 2 C arbitrarily chosen and

x

n+1 = ⇧
C

J

�1(Jx
n

� �
n

Ax

n

) (n � 1), (4)

where {�
n

} is a sequence in [a, b] for some real numbers a, b such that 0 < a < b < c

2↵/2. If the duality mapping

J : E ! E

⇤
is weakly sequentially continuous, then the sequence {x

n

} converges weakly to some element z 2 A

�10. Further
z = lim

n!1 ⇧
A

�10(xn).

To prove Theorem 3.4, we first prove the following result which is interesting in its own right.

Proposition 3.5. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant c and let C be

a closed convex subset of E. Suppose that A : C ! E

⇤
is an ↵-inverse strongly monotone operator where ↵ > 0 and A

�10 6= ?.

Then the following inequality

'(u, J�1(Jx � �Ax))  '(u, x) + 2�
✓
2�
c

2 � ↵

◆
kAxk2

holds for all x 2 C, u 2 A

�10, and � 2 R. In particular, if � 2 (0, c2↵/2), then

• '(u, J�1(Jx � �Ax))  '(u, x) all x 2 C and u 2 A

�10;
• A

�10 is closed convex and hence ⇧
A

�10 is well defined (see [23, Lemma 2.5], and [24, Proposition 2.4]).

Proof. Let u 2 A

�10, x 2 C and � 2 R. Note that hx � u, Axi = hx � u, Ax � Aui � ↵kAx � Auk2 = ↵kAxk2. It then follows
from the inequality (3) that

hu � J

�1(Jx � �Ax), Axi = hu � x, Axi + hx � J

�1(Jx � �Ax), Axi
 �↵kAxk2 + kx � J

�1(Jx � �Ax)k kAxk
 �↵kAxk2 + 2

c

2 kJx � (Jx � �Ax)k kAxk

=
✓
2�
c

2 � ↵

◆
kAxk2.

By Lemma 2.3 and the inequality above, we have

'(u, J�1(Jx � �Ax)) = V (u, Jx � �Ax)

 V (u, Jx � �Ax + �Ax) + 2hu � J

�1(Jx � �Ax), �Axi
= V (u, Jx) + 2�hu � J

�1(Jx � �Ax), Axi

 '(u, x) + 2�
✓
2�
c

2 � ↵

◆
kAxk2.

This completes the proof. ⇤

We are now ready to prove Theorem 3.4.

Proof of Theorem 3.4. We first show that Ax
n

! 0. Let u 2 A

�10 and n � 1. By Proposition 3.5 and the property of ⇧
C

, we
have

'(u, x
n+1) = '(u, ⇧

C

J

�1(Jx
n

� �
n

Ax

n

))

 '(u, J�1(Jx
n

� �
n

Ax

n

))

 '(u, x
n

) + 2�
n

✓
2�

n

c

2 � ↵

◆
kAx

n

k2.

In particular, by the assumption on {�
n

}, we get that '(u, x
n+1)  '(u, x

n

). Then lim
n!1 '(u, x

n

) exists, and so '(u, x
n

) �
'(u, x

n+1) ! 0. It follows from �
n

2 [a, b] ⇢ (0, c2↵/2) that

0  2a
✓

↵ � 2b
c

2

◆
kAx

n

k2  2�
n

✓
↵ � 2�

n

c

2

◆
kAx

n

k2  '(u, x
n

) � '(u, x
n+1) ! 0.
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Therefore, Ax
n

! 0. Notice that, by Proposition 3.3, we have !w{x
n

} ⇢ A

�10. Put u
n

= ⇧
A

�10(xn). Applying Lemma 2.2, it
follows from '(u, x

n+1)  '(u, x
n

) that there exists z 2 A

�10 such that u
n

! z. Finally, we prove that x
n

* z. Let {x
n

k

} be a
subsequence of {x

n

} such that x
n

k

* z̃ 2 !w{x
n

} ⇢ A

�10. It follows from the property of⇧
A

�10 that the following inequality

hz̃ � u

n

k

, Ju
n

k

� Jx

n

k

i � 0

holds for all k 2 N. Since u

n

! z, x
n

k

* z̃ and J is weakly sequentially continuous, we have

hz̃ � z, Jz � J z̃i � 0.

By the strict monotonicity of J , we get z = z̃. Since every subsequence of {x
n

} has a further subsequence which converges
weakly to z, we can conclude that x

n

* z = lim
n!1 ⇧

A

�10(xn) and the proof is finished. ⇤

Remark 3.6. The proof of Theorem 3.4 is different from the original one given by Iiduka and Takahashi (see the proof of
Theorem 3.1 of [10]). In fact, we do not use the intrinsic property of a maximal monotone operator (the maximality of the
operator A joining with its corresponding normal cone, see e.g., [25]) and so we do not have to use the uniform continuity
(on bounded sets) of the duality mapping as was the case in Iiduka and Takahashi’s proof. Let us note that the latter type of
continuity follows from the uniform smoothness property of a space.

Remark 3.7. There exists a 2-uniformly convex and smooth space which is not uniformly smooth. The following example
is suggested by Professor Simeon Reich and Professor Yoav Benyamini. For each n 2 N, suppose that E

n

:= (R2, k · k
n

)
is a two-dimensional space with its modulus of convexity of power type 2 and its modulus of smoothness of power type
q

n

where q

n

# 1. (Attaching to each side of the square [�1, 1]2 a part of a disk of radius R > 1, we obtain a convex
set K which is 2-uniformly convex, but not smooth. We then smooth it by replacing each corner with a part of a small
disk of radius r < 1, which is tangent to the boundary of K . The resulting set is still 2-uniformly convex (with estimates
that do not depend on r) and uniformly smooth, but its modulus of smoothness deteriorates as r # 0.) Next, we consider
E := `2(E

n

) = {{x
n

} : x

n

2 E

n

for all n 2 N,
P1

n=1 kx
n

k2
n

< 1} and k{x
n

}k :=
�P1

n=1 kx
n

k2
n

�1/2 for all {x
n

} 2 E. Since the
family {E

n

} is not ‘‘uniformly’’ uniformly smooth, the space E is smooth but not uniformly smooth (for example see [26]).
Wemay assume that c is the 2-uniform convexity of all E

n

’s. To see that E is 2-uniformly convex, we show that the following
inequality holds for all x, y 2 E and j 2 Jx:

kx + yk2 � kxk2 + 2hy, ji + c

2

2
kyk2. (5)

For convenience, we write x = {x
n

} and y = {y
n

} where x

n

, y
n

2 E

n

for all n 2 N. Furthermore, we can write j = {x⇤
n

} where
x

⇤
n

2 E

⇤
n

and x

⇤
n

2 Jx

n

for all n 2 N. It follows from the 2-uniform convexity of each E

n

that

kx
n

+ y

n

k2
n

� kx
n

k2
n

+ 2hy
n

, x⇤
n

i + c

2

2
ky

n

k2
n

.

Consequently, the inequality (5) holds immediately.

3.3. Strong convergence theorem

In this subsection, we use the idea of Halpern’s type iteration [27–29] and modify the projection algorithm in the
preceding subsection to obtain strong convergence. The key point of the proof is based on our Proposition 3.5 and the useful
Lemma 2.6 inspired by Maingé’s result [18] and the first author’s result [22].

Theorem 3.8. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant c and let C be a

closed convex subset of E. Assume that an operator A : C ! E

⇤
satisfies the following conditions:

(M1) A is ↵-inverse strongly monotone where ↵ > 0;
(M20) A

�10 6= ?.

Suppose that {x
n

} is iteratively constructed by the following

⇢
x1 = x 2 C arbitrarily chosen and

x

n+1 = ⇧
C

J

�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)) (n � 1), (6)

where {�
n

} is a sequence in [a, b] for some real numbers a, b with 0 < a < b < c

2↵/2 and {↵
n

} is a sequence in (0, 1) satisfying
lim

n!1 ↵
n

= 0 and

P1
n=1 ↵

n

= 1. Then the sequence {x
n

} converges strongly to z = ⇧
A

�10(x).

Note that A�10 is closed convex and hence ⇧
A

�10 is well defined. Put z := ⇧
A

�10x. To prove Theorem 3.8, we need the
following lemmas.
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Lemma 3.9. The following inequality holds:

'(z, x
n+1)  ↵

n

'(z, x) + (1 � ↵
n

)'(z, J�1(Jx
n

� �
n

Ax

n

))

for all n 2 N. In particular,

'(z, x
n+1)  ↵

n

'(z, x) + (1 � ↵
n

)'(z, x
n

)

and hence the sequence {x
n

} is bounded.
Proof. It follows from the properties of ⇧

C

and V that

'(z, x
n+1) = '(z, ⇧

C

J

�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)))

 '(z, J�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)))

= V (z, ↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

))

 ↵
n

V (z, Jx) + (1 � ↵
n

)V (z, Jx
n

� �
n

Ax

n

)

= ↵
n

'(z, x) + (1 � ↵
n

)'(z, J�1(Jx
n

� �
n

Ax

n

)).

This together with Proposition 3.5 implies that

'(z, x
n+1)  ↵

n

'(z, x) + (1 � ↵
n

)'(z, x
n

)  max{'(z, x), '(z, x
n

)}.
By induction, we get '(z, x

n

)  '(z, x) for all n � 1. In particular, {x
n

} is bounded. ⇤

Lemma 3.10. The following inequality holds:

'(z, x
n+1)  (1 � ↵

n

)'(z, x
n

) + 2↵
n

hz � J

�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)), Jz � Jxi
for all n 2 N.

Proof. It follows from the property of ⇧
C

, Lemma 2.3, and Proposition 3.5 that

'(z, x
n+1) = '(z, ⇧

C

J

�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)))

 '(z, J�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)))

= V (z, ↵
n

Jz + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

) � ↵
n

(Jz � Jx))

 V (z, ↵
n

Jz + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)) + 2hz � J

�1(↵
n

Jx + (1 � ↵
n

)

⇥ (Jx
n

� �
n

Ax

n

)), ↵
n

(Jz � Jx)i
 ↵

n

V (z, Jz) + (1 � ↵
n

)V (z, Jx
n

� �
n

Ax

n

) + 2hz � J

�1(↵
n

Jx + (1 � ↵
n

)

⇥ (Jx
n

� �
n

Ax

n

)), ↵
n

(Jz � Jx)i
= (1 � ↵

n

)'(z, J�1(Jx
n

� �
n

Ax

n

)) + 2↵
n

hz � J

�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)), Jz � Jxi
 (1 � ↵

n

)'(z, x
n

) + 2↵
n

hz � J

�1(↵
n

Jx + (1 � ↵
n

)(Jx
n

� �
n

Ax

n

)), Jz � Jxi. ⇤

We are now ready to prove Theorem 3.8.

Proof of Theorem 3.8. Set s
n

= '(z, x
n

) and t

n

= 2hz�J

�1(↵
n

Jx+(1�↵
n

)(Jx
n

��
n

Ax

n

)), Jz�Jxi. It follows fromLemma3.10
that

s

n+1  (1 � ↵
n

)s
n

+ ↵
n

t

n

.

To apply Lemma 2.6, it suffices to show that lim sup
k!1 t

n

k

 0 for every subsequence {s
n

k

} of {s
n

} satisfying
lim inf

k!1(s
n

k

+1 � s

n

k

) � 0. Suppose that

lim inf
k!1

(s
n

k

+1 � s

n

k

) = lim inf
k!1

('(z, x
n

k

+1) � '(z, x
n

k

)) � 0.

We first show that Ax
n

k

! 0. It follows from ↵
n

! 0, the boundedness of {x
n

} and Lemma 3.9 that

0  lim inf
k!1

('(z, x
n

k

+1) � '(z, x
n

k

))

 lim sup
k!1

('(z, x
n

k

+1) � '(z, x
n

k

))

 lim sup
n!1

('(z, x
n+1) � '(z, x

n

))

 lim sup
n!1

(↵
n

'(z, x) + (1 � ↵
n

)'(z, x
n

) � '(z, x
n

))

= lim sup
n!1

↵
n

('(z, x) � '(z, x
n

)) = 0.
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Consequently,

lim
k!1

('(z, x
n

k

+1) � '(z, x
n

k

)) = 0. (7)

By Proposition 3.5 and Lemma 3.9, we have

'(z, x
n

k

+1)  ↵
n

k

'(z, x) + (1 � ↵
n

k

)'(z, J�1(Jx
n

k

� �
n

k

Ax

n

k

))

 ↵
n

k

'(z, x) + (1 � ↵
n

k

)

✓
'(z, x

n

k

) + 2�
n

k

✓
2�

n

k

c

2 � ↵

◆
kAx

n

k

k2
◆

.

This together with �
n

2 [a, b] ⇢ (0, c2↵/2) implies that

0  2(1 � ↵
n

k

)a

✓
↵ � 2b

c

2

◆
kAx

n

k

k2  ↵
n

k

'(z, x) + (1 � ↵
n

k

)'(z, x
n

k

) � '(z, x
n

k

+1).

It follows from ↵
n

! 0 and (7) that Ax
n

k

! 0.
Next, we show that lim sup

k!1hz � x

n

k

, Jz � Jxi  0. Choose a subsequence {x
n

k

l

} of {x
n

k

} such that

lim sup
k!1

hz � x

n

k

, Jz � Jxi = lim
l!1

hz � x

n

k

l

, Jz � Jxi.

Notice that, by Proposition 3.3 and Ax

n

k

! 0, we have !w{x
n

k

} ⇢ A

�10. Since {x
n

k

} is bounded, we may assume without
loss of generality that x

n

k

l

* y 2 A

�10. Using the property of ⇧
A

�10 gives

lim
l!1

hz � x

n

k

l

, Jz � Jxi = hz � y, Jz � Jxi  0.

Since 2-uniform convexity implies uniform convexity, the duality mapping J

�1 : E

⇤ ! E is norm-to-norm uniformly
continuous on bounded sets. It follows then from Ax

n

k

! 0 and ↵
n

k

! 0 that

J

�1(↵
n

k

Jx + (1 � ↵
n

k

)(Jx
n

k

� �
n

k

Ax

n

k

)) � x

n

k

! 0.

Hence

lim sup
k!1

t

n

k

= 2 lim sup
k!1

hz � J

�1(↵
n

k

Jx + (1 � ↵
n

k

)(Jx
n

k

� �
n

k

Ax

n

k

)), Tz � Jxi

= 2 lim sup
k!1

hz � x

n

k

, Jz � Jxi

= 2hz � y, Jz � Jxi  0.

Therefore, by Lemma 2.6, we have lim
n!1 '(z, x

n

) = 0. It follows then from Lemma 2.1 that the sequence {x
n

} converges
strongly to z, as desired. The proof is now finished. ⇤

Remark 3.11. Theorem 3.8 is, in some aspect, an improvement of Theorem 1.1.

• Since we do not need the weak sequential continuity of the duality mapping in Theorem 3.8 as was the case in
Theorem 1.1, we can apply our Theorem 3.8 in the Lebesgue function space L

p where 1 < p < 1 and p 6= 2 while
this space is not applicable for Theorem 1.1 (see [30]).

• In most cases, strong convergence is more desirable than weak convergence.

4. Applications

In this section, we study the problem of finding aminimizer of a continuously Fréchet differentiable and convex function
in a Banach space. To prove this, we need the following lemma proved by Baillon and Haddad [31]:

Lemma 4.1 ([31]). Let E be a Banach space. Suppose that f is a continuously Fréchet differentiable and convex function on E. If

the gradient rf of f is 1/↵-Lipschitz continuous, then rf is ↵-inverse strongly monotone.

Theorem 4.2. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant c. Assume that a

function f : E ! R satisfies the following conditions:

• f is continuously Fréchet differentiable and convex on E and rf is 1/↵-Lipschitz continuous;
• S := argmin

y2E

f (y) = {z 2 E : f (z) = min
y2C

f (y)} 6= ?.

Let {�
n

} be a sequence in [a, b] for some real numbers a, b with 0 < a < b < c

2↵/2.



750 S. Saejung, P. Yotkaew / Nonlinear Analysis 75 (2012) 742–750

(a) Suppose that {x
n

} is iteratively constructed by the following

⇢
x1 = x 2 E arbitrarily chosen and

x

n+1 = J

�1(Jx
n

� �
n

rf (x
n

)) (n � 1). (8)

If the duality mapping J : E ! E

⇤
is weakly sequentially continuous, then the sequence {x

n

} converges weakly to some

element z 2 S. Further z = lim
n!1 ⇧

S

(x
n

).
(b) If {↵

n

} is a sequence in (0, 1) such that lim
n!1 ↵

n

= 0 and

P1
n=1 ↵

n

= 1, then the sequence {y
n

} iteratively constructed

by the following

⇢
y1 = y 2 E arbitrarily chosen and

y

n+1 = J

�1(↵
n

Jy + (1 � ↵
n

)(Jy
n

� �
n

rf (y
n

))) (n � 1) (9)

converges strongly to z = ⇧
S

(y).

Proof. It follows from Lemma 4.1 that rf is ↵-inverse strongly monotone. Notice that (rf )�10 = argmin
y2E

f (y). Then, by
Theorems 3.4 and 3.8, we obtain the results. ⇤
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We improve the viscosity approximation process for approximation of a fixed point of a quasi-
nonexpansive mapping in a Hilbert space proposed by Maingé (2010). An example beyond the
scope of the previously known result is given.

1. Introduction

LetH be a real Hilbert space with inner product 〈·, ·〉 and the induced norm ‖ ·‖. In this paper,
we denote the strong and weak convergence by → and ⇀, respectively. For a subset C of H,
a mapping T : C → C is said to be nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C; and it
is quasinonexpansive if its fixed-point set Fix(T) := {x ∈ C : x = Tx} is nonempty and ‖Tx−p‖ ≤
‖x − p‖ for all x ∈ C and p ∈ Fix(T). It is clear that every nonexpansive mapping with a
nonempty fixed-point set is quasinonexpansive, but the converse is not true. The process
for approximation of a fixed point of a nonexpansive or quasinonexpansive mapping is one
of interesting problems in mathematics and it has been investigated by many researchers.
One of the effective processes for this problem is given by Moudafi [1]. Let C be a closed
convex subset ofH, and T : C → C is a nonexpansive mapping with a nonempty fixed-point
set Fix(T). Moudafi proposed the following scheme which is known as Moudafi’s viscosity
approximation process:

x1 = x ∈ C arbitrarily chosen,

xn+1 =
εn

1 + εn
f(xn) +

1
1 + εn

Txn,
(1.1)
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where f : C → C is a contraction; that is, there exists an α ∈ [0, 1) such that ‖f(x) − f(y)‖ ≤
α‖x − y‖ for all x, y ∈ C and {εn} is a sequence in (0, 1) satisfying

(M1) limn→∞εn = 0,

(M2)
∑∞

n=1 εn = ∞,

(M3) limn→∞(1/εn − 1/εn+1) = 0.

It was also proved that {xn} converges to an element z ∈ Fix(T) satisfying the following
inequality:

〈
f(z) − z, q − z

〉
≤ 0 (1.2)

for all q ∈ Fix(T).
In the literature, Moudafi’s scheme has been widely studied and extended (see [2–

5] and references therein). For example, Xu [6] improved this result to a Banach space. The
interesting improvement of this result given by Maingé [7] is our starting point. His result is
given below.

Theorem 1.1. Let C be a closed convex subset of a Hilbert space H, and T : C → C is a
quasinonexpansive mapping such that I − T is demiclosed at zero, that is, z ∈ Fix(T) whenever {zn}
is a sequence in C such that zn ⇀ z and zn − Tzn → 0. Suppose that f : C → C is a contraction.
Let {xn} be a sequence in C defined by

x1 = x ∈ C arbitrarily chosen,

xn+1 = αnf(xn) + (1 − αn)((1 −ω)I +ωT)xn,
(1.3)

where ω ∈ (0, 1), I is an identity mapping, and {αn} is a sequence in (0, 1) satisfying

(C1) limn→∞αn = 0,

(C2)
∑∞

n=1 αn = ∞.

Then the sequence {xn} converges to an element z ∈ Fix(T) and the following inequality holds

〈
f(z) − z, q − z

〉
≤ 0 (1.4)

for all q ∈ Fix(T).

It should be noted that Maingé’s result is more widely applicable than Moudafi’s.
However, after a careful reading, we find that there is a small mistake in Maingé’s proof.
The following fact (see [7, Remark 2.1(i3)]) is used: if T : C → C is quasinonexpansive and
Tω := (1 −ω)I +ωT where ω ∈ (0, 1], then

〈
x − Tωx, x − q

〉
≥ ω‖x − Tx‖2 (1.5)

for all x ∈ C and q ∈ Fix(T). Note that the inequality above is equivalent to

〈x − Tx, x − q〉 ≥ ‖x − Tx‖2. (1.6)
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But this fails; for example, let us consider the nonexpansive mapping T : R → R defined by
Tx = −x for all x ∈ R. It is clear that Fix(T) = {0} and 〈x − Tx, x − q〉 = 2x2 /≥ 4x2 = ‖x − Tx‖2.

Recall the following identities in a Hilbert space H: for x, y ∈ H, ω ∈ [0, 1]

(i) ‖x + y‖2 = ‖x‖2 + 2〈x, y〉 + ‖y‖2;

(ii) ‖(1 −ω)x +ωy‖2 = (1 −ω)‖x‖2 +ω‖y‖2 − (1 −ω)ω‖x − y‖2.

The correction of Maingé’s result is as follows.

Proposition 1.2. Let C be a subset of a Hilbert space and T : C → C be a mapping with a
nonempty fixed-point set Fix(T). Suppose that Tω := (1 − ω)I + ωT where ω ∈ (0, 1]. Then T is
quasinonexpansive if and only if

〈
x − Tωx, x − q

〉
≥

ω

2
‖x − Tx‖2 (1.7)

for all x ∈ C and q ∈ Fix(T).

Proof. Notice that x − Tωx = ω(x − Tx) and

∥∥Tωx − q
∥∥2 =

∥∥(Tωx − x) + (x − q)
∥∥2

= ‖Tωx − x‖2 + 2
〈
Tωx − x, x − q

〉
+
∥∥x − q

∥∥2

= ω2‖x − Tx‖2 + 2
〈
Tωx − x, x − q

〉
+
∥∥x − q

∥∥2.

(1.8)

On the other hand,

∥∥Tωx − q
∥∥2 =

∥∥(1 −ω)(x − q) +ω(Tx − q)
∥∥2

= (1 −ω)
∥∥x − q

∥∥2 +ω
∥∥Tx − q

∥∥2 − (1 −ω)ω‖x − Tx‖2.
(1.9)

Hence

2
〈
x − Tωx, x − q

〉
= ω
(∥∥x − q

∥∥2 −
∥∥Tx − q

∥∥2
)
+ω‖x − Tx‖2. (1.10)

Remark 1.3. Unfortunately, this effects the main result (see [7, Theorem 3.1]) in Maingé’s
paper. More precisely, inequality (32) of its proof (page 78, line 22) should read

1
2
‖xn+1 − z‖2 −

1
2
‖xn − z‖2 +

(
1
2
−ω
)
ω(1 − αn)‖xn − Txn‖2

≤ αn

(
αn

∥∥f(xn) − xn

∥∥2 −
〈
xn − f(xn), xn − z

〉)
(1.11)
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rather than

1
2
‖xn+1 − z‖2 −

1
2
‖xn − z‖2 + (1 −ω)ω(1 − αn)‖xn − Txn‖2

≤ αn

(
αn

∥∥f(xn) − xn

∥∥2 −
〈
xn − f(xn), xn − z

〉)
.

(1.12)

Therefore, Theorem 1.1 above is valid for only ω ∈ (0, 1/2) under the same technique.

The purpose of this paper is to simultaneously present a correction of the proof of
Theorem 1.1 which is valid for all ω ∈ (0, 1), and extend his scheme to a wider class of
mappings including average mappings, that is, mappings of the form (1 − ω)I + ωT . Our
result is more general than Maingé’s theorem. An example of a quasinonexpansive mapping
which is not applied by Maingé’s theorem but applied by our result is given.

2. Result

First, let us recall some lemmas which are needed for proving the main result.

Lemma 2.1 (see [8, Lemma 2.3]). Let {sn} be a sequence of nonnegative real numbers, {αn} a
sequence of (0, 1)with

∑∞
n=1 αn = ∞, {βn} a sequence of nonnegative real numbers with

∑∞
n=1 βn < ∞,

and {γn} a sequence of real numbers with lim supn→∞γn ≤ 0. Suppose that

sn+1 ≤ (1 − αn)sn + αnγn + βn (2.1)

for all n ∈ N. Then limn→∞sn = 0.

The following nice result was proved by Maingé (see [7, Lemma 2.1]).

Lemma 2.2. Let {sn} be a sequence of nonnegative real numbers. If there exists a subsequence {snj}
of {sn} such that snj < snj+1 for all j ∈ N, then there exists a subsequence {smk} of {sn} such that

smk ≤ smk+1, sk ≤ smk+1 (2.2)

for all k ∈ N.

For a closed convex subset C of a Hilbert space H, the metric projection PC : H → C is
defined for each x ∈ H as the unique element PCx ∈ C such that

‖x − PCx‖ = inf{‖x − z‖ : z ∈ C}. (2.3)

It is well known that (see, e.g., [9]) for x ∈ H and y ∈ C

y = PCx ⇐⇒
〈
x − y, y − z

〉
≥ 0, ∀z ∈ C. (2.4)

For x, y ∈ H, the following inequality is known as the subdifferential inequality:

∥∥x + y
∥∥2 ≤ ‖x‖2 + 2

〈
y, x + y

〉
. (2.5)
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A mapping T : C → C is said to be strongly quasinonexpansive [10] if it is
quasinonexpansive and zn − Tzn → 0 whenever {zn} is a bounded sequence in C such that
limn→∞(‖zn −p‖−‖Tzn−p‖) = 0 for some p ∈ Fix(T). It is known that every metric projection
is strongly quasinonexpansive.

We are now ready to present our main result.

Theorem 2.3. Let C be a closed convex subset of a Hilbert space H and T : C → C is a strongly
quasinonexpansive mapping such that I − T is demiclosed at zero. Suppose that f : C → C is a
contraction. Let {xn} be a sequence in C defined by

x1 = x ∈ C arbitrarily chosen,

xn+1 = αnf(xn) + (1 − αn)Txn,
(2.6)

where {αn} is a sequence in (0, 1) satisfying

(C1) limn→∞αn = 0,

(C2)
∑∞

n=1 αn = ∞.

Then the sequence {xn} converges to an element z ∈ Fix(T) and the following inequality holds

〈
f(z) − z, q − z

〉
≤ 0 (2.7)

for all q ∈ Fix(T).

Before we give the proof, we note that Fix(T) is closed and convex (see [11] for more
general setting). Hence the mapping PFix(T) ◦ f : C → C is a contraction. Then it follows from
the well-known Banach’s contraction principle that there exists a unique element z ∈ C such
that z = PFix(T) ◦ f(z). In particular, z ∈ Fix(T) and 〈f(z) − z, q − z〉 ≤ 0 for all q ∈ Fix(T).

Let us assume that ‖f(x) − f(y)‖ ≤ α‖x − y‖ for all x, y ∈ C where α is a real number
in [0, 1).

Lemma 2.4. The sequence {xn} is bounded.

Proof. We consider the following inequality:

‖xn+1 − z‖ ≤ αn

∥∥f(xn) − z
∥∥ + (1 − αn)‖Txn − z‖

≤ αn

∥∥f(xn) − f(z)
∥∥ + αn

∥∥f(z) − z
∥∥ + (1 − αn)‖Txn − z‖

≤ (αnα + 1 − αn)‖xn − z‖ + αn

∥∥f(z) − z
∥∥

= (1 − αn(1 − α))‖xn − z‖ + αn(1 − α)

∥∥f(z) − z
∥∥

1 − α

≤ max

{
‖xn − z‖,

∥∥f(z) − z
∥∥

1 − α

}
.

(2.8)

By induction, we conclude that the sequence {‖xn − z‖} is bounded and hence so is the
sequence {xn}.
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Lemma 2.5. The following inequality holds for all n ∈ N:

‖xn+1 − z‖2 ≤ (1 − αn)2‖xn − z‖2 + 2αnα‖xn − z‖‖xn+1 − z‖ + 2αn
〈
f(z) − z, xn+1 − z

〉
. (2.9)

Proof. It follows from the subdifferential inequality that

‖xn+1 − z‖2 =
∥∥αn(f(xn) − z) + (1 − αn)(Txn − z)

∥∥2

≤ (1 − αn)2‖Txn − z‖2 + 2αn
〈
f(xn) − z, xn+1 − z

〉

≤ (1 − αn)2‖xn − z‖2 + 2αn
〈
f(xn) − f(z), xn+1 − z

〉

+ 2αn
〈
f(z) − z, xn+1 − z

〉

≤ (1 − αn)2‖xn − z‖2 + 2αnα‖xn − z‖‖xn+1 − z‖

+ 2αn
〈
f(z) − z, xn+1 − z

〉
.

(2.10)

Lemma 2.6. If there exists a subsequence {xnk} of {xn} such that lim infk→∞(‖xnk+1 − z‖ − ‖xnk −
z‖) ≥ 0, then lim supk→∞〈f(z) − z, xnk+1 − z〉 ≤ 0.

Proof. First, we note that αnk → 0 and let us consider the following inequality:

0 ≤ lim inf
k→∞

(‖xnk+1 − z‖ − ‖xnk − z‖)

≤ lim inf
k→∞

(
αnk

∥∥f(xnk) − z
∥∥ + (1 − αnk)‖Txnk − z‖ − ‖xnk − z‖

)

= lim inf
k→∞

(‖Txnk − z‖ − ‖xnk − z‖)

≤ lim sup
k→∞

(‖Txnk − z‖ − ‖xnk − z‖ )

≤ 0.

(2.11)

This implies that limk→∞(‖xnk − z‖ − ‖Txnk − z‖) = 0. Since T is a strongly quasinonexpansive
mapping, xnk − Txnk → 0. In particular, xnk − xnk+1 → 0. Because {xnk} is bounded, so there
exists a subsequence {xnkl

} of {xnk} such that xnkl
⇀ q and

lim
l→∞

〈
f(z) − z, xnkl

− z
〉
= lim sup

k→∞

〈
f(z) − z, xnk − z

〉
. (2.12)

It follows from the demiclosedness of I − T at zero that q ∈ Fix(T). Then

lim
l→∞

〈
f(z) − z, xnkl

− z
〉
=
〈
f(z) − z, q − z

〉
≤ 0. (2.13)

Hence lim supk→∞〈f(z) − z, xnk+1 − z〉 = lim supk→∞〈f(z) − z, xnk − z〉 ≤ 0, as desired.
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Proof of Theorem 2.3. Let us consider the following two cases.

Case 1. There exists an N ∈ N such that ‖xn+1 − z‖ ≤ ‖xn − z‖ for all n ≥ N. It follows then
that limn→∞‖xn − z‖ exists and hence lim infn→∞(‖xn+1 − z‖ − ‖xn − z‖) = 0. This implies that
lim supn→∞〈f(z) − z, xn+1 − z〉 ≤ 0. By Lemma 2.5, for all n ≥ N,

‖xn+1 − z‖2 ≤ (1 − αn)2‖xn − z‖2 + 2αnα‖xn − z‖‖xn+1 − z‖

+ 2αn
〈
f(z) − z, xn+1 − z

〉

≤ (1 − 2αn + 2αnα)‖xn − z‖2 + α2
n‖xn − z‖2

+ 2αn
〈
f(z) − z, xn+1 − z

〉

= (1 − 2αn(1 − α))‖xn − z‖2

+ 2αn(1 − α)

(
αn‖xn − z‖2

2(1 − α)
+
〈
f(z) − z, xn+1 − z

〉

1 − α

)
.

(2.14)

Notice that
∑∞

n=N 2αn(1 − α) = ∞ and

lim sup
n→∞

(
αn‖xn − z‖2

2(1 − α)
+
〈
f(z) − z, xn+1 − z

〉

1 − α

)
≤ 0. (2.15)

By Lemma 2.1, we have limn→∞‖xn − z‖2 = 0.

Case 2. There exists a subsequence {‖xnj −z‖} of {‖xn−z‖} such that ‖xnj −z‖ < ‖xnj+1−z‖ for
all j ∈ N. In this case, it follows from Lemma 2.2 that there exists a subsequence {‖xmk − z‖}
of {‖xn − z‖} such that

‖xmk − z‖ ≤ ‖xmk+1 − z‖, ‖xk − z‖ ≤ ‖xmk+1 − z‖ (2.16)

for all k ∈ N. It follows from lim infk→∞(‖xmk+1 − z‖ − ‖xmk − z‖) ≥ 0 that lim supk→∞〈f(z) −
z, xmk+1 − z〉 ≤ 0. Moreover, by Lemma 2.5, we have

‖xmk+1 − z‖2 ≤ (1 − αmk)
2‖xmk − z‖2 + 2αmkα‖xmk − z‖‖xmk+1 − z‖

+ 2αmk

〈
f(z) − z, xmk+1 − z

〉

≤ (1 − αmk)
2‖xmk+1 − z‖2 + 2αmkα‖xmk+1 − z‖2

+ 2αmk

〈
f(z) − z, xmk+1 − z

〉
.

(2.17)

In particular, it follows that

(2 − αmk − 2α)‖xmk+1 − z‖2 ≤ 2
〈
f(z) − z, xmk+1 − z

〉
. (2.18)
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This implies that

(2 − 2α)lim sup
k→∞

‖xmk+1 − z‖2 ≤ lim sup
k→∞

2
〈
f(z) − z, xmk+1 − z

〉
≤ 0. (2.19)

Hence

lim sup
k→∞

‖xk − z‖2 ≤ lim sup
k→∞

‖xmk+1 − z‖2 = 0. (2.20)

Then limk→∞‖xk − z‖2 = 0. This completes the proof.

Remark 2.7. If C is a convex subset of a Hilbert space and T : C → C is a quasinonexpansive
mapping, then the mapping Tω := (1 − ω)I + ωT is strongly quasinonexpansive whenever
ω ∈ (0, 1) (see [10]). This means that Maingé’s result is included in ours as a special case.

Remark 2.8. There is a strongly quasinonexpansive mapping S such that S is not of the form
(1 − ω)I + ωT where α ∈ (0, 1/2) and T is a quasinonexpansive mapping. This means
that there is an example which is beyond the scope of Maingé’s result (see Remark 1.3,
Theorem 1.1 with his old proof is valid for only α ∈ (0, 1/2)).

Example 2.9. Let A = {(x, x) : x ∈ R}. It is clear that A is a closed and convex subset of R2.
Notice that S := PA is a strongly quasinonexpansive mapping and (0, 0) ∈ Fix(S). Suppose
that S = (1 − ω)I + ωT where ω ∈ (0, 1/2) and T is a quasinonexpansive mapping. Then, by
Proposition 1.2, we have

〈(2, 0) − S(2, 0), (2, 0) − (0, 0)〉 ≥
ω

2
‖(2, 0) − T(2, 0)‖2 =

1
2ω

‖(2, 0) − S(2, 0)‖2. (2.21)

It is easy to see that S(2, 0) = (1, 1). In particular,

2 = 〈(2, 0) − (1, 1), (2, 0)〉 ≥
1
2ω

‖(2, 0) − (1, 1)‖2 =
1
ω
. (2.22)

That is ω ≥ 1/2, a contradiction.

3. Conclusion

We propose a viscosity approximation process for approximation of a fixed point of a
quasinonexpansive mapping. This not only corrects Maingé’s result but also essentially
improves his result to a more general relaxation.
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1. Introduction
Let E be a real Banach space with the dual space E*. We write 〈x, x* 〉 for the value of a
functional x*Î E* at x Î E. The normalized duality mapping is the mapping J : E ® 2E*
given by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ||x||2 = ||x∗||2} (x ∈ E).

In this paper, we assume that E is smooth, that is, limt→0
||x+tx||−||x||

t exists for all x, y

Î E with ||x|| = ||y|| = 1. This implies that J is single-valued and we do consider the
singleton Jx as an element in E*. For a closed convex subset C of a (smooth) Banach
space E, the variational inequality problem for a mapping A : C ® E is the problem of
finding an element u Î C such that

〈Au, J(v − u)〉 ≥ 0 for all v ∈ C.

The set of solutions of the problem above is denoted by S(C, A). It is noted that if
C = E, then S(C, A) = A-10 := {x Î E : Ax = 0}. This problem was studied by Stampac-
chia (see, for example, [1,2]). The applicability of the theory has been expanded to var-
ious problems from economics, finance, optimization and game theory.
Gol’shteĭn and Tret’yakov [3] proved the following result in the finite dimensional

space ℝN.
Theorem 1.1. Let a > 0, and let A : ℝN ® ℝN be an a-inverse strongly monotone

mapping, that is, 〈Ax - Ay, × - y〉 ≥ a||Ax - Ay||2 for all x, y Î ℝN. Suppose that {xn} is
a sequence in ℝN defined iteratively by x1 Î ℝN and

xn+1 = xn − λnAxn,

where {ln}⊂ [a, b] ⊂ (0, 2a). If A-1 0 ≠ ∅, then {xn} converges to some element of A-10.
The result above was generalized to the framework of Hilbert spaces by Iiduka et al. [4].

Note that every Hilbert space is uniformly convex and 2-uniformly smooth (the related
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definitions will be given in the next section). Aoyama et al. [[5], Theorem 3.1] proved the
following result.
Theorem 1.2. Let E be a uniformly convex and 2-uniformly smooth Banach space

with the uniform smoothness constant K, and let C be a nonempty closed convex subset
of E. Let QC be a sunny nonexpansive retraction from E onto C, let a > 0 and let A :
C ® E be an a-inverse strongly accretive mapping with S(C, A) ≠ ∅. Suppose that {xn}
is iteratively defined by

{
x1 ∈ C arbitrarily chosen,
xn+1 = αnxn + (1 − αn)QC(xn − λnAxn) (n ≥ 1),

where {an} ⊂ [b, c] ⊂ (0, 1) and {ln} ⊂ [a, a/K2] ⊂ (0, a/K2]. Then, {xn} converges
weakly to some element of S(C, A).
Motivated by the result of Aoyama et al., we prove two more convergence theorems

for a-inverse strongly accretive mappings in a Banach space, which are supplements to
Theorem 1.2 above. The first one is proved without the presence of the uniform con-
vexity, while the last one is proved in uniformly convex space with some different con-
trol conditions on the parameters.
The paper is organized as follows: In Section 2, we collect some related definitions

and known fact, which are referred in this paper. The main results are presented in
Section 3. We start with some common tools in proving the main results in Section
3.1. In Section 3.2, we prove the first weak convergence theorem without the presence
of uniform convexity. The second theorem is proved in uniformly convex Banach
spaces in Section 3.3.

2. Definitions and related known fact
Let E be a real Banach space. If {xn} is a sequence in E, we denote strong convergence
of {xn} to x Î E by xn ® x and weak convergence by xn ⇀ x. Denote by ωw ({xn}) the
set of weakly sequential limits of the sequence {xn}, that is, ωw ({xn}) = {p : there exists
a subsequence {xnk} of {xn} such that xnk ⇀ p}. It is known that if {xn} is a bounded
sequence in a reflexive space, then ωw ({xn}) = ∅.
The space E is said to be uniformly convex if for each ε Î (0, 2) there exists δ > 0

such that for any x, y Î U := {z Î E : ||z|| = 1}

||x − y|| ≥ ε implies ||x + y||/2 ≤ 1 − δ.

The following result was proved by Xu.
Lemma 2.1 ([6]). Let E be a uniformly convex Banach space, and let r >0. Then,

there exists a strictly increasing, continuous and convex function g : [0, 2r] ® [0, ∞)
such that g(0) = 0 and

||αx + (1 − α)y||2 ≤ α||x||2 + (1 − α)||y||2 − α(1 − α)g(||x − y||)

for all a Î [0, 1] and x, y Î Br := {z Î E : ||z|| ≤ r}.
The space E is said to be smooth if the limit

lim
t→0

||x + ty|| − ||x||
t

(2:1)

exists for all x, y Î U. The norm of E is said to be Fréchet differentiable if for each x
Î U, the limit (2.1) is attained uniformly for y Î U.
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Let C be a nonempty subset of a smooth Banach space E and a > 0. A mapping A :
C ® E is said to be a-inverse strongly accretive if

〈Ax − Ay, J(x − y)〉 ≥ α||Ax − Ay||2 (2:2)

for all x, y Î C. It follows from (2.2) that A is 1
α
-Lipschitzian, that is,

||Ax − Ay|| ≤ 1
α

||x − y|| for all x, y ∈ C.

A Banach space E is 2-uniformly smooth if there is a constant c > 0 such that 〉E (τ) ≤
cτ2 for all τ > 0 where

&E(τ ) = sup
{

1
2

(||x + τ y|| + ||x − τ y||) − 1 : x, y ∈ U
}

.

In this case, we say that a real number K > 0 is a 2-uniform smoothness constant of E
if the following inequality holds for all x, y Î E:

||x + y||2 ≤ ||x||2 + 2〈y, Jx〉 + 2||Ky||2.

Note that every 2-uniformly smooth Banach space has the Fréchet differentiable
norm and hence it is reflexive.
The following observation extracted from Lemma 2.8 of [5] plays an important role

in this paper.
Lemma 2.2. Let C be a nonempty closed convex subset of a 2-uniformly smooth

Banach space E with a 2-uniform smoothness constant K. Suppose that A : C ® E is
an a-inverse strongly accretive mapping. Then, the following inequality holds for all x, y
Î C and l Î ℝ:

||(I − λA)x − (I − λA)y||2 ≤ ||x − y||2 + 2λ(K2λ − α)||Ax − Ay||2,

where I is the identity mapping. In particular, if λ ∈ [0, α
K2 ], then I - lA is nonex pan-

sive, that is, ||(I - lA)x - (I - lA)y|| ≤ ||x - y|| for all x, y Î C.
Let C be a subset of a Banach space E. A mapping Q : E ® C is said to be:

(i) sunny if Q(Qx + t(x - Qx)) = Qx for all t ≥ 0;
(ii) a retraction if Q2 = Q.

It is known that a retraction Q from a smooth Banach space E onto a nonempty
closed convex subset C of E is sunny and nonexpansive if and only if 〈x-Qx, J(Qx-y)〉 ≥
0 for all x Î E and y Î C. In this case, Q is uniquely determined. Using this result,
Aoyama et al. obtained the following result. Recall that, for a mapping T : C ® E, the
set of fixed points of T is denoted by F (T), that is, F (T) = {x Î C : x = Tx}.
Lemma 2.3 ([5]). Let C be a nonempty closed convex subset of a smooth Banach

space
E. Let QC be a sunny nonexpansive retraction from E onto C, and let A : C ® E be a

mapping. Then, for each l > 0,

S(C, A) = F(QC(I − λA)).
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The space E is said to satisfy Opial’s condition if

lim sup
n→∞

||xn − x|| < lim sup
n→∞

||xn − y||

whenever xn ⇀ x Î E and y Î E satisfy x ≠ y. The following results are known from
theory of nonexpansive mappings. It should be noted that Oplial’s condition and the
Fréchet differentiability of the norm are independent in uniformly convex space
setting.
Lemma 2.4 ([7], [8]). Let C be a nonempty closed convex subset of a Banach space. E.

Suppose that E is uniformly convex or satisfies Opial’s condition. Suppose that T is a
nonexpansive mapping of C into itself. Then, I - T is demiclosed at zero, that is, if {xn}
is a sequence in C such that xn ⇀ p and xn - Txn ® 0, then p = Tp.
Lemma 2.5 ([9]). Let C be a nonempty closed convex subset of a uniformly convex

Banach space with a Fréchet differentiable norm. Suppose that {Tn}∞n=1is a sequence of
nonexpansive mappings of C into itself with ∩∞

n=1F(Tn) += ∅. Let x Î C and Sn = TnTn-1 ·
· · T1 for all n ≥ 1. Then, the set

∞⋂

n=1

co{Smx : m ≥ n} ∩
∞⋂

n=1

F(Tn)

consists of at most one element, where coD is the closed convex hull of D.
The following two lemmas are proved in the absence of uniform convexity, and they

are needed in Section 3.2.
Lemma 2.6 ([10]). Let {xn} and {yn} be bounded sequences in a Banach space and

{an} be a real sequence in [0, 1] such that 0 < lim infn®∞ an ≤ lim sup n®∞ an < 1.
Suppose that xn+1 = anxn + (1 - an)yn for all n ≥ 1. If lim supn®∞(||yn+1 - yn|| - ||xn+1
- xn||) ≤ 0, then xn - yn ® 0.
Lemma 2.7 ([11]). Let {zn} and {wn} be sequences in a Banach space and {an} be a

real sequence in [0, 1]. Suppose that zn+1 = anzn + (1 - an)wn for all n ≥ 1. If the follow-
ing properties are satisfied:

(i)
∑∞

n=1
(1 − αn) = ∞and lim infn®∞ an > 0;

(ii) limn®∞ ||zn|| = d and lim supn®∞||wn|| ≤ d;

(iii) the sequence
{∑n

i=1 (1 − αi)wi
}
is bounded;

then d = 0.
We also need the following simple but interesting results.
Lemma 2.8 ([12]). Let {an} and {bn} be two sequences of nonnegative real numbers.

If
∑∞

n=1
bn < ∞and an+1 ≤ an + bn for all n ≥ 1, then limn®∞ an exists.

Lemma 2.9 ([13]). Let {an} and {bn} be two sequences of nonnegative real numbers. If
∑∞

n=1
anbn < ∞and

∑∞

n=1
anbn < ∞, then lim infn®∞ bn = 0.

3. Main results
From now on, we assume that

• E is 2-uniformly smooth Banach space with a 2-uniform smoothness constant K;
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• C is a nonempty closed convex subset of E;
• QC is a sunny nonexpansive retraction from E onto C;
• A : C ® E is an a-inverse strongly accretive mapping with S(C, A) ≠ ∅ and a >
0.

Suppose that {xn} is iteratively defined by
{

x1 ∈ C arbitrarily chosen,

xn+1 = αnxn + (1 − αn)QC(xn − λnAxn) (n ≥ 1),

where {an}⊂ [0, 1] and {λn} ⊂ (0, α
K2 ]. For convenience, we write yn ≡ QC (xn - ln

Axn).

3.1. Some properties of the sequence {xn} for weak convergence theorems

We start with some propositions, which are the common tools for proving the main
results in the next two subsections.
Proposition 3.1. If p Î S(C, A), then limn®∞ ||xn - p|| exists, and hence, the

sequences {xn} and {Axn} are both bounded.
Proof. Let p Î S(C, A). By the nonexpansiveness of QC (I - ln A) for all n ≥ 1 and
Lemma 2.3, we have

||yn − p|| = ||QC(I − λnA)xn − (QC(I − λnA)p|| ≤ ||xn − p||

for all n ≥ 1. This implies that

||xn+1 − p|| = ||αn(xn − p) + (1 − αn)(yn − p)||
≤ αn||xn − p|| + (1 − αn)||yn − p||
≤ αn||xn − p|| + (1 − αn)||xn − p|| = ||xn − p||

for all n ≥ 1. Therefore, limn®∞ ||xn - p|| exists, and hence, the sequence {xn} is

bounded. Since A is 1
α
-Lipschitzian, we have {Axn} is bounded. The proof is finished.

Proposition 3.2. The following inequality holds:

||yn+1 − yn|| ≤ ||xn+1 − xn|| + |λn+1 − λn| ||Axn||

for all n ≥ 1.
Proof. Since QC (I - ln+1A) and QC are nonexpansive, we have

||yn+1 − yn|| = ||QC(I − λn+1A)xn+1 − QC(I − λnA)xn||
≤ ||QC(I − λn+1A)xn+1 − QC(I − λn+1A)xn||

+ ||QC(I − λn+1A)xn − QC(I − λnA)xn||
≤ ||xn+1 − xn|| + ||(I − λn+1A)xn − (I − λnA)xn||
= ||xn+1 − xn|| + |λn+1 − λn| ||Axn||.

□
Proposition 3.3. Suppose that E is a reflexive Banach space such that either it is uni-

formly convex or it satisfies Opial’s condition. Suppose that {xn} is a bounded sequence

of C satisfying xn - QC (I - lnA)xn ® 0 and {λn} ⊂ [a,
α

K2 ] ⊂ (0,
α

K2 ].

Then, {xn} converges weakly to some element of S(C, A).
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Proof. Suppose that E is a uniformly convex Banach space or a reflexive Banach space
satisfying Opial’s condition. Then, ωw ({xn}) ≠ ∅. We first prove that ωw({xn}) ⊂ S(C,
A). To see this, let z Î ωw({xn}). Passing to a subsequence, if necessary, we assume that

there exists a subsequence {nk} of {n} such that xnk ⇀ z and λnk → λ ∈ [a, α
K2 ]. We

observe that

||xnk − QC(I − λA)xnk || ≤ ||xnk − ynk || + ||ynk − QC(I − λA)xnk ||
≤ ||xnk − ynk || + ||(I − λnk A)xnk − (I − λA)xnk ||
= ||xnk − ynk || + |λnk − λ| ||Axnk ||.

This implies that xnk − QC (I − λA) xnk → 0. By the nonexpansiveness of QC (I - lA),
Lemmas 2.3 and 2.4, we obtain that z Î F (QC (I - lA)) = S(C, A). Hence ωw({xn}) ⊂ S
(C, A).
We next prove that ωw({xn}) is exactly a singleton in the following cases.
Case 1: E is uniformly convex. We follow the idea of Aoyama et al. [5] in this case.

For any n ≥ 1, we define a nonexpansive mapping Tn : C ® C by

Tn = αnI + (1 − αn)QC(I − λnA).

We get that xn+1 = TnTn-1 · · · T1x1 for all n ≥ 1. It follows from Lemma 2.3 that

S(C, A) =
⋂∞

n=1 F(QC(I − λnA)) ⊂
⋂∞

n=1 F(Tn). Applying Lemma 2.5, since every 2-uni-

formly smooth Banach space has Fréchet differentiable norm, gives

∞⋂

n=1

co{xm : m ≥ n} ∩
∞⋂

n=1

F(Tn)

consists of at most one element. But we know that

∅ += ωw({xn}) ⊂
∞⋂

n=1

co {xm : m ≥ n} ∩ S(C, A) ⊂
∞⋂

n=1

co {xm : m ≥ n} ∩
∞⋂

n=1

F(Tn).

Therefore, ωw({xn}) is a singleton.
Case 2: E satisfies Opial’s condition. Suppose that p and q are two different elements

of ωw({xn}). There are subsequences {xnk} and {xmj} of {xn} such that

xnk ⇀ p and xmj ⇀ q.

Since p and q also belong to S(C, A), both limits limn®∞ ||xn -p|| and limn®∞ ||xn
-q|| exist. Consequently, by Opial’s condition,

lim
k→∞

||xnk − p|| < lim
k→∞

||xnk − q|| = lim
j→∞

||xmj − q||

< lim
j→∞

||xmj − p|| = lim
k→∞

||xnk − p||.

This is a contradiction. Hence, ωw({xn}) is a singleton, and the proof is finished. □
Remark 3.4. There exists a reflexive Banach space such that it satisfies Opial’s condi-

tion but it is not uniformly convex. In fact, we consider E = ℝ2 with the norm ||(x, y)||
= |x| + |y| for all (x, y) Î ℝ2 . Note that E is finite dimensional, and hence it is reflex-
ive and satisfies Opial’s condition. To see that E is not uniformly convex, let x = (1, 0)
and y = (0, 1), it follows that ||x - y|| = ||(1, -1)|| = 2 and ||x + y||/2 = ||(1/2, 1/2)|| =
1 ≰ 1 - δ for all δ > 0.
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3.2. Convergence results without uniform convexity

In this subsection, we make use of Lemmas 2.6 and 2.7 to show that xn - yn ® 0 under
the additional restrictions on the sequences {an} and {ln}.
Proposition 3.5. Suppose that {an}⊂ [c, d] ⊂ (0, 1) and ln+1 - ln ® 0. Then, xn - yn

® 0.
Proof. We will apply Lemma 2.6. Let us rewritten the iteration as

xn+1 = αnxn + (1 − αn)yn.

It follows from Proposition 3.1 that {xn} and {Axn} are bounded. Then, {yn} = {(I -
lnA) xn} is bounded. Since ln+1 - ln ® 0, it is a consequence of Proposition 3.2 that

lim sup
n→∞

(||yn+1 − yn|| − ||xn+1 − xn||) ≤ lim sup
n→∞

|λn+1 − λn| ||Axn|| = 0.

Since all the requirements of Lemma 2.6 are satisfied, xn - yn ® 0. □
Proposition 3.6. Suppose that {an} and {ln} satisfy the following properties:

(i) {an} ⊂ [c, 1) ⊂ (0, 1) and
∑∞

n=1
(1 − αn) = ∞;

(ii)
λn+1 − λn

1 − αn
→ 0and

∑∞

n=1
|λn+1 − λn| < ∞.

Then, xn - yn ® 0.
Proof. We will apply Lemma 2.7. From the iteration, we have

zn+1 = αnzn + (1 − αn)wn,

where zn ≡ xn - yn and wn ≡ yn − yn+1

1 − αn
. Using Proposition 3.2, we obtain

||zn+1|| ≤ αn||zn|| + ||yn − yn+1||
≤ αn||zn|| + ||xn+1 − xn|| + |λn+1 − λn| ||Axn||
= αn||zn|| + (1 − αn)||zn|| + |λn+1 − λn| ||Axn||
= ||zn|| + |λn+1 − λn| ||Axn||.

It follows from
∑∞

n=1
|λn+1 − λn| ||Axn|| < ∞ and Lemma 2.8 that d := limn®∞ ||zn||

exists. We next prove that lim supn®∞ ||wn|| ≤ d. Again, by Proposition 3.2, we get

lim sup
n→∞

||wn|| = lim sup
n→∞

||yn − yn+1||
1 − αn

≤ lim
n→∞

||zn|| + lim sup
n→∞

|λn+1 − λn|
1 − αn

||Axn|| = d.

Finally, for all n ≥ 1, we have

n∑
i=1

(1 − αi)wi =
n∑

i=1
(yi − yi+1) = y1 − yn+1.

Hence, the sequence
{∑n

i=1(1 − αi)wi
}
is bounded. It follows then that d = 0. □

We now have the following weak convergence theorems without uniform convexity.
Theorem 3.7. Let E be a 2-uniformly smooth Banach space satisfying Opial’s condi-

tion. Let C be a nonempty closed convex subset of E. Let QC be a sunny nonexpansive
retraction from E onto C and A : C ® E be an a-inverse strongly accretive mapping
with S(C, A) ≠ ∅ and a > 0. Suppose that {xn} is iteratively defined by
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{
x1 ∈ C arbitrarily chosen,

xn+1 = αnxn + (1 − αn)QC(xn − λnAxn) (n ≥ 1),

where {an} ⊂ [0, 1] and {λn} ⊂ [a,
α

K2 ] ⊂ (0,
α

K2 ]satisfy one of the following condi-

tions:

(i) {an} ⊂ [c, d] ⊂ (0, 1) and ln+1 - ln ® 0;

(ii) {an} ⊂ [c, 1) ⊂ (0, 1),
∑∞

n=1
(1 − αn) = ∞,

∑∞

n=1
|λn+1 − λn| < ∞, and

λn+1 − λn

1 − αn
→ 0.

Then, {xn} converges weakly to an element in S(C, A).
Proof. Note that every 2-uniformly smooth Banach space is reflexive. The result fol-

lows from Propositions 3.3, 3.5 and 3.6. □
Remark 3.8. Conditions (i) and (ii) in Theorem 3.7 are not comparable.

(1) If αn ≡ 1
2 and {ln} is a sequence in (0, α

K2 ] such that ln - ln+1 ® 0 and 0 < lim

infn®∞ ln < lim supn®∞ ln < 1, then {an} and {ln} satisfy condition (i) but fail con-
dition (ii).

(2) If αn ≡ n
n+1 and λn ≡ λ ∈ (0, α

K2 ], then {an} and {ln} satisfy condition (ii) but fail

condition (i).

Remark 3.9. Note that the Opial property and uniform convexity are independent.
Theorem 3.7 is a supplementary to Theorem 3.1 of Aoyama et al. [5].

3.3. Convergence results in uniformly convex spaces

In this subsection, we prove two more convergence theorems in uniformly convex
spaces, which are also a supplementary to Theorem 3.1 of Aoyama et al. [5]. Let us
start with some propositions.
Proposition 3.10. Assume that E is a uniformly convex Banach space. Suppose that

{an} and {ln} satisfy the following properties:

(i) {ln} ⊂ [a, a/K2] ⊂ (0, a/K2];

(ii)
∑∞

n=1
αn(1 − αn) = ∞and

∑∞
n=1 |λn+1 − λn| < ∞.

Then, xn - yn ® 0.
Proof. Let p Î S(C, A). Note that limn®∞ ||xn - p|| exists and hence both {xn} and

{yn} are bounded. By the uniform convexity of E and Lemma 2.1, there exists a contin-
uous and strictly increasing function g such that

||xn+1 − p||2 = ||αn(xn − p) + (1 − αn)(yn − p)||2

≤ αn||xn − p||2 + (1 − αn)||yn − p||2 − αn(1 − αn)g(||xn − yn||)
≤ αn||xn − p||2 + (1 − αn)||xn − p||2 − αn(1 − αn)g(||xn − yn||)
= ||xn − p||2 − αn(1 − αn)g(||xn − yn||)
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for all n ≥ 1. Hence, for each m ≥ 1, we have

m∑
n=1

αn(1 − αn)g(||xn − yn||) ≤ ||x1 − p||2 − ||xm+1 − p||2.

In particular,
∑∞

n=1
αn(1 − αn)g(||xn − yn||) < ∞. It follows from

∑∞

n=1
αn(1 − αn) = ∞ and Lemma 2.9 that lim infn®∞ g(||xn - yn||) = 0. By the prop-

erties of the function g, we get that lim infn®∞ ||xn - yn|| = 0. Finally, we show that
limn®∞ ||xn - yn|| actually exists. To see this, we consider the following estimate
obtained directly from Proposition 3.2:

||xn+1 − yn+1|| ≤ ||xn+1 − yn|| + ||yn − yn+1||
≤ αn||xn − yn|| + ||xn+1 − xn|| + |λn+1 − λn| ||Axn||
= αn||xn − yn|| + (1 − αn)||xn − yn|| + |λn+1 − λn| ||Axn||
= ||xn − yn|| + |λn+1 − λn| ||Axn||.

The assertion follows since
∑∞

n=1
|λn − λn+1| ||Axn|| < ∞ and Lemma 2.8. □

Let us recall the concept of strongly nonexpansive sequences introduced by Aoyama
et al. (see [14]). A sequence of nonexpansive mappings {Tn} of C is called a strongly
nonexpansive sequence if xn - yn - (Tnxn - Tnyn) ® 0 whenever {xn} and {yn} are
sequences in C such that {xn -yn} is bounded and ||xn -yn||-||Tnxn -Tnyn|| ® 0. It is
noted that if {Tn} is a constant sequence, then this property reduces to the concept of
strongly nonexpansive mappings studied by Bruck and Reich [15].
Proposition 3.11. Assume that E is a uniformly convex Banach space and {ln}⊂ (0,

b] ⊂ (0, a/K2). Then, {QC (I - lnA)} is a strongly nonexpansive sequence.
Proof. Notice first that QC is a strongly nonexpansive mapping (see [16,17]). Next, we

prove that {I - lnA} is a strongly nonexpansive sequence and then the assertion fol-
lows. Let {xn} and {yn} be sequences in C such that {xn - yn} is bounded and ||xn - yn||-
||(I - lnA)xn - (I - lnA)yn|| ® 0. It follows from Lemma 2.2 that

2(α − K2b)
b

||λnAxn − λnAyn||2

≤ 2(α − K2λn)
λn

||λnAxn − λnAyn||2

= 2λn(α − K2λn)||Axn − Ayn||2

≤ ||xn − yn||2 − ||(I − λnA)xn − (I − λnA)yn||2 → 0.

In particular, lnAxn - lnAyn ® 0 and hence

xn − yn − ((I − λnA)xn − (I − λnA)yn) = λnAxn − λnAyn → 0.

Proposition 3.12. Assume that E is a uniformly convex Banach space. Suppose that
an ≡ 0 and {ln} ⊂ (0, b] ⊂ (0, a/K2). Then, xn - yn ® 0.
Proof. Let us rewritten the iteration as follows:

xn+1 = QC(I − λnA)xn (n ≥ 1).

Let p Î S(C, A). Notice that p = QC (I -lnA)p for all n ≥ 1. Then, limn®∞ ||xn -p||
exists, and hence,
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||xn − p|| − ||QC(I − λnA)xn − p|| = ||xn − p|| − ||xn+1 − p|| → 0.

It follows from the preceding proposition that

xn − QC(I − λnA)xn = (xn − p) − (QC(I − λnA)xn − p) → 0.

□
We now obtain the following weak convergence theorems in uniformly convex

spaces.
Theorem 3.13. Let E be a uniformly convex and 2-uniformly smooth Banach space.

Let C be a nonempty closed convex subset of E. Let QC be a sunny nonexpansive retrac-
tion from E onto C and A : C ® E be an a-inverse strongly accretive mapping with S
(C, A) ≠ ∅ and a > 0. Suppose that {xn} is iteratively defined by

{
x1 ∈ C arbitrarily chosen,

xn+1 = αnxn + (1 − αn)QC(xn − λnAxn) (n ≥ 1),

where {an} ⊂ [0, 1] and {λn} ⊂ [a,
α

K2 ] ⊂ (0,
α

K2 ]satisfy one of the following condi-

tions:

(i)
∑∞

n=1
αn(1 − αn) = ∞and

∑∞
n=1 |λn+1 − λn| < ∞;

(ii) an ≡ 0 and {ln}⊂ [a, b] ⊂ (0, a/K2).

Then, {xn} converges weakly to an element in S (C, A).
Proof. The result follows from Propositions 3.3, 3.10 and 3.12. □
Remark 3.14. It is easy to see that conditions (i) and (ii) in Theorem 3.13 are not

comparable.
Remark 3.15. Compare Theorem 3.13 to Theorem 1.2 of Aoyama et al., our result is

a supplementary to their result. It is noted that, for example, our iteration scheme with
an ≡ 0 and ln ≡ a/(a/K2) is simpler than the one in Theorem 1.2.
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Abstract This paper aims at investigating an iterative method for solving a system of
variational inequalities with fixed-point set constraints. Our scheme can be regarded
as a more general variant of the algorithm proposed by Maingé. Strong convergence
results are established in the setting of Hilbert spaces. We propose an alternative anal-
ysis that allows us to relax some assumption imposed in his paper for convergence
of the considered method. As a complementary result, we show how to adapt these
processes to the case when the constraints involve operators belonging to the class of
hemi-contractive mappings; this goes beyond the scope of Maingé’s result.

Keywords Fixed points · Hierarchical optimization problems · Nonexpansive
mappings

1 Introduction

The concept of variational inequalities plays an important role in various kinds of
problems in pure and applied sciences (see, for example, [1–10]). Moreover, the rapid
development and the prolific growth of the theory of variational inequalities have
been made by many researchers. For solving some certain variational inequalities, it
is sometimes recast as fixed-point problems with appropriate projections. However,
this is getting difficult when the projection cannot be computed explicitly. To over-
come this drawback, we replace the projection by some suitable mapping with a nice
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fixed-point set. This strategy also suggests an effective approximation process and it
has been widely investigated and developed in the literature [10–14]. In this paper,
we investigate a more general variant of the scheme proposed by Maingé [14] for
a system of variational inequalities with fixed-point set constraints. Our analysis al-
lows us to remove some restriction on the parameters as was the case in his paper
[14]. The idea of this analysis is taken from the other recent result of Maingé [15].
As a complementary result, we show how to adapt the considered algorithm to the
case when the involved operators belong to the class of hemi-contractive mappings,
which is beyond the scope of Maingé’s result.

The paper is organized as follows. In Sect. 2, we collect together definitions and
some preliminaries that pertains to the paper with corresponding references. Our main
result is presented in Sect. 3 as Theorem 3.2. As a consequence, we deduce the con-
vergence result of Maingé with a weaker assumption in Corollary 3.1. Finally, we
summarize our results in Sect. 4.

2 Preliminaries

Throughout, let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. For
a closed convex subset C of H , the (metric) projection PC : H → C is defined for
each x ∈ H as the unique element PCx ∈ C such that

‖x − PCx‖ = inf
{
‖x − z‖ : z ∈ C

}
.

Lemma 2.1 [8] Let C be a nonempty closed convex subset of a Hilbert space H .
Then, for all x ∈ H and y ∈ C, y = PCx if and only if 〈y − x, z − y〉 ≥ 0 for all
z ∈ C.

For a mapping T : H → H , the fixed-point set of T is denoted by Fix(T ), that is,
Fix(T ) = {x ∈ H : x = T x}. In this paper, we are interested in a system of variational
inequalities with fixed-point set constraints. More precisely, let T1, T2,F : H → H

be mappings such that Fix(T1) and Fix(T2) are nonempty, closed, and convex. The
class of hierarchical optimization problems treated by Maingé [14] consists in finding
(x∗, y∗) ∈ Fix(T1) × Fix(T2) such that, for given positive real numbers ρ and η, the
following two inequalities hold:

〈
ρF

(
y∗) + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ Fix(T1),

〈
ηF

(
x∗) + y∗ − x∗, y − y∗〉 ≥ 0, ∀y ∈ Fix(T2).

(1)

In the important case when T1 and T2 are the nearest point projections onto the closed
and convex sets K1 and K2, respectively, it is clear that Fix(T1) = K1, Fix(T2) = K2
and (1) becomes the problem of finding (x∗, y∗) ∈ K1 × K2 such that

〈
ρF

(
y∗) + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ K1,

〈
ηF

(
x∗) + y∗ − x∗, y − y∗〉 ≥ 0, ∀y ∈ K2.

(2)



J Optim Theory Appl (2012) 154:71–87 73

This system forms a more general problem originated from Nash equilibrium points
and it was treated from a theoretical viewpoint in [1–5]. In particular, if K1 = K2 = K

and η = 0,ρ > 0, then (2) reduces to the classic variational inequality (see [6, 7, 16,
17]), that is, the problem of finding x∗ ∈ K such that

〈
F

(
x∗), x − x∗〉 ≥ 0 ∀x ∈ K.

In (1), it is worth noting that, since Fix(T1) and Fix(T2) are (nonempty) closed and
convex, the projections PFix(T1) and PFix(T2) from H onto Fix(T1) and Fix(T2), re-
spectively, are well defined and the problem above is equivalent to the problem of
finding (x∗, y∗) ∈ Fix(T1) × Fix(T2) such that

x∗ = PFix(T1)

[
y∗ − ρF

(
y∗)],

y∗ = PFix(T2)

[
x∗ − ηF

(
x∗)].

(3)

However, in practice, the both sets Fix(T1) and Fix(T2) (and hence the two projec-
tions) are not given explicitly.

Inspired by the method studied by Yamada et al. (see also [10, 11]), Maingé [14]
recently proposed an algorithm to solve this problem, which can be summarized as
follows. (The related definitions will be given after this theorem.)

Theorem 2.1 Let T1, T2 : H → H be β-demicontractive mappings, where β ∈ [0,1[,
such that I − T1 and I − T2 are demiclosed at zero. Let F : H → H be a
µ-Lipschitzian and r-strongly monotone mapping. Let {xn} and {yn} be generated
by

x0, y0 ∈ H

vn = xn − γn

[
ρF(yn) + xn − yn

]
,

wn = yn − γn

[
ηF(xn) + yn − xn

]
,

xn+1 =
[
(1 − ξ1)I + ξ1T1

]
(vn),

yn+1 =
[
(1 − ξ2)I + ξ2T2

]
(wn),

(4)

where I is the identity mapping and the following conditions hold:

(a) ξ1, ξ2 ∈ ]0, 1−β
2 [;

(b) {γn} ⊂ [0,1[, limn→∞ γn = 0 and
∑∞

n=0 γn = ∞;
(c) ρ,η ∈ ]0, 2r

µ2 [.

Then the sequence {(xn, yn)} converges strongly to the unique solution (x∗, y∗) of the
hierarchical optimization problem (1).

Let us recall some definitions of mappings involved in our study.
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Definition 2.1 A mapping T : H → H is called

• µ-Lipschitzian iff

‖T x − Ty‖ ≤ µ‖x − y‖ for all x, y ∈ H ;

• a contraction iff it is α-Lipschitzian with α ∈ [0,1[, and in this case, we also say
that T is a contraction with the coefficient α;

• r-strongly monotone iff

〈T x − Ty, x − y〉 ≥ r‖x − y‖2 for all x, y ∈ H ;

• quasi-nonexpansive iff Fix(T ) .= ∅ and

‖T x − q‖ ≤ ‖x − q‖ for all (x, q) ∈ H × Fix(T );

• β-demicontractive [18, 19] iff Fix(T ) .= ∅ and T satisfies

〈x − T x, x − q〉 ≥ 1 − β

2
‖x − T x‖2 for all (x, q) ∈ H × Fix(T )

(the inequality above is equivalent to

‖T x − q‖2 ≤ ‖x − q‖2 + β‖x − T x‖2;

• strongly quasi-nonexpansive [20] iff T is quasi-nonexpansive and

xn − T xn → 0

whenever {xn} is a bounded sequence in H and ‖xn − q‖ − ‖T xn − q‖ → 0 for
some q ∈ Fix(T ).

It is clear from the preceding definitions that every quasi-nonexpansive mapping is
0-demicontractive. Note that if T : H → H is a mapping with a nonempty fixed-point
set Fix(T ), then

T is quasi-nonexpansive ⇐⇒ 〈x − T x, x − q〉 ≥ 1
2
‖x − T x‖2

for all (x, q) ∈ H × Fix(T ).

As shown in the following proposition, the classes of quasi-nonexpansive map-
pings and of demicontractive mappings are closely related. To find a fixed point of a
β-demicontractive mapping, it suffices to find a fixed point of a quasi-nonexpansive
mapping.

Proposition 2.1 Let D : H → H be a mapping and T = (1 − ω)I + ωD where
ω > 0. Then the following statements hold:

(a) Fix(T ) = Fix(D).
(b) If D is a β-demicontractive mapping with β ∈ [0,1[ and ω ∈ ]0,1 − β], then T

is quasi-nonexpansive.
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(c) If T is a quasi-nonexpansive mapping and ω ∈ ]0,1[, then D is β-demicontrac-
tive where β ∈ [1 − ω,1[.

Proof (a) It is obvious that Fix(D) = Fix(T ).
(b) This is Remark 2.1 of [14].
(c) Assume that T is quasi-nonexpansive and ω ∈]0,1[. Let (x, q) ∈ H × Fix(T ).

Then

〈x − Dx,x − q〉 = 1
ω

〈x − T x, x − q〉 ≥ 1
2ω

‖x − T x‖2 = ω

2
‖x − Dx‖2.

Hence D is β-demicontractive if

ω

2
≥ 1 − β

2
, that is, β ≥ 1 − ω. !

We denote the strong and weak convergence of a sequence {xn} in H to an element
x ∈ H by xn → x and xn ⇀ x, respectively. We also recall some known results with
the corresponding references.

Lemma 2.2 [8] For x, y ∈ H and ω ∈ R, we have the following statements:

• |〈x, y〉| ≤ ‖x‖‖y‖;
• ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉 (the subdifferential inequality);
• ‖(1 − ω)x + ωy‖2 = (1 − ω)‖x‖2 + ω‖y‖2 − ω(1 − ω)‖x − y‖2.

Lemma 2.3 [15] Let {an} be a sequence of real numbers such that there exists a
subsequence {amj } of {an} such that amj < amj +1 for all j ∈ N. Then there exists
a nondecreasing sequence {nk} of N such that limk→∞ nk = ∞ and the following
properties are satisfied by all (sufficiently large) number k ∈ N:

ank ≤ ank+1 and ak ≤ ank+1.

In fact, nk is the largest number n in the set {1, . . . , k} such that an < an+1 holds.

Lemma 2.4 [21, 22] Let {an} be a sequence of nonnegative real numbers, {αn} a
sequence in ]0,1[ with

∑∞
n=1 αn = ∞, {bn} a sequence of nonnegative real numbers

with
∑∞

n=1 bn < ∞ and {γn} a sequence of real numbers with lim supn→∞ γn ≤ 0.
Suppose that the following inequality

an+1 ≤ (1 − αn)an + αnγn + bn

holds for all n ∈ N. Then limn→∞ an = 0.

The following result is a consequence of Lemmas 2.3 and 2.4. It plays an important
role in this paper.

Lemma 2.5 Let {an} ⊂ [0,∞[, {αn} ⊂ [0,1[, {bn} ⊂] − ∞,∞[, α̂ ∈ [0,1[ be such
that
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• {an} is a bounded sequence;
• an+1 ≤ (1 − αn)

2an + 2αnα̂
√

an
√

an+1 + αnbn for all n ∈ N;
• whenever {ank } is a subsequence of {an} satisfying lim infk→∞(ank+1 − ank ) ≥ 0,

it follows that lim supk→∞ bnk ≤ 0;
• limn→∞ αn = 0 and

∑∞
n=1 αn = ∞.

Then limn→∞ an = 0.

Proof Let us consider the following two cases.
Case 1: There exists an n0 ∈ N such that an+1 ≤ an for all n ≥ n0. We may assume

that αn < 1
2(1−α̂) for all n ≥ n0. It follows then that lim infn→∞(an+1 − an) = 0 and

hence lim supn→∞ bn ≤ 0. Furthermore, for all n ≥ n0,

an+1 ≤ (1 − αn)
2an + 2αnα̂

√
an

√
an+1 + αnbn

≤ (1 − αn)
2an + 2αnα̂an + αnbn

=
(
1 − 2αn(1 − α̂)

)
an + 2αn(1 − α̂)

(
αnan + bn

2(1 − α̂)

)
.

Notice that
∑∞

n=n0
2αn(1 − α̂) = ∞ and

lim sup
n→∞

αnan + bn

2(1 − α̂)
= lim sup

n→∞
bn

2(1 − α̂)
≤ 0.

It follows from Lemma 2.4 that limn→∞ an = 0.
Case 2: There exists a subsequence {amj } of {an} such that amj < amj +1 for all

j ∈ N. From Lemma 2.3, there exists a nondecreasing sequence {nk} of N such that
limk→∞ nk = ∞ and the following inequalities hold for all k ∈ N:

ank ≤ ank+1 and ak ≤ ank+1.

By discarding the repeated terms of {nk} but still denoted by {nk}, we can view {ank }
as a subsequence of {an}. In this case, we have lim infk→∞(ank+1 − ank ) ≥ 0, and
hence lim supk→∞ bnk ≤ 0. Notice that

ank+1 ≤ (1 − αnk )
2ank + 2αnk α̂

√
ank

√
ank+1 + αnkbnk

≤ (1 − αnk )
2ank+1 + 2αnk α̂ank+1 + αnkbnk .

Consequently,

(2 − αnk − 2α̂)ank+1 ≤ bnk .

In particular, for all sufficiently large k,

(2 − αnk − 2α̂)ak ≤ (2 − αnk − 2α̂)ank+1 ≤ bnk .

This implies that
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(2 − 2α̂) lim
k→∞

ak = lim
k→∞

(2 − αnk − 2α̂)ak ≤ lim sup
k→∞

bnk ≤ 0.

Hence limk→∞ ak = 0. !

3 Results

First, we discuss the existence and uniqueness of solutions of some related hierarchi-
cal optimization problems.

Theorem 3.1 Let S1, S2 : H → H be quasi-nonexpansive mappings and f,g : H →
H be contractions. Then there exists a unique element (x∗, y∗) ∈ Fix(S1) × Fix(S2)

such that the following two inequalities are satisfied:

〈
x∗ − f

(
y∗), x − x∗〉 ≥ 0 ∀x ∈ Fix(S1),

〈
y∗ − g

(
x∗), y − y∗〉 ≥ 0 ∀y ∈ Fix(S2).

(5)

Proof The proof is a consequence of the well-known Banach’s contraction principle
but it is given here for the sake of completeness. It is known that both sets Fix(S1)

and Fix(S2) are closed and convex, and hence the projections PFix(S1) and PFix(S2) are
well defined. It is clear that the mapping

PFix(S1) ◦ f ◦ PFix(S2) ◦ g

is a contraction. Hence, there exists a unique element x∗ ∈ H such that

x∗ = (PFix(S1) ◦ f ◦ PFix(S2) ◦ g)x∗.

Put y∗ = PFix(S2)g(x∗). Then y∗ ∈ Fix(S2) and x∗ = PFix(S1)f (y∗).
Suppose that there is an element (̂x, ŷ) ∈ Fix(S1)×Fix(S2) such that the following

two inequalities are satisfied:

〈
x̂ − f (ŷ), x − x̂

〉
≥ 0 ∀x ∈ Fix(S1),

〈
ŷ − g(̂x), y − ŷ

〉
≥ 0 ∀y ∈ Fix(S2).

Then

x̂ = PFix(S1)f (ŷ),

ŷ = PFix(S2)g(̂x).

Hence,

x̂ = (PFix(S1) ◦ f ◦ PFix(S2) ◦ g)̂x.

This implies that x̂ = x∗ and hence ŷ = y∗. This completes the proof. !
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For mappings S1, S2, f, g : H → H , we define two iterative sequences {vn} and
{wn} by

v0,w0 ∈ H,

vn+1 = (1 − αn)S1vn + αnf (S2wn),

wn+1 = (1 − αn)S2wn + αng(S1vn),

(6)

where {αn} is a sequence in ]0,1[ satisfying limn→∞ αn = 0 and
∑∞

n=0 αn = ∞.

Theorem 3.2 Let S1, S2 : H → H be strongly quasi-nonexpansive mappings such
that both I −S1, I −S2 are demiclosed at zero and let f,g : H → H be contractions.
Then the iterative sequences {vn} and {wn} generated by (6) converge to x∗ and y∗,
respectively, where (x∗, y∗) is the unique element in Fix(S1) × Fix(S2) verifying (5).

Recall that a mapping T : H → H is demiclosed at zero [9] iff

T x = 0 whenever xn ⇀ x and T xn → 0.

We split the proof of Theorem 3.2 into the following lemmas. For convenience,
assume that f,g : H → H are contractions with the coefficient α̂.

Lemma 3.1 The sequences {vn} and {wn} are bounded.

Proof It follows since S1, S2 are quasi-nonexpansive mappings and f is a contraction
with the coefficient α̂ that
∥∥vn+1 − x∗∥∥ ≤ (1 − αn)

∥∥S1vn − x∗∥∥ + αn

∥∥f (S2wn) − x∗∥∥

≤ (1 − αn)
∥∥vn − x∗∥∥ + αn

∥∥f (S2wn) − f (y∗)
∥∥ + αn

∥∥f
(
y∗) − x∗∥∥

≤ (1 − αn)
∥∥vn − x∗∥∥ + αnα̂

∥∥S2wn − y∗∥∥ + αn

∥∥f
(
y∗) − x∗∥∥

≤ (1 − αn)
∥∥vn − x∗∥∥ + αnα̂

∥∥wn − y∗∥∥ + αn

∥∥f
(
y∗) − x∗∥∥.

Similarly, we also have
∥∥wn+1 − y∗∥∥ ≤ (1 − αn)

∥∥wn − y∗∥∥ + αnα̂
∥∥vn − x∗∥∥ + αn

∥∥g
(
x∗) − y∗∥∥.

This implies that
∥∥vn+1 − x∗∥∥ +

∥∥wn+1 − y∗∥∥

≤
(
1 − αn(1 − α̂)

)(∥∥vn − x∗∥∥ +
∥∥wn − y∗∥∥)

+ αn(1 − α̂)
‖f (y∗) − x∗‖ + ‖g(x∗) − y∗‖

1 − α̂

≤ max
{∥∥vn − x∗∥∥ +

∥∥wn − y∗∥∥,
‖f (y∗) − x∗‖ + ‖g(x∗) − y∗‖

1 − α̂

}
.
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By induction, we have

∥∥vn − x∗∥∥ +
∥∥wn − y∗∥∥

≤ max
{∥∥v0 − x∗∥∥ +

∥∥w0 − y∗∥∥,
‖f (y∗) − x∗‖ + ‖g(x∗) − y∗‖

1 − α̂

}

for all n ∈ N. In particular, {vn} and {wn} are bounded. Consequently, the sequences
{S1vn} and {S2wn} are bounded, also. !

Lemma 3.2 For each n ∈ N, the following inequality holds:

∥∥vn+1 − x∗∥∥2 +
∥∥wn+1 − y∗∥∥2

≤ (1 − αn)
2(∥∥vn − x∗∥∥2 +

∥∥wn − y∗∥∥2)

+ 2αnα̂
(∥∥wn − y∗∥∥∥∥vn+1 − x∗∥∥ +

∥∥vn − x∗∥∥∥∥wn+1 − y∗∥∥)

+ 2αn

(〈
f

(
y∗) − x∗, vn+1 − x∗〉 +

〈
g
(
x∗) − y∗,wn+1 − y∗〉).

Proof It follows from the subdifferential inequality that

∥∥vn+1 − x∗∥∥2 =
∥∥(1 − αn)

(
S1vn − x∗) + αn

(
f (S2wn) − x∗)∥∥2

≤
∥∥(1 − αn)

(
S1vn − x∗)∥∥2 + 2

〈
αn

(
f (S2wn) − x∗), vn+1 − x∗〉

= (1 − αn)
2∥∥S1vn − x∗∥∥2 + 2αn

〈
f (S2wn) − f

(
y∗), vn+1 − x∗〉

+ 2αn

〈
f

(
y∗) − x∗, vn+1 − x∗〉

≤ (1 − αn)
2∥∥vn − x∗∥∥2 + 2αn

∥∥f (S2wn) − f
(
y∗)∥∥∥∥vn+1 − x∗∥∥

+ 2αn

〈
f

(
y∗) − x∗, vn+1 − x∗〉

≤ (1 − αn)
2∥∥vn − x∗∥∥2 + 2αnα̂

∥∥wn − y∗∥∥∥∥vn+1 − x∗∥∥

+ 2αn

〈
f

(
y∗) − x∗, vn+1 − x∗〉.

Similarly, we have

∥∥wn+1 − y∗∥∥2 ≤ (1 − αn)
2∥∥wn − y∗∥∥2 + 2αnα̂

∥∥vn − x∗∥∥∥∥wn+1 − y∗∥∥

+ 2αn

〈
g
(
x∗) − y∗,wn+1 − y∗〉.

Combining the last two inequalities gives the result. !

Lemma 3.3 If there exists a subsequence {nk} of {n} such that

lim inf
k→∞

(∥∥vnk+1 − x∗∥∥2 +
∥∥wnk+1 − y∗∥∥2 −

∥∥vnk − x∗∥∥2 −
∥∥wnk − y∗∥∥2) ≥ 0,
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then

lim sup
k→∞

(〈
f

(
y∗) − x∗, vnk+1 − x∗〉 +

〈
g
(
x∗) − y∗,wnk+1 − y∗〉) ≤ 0.

Proof We first consider the following assertion:

0 ≤ lim inf
k→∞

(∥∥vnk+1 − x∗∥∥2 +
∥∥wnk+1 − y∗∥∥2 −

∥∥vnk − x∗∥∥2 −
∥∥wnk − y∗∥∥2)

≤ lim inf
k→∞

(
(1 − αnk )

∥∥S1vnk − x∗∥∥2 + αnk

∥∥f (S2wnk ) − x∗∥∥2

+ (1 − αnk )
∥∥S2wnk − y∗∥∥2 + αnk

∥∥g(S1vnk ) − y∗∥∥2

−
∥∥vnk − x∗∥∥2 −

∥∥wnk − y∗∥∥2)

= lim inf
k→∞

(∥∥S1vnk − x∗∥∥2 −
∥∥vnk − x∗∥∥2) +

(∥∥S2wnk − y∗∥∥2 −
∥∥wnk − y∗∥∥2)

≤ lim sup
k→∞

(∥∥S1vnk − x∗∥∥2 −
∥∥vnk − x∗∥∥2) +

(∥∥S2wnk − y∗∥∥2 −
∥∥wnk − y∗∥∥2)

≤ 0.

This implies that

lim
k→∞

(∥∥S1vnk − x∗∥∥2 −
∥∥vnk − x∗∥∥2) = lim

k→∞
(∥∥S2wnk − y∗∥∥2 −

∥∥wnk − y∗∥∥2) = 0.

In fact, since the sequences {‖S1vnk − x∗‖ + ‖vnk − x∗‖} and {‖S2wnk − y∗‖ +
‖wnk − y∗‖} are bounded, we have

lim
k→∞

(∥∥S1vnk − x∗∥∥ −
∥∥vnk − x∗∥∥)

= lim
k→∞

(∥∥S2wnk − y∗∥∥ −
∥∥wnk − y∗∥∥)

= 0.

Since S1 and S2 are strongly quasi-nonexpansive,

S1vnk − vnk → 0 and S2wnk − wnk → 0.

Moreover, by the iteration scheme (6), we have vnk −vnk+1 → 0 and wnk −wnk+1 →
0. It follows from the boundedness of {vnk } that there exists a subsequence {vnkl

} of
{vnk } such that vnkl

⇀ v and

lim
l→∞

〈
f

(
y∗) − x∗, vnkl

− x∗〉 = lim sup
k→∞

〈
f

(
y∗) − x∗, vnk − x∗〉

= lim sup
k→∞

〈
f

(
y∗) − x∗, vnk+1 − x∗〉.

Since I − S1 is demiclosed at zero, it follows that v ∈ F(S1). It follows from (5) that

lim
l→∞

〈
f

(
y∗) − x∗, vnkl

− x∗〉 =
〈
f

(
y∗) − x∗, v − x∗〉 ≤ 0.
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Consequently,

lim sup
k→∞

〈
f

(
y∗) − x∗, vnk+1 − x∗〉 ≤ 0.

By using the same argument, we have

lim sup
k→∞

〈
f

(
x∗) − y∗,wnk+1 − y∗〉 ≤ 0.

Therefore, we obtain the desired inequality. !

We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2 We first observe that

∥∥wn − x∗∥∥∥∥vn+1 − x∗∥∥ +
∥∥vn − y∗∥∥∥∥wn+1 − y∗∥∥

≤
(∥∥wn − x∗∥∥2 +

∥∥vn − y∗∥∥2) 1
2
(∥∥wn+1 − x∗∥∥2 +

∥∥vn+1 − y∗∥∥2) 1
2 .

Put

an :=
∥∥vn − x∗∥∥2 +

∥∥wn − y∗∥∥2
,

bn := 2
(〈
f

(
y∗) − x∗, vn+1 − x∗〉 +

〈
g
(
x∗) − y∗,wn+1 − y∗〉).

Then we have the following statements:

• {an} is a bounded sequence (Lemma 3.1);
• an+1 ≤ (1 − αn)

2an + 2αnα̂
√

an
√

an+1 + αnbn for all n ∈ N (Lemma 3.2);
• whenever {ank } is a subsequence of {an} satisfying lim infk→∞(ank+1 − ank ) ≥ 0,

it follows that lim supk→∞ bnk ≤ 0 (Lemma 3.3).

Hence, it follows from Lemma 2.5 that

lim
n→∞

(∥∥vn − x∗∥∥2 +
∥∥wn − y∗∥∥2) = lim

n→∞an = 0.

This means that limn→∞ ‖vn − x∗‖ = limn→∞ ‖wn − y∗‖ = 0, as desired. !

Using our Theorem 3.2, we can deduce Maingé’s result (see Theorem 2.1) with a
more relaxed restriction on the parameters ξ1 and ξ2. More precisely, ξ1 and ξ2 in our
Corollary 3.1 can be chosen from the wider range ]0,1 − β[ while his result requires
the condition ξ1, ξ2 ∈ ]0, 1−β

2 [.

Corollary 3.1 Let T1, T2 : H → H be β-demicontractive mappings where β ∈ [0,1[,
such that I − T1, I − T2 are demiclosed at zero. Let F : H → H be a µ-Lipschitzian



82 J Optim Theory Appl (2012) 154:71–87

and r-strongly monotone mapping. Let {xn} and {yn} be generated by

x0, y0 ∈ H,

vn = xn − γn

[
ρF(yn) + xn − yn

]
,

wn = yn − γn

[
ηF(xn) + yn − xn

]
,

xn+1 =
[
(1 − ξ1)I + ξ1T1

]
(vn),

yn+1 =
[
(1 − ξ2)I + ξ2T2

]
(wn),

(7)

where I is the identity mapping and the following conditions hold:

(a) ξ1, ξ2 ∈ ]0,1 − β[;
(b) {γn} ⊂ ]0,1[, limn→∞ γn = 0 and

∑∞
n=0 γn = ∞;

(c) ρ,η ∈ ]0, 2r
µ2 [.

Then the sequence {(xn, yn)} converges strongly to the unique solution (x∗, y∗) of the
hierarchical optimization problem (1).

Before proving the result, we mention the following probably known fact with the
proof for the sake of completeness. The second assertion strengthens Remark 2.1 of
Maingé [14].

Proposition 3.1

(a) If F : H → H is a µ-Lipschitzian and r-strongly monotone mapping, then the
mapping f := I − ρF is a contraction provided that ρ ∈ ]0, 2r

µ2 [ (see, for exam-
ple, [10–13]).

(b) If T : H → H is a β-demicontractive mapping with β ∈ [0,1[, then the mapping
Tω := (1 − ω)I + ωT is strongly quasi-nonexpansive whenever ω ∈ ]0,1 − β[.

Proof (a) For x, y ∈ H , we have
∥∥f (x) − f (y)

∥∥2 =
∥∥(x − y) − ρ(Fx − Fy)

∥∥2

= ‖x − y‖2 − 2ρ〈x − y,Fx − Fy〉 + ρ2‖Fx − Fy‖2

≤
(
1 − 2ρr + ρ2µ2)‖x − y‖2 =

(
1 − ρµ2

(
2r

µ2 − ρ

))
‖x − y‖2.

(b) Let ω ∈ ]0,1 − β[. It follows from Proposition 2.1 that Tω is quasi-
nonexpansive and Fix(Tω) = Fix(T ). Let {zn} be a bounded sequence and ‖zn −p‖−
‖Tωzn − p‖ → 0 for some p ∈ Fix(Tω) = Fix(T ). We show that ‖Tωzn − zn‖ → 0.
Note that

‖Tωzn − p‖2 =
∥∥zn − p − ω(zn − T zn)

∥∥2

= ‖zn − p‖2 − 2ω〈zn − p, zn − T zn〉 + ω2‖zn − T zn‖2

≤ ‖zn − p‖2 +
(
−ω(1 − β) + ω2)‖zn − T zn‖2
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= ‖zn − p‖2 − ω(1 − β − ω)‖zn − T zn‖2.

Since ω(1 − β − ω) > 0 and ‖zn − p‖2 − ‖Tωzn − p‖2 → 0, we get

‖Tωzn − zn‖ = ω‖T zn − zn‖ → 0.

This completes the proof. !

Proof of Corollary 3.1 From (7), we obtain

vn = (1 − γn)xn + γn(1 − ρF)yn,

wn = (1 − γn)yn + γn(1 − ηF)xn,

xn+1 =
[
(1 − ξ1)I + ξ1T1

]
(vn),

yn+1 =
[
(1 − ξ2)I + ξ2T2

]
(wn).

Put

f = I − ρF,

g = I − ηF,

S1 = (1 − ξ1)I + ξ1T1,

S2 = (1 − ξ2)I + ξ2T2.

Then Fix(Si) = Fix(Ti) for i = 1,2 and

vn = (1 − γn)S1vn−1 + γnf (S2wn−1),

wn = (1 − γn)S2wn−1 + γng(S1vn−1).

Set αn = γn+1. Hence,

vn+1 = (1 − αn)S1vn + αnf (S2wn),

wn+1 = (1 − αn)S2wn + αng(S1vn).

It follows from Proposition 3.1 that both f,g are contractions and both S1, S2 are
strongly quasi-nonexpansive mappings. It is easy to see that I − S1 and I − S2 are
demiclosed at zero. By applying our Theorem 3.2, the conclusion follows immedi-
ately. !

The limitation on the use of Maingé’s result and our Corollary 7 happens
when dealing with β-demicontractive mappings where β = 1. We will mod-
ify the preceding construction of a strongly quasi-nonexpansive mappings from
a 1-demicontractive mapping which is L-Lipschitzian by using Ishikawa’s idea
(see [23]).
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Proposition 3.2 Let T : H → H be an L-Lipschitzian and 1-demicontractive map-
ping. Define the mappings S and U for some positive value α by

S := (1 − α)I + αT ,

U := (1 − α)I + αT S.

Then

‖Ux − q‖2 ≤ ‖x − q‖2 + α2(α2L2 + 2α − 1
)
‖x − T x‖2,

for all (x, q) ∈ H × Fix(T ).

In addition, if α ∈ ]0,
−1+

√
L2+1

L2 [, then U is a strongly quasi-nonexpansive mapping
and Fix(U) = Fix(T ).

Proof Let (x, q) ∈ H × Fix(T ). Note that

‖Ux − q‖2 =
∥∥(1 − α)(x − q) + α(T Sx − q)

∥∥2

= (1 − α)‖x − q‖2 + α‖T Sx − q‖2 − α(1 − α)‖T Sx − x‖2. (8)

Since T is 1-demicontractive, we have

‖T Sx − q‖2 ≤ ‖Sx − q‖2 + ‖Sx − T Sx‖2. (9)

Next we estimate two terms on the right of the preceding inequality:

‖Sx − q‖2 =
∥∥(1 − α)(x − q) + α(T x − q)

∥∥2

= (1 − α)‖x − q‖2 + α‖T x − q‖2 − α(1 − α)‖T x − x‖2

≤ ‖x − q‖2 + α‖x − T x‖2 − α(1 − α)‖T x − x‖2

= ‖x − q‖2 + α2‖x − T x‖2; (10)

‖Sx − T Sx‖2 =
∥∥(1 − α)(x − T Sx) + α(T x − T Sx)

∥∥2

= (1 − α)‖x − T Sx‖2 + α‖T x − T Sx‖2 − α(1 − α)‖T x − x‖2

≤ (1 − α)‖x − T Sx‖2 + αL2‖x − Sx‖2 − α(1 − α)‖T x − x‖2

= (1 − α)‖x − T Sx‖2 + αL2α2‖x − T x‖2 − α(1 − α)‖T x − x‖2

= (1 − α)‖x − T Sx‖2 + α
(
L2α2 + α − 1

)
‖x − T x‖2. (11)

From (9), (10), and (11), we obtain

‖T Sx − q‖2 ≤ ‖x − q‖2 + α
(
L2α2 + 2α − 1

)
‖x − T x‖2 + (1 − α)‖x − T Sx‖2.

(12)
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It follows from (8) and (12) that

‖Ux − q‖2 ≤ ‖x − q‖2 + α2(L2α2 + 2α − 1
)
‖T x − x‖2.

This proves the first assertion.
Finally, we prove the last assertion. Observe that α2(L2α2 + 2α − 1) < 0 for

all α ∈]0,
−1+

√
L2+1

L2 [. It follows from the inequality obtained in the first part that
Fix(U) = Fix(T ). Then it is clear that U is a quasi-nonexpansive mapping. To prove
that U is a strongly quasi-nonexpansive mapping, let {xn} be a bounded sequence in
H such that ‖xn − q‖−‖Uxn − q‖ → 0, for some q ∈ Fix(U) (= Fix(T )). From the
last inequality, we have

0 ≤ −α2(L2α2 + 2α − 1
)
‖T xn − xn‖2 ≤ ‖xn − q‖2 − ‖Uxn − q‖2 → 0.

This implies that xn −T xn → 0 and so xn −Sxn = α(xn −T xn) → 0. By the uniform
continuity of T , we also get T xn − T Sxn → 0. Then xn − T Sxn → 0, and hence
xn − Uxn = α(xn − T Sxn) → 0. The proof is finished. !

We now obtain the following result whose proof is omitted.

Corollary 3.2 Let T1, T2 : H → H be 1-demicontractive and L-Lipschitzian map-
pings such that I − T1, I − T2 are demiclosed at zero. Let F : H → H be a
µ-Lipschitzian and r-strongly monotone mapping. Let {xn} and {yn} be generated
by

x0, y0 ∈ H,

vn = xn − γn

[
ρF(yn) + xn − yn

]
,

wn = yn − γn

[
ηF(xn) + yn − xn

]
,

xn+1 = U1(vn),

yn+1 = U2(wn),

where Ui = (1 − ξi )I + ξiTi((1 − ξi )I + ξiTi) and the following conditions hold:

(a) ξ1, ξ2 ∈ ]0,
−1+

√
L2+1

L2 [;
(b) {γn} ⊂ ]0,1[, limn→∞ γn = 0 and

∑∞
n=0 γn = ∞;

(c) ρ,η ∈ ]0, 2r
µ2 [.

Then the sequence {(xn, yn)} converges strongly to the unique solution (x∗, y∗) of the
hierarchical optimization problem (1).

Finally, we remark that our scheme is a genuine generalization of Maingé’s re-
sult because there is a 1-demicontractive and Lipschitzian mapping, which is not a
β-demicontractive mapping for all β ∈ [0,1[. The following example was introduced
by Chidume and Mutangadura [24].
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Example 3.1 Let H = R2, B = {x ∈ H : ‖x‖ ≤ 1}, B1 = {x ∈ B : ‖x‖ ≤ 1
2 }, and

B2 = {x ∈ B : 1
2 ≤ ‖x‖ ≤ 1}. For x = (a, b) ∈ H , let x⊥ = (b,−a). Define the map-

ping T : B → B by

T x =
{

x + x⊥ if x ∈ B1;
x

‖x‖ − x + x⊥ if x ∈ B2.

It is easy to see that Fix(T ) = {0}. It was proved in [24] that T is 5-Lipschitzian and

‖T x − Ty‖2 ≤ ‖x − y‖2 +
∥∥x − T x − (y − Ty)

∥∥2 (13)

for all x, y ∈ B . In particular, T is 1-demicontractive. Moreover, the inequality (13)
becomes an equality whenever x ∈ B1 and y = 0, that is,

‖T x‖2 =
∥∥x + x⊥∥∥2 = ‖x‖2 +

∥∥x⊥∥∥2 = ‖x‖2 + ‖x − T x‖2.

This shows that T cannot be a β-demicontractive mapping where β ∈ [0,1[.

4 Conclusion

Inspired by the iterative scheme for hierarchical optimization proposed by Maingé,
we establish a more general variant of his scheme to obtain a strong convergence
theorem on Hilbert space setting. With this new technique, the range of some param-
eters as was the case in Maingé’s result is relaxed. We also deduce another strong
convergence theorem for a class of mappings, which is beyond the scope of Maingé’s
result.
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1 Introduction

Let E be a real Banach space with the dual space E∗ and 〈·, ·〉 denote the pairing
between E and E∗. The duality mapping J : E → 2E∗

is the point-to-set mapping
defined by

J x = { j ∈ E∗ : 〈x, j〉 = ‖x‖2 = ‖ j‖2} (for all x ∈ E).

In 2011, inspired by Verma’s work [25] and the recent work of Qin et al. [14], Katchang
and Kumam [11] introduced the so-called general system of variational inequalities
for operators A, B : C → E where C is a closed convex subset of E and λ,μ are two
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positive real numbers, that is, the problem of finding ( x̂, ŷ ) ∈ C × C such that, for
each x ∈ C, the following inequalities

{〈λAŷ + x̂ − ŷ, j (x − x̂ )〉 ≥ 0;
〈μB x̂ + ŷ − x̂, j (x − ŷ )〉 ≥ 0

(1)

holds for some j (x − x̂ ) ∈ J (x − x̂ ) and j (x − ŷ ) ∈ J (x − ŷ ). The set of solutions
of (1) is denoted by GSVIP(C; A, B; λ, μ).

Remark 1.1 If B = 0, then 〈 ŷ − x̂, j (x − ŷ )〉 ≥ 0 for all x ∈ C. This implies that
−‖x̂ − ŷ‖2 = 〈ŷ − x̂, j ( x̂ − ŷ )〉 ≥ 0, and so x̂ = ŷ. Hence the general system
of variational inequalities (1) becomes the (classical) variational inequality problem,
that is, the problem of finding x̂ ∈ C such that

〈Ax̂, j (x − x̂ )〉 ≥ 0 for all x ∈ C. (2)

This problem is interesting and have been extensively studied by many authors
because it includes various problems in many branches in mathematics and sciences,
for example, convex optimization problems, complementarity problems, etc. Relations
between convex functions and variational inequalities were considered by Rockafellar
[19] and Moreau [13]. The fact that complementarity problems can be deduced from
variational inequalities was given by Karamardian [10].

Inspired by the iteration methods of Qin et al. [14], Katchang and Kumam [11]
proposed the following method for approximating a common element of the solution
set of the general system of variational inequalities GSVIP(C; A, B; λ,μ), where
A, B : C → E are certain types of accretive operators, and the fixed point set of a
nonexpansive mapping S : C → C ;

⎧

⎨

⎩

x1 = x ∈ C
yn = QC (xn − μBxn)

xn+1 = αn f (xn) + βn xn + γn[δSxn + (1 − δ)QC (yn − λAyn)], (n ≥ 1)

(3)

where {αn}, {βn}, {γn} are sequences in (0, 1) satisfying certain conditions, δ is a con-
stant in (0,1), f is a contraction of C into itself and QC denotes the sunny nonexpansive
retraction from E onto C.

The purpose of this paper to present a short and simple proof of their recent result
[11]. In our proof, we do not assume the uniform convexity of a space. Moreover, in
the presence of uniform convexity, we can conclude the strong convergence by the
simpler iteration scheme.

2 Definitions and related known fact

Let us recall some geometric properties which are used in this paper. A Banach space
E is said to be

• strictly convex if whenever ‖x‖ = ‖y‖ = 1
2‖x + y‖ = 1 it follows that x = y;
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• smooth if limt→0
1
t (‖x + t y‖ − ‖x‖) exists for all x, y ∈ E with ‖x‖ = ‖y‖ = 1.

The uniform character of two properties above are related to the following moduli:

�E (τ ) := sup

{

1

2
(‖x + τ y‖ + ‖x − τ y‖) − 1 : ‖x‖ = ‖y‖ = 1

}

(τ ≥ 0)

δE (ε) := inf

{

1 − 1

2
‖x + y‖ : ‖x‖ = ‖y‖ = 1, ‖x − y‖ ≥ ε

}

(ε ∈ [0, 2]).

We say that E is

• uniformly smooth if limτ→0
�E (τ )

τ
= 0;

• uniformly convex if δE (ε) > 0 for all ε ∈ (0, 2).

To deal with some estimates, we also need the stronger property than uniform smooth-
ness and uniform convexity. A space E is

• 2-uniformly smooth if there exists a constant k > 0 such that �E (τ ) ≤ kτ 2 for all
τ > 0;

• 2-uniformly convex if there exists a constant c > 0 such that δE (ε) ≥ cε2 for all
ε ∈ (0, 2).

Let us recall some known fact concerning the geometric properties and the properties
of the duality mapping (for more information, we refer to Cioranescu’s book [9] and
its review by Reich [17]):

• if E is smooth, then J x is a singleton for all x ∈ E . In this case, we treat each
singleton J x as the element in J x and we consider J as a single-valued mapping
J : E → E∗;

• if E is reflexive, then E is smooth (strictly convex, resp.) if and only if E∗ is strictly
convex (smooth, resp.);

• E is uniformly smooth (uniformly convex, resp.) if and only if E∗ is uniformly
convex (uniformly smooth, resp.);

• E is 2-uniformly smooth (2-uniformly convex, resp.) if and only if E∗ is 2-uni-
formly convex (2-uniformly smooth, resp.).

Lemma 2.1 [3,4,27] Let E be a Banach space. Then E is 2-uniformly smooth if and
only if there exists a constant K > 0 such that

‖x + y‖2 ≤ ‖x‖2 + 2〈y, jx 〉 + 2‖K y‖2

for all x, y ∈ E and jx ∈ J x . The smallest constant K such that the inequality above
holds is called the 2-uniform smoothness constant of E .

Let C be a subset of a Banach space E . A mapping T : C → C is said to be

• nonexpansive if ‖T x − T y‖ ≤ ‖x − y‖ for all x, y ∈ C ;
• a contraction if there is an α ∈ [0, 1) such that ‖T x − T y‖ ≤ α‖x − y‖ for all

x, y ∈ C.
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The set of fixed points of T is denoted by F(T ), that is, F(T ) = {x ∈ C : x = T x}.
Let D be a subset of C. A mapping Q : C → D is said to be

• a retraction if Q2 = Q;
• sunny if Q(Qx + t (x − Qx)) = Qx for all x ∈ C and t ≥ 0 such that Qx +

t (x − Qx) ∈ C.

In a smooth Banach space, a retraction Q : C → D is sunny and nonexpansive, where
C is convex, if and only if 〈x − Qx, J (Qx − y)〉 ≥ 0 for all x ∈ C and y ∈ D (see
[15]). In this case, Q is uniquely determined. A subset D of C is said to be a sunny non-
expansive retract of C if there exists a sunny nonexpansive retraction from C onto D.

The following lemma is proved by Katchang and Kumam and it is a generalization
of Lemma 2.1 of Ceng et al. [7].

Lemma 2.2 [11, Lemma 3.2] Let E be a smooth Banach space and let C be a closed
convex subset and a sunny nonexpansive retract of E . Let A, B : C → E be operators
and ( x̂, ŷ) ∈ C × C. Suppose that G : C → C is defined by

Gx = QC (I − λA)QC (I − μB)x for all x ∈ C (4)

where I is the identity mapping, λ,μ are positive real numbers and QC denotes the
sunny nonexpansive retraction from E onto C. Then ( x̂, ŷ ) ∈ GSVIP(C; A, B; λ,μ)

if and only if x̂ is a fixed point of the mapping G and ŷ = QC (I − μB )̂x .

In order to find a solution of the general system of variational inequalities, it suffices
to find a fixed point of the resolvent mapping G. From now on we denote the fixed
point set of the resolvent mapping G by 
, that is,

F(G) = {x : x = Gx} = 
.

The following results are essentially needed for our main result.

Lemma 2.3 [2,18,26] Let {αn}, {βn} and {γn} be sequences of nonnegative real num-
bers satisfying

γn+1 ≤ (1 − αn)γn + αnβn for all n ≥ 1.

If
∑∞

n=1 αn = ∞ and limn→∞ βn = 0, then limn→∞ γn = 0.

Lemma 2.4 [5, Lemma 3] Let E be a strictly convex Banach space and let C be a
closed convex subset of E . Let T1 and T2 be two nonexpansive mappings from C into
itself with a common fixed point. Defined a mapping T : C → C by

T x = δT1x + (1 − δ)T2x for all x ∈ C

where δ ∈ (0, 1). Then T is nonexpansive and F(T ) = F(T1) ∩ F(T2).
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Let C be a subset of a smooth Banach space E and β > 0. An operator A : C → E
is said to be β-inverse strongly accretive if

〈Ax − Ay, J (x − y)〉 ≥ β‖Ax − Ay‖2 for all x, y ∈ C. (5)

Lemma 2.5 [1, Lemma 2.8] Let C be a closed convex subset of a 2-uniformly smooth
Banach space E with the 2-uniform smoothness constant K . Suppose that A : C → E
is an β-inverse strongly accretive mapping. Then the following inequality holds for
all x, y ∈ C and λ ∈ R:

‖(I − λA)x − (I − λA)y‖2 ≤ ‖x − y‖2 + 2λ(K 2λ − β)‖Ax − Ay‖2,

where I is the identity mapping. In particular, if λ ∈ (0, β/K 2], then I − λA is
nonexpansive, that is, ‖(I − λA)x − (I − λA)y‖ ≤ ‖x − y‖ for all x, y ∈ C.

Lemma 2.6 [11, Lemma 3.1] Let E be a 2-uniformly smooth Banach space with the
2-uniform smoothness constant K and let C be a closed convex subset and a sunny
nonexpansive retract of E . Suppose that A, B : C → E are β- and γ -inverse strongly
accretive operators, respectively, and G is defined by formula (4). If λ ∈ (0, β/K 2]
and μ ∈ (0, γ /K 2], then G is nonexpansive.

Let C be a subset of a Banach space E . A mapping T : C → C is said to be
strongly nonexpansive [6] if T is nonexpansive and

xn − yn − (T xn − T yn) → 0

whenever {xn} and {yn} are a sequence in C such that {xn − yn} is bounded and
‖xn − yn‖ − ‖T xn − T yn‖ → 0.

Remark 2.7 Bruck and Reich [6, Proposition 1.1 and Theorem 1.3] showed that:

• The composition of two strongly nonexpansive mappings is again strongly nonex-
pansive.

• The convex combination of a nonexpansive mapping and a strongly nonexpansive
mapping is strongly nonexpansive in a uniformly convex Banach space.

Lemma 2.8 Let E be a uniformly convex and 2-uniformly smooth Banach space with
the 2-uniform smoothness constant K and let C be a closed convex subset and a sunny
nonexpansive retract of E . Suppose that A, B : C → E are β- and γ -inverse strongly
accretive operators, respectively, and G is defined by the formula (4). If λ ∈ (0, β/K 2)

and μ ∈ (0, γ /K 2), then G is a strongly nonexpansive mapping.

Proof Notice first that QC is a strongly nonexpansive mapping (see [12,16]) and G
is nonexpansive by Lemma 2.6. It suffices to show that both I − λA and I − μB are
strongly nonexpansive mappings and then the assertion follows. Note that both I −λA
and I −μB are nonexpansive mappings by Lemma 2.5. Let {xn} and {yn} be sequences
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in C such that {xn − yn} is bounded and ‖xn − yn‖−‖(I −λA)xn −(I −λA)yn‖ → 0.

It follows from Lemma 2.5 that

2λ(β − K 2λ)‖Axn − Ayn‖2 ≤ ‖xn − yn‖2 − ‖(I − λA)xn − (I − λA)yn‖2 → 0.

Since λ ∈ (0, β/K 2), we have Axn − Ayn → 0 and hence

xn − yn − ((I − λA)xn − (I − λA)yn) = λ(Axn − Ayn) → 0.

Therefore, the mapping I − λA is a strongly nonexpansive mapping. Similarly, since
μ ∈ (0, γ /K 2), the mapping I − μB is strongly nonexpansive. The proof is finished.

�


3 A recapitulation of Katchang and Kumam’s result

3.1 Convergence theorem without uniform convexity

The following theorem is known (see Chidume and Chidume [8] and Suzuki [23]).

Theorem 3.1 Let E be a uniformly smooth Banach space and let C be a closed convex
subset of E . Suppose that T : C → C is a nonexpansive mapping with F(T ) �= ∅.

Let {xn} be a sequence generated by the following scheme:

{

x1 = u ∈ C
xn+1 = αnu + βn xn + γnT xn, (n ≥ 1)

(6)

where {αn}, {βn}, {γn} are sequences in (0, 1) satisfying the following conditions:

1. αn + βn + γn = 1 for all n ≥ 1;
2. limn→∞ αn = 0 and

∑∞
n=1 αn = ∞;

3. 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Then {xn} converges strongly to QF(T )u, where QF(T ) is the sunny nonexpansive
retraction from C onto F(T ).

Theorem 3.2 Let E, C, T, {αn}, {βn}, {γn} and QF(T ) be as in Theorem 3.1. Suppose
that f : C → C is a contraction. Let {xn} be a sequence generated by the following
scheme:

{

x1 = x ∈ C
xn+1 = αn f (x) + βn xn + γnT xn, (n ≥ 1).

(7)

Then {xn} converges strongly to z satisfying QF(T ) f (z) = z.

Proof We assume that f is a contraction with a coefficient α ∈ [0, 1). We follow
the idea of Suzuki [24] in this theorem. Since f is a contraction, so is QF(T ) f. Then
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QF(T ) f has a unique fixed point, say z. That is z = QF(T ) f (z). Define a sequence
{yn} in C by

{

y1 = f (z) ∈ C
yn+1 = αn f (z) + βn yn + γnT yn, (n ≥ 1).

(8)

Then by Theorem 3.1, limn→∞ yn = z. For each n ≥ 1, we have that

‖xn+1 − yn+1‖ ≤ αn‖ f (xn) − f (z)‖ + βn‖xn − yn‖ + γn‖T xn − T yn‖
≤ αnα(‖xn − yn‖ + ‖yn − z‖) + βn‖xn − yn‖ + γn‖xn − yn‖
= (αnα + βn + γn)‖xn − yn‖ + αnα‖yn − z‖
= (1 − (1 − α)αn)‖xn − yn‖ + (1 − α)αn

α‖yn − z‖
1 − α

.

It follows from Lemma 2.3 and
∑∞

n=1(1 − α)αn = ∞ that limn→∞ ‖xn − yn‖ = 0
and hence the sequence {xn} converges strongly to z. The proof is finished.

�

We recapitulate the result given by Katchang and Kumam without assuming the

uniform convexity condition.

Theorem 3.3 Let E be a strictly convex and 2-uniformly smooth Banach space with
the 2-uniform smoothness constant K and let C be a closed convex subset and a sunny
nonexpansive retract of E . Let A, B : C → E be β- and γ -inverse strongly accretive
operators, respectively, let S : C → C be a nonexpansive mapping and let f : C → C
be a contraction. Assume that {xn} is the sequence defined by

⎧

⎨

⎩

x1 = x ∈ C
yn = QC (xn − μBxn)

xn+1 = αn f (xn) + βn xn + γn[δSxn + (1 − δ)QC (yn − λAyn)], (n ≥ 1)

(9)

where λ ∈ (0, β/K 2], μ ∈ (0, γ /K 2] and {αn}, {βn}, {γn} are sequences in (0, 1)

satisfying the following conditions:

1. αn + βn + γn = 1 for all n ≥ 1;
2. limn→∞ αn = 0 and

∑∞
n=1 αn = ∞;

3. 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

If F(S)∩
 �= ∅, then {xn} converges strongly to x̂ = QF(S)∩
 f ( x̂ ), where QF(S)∩


is the sunny nonexpansive retraction from C onto F(S) ∩ 
. Moreover, if ŷ = QC

( x̂ − μB x̂ ), then ( x̂, ŷ ) ∈ GSVIP(C; A, B; λ,μ).

Proof Let G be the mapping defined by the formula (4) and put T := δS+(1−δ)G. By
Lemma 2.6, the mapping G is nonexpansive, and hence so is T . Since F(S)∩
 �= ∅,

it follows from Lemma 2.4 that F(T ) = F(S) ∩ 
. We rewrite the iteration scheme
(9) as

{

x1 = x ∈ C
xn+1 = αn f (xn) + βn xn + γnT xn, (n ≥ 1).

(10)
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Consequently, by Theorem 3.2, {xn} converges strongly to x̂ = QF(T ) f ( x̂ ) =
QF(S)∩
 f ( x̂ ). Moreover, ( x̂, ŷ ) ∈ GSVIP(C; A, B; λ,μ) where ŷ = QC ( x̂ −
μB x̂ ) by Lemma 2.2. The proof is finished. �

Remark 3.4 The proof of Theorem 3.3 is shorter and simpler than that of Katchang
and Kumam (the proof of Theorem 3.4 of [11] contains 4 pages). Moreover, we do
not assume the uniform convexity of a space.

Remark 3.5 There exists a strictly convex and 2-uniformly smooth space which is not
uniformly convex. The following example is suggested by Professor Simeon Reich
and Professor Yoav Benyamini. For each n ∈ N, suppose that En := (R2, ‖ · ‖n)

is a two-dimensional space with its modulus of convexity of power type 2 and its
modulus of smoothness of power type qn where qn ↓ 1. (Attaching to each side of
the square [−1, 1]2 a part of a disk of radius R > 1, we obtain a convex set K which
is 2-uniformly convex, but not smooth. We then smooth it by replacing each corner
with a part of a small disk of radius r < 1, which is tangent to the boundary of K .

The resulting set is still 2-uniformly convex (with estimates that do not depend on r )
and uniformly smooth, but its modulus of smoothness deteriorates as r ↓ 0.) Next,
we consider E := �2(En) = {{xn} : xn ∈ En for all n ∈ N,

∑∞
n=1 ‖xn‖2

n < ∞} and

‖{xn}‖ :=
(∑∞

n=1 ‖xn‖2
n

)1/2
for all {xn} ∈ E . Since the family {En} is not “uniformly”

uniformly smooth, the space E is smooth but not uniformly smooth (for example see
[22]). It was shown in [21] that E is 2-uniformly convex. Let F be the dual space of
E . Then F is a strictly convex and 2-uniformly smooth space but it is not uniformly
convex.

3.2 Convergence theorem with uniform convexity

In this subsection, we prove strong convergence theorems in uniformly convex spaces.
Let us start with the recent result of the second author.

Theorem 3.6 [20, Theorem 4] Let E be a uniformly smooth Banach space and C be
a closed convex subset of E . Suppose that T : C → C is a strongly nonexpansive
mapping with F(T ) �= ∅. Let {xn} be a sequence generated by the following scheme:

{

x1 = u ∈ C
xn+1 = αnu + (1 − αn)T xn, (n ≥ 1)

(11)

where {αn} is a sequence in (0, 1) satisfying limn→∞ αn = 0 and
∑∞

n=1 αn = ∞.

Then {xn} converges strongly to QF(T )u, where QF(T ) is the sunny nonexpansive
retraction from C onto F(T ).

Following Suzuki’s idea [24], we have also the following result whose proof is
omitted.

Theorem 3.7 Let E, C, T, {αn} and QF(T ) be as in Theorem 3.6. Suppose that f :
C → C is a contraction. Let {xn} be a sequence generated by the following scheme:

{

x1 = x ∈ C
xn+1 = αn f (x) + (1 − αn)T xn, (n ≥ 1).

(12)



Revising an algorithm for accretive operators

Then {xn} converges strongly to z satisfying QF(T ) f (z) = z.

Theorem 3.8 Let E be a uniformly convex and 2-uniformly smooth Banach space
with the 2-uniform smoothness constant K and let C be a closed convex subset and
a sunny nonexpansive retract of E . Let A, B : C → E be β- and γ -inverse strongly
accretive operators, respectively, let S : C → C be a nonexpansive mapping and let
f : C → C be a contraction. Assume that {xn} is a sequence defined by the following
scheme

⎧

⎨

⎩

x1 = x ∈ C
yn = QC (xn − μBxn)

xn+1 = αn f (xn) + (1 − αn)[δSxn + (1 − δ)QC (yn − λAyn)], (n ≥ 1)

(13)

where δ ∈ (0, 1), λ ∈ (0, β/K 2), μ ∈ (0, γ /K 2) and {αn} is a sequence in (0, 1)

satisfying limn→∞ αn = 0 and
∑∞

n=1 αn = ∞. If F(S) ∩ 
 �= ∅, then {xn} con-
verges strongly to x̂ = QF(S)∩
 f ( x̂ ), where QF(S)∩
 is the sunny nonexpansive
retraction from C onto F(S) ∩ 
. Moreover, if ŷ = QC ( x̂ − μB x̂ ), then ( x̂, ŷ ) ∈
GSVIP(C; A, B; λ,μ).

Proof Let G be the mapping defined by the formula (4) and put T := δS + (1 − δ)G.

By Lemma 2.8, the mapping G is strongly nonexpansive, and hence so is T by Remark
2.7. Notice that F(T ) = F(S) ∩ 
 by Lemma 2.4. The iteration scheme (13) can be
rewritten as

{

x1 = x ∈ C
xn+1 = αn f (xn) + (1 − αn)T xn, (n ≥ 1).

(14)

It follows immediately from Theorem 3.7 that {xn} converges strongly to x̂ = QF(T )

f ( x̂ ) = QF(S)∩
 f ( x̂ ). Moreover, ( x̂, ŷ ) ∈ GSVIP(C; A, B; λ,μ) where ŷ =
QC ( x̂−μB x̂ ) by Lemma 2.2. The proof is finished. �


Remark 3.9 The iteration scheme (13) is simpler than (3) proposed by Katchang and
Kumam. Moreover, their Theorem 3.4 excludes the case βn = 0 for all n because of
the assumption lim infn→∞ βn > 0. In other word, our Theorem 3.8 can be viewed
as a supplement of Katchang and Kumam’s result.
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