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Chapter 1
Executive Summary

Let C' be a closed and convex subset of a real Hilbert space H. By an

equiltbrium problem we understand the problem of finding
z € C such that f(Z,y) >0 VyeC

where C' is a given subset of a Banach space E and f : C x C — R is a
given function with f(z,z) = 0 for all x € C. We denote the set of all such
7 by EP(f). Blum and Oettli [1] proved that under appropriate setting on
the bifunction f, the solution set EP(f) coincides with the solution set of the

following problems:

Variational inequality: For an operator A : C' — H, the solution set for

the variational inequality is given by
VI(C,A) :={ue C:{(v—u,Au) > 0Vv € C}.
If we set f(z,y) = (y — z, Az), then it follows that EP(f) = VI(C, A).

Optimization: For a convex, proper and lower semicontinuous function g :

C' — (—00, 0], the set of minimizers of f is given by

argming, g := {u € C: g(u) = Hlelélg(l‘)}



If we set f(z,y) = g(y) — g(z), then it follows that EP(f) = argmin. g.

Saddle point: Suppose that ¢ : C; x Cy — R where C', C5 are closed convex
subsets of H. Recall that a point (27, 72) € C1 x Cy is a saddle point of
p if
e(21,92) < @(y1,72) Y(y1,y2) € C1 X Cs.
If we set C':= C} x Cy and define f: C' x C' = R by

f(zr,@2), (y1,92)) = @y, w2) — (21, 12),
then EP(f) coincides with the set of saddle points of .

Fixed point problem: For a given mapping 7' : C' — C, the fixed-point set
of T is given by
Fix(T) :=={x € C: v =Tz}

If we set f(z,y) := (x — Tx,y — x), then EP(f) = Fix(T).

However, for each problem above, there are many independent corresponding
schemes.

From now on, we assume that E is a Banach space with dual £* and C
is a closed convex subset of E. The value of z* in the dual space E* of a
Banach space F at x € E is denoted by (z,z*). We assume from now on that
a Banach space E is smooth, that is, the limit limy_,o ¢ (||z + ty|| — [|2||) exists
for all norm one elements x,y € E. This implies that the duality mapping J
from E to 2F" defined by

v Jo={a" € " : (z,2") = ||z|]* = [l2"*}

is single-valued and we do consider the singleton Jx as an element in E*. If
FE is additional assumed to be strictly convex, that is, there are no distinct

elements z,y € E such that ||z| = ||y|| = 1||z + y|| = 1, then J is one-to-one.



Let us note here that if F is a Hilbert space, then the duality mapping is just
the identity mapping.
To deal with a solution of the equilibrium problem for a bifunction f :

C x C — R, the following assumptions are prerequisite:

(C1) f(z,z) =0 for all x € C;

(C2) f(z,y)+ f(y,xz) <O0forall z,y € C;

(C3) f(x,-) is convex and lower semicontinuous for all = € C;

(C4) f is mazimal monotone, that is, for each x € C and z* € E*,
flz,y)+(y —z,2*) >0 forally e C
whenever (z — x,z*) > f(z,z) for all z € C.

It is noted (see [4]) that if f satisfies conditions (C1)—(C3) and the following

condition:

(C4) limsup, o f((1 —t)z +tz,y) < f(x,y) for all 2,y,2z € C,

then f satisfies condition (C4). The following are known: if E is a strictly

convex, smooth and reflexive Banach space and C'is a nonempty closed convex

subset of E, then

 the function
1
T {zeC’:f(z,y)—l—;(y—z,Jz—Jx) ZOVyEC}

where x € E and r > 0 is well-defined and single-valued; so we write
2 =T/ (v);

. EP(f) = Fix(TY).



The following three generalizations of a nearest point projection in a Hilbert

space (see [2, 3]) are very interesting. For z € E and xy € C
Metric projection: xy = Pex if and only if (zg — vy, J(x — z¢)) > 0Vy € C;

Alber’s generalized projection: zy = Ilox if and only if

(xg —y, Jx — Jxg) > 0Vy € C;

Ibaraki—Takahashi’s sunny generalized nonexpansive retraction:

xg = Rex if and only if (z — xq, Jxg — Jy) > 0Vy € C;

The study of equilibrium problems are very related to these three general-

izations (see the paper in the appendix [A2]).
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Chapter 2

Main Results

Let us summarize our results obtained in this project. The full papers are
appeared in the Appendix. The result in Section 2.x is described precisely in

the paper [Ax].

2.1 Strong convergence via Halpern’s method

We develop a new tool to conclude the strong convergence of the iterative

scheme of Halpern type:

x1,u € C are arbitrarily chosen;
Tpi1=au+ (1—a,)Tx, (n>1),

where C' is a closed convex subset of a certain Banach space, T': C' — C'is a
strongly nonexpansive mapping with a fixed point, and {«,} is a sequence in
(0, 1) satistying

lim o, =0 and Zan = 00.

n—00
n=1

When we apply our result to the problem of finding a zero of an accretive

operator, our deduced result improves the recent result of Aoyama et al. [K.
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Aoyama, Y. Kimura, W. Takahashi, M. Toyoda, Approximation of common
fixed points of a countable family of nonexpansive mappings in a Banach space,
Nonlinear Anal. 67 (2007) 2350-2360] by removing some assumptions on the
parameters.

Finally we discuss the new sufficient condition studied by Song [Y. Song,
A new sufficient condition for the strong convergence of Halpern type itera-
tions. Appl. Math. Comput. 198 (2) (2008) 721-728; Y. Song, New strong
convergence theorems for nonexpansive nonself-mappings without boundary
conditions. Comput. Math. Appl. 56 (6) (2008) 1473-1478] and correct the
main result of Song and Chai [Y. Song, X. Chai, Halpern iteration for firmly
type nonexpansive mappings, Nonlinear Anal. 71 (10) (2009) 4500-4506].

2.2 Ray’s theorem for nonlinear problems

We prove the following result: Let C' be a closed convex subset of a certain

Banach space E. The following assertions are equivalent:
o (' is bounded;
o Every mapping T : C' — C' satisfying
(Te —Ty,J(x —Tx)— J(y—Ty)) >0 Vx,yeC,
has a fixed point;
e The equilibrium problem for a bifunction f : C' x C' — R satisfying

(C1) f(z,z) =0 for all z € C;
(C2) f(z,y)+ f(y,z) <0 for all z,y € C;

(C3) f(z,-) is convex and lower semicontinuous for all z € C;



(C4) f is mazimal monotone, that is, for each z € C' and x* € E*,
flz,y) +(y—a,2%) >0 forallyeC
whenever (z —x,x*) > f(z,z) for all z € C;
has a solution;

o The variational inequality for an operator A : C' — E* satisfying

(C5) (x —y, Az — Ay) > 0 for all z,y € C;

(C6) for each x,y € C' the mapping ¢t — A((1t)x + ty), where t € (0,1)

is continuous with respect to the weak™ topology of E*.
has a solution.

We also discuss the dual equilibrium problems in the sense of Takahashi and
Zembayashi [A strong convergence theorem for the equilibrium problem with
a bifunction defined on the dual space of a Banach space. Fixed point theory

and its applications, 197-209, Yokohama Publ., Yokohama, 2008].

2.3 Common fixed point theorem of
Lipschitzian mappings

Let C' be a nonempty bounded closed convex subset of a real Hilbert space
H. Let {T,} be a family of L,-Lipschitzian mappings of C' into itself with a

common fixed point and lim,,_,., L, = 1, that is,
o || The — Tyl < Ly||lz — yl| for all z,y € C;

o there exists a point p € C' such that p =T, p for all n > 1.



Suppose that {«,} is a sequence in [0,b] C [0,1) and define an iterative se-

quence

x1 € H is arbitrarily chosen;

C =,

Yn = QpTy + (1 — ) Thxy;

Copt ={z € Cn: lyn — 2l < llzn — 217 + (1 = @)(L7; — 1)(diam C)?};

\ Tnt+1 = Pcn_H:L'l.

Using the technique from the shrinking projection method we prove that the
sequence {x,} converges to a common fixed point of a countable family of
Lipschitzian mappings if there exists a family 7 of mappings of C into itself
such that

o Nper Fix(T) = N2, Fix(T},);

e [ — T is closed at zero for all T € T.

Our results include recent ones concerning asymptotically nonexpansive map-
pings due to Plubtieng and Ungchittrakool [Strong convergence of modified
Ishikawa iteration for two asymptotically nonexpansive mappings and semi-
groups, Nonlinear Analysis. Theory, Methods & Applications, vol. 67, no. 7,
pp. 2306-2315, 2007] and Zegeye and Shahzad [Strong convergence theorems
for a finite family of asymptotically nonexpansive mappings and semigroups,
Nonlinear Analysis. Theory, Methods & Applications, vol. 69, no. 12, pp.
4496--4503, 2008; and its corrigendum in Nonlinear Analysis, Theory, Meth-
ods & Applications, vol. 73, pp. 1905-1907, 2010] as special cases.
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2.4 Zero of variational inequalities in Banach

spaces

Let E be a 2-uniformly convex and smooth Banach space with the 2-
uniform convexity constant ¢ and C' be a closed convex subset of F. Assume

that an operator A : C' — E* satisfies the following conditions:
(M1) A is a-inverse strongly monotone where a > 0;
(M2) A710 # @.
We prove the following two results:
1. Suppose that {z,} is iteratively constructed by the following

x1 = x € C arbitrarily chosen and

T = HeJ Y (Jx, — MAx,)  (n > 1),

where {\,} is a sequence in [a,b] for some a,b such that 0 < a <
b < c2a/2. If the duality mapping J : E — E* is weakly sequentially
continuous, then the sequence {z,} converges weakly to some element

z € A710. Further z = lim,, o [ 4-19(25).
2. Suppose that {y,} is iteratively constructed by the following

y1 =y € C arbitrarily chosen and
Yt = Hed HomJy + (1 — ) (Jyn — MAyn)) (0> 1),

where {\,} is a sequence in [a,b] for some a,b with 0 < a < b < 2a/2
and {a,, } is a sequence in (0, 1) satisfying lim,, o, = 0and >~ | o, =

oo. Then the sequence {y,} converges strongly to z = II4-10(y).
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This algorithm was studied by Iiduka and Takahashi [Weak convergence of a
projection algorithm for variational inequalities in a Banach space, J. Math.
Anal. Appl. 339 (2008) 668-679] for finding a solution of the variational
inequality problem for an inverse strongly monotone operator in a Banach
space. We first remark that, under the assumptions imposed on the operator
in their paper, the iterative sequence converges weakly to a zero of the operator,
not just a solution of the variational inequality problem. In our proof, slightly
modified from the original, we do not assume the uniform smoothness of a
space as was the case there. Finally, using Halpern’s type method, we modify
this algorithm to obtain the strong convergence to a zero of an inverse strongly
monotone operator which is nearest to the initial element of the algorithm in
the sense of the Bergman distance associated with the function 1|| - ||, The

technique of the proof is taken from [A1].

2.5 Strong convergence theorem for
quasi-nonexpansive mappings

Based on the new tool proposed by Saejung (see [Al]), we improve the
viscosity approximation process for approximation of a fixed point of a quasi-
nonexpansive mapping in a Hilbert space proposed by Maingé [The viscos-
ity approximation process for quasi-nonexpansive mappings in Hilbert spaces,
Computers & Mathematics with Applications, vol. 59, no. 1, pp. 74—79,

2010]. More precisely, we study an iterative sequence {x,} by

x1 € C is arbitrarily chosen;
Tnt1 = o f(@n) + (1 = an)Txn (02 1),

where C' is a closed convex subset of a Hilbert space, T': C' — C' is a strongly

quasi-nonexpansive mapping, f : C'— C'is a strict contraction, and {«,} is a
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sequence in (0, 1) satisfying

oo
lim o, =0 and g oy, = 0.
n—oo 1

n—=

An example beyond the scope of Maingé’s result is given.

2.6 Convergence theorems for variational in-

equalities of accretive operators

Let C' be a nonempty subset of a 2-uniformly smooth Banach space E and

a > 0. A mapping A : C' — F is said to be a-inverse strongly accretive if
(Ax — Ay, J(z —y)) > af|Az — Ay|]®

for all x,y € C. The variational inequality problem for A : C' — FE is the
problem of finding an element v € C such that

(Au, J(v —u)) >0 forallve C.

The set of solutions of the problem above is denoted by S(C, A).
In this section, we assume that () : F — (' is a nonexpansive sunny

retraction, that is,
e Q(Qz+t(x —Qx)) = Qux for all t > 0;
- Q*=Q.

Suppose that {x,} is iteratively defined by

x1 € C arbitrarily chosen
Tpi1 = @y + (1 — ) Qo(zn — MpAxy,) (n>1)
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where {a,,} C [0,1], {\} C (0, %], and K is the 2-uniform smoothness
constant of F.

Under appropriate assumptions on the parameters a,, and \,, we present
two weak convergence theorems for inverse strongly accretive mappings in
Banach spaces, which are supplements to the recent result of Aoyama et al.
[Weak convergence of an iterative sequence for accretive operators in Banach
spaces. Fixed Point Theory Appl Art 2006, 13 (2006). ID 35390]. The first
one is proved in the absence of the uniform convexity of a space while the

second one is not. We also compare our results to the previous known ones.

2.7 Maingé’s hierarchical optimization prob-

lems
Let H be a real Hilbert space. Recall that a mapping 7': H — H is called
o si-Lipschitzian ift

[Tz = Ty|| < pllz =yl forall z,y € H;

e a contraction iff it is a-Lipschitzian with a € [0, 1], and in this case, we

also say that T is a contraction with the coefficient «;
e r-strongly monotone iff

(Tx — Ty,x —y) >rllz —y|* forall x,y € H;

e quasi-nonexpansive iff Fix(T) # @ and

Tz —q|| < ||z —gq| forall (z,q) € H x Fix(T);
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e [-demicontractive iff Fix(T) # @ and T satisfies

1-5
2

(x = Tx,x —q) > |z — Tz|? forall (z,q) € H x Fix(T);

(the inequality above is equivalent to

1Tz — qll* < ||z — ql|* + Bllz — T||?)

e strongly quasi-nonexpansive iff T' is quasi-nonexpansive and
Ty —Tx, >0

whenever {z,} is a bounded sequence in H and ||z, —q|| — || Tz, —¢q|| = 0

for some ¢ € Fix(T).
We are interested in the problem of finding an element
(z*,y") € Fix(57) x Fix(Ss)
such that the following two inequalities are satisfied:

(" — f(y"),z —2") >0 Vz e Fix(S)),
(" —9(@"),y—y") 20 Vy € Fix(5y).

where 51,55 : H — H are quasi-nonexpansive mappings and f,g : H — H
are contractions.

The aims of this research is to investigate an iterative method for solv-
ing a system of variational inequalities with fixed-point set constraints. Our
scheme can be regarded as a more general variant of the algorithm proposed
by Maingé [New approach to solving a system of variational inequalities and
hierarchical problems. J. Optim. Theory Appl. 138 (2008) 459-477]. Using
the technique proposed in [A1l], we propose an alternative analysis that al-

lows us to relax some assumption imposed in his paper for convergence of the
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considered method. As a complementary result, we show how to adapt these
processes to the case when the constraints involve operators belonging to the
class of hemi-contractive mappings; this goes beyond the scope of Maingé’s
result. Recall that T : H — H is hemi-contractive if Fix(T) # @ and T
satisfies

(x —=Tx,x —q) >0 forall (z,q) € H x Fix(T).

2.8 A system of variational inequalities for ac-
cretive operators

Katchang and Kumam [An iterative algorithm for finding a common so-
lution of fixed points and a general system of variational inequalities for two
inverse strongly accretive operators. Positivity 15, 281-295 (2011)] studied
the following problem:

Find (Z,y) € C x C such that, for each x € C, the following

inequalities

{ (G + & =7, j(x — 7)) = 0;
(WBT +y —z,j(z —Yy)) =20
holds for some j(z — ) € J(z — ) and j(z —¥y) € J(z —y),
where C' is a closed convex subset of a Banach space E, A,B : C — FE are
possibly nonlinear operators, and A, y are two positive real numbers.

We give a very short and simple proof of their result. In our proof, we do not
assume the uniform convexity of a space. Our result is a strict generalization
of their result because there exists a strictly convex and 2-uniformly smooth

space which is not uniformly convex.
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1. Introduction

Let C be a subset of a Banach space E. A mapping T : C — E is called nonexpansive if | Tx — Ty|| < ||x —y|| forallx, y € C.
A point x € C such that x = Tx is called a fixed point of T. The problem of finding fixed points of nonexpansive mappings
has been widely investigated by many authors (see [1-17] and the references therein). In 1967, Halpern proved that the
sequence {x,}, iteratively generated by

X1, U € C; Xni1 = nlu+(1-nHTx, n>1)

where C is a closed convex subset of a Hilbert space and 6 € (0, 1), converges strongly to a fixed point of T.
Many mathematicians [5,18-20,8] have investigated and extended Halpern'’s iteration to certain Banach spaces and
replaced the sequence {n~?} with the sequence {a,} C (0, 1) which satisfies the following conditions:

(C1) limp_, o0 0y = 0;
(€2) 30, an = 00;

on

(€3) limpo0 522 = Tor > o — ay1] < 0.

Recently, Suzuki [13] discussed several sufficient conditions on the sequence {«,} C (0, 1) that guarantee the convergence
to a fixed point of nonexpansive mappings.

On the other hand, Chidume and Chidume [3] and Suzuki [12] independently discovered that together just conditions
(C1) and (C2) are sufficient for the strong convergence of the following iterative sequence:

X1, u€C; Xnp1 = o + (1 — o) (Axp + (1 — A)Txy)

* Supported by the Thailand Research Fund, the Commission on Higher Education and Khon Kaen University under grant RMU5380039.
E-mail address: saejung@kku.ac.th.

0362-546X/$ - see front matter © 2010 Elsevier Ltd. All rights reserved.
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to a fixed point of T.

The purpose of this paper is to provide a nice subclass of nonexpansive mappings that together just conditions (C1) and
(C2) are sufficient for the strong convergence of Halpern’s iteration to a fixed point of T. Even in Hilbert spaces, our result is
new. We apply our result for finding zeros of an accretive operator. Finally, we discuss the new sufficient condition studied
by Song [9,10] and we correct the main results of Song and Chai [11].

2. Preliminaries

Since geometry of Banach spaces plays an important role in the theory of nonexpansive mappings, we recall some defi-
nitions and facts that are needed in our study.

Let E be a real Banach space and E* its dual. We denote the value of f € E* at x € E by (x, f). The normalized duality
mapping | : E — 2E is defined by

Jx={x* € E*: (x,x") = ||x||* = ||x*||*} foreachx €E.
The following inequality
X+ yI* < lIxI* + 2(y.J)

holds forallx,y € Eandj € J(x + y).
A Banach space E is said to be

e strictly convex if % x4+ y|l < 1for all norm one elements x, y € E and x # y;

e uniformly convex if for each ¢ > 0 there exists § > 0 such that %Hx + y|| <1 — 6 for all norm one elements x, y € E and
lx =yl = ¢;

e smooth if the limit lim;_, o %(||x + ty|| — |Ix||) exists for all norm one elements x, y € E.

It is known that every uniformly convex Banach space is reflexive and strictly convex. If E is smooth, then the normalized
duality mapping J is single valued and in this case the image of ] is treated as a member of E*.

We say that a norm of Banach space E is uniformly Gdteaux differentiable if the limit lim,_. %(||x + ty|l — ||x]|) exists for
all norm one elements x, y € E and its values is attained uniformly for all norm one elements x € E. In this case,] : E — E*
is uniformly norm-to-weak* continuous on each bounded subset of E.

Let C be a subset of a Banach space E and let D be a subset of C. A mapping Q : C — D is sunny if

QQx+t(x —Qx) = Qx

forallx € Candt > 0 such that Qx + t(x — Qx) € C. We say that Q is a retraction if Q2 = Q. In a smooth Banach space, a
retraction Q : C — D is sunny and nonexpansive, where C is convex, if and only if (x — Qx, J(z — Qx)) < 0 for allx € C and
z € D (see[21]).

The following lemma is observed by Maingé.

Lemma 1 ([6, Lemma 2.1]). Let {y,} be a sequence of real numbers such that there exists a subsequence {yy;} of {yx} such that
Ynj < Vnj+1 forallj € N. Then there exists a nondecreasing sequence {my} of N such that limy_, o, m; = oo and the following
properties are satisfied by all (sufficiently large) numbers k € N:

Yme < YVmer1 and - Y < Ymyq1

In fact, my, is the largest number n in the set {1, ..., k} such that the condition y, < y,+1 holds.

We will need the following lemma.

Lemma 2 ([1, Lemma 2.3]). Let {s,} be a sequence of nonnegative real numbers, {«,} a sequence of real numbers in [0, 1] with
Z;’i] o, = 00, {u,} a sequence of nonnegative real numbers with Z;’i] u, < oo, and {t,} a sequence of real numbers with
lim sup,,_, o, tn < 0. Suppose that

Snr1 < (1 — an)Sp + anty +u, foralln € N.

Then limy,_, o, S, = O.
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3. Main result
3.1. Convergence theorem for a single mapping
The following lemma is extracted from [1]. The proof is given here for sake of completeness.
Lemma 3. Let E be a reflexive Banach space whose norm is uniformly Gdteaux differentiable. Let C be a closed and convex subset

of Eandlet T : C — C be a nonexpansive mapping such that F(T) # @ and suppose that one of the following holds:

e every bounded, closed and convex subset D of C such that T(D) C D contains a fixed point of T;
o E is strictly convex.

Suppose that {x,} is a bounded sequence in C such that x, — Tx, — 0 and u € C. Then

limsup(u — p,J(x, — p)) <0,

n—oo

where p € F(T) and satisfies the following inequality
(u—p,J(@—p)) <0 forallqe F(T).

Proof. For eacht € (0, 1), there exists a unique element z; € C such that
ze =tu+ (1 —t)Tz.

In fact, it follows since x — tu + (1 — t)Tx is a contraction. It is known that {z;} converges strongly top € F(T) ast | O.
Moreover, (u — p,J(q — p)) < 0forall q € F(T).
We next consider the following
It (n — u) + (1= £) (xa — T20) ||
< (1= 0%[x0 — Tze|1? + 26 (X0 — 1, J (X0 — 22))
= (1= 0?0 — Tz > 4 2t X0 — 2|1 + 2t (20 — u,J (0 — 20))
< (1= 0%(Ix0 = Txall + 1 Txn — T2e)* + 2t[[x0 — 2¢[|* 4 2t (zc — 1, ] (%n — 20))
< (1= 0%(lx0 = Txall + %0 — 2e D> 4 2t[1%0 — 2e[1> + 26z — u, ] (X0 — 20)).

2
%0 — 2t

Then

limsup ||x, — z:||> < ((1 — t)% + 2¢t) lim sup ||x, — z¢||> + 2t lim sup(z; — u, [(Xy — 2¢)).

n—oo n—oo n—oo

Consequently,

t
limsup(u — z, J(xp — 2:)) < = limsup ||x, — z¢]*.
2 n—oo

n—oo

For a given number ¢ > 0, by the uniform norm-to-weak* continuity of the duality mapping J on bounded sets and the
(strong) convergence of {z;}, there exists a number § > 0 such that

(u=p,J&xn—p) —Jxn —2z)) <& and |lze —pll Ixn — 2|l <&
forall0 < t < § and for all n € N. This implies that
u=p,J&n—p)) = U=p,J&n—p) —Jxn —2)) + U —p — (U —2), ] (Xn — 2Z6)) + (U — 2, ] (%0 — 2¢))

S {u—=p,J&n—p) =] —20)) + lze — pll 1%0 — zell + (U — 2, J (%0 — 20))
<28+ (U—2,](X: — 2))

forall0 < t < § and for all n € N. Consequently,

limsup(u — p, J(x, — p)) < 2¢ +limsup(u — z;, J(X, — z))

n—oo n—oo

t
< 2¢ + — limsup [|x; — z||°.
2 nooo

Letting t | O, we have

limsup{u — p,J(x, — p)) < 2e.

n—oo

Since ¢ > 0 is arbitrary, this gives the desired result. O
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A mapping T : C — C is said to be strongly nonexpansive [22] if T is nonexpansive and
Xn —Yn— (Txy — Ty,) — 0

whenever {x,} and {y,} are sequences in C such that {x, — y,} is bounded and ||x, — y.|| — [|Tx, — Tyn|| — O.

Theorem 4. Let E be a Banach space such that one of the following conditions is satisfied:

(1) E is uniformly smooth;
(2) E is reflexive, strictly convex and its norm is uniformly Gateaux differentiable.

Let T be a strongly nonexpansive mapping from a closed and convex subset C of E into itself. Suppose that u € C and {x,} is a
sequence generated iteratively by x; € C and

Xnt1 = QU + (1 - an)Txm

where {«,} is a sequence in (0, 1) such that lim,_, - &, = 0 and Zﬁ; o, = oo. Then {x,} converges strongly to a fixed point
Qu of T, where Q is a sunny nonexpansive retraction from C onto F(T).

Proof. Let p = Qu € F(T). Then

llon(u — p) + (1 — o) (Txn — )|
< apllu—=pll+ 1 —an)Tx, —pll
< apllu—=pll+ 1 —an)lxn —pll
< max({llu —pll, x, —pl}.

In particular, {x,} is bounded.
Notice that if there exists a subsequence {x;, } of {x,} such that

X012 — Pl

lim (||Xp, 1 — pll — [I%n, — pID) =0,
k— 00
then it follows from limy_, o oy, = 0 that
lim (||Txn, — pll — [I%n, — pID) = 0.
k— 00
Consequently, since T is strongly nonexpansive, x,, — Tx,, — 0. It follows from Lemma 3 that

lim sup(u — p, J(xn, — p)) < 0.

k— 00
Let us consider the following two cases.
Case 1. ||xp+1 — pll < lIx, — p|| for all sufficiently large n. In this case, lim,_, , ||x, — p|| exists and hence lim,_, o (||X7+1 —
pll — lIx, — pll) = 0. This implies that

limsup(u —p,J(x, —p)) < 0.

n—oo

Finally, by the subdifferential inequality and the nonexpansiveness of T, we have

[Xne1 — pII* = llota(u — p) + (1 — ) (Txy — )|
< (1= an)?(ITxp — plI> + 20U — P, ] (Xny1 — P))
< (1 —ap)ll%n — plI* + 2 (u — p.J (Xnt1 — P)).
It follows immediately from Lemma 2 that lim,_,  [|X, — p||*> = 0.

Case 2. there exists a subsequence {||xn]. —pll} of {{lx, — p||} such that ||xn]. —pll < ||xn].+1 —p|l forallj € N.By Lemma 1, there
exists a strictly increasing sequence {my} of positive integers such that the following properties are satisfied by all numbers
k eN:

1Xm, =PIl < IXm+1 =PIl and X — pll < [Xmy1 — PII-

Consequently,
0 =< lim (IXm+1 — pIl — lIXm, — DI
k—o00
< limsup(|[xp+1 — pll — lIxa — I
n—oo

< limsupa,([lu — pll — X, — pl) = 0.
n—oo
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It follows from the remark above that

limsup(u — p, J(Xm, —p)) < 0.

k—o00

Moreover, since
[Xm1 =PI < (1= m) X, — PI? + 20tm, (4 — P, ] K11 — D))
we have

I%m, =PI = X4 = PII? + 20m, (U = P, ] K1 = P))
2amk (u - pv](xmk+1 - p))

2
| Xm, — DIl

In particular,

Jim x, — pl* < 2limsup(u — p, J (Xm4+1 — p)) < 0.

k—o00

This and limy_, oo (| Xm,+1 — PIl — |Xm, — pll) = 0 implies that

. 2 . 2
limsup [xx — pl|© < lim [[Xp+1 — plI” = 0.
k—o00

k— 00

The proofis finished. O

Now we prove that Theorem 4 remains true if the space admits weakly sequentially continuous duality mapping. A
continuous and strictly increasing function ¢ : [0, 00) — [0, oo) is a gauge function if ¢(0) = 0 and lim;_, , ¢(t) = 0o.The
mapping J, : E — 2" is defined by

Jo@) = {x* € E*: (x,x") = |Ix|l Ix"[I, Ix"[l = o (lIxID}

and is called the duality mapping with the gauge function ¢. We say that a Banach space E has a weakly sequentially continuous
duality mapping if there exists a gauge function ¢ such that the duality mapping with the gauge function ¢ is single-valued
and weak-to-weak* sequentially continuous. Note that every ¢P space where 1 < p < oo has a weakly sequentially
continuous duality mapping J, with ¢(t) = tP~1, 1t is clear that the duality mapping J, with the gauge function ¢(t) = tis
the normalized duality mapping. For more details, we refer to [23].

Lemma 5 (Subdifferential Inequality). Let E be a Banach space and ¢ be a gauge function. Define & (t) = fot @(s)ds for all
t € [0, 00). Then the following inequality holds:

@(llx+yl) < @xl) + ¥, J)
forallx,y € Eandj € J,(x + y). In particular,
Ix+y1? < 1x1? + 2(y. j)
forallx,y e Eandj € J(x + ).
Inspired by [16, Theorems 3.1 and 3.2], we prove the following result.
Lemma 6. Let E be a reflexive Banach space having a weakly sequentially continuous duality mapping J,. Let C be a closed and

convex subset of E and let T : C — C be a nonexpansive mapping such that F(T) # @. Suppose that {x,} is a bounded sequence
in C such that x, — Tx, — O0and u € C. Then

limsup(u — p, J,(x, — p)) <0,

n—-oo

where p € F(T) and satisfies the following inequality
(u—p,Jo(@—p)) <0 forallq e F(T).

Proof. It is proved in [16, Theorems 3.1 and 3.2] that such an element p € F(T) does exist. To see that lim sup,,_, .. (u —
p,Jo (X, — p)) < 0, we extract a subsequence {x;, } of {x,} such that x,, — g and

lim (u —p, J, (X, — p)) = limsup(u — p, J, (X, — p)).

k—o00 n—o00

Notice that, since J, is weakly sequentially continuous, we have (see [24])

lim sup @ (||x,, — Tqll) = limsup @ (||xn, — qll) + @ (llqg — TqlD).

k— o0 k— 00
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But we know that

limsup @ (||xy, — Tql|) = limsup @ (||Tx,, — Tql|) < limsup @ (||x, — ql}).

k— 00 k— o0 k— 00

This implies that @ (||g — Tq||) = 0 and hence q € F(T). We now conclude that
Jim (u = p. Jy n, —P)) = (=P, Jp(q—P)) 0.
The proofis finished. O

Using Lemmas 5, 6 and modifying the proof of Theorem 4, we obtain the following result, the proof of which we omit.

Theorem 7. Let E be a reflexive Banach space having a weakly sequentially continuous duality mapping. Let T be a strongly
nonexpansive mapping from a closed and convex subset C of E into itself. Suppose that u € C and {x,} is a sequence generated
iteratively by x, € C and

Xny1 = QU + (1 — on)Txy,

where {«,} is a sequence in (0, 1) such that lim,_, o, o, = 0 and Z;ﬁ] o, = 00. Then {x,} converges strongly to a fixed point
Qu of T, where Q is a sunny nonexpansive retraction from C onto F(T).

In Hilbert space setting, we have the following result.

Corollary 8. Let C be a closed and convex subset of a Hilbert space H and let T : C — C be a strongly quasi-nonexpansive
mapping, that is, T has the following properties:

e F(T) # o;
e ||[Tx —p|| < |lx —pl|| forallx € Cand p € F(T);
e x, — Tx, — 0 whenever {x,} is a bounded sequence in C such that ||x, — p|| — ||Tx, — p|| — 0 for some p € F(T).

Suppose in addition that I — T is demi-closed at zero. Suppose that u € C and {x,} is a sequence generated iteratively by x; € C
and

Xnt1 = QU + (1 - Oln)TX,,,

where {«,} is a sequence in (0, 1) such that lim,_, - a;, = 0 and Z?;l o, = oo. Then {x,} converges strongly to a fixed point
Pu of T, where P is a metric projection from C onto F(T).

Proof. It is easy to see that (u — Pu, g — Pu) < O forall g € F(T). Moreover, if {z,} is a sequence in C such thatz, — Tz, — 0
and z, — ¢, then g € F(T) and hence lim sup,,_, o, (u — Pu, z, — Pu) < 0. We now follow the proof of Theorem 4 and obtain
theresult. O

Remark 9. The iteration studied by Maingé [6, Theorem 3.1], when a contraction in the scheme is a constant mapping, is a
special case of our result. In fact, the mapping T,, = (1 — w)I + wT, where w € (0, 1) and T is quasi-nonexpansive, is a
strongly quasi-nonexpansive mapping.

3.2. Convergence theorem for a family of mappings
Employing the idea in [1], we obtain the following theorem, whose proof is left for the reader to verify. Recall that a
sequence of nonexpansive mappings {T,,} from C into itself is a strongly nonexpansive sequence if
Xn — Yn — (Tnxn - Tnyn) -0
whenever {x,} and {y,} are sequences in C such that {x, — y,} is bounded and ||x, — yn|| — ||TaXn — Taynll — O.
Theorem 10. Let C be a closed and convex subset of a uniformly convex Banach space E whose norm is uniformly Gdateaux
differentiable and let {T,,}32, : C — C be a strongly nonexpansive sequence. Suppose that the following conditions are satisfied:
(M1) For each bounded subset B of C,
(o]
> sup{lTarsz = Tuz|| : 2 € B} < oo;

n=1

(M2) Let T : C — C be defined by Tz = lim,_, o, Tpz for all z € C and suppose that

F(T) = [F(Ty) # 2.

n=1
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Suppose that u € C and {x,} is a sequence generated iteratively by x; € C and

Xny1 = oqUl + (l - O{n)Tan,
where {a,} is a sequence in (0, 1) such that lim,_, , &, = 0 and Z;“;] o, = oo. Then {x,} converges strongly to Qu, where Q is
a sunny nonexpansive retraction from C onto F(T) = ﬂﬁi] F(Ty,).

We will apply this theorem for finding zeros of an accretive operator in the next section.

4. Zeros of an accretive operator

Let E be a Banach space. An operator A C E x E with the domain D(A) = {x € E : Ax # o} and range
R(A) = |U{Ax : x € D(A)} is called accretive if for any (x1, y1), (X2, ¥2) € Athere existsj € J(x;—x,) such that (y; —y2,j) > 0.
It is known that A is accretive if and only if ||x; — x2|| < ||x;1 — x2 + r(y1 — y2)|| forall (x1, y1), (x2,y2) € Aandr > 0. We
say that an accretive operator A satisfies the range condition if the closure of D(A) is contained in the range of the operator
I+rAforallr > 0, where [ is the identity operator, that is, D(A) C ;- RUI + rA). Denote by J, the resolvent of an accretive
operator A, where r > 0, which defined as follows:

r>0

Jix =% & x € X + 1AX;.

In other words, J, = (I + rA)~. For more details, we refer to [25]. It is known that J, : R(I + rA) — D(A) is nonexpansive
and F(J,) =A710 := {x € D(A) : 0 € Ax}.

We prove a strong convergence theorem for the problem of finding zeros of an accretive operator which is an improve-
ment of the recent results in [1,26].

The following observation follows from the fact that firmly nonexpansive mapping is strongly nonexpansive in the
presence of uniform convexity (see [22]). Recall that a mapping T : C — E, where C is a subset of a Banach space E, is
firmly nonexpansive if |Tx — Ty|| < |[t(x—y) + (1 —t)(Tx —Ty)|| forallx,y € C and t > 0. Note that in the definition above
we can consideronly 0 < t < 1.

Lemma 11. Let E be a uniformly convex Banach space and A C E X E an accretive operator such that D(A) C C C [ ),., RU+T1A)
for some closed and convex subset C of E.

r>0

(1) Foreachr > 0, the resolvent ], is firmly nonexpansive and hence strongly nonexpansive.

(2) If {ry} is a sequence in (0, 0o), then {J,, } is a strongly nonexpansive sequence.

(3) If {rn} is a sequence in (0, co) such that inf{r, : n € N} > 0 and Z;’il |rn — mt1| < 00, then the sequence {J;,} satisfies
conditions (M1) and (M2).

Proof. (1) Letx, y € C.Then (J,x, }(x — %)), (-, }(y —J;y)) € A.Since A is accretive,

”]rx _]ry” =

rix = Jiy + 2= Jx = 0 = )|

S+ (1= gm0

forall 0 < s < r. This implies that J; is firmly nonexpansive.

(2) Let {x,} and {y,} be two sequences in C such that {x, — y,} is bounded and ||x, — yall — lJr;Xn — Jr,Ynll = 0. Suppose
that {n,} is a subsequence of {n} such that limy_, o [|Xn, — ¥n, |l = a. We show that x,, — y,, — (],nkxnk —]rnkYnk) — 0. We
may assume that a > 0. Otherwise, we are done. Since A is accretive,

2

”]rnkxnk _Jrnkynk”Z =

n 1 1
Jrnkxnk _.’rnk.Vnk + i (Xnk _]r,,kxnk) - (ynk _Jrnkynk)
2 rnk rnk

1 2

2 (Xnk - }’nk)

1
= H EUrnank _Jrnkynk) +

1 2 1 2
= 5|Urnkxnk _JrnkYHk” + Enxnk _Yrtk” .
Note that
klglgo ”]rnkxnk _JrnkYHk” =a,

and

=da.

. 1 1
klggo H EUrnkxnk _]rnkYnk) + E(Xnk - .Vnk)
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It follows by the uniform convexity of E that

Xne = Vme — (]rnkxnk _]rnk}’nk) — 0.
Therefore X, — Yo — (JryXn — Jr,¥n) — 0. This means that {J,, } is a strongly nonexpansive sequence.
(3)isprovedin[1]. O

As a consequence of the preceding result and Theorem 10, we have the following theorem which is an improvement of
[1, Theorem 4.3].

Theorem 12. Let E be a uniformly convex Banach space whose norm is uniformly Gdteaux differentiable and let C be a nonempty,
closed convex subset of E. Let A C E x E be an accretive operator such that A='0 # @ and D(A) C C C (=0 RU + 1A). Let
{oen} be a sequence of [0, 1] such that lim,,_, o, ¢, = 0 and Z;’il an, = oo. Let {r,} be a sequence of positive real numbers such
that inf{r, : n € N} > 0 and Z;’i] |rne1 — 1m| < o0. Let u € C and {x,} be a sequence defined by x; = x € C and

Xnt1 = apu + (1 — ap))r,xn foralln e N.
Then {x,} converges strongly to Qu, where Q is the sunny nonexpansive retraction of C onto A~0.

Remark 13. The conclusion of Theorem 12 above is proved in [1, Theorem 4.3] under the superfluous condition lim,_, o,

(0% o0
ﬁ =Tor) . lont1 —an| < 00.

5. Remarks on Song’s sufficient condition

Recently, Song [9,10] gave a new sufficient condition for the strong convergence of sequences generated by Halpern’s
iteration. We quote his result here.

Theorem 14 ([9, Theorem 3.1]). Let C be a closed and convex subset of a Banach space E whose norm is uniformly Gdateaux
differentiable and let T : C — C be a nonexpansive mapping such that F(T) # @. Assume that {x,} is a sequence in C generated
by u,x; € Cand

Xnr1 = p + (1 —ap)Tx, foralln € N,

where {«,} is a sequence in (0, 1) such that Z;’il oy, = o0. For a Banach limit u, let

K, = {Z € C: wnllxy _Z||2 = I;leiglﬂn”)‘n _y”z} .

Suppose that K,, N F(T) # @ for all Banach limits p and x,1 — X, — 0. Then {x,} converges strongly to some fixed point of T.

Recall that a continuous linear functional ¢ on £, (the Banach space of bounded real sequences) is called a Banach limit
ifflull = p(1,1,...) = Tand wun(an) = pn(@n41) forall {a,} € Lo

The key point of the proof of Song’s result is to show that lim sup,,_, ., (u—p, J(x, —p)) < 0by making use of the following
lemma.

Lemma 15 ([8, Proposition 2]). Let {a;, ay, ...} € I°® be such that w,(a,) < 0 for all Banach limits w and lim sup,,_, . (dn+1 —
a,) < 0. Then limsup,_, ., a, <O0.

Unfortunately, to apply this lemma when a, := (u — p, J(x, — p)), the condition that u,(u — p,J(x, — p)) < 0 for all
Banach limits ¢ seems to be overlooked to verify.

Later, Song and Chai [11] used the result above to prove a strong convergence theorem for firmly type nonexpansive
mappings. Hence the proofs of their main results ([ 11, Theorems 3.1 and 3.3]) are also questionable. Recall that for a subset
C of a Banach space E, a mapping T : C — C is firmly type nonexpansive if there exists a positive real number k such that

ITx — Ty|I* < lIx —yl* — klx — Tx — (y — Ty)||> forallx,y € C.

It is clear that every firmly type nonexpansive mapping is strongly nonexpansive. Hence it follows from our Theorem 4 that
their results remain true.
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We prove that every firmly nonexpansive-like mapping from a closed convex subset C of a smooth,
strictly convex and reflexive Banach pace into itself has a fixed point if and only if C is bounded. We

obtain a necessary and sufficient condition for the existence of solutions of an equilibrium problem
and of a variational inequality problem defined in a Banach space.

1. Introduction

Let C be a subset of a Banach space E. A mapping T : C — E is nonexpansive if |Tx — Ty|| <
lx — y|| for all x,y € C. In 1965, it was proved independently by Browder [1], Gohde [2],
and Kirk [3] that if C is a bounded closed convex subset of a Hilbert space and T : C — C
is nonexpansive, then T has a fixed point. Combining the results above, Ray [4] obtained the
following interesting result (see [5] for a simpler proof).

Theorem 1.1. Let C be a closed and convex subset of a Hilbert space. Then the following statements
are equivalent:

(i) Fix(T) := {x € C : x = Tx} # @ for every nonexpansive mapping T : C — C;

(ii) C is bounded.

It is well known that, for each subset C of a Hilbert space H, a mapping T : C — H
is nonexpansive if and only if S := (1/2)(I + T) is firmly nonexpansive, that is, the following
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inequality is satisfied by all x, y € C:
(Sx - Sy, (x-Sx) - (y—Sy)) > 0. (1.1)

In this case, Fix(T) = Fix(S). We can restate Ray’s theorem in the following form.

Theorem 1.2. Let C be a closed and convex subset of a Hilbert space. Then the following statements
are equivalent:

(i) Fix(S) # @ for every firmly nonexpansive mapping S : C — C;
(ii) C is bounded.

To extend this result to the framework of Banach spaces, let us recall some definitions
and related known facts. The value of x* in the dual space E* of a Banach space E at x € E is
denoted by (x, x*). We assume from now on that a Banach space E is smooth, that is, the limit
lim; o (1/8)(||x + ty|| — ||x||) exists for all norm one elements x,y € E. This implies that the
duality mapping ] from E to 2E" defined by

xr— Jx = {x* €E": (x,x*) = |lx|* = IIX*IIZ} (1.2)

is single-valued and we do consider the singleton Jx as an element in E*. If E is additionally
assumed to be strictly convex, that is, there are no distinct elements x,y € E such that |[x|| =
lyll = (1/2)||x + y|| = 1, then ] is one-to-one. Let us note here that if E is a Hilbert space, then
the duality mapping is just the identity mapping.

The following three generalizations of firmly nonexpansive mappings in Hilbert
spaces were introduced by Aoyama et al. [6]. For a subset C of a (smooth) Banach space
E,amapping T : C — Eis of

(i) type (P) (or firmly nonexpansive-like) if

(Tx-Ty,J(x-Tx)-J(y-Ty)) >0 VYx,yeC, (1.3)

(ii) type (Q) (or firmly nonexpansive type) if

(Tx-Ty,(Jx - JTx) - (Jy - JTy)) >0 Vx,y€C, (1.4)

(iii) type (R) (or firmly generalized nonexpansive) if

(x-Tx)-(y-Ty),JTx-JTy) >0 Vx,yeC. (1.5)

Recently, Takahashi et al. [7] successfully proved the following theorem.
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Theorem 1.3. Let C be a closed and convex subset of a smooth, strictly convex and reflexive Banach
space. Then the following statements are equivalent:

(i) Fix(T) # @ for every mapping T : C — C which is of type (Q);
(ii) C is bounded.

As a direct consequence of the duality theorem [8], we obtain the following result (see
also [9]).

Theorem 1.4. Let C be a closed subset of a smooth, strictly convex and reflexive Banach space such
that JC is closed and convex. Then the following statements are equivalent:

(i) Fix(T) # @ for every mapping T : C — C which is of type (R);
(ii) C is bounded.

The purpose of this short paper is to prove the analogue of these results for mappings
of type (P). Let us note that our result is different from the existence theorems obtained
recently by Aoyama and Kohsaka [10]. We also obtain a necessary and sufficient condition
for the existence of solutions of certain equilibrium problems and of variational inequality
problems in Banach spaces.

2. Ray’s Theorem for Mappings of Type (P) and Equilibrium Problems
The following result was proved by Aoyama et al. [6].

Theorem 2.1. Let E be a smooth, strictly convex and reflexive Banach space, and let C be a bounded,
closed and convex subset of E. If a mapping T : C — C is of type (P), then T has a fixed point.

Let C be a closed and convex subset of a Banach space E. An equilibrium problem for a
bifunction f : C x C — Ris the problem of finding an element x € C such that

f(x,y)>0 VyeC. (2.1)

We denote the set of solutions of the equilibrium problem for f by EP(f). We assume that a
bifunction f : C x C — R satisfies the following conditions (see [11]):

(C1) f(x,x) =0forall x € C;
(C2) f(x,y)+ f(y,x) <O0forallx,y € C;
(C3) f(x,-) is convex and lower semicontinuous for all x € C;

(C4) f is maximal monotone, that is, for each x € C and x* € E¥,

flxy)+{(y-x,x)>0 VyeC (2.2)

whenever (z - x,x*) > f(z,x) forall z € C.
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Remark 2.2. It is noted (see [12]) that if f satisfies conditions (C1)-(C3) and the following
condition:

(C4) limsup, |, f (1 -t)x +tz,y) < f(x,y) forall x,y,z € C,
then f satisfies condition (C4).

Lemma 2.3 (see [12]). Let C be a closed and convex subset of a smooth, strictly convex and reflexive
Banach space E and f : C x C — R satisfy conditions (C1)—(C4). Then for each x € E, there exists
a unique element z € C such that

flzy)+{y-zJ(z-x)) >0 VyeC. (2.3)

Employing the methods in [5, 7], we obtain the following result.

Theorem 2.4. Let E be a smooth, strictly convex and reflexive Banach space and C a closed and
convex subset of E. The following statements are equivalent.

(a) Fix(T) # @ for every mapping T : C — C which is of type (P);

(b) EP(f) # @ for every bifunction f : C x C — R satisfying conditions (C1)—(C4);

(c) EP(f) # @ for every bifunction f : CxC — Rsatisfying conditions (C1)—(C3) and (C4’);
(d) C is bounded.

Proof. (a)=(b) Assume that a bifunction f : C x C — R satisfies conditions (C1)-(C4). We
defineT : E — Cby x — Tx = z € C where z is given by Lemma 2.3. The mapping T is of
type (P). In fact, for x, x' € E, we have Tx, Tx' € C and hence

f(Tx,Tx") +(Tx' = Tx, J(Tx - x)) >0,
24
f(Tx', Tx) +(Tx - Tx', J(Tx' - x")) > 0. 24

By the condition (C2),

(Tx-Tx', J(x = Tx) - J(x' =Tx")) > 0. (2.5)

In particular, the restriction of T to the closed and convex subset C is of type (P). It then
follows from (a) that EP(f) = Fix(T) # @.

(b)=(c) It follows directly from Remark 2.2.

(c)=(d) We suppose that C is not bounded. By the uniform boundedness theorem,
there exists an element x* € E* such that inf{(x,x*) : x € C} = —oco0. We define f : CxC — R

by

flx,y)=(y-x,x*) Vx,yeC. (2.6)
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It is clear that f satisfies conditions (C1)—(C3) and (C4’). Moreover, EP(f) = @ since

pEEP(f) = (y-px")20 VyeC
2.7
& -0 =inf{(y,x*) : y € C} > (p,x*). 27

(d)=(a) This is Theorem 2.1. O

Let C be a subset of a Banach space E. We now discuss a variational inequality problem
for a mapping A : C — E*, that is, the problem of finding an element X € C such that
(y —x,Ax) > 0 for all y € C and the set of solutions of this problem is denoted by VI(C, A).
Recall that a mapping A : C — E* is said to be

(i) monotone if (x -y, Ax — Ay) >0forall x,y € C;

(ii) hemicontinuous if for each x, y € C the mapping t — A((1-t)x+ty), wheret € [0,1],
is continuous with respect to the weakx topology of E*;

(iii) demicontinuous if { Ax,} converges to Ax with respect to the weaks topology of E*
whenever {x,} is a sequence in C such that it converges strongly to x € C.

It is known that if C is a nonempty weakly compact and convex subset of a reflexive Banach
space E and A : C — E* is monotone and hemicontinuous, then VI(C, A) # & (see e.g., [13]).

As a consequence of Theorem 2.4, we obtain a necessary and sufficient condition for
the existence of solutions of a variational inequality problem.

Corollary 2.5. Let E be a reflexive Banach space and C a nonempty, closed and convex subset of E.
Then the following statements are equivalent:

(a) VI(C, A) # @ for every monotone and hemicontinuous mapping A : C — E*;
(b) VI(C, A) # & for every monotone and demicontinuous mapping A : C — E*;
(c) Cis bounded.

Proof. (a)=(b) It is clear since demicontinuity implies hemicontinuity.

(b)=(c) To see this, let us note that there is an equivalent norm on E such that the
underlying space equipped with this new norm is smooth and strictly convex (see [14, 15]).
Moreover, the monotonicity and demicontinuity of any mapping A : C — E* remain
unaltered with respect to this renorming. We now assume in addition that E is smooth and
strictly convex. Suppose that C is not bounded. By Theorem 2.4, there exists a fixed point-free
mapping T : C — C such that it is of type (P). We define A: C — E* by

Ax=J(x-Tx) VxeC. (2.8)

Foreach x,y € C,wehave (x -y, Ax - Ay) = (x -y, J(x - Tx) - J(y —Ty)) > 0, thatis, A
is monotone. Moreover, it is proved in [6, Theorem 7.3] that A is demicontinuous. Therefore,
VI(C, A) = Fix(T) = @.

(c)=(a) Itis a corollary of [13, Theorem 7.1.8.] O

We finally discuss an equilibrium problem defined in the dual space of a Banach space.
This problem was initiated by Takahashi and Zembayashi [16]. Let C be a closed subset of a
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smooth, strictly convex and reflexive Banach space E such that JC is closed and convex. We
assume that a bifunction f*: JC x JC — R satisfies the following conditions:

(D1) f*(Jx,Jx)=0forall x € C;
(D2) f*(Ux,Jy)+ f*(Jy, Jx) <0forallx,y € C;

(D3) f*(Jx,-) is convex and lower semicontinuous for all x € C;

(D4) f*is maximal monotone (with respect to JC), that is, foreachx € Cand u € E,
f Ux,Jy)+{(uJy-Jx)y>0 VYyeC (2.9)

whenever (u, Jz - Jx) > f*(Jz, Jx) forall z € C.

In [16], a bifunction is assumed to satisfy conditions (D1)—(D3) and

(D4) limsup, o f*((1-t)Jx +t]z,Jy) < f*(Jx,Jy) forallx,y,z € C.

We are interested in the problem of finding an element x € C such that
fr(Jx,Jy) 20 VyeC (2.10)

and the set of solutions of this problem is denoted by EP*(f*).

The following lemma was proved by Takahashi and Zembayashi ([16], Lemma 2.10)
where the bifunction satisfies conditions (D1)—(D3) and (D4’). However, it can be proved that
the conclusion remains true under the conditions (D1)-(D4). We also note that the uniform
smoothness assumption on a space in [16, Lemma 2.10] is a misprint.

Lemma 2.6. Let C be a closed subset of a smooth, strictly convex and reflexive Banach space E such
that JC is closed and convex. Suppose that a bifunction f* : JC x JC — R satisfies conditions
(D1)—(D4). Then for each x € E there exists a unique element z € C such that

ffUzJy)+{(z-x,Jy-Jz) >0 VyeC. (2.11)

Moreover, if T : E — C is defined by x — Tx = z where z is given above, then T is of type (R).

Based on the preceding lemma and Theorem 2.4, we obtain the result whose proof is
omitted.

Theorem 2.7. Let E be a smooth, strictly convex and reflexive Banach space, and let C be a closed
subset of E such that JC is closed and convex. The following statements are equivalent:

(i) Fix(T) # @ for every mapping T : C — C which is of type (R);

(ii) EP*(f*) # @ for every bifunction f*: JC x JC — R satisfying conditions (D1)-(D4);

(iii) EP*(f*) # @ for every bifunction f*: JC x JC — R satisfying conditions (D1)—(D3) and
(D4');

(iv) C is bounded.
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We modify the iterative method introduced by Kim and Xu (2006) for a countable family of
Lipschitzian mappings by the hybrid method of Takahashi et al. (2008). Our results include recent
ones concerning asymptotically nonexpansive mappings due to Plubtieng and Ungchittrakool
(2007) and Zegeye and Shahzad (2008, 2010) as special cases.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping T : C — C
is said to be Lipschitzian if there exists a positive constant L such that

ITx~Ty| <Llx-y| VYxyeC. (11)

In this case, T is also said to be L-Lipschitzian. Clearly, if T is L;-Lipschitzian and L; < Lo,
then T is L,-Lipschitzian. Throughout the paper, we assume that every Lipschitzian mapping
is L-Lipschitzian with L > 1. If L = 1, then T is known as a nonexpansive mapping. We
denote by F(T) the set of fixed points of T. If C is nonempty bounded closed convex and
T is a nonexpansive of C into itself, then F(T)# & (see [1]). There are many methods for
approximating fixed points of a nonexpansive mapping. In 1953, Mann [2] introduced the
iteration as follows: a sequence {x,} defined by

Xpa1 = AnXy + (1 — ay)Txy, (1.2)
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where the initial guess element x; € C is arbitrary and {a,} is a real sequence in [0, 1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results is proved by Reich [3]. In an infinite-dimensional Hilbert
space, Mann iteration can conclude only weak convergence [4]. Attempts to modify the Mann
iteration method (1.2) so that strong convergence is guaranteed have recently been made.
Nakajo and Takahashi [5] proposed the following modification of Mann iteration method
(1.2):

x1 = x € C is arbitrary,

Yn = anXp + (1 - an)Txy,
Co={z€C: lyn—2ll < lxu — zIl}, (1.3)
Qn={z€C:{xy,—2z,x—-x,) >0},

Xna1 = Pc,ng,x, n=1,23,...,

where Px denotes the metric projection from H onto a closed convex subset K of H. They
prove that if the sequence {a,, } bounded above from one, then {x,} defined by (1.3) converges
strongly to Pr(r)x. Takahashi et al. [6] modified (1.3) so-called the shrinking projection method
for a countable family of nonexpansive mappings {T,},.; as follows:

x1=x€H,
C1=C,
Yn = anXn + (1 = an) Ty, (1.4)
Cuer ={z € Cu: lyn — zll < llxn — 2ll},

Xn+l = PC,M.X', n=1,2,3,...,

and prove that if the sequence {a,} bounded above from one, then {x,} defined by (1.4)
converges strongly to Pre p(7,,)X.

Recently, the present authors [7] extended (1.3) to obtain a strong convergence
theorem for common fixed points of a countable family of L,-Lipschitzian mappings {T, },-;

by
x1 = x € C is arbitrary,
Yn = XXy + (1 - an)Tnxn/
Co={z€C: llyn—2IP <llxu - 22 + 64}, (1.5)

Qu=1{zeC:(x,—z,x—-x,) >0},

Xn+1 = PCnﬂan/ n= ]-/ 2/ 3/ R4
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where 6, = (1 - a,,)(L? — 1)(diam C)> - 0asn — oo and prove that {x,} defined by (1.5)
converges strongly to Pre p(r,)X.

In this paper, we establish strong convergence theorems for finding common fixed
points of a countable family of Lipschitzian mappings in a real Hilbert space. Moreover, we
also apply our results for asymptotically nonexpansive mappings.

2. Preliminaries

Let H be a real Hilbert space with inner product (:,-) and norm || - ||. Then,
ll2c = ylI? = %l = Iyl* = 2(x - v, y), (2.1)
[Ax + (1 = Dyl = Alx[? + (1 = DIyl - 21 - Vllx -yl (2.2)

forall x,y € H and A € [0, 1]. For any n points x1, x3, ..., x, in H, the following generalized
identity holds:

2 n
= > Nillxll® = D Akl — x50, (2.3)
i=1

i<j

n
2 hixi
i=1

where A; € [0,1] and >, i = 1.
We write x, — x (x, — x, resp.) if {x,} converges strongly (weakly, resp.) to x. It is
also known that H satisfies:

(1) the Opial’s condition [8] that is, for any sequence {x,} with x,, — x,

lim inf||x, — x|| < liminf||x, - y|| (2.4)
n— oo n— oo

holds for every y € H with y #x

(2) the Kadec-Klee property [9, 10]; that is, for any sequence {x,} with x, — x and
llxn|| — llx|| together imply x,, — x.

Let C be a nonempty closed convex subset of H. Then, for any x € H, there exists a unique
nearest point in C, denoted by Pcx, such that

lx~Pexl| <l -yl VyeC. (2.5)

Such a mapping Pc is called the metric projection of H onto C. We know that Pc is
nonexpansive. Furthermore, for x € H and z € C,

z=Pcx iff(x-z,z-y)>0, VyeC. (2.6)

To deal with a family of mappings, the following conditions are introduced: let C be a subset
of a Banach space, let {T,,} and T be families of mappings of C with (;-; F(T,) = F(T) #o,
where F(T) is the set of all common fixed points of all mappings in . {T,} is said to satisfy
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(a) the AKTT-condition [11] if for each bounded subset B of C,

> sup{||Tuiz - Tuzll : z € B} < oo, 2.7)

n=1

(b) the NST-condition (I) with T [12] if for each bounded sequence {z,} in C,

lim ||z, — Tyz,|| = 0 implies lim ||z, - Tz,||=0 VT €T, (2.8)
n—oo n— oo

(c) the NST-condition (II) [12] if for each bounded sequence {z,} in C,

lim ||zps1 — Tpzy|| = 0 implies lim ||z, — Tnza|| =0 VmeN, (2.9)
n—oo n—oo

(d) NST*-condition with T [13] if for each bounded sequence {z,} in C,

lim ||z, = Tyzal| = 0, lim ||z, = zpa || = 0, (2.10)

imply lim,, o ||zn = Tzn|| =0 forall T € T.

In particular, if T = {T}, then we simply say that {T,} satisfies the NST-condition (I) with T
(NST*-condition with T, resp.) rather than NST-condition (I) with {T} (NST*-condition with
{T}, resp.).
Remark 2.1. It follows directly from the definitions above that
(i) if {T;,} satisfies the NST-condition (I) with T, then {T,,} satisfies the NST*-condition
with T
(ii) if {T,} satisfies the NST-condition (II), then {T,} satisfies the NST*-condition with
{Tn}.

Lemma 2.2 (see [11, Lemma 3.2]). Let C be a nonempty closed subset of a Banach space, and let
(T} be a family of mappings of C into itself which satisfies the AKTT-condition, then the mapping
T :C — Cdefined by

Tx=1lmT,x VYxeC (2.11)
n— oo
satisfies
lim sup{||Tz-T,z| : z€ B} =0, (2.12)
n— oo

for each bounded subset B of C.

From now on, we will write ({T,}, T) satisfies AKTT-condition if {T,} satisfies AKTT-
condition and T is defined by (2.11).
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Lemma 2.3 (see [13, Lemma 2.6]). Let C be a nonempty closed subset of a Banach space. Suppose
that ({T,}, T) satisfies AKTT-condition and F(T) = (\,—; F(T,) # @. Then, {T,} satisfies the NST-
condition (1) with T. Consequently, {T,} satisfies the NST*-condition with T.

Remark 2.4. There are families of mappings {T,} and T such that
(1) {T;,} satisfies the NST*-condition with C, and
(2) {T,} fails the NST-condition (I) with T and the NST-condition (II).

The following example shows that the NST*-condition with T is strictly weaker than
NST-condition (I) with T and the NST-condition (II).

Example 2.5 (see [13, Example 2.9]). Let H := R? and C := [0,1] x [0,1]. Define T}, T» : C — C
as follows:

Ti(x,y) =(x,1-y), T(x,y)=(1-xy), (2.13)

for all (x,y) € C. Hence, T1 and T, are nonexpansive mappings with

ey army = (0 (L) a({L o) = {(LD)}re @i

Let T,, = Ty-1( mod 2)+1- Then, {T,} satisfies NST*-condition but it fails NST-condition (I) with
T and the NST-condition (II).

Lemma 2.6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} and {S,}
be two families of t,-Lipschitzian and s,-Lipschitzian mappings of C into itself, respectively. Let {U,, }
be a family of mappings of C into itself defined by

U, =T, (Bul + (1-P,)Ss) VneN, (2.15)

where {B,} is a sequence in [a,b] for some a,b € (0,1) and I is an identity mapping. Assume that
{t,} and {s,} are two sequences such that t, — 1and s, — 1. Then, the following statements hold.

(i) {Uy} is a family of Ly-Lipschitzian mappings of C into itself, where L, = (But5 + (1 -
Bu)2s2) 2 and L, — 1.

(ii) Suppose that Ty and T, are families of mappings of C into itself such that F(Cy) =
NZL F(T), F(T2) = N2 E(Sy) and F(Ty) 0 F(T2) #. If [Ty} and S} satisfy the
NST*-condition with Ty and T,, respectively, then {U,} satisfies the NST*-condition with
TiUCand

ﬁP(un) = F(T1) N F(Ty). (2.16)

n=1
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Proof. (i) We first observe that

Unx = Uny | < 511n (x = y) + (1= Bu) (Sux = Suyy) I
<2 (Ballx = yIP + (1= B)1Sux - Syl

< Putillx = yl* + (1 - Bu)osallx - yII?

(2.17)
= Lyllx -yl

for all x,y € C. That is, U, is L,-Lipschitzian. Since t, — 1 and s, — 1, it follows that
L, — 1.

(ii) Let {z, } be abounded sequence in C such that lim,, —, ;|| zn—Uzx || = limy, - || Zne1—
zy|| = 0. Let p € F(Ty) N F(Ty), and let M = sup{||z, — Unzull, [|zn — pl| : n € N}. Then
Iz = I < (20 = Unzall + [Unzo = pll)?

= 120 = Unzall® + 2120 = Unza | [Unzn = pl| + [Unzn - plI?

< 3Mlizn = Unzall + ITu (Buzn + (1 = Bu) Snzn) — Tupll?

< 3Ml|zn = Unzall + l1Bu (20 = ) + (1 = Pu) (Suzn = p) I

= 3M||z ~ Unzall + Butyl|zn = plI* + (1 = Bu) 211 Snzn — plI® (2.18)
= Bn(1 = Pu)tillzn = Spzal?

< 3M|zy ~ Unzall + Butyllzn = plI* + (1 = ) trsyllzn — plI?
—a(1-b)zn — Snzall?

= 3Mllzn = Unzall + Lyllzn = pII* = a(1 = b) |20 = Suzall®,
for all n € N. In particular,

a(1 = b) |2y - Suzall? < 3M|z0 - Unzall + (L2 = 1) 120 - pIP- (2.19)

So, we get

nhjr(}ollzn = Snzall = 0. (2.20)

Since {S,,} satisfies the NST*-condition with T,, we have

lim ||z, — Sz,|| =0 VSeT,. (2.21)



Abstract and Applied Analysis 7

Since

|zn = Tuzull < llzn = Unza|| + |Unzn — Tnzall

(2.22)
<llzn = Unzall + (1= Bu)tullzn = Suzall,
it follows that
Jim ||z — Tzl = 0. (2.23)
Since {T,,} satisfies the NST*-condition with Ty, we have
nlif;o”Z" —-Tz,||=0 VT e€T. (2.24)

It is easy to see that F(Ti) N F(Ty) C N2 F(Uy,). To see the reverse inclusion, let z €
N1 F(U,) follow the first part of the proof above but now let z, = z. Then, z € F(T;) N
F(T,) = F(T; UT,). Hence, {U,,} satisfies the NST*-condition with T; U C,. O

Lemma 2.7. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {Ty;},-, be
families of Ly;-Lipschitzian mappings of C into itself for i = 1,2,...,r, respectively. Let {T,} be a
family of mappings of C into itself defined by

Tu= > pPuiTui VnEN, (2.25)
i=1

where {Pni},q are sequences in [a,b] for some a,b € (0,1) satisfying 37 Pui = 1 foralln € N.
Assume that {L,;},-, are sequences such that L,; — lasn — oo foralli =1,2,...,r. Then, the
following statements hold.

(i) {T,} is a family of L,-Lipschitzian mappings of C into itself, where L, = (3, ,[5,1,-Lf“.)1/2
and L, — 1.

(ii) Suppose that T; are families of mappings of C into itself such that F(T;) = (ooq F(Tni)
fori=1,2,...,rand N_, F(T;) #@. If {Ty} satisfies the NST*-condition with T; for all
i=1,2,...,r, then {T,} satisfies the NST*-condition with \ J;_, T; and

(\F(T) = (F(T). (2.26)
i=1

n=1
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Proof. (i) From (2.3), we have

2
,
T — Tnsz = Zﬂni(Tnix - Tuiy)
i=1
,
< Zﬂni“Tnix - Tniy”2

(2.27)

Il
—_

)
< Zﬁm-qu-> lx - yIP?
i=1

= Lyllx - yI?,

forall x, y € C. That s, T, is L,-Lipschitzian. Since L,; — 1fori=1,2,...,rand >/ fui =1,
it follows that L,, — 1.

(ii) Let {z,, } be a bounded sequence in C such that lim,, —, oo ||z — Tnzn || = imy - o0 ||Zp1 —
z,|| = 0. Let p € Ni_; F(Ti), and let M = sup{||zn — Tuzall, l|zn — pll : n € N}; it follows from
(2.3) that

2
||Zn - P”Z < (”Zn - Tnzn” + ||Tnzn - P”)

= ||zn - Tnzn”2 + 2|z = Tuzal| ”Tnzn - P” + | Thzn - P”Z

2

iﬁni(Tnizn - P)

i=1

<3Ml|zp = Tyzul| +

C 2.28

= 3Ml|z, - Tuzall + X Buil Tz~ pIP = S Buibj| Tuiza - Tzl 32¥
i=1 i<j
r

<3Ml|zn = Tzl + Zﬁni[‘iinzn - P||2 - QZZ”Tnizn - Tann“2
i=1 i<j

=3M||zn — Tzl + LleZn - P||2 - QZZ”Tnizn - TannHZ'

i<j
So, by (i), we get
M [Tz = Tyjzal =0 Vi j€{1,2,...,7}. (2.29)
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Foreachk=1,2,...,r, we have
||Zn - Tnkzn” < ||Zn - Tnzn” + ||Tnzn - Tnkzn”

,
Zﬁni (Tnizn - Tnkzn)

= |lzn = Thzall +

— (2.30)
;
< ||Zn - Tnzn” + Zﬁni”Tnizn - Tnkzn” — 0.
i1
Since each family {T,x};.; satisfies the NST*-condition with Ty,
r
lim ||z, - Tz, =0 VT € Ua. (2.31)

i=1

It is easy to see that (\_; F(T;) C Ny~ F(Ty). To see the reverse inclusion, let z € ;2 F(T,).
Follow the first part of the proof above but now let z, = z. Then, z € Ni_; F(T;) = F(U_,T)).
Hence, {T,} satisfies the NST*-condition with (J;_; T;. O

Lemma 2.8. Let C be a nonempty closed convex subset of a real Hilbert space H, and let {T,} be
a family of Ly-Lipschitzian mappings of C into itself with L, — 1 and ;o F(T,) #@. If {T,
satisfies the NST*-condition with T, where T is a family of mappings of C into itself such that F(T) =
M1 F(Ty,), then F(T) is closed and convex.

Proof. 1t follows from the continuity of T, that F(T},) is closed and so is F(T) = (;oq F(Th).
Now, we prove that F(T) is convex. To this end, let x, y € F(T). Put z = tx + (1 — t)y, where
t € (0,1). From (2.2), we have

Iz = Tuzll? = tlx = Tuzl® + (1 = )lly - Tuzll* - t(1 - D)llx - y|?
<tLyllx =zl + (1= HLally - 2I* - t(1 - Bllx — yl? (2.32)

=t(1-1)(Lh 1) lx -yl
So, we get
lim ||z = Tyyz|| = 0. (2.33)

Since {T,} satisfies the NST*-condition with T, we have ||z — Tz|| = 0 for all T € T. Then,
z € F(T) and so F(T) is convex. O

Remark 2.9. The conclusions of Lemmas 2.6, 2.7, and 2.8 remain true if we replace a Hilbert
space with a uniformly convex Banach space. Recall a Banach space X is uniformly convex if for
any € > 0, there exists 6 > 0 such that ||x|| = [|y|| =1 and ||x —y|| > e imply ||[(x+y) /2| < 1-6.
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3. Main Results

In this section, using the method introduced by Takahashi et al. [6], we obtain a strong
convergence theorem for a countable family of Lipschitzian mappings.

Recall that a mapping T : C — C is closed (demiclosed, resp.) at y if whenever {x,} is a
sequence in C satisfying x, — x (x, — x, resp.) and Tx, — y,thenx € Cand Tx = y.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let {T,}
be a family of L,-Lipschitzian mappings of C into itself with a common fixed point. Assume that {a,, }
is a sequence in [0, b] for some b € (0,1). For x1 = x € H and Cy = C, one defines a sequence {x, }
of C as follows:

Yn = XXy + (1 - an)Tnxn/
Cnt = {2 € Cat Iy =2l < llxa — 22+ 6, }, (3.1)

Xn+l = PC,M.X', n=1,2,3,...,

where

0, = (1- an)<Li - 1>(diamC)2 50 asn— oo. (3.2)

Suppose that T is a family of mappings of C into itself such that F(T) = (\;2y F(Ty) and I — T is
closed at 0 for all T € T. If {T,,} satisfies the NST*-condition with C, then {x,} converges strongly to
Pp(t)x.

Proof. By Lemma 2.8, we have F(T) is closed and convex. We now prove that C, is closed and
convex for each n € N by induction. It is obvious that C; = C is closed and convex. Assume
that Cy is closed and convex for some k € N. For z € Ci, we know that

lyk = zII* < llxk — zI|* + 6k (3.3)
is equivalent to
20k = yie, 2) < llxll? = llyell® + Bk (3.4)
It follows that Cy,1 is closed and convex. Next, we show that

F(T)cC, VneN (3.5)
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It is clear that F(C) € C; = C. Suppose that F(T) C Ci for some k € N. Then, for p € F(T),

Iy = pII* = llaxx + (1 - an) Tixx - plI*
< allxx = plI* + (1 - ax) | Toexx - plf®
< gl = plP + (1= ) L e - plP? (3.6)
= i = pl? + (1 = ) (L2 = 1) i - pI?

< |lxx = plI* + 6k,

we have p € Cy,q. Therefore, we obtain (3.5). Now, the sequence {x,} is well defined. As
xn = P C,, X,

|lxp —x|| < ||z=x| VzeC,VneN (3.7)
In particular, since F(T) C C,,
lxu—xll <llp- x|l ¥p € F(T), ¥neN. (3.8)
On the other hand, from x,, = Pc,x and x,.+1 € Cp1 C C,, we have
0 = x| < llxp1 — x| VneN (3.9)
Therefore, {||x, — x||} is nondecreasing and bounded. So,

lim ||x;, — x|| exists. (3.10)
n— oo

Noticing again that x, = Pc,x and for any positive integer k, X,+x € Cyak-1 C Cp,, we have

(% — Xpsk, X — x5 ) > 0. (3.11)
It follows from (2.1) that

e xn”2 = || (e — x) = (20 — x)”Z
= ||xpek — x||2 —|lxn = x||2 = 2(Xp+k — Xp, X — X) (3.12)

< lotnek = x> = llxn = x|

It then follows from the existence of lim,_ ||x, — x||* that {x,} is a Cauchy sequence.
Moreover,

Tim [locs1 = xa]| = 0. (3.13)
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We now assume that x, — w for some w € C. Now, since x,,1 € C,y1 and C,y1 C Cy,
lyn — X1 l|* < |0 — Xps1||* + 6, which implies that

lyn = Xnall < [|xn = Xpsa || + VO, — 0. (3.14)
Froma, <b <1, we get
1
llxn = Tuxnull = 1 ||}/n = x|
-y
(3.15)
1
< m(”yn — Xns1|l + [[2n — xn+1“) — 0.
Since {T,,} satisfies the NST*-condition with T, we have
lim ||x, - Tx,|| =0 VT eT. (3.16)
n— oo

Since I — T is closed at 0 for all T € T, we have (I — T)w = 0. This implies that w € F(T).
Furthermore, by (3.8),

e - xll = lim ||, ~ x| < p - || Vp € F(D). (3.17)

Hence, w = Pr(cyx. This completes the proof. O

Lemma 3.2 (see [9, Theorem 10.4]). Let C be a nonempty closed convex subset of a real Hilbert
space, and let T : C — C be a nonexpansive mapping. Then, I — T is demiclosed at 0.

It is not difficult to see from the proof of Theorem 3.1 that the boundedness of C can
be discarded if {T,} is a family of nonexpansive mappings. So, we immediately obtain the
following theorem.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T,} and
T be two families of nonexpansive mappings of C into itself such that ;-4 F(T,) = F(T) # & and
suppose that {T,} satisfies the NST*-condition with T. Assume that {a,} is a sequence in [0, b] for
some b € (0,1). Then, the sequence {x,} in C defined by (1.4) converges strongly to Pr(t)x.

Remark 3.4. Theorem 3.3 includes [6, Theorem 3.3] as a special case since the NST-condition
(I) with T implies the NST*-condition with T.

Theorem 3.5. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let {T,}
be a family of L,-Lipschitzian mappings of C into itself with a common fixed point. Suppose that T
is a family of mappings from C into itself such that F(T) = oy F(T,) and I — T is demiclosed at
0 for all T € T. Assume that {a,} is a sequence in [0,b] for some b € (0,1). If {T,,} satisfies the
NST*-condition with C, then the sequence {x,} in C defined by (1.5) converges strongly to Prz)x.

Proof. The proof is analogous to the proof of [7, Theorem 10] and Theorem 3.1, so it is omitted.
O
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4. Deduced Results

Let C be a subset of a real Hilbert space H. A mapping T : C — C is said to be an
asymptotically nonexpansive if there exists a sequence {k;,} of real numbers such that k, €
[1,00), kn — 1, and

IT"x =Tyl < knllx -yl Vx,y €C, neN. (4.1)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [14]
as an important generalization of the class of nonexpansive mappings. They proved that if C
is nonempty bounded closed convex and T is an asymptotically nonexpansive self-mapping
of C, then T has a fixed point.

In this section, we use the NST*-condition to obtain recent results proved by Kim and
Xu [15], Plubtieng and Ungchittrakool [16], and Zegeye and Shahzad [17, 18]. We start with
the following auxiliary result.

Lemma 4.1. Let C be a nonempty closed convex subset of a Hilbert space H, and let T be an
asymptotically nonexpansive mappings of C into itself with a sequence {k,} in [1,00) satisfying
k., — 1 and F(T)#@. Then, {T"} is a family of k,-Lipschitzian mappings of C into itself and
satisfies the NST*-condition with T.

Proof. We note that {T"} is a family of k,-Lipschitzian mappings of C into itself. Let {z,} be a
bounded sequence in C such that

lim ||z, = T"z,|| =0, lim ||zp+1 — z4|| = 0. (4.2)
n— oo n— oo

Since

|zne1 = Tz ll < N1 zne1 — Tn+1zn+1” + ||Tn+1zn+1 —Tzp|

<Nzner = T zpa || + k| T 201 — Zna |

(4.3)
<lzpe = Tn+1zn+1” + ki (IT" zne1 = T"zall + IT" 20 = Zall + |Zns1 — Zall)
<zt — Tn+1zn+1” + ki(kn + D|zns1 — zull + K| T" 20 — 24|,
it follows that
lim ||z, — Tz,|| = 0. (4.4)
n— oo

It is easy to see that F(T) C ;-4 F(T"). To see the reverse inclusion, let z € N;2; F(T")
following from the first part of the proof above, but now let z, = z. Then, z € (;2; F(T"), and
hence N;2; F(T™) ¢ F(T). This implies that {T"} satisfies the NST*-condition with T. O

Lemma 4.2 (see [19]). Let C be a nonempty bounded closed convex subset of a Hilbert space H, and
let T be an asymptotically nonexpansive mappings of C into itself. Then, I — T is demiclosed at 0.
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Using Theorem 3.1 and Lemmas 2.6 and 4.1, we have the following result.

Theorem 4.3. Let C be a nonempty bounded closed convex subset of a real Hilbert space H, and let
S, T be two asymptotically nonexpansive mappings of C into itself with sequences {s,} and {t,},
respectively, and F(S) N F(T) # &. Assume that {a,} is a sequence in [0,b] and {B,} is a sequence in
[a,b] for some a,b € (0,1). For x1 = x € H and Cy = C, one defines a sequence {x,} of C as follows:

Zn = Puxn + (1= Pn)S"xp,

Yn = XXy + (1-an)T"zy,
(4.5)
Crt = {z € Cotllyn = 2l < llxy - 2l + 6.},

Xps1 =Pc,,x, n=123,...,

where

0, = (1- cxn)<<tfl - 1) + (1= o) <sfl - 1>>(diam C2—0 asn—oo.  (4.6)

Then, {x,} converges strongly to Prs)nr(r)X.
Using Theorem 3.5 and Lemmas 2.6 and 4.1, we have the following result.

Theorem 4.4 (see [16, Theorem 3.1]). Let C be a nonempty bounded closed convex subset of a real
Hilbert space H, and let S, T be two asymptotically nonexpansive mappings of C into itself with
sequences {s, } and {t,}, respectively, and F (S) N F(T) # &. Assume that {a,} is a sequence in [0, b]
and {B,} is a sequence in [a, b] for some a,b € (0,1). For x; = x € C, one defines a sequence {x,} of
C as follows:

Zn = ,gnxn + (1 - ﬁn)snxn/

Yn=anXn+ (1 —a,)T"z,,
Co={z€C: llyn—2IP <llxu - 22 + 64}, (4.7)

Qn={z€eC:{xy,—2z,x—x,) >0},

Xn+1 = PCnﬂan/ n= 1/2/3/"'/
where

0, =(1- an)<(t§ - 1) +(1 —pn)ti<s$, ~1))(diamC)> —0 asn—oo.  (48)

Then, {x,} converges strongly to Prs)nr(r)X.
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Using Theorem 3.1 and Lemmas 2.7 and 4.1, we have the following result.

Theorem 4.5. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let {T;}_,
be a finite family of asymptotically nonexpansive mappings of C into itself with sequences {ky;} for
i=1,2,...,r, respectively, and suppose that (.., F(T;) # &. Assume that {a;},.q are sequences in
[0,1) such that ayg < b < 1, ap; > a > 0 for some a,b € (0,1) and >,y an; = 1 for all n € N. For
x1=x € H and Cy = C, one defines a sequence {x,} of C as follows:

Yn = Ao Xy + 1 T Xy + 02T x0 + - + a0, T} X,

Cpit = {zeCn Ny -zl < ||xn—z||2+9n}, (4.9)

Xps1 =Pc,,x, n=1273,...,

where

0, = (cxnl <ki1 - 1> + (ki2 - 1) + ot Ay (kﬁr - 1>>(diam C)2 —0 asn— oo.
(4.10)

Then, {x,} converges strongly to Py p(r)x.

Using Theorem 3.5 and Lemmas 2.7 and 4.1, we have the following two results which
were proved by Zegeye and Shahzad [17, 18].

Theorem 4.6. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
{T;}i_; be a finite family of asymptotically nonexpansive mappings of C with sequences {ky;} for
i=1,2,...,r, respectively, and suppose that (\_, F(T;) # @. Assume that {a,;},., are sequences in
[0,1) such that ayy < b < 1, ay; > a > 0 for some a,b € (0,1) and >,7_, an; = 1 for all n € N. For
x1 = x € C, one defines a sequence {x,} of C as follows:

Yn = XnoXn + A1 T1' X0 + @ T X0 + - + A T) X,
C, = {z €C: llyn -zl < llxn - 2|2 +9n},

(4.11)
Qn = {Ze C: (le_Z/x_xn> 20}/

Xn+l = PCannx, n=1,23...,

where

On = (a0 (K2 = 1) + @ (k2 = 1) + -+ ay (K2, 1) ) (diam C)* — 0 as n — oo,
(4.12)

Then, {x,} converges strongly to Pr;_ p(r;)x.
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Theorem 4.7. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
T ={T:(t) : t € R*, i =1,2,...,r} be a finite family of asymptotically nonexpansive semigroups
such that F = "_; F(%;) # @. Assume that {ay;} ey are sequences in [0,1) such that

anp<b<l, an >a>0, (4.13)

for some a,b € (0,1) and 3] yan =1 foralln € N. Let {tn;, i =1,2,...,r} be finite positive and
divergent real sequences. For x1 = x € C, one defines a sequence {x,} of C as follows:

1 |1 1 t2
X0 Xy + App — f T1(u)x,du + a,p— f Ty (u)x,du
tu Jo ti2 Jo

Yn =
1 Enr
T J‘ T, (u)xndu,
o (4.14)
Co={z€C:llyn—2IP < lxw — I + 6, },

Qn={zeC:{(xp—z,x—x,) >0},

Xna1 = Pc,ng,x, n=1,23,...,

where

O = (an (12, - 1) + (L2, - 1) + -+ + @y (12, -1) ) (diam C)> — 0 as n — oo, (4.15)
with L, = (1/ts;) j(;”" LiT"du. Then {x,} converges strongly to Prx.
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1. Introduction

Let E be a real Banach space with the dual space E*. The value of a functional x* € E* at x € E is denoted by (x, x*). For a
subset C of E, the variational inequality problem [1,2] of an operator A : C — E* is the problem of finding an element u € C
such that

(v—u,Au) >0 forallv eC.

The set of solutions of the problem above is denoted by VI(C, A), that is, VI(C,A) = {u € C : (v — u,Au) > Oforall v € C}.
This problem is interesting and have been extensively studied by many authors because it includes various problems in
many branches in mathematics and sciences, for example, convex optimization problems, complementarity problems, etc.
Relations between convex functions and variational inequalities were considered by Rockafellar [3] and Moreau [4]. The fact
that complementarity problems can be deduced from variational inequalities was given by Karamardian [5].

If E is a Hilbert space, one of several methods for finding an element in VI(C, A) is the projection algorithm, which is
defined as follows:

X1 = x € C arbitrarily chosen and (1)
Xn+1 = PC(Xn - )\nAXn) (n > 1)a

where P¢ is the metric projection of a Hilbert space E onto C and {A,} is a certain sequence of real numbers. The convergence
result of the sequence {x,} generated by the algorithm (1) was studied by many authors (e.g., see [6-8]).

If E is a Banach space, Alber [9] discussed the projection algorithm above with the metric projection P¢ replaced by the
generalized projection I1c. He also proved a convergence theorem for uniformly monotone operators with a certain growth
condition. Inspired by Alber’s work, liduka and Takahashi [ 10] proved the following result for an inverse strongly monotone
operator. The related definitions and notion will be given in the next section.
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Theorem 1.1. Let E be a 2-uniformly convex and uniformly smooth Banach space with the 2-uniform convexity constant ¢ and
let C be a closed convex subset of E. Assume that an operator A : C — E* satisfies the following conditions:

(M1) Ais a-inverse strongly monotone where a > 0;
(M2) VI(C, A) # o;
(M3) ||Ayll < ||Ay — Au|| forally € C and u € VI(C, A).

Suppose that {x,} is iteratively constructed by the following

(2)

x1 = x € C arbitrarily chosen and
Xnt1 = HC]_](]Xn — MAxpy) (n>1),

where {)\,} is a sequence in [a, b] for some real numbers a, b such that 0 < a < b < c?«/2. If the duality mapping | : E
— E* is weakly sequentially continuous, then the sequence {x,} converges weakly to some element z € VI(C, A). Further
z = limp_ o0 Ivi(c,a)(Xn).

The purpose of this paper is to give a remark on the condition (M3) imposed on the operator A in Theorem 1.1. This
condition implies that the solution set VI(C, A) is identical to the set of zeros of the operator A, that is, VI(C,A) = {u € C :
Au = 0}. Moreover, we slightly modify their original proof and obtain the result without assuming the uniform smoothness
condition. Finally, using Halpern'’s type method, we modify this algorithm to obtain the strong convergence to a zero of the
operator A which is nearest to the initial element of the modified algorithm in the sense of the Bergman distance associated
with the function 5 | - ||.

2. Preliminaries

Let E be a real Banach space with the dual space E*. When {x,} is a sequence in E, we denote the strong convergence and
weak convergence of {x,,} tox € E by x, — xand x,, — x, respectively. The set of all weakly cluster points of {x,,} is dsnoted
by w,,{X,}, that is, @, {x,} = {x € E : there exists {x;,} C {x,} such that x,, — x}. The duality mapping ] : E — 2F" is the
point-to-set mapping defined by

Jx={x* € E*: (x,x*) = ||x|* = |x*||*} (forallx € E).
Let us recall some geometric properties which are used in this paper. A Banach space E is said to be
o strictly convex if for any ||x|| = ||y|| = 1 with %||x +y|| = 1, we have x = y;
e smooth if lim;_, ¢ %(||x + ty|| — |Ix||) exists for all x, y € E with ||x]| = |ly|]| = 1.

The uniform character of two properties above are related to the following moduli:

. 1
8e(e) = mf{1 — Xyl ixl =Nyl = 1. lIx =yl = 8} (e €10,2])

1
Qe(7) = sup {2(||>hL tyll +lIx —zyll) = 1: x| = llyll = 1} (r=0).

We say that E is

e uniformly convex if §g(¢) > Oforall ¢ € (0, 2);

o uniformly smooth if lim,_,¢ Q%(’) =0.

It is known that E is uniformly convex (uniformly smooth, resp.) if and only if E* is uniformly smooth (uniformly convex,
resp.). To deal with some estimates, we also need the stronger property than uniform convexity. A space E is 2-uniformly
convex if there exists a constant k > 0 such that 8z(¢) > ke? for all ¢ € (0, 2). It is known that E is 2-uniformly convex if
and only if there exists a constant ¢ > 0 such that

2
. c
X+ ylI> = IxI> + 2. jx) + Sllyll2

forall x,y € E and j, € Jx (see [11-13]). The largest constant ¢ such that the inequality above holds is called the 2-uniform
convexity constant of E. In particular, if E is 2-uniformly convex with the 2-uniform convexity constant c, then

2 .
lx =yl = §||]x —Jyll (3)

forallx,y € E and jx € Jx, j, € Jy.
Let us recall some known fact concerning the geometric properties and the properties of the duality mapping (for more
information, we refer to Cioranescu’s book [14] and its review by Reich [15]):
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e If E is smooth, then Jx is a singleton for all x € E. In this case, we treat each singleton Jx as the element in Jx and we
consider J as a single-valued mappingJ : E — E*.

e If E is smooth, strictly convex and reflexive, then the duality mappingJ : E — E™* is one-to-one and onto. Moreover, ] is
strictly monotone, that is, (x —y, Jx — Jy) > Oforall x,y € E withx # y.

e If E is smooth, strictly convex and reflexive, then J~' is single-value, bijective and it is the duality mapping from E*
into E.

e If E is uniformly smooth, thenJ : E — E* is norm-to-norm uniformly continuous on bounded sets.

e We say that the duality mapping]J : E — E* is weakly sequentially continuous if x, — x implies Jx, A Jx.Here s denotes
the weak™* convergence the dual space E*.

Let E be a smooth Banach space. Let ¢ : E x E — [0, co) be defined by
oY) = IIXI* = 2(x.Jy) + lyl* .y €E).

This function ¢ is very similar to the distance function but it is not, for example, it is not symmetry and fails the triangle
inequality in general. In Hilbert space setting, ¢(x, y) = ||x — y||?> because Jy = y. It should be noted that %(p is the Bregman

distance associated with the function %|| - |I? (for more detail, we refer to [16]). Alber [9] introduced the following type of
projection: let C be a closed and convex subset of a reflexive, smooth and strictly convex Banach space E, for each x € E,
there corresponds a unique element x, € C, denoted by I7¢x, such that

¢(xg,x) = min{p(y, x) : y € C}.

The mapping I1c is called the generalized projection from E onto C. IfE is a Hilbert space, then IT¢ is just the metric projection
from E onto C. Moreover, it is known that the following two inequalities hold forall x € E and for ally € C:

o (y—IIcx, JlIcx — Jx) > 0;
o 0y, IIcx) < @y, Mcx) + eIcx, x) < (¥, X).

The following results are essentially needed for our main result.

Lemma 2.1 ([9,17]). Let E be a smooth and uniformly convex Banach space. Suppose that {x,} and {y,} are sequences in E such
that one of them is bounded. If limy,_, o (X5, ¥n) = 0, then lim,_, » ||X; — ynll = 0.

Lemma 2.2 ([10]). Let C be a closed convex subset of a smooth and uniformly convex Banach space E. Let {x,} be a sequence in
E such that

o, Xnt1) < @, x,) forally e Candn > 1.
Then the sequence {I1-x,} converges strongly to some element z € C.
We make use of the following functional V : E x E* — [0, oo) studied in [9]:
V(x, X)) = [IxII* = 20, x°) + [Ix*1?
for all x € E and x* € E*. In other words, V(x, x*) = ¢(x,]~!(x*)) for all x € E and x € E*. The following two inequalities

are consequences of the subdifferential inequality and the convexity of the function | - ||?, respectively.

Lemma 2.3 ([9]). Let E be a reflexive, smooth and strictly convex Banach space. Then the following statements hold

o V(x, X*) S V(x, x* +y") +2{x —J71(x"), y*);
o Vix,ax* + (1 — a)y*) <aV(x, x*)+ (1 —a)V(x,y*);

forallx e E,x*,y* € E*and o € (0, 1).

The following two lemmas are our main tool for proving the strong convergence of the modification of the projection
algorithm.

Lemma 2.4 ([18]). Let {y,} be a sequence of real numbers such that there exists a subsequence {yn} of {yn} such that Ynj < Vaj+1
forallj > 1. Then there exists a nondecreasing sequence {my} of positive integers such that the following two inequalities:

Vmy = VYmi+1 and Ve = Vmy+1
hold for all (sufficiently large) numbers k. In fact, my is the largest number n in the set {1, 2, ..., k} such that the condition
Vn < Vn+1 holds.

Lemma 2.5 ([19-21]). Let {s,} be a sequence of nonnegative real numbers, {«,} be a sequence in (0, 1) such that Zﬁil oy = 00,
and {t,} be a sequence of real numbers with lim sup,,_, ., t, < 0. Suppose that

Spr1 < (1 —ap)sp + anty, foralln > 1.

Then limy,_, o, S, = O.
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In virtue of Lemma 2.4, the condition lim sup,_, ., t; < 0 in Lemma 2.5 can be slightly weakened as follows. In fact, the
proof of the following lemma is extracted from the recent work of the first author [22].

Lemma 2.6. Let {s,} be a sequence of nonnegative real numbers, {«,} be a sequence in (0, 1) such that Z;’il op = 00, and {t,}
be a sequence of real numbers. Suppose that

Spr1 < (1 — ap)sy + opty foralln > 1.
If limsupy_, o, tn, < 0 for every subsequence {s,,} of {sn} satisfying liminf,_, oo (Sp,4+1 — Sp,) = 0, then lim;_, o s, = 0.

Proof. The proof is split into two cases.

Case 1: There exists an ny € N such that s, < s, for all n > ny. It follows then that liminf,,_, oo (Sp.-1 — Sp) = 0. Hence
lim sup,,_, o t» < 0. The conclusion follows from Lemma 2.5.

Case 2: There exists a subsequence {sp,} of {s,} such that sp,; < sp;11 for allj € N. In this case, we can apply Lemma 2.4 to
find a nondecreasing sequence {n,} of {n} such that n, — oo and the following two inequalities:

S < Smer1 and - Sg < Spiq

hold for all (sufficiently large) numbers k. It follows from the first inequality that lim infi_, oo (Sy,+1 — Sp,) = 0. This implies
that lim supy_, o, t,, < 0. Moreover, by the first inequality again, we have

Sm+1 = 1- ank)snk + oy, < 1- Qlnk)snk+1 + an b -
In particular, since each a,, > 0, we have s, 1 < t,,. Finally, it follows from the second inequality that

limsup s, < limsup sy, < limsupt, <0.

k— o0 k— 00 k— 00

Hence limy_, o, Sx = 0. This completes the proof. O

3. Results

3.1. Aremark on the condition (M3) imposed on the operator

Proposition 3.1. Suppose that C is a subset of a Banach space E and A : C — E* is an operator satisfying condition (M3). Then
the solution set VI(C, A) is identical to the set of zeros of A, that is, VI(C,A) = {u € C : Au = 0}.

Proof. For convenience, we write A~10 = {u € C : Au = 0}. Itis clear that A='0 C VI(C, A). To see the reverse inclusion, if
VI(C, A) = @, then VI(C, A) C A0 holds trivially. Next, we assume that VI(C, A) # @ and let p € VI(C, A). It follows from
condition (M3) that ||Ap|| < ||Ap — Ap|| = 0, that is, Ap = 0 and hence p € A~'0. This also implies VI(C, A) C A~'0. Hence
VI(C,A) =A710. O

Remark 3.2. As a consequence of Proposition 3.1, Theorem 3.1 of [ 10] (see Theorem 1.1) provides an algorithm for finding
an element in A~'0. This refines their result.
From now on, we will consider the problem of finding a zero of an operator instead of finding a solution of a variational

inequality problem.

3.2, Arecapitulation of liduka and Takahashi’s result

Recall that an operator A : C — E* is a-inverse strongly monotone, where o > 0, if
(x =y, Ax — Ay) > a||Ax — Ay|®
forallx,y € C.
The following easy observation also plays an important role in our main result.

Proposition 3.3. Let C be a closed convex subset of a Banach space E. Assume that A : C — E* is a-inverse strongly monotone
where o > 0. Suppose that {x,} is a sequence of C such that Ax, — 0. Then w, {x,} C A~10.

Proof. Lety € w,{x,}. Then there is a subsequence {x,, } of {x,} such that x; — y.Itis clear thaty € C.Since A is a-inverse
strongly monotone, we have

a”Ay - Axnk ”2 = <y - xnkv A.V - Axnk> — 0.
In particular, Ax,, — Ay. Because Ax, — 0, so Ay = 0. Hence w,, {x,} CA™'0. O

We recapitulate the result given by liduka and Takahashi without assuming the uniform smoothness condition.
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Theorem 3.4. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant c and let C be a
closed convex subset of E. Assume that an operator A : C — E* satisfies the following conditions:

(M1) Ais a-inverse strongly monotone where o > 0;
(M2") A710 # @.

Suppose that {x,} is iteratively constructed by the following

X1 = x € C arbitrarily chosen and (4)
Xnt1 = HCJ_l(]Xn — MAxpy) (n>1),

where {A,} is a sequence in [a, b] for some real numbers a, b such that 0 < a < b < c?a/2. If the duality mapping
J : E — E*is weakly sequentially continuous, then the sequence {x,} converges weakly to some element z € A~'0. Further
Z = limy, o0 I4-10(Xpn).

To prove Theorem 3.4, we first prove the following result which is interesting in its own right.
Proposition 3.5. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant ¢ and let C be

a closed convex subset of E. Suppose that A : C — E* is an a-inverse strongly monotone operator where & > 0 and A~'0 # @.
Then the following inequality

2\
@, ]~ (Jx = 2A%) < p(u, X) + 22 (Tz - oe) 1Ax]|?
holds for allx € C,u € A710, and A € R. In particular, if A € (0, c>a/2), then

o o(u,J '(Jx — MAx)) < o(u,x) allx € Candu € A~'0;
o A~10 s closed convex and hence IT,1, is well defined (see [23, Lemma 2.5], and [24, Proposition 2.4]).

Proof. Letu € A~10,x € C and A € R. Note that (x — u, Ax) = (x — u, Ax — Au) > a||Ax — Au||?> = «||Ax||. It then follows
from the inequality (3) that

(u—J7'(x — 2AX), AX) = (u — X, Ax) + (x — ] ' (Jx — AAx), Ax)
—al|Ax])? + [lx — ]~ (x — 2A%) | [|Ax|

IA

IA

2
—o|AX||? + =2 X = Gx = 240 [|Ax]

2 5
= o) A

By Lemma 2.3 and the inequality above, we have

o, J71(x — LAX)) = V(u, Jx — LAX)
< V(u, Jx — Mx + 2Ax) + 2(u — J 71 (Jx — AAX), AAx)
V(u, Jx) + 2x(u — J~1(Jx — AAx), Ax)

2\ 5
(U, x) + 21 =Y A<

IA

This completes the proof. O
We are now ready to prove Theorem 3.4.

Proof of Theorem 3.4. We first show that Ax, — 0.Letu € A~'0and n > 1. By Proposition 3.5 and the property of I7¢, we
have

(U, Xnt1) = @, ] (X0 — AnAxn))
< oW, ] 7 (Jxn — AnAXy))

2hn 5
(p(ua Xn) + 2)Ln C2 - ”AXn” .

IA

In particular, by the assumption on {A,}, we get that ¢(u, x,+1) < @(u, ;). Then lim,_, o, ¢ (u, X,) exists, and so ¢(u, x,) —
@, X,41) — 0. It follows from A, € [a, b] C (0, c?«/2) that

2b 5 22 X
0<2a|a-— 2 A% [|” < 220 | @ — = A% [I” < @ (u, Xn) — @ (U, Xp11) — 0.
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Therefore, Ax, — 0. Notice that, by Proposition 3.3, we have w,, {x,} C A~10. Put u, = IT,-14(x,). Applying Lemma 2.2, it
follows from ¢ (u, x,11) < @(u, X,) that there exists z € A~'0 such that u, — z. Finally, we prove that x, — z.Let {xn,} bea
subsequence of {x,} such thatx,, — Z € w,{x,} C A~10. It follows from the property of IT,-1, that the following inequality

(2 - unks]unk _.]Xnk) = 0
holds for all k € N. Since u, — z, x,, — Z and J is weakly sequentially continuous, we have
(Z—2z,Jz—-]Jz) = 0.

By the strict monotonicity of J, we get z = Z. Since every subsequence of {x,} has a further subsequence which converges
weakly to z, we can conclude that x, — z = limp_, oo [14-1¢(x) and the proof is finished. O

Remark 3.6. The proof of Theorem 3.4 is different from the original one given by liduka and Takahashi (see the proof of
Theorem 3.1 of [10]). In fact, we do not use the intrinsic property of a maximal monotone operator (the maximality of the
operator A joining with its corresponding normal cone, see e.g., [25]) and so we do not have to use the uniform continuity
(on bounded sets) of the duality mapping as was the case in liduka and Takahashi’s proof. Let us note that the latter type of
continuity follows from the uniform smoothness property of a space.

Remark 3.7. There exists a 2-uniformly convex and smooth space which is not uniformly smooth. The following example
is suggested by Professor Simeon Reich and Professor Yoav Benyamini. For each n € N, suppose that E, := (R%, || - [l
is a two-dimensional space with its modulus of convexity of power type 2 and its modulus of smoothness of power type
qn where g, | 1. (Attaching to each side of the square [—1, 1]* a part of a disk of radius R > 1, we obtain a convex
set K which is 2-uniformly convex, but not smooth. We then smooth it by replacing each corner with a part of a small
disk of radius r < 1, which is tangent to the boundary of K. The resulting set is still 2-uniformly convex (with estimates
that do not depend on r) and uniformly smooth, but its modulus of smoothness deteriorates as r | 0.) Next, we consider
E := ?(Ey) = {{xa} : Xy € Epforalln € N, Y02 ||x,]12 < oo} and [[{xa}]| == (3 pe, ||x,,||ﬁ)l/2 for all {x,} € E. Since the
family {E,} is not “uniformly” uniformly smooth, the space E is smooth but not uniformly smooth (for example see [26]).
We may assume that c is the 2-uniform convexity of all E,’s. To see that E is 2-uniformly convex, we show that the following
inequality holds for all X,y € E and j € Jx:

2
. C
Ix+yl* = x> + 2(y.j) + Ellyllz- (5)

For convenience, we write X = {x,} andy = {y,} where x,, y, € E, for all n € N. Furthermore, we can write j = {x};} where
Xy € Ey and x;; € Jx, for all n € N. It follows from the 2-uniform convexity of each E; that

2
C
% + yallz = 1%all7 + 2{vn, x5) + EH.Vn”rzl-

Consequently, the inequality (5) holds immediately.

3.3. Strong convergence theorem

In this subsection, we use the idea of Halpern's type iteration [27-29] and modify the projection algorithm in the
preceding subsection to obtain strong convergence. The key point of the proof is based on our Proposition 3.5 and the useful
Lemma 2.6 inspired by Maingé’s result [ 18] and the first author’s result [22].

Theorem 3.8. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant c¢ and let C be a
closed convex subset of E. Assume that an operator A : C — E* satisfies the following conditions:

(M1) Ais a-inverse strongly monotone where o > 0;
(M2') A710 # @.

Suppose that {x,} is iteratively constructed by the following

(6)

x1 = x € C arbitrarily chosen and
Xnp1 = ]~ (afx + (1 — o) (X — AnAXy)) (0 = 1),

where {1,} is a sequence in [a, b] for some real numbers a, bwith0 < a < b < c?«a/2 and {«,} is a sequence in (0, 1) satisfying
limy,_, o0 @y, = 0 and Z;’il oy = oo. Then the sequence {x,} converges strongly to z = IT,—1y(x).

Note that A~10 is closed convex and hence I1,-1, is well defined. Put z := I1,-14x. To prove Theorem 3.8, we need the
following lemmas.
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Lemma 3.9. The following inequality holds:
9z, %n11) < @2, %) + (1= a)@(2, ]~ (X — AnAXn))

foralln € N. In particular,
©(zZ, Xn41) < ape(z, %) + (1 — ap)e(z, X;)
and hence the sequence {x,} is bounded.
Proof. It follows from the properties of I7- and V that
0z, X041) = @(z, chil(anlx + (1 — ) JXn — AnAxp)))
= w(z’]il(anlx + (1 — an) Jxn — AnAxy)))
=V(z, apfx + (1 — ap) (X, — AnAXp))
= O(nV(Z,jX) + (1 —a)V(z, Jxn — AnAXy)
= a0z, 0) + (1 = )9, ] 7 (X0 = dnAxn)).
This together with Proposition 3.5 implies that
@2, %n11) < oqp(z, %) + (1 — an)@(z, xn) < max{p(z, X), p(z, Xn)}.

By induction, we get ¢(z, x,) < ¢(z, x) for all n > 1. In particular, {x,} isbounded. O

Lemma 3.10. The following inequality holds:

9@, %n11) < (1= @)@z, X) + 20 (z — ]~ (nfx + (1 — &) (%n — AnfAXn)), JZ — JX)
foralln € N.
Proof. It follows from the property of I, Lemma 2.3, and Proposition 3.5 that

9z, Xn1) = @z, I (ax + (1 — o) (Xn — AnhAXn)))
< @] Nawx + (1 — an) Jxn — AnAXy)))
=V, oz + (1 — ap) Uxn — MpAxy) — an(Jz — Jx))
< V(z anz 4+ (1 — o) (X — 2nAxn)) + 2(z — ] (otnJx + (1 — )
X (Jxn — MAxy)), an(Jz — Jx))
< anV(z,J2) + (1 — an)V(Z, JXn — AnAxp) + 2{z — ] Houx + (1 — )

X (Jxn — ApAxp)), an(Jz — Jx))
= (1 — ). ] (X0 — AnAxn)) + 200 (2 — ]~ (X + (1 — o) JXn — AnAXy)), Jz — JX)
< (1= an)p(@, Xn) + 20z — ] Hax + (1 = @) (Xn — M), Jz = Jx). O
We are now ready to prove Theorem 3.8.

Proof of Theorem 3.8. Sets, = ¢(z, x,) and t, = 2(z—] ' (anJx+ (1—ap) JXn—AnAXy)), Jz—Jx). It follows from Lemma 3.10
that

Sn1 < (1 — o)y + apty.

To apply Lemma 2.6, it suffices to show that limsup, . t;, < O for every subsequence {s,} of {s;} satisfying
lim inf_, o0 (Su+1 — Sn,) = 0. Suppose that

lim inf(sy, 41 — $p,) = liminf(o(z, Xy 11) — @ (2, Xy,)) = 0.
k— 00 k—o00
We first show that Ax,, — 0. It follows from «t, — 0, the boundedness of {x,} and Lemma 3.9 that
0 = liminf(p(z, xu,+1) — ¢ (2, x0,))

< limsup(¢(z, Xn11) — ©(2, Xn,))

k— 00

< limsup(¢(z, Xa41) — (2, X))
n—oo

< limsup(o,(z, x) + (1 — ay)@(z, X;) — @(z, Xn))
n—oo

= limsup a(p(z, %) — ¢(z, xy)) = 0.
n— 00
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Consequently,
lim (¢ (z, Xne41) — @(2, %p)) = 0. 7)
k— 00
By Proposition 3.5 and Lemma 3.9, we have

@z, Xp1) < W92, X) + (1 — )92, ] (n, — AnyAxny)

2An, 5
A, @z, %) + (1 —ap) | 9z, Xp,) + 2Ap, = a ) ||Ax, 17 ) -

IA

This together with A, € [a, b] C (0, c>«/2) implies that

2b
0=<2(1—oap)a (oc — C—2> ||A)<nk||2 < an(z,X) + (1 — o )@(z, Xn,) — @(Z, Xy 11)-

It follows from «, — 0 and (7) that Ax,, — 0.
Next, we show that lim sup;_, ., (z — X, Jz — Jx) < 0. Choose a subsequence {Xnk,} of {x,, } such that

limsup{z — xy,, Jz — Jx) = zir?c(Z — Xy, ,Jz — Jx).

k— o0
Notice that, by Proposition 3.3 and Ax,, — 0, we have w, {x,,} C A~10. Since {xn,} is bounded, we may assume without
loss of generality that Xy, =Y € A~10. Using the property of IT,-1, gives

llim (z — xn,q,]z —x)={(z—-y,Jz—Jx) <O0.

Since 2-uniform convexity implies uniform convexity, the duality mapping J~! : E* — E is norm-to-norm uniformly
continuous on bounded sets. It follows then from Ax,, — 0 and a;, — 0 that

T e Jx + (1 — ) UXny, — AAXn,)) — X, — O.
Hence

limsup ty, = 2limsup(z — ]~ (ot Jx + (1 — otn,) Xn, — AnAXn)), T2 — J)

k—o00 k—o00
= 2limsup(z — X, Jz — JX)

k— 00

=2(z—-yJz—Jx) 0.
Therefore, by Lemma 2.6, we have lim,,_, », ¢(z, x,) = 0. It follows then from Lemma 2.1 that the sequence {x,} converges
strongly to z, as desired. The proof is now finished. 0O
Remark 3.11. Theorem 3.8 is, in some aspect, an improvement of Theorem 1.1.

e Since we do not need the weak sequential continuity of the duality mapping in Theorem 3.8 as was the case in
Theorem 1.1, we can apply our Theorem 3.8 in the Lebesgue function space [’ where 1 < p < oo and p # 2 while
this space is not applicable for Theorem 1.1 (see [30]).

e In most cases, strong convergence is more desirable than weak convergence.

4. Applications

In this section, we study the problem of finding a minimizer of a continuously Fréchet differentiable and convex function
in a Banach space. To prove this, we need the following lemma proved by Baillon and Haddad [31]:

Lemma 4.1 ([31]). Let E be a Banach space. Suppose that f is a continuously Fréchet differentiable and convex function on E. If
the gradient Vf of f is 1/«a-Lipschitz continuous, then Vf is a-inverse strongly monotone.

Theorem 4.2. Let E be a 2-uniformly convex and smooth Banach space with the 2-uniform convexity constant c. Assume that a
function f : E — R satisfies the following conditions:

o f is continuously Fréchet differentiable and convex on E and Vf is 1/a-Lipschitz continuous;
o S:=argminyee f(y) = {z € E : f(z2) = minyec f(V)} # 2.

Let {1,} be a sequence in [a, b] for some real numbers a, bwith0 < a < b < c?a/2.
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(a) Suppose that {x,} is iteratively constructed by the following

_ 8

Xuer = Ot — MV (x0) (n= 1), (®)
If the duality mapping | : E — E* is weakly sequentially continuous, then the sequence {x,} converges weakly to some
element z € S. Further z = lim,,_, o ITs(Xy).

(b) If {ay,} is a sequence in (0, 1) such that lim,_, -, a;, = 0 and Zﬁil o, = oo, then the sequence {y,} iteratively constructed
by the following

{x1 = x € E arbitrarily chosen and

{ y1 =y € E arbitrarily chosen and (9)

Yur1 =] awly + (1 = a)Jyn — 2V @) (1= 1)
converges strongly to z = I15(y).

Proof. It follows from Lemma 4.1 that Vf is a-inverse strongly monotone. Notice that (Vf)~!0 = arg minycg f (y). Then, by
Theorems 3.4 and 3.8, we obtain the results. O
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We improve the viscosity approximation process for approximation of a fixed point of a quasi-
nonexpansive mapping in a Hilbert space proposed by Maingé (2010). An example beyond the
scope of the previously known result is given.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and the induced norm ||- || In this paper,
we denote the strong and weak convergence by — and —, respectively. For a subset C of H,
amapping T : C — Cis said to be nonexpansive if || Tx — Ty|| < ||x — y|| for all x, y € C; and it
is quasinonexpansive if its fixed-point set Fix(T) := {x € C : x = Tx} is nonempty and ||[Tx - p|| <
lx — pl|l for all x € C and p € Fix(T). It is clear that every nonexpansive mapping with a
nonempty fixed-point set is quasinonexpansive, but the converse is not true. The process
for approximation of a fixed point of a nonexpansive or quasinonexpansive mapping is one
of interesting problems in mathematics and it has been investigated by many researchers.
One of the effective processes for this problem is given by Moudafi [1]. Let C be a closed
convex subset of H,and T : C — C is a nonexpansive mapping with a nonempty fixed-point
set Fix(T). Moudafi proposed the following scheme which is known as Moudafi’s viscosity
approximation process:

x1 =x € C arbitrarily chosen,
1.1)
_ _&n 1 (
Tl = 1 foen) + 1+¢ Txu,

n n
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where f : C — C is a contraction; that is, there exists an a € [0, 1) such that || f(x) - f(y)]| <
allx —y| forall x,y € C and {¢,} is a sequence in (0, 1) satisfying

(M1) lim,, — €, =0,

(M2) 352 en = 0,

(M3) limy, o (1/€n — 1/ €p41) = 0.

It was also proved that {x,} converges to an element z € Fix(T) satisfying the following
inequality:

(f(z)-z,q9-2)<0 (1.2)

for all g € Fix(T).

In the literature, Moudafi’s scheme has been widely studied and extended (see [2-
5] and references therein). For example, Xu [6] improved this result to a Banach space. The
interesting improvement of this result given by Maingé [7] is our starting point. His result is
given below.

Theorem 1.1. Let C be a closed convex subset of a Hilbert space H, and T : C — Cis a
quasinonexpansive mapping such that 1 — T is demiclosed at zero, that is, z € Fix(T) whenever {z,}
is a sequence in C such that z, — z and z, — Tz, — 0. Suppose that f : C — C is a contraction.
Let {x,} be a sequence in C defined by

x1 =x € C arbitrarily chosen,

(1.3)
Xn+l = lxnf(xn) + (1 - an)((l - w)I + (‘JT)xn/
where w € (0,1), I is an identity mapping, and {a,} is a sequence in (0, 1) satisfying
(C1) limy, —, o, = 0,
(C2) >pq & = 0.
Then the sequence {x,} converges to an element z € Fix(T') and the following inequality holds
(f(z)-2z9-2)<0 (1.4)

forall g € Fix(T).

It should be noted that Maingé’s result is more widely applicable than Moudafi’s.
However, after a careful reading, we find that there is a small mistake in Maingé’s proof.
The following fact (see [7, Remark 2.1(i3)]) is used: if T : C — C is quasinonexpansive and

Tp := (1 -w)I + wT where w € (0,1], then

(x = Tpx,x—q) > wl|x - Tx|? (1.5)
for all x € C and g € Fix(T). Note that the inequality above is equivalent to

(x-Tx,x—q) > ||x - Tx|* (1.6)
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But this fails; for example, let us consider the nonexpansive mapping T : R — R defined by

Tx = —x for all x € R. It is clear that Fix(T) = {0} and (x — Tx,x — q) = 2x> #4x? = ||x — Tx|>.
Recall the following identities in a Hilbert space H: for x,y € H, w € [0, 1]

@) llx + ylI* = lxI* + 2¢x, ) + Il
(ii) II(1 - w)x + wyl? = (1 - w)|Ix|P* + wllyl* - (1 - w)wllx - y||*

The correction of Maingé’s result is as follows.

Proposition 1.2. Let C be a subset of a Hilbert space and T : C — C be a mapping with a
nonempty fixed-point set Fix(T). Suppose that T, := (1 — w)I + wT where w € (0,1]. Then T is
quasinonexpansive if and only if

(x=Tpx,x—q) > %llx—TxH2 (1.7)

forall x € C and q € Fix(T).

Proof. Notice that x — Tj,x = w(x — Tx) and

ITox = qlI" = [| T =) + (x = @)
= || Twx — x> + 2(Tx — x,x = q) + ||x = q”2 (1.8)

= @llx = Tx|* + 2(Tx = x,x = q) + || x - q|.
On the other hand,

[ Twx —q|I* = [|(1 - @) (x - ) + w(Tx - @)

(1.9)
=(1-w)|x- q||2 +w|Tx - q||2 - (1 - w)wl|jx - Tx|*
Hence
2 2 2
2(x=T,x,x—q) = w<||x— gl - ||Tx - q]| > +w||x - Tx|". (1.10)
O

Remark 1.3. Unfortunately, this effects the main result (see [7, Theorem 3.1]) in Maingé’s
paper. More precisely, inequality (32) of its proof (page 78, line 22) should read

1 1 1
e = 21 = = 2IP + (5 =)ol = ) - TP
(1.11)

<ay (an“f(xn) - anZ - <xn = f(xn), xn - Z>>
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rather than

1
Slner = 2l = Sl = 2" + (1= ) (1 = )| = Tl
(1.12)

<a, (zxn”f(xn) - x,,||2 = {xn — f(xn), xn - z})
Therefore, Theorem 1.1 above is valid for only w € (0,1/2) under the same technique.

The purpose of this paper is to simultaneously present a correction of the proof of
Theorem 1.1 which is valid for all w € (0,1), and extend his scheme to a wider class of
mappings including average mappings, that is, mappings of the form (1 — w)I + wT. Our
result is more general than Maingé’s theorem. An example of a quasinonexpansive mapping
which is not applied by Maingé’s theorem but applied by our result is given.

2. Result
First, let us recall some lemmas which are needed for proving the main result.
Lemma 2.1 (see [8, Lemma 2.3]). Let {s,} be a sequence of nonnegative real numbers, {a,} a

sequence of (0,1) with 3571 an = oo, { B} a sequence of nonnegative real numbers with >,7°; B, < oo,
and {y,} a sequence of real numbers with limsup,, _, ¥y, < 0. Suppose that

Sne1 £ (1= an)Sy + anYn + P (2.1)

forall n € N. Then lim,, _, o5, = 0.
The following nice result was proved by Maingé (see [7, Lemma 2.1]).

Lemma 2.2. Let {s,} be a sequence of nonnegative real numbers. If there exists a subsequence {sy, }
of {sn} such that sy; < sy;.1 for all j €N, then there exists a subsequence {sm, } of {su} such that

Smp < Smyrl, Sk < Smys (2.2)
forall k e N.

For a closed convex subset C of a Hilbert space H, the metric projection Pc : H — C is
defined for each x € H as the unique element Pcx € C such that

|lx — Pex|| = inf{||x — z| : z € C}. (2.3)
It is well known that (see, e.g., [9]) forx € Hand y € C
y=Px= (x-y,y-z)>0, VzeC. (2.4)
For x,y € H, the following inequality is known as the subdifferential inequality:

llx+ yI> < %l + 2(y, x + ). (2.5)
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A mapping T : C — C is said to be strongly quasinonexpansive [10] if it is
quasinonexpansive and z, — Tz, — 0 whenever {z,} is a bounded sequence in C such that
limy, o (|lzn = p|l = lITzn —p||) = 0 for some p € Fix(T). It is known that every metric projection
is strongly quasinonexpansive.

We are now ready to present our main result.

Theorem 2.3. Let C be a closed convex subset of a Hilbert space H and T : C — C is a strongly
quasinonexpansive mapping such that I — T is demiclosed at zero. Suppose that f : C — Cisa
contraction. Let {x,} be a sequence in C defined by

x1 =x € C arbitrarily chosen,

(2.6)
Xn+l = [an(xn) +(1-a,)Txy,,
where {ay,} is a sequence in (0,1) satisfying
(Cl) lirnn—moan = O/
(C2) 524 ay = oo.
Then the sequence {x,} converges to an element z € Fix(T) and the following inequality holds
(f(z)-2z9-2)<0 (2.7)

forall g € Fix(T).

Before we give the proof, we note that Fix(T) is closed and convex (see [11] for more
general setting). Hence the mapping Prixr) o f : C — C is a contraction. Then it follows from
the well-known Banach’s contraction principle that there exists a unique element z € C such
that z = Prix() © f(z). In particular, z € Fix(T) and ( f(z) — z,9 — z) < 0 for all g € Fix(T).

Let us assume that || f(x) — f(y)|| < a||x — y|| for all x,y € C where « is a real number
in [0,1).

Lemma 2.4. The sequence {x,} is bounded.

Proof. We consider the following inequality:

101 — 2|l < a|| f (xn) — z|| + (1 = an) I Tx, — ||
< | fCen) = f@) | + an]| f(2) = 2| + (1= @) | Toxn — ]|
<(apa+1—ay)||x, — z|| + an"f(z) - Z”

IF ) - 2| (28)
1-«a

=(1-ay(1-a))lx, - z| +a,(1-a)

) =) }

< max{uxn -2

By induction, we conclude that the sequence {||x, — z||} is bounded and hence so is the
sequence {x,}. O
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Lemma 2.5. The following inequality holds for all n € N:
%1 = 2[1* € (1= a)?[|26n = 2||* + 2ana||xn = 2|1 X041 = 2| + 200 ( f (2) = 2, Xns1 — 2).  (2.9)
Proof. It follows from the subdifferential inequality that

i1 = 2II* = [Jan(f (xn) = 2) + (1 = @) (T, — Z)“Z
< (1= )| Toxn = 2|* + 20 ( f (%) = 2, Xn1 — 2)

<(1- an)znxn - Z”z + 2“n<f(xn) - f(Z), Xntl — Z>

(2.10)
+2ay, <f(Z) —Z,Xp+1 — Z>
< (1= ap)?[lxn = z[1* + 2a0al20 = 2[l[| %1 - 2]
+20,(f(2) — 2, Xps1 — 2).
O
Lemma 2.6. If there exists a subsequence {xy, } of {x,} such that im infy_, o (||Xn,41 — 2| = || %n, —
z||) 20, then limsup, _,_(f(z) =z, xy41 — 2) <0.
Proof. First, we note that a,,, — 0 and let us consider the following inequality:
0 < T inf(lxpeer = 2l = [, - =)
< liﬂglf(ankllf(xnk) - Z” +(1- ank)”Tlek -z| - ”xnk - Z”)
= lim inf(|[Tatn, = 2[| = llotm, - 2II) (211)
<limsup([|Toxn, = 2| = [l = z[ )
k— oo
<0.

This implies that limy ., o, (||, — z|| = [|Txn, — z||) = 0. Since T is a strongly quasinonexpansive
mapping, x,, — Tx,, — 0.In particular, x,, — x,,+1 — 0. Because {x,, } is bounded, so there
exists a subsequence {xy, } of {xy } such that x,, — gand

lli_)n;<f(z) =2, Xp,, = z> = 1i§(n sup(f(z) - z, xn, — z). (2.12)
It follows from the demiclosedness of I — T at zero that g € Fix(T). Then
llirg<f(z) - 2,2, -2) = (f(2) - 2,9 - 2) <0. (2.13)

Hence limsup, _, _(f(z) — z, Xy 41 — 2) = limsup, _, _(f(z) - z,x,, — z) <0, as desired. O
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Proof of Theorem 2.3. Let us consider the following two cases.

Case 1. There exists an N € N such that ||x,1 — z|| < ||x, — z|| for all n > N. It follows then
that lim,, _, . || x,, — z|| exists and hence lim inf,, _, oo (||xn+1 — 2|l = [|x — z||) = 0. This implies that
limsup, , _(f(z) -z, xp1 —2z) <0. By Lemma 2.5, foralln > N,
er = 22 < (1= a0)?|lxn = 2I1* + 2analx = 2]l |na1 - 2|
+2ay <f(Z) —Z,Xn41 — Z>
< (1= 2a, + 2a,a) ||y = z||* + a3 |t — 2|
+20,(f(2) — 2, %ps1 — 2) (2.14)
= (1-2a,(1-a))llx, - 2”2

aullxn — 2> (f(2) = 2, Xne1 - z>>

+2an(l—a)< 20-a) + -2

Notice that >, \; 2a,,(1 — a) = oo and

- anllxn = z|>  (f(2) = 2, %01 — 2)
hin_)sip< 21-a) + - <0. (2.15)

By Lemma 2.1, we have lim,,_, o, ||, — z[|* = 0.

Case 2. There exists a subsequence {||x,, — z||} of {||x, — z[|} such that [[x,, — z|| < ||xn;+1 — 2| for
all j € N. In this case, it follows from Lemma 2.2 that there exists a subsequence {||x,,, — z||}
of {||x, — z||} such that

% = 2l < 1xXmer =2, llxk = 2]l < [IxXmpen = 2| (2.16)

for all k € N. It follows from lim infi_, o (|| X, +1 — || = [|%m, — z||) > 0 that limsup, _(f(z) -
Z, Xme+1 — 2) < 0. Moreover, by Lemma 2.5, we have
%mesr = 2I7 < (1= ) [1Xm, = 211 + 2t @l 2, = 2|[[| X1 = 2]
+ 20, <f(Z) —Z, X+l — Z>
(2.17)

< (1= gt = 2l + 20, all X1 — 21

+ 200, (f(2) = 2, Xmes1 — Z)-
In particular, it follows that

(2 = Amy — 2“)||xmk+1 - lez < 2<f(Z) = Z, Xmy+1 — Z>' (218)
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This implies that
(2 - 2a)lim sup|| X1 — z||* < limsup 2(f(2) — 2, X1 — 2) < 0. (2.19)
k— oo k— oo
Hence
lim supl||xx — z|]* < lim sup||xXm+1 — z|* = 0. (2.20)
k— oo k— oo
Then limg _, o || xx — z||*> = 0. This completes the proof. O

Remark 2.7. 1f C is a convex subset of a Hilbert space and T : C — C is a quasinonexpansive
mapping, then the mapping T, := (1 — w)I + wT is strongly quasinonexpansive whenever
w € (0,1) (see [10]). This means that Maingé’s result is included in ours as a special case.

Remark 2.8. There is a strongly quasinonexpansive mapping S such that S is not of the form
(1 — w)I + wT where a € (0,1/2) and T is a quasinonexpansive mapping. This means
that there is an example which is beyond the scope of Maingé’s result (see Remark 1.3,
Theorem 1.1 with his old proof is valid for only a € (0,1/2)).

Example 2.9. Let A = {(x,x) : x € R}. It is clear that A is a closed and convex subset of R2.
Notice that S := P, is a strongly quasinonexpansive mapping and (0,0) € Fix(S). Suppose
that S = (1 - w)I + wT where w € (0,1/2) and T is a quasinonexpansive mapping. Then, by
Proposition 1.2, we have

(2,0)-52,0,2,0) - 0,0) 2 22,0 ~-TQOIF = 52,0 - SQOF.  @21)
It is easy to see that S(2,0) = (1,1). In particular,
2=(2.0) - (1,1,2,0) 2 5120 - LD = . 222)

Thatis w > 1/2, a contradiction.

3. Conclusion

We propose a viscosity approximation process for approximation of a fixed point of a
quasinonexpansive mapping. This not only corrects Maingé’s result but also essentially
improves his result to a more general relaxation.
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1. Introduction

Let E be a real Banach space with the dual space E*. We write (x, x* ) for the value of a
functional x*¢ E* at x € E. The normalized duality mapping is the mapping J : E — 2E*
given by

Jx={x* € E*: (x,x*) = [|x||* = [x*|]*} (x€E).

In this paper, we assume that E is smooth, that is, limt_,ow

exists for all w, y
€ E with ||x|| = ||y|| = 1. This implies that J is single-valued and we do consider the
singleton Jx as an element in E*. For a closed convex subset C of a (smooth) Banach
space E, the variational inequality problem for a mapping A : C — E is the problem of
finding an element u# € C such that

(Au,J(v—u)) >0 forallveC.

The set of solutions of the problem above is denoted by S(C, A). It is noted that if
C = E, then S(C, A) = A0 := {x € E : Ax = 0}. This problem was studied by Stampac-
chia (see, for example, [1,2]). The applicability of the theory has been expanded to var-
ious problems from economics, finance, optimization and game theory.

Gol’shtein and Tret’yakov [3] proved the following result in the finite dimensional
space RN,

Theorem 1.1. Let o > 0, and let A : R™ — RN be an a-inverse strongly monotone
mapping, that is, (Ax - Ay, x - y) = a||Ax - Ay||* for all x, y € R™N. Suppose that {x,} is
a sequence in RN defined iteratively by x; € R and

Xpe1 = Xn — AnAXy,

where {A,}C [a, b] < (0, 2ar). IfA'l 0 = O, then {x,} converges to some element ofA'IO.

The result above was generalized to the framework of Hilbert spaces by liduka et al. [4].
Note that every Hilbert space is uniformly convex and 2-uniformly smooth (the related
© 2011 Saejung et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.
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definitions will be given in the next section). Aoyama et al. [[5], Theorem 3.1] proved the
following result.

Theorem 1.2. Let E be a uniformly convex and 2-uniformly smooth Banach space
with the uniform smoothness constant K, and let C be a nonempty closed convex subset
of E. Let Q¢ be a sunny nonexpansive retraction from E onto C, let oo > 0 and let A :
C — E be an a-inverse strongly accretive mapping with S(C, A) = &. Suppose that {x,}
is iteratively defined by

x1 € Carbitrarily chosen,
Xn+1 = QpXy + (1 - Oln)QC(xn - )\nAxn) (Tl = 1)/

where {a,} € [b, ¢] € (0, 1) and {A,} < [a, a/K?] € (0, a/K?]. Then, {x,} converges
weakly to some element of S(C, A).

Motivated by the result of Aoyama et al., we prove two more convergence theorems
for a-inverse strongly accretive mappings in a Banach space, which are supplements to
Theorem 1.2 above. The first one is proved without the presence of the uniform con-
vexity, while the last one is proved in uniformly convex space with some different con-
trol conditions on the parameters.

The paper is organized as follows: In Section 2, we collect some related definitions
and known fact, which are referred in this paper. The main results are presented in
Section 3. We start with some common tools in proving the main results in Section
3.1. In Section 3.2, we prove the first weak convergence theorem without the presence
of uniform convexity. The second theorem is proved in uniformly convex Banach

spaces in Section 3.3.

2. Definitions and related known fact
Let E be a real Banach space. If {x,} is a sequence in E, we denote strong convergence
of {x,} to x € E by x,, > x and weak convergence by x,, -~ x. Denote by w,, ({x,}) the
set of weakly sequential limits of the sequence {x,}, that is, ®,, ({x,}) = {p : there exists
a subsequence {x,,} of {x,} such that Xn, — p}. It is known that if {x,} is a bounded
sequence in a reflexive space, then w,, ({x,}) = &.

The space E is said to be uniformly convex if for each ¢ € (0, 2) there exists 6 > 0
such that for any x, ye U:={z€ E: ||z|]| = 1}

llx —yll > & implies [[x+y|[/2 < 1 —34.
The following result was proved by Xu.
Lemma 2.1 ([6]). Let E be a uniformly convex Banach space, and let r >0. Then,

there exists a strictly increasing, continuous and convex function g : [0, 2r] — [0, )
such that g(0) = 0 and

lloex + (1 — )yl < allxll® + (1 — eIyl — e(1 - a)g(llx - yII)

forallae [0,1] and x, ye B,:={ze E:||z|| <7}
The space E is said to be smooth if the limit

i L 01— s o)
t—0 t

exists for all x, y € U. The norm of E is said to be Fréchet differentiable if for each x
€ U, the limit (2.1) is attained uniformly for y € U.
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Let C be a nonempty subset of a smooth Banach space E and o > 0. A mapping A :
C — E is said to be a-inverse strongly accretive if

(Ax — Ay, J(x —y)) = a||Ax — Ayl? (22)

for all x, y € C. It follows from (2.2) that A is é—Lipschitzian, that is,
1
[|[Ax — Ayl| < —|lx—y|| forallx,ye C.
o

A Banach space E is 2-uniformly smooth if there is a constant ¢ > 0 such that )¢ (7) <
ct® for all 7 > 0 where

1
or(7) = sup{5(||x+ty|| +llx—yll)—1:xy€ U}.

In this case, we say that a real number K > 0 is a 2-uniform smoothness constant of E
if the following inequality holds for all v, y € E:

llx +yI1% < [Ixl® + 24y, Jx) + 2[|Ky|[>.

Note that every 2-uniformly smooth Banach space has the Fréchet differentiable
norm and hence it is reflexive.

The following observation extracted from Lemma 2.8 of [5] plays an important role
in this paper.

Lemma 2.2. Let C be a nonempty closed convex subset of a 2-uniformly smooth
Banach space E with a 2-uniform smoothness constant K. Suppose that A : C — E is
an a-inverse strongly accretive mapping. Then, the following inequality holds for all x, y
€ Cand X € R:

1(I = 2A)x — (I = 2AYI1> < [lx —ylII* + 2A(K?A — &) [|Ax — Ay| [,

where I is the identity mapping. In particular, if » € [0, 7], then I - AA is nonex pan-
sive, that is, ||(I - AA)x - (I - AA)y|| < ||x - y|| for all x, y € C.
Let C be a subset of a Banach space E. A mapping Q : E — C is said to be:

(i) sunny if Q(Qx + t(x - Qx)) = Qx for all £ > 0;
(i) a retraction if Q* = Q.

It is known that a retraction Q from a smooth Banach space E onto a nonempty
closed convex subset C of E is sunny and nonexpansive if and only if (x-Qx, J(Qx-y)) =
0 for all x € E and y € C. In this case, Q is uniquely determined. Using this result,
Aoyama et al. obtained the following result. Recall that, for a mapping 7 : C — E, the
set of fixed points of T is denoted by F (T), that is, F (T) = {x € C:x = T«}.

Lemma 2.3 ([5]). Let C be a nonempty closed convex subset of a smooth Banach
space

E. Let Q¢ be a sunny nonexpansive retraction from E onto C, and let A : C — E be a
mapping. Then, for each A > 0,

S(C,A) = F(Qc(I — 2A)).

Page 3 of 11
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The space E is said to satisfy Opial’s condition if

limsup ||x, — x|| < lim sup ||x,, — y||
n—00 n—oo

whenever x,, —~ x € E and y € E satisfy x # y. The following results are known from
theory of nonexpansive mappings. It should be noted that Oplial’s condition and the
Fréchet differentiability of the norm are independent in uniformly convex space
setting.

Lemma 2.4 ([7], [8]). Let C be a nonempty closed convex subset of a Banach space. E.
Suppose that E is uniformly convex or satisfies Opial’s condition. Suppose that T is a
nonexpansive mapping of C into itself. Then, I - T is demiclosed at zero, that is, if {x,}
is a sequence in C such that x,, ~ p and x,, - Tx, — 0, then p = Tp.

Lemma 2.5 ([9]). Let C be a nonempty closed convex subset of a uniformly convex
Banach space with a Fréchet differentiable norm. Suppose that {Ty}2 is a sequence of
nonexpansive mappings of C into itself with N2, F(T,) #0. Letx € Cand S,, = T, T, -
-+ T, for all n > 1. Then, the set

o0 o0
ﬂa{smx tm>n}N mF(Tn)
n=1 n=1

consists of at most one element, where coD is the closed convex hull of D.

The following two lemmas are proved in the absence of uniform convexity, and they
are needed in Section 3.2.

Lemma 2.6 ([10]). Let {x,} and {y,} be bounded sequences in a Banach space and
{a,,} be a real sequence in [0, 1] such that 0 < lim inf, ,. @, < lim sup , . o, < 1.
Suppose that x,,1 = o, + (1 - &)y, for all n = 1. If lim sup, se(| Vi1 - Vull - |1%0:1
- %4||) <0, then x,, - y,, > 0.

Lemma 2.7 ([11]). Let {z,} and {w,} be sequences in a Banach space and {c.,} be a
real sequence in [0, 1]. Suppose that z,., = &t,z,, + (1 - a,)w,, for all n > 1. If the follow-
ing properties are satisfied:

(1) Z:l (1 — o) = coand lim inf, .. o, > 0;
(i) lim,, e ||24|| = d and lim sup,,_,..||w,|| < d;
(iii) the sequence {Y_I; (1 — ai)w; }is bounded;

then d = 0.
We also need the following simple but interesting results.
Lemma 2.8 ([12]). Let {a,} and {b,} be two sequences of nonnegative real numbers.

Ifzoo1 b, < ocand a, 1 < a, + b, for all n > 1, then lim,,_,.. a,, exists.
n=
Lemma 2.9 ([13]). Let {a,} and {b,} be two sequences of nonnegative real numbers. If

o o0 . .
E anb, < oocand E anb, < oo, then lim inf,_,.. b,, = 0.
n=1 n=1

3. Main results
From now on, we assume that

« E is 2-uniformly smooth Banach space with a 2-uniform smoothness constant K;
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« C is a nonempty closed convex subset of E;
» Qc is a sunny nonexpansive retraction from E onto C;

« A: C > E is an o-inverse strongly accretive mapping with S(C, A) # & and o >
0.

Suppose that {x,,} is iteratively defined by

x1 € C arbitrarily chosen,
Xn+1 = QpXp + (1 - an)QC(xn - )hnAxn) (n = 1)!

where {e,}< [0, 1] and {An} C (0, %] For convenience, we write y, = Q¢ (x, - 4,
Ax,,).

3.1. Some properties of the sequence {x,} for weak convergence theorems
We start with some propositions, which are the common tools for proving the main
results in the next two subsections.

Proposition 3.1. If p € S(C, A), then lim,_,.. ||x, - p|| exists, and hence, the
sequences {x,} and {Ax,} are both bounded.

Proof. Let p € S(C, A). By the nonexpansiveness of Qc (I - A,, A) for all n > 1 and
Lemma 2.3, we have

[y =PIl = [1Qc(I = AnA)xn — (Qc(I — AnA)pI < [lxn — Pl
for all # > 1. This implies that

X1 = pll = llen(xn —p) + (1 — o) (yn — P)II
< anllxn — pll + (1 — an)llyn — Pl
< apllan — pll + (1 — an)llxn — pll = [|xn —pll

for all n 2 1. Therefore, lim,_,.. ||x, - p|| exists, and hence, the sequence {x,} is
bounded. Since A is é—Lipschitzian, we have {Ax,} is bounded. The proof is finished.
Proposition 3.2. The following inequality holds:

HYne1 — Vull = 1Xne1 — Xall + [Aner — Anl [|AXy]]

foralln > 1.

Proof. Since Q¢ (I - 4,,,1A) and Qc are nonexpansive, we have

NQc(I — Anr1A)%n1 — Qc(I — AnA)xy||
1Qc( = Anr1A)xni1 — Qc(I — Ape1A)xnl|
+ [1Qc(I = Ans1A)xn — Qc(l — ApA)xy]|

[ons1 = xnll + [1(I = Ans1A)xn — (I = 2nA)xnl|
%01 — Xnll + [ Ane1r — Anl [|1AXA]].

||Yn+1 - )’n“

IA

IA

O

Proposition 3.3. Suppose that E is a reflexive Banach space such that either it is uni-
formly convex or it satisfies Opial’s condition. Suppose that {x,} is a bounded sequence

oo a a
of C satisfying x,, - Qc (I - 1,A)x,, = 0 and {An} C [a, ﬁ] c (o, ﬁ]

Then, {x,} converges weakly to some element of S(C, A).

Page 5 of 11
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Proof. Suppose that E is a uniformly convex Banach space or a reflexive Banach space
satisfying Opial’s condition. Then, w,, ({x,}) = &. We first prove that w,({x,}) < S(C,
A). To see this, let z € w,({x,}). Passing to a subsequence, if necessary, we assume that
there exists a subsequence {n;} of {n} such that Xn, = 2z and An, > A € [a, 7] We

observe that

[0, — Qc(I — AA)xn, || < [1xn, — Vi Il + [y, — QeI — AA)xn, ||
[, — Y1+ (I — A A) X, — (I — AA)xy, ||
= [|%n, — VIl + [An, — A [|Axp, [].

A

This implies that x,, — Qc (I — AA) xn, — 0. By the nonexpansiveness of Q¢ (I - AA),
Lemmas 2.3 and 2.4, we obtain that z e F (Q¢ (I - 2A)) = S(C, A). Hence w,,({x,}) € S
(G A).

We next prove that w,({x,}) is exactly a singleton in the following cases.

Case 1: E is uniformly convex. We follow the idea of Aoyama et al. [5] in this case.
For any n = 1, we define a nonexpansive mapping 7, : C - C by

Ty =apl + (1 — ay)Qc(I — 1 A).
We get that x,,,, = T,T,,.1 - - - T1x; for all n = 1. It follows from Lemma 2.3 that

S(C,A) = N2 F(Qc(I — 2A)) C N2 F(Ty). Applying Lemma 2.5, since every 2-uni-

formly smooth Banach space has Fréchet differentiable norm, gives

(eolxm : m = n} N[ F(T)
n=1 n=1

consists of at most one element. But we know that

oo o0 o0
0+ wu({xa}) C ()0 {am : m = n} N S(C,A) C ()0 {aw : m = n} N[ F(T).
n=1 n=1 n=1
Therefore, w,,({x,}) is a singleton.
Case 2: E satisfies Opial’s condition. Suppose that p and g are two different elements

of w,,({x,}). There are subsequences {x,,} and {Xm;} of {x,} such that

Xy, =~ p and X, — q.

Since p and g also belong to S(C, A), both limits lim,, .. ||x, -p|| and lim,,_,.. ||x,
-g|| exist. Consequently, by Opial’s condition,

lim |[xy, — pll < lim [|xp, — gl = lim || — q]]
k— o0 k— 00 j—00
< lim [|xp; — pll = lim [|x,, — pll.
j—00 k— o0

This is a contradiction. Hence, ®,,({x,}) is a singleton, and the proof is finished. O

Remark 3.4. There exists a reflexive Banach space such that it satisfies Opial’s condi-
tion but it is not uniformly convex. In fact, we consider E = R with the norm ||(x, ¥)||
= |x| + |y| for all (x, y) € R*. Note that E is finite dimensional, and hence it is reflex-
ive and satisfies Opial’s condition. To see that E is not uniformly convex, let x = (1, 0)
and y = (0, 1), it follows that ||x - y|| = [|(1, -1)|| = 2 and [|x + ¥||/2 = ||(1/2, 1/2)]|| =
1¢1-0forallo>0.

Page 6 of 11
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3.2. Convergence results without uniform convexity
In this subsection, we make use of Lemmas 2.6 and 2.7 to show that x,, - y,, = 0 under
the additional restrictions on the sequences {c,,} and {4,}.

Proposition 3.5. Suppose that {a,,}C [¢, d] € (0, 1) and A,,,1 - A, = 0. Then, x,, - y,
— 0.

Proof. We will apply Lemma 2.6. Let us rewritten the iteration as

Xpe1 = Xy + (1 — oty)Yn.

It follows from Proposition 3.1 that {x,} and {Ax,} are bounded. Then, {y,} = {({ -
A A) x,} is bounded. Since 4,,,1 - 4,, = 0, it is a consequence of Proposition 3.2 that

lim SUP(||Yn+1 = Yall = [%n41 _xn”) < lim sup |Ap1 — Anl [[Ax]| = 0.
n— 00 n—o0
Since all the requirements of Lemma 2.6 are satisfied, x,, - y, > 0. O
Proposition 3.6. Suppose that {o,,} and {A,} satisfy the following properties:

() {2 < [c, 1) < (0, 1) and Z:‘; (1—ay) = o5

. )\n+l -

. A 00
(ii) © — Oand Zn=1 [ Ans1 — Anl < 00

1—a,
Then, x,, - y,, — O.
Proof. We will apply Lemma 2.7. From the iteration, we have

Zpe1 = AnZy + (1 — ap)wy,

— Yn+1
where z,, = x,, - y, and Wp = %. Using Proposition 3.2, we obtain
- Un

zns1ll < anllzall + [Yn — Ve ll
< anllzall + [|%ne1 — Xall + [Ane1 — Anl [|Axn]]
= anllznll + (1 — an)llzall + [Ane1 — An| [[Axn]|
= |lznll + [Ans1 — Anl [[Axn]].

It follows from Zool | Ans1 — Anl [|Ax,|| < 0o and Lemma 2.8 that d := lim,,_,.. ||z,]|
=
exists. We next prove that lim sup,, ,.. ||w,|| < d. Again, by Proposition 3.2, we get

. . 1Yn — Ynall
lim sup ||wy,|| = lim sup Wn = Vrn 1l
n—o0o n—o0o — Oy

|)\n+1 - )\n|
n

1A% | = d.

< lim ||z,|| + lim sup
n—>00 n— 00

Finally, for all # > 1, we have
n n
(1 —aiwi =D (yi — Vie1) = V1 — Vns1-
i=1 i=1

Hence, the sequence {Z?:l (1- ai)wi} is bounded. It follows then that d = 0. O

We now have the following weak convergence theorems without uniform convexity.

Theorem 3.7. Let E be a 2-uniformly smooth Banach space satisfying Opial’s condi-
tion. Let C be a nonempty closed convex subset of E. Let Qc be a sunny nonexpansive
retraction from E onto C and A : C — E be an o-inverse strongly accretive mapping
with S(C, A) = & and o > 0. Suppose that {x,} is iteratively defined by
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x1 € Carbitrarily chosen,

Xn+1 = QpXp + (1 - an)QC(xn - )mAxn) (Tl > 1)/

where {o,} < [0, 1] and {*,} C [a, %] c (o, %}satisfy one of the following condi-

tions:

(i) {ast < [ d] < (0, 1) and Ays1 - Ay = G;

o0 o0
(ii) {a,} < [c, 1) € (0, 1), Zn=1 (1 —ay) =00, Zn=1 | Ans1 — An| < 00, and
)\n+1 - )\n
1—oy

— 0.

Then, {x,} converges weakly to an element in S(C, A).

Proof. Note that every 2-uniformly smooth Banach space is reflexive. The result fol-
lows from Propositions 3.3, 3.5 and 3.6. O

Remark 3.8. Conditions (i) and (ii) in Theorem 3.7 are not comparable.

1) Ifa, = % and {1,} is a sequence in (0, %z] such that A, - 4,,,; = 0 and 0 < lim
inf, .. A, < lim sup,_,.. 4,, < 1, then {¢,,} and {1,} satisfy condition (i) but fail con-
dition (ii).

(2) If ap = 5 and An = A € (0, 7], then {e,;} and {4,} satisfy condition (ii) but fail

condition (i).

Remark 3.9. Note that the Opial property and uniform convexity are independent.
Theorem 3.7 is a supplementary to Theorem 3.1 of Aoyama et al. [5].

3.3. Convergence results in uniformly convex spaces
In this subsection, we prove two more convergence theorems in uniformly convex
spaces, which are also a supplementary to Theorem 3.1 of Aoyama et al. [5]. Let us
start with some propositions.

Proposition 3.10. Assume that E is a uniformly convex Banach space. Suppose that
{ou,} and {A,} satisfy the following properties:

i) .} < [a, /K < (0, a/K?];

o0
(ii) anl an(1 — o) = 0cand Y 721 | kns1 — Anl < 00.

Then, x,, - y,, — O.
Proof. Let p € S(C, A). Note that lim,,_,.. ||x, - p|| exists and hence both {x,} and
{y,} are bounded. By the uniform convexity of E and Lemma 2.1, there exists a contin-

uous and strictly increasing function g such that

s =PI = lletn(a — p) + (1 — ) (v — P)II°
< apllxy = plI* + (1 — ) llyn =PI — (1 — )8 (1160 — ¥all)
< anlln — pII> + (1 — )10 — pII> — otn(1 — )81 1%n — yall)
= | — plI* — an(1 — an)g(Il%n — yull)
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for all n > 1. Hence, for each m > 1, we have

m
> an(1 = an)g(llxn — yall) < l1x1 = pII> = [lxmar — pII>.
n=1

In particular,Z:i1 an(1 — o)g(llxn — yull) < o0, It follows from

Zool an(1 — ay) = 0o and Lemma 2.9 that lim inf, ,.. g(||x, - ¥.||) = 0. By the prop-
n=

erties of the function g, we get that lim inf, ,.. ||x, - y,|| = 0. Finally, we show that
lim, .. ||x, - ¥,.|| actually exists. To see this, we consider the following estimate

obtained directly from Proposition 3.2:

||xn+1 _yn+1|| = ||xn+1 _)/n” + ||yn _)/n+1||
< anllxn = Yall + |1%ne1 = Xnll + [Ane1 — Anl [|Axn]|
= anllxn — ynll + (1 — an)l|Xn — Yull + [Ane1 — Anl [|Axnl|
= [|xn — Ynll + [Ans1 — Aal [|Ax]]-

The assertion follows since Zool [An — Ans1l lJAX,|| < oo and Lemma 2.8. O
n=

Let us recall the concept of strongly nonexpansive sequences introduced by Aoyama
et al. (see [14]). A sequence of nonexpansive mappings {7} of C is called a strongly
nonexpansive sequence if x,, - y,, - (T,x, - T,y,) — 0 whenever {x,} and {y,} are
sequences in C such that {x, -y,} is bounded and ||x, -y,,||-||Twx, -Tyu|| = 0. It is
noted that if {7} is a constant sequence, then this property reduces to the concept of
strongly nonexpansive mappings studied by Bruck and Reich [15].

Proposition 3.11. Assume that E is a uniformly convex Banach space and {1,}< (0,
b] € (0, a/K?). Then, {Qc (I - A,A)} is a strongly nonexpansive sequence.

Proof. Notice first that Q¢ is a strongly nonexpansive mapping (see [16,17]). Next, we
prove that {/ - A,,A} is a strongly nonexpansive sequence and then the assertion fol-
lows. Let {x,} and {y,} be sequences in C such that {x, - y,} is bounded and ||x,, - ¥,||-
[|(I - 4, A)x, - (- 1,A)y,|| = 0. It follows from Lemma 2.2 that

2(a — K?b)
b
_ 2 —K?)
==
= 20 (@ — K?An) 1A%, — Aynll?
< |lxn _}’n||2 — I = AnA)xn — (I = )‘nA))’n”z — 0.

[|AnAxy — XAyl |2

[|AnAxy — ApAyyl |2

In particular, A,,Ax,, - A,,Ay,, — 0 and hence
Xn — Yn — (I = ApA)xy — (I — AyA)yn) = AnAxy — AgAy, — O.
Proposition 3.12. Assume that E is a uniformly convex Banach space. Suppose that
o, =0 and A} < (0, b] < (0, a/K?). Then, x,, - y, = 0.
Proof. Let us rewritten the iteration as follows:
Xn+1 = Qc(I — AnA)xn (Tl > 1)

Let p € S(C, A). Notice that p = Q¢ (I -A,A)p for all n = 1. Then, lim,_,.. ||x, -p||
exists, and hence,
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120 = pIl = 1Qc(I — AnA)xn — plI = 1% = pl| = [|Xns1 — pIl — 0.
It follows from the preceding proposition that
xn — Qc(I = 2pA)xn = (xn — p) — (Qc(I — AnA)xn — p) — 0.

0O

We now obtain the following weak convergence theorems in uniformly convex
spaces.

Theorem 3.13. Let E be a uniformly convex and 2-uniformly smooth Banach space.
Let C be a nonempty closed convex subset of E. Let Qc be a sunny nonexpansive retrac-
tion from E onto C and A : C — E be an o-inverse strongly accretive mapping with S
(C, A) # @ and o > 0. Suppose that {x,} is iteratively defined by

x1 € Carbitrarily chosen,
Xne1 = WnXn + (1 — o) Qc(xn — AnAxy)  (n > 1),

where {o,} € [0, 1] and {An} C [a, %] c (o, %}satisfy one of the following condi-

tions:

M) Y (1= ) = c0and Y52 |t — hal < 0
(i) @, = 0 and {A,.}< [a, b] < (0, o/K?).

Then, {x,} converges weakly to an element in S (C, A).

Proof. The result follows from Propositions 3.3, 3.10 and 3.12. O

Remark 3.14. It is easy to see that conditions (i) and (ii) in Theorem 3.13 are not
comparable.

Remark 3.15. Compare Theorem 3.13 to Theorem 1.2 of Aoyama et al., our result is
a supplementary to their result. It is noted that, for example, our iteration scheme with
a, =0 and 1, = a/(a/K?) is simpler than the one in Theorem 1.2.
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Abstract Thispaper aimsat investigating an iterative method for solving a system of
variational inequalities with fixed-point set constraints. Our scheme can be regarded
as amore general variant of the algorithm proposed by Maingé. Strong convergence
results are established in the setting of Hilbert spaces. We propose an alternative anal -
ysis that alows us to relax some assumption imposed in his paper for convergence
of the considered method. As a complementary result, we show how to adapt these
processes to the case when the constraints involve operators bel onging to the class of
hemi-contractive mappings; this goes beyond the scope of Maingé's result.

Keywords Fixed points - Hierarchical optimization problems - Nonexpansive
mappings

1 Introduction

The concept of variational inequalities plays an important role in various kinds of
problemsin pure and applied sciences (see, for example, [1-10]). Moreover, therapid
development and the prolific growth of the theory of variational inequalities have
been made by many researchers. For solving some certain variational inequalities, it
is sometimes recast as fixed-point problems with appropriate projections. However,
this is getting difficult when the projection cannot be computed explicitly. To over-
come this drawback, we replace the projection by some suitable mapping with anice
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fixed-point set. This strategy also suggests an effective approximation process and it
has been widely investigated and developed in the literature [10-14]. In this paper,
we investigate a more general variant of the scheme proposed by Maingé [14] for
a system of variational inequalities with fixed-point set constraints. Our analysis al-
lows us to remove some restriction on the parameters as was the case in his paper
[14]. The idea of this analysis is taken from the other recent result of Maingé [15].
As a complementary result, we show how to adapt the considered algorithm to the
case when the involved operators belong to the class of hemi-contractive mappings,
which is beyond the scope of Maingé€'s result.

The paper is organized as follows. In Sect. 2, we collect together definitions and
some preliminariesthat pertainsto the paper with corresponding references. Our main
result is presented in Sect. 3 as Theorem 3.2. As a consequence, we deduce the con-
vergence result of Maingé with a weaker assumption in Corollary 3.1. Finally, we
summarize our resultsin Sect. 4.

2 Preliminaries

Throughout, let H be areal Hilbert space with inner product (-, -) and norm || - ||. For
a closed convex subset C of H, the (metric) projection Pc : H — C is defined for
each x € H asthe unique element Pcx € C such that

lx — Pex|| =inf{|lx —z|| : z € C}.

Lemma 2.1 [8] Let C be a nonempty closed convex subset of a Hilbert space H.
Then, for all x e H and y € C, y = Pcx if and only if (y — x,z — y) > 0 for all
zeC.

For amapping T : H — H, the fixed-point set of T is denoted by Fix(T), that is,
Fix(T) = {x € H : x = Tx}. Inthis paper, we are interested in a system of variational
inequalities with fixed-point set constraints. More precisely, let 71, 7>, F : H - H
be mappings such that Fix(7T71) and Fix(72) are nonempty, closed, and convex. The
classof hierarchical optimization problemstreated by Maingé[14] consistsin finding
(x*, ¥y*) € Fix(T1) x Fix(T>) such that, for given positive real numbers p and », the
following two inequalities hold:

(pF(y*) +x* —y*, x —x*)=0, VxeFix(T1), "
1
(nF(x*)+y*—x*,y—y*) >0, VyeFix(Tp).

In theimportant case when T7 and T>» are the nearest point projections onto the closed
and convex sets K1 and K>, respectively, it is clear that Fix(T1) = K1, Fix(T2) = K2
and (1) becomes the problem of finding (x*, y*) € K1 x K2 such that
(,oF(y*) +x*—y*x —x*) >0, VxeKkKjy,
2
(nF(x*) +y* —x*y— y*) >0, VyeKko.

@ Springer
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This system forms a more general problem originated from Nash equilibrium points
and it wastreated from atheoretical viewpointin [1-5]. In particular, if K1 = Ko = K
and n =0, p > 0, then (2) reducesto the classic variational inequality (see[6, 7, 16,
17]), that is, the problem of finding x* € K such that

(F(x*),x—x*)zo Vx e K.

In (1), it is worth noting that, since Fix(7T7) and Fix(T») are (nonempty) closed and
convex, the projections Prixr;) and Prix(ry) from H onto Fix(7Ty) and Fix(T2), re-
spectively, are well defined and the problem above is equivalent to the problem of
finding (x*, y*) € Fix(T1) x Fix(T2) such that

x* = Prixcrp [y* — o F (y¥)],

. . €)
y* = Prix(ry [x* — nF (x*)].

However, in practice, the both sets Fix(Ty) and Fix(7») (and hence the two projec-
tions) are not given explicitly.

Inspired by the method studied by Yamada et al. (see also [10, 11]), Maingé [14]
recently proposed an algorithm to solve this problem, which can be summarized as
follows. (The related definitions will be given after this theorem.)

Theorem 2.1 Let Ty, T> : H — H be B-demicontractive mappings, where 8 € [0, 1[,
such that 7 — T3 and I — T, are demiclosed at zero. Let F : H — H be a
u-Lipschitzian and r-strongly monotone mapping. Let {x,} and {y,} be generated
by
x0, Yo € H
Un =Xn — Vn [pF(yn) +Xp — yn]a
Wn =Yn — Vn [UF(xn) + Yn — xn]v 4
Xng1=[(L—EDT + &.T1](vn),
ynr1=[(L— &) + &E2T2](wy),

where I isthe identity mapping and the following conditions hold:

(@ &1.&¢€10, 5L
(B) {¥a} CI0,1[, liMys o v =0and Y02 5y, = 00;
(©) p.nel0 2.

Then the sequence {(x,,, y,)} converges strongly to the unique solution (x*, y*) of the
hierarchical optimization problem (1).

Let usrecall some definitions of mappings involved in our study.
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Definition 2.1 A mapping T : H — H iscaled
e u-Lipschitzian iff
ITx =Tyl <plx—yll foralx,yeH;

e acontraction iff it is a-Lipschitzian with @ € [0, 1[, and in this case, we aso say
that T is a contraction with the coefficient «;
e r-strongly monotone iff

(Tx =Ty, x —y) zrllx —yl|* fordlx,yeH;
e quasi-nonexpansive iff Fix(T) # @ and
ITx =gl <llx—ql foral (x,q) € H x Fx(T);

e B-demicontractive[18, 19] iff Fix(T) # @ and T satisfies

2
(the inequality above is equivalent to

(x—Tx,x—q)> '3||x—Tx||2 foral (x,q) € H x Fix(T)

ITx —ql? < llx — qlI>+ Bllx — Tx|%
e strongly quasi-nonexpansive [20] iff T is quasi-nonexpansive and
x,—Tx,—0

whenever {x,} is a bounded sequencein H and ||x, — ¢g|| — ||ITx, — ¢q| — O for
some g € Fix(T).

It isclear from the preceding definitions that every quasi-nonexpansive mapping is
O-demicontractive. Notethat if T : H — H isamapping with anonempty fixed-point
set Fix(T), then

. . . 1
T isquasi-nonexpansve <= (x—Tx,x—gq)> §||x — Tx||2
foral (x,q) € H x Fix(T).

As shown in the following proposition, the classes of quasi-nonexpansive map-
pings and of demicontractive mappings are closely related. To find a fixed point of a
B-demicontractive mapping, it suffices to find a fixed point of a quasi-nonexpansive

mapping.
Proposition 2.1 Let D: H — H be amapping and T = (1 — w)I + wD where
o > 0. Then the following statements hold:

(8 Fix(T)=Fix(D).
(b) If D isa B-demicontractive mapping with 8 € [0, 1[ and w € 10,1 — B], then T
iS quasi-nonexpansive.
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(c) If T isa quasi-nonexpansive mapping and w € 0, 1[, then D is -demicontrac-
tivewhere 8 € [1— w, 1.

Proof (@) It isobviousthat Fix(D) = Fix(T).

(b) Thisis Remark 2.1 of [14].

(c) Assumethat T is quasi-nonexpansive and w €]0, 1[. Let (x, g) € H x Fix(T).
Then

1 1 2 w 2
(x—Dx,x—q)=—x—-Tx,x—q)> —|lx—Tx||“= <|lx — Dx||“.
w 2w 2

Hence D is g-demicontractive if

1-8

w
— > ,
2- 2

thatis, f>1—w. 0

We denote the strong and weak convergence of asequence {x,} in H to an element
x € H by x, — x and x,, — x, respectively. We a so recall some known results with
the corresponding references.

Lemma?2.2[8] For x,y € H and w € R, we have the following statements:

o [(x, I < Ilxlllyl;
o x4+ yI2<|x|?+2(y,x +y) (the subdifferential inequality);
o [I-—o)x+awyl?=1-o)xI?+llyl? - ol —)lx -yl

Lemma 2.3 [15] Let {a,} be a sequence of real numbers such that there exists a
subsequence {am} of {an} such that am; < am;+1 for all j € N. Then there exists
a nondecreasing sequence {n;} of N such that lim_, o, ny = co and the following
properties are satisfied by all (sufficiently large) number k € N:

QApy = App+1 and ag = Apy+1.
In fact, ny isthelargest number n intheset {1, ..., k} such that a, < a,+1 holds.

Lemma 2.4 [21, 22] Let {a,} be a sequence of nonnegative real numbers, {«,} a
sequencein ]0, 1] with ZZO:1 a, = 00, {b,} asequence of nonnegative real numbers
with >"°°; b, < oo and {y,} a sequence of real numbers with limsup,_, ., ¥» < 0.
Suppose that the following inequality

a1 < L —oay)a, +ayyn +by

holdsfor all n € N. Then lim,,_, .o a, = 0.

Thefollowing result isaconsequence of Lemmas 2.3 and 2.4. It plays animportant
rolein this paper.

Lemma 2.5 Let {a,} C [0, oo, {a,} C [0, 1[, {b,} C1 — o0, oo[, @ € [0, 1[ be such
that

@ Springer
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e {a,} isabounded sequence;

o ayi1 < (1—an)2ay + 20,0 /Ay \fans1+ anby for al n e N;

e whenever {a,, } is a subsequence of {a,} satisfying liminf;_, o (@, +1 — an,) =0,
it follows that limsup,_, o, by, <0;

o lim,ca,=0and ) 2 a, =oc0.

Thenlim,,_ o0 a, = 0.

Proof Let usconsider the following two cases.

Casel: Thereexistsanng € N suchthat a,, 1 < a,, for all n > ng. We may assume
that o, < 2(11_a) for al n > ng. It follows then that liminf,_, o (a;+1 — a,) = 0 and
hence limsup, _, ., b, < 0. Furthermore, for al n > no,

ap+1 < (1— an)zan + Zanav an/an+1+ auby
<@1- Ofn)zan + Zanaan + by

= (1= 20, (1—@))an + zan(l—a)<m>.

21— @)

Noticethat  °°  2a,(1—@) = oo and

n=ng

. anan +bn n
limsup =2 """ — |limsup ——— <O0.
P oa—s TP a—%)

It follows from Lemma2.4 that lim,,— o a, = 0.

Case 2: There exists a subsequence {a;,, } of {a,} such that a,,; < a;+1 for all
J € N. From Lemma 2.3, there exists a nondecreasing sequence {n;} of N such that
limy— o0 nx = 00 and the following inequalities hold for al k € N:

ang <apr1 aNd  ag < ap41.
By discarding the repeated terms of {r,;} but still denoted by {n;}, we can view {a;, }

as a subsequence of {a,}. In this case, we have liminf;_, o (@, +1 — an,) = 0, and
hence limsup,_, o, b», < 0. Notice that

2 ~
Anp+1 = 1- ank) an, + 20[,,,{0[\/ AnyA/Ony+1 + Olnkbnk
2 ~
= (1 - Olnk) Any+1 + 2ankaank+l + Ony bnk .

Consequently,
(2 — Upy — za)al’lk+1 = bnk-

In particular, for al sufficiently large k,
(2 —Qp, — 2&)(1]( < (2 — QO — Za)ank+l < bnk-

Thisimplies that
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(2—-2a) lim g = lim (2— o, — 202)ax <limsupb,, <O.
k— 00 k— 00

k— 00

Hence limy_ oo ax = 0. O

3 Results

First, we discuss the existence and uniqueness of solutions of some related hierarchi-
cal optimization problems.

Theorem 3.1 Let S1, S2: H — H be quasi-nonexpansive mappingsand f, g : H —
H be contractions. Then there exists a unique element (x*, y*) € Fix(S1) x Fix(S2)
such that the following two inequalities are satisfied:
(x* — f(y*),x —x*) >0 Vx eFix(S1),
« , ©®)
(y*—g(x*),y—y*)=0 VyeFix(S2).

Proof The proof is a consequence of the well-known Banach’s contraction principle
but it is given here for the sake of completeness. It is known that both sets Fix(S1)
and Fix(S>) are closed and convex, and hence the projections Prix(s;) and Prix(s,) are
well defined. It is clear that the mapping

Prix(sy) o f o Prix(sy) 0 8
is a contraction. Hence, there exists a unique element x* € H such that
x* = (Prix(sy) © f © Prix(sy) © 8)x".
Put y* = Prix(s,&(x™). Then y* € Fix(S2) and x* = Prix(sy) f (*)-
Supposethat thereisan element (x, y) € Fix(S1) x Fix(S2) such that thefollowing
two inequalities are satisfied:
(x—f(.x—x)>0 VxeFix(S),

(F-8@.y—5)=0 VyeFix(S).

Then
X = Prixsp f ),
¥ = Prix(s,)8 ().
Hence,
X = (Prix(sy) © f o Prix(sy) © &)X
Thisimpliesthat ¥ = x* and hence y = y*. This completes the proof. O
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For mappings S1, S», f, ¢ : H — H, we define two iterative sequences {v,} and
{wn} by

vo, wo € H,
Vpt1 = (1 — o) S1v, + o f(Sowy), (6)

Wp41 = 1 —ay)Sow, + ang(SlUn)y
where {«, } isasequencein ]0, 1 satisfying lim,_, oc &, = 0 and Z;’l‘;oan = 00.

Theorem 3.2 Let S1, S2: H — H be strongly quasi-nonexpansive mappings such
that both 7 — S1, I — Sp aredemiclosed at zeroand let f, ¢ : H — H be contractions.
Then the iterative sequences {v,} and {w, } generated by (6) convergeto x* and y*,
respectively, where (x*, y*) isthe unique element in Fix(S1) x Fix(S2) verifying (5).

Recall that amapping T : H — H isdemiclosed at zero [9] iff
Tx=0 whenever x, —~xandTx, — 0.

We split the proof of Theorem 3.2 into the following lemmas. For convenience,
assumethat f, g : H — H are contractions with the coefficient a.

Lemma 3.1 The sequences {v,} and {w,} are bounded.

Proof It followssince S1, S» are quasi-nonexpansive mappingsand f isacontraction
with the coefficient @ that

[onss = "] = @ = @) | S1on = x™[ + e £ (S2wn) — x|
< @ —an)|vn =" +an | £ S2wn) = FOO +an | £ () = x*|
= Q= an)on = 7| + @[ Sgwn = [ + ] £ () =7
= Q—an)on =" +an@{wn =y +an [ £(57) = 7]
Similarly, we also have
[wnts =y = Q= wn =y + n@lvn — 2] + e (x7) = 7]

Thisimplies that

lvnss —x*| + | wnsr — ¥
<(1-an@=®)([Jon = "] + [wn —y*])

ILfOF) —x"l + 18 (™) — ¥
1-@

/O =X+ g™ — ™I }

+o, (11— a)

< maa o, —x" | + s = =l
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By induction, we have

[on =1+ wn = 7]

<maf Jvo —*| + o "]

/O — X + g™ — ™I }

l1-o

for dl n € N. In particular, {v,} and {w, } are bounded. Consequently, the sequences
{S1v,} and {Sow,} are bounded, also. O

Lemma 3.2 For each n € N, the following inequality holds:
[onss =2+ fwnsa =y
< @ = an)®(Jou = *+ wn = »7%)
+ 20,8 ([[wn = 3" [[Jonsa = x| + Jon = x| wnra = y7])
+ 20 ((f () = 2" vngr — 2"+ (g (47) = ", w1 — ¥7)).

Proof It follows from the subdifferential inequality that

Jomsa = 2% = || (X = ctn) (S1vw — x*) + € (£ (Sawn) — ) |®
< | @ = @) (S1vn — x*) | + 2o (£ (S2wn) — x*), Va1 — x*)
= (1= an)?|[S100 = | + 20a( £ (Sawa) = £(*), var1 — x*)
20, (3) =5, vps1 — 2]
< (L= a)?|vn = x| * + 20| £ S2wn) = £ ()| [ vnrs — x|
+ 20, (f (v*) — x*, vpg1 — x¥)
< @ - a?fun — 2|7+ 2@y — s — |
+ 20, f(y*) — X%, vpgr — x 7).
Similarly, we have
s =7 [* = @ = e = 5 * + 2008 2 = 57wz =7
+ 20, (g (x*) — ¥*, way1 — ¥¥).
Combining the last two inequalities gives the result. O
Lemma 3.3 If there exists a subsequence {n;} of {n} such that

i (o 1 = 5[ s =" P = = 2|2 = o, = 5 [) =0
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then

limsup({ £ (y*) = x*, vap 1 — X*) + (g (x™) — ¥, wa 41— ¥¥)) < 0.

k—o00

Proof We first consider the following assertion:
0 <timinf (Juness = |+ [aness = [ = [on, = x| = Juom, = *[)
< Mnf((L = ann) | S1om — x|+ e | £ (Szwn) —
* |2 112
+ (L= o) || S2wn, — ¥ |+ o, [ (S1vm) — ¥
= Jowe =1 = 1w, = 5°[)
= limint (| Spone =" = on, =27 |%) + ([ S2wn, =37 |* = Jwa, =" [)
=limin 1Vn, nk 2Wpy — Y Wy — Y
< timsup(| Suvn, — [ = Jon, =) + (| Sz =517~ oy =)
—00
<0.
Thisimplies that
dim (1 Sune =57 = one =) = im (I Sawn, =5 = Juome = 5°[) =0

In fact, since the sequences {||S1v,, — x*|| + llve, — x*|I} and {||Sow,, — y*|| +
lw,, — y* ||} are bounded, we have

Jm (1 Sson =" = ow =x°[) = Jim (1 Sz, =37 = Jun, =5°]) =0

Since S; and S» are strongly quasi-nonexpansive,
S1vy, —vp, > 0 and  Sow,, —w,, — 0.

Moreover, by the iteration scheme (6), we have v,, — vy, +1 — Oand wy,, — wy, +1 —
0. It follows from the boundedness of {v,, } that there exists a subsequence {vn,} of
{vn,} suchthat v, — v and

lim (f (") —x*, Uny, —x*)=limsup(f(y*) — x*, vy, — x¥)

[—o00 k— 00

=limsup(f(y*) — x*, vp41 — x*).

k—o00

Since I — S; isdemiclosed at zero, it followsthat v € F(S1). It follows from (5) that

lim (f(y*) —x*, Uny, —x*): <f(y*) —x*v —x*) <0.

[—o00
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Consequently,

|Imsup(f(y*) —)C*, Ung+1 —)C*) <0.

k— 00

By using the same argument, we have

limsup(f (x*) — y*, wa+1 — y*) < 0.

k— 00

Therefore, we obtain the desired inequality. O
We are now ready to prove Theorem 3.2.
Proof of Theorem 3.2 We first observe that

[wn = > owes =5+ Jon = [ wna = 57|

1 1
2 2

< (o =" Jow = ¥ %) 2 (Jwns = x[* 4 Jona = »*[%) 2.
Put

2

9

by =2((f (y*) = x*, vag1 — x*) + (g (x™) — ¥, way1 — ¥)).

*

a, = ”v,, —x*”2+ ||wn -y

Then we have the following statements:

e {a,} isabounded sequence (Lemma 3.1);

o ani1 < (L—ay)ay + 20,0 /A \fans1 + by for dl n € N (Lemma3.2);

e whenever {a,,} isasubsequence of {a,} satisfying liminfy_ o (an, +1 — an,) =0,
it follows that limsup,_, o, #,, <0 (Lemma3.3).

Hence, it follows from Lemma 2.5 that

. 2 2 .
im (o= x|+ Jwn = »*) = lim a, =0,
Thismeansthat lim,,_, » [lv, — x*|| = lim,— » |w, — y*|| =0, asdesired. O

Using our Theorem 3.2, we can deduce Maingé's result (see Theorem 2.1) with a
more relaxed restriction on the parameters &1 and &>. More precisely, £1 and &> in our
Corollary 3.1 can be chosen from the wider range 10, 1 — B[ while hisresult requires
the condition &1, &> € 10, 1’7’3[.

Corollary 3.1 Let 71, T» : H — H be B-demicontractive mappingswhere 8 € [0, 1],
suchthat I — Ty, I — T aredemiclosed at zero. Let F : H — H bea u-Lipschitzian
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and r-strongly monotone mapping. Let {x, } and {y,} be generated by
x0, Y0 € H,
Un = Xn = Yu[PF (n) + X0 — Yn )
Wn = Yn = Yu[NF () + yn — Xn]. ™
xng1=[(L—EDT + &T1](vn),
ynr1=[(A—E)I + &E212](wy),
where I isthe identity mapping and the following conditions hold:

(0) {ya} €10, 1L, limys o0y =0and Y o2 o v = 00;

(© p.nel0, L.

Then the sequence {(x,,, y,)} converges strongly to the unique solution (x*, y*) of the
hierarchical optimization problem (1).

Before proving the result, we mention the following probably known fact with the
proof for the sake of completeness. The second assertion strengthens Remark 2.1 of
Maingé [14].

Proposition 3.1

(& If F: H— H isa pu-Lipschitzian and r-strongly monotone mapping, then the
mapping f := I — pF isa contraction provided that p € ]0, %[ (see, for exam+
ple, [10-13)]).

(b) If T: H— H isa B-demicontractive mapping with 8 € [0, 1[, then the mapping
T, = (1— w)I + T isstrongly quasi-nonexpansive whenever w € 10, 1 — B[.

Proof (a) For x, y € H, we have

lr o) = r [P =] —y) —p(Fx — Fy)|?
=|lx — yI?> = 2p(x —y, Fx — Fy) + p?| Fx — Fy|?

2r
< (L=20r + p?u?) Ix — yI* = (1 - puz(? - p)) e = yII2.

(b) Let w € 10,1 — B[. It follows from Proposition 2.1 that T, is quasi-
nonexpansive and Fix(T,,) = Fix(T). Let {z,} beabounded sequenceand ||z, — p|| —
| Tz — pll = O for some p € Fix(T,,) = Fix(T). We show that ||T,,z,, — z,|| = O.
Note that

2 2
1Twzn — pII© = ”Zn —p—w(zy— Tzn)”
= llza — PII* = 2020 — p.7n — Tzn) + @°llz0 — T2a1?

<lzn — plI2+ (~0 (L = B) + ?)llzy — Tzul?
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=llzn = pIP — (1= B — )llzn — Tzall*
Sincew(1—p —w)>0and ||z, — pl|> — | Twzn — plI® — 0, we get
1Twzn — zull = @l T2y — znll = O.
This compl etes the proof. O
Proof of Corollary 3.1 From (7), we obtain
Vp=A—=y)xn + (A= pF)yn,
Wy = A= v)yn +va(l—=nF)xy,
Xng1=[(1— &) + &1T1](vy),
ynr1=[(A—E)I + &2T2](wy).
Put
f =1I- IOFs
g=1—nF,

S1=0A-8&)] +&T1,
So=01-8)1+8&D.

Then Fix(S;) = Fix(T;) fori =1,2 and

V= A —y)S1vp—1 + v f (S2wy—1),
wy = (1= yp)Sowu—1 + ¥ug(S1vp-1).

Set o, = y,,41. Hence,

Vpg1 = (1 — o) S1vy + oy f (S2wy),

Wyt1 = (1 — o) Sowy, + a0 g(S1vp).

It follows from Proposition 3.1 that both f, ¢ are contractions and both S1, S> are
strongly quasi-nonexpansive mappings. It is easy to seethat 7 — S1 and I — Sp are
demiclosed at zero. By applying our Theorem 3.2, the conclusion follows immedi-
aely. O

The limitation on the use of Maingé's result and our Corollary 7 happens
when dealing with B-demicontractive mappings where g8 = 1. We will mod-
ify the preceding construction of a strongly quasi-nonexpansive mappings from
a 1-demicontractive mapping which is L-Lipschitzian by using Ishikawa's idea
(see[23)).
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Proposition 3.2 Let T : H — H be an L-Lipschitzian and 1-demicontractive map-
ping. Define the mappings S and U for some positive value « by

S=QA—-a) +aT,
Ui=1Q—-a)] +aTS.
Then
1Ux — gl < |lx — ql* + &®(«®L? + 20 — 1) |lx — Tx|%,
for all (x,q) € H x Fix(T).

In addition, if « € ]0, _1+L4 V2L2+l[, then U is a strongly quasi-nonexpansive mapping
and Fix(U) = Fix(T).

Proof Let (x,q) € H x Fix(T). Note that
Ux —ql? =1 -a)(x — @) +a(TSx — )|
=A-)lx —ql*+elTSx —ql* —a(l—a)|TSx —x[*. (8)
Since T is 1-demicontractive, we have
ITSx —qll? < [|Sx — ql|* + [|Sx — T Sx]||>. 9
Next we estimate two terms on the right of the preceding inequality:

2
ISx —ql? = |1—a)(x —q) +a(Tx — q)|
=1-a)llx — gl +alTx —ql|? - a(l—a)|Tx — x|?
<|lx — gl +allx — Tx)|? — a(l— )| Tx — x||?

= |lx — qlI* + &?|lx — Tx||%; (10)

I1Sx — TSx|I> = | (1 — a)(x — TSx) + a(Tx — TSx)||2
=A—a)|x = TSx||?+a|Tx — TSx|? — a(l—a)|Tx — x|?
<A —a)llx — TSx[?> +aL?|x — Sx[|> — (1 — )| Tx — x|
=@A—a)|x — TSx|?+ aL??|x — Tx||? — a(l—a)||Tx — x]||?
=1—a)|x —TSx|?+a(L%? +a —1)|x — Tx|% (11)

From (9), (10), and (11), we obtain
ITSx — gl < llx — gl + a(L%x? + 20 — 1)||lx — Tx||* + (1 — a)|lx — T Sx |2
(12)
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It follows from (8) and (12) that
1Ux —qlI? < llx — gl + «*(L%® + 20 — 1) || Tx — x||°.
This proves the first assertion.

Finally, we prove the last assertion. Observe that «?(L%a? + 2o — 1) < O for

al « €]0, _1+L7 VZLZH[. It follows from the inequality obtained in the first part that
Fix(U) =Fix(T). Thenitisclear that U isaquasi-nonexpansive mapping. To prove
that U isastrongly quasi-nonexpansive mapping, let {x, } be a bounded sequence in
H suchthat ||x, — ¢l — |Ux, —q|l — 0, for some g € Fix(U) (= Fix(T)). From the
last inequality, we have

0< —a?(L%? + 20 — 1) | Txy — xul1? < %0 — qlI> = |Ux, — g|I> — O.

Thisimpliesthat x,, — Tx, — 0and so x,, — Sx,, = a(x,, — T'x,) — 0. By theuniform
continuity of T, we aso get Tx,, — T Sx, — 0. Then x, — T Sx, — 0, and hence
xp — Uxy = a(x, — T Sx,) — 0. The proof isfinished. O

We now obtain the following result whose proof is omitted.

Corollary 3.2 Let Ty, T> : H — H be 1-demicontractive and L-Lipschitzian map-
pings such that I — 71,1 — T» are demiclosed at zero. Let F : H - H be a
u-Lipschitzian and r-strongly monotone mapping. Let {x,} and {y,} be generated
by

X0, yo € H,
Un = Xn = Yu[PF (3n) + X0 — Yu ),
Wn = Yn — Yu[NF (Xn) + Yn — Xn ],
Xnt1=Ui(vy),
Yn+1=Uz(wy),

whereU; = (1 — &)1 + & T; (1 — &)1 + & T;) and the following conditions hold:

(@ £1.£2 €10, “HVELL
(b) {yn} 10,1, limy— o0 yu =0 and Z:O:O Vn = O0;
(© p.nel0, .

Then the sequence {(x,,, y,,)} converges strongly to the unique solution (x*, y*) of the
hierarchical optimization problem (1).

Finally, we remark that our scheme is a genuine generalization of Maingé's re-
sult because there is a 1-demicontractive and Lipschitzian mapping, which is not a
B-demicontractive mapping for all 8 € [0, 1[. The following example was introduced
by Chidume and Mutangadura [24].
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Example 3.1 Let H=R? B={xe H:|lx| <1}, By={x € B: |x| < 3}, and
By={xeB: 5 <|x| <1}. Forx = (a,b) € H, let x* = (b, —a). Define the map-
ping T : B— B by

L .
if x € By;
sz{x—i—x x € B

ﬁ—x—i—xL if x € Bo.

Itiseasy to seethat Fix(T) = {0}. It was proved in [24] that T is 5-Lipschitzian and
ITx = Tyl < llx = yI2+ |x = Tx = (y = Ty)|? (13)

for al x, y € B. In particular, T is 1-demicontractive. Moreover, the inequality (13)
becomes an equality whenever x € By and y =0, that is,

ITx)? = |x + x5 |2 = )2+ |2 ? = Ix )2 + Ix — Tx|2

Thisshowsthat 7' cannot be a 8-demicontractive mapping where g € [0, 1].

4 Conclusion

Inspired by the iterative scheme for hierarchical optimization proposed by Maingé,
we establish a more general variant of his scheme to obtain a strong convergence
theorem on Hilbert space setting. With this new technique, the range of some param-
eters as was the case in Maing€'s result is relaxed. We also deduce another strong
convergence theorem for a class of mappings, which is beyond the scope of Maingé's
result.
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Katchang and Kumam (Positivity 15:281-295, 2011). In our proof, we do not assume
the uniform convexity of a space.
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1 Introduction

Let E be a real Banach space with the dual space E* and (-, -) denote the pairing
between E and E*. The duality mapping J : E — 2E is the point-to-set mapping
defined by

Ix={j € E*: (x, }) = IIXI> = [Ij I’} (forallx € E).

In2011, inspired by Verma’s work [25] and the recent work of Qin et al. [14], Katchang
and Kumam [11] introduced the so-called general system of variational inequalities
for operators A, B : C — E where C is a closed convex subset of E and A, u are two
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positive real numbers, that is, the problem of finding (X, ¥) € C x C such that, for
each x € C, the following inequalities

(WBX+V—-X,j(x-¥)) =0
holds for some j(x —X) € J(x —X)and j(x—¥) € J(x —¥). The set of solutions
of (1) is denoted by GSVIP(C; A, B; A, 1).

Remark 1.1 If B =0, then (V¥ — X, j(x —¥)) > 0 for all x € C. This implies that
—IXK=9I? = (=X, j(X=79)) > 0, and so X = y. Hence the general system
of variational inequalities (1) becomes the (classical) variational inequality problem,
that is, the problem of finding X € C such that

(AX, j(x —X)) >0 forallx € C. (2)

This problem is interesting and have been extensively studied by many authors
because it includes various problems in many branches in mathematics and sciences,
for example, convex optimization problems, complementarity problems, etc. Relations
between convex functions and variational inequalities were considered by Rockafellar
[19] and Moreau [13]. The fact that complementarity problems can be deduced from
variational inequalities was given by Karamardian [10].

Inspired by the iteration methods of Qin et al. [14], Katchang and Kumam [11]
proposed the following method for approximating a common element of the solution
set of the general system of variational inequalities GSVIP(C; A, B; A, u), where
A, B : C — E are certain types of accretive operators, and the fixed point set of a
nonexpansive mapping S: C — C;

Xx1=xeC
Yn = Qc(Xn — uBXn) (3)
Xn+1 = an f (Xn) + BnXn + ¥n[8SXn + (1 — 8)Qc(Yn — AAYn)], (n>1)

where {an}, {Bn}, {¥n} are sequences in (0, 1) satisfying certain conditions, § is a con-
stantin (0,1), f isacontraction of C into itself and Q¢ denotes the sunny nonexpansive
retraction from E onto C.

The purpose of this paper to present a short and simple proof of their recent result
[11]. In our proof, we do not assume the uniform convexity of a space. Moreover, in
the presence of uniform convexity, we can conclude the strong convergence by the
simpler iteration scheme.

2 Definitions and related known fact

Let us recall some geometric properties which are used in this paper. A Banach space
E is said to be

e dtrictly convex if whenever ||x|| = ||y|| = %||x + y|| = 1it follows that x = vy;
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e smooth if lim;_o %(||x +ty|l — |IX]]) exists for all X, y € E with ||x|| = |ly|| = 1.

The uniform character of two properties above are related to the following moduli:

1
0e(7) = sup [E(IIXJr tyl + X =zyl) = 1: Xl = llyll = l] (t=0)
. 1
Sg(e) = inf [1— §||X+ ylib=iIxlh =1yl =1, [x =yl = 8] (e €10, 2]).

We say that E is

e uniformly smooth if lim,_.q € = 0;
e uniformly convexif §g(¢) > 0 forall ¢ € (0, 2).

To deal with some estimates, we also need the stronger property than uniform smooth-
ness and uniform convexity. A space E is

e 2-uniformly smooth if there exists a constant k > 0 such that og () < kz? for all
T >0;

e 2-uniformly convex if there exists a constant ¢ > 0 such that §g(¢) > ce? for all
g€ (0,2).

Let us recall some known fact concerning the geometric properties and the properties
of the duality mapping (for more information, we refer to Cioranescu’s book [9] and
its review by Reich [17]):

e if E is smooth, then Jx is a singleton for all x € E. In this case, we treat each
singleton Jx as the element in Jx and we consider J as a single-valued mapping
J:E— E%

o if E isreflexive, then E is smooth (strictly convex, resp.) if and only if E* is strictly
convex (smooth, resp.);

e E is uniformly smooth (uniformly convex, resp.) if and only if E* is uniformly
convex (uniformly smooth, resp.);

e E is 2-uniformly smooth (2-uniformly convex, resp.) if and only if E* is 2-uni-
formly convex (2-uniformly smooth, resp.).

Lemma 2.1 [3,4,27] Let E be a Banach space. Then E is 2-uniformly smooth if and
only if there exists a constant K > 0 such that

I+ ylI2 < 1112+ 2y, jx) + 2[IKy|?

forall x,y € E and jx € Jx. Thesmallest constant K such that the inequality above
holdsis called the 2-uniform smoothness constant of E.

Let C be a subset of a Banach space E. A mapping T : C — C is said to be

e nonexpansiveif |[Tx — Ty| < ||x — y| forall X,y € C;
e a contraction if there is an « € [0, 1) such that |[Tx — Ty| < «||x — y|| for all
X,y e C.
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The set of fixed points of T is denoted by F(T), thatis, F(T) = {x € C : x = Tx}.
Let D be a subset of C. A mapping Q : C — D is said to be

e aretractionif Q% = Q;
e sunny if Q(OX +t(x — Qx)) = Qx forall x € C andt > 0 such that Qx +
t(x — Qx) e C.

In a smooth Banach space, a retraction Q : C — D is sunny and nonexpansive, where
C is convex, if and only if (x—Qx, J(Qx —y)) > 0forall x e Candy € D (see
[15]). In this case, Q is uniquely determined. A subset D of C is said to be a sunny non-
expansive retract of C if there exists a sunny nonexpansive retraction from C onto D.

The following lemma is proved by Katchang and Kumam and it is a generalization
of Lemma 2.1 of Ceng et al. [7].

Lemma 2.2 [11, Lemma 3.2] Let E be a smooth Banach space and let C be a closed
convex subset and a sunny nonexpansiveretract of E. Let A, B : C — E beoperators
and (X,y) € C x C. Supposethat G : C — C isdefined by

Gx = Qc(I —AA)Qc(l —uB)x forallxeC (4)

where | isthe identity mapping, A, i are positive real numbers and Q¢ denotes the
sunny nonexpansive retraction from E onto C. Then (X, V) € GSVIP(C; A, B; A, u)
if and only if X is a fixed point of the mapping G and y = Qc (I — uB)X.

In order to find a solution of the general system of variational inequalities, it suffices

to find a fixed point of the resolvent mapping G. From now on we denote the fixed
point set of the resolvent mapping G by €2, that is,

F(G) ={x:x=Gx} = Q.

The following results are essentially needed for our main result.

Lemma 2.3 [2,18,26] Let {an}, {Bn} and {yn} be sequences of nonnegative real num-
bers satisfying

Yn+1 = (1 — Oln))/n +an/3n for all n > 1.

If Z(I?IO:]_ Op = o0 and Ilmnﬁoo ,Bn = O, then Ilmn%oo Yn = 0.
Lemma 2.4 [5, Lemma 3] Let E be a strictly convex Banach space and let C be a

closed convex subset of E. Let Ty and T, be two nonexpansive mappings from C into
itself with a common fixed point. Defined a mapping T : C — C by

Tx=86Mx+ (1-8)Trx forallxeC

where§ € (0, 1). Then T isnonexpansive and F(T) = F(Ty) N F(Ty).
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Let C be a subset of a smooth Banach space E and 8 > 0. An operator A: C — E
is said to be B-inverse strongly accretive if

(AX — Ay, J(X —Y)) zﬂ||Ax—Ay||2 forall x,y € C. (5)

Lemma 2.5 [1, Lemma 2.8] Let C be a closed convex subset of a 2-uniformly smooth
Banach space E with the 2-uniform smoothness constant K. Supposethat A: C — E
is an B-inverse strongly accretive mapping. Then the following inequality holds for
alx,yeCandx e R:

11— AA)X — (1 = AAYI2 < X — VI + 2A(K21 — B)[| Ax — Ay|?,

where | is the identity mapping. In particular, if » € (0, 8/K?], then | — 1A is
nonexpansive, that is, [|[(I — AA)X — (I —AA)Y| < |x —y| forall x,y e C.

Lemma 2.6 [11, Lemma 3.1] Let E be a 2-uniformly smooth Banach space with the
2-uniform smoothness constant K and let C be a closed convex subset and a sunny
nonexpansiveretract of E. Supposethat A, B : C — E are - and y-inverse strongly
accretive operators, respectively, and G is defined by formula (4). If A € (0, 8/K?]
and u € (0, y/K?], then G is nonexpansive.

Let C be a subset of a Banach space E. A mapping T : C — C is said to be
strongly nonexpansive [6] if T is nonexpansive and

Xn—yn—(TXn—Tyn) — 0

whenever {x,} and {yn} are a sequence in C such that {x, — yn} is bounded and
X0 = Yall = ITXn — Tynll — 0.

Remark 2.7 Bruck and Reich [6, Proposition 1.1 and Theorem 1.3] showed that:

e The composition of two strongly nonexpansive mappings is again strongly nonex-
pansive.

e The convex combination of a nonexpansive mapping and a strongly nonexpansive
mapping is strongly nonexpansive in a uniformly convex Banach space.

Lemma 2.8 Let E bea uniformly convex and 2-uniformly smooth Banach space with
the 2-uniform smoothness constant K and let C be a closed convex subset and a sunny
nonexpansiveretract of E. Supposethat A, B : C — E are - and y-inverse strongly
accretive operators, respectively, and G isdefined by theformula (4). If A € (0, B/K?)
and i € (0, y/K?), then G is a strongly nonexpansive mapping.

Proof Notice first that Q¢ is a strongly nonexpansive mapping (see [12,16]) and G
is nonexpansive by Lemma 2.6. It suffices to show that both | —AAand | — uB are
strongly nonexpansive mappings and then the assertion follows. Note that both | — 1A
and | — u B are nonexpansive mappings by Lemma 2.5. Let {x,} and {yn} be sequences
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in C such that {x, — yn} isbounded and || Xn — Ynll — I|(I =2 A)Xq— (I =X A)Yn|| — O.
It follows from Lemma 2.5 that

20.(B — K2 [ Axn — Aynll? < %0 — Yall? = II(1 = 2A)Xq — (I = AA)yn)|? — 0.
Since 1 € (0, B/K?), we have Ax, — Ay, — 0 and hence
Xn — Yn — (I =AA)Xn — (I = AA)Yn) = A(AXn — Ayn) — 0.

Therefore, the mapping | — A A is a strongly nonexpansive mapping. Similarly, since
w € (0, y/K?), the mapping | — 1B is strongly nonexpansive. The proof is finished.
]

3 A recapitulation of Katchang and Kumam'’s result
3.1 Convergence theorem without uniform convexity

The following theorem is known (see Chidume and Chidume [8] and Suzuki [23]).

Theorem 3.1 Let E beauniformly smooth Banach space and let C bea closed convex
subset of E. Supposethat T : C — C is a nonexpansive mapping with F(T) # @.
Let {xn} be a sequence generated by the following scheme:

X1=ueC ©)
Xn1 = anU + BnXn + YnTXn, (N> 1)

where {an}, {Bn}, {¥n} are sequencesin (0, 1) satisfying the following conditions:

1. an+PBn+yn=1foraln=>1;
2. Ilmn_)oo On = 0 a.nd zg‘;l On = o0,
3. 0<liminfpooo Bn < limsup,_ o Bn < L.

Then {xn} converges strongly to Qr(tyu, where Qr(t) is the sunny nonexpansive
retraction from C onto F(T).

Theorem 3.2 LetE, C, T, {an}, {Bn}, {yn} @nd Q) beasin Theorem3.1. Suppose
that f : C — C isacontraction. Let {Xn} be a sequence generated by the following
scheme:

[xlzxeC @

Xnt1 = on F(X) + BnXn + ¥nTXn, (N> 1).
Then {xn} converges strongly to z satisfying Qr () f (2) = z.

Proof We assume that f is a contraction with a coefficient « € [0, 1). We follow
the idea of Suzuki [24] in this theorem. Since f is a contraction, so is Qr(t) f. Then
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Qr(T) f has a unique fixed point, say z. That is z = Q) f (2). Define a sequence
{yn} in C by

®)

vi=f@®@eC
Yttt =an T (@ + Bnyn + ¥nT¥n, (N> 1).

Then by Theorem 3.1, limp_, o Yn = z. For each n > 1, we have that

[Xn+1 = Yns1ll < anll F(Xn) — £ + BallXn — Ynll + ¥l TXn — Tynll

< ana([[Xn = Ynll + [Iyn = ZI) + BnllXn — Ynll + ynllXn — Ynll

= (on + Bn + vn) %0 — Ynll + anallyn — Z||

B allyn — 2

=1 -A-aan)|Xn =yl + 1 - Ol)OlnT-
It follows from Lemma 2.3 and >"°7; (1 — a)an = oo that limp_.oc [[Xn — Ynll = 0
and hence the sequence {Xn} converges strongly to z. The proof is finished.

]

We recapitulate the result given by Katchang and Kumam without assuming the
uniform convexity condition.

Theorem 3.3 Let E be a strictly convex and 2-uniformly smooth Banach space with
the 2-uniform smoothness constant K and let C be a closed convex subset and a sunny
nonexpansiveretract of E. Let A, B : C — E be 8- and y-inverse strongly accretive
operators, respectively,let S: C — C beanonexpansivemappingandlet f : C — C
be a contraction. Assume that {x} is the sequence defined by

Xx1=xeC
Yn = Qc(Xn — BXn) 9)
Xnt1 = an T (Xn) + BnXn + ¥nl6SXn + (1 — 8)Qc(Yn — AAYn)], (n>1)

where o € (0, B/K?2], 1 € (0, y/K?] and {an}, {Bn}. {yn} are sequences in (0, 1)
satisfying the following conditions:

1. on+pBn+yn=1foraln=>1;
2. Iimn%oo an = 0and Zgil an = 09,
3. 0 <liminfp oo Bn < limsup,_, o, Bn < 1.

IfF(S) NQ # @, then {Xy} convergesstronglytoX = Qrgng f (X), where Qr (gne
is the sunny nonexpansive retraction from C onto F(S) N Q. Moreover, if ¥ = Q¢
(X — uBX), then (X, V) € GSVIP(C; A, B; A, ).

Proof Let G be the mapping defined by the formula (4) andput T := §S+(1—8)G. By
Lemma 2.6, the mapping G is nonexpansive, and hence so is T. Since F(S)NQ # &,
it follows from Lemma 2.4 that F(T) = F(S) N . We rewrite the iteration scheme
(9) as

Xx1=xeC

10
Xn+1 =anf(Xn) + BnXn + ynTXn, (N> 1). (10)
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Consequently, by Theorem 3.2, {xn} converges strongly to X = Qf)f(X) =
Qr(gne F(X). Moreover, (X,y) € GSVIP(C; A, B; A, u) where y = Qc(X —
uBX) by Lemma 2.2. The proof is finished. o

Remark 3.4 The proof of Theorem 3.3 is shorter and simpler than that of Katchang
and Kumam (the proof of Theorem 3.4 of [11] contains 4 pages). Moreover, we do
not assume the uniform convexity of a space.

Remark 3.5 There exists a strictly convex and 2-uniformly smooth space which is not
uniformly convex. The following example is suggested by Professor Simeon Reich
and Professor Yoav Benyamini. For each n € N, suppose that En := (RZ, || - |In)
is a two-dimensional space with its modulus of convexity of power type 2 and its
modulus of smoothness of power type g, where g, | 1. (Attaching to each side of
the square [—1, 1% a part of a disk of radius R > 1, we obtain a convex set K which
is 2-uniformly convex, but not smooth. We then smooth it by replacing each corner
with a part of a small disk of radius r < 1, which is tangent to the boundary of K.
The resulting set is still 2-uniformly convex (with estimates that do not depend on r)
and uniformly smooth, but its modulus of smoothness deteriorates as r | 0.) Next,
we consider E := ¢?(Ep) = {{Xn} : Xn € Enforalln € N, >7°, [|xal|3 < oo} and
{Xn}l := (z‘r’]ozl ||xn||r21)1/2 forall {xn} € E. Sincethe family {Ep} is not “uniformly”
uniformly smooth, the space E is smooth but not uniformly smooth (for example see
[22]). It was shown in [21] that E is 2-uniformly convex. Let F be the dual space of
E. Then F is a strictly convex and 2-uniformly smooth space but it is not uniformly
convex.

3.2 Convergence theorem with uniform convexity

In this subsection, we prove strong convergence theorems in uniformly convex spaces.
Let us start with the recent result of the second author.

Theorem 3.6 [20, Theorem 4] Let E be a uniformly smooth Banach space and C be
a closed convex subset of E. Supposethat T : C — C is a strongly nonexpansive
mapping with F(T) # @. Let {x,} be a sequence generated by the following scheme:

Xns1 = antl+ (L — an) T, (0= 1) (1)

[ X1=ueC
where {an} is a sequence in (0, 1) satisfying limp_, oo n = 0 and > o2 ; an = 0.
Then {xn} converges strongly to Qr(tyu, where Qr(t) is the sunny nonexpansive
retraction from C onto F(T).

Following Suzuki’s idea [24], we have also the following result whose proof is
omitted.

Theorem 3.7 Let E,C, T, {an} and Qg(T) be asin Theorem 3.6. Suppose that f :
C — Cisacontraction. Let {x,} be a sequence generated by the following scheme:

[xlzxeC (12)

Xn+1 =on f(X) + (1 —an)TXy, (N> 1).



Revising an algorithm for accretive operators

Then {xn} converges strongly to z satisfying Qr () f (2) = z.

Theorem 3.8 Let E be a uniformly convex and 2-uniformly smooth Banach space
with the 2-uniform smoothness constant K and let C be a closed convex subset and
a sunny nonexpansive retract of E. Let A, B : C — E be 8- and y-inverse strongly
accretive operators, respectively, let S: C — C be a nonexpansive mapping and let
f : C — C beacontraction. Assumethat {x,} is a sequence defined by the following
scheme

x1=xeC
Yn = Qc(Xn — uBXn) (13)
Xne1 = on F (Xn) + (L —on)[6SXn + (1 = 8)Qc(Yn — LAYD)], (n=1)

where § € (0,1), 1 € (0, 8/K?), u € (0,y/K?) and {«n} is a sequence in (0, 1)
satisfying limp_.oo an = 0 @and > 02 ; an = oo. If F(S) N 2 # &, then {x,} con-
verges strongly to X = Qr(sne f (X), where Qr(s)ng is the sunny nonexpansive
retraction from C onto F(S) N Q. Moreover, if Y = Qc(X — uBX), then (X, V) €
GSVIP(C; A, B; A, ).

Proof Let G be the mapping defined by the formula (4) and put T := §S+ (1 —§)G.
By Lemma 2.8, the mapping G is strongly nonexpansive, and hence so is T by Remark
2.7. Notice that F(T) = F(S) N Q by Lemma 2.4. The iteration scheme (13) can be
rewritten as

Xos1 = an f (%) + (1 — am)Txn, (0> 1), (14)

[ X1 =%xeC
It follows immediately from Theorem 3.7 that {xn} converges strongly to X = Qg ()
f(X) = Qrgna f(X). Moreover, (X,¥) € GSVIP(C; A, B; A, u) where § =
Qc(X—uBX) by Lemma 2.2. The proof is finished. O

Remark 3.9 The iteration scheme (13) is simpler than (3) proposed by Katchang and
Kumam. Moreover, their Theorem 3.4 excludes the case 8n = 0 for all n because of
the assumption lim inf_ o, By > 0. In other word, our Theorem 3.8 can be viewed
as a supplement of Katchang and Kumam’s result.
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