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CHAPTER 1
INTRODUCTION AND REVIEW OF LITERATURES

1.1 Introduction

In 1982, wavelets were first inroduced by Morlet et al. [1, 2] in seismic signal
processing. In 1984 Grossman et al. [3] introduced wavelets in context of quantum
physics with a physical meaning as a small wave or an oscillation that decays quickly.
Many types of wavelet have been proposed such as Haar, Shannon, Daubechies, Morlet,
and so on. In the past, wavelets used to be called as Fourier function, Haar function,
Basis function, etc. In order to provide a wavelet basis, multiresolution analysis is
used for generating the orthogonal wavelet bases from the mother wavelets. Currently,
wavelets have been applied in several research fields such as signal and image processing
[4, 5, 6],data compression [7, 8, 9], solving the integral and differential equations [10,
11, 12, 13], etc.

In this dissertation, we are interested in wavelets in the context of conver-
gence analysis of numerical solutions of partial differential equations (PDEs) proposed
by Lepik [14]. Many numerical methods based on wavelets for solving PDEs have been
proposed.

Firstly, during the 1990s, wavelets have been applied for solving PDEs nu-
merically by Bertoluzza [15] and Beykin and Keiser [17, 16]. Li and Chen [18] categorized
the wavelet-based methods as wavelet weighted residual method (WWRM) including
wavelet Galerkin method (WGM) and wavelet collocation method (WCM); wavelet fi-
nite element method (WFEM); wavelet boundary element (WBE); wavelet meshless
method (WMM); and other wavelet-based numerical methods. Recently, there is an
effective and simple wavelet-based method for solving differential equation in which the
highest derivative is approximated by wavelet series in the work of Chen [19], Hsiao
[19, 20] and Lepik [21, 22, 24, 23, 14]. There are several methods to solve the numerical
solution of PDEs such as finite-element, finite-difference, and finite volume methods.

Wavelet-based methods have also been introduced for solving PDEs.
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Initially, in 1997, Chen [19] and Hsiao [19, 20| presented an operational ma-
trix of integration based on Haar wavelets and a procedure for applying the matrix in
order to analyze lumped and distributed-parameter dynamical systems. They recom-
mended to expand the highest derivative appearing in the differential equation into the
Haar wavelet series. The other derivatives and the solution function are then calculated
through integration. All derivatives and the solution function are substituted into the
ODE system. After that the ODE system is discretized by the collocation method and
then becomes a linear system of algebraic equations in order to calculate the wavelet
coefficients. The technique can be interpreted from the incremental and multiresolution
viewpoint. By increasing the multiresolution parameter m, the accuracy of solution
can be improved. Lepik adapted the method of Chen and Hsiao [19] to solve various
types of differential equations such as nonlinear ODEs [21], evolution equations [22],
integral equations [23], the higher order ODEs [24] and PDEs [21, 14]. In 2011, Lepik
[14] proposed a procedure to solve PDEs by using the two-dimensional Haar wavelet
and claimed that the proposed method was mathematically simple and computationally
efficient for solving the diffusion and Poisson equations. The main feature is to expand
highest derivative into the 2-dimensional Haar wavelet series. The details of this method
are going to be introduced in Chapter III.

Although many wavelet methods have been proposed, little on convergence
analysis has been published. Siraj-ul-Islam et al. [25, 26] proved the convergence of the
Haar wavelet series. Majak et al. [27, 28] published a convergence theorem for solving
ODEs using the wavelet method proposed by Chen [19] and Hsiao [19, 20]. In 2015,
Vijesh and Kumar [29] adapted the work of Lakshmikantham et al. [30] to provide an
existence and uniqueness of the solution of semi linear parabolic initial value problem
(SPIBVP) and the convergence of the generalised quasilinearlization method. They also
provided the explanation of the extension of Haar and Legendre wavelet collocation
methods in combination with quasilinearization for SPIBVP. Since the method of Lepik
[14] is simple and efficient, we perform a convergence analysis on this method when
applied to solve 2D PDEs with boundary value problems.

The convergence theorem which is presented here only holds for PDEs with
boundary value problems. The validity of the convergence theorem is verified by two
numerical examples, the Poisson and Helmholtz equations, which describe the numerous

scientific problems.
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This dissertation is organized into five chapters. Chapter I is an intro-
duction. Chapter II introduces necessary theoretical backgrounds including a general
definition of wavelet, Haar wavelet, the orthogonal property of Haar wavelets and the
mean value theorem. In Chapter III, we review the numerical method for solving two
dimensional partial differential equation with boundary value problem by using two
dimensional Haar wavelet and provide an implementation of two-dimensional partial
differential equation with boundary conditions. In Chapter IV, we derive the conver-
gence theorem of the method introduced in Chapter III and describe how to estimate an
error from numerical results. Finally, conclusions and numerical results will be presented

in Chapter V.
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CHAPTER 11
THEORETICAL BACKGROUNDS

The essential backgrounds for analysing the convergence theorem of the
Haar wavelet method solving 2D PDEs with boundary conditions and introduces the

basic knowledge of Haar wavelet and its relevant properties are reviewed in this chapter.

2.1 Preliminaries

This section will introduce the basic definitions and theorems supporting
the ideas in other sections. Definitions 2.1-2.6 and Theorem 2.7 can help to understand
the basis ideas of wavelets such as multiresolution analysis and orthogonal property.
Definitions 2.2-2.3 are expoited for evaluating the numerical errors. Theorems 2.8 and

2.9 are used in the process analysing the convergence theorem.

Definition 2.1 (Linear operator). Let V and W be two linear spaces. An operator

L:V — W is linear if

L(v+u) = L(v) + L(u), Yo, u €'V, (Addition), (2.1)

L(aw) = aL(v), Vv eV, Va e R, (Scalar Multiplication). (2.2)

Definition 2.2. The space L?[a, b] is the vector space of measurable functions that are

square-integrable on [a, b] under the usual addition for f, g : [a,b] — R,

(f+9)t) =f(t)+g(t), telabCR, (2.3)
and scalar multiplication

(af)(t) = af(t), t€la,b) CR, a €R, (2.4)

and with norm defined by
b 1/2

11, = /|f<t>12dt <. (2.5)

a
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Definition 2.3. The space [?[a,b] is the normed space of a sequence of numbers z =
{&}jen = (&1,82,€3,...), where & € [a,b] C R, with norm given by
1/2

Izl = > I&1 < 0. (2.6)

jEN

Definition 2.4 (Support). Given a function v on €2, its support is defined by

supp v = {z € Qlv(z) # 0}. (2.7)
Note that v has a compact support if a support of v is a proper subset of 2.

Definition 2.5 (Orthogonal basis). Suppose V' is a n-dimensional vector space with an

inner product denoted by < -,- >. A basis {b;}i<nen of V is an orthogonal basis if
< bi,bj >=0 when @ # j. (2.8)

Definition 2.6 (Direct sum). A vector space X is said to be the direct sum of two
subspaces Y and Z of X, i.e.,
X=YaZ, (2.9)

if each z € X has a unique representation
r=y+z, yey, ze Z. (2.10)

Theorem 2.7 (Direct sum). Let Y be any closed subspace of a Hibert space H and
let Y+ be the orthogonal complement of Y, i.e., the set of all vectors orthogonal to' Y
defined by

Yt ={z¢cH|zlY}, (2.11)
then

H=YaY" (2.12)

Theorem 2.8 (Mean value theorem). If a function f(x) is continuous on the closed

interval [a,b] and differentiable on (a,b), then there exists ¢ € (a,b) such that

d . _ fb)—fla)
ﬁf(c) == (2.13)
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Theorem 2.9 (Mean value theorem for definite integrals). Let f(x) and g(z) be con-
tinuous real-valued functions, and suppose that g(x) > 0 on an interval [a,b], then there

exists a point ¢ € (a,b) such that

b
/ f(@)g(x)dz = f(c) / o(x)dz. (2.14)

/ F@)de = £(O)b - a). (2.15)

2.2 Big O and Little o Notations

Definition 2.10 (Big O Notation). Let f(n) and g(n) be functions defined on a domain
D C R. We denote that f(n) = O(g(n)) if there exist positive constants ¢ and ny such
that

0 < f(n) <cg(n), for all n > ng. (2.16)

Definition 2.11 (Little o Notation). Let f(n) and g(n) be functions defined on a
domain D C R. We denote that f(n) = o(g(n)) for any positive constant ¢, there exists

positive constant ng such that
0 < f(n) < cg(n), for all n > ny. (2.17)

These two notations provide a coarse method of comparing two functions,
such as f(n) and g(n), and are also frequently used when both functions converges to
zero. If f(n), g(n) and f(n) = O(g(n)), then f(n) converges to zero at least as rapidly
as g(n). If f(n) =o(g(n)), then f(n) converges to zero more rapidly than g(n).

The Big O notation is used for funtions defined on R. We will see an example

that sin(x) expanded by using Taylor’s series:

. 1 1 1
sin(z) =z — ix?’ + 53:5 — ﬁ:ﬂ +.... (2.18)
(2.18) can be rewritten as
1
sin(z) =z — —a% + O(2°) when z — 0. (2.19)
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(2.19) implies that there exists a neighborhood of 0 and a constant C' such that on that
neighborhood

1
sin(z) —x + 5303 < |$5‘ . (2.20)

An equation in the form:
f(z) =0(g(x)) when z — 0, (2.21)

implies that there exist constants » and C' so that

[f(@)] < Clg(a)], (2.22)

whenever x > r. For example, when x > 1, we can see that In = < z, so we have
In z = O(x).

Generally, we write
f(z) = 0O(g(x)) when z — o, (2.23)

when there exist a constant C' and a neighborhood zg such that |f(z)] < Clg(z)| in
that neighborhood. Similarly,

f(z) =o(g(x)) when x — 1z, (2.24)
implies that
lim gég —0. (2.25)

2.3 Order of Convergence

In this section, we introduce some special terminology describing the rapid-
ity of the convergence of sequence.

Let [x,] be a sequence of real numbers tending to limit z*. The rate of
convergence is said by the following sentences:

at least linear if there exist a constant 0 < C' < 1 and an integer N such that

|Tpy1 — 2| < Clxy, — 27| when n > N, (2.26)

at least superlinear if there exist a sequence €, > 0 tending to zero and an integer N
such that

|Tny1 — ¥ < €y |zn — 27| when n > N, (2.27)
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at least quadratic if there exist a constant ¢ > 0 and an integer IV such that

|2pi1 —2*| < Clzp — 2> when n >N, (2.28)

the rate of convergence is of order « if there exist constants ¢ > 0 and « and an integer
N such that

|Tps1 — 2| < C|xy — 2| when n > N. (2.29)

2.4 Wavelet

The original construction of a class of wavelets by using dilation and trans-

lation of a function (t) was introduced by Grossman and Morlet [3], i.e.,

Yo p(t) = ’ail/zl ) (t_ab) , a,beR and a#0, (2.30)

where a and b are dilation and translation parameters, respectively. Each wavelet

construction is based on the multiresolution analysis that we mention in the next section.

2.5 Multiresolution Analysis

We can construct wavelet families to form an orthonormal basis by Multires-
olution analysis, so we can derive a wavelet function W(t) such that ¥ (2™t —n), where
(m,n) € Z2, is an orthogonal basis of L?(R). Chen et al. [31] introduce the concept of
a reflnable set which led to a set-theoretic multiresolution analysis and establish a con-
struction of multiscale piecewise polynomial functions and its corresponding multiscale
collocation functionals. Describing the defnition of a multiresolution analysis and that

of a reflnable set helps us more comprehensible in the context of wavelets.

Definition 2.12. The function ¢(t) is a multiresolution analysis of L?(R) if there exists
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a nested sequence of closed subspaces {V;;, };mez such that

1. There exists ¢(t) € Vp such that

{¢(t —n) : n € Z} is an orthonormal basis of V), (2.31)
2.V C Vi forallmeZ, ie., ...CV.ocCcViCcVoCcWViCcWC..., (2.32)
3. f(t) € Vi, if and only if f(2t) € Vj,41 for all m € Z, (2.33)
4. () Vi ={0}, (2.34)
5. |J Vam=L®). (2.35)

The function ¢(t) is called a scaling function. We define W,,, to be the orthogonal

complement of V,,, in V41, ie.,
Vint1 = Vin & Wiy, me7Z (2.36)

and

Wil Wy if m #m/. (2.37)

Since Vi, is a nested subspace it follows that

M—m—1
Vi = Vi @ @ Win+tn for m< M, (2.38)
n=0
and that
PR =Vo® P Wn  for m< M. (2.39)
m=0

From the multiresolution analysis, there exists another function (t) in Wy such that
{(t —n) : n € Z} is an orthonormal basis for Wy. The function 1 (¢) is called a wavelet

generator.

Definition 2.13 (Refinable set). A subset V of X is refinable relative to the mapping
O if VC (V).

By following multiresolution analysis, we have many possible kinds of wavelets
such as Haar, Shannon, Daubechies, Morlet, and Mexican hat. In this dissertation, we

focus on only Haar wavelet.
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2.6 Haar Wavelet

In this dissertation, the Haar wavelet family is defined in the same way as

Lepik [14], Chen and Hsiao [19].

Definition 2.14 (Haar wavelet). Consider the interval [A, B], where A and B are given
constants. Let M = 27 and m = 27 where J is the maximum level of resolution and
7=0,1,...,J is a dilation parameter. £k =0,1,...,m — 1 is the translation parameter.

When ¢ > 1, the ith Haar wavelet function is defined as

L, KRS [61(2)752(7‘)]7

hi(x) = § -1,  z € [&(i), &), (2.40)
0, elsewhere,
where
i=2 +k+1, &1(i) = A+ 2kpAx,
(i) = A+ (2k + 1)uAw, ¢3(1) = A+ 2(k + Az,
p=M/m, and Az = (B — A)/(2M).

The index i is the wavelet number. The case i = 1 corresponds to the scaling function

of Haar wavelet which is defined as
hi(z) =1, z€][A, B]. (2.41)

In this definition, ho(x) is called the Haar mother wavelet.

2.7 Riemann-Liouville Integral

The method is proposed by Lepik [14] requires Riemann-Liouville integral to
approximate the solution. According to Podlubny [33], the Riemann-Liouville integral

is defined by,

aly f(x)

-

x
.../f(t)dto‘ (integrating o times)
A

T
1

- - T — a—1 .
=9 A/( £)2=Lf(¢)dt, (2.42)

where I' is the Gamma function and A is an arbitrary. In this dissertation, Riemann-

Liouville integral (2.42) is required to solve n th-order PDEs. See more details of this
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integral is in [33]. We define a function p, ;(z) as

Payi( / / t)dt® (integrating « times). (2.43)

Applying the Riemann-Liouville integral for (2.43) yields

Pa,i(z) = ,/ ) hy(t)dt. (2.44)
A

When a = 0, we have
po.i(x) = hi(z). (2.45)

When i = 1, substituting (2.41) in (2.44) yields

x

1)./@—w”ﬁﬂ=;gx—AW~ (2.46)

Pa1(2) = (a—1)!
A

The following results are from substituting (2.40) in (2.44) when i = 2/ +k+1 > 1.
When z < £;(i) and i > 1, we obviously obtain

x

Pai(@) = / (z — )~ 1(0)dt = 0. (2.47)

0

When z € [£1(i),&2(7)] and i > 1, we obtain

&1(2)

Pa1(7) / ~H(0)dt + / (x—t)*7ldt| = i[z —&(i)]*. (248)
0 €1(3)
When x € [£2(7),&3(7)] and ¢ > 1, we obtain
1 £1(4) &2(1) z
Pa1(7) = (a—1)! / (z —t)*1(0)dt + / )e-tdt — / (z — ) dt
€1(2) €2(i)
= (ail); {;[m - &))" - é[x — &))" - é[x - @(i)]a}

= - 60" 2 - a6} (2.49)
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When z > £3(i) and i > 1, we obtain

oy
-
—~
.
=
sl

2(%)

pa,l(l'):(ail)! /(x— dt+/ (z —t)* tdt

0 &1(4)
0]
— / ( a 1dt—}— / dt
&2(4) £3(3)
— oo e G - S - QO+ - ) - Lo - &0}
— e =" ~ 2~ 6O + o - &1 (2.50)

From (2.47)-(2.50), we conclude that

=
8
AN
I
—
—~
~
N—

()= darle=a@, z € [61(0), &),
pa,z( ) é {[$ _ f1(i)]a _ Q(I‘ _ 52(2))(1}, re [52(1)’53(1)]’ (2.51)
{lz—&@))" = 2[z — L@ + [z — &))"}, = > &(0),

where i = 29 + k + 1.

2.8 Haar Wavelet Orthogonal property

In order to analyse the convergence theorem, the orthogonal property of
Haar wavelets defined in Definition 2.14 is needed. By following the multiresolution

analysis procedure, Haar wavelets defined in Definition 2.14 have an orthogonal property

such that
B B - A, i=1 =1,
/hi(x)hi/(x)dx = (B—-A)/2, i=1i>1, (2.52)
A 0, T

where i =20 + k+1,7 =27 + k' +1, and , j/, k" are defined in the same way as i, 7,

k, respectively.

2.9 Haar Wavelet Expansion and its Error

In this dissertation, the interest method does not require 1D Haar wavelet.
However, introducing an 1D Haar wavelet expansion is beneficial to understand that

of 2D wavelet. Since Haar wavelet orthogonal basis, constructed by multiresolution
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analysis, is in L%[A, B], any function f(z) € L?[A, B] can be expanded into a Haar

wavelet series via
= aihi(v) (2.53)
i=1

where a; = 27 f f(z)hi(x)dz. The expansion in (2.53) can be rewritten as

0o 271

f(x) =arhi(z) + Z Z agi 1 hoi 1 11(@), (2.54)

7=0 k=0

where i = 1,...,2/ + k + 1, and approximated at resolution J as

J 271

fr(x) =arhi(x +ZzazJ+k+1h2J+k+1( )- (2.55)

7=0 k=0

By using (2.54) and (2.55), we can define the error of approximation as

Ej(z) =|f(x) = fs(2)]
oo 27-1

= Z Za2j+k+1h2j+k+1(x)- (2.56)

j=J+1 k=0
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CHAPTER II1
METHODOLOGY

In this chapter, we introduce the method proposed by Lepik [14] for solving

2D PDEs with boundary conditions using 2D Haar wavelets.

3.1 The System of 2-Dimensional Partial Differential Equa-

tion

Consider the linear PDE,
oA

ZZDW‘ ,y Vé?y u(z,y) = f(z,y); (r,y) €Q and 9N = o, (3.1)

=0 A=0
where I and A are given constants; and D,x(z,y) and f(z,y) are given functions. The
quantities I' and A can be determined respectively from the maximum order of the x
and y derivatives appearing in the linear system (3.1). By simplifying the system, the
domain 2 is considered as a rectangular domain [A1, By] X [Ag, Bo]. In addition, any
2D domain can be transformed to a rectangular domain via conformal mapping. The
intervals [A1, B1] and [Ag, Bs| are divided into 2M; (: 2‘”1) and 2Ms (= 2J,+1) parts

of equal length, respectively.

3.2 The Approximation of Function

If (3.1) holds for (972 /92T 0y )u(x,y) € L*(Q), we can expand such that

8F+A

WU(%Q) =3 aivhi(x)hi(y

1=114=1

2] 1 ]71

Z Z Z Za2J+k+12J Cwrprhoi sk (@) hoy g (1), (3:2)

=J+1 k=0 j/=J'+1 k'=
where a;; are wavelet coefficients; h;(z) and hy (y) are Haar functions; i = 2/ 4+k+1; and

' = 27" + k' + 1. Then the solution u(z,y) can be analytically calculated by taking the
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integrals in (2.44) I and A times with respect to x and y, respectively. In this process,
the unknown functions can be analytically computed from the boundary conditions o.

The solution u(x,y) will appear in the form:

w(@,y) = Y awpri(@)paq(y) + Uz, y), (33)

i=1 /=1
which can be approximated by

2M4 2Mo

uyy(@,y) = Z Zaii’pF,i(x)pA,i’(y) + ¥(z,y), (3.4)

i=1i'=1
where pr;(z), pa,ir(y) are functions defined in (2.46) and (2.51), and ¥(x, y) is a function
satisfying the boundary conditions o. The other derivatives can be directly determined

by taking the derivatives of u(z,y).

3.3 The Determination of Collocation Points

In order to obtain a system of linear equations for calculating a;;/, a collo-

cation point (z,,ys) is needed and can be defined by

(2= 1)(By — A)) (25— 1)(By— Ay)
(mrays) = < 4M11 : ) 4M22 2 )7

(3.5)

where r =1,...,2M; and s =1,...,2Mo.

3.4 The Matrix Equation of the System

By substituting the approximate solution (3.4) and its derivatives at the
collocation point (3.5) into (3.1), we obtain the system of linear equations

2M71 2Ma

Z Zaii’Rii’rs = f(zr,ys)- (3.6)

i=14i'=1
The wavelet coeflicients a;7 can be calculated from (3.6). However, dealing with a
fourth-order matrix equation is definitely complicated. For convenience, we transform
the fourth-order matrix equation to a second-order matrix equation by introducing new

indices, namely,

b1 = 2M2(Z — 1) +4 and By = QMQ(T‘ — 1) + s. (37)
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Then, the equation (3.6) can be written as

4Mq Mo

Y ag Rp,p, = Fp,, (3.8)
B1=1

where Fg, = f(xr,ys); ag, and Fg, are 4M; Mo-dimensional row vectors; and Rg, g, is a
4 M7 Mo x 4M7 Ms-dimensional matrix.

After solving (3.8) for ag,, the wavelet coefficient a;;» can be restored from
(3.7). we substitute a;7 back into (3.4) to obtain the solution. We can see more detail

about the method in the next section.

3.5 The second-order 2-Dimensional Partial Differential
Equation
In this disseration, we show an implementation of this method by consider-

ing a second-order 2-Dimensional Partial Differential Equation

oA

ZZDM z9)5 o u(z,y) = f(z,y), (3.9)

v=0 =0
where (z,y) € [0,1]?, with the boundary conditions: u(z,0) = I'y1(z), u(0,y) = 2(y),
u(z,1) =T's(x) and u(1,y) = T'4(y). Note that

u(0,0) =T'1(0) =T2(0), wu(0,1) =T4(1) =T}3(0), (3.10)
U(l,O) - Fl(l) = F4(0)7 u(lv 1) - FS(I) - F4(1)
Then, we approximate ugzyy(2,y) as
P 2M; 2M>
Wu(%y) = ;;aii’hi(x)hi’(y)- (3.11)

The following procedure is the same as Lepik [14]. By integrating (3.11) twice each with
respect to y and x, we have that

2 2M 2Mo

0

gzt y) = 3 > aihi(@)pae () +vo? (@) + 67 (2). (3.12)
=1 =1

62 2M7 2M>

oy y) = D D awpi@he () + w017 (0) + 957 (0) (3.13)

=1 =1
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respectively. Integrating (3.12) and (3.13) twice each with respect to x and y yields
2M 2My

Z Zau’pQ i p2 i + y¢1( ) + (Z)Q(x) + $¢3(y) + ¢4(y>a (314)
=1 4'=1
2M1 2Mo

=3 awp2i(@)pai(y) + 2 (y) + ¥a(y) + ya(x) +da(z),  (3.15)

=1 i'=1
respectively. Then we evaluate ¢3(y), ¢4(y), ¥3(z) and ¥4(x). Since

ui(z,y) —uz(x,y) =0, Y(x,y), (3.16)

we have

y(01(z) = s3(x)) + (P2(x) — Ya(x)) + 2(d3(y) — ¥1(y)) + (Pa(y) — ¥a(y)) = 0. (3.17)

(3.17) enables to choose

¢r(x) = P3(x),  da(x) =va(x),  @3(y) =1ly),  daly) =42(y), (3.18)

and then results in
2M1 2Mo

Z Zau’pQ ) p2 i + ycbl( ) + ¢2($) + xdjl(y) + ¢2(y) (319)

=1 =1

Incorporating the boundary conditions yields the following results. When u(z,0) =

I'i(z), we have

$2(0) = —2(0) +I'1(0),
¢2(1) = —11(0) — ¥2(0) + I'1(1).
When u(0,y) = I'2(y), we have

Ya(y) = —y#1(0) — ¢2(0) + 2 (y)
¥2(0) = —¢2(0) +I'1(0), } (3:21)
¥2(1) = —=¢1(0) — $2(0) + T'o(1).

since I'1(0) = I'2(0). When u(z,1) = I's(x), we have

¢2(z) = —2¢p1(0) — 2(0) + I'i (2),
(3.20)

2M7 2M>2
— =3 S i @pae(1) - da(e) - wa(1) — a(1) + Tla). (3:22)
i=1 =1
Then,
2M7 2Mo
Z Zau’pQ z p2 i + 95[%( ) 1/}1(1)]
i=1 i'=1
+92(0) — 92(1) + Iz(x) — 1 (=),
$1(0) =th2(0) — ¥2(1) + T'2(1) — I'1(0), (3.23)
2M71 2M2
Z Zau’pQZ pZz [wl( ) ¢1(1)]
i=1i'=1
+ 2(0) — 12(1) + T's(1) — T'i (1), )
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since I'9(1) = I'3(0). when u(1,y) = I'4(y)

2M, 2Ms
Z Zan p2,i(1)p2,ir (y) — Y2(y) — yo1(1) — ¢2(1) + Tu(y). (3.24)
=1 1=
Then,
20, 2Ms
Z Zam p21 sz +y[¢)1( ) ¢1(1)]
=1 1=
+ ¢2(0) — ¢2(1) + I'a(y) — I'2(y),
$1(0) =¢2(0) — ¢2(1) + I'1(1) — I'1(0), (3.25)
M, 2Mo
== > ) awpai(Dp2ir(1) + [$1(0) — g1 (1)]
i=1 i'—1
+ ¢2(0) — ¢2(1) + T'3(1) — I'a(1),

since I'1 (1) = T'4(0), I'1(0) = T'2(0), and T'3(1) = T'4(1). Substituting (3.20) and (3.21)
into (3.19) yields

2M1 2M>o
Z Zazz pQZ sz +y[¢l( ) ¢1(0>]
i=1¢'=
+ 51?[1111( ) = ¥1(0)] = $2(0) — ¥2(0) + T'1(z) + T2(y),
2My 2M>
—Z Zau p21 p21 +y[¢1( ) ¢1(0)]
i=1i'=
+ 93[1/11( ) = ¢1(0)] = T'1(0) + ['i(2) + Ta(y). (3.26)

From (3.23), we have

2M1 2M>

$1 ( Zzazz p21 p21 +$W)1( ) 7111(1)]
i=1 /=
+ Fg(%) — P1($) — Pg(l) +I'y (0), (327)
2M1 2Mo
$1(0) — =) Zau p2,i(1)p2,ir(1) — ¥1(0) 4 1 (1)
i=1 4=
+I4(1 ) ['1(0) + (1) — Ts(1). (3.28)
From (3.25), we have
2M1 2Mo
wl( Z Zau pQZ p?z +y[¢1( ) (bl(l)]
i=1 /=
+Tu(y) —Ta(y) —Ti(1) + T1(0)], (3.29)
2M; 2Mo
wl(o Z Zau p21 P2 4 ¢1( ) + ¢1(1)
1=1i'=

+ T (1 ) I'1(0) + I'2(1) — Ts(1). (3.30)
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(3.28) and (3.30) implies

2M; 2Mo
¢1<0)_¢1( )+¢1 Zzaup?z p2z
i=1¢=
+I1(1 ) I'1(0) + T'2(1) — T5(1). (3.31)

Substituting (3.27) and (3.29) into (3.26) yields

2M; 2Ms

Z Zau p2,i(2)p2, (y) — yp2,i(®)pair (1) — ap2,i(1)p2,y (v)]

=1 i'=

+y [F3( ) —Ti(z) — T2(1) + T1(0)] + 2 [L4(y) — T2(y) — L'1(1) +T1(0)]

+ 2y[p1(0) — ¢1(1) +1(0) — 1 (1)] + T'1(x) + Ta(y) — T'1(0). (3.32)

By substituting (3.31) into (3.32), we have the approximate solution that

2My 2Mo

= Y “ai [p2i(@)pai (y) — yp2.i(z)pa (1)

i=1 i'=1
—zp2i(1)p2,ir (y) + xyp2,:(1)p2,r (1)]

+y[l3(z) —Ti(z) —T2(1) + T'1(0)] + 2 [La(y) — T2(y) — I'1(1) + 1 (0)]

+xy[l'1(1) = T1(0) + T2(1) — T3(1)] + T1(x) + T2(y) — T'1(0), (3.33)
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and its derivatives:

2M1 2Ma

=) ) “ai [pri(@)pei (y) — ypri(@)pay (1)

i=1 ¢=1
—p2i(1)p2,ir (y) + yp2,:(1)p2,# (1)]

+y [[5(z) — Ty(x)] + [La(y) — Ca(y) — T1(1) 4+ T'1(0)]

+ y[T1(1) = T1(0) + La(1) — T3(1)] + Iy (w), (3.34)
2M7 2M2

Z Zau D2, z pl i (y) - p27¢(x)p2,i/(1)

i=1 /=1

—ap2,i(D)p1i (y) + 2p2,i(1)p2,i(1)]

+ [[3(x) — Ty (x) — T2(1) + T1(0)] + = [Ty (y) — To(y)]

+ (1) = T1(0) + T2(1) — T3(1)] + Ty (y), (3.35)
2M1y 2Mo

U:):y € y Z Zau D, z pl i (y) - pl,i(x)pQ,i’(l)
i=11i'=1

—p2,i(Dp1ir (y) + p2,i(1)p2,i(1)]
+ [[3(2) — T ()] + [Ti(y) — To(y)]

+ [Fl(l) — Fl(O) + FQ(].) — Fg(l)], (336)
2M; 2Mo

Uz (T,Y) Z Za“/h pg, y) — ypgji/(l)] +y [Fg(x) - F'l'(x)] + T (x), (3.37)
i=1 /=
2M4 ZMi

yy(2,9) =Y > aiw [p2i(x) — ap2i ()] ho (y) + = [T (y) = T5(y)] +T5(y), (3.38)
i=14d'=1
2M7 2Mo

Uaay(T,9) = D > aihi(@) [pro(y) — pasr(1)] + [[§(z) — T (2)] , (3.39)
=1 ¢'=1
2M; 2M2

Uayy (2,9) = Y > aw [pra(x) — pas(D] ha(y) + [Ti(y) = T5(y)] , (3.40)
i=1 4=
2M4 QMi

Ugzyy (T,Y) Z Za“/h (3.41)

=1 i'=1
By substituting the solution (3.33) and its derivatives (3.34)-(3.41) into the PDE (3.9),
we will obtain the matrix equation. After solving the matrix equation, we have the

wavelet coefficient a; corresponding to the solution (3.33).
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3.6 Poisson Equation

For convenience, the Poisson equation in this context is introduced in the

same boundary conditions as in [14] (See equation (26) in [14]) and considered as

0? ok

WU( y) + a2 u(z,y) = f(z,y), (3.42)
where (z,y) € [0,1]%, with the boundary conditions: u(x,0) = u(0,y) = u(z,1) = 0 and

u(1,y) = g(y). Then, uzgyy(z,y) can be approximated as

84 2M1 2M2
WU(%Z/) = Z Zan'hi(ﬂ«“)hz"(y)- (3.43)
i=1 /=1

Expoiting the result from Section 3.5 yields the solution u(z,y) as

20, 2Mo
)= aw [p2i(x)p2 (y) — yp2.i(x)pai (1)
=1 =1
—ap2,i(1)pai (y) + zyp2,i(1)pai (1)] + zg(y), (3.44)
and its derivatives:
82
520 Z Zam )2, (y) — hi(x)ypa,s (1)] | (3.45)
i=14=1
92 00 00
Tygu(wvy) =) aii [p2.i(@)hi (y) — zpa.i(Dhir(y)] + 2" (). (3.46)
=1 ¢=1

Substituting (3.45) and (3.46) into (3.42) yields the matrix equation in the form of (3.6)

as
oMy 2Mo
E § a Rygr = fu, (3.47)
=1 i/=1

where

Ry =hi(x)p2ir (yrr) + p2,i(x)hir (yrr) — hi(x)yrpe,i (1) — zip2,i (1) hir (yir),
Jur =f(xi, ) — xig” (yr).

The numerical solution can be obtained by calculating a;; and substituting back into

(3.44).

3.7 Helmholtz Equation

In order to expoit the calculation of the Poisson equation for obtaining the

general solution in the form (3.4), the Helmholtz equation is introduced as

V2’LL(CL‘, y) + kQU(xv y) = f(l‘a y)v (348)
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where (z,y) € [0, 1]?, with the boundary conditions: u(x,0) = u(0,y) = u(z,1) = 0 and
u(1l,y) = g(y). Then, let

84 2M7 2M>
aeggr @) = D ) awhi(@hi (y). (3.49)
1=14=1

Since the Helmholtz equation (3.48) has the same boundary condition as the Poisson
equation in (3.42), by the same procedure, the general solution of the Helmholtz equation
u(z,y), derivatives ug,(x,y) and wuyy(x,y) are the same as (3.44), (3.45) and (3.46),
respectively. By substituting (3.44), (3.45) and (3.46) into (3.48), the matrix equation

is in the form of (3.6) as
2M; 2M>

Z Zamez' = fw, (3.50)

i=14/=1

where
Ry =hi(x)pai (yir) + p2,i(x)ha (yr) — hi(xy)yrpa,ir (1) — xip2,:(1) ki ()
+ k2 [po,i(@)poi (yir) — ywpa,i(zi)pa,i (1)
—ap2,i(1)po,ir (yrr) + iyrp2,i(L)pa,i (1))

(2)(

fur = (1, y0) — 119 () — kg (yr).

The numerical solution can be obtained by the same procedure as in the case of the

Poisson equation.
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CHAPTER IV
CONVERGENCE ANALYSIS

This chapter consists of 2 sections. The section 4.1 rewrites the upper bound
of pq,i(x) from [27] in order to derive the convergence theorem more conveniently. The

section 4.2 is the main result that shows the proof of the convergence theorem.

4.1 The Upper Bound of p, ()

Theorem 4.1. Suppose poi(x) is defined as in (2.46) and (2.51) on [0,1], then the

upper bound of pai(x) is as follows:

pO,i(x) S ]-7

1
pa71(9€) S a>

1
p1i(z) < GYES) when 1 > 1,
1 \2
Pai(z) < Cla) <2]+1> when «>2 and i>1,
where
8 .
Cla) = and i=2"+k+1 for i<l

3(L(r+1)/2]1)?
Proof. Suppose that p, ;(x) is defined as in (2.46) and (2.51) on [0,1]. According to def-

inition 2.14, we have & (i) = 2k/29HL & (i) = (2k +1)/277! and &3(3) = 2(k + 1)/2711,
since pq,i(x) is defined on [0,1]. Then, we have

£0) ~ &1(0) = &(0) ~ &) = Sy (11)

According to (2.45), po,i(x) is a Haar wavelet defined in Definition 2.14, so it is obvious

that
-1 S Do, = hz(x) S 1, Vi. (42)

We now find the upper bound for p; ;(z). By taking d/dx on p;1(z) defined as (2.46)

on [0,1], we obtain

d

%le(l') = 1, (4.3)
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so p1,1(z) is non-decreasing on [0, 1]. Then,
pii(z) <1 (4.4)

We then find the upper bound for p;; when ¢ > 1. Taking d/dx on p; ;(z) defined as
(2.51) on [0, 1] yields
d

i) =0, when z € [0,£1(1)], (4.5)
L prila) =10, when = € [€1(6), &(3)), (4.6)
& prala) = —1 <0, when = € [€2(i), &(3)), (4.7)
i) =0, when € [&(i), 1. (4.8)

(4.5)-(4.8) imply that p; ;(z) is non-decreasing when x € [0, £2(4)] and then non-increasing
when x € [£2(i), 1]. By (2.51), p1,i(z) is continuous, so p1 ;(z) is a maximum at z = &»(i).
Then,
1
pi(z) < &) —&(6) = ST for Vrxel0,1] and Vi> 1. (4.9)

By taking d/dx on p,,1(x), we obtain

d 1 a—1

_ e >0 4.10

da:pa’l(x) (a— 1)!3j - (4.10)
SO Pa,1(x) is non-decreasing over = € [0, 1] and hence a maximum at « = 1. Therefore,

1
Pa,i(z) < o when o> 2. (4.11)

Taking d/dx on p,(x) when a > 2 and i > 1 yields

%paﬂ.(;ﬂ) o, when z € [0,1(3)], (4.12)
%pa,i(x) ~a i o] [z — &))" >0, when € [£1(i),&(0)],  (4.13)
Zp0sle) =y {le = 6101 2 - @1

when € [&(i),&3(7)], (4.14)
%pa,i(f’f) o i 1! {[ﬂf —& @) = 2fe - &0 + [z - 53(1')]“*1} :

when =z € [&3(i),1]. (4.15)

In order to show that p,;(z) is non-decreasing for every = € [0,1] when a > 2, we

suppose that (d/dx)pa,; > 0 when a > 2,4 > 1 and = € [£2(4), &3()], so we have

[z — €1(0)]27L > 2[x — &(4)]* L. (4.16)
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Since [z — &1(4)], [x — &2(i)] > 0 and a > 2, we have

(@ — &1(5)] = 2571 [z — &(0)], (4.17)
2070 —1] ) + [&() - (@) > 2/ Nz —a. (4.18)

By rearranging (4.18) and applying (4.1), we obtain
. . . 1
x < &(i) + [€3(1) — &2(7)] (WU—1> : (4.19)

Then, py,i(x) defined in (2.51) when = € [£2(7), &3(7)] is non-decreasing when x < &5(7) +
[€3(1) — &(1)](1/ (2 (@1 —1)). Since 0 < 2%/(>=1) —1 <1,

&3(1) =€2(1) + [€3(i) — &2(4)] (4.20)
<6(i) + [60) ~ €20 (g — ) (1.21)

SO Pa,i(x) is non-decreasing when = € [£2(7),£3(¢)] and o > 2. In the subinterval

x € [€3(i), 1], by using the binomial expansion, p,; can be rewritten as

o) = {Z (3) e - el - a6 20 -

iy (5) 1o - "l - @(i)}l} . (4.22)
Then,
pos(e) = { [ — G0 + [ - () [620) — €0
+i( ) e - & ) — 10 ~2le - 20"
+ [z — &0 + [z — &0 [6(0) — &(0)]

+Z( > [ — &))" [€2(d) — 53(i)]l}. (4.23)

Substituting (4.1) into (4.23) and rearranging yield

i3S [) ()]) e

where o > 2 and i > 1. The term [(1/(27F1))! 4 (—1/(27%1))Y] from (4.24) equals zero

when [ is odd and larger than zero when [ is even. Thus

d (a—1) [z — a-i-1
ol wg( ) (2]52;( N, (4.25)
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when o, i > 1 and [ is even. Hence, p, () is non-decreasing when = € [£3(i), 1], o > 2
and ¢ > 1. Thus, p,(x) is non-decreasing for « € [0,1] when o > 2 and ¢ > 1, and has
a maximum at z = 1.

Finally, we find the upper bound of p, ;(x) defined by (2.51) at # = 1 when

a > 2 and 7 > 1. It is obvious that

()< Q) mitm g

where a > land @ = [ (a + 1)/2]. By investigating the width of the subinterval [£5(7), 1],

we have

[ — &N < [L- &) <1, (4.27)

where a — [ > 0 and x € [£3(i), 1]. By considering (4.26) and (4.27), pa,i(z) in (4.24) is

bounded by the following:

_ (Oj)2 la2 (;J)l G)l (4.28)

o) < <21+>2§ (5)
() £ )"
s [Ee
- <a8!>2 <21+1>2 g (;>2p !
- &7 <2J1+1)2 (5-1)
3 <Z>2 2a1+1>2 | (4.29)

Therefore, 2
pai(z) < C(a) (2]1+1> Vo e [0,1], (4.30)

where C(a) = 8/(3(|(a +1)/2]")?), a > 2 and i > 1. The proof is complete. O
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4.2 Convergence Theorem

Definition 4.2. According to Lepik[14], the solution of a 2D PDE of a boundary value

problem is

u(z,y) = Z Z@iﬂpr,i@)pmi'(y) + U(z,y), (4.31)

i=14'=1
and (4.31) can be approximated with the maximum level of resolution J and J’ as

2M4 2M>

wrg(2,y) = > awpri(@)pas(y) + U(z,y), (4.32)

i=1 =1
where M; = 27 and M, = 27", Then, the error of the approximation at the maximal

level of resolution J and J' is defined as

Eyp = |u(z,y) —uyy(z,y)|. (4.33)

Definition 4.3. By Definition 4.2, the L?-norm of the error of the approximation at

the maximum level of resolution J and J’ can be defined as

1/2

VB ()l = / / By (e, y)Pdady b (4.34)
D

where (z,y) € D. Then, |E(x,y)|, is called that L?-norm of the error.

Theorem 4.4. Given I', A > 2, assume that

a(I‘—i—A)

K(x,y):Wu

(z,y) € L*(R?) (4.35)

is a continuous function on [0,1]? and can be approzimated as

HIT+A)

K(fﬁay) = WU(I‘,?J)

2M1 2Ma

~ Z Zaii’ hi(z)hi (y), (4.36)

i=1 =1

where My =27 and My = 27", For all (z,y) € [0,1]?, there exists w > 0 such that

2K(I,y)

0

|K (z,y)], e

)

5?2
— < w. .
|y K| < (1.37)

Then the Haar wavelet method, based on [14], is convergent, and it yields the following
properties for a boundary value problem on domain [0,1)? of 2D PDE. Let ||Ej/(z,y)|l,
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be the L?-norm of the error at the mazimum level of resolution J and J' defined by
Definition 4.3.

9J+1

2
HEJJ/<x,y>H2<G<r,A>( ! ) , (4.38)

or

1 2
|Bsp(@ )l = O <(2JH) ) when T,A>2 (439)

2 2

where

1C(D)C(A)

(NI

1 [COPcw) | 1 omcw)?
8 TIA! 108 108

AT 108 T } “
8 1 z . /
() :§m for n>2, and J:mln{JjJ}.

Proof. According to Lepik[14], the solution of 2D PDEs is in the form

u(z,y) = Z Zaii/pl‘,z’(ﬂﬁ)pA,i’ (y) + ¥(z,y), (4.40)
i=1i/=1

where U(z,y) is a function determined by the boundary conditions, and (4.40) can be
rewritten as

u(z,y) =a11pr,1(z)paa(y) + ¥(z,y)

oo 291

+ Z Z 97 1 k41,1P0,20 +k+1(2)PA1 (Y)

§=0 k=0

oo 21

+ Z Z @y 9 4 o421 PP ()P 937 411 (V)
3'=0 k'=0

(4.41)

where i = 29 + k+ 1 and i/ = 27 + k' + 1. Then, the approximate solution at the
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maximum level of resolution J and J’ relevant to pr;(z) and pa i (y), repectively, is

uyy(x,y) =anpr(x)pai(y) + V(z,y)
%1

+ Z Z A2 +k+1,1PT 2J+k;+1( )pa1(Y)

7=0 k=0
Jo2i' 1

+ Z Z a1,2j’+k/+1p1“,1(x)pA,Qj’+k/+1(y)

§'=0 k'=0
201 g 28 -1

J
+ Z Z Z Z Qi ki 1,27+ 410020 1k 41 (TP o 4 V), (4.42)
§=0

k=0 j'=0 k=0

where i = 29 + k+1 and ¢ = 29" + k' + 1. By Definition 4.2, the error of approximation
Erp(x,y) = |u(z,y) — usp(x,y)| with respect to (4.41) and (4.32) can be written as

Eyp(z,y) =T+ To + Ty, (4.43)
where
co 29-1
= > Y avipkr1aPrre (@)pas(y)
j=J+1 k=0

o 271

Ty = Z Za1,21"+k'+1pF71(x)pA,2j’+k'+1(y)

J=J+1 k'=0

o 29-1 oo 27-1

Z Z Z Z @25 4 k41,29 +k/+1p1“2ﬂ+k+1( )pA’gjurk/H(y),

j=J+1 k=0 j/'=J'+1 k'=

where i = 27 + k+1 and i/ = 2/ + ¥ + 1. From Definition 4.3, the L2—norm of the

error ||Eyy(x,y)|, can be written as

|Eyy(z,y)||3 =D1 + Da + D3 + Dy + D5 + D, (4.44)
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where
2 1
Dy = Z Z @27 +k+1,1a2r+s+1,11§;;,k;r,slﬁ ), (4.45)
gk 1S
— (1) +(2)
DQ — Z Z (1172j/+k,+1a172w+8/+111< IA;]’/,]{?/;T/,S/’ (446)
gk st
= (2) (2)
Ds = Z Z Z Z a2j+k+1,2jl+k’+1a2r+s+1,2ﬂ+s/+1II‘;j’k;7»7SIA;j/7k/;T/781, (4.47)
j?k r,s j/7k/ ’T‘I,S/
D, =2 ; 73) 73) (4.48)
4 A2 +k+1,101 27" 4o 15T kA 57 :
j’k- T’,S/
= . (2) 3)
D5 =2 Z Z Z “2J+k+1,1a2r+s+1,2”+s’+1ZF;j,k;r,sIA;r’,s" (4.49)
gk T8 rls
Ds =2 3" a, ¥ 7@ (4.50)
6 1 95 4k +1%2r 4 541,27 5/ 15T, s TN Ky 57 .
T,8 j’,k' r’,s’
where
1
(1) _ 2
I = [ [pra(x)]” da, (4.51)
0
1
2
Eohirs :/[PF,2j+k+1(x)pr,2r+s+1(x)] dz, (4.52)
0
1
3
e = / [Pr o 1xi1(@)pra(@)] da, (4.53)
0

where j = J+1,...,00; k=0,1,...,2 —1;r=J+1,...,00; s = 0,1,...,2" — 1;
J=J+1,...,00 K =0,1,...,20 —1;¢' =J +1,...,00; 8 =0,1,...,2" —1; and r
and r’ are dilation parameters, and s, s’ are translation parameters as j, 7/, k and k’,
respectively.

The next step is to find the upper bound of a;;; by considering

8(F+A) 2M1 2M>
K(z,y) = Wu(x, Y)Y Y aghi(@)he (y). (4.54)

i=1i'=1
Since the problem of interest is a boundary value problem on domain [0, 1]?, both pr ;(z)

and pa i(y) are defined on [0, 1]. Then, by Definition 2.14, we have

. . . . 1
&2(1) — &1(0) = &(0) — &) = 57 (4.55)
Since the domain is [0, 1]?, (2.52) becomes
1 1 when i =14 =1,
/hi(:c)hi/ ()x =427 wheni=1i >1, (4.56)
0 0 when i # i’
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Then, we need to find the upper bound of a1;. By applying the orthogonal property
(4.56) in (4.54) and setting 7,7’ = 1, we see that

1 1
/K x,y)h1(z)h (y)dzdy /K x,y)dzdy. (4.57)
0 0

o\'_
O\H

Applying the mean value theorem for integrals with repect to = and y to (4.57), we find

K(3,y)dy = K(5,8) < ‘K((S, 3)‘ < w, (4.58)

a1l =

o _

where 6,0 € [0,1]. We then find the upper bound of a;; when i > 1. By letting
e3 € (0,1), eq € (&1(4), &2(9)), &5 € (&2(i),&3(i)), €6 € (e4,e5) and i = 2/ + k + 1, where
&1(i), &2(4), &3(i) are defined by Definition 2.14, it yields

lea — 5| <les — &(1)] + |§2(2) — &5

<[&1(7) — &(0)] + [&2(i) — &(4)| = o7k

(4.59)
where i = 2/ 4+ k + 1. Applying the orthogonal property (4.56) for i > 1 and i/ = 1 to

(4.54) yields

11 1 1
aig = 2j//K(w,y)hi(:c y)dady = 2]//K z)dydz. (4.60)
0 0 0 0

Applying the mean value theorem for integrals with repect to y and x to (4.60), we get

QJ/Kxag /Kmagdm—/szg

£2(9)
=27 {[&2(i) — £1(0)] K (e4,3) — [53(2) — &(i)] K(e5,€3)} (4.61)

Substituting (4.55) into (4.61) yields

a1 =2 { (2]11) K(e4,83) — <2j1+1) K(55,ég)} = % (K (e4,83) — K(e5,3)]. (4.62)

Applying the mean value theorem to K (g4,é3) and K (e5,&3) in (4.62) yields

1 0 -
€4 — 85) %K(é‘ﬁ, 83). (4.63)

a;1 = 5(

(4.59) and (4.63) imply that

< 2 (4.64)

0 ~
%K (66753) 9+

< Lea— el
az,1_254 €5



Narongpol Wichailukkana Convergence Analysis / 32

Next, we find an upper bound of a;; when ¢ > 1 by the same procedure as finding
g1 By letting €3 € (07 1)7 €4 € (gl(i/)7€2(il))a €5 € (fZ(i/)agfi(il))a € € (54755) and
i =27 4 k' 4 1, where & ('), &(i'), £3(i') are defined by Definition 2.14, it yields

|4 — &5| <|és — &()| + &) — &

<|ea(i) — &(i)] + &) — ()] = —

5 (4.65)

Applying the orthogonal property (4.56) for i = 1 and i’ > 1 to (4.54) yields
1

1 11
ayy =2 //K z,y)hi(x y)dyde = 27 //K y)dydz, (4.66)
0 0 0 0

where ¢/ = 27" + k' + 1. Applying the mean value theorem for integrals with repect to
x and then y to (4.66), we obtain

1 &2(1) &3(7)
a —2j’/K(x,y)hw(y)dy—2j' /K(af,y)dy— / K(z,y)dy
0 €1(i) &(i)
27 {[6) - ()] K(en.0) - [6(0) — )] K(eadn)} . (467)

Substituting (4.55) into (4.67) yields

ary =2 {(m +1> (5,20) <2jlﬂ> K(53,55)}

=3 [K(€3,€4) K (e3,85)]. (4.68)
Applying the mean value theorem for K(e3,&4) and K(e3,&5) in (4.68) yields
1 0 1 0
a17i/ = 5 (54 — 55) @K(&g, 86) |€4 — €5| yK(&g, 56) . (4.69)
(4.65) and (4.69) result in
1
a’l,i’ < <2,]/+1> w, (470)

where i/ = 2/ + k' + 1. Then, we find an upper bound of a; ; when i,i’ > 1. By letting

€1 € (81(9),&2(4)), 2 € (&(1),&3(i)), € € (e1,62), €1 € (&1(), &2(1)), &2 € (&(7), &(1))
and & € (£1,&2), where & (i), &(1), &3(i), &1(i"), & (i), &3(i) are defined by Definition
214,i =2+ k+1and i’ =27 + k' + 1, it yields

ler — 2] < le1 — &4)] + [£2(2) — &2

< & (8) — &0)] + [&2(2) — &(0)| = oYk (4.71)
£l — & < |81 — &) + &) — &
< Jald) — &) + &) ~ &) = 5 (4.72)
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Applying the orthogonal property (4.56) for i,7" > 1 to (4.54) yields

1 1
agp =247 / / K (z,y)hi(x)hy (y)dazdy
0 0
1 [ &09) &3(4)
=t [ [ Keghowis = [ Kephods pay, @73)
0 &@) &a2(4)

where i = 2/ +k+1 and i’ = 2/ + k' + 1. Applying the mean value theorem for integrals

with respect to x to (4.73), we have
1
a; 0 =217 / {[62(i) — &K (1, y)har(y) — [€3(0) — &2(0)] K (e2,y)hir (y) } dy.  (4.74)
0
Substituting (4.55) into (4.74) yields
1
a; i = 27’ = 1/ (e1,y) — K(e2,y)] hir (y)dy. (4.75)
0
Applying the mean value theorem for K(e1,y) and K(g2,y) in (4.75) yields

—2]/_1/1 [ €1 —¢€2) (671/)}%'(1/)] dy
0

&2(4") 9 &3(4") 5
e e [ SR [ LREndy . @)
1) &2(4)

Applying the mean value theorem for integrals with respect to y to (4.76) yields

=27 (o1 - e {00) - 60 K2 - [6() - @WK e

(4.77)
Substituting (4.55) into (4.77) yields
v 1 0 - 1 0 .
a;y =27 L(e1 — &) [<2y+1> %K(@gl) - <2j’+1> %K(E’gz)}
_(e1—e) [ O Nl -
=1 (%K(s,sl) 81‘K(8752) . (4.78)

Applying the mean value theorem for (0/90x)K (¢,&1) and (9/0x) K (g,&3) in (4.78) yields

= e e (61— 8) 2K () (4.79)
am/—4 &1 €o) €1 €9 88 g,€). .
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Taking the inequalities(4.71) and (4.72) into (4.79) yields
2
0xdy

< (35) ()

where i =29 + k+1and i/ =27 + k' + 1.

K(e,é)

1 - .
a; gy < 1 ler — e2| |1 — &2

The next step is to determine the upper bound of the integrals in (4.51)-
(4.53). By applying Theorem 4.1, we obtain

1
1 1
70 < /(F!)de - T (4.81)
0
1
[cm)P? [cm)”
I&) irs < /(23+1)2 (2r+1)2 pde = (27+1)2 (2r+1)2’ (4.82)
1
cr o)
8 < /I‘l( g+1 pl (2]+1) (4.83)
0

where C(I') = 8/(3(|(I'+1)/2])?) and T > 2. Before determining the upper bound of

D1, Dy, D3 and D4, we requires the following:

>3 (5h) () "

j=J+1 k=0

To prove 4.84, we start with

M 271 A
> 1=M+1-N, then » 1=27 (4.85)
N
So that
o 201 3 00 3 00 j
1 1 1 1
IPHCHEPMCHESTPING
j=J+1 k=0 j=J+1 j=J+1
SN SV EA 1 o V/EA o N SRS S el (Vi W (I S
-8 = \4 —\4 81— (1/4) 1—(1/4) | 6\2/+1) °

(4.86)

The next step is to find an upper bound of D;, Ds, D3, and D4s. By applying the
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bounded value of a;;, (4.81)-(4.83) and (4.84) for (4.45)-(4.50), we obtain

2

Dl <ZZ A' 2j+13 21‘+13

Jk T8 )
[C(F)] 2 1 )]20.)2 1 4
— (A1)? ! 2J+1> ] [6 W S (A!)Q <2j+1> , (4.87)
2w2
Do <jzk:rzs: F' 2] +1 3(2r +1)3
el 1 1 N i 1 V] L lePe fo1 N
(? 6 (2J+1> ] [6 <2J+1> ] 36 ()2 <2J+1> , (4.88)
)

gy ( 7
-ewriers[; o) ][5 (s0)] s )]s o2
- T <2=7+1>8’ (4.89)

C(T)C(A)w?
Dy <2 Z Z ‘ TIA! 2]+1) (27“ +1)3

7,k 1.8
2C(D)C(A)w? |1 1 \?% |1 1 2 C(T)C(A)w? 1 \*
= TIA! 6 <2J+1> [6 (2j/+1> < 18TIAI <2j+1> , (490)
°c )
bs <2gzk;§ Al j+1 2r+ (2r +1
2[C())° C 2 1 1 \2
= [ ( )]A' [ 2J+1 ] [ 2J+1 ] [6 9J’ +1> ]
[C(T)]° C(A)w?
= 108A! <2J+1> ’ (4.91)
De<2) > > [CA)*w?
B e aal 27““ 2ﬂ+1>3<2r+1
_20(D) [C(M)Pw [ ] [1 ] [1 | >]
o ! 2J+1 6 \ 2J/+1 6 \ 27 +1
C(I) [C(A)) w?
= 108TI"! <2J+1> ’ (4.92)

where j = J+1,...,00; k =0,1,..., 2 —1;r=J4+1,...,00; s =0,1,..., 2 —1;
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J =min {J,J'}. By substituting (4.87)-(4.92) into (4.44), we have

[C(I))* w? [C(A)*w
122, 9)a)* < 36(A!)2 <2J+1> T 36 <2J+1>

(T
[C(T) 1 MNw? /1 \*
* 1296 (J > 18P'A' <2J+1>
[CI)* CA)w? CIMCAPe? (1 "
LTI <2J+1) T R <2J+1) - (493)
Hence,
2
IBar el <GEN) (575 ) (4.99)
2
|Eyr(, )], =0 ((;ﬂ) ) when T,A > 2, (4.95)
where
[CWP | [cmP | [cmPem)
G, A) = { 36(I'1)2 * 36(A!)2 + 1296
cmecm) [cmPcm) o) [C(A)F}é
18T!1A! 108A! 1081 ’
and
M) =8/B3(L(T+1)/2)H)%) for I >2.
The proof is complete. O

4.3 The Estimation of Error

We set the maximum level of resolution that J = J/, so J = J = J', and
My = M, = 27, When estimating Ejj (z,y), we consider at the collocation points z,
and ys.

Then, we introduce Ej(z,y) as the error of approximation Ky (x,y) when
J = J =J, By Theorem 4.4, we have the error of approximation at the maximal level

of resolution J as

Bl ~ (5 ) - (4.96)
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Then, we have
E: E:
M ~4, ie., log, <HJ(IE’ZJ)H2> ~ 2. (4.97)
}|Ej+1<xvy)H2 HEJ+1(x7y)H2
Since the order of convergence from Theorem 4.4 is equal to 2, we can evaluate the

order of convergence from

o HEﬂx,an)
der = log, (\\Em,wm ' (49

The error of approximation from the numerical result can be obtained by

S0 (Bl ys))’
(1B 0)]]5) o = \/ - ((‘{wu) : (4.99)

where Qo) is the set of collocation points (x,,ys) and n (o) is the number of collo-

cation points.
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CHAPTER V
CONCLUSIONS AND NUMERICAL RESULTS

Theorem 4.4 shows that the method [14] based on the two-dimensional
Haar wavelet converges as the maximum level of resolution increases. The convergence
analysis shows that the order of approximation is of 2 for boundary value problems. The
numerical results can validate in 2 examples: Poisson and Helmholtz equations which

are shown in Examples 5.1 and 5.2, respectively.
Example 5.1. The Poisson equation
V2u(a,y) =2 [y*(1 - 62%)(1 —y*) + (1 = 6y°)(1 — 2?)] , (5.1)

with the boundary conditions that u(z,0) = w(0,y) = u(x,1) = u(l,y) = 0, has the

exact solution uey(x,y) in the form
Uea(w,y) = 2y (1 — 2)(1 — 7). (5.2)

Numerical errors from solving the Poisson equation using the Haar wavelet method are

shown in Table 5.1.

Example 5.2. The Helmholtz equation
V2ul(x,y) + Ku(z,y) = (k* — 2n2) sin(rz) sin(7y), (5.3)

with the boundary conditions that u(z,0) = w(0,y) = u(x,1) = u(l,y) = 0, has the

exact solution uey(x,y) in the form of
Uez(x, y) = sin(mz) sin(my). (5.4)

Numerical errors from solving the Helmholtz equation using the Haar wavelet method

(when k = 0.5) are shown in Table 5.2.
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Table 5.1: The order of convergence of the numerical solution of Poisson equation in
Example 5.1

J Numerical error Order

1 6.19x107% —
2 1.67x107%  1.8940
3 4.24x107%  1.9731
4 1.07x107%  1.9932
5 2.67x107%  1.9983

Table 5.2: The order of convergence of the numerical solution of Helmholtz equation in
Example 5.2 when £ = 0.5

J Numerical error Order

1 1.04x10792 —
2 2.63x1079  1.9840
3 6.59x107%  1.9969
4 1.65x107%  1.9993
5 4.12x107%  1.9998

The further study should be to deal with the other wavelets such as Legendre

and Chebyshev wavelets.
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