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Chapter 1
Executive Summary

Generalized functions or distributions have of late been commanding constantly expand-
ing interest in several different branches of mathematics. In somewhat nonrigorous form,
they have already long been used in essence by physicists and opened up a new area of
mathematical research, which in turn proved an impetus in the development of a number
of mathematical disciplines, such as operational calculus, transformation theory, functional
analysis, ordinary and partial differential equations.

Distributions close relation to the solutions of differential equations. In the case of the
ordinary differential equation Lu = 0 with constant coefficients, every solution is the classical
solution. The matter is quite different for partial differential equations. The solutions in a
similar situation may now include generalized functions. For instance, du/dx; = 0, in R?,

has among its solutions the generalized function §(z2),

(0(2), (1, 22)) = / " b, 0)dan,

where ¢ is a test function.

Our aim is to find the solution of the partial differential equation
Lu(z) = s(x), (1.0.1)

where L is partial differential operator and s(x) is an arbitrary known distribution. It is well
known that the elementary or fundamental solution is the solution for s(x) = d(x).

A distribution u(z) is a solution of (1.0.1) if for every test function ¢(z), we have

(Lu(z), ¢(x)) = (s(x), ¢(x)). (1.0.2)

In searching for a solution u(z) of differential equation (1.0.1) we may have the following

situations :



(1) The solution u(z) is a sufficiently smooth function, so that the operation in (1.0.1) can
be performed in the classical sense and the resulting equation is an identity. Then u(z)

is the classical solution.

(2) The solution u(z) is not sufficiently smooth function, so that the operation in (1.0.1)

can not be performed, but it satisfy (1.0.2) as distribution. It is then a weak solution.

(3) The solution u(z) is a singular distribution and satisfy (1.0.2). It is then a distributional

solution.

All these solution are call generalized solution.
A purpose of this research is to find the solution of the partial differential equation that

the solution is a weak solution or distributional solution.



Chapter 2

Main Results

2.1 Convolution equation

In the paper Al, we study the distribution e®*{*§ where ¥ is the operator which
related to the diamond type operator iterated k-times, ¢ is the Dirac-delta distribution,
x = (r1,%9,...,%,) is a variable and o = (ay, o, ...,q,) is a constant and both are the
points in the n-dimensional Euclidean spaces R".

At first, the properties of e**{¥d are studied and later we study the application of e®*{¥§

for solving the solutions of the convolution equation
m
(e2TORS) * u(x) = e Z C, 0,
r=0

where u(z) is the generalized function and C, is a constant. We found that its solution
related to the diamond kernel of Marcel Riesz and moreover, the type of solutions such as

the ordinary functions or the tempered distributions depending on k£, m and a.

2.2 General solution of some operators

We published two papers in this topic (see Appendices A3 and A5). We study the
general solution of equation (Fu(x) = f(x), where O is the operator which related to the

ultra-hyperbolic type operator iterated k-times and is defined by
k
1 p 82 p+q 82
(A S n)
2~ Jx7 Oxs
i=1 ? j=p+1 J

p+ q = n,n is the dimension of R", f(z) is a given generalized function, u(x) is an
unknown generalized function, k£ is a nonnegative integer, ¢ is a positive constant and

x = (r1,%2,...,2,) € R™



The paper A5 changes operator in above equation from the operator (¥ to ultra-hyperbolic

Bessel operator. We prove a theorem for this new equation about distributional solution.

2.3 Nonlinear oplus heat equation

Consider the nonlinear equation of the form

%u(mj t) — C2 @k U($,t> = f({ﬂ,t,U(x,t)),

where @ is the oplus operator iterated k-times, and is defined by

P 2 4 p+q 2 a*
oF = L § L
L~ Ox? . Ox? ’
i=1 i j=p+1 J

p+ g = n is the dimension of the Euclidean space R", u(x,t) is an unknown function of the
form (x,t) = (x1,29,...,2,,t) € R" X (0,00), f(x) is the given generalized function, k is a
positive integer and c is a positive constant.

In the paper A4, we proved that under the suitable conditions for f,u and for the spec-
trum of the heat kernel, we can find the unique solution in the compact subset of R™ x (0, 00).
Moreover, if we put k = 1 and ¢ = 0 we obtain the solution of nonlinear equation related to

the heat equation.

2.4 Inverse of some kernel

In the paper A6, we define the Bessel ultra-hyperbolic Marcel Riesz operator on the
function f by

U*(f) = R3 = f,

where RP is Bessel ultra-hyperbolic kernel of Marcel Riesz, o € C, the symbol * designates
as the convolution, and f € S, § is the Schwartz space of functions. Our purpose of this
paper is to obtained the operator E* = (U*)™" such that if U*(f) = ¢, then E%p = f.

The above equation is inspired by the equation introduced and studied by M. A. Aguirre
[M. A. Aguirre, The inverse ultrahyperbolic Marcel Riesz kernel, Le Matematiche 54(1)
(1999), 55-66.]. In fact, the equation is included in above equation if we let |v| = 0. See
Appendix A6.

The paper A7 changes the kernel in above equation from the Bessel ultra-hyperbolic

kernel of Marcel Riesz to the Bessel diamond kernel of Marcel Riesz.



2.5 Diamond Klein-Gordon operator

In the paper A8, we introduced the diamond Klein-Gordon operator iterated k times,
which is defined by

P 2 AR 2 F
(O +m?)" = ( @) —<Z W) Hmi
i—1 O

Jj=p+1 ~J

where p + ¢ = n is the dimension of R”, for all x = (x1,29,...,2,) € R", m > 0 and non-
negative integers k. And we studied the fundamental solution of the operator ({ + m?),
to which we will refer as the diamond Klein-Gordon kernel. Moreover, we also studied the
convolution of this kernel.

In the paper A2, we also studied the Fourier transform of the diamond Klein-Gordon

kernel which is appeared in the paper AS.
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Abstract

In this paper, we study the distribution ewol;& where Olg is the operator

which related to the diamond type operator iterated k-times, o is the

Dirac-delta distribution, x = (x;, x5, ..., X,) is a variable and o =

(o, @, ..., o) is a constant and both are the points in the n-dimensional

Euclidean spaces R”.

At first, the properties of ew‘<>1§8 are studied and later we study the

application of ew‘<>1§8 for solving the solutions of the convolution

equation
m
(€™088) * u(x) = €™ D" C,073,
r=0

where u(x) is the generalized function and C, is a constant. We found

that its solution IS related to the diamond kernel of Marcel Riesz and
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moreover, the type of solutions such as the ordinary functions or the

tempered distributions depending on k, m and a.
1. Introduction

Gelfand and Shilov [2] have first introduced the elementary solution of
the n-dimensional classical diamond operator. Trione [15] has shown that the

n-dimensional ultra-hyperbolic equation has u(x) = Ry;(x) as a unique elementary
solution. Later, Tellez [14] has proved that R,;(x) exists only for case p is odd
with p + ¢ = n. Kananthai [4, 7, 9] has proved the convolutions and Fourier
transformation of the diamond kernel of Marcel Riesz, and has shown that the

solution of the convolution form u(x) = (~1)¥ Sy (x) * Ryp(x) is a unique elementary

solution of the ¢¥u(x) = 6.

Kananthai [8] has shown that the solution of the convolution form u(x) =
Roj, ¢, (X) * Ryj ¢, (x) is a unique elementary solution of the equation D’; szu(x)
= J, where O0F and 0% are the operators which related to the ultra-hyperbolic type

€l €

operator iterated A-times and in particular, if £k = p =1 with x; = ¢ (times), ¢; and
¢y are velocities, then u(x) = Ry . (x) * Ry ., (x) is the elementary solution of the

elastic wave equation of fourth order.

Bupasiri and Nonlaopon [1] have studied the weak solutions of compound

ultra-hyperbolic equation

D¢, 0fu(x) = f(x), (11)

r=0

where D/é is the operator which related to the ultra-hyperbolic type operator iterated

k-times and defined by

p 2 2
k 12:6 0
DC = —2 —2— —2 N p+q=l’l. (12)
J J
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Kananthai [6] has studied the properties of the distribution ek for solving
the elementary solution of the equation of the ultra-hyperbolic type by using the

convolution method.

Kananthai [5] has studied the application of ek for solving the solutions of

the convolution equation which related to the ultra-hyperbolic equation.

Sasopa and Nonlaopon [11] have studied the application of e(’“xD](fS for solving

the solutions of the convolution equation

m
(™ 0E8) * u(x) = ¢ D" C, 013, (1.3)
r=0

which related to the ultra-hyperbolic type operator iterated k-times.

Furthermore, Kananthai [3] has studied the properties of the distribution e oks

and the application of e® ks for solving the solutions of the convolution equation

which related to the diamond kernel of Marcel Riesz.

Sritanratana and Kananthai [13] have studied the product of the nonlinear

diamond operators related to the eclastic wave equation and also introduced the

operator OIZ which related to the diamond operator.

In this paper, we study the properties of ew‘Olc‘S and the application of eO‘xOIC‘S

for solving the solutions of the convolution equation

(™ 08) * u(x) = €™ €078, (1.4)

r=0

where OIC{ is the operator which related to the diamond type operator iterated k-times

and is defined by
2 27k
p 2 pryq 2
1 0 0
<>k =|— E — | - E —_— s (1.5)
¢ ot | ox? . ox?
i=] 1 j=p+1 1

where u(x) is the generalized function and C, is a constant. We found that its
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solution related to the diamond kernel of Marcel Riesz and moreover, the type of
solutions such as the ordinary functions or the tempered distributions depending on

k, m and .
Before going to that point, the following definitions and some concepts are

needed.

2. Preliminaries

Definition 2.1. Let x = (x;, x5, ..., x,,) be the point of the Euclidean space R”"
and the function S, .(x) be defined by

X(Y—”)/2

B0 @1

Sy, ¢ (x) =
where v is a complex number,
27 Tc"/ 21‘(1)

P”(Y):F(n—%y)z

and X:cz(xlz+x§+---+xf,)+xf,+1+x§,+2+---+x§+q. 2.2)

By putting ¢ = 0 and ¢ =1 in (2.2), (2.1) reduces to

|x "
l H
F(zj
2

where |x|= (F + x5+ 4 x2 )1/ 2. The function S,(x) is precisely called the

S, (x) =27 %" Zr(%)

elliptic kernel of Marcel-Riesz. Now S, (x) is an ordinary function for Re(y) 2 n
and is a distribution of y for Re(y) < n.
Definition 2.2. Let x = (x;, x5, ..., x,) be the point of the Euclidean space
R”", write
V=2 +x3++ xlzj) - x120+1 - x§+2 — - x120+q, (2.3)

where p + ¢ = n and the interior of the forward cone is defined by

[, ={xeR":x;>0andV > 0}.
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For any complex number y, define

V(V—")/2
Ryo()={K,(p > el 24)
0, forx ¢ I,

where

n(”‘l)/zr(z * ; - ”jr(l - y)F(Y)

Ka(y) = r(2+2_p)r(p2_7)

.5)

The function R,(x) = R, ;(x) is introduced by Nozaki [10]. It is well known

that such function is an ordinary function if Re(y) > n and is a distribution of y if

Re(y) < n.

By putting p = ¢ =1 in (2.3) and (2.5), and using the Legendre’s duplication
of T'(z), (2.4) reduces to

V(Y—”)/z f r
M,(x) =y Preels
0, forxel,,
where
H,(y) = 2Y‘1n(”‘2)/2r(2+%jr(%) and V =xf —x5 - —x2.

The function M, (x) is precisely called the iyperbolic kernel of Marcel Riesz.

The proof of the following Lemmas 2.1 and 2.2 is given in [4].

Lemma 2.1. The functions S, .(x) and R, .(x) defined by (2.1) and (2.4),

respectively, are homogeneous distributions of order y — n and are also a tempered

distribution.

Lemma 2.2 (The convolution of a tempered distribution). The convolution

Sy, c(x)* R, (x) exists and is also a tempered distribution.
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Lemma 2.3. Given the equation
Ou(x) = 8, 2:6)
where Olg is defined by (1.5), k is a nonnegative integer and § is the Dirac-delta
distribution. Then u(x) = (-1)* Sok.c(x)* Ryy . (x) is the unique elementary solution

of (2.6), where Sy .(x) and Ry .(x) are defined by (2.1) and (2.4), respectively,

with v = 2k. Moreover, u(x) is a tempered distribution.

The proof of this lemma is given in [9].

3. The Properties of ew‘OIC‘S

Lemma 3.1. The following equality holds:
e®0ks = IF5, 3.1
where L is the partial differential operator of diamond type and i is defined by

3
L=0et Zazﬂ ZZZ( 6x26x % 6)56)63}

r=1 i=1

n_ ptq 3 3
+ ZZ Z a, 2 + 0 3
. Oxj0x, Ox ;Ox;.

r=1 j=p+1
oA ; ooy
ZZ J 8x 0ox, Z Z /6x 0X,.
r=1i=1 r=1 j=p+1
n p ptyq
X DTNy
r lﬁxi J ax]
r=1 i=1 j=p+1
D 5 ptq 5 V4 5 prtq 5 n 2
+ Zoc - oA, =2 Zoc» - o Zoc
i j|Pe i j r 6)(,,
i=1 Jj=p+1 i=1 Jj=p+l r=1

+ i%’z— a% Za%, 3.2)
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where
4 2 2
I 63)
T Ox; — Ox7
i= j=p+l1 J

and O, is defined by (1.2) with k =1. Actually, ., =0,A, and ewO]gS is a
tempered distribution of order 4k.

Proof. Let ¢ € 2 be the space of testing functions, infinitely differentiable

with compact supports and 2’ be the space of distributions. Now
(ewcocss (P(X)) = (63 chw(p(x)>
for ¢**( .8 € 2'. By computing directly, we obtain

Ocew@(x) = eaxT(P(x)s (3.4

where T'is the partial differential operator of the form (3.2) and is defined by

T0+z&muzz[ %JQJ
i“r

r=1 i=1 Xr

n_ptq 3 3
+ 22 Z a, 2 + oy 0 3
. Ox0x, Ox ;0x).

r=1 j=p+1
a0 ; .o

ZZ faxax Z Z r J@x 0%,

r=1 i=1 r=1 j=p+1

n D ptyq
0T DI R

r ! 8xl- J ax]

r=1 i=1 j=p+1 -

p + )4 ptq n 3
SDITED IEIINED YLD Y I) y:

i=1 j=p+1 i=1 Jj=p+1 r=1 "

+ Zoc - pZai af. (3.5)

j=p+1 r=1
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Thus

(8. Oce™o(x)) = (8, ¢ To(x)) = To(0).
By the properties of 6 and its partial derivatives with the linear differential
operator 7, we obtain T¢(0) = (L3, ¢(x)), where L is defined by (3.2). It follows
that e**0 .8 = L3. Now

(€770.B) * (e770,8) * -+ * (€™0,8) = (L) * (L3) * -~ * (LJ),

k-times k-times

we have (8 * 0X5) = &+ (I8). Thus €™ (5 * 0X5) = I¥5. It follows that, for

any k, we obtain (3.1). Since & and its partial derivatives have compact support,

hence by Schwartz [12]. [E%6 afe fempered disributions and 0. has order 4. 1t

follows that e‘”‘<>’g d is a tempered distribution of order 4% by (3.1). This completes

the proofs. O

Lemma 3.2 (Boundedness property). For every ¢ € 9, the space of testing

functions, and e**OX8 € D', the space of distributions, then | (emOIéS, o(x)) | < M,

where M is a constant.

Proof. We have (e®™0%5, o(x)) = (05, e®g(x)) for every ¢(x)e? and

e 0ks € 9" So
(e™0e8, e p(x)) = (0£718, 0™ o(x)) = (06, e To(x)),
where 7 'is defined by (3.5). By keeping on operating ¢, with k£ —1 times, we obtain
(€0¢8, o(x) = (8, ¢ T p(x)) = T*¢(0).
Since ¢ € 2, so ¢(0) is bounded and also T¥(0) is bounded. It follows that

| (€055, p(x)) | = | TX0(0) | < M. o
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4. The Application of ¢**0%5

Given u(x) is a distribution and by Lemma 3.1, we have
(€™058) * u(x) = L'u(x),
where I is the operator defined by (3.2) and is iterated k-times with Z%u(x)= u(x).
Theorem 4.1. Given the linear partial differential equation of the form
(e®0k8) * u(x) = 5. (4.1)

Then u(x) = e®(~1)F Sok,c(x) * Ryy o(x) is an elementary solution of (4.1) or the
diamond kernel of Marcel Riesz of (4.1), where Sy .(x) and Ry .(x) are defined
by (2.1) and (2.4), respectively, with y = 2k.

Proof. Convolving both sides of (4.1) by ¢ (-1)* S, k.c(X)* Ry .(x), we obtain

M (1) Sap o (¥) * Ry o(x) % [(€27058) % u(x)] = ™ (<1)F Sp (%) * Ry o(x) # 8,

or
e 0L Sap o (x) * Rog ()] * ulx) = €™ (1) Sy ().
Since OF (~1)F Sok,c(x) * Ry o(x) = & by Lemma 2.3, we have
(€™°8) % u(x) = €™ (<1 Sy, o (x) * Ry ().
It follows that u(x) = **(~1)* Sy o (x) * Ry o(x). 0

Theorem 4.2. Given the convolution equation
m
(e™0E8) * u(x) = €™ C, 088, 4.2)
r=0

where <>lf, is the operator which related to the diamond type operator iterated

k-times and defined by
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p 2 ptq 27"
ok L{ZiJ 5 e
c 4 2 2 ’
'\ ox; fapt Ox;

where p+q=n is the dimension of the space R", the variable x=
(x> X2, ... X, ) €R", the constant o. = (o, 03, ..., 0,) € R", § is the Dirac-delta

distribution with 086:8, (}}38:068 and C, is a constant. Then the type of

solution u(x) of (4.2) depends on k, m and o, as the following cases:

(D) If m <k and m =0, then (4.2) has the solution

u(x) = ewc[co(—l)kszk,c(x) * Ry, ()]

which is an ordinary function for 2k > n with any o and is a tempered distribution

for 2k < n and for some o = (0, 0y, ..., &) with o; <0 (i =1,2, ..., n).
(2)If 0 < m < k and r have run from 1, then the solution of (4.2) is

m
k_
u(x) = e* ZCr(—l) "Sok—2r.c(X) * Rog_ay ()

r=1
(3) If m =2 k and for any o, suppose that k < m < M and r have run from
M
k, then (4.2) has u(x) = ew‘ZCrOZ_kS as a solution which is the singular

r=k

distribution.

Proof. (1) For m < k and m = 0, then (4.2) becomes
(€™ 0K8) * u(x) = e™Cyd = Cpd.
By Theorem 4.1, we obtain

u(x) = e [Co(=1) Sa o (%) * Ryy o (¥)]
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Now, by (2.1) and (2.4), Sy .(x) and Ry .(x) are ordinary functions, respectively,

for 2k > n. It follows that ew‘[CO(—l)k Sok.c(x) * Ry o(x)] is an ordinary function
for 2k > n with any o. If 2k < n, then Sy, .(x) and Ry .(x) are the analytic

functions except at the origin and by Lemma 2.1, Sy .(x) and Ry .(x) are

tempered distributions and by Lemma 2.2, (—l)kSZk, o(x) * Ry o(x) exists and
is a tempered distribution. Now, for some o = (ay, as, ..., a,) with o; <0
(i=1,2,..,n), we have e** is a slow growth function and also its partial derivative

is a slow growth. It follows that ¢®[Cy(~1)F Sok.c(x)* Ry o(x)] is also a tempered

distribution.

(2) For 0 < m < k and r have run from 1, we have
(€™058) * u(x) = €*[C108 + CL028 + -+ + C,, O3].
Convolving both sides by e®*[(~1)F Sok.c(x)* Ry o(x)], we obtain
u(x) = e™[C0.((-1)F Sok,c(x) * Ryy (%)) + C02((-1) Sak, (%) * Ryg o (x))
ot GO (A1) S (¥) * Ry o (x)])
by Theorem 4.1. By Lemma 2.3, if OX (-1} Sok.c(x)* Ryp o(x)) =8, then
OO Sap, () Roy (1)) =3
for r < k. Convolving both sides by (—l)k_rSzk,zr’c(x)*Rzk,zr,c(x), we obtain
(D Sppp, (%) * Rapay, () * O OL(=1) S e (x) * Ra ()
= (-1 " Spp gy o (¥) * Rop gy o(x)) ¥ 8

k_
= (1) Sak_0p. (X)) * Ry gy (),
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or
k- k- k
<>c r((_l) rSZk—Zr,c(x) * R2k—2r,c(x)) * OZ((_I) SZk,c(x) * RZk,c(x))
h—
= (1) So_0p o (X) * Ryg_ap o (x).
Thus,
OL((-1)F Sy o (x)* Rog o (x)) = (-1 Sy o (x) % Rop 2y o (%)
for r < k. It follows that
u(x) = eax[cl(—l)k_lszk—z,c(x) * Rog_n o (x) + Cy (_l)k_2S2k—4,c(x) * Ryg—a,c(¥)
k_
+eeet Cm (_1) mSZk72m,c(x) * R2k72m,c(x)]’
or

u(x) = e‘”[Z Co (=1 Sy gy () % R2k2r,c(x):l'

r=l1

Similarly, as in the case (1),

e(xxlz C,, (—l)k_r SZk—Zr,c(x) * RZk—Zr,c(x):l

r=1

is the ordinary function if 2k — 2r > n for any r, a, and is a tempered distribution if

2k = 2r < n forall rand some o with o; <0 (i =1,2, ..., n).

(3) For m > k and for any o, suppose that £ < m < M and r have run from £,

we have
(eaxoléé) *u(x) = ewc[CkOlc‘S + Ck+1<>lé+16 ot CMOéMS].
Convolving both sides by e®*[(~1)F Sok,c(x) * Ry o(x)], we obtain
k k
u(x) = e [CLOK (1) Sok,c(x¥) * Ry o(x)) + Cr 108 (1) Sok,c(x) * Ry (x))

oot Co OM (<) Sop o (%) * Ry (1)),
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by Theorem 4.1. By Lemma 2.3, we have
m k _ Am—kak k _ Am—k
<>c ((_1) SZk,c(x) * RZk,c(x)) - <>c <>c ((_1) S2k,c(x) * R2k,c(x)) - <>c 5
for k < m < M. Thus, we obtain
_ o ox 2 M—k
u(x) =e [Ck6+ Ck+1<>08+ Ck+2<>06+"'+ CM<>C 6],
or
M
u(x) = eaxz C,omks.
r=k

Now, by (3.1) and (3.2), we have
e® 0" ks = "% & (the term of lower order of partial derivative of &)

for k < r < M and since all terms of the right-hand side of above equation are

singular distributions, it follows that

M
u(x) = ewz C,.0m ks

r=k

is the singular distribution. This completes the proof. g
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1. Introduction

The operator {* has been first introduced by A. Kananthai [7], is named as
the diamond operator iterated k-times, and is defined by

oo k

2
P 2 pt+q 2
0 0
v ( 03:2> N 922 . ptqg=n, (1.1)
i=1 "1 j=p+1 J
where n is the dimension of the space R", for z = (z1,z2,...,2,) € R" and

k is a nonnegative integer. The operator (¥ can be expressed in the form
OF = OFAF = AFDF where the operator AF is Laplacian iterated k-times,
and is defined by

92 8 a2 \"
kE_ | Y ... -
A _<8x%+8x%+ +8x%> : (1.2)

and the operator [J¥ is the ultra-hyperbolic operator iterated k-times, and is
defined by

k
2 92 0 0
oF = (2 2 L _ - . 1.
(8:1:% - ox3 Tt Oxg Ol a2, 8x,2,+q> (13)

In 1997, A. Kananthai [7] has shown that the convolution (—1)*Rg, () *
RI () is the fundamental solution of the operator (¥, that is

OF (1) Rpla) « Rl (@) = 6, (14

where the function RE (z) is defined by (2.1) and RS, (z) is defined by (2.6),
with a = 2k. The fundamental solution (—1)*RS, (z) * R (z) is called the
diamond kernel of Marcel Riesz. Moreover, A. Kananthai [2] has proved the
convolution equation related to the diamond kernel of Marcel Riesz.

Next, A. Kananthai [3] has proved the convolutions of the diamond kernel
of Marcel Riesz and he has also studied the linear equation (see [4])

OFu(z) = f(a). (1.5)

This equation is the generalization of the ultra-hyperbolic equation and it can
be applied to the wave equation. The solution of an equation (1.5) is u(x) =
(—1)F Moy, o () * f (), where

Moy ou(x) = Ry () * BRI (@). (L6)
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Later, A. Kananthai [6] has proved the nonlinear diamond operator are related
to the n-dimensional wave equation. M.A. Tellez and A. Kananthai [12] have
proved the convolution product of the distributional families related to the
diamond operator. Moreover, A. Kananthai [5] has studied Fourier transform
and convolutions of the diamond kernel of Marcel Riesz and also the Fourier
transform of their convolution.

In 2004, H. Yildirim et al [17] have first introduced the operator {% that
is name as diamond Bessel operator iterated k-times, and is defined by

P 2 p+q 2k
, i3

B,, = 6—22 + 2u 20, = 204 + 1, o > —%, x; > 0. In addition, they

O T; 890 ’

have studied the fundamental solution of the equation {%u(z) = §, and this
solution is called the Bessel diamond kernel of Riesz. Moreover, they have
studied Fourier-Bessel transform and convolutions of the Bessel diamond kernel
of Riesz and also the Fourier-Bessel transform of their convolution. Later, M.Z.
Sarikaya and H. Yildirim [10, 16] have studied the Bessel diamond and the
nonlinear Bessel diamond operator related to the Bessel wave equation and
B-convolution of the Bessel diamond kernel of Riesz.

Furthermore, S. E. Trione [14] has studied the fundamental solution of the
ultra-hyperbolic Klein-Gordon operator iterated k-times, and is defined by

0 0* o 0 '
(D—i—mQ)k: = — ... +m?| . (1.8)
Ox? ox2 8xp+1 8xp+q

The fundamental solution of the operator ((4m?)* is Wy, (2, m), and is defined
by

e 7"
Waste,m) = Y LD iy Rl (o), (19)
r=0
where RY ., () is defined by (2.1) with o = 2k 4 2r. Next, Tellez [11] has
studied the convolution product of Wy, (x, m)* Ws(x, m) where  and (3 are any
complex parameters. In addition, S.E. Trione [15] has studied the fundamental
(P+i0)*-ultrahyperbolic solution of the Klein-Gordon operator iterated k-times
and studied the convolution of such fundamental solution.
Later, K. Nonlaopon et al [8] have introduced the operator ({»+m?)* that is
named as the diamond Klein-Gordon operator iterated k-times, and is defined
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by
k
P52 2 p+q o2 2
NN 2
(& +m*)" = ( @) - Z @ +m , (1.10)
i=1 4 j=p+1 J
where p+ ¢ = n is the dimension of the space R", for x = (21, z2,...,z,) € R",

m is a nonnegative real number and k is a nonnegative integer. In this work,
we study the fundamental solution of operator (¢ +m?)* and this fundamental
solution is called the diamond Klein-Gordon kernel. Then, we study the Fourier
transform of the diamond Klein-Gordon kernel and also the Fourier transform
of their convolution.

2. Preliminaries

Definition 2.1. Let x = (z1,29,...,2,) be a point of the n-dimensional
Euclidean space R", denoted by

2

2 2 2 2 2
U=T]+ 2+ + X, =Ty — Tpgo T T Ty

the nondegenerated quadratic form, p4 ¢ = n is the dimension of the space R™.
Let Ty = {x € R" : 1 > 0 and u > 0} be the interior of forward cone and let
I'; denote its closure. For any complex number «, define the function

(a—n)/2
{M for x € I'y,

Rll(x) = Fnl@)” (2.1)

0, forx ¢ T'y,
where the constant K, («) is given by the formula

7202+ a —n)/2)T((1 — a)/2)T(a)
(2 +a=p)/2)0((p - a)/2)

The function R () is called the ultra-hyperbolic kernel of Marcel Riesz and
was introduced by Y. Nozaki [9]. It is well known that R (z) is an ordinary
function if Re(a) > n and is a distribution of « if Re(a) < n. Let supp RY (z)
denote the support of RY (x) and suppose that supp R (z) c T, that is, supp
RM(z) is compact.

By putting p =1 in Ri (x) and taking into account Legendre’s duplication
formula for I'(z), that is

Kn(o) = (2.2)

[(2z) = 22 17~ 120(2)r <z + %) : (2.3)



ON THE FOURIER TRANSFORM OF-... 89

we obtain ()2
o v a—n
= 24
1w = (24)
and v = 2?2 — 23 — 23 — .- — 22, where
_ pn=2)/29a-1p (@ F 270 @
Hy(a) =7 9a-1p < 5 r (2) . (2.5)

I (1) is called the hyperbolic kernel of Marcel Riesz.

o
Definition 2.2. Let x = (z1,%2,...,2,) be a point of R" and w =
23 + 23+ - + 22, then the function R¢(z) denote the elliptic kernel of Marcel
Riesz, and is defined by

wla—n)/2
Re(z) = W7 (2.6)
where
/290 a

« is a complex parameter and n is the dimension of R"™.
By (2.1) and (2.2) with ¢ = 0, then u(®~™/2 reduces to wl(,a_p)ﬂ, where
wp =z + 234 - + 27 and K, (a) reduces to

P U2P((1 - @) /2)0(a)
5l =50 "o

By using the Legendre’s duplication formula

I(22) = 22 1x=1/20 ()1 <z + %) , (2.8)
and ) <1 ) B
3 + z) r <§ - z) = msec(mz). (2.9)
We obtain .
Ky(a) = 5 sec (%) Wy(a), (2.10)

where W), («) is defined by (2.7) with n = p. Thus, for ¢ =0,

u(a_p)/2 7TO[) u(a_p)/2

RH(z) = = 2cos <— W

Kp(a) 2 = 2cos (%) Rg(z),  (2.11)
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Thus, in case of o = 2k,
Rj.(x) = 2(=1)" R, (), (2.12)

forq:()andwp:x%+x%—|—---+x%.
The proof of the following lemma is given in [7] and [3].
Lemma 2.1. R¢(z) and R (x) are the tempered distributions.
From S.E. Trione [13], R (x) is the fundamental solution of the operator
O, that is
OF (R (2)) = 6. (2.13)
Moreover, we obtain (—1)¥Rg, () is the fundamental solution of the operator
AF (see [1]). That is,
AE(=1)* Ry (2)) = 6. (2.14)

It can be shown that R%,, (z) = 05 and R®,, (v) = (—1)*A*S for k is a
nonnegative integer (see [13, 12]).

Let K be a compact set and K C I' where I, is defined as in the beginning.
Choose the support of R (z) such that it is equal to K, then supp RIl (z) is

compact (closed and bounded). So the convolution
(—1)" Ry (2) * R () (2.15)

exists and is a tempered distribution from lemma 2.1.

Lemma 2.2. The convolution (—1)¥RS, (x) * R (x) is the fundamental
solution of the diamond operator iterated k-times, that is

OF ((~1)* R (2) * Rl (2)) = b (2.16)

The proof of this Lemma is given in [7] and [12].
It can be shown that R®,, () * RH,, (z) = (—1)kOF6(x), for k is a nonneg-
ative integer.

Definition 2.3. Let z = (x1,x9,...,2,) be a point of R", the function
Ty (x,m) is defined by

Totoom) = 3 (702) 0 0 R (o) ¢ Bl (o), (207
r=0

where a is a complex parameter, m is a nonnegative real number, R(Ij o ()
and R, ,,.(z) are defined by (2.1) and (2.6), respectively.
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From the definition of T, (x,m) and by putting o = —2k, we have

o0

T op(,m) =) (i) (m*)" (1) TRy (2) % Ry oy ().
r=0

Since the operator ({ + m?)* defined by (1.10) is linearly continuous and has
1-1 mapping of this possess its own inverses. From Lemma 2.2, we obtain

oo

T ok(x,m) = Z <I:> (m2)"OF76 = (O + m2)Pe. (2.18)

r=0

By putting £ = 0 in (2.18), we have Ty(x, m) = §. By putting o = 2k into
(2.22), we have

) =( o) 02O R o) R o)
£ () R o) Bl ). 2219)
r=1

The second summand of the right-hand member of (2.19) vanishes for m = 0
and then, we have

Top(z,m = 0) = (~1)* RSy () * Ry} (x),
which is the fundamental solution of the diamond operator.

Definition 2.4. Let f(x) € L(R")-the space of integrable function in
R™. The Fourier transform of f(z) is defined by

N 1 —ié-x
Fi©) = 1) = oo [ e @) (220)

where f - (517527"’ 7£n)7x - (‘Tlvav"')xn) S anf T = flxl +€2.’L’2 +---+
&nxy is the usual inner product in R™ and dz = dxq dxs - - - dxy,.
Also, the inverse of Fourier transform is defined by

1 R
— — g de. 2.21
@) = s [ T 2.21)
If f(x) is distribution with compact supports by [18], the equation (2.20)
can be written as
~ 1

&) = Fie) = GamF(a). ). (2.22)

The proof of the following Lemmas 2.3 and 2.4 are given in [8].
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Lemma 2.3. Given the equation
(O +m*)fu(z) =4, (2.23)

where ({ +m?)* is the diamond Klein-Gordon operator, and is defined by

k

ok p 82 2 p+q 82 2 )
(O +m*)F = ' 2] Z 922 +m , (2.24)
=1 ? j=p+1 J
where x = (r1,z2,...,x,) € R", k is a nonnegative integer, m is a nonnegative

real number and § is the Dirac-delta distribution. Then we obtain

Top(w,m) =) <_rk> (m?)" (=1)"7 RSy, (2) * Rifyo () (2.25)
r=0

is the fundamental solution of the operator ({ +m?)¥, defined by (3.1), where
RI () and RS, (z) are defined by (2.1) and (2.6), respectively. Moreover,
u(x) = Tor(x, m) is tempered distribution.

Lemma 2.4. Let Ty, (x,m) be the diamond Klein-Gordon kernel is defined
by (3.2), then Ty (x,m) is a tempered distribution and can be expressed by

Top(z,m) = Top_oy(z, m) * Thy(z,m)

where v is nonnegative integer and v < k. Moreover, if we put | = k — v and
h = v, then we obtain

To(z,m) * Top(w,m) = Toppop(w,m)  for I+ h=k.

Lemma 2.5. (The Fourier Transform of ($F 4+ m?2)F8) Let ||€] = (€7 +
gg 4.+ 5721)1/2 for g € R™. Then

1
k 2\k 2 2\k

m < — m .
(f(<> +m?) 5‘ < (%)m(HéH +m?)F, (2.26)
That is, F (Qk + mz)kd is bounded and continuous on the space S’ of the
tempered distribution. Moreover, by the inverse Fourier transformation

1 k

ko, 2ks _ -1
(O"4+m ) =F CTE

(@ + 448~ (Gt o+ Gey) + ]
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Proof. From the Fourier transform (2.22), we have

1 —i€-x
NCORE (0, (0F +miremie)

93

ko
~ 2n)n/? <57 [(f% tod ) (242 mQ] e—zg.x>

k
e (@G ) (Rt ) mi]

Now

F(OF +m2)kd|

1
(2#)”/2 H§1 "”512@”5%""""'5;2)_55“'”
<(27r1)” R
1
( )n/2(||§||2 +m2)k7

B €£+q} + m2]k

where €] = (§+&+---+&2) 1/2, & =1,2,...,n) € R. Hence we obtain
(2.26) and F(OF + m?)k§ is bounded and continuous on the space S’ of the

tempered distribution.

Since F is 1-1 transformation from the space S’ of the tempered distribution

to the real space R, then by (2.21) we have

(OF + m?)ks
1

B

That completes the proof.

3. Main Results

Theorem 3.1.

= ﬂ-)n/Qf_l [(€%+€§+"'+€§)2 — (Gt

2 k
+§:3+q) +m2} :

O

Flok(x,m) =

(27[-)71/2 (§%+§%+...+§%)2_(g+1+...

5 F
™ §§+q> + mQ]
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and

1
| F o (x,m)| < WM for a large &; € R, (3.1)
s

where M is a constant. That is, F is bounded and continuous on the space S’
of the tempered distributions.

Proof. By Lemma 2.3,
(OF + mAE Ty (2, m) = 6,

or

(OF + m2)k§ % Top(x,m) = 6. (3.2)
If we applied the Fourier transform on both sides of (3.2), then we obtain
1
By (2.22), we have
1 k 2k —igx\ 1
W<(Q +m ) 5*Tgk($,m),€ >— 7(271_)”/2.
By the definition of convolution
1 k 21k —igry)\\ L
(271')"/2 <(<> + m ) 57 <T2k<y7m)7€ >> - (27'(')”/2’
b <T2k(y m) e_ig'y> <(<>k + m?2)ks e‘iﬁ‘””> _ L
(27T)n/2 9 ) b (27‘[‘)”/2 )
1
Fop(w,m) (20)"2F (0% + m?)*s) = G

By Lemma 2.5, we obtain

k
Flop(x,m) [(éf + 84+ D) — (B Gt ) +m2}

B 1
B (27T)n/2'
It follows that
1

T
(27()71/2 [(5% _|_§§ +'”+§I27)2 _ ( 12)+1 +...+§£+q)2 —i—mQ}

Flok(x,m) =
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Now,

1

Flok(x,m) =

)

(lgg+-+2

5%_1_...4_5%_ I%_H_..._ ;g-&-q‘_'_mQ)

where £ € (£1,&,...,&,) € Ty with Ty defined by Definition 2.1. Then (£2 +
4+ -—1—53 — §+1 — -§g+q) > 0 and for a large §; and a large k, the right-hand
side of (3.2) tends to zero. It follows that it is bounded by positive constant
say M, that is, we obtain (3.1) as required and also by (3.1), F is continuous
on the space &’ of the tempered distribution. O

Theorem 3.2.

F (Top(z,m) x Toy(z,m)) = 27r"/2.7-"[T2k(a:, m)|F [T (z,m)]
1

2 \n/2 9 k417
) (G+8+--+8) - (5§+1 +5§+2+“""5§+q) +m2]

where k and | are nonnegative integers and F is bounded and continuous on
the spaces S’ of tempered distribution.

Proof. From Lemma 2.4, we have
To(z,m) x Ty (z,m) = Topgro(x, m), (3.3)

where k and [ are nonnegative integers. Taking Fourier transform on both sides
of (3.3) and using Theorem 3.1, we obtain

F (Tae(w,m) « Ty (z,m)) = F (Topq2(w,m))

1
- r 5 9 k400
o2 (@ + G+ )~ (Gt ot +8,)
| 1 _
= — 2 2 _k
/2 (@ + G4+ ) — (G T Gaat o 6y 2
) n/2 -
y (27)

2 v
@m)m2 (@ +&+-+82)" - <f§+1 &t +§;2)+q) +m2]

=212 F [Ty (,m)] F [Ty (2, m)] .
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Since Toy19/(z,m) € &', the space of tempered distribution, and by Theorem
3.1 we obtain that F is bounded and continuous on S’. O
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Abstract

In this paper, we study the general solution of equation [¥u(x) =
f(x), where OF is the operator which related to the ultra-hyperbolic
type operator iterated k-times and is defined by

k
E_ | = - _ -
He = <c2 Zaﬁ .Z 02 |
i=1 "t gj=p+l
p+q = n,n is the dimension of R™, f(z) is a given generalized function,

u(x) is an unknown generalized function, k is a nonnegative integer, c
is a positive constant and = = (z1,x2,... ,2,) € R"™.

Mathematics Subject Classification: 35D05, 35J05, 46F10.

Keywords: Tempered distribution, Ultra-hyperbolic type operator, Hy-
perbolic kernel of Marcel Riesz, Dirac-delta distribution

1 Introduction

I. M. Gel'fand and G. E. Shilov [4] have introduced the fundamental solution
of the n-dimensional ultra-hyperbolic operator. Next, S. E. Trione [15] has
shown that the n-dimensional ultra-hyperbolic equation has u(x) = Ry 1(x)
as a unique fundamental solution. Later, M. A. Tellez [14] has proved that
Ry 1 () exists only for the case p is odd with p +¢ = n. A wealth of some
effective works on studying some properties of the fundamental solution of the

!Corresponding Author, Email : nkamsi@kku.ac.th
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n-dimensional ultra-hyperbolic operator have been presented by Kananthai
6, 7,8, 9].

In 1999, A. Kananthai [8] has showed that the solution of the convolution
form w(x) = Roge (¢) * Roke,(x) is an unique fundamental solution of the
equation 0 (0% u(z) = 6, where 0¥ and OF  are the operators which related
to the ultra-hyperbolic type operator iterated k-times and in particular if k =
p =1 with x; = t(times), ¢; and ¢ are velocity then u(z) = Ra, () * R, ()
is the fundamental solution of the elastic wave equation of fourth order.

Next, G. Sritanratana and A. Kananthai [13] have studied the product of
the nonlinear diamond operators related to the elastic wave equation and have
also introduced the ultra-hyperbolic operator [I¥.

Moreover, S. Bupasiri and K. Nonlaopon [1] have studied the weak solutions
of compound ultra-hyperbolic equation

> k() = f(x), (1)

which related to the ultra-hyperbolic type operator iterated k-times.

Later, P. Sasopa and K. Nonlaopon [11] have studied the properties of the
distribution e**[(J¥¢ and the application of e**[1%§ for solving the solutions of
the convolution equation

(e*"%8) * u(x) = e** Z C,ars, (2)
r=0

where u(x) is an unknown generalized function, ¢ is the Dirac-delta distribu-
tion, = (a1, ... ,a,) and C, are the constants.

In this paper, we study the general solution of equation Ofu(z) = f(x),
where (¥ is the operator which related to the ultra-hyperbolic type operator
iterated k-time and is defined by

k

1 p 82 p+q 82

O = = — — — 3

¢ <c2 e~ Ja? Z ox? | 7’ )
=1 t j=p+1 J

p+ q = n,n is the dimension of R", f(z) is a given generalized function, u(z)

is an unknown generalized function, k is a nonnegative integer, c¢ is a positive
constant and x = (1,9, ... ,x,) € R™

Before going to that point, the following definitions and some concepts are
needed.
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2 Preliminary Notes

Definition 2.1. Let © = (x1,22,...,2,) be the point of the Euclidean
space R™. Denote the nondegenerated quadratic form by

UZC?(ff*‘f%JF"'*‘%Q))_9512;+1_x;2o+2_"‘_$z2a+q’ (4)

where p + ¢ = n. The interior of the forward cone is defined by I'; = {z €
R™: x> 0 and v > 0}. For any complex number «, we define

pla—n)/2
Rac(x) _ Kn(a) ’ for x € F-H (5)
’ 0, forx g1y,

where the constant K, («) is given by formula

R/ (2eam) T (152) T(a)
()T ()

2

Kn(o) = (6)

The function R,(z) = R 1(x) is introduced by Y. Nozaki [10]. It is well
known that such function is an ordinary function if Re(a) > n and is the
distribution of a if Re(a) < n.

By putting p = ¢ =11in (4), (5) and (6), and using the Legendre’s dupli-
cation of I'(2);

1
['(22) = 2% 107120 ()T (z + 5) ,

the formula (5) is reduced to

pla=n)/2
Mo (x) = He) forzel'y, (7)
0, forx g1y,
where
- 2
H, (o) = 7(n=2)/290-1p (w) r <2> and v=a] 13— — 1.
2 2

Note that the function M, (x) is precisely called the hyperbolic kernel of Marcel
Riesz.

Definition 2.2. Let x = (x1, 23, ... ,z,) be a point of R”, then the function
Sa(x) denote the elliptic kernel of Marcel Riesz and is defined by

B w(afn)/Q

Sala) = Sy ®)
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where a is complex parameter, w = % + 23 + - - - + 22,

w2207 (%)
ECon .

2

Wh(a) =

and n is the dimension of R".
It can be shown that S_o(z) = (—1)* A* §(x), where A* is defined by

9 P 9% \"
A= [ 2
(63:% * 0x3 T 836%)

It follows that Sy(x) = &(z), see [3]. Moreover, we obtain (—1)%Sy(z) is
the fundamental solution of the operator A* see [4]. That is,
AF((=1)E Sy () = 6. (10)

By (5) and (6) with ¢ = 0 and ¢ = 1, then v /2 is reduced to w(* ",
where w, =z + 23 + - - + xf, € R?,p is even and K, («) is reduced to

re=1/2p (1_)
p

2
a

r(73*)

Kp(a) =

By using the formula

1
['(2z) = 2%~ g~ Y21 (Z + 5) ,

r G + z) r (% - z) ——

e

Ky(a) = %sec <7> Wy(a),

where W, («) is defined by (9) with n = p. Thus, for ¢ = 0,

and

we obtain

,U(Oé—p)/Q T w(a_p)/2 e
Ra71(l') = Ra(l') = m = 2cos <7> W = 2cos <7> Sa(l')7
where © = (21,22, ... ,2,) € RP. Thus, if a = 2k, then
R2k71(x) = ng(l') = 2(—1)k52k(.1') (11)

for g =0,c=1and z = (21,22,... ,2,) € RP and p is even.
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The proof of the following Lemma is given in [1].
Lemma 2.3. Given the equation
OFu(x) = 4, (12)

where OF is defined by (3), k is a nonnegative integer and & is the Dirac-delta
distribution. Then u(x) = Rog () is the unique fundamental solution of (12),
where Ry .(x) is defined by (5) with o = 2k.

Lemma 2.4. Given P is a hyper-surface then
Ps®(P) 4+ ko* =D (P) =0,
where 6*) is the Dirac-delta distribution with k derivatives.
The proof of this Lemma is given in [4].
Lemma 2.5. Given the equation
OFu(x) = 0, (13)
where OF is defined by (3) and v = (21, s, ... ,2,) € R", then

u(z) = [Ragn.o ()] "™,
defined by (5) with m-deriwatives, as a solution of (13) with m = 252, n > 4
and n s an even dimension.
Proof. We first show that the generalized function 5™ (c?r? — s?), where r? =
i+ a3+ +adand * =22, + a2l ,+ -+ a2, p+q=n,is asolution
of the equation
Oeu(z) =0, (14)
and O, is defined by (3) with £ = 1 and z = (21, 22,... ,2,) € R". Now for
1 <11 < p, we have
0
axi
82
O}

Thus, we have
1 o 0?

5(m) (r? —§%) = 202@5(7”“)(027“2 — 5%),

S (Pr? — s%) = 226 (P2 — §%) + Atz o MY (Bt — 7).

M (2r? — s%) = 2p6m T (P2 — ) + 4Pr26m D (P2 — §?)

— opsm D (202 ) 4 (P — $2)60D (B )
+ 45202 (22 — 5?)
= 2p5(m+1)(02r2 — %) —4(m + 2)(5(m+1)(02r2 — 5%

+ 45202 (22 — 5?)

= [2p — 4(m + 2)]0™ Y (Ar? — 5%) 4 4570 (A —

s%)
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by applying Lemma 2.4 with P = r? — s

Similarly, we have
p+q 2
Z W{S(m)(02r2—32) = [—2q+4(m+2)]5(m+1)(02r2—s2)+4c2r25(m+2)(027"2—52)
j=p+1 ~J

by applying Lemma 2.4 with P = r? — s2.
Thus, we have

(m) _ (m _ _ (m) 2
0.0 (r? — §2 CQZaI(S s%) 8x6 (*r? — 5%)

Jj=p+1
= [2(p + q) — 8(m +2)]6" D (*r? — 5?)
—4(cHr? — )6 (Pr? — §?)
= [2n — 8(m + 2)]6 TV (1% — %) 4 4(m + 2)0 ) (22 — 5?)
= [2n — 4(m + 2)]6 D (r? — %)

by applying Lemma 2.4 with P = r? — s2.
If 2n — 4(m + 2) = 0, we have

0.0 (c?r? — s%) = 0.

That is, u(z) = 6™ (c*r? — s?) is a solution of (14) with m = =%, n > 4 and

n is an even dimension. Now [(J*u(x) = 0 can be written in the form
O(OF u(x)) = 0.

From (13), we have
O u(z) = 5(m)(c2r2 s%)

with m = 2 ,n >4 and n is an even dimension.
Convolving both sides of the above equation with the function Ry_1).(z),

we obtain

by Lemma 2.3.
It follows that u(z) = [Ragk—1)..()]™ is a solution of (13) with m = 24,
n > 4 and n is an even dimension. This completes the proof. O
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3 Main Results
Theorem 3.1. Given the equation
Cu(z) = f(), (15)

where (¥ is the operator which related to the ultra-hyperbolic type iterated k-
times, and is defined by (3), f(x) is a generalized function, u(z) is an unknown

generalized function, x = (x1,Ta,... ,x,) € R" the n-dimensional Euclidean
space and n is even, then (15) has the general solution
u(w) = [Raeo1)o(@)]™ + Ropolw) * f(2), (16)

where [Rog,—1y..(2)]"™ is a function defined by (5) with m-derivatives.
Proof. Convolving both sides of equation (15) with Ry .(x), we obtain
Rok o) * Dfu(r) = Roke(2) * f(2).
By Lemma 2.3, we have
OF (Rog.o(7)) * u(z) = 6 % u(x) = Ropo(w) * f(x).
So, we obtain that
u(z) = Ropc(z) * f(2) (17)

is the solution of (15).
For a homogeneous equation (fu(z) = 0, we have a solution

u(@) = [Rogg1),e()]™
by Lemma 2.5. Thus the general solution of (15) is
u(@) = [Roge—1),e(2)]™ + Rope(w) * f(2).
This completes the proof. O

In particular, if ¢ = 0 and ¢ = 1, then equation (15) becomes the Laplace
equation

AFu(z) = f(x), (18)
where x = (21, 22,... ,2,) € R? and p is even. From (11) and (17), we have
u(w) = 2(~1)*Sue() * £ ()

is the solution of (18), where x = (x1,29,... ,2,) € RP and p is even.
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From (16), we obtain that the general solution of the Laplace equation is
u(z) = (=1 So_1y (2)]" 4 2(—1)FSop () * f(z), (19)

for © = (21, 29,... ,x,) € R? and p is even.
Now consider the case for the wave equation. By putting ¢ = 1, equation
(15) becomes the ultra-hyperbolic equation

OV (z) = f(x), (20)

where [J* is the ultra-hyperbolic operator iterated k-times, and is defined by (3)
with ¢ = 1, V(z) is an unknown generalized function and f(x) is a generalized
function. From (17), we obtain that

V(z) = Rox(z) * f(x)

is a solution of equation (20), where Ro;(x) = Roy1(x) defined by (5).
And from (16), we obtain that the general solution of the ultra-hyperbolic
equation is

V(@) = [Rage—ny (@)™ + Row(2) * f(x). (21)

Moreover, if we put k = p = 1 and x; = t(times), then equation (20) is reduced
to the wave equation

0? 2
OV(z) = Ereh ZZQ 922 V(z) = f(x), (22)
where
0? "L 92
o o i=2 0z}

is the wave operator.

Thus, we obtain V(z) = My(x) * f(x) as a solution of the wave equation,
since Ro(x) becomes Ms(x), where Ms(x) is the ultra-hyperbolic kernel of
Marcel Riezs, and is defined by (7). And from (16), we obtain that the general
solution of wave equation is

V(w) = 8" (x) + Ma(a)  f(2),
where §(™)(z) is a solution of equation

0? "L 9?
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Now weput v =t* — 23 — 22— — 22 and s> = 23 + 23 + --- + 22. By [2],
we obtain that
Ve, t) = 0™ (* — s?)
oV (z,0)

is the solution of (23) with the initial conditions V(z,0) = 0 and =~ =
(—1)m2x™*H1§(x) at t = 0 and © = (x9, 73,... ,2,) € R"L
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On the Nonlinear Oplus Heat Equation Related to the Spectrum
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Abstract: In this article, we study the nonlinear equation of the form

%u(w,t) — ek u(x,t) = f(z,t,u(x, 1)),

where @ is the oplus operator iterated k-times, and is defined by

k
p 62 4 p+q 62 :
k _ - _ —
o= < 8x3> 2 dx? ’

i=1 j=p+1

p + ¢ = n is the dimension of the Euclidean space R™, u(z, t) is an unknown function of the form (z,t) =
(1,2, ...,2n,t) € R™ x (0,00), f(z) is the given generalized function, k is a positive integer and c is a
positive constant.

On the suitable conditions for f, u and for the spectrum of the heat kernel, we can find the unique solution in
the compact subset of R™ x (0, 00). Moreover, if we put k = 1 and ¢ = 0 we obtain the solution of nonlinear
equation related to the heat equation.

Keywords: heat kernel; Dirac-delta distribution; Fourier transform; spectrum

1 Introduction

The problem of existence of solutions of various differential equations has received a great deal of attention during the last
few years. For example, H. Ni and F. X. Lin [15, 16] studied Duffing and Riccati differential equations and obtained the
existence of almost periodic solutions; Z. B. Fan et al. [1, 2] obtained the existence of mild solutions to nonlocal neutral
functional differential, integrodifferential equations and nonlocal Cauchy problem; K. Nonlaopon and A. Kananthai [20]
have studied the solution of nonlinear equation A*u(x) = f(x, A*~!u(z)) and found that the existence of the solution
u(x) of such equation depending on the conditions of f and A*~1u(x).

It is well known that for the heat equation

En u(z,t) = A Au(x,t) (1)
with the initial condition u(z, 0) = f(z), where
0? 02 0?
denotes the Laplace operator and (z,t) = (21,22, ..., Zn,t) € R™ X (0, 00), we can obtain the solution by
1

u(z,t) = flo —y)e el /Aty

(4c2mt)™/2 [

*Corresponding author.  E-mail address: nkamsi @kku.ac.th
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or the solution in the classical convolution form
u(z,t) = E(x,t) * f(x),
where

1 —|z|?/4c*t

and the symbol * designates as the classical convolution.
K. Nonlaopon and A. Kananthai [17-19] have studied the ultra-hyperbolic heat equation
9 _ 2k
atu(ac,t) = c‘0%u(x, t) 3)

with the initial condition u(x,0) = f(x), where [J* is the ultra-hyperbolic operator iterated k-times, and is defined by

k
Dk— 872_;’_..._;'_672_672 ..... 872
Oz? dxZ Ol 9x2 . ]’

p + ¢ = n is the dimension of the Euclidean space R™, k is a positive integer, u(z, ) is an unknown function for
(x,t) = (z1,22,...,2Tn,t) € R™ x (0,00), f(z) is the given generalized function and c is a positive constant. The
solution of (3) can be expressed in the form

k

1 p+q p .
u(w,t) = o / fla—yexp | Pt Y &= | +iy) | dedy (4)
(2’/T) n JR® j=p+1 i=1
or the solution in the classical convolution form
u(z,t) = E(x,t) * f(x),
where
k
1 ) pt+q ) p )
Blet) = o /Q exp | j;lgj—;@ +ilgy) | de, 5)

which is so called ultra-hyperbolic heat kernel and 2 C R™ is the spectrum of E(z, t) for any fixed, ¢t > 0.
Next, A. Kananthai and K. Nonlaopon [5] have studied the nonlinear ultra-hyperbolic heat equation

D e t) — TFule 1) = St ue, 1), ©)

On the suitable conditions for f, u and for the spectrum of the heat kernel, it can found unique solution in the compact
subset of R™ x (0, o).
A. Kananthai [4] has studied diamond heat equation

%u(m, t) = *Qu(x, t) (7)

with the initial condition u(z,0) = f(z) for z € R™ of the n-dimensional Euclidean space. The operator < is first
introduced by Kananthai [3] and named the diamond operator defined by

52 92 92 \? 92 92 92 2
<>=(++--~+> “Nagm—taa—t o taa— |
oz? O3 dx2 a2,y 0xl,, dx2,,

where p 4+ ¢ = n is the dimension of the space R™. The solution of (7) can be expressed in the classical convolution form
u(z,t) = E(xz,t) * f(x), where

1 p 2 ptaq 2
- e 2 2 _ 2 .
E(z,t) = (%)n/ge p |2t <;§) j;p;lgj +i(&,x) | dE, (8)
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which is so called diamond heat kernel and €2 C R"™ is the spectrum of E(x, t) for any fixed, ¢ > 0.
Furthermore, A. Lunnaree and K. Nonlaopon [14] have studied generalized diamond heat equation

0 _ ok
o) = EOFu(e. 1) ©

with the initial condition u(x,0) = f(x), where {>* is the diamond operator iterated k-times and is defined by

<>k_ 8724_...4_872 2_ 8724_...4_ 82 : k
|\ 9x? dx2 o2,y o2 ’

p+q

k is a positive integer, p + ¢ = n is the dimension of the Euclidean space R™. The solution of (9) can be expressed in the
classical convolution form u(z,t) = E(z,t) * f(x), where

o\ k

1 , P , 2 p+q ,
El(x = xp | ¢ . - : +i(€,x)| d 10
(z,t) @ /Qe p |t (;_1 EZ> j:EpHEJ (&, x)| dE, (10)

and €2 € R™ is spectrum of the E(z, t) for any fixed, ¢t > 0.
Next, G. Sritanratana and A. Kananthai [23, 24] have studied the nonlinear equation

0
au(x,t) — Aoku(x,t) = f(a,t,u(x, t)). (11)
On the suitable conditions for f,u and for the spectrum of the diamond heat kernel, it can found unique solution in the
compact subset of R™ x (0, c0).

The operator &* has been studied first by A. Kananthai et al. [6] and is defined by

P 4 + 1"
. 82 pTq 82 .
o= L2 ) Z Ox? ’ (12)
=1 v j=p+1 J

where p + ¢ = n is the dimension of R™ and k is a positive integer. Next, A. Kananthai et al. [7] have studied the

fundamental solution of the operator " related to wave equation and Laplacian. And, A. Kananthai and S. Suantai [8-10]

have studied the convolution product, Fourier transform and inversion of the distributional kernel K, g ., related to the

operator &F. Moreover, J. Tariboon and A. Kananthai [25] have studied the Green function of the operator (& + m?)*.
A. Liangprom and K. Nonlaopon [13] have studied the equation

9 2k
au(x,t)—c % u(z,t) (13)

with the initial condition u(x,0) = f(z), for x € R™ of the n-dimensional Euclidean space, where operator &F is named
the oplus operator iterated k-times, and is defined by

4 a7k
P 62 p+q 82
E _ _ -
o= Lo 2 57 | (14
i=1 i j=pt+1
p+q = n is the dimension of space R, k is a positive integer, u(x, t) is an unknown function for (z,¢) = (21, xa,...,Zn,t) €

R™ x (0,00), f(x) is the given generalized function and c is a positive constant. The solution of (13) can be expressed in
the classical convolution form u(z,t) = E(x,t) * f(x), where

1 p 4 p+q o
_ - 2 2 : 2 _ 2 : 2 .
Elet) = (2m)" /Qexp o (i—l €Z> j=p+1 6] M )
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and © C R™ is the spectrum of E(z,t) for any fixed, ¢ > 0. The function E(z,) is called the oplus heat kernel or the
fundamental solution of (13).
In this article, we extend (13) to be the general of the nonlinear form

0
o . t) = & &F ulz,t) = [z tu(x,1)) (16)
for (x,t) = (x1,22,..., %y, t) € R™ x (0, 00) and with the following conditions on u and f as follows:

(1) u(z,t) € C8*(R™) for any ¢t > 0, where C®*(R") is the space of all functions on R” with continuous derivatives at
least up to order 8k.

(2) f satisfies the Lipchitz condition, that is
|f (@, t,u) = f(z,t, w)] < Aju — wl
where A is constant and 0 < A < 1.
3) N
/0 /n |f(z,t,u(z,t))|dedt < 0o
forx = (x1,22,...,2,) € R",t € (0,00) and u(z, t) is continuous function on R™ x (0, c0).
Under such conditions of f,u and for the spectrum of E(x,t), we obtain the convolution
u(z,t) = E(x,t) * f(x,t, u(x,t))

as a unique solution in the compact subset of R™, ¢ € (0, c0) and F(z, t) is an fundamental solution defined by (21).

2 Preliminaries

Definition 1 Ler f(x) € L1 (R"™)-the space of integrable function in R™. The Fourier transform of f(x) is defined by

fle) = W /R e D f () da, (17

where { = (§1,&2,...,&n) and x = (w1, 22, ..., xn) € R, (§,2) = Qa1 +&z2++ 6wy and dx = dxy dxy - - da,.
Also, the inverse of Fourier transform is defined by

~

@) = s [ T de (18)

Definition 2 The spectrum of the kernel E(x,t), which is defined in (15), is the bounded support of the Fourier transform
E(&,t) for any fixed, t > 0.

Definition 3 Let £ = (£1,&a,...,&,) € R™ and denote by
P ={6eR" &+ 4+ - — =&y > 0andéy > 0}

the set of an interior of the forward cone, and T | denotes the closure of T ..

Let Q be spectrum of E(x,t) defined by Definition 2 for any fixed t > 0 and Q C T',. Let E(f, t) be the Fourier
transform of E(x,t) and define

1 2t zp: 52 ) %1 52 N c0
E(fat) = (27")"/2 o i=1 i J=p+1 ’ Jors ’ (19)
0 for & ¢ Q.
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Lemma 1 Let L be the operator defined by

0
=9 2qk 20
5 ¢ (20)
where ©F is oplus operator iterated k-times, and is given by
p 4 p+q ok
2 2
- |(EE) - (S %) |
iz 9T j=pr1 9%i
p + q = n is the dimension of R™, k is a positive integer, (x1,xa,...,x,) € R™, t € (0,00) and c is a positive constant.
Then we obtain
4 a\ *
1 2 3 2 S 2
E(x,t) = t ] - - (&, d 21
0= e Jyow || (¢ Sog) | vien]a an

as a fundamental solution of (20) in the spectrum Q C R"™ fort > 0.

Proof. Let F(x,t), where is the kernel or the fundamental solution of operator L and ¢ is the Dirac-delta distribution.
Thus, we have

0

&E(x t) — o E(x,t) = §(2)d(t).

Applying the Fourier transform, which is defined by (17), to the both sides of the above equation, considering S(x) =
1/(2m)™/2, we obtain

k
0 - ! v \'\ 1
E( t)—¢ &g\ - & E(&t) = -—=750(t).
ot Z j;l J (2m)n/2
Thus, we get
N
N H(t) P 4 p+q
e = goaen || (32¢) - (S ) | |.
=1 j=p+1
where H (t) is the Heaviside function, because H(t) = 1 holds for ¢t > 0.
Therefore,
k
N 1 14 4 p+q
(1) = vy P ’t (Z f?) -1 Y ¢
i=1 j=p+1
which has been already by (19). Thus from (18), we have
k
1 P 4 p+q 4
E(x,t):W/ exp |c’t <2512> - Z & +i(&, @) | dE.
Re i=1 j=p+1
Thus, we have
N
1 14 4 p+q
E(wﬂf):W/exp *t <Z§z2> - Z & +i(& z) | dE,
@ i=1 j=p+1

where () is the spectrum of F(z,¢) and ¢ > 0. B
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Definition 4 Let us extend E(x,t) to R™ x R by setting

a\ k

1 9 P ) 4 pt+q , .
E(x,t) _ W/Qexp c“t (; §i> - j:zp;—l &; +i(&,x)| d§  fort >0,
0 fort <0.

3 Main Results

In this section, we will state our main results and give their proofs.

Theorem 2 The kernel E(x,t) defined by (21) has the following properties:

(1) E(z,t) € C(R™ x (0,00)) the space of all continuous functions with infinitely differentiable.
9 ok
(2) afc@ E(z,t) =0fort > 0.

(3) , ®
2=7" M(t
Flzt)) < — ——2—
| (fL'ﬂ )|— /2 F(%)F(%)’
where M (t) is a function of t > 0 in the spectrum ) and T denote the gamma function. Thus E(x,t) is bounded
for any fixed, t > 0.

for t>0,

(4) lim E(x,t) = 4.
t—0

Proof.
(1) From (21), and
k
an 1 o p 4 p+q *
@ i=1 j=p+1

we have E(z,t) € C* forz € R™, t > 0.
(2) From u(z,t) = E(x,t) * f(x), we have following equality for f(x) = 6(x) by Fourier transformation

u(z,t) = E(z,t).

Then by direct computation, we obtain

9 ok _
<8tc® >E(:U,t)0.

(3) Since
4 a\ *
1 ) p ) ptq ) .
E(z,t) = (QW)n/exp ct Zfl - Z &; +i(&, )| dE,

@ i=1 j=p+1
then we obtain i

1 14 4 p+q *

2 2 2
|E(z,1)] < @ /Qexp At <Z§> - ‘Z €3 de.
i=1 j=p+1
By changing to bipolar coordinates
fl = Trwi, 52 = Twa,... ,gp = TWwyp and §p+1 = SWp+1, £p+2 = SWp42,--- ,§p+q = SWp+q;
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p+q
where Zw =1 and Z w = 1. Thus
i=1 Jj=p+1

1
|E(x,t)| < W/ exp [c t(r® - sg)k} rP st dr ds d, dQ,,
7T Q

where d¢ = P19 1 drds dQy, dSYg, d€), and dS), are the elements of surface area of the unit sphere in RP and R,
respectively. Since 2 C R" is the spectrum of F(z,¢) and we suppose 0 < r < Rand 0 < s < T, where R and T are
constants. Thus, we obtain

|E(z, |<(2p Z//expctr—s)}rplqldsdr
)

Q
(2p i L \(t) forany fixed ¢ > 0 in the spectrum ()
™
227" M(t)
_ X MY 22)
w2 T(5)T(F)
where
R T .
M(t) = / / exp {0215 (r® —s®) } P15 ds dr (23)
p/2 2ra/2
is a function of ¢, ), = ——~ and Q, = Thus, for any fixed ¢t > 0, E(x, ) is bounded.
r (%) r(g)
(4) By (21), we have
k
1 p 4 p+q *
E(z,t) = 5 n/exp c*t (ZE?) — Z & +i(&, )| dE.
(2m)" Ja =1 j=p+1
Since E(x,t) exists, then
lim E(z,t) = ! / &) ge = L / &) de = §(x), for x € R"
t—0 2m)™ Jq 2m)"™ Jrn ’ ’
see [11, p. 64,eq.4]. A
Theorem 3 Given the nonlinear equation
9 2 ok
—u(z,t) — ¢ ®" u(z,t) = f(z,t,u(x, t)) (24)

ot

for (z,t) € R™ x (0,00), k is positive number and with the following conditions on u and f as follows:

(1) u(x,t) € C¥:(R™) for any t > 0 where C*(R™) is the space of all functions on R"™ with continuous derivatives at
least up to order 8k.

(2) f satisfies the Lipchitz condition, that is
\f(x,t,u) - f(ﬂ]‘,t,’LU)| S A|U - ’LU|,
where A is constant and 0 < A < 1.

(3)

/OO/ |f(z,t,u(z,t))|dedt < co
0 n

forx = (x1,22,...,2,) € R™ t € (0,00) and u(x, t) is continuous function on R™ x (0, 00).
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Then, for the spectrum of E(x,t) we obtain the convolution
u(x,t) = E(x,t) * f(a,t,u(x,t)) (25)

as a unique solution of (24) for x € Qy where x € Qg is an compact subset of R™,0 < t < T with T is constant and
E(x,t) is a fundamental solution defined by (21) and also u(x,t) is bounded.
In particular, if we put k = 1 and q = 0 in (24) then (24) reduces to the nonlinear equation

5 u(z,t) — ANz, t) = f(z,t,u(z, b))

which is related to the heat equation.

Proof. Convolving both sides of (24) with E(z, t) and then we obtain the solution
u(z,t) = E(x,t) * f(x,t,u(z, b)),

or

u(z,t) = /_OO - E(r,s)f(x —rt —s,u(z —r,t — s))drds

where E(r, s) is given by Definition 4.
We next show that u(x, t) is bounded on R™ x (0, 00). We have

lu(z, t)| < /OO / |E(r, $)||f(x —r,t — s,u(x —r,t — s))|drds
_ 2T NM(Y)

by the condition (3) and (22) where
N = / / \f (2, t, u(x, £))dadt.
0 n

Thus u(x, t) is bounded on R™ x (0, 00).
To show that u(z, t) is unique, suppose there is another solution w(z, t) of equation (24). Let the operator

0
L:7_2k’
5 c°d

then (24) can be written in the form
Lu(z,t) = f(z,t,u(z,t)).

Thus
Lu(z,t) — Lw(z,t) = f(x, t,u(z, t) — f(z,t,w(z,t)).

By the condition (2) of the Theorem,
|Lu(z,t) — Lw(z,t)] < Alu(x,t) — w(x,t)]|. (26)
Let Qg x (0, 7] be compact subset of R™ x (0,00) and L : C8(Qq) — C*(Qg) for0 <t < T
Now (C® (), || - ||) is a Banach space where u(x,t) € C3 () for 0 < ¢ < T, || - || given by

[uz, )| = sup [u(z,1)].

€N

Then, from (26) with 0 < A < 1, the operator L is a contraction mapping on C8%(£)). Since (C®* (), || - ||) is a Banach
space and L : C¥ () — C®(Qy) is a contraction mapping on C8%({)y), by Contraction Theorem, see [12, p. 300], we
obtain the operator L has a fixed point and has uniqueness property. Thus u(x,t) = w(z,t). It follows that the solution
u(x, t) of (24) is unique for u(x,t) € Qo x (0, T], where u(z, t) is defined by (25).

In particular, if we put £ = 1 and ¢ = 0 in (24) then (24) reduces to the nonlinear equation

%u(x,t) — A A(x,t) = f(x,t,u(z,t))

which has solution
u(xz,t) = E(z,t) « f(z,t,u(z,1)),
where F(z,t) is defined by (21) with k¥ = 1 and ¢ = 0. That is complete of proof. B
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We study the general solution of equation D’é/cu(x) = f(x), where le;,c is the ultrahyper-
bolic Bessel operator iterated k-times and is defined by D;C = [(1/C*)(Byy + Byy + -+ + By,)-
(Byyy +7o0 me)]k, p+q =n,nis the dimension of R}, = {x : x = (x1,x2,...,%,), +>0,...,x, >
0}, By, = 62/6xi2 + (20;/x;)(0/0x;), 2v; = 2P + 1, fi > -1/2,x; > 0(i = 1,2,...,m), f(x) is a given
generalized function, u(x) is an unknown generalized function, k is a nonnegative integer, c is a
positive constant, and x € R}.

1. Introduction

The n-dimensional ultrahyperbolic operator [¥ iterated k-times is defined by

k
o? 0? 0? o? o? 0?
k _
T ed Tt el T, e, o, ) (D
1 2 P p+1 p+2 p+q

where p + q = n, nis the dimension of space R", and k is a nonnegative integer.

Consider the linear differential equation of the form

DFu(x) = f(x), (1.2)

where u(x) and f(x) are generalized functions and x = (x1,x2,...,x,) € R™
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Gel’fand and Shilov [1] first introduced the fundamental solution of (1.2), which is a
complicated form. Later, Trione [2] has shown that the generalized function Ry (x), defined
by (2.8) with |v| = 0, is a unique fundamental solution of (1.2) and Téllez [3] also proved that
Ryi (x) exists only in the case when p is odd with nn odd or even and p+g = n. A wealth of some
effective works on the fundamental solution of the n-dimensional classical ultrahyperbolic
operator have, presented by Kananthai and Sritanratana [4-9].

In 2004, Yildirim et al. [10] have introduced the Bessel ultrahyperbolic operator
iterated k-times with x € R}, = {x : x = (x1,x2,...,%n), x1>0,...,x, >0},

k
ok = (Bx1 + By, + - +By — By~ - Bx,ﬁq) , (1.3)

where p + g = n, By, = 0*/0x7 + (20;/x;)(0/0x;), 2v; = 2fi +1, pi > -1/2 [11], k is a
nonnegative integer, and 7 is the dimension of R},. They also have studied the fundamental
solution of Bessel ultrahyperbolic operator.

In 2007, Sarikaya and Yildirim [12] have studied the weak solution of the compound
Bessel ultrahyperbolic equation and also studied the Bessel ultrahyperbolic heat equation
[13].

In 2009, Saglam et al. [14] have developed the operator of (1.3), defined by (1.6), and
it is called the ultrahyperbolic Bessel operator iterated k-times. They have also studied the
product of the ultrahyperbolic Bessel operator related to elastic waves.

Next, Srisombat and Nonlaopon [15] have studied the weak solution of

Of u(x) = f(x), (1.4)

where u(x) and f(x) are some generalized functions. They have developed (1.4) into the
form

> il u(x) = £(), (15)
k=0

which is called the compound ultrahyperbolic Bessel equation. In finding the solution of (1.5),
they have used the properties of B-convolution for the generalized functions.
The purpose of this study is to find the general solution of equation D’g’cu(x) = f(x),

where D’g,c is the ultrahyperbolic Bessel operator iterated k-times and is defined by

0k = [%(Bxl + Byt 4By ) = By, oot wa)] k (1.6)

p+ g = n, nis the dimension of R}, = {x : x = (x1,x2,...,x,), x1 >0,...,x, >0}, By, =
?/0x? + (20i/x;)(0/0x;), 2v; = 2B+ 1, B > =1/2,x; > 0 (i = 1,2,...,n), f(x) is a given
generalized function, u(x) is an unknown generalized function, k is a nonnegative integer, c
is a positive constant, and x € R}.
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2. Preliminaries

Let Ty be the generalized shift operator acting on the function ¢, according to the law [11, 16]:

v/ o/
Tftp(x)zczj f (p<\/x%+y%—2x1y1cos91,...,\/x%+y3,—2xnync056n>
0 0

x <Hsin2”"_19i> do, ---de,,

2.1)
i=1

where x,y € R}, and C}, = [T, (I'(v; + 1) /T(1/2)T (v;)). We remark that this shift operator is
closely connected to the Bessel differential operator [11]:

PU 20dU _PU 204U
dx?  x dx dy>  y dy’
U(x,0) :f(x)l
u,(x,0) =0.

(2.2)

The convolution operator is determined by the TY as follows:
(f*9)(y) = fﬂv fW)Tio() <l_[yf ”">dy- (23)
n i=1

The convolution (2.3) is known as a B-convolution. We note the following properties of the
B-convolution and the generalized shift operator.

(@ T{-1=1.

(b) 7 - f(x) = f(x).
(o) If f(x),g(x) € C(R}), g(x)is abounded function all x > 0, and

fﬂv |f(x)] <l_[xf”">dx < oo, (2.4)
n i=1

then

[ s (T Yav= [ _semtseo (T aw @9
. i=1 A i=1
(d) From (c), we have the following equality for g(x) = 1:
f Ty f (x) <l_[yf ”">dy = f f(y) (l_[y?”’)dy- (2:6)
Ry i=1 Ry, i=1

(e) (f *&)(x) = (g * f)(x).
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Definition 2.1. Let x = (x1,x2,...,%,) be a point of the n-dimensional space R;,. Denote the
nondegenerated quadratic form by

_2(2 42 2 2 2 2
V—c<x1+x2+---+xp>—xp+1—xp+2—---—xp+q, (2.7)

where p + g = n. The interior of the forward cone is defined by I'; = {x = (x1,...,x,) € R} :
xi>0,i=1,...,nand V > 0}, where I', designates its closure. For any complex number a,
we define

V(a—n—2|v|)/2
—, forxel,,
R (x) =1 Kua) * (2.8)

0, forx ¢ T,

where

20020 (2 4 o — = 2J) /2)T((1 — &) /2)T (a)
T(2+a-p-2o])/2)I((p+2lv|-a)/2)

Ky (a) = (2.9)

The function R (x) is introduced by [10, 12, 17, 18]. It is well known that RY (x) is an
ordinary function if Re(a) > n and is the distribution of « if Re(a) < n. Let supp Rfc(x) cT,,
where supp R (x) denotes the support of RE(x).

By putting p = ¢ = 1 into (2.7), (2.8), and (2.9), and using the Legendre’s duplication

of I'(z),
I'(2z) = 222"1Jr_1/2F(z)F<z + %) (2.10)
the formula (2.8) is reduced to

V(@-n-2[o)/2)
forx e,

MH (x) = Hy(a) (2.11)
0, forx ¢TI,
where V = x3 - x3 —--- - x% and
H,(a) = opm2et-0/29a1p (24 &= 1= 20| r(%) (2.12)
n 2 2/ ’

Note that the function M (x) is precisely the Bessel hyperbolic kernel of Marcel Riesz.

Lemma 2.2. Given the equation

Of cu(x) = 6(x), (2.13)
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where D’é/c is defined by (1.6) and x € R}, then we obtain u(x) = Rg{,c(x) as a fundamental solution
of (2.13), where Ry, (x) is defined by (2.8).

The proof of this Lemma is given in [14].
Lemma 2.3. The B-convolutions of tempered distributions.

(a) (D’g,c6) *xu(x) = D’g,cu(x), where u(x) is any tempered distribution.

(b) Let R} (x) and R (x) be defined by (2.8); then RY (x) * R}, (x) exists and is
a tempered distribution.
(c) Let R} (x) and R}, (x) be defined by (2.8); then Ri (x) * RY (x) = Ry, (),

2m,c . : 2m,c 2k+2m,c
where k and m are nonnegative integers.

The proof of this Lemma is given in [15].

Lemma 2.4. Given that P is a hypersurface

P&™ (P) + mP&™V(P) =0, (2.14)

where 8™ is the Dirac-delta distribution with m derivatives.
The proof of this Lemma is given in [1].

Lemma 2.5. Given the equation

Of cu(x) =0, (2.15)

where le;,c is the ultrahyperbolic Bessel operator iterated k-times, as defined by (1.6), and x € R},
then

u(x) = [ng_l),c(x)](m), (2.16)

defined by (2.8) with m derivatives, as a solution of (2.15) withm = ((n+2|v|-4)/2), n+2[v| >4
and n is an even dimension.

Proof. We first show that the generalized function 6/ (c?r* — s?), where r? = x? + x5 + -+ +
2 2.2 2 2 o .
Xpy 8 =Xy ¥ Xt Xy, PG =1,is a solution of

Opcu(x) =0, (2.17)

and g is defined by (1.6) with k = 1 and x € R;;. Now for 1 <i < p, we have

%6(’”) <C2r2 - sz> = 2¢%x; 6™+ <czr2 - sz>,

2
%6(’”) (czr2 - sz> = 2c250m) (czr2 - sz> +4ctx26m2) <c2r2 - sz>.
Xi

(2.18)



6 Mathematical Problems in Engineering

Thus, we have

CZZ[ (e - ) + 20 Do (e sz)]
2p60 (22 - 2 4 42260 (22 - ) 3 ] 60 (22 - 2)
(72— ) + 4(2r2 - )5 (22 - ) 4 42600 (242 — )
— (2p + 4o/ )6 D (2 - ) - 40m + 26D (27 - ) 4 457602 (22 - )

= [2p +4]0'| - 4(m +2)] 6"+ ((:Zr2 - sz> +4526m+2) (czr2 - sz>

= (2p +4|v| )6("‘”)

(2.19)
by applying Lemma 2.4 with P = ¢*r? — 52, where [v'| = v; + 03 + -+ - + 1,
Similarly, we have
P [ 42
Z I:é)a 6(’")< At -s >+%a%6(’")< cr —sz>]
S ox Po (2.20)

= [-(2g + 4|v"|) + 4(m + 2)]6("”1) <czr2 - 52> +4c¢ r26("‘+2)< r2— 52>

by applying Lemma 2.4 with P = ¢?r? — s?, where [0"| = Ups1 + Upia + -+ + Upag.
Thus, we have

Op,6™" <C re— 52> %g [aa—; + 2;? E)?c,]é(m)( s2>

P [ 32
- Z [a_z +— 20; 9 ]6“’” <c2r2 - sz>
i=p+1 axi Xi axl
= [2(p + g +2v|) - 8(m +2)] 6™+ (czr2 - sz>

_ 4<c2r2 _ Sz>6(m+2) <c2r2 _ Sz)
= [2(n +2[v]) - 8(m +2)]6" (czr2 - 52> +4(m +2)50mD <c2r2 - 52>

= [2(n +2[v]) — 4(m + 2)]6D (c2r2 - 52>
(2.21)

by applying Lemma 2.4 with P = c*r? — 52, where |v| = [v/| + [0
If [2(n + 2|v|) —4(m + 2)] = 0, we obtain

Op .6 <c2r2 - 52) = 0. (2.22)



Mathematical Problems in Engineering 7

That is, u(x) = 6" (c?r? — s?) is a solution of (2.15) with m = (n+2|v|-4)/2, n+2|v| >4, and
n is an even dimension. Now Dlé, u(x) = 0 can be written in the form

O, <Dk 1u(x)) (2.23)
From (2.17), we have

D’g,_clu(x) = )<c r* - 52> (2.24)

with m = (n + 2|v| — 4)/2,n + 2|v| > 4, and n being an even dimension. By Lemma 2.3(a), we
can write (2.24) in the from

Dll;l_clﬁ * u(x) = 6™ <czr2 - sz>. (2.25)
B-convolving both sides of the above equation with the function R2(k 1),c(X), we obtain

RY{y ), (%) * Op 16 % u(x) = RYfy ) () * 6(’")((C>r -s%),
. 1[1%” ()] # ) = [REfy )] ‘ (2.26)
6xu(x) =u(x) = [ S k-1), (x)]( ,

by Lemma 2.2.
It follows that u(x) = [ng_l)’c(x)] (™) is a solution of (2.15) with m = (n+2|v|-4)/2, n+2|v| > 4
and 7 is an even dimension.

The generalized function 6™ (c*r?—s?) mentioned in Lemma 2.5 has been also studied
on the aspect of multiplicative product, distributional product and applications, for more
details, see [19-23]. O

3. Main Result

Theorem 3.1. Given the equation
Of u(x) = f(x), (3.1)

where Dk is the ultrahyperbolic Bessel operator iterated k-times and is defined by (1.6), f(x) is a
genemllzed function, u(x) is an unknown generalized function, x € R}, and n is an even, then (3.1)
has the general solution

u(x) = Rl 0] "+ RE (0 # £ (), (3.2)

where [Rg(/c(x)](m) is a function defined by (2.8) with m derivatives.
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Proof. B-convolving both sides of (3.1) with R (x), we obtain

e
R () + (0% u(x)) = REL (x) * f(x). (33)
By Lemma 2.2, we have
O (RE () % () = 6 % u(x) = REL (%) * f (). (3.4)
So, we obtain that
u(x) = Ry (x) = f(x) (3.5)

is the solution of (3.1).
For a homogeneous equation (% u(x) = 0, we have a solution

u(x) = [REf, ), (x)]('") (3.6)

by Lemma 2.5. Thus the general solution of (3.1) is
(m)
u(x) = [R;((k_l)lc(x)] +RE (%) % f(%). (3.7)

This completes the proof. O

By putting ¢ = 1, (3.1) becomes the Bessel ultrahyperbolic equation

Okw(x) = f(x), (3.8)

where (% is the Bessel ultrahyperbolic operator iterated k-times, and is defined by (1.3), f(x)
is a generalized function and w(x) is an unknown generalized function. From (3.5) we have
that

w(x) = Ryj (x) * f(x) (3.9)

is a solution of (3.8), where R} (x) = R} ; (x) defined by (2.8).
From (3.2), we obtain that the general solution of the Bessel ultrahyperbolic equation

is

w(x) = [RE Ly ()] " + RELG) * £ (). (3.10)
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Moreover, if we put k =1, p = 1 and x; = t(times), then (3.8) is reduced to the Bessel wave
equation

Opew(x) = <Bt - ijx)w(x) = f(x), (3.11)
i=2

where

Op =B - > By, (3.12)
i=2

is the Bessel wave operator and By, = 0*/0x7 + (2v;/x;)(3/0x;).

Thus, we obtain w(x) = M;(x) * f(x) as a solution of the Bessel wave equation, since
R (x) becomes M¥ (x), where M (x) is the Bessel ultrahyperbolic kernel of Marcel Riesz,
and is defined by (2.11) with a = 2. And from (3.2), we obtain the general solution of Bessel
wave equation as

w(x) = 6™ (x) + M (x) * f(x), (3.13)

where 6" (x) is a solution of

<Bt - ini>w(x) = 0. (3.14)

i=2

Now weput V =2 —x% —x2 — -+ — x2 and s> = x3 + x5 + - -- + x2. By [24], we obtain that

w(x, t) = 6™ (t2 - s2> (3.15)

is the solution of (3.14) with the initial conditions w(x,0) = 0 and ow(x,0)/0t =
(-1)"27r™16(x) att = 0and x = (x2,X3,...,%,) € R .
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We define the Bessel ultrahyperbolic Marcel Riesz operator on the function f by U%(f) = RE « f,
where RE is Bessel ultrahyperbolic kernel of Marcel Riesz, a...C, the symbol * designates as the

convolution, and f € S, S is the Schwartz space of functions. Our purpose in this paper is to obtain
the operator E* = (U*) " such that, if U%(f) = ¢, then E%p = f.

1. Introduction

The n-dimensional ultrahyperbolic operator (¥ iterated k times is defined by

k
2 2 2 2 2 2
Dk= a_2+a_2+...+a_2_a—2_a—2 ..... az , (11)
ox]  0x; ox; 6xp+1 axp o 0X}pig
where p + g = n is the dimension of R" and k is a nonnegative integer.
Consider the linear differential equation in the form of
TFu(x) = f(x), (12)

where u(x) and f(x) are generalized functions and x = (x1,x2,...,x,) € R™.

Gel'fand and Shilov [1] have first introduced the fundamental solution of (1.2), which
is a complicated form. Later, Trione [2] has shown that the generalized function R} (x),
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defined by (2.6) with y = 2k, is the unique fundamental solution of (1.2) and Téllez [3] has
also proved that R} (x) exists only when 7 = p + q with odd p.

Next, Kananthai [4] has first introduced the operator (¥ called the diamond operator
iterated k times, which is defined by

k
|G- (5) =
Ok = — ) - =), .
= 0x7 407

where n = p + g is the dimension of R”, for all x = (x1,x3,...,x,), and k is a nonnegative
integer. The operator O* can be expressed in the form

<>k — Aka — DkAk, (14)

where [ is defined by (1.1), and

k
02 02 02
Akz —_— e —— e — (15)
<8x% ox3 6x%>

is the Laplace operator iterated k times. On finding the fundamental solution of this
product, Kananthai uses the convolution of functions which are fundamental solutions of the
operators (¥ and A¥. He found that the convolution (—1)*R¢, (x) * R (x) is the fundamental
solution of the operator Ok, that is,

OF (1R (x) * Rif(x)) = 6(x), (1.6)

where Rg((x) and RS, (x) are defined by (2.6) and (2.11), respectively with y = 2k and 6(x)
is the Dirac delta distribution. The fundamental solution (—1)kR§k (x) * Ri(x) is called the
diamond kernel of Marcel Riesz. A wealth of some effective works on the diamond kernel of
Marcel Riesz have been presented by Kananthai [5-10].

In 1978, Dominguez and Trione [11] have introduced the distributional functions
H,(P +i0,n) which are causal (anticausal) analogues of the elliptic kernel of Riesz [12].
Next, Cerutti and Trione [13] have defined the causal (anticausal) generalized Marcel Riesz
potentials of order a, a € C, by

R = Hy(P £i0,n) * ¢p, (1.7)
where ¢ € S, S is the Schwartz space of functions [14] and H,. (P + 10, n) is given by

e¥u7ri/2€iq7ri/2r((n _ lX)/Z) (P:I:iO)(“"")/z

1.
2251/ 2T (o /2) (18)

Hy (P +i0,n) =
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Here, P is defined by

2, .2 2 .2 2 2
P=P(x)=x1+x2+--~+xp—xp+l—xp+2—~-—xp+q, (1.9)

where g is the number of negative terms of the quadratic form P. The distributions (P + i0)"
are defined by

(P +i0)* = lim<P + i€|x|2>)L, (1.10)
e—0
where € > 0,1 € C, and [x|?> = x7 + x3 + -+ + x2; see [1]. They have also studied the inverse
operator of R*, denoted by (R*)™, such that, if f = R%, then (R*)™ f = ¢.
Later, Aguirre [15] has defined the ultrahyperbolic Marcel Riesz operator M* of the
function f by

M*(f) = Ry * f, 1.11)

where RE is defined by (2.6) and f € S. He has also studied the operator N* = (M*)™ such
that, if M“(f) = ¢, then N%p = f.

Let us consider the diamond kernel of Marcel Riesz K, 4(x) introduced by Kananthai
in [6], which is given by the convolution

Kgp(x) = RS * R, (1.12)

where R¢ is elliptic kernel defined by (2.11) and Rg’ is the ultrahyperbolic kernel defined
by (2.6). Tellez and Kananthai [16] have proved that K, s(x) exists and is in the space of
rapidly decreasing distributions. Moreover, they have also shown that the convolution of the
distributional families K, s(x) relates to the diamond operator.

Later, Maneetus and Nonlaopon [17] have defined the diamond Marcel Riesz operator
of order (a, p) of the function f by

M@P (f) = Kup* f, (1.13)

where K, is defined by (1.12), a, € C, and f € S. They have also studied the operator
N@P = [M@P]™" such that, if M@P(f) = ¢, then N@Pgp = f.

In this paper, we define the Bessel ultrahyperbolic Marcel Riesz operator of order a of
the function f by

U*(f) =Ri = f, (1.14)

where & € C and f € S, S is the Schwartz space of functions. Our aim in this paper is to
obtain the operator E* = (U%)™" such that, if U%(f) = ¢, then E%p = f.

Before we proceed to our main theorem, the following definitions and concepts require
some clarifications.
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2. Preliminaries

Definition 2.1. Let x = (x1,xy, ..., x,) be a point in the n-dimensional Euclidean space R". Let

a2 a2 a2 2 2 2
U=X]+X5+ X, =Xy — Xy x (2.1)

be the nondegenerated quadratic form, where p + g = n is the dimension of R”. LetI', = {x €
R*:u>0and x; >0(i =1,2,...,p)} be the interior of a forward cone, and let T, denote its
closure. For any complex number y, we define

L (r-2Ivl-m) /2
5 ——— forxel,
Ry(x) = K '(y) (2.2)

0, forx ¢T,,

where

g DT (2 4y —n = 2pv]) /2)T((1-y) /2)T(y)
I(2+y-p-2p)/2)I((p-7)/2)

K)(y) = / 23)

2v; =2a;+1, ;> -1/2and |[v| = vi + v2 + - - - + v, see [18-20].

The function Rf (x) is called the Bessel ultrahyperbolic kernel and was introduced by
Aguirre [21]. It is well known that Rf (x) is an ordinary function if Re(y —2|v|) > nand is a
distribution of (y — 2|v|) if Re(y — 2|v|) < n. Let suppr (x) denote the support of Rf (x) and
suppose that suppr (x) CT, (ie., suppRyB (x) is compact).

Letting y = 2k in (2.2) and (2.3), we obtain

L @k-n=2l))/2

B -
RE() = 24
where
=227 (2 + 2k — n = 2|v|) /2)T((1 - 2k) /2)T (2k)
K, (2k) = 2.5
(@K) (2 + 2k —p—20) /2T ((p - 20)/2) @3)
By putting |v| = 0in (2.2) and (2.3), then formulae (2.2) and (2.3) reduce to
(y-n)/2
L, forxeTl,,
R (x) = 4 Ku(y) (2.6)
0, forx ¢ T,
(n-1)/2 _ —
k) = T = m 2 DT ) 2)T) o

I((r=p)/2+DI((p-7)/2)
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The function Rf (x) is called the ultrahyperbolic kernel of Marcel Riesz and was introduced
by Nozaki [22]. It is well known that Rf (x) is an ordinary function if Re(y) > n and is a
distribution of y if Re(y) < n. Let suppR)I,{ (x) denote the support of Rf (x) and suppose that
suppR;(x) C T, (ie., suppR}(x) is compact).

By putting p = 1 in R}} (x) and taking into account Legendre’s duplication formula for

I'(z), that is,

I'(2z) = 22Z’1Jr’1/21’(z)1’<z + %) (2.8)
we obtain
I8 (x) = gz;/; 29)
and v = x3 - x3 — x5 — -+ — x5, where
H,(y) = 72/ ZzY-1r<Y+ZT_">r(§). (2.10)

The function If (x) is called the hyperbolic kernel of Marcel Riesz.

2 2

Definition 2.2. Let x = (x1,x2,...,X,) be a point of R" and w = x7 + x5 +--- + x2. The elliptic

kernel of Marcel Riesz is defined by

R(x) = Wi 2.11)
W)’ '
where 7 is the dimension of R”, y € C, and
2T (y/2
WalY) = se—3 7y r 2> - (2.12)
((n-1)/2)

Note that n = p + g. By putting g = 0 (i.e, n = p) in (2.6) and (2.7), we can reduce

-n)/2 (y-p)/2 ) 2 2
u(=m/2 o wy , wWhere w, = x7 + x5+ + X, and reduce K, (y) to

a0 DPL (- 1) /2T ()

M(r-1/2) (219

Ky(y) =
Using Legendre’s duplication formula

I(2z) = 222-1x-1/2r(z)r<z + %) (2.14)
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and

F<% + z>1"<% - z) = wsec(rz),
we obtain
Kp(1) = 5sec(ED) ().

Thus, for g = 0, we have

(r-p)/2 s u\r-p/2 Yo
R (x) = “ = 2cos( L =2cos Ry (x).
r Ky (y) < 2 >Wp(y) < 2 >

In addition, if y = 2k for some nonnegative integer k, then

RE (%) = 2(-1)*R§ ().

The proofs of Lemma 2.3 are given in [2].

Lemma 2.3. The function R (x) has the following properties:
(i) Ry (x) = 6(x);
(ii) R (x) = OF6(x);
(iif) O°RY (x) = REL,, (x);
(iv) OFRE (x) = 6(x).

Lemma 2.4. If |v|#0, then
RE (x) = h%p,IV\Rf—z|v|(x)f
where Rf (x) and Rf_ 2|v‘(x) are defined by (2.2) and (2.6), respectively, and

o _T(=p)/2+ DI - 2p)I (P 1) /2)
P TR (p - ) /2 + )T - 1) /2)T(r)

Proof. We get (2.19) by computing directly from definition of RB (x) and RY ol (x).

The proof of the following lemma is given in [23].

Lemma 2.5 (the convolutions of RE (x)). (i) If p is odd, then

Ry (x) * R (x) = REL; (%) + A,

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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where
i sin(aor/2) sin(for/2) _
Agp = —~ H' - H |, 2.22
B > sin((a + ﬂ)Jl'/Z) [ a+p a+ﬂ] ( )
H;ﬂ = Hyyp(P 10, 1) (2.23)
as defined by (1.8).
(ii) If p is even, then
RE (x) * R (x) = BapRLL 5(x), (2.24)
where
2 2
o cos(ar/2) cos(Por/2) (2.25)
cos((a+p)r/2)
Lemma 2.6 (the convolutions of RE(x)). (i) If p is odd, then
Rz (x) * RE(X) = hapivihp p (Riﬂ—2(|v|+|‘u|) + AafZ\vl,ﬁfZ\#l)/ (2.26)
where RE (x) and Ag-v| p-2iu are defined by (2.6) and (2.22), respectively.
(ii) If p is even, then
R3 (%) * R{ (%) = hap il pu (Ba—zwl,ﬂ—zlmRﬁp_2(|v|+| #I))’ (227)
where By o)y| p-2) 18 defined by (2.25).
The proof of this lemma can be easily seen from Lemmas 2.4, 2.5 and [23].
3. The Convolution RZ(x) * Rg (x) When f§ = —a
We will now consider the property of RE(x) * Rg(x) when ff = —a.
From (2.26) and (2.27), we immediately obtain the following properties.
(1) If pis odd and g is even, then
RE(x) * Rg () = hapwihppl (Ri pa(ielul) * Aa,z‘w,ﬁ,zw), (3.1)

where R (x) and Ag-2v| p-2)u are defined by (2.6) and (2.22), respectively.
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(2) If p and g are both odd, then

RE () * Rg (X) = happihpp,u (Riﬂ,2(|v|+|ﬂ|) + Aa72\VI,ﬁ*2\#I>- (3.2)

(3) If pis even and g is odd, then

=2v|)ar/2) - cos((f-2|u|)xr/2)
RE(x) % RE(x) = happiltppp | 22 RH .
2 () * Ry (%) = Happ ﬁ"’"”'( cos((a+p—2( + |u]))r/2) axp-2((vl+|u])
(3.3)
(4) If p and g are both even, then
RP(x) % RECE) = ho ol cos((tx—2|v|)7r/2)-cos((ﬂ—2|y|)7r/2)RH
* p b MEpp cos((a+p=2(v|+ |u|))x/2) arp=2(l+|u]) )
(3.4)
Moreover, it follows from (2.22) that
Aa—2v,— a=2y|) = lim Aa—2v, -2
bhotacb) = Ty 2
i . sin((a=2))r/2)sin((y - (a-2|v|)x/2) ., _
=——lim - [H}, - HY] (3.5)
2y—0 sin(yxr/2)
LT sin((a — 2|v|)7r/2.) sin((y = (a = 2|v|))x/2) lim [H* ~ H*],
y—0 sin(yar/2) y—ol Y v
where y = a+ - 2(|v| + |ul).
On the other hand, using (2.23) and (1.8), we have
) ) i0)(0r-m/2
lim | H —H’] _ D/2) |y prvivz gz (P+E0) T 7
y—ol a2 ly=0 I'(y/2)
o (y=n1)/
_limeyﬂ'i/Ze—qyri/Z (P — 10) (y-m)/2
r=0 I'(y/2)
(3.6)

T/ [ i i RESpna(P i0)?
a2 y—0 Resp—_n/ 2l (B +n/2)

—limeY7i/2p=ami/2 Resﬁ=—n/2(P— iO)p .
y—0 Res,;:,nmr(p + n/z)
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Now, taking 7 as an odd integer, we obtain

eiqui/ZJl.n/Z k6 37
Res (P=i0)' =5 T " [kg(x), .
(Res (i)' = T2+ k) O™ G7)

where OF is defined by (1.1), p + g = n, and k is nonnegative integer; see [24, 25]. If p and g
are both even, then

iqyri/2 n/2 k
R P+i0) = ——— %6 (x). 3.8
\Res (P£i0)* = (/2 ek O (58)
Nevertheless, if p and g are both odd, then
R P+ =
Res ( i0)* = (3.9)
Therefore, we have
lim [H+ _ H_] _ 1—'(1’1/2) /2 ime —yai/2 _ hmeym/2 6(x)
Solthy ¥ /2 T(n/2) ly=0 =0
’ 7 (n/2) by (3.10)
= lirrb [-2isin(yr/2)]6(x).
Y—?
From (3.6) and (3.9), we have
%EI})[H; - H;] =0 (3.11)

if p and g are both odd (n even).
Applying (3.10) and (3.11) into (3.5), we have

i i sin((a - 2|v|)ar/2) sin((y — (a - 2|v|))x/2)

Au—ZIvI,—a+2|v| = —Eh . }T}) [—21 SlI'l(YJZ'/Z)] 6(x)

y—0 sin(yr/2)
= sin?((a — 2|v|)r /2)6(x)
(3.12)
if p is odd and g is even and
Aa—2|v|,—u+2|v| =0 (313)

if p and q are both odd.
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From (3.1)—(3.4) and using Lemmas 2.3, and 2.6 and formulae (3.12) and (3.13), if p
is odd and g is even, then we obtain

RE (x) * Réa(x) = hu,p,\v|h7a,p,|v| <R(I)_I + Aa72\v|,fa+2|v\>
= il [5(6) + sin® ((a - 2] /2)6 ()| (3.14)
= R p ol P [1 +sin?((at - 2|v|):11'/2)]6(x).

If p and g are both odd, then

RS (X) * R?a (X) = ha,p,lvlh—a,p,lvl (R()H + Aa—2|v|,—a+2|v|>

(3.15)
= hap i Pap, v 0 (X).
If p is even and q is odd, then
B B 3 cos((a = 2|v|)ar /2) cos((—a +2|v|)r /2) g
Rl ol = gt ™ s == 2pT DT/ e
= ha,p,|v‘h,,,,,p,|,,‘cosz((zx =2|v|)ar/2)6(x).
Finally, if p and g are both even, then
B B 3 cos((a = 2|v|)ar/2) cos((—a + 2|v|)r /2) 4
Bl ol = Mgl ™ cos@—a=2pTe 02/

= Rap, v\ heap,vic0S” ((a = 2|v|)r /2)6(x).

4. The Main Theorem

Let M“(f) be the Bessel ultrahyperbolic Marcel Riesz operator of order a of the function f,
which is defined by

U“(f) =Ri* f, 4.1)

where RE is defined by (2.2),a € C,and f € S.

Recall that our objective is to obtain the operator E* = (U%)™" such that, if U*(f) = ¢,
then E*p = f foralla € C.

We are now ready to state our main theorem.
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Theorem 4.1. If U*(f) = ¢ (where U*(f) is defined by (4.1) and f € S), then E%p = f such that

E* = U™
-1
S [1 + sin’((a — 2|v|),7r/2)] RB, if pis odd and q is even,
Rep oiP-apvi
={——RB, if p and q are both odd,
hapoil-ap vl
T— sec?((a - 2|v|)r/2)RE, if p is even with(a —2|v|)/2#2s+ 1
apvfi-apvl
(4.2)
for any nonnegative integer s.
Proof. By (4.1), we have
Us(f)=Ri*f=9, (4.3)

where R® is defined by (2.2), a € C, and f € S.If p is odd and g is even, then, in view of
(3.14), we obtain

[1 +sin?((a — 2|v|)7r/2)]_1REX * (RE * f>

hap i h-appl
1 -1
=— 1 +sin®((a-2v))r/2)| (RE, «RE)«f
Hap vl P-ap vl | | ( )
1 -1 (4.4)
=—— |1 +sin?((a-2p|)7/2)
hap | Pcp, vl [ ]
x { il [ 1+ 5in% (@ = 2]} /2)|6(x) } » f
= 6 *f = f
Hence,
2 _ 1B _ ay-1 _ B\
R — [1 +sin?((a 2|v|).7r/2)] RE = (Uu%) = <R) (4.5)
foralla € C.
Similarly, if both p and g are odd, then, by (3.15), we obtain
S L (R pu——
happihoapp = N " happwihoappm ¥ 7
1 (4.6)

= ————Hhap pihapp6(x) * f
hapih-ap, | i g’
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Hence,

1

-1
——— R = U = (R (4.7)
hapih-ap, | ( )

foralla € C.
Finally, if p is even, then, by (3.16) and (3.17), we have

sec?((a@—2v|)r/2)RE, * (RE * f
hap,oiPapv < )

= ;secz((a - 2|v|)r/2) <R?a * RE) x f
hap i happl (4.8)

1
= e (@ = 2w/ {hepiit-apvicos® ((a = 2v) 7 /2)5(x) | * f
a,p,|v|ft-ap,|v

=6f=f,

provided that (a — 2|v|)/2#2s + 1 for any nonnegative integer s.
Hence,

-1
sec((a = 2|v))r/2)RE, = (U™ = (RE 4.9
ha,p,lvl hfu,p,\VI < > *9)

for all « € C with (a —2|v|)/2#2s + 1 for any nonnegative integer s.
In this conclusion, formulae (4.5), (4.7), and (4.9) are the desired results, and this
completes the proof. O
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In this paper, we define the Bessel diamond kernel of Marcel Riesz Kfﬂ and the Bessel diamond Marcel
Riesz operator of order («, ) on the function f by

U@ (f) = KBy «f,

wherea, 8 € C, thesymbol « designatesthe convolution, andf € S, S isthe Schwartz space of functions.
In this paper, we aim to study the convolution of K2, and obtain the operator E@# = [U*#]~* such
that if U@A) (f) = ¢, then E@P g = 1.

Keywords: Bessel diamond kernel of Marcel Riesz; Bessel diamond operator; Dirac delta distribution
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1. Introduction

The n-dimensional ultra-hyperbolic operator [ iterated k times is defined by

K 32 82 82 32 82 82 K
rfr=l—t—=+ - +—=———— .. = ,
Xz %2 MGG, OXE, X3 g
where p + g = nisthe dimension of R" and k is a hon-negative integer.
Consider the linear differential equation in the form of

Oku(x) = f (%),

where u(x) and f (x) are generalized functionsand x = (X, X2, ...,%,) € R".

D)

@)

Gel’fand and Shilov [6] were the first to introduce the fundamental solution of (2), whichisa
complicated form. Later, Trione[24] showed that the generalized function Ry (X), defined by (21)
with a = 2K, is the unique fundamental solution of (2) and Tellez [20] also proved that R (X)

exists only when n = p + g with odd p.

*Corresponding author. Email: nkamsi @kku.ac.th

ISSN 1065-2469 print/1SSN 1476-8291 online

© 2012 Taylor & Francis
http://dx.doi.org/10.1080/10652469.2012.671312
http: / /www.tandfonline.com



Downloaded by [Kamsing Nonlaopon] at 22:10 26 March 2012

2 T. Salao and K. Nonlaopon

Later, Kananthai [7] was the first to introduce the operator <> called the diamond operator
iterated k times, which is defined by

k

O = — | - — , ©)
i=1 8Xi2 i=p+1 asz

where n = p+ q is the dimension of R", for all x = (X3, X2,...,%,), and K is a non-negative
integer. The operator <> can be expressed in the form

OF = AKOK = Okak, 4)
where (¥ is defined by (1), and
92 92 92\
A= o 2 5
<ax§ * dx2 ot ax§> ®)

is the Laplace operator iterated k times. On finding the fundamental solution of this product,
Kananthai used the convolution of functions which are fundamental solutions of the operators [I¥
and AK. He found that the convolution (—1)¥Sy(X) * Roc(X) is the fundamenta solution of the
operator &K, that is,

(=D S (¥) * Rxk(¥) = 8(%), (6)

where Ry (X) and S (X) are defined by (21) and (28), respectively, with o = 2k, and §(x) isthe
Dirac delta distribution. The fundamental solution (—1)*Sy(x) * Ry (X) is called the diamond
kernel of Marcel Riesz. A wealth of effective works on the diamond kernel of Marcel Riesz were
presented by Kananthai [8-12] and Sritanratana and Kananthai [19].

In 1978, Dominguez and Trione[5] introduced thedistributional functionsH,, (P £ i0, n), which
are causal (anti-causal) analogues of the eliptic kernel of Riesz [16]. Later, Cerutti and Trione[3]
defined the causal (anti-causal) generalized Marcel Riesz potentials of order o, « € C, by

R*¢ = H, (P £i0,n) x ¢, )

where g € S, S isthe Schwartz space of functions[18], and H, (P £ i0, n) is given by

eFem/2 gHami/20 ((n — a) /2)(P £ 10)@"/2

RePEI0m = 247 2T @]2) ©®
Here, P is defined by
P=P0) =X+ + X = X1~ X500 =+ — X ©)

where q isthe number of negative terms of the quadratic form P. The distributions (P +i0)* are
defined by

(P+i0)* = |in(1)(Piie|x|2)*, (10)

wheree > 0,1 € C,and [x|2 = X2 + X3 + - - - + x2, see[6]. They a so studied theinverse operator
of R*, denoted by (R¥)~1, such that if f = R¥¢, then (R*)~f = ¢.
Later, Aguirre [1] defined the ultra-hyperbolic Marcel Riesz operator M® on the function f by

Me(f) = R, «f, (11)

where R, is defined by (21) and f € S. He also studied the operator N* = (M%)~1 such that if
M (f) = ¢, then N¥p = f.
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Let us consider the diamond kernel of Marcel Riesz K, g(x) introduced by Kananthai [10],
which is given by the convolution

Kap () = S (X) * R (X), (12)
where §,(x) isan elliptic kernel defined by (28) and Rz (x) is the ultra-hyperbolic kernel defined
by (21). Tellez and Kananthai [23] proved that K, z(X) exists and is in the space of rapidly
decreasing distributions. Moreover, they also showed that the convolution of the distributional
families K, g (X) relates to the diamond operator.

Later, Maneetusand Nonlaopon [ 13] defined the diamond Marcel Riesz operator of order («, 8)
onthefunction f by

M@ (F) = Ky p T, (13)

where K, 4 is defined by (12), o, 8 € C, and f € S. They also studied the operator N©®#) =

[M@A -1 such that if M@ (f) = ¢, then N@P ¢y = f. Moreover, they defined the Bessel ultra-
hyperbolic Marcel Riesz operator of order & on the function f by

Ue(f) = RB«f, (14)

where RE is the Bessel ultra-hyperbolic kernel of Marcel Riesz defined by (17), « € C, and
f € S; see[14], for more details. In addition, they studied the operator E* = (U%)~* such that if
U*(f) = ¢, thenE%p = f.

In this paper, we define the Bessel diamond kernel of Marcel Riesz by

KE (%) = S0 * R (%), (15)

where RE (x) and SE(x) are defined by (17) and (26), respectively, and the Bessel diamond Marcel
Riesz operator of order («, 8) onthefunction f by

U@ () =K2, «f, (16)
wherea, 8 € C,andf € S. In this paper, we aim to study the convolution of K(XB’/3 and obtain the
operator E@# = [U@A =L such that if U“A)(f) = ¢, thenE@P ¢y =f.

Before we proceed to our main theorem, the following definitions and some concepts require
some clarifications.

2. Preliminaries

DEFINITION 2.1 Let X = (X3, X2, . . ., Xy) beapoint in the n-dimensional Euclidean space R". Let

U=X5+X§+"'+XS—X§+1—X§+2—"'—X§+q
be the non-degenerated quadratic form, wherep + g = nisthedimensionof R". LetT", = {x €

R":u>0andx >0, (i=1=12,..., p)} be theinterior of forward cone and let ', denote
its closure. For any complex number «, we define

u@—2vl-n/2
RS(X) _ W, forx e I'y, 17
0} forx ¢ 'y,
where
Kl gy = T PD(@ 4 e — 0~ 2vD/2T (1~ @)/T ) a8

F(@2+a—p—2p)/AT((p—a)/2)
2V =20 + 1,0 > —3, [v| = vy +vp + - + vy, See [4,17,25].
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The function RB(x) is called the Bessel ultra-hyperbolic kernel and wasintroduced by Aguirre
[2]. It iswell known that RB(x) is an ordinary function if Re(e — 2|v[) > nand isa distribution
of (@ — 2|v]) if Re(a — 2|v|) < n. Let suppRE(x) denote the support of RE(x) and suppose that
suppRE(x) € T, (i.e. suppRB(x) is compact).

By letting o = 2k in (17) and (18), we obtain

5 u(2k7n72\v\)/2
RRxX)=— 19
2k KJ]VI(Zk) ( )

where

(=142vD/2P (2 4 2k — n — 2|v])/2)T (1 — 2k) /2)" (2k)
Kl'l(2k) = = . 20
n (20 F(@+2k—p—20)/2T(p—20/2) (20)

By putting |[v| = 0in (17) and (18), formulae (17) and (18) reduceto

u(a—n)/z f
R = Ko ' X (21)
0, forx g 'y,
and
(n—1)/2 _ _
Ko (@) = T F'((e—n)/24+DI((2 a)/Z)F(oc). 22)

F(@=p/2+DI((P—a)/2)

Thefunction R, (x) is called the ultra-hyperbolic kernel of Marcel Riesz and was introduced by
Nozaki [15]. It iswell known that R, (x) isan ordinary function if Re(«) > nandisadistribution
of o if Re(ar) < n. Suppose that suppR, (x) C T, (i.e. SuppR, (X) is compact).

By putting p = 1 in Ry (x) and taking into account Legendre’s duplication formula for I'(2),
that is,

(22 =27 Y’r@rz+3), (23)
we obtain
V(thn)/Z
M) = , 24
Hn(er) @9
andv=x2 —xZ — x5 — ... — X2, where
_ (-22pu-1p (@ F 2N e
Ha(ar) = 7 2/2¢ F( - r(z). (25)

The function 11 (x) is called the hyperbolic kernel of Marcel Riesz.
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DEFINITION 2.2 LetX = (X1, X2, . . ., Xn) beapointof R"andw = X2 + X5 + - - - +

eliptic kernel of Marcel Rieszis defined by
(@=2Jv|-n)/2
SS(X) = w?,
Wy’ (@)
if o isa complex parameter, o # 2|v| — 2},j = 1,2,...,and

T(a/2) []L, 25 Y20 (v + 1/2)

[v] —
W (o) = 202120 ((n — ) /2 + |v]) .

The eliptic kernel of Marcel Riesz is defined by

w@—n/2
S X W@
where
_ w"22*T(a/2)
= T2

5

X2. The Bessel

(26)

(27)

(28)

(29)

It iswell known that S, (x) is an ordinary function for Re() > n and is a distribution of « for

Re(a) < n.

Note that n = p + g. By putting g = 0 (i.e. n = p) in (21) and (22), we can reduce u®~"/2 to

@ P2, wherew = x§ + ¢ + - - - 4 %3, and reduce Ky () to

aPV2r (1 - a)/2)T ()

Kple) = T(p—a)/2)

Using Legendre’s duplication formula,
[(22) = 2% 7 Y2r@r@z+ %)
and
F'(; +2T(; —2 = 7 sec(n2),
we obtain
Kp(ar) = 2 sec (amr/2) Wp(a).

Thus, for g = 0, we have

2

u@—p/2 <a7r ) u@—p/2 O

R, (X) = Kot@) = 2C0s Wyt

In addition, if o = 2k for some non-negative integer k, then
Rak (%) = 2(— 1) S ().

The proofs of Lemmas 2.3 and 2.4 are given in [23].

Lemma 2.3 The function K, g(x) has the following properties:

(i) Koo(X) =8(x);
(i) Koak—ak(¥) = (=DkSKs(x);

= 2cos(7> S (X).

(30)

(31)

(32)

(33)

(34)
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(i) O*(Kap () = (=1 Ka-25-2(X);
(iv) OK(Ka(¥) = (=1)¥8(x); and
(V) Kap) # K_gk 2k (¥) = (=D KK, 5 (X).
LemMA 2.4 (The convolutions of K, g (X))
(i) If pisodd, then
Ka,ﬁ(x) * Ka/’ﬁr(X) = (Rﬂ+ﬂr + Aﬂ‘ﬂr) * S,hLa/, (35)
where Rg and S, are defined by (21) and (28), respectively. Ag 4 is defined by

i sin(Br/2)sin(B'n/2)

Ao = g Sn( g+ pomyzy e e %
and
Hy =Hyz(P +i0,n) (37)
is defined by (8).
(i) If piseven, then
Ko p(X) * Ky g (X) = Bg g Rg 1 g % Sy (38)

where
_ cos(Brr/2) cos(B'n/2)

PET " cos((B + B /2) )
LEmmA 2.5 If |v| # 0, then
(i) SE(X) = Qe v Se—2pw (X), Where
_ aV22N (/2 — |v])
Qen = T2 [T, 20 V2T (o + 1/2) 40
S£(x) and S,z () are defined by (26) and (28), respectively.
(i) RE(X) = hy,p,u|Re—2p0)(X), where
epy| = F((1—a)/2+ vhI'(@ = 2vI'((p— @) /2) ’ (41)

aMI((p—a)/2+ vDT((1—a)/2)T (a)
RS(x) and R,_2, (x) are defined by (17) and (21), respectively.

(i) K2 500 = Q1N psu K201, p—21 (X), Where K2, (), Ko —2101,8-2101 (X), G ol @A Mg p 1
are defined by (15), (12), (40), and (41), respectively.

Proof We get (i) and (ii) by computing directly from the definition of S?(x) and S,_,/(x) and
RB(x) and R, 2, (X). For (iii), by formulae (12) and (15) and (i) and (ii), we obtain

Ko 500 = S5 % REX) = Gan o) S 120 (0 * N 1 R 24/ (X)

= Gorn oI N p 1 Ka—2pv1,p— 2112 (X).-

LEMMA 2.6 The convolutions of K&, (x)



Downloaded by [Kamsing Nonlaopon] at 22:10 26 March 2012

Integral Transforms and Special Functions

(i) If pisodd, then

KE 50 % KE 5 (%) = Qoo Gor o Mg,py 1t N

X [(Retp -2+ + Ap—2lul,p—211) * Setar—2(v i+ ],

where Rg, S,, and Ag 4 are defined by (21), (28), and (36), respectively.
(i) If piseven, then

B B
K (0 % Ko 5 () = Qo1 G in v N,p1a N i1 Bp—21al p—20 K =20 101

where Bﬂfzm"ﬁ/,gwq is defined by (39).

The proof of thislemma can be easily obtained from Lemmas 2.5(iii) and 2.4 and [23].

3. Theconvolution K(Eﬁ(x) " KE’,ﬁ’(X) wheno' = —a, f' = -8

Now, we consider the property of K(Eﬂ (X) * Ko?,,ﬁ, X) whena' = —a and 8’ = —8.
From (42) and (43), we know that the following properties are valid:

(1) If pisodd and qiseven, then
KE 500 % KZ 5 (%) = Qoo G, Moyt N
X [Re+p—20ui+1w) + Ap—2ul.p—21w1) * Sevar—2(ul+vp]s

where Rg, S,, and Ag_sy,,| p—2),v) @€ defined by (21), (28), and (36), respectively.
(2) If both p and q are odd, then

KE 50 % KE 5 (%) = Qoo G Mgt N

X [(Rgtp -2+ + As=2lu,p=21u1) * Supar—2(w|+v'p -

(3) If pisevenand gisodd, then

K500 5 KZ 5 (%) = G vl Gor o1 1t D
o [COS((,B —2|ul)m/2) - cos((B’ — 2|u')m/2)

(42)

(43)

(44)

(45)

Kp+p- Dl -
cos((B + B’ — 2(|ul + ') /2) B+B' =201l +I |>}

(4) If both p and g are even, then

Kep 00 5 KZ 5 (%) = Qv Gor o 1M st
[COS((ﬂ —2|ul)w/2) - cos((B’ — 2|u'|) /2)

(46)

cos((B + B — 2(|u| + ') /2) ﬁ+ﬁ’—2(|u|+|u’|)i| :

(47)
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Moreover, it follows from (36) that

Ag_ o1 —(8—2 = lim As_o 21w
=2l —(B=2|n) =2l | = —(B—2l]) B—2Ipl,f' 2| ']

— 1 i SN(B — 2D /2) Sin((y — (B — 2|M|))7T/2)[H+

—H-
2y-0 sin(ym/2) Y v
i SNB = 2D/ SN = (B=2UD)T/D) e ey
2y—0 sin(y/2) b el y
(48)
wherey = g+ ' — 2(|ju| + |1'D).
On the other hand, using (37) and (8), we have
. _ rm/2)[,. o o (P4i0)r—m/2
+ _ [ S ymi/2 Jqri/2
P = T D'ﬂ ©e F(y/2)
~ lim &/7/2 gari P 107 'O)Wn)/z]
r=0 I'(y/2)
Res (P+ i0)#
— M I|m e ymi/2 eqm/z p=—n/2
/2 y—0 Reszr(ﬂ+n/2)
—n
Res (P i0)#
_ I|m @mi/2 g=ari/2 p=—n/2 (49)
y—0 Ra; r'(B+n/2)
B=—n/2
Now, taking n as an odd integer, we obtain
et omi/2,n/2
A [k
Rec (P +i0)* = KT M2 1K) 08 (x), (50)

where (¥ is defined by (1), p + g = n, and k is non-negative integer; see[21,22]. If both p and q
are even, then

iy e:i:qrri/Z n/2 k
R P+i0 - [1°§(X). 51
e PEO = 2z 0% ®D
Nevertheless, if both p and q are odd, then
L
A:Br?/%fk(P +i0)* =0. (52)

Therefore, we have

rm/2 ="?
72 T(n/2)

- +_ -1 — ; —ymi/2 | mi/2
y_r)no[Hy H,1 [}I/u_:rz)e 7I/|_)nz)e)’ }8(x)

T YT
= J/I_)ﬁ%l: 2|sm( 5 )] 3(X). (53)
From (49) and (52), we have
Iim[H;‘—H;]:O (54)
y—0

if both p and g are odd (n even).
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By applying (53) and (54) in (48), we have

i . sn(p-2 2)sin((y — (B —2 2
Aﬁ—2|u\,—f3+2\m=—l|lm (B —=2|uhm/2)sn((y — (B —2|ul)7/2)

2 y—0 sin(yr/2)
x li_r)ry)[—Zisin(%)]S(x)
_ &P ((ﬂ - 2|/L|)JT> 5(%)
2
=sin’ (%”) §(X) (55)
if pisodd and g iseven, and
Ap—2ju),—p+2ul =0 (56)

if both p and g are odd.
From (44) to (47) and using Lemmas 2.5 and 2.6 and formulae (55) and (56), if pisodd and q
is even, then we obtain

KE 500 % KB, 400 = Gunu1G-an o piuthppiul (Ro + A2, —pr2i) * So

= Gun,v19-a.n vl Ng.p1eiN-p.p, 1l [500 +sin? (ﬂ%) S(X)} * 8(X)

= Qo v G—an vl Nap 1l N-p.p.1ul [1 +sin? (%)] 8(X). (57)

If both p and g are odd, then

Ko p00 % KB, 500 = GunviGaniviNepiuiN-s.pil (Ro + Ag i), pr2u) * So
= QoG- w1 g1t D= 1) (Ro * So)
= Qw1 9—anviNgp 1l N-p p1i Koo
= Qun w19 1D pu 1t N 1218 (X).- (58)

If piseven and g isodd, then

Ksﬁ(x) * K?a’_ﬂ(x)
cos((B — 2|ul)m/2) cos((—p + 2|ul)m/2)
cos((B — B — 2lul + 2| /2)

B —=2uhm
= Qv 9—arn vl M6 et N pop 1) €OS” <T) §(X)

= Qo vl 9-anviNgp 1 N-pp,u 0,0

Br
= Qw1 9-anlvippui N ppul COS” <7> §(X). (59)
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Finaly, if both p and g are even, then

KE,00 KB, _,(%)
cos((B — 2|u)w/2) cos((—B + 2|u))7/2)

= Ya,n,|v|Y—a,n,|v h h_
Qo v G—an v NB,p, 1 NIl cos(B — B — 2\ul + 2l)7/2) 00
(B —2uhm
= Gu v G- ol N6 N pju) €OS” <T> §(X)
= ga,n,\vlgfa,n,lvlhﬂ,p,\u\h*ﬁ,pv|ﬂ| COSZ (/377/2) S(X) (60)

4. Main results

Let U@P (f) be the Bessel diamond Marcel Riesz operator of order («, 8) on the function f,
which is defined by

U@ () = K2y «f, (61)

where K2, isdefined by (15), o, 8 € C, andf € S.

Recall that our objectiveisto obtain the operator E@#) = [U@#]-1suchthatif U@A (f) = ¢,
thenE@P ¢ =f foral o, g € C.

We are now ready to state our main theorem.

THEOREM 4.1 IfU@P) (f) = ¢ (where U®P (f) isdefined by (61) andf € S), thenE@P ¢ = f
such that

E@h — [U@p]1

1 . Br -1 . .
1 2 (== KB ., if dd and :
ga,“ylvg—a,n,IVIhﬂ,D,Mlh—ﬁ,m/t|: e <2)} —ampr [RISOECANAQISE/EN
1
= KB . if both d dd;
Qoo G-anpiMppiuNoppi *° nhohpandqareo
1 > (BT g L B
— K , f th= #£2 1
e v G—cron v N8 p, 1 D= g el S ( 2) b pisevenwith 5 # 25+

for any non-negative integer s.

Proof By (61), we have

U@ () =K2, «f =,
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whererﬂ isdefined by (15), «, 8 € C,andf € S. If pisodd and g iseven, then, in view of (57),

we obtain

; [vsm ()] K

1+sn®|— KE, _gx (K z*f)
e, 1v1F—an v B p, 1 N py 2 o’ ’

1 |: 2 <l377 )}_1 B B
= 1+sin“|— (K2, g+ K. ) = f
G w1 G- v g o e N, 2 h el

= 1+sn°|—
e v/ G—an, v B ol D= g 2

. Br
X {ga,n,lvg—a,n,v|hﬂ,p,|u|h—ﬁ,p,m [1 +sin® <7)] S(X)} * f

=5xf =f.

Hence,

1 [ ) (,Bﬂ >]1 B ( -1 B -1
1+4+sn®| = KB, ,=[UeP17t = (KB) (62)
e w1 9—an v/ N80, N, 2 r 7

foral «, 8 € C.
Similarly, if both p and g are odd, then by (58), we obtain

1

Geen v G—an, v g p 1l D= g .l
1

Qe vl G—an i N Np o
1

Qe vl =an i Mg N-p ol
=§xf ="f.

KB, 5 (KEyxf)

(KEX'_/3 * Ko'iﬂ) *f

o, v1 G-, v N8, 12 Ny 110 8 (X)

Hence,
1

KB
e v/ G—arn, v N8 ol =g el

—Ol,—ﬁ

=P = (Kgp)™ (63)

foral o € C.
Finaly, if piseven, then by (59) and (60), we have

! sec? (ﬂ—n
Do, vl 9—an, v N8 p, 1 Ny 2

KB, 5% (KS,xf)

N——

1 5 (

— sec

Qe 1 F—an v g p, e N py 1

_ 1 5 (ﬁrr
Gern, v 9—an, v g i Ny 1 2

“@“
Y
N
N—
>
~~
X
N
——
*
—h

X {ga,n,wg—a,n,whﬁ,p,uh—ﬁ,p,lm co
=8xf =",

provided that /2 # 2s+ 1 for any non-negative integer s.
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Hence,

1
e v G-, v N8 ol D= g el

sec? (’37”) KEep =PI = (K™ (64)

for al «, B € C with 8/2 # 2s+ 1 for any non-negative integer s.
In conclusion, formulae (62), (63), and (64) arethe desired results, and this completesthe proof.
|
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where p +q = n is the dimension of R", forall x = (X, X9, ey Xp)
eR", m=>0 and non-negative integers k. Our aim is study the

fundamental solution of the operator (¢ + m?)¥, to which we will

refer as the diamond Klein-Gordon kernel. Moreover, we will study
the convolution of this kernel.

1. Introduction

The n-dimensional ultra-hyperbolic operator K jterated k times is
defined by
2 2 2 2 2 2
k: a_2+a_2+...+ 62 — 62 — 82 e — 82 , (1]_)
OXf  OX5 OXp  OXpy1  OXpyo OXpq

where p +q = n is the dimension of R", and k is a non-negative integer.
We consider the linear differential equation of the form

Ku(x) = £(x), (1.2)
where u(x) and f(x) are generalized functions, and X = (X, Xp, ..., X)
e R".

Gelfand and Shilov [1] have first introduced the fundamental solution of
the operator (1.1), which was initially complicated. Later, Trione [2] has

shown that the generalized function R{f((x) defined by (2.1) with a = 2k is
the unique fundamental solution of (1.2) and Tellez [3] has also proved that

Rzﬁ'((x) exists only when n = p + g with odd p.

Kananthai [4] has first introduced the operator 0% called the diamond
operator iterated k times, which is defined by

k

2 2
P .2 p+q 2
k 0 0
v [ 6)(_2} { 2 ax_Z] ' &9
i=1 i j=p+1 %]
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where n = p +q is the dimension of R", for all x = (X1, X, ..., X,) and

non-negative integers k. The operator 0K can be expressed as

where ¥ is defined by (1.1), and

k

2 2 2

A = 62+62+---+ 62 (1.5)
8X1 aXZ aXn

is the Laplace operator iterated k times. On finding the fundamental solution
of the operator 0K in (1.4), Kananthai used the convolution of functions
which are fundamental solutions of the operators K and AX. He found that

the convolution (—1)k RS, (X) * RyL(x) is the fundamental solution of the

operator 0%, that is,

(1) S () * Rk (x)) = 3, (L6)
where RFk(x) and RS, (x) are defined by (2.1) and (2.6), respectively
(with o = 2k), and & is the Dirac delta distribution. The fundamental
solution (—1)k RSy (X) * RSl (x) is called the diamond kernel of Marcel Riesz.

Later in 1998, he has also studied the properties of the distribution e®X0Ks
and its application for solving the convolution equation

m
™05 * u(x) = e > C0"5, (1.7)
r=0
where C, is a constant. Recently, Nonlaopon gave some generalizations of
his paper [5]; see [6] for more details.
Next, Kananthai [7, 8] has studied the Fourier transform and

convolutions of the diamond kernel of Marcel Riesz. In [9], he has also
studied the linear equation
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oku(x) = f(x). (1.8)
This equation is a generalization of the ultra-hyperbolic equation, which can

be applied to the wave equation. It is found that the solution of an equation
(1.8)is u(x) = (—1)k Moy 2k (X) * f(x), where

Mok, 2k (x) = RS (x) * Rk (x). (1.9)

Later, Sritanratana and Kananthai [10] have studied the nonlinear diamond
operator, which has some applications to the n-dimensional wave equation.
Tellez and Kananthai [11] have studied the convolution product of the
distributional families related to this operator.

In 1988, Trione [12] has studied the fundamental solution of the ultra-
hyperbolic Klein-Gordon operator iterated k times, which is defined by
2 2 2 2 K
2)k— 82+---+ 62— 82 — = 82 +m? | . (1.10)
OX{ OXp  OXpy1 OXpq

( +m

The study has shown that the fundamental solution of the operator
( +m2)k is given by

W m) = 37 LD (m2) R ) (111)

r=0
where Rﬂ(+2r(x) is defined by (2.1) with o = 2k + 2r. Next, Tellez [13]
has studied the convolution product of W, (x, m) *Wﬁ(x, m), where o and 8
are any complex numbers. In addition, Trione [14] has studied the integral
representation of the kernel W, (x, m) and the fundamental (P + i0)" -ultra-

hyperbolic solution of the Klein-Gordon operator iterated k times; see [15]
for more details. Finally, Tariboon and Kananthai [16] have studied the

fundamental solution or Green function of the operator (@ + mz)k, which is
defined by
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k
. P o2\ (e 2 4 ,
(@"‘m ) = Zy - Z 8_2 +m ’ (112)
i=1 oK j=p+1 K]

for all x =(x, X, ..., X;) € R", m >0, k is a non-negative integer and
p +q = n is the dimension of R". In fact, the operator (& + m2)k can be
seen to be related to the ultra-hyperbolic Klein-Gordon operator ( + m2)k

and the Helmholrz operator (A + mz).

In this article, we introduce the diamond Klein-Gordon operator iterated
k times, which is defined by

2 2
P12 p+q 2
26k _ Z 0 0 2
(<>+m ) = ( aX—ZJ — E ax—z +m , (113)
i=1 %M j=p+1 *"J

where p + g = n is the dimension of R", forall x = (x, X, ..., X;) € R",
m > 0 and non-negative integers k. Our aim is to study the fundamental
2)k

solution of the operator (¢ + m to which we will refer as the diamond

Klein-Gordon kernel. Moreover, the convolution of this kernel will be also
studied at the end.

Before we proceed to our main results, the following definitions and
concepts require clarifications.

2. Preliminaries

Definition 2.1. Let x = (X, Xy, ..., X,) be a point in the n-dimensional
Euclidean space R". Let

2 2 2 2 2 2
U= X + X5+ + Xp = Xpy1 = Xps2 = = Xpuq

be the nondegenerated quadratic form associated to x, where p+q = n.
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Then the interior of forward cone is defined by I, = {x e R" : x; >0

and u > 0}, where T, designated its closure. For any o € C, we define

()2
RH(x) = | Kolw)  Or X<l 2.1)
0 for x ¢ I',,
where
K (@) = A" 20((2 + o - n)/2)0((1 - 0)/2)T(a) 22)

I((2+a-p)/2)I((p - a)/2)

The function R(';'(x) is called the ultra-hyperbolic kernel of Marcel

Riesz and was first introduced by Nozaki [17]. It is well known that R(';' (x)

is an ordinary function if Re(a) > n; and is a distribution of o otherwise.
Let suppR(x) denote the support of RM'(x), and suppose that
supp R('X'| (x) c T, (that is, supp Rg' (x) is compact). Putting p =1 in

Rzﬁ'((x) and taking into account Legendre’s duplication formula

r(2z) = 221 Y2r(2)r(z +1/2), (2.3)
we obtain
(a-n)/2
H v
e (X) = ) (2.4)
and v = x12 - x% - x§ - = x%, where
Hy (o) = i"2/22871p (o + 2 - n)/2)[(0/2). (2.5)

The function Ig' (x) is called the hyperbolic kernel of Marcel Riesz.

Definition 2.2. Let x = (X, X, ..., X;) be a point in R", and let o =

x12 + x% ot xﬁ. Then the elliptic kernel of Marcel Riesz is defined by
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wl@=n)/2
Re(x) = W (@)

where a € C, and

a2 2°T(0,/2)

Wn(®) = F—ay2)

(2.6)

2.7)

Note that n = p + g. By putting g =0 (ie., n= p) in (2.1) and (2.2),

2

we can reduce u(® /2 o oo(,?‘_p)/z, where @p = x12 + X5+ 4 Xp.

Moreover, [Ky(et) can be reduced to

nP Y20 (1 - a)/2)T(a)
r(p-w)y2)

Using the Legendre’s duplication formula

Kp(a) =

r(2z) = 222 Y20 (2)r(z + 1/2),
and
Y2+ z)I'(/2 - z) = nsec(nz),
we obtain
Kp(a) = %Sec(noc/Z)Wp(oc).
Thus, if g = 0, then we have

u(a_ p)/2 u((x_ p)/2

RH = =2 o/ 2)——F——
(04 (X) Kp(OC) COS( / ) Wp(O(.)

In addition, if o = 2k for some non-negative integer k, then
k
Rok (x) = 2(-1) RSk (x).
The proofs of Lemma 2.1 and 2.2 are given in [4] and [8].

Lemma 2.1. RS (x) and R('j (x) are the tempered distributions.

= 2cos(na,/2)RE ().

2

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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Lemma 2.2 (The convolution of tempered distributions).

() Let RG(x) and RG(x) be elliptic kernels of Marcel Riesz, which are

defined by (2.6). Then
Re.(x) * R§ (%) = R3.p(x), (2.13)
for all complex numbers a., B.

(b) Let R (x) and R['f (x) be ultra-hyperbolic kernels of Marcel Riesz,
which are defined by (2.1). Then
Re! (x) * ' (x) = Rglip(x), (2.14)
for all integers a, B such that o or (3 is even.
(¢) In particular, if R (x)* R['; (x) = 8, then RS (x) is the unique
Hx-1

inverse of RBH(X) (denoted by Rg'"~~(x)) in the convolution algebra.

From Trione [2], Rzﬁ'((x) is the fundamental solution of the operator K

that is,
K(RE (%)) = 8. (2.15)

Moreover, we obtain from [1] that (—1)" RSy (x) is the fundamental solution

of the operator A that i,
A(D RS () = 5. (2.16)

It can be shown (see [2, 11]) that R, (x)= K& and R®y(x) = (-1)¥A¥s
for any non-negative integer k.
Before proving our main theorems, we will consider the convolution

between (—1)k RS, (x) and RSk (x) (defined by (2.1) with o = 2k) for k =
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0,1, 2, .... For the case 2k > n, we find that (-1)R5, (x) and Rzﬁ'((x) are

analytic functions which are the ordinary functions, thus the convolution
(-)* RS (%) * R (%) (217)
exists. On the other hand, if 2k < n, then by Lemma 2.1 (with a = 2k), we

can see that (—1)" RS, (x) and Rk (x) are tempered distributions.

Let K be a compact (i.e., closed and bounded) subset of T, where
T, is defined as in Definition 2.1. If we choose supp R;k(x) = K, then

supp Rzﬁ'((x) is compact. Hence the convolution
(- RSk (x) * REk (%) (2.18)
exists, and is a tempered distribution by Lemma 2.1.
For the proof of the following lemma, see [4] and [11].

Lemma 2.3. The convolution (—1)k RSy (X) * Ryk(x) is the fundamental

solution of the diamond operator iterated k times, that is,
OF (<) RS () * REk(x) = &. (219)

It can be shown that REZk(x)*Rf'Zk(x)z(—l)kO"S for any non-

negative integer k.

Definition 2.3. Let x = (X, Xp, ..., X;) be a point in R". The function
T, (x, m) is defined by

o]

Talo )= 3| 722 0 TRE 2 (0% REL 20, (220

r=0

where a. is a complex parameter and m > 0. Here, R(';'JrZr(x) and RS, 5, (%)

are defined by (2.1) and (2.6), respectively.
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From the definition of T, (x, m), by putting o = -2k, we have
0 k x
Tkt m) = D[ RS 0% RE 0
r=0

Since the operator (¢ + m2)k defined by (1.13) is linearly continuous and

has 1-1 mapping, it therefore possesses an inverse. By Lemma 2.3, we obtain

o0

T ok(x, m) = Z[t)(mz)rok‘rs = (0 + m?)ks. (2.21)

r=0

Substituting k =0 in (2.21), we have Ty(x, m) = 8. On the other hand,
letting o = 2k in (2.20) yields

Tactm) = 07 (K ORE, 000 REk ol

(K
+ Zl( ) j(m2)f(_1)k+r RSkor (X) * RE'HZr(X)- (2.22)

Clearly, the second summand on the right-hand side on (2.22) vanishes when
m = 0. Hence, we obtain

k H
Tk (X, 0) = (<1)“ R (x) * Rak (x),
which is the fundamental solution of the diamond operator ok,
3. Main Results
Theorem 3.1. Consider the equation
2,k _
(O + m“) u(x) = 8, (3.1)

where (¢ + mz)k is the diamond Klein-Gordon operator iterated k times,
which is defined by
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b 22 (pxa oY ‘
(<>+m2)k= {Z%] {Z ;(—ZJ +m? |, (3.2)

]

with a non-negative integer k and the Dirac-delta distribution 6. Then, we
obtain

o]

Tt m) = 3t 0 R a0 R 20 63

r=0

as the fundamental solution of the operator (¢ + mz)k, where Ryk(x) and

RS (x) are defined by (2.1) and (2.6), respectively. Moreover, we find that

u(x) = Tok(x, m) is a tempered distribution.

Proof. Since the operator (¢ + mz)k is linearly continuous and has 1-1
mapping, it therefore possesses an inverse. Then by Lemma 2.3, we have

o0

Tacttm) = 30 JmEY DR 00+ RE (0
r=0

= (0 + m?)7Xs. (3.4)
Applying the operator (¢ + m2)|< to both sides of (3.4), we obtain
(0 + M2 KT (x, M) = (0 + m2K(© + m?) X6 = (0 + m?)%6 = 6.

Thus,

0

Tor(x, m) = Z(_rkJ(mz)r(_l)kH RSk.+2r (X) * R5I|<+2r(x)

r=0

is a fundamental solution of the diamond Klein-Gordon operator iterated k
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times. By Lemma 2.1, RS, o (x) and RA}, 5, (x) are tempered distributions.
Moreover, it follows from (2.18) and (2.20) that T, (X, m) exists and is also

a tempered distribution. This completes the proof. O
Theorem 3.2. For 0 < j < k, we have
(0 +m?) To(x, M) = Toy_2j(x, m) (35)
and for k <1,
0+ m2)|T2k(x, m) = (0 + mz)'_k& (3.6)

Proof. By Theorem 3.1, we readily know that (¢ + mz)kTZk(x, m) = &.
From this, we can see easily that

© + m2K1(0 + m?) Ty (x, m) = 5,

or equivalently,
0+ mz)k_jS * (0 + mz)jTZK(x, m) = 3§,

for 0 < j < k. Convolving both sides by Ty _(x, m), we obtain
(0 +m®) Ty 506 ) (04 m?) Ty (x, m) = Toyz(x, m) *3,

or
8+ (0 + m?) Ty (x, m) = Ty _p(x, m),

by Theorem 3.1. It then follows that
0+ mz)jTZk(x, m) = Tog_2j(x, m) for 0 <1 <k
as required. Finally, for k <'I, we obtain
(O + M) T (x, M) = (0 + M) X0 + m?)KTpy (x, m)
= (0+m?) s

by Theorem 3.1. This completes the proof. O
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Theorem 3.3. Let f(x) be a generalized function and u(x) be an

unknown generalized function. Then the equation

0+ m?)u(x) = f(x), (3.7)
has the solution

u(x) = Tor(x, m)* f(x), (3.8)
where T, (X, m) is defined by (3.3).

Proof. Convolving both sides of (3.7) by T, (x, m) and applying

Theorem 3.1, we obtain (3.8) as required. O

Theorem 3.4. The type of solution of linear differential equation

I -
(©+m?)u(x) = Y cj(0+m?)ls, (3.9)
j=0
where cp, ¢, ..., ¢ are constants, depends on the relationship between the

values of k and | as follows:

(1) If I <k and | = 0, then the solution of (3.9) is u(x) = coToK(x, m),

which is the fundamental solution of the operator (0 + mz)k. Moreover, if

2k > n, then this solution is an ordinary function.
(2) If 0 <1 < k, then the solution of (3.9) is
|
u(x) = ZCjTZK—Zj(Xa m),
j=1

which is an ordinary function if 2k — 2j > n; and is a tempered distribution

otherwise, forall j =1, 2, ..., I

(3) If I = k and we suppose k <1 < M for some constant M, then (3.9)
has the solution
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M -
u(x) = D" cj(0+m?)I7Ks,
j=k
which is only a singular distribution.

Proof. (1) For | =0, we have (¢ + mz)ku(x) = Cpd, and by Theorem

3.1, we obtain
u(x) = coTok (X, m).

Now, (—1)" RS, . or(X) and RbL,o (x) are the analytic functions for
2k + 2r > n. Furthermore, it follows from (2.17) and (2.20) that T, (X, m)
exists and is an analytic function. Hence, we can conclude that T,y (X, m) is
the ordinary function whenever 2k + 2r > n.

(2) Suppose that 0 < | < k and j runs from 1, we have

O+ mz)ku(x) =c (0 + m?)s + Co (0 + m2)28 + o + ¢ (0+ m2)I 3.
Convolving both sides by T, (x, m), we obtain
0+ mz)kTZK(x, m) * u(x) = ¢;(0 + Mm?) Ty (X, M) + cy(0 + m2)2T2k(x, m)

+o 400+ m2)|T2k(x, m).
Hence, by Theorem 3.1 and Theorem 3.2, we have
u(x) = cTok (X, M) + CaTox_g(X, M) + -+ + ¢ Tok_p (X, M)
|
= D> CjTak—2j(x, m).
j=1

Similarly, as in case (1), u(x) is an ordinary function if 2k —2j+2r >n for

all r=0,1 .., that is, 2k —2j > n; otherwise, u(x) is a tempered

distribution.

(3) Suppose k <| < M, for some constant M and j runs from k. Then
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we have
(© + m2)Ku(x) = ¢ (0 + M2KS + ¢ 1(0 + MDLS + v 4 ey (0 + m2)M 6.
Convolving both sides by T, (x, m), we obtain
(0 + m?)K T (%, M) * u(x) = ¢ (0 + m?)¥ Ty (x, M)
+ 01 (0 + m?) Ty (x, m)

oo (0 + mz)'vI Tok (x, m).
Again, by Theorem 3.1 and Theorem 3.2, it follows that

U(X) = Cd + C 11 (0 + M?)8 + ¢y, (0 + m2)28 +ot ey (0 + m?)M 5

< 2+\j—k
= ch(<>+m ) 7S,
j=k
Since (0 +m?)I7K§ is a singular distribution, hence so is u(x). This

completes the proof. O

Theorem 3.5. Let To,(x, m) be the diamond Klein-Gordon kernel
defined by (3.3). Then T, (x, m) is a tempered distribution and can be
expressed by

Tok(X, M) = Tog_oy(X, M) * Toy(x, ),

where v is a non-negative integer and v < k. In particular, if we let
| =k -v and h = v, then we obtain

To1(X, m) * Top(x, m) = Ty on(x, M),
for all I, h such that k =1 + h.

Proof. It follows from Theorem 3.1 that the function

0

Tacttm) = 30 Jm 0 R (0% REk 0
r=0
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is a tempered distribution. Then for v < k, we have
Tok_oy(X, M) * To,(x, m)

- {Z (_(kr_ V)J(mZ)r(_l)k—v-rr RSk_2v+2r (X) * RgIl(—Zv+2r(X)]

r=0

* {Z [_SVJ(mZ)S (1) Ry 25(x) * Ré_\'H-Zs(X)}
s=0

- ggm%f“(—nk”“(‘(kr‘ Ny e

* Rik_av2r () * (REy1.25 () * REls 25 (X))]. (3.10)
Combining (3.10) with (2.13) and (2.14), this leads to
Tok—2v(X, M) * Toy(x, m)
- imz)”(‘l)k*”{i)(_(kr_ V)][n‘_vrﬂ R0 (0 Rfk 20 (). (311

Since

L=k =v))( v ) [k
216G o2
(3.11) becomes

= —k
Tae-2dX M) Ty m) = 302D Re200) R 2040,

n=0
or equivalently,

Tok (X, m) = Tog_oy(X, M) * Tpy(x, m),

which proves the first part. Finally, by letting | = k —v and h = v, we have
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Tors2n(X, M) = To(X, M) * Top(x)
as required. O

Theorem 3.6. Let Ty (x, m) be the diamond Klein-Gordon kernel
defined by (3.3). Then T, (X, m) is an element of the space of convolution

algebra. Moreover, there exists an inverse T (x, m) of T (x, m) such
that

x—]1 x—]1
Tok (X, M) * To (X, M) = T (X, m) * Ty (x, m) = 6.
Proof. Since Ty, (x, m) is a tempered distribution by Theorem 3.5, this

means that the supports of Rjk(x) and RSy (x) are compact. Thus, these
supports are elements of the space of convolution algebra of distribution and
50 is T (x, m). By Lemma 2.3(c), there exists a unique inverse Toy (X, m)
such that

x—1 x—1
Tok (X, M) * To “(X, m) = T (X, M) * Toy (x, m) = 6.
This completes the proof. O
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