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Chapter 1

Executive Summary

Generalized functions or distributions have of late been commanding constantly expand-

ing interest in several di↵erent branches of mathematics. In somewhat nonrigorous form,

they have already long been used in essence by physicists and opened up a new area of

mathematical research, which in turn proved an impetus in the development of a number

of mathematical disciplines, such as operational calculus, transformation theory, functional

analysis, ordinary and partial di↵erential equations.

Distributions close relation to the solutions of di↵erential equations. In the case of the

ordinary di↵erential equation Lu = 0 with constant coe�cients, every solution is the classical

solution. The matter is quite di↵erent for partial di↵erential equations. The solutions in a

similar situation may now include generalized functions. For instance, @u/@x1 = 0, in R2,

has among its solutions the generalized function �(x2),

h�(x2), �(x1, x2)i =

Z 1

�1
�(x1, 0)dx1,

where � is a test function.

Our aim is to find the solution of the partial di↵erential equation

Lu(x) = s(x), (1.0.1)

where L is partial di↵erential operator and s(x) is an arbitrary known distribution. It is well

known that the elementary or fundamental solution is the solution for s(x) = �(x).

A distribution u(x) is a solution of (1.0.1) if for every test function �(x), we have

hLu(x), �(x)i = hs(x), �(x)i. (1.0.2)

In searching for a solution u(x) of di↵erential equation (1.0.1) we may have the following

situations :

1



(1) The solution u(x) is a su�ciently smooth function, so that the operation in (1.0.1) can

be performed in the classical sense and the resulting equation is an identity. Then u(x)

is the classical solution.

(2) The solution u(x) is not su�ciently smooth function, so that the operation in (1.0.1)

can not be performed, but it satisfy (1.0.2) as distribution. It is then a weak solution.

(3) The solution u(x) is a singular distribution and satisfy (1.0.2). It is then a distributional

solution.

All these solution are call generalized solution.

A purpose of this research is to find the solution of the partial di↵erential equation that

the solution is a weak solution or distributional solution.
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Chapter 2

Main Results

2.1 Convolution equation

In the paper A1, we study the distribution e

↵x}k

c

� where }k

c

is the operator which

related to the diamond type operator iterated k-times, � is the Dirac-delta distribution,

x = (x1, x2, . . . , xn

) is a variable and ↵ = (↵1, ↵2, . . . ,↵n

) is a constant and both are the

points in the n-dimensional Euclidean spaces Rn.

At first, the properties of e

↵x}k

c

� are studied and later we study the application of e

↵x}k

c

�

for solving the solutions of the convolution equation

(e↵x}k

c

�) ⇤ u(x) = e

↵x

mX

r=0

C

r

}r

c

�,

where u(x) is the generalized function and C

r

is a constant. We found that its solution

related to the diamond kernel of Marcel Riesz and moreover, the type of solutions such as

the ordinary functions or the tempered distributions depending on k,m and ↵.

2.2 General solution of some operators

We published two papers in this topic (see Appendices A3 and A5). We study the

general solution of equation ⇤k

c

u(x) = f(x), where ⇤k

c

is the operator which related to the

ultra-hyperbolic type operator iterated k-times and is defined by

⇤k

c

=

 
1

c

2

pX

i=1

@

2

@x

2
i

�
p+qX

j=p+1

@

2

@x

2
j

!
k

,

p + q = n, n is the dimension of Rn

, f(x) is a given generalized function, u(x) is an

unknown generalized function, k is a nonnegative integer, c is a positive constant and

x = (x1, x2, . . . , xn

) 2 Rn

.
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The paper A5 changes operator in above equation from the operator ⇤k

c

to ultra-hyperbolic

Bessel operator. We prove a theorem for this new equation about distributional solution.

2.3 Nonlinear oplus heat equation

Consider the nonlinear equation of the form

@

@t

u(x, t)� c

2 �k

u(x, t) = f(x, t, u(x, t)),

where �k is the oplus operator iterated k-times, and is defined by

�k =

2

4
 

pX

i=1

@

2

@x

2
i

!4

�
 

p+qX

j=p+1

@

2

@x

2
j

!4
3

5
k

,

p + q = n is the dimension of the Euclidean space Rn, u(x, t) is an unknown function of the

form (x, t) = (x1, x2, . . . , xn

, t) 2 Rn ⇥ (0,1), f(x) is the given generalized function, k is a

positive integer and c is a positive constant.

In the paper A4, we proved that under the suitable conditions for f, u and for the spec-

trum of the heat kernel, we can find the unique solution in the compact subset of Rn⇥(0,1).

Moreover, if we put k = 1 and q = 0 we obtain the solution of nonlinear equation related to

the heat equation.

2.4 Inverse of some kernel

In the paper A6, we define the Bessel ultra-hyperbolic Marcel Riesz operator on the

function f by

U

↵(f) = R

B

↵

⇤ f,

where R

B

↵

is Bessel ultra-hyperbolic kernel of Marcel Riesz, ↵ 2 C, the symbol ⇤ designates

as the convolution, and f 2 S, S is the Schwartz space of functions. Our purpose of this

paper is to obtained the operator E

↵ = (U↵)�1 such that if U

↵(f) = ', then E

↵

' = f.

The above equation is inspired by the equation introduced and studied by M. A. Aguirre

[M. A. Aguirre, The inverse ultrahyperbolic Marcel Riesz kernel, Le Matematiche 54(1)

(1999), 55-66.]. In fact, the equation is included in above equation if we let |⌫| = 0. See

Appendix A6.

The paper A7 changes the kernel in above equation from the Bessel ultra-hyperbolic

kernel of Marcel Riesz to the Bessel diamond kernel of Marcel Riesz.
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2.5 Diamond Klein-Gordon operator

In the paper A8, we introduced the diamond Klein-Gordon operator iterated k times,

which is defined by

(}+ m

2)k =

2

4
 

pX

i=1

@

2

@x

2
i

!2

�
 

p+qX

j=p+1

@

2

@x

2
j

!2

+ m

2

3

5
k

,

where p + q = n is the dimension of Rn, for all x = (x1, x2, . . . , xn

) 2 Rn

, m � 0 and non-

negative integers k. And we studied the fundamental solution of the operator (} + m

2)k,

to which we will refer as the diamond Klein-Gordon kernel. Moreover, we also studied the

convolution of this kernel.

In the paper A2, we also studied the Fourier transform of the diamond Klein-Gordon

kernel which is appeared in the paper A8.
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Abstract 

In this paper, we study the distribution ,GD k
c

xe �  where k
c�  is the operator 

which related to the diamond type operator iterated k-times, G is the 
Dirac-delta distribution, � �nxxxx ...,,, 21  is a variable and  D  

� �nDDD ...,,, 21  is a constant and both are the points in the n-dimensional 

Euclidean spaces .n�  

At first, the properties of GD k
c

xe �  are studied and later we study the 

application of GD k
c

xe �  for solving the solutions of the convolution 

equation 

� � � � ¦
 

DD G 
G
m

r

r
cr

xk
c

x Cexue
0

,��  

where � �xu  is the generalized function and rC  is a constant. We found 

that its solution is related to the diamond kernel of Marcel Riesz and 

pappu
  
  The author is directed to carefully read the final paper taking the highlighted portions into account.
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moreover, the type of solutions such as the ordinary functions or the 
tempered distributions depending on k, m and D. 

1. Introduction 

Gelfand and Shilov [2] have first introduced the elementary solution of           
the n-dimensional classical diamond operator. Trione [15] has shown that the                 
n-dimensional ultra-hyperbolic equation has � � � �xRxu k2  as a unique elementary 

solution. Later, Tellez [14] has proved that � �xR k2  exists only for case p is odd  

with .nqp  �  Kananthai [4, 7, 9] has proved the convolutions and Fourier 

transformation of the diamond kernel of Marcel Riesz, and has shown that the 

solution of the convolution form � � � � � � � �xRxSxu kk
k

221 
�  is a unique elementary 

solution of the � � .G xuk�  

Kananthai [8] has shown that the solution of the convolution form � �  xu  

� � � �xRxR ckck 21 ,2,2 
  is a unique elementary solution of the equation � �xukc
k
c 21


  

,G  where k
c1

  and k

c2

  are the operators which related to the ultra-hyperbolic type 

operator iterated k-times and in particular, if 1  pk  with tx  1  (times), 1c  and 

2c  are velocities, then � � � � � �xRxRxu cc 21 ,2,2 
  is the elementary solution of the 

elastic wave equation of fourth order. 

Bupasiri and Nonlaopon [1] have studied the weak solutions of compound    
ultra-hyperbolic equation 

 � � � �¦
 

 
m

r

k
cr xfxuC

0

,
  (1.1) 

where k
c
  is the operator which related to the ultra-hyperbolic type operator iterated 

k-times and defined by 

 ,1

1 1
2

2

2

2

2

kp

i

qp

pj ji

k
c

xxc ¸̧
¸

¹

·

¨̈
¨

©

§

w
w�

w
w ¦ ¦

 

�

� 


     .nqp  �  (1.2) 
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Kananthai [6] has studied the properties of the distribution GD kxe 
  for solving 

the elementary solution of the equation of the ultra-hyperbolic type by using the 

convolution method. 

Kananthai [5] has studied the application of GD kxe 
  for solving the solutions of 

the convolution equation which related to the ultra-hyperbolic equation. 

Sasopa and Nonlaopon [11] have studied the application of GD k
c

xe 
  for solving 

the solutions of the convolution equation 

 � � � � ¦
 

DD G 
G
m

r

r
cr

xk
c

x Cexue
0

,

  (1.3) 

which related to the ultra-hyperbolic type operator iterated k-times. 

Furthermore, Kananthai [3] has studied the properties of the distribution GD kxe �  

and the application of GD kxe �  for solving the solutions of the convolution equation 

which related to the diamond kernel of Marcel Riesz. 

Sritanratana and Kananthai [13] have studied the product of the nonlinear 

diamond operators related to the elastic wave equation and also introduced the 

operator 
k
c�  which related to the diamond operator. 

In this paper, we study the properties of GD k
c

xe �  and the application of GD k
c

xe �  

for solving the solutions of the convolution equation 

 � � � � ¦
 

DD G 
G
m

r

r
cr

xk
c

x Cexue
0

,��  (1.4) 

where 
k
c�  is the operator which related to the diamond type operator iterated k-times 

and is defined by 

 ,
1

2

1

2

2

2

1

2

2

4

k
qp

pj i

p

i i

k
c

xxc »
»
»

¼

º

«
«
«

¬

ª

¸̧
¸

¹

·

¨̈
¨

©

§

w
w�¸

¸

¹

·

¨
¨

©

§

w
w ¦¦

�

�  

�  (1.5) 

where � �xu  is the generalized function and rC  is a constant. We found that its 
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solution related to the diamond kernel of Marcel Riesz and moreover, the type of 
solutions such as the ordinary functions or the tempered distributions depending on 
k, m and D. 

Before going to that point, the following definitions and some concepts are 
needed. 

2. Preliminaries 

Definition 2.1. Let � �nxxxx ...,,, 21  be the point of the Euclidean space n�  

and the function � �xS c,J  be defined by 

 � �
� �

� � ,
2

, J
 

�J

J
n

n
c P

XxS  (2.1) 

where J is a complex number, 

� �
¸
¹
·¨

©
§ J�*

¸
¹
·¨

©
§ J*S

 J

J

2

22 2

nP
n

n  and � � .22
2

2
1

22
2

2
1

2
qpppp xxxxxxcX ��� ������� ""   (2.2) 

By putting 0 q  and 1 c  in (2.2), (2.1) reduces to 

� � ,

2
22 2

¸
¹
·¨

©
§ J*

¸
¹
·¨

©
§ J�*S 

�J
�J�

J

n
n xnxS  

where � � .2122
2

2
1 nxxxx ��� "  The function � �xSJ  is precisely called the 

elliptic kernel of Marcel-Riesz. Now � �xSJ  is an ordinary function for � � ntJRe  

and is a distribution of J for � � .Re n�J  

Definition 2.2. Let � �nxxxx ...,,, 21  be the point of the Euclidean space 

,n�  write 

 � � ,22
2

2
1

22
2

2
1

2
qpppp xxxxxxcV ��� ������� ""  (2.3) 

where nqp  �  and the interior of the forward cone is defined by 

^ .̀0and0: 1 !!� *� Vxx n�  
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For any complex number ,J  define 

 � �
� �

� �
°̄

°
®
­

*�

*�
J 

�

�

�J

J
,for ,0

,for ,
2

,
x

xK
V

xR n

n

c  (2.4) 

where 

 � �
� � � �

.

22
2

2
1

2
221

¸
¹
·¨

©
§ J�*¸

¹
·¨

©
§ �J�*

J*¸
¹
·¨

©
§ J�*¸

¹
·¨

©
§ �J�*S

 J

�

pp

n

K
n

n  (2.5) 

The function � � � �xRxR 1,JJ   is introduced by Nozaki [10]. It is well known 

that such function is an ordinary function if � � ntJRe  and is a distribution of J if 

� � .Re n�J  

By putting 1  cp  in (2.3) and (2.5), and using the Legendre’s duplication 

of � �,z*  (2.4) reduces to 

� �
� �

� �
°̄

°
®
­

*�

*�
J 

�

�

�J

J
,for ,0

,for ,
2

x

xH
V

xM n

n

 

where 

� � � � ¸
¹
·¨

©
§ J*¸

¹
·¨

©
§ �J�*S J ��J

22
22 221 nH n

n    and   .22
2

2
1 nxxxV ��� "  

The function � �xM J  is precisely called the hyperbolic kernel of Marcel Riesz. 

The proof of the following Lemmas 2.1 and 2.2 is given in [4]. 

Lemma 2.1. The functions � �xS c,J  and � �xR c,J  defined by (2.1) and (2.4), 

respectively, are homogeneous distributions of order n�J  and are also a tempered 

distribution. 

Lemma 2.2 (The convolution of a tempered distribution). The convolution 
� � � �xRxS cc ,, JJ 
  exists and is also a tempered distribution. 
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Lemma 2.3. Given the equation 

 � � ,G xuk
c�  (2.6) 

where k
c�  is defined by (1.5), k is a nonnegative integer and G is the Dirac-delta 

distribution. Then � � � � � � � �xRxSxu ckck
k

,2,21 
�  is the unique elementary solution 

of (2.6), where � �xS ck ,2  and � �xR ck ,2  are defined by (2.1) and (2.4), respectively, 

with .2k J  Moreover, � �xu  is a tempered distribution. 

The proof of this lemma is given in [9]. 

3. The Properties of GD k
c

xe �  

Lemma 3.1. The following equality holds: 

 ,G GD kk
c

x Le �  (3.1) 

where L is the partial differential operator of diamond type and ia is defined by 
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where 
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w ' ¦ ¦
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 (3.3) 

and c
  is defined by (1.2) with .1 k  Actually, ccc ' 
�  and GD k
c

xe �  is a 

tempered distribution of order 4k. 

Proof. Let D�M  be the space of testing functions, infinitely differentiable 

with compact supports and D c  be the space of distributions. Now 

� � � �xexe x
cc

x MG MG DD �� ,,  

for .D c�GD
c

xe �  By computing directly, we obtain 

 � � � �,xTexe xx
c M M DD�  (3.4) 

where T is the partial differential operator of the form (3.2) and is defined by 
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Thus 

� � � � � �.0,, M MG MG DD TxTexe xx
c�  

By the properties of G and its partial derivatives with the linear differential 
operator T, we obtain � � � � ,,0 xLT MG M  where L is defined by (3.2). It follows 

that .G GD Le c
x�  Now 

� � � � � � � � � � � �,
times-times-

���� 
���� 	� "������ 
������ 	� "
kk

c
x

c
x

c
x LLLeee G

G
G G

G
G DDD ���  

we have � � � �.G
G G
GD kk
c

x Le �  Thus � � .G G
GD kk
c

x Le �  It follows that, for 

any k, we obtain (3.1). Since G and its partial derivatives have compact support, 

hence by Schwartz [12], GkL  are tempered distributions and GkL  has order 4k. It 

follows that GD k
c

xe �  is a tempered distribution of order 4k by (3.1). This completes 

the proofs. � 

Lemma 3.2 (Boundedness property). For every ,D�M  the space of testing 

functions, and ,D c�GD k
c

xe �  the space of distributions, then � � ,, Mxe k
c

x dMGD �  

where M is a constant. 

Proof. We have � � � �xexe xk
c

k
c

x MG MG DD ,, ��  for every � � D�M x  and 

.D c�GD k
c

xe �  So 

� � � � � � ,,,, 11 xTexexee xk
c

x
c

k
c

xk
c

x MG MG MG D�D�DD ����  

where T is defined by (3.5). By keeping on operating c�  with 1�k  times, we obtain 

� � � � � �.0,, M MG MG DD kkxk
c

x TxTexe �  

Since ,D�M  so � �0M  is bounded and also � �0MkT  is bounded. It follows that 

 � � � � .0, MTxe kk
c

x dM MGD �  � 
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4. The Application of GD k
c

xe �  

Given � �xu  is a distribution and by Lemma 3.1, we have 

� � � � � �,xuLxue kk
c

x  
GD �  

where kL  is the operator defined by (3.2) and is iterated k-times with � � � �.0 xuxuL   

Theorem 4.1. Given the linear partial differential equation of the form 

 � � � � .G 
GD xue k
c

x�  (4.1) 

Then � � � � � � � �xRxSexu ckck
kx

,2,21 
� D  is an elementary solution of (4.1) or the 

diamond kernel of Marcel Riesz of (4.1), where � �xS ck ,2  and � �xR ck ,2  are defined 

by (2.1) and (2.4), respectively, with .2k J  

Proof. Convolving both sides of (4.1) by � � � � � �,1 ,2,2 xRxSe ckck
kx 
�D  we obtain 

� � � � � � >� � � �@ � � � � � � ,11 ,2,2,2,2 G

� 
G

� DDD xRxSexuexRxSe ckck
kxk

c
x

ckck
kx �  

or 

> � � � � � �@ � � � � � �.11 ,2,2,2 xSexuxRxSe ck
kx

ckck
kk

c
x � 

� DD �  

Since � � � � � � G 
� xRxS ckck
kk

c ,2,21�  by Lemma 2.3, we have 

� � � � � � � � � �.1 ,2,2 xRxSexue ckck
kxx 
� 
G DD  

It follows that � � � � � � � �.1 ,2,2 xRxSexu ckck
kx 
� D  � 

Theorem 4.2. Given the convolution equation 
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DD G 
G
m

r

k
cr

xk
c

x Cexue
0

,��  (4.2) 

where k
c�  is the operator which related to the diamond type operator iterated              

k-times and defined by 
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where nqp  �  is the dimension of the space ,n�  the variable  x  

� � ,...,,, 21
n

nxxx ��  the constant � � ,...,,, 21
n

n ��DDD D  G is the Dirac-delta 

distribution with ,0 G Gc�  G G cc ��1  and rC  is a constant. Then the type of 

solution � �xu  of (4.2) depends on k, m and D as the following cases: 

(1) If km �  and ,0 m  then (4.2) has the solution 

� � > � � � � � �@xRxSCexu ckck
kx

,2,20 1 
� D  

which is an ordinary function for nk t2  with any D and is a tempered distribution 
for nk �2  and for some � �nDDD D ...,,, 21  with 0�Di  � �....,,2,1 ni   

(2) If km ��0  and r have run from 1, then the solution of (4.2) is 

� � � � � � � �
»
»
¼

º

«
«
¬

ª

� ¦

 
��

�D
m

r
crkcrk

rk
r

x xRxSCexu
1

,22,221  

which is an ordinary function for nrk t� 22  for all r with any D and is a tempered 

distribution if nrk �� 22  for all r and some D with 0�Di  � �....,,2,1 ni   

(3) If km t  and for any ,D  suppose that Mmk dd  and r have run from     

k, then (4.2) has � � ¦
 

�D G 
M

kr

kr
cr

x Cexu �  as a solution which is the singular 

distribution. 

Proof. (1) For km �  and ,0 m  then (4.2) becomes 

� � � � .00 G G 
G DD CCexue xk
c

x�  

By Theorem 4.1, we obtain 

� � > � � � � � �@.1 ,2,20 xRxSCexu ckck
kx 
� D  
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Now, by (2.1) and (2.4), � �xS ck ,2  and � �xR ck ,2  are ordinary functions, respectively, 

for .2 nk t  It follows that > � � � � � �@xRxSCe ckck
kx

,2,20 1 
�D  is an ordinary function 

for nk t2  with any .D  If ,2 nk �  then � �xS ck ,2  and � �xR ck ,2  are the analytic 

functions except at the origin and by Lemma 2.1, � �xS ck ,2  and � �xR ck ,2  are 

tempered distributions and by Lemma 2.2, � � � � � �xRxS ckck
k

,2,21 
�  exists and        

is a tempered distribution. Now, for some � �nDDD D ...,,, 21  with 0�Di  

� �,...,,2,1 ni   we have xeD  is a slow growth function and also its partial derivative 

is a slow growth. It follows that > � � � � � �@xRxSCe ckck
kx

,2,20 1 
�D  is also a tempered 

distribution. 

(2) For km ��0  and r have run from 1, we have 

� � � � > @.2
21 G��G�G 
G DD m

cmcc
xk

c
x CCCexue ���� "  

Convolving both sides by >� � � � � �@,1 ,2,2 xRxSe ckck
kx 
�D  we obtain 

� � > �� � � � � �� �� � � � � ��xRxSCxRxSCexu ckck
k

cckck
k

c
x

,2,2
2

2,2,21 11 
��
� D ��  

�� � � � � ��@,1 ,2,2 xRxSC ckck
km

cm 
��� �"  

by Theorem 4.1. By Lemma 2.3, if �� � � � � �� ,1 ,2,2 G 
� xRxS ckck
kk

c�  then 

�� � � � � �� G 
�� xRxS ckck
kr

c
rk

c ,2,21��  

for .kr �  Convolving both sides by � � � � � �,1 ,22,22 xRxS crkcrk
rk

��
� 
�  we obtain 

�� � � � � �� �� � � � � ��xRxSxRxS ckck
kr

c
rk

ccrkcrk
rk

,2,2,22,22 11 
�

� �
��

� ��  

�� � � � � �� G

� ��
� xRxS crkcrk
rk

,22,221  

� � � � � �,1 ,22,22 xRxS crkcrk
rk

��
� 
�  
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or 

�� � � � � �� �� � � � � ��xRxSxRxS ckck
kr

ccrkcrk
rkrk

c ,2,2,22,22 11 
�

� ��
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� 
�  

Thus, 
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c ,22,22,2,2 11 ��
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for .kr �  It follows that 
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Similarly, as in the case (1), 
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is the ordinary function if nrk t� 22  for any r, D, and is a tempered distribution if 

nrk �� 22  for all r and some D with 0�Di  � �....,,2,1 ni   

(3) For km t  and for any ,D  suppose that Mmk dd  and r have run from k, 

we have 

� � � � > @.1
1 G��G�G 
G �
�

DD M
cM

k
ck

k
ck

xk
c

x CCCexue ���� "  

Convolving both sides by >� � � � � �@,1 ,2,2 xRxSe ckck
kx 
�D  we obtain 

� � > �� � � � � �� �� � � � � ��xRxSCxRxSCexu ckck
kk

ckckck
kk

ck
x

,2,2
1
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by Theorem 4.1. By Lemma 2.3, we have 

�� � � � � �� �� � � � � �� G 
� 
� �� km
cckck

kk
c

km
cckck

km
c xRxSxRxS ���� ,2,2,2,2 11  

for .Mmk dd  Thus, we obtain 

� � > @,2
21 G��G�G�G �

��
D kM

cMckckk
x CCCCexu ��� "  

or 
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�D G 
M

kr

kr
cr

x Cexu .�  

Now, by (3.1) and (3.2), we have 

� G ��D krkr
c

x Le �  (the term of lower order of partial derivative of G) 

for Mrk dd  and since all terms of the right-hand side of above equation are 

singular distributions, it follows that 

� � ¦
 

�D G 
M

kr

kr
cr

x Cexu �  

is the singular distribution. This completes the proof. � 
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1. Introduction

The operator ♦k has been first introduced by A. Kananthai [7], is named as
the diamond operator iterated k-times, and is defined by

♦k =




(

p∑

i=1

∂2

∂x2
i

)2

−




p+q∑

j=p+1

∂2

∂x2
j





2



k

, p + q = n, (1.1)

where n is the dimension of the space Rn, for x = (x1, x2, . . . , xn) ∈ Rn and
k is a nonnegative integer. The operator ♦k can be expressed in the form
♦k = !k$k = $k!k, where the operator $k is Laplacian iterated k-times,
and is defined by

$k =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ · · · +
∂2

∂x2
n

)k

, (1.2)

and the operator !k is the ultra-hyperbolic operator iterated k-times, and is
defined by

!
k =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ · · · +
∂2

∂x2
p
−

∂2

∂x2
p+1

−
∂2

∂x2
p+2

− · · ·−
∂2

∂x2
p+q

)k

. (1.3)

In 1997, A. Kananthai [7] has shown that the convolution (−1)kRe
2k(x) ∗

RH
2k(x) is the fundamental solution of the operator ♦k, that is

♦k
(
(−1)kRe

2k(x) ∗ RH
2k(x)

)
= δ, (1.4)

where the function RH
2k(x) is defined by (2.1) and Re

2k(x) is defined by (2.6),
with α = 2k. The fundamental solution (−1)kRe

2k(x) ∗ RH
2k(x) is called the

diamond kernel of Marcel Riesz. Moreover, A. Kananthai [2] has proved the
convolution equation related to the diamond kernel of Marcel Riesz.

Next, A. Kananthai [3] has proved the convolutions of the diamond kernel
of Marcel Riesz and he has also studied the linear equation (see [4])

♦ku(x) = f(x). (1.5)

This equation is the generalization of the ultra-hyperbolic equation and it can
be applied to the wave equation. The solution of an equation (1.5) is u(x) =
(−1)kM2k,2k(x) ∗ f(x), where

M2k,2k(x) = Re
2k(x) ∗ RH

2k(x). (1.6)
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Later, A. Kananthai [6] has proved the nonlinear diamond operator are related
to the n-dimensional wave equation. M.A. Tellez and A. Kananthai [12] have
proved the convolution product of the distributional families related to the
diamond operator. Moreover, A. Kananthai [5] has studied Fourier transform
and convolutions of the diamond kernel of Marcel Riesz and also the Fourier
transform of their convolution.

In 2004, H. Yıldırım et al [17] have first introduced the operator ♦k
B that

is name as diamond Bessel operator iterated k-times, and is defined by

♦k
B =




(

p∑

i=1

Bxi

)2

−




p+q∑

j=p+1

Bxj





2



k

, (1.7)

Bxi = ∂2

∂x2
i

+ 2vi
xi

∂
∂xi

, 2vi = 2αi + 1, αi > −1
2 , xi > 0. In addition, they

have studied the fundamental solution of the equation ♦k
Bu(x) = δ, and this

solution is called the Bessel diamond kernel of Riesz. Moreover, they have
studied Fourier-Bessel transform and convolutions of the Bessel diamond kernel
of Riesz and also the Fourier-Bessel transform of their convolution. Later, M.Z.
Sarikaya and H. Yıldırım [10, 16] have studied the Bessel diamond and the
nonlinear Bessel diamond operator related to the Bessel wave equation and
B-convolution of the Bessel diamond kernel of Riesz.

Furthermore, S. E. Trione [14] has studied the fundamental solution of the
ultra-hyperbolic Klein-Gordon operator iterated k-times, and is defined by

(! + m2)k =

(
∂2

∂x2
1

+ · · · +
∂2

∂x2
p
−

∂2

∂x2
p+1

− · · · −
∂2

∂x2
p+q

+ m2

)k

. (1.8)

The fundamental solution of the operator (!+m2)k is W2k(x,m), and is defined
by

W2k(x,m) =
∞∑

r=0

(−1)rΓ(k + r)

r!Γ(k)
(m2)rRH

2k+2r(x), (1.9)

where RH
2k+2r(x) is defined by (2.1) with α = 2k + 2r. Next, Tellez [11] has

studied the convolution product of Wα(x,m)∗Wβ(x,m) where α and β are any
complex parameters. In addition, S.E. Trione [15] has studied the fundamental
(P±i0)λ-ultrahyperbolic solution of the Klein-Gordon operator iterated k-times
and studied the convolution of such fundamental solution.

Later, K. Nonlaopon et al [8] have introduced the operator (♦+m2)k that is
named as the diamond Klein-Gordon operator iterated k-times, and is defined
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by

(♦ + m2)k =




(

p∑

i=1

∂2

∂x2
i

)2

−




p+q∑

j=p+1

∂2

∂x2
j





2

+ m2





k

, (1.10)

where p+ q = n is the dimension of the space Rn, for x = (x1, x2, . . . , xn) ∈ Rn,
m is a nonnegative real number and k is a nonnegative integer. In this work,
we study the fundamental solution of operator (♦+m2)k and this fundamental
solution is called the diamond Klein-Gordon kernel. Then, we study the Fourier
transform of the diamond Klein-Gordon kernel and also the Fourier transform
of their convolution.

2. Preliminaries

Definition 2.1. Let x = (x1, x2, . . . , xn) be a point of the n-dimensional
Euclidean space Rn, denoted by

u = x2
1 + x2

2 + · · · + x2
p − x2

p+1 − x2
p+2 + · · · + x2

p+q,

the nondegenerated quadratic form, p+ q = n is the dimension of the space Rn.
Let Γ+ = {x ∈ Rn : x1 > 0 and u > 0} be the interior of forward cone and let
Γ+ denote its closure. For any complex number α, define the function

RH
α (x) =

{
u(α−n)/2

Kn(α) , for x ∈ Γ+,

0, for x $∈ Γ+,
(2.1)

where the constant Kn(α) is given by the formula

Kn(α) =
π(n−1)/2Γ((2 + α − n)/2)Γ((1 − α)/2)Γ(α)

Γ((2 + α − p)/2)Γ((p − α)/2)
. (2.2)

The function RH
α (x) is called the ultra-hyperbolic kernel of Marcel Riesz and

was introduced by Y. Nozaki [9]. It is well known that RH
α (x) is an ordinary

function if Re(α) ≥ n and is a distribution of α if Re(α) < n. Let supp RH
α (x)

denote the support of RH
α (x) and suppose that supp RH

α (x) ⊂ Γ+, that is, supp
RH

α (x) is compact.
By putting p = 1 in RH

2k(x) and taking into account Legendre’s duplication
formula for Γ(z), that is

Γ(2z) = 22z−1π−1/2Γ(z)Γ

(
z +

1

2

)
, (2.3)
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we obtain

IH
α (x) =

v(α−n)/2

Hn(α)
, (2.4)

and v = x2
1 − x2

2 − x2
3 − · · · − x2

n, where

Hn(α) = π(n−2)/22α−1Γ

(
α + 2 − n

2

)
Γ
(α

2

)
. (2.5)

IH
α (x) is called the hyperbolic kernel of Marcel Riesz.

Definition 2.2. Let x = (x1, x2, . . . , xn) be a point of Rn and ω =
x2

1 + x2
2 + · · ·+ x2

n, then the function Re
α(x) denote the elliptic kernel of Marcel

Riesz, and is defined by

Re
α(x) =

ω(α−n)/2

Wn(α)
, (2.6)

where

Wn(α) =
πn/22αΓ(α/2)

Γ((n − α)/2)
, (2.7)

α is a complex parameter and n is the dimension of Rn.

By (2.1) and (2.2) with q = 0, then u(α−n)/2 reduces to ω(α−p)/2
p , where

ωp = x2
1 + x2

2 + · · · + x2
p and Kn(α) reduces to

Kp(α) =
π(p−1)/2Γ((1 − α)/2)Γ(α)

Γ((p − α)/2)
.

By using the Legendre’s duplication formula

Γ(2z) = 22z−1π−1/2Γ(z)Γ

(
z +

1

2

)
, (2.8)

and

Γ

(
1

2
+ z

)
Γ

(
1

2
− z

)
= π sec(πz). (2.9)

We obtain

Kp(α) =
1

2
sec
(πα

2

)
Wp(α), (2.10)

where Wp(α) is defined by (2.7) with n = p. Thus, for q = 0,

RH
α (x) =

u(α−p)/2

Kp(α)
= 2 cos

(πα

2

) u(α−p)/2

Wp(α)
= 2 cos

(πα

2

)
Re

α(x), (2.11)
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Thus, in case of α = 2k,

RH
2k(x) = 2(−1)kRe

2k(x), (2.12)

for q = 0 and ωp = x2
1 + x2

2 + · · · + x2
p.

The proof of the following lemma is given in [7] and [3].

Lemma 2.1. Re
α(x) and RH

α (x) are the tempered distributions.

From S.E. Trione [13], RH
2k(x) is the fundamental solution of the operator

!k, that is
!

k
(
RH

2k(x)
)

= δ. (2.13)

Moreover, we obtain (−1)kRe
2k(x) is the fundamental solution of the operator

"k (see [1]). That is,
"k((−1)kRe

2k(x)) = δ. (2.14)

It can be shown that RH
−2k(x) = !kδ and Re

−2k(x) = (−1)k"kδ for k is a
nonnegative integer (see [13, 12]).

Let K be a compact set and K ⊂ Γ+ where Γ+ is defined as in the beginning.
Choose the support of RH

2k(x) such that it is equal to K, then supp RH
2k(x) is

compact (closed and bounded). So the convolution

(−1)kRe
2k(x) ∗ RH

2k(x) (2.15)

exists and is a tempered distribution from lemma 2.1.

Lemma 2.2. The convolution (−1)kRe
2k(x) ∗ RH

2k(x) is the fundamental
solution of the diamond operator iterated k-times, that is

♦k
(
(−1)kRe

2k(x) ∗ RH
2k(x)

)
= δ. (2.16)

The proof of this Lemma is given in [7] and [12].
It can be shown that Re

−2k(x) ∗RH
−2k(x) = (−1)k♦kδ(x), for k is a nonneg-

ative integer.

Definition 2.3. Let x = (x1, x2, . . . , xn) be a point of Rn, the function
Tα(x,m) is defined by

Tα(x,m) =
∞∑

r=0

(
−α/2

r

)
(m2)r(−1)α/2+rRe

α+2r(x) ∗ RH
α+2r(x), (2.17)

where α is a complex parameter, m is a nonnegative real number, RH
α+2r(x)

and Re
α+2r(x) are defined by (2.1) and (2.6), respectively.
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From the definition of Tα(x,m) and by putting α = −2k, we have

T−2k(x,m) =
∞∑

r=0

(
k

r

)
(m2)r(−1)−k+rRe

2(−k+r)(x) ∗ RH
2(−k+r)(x).

Since the operator (♦ + m2)k defined by (1.10) is linearly continuous and has
1-1 mapping of this possess its own inverses. From Lemma 2.2, we obtain

T−2k(x,m) =
∞∑

r=0

(
k

r

)
(m2)r♦k−rδ = (♦ + m2)kδ. (2.18)

By putting k = 0 in (2.18), we have T0(x,m) = δ. By putting α = 2k into
(2.22), we have

T2k(x,m) =

(
−k

0

)
(m2)0(−1)k+0Re

2k+0(x) ∗ RH
2k+0(x)

+
∞∑

r=1

(
−k

r

)
(m2)r(−1)k+rRe

2k+2r(x) ∗ RH
2k+2r(x). (2.19)

The second summand of the right-hand member of (2.19) vanishes for m = 0
and then, we have

T2k(x,m = 0) = (−1)kRe
2k(x) ∗ RH

2k(x),

which is the fundamental solution of the diamond operator.

Definition 2.4. Let f(x) ∈ L1(Rn)-the space of integrable function in
Rn. The Fourier transform of f(x) is defined by

f̂(ξ) = Ff(x)) =
1

(2π)n/2

∫

Rn
e−iξ·xf(x) dx, (2.20)

where ξ = (ξ1, ξ2, . . . , ξn), x = (x1, x2, . . . , xn) ∈ Rn, ξ · x = ξ1x1 + ξ2x2 + · · · +
ξnxn is the usual inner product in Rn and dx = dx1 dx2 · · · dxn.

Also, the inverse of Fourier transform is defined by

f(x) =
1

(2π)n/2

∫

Rn
eiξ·xf̂(ξ) dξ. (2.21)

If f(x) is distribution with compact supports by [18], the equation (2.20)
can be written as

f̂(ξ) = Ff(x) =
1

(2π)n/2
〈f(x), e−iξ·x〉. (2.22)

The proof of the following Lemmas 2.3 and 2.4 are given in [8].
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Lemma 2.3. Given the equation

(♦ + m2)ku(x) = δ, (2.23)

where (♦ + m2)k is the diamond Klein-Gordon operator, and is defined by

(♦ + m2)k =




(

p∑

i=1

∂2

∂x2
i

)2

−




p+q∑

j=p+1

∂2

∂x2
j





2

+ m2





k

, (2.24)

where x = (x1, x2, . . . , xn) ∈ Rn, k is a nonnegative integer, m is a nonnegative
real number and δ is the Dirac-delta distribution. Then we obtain

T2k(x,m) =
∞∑

r=0

(
−k

r

)
(m2)r(−1)k+rRe

2k+2r(x) ∗ RH
2k+2r(x) (2.25)

is the fundamental solution of the operator (♦ + m2)k, defined by (3.1), where
RH

2k(x) and Re
2k(x) are defined by (2.1) and (2.6), respectively. Moreover,

u(x) = T2k(x,m) is tempered distribution.

Lemma 2.4. Let T2k(x,m) be the diamond Klein-Gordon kernel is defined
by (3.2), then T2k(x,m) is a tempered distribution and can be expressed by

T2k(x,m) = T2k−2v(x,m) ∗ T2v(x,m)

where v is nonnegative integer and v < k. Moreover, if we put l = k − v and
h = v, then we obtain

T2l(x,m) ∗ T2h(x,m) = T2l+2h(x,m) for l + h = k.

Lemma 2.5. (The Fourier Transform of (♦k + m2)kδ) Let ‖ξ‖ = (ξ2
1 +

ξ2
2 + · · · + ξ2

n)1/2 for ξ ∈ Rn. Then

∣∣∣F(♦k + m2)kδ
∣∣∣ ≤

1

(2π)n/2
(‖ξ‖2 + m2)k. (2.26)

That is, F(♦k + m2)kδ is bounded and continuous on the space S ′ of the
tempered distribution. Moreover, by the inverse Fourier transformation

(♦k+m2)kδ = F−1 1

(2π)n/2

[(
ξ2
1 + ξ2

2 +· · ·+ ξ2
p

)2
−
(
ξ2
p+1 +· · ·+ ξ2

p+q

)2
+ m2

]k
.
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Proof. From the Fourier transform (2.22), we have

F(♦k + m2)kδ =
1

(2π)n/2

〈
(♦k + m2)kδ, e−iξ·x

〉

=
1

(2π)n/2

〈
δ, (♦k + m2)ke−iξ·x

〉

=
1

(2π)n/2

〈
δ,
[(

ξ2
1 + · · · + ξ2

p

)2
−
(
ξ2
p+1 + · · · + ξ2

p+q

)2
+ m2

]k
e−iξ·x

〉

=
1

(2π)n/2

[(
ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + · · · + ξ2

p+q

)2
+ m2

]k
.

Now
∣∣∣F(♦k + m2)kδ

∣∣∣

=
1

(2π)n/2

[∣∣ξ2
1 + · · · + ξ2

n

∣∣ ∣∣ξ2
1 + · · · + ξ2

p − ξ2
p+1 · · · − ξ2

p+q

∣∣+ m2
]k

≤
1

(2π)n/2

[∣∣ξ2
1 + ξ2

2 + · · · + ξ2
n

∣∣2 + m2
]k

=
1

(2π)n/2
(‖ξ‖2 + m2)k,

where ‖ξ‖ =
(
ξ2
1 + ξ2

2 + · · · + ξ2
n

)1/2
, ξi(i = 1, 2, . . . , n) ∈ R. Hence we obtain

(2.26) and F(♦k + m2)kδ is bounded and continuous on the space S ′ of the
tempered distribution.

Since F is 1-1 transformation from the space S ′ of the tempered distribution
to the real space R, then by (2.21) we have

(♦k + m2)kδ

=
1

(2π)n/2
F−1

[(
ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + · · · + ξ2

p+q

)2
+ m2

]k
.

That completes the proof.

3. Main Results

Theorem 3.1.

FT2k(x,m) =
1

(2π)n/2

[(
ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + · · · + ξ2

p+q

)2
+ m2

]k
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and

|FT2k(x,m)| ≤
1

(2π)n/2
M for a large ξi ∈ R, (3.1)

where M is a constant. That is, F is bounded and continuous on the space S ′

of the tempered distributions.

Proof. By Lemma 2.3,

(♦k + m2)kT2k(x,m) = δ,

or
(♦k + m2)kδ ∗ T2k(x,m) = δ. (3.2)

If we applied the Fourier transform on both sides of (3.2), then we obtain

F
(
(♦k + m2)kδ ∗ T2k(x,m)

)
= Fδ =

1

(2π)n/2
.

By (2.22), we have

1

(2π)n/2

〈
(♦k + m2)kδ ∗ T2k(x,m), e−iξ·x

〉
=

1

(2π)n/2
.

By the definition of convolution

1

(2π)n/2

〈
(♦k + m2)kδ,

〈
T2k(y,m), e−iξ·(x+y)

〉〉
=

1

(2π)n/2
,

1

(2π)n/2

〈
T2k(y,m), e−iξ·y

〉〈
(♦k + m2)kδ, e−iξ·x

〉
=

1

(2π)n/2
,

FT2k(x,m)(2π)n/2F
(
(♦k + m2)kδ

)
=

1

(2π)n/2
.

By Lemma 2.5, we obtain

FT2k(x,m)
[(

ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + ξ2

p+2 + · · · + ξ2
p+q

)2
+ m2

]k

=
1

(2π)n/2
.

It follows that

FT2k(x,m) =
1

(2π)n/2

[(
ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + · · · + ξ2

p+q

)2
+ m2

]k
.
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Now,

FT2k(x,m) =
1

(∣∣ξ2
1 + · · · + ξ2

n

∣∣
∣∣∣ξ2

1 + · · · + ξ2
p − ξ2

p+1 − · · ·− ξ2
p+q

∣∣∣+ m2
)k

,

where ξ ∈ (ξ1, ξ2, . . . , ξn) ∈ Γ+ with Γ+ defined by Definition 2.1. Then (ξ2
1 +

ξ2
2 + · · ·+ξ2

p−ξ2
p+1− · · · ξ2

p+q) > 0 and for a large ξi and a large k, the right-hand
side of (3.2) tends to zero. It follows that it is bounded by positive constant
say M , that is, we obtain (3.1) as required and also by (3.1), F is continuous
on the space S ′ of the tempered distribution.

Theorem 3.2.

F (T2k(x,m) ∗ T2l(x,m)) = 2πn/2F [T2k(x,m)]F [T2l(x,m)]

=
1

(2π)n/2

1
[(

ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + ξ2

p+2 + · · · + ξ2
p+q

)2
+ m2

]k+l
,

where k and l are nonnegative integers and F is bounded and continuous on
the spaces S ′ of tempered distribution.

Proof. From Lemma 2.4, we have

T2k(x,m) ∗ T2l(x,m) = T2k+2l(x,m), (3.3)

where k and l are nonnegative integers. Taking Fourier transform on both sides
of (3.3) and using Theorem 3.1, we obtain

F (T2k(x,m) ∗ T2l(x,m)) = F (T2k+2l(x,m))

=
1

(2π)n/2

[(
ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + ξ2

p+2 + · · · + ξ2
p+q

)2
+ m2

]k+l
,

=
1

(2π)n/2

[(
ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + ξ2

p+2 + · · · + ξ2
p+q

)2
+ m2

]k

×
(2π)n/2

(2π)n/2

[(
ξ2
1 + ξ2

2 + · · · + ξ2
p

)2
−
(
ξ2
p+1 + ξ2

p+2 + · · · + ξ2
p+q

)2
+ m2

]l
,

=2πn/2F [T2k(x,m)]F [T2l(x,m)] .
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Since T2k+2l(x,m) ∈ S ′, the space of tempered distribution, and by Theorem
3.1 we obtain that F is bounded and continuous on S ′.
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Abstract

In this paper, we study the general solution of equation !k
cu(x) =

f(x), where !k
c is the operator which related to the ultra-hyperbolic

type operator iterated k-times and is defined by

!
k
c =



 1
c2

p∑

i=1

∂2

∂x2
i

−
p+q∑

j=p+1

∂2

∂x2
j





k

,

p+ q = n, n is the dimension of Rn, f(x) is a given generalized function,
u(x) is an unknown generalized function, k is a nonnegative integer, c
is a positive constant and x = (x1, x2, . . . , xn) ∈ Rn.

Mathematics Subject Classification: 35D05, 35J05, 46F10.

Keywords: Tempered distribution, Ultra-hyperbolic type operator, Hy-
perbolic kernel of Marcel Riesz, Dirac-delta distribution

1 Introduction

I. M. Gel’fand and G. E. Shilov [4] have introduced the fundamental solution
of the n-dimensional ultra-hyperbolic operator. Next, S. E. Trione [15] has
shown that the n-dimensional ultra-hyperbolic equation has u(x) = R2k,1(x)
as a unique fundamental solution. Later, M. A. Tellez [14] has proved that
R2k,1(x) exists only for the case p is odd with p + q = n. A wealth of some
effective works on studying some properties of the fundamental solution of the

1Corresponding Author, Email : nkamsi@kku.ac.th
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n-dimensional ultra-hyperbolic operator have been presented by Kananthai
[6, 7, 8, 9].

In 1999, A. Kananthai [8] has showed that the solution of the convolution
form u(x) = R2k,c1(x) ∗ R2k,c2(x) is an unique fundamental solution of the
equation !k

c1!
k
c2u(x) = δ, where !k

c1 and !k
c2 are the operators which related

to the ultra-hyperbolic type operator iterated k-times and in particular if k =
p = 1 with x1 = t(times), c1 and c2 are velocity then u(x) = R2,c1(x) ∗R2,c2(x)
is the fundamental solution of the elastic wave equation of fourth order.

Next, G. Sritanratana and A. Kananthai [13] have studied the product of
the nonlinear diamond operators related to the elastic wave equation and have
also introduced the ultra-hyperbolic operator !k

c .
Moreover, S. Bupasiri and K. Nonlaopon [1] have studied the weak solutions

of compound ultra-hyperbolic equation

m∑

r=0

Cr!
k
cu(x) = f(x), (1)

which related to the ultra-hyperbolic type operator iterated k-times.
Later, P. Sasopa and K. Nonlaopon [11] have studied the properties of the

distribution eαx!k
cδ and the application of eαx!k

cδ for solving the solutions of
the convolution equation

(eαx
!

k
c δ) ∗ u(x) = eαx

m∑

r=0

Cr!
r
cδ, (2)

where u(x) is an unknown generalized function, δ is the Dirac-delta distribu-
tion, α = (α1, . . . , αn) and Cr are the constants.

In this paper, we study the general solution of equation !k
cu(x) = f(x),

where !k
c is the operator which related to the ultra-hyperbolic type operator

iterated k-time and is defined by

!
k
c =

(
1

c2

p∑

i=1

∂2

∂x2
i

−
p+q∑

j=p+1

∂2

∂x2
j

)k

, (3)

p + q = n, n is the dimension of Rn, f(x) is a given generalized function, u(x)
is an unknown generalized function, k is a nonnegative integer, c is a positive
constant and x = (x1, x2, . . . , xn) ∈ Rn.

Before going to that point, the following definitions and some concepts are
needed.
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2 Preliminary Notes

Definition 2.1. Let x = (x1, x2, . . . , xn) be the point of the Euclidean
space Rn. Denote the nondegenerated quadratic form by

v = c2
(
x2

1 + x2
2 + · · · + x2

p

)
− x2

p+1 − x2
p+2 − · · ·− x2

p+q, (4)

where p + q = n. The interior of the forward cone is defined by Γ+ = {x ∈
Rn : x1 > 0 and v > 0}. For any complex number α, we define

Rα,c(x) =

{
v(α−n)/2

Kn(α) , for x ∈ Γ+,

0, for x #∈ Γ+,
(5)

where the constant Kn(α) is given by formula

Kn(α) =
π(n−1)/2Γ

(
2+α−n

2

)
Γ
(

1−α
2

)
Γ(α)

Γ
(

α−p+2
2

)
Γ
(

p−α
2

) . (6)

The function Rα(x) = Rα,1(x) is introduced by Y. Nozaki [10]. It is well
known that such function is an ordinary function if Re(α) ≥ n and is the
distribution of α if Re(α) < n.

By putting p = c = 1 in (4), (5) and (6), and using the Legendre’s dupli-
cation of Γ(z);

Γ(2z) = 22z−1π−1/2Γ(z)Γ

(
z +

1

2

)
,

the formula (5) is reduced to

Mα(x) =

{
v(α−n)/2

Hn(α) , for x ∈ Γ+,

0, for x #∈ Γ+,
(7)

where

Hn(α) = π(n−2)/22α−1Γ

(
α − n + 2

2

)
Γ
(α

2

)
and v = x2

1 − x2
2 − · · ·− x2

n.

Note that the function Mα(x) is precisely called the hyperbolic kernel of Marcel
Riesz.

Definition 2.2. Let x = (x1, x2, . . . , xn) be a point of Rn, then the function
Sα(x) denote the elliptic kernel of Marcel Riesz and is defined by

Sα(x) =
ω(α−n)/2

Wn(α)
, (8)
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where α is complex parameter, ω = x2
1 + x2

2 + · · · + x2
n,

Wn(α) =
πn/22αΓ(α

2 )

Γ(n−α
2 )

(9)

and n is the dimension of Rn.
It can be shown that S−2k(x) = (−1)k "k δ(x), where "k is defined by

"k =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ · · ·+ ∂2

∂x2
n

)k

.

It follows that S0(x) = δ(x), see [3]. Moreover, we obtain (−1)kS2k(x) is
the fundamental solution of the operator "k, see [4]. That is,

"k((−1)kS2k(x)) = δ. (10)

By (5) and (6) with q = 0 and c = 1, then v(α−p)/2 is reduced to ω(α−p)/2
p ,

where ωp = x2
1 + x2

2 + · · ·+ x2
p ∈ Rp, p is even and Kn(α) is reduced to

Kp(α) =
π(p−1)/2Γ

(
1−α

2

)
Γ(α)

Γ
(

p−α
2

) .

By using the formula

Γ(2z) = 22z−1π−1/2Γ

(
z +

1

2

)
,

and

Γ

(
1

2
+ z

)
Γ

(
1

2
− z

)
= π sec(πz),

we obtain

Kp(α) =
1

2
sec
(πα

2

)
Wp(α),

where Wp(α) is defined by (9) with n = p. Thus, for q = 0,

Rα,1(x) = Rα(x) =
v(α−p)/2

Kp(α)
= 2 cos

(πα

2

) ω(α−p)/2

Wp(α)
= 2 cos

(πα

2

)
Sα(x),

where x = (x1, x2, . . . , xp) ∈ Rp. Thus, if α = 2k, then

R2k,1(x) = R2k(x) = 2(−1)kS2k(x) (11)

for q = 0, c = 1 and x = (x1, x2, . . . , xp) ∈ Rp and p is even.
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The proof of the following Lemma is given in [1].

Lemma 2.3. Given the equation

!
k
cu(x) = δ, (12)

where !k
c is defined by (3), k is a nonnegative integer and δ is the Dirac-delta

distribution. Then u(x) = R2k,c(x) is the unique fundamental solution of (12),
where R2k,c(x) is defined by (5) with α = 2k.

Lemma 2.4. Given P is a hyper-surface then

P δ(k)(P ) + kδ(k−1)(P ) = 0,

where δ(k) is the Dirac-delta distribution with k derivatives.

The proof of this Lemma is given in [4].

Lemma 2.5. Given the equation

!
k
cu(x) = 0, (13)

where !k
c is defined by (3) and x = (x1, x2, . . . , xn) ∈ Rn, then

u(x) = [R2(k−1),c(x)](m),

defined by (5) with m-derivatives, as a solution of (13) with m = n−4
2 , n ≥ 4

and n is an even dimension.

Proof. We first show that the generalized function δ(m)(c2r2 − s2), where r2 =
x2

1 + x2
2 + · · · + x2

p and s2 = x2
p+1 + x2

p+2 + · · · + x2
p+q, p + q = n, is a solution

of the equation

!cu(x) = 0, (14)

and !c is defined by (3) with k = 1 and x = (x1, x2, . . . , xn) ∈ Rn. Now for
1 ≤ i ≤ p, we have

∂

∂xi
δ(m)(c2r2 − s2) = 2c2xiδ

(m+1)(c2r2 − s2),

∂2

∂x2
i

δ(m)(c2r2 − s2) = 2c2δ(m+1)(c2r2 − s2) + 4c4x2
i δ

(m+2)(c2r2 − s2).

Thus, we have

1

c2

p∑

i=1

∂2

∂x2
i

δ(m)(c2r2 − s2) = 2pδ(m+1)(c2r2 − s2) + 4c2r2δ(m+2)(c2r2 − s2)

= 2pδ(m+1)(c2r2 − s2) + 4(c2r2 − s2)δ(m+2)(c2r2 − s2)

+ 4s2δ(m+2)(c2r2 − s2)

= 2pδ(m+1)(c2r2 − s2) − 4(m + 2)δ(m+1)(c2r2 − s2)

+ 4s2δ(m+2)(c2r2 − s2)

= [2p − 4(m + 2)]δ(m+1)(c2r2 − s2) + 4s2δ(m+2)(c2r2 − s2)
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by applying Lemma 2.4 with P = r2 − s2.
Similarly, we have

p+q∑

j=p+1

∂2

∂x2
j

δ(m)(c2r2−s2) = [−2q+4(m+2)]δ(m+1)(c2r2−s2)+4c2r2δ(m+2)(c2r2−s2)

by applying Lemma 2.4 with P = r2 − s2.
Thus, we have

!cδ
(m)(c2r2 − s2) =

1

c2

p∑

i=1

∂2

∂x2
i

δ(m)(c2r2 − s2) −
p+q∑

j=p+1

∂2

∂x2
j

δ(m)(c2r2 − s2)

= [2(p + q) − 8(m + 2)]δ(m+1)(c2r2 − s2)

− 4(c2r2 − s2)δ(m+2)(c2r2 − s2)

= [2n − 8(m + 2)]δ(m+1)(c2r2 − s2) + 4(m + 2)δ(m+1)(c2r2 − s2)

= [2n − 4(m + 2)]δ(m+1)(c2r2 − s2)

by applying Lemma 2.4 with P = r2 − s2.
If 2n − 4(m + 2) = 0, we have

!cδ
(m)(c2r2 − s2) = 0.

That is, u(x) = δ(m)(c2r2 − s2) is a solution of (14) with m = n−4
2 , n ≥ 4 and

n is an even dimension. Now !k
cu(x) = 0 can be written in the form

!(!k−1u(x)) = 0.

From (13), we have
!

k−1u(x) = δ(m)(c2r2 − s2)

with m = n−4
2 , n ≥ 4 and n is an even dimension.

Convolving both sides of the above equation with the function R2(k−1),c(x),
we obtain

R2(k−1),c(x) ∗ !
k−1
c u(x) =R2(k−1),c(x) ∗ δ(m)(c2r2 − s2)

!
k−1
c [R2(k−1),c(x)] ∗ u(x) =[R2(k−1),c(x)](m)

δ ∗ u(x) =[R2(k−1),c(x)](m)

u(x) =[R2(k−1),c(x)](m)

by Lemma 2.3.
It follows that u(x) = [R2(k−1),c(x)](m) is a solution of (13) with m = n−4

2 ,
n ≥ 4 and n is an even dimension. This completes the proof.
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3 Main Results

Theorem 3.1. Given the equation

!
k
cu(x) = f(x), (15)

where !k
c is the operator which related to the ultra-hyperbolic type iterated k-

times, and is defined by (3), f(x) is a generalized function, u(x) is an unknown
generalized function, x = (x1, x2, . . . , xn) ∈ Rn the n-dimensional Euclidean
space and n is even, then (15) has the general solution

u(x) = [R2(k−1),c(x)](m) + R2k,c(x) ∗ f(x), (16)

where [R2(k−1),c(x)](m) is a function defined by (5) with m-derivatives.

Proof. Convolving both sides of equation (15) with R2k,c(x), we obtain

R2k,c(x) ∗ !
k
cu(x) = R2k,c(x) ∗ f(x).

By Lemma 2.3, we have

!
k
c (R2k,c(x)) ∗ u(x) = δ ∗ u(x) = R2k,c(x) ∗ f(x).

So, we obtain that

u(x) = R2k,c(x) ∗ f(x) (17)

is the solution of (15).
For a homogeneous equation !k

cu(x) = 0, we have a solution

u(x) = [R2(k−1),c(x)](m)

by Lemma 2.5. Thus the general solution of (15) is

u(x) = [R2(k−1),c(x)](m) + R2k,c(x) ∗ f(x).

This completes the proof.

In particular, if q = 0 and c = 1, then equation (15) becomes the Laplace
equation

#ku(x) = f(x), (18)

where x = (x1, x2, . . . , xp) ∈ Rp and p is even. From (11) and (17), we have

u(x) = 2(−1)kS2k(x) ∗ f(x)

is the solution of (18), where x = (x1, x2, . . . , xp) ∈ Rp and p is even.
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From (16), we obtain that the general solution of the Laplace equation is

u(x) = (−1)k−1[S2(k−1)(x)](m) + 2(−1)kS2k(x) ∗ f(x), (19)

for x = (x1, x2, . . . , xp) ∈ Rp and p is even.
Now consider the case for the wave equation. By putting c = 1, equation

(15) becomes the ultra-hyperbolic equation

!
kV (x) = f(x), (20)

where !k is the ultra-hyperbolic operator iterated k-times, and is defined by (3)
with c = 1, V (x) is an unknown generalized function and f(x) is a generalized
function. From (17), we obtain that

V (x) = R2k(x) ∗ f(x)

is a solution of equation (20), where R2k(x) = R2k,1(x) defined by (5).
And from (16), we obtain that the general solution of the ultra-hyperbolic

equation is

V (x) = [R2(k−1)(x)](m) + R2k(x) ∗ f(x). (21)

Moreover, if we put k = p = 1 and x1 = t(times), then equation (20) is reduced
to the wave equation

!V (x) =

(
∂2

∂t2
−

n∑

i=2

∂2

∂x2
i

)

V (x) = f(x), (22)

where

! =
∂2

∂t2
−

n∑

i=2

∂2

∂x2
i

is the wave operator.
Thus, we obtain V (x) = M2(x) ∗ f(x) as a solution of the wave equation,

since R2(x) becomes M2(x), where M2(x) is the ultra-hyperbolic kernel of
Marcel Riezs, and is defined by (7). And from (16), we obtain that the general
solution of wave equation is

V (x) = δ(m)(x) + M2(x) ∗ f(x),

where δ(m)(x) is a solution of equation
(

∂2

∂t2
−

n∑

i=2

∂2

∂x2
i

)

V (x) = 0. (23)
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Now we put v = t2 − x2
2 − x2

3 − · · ·− x2
n and s2 = x2

2 + x2
3 + · · · + x2

n. By [2],
we obtain that

V (x, t) = δ(m)(t2 − s2)

is the solution of (23) with the initial conditions V (x, 0) = 0 and ∂V (x,0)
∂t =

(−1)m2πm+1δ(x) at t = 0 and x = (x2, x3, . . . , xn) ∈ Rn−1.
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Abstract: In this article, we study the nonlinear equation of the form

∂

∂"
#($, ")− &2 ⊕! #($, ") = '($, ", #($, ")),

where ⊕! is the oplus operator iterated (-times, and is defined by

⊕! =

⎡

⎢⎣

(
"∑

#=1

∂2

∂$2
#

)4

−

⎛

⎝
"+$∑

%="+1

∂2

∂$2
%

⎞

⎠
4
⎤

⎥⎦

!

,

) + * = + is the dimension of the Euclidean space ℝ&, #($, ") is an unknown function of the form ($, ") =
($1, $2, . . . , $&, ") ∈ ℝ& × (0,∞), '($) is the given generalized function, ( is a positive integer and & is a
positive constant.
On the suitable conditions for ', # and for the spectrum of the heat kernel, we can find the unique solution in
the compact subset of ℝ& × (0,∞). Moreover, if we put ( = 1 and * = 0 we obtain the solution of nonlinear
equation related to the heat equation.

Keywords: heat kernel; Dirac-delta distribution; Fourier transform; spectrum

1 Introduction
The problem of existence of solutions of various differential equations has received a great deal of attention during the last
few years. For example, H. Ni and F. X. Lin [15, 16] studied Duffing and Riccati differential equations and obtained the
existence of almost periodic solutions; Z. B. Fan et al. [1, 2] obtained the existence of mild solutions to nonlocal neutral
functional differential, integrodifferential equations and nonlocal Cauchy problem; K. Nonlaopon and A. Kananthai [20]
have studied the solution of nonlinear equation △!#($) = '($,△!−1#($)) and found that the existence of the solution
#($) of such equation depending on the conditions of ' and △!−1#($).

It is well known that for the heat equation

∂

∂"
#($, ") = &2△#($, ") (1)

with the initial condition #($, 0) = '($), where

△ =
∂2

∂$2
1

+
∂2

∂$2
2

+ ⋅ ⋅ ⋅+ ∂2

∂$2
&

denotes the Laplace operator and ($, ") = ($1, $2, . . . , $&, ") ∈ ℝ& × (0,∞), we can obtain the solution by

#($, ") =
1

(4&2-")&/2

∫

ℝ!

'($− .)/−∣(∣2/4)2*0.
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or the solution in the classical convolution form

!(", $) = %(", $) ∗ &("),

where
%(", $) =

1

(4'2($)!/2
)−∣#∣2/4$2% (2)

and the symbol ∗ designates as the classical convolution.
K. Nonlaopon and A. Kananthai [17-19] have studied the ultra-hyperbolic heat equation

∂

∂$
!(", $) = '2□&!(", $) (3)

with the initial condition !(", 0) = &("), where □& is the ultra-hyperbolic operator iterated +-times, and is defined by

□& =

(
∂2

∂"2
1

+ ⋅ ⋅ ⋅+ ∂2

∂"2
'

− ∂2

∂"2
'+1

− ⋅ ⋅ ⋅ − ∂2

∂"2
'+(

)&

,

, + - = . is the dimension of the Euclidean space ℝ!, + is a positive integer, !(", $) is an unknown function for
(", $) = ("1, "2, . . . , "!, $) ∈ ℝ! × (0,∞), &(") is the given generalized function and ' is a positive constant. The
solution of (3) can be expressed in the form

!(", $) =
1

(2()!

∫

ℝ!

∫

ℝ!

&("− 0) exp

⎛

⎜⎝'2$

⎛

⎝
'+(∑

)='+1

12) −
'∑

*=1

12*

⎞

⎠
&

+ 2(1, 0)

⎞

⎟⎠ 3130 (4)

or the solution in the classical convolution form

!(", $) = %(", $) ∗ &("),

where

%(", $) =
1

(2()!

∫

Ω
exp

⎛

⎜⎝'2$

⎛

⎝
'+(∑

)='+1

12) −
'∑

*=1

12*

⎞

⎠
&

+ 2(1, 0)

⎞

⎟⎠ 31, (5)

which is so called ultra-hyperbolic heat kernel and Ω ⊂ ℝ! is the spectrum of %(", $) for any fixed, $ > 0.
Next, A. Kananthai and K. Nonlaopon [5] have studied the nonlinear ultra-hyperbolic heat equation

∂

∂$
!(", $)− '2□&!(", $) = &(", $, !(", $)). (6)

On the suitable conditions for &, ! and for the spectrum of the heat kernel, it can found unique solution in the compact
subset of ℝ! × (0,∞).

A. Kananthai [4] has studied diamond heat equation

∂

∂$
!(", $) = '2♦!(", $) (7)

with the initial condition !(", 0) = &(") for " ∈ ℝ! of the .-dimensional Euclidean space. The operator ♦ is first
introduced by Kananthai [3] and named the diamond operator defined by

♦ =

(
∂2

∂"2
1

+
∂2

∂"2
2

+ ⋅ ⋅ ⋅+ ∂2

∂"2
'

)2

−
(

∂2

∂"2
'+1

+
∂2

∂"2
'+2

+ ⋅ ⋅ ⋅+ ∂2

∂"2
'+(

)2

,

where ,+ - = . is the dimension of the space ℝ!. The solution of (7) can be expressed in the classical convolution form
!(", $) = %(", $) ∗ &("), where

%(", $) =
1

(2()!

∫

Ω
exp

⎡

⎢⎣'2$

⎛

⎜⎝

(
'∑

*=1

12*

)2

−

⎛

⎝
'+(∑

)='+1

12)

⎞

⎠
2
⎞

⎟⎠+ 2(1, ")

⎤

⎥⎦ 31, (8)
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which is so called diamond heat kernel and Ω ⊂ ℝ! is the spectrum of !(", $) for any fixed, $ > 0.
Furthermore, A. Lunnaree and K. Nonlaopon [14] have studied generalized diamond heat equation

∂

∂$
'(", $) = (2♦"'(", $) (9)

with the initial condition '(", 0) = )("), where ♦" is the diamond operator iterated *-times and is defined by

♦" =

⎡

⎣
(

∂2

∂"2
1

+ ⋅ ⋅ ⋅+ ∂2

∂"2
#

)2

−
(

∂2

∂"2
#+1

+ ⋅ ⋅ ⋅+ ∂2

∂"2
#+$

)2
⎤

⎦
"

,

* is a positive integer, ++ , = - is the dimension of the Euclidean space ℝ!. The solution of (9) can be expressed in the
classical convolution form '(", $) = !(", $) ∗ )("), where

!(", $) =
1

(2.)!

∫

Ω
exp

⎡

⎢⎢⎣(
2$

⎛

⎜⎝

(
#∑

%=1

/2%

)2

−

⎛

⎝
#+$∑

&=#+1

/2&

⎞

⎠
2
⎞

⎟⎠

"

+ 0(/, ")

⎤

⎥⎥⎦ 1/, (10)

and Ω ∈ ℝ! is spectrum of the !(", $) for any fixed, $ > 0.
Next, G. Sritanratana and A. Kananthai [23, 24] have studied the nonlinear equation

∂

∂$
'(", $)− (2♦"'(", $) = )(", $, '(", $)). (11)

On the suitable conditions for ), ' and for the spectrum of the diamond heat kernel, it can found unique solution in the
compact subset of ℝ! × (0,∞).

The operator ⊕" has been studied first by A. Kananthai et al. [6] and is defined by

⊕" =

⎡

⎢⎣

(
#∑

%=1

∂2

∂"2
%

)4

−

⎛

⎝
#+$∑

&=#+1

∂2

∂"2
&

⎞

⎠
4
⎤

⎥⎦

"

, (12)

where + + , = - is the dimension of ℝ! and * is a positive integer. Next, A. Kananthai et al. [7] have studied the
fundamental solution of the operator ⊕" related to wave equation and Laplacian. And, A. Kananthai and S. Suantai [8-10]
have studied the convolution product, Fourier transform and inversion of the distributional kernel 3',),*,+ related to the
operator ⊕". Moreover, J. Tariboon and A. Kananthai [25] have studied the Green function of the operator (⊕+42)".

A. Liangprom and K. Nonlaopon [13] have studied the equation

∂

∂$
'(", $) = (2 ⊕" '(", $) (13)

with the initial condition '(", 0) = )("), for " ∈ ℝ! of the --dimensional Euclidean space, where operator ⊕" is named
the oplus operator iterated *-times, and is defined by

⊕" =

⎡

⎢⎣

(
#∑

%=1

∂2

∂"2
%

)4

−

⎛

⎝
#+$∑

&=#+1

∂2

∂"2
&

⎞

⎠
4
⎤

⎥⎦

"

, (14)

++, = - is the dimension of space ℝ!, * is a positive integer, '(", $) is an unknown function for (", $) = ("1, "2, . . . , "!, $) ∈
ℝ! × (0,∞), )(") is the given generalized function and ( is a positive constant. The solution of (13) can be expressed in
the classical convolution form '(", $) = !(", $) ∗ )("), where

!(", $) =
1

(2.)!

∫

Ω
exp

⎡

⎢⎢⎣(
2$

⎛

⎜⎝

(
#∑

%=1

/2%

)4

−

⎛

⎝
#+$∑

&=#+1

/2&

⎞

⎠
4
⎞

⎟⎠

"

+ 0(/, ")

⎤

⎥⎥⎦ 1/. (15)
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and Ω ⊂ ℝ! is the spectrum of !(", $) for any fixed, $ > 0. The function !(", $) is called the oplus heat kernel or the
fundamental solution of (13).

In this article, we extend (13) to be the general of the nonlinear form

∂

∂$
'(", $)− (2 ⊕" '(", $) = )(", $, '(", $)) (16)

for (", $) = ("1, "2, . . . , "!, $) ∈ ℝ! × (0,∞) and with the following conditions on ' and ) as follows:

(1) '(", $) ∈ '8"(ℝ!) for any $ > 0, where '8"(ℝ!) is the space of all functions on ℝ! with continuous derivatives at
least up to order 8+.

(2) ) satisfies the Lipchitz condition, that is

∣)(", $, ')− )(", $, ,)∣ ≤ -∣'− ,∣

where - is constant and 0 < - < 1.

(3) ∫ ∞

0

∫

ℝ!

∣)(", $, '(", $))∣/"/$ < ∞

for " = ("1, "2, . . . , "!) ∈ ℝ!, $ ∈ (0,∞) and '(", $) is continuous function on ℝ! × (0,∞).

Under such conditions of ), ' and for the spectrum of !(", $), we obtain the convolution

'(", $) = !(", $) ∗ )(", $, '(", $))

as a unique solution in the compact subset of ℝ!, $ ∈ (0,∞) and !(", $) is an fundamental solution defined by (21).

2 Preliminaries
Definition 1 Let )(") ∈ L1(ℝ!)-the space of integrable function in ℝ!. The Fourier transform of )(") is defined by

)̂(0) =
1

(21)!/2

∫

ℝ!

2−$(%,'))(") /", (17)

where 0 = (01, 02, . . . , 0!) and " = ("1, "2, . . . , "!) ∈ ℝ!, (0, ") = 01"1+02"2+⋅ ⋅ ⋅+0!"! and /" = /"1 /"2 ⋅ ⋅ ⋅ /"!.
Also, the inverse of Fourier transform is defined by

)(") =
1

(21)!/2

∫

ℝ!

2$(%,'))̂(0) /0. (18)

Definition 2 The spectrum of the kernel !(", $), which is defined in (15), is the bounded support of the Fourier transform
!̂(0, $) for any fixed, $ > 0.

Definition 3 Let 0 = (01, 02, . . . , 0!) ∈ ℝ! and denote by

Γ+ = {0 ∈ ℝ! : 021 + ⋅ ⋅ ⋅+ 02( − 02(+1 − ⋅ ⋅ ⋅ − 02(+) > 0 and 01 > 0}

the set of an interior of the forward cone, and Γ+ denotes the closure of Γ+.
Let Ω be spectrum of !(", $) defined by Definition 2 for any fixed $ > 0 and Ω ⊂ Γ+. Let !̂(0, $) be the Fourier

transform of !(", $) and define

!̂(0, $) =

⎧
⎨

⎩

1

(21)!/2
exp

⎡

⎢⎢⎣(
2$

⎛

⎜⎝

(
(∑

$=1

02$

)4

−

⎛

⎝
(+)∑

*=(+1

02*

⎞

⎠
4
⎞

⎟⎠

"
⎤

⎥⎥⎦ for 0 ∈ Ω,

0 for 0 /∈ Ω.

(19)
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Lemma 1 Let ! be the operator defined by

! =
∂

∂#
− $2⊕!, (20)

where ⊕! is oplus operator iterated &-times, and is given by

⊕! =

⎡

⎢⎣

(
"∑

#=1

∂2

∂'2
#

)4

−

⎛

⎝
"+$∑

%="+1

∂2

∂'2
%

⎞

⎠
4
⎤

⎥⎦

!

,

(+ ) = * is the dimension of ℝ&, & is a positive integer, ('1, '2, . . . , '&) ∈ ℝ&, # ∈ (0,∞) and $ is a positive constant.
Then we obtain

,(', #) =
1

(2-)&

∫

Ω
exp

⎡

⎢⎢⎣$
2#

⎛

⎜⎝

(
"∑

#=1

.2#

)4

−

⎛

⎝
"+$∑

%="+1

.2%

⎞

⎠
4
⎞

⎟⎠

!

+ /(., ')

⎤

⎥⎥⎦ 0. (21)

as a fundamental solution of (20) in the spectrum Ω ⊂ ℝ& for # > 0.

Proof. Let ,(', #), where is the kernel or the fundamental solution of operator ! and 2 is the Dirac-delta distribution.
Thus, we have

∂

∂#
,(', #)− $2 ⊕! ,(', #) = 2(')2(#).

Applying the Fourier transform, which is defined by (17), to the both sides of the above equation, considering 2̂(') =
1/(2-)&/2, we obtain

∂

∂#
,̂(., #)− $2

⎛

⎜⎝

(
"∑

#=1

.2#

)4

−

⎛

⎝
"+$∑

%="+1

.2%

⎞

⎠
4
⎞

⎟⎠

!

,̂(., #) =
1

(2-)&/2
2(#).

Thus, we get

,̂(., #) =
4(#)

(2-)&/2
exp

⎡

⎢⎢⎣$
2#

⎛

⎜⎝

(
"∑

#=1

.2#

)4

−

⎛

⎝
"+$∑

%="+1

.2%

⎞

⎠
4
⎞

⎟⎠

!
⎤

⎥⎥⎦ ,

where 4(#) is the Heaviside function, because 4(#) = 1 holds for # > 0.
Therefore,

,̂(., #) =
1

(2-)&/2
exp

⎡

⎢⎢⎣$
2#

⎛

⎜⎝

(
"∑

#=1

.2#

)4

−

⎛

⎝
"+$∑

%="+1

.2%

⎞

⎠
4
⎞

⎟⎠

!
⎤

⎥⎥⎦

which has been already by (19). Thus from (18), we have

,(', #) =
1

(2-)&

∫

ℝ!

exp

⎡

⎢⎢⎣$
2#

⎛

⎜⎝

(
"∑

#=1

.2#

)4

−

⎛

⎝
"+$∑

%="+1

.2%

⎞

⎠
4
⎞

⎟⎠

!

+ /(., ')

⎤

⎥⎥⎦ 0..

Thus, we have

,(', #) =
1

(2-)&

∫

Ω
exp

⎡

⎢⎢⎣$
2#

⎛

⎜⎝

(
"∑

#=1

.2#

)4

−

⎛

⎝
"+$∑

%="+1

.2%

⎞

⎠
4
⎞

⎟⎠

!

+ /(., ')

⎤

⎥⎥⎦ 0.,

where Ω is the spectrum of ,(', #) and # > 0. ■
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Definition 4 Let us extend !(", $) to ℝ! × ℝ by setting

!̂(", $) =

⎧
⎨

⎩

1

(2%)!

∫

Ω
exp

⎡

⎢⎢⎣&
2$

⎛

⎜⎝

(
"∑

#=1

'2#

)4

−

⎛

⎝
"+$∑

%="+1

'2%

⎞

⎠
4
⎞

⎟⎠

&

+ ((', ")

⎤

⎥⎥⎦ )' for $ > 0,

0 for $ ≤ 0.

3 Main Results
In this section, we will state our main results and give their proofs.

Theorem 2 The kernel !(", $) defined by (21) has the following properties:

(1) !(", $) ∈ %∞(ℝ! × (0,∞)) the space of all continuous functions with infinitely differentiable.

(2)
(

∂

∂$
− &2⊕&

)
!(", $) = 0 for $ > 0.

(3)

∣!(", $)∣ ≤ 22−!

%!/2

-($)

Γ("2 )Γ(
$
2 )

, for $ > 0,

where -($) is a function of $ > 0 in the spectrum Ω and Γ denote the gamma function. Thus !(", $) is bounded
for any fixed, $ > 0.

(4) lim
(→0

!(", $) = ..

Proof.
(1) From (21), and

∂!

∂"!
!(", $) =

1

(2%)!

∫

Ω

∂!

∂"!
exp

⎡

⎢⎢⎣&
2$

⎛

⎜⎝

(
"∑

#=1

'2#

)4

−

⎛

⎝
"+$∑

%="+1

'2%

⎞

⎠
4
⎞

⎟⎠

&

+ ((', ")

⎤

⎥⎥⎦ )',

we have !(", $) ∈ %∞ for " ∈ ℝ!, $ > 0.
(2) From /(", $) = !(", $) ∗ 0("), we have following equality for 0(") = .(") by Fourier transformation

/(", $) = !(", $).

Then by direct computation, we obtain (
∂

∂$
− &2⊕&

)
!(", $) = 0.

(3) Since

!(", $) =
1

(2%)!

∫

Ω
exp

⎡

⎢⎢⎣&
2$

⎛

⎜⎝

(
"∑

#=1

'2#

)4

−

⎛

⎝
"+$∑

%="+1

'2%

⎞

⎠
4
⎞

⎟⎠

&

+ ((', ")

⎤

⎥⎥⎦ )',

then we obtain

∣!(", $)∣ ≤ 1

(2%)!

∫

Ω
exp

⎡

⎢⎢⎣&
2$

⎛

⎜⎝

(
"∑

#=1

'2#

)4

−

⎛

⎝
"+$∑

%="+1

'2%

⎞

⎠
4
⎞

⎟⎠

&
⎤

⎥⎥⎦ )'.

By changing to bipolar coordinates

'1 = 121, '2 = 122, . . . , '" = 12" and '"+1 = 32"+1, '"+2 = 32"+2, . . . , '"+$ = 32"+$,

IJNS homepage: http://www.nonlinearscience.org.uk/



106 International Journal of Nonlinear Science, Vol.11(2011), No.1, pp. 100-108

where
!∑

"=1

!2
" = 1 and

!+#∑

$=!+1

!2
$ = 1. Thus

∣"(#, %)∣ ≤ 1

(2&)%

∫

Ω
exp

[
'2%
(
(8 − )8

)&]
(!−1)#−1 *( *) *Ω! *Ω#,

where *+ = (!−1)#−1 *( *) *Ω! *Ω# , *Ω! and *Ω# are the elements of surface area of the unit sphere in ℝ! and ℝ# ,
respectively. Since Ω ⊂ ℝ% is the spectrum of "(#, %) and we suppose 0 ≤ ( ≤ , and 0 ≤ ) ≤ - , where , and - are
constants. Thus, we obtain

∣"(#, %)∣ ≤ Ω! Ω#

(2&)%

∫ '

0

∫ (

0
exp

[
'2%
(
(8 − )8

)&]
(!−1)#−1 *) *(

=
Ω! Ω#

(2&)%
.(%) for any fixed % > 0 in the spectrum Ω

=
22−%

&%/2

.(%)

Γ(!2 )Γ(
#
2 )

, (22)

where

.(%) =

∫ '

0

∫ (

0
exp

[
'2%
(
(8 − )8

)&]
(!−1)#−1 *) *( (23)

is a function of %, Ω! =
2&!/2

Γ
(!
2

) and Ω# =
2&#/2

Γ
( #
2

) . Thus, for any fixed % > 0, "(#, %) is bounded.

(4) By (21), we have

"(#, %) =
1

(2&)%

∫

Ω
exp

⎡

⎢⎢⎣'
2%

⎛

⎜⎝

(
!∑

"=1

+2"

)4

−

⎛

⎝
!+#∑

$=!+1

+2$

⎞

⎠
4
⎞

⎟⎠

&

+ 1(+, #)

⎤

⎥⎥⎦ *+.

Since "(#, %) exists, then

lim
*→0

"(#, %) =
1

(2&)%

∫

Ω
2"(+,-)*+ =

1

(2&)%

∫

ℝ!

2"(+,-)*+ = 3(#), for # ∈ ℝ%,

see [11, p. 64, eq.4]. ■

Theorem 3 Given the nonlinear equation

∂

∂%
5(#, %)− '2 ⊕& 5(#, %) = 6(#, %, 5(#, %)) (24)

for (#, %) ∈ ℝ% × (0,∞), 7 is positive number and with the following conditions on 5 and 6 as follows:

(1) 5(#, %) ∈ )8&(ℝ%) for any % > 0 where )8&(ℝ%) is the space of all functions on ℝ% with continuous derivatives at
least up to order 87.

(2) 6 satisfies the Lipchitz condition, that is

∣6(#, %, 5)− 6(#, %, 8)∣ ≤ 9∣5− 8∣,

where 9 is constant and 0 < 9 < 1.

(3) ∫ ∞

0

∫

ℝ!

∣6(#, %, 5(#, %))∣*#*% < ∞

for # = (#1, #2, . . . , #%) ∈ ℝ%, % ∈ (0,∞) and 5(#, %) is continuous function on ℝ% × (0,∞).
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Then, for the spectrum of !(", $) we obtain the convolution

%(", $) = !(", $) ∗ &(", $, %(", $)) (25)

as a unique solution of (24) for " ∈ Ω0 where " ∈ Ω0 is an compact subset of ℝ!, 0 ≤ $ ≤ ' with ' is constant and
!(", $) is a fundamental solution defined by (21) and also %(", $) is bounded.

In particular, if we put ( = 1 and ) = 0 in (24) then (24) reduces to the nonlinear equation

∂

∂$
%(", $)− +2△4%(", $) = &(", $, %(", $))

which is related to the heat equation.

Proof. Convolving both sides of (24) with !(", $) and then we obtain the solution

%(", $) = !(", $) ∗ &(", $, %(", $)),

or
%(", $) =

∫ ∞

−∞

∫

ℝ!

!(,, -)&("− ,, $− -, %("− ,, $− -)).,.-

where !(,, -) is given by Definition 4.
We next show that %(", $) is bounded on ℝ! × (0,∞). We have

∣%(", $)∣ ≤
∫ ∞

−∞

∫

ℝ!

∣!(,, -)∣∣&("− ,, $− -, %("− ,, $− -))∣.,.-

≤ 22−!

/!/2

01($)

Γ
(#
2

)
Γ
( $
2

)

by the condition (3) and (22) where

0 =

∫ ∞

0

∫

ℝ!

∣&(", $, %(", $)).".$.

Thus %(", $) is bounded on ℝ! × (0,∞).
To show that %(", $) is unique, suppose there is another solution 3(", $) of equation (24). Let the operator

4 =
∂

∂$
− +2⊕%

then (24) can be written in the form
4%(", $) = &(", $, %(", $)).

Thus
4%(", $)− 43(", $) = &(", $, %(", $))− &(", $, 3(", $)).

By the condition (2) of the Theorem,

∣4%(", $)− 43(", $)∣ ≤ 5∣%(", $)− 3(", $)∣. (26)

Let Ω0 × (0, ' ] be compact subset of ℝ! × (0,∞) and 4 : *8%(Ω0) → *8%(Ω0) for 0 ≤ $ ≤ '
Now (*8%(Ω0), ∥ ⋅ ∥) is a Banach space where %(", $) ∈ *8%(Ω0) for 0 ≤ $ ≤ ', ∥ ⋅ ∥ given by

∥%(", $)∥ = sup
&∈Ω0

∣%(", $)∣.

Then, from (26) with 0 < 5 < 1, the operator 4 is a contraction mapping on *8%(Ω0). Since (*8%(Ω0), ∥ ⋅ ∥) is a Banach
space and 4 : *8%(Ω0) → 78%(Ω0) is a contraction mapping on *8%(Ω0), by Contraction Theorem, see [12, p. 300], we
obtain the operator 4 has a fixed point and has uniqueness property. Thus %(", $) = 3(", $). It follows that the solution
%(", $) of (24) is unique for %(", $) ∈ Ω0 × (0, ' ], where %(", $) is defined by (25).

In particular, if we put ( = 1 and ) = 0 in (24) then (24) reduces to the nonlinear equation

∂

∂$
%(", $)− +2△4%(", $) = &(", $, %(", $))

which has solution
%(", $) = !(", $) ∗ &(", $, %(", $)),

where !(", $) is defined by (21) with ( = 1 and ) = 0. That is complete of proof. ■
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We study the general solution of equation !
k
B,cu(x) = f(x), where !

k
B,c is the ultrahyper-

bolic Bessel operator iterated k-times and is defined by !
k
B,c = [(1/c2)(Bx1 + Bx2 + · · · + Bxp )−

(Bxp+1 + · · · + Bxp+q )]
k, p + q = n, n is the dimension of R+

n = {x : x = (x1, x2, . . . , xn), x > 0, . . . , xn >

0}, Bxi = ∂2/∂x2
i + (2vi/xi)(∂/∂xi), 2vi = 2βi + 1, βi > −1/2, xi > 0 (i = 1, 2, . . . , n), f(x) is a given

generalized function, u(x) is an unknown generalized function, k is a nonnegative integer, c is a
positive constant, and x ∈ R+

n.

1. Introduction

The n-dimensional ultrahyperbolic operator !k iterated k-times is defined by

!
k =



 ∂2

∂x2
1

+
∂2

∂x2
2

+ · · · +
∂2

∂x2
p

−
∂2

∂x2
p+1

−
∂2

∂x2
p+2

− · · · −
∂2

∂x2
p+q




k

, (1.1)

where p + q = n, n is the dimension of space Rn, and k is a nonnegative integer.
Consider the linear differential equation of the form

!
ku(x) = f(x), (1.2)

where u(x) and f(x) are generalized functions and x = (x1, x2, . . . , xn) ∈ Rn.
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Gel’fand and Shilov [1] first introduced the fundamental solution of (1.2), which is a
complicated form. Later, Trione [2] has shown that the generalized function R2k(x), defined
by (2.8)with |v| = 0, is a unique fundamental solution of (1.2) and Téllez [3] also proved that
R2k(x) exists only in the case when p is oddwith n odd or even and p+q = n. Awealth of some
effective works on the fundamental solution of the n-dimensional classical ultrahyperbolic
operator have, presented by Kananthai and Sritanratana [4–9].

In 2004, Yildirim et al. [10] have introduced the Bessel ultrahyperbolic operator
iterated k-times with x ∈ R+

n = {x : x = (x1, x2, . . . , xn), x1 > 0, . . . , xn > 0},

!
k
B =
(
Bx1 + Bx2 + · · · + Bxp − Bxp+1 − · · · − Bxp+q

)k
, (1.3)

where p + q = n, Bxi = ∂2/∂x2
i + (2vi/xi)(∂/∂xi), 2vi = 2βi + 1, βi > −1/2 [11], k is a

nonnegative integer, and n is the dimension of R+
n. They also have studied the fundamental

solution of Bessel ultrahyperbolic operator.
In 2007, Sarikaya and Yildirim [12] have studied the weak solution of the compound

Bessel ultrahyperbolic equation and also studied the Bessel ultrahyperbolic heat equation
[13].

In 2009, Saglam et al. [14] have developed the operator of (1.3), defined by (1.6), and
it is called the ultrahyperbolic Bessel operator iterated k-times. They have also studied the
product of the ultrahyperbolic Bessel operator related to elastic waves.

Next, Srisombat and Nonlaopon [15] have studied the weak solution of

!
k
B,cu(x) = f(x), (1.4)

where u(x) and f(x) are some generalized functions. They have developed (1.4) into the
form

m∑

k=0
Ck!

k
B,cu(x) = f(x), (1.5)

which is called the compound ultrahyperbolic Bessel equation. In finding the solution of (1.5),
they have used the properties of B-convolution for the generalized functions.

The purpose of this study is to find the general solution of equation !
k
B,cu(x) = f(x),

where !
k
B,c is the ultrahyperbolic Bessel operator iterated k-times and is defined by

!
k
B,c =

[
1
c2

(
Bx1 + Bx2 + · · · + Bxp

)
−
(
Bxp+1 + · · · + Bxp+q

)]k
(1.6)

p + q = n, n is the dimension of R+
n = {x : x = (x1, x2, . . . , xn), x1 > 0, . . . , xn > 0}, Bxi =

∂2/∂x2
i + (2vi/xi)(∂/∂xi), 2vi = 2βi + 1, βi > −1/2, xi > 0 (i = 1, 2, . . . , n), f(x) is a given

generalized function, u(x) is an unknown generalized function, k is a nonnegative integer, c
is a positive constant, and x ∈ R+

n.
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2. Preliminaries

Let Ty
x be the generalized shift operator acting on the function ϕ, according to the law [11, 16]:

T
y
xϕ(x) = C∗

v

∫π

0
· · ·
∫π

0
ϕ
(√

x2
1 + y2

1 − 2x1y1 cos θ1, . . . ,
√
x2
n + y2

n − 2xnyn cos θn
)

×
(

n∏

i=1
sin2vi−1θi

)
dθ1 · · ·dθn,

(2.1)

where x, y ∈ R+
n and C∗

v =
∏n

i=1(Γ(vi + 1)/Γ(1/2)Γ(vi)). We remark that this shift operator is
closely connected to the Bessel differential operator [11]:

d2U

dx2 +
2v
x

dU

dx
=

d2U

dy2 +
2v
y

dU

dy
,

U(x, 0) = f(x),

Uy(x, 0) = 0.

(2.2)

The convolution operator is determined by the Ty
x as follows:

(
f ∗ ϕ

)(
y
)
=
∫

R+
n

f
(
y
)
T
y
xϕ(x)

(
n∏

i=1
y2vi
i

)
dy. (2.3)

The convolution (2.3) is known as a B-convolution. We note the following properties of the
B-convolution and the generalized shift operator.

(a) Ty
x · 1 = 1.

(b) T0
x · f(x) = f(x).

(c) If f(x), g(x) ∈ C(R+
n), g(x) is a bounded function all x > 0, and

∫

R
+
n

∣∣f(x)
∣∣
(

n∏

i=1
x2vi
i

)
dx < ∞, (2.4)

then
∫

R+
n

T
y
x f(x)g

(
y
)
(

n∏

i=1
y2vi
i

)
dy =

∫

R+
n

f
(
y
)
T
y
x g(x)

(
n∏

i=1
y2vi
i

)
dy. (2.5)

(d) From (c), we have the following equality for g(x) = 1:

∫

R
+
n

T
y
x f(x)

(
n∏

i=1
y2vi
i

)
dy =

∫

R
+
n

f
(
y
)
(

n∏

i=1
y2vi
i

)
dy. (2.6)

(e) (f ∗ g)(x) = (g ∗ f)(x).
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Definition 2.1. Let x = (x1, x2, . . . , xn) be a point of the n-dimensional space R+
n. Denote the

nondegenerated quadratic form by

V = c2
(
x2
1 + x2

2 + · · · + x2
p

)
− x2

p+1 − x2
p+2 − · · · − x2

p+q, (2.7)

where p + q = n. The interior of the forward cone is defined by Γ+ = {x = (x1, . . . , xn) ∈ R+
n :

xi > 0, i = 1, . . . , n and V > 0}, where Γ+ designates its closure. For any complex number α,
we define

RH
α,c(x) =






V (α−n−2|v|)/2

Kn(α)
, for x ∈ Γ+,

0, for x /∈ Γ+,
(2.8)

where

Kn(α) =
π(n+2|v|−1)/2Γ((2 + α − n − 2|v|)/2)Γ((1 − α)/2)Γ(α)

Γ
((
2 + α − p − 2|v|

)
/2
)
Γ
((
p + 2|v| − α

)
/2
) . (2.9)

The function RH
α,c(x) is introduced by [10, 12, 17, 18]. It is well known that RH

α,c(x) is an
ordinary function if Re(α) ≥ n and is the distribution of α if Re(α) < n. Let supp RH

α,c(x) ⊂ Γ+,
where suppRH

α,c(x) denotes the support of RH
α,c(x).

By putting p = c = 1 into (2.7), (2.8), and (2.9), and using the Legendre’s duplication
of Γ(z),

Γ(2z) = 22z−1π−1/2Γ(z)Γ
(
z +

1
2

)
, (2.10)

the formula (2.8) is reduced to

MH
α (x) =






V ((α−n−2|v|)/2)

Hn(α)
, for x ∈ Γ+,

0, for x /∈ Γ+,
(2.11)

where V = x2
1 − x2

2 − · · · − x2
n and

Hn(α) = π(n+2|v|−1)/22α−1Γ
(
2 + α − n − 2|v|

2

)
Γ
(α
2

)
. (2.12)

Note that the function MH
α (x) is precisely the Bessel hyperbolic kernel of Marcel Riesz.

Lemma 2.2. Given the equation

!
k
B,cu(x) = δ(x), (2.13)
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where !
k
B,c is defined by (1.6) and x ∈ R+

n, then we obtain u(x) = RH
2k,c(x) as a fundamental solution

of (2.13), where RH
2k,c(x) is defined by (2.8).

The proof of this Lemma is given in [14].

Lemma 2.3. The B-convolutions of tempered distributions.

(a) (!k
B,cδ) ∗ u(x) = !

k
B,cu(x), where u(x) is any tempered distribution.

(b) Let RH
2k,c(x) and RH

2m,c(x) be defined by (2.8); then RH
2k,c(x) ∗ RH

2m,c(x) exists and is
a tempered distribution.

(c) Let RH
2k,c(x) and RH

2m,c(x) be defined by (2.8); then RH
2k,c(x) ∗ RH

2m,c(x) = RH
2k+2m,c(x),

where k and m are nonnegative integers.

The proof of this Lemma is given in [15].

Lemma 2.4. Given that P is a hypersurface

Pδ(m)(P) +mPδ(m−1)(P) = 0, (2.14)

where δ(m) is the Dirac-delta distribution withm derivatives.

The proof of this Lemma is given in [1].

Lemma 2.5. Given the equation

!
k
B,cu(x) = 0, (2.15)

where !
k
B,c is the ultrahyperbolic Bessel operator iterated k-times, as defined by (1.6), and x ∈ R+

n,
then

u(x) =
[
RH

2(k−1),c(x)
](m)

, (2.16)

defined by (2.8) withm derivatives, as a solution of (2.15) withm = ((n + 2|v| − 4)/2), n + 2|v| ≥ 4
and n is an even dimension.

Proof. We first show that the generalized function δ(m)(c2r2 − s2), where r2 = x2
1 + x2

2 + · · · +
x2
p, s

2 = x2
p+1 + x2

p+2 + · · · + x2
p+q, p + q = n, is a solution of

!B,cu(x) = 0, (2.17)

and !B,c is defined by (1.6)with k = 1 and x ∈ R+
n. Now for 1 ≤ i ≤ p, we have

∂

∂xi
δ(m)
(
c2r2 − s2

)
= 2c2xiδ

(m+1)
(
c2r2 − s2

)
,

∂2

∂x2
i

δ(m)
(
c2r2 − s2

)
= 2c2δ(m+1)

(
c2r2 − s2

)
+ 4c4x2

i δ
(m+2)

(
c2r2 − s2

)
.

(2.18)
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Thus, we have

1
c2

p∑

i=1

[
∂2

∂x2
i

δ(m)
(
c2r2 − s2

)
+
2vi

xi

∂

∂xi
δ(m)
(
c2r2 − s2

)]

= 2pδ(m+1)
(
c2r2 − s2

)
+ 4c2r2δ(m+2)

(
c2r2 − s2

)
+ 4
∣∣v′∣∣δ(m+1)

(
c2r2 − s2

)

=
(
2p + 4

∣∣v′∣∣)δ(m+1)
(
c2r2 − s2

)
+ 4
(
c2r2 − s2

)
δ(m+2)

(
c2r2 − s2

)
+ 4s2δ(m+2)

(
c2r2 − s2

)

=
(
2p + 4

∣∣v′∣∣)δ(m+1)
(
c2r2 − s2

)
− 4(m + 2)δ(m+1)

(
c2r2 − s2

)
+ 4s2δ(m+2)

(
c2r2 − s2

)

=
[
2p + 4

∣∣v′∣∣ − 4(m + 2)
]
δ(m+1)

(
c2r2 − s2

)
+ 4s2δ(m+2)

(
c2r2 − s2

)

(2.19)

by applying Lemma 2.4 with P = c2r2 − s2, where |v′| = v1 + v2 + · · · + vp.
Similarly, we have

p+q∑

i=p+1

[
∂2

∂x2
i

δ(m)
(
c2r2 − s2

)
+
2vi

xi

∂

∂xi
δ(m)
(
c2r2 − s2

)]

=
[
−
(
2q + 4

∣∣v′′∣∣) + 4(m + 2)
]
δ(m+1)

(
c2r2 − s2

)
+ 4c2r2δ(m+2)

(
c2r2 − s2

)
(2.20)

by applying Lemma 2.4 with P = c2r2 − s2, where |v′′| = vp+1 + vp+2 + · · · + vp+q.
Thus, we have

!B,cδ
(m)
(
c2r2 − s2

)
=

1
c2

p∑

i=1

[
∂2

∂x2
i

+
2vi

xi

∂

∂xi

]
δ(m)
(
c2r2 − s2

)

−
p+q∑

i=p+1

[
∂2

∂x2
i

+
2vi

xi

∂

∂xi

]
δ(m)
(
c2r2 − s2

)

=
[
2
(
p + q + 2|v|

)
− 8(m + 2)

]
δ(m+1)

(
c2r2 − s2

)

− 4
(
c2r2 − s2

)
δ(m+2)

(
c2r2 − s2

)

= [2(n + 2|v|) − 8(m + 2)]δ(m+1)
(
c2r2 − s2

)
+ 4(m + 2)δ(m+1)

(
c2r2 − s2

)

= [2(n + 2|v|) − 4(m + 2)]δ(m+1)
(
c2r2 − s2

)

(2.21)

by applying Lemma 2.4 with P = c2r2 − s2, where |v| = |v′| + |v′′|.
If [2(n + 2|v|) − 4(m + 2)] = 0, we obtain

!B,cδ
(m)
(
c2r2 − s2

)
= 0. (2.22)
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That is, u(x) = δ(m)(c2r2 − s2) is a solution of (2.15)withm = (n+ 2|v|− 4)/2, n+ 2|v| ≥ 4, and
n is an even dimension. Now !

k
B,cu(x) = 0 can be written in the form

!B,c

(
!

k−1
B,c u(x)

)
= 0. (2.23)

From (2.17), we have

!
k−1
B,c u(x) = δ(m)

(
c2r2 − s2

)
(2.24)

with m = (n + 2|v| − 4)/2, n + 2|v| ≥ 4, and n being an even dimension. By Lemma 2.3(a), we
can write (2.24) in the from

!
k−1
B,c δ ∗ u(x) = δ(m)

(
c2r2 − s2

)
. (2.25)

B-convolving both sides of the above equation with the function RH
2(k−1),c(x), we obtain

RH
2(k−1),c(x) ∗ !

k−1
B,c δ ∗ u(x) = RH

2(k−1),c(x) ∗ δ
(m)(c2r2 − s2

)
,

!
k−1
B,c

[
RH

2(k−1),c(x)
]
∗ u(x) =

[
RH

2(k−1),c(x)
](m)

,

δ ∗ u(x) = u(x) =
[
RH

2(k−1),c(x)
](m)

,

(2.26)

by Lemma 2.2.
It follows that u(x) = [RH

2(k−1),c(x)]
(m) is a solution of (2.15)withm = (n+2|v|−4)/2, n+2|v| ≥ 4

and n is an even dimension.
The generalized function δ(m)(c2r2−s2)mentioned in Lemma 2.5 has been also studied

on the aspect of multiplicative product, distributional product and applications, for more
details, see [19–23].

3. Main Result

Theorem 3.1. Given the equation

!
k
B,cu(x) = f(x), (3.1)

where !
k
B,c is the ultrahyperbolic Bessel operator iterated k-times and is defined by (1.6), f(x) is a

generalized function, u(x) is an unknown generalized function, x ∈ R+
n, and n is an even, then (3.1)

has the general solution

u(x) =
[
RH

2(k−1),c(x)
](m)

+ RH
2k,c(x) ∗ f(x), (3.2)

where [RH
2k,c(x)]

(m) is a function defined by (2.8) withm derivatives.
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Proof. B-convolving both sides of (3.1) with RH
2k,c(x), we obtain

RH
2k,c(x) ∗

(
!

k
B,cu(x)

)
= RH

2k,c(x) ∗ f(x). (3.3)

By Lemma 2.2, we have

!
k
B,c

(
RH

2k,c(x)
)
∗ u(x) = δ ∗ u(x) = RH

2k,c(x) ∗ f(x). (3.4)

So, we obtain that

u(x) = RH
2k,c(x) ∗ f(x) (3.5)

is the solution of (3.1).
For a homogeneous equation !

k
B,cu(x) = 0, we have a solution

u(x) =
[
RH

2(k−1),c(x)
](m)

(3.6)

by Lemma 2.5. Thus the general solution of (3.1) is

u(x) =
[
RH

2(k−1),c(x)
](m)

+ RH
2k,c(x) ∗ f(x). (3.7)

This completes the proof.

By putting c = 1, (3.1) becomes the Bessel ultrahyperbolic equation

!
k
Bw(x) = f(x), (3.8)

where !
k
B is the Bessel ultrahyperbolic operator iterated k-times, and is defined by (1.3), f(x)

is a generalized function and w(x) is an unknown generalized function. From (3.5) we have
that

w(x) = RH
2k(x) ∗ f(x) (3.9)

is a solution of (3.8), where RH
2k(x) = RH

2k,1(x) defined by (2.8).
From (3.2), we obtain that the general solution of the Bessel ultrahyperbolic equation

is

w(x) =
[
RH

2(k−1)(x)
](m)

+ RH
2k(x) ∗ f(x). (3.10)



Mathematical Problems in Engineering 9

Moreover, if we put k = 1, p = 1 and x1 = t(times), then (3.8) is reduced to the Bessel wave
equation

!Bw(x) =

(
Bt −

n∑

i=2
Bxi

)
w(x) = f(x), (3.11)

where

!B = Bt −
n∑

i=2
Bxi (3.12)

is the Bessel wave operator and Bxi = ∂2/∂x2
i + (2vi/xi)(∂/∂xi).

Thus, we obtain w(x) = M2(x) ∗ f(x) as a solution of the Bessel wave equation, since
RH

2 (x) becomes MH
2 (x), where MH

2 (x) is the Bessel ultrahyperbolic kernel of Marcel Riesz,
and is defined by (2.11) with α = 2. And from (3.2), we obtain the general solution of Bessel
wave equation as

w(x) = δ(m)(x) +MH
2 (x) ∗ f(x), (3.13)

where δ(m)(x) is a solution of

(
Bt −

n∑

i=2
Bxi

)
w(x) = 0. (3.14)

Now we put V = t2 − x2
2 − x2

3 − · · · − x2
n and s2 = x2

2 + x2
3 + · · · + x2

n. By [24], we obtain that

w(x, t) = δ(m)
(
t2 − s2

)
(3.15)

is the solution of (3.14) with the initial conditions w(x, 0) = 0 and ∂w(x, 0)/∂t =
(−1)m2πm+1δ(x) at t = 0 and x = (x2, x3, . . . , xn) ∈ R

+
n−1.
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[10] H. Yildirim, M. Z. Sarikaya, and S. Öztürk, “The solutions of the n-dimensional Bessel diamond
operator and the Fourier-Bessel transform of their convolution,” Proceedings Indian Academy of
Sciences, vol. 114, no. 4, pp. 375–387, 2004.

[11] B. M. Levitan, “Expansion in Fourier series and integrals with Bessel functions,” Uspekhi
Matematicheskikh Nauk, vol. 62, no. 42, pp. 102–143, 1951.

[12] M. Z. Sarikaya and H. Yildirim, “On the weak solutions of the compound Bessel ultra-hyperbolic
equation,” Applied Mathematics and Computation, vol. 189, no. 1, pp. 910–917, 2007.

[13] A. Saglam, H. Yildirim, and M. Z. Sarikaya, “On the Bessel ultra-hyperbolic heat equation,” Thai
Journal of Mathematics, vol. 8, no. 1, pp. 149–159, 2010.

[14] A. Saglam, H. Yıldırım, and M. Z. Sarıkaya, “On the product of the ultra-hyperbolic Bessel operator
related to the elastic waves,” Selcuk Journal of Applied Mathematics, vol. 10, no. 1, pp. 85–93, 2009.

[15] P. Srisombat and K. Nonlaopon, “On the weak solutions of the compound ultra-hyperbolic Bessel
equation,” Selcuk Journal of Applied Mathematics, vol. 11, no. 1, pp. 127–136, 2010.

[16] H. Yıldırım, Riesz potentials generated by a generalized shift operator, Ph.D. thesis, Ankara University,
Ankara, Turkey, 1995.

[17] M. Z. Sarıkaya and H. Yıldırım, “On the Bessel diamond and the nonlinear Bessel diamond operator
related to the Bessel wave equation,” Nonlinear Analysis. Theory, Methods & Applications, vol. 68, no. 2,
pp. 430–442, 2008.

[18] M. Z. Sarıkaya, On the elementary solution of the Bessel diamond operator, Ph.D. thesis, Afyon Kocatepe
University, Afyon Kocatepe, Turkey, 2007.

[19] M. Aguirre Téllez, “The distributional product of Dirac’s delta in a hypercone,” Journal of
Computational and Applied Mathematics, vol. 115, no. 1-2, pp. 13–21, 2000.

[20] M. A. Aguirre Téllez, “The product of convolution P±λ ∗ P∓µ and the multiplicative product P±λ ∗
δ(k)(P±),” Mathematical and Computer Modelling, vol. 23, no. 10, pp. 135–144, 1996.

[21] M. A. Aguirre and K. Nonlaopan, “Generalization of distributional product of Diracs delta in
hypercone,” Integral Transforms and Special Functions, vol. 18, no. 3-4, pp. 155–164, 2007.

[22] S. E. Trione, “Product between δ(k)(m2 +P) and the distribution (m2 +P),” Trabajos de Matematica, vol.
55, 1983.

[23] M. Oberguggenberger, Multiplication of Distributions and Applications to Partial Differential Equations,
vol. 259 of Pitman Research Notes in Mathematics, Longman, Harlow, UK, 1992.

[24] R. Courant and D. Hilbert,Methods of Mathematical Physics, Interscience, New York, NY, USA, 1966.



 
 
 
 
 
 
 
 
 
 
 
 
A6. Darunee  Maneetus and Kamsing  Nonlaopon, On the inversion of Bessel  
       ultrahyperbolic kernel of Marcel Riesz, Abstract and Applied Analysis,  
       Volume 2011, Article ID 419157, 13 pages, doi:10.1155/2011/419157   
       (Impact Factor 1.422) 



Hindawi Publishing Corporation
Abstract and Applied Analysis
Volume 2011, Article ID 419157, 13 pages
doi:10.1155/2011/419157

Research Article
On the Inversion of Bessel Ultrahyperbolic Kernel
of Marcel Riesz

Darunee Maneetus1 and Kamsing Nonlaopon1, 2

1 Department of Mathematics, Khon Kaen University, Khon Kaen 40002, Thailand
2 Centre of Excellence in Mathematics, CHE, Si Ayutthaya Road, Bangkok 10400, Thailand

Correspondence should be addressed to Kamsing Nonlaopon, nkamsi@kku.ac.th

Received 26 August 2011; Accepted 8 October 2011

Academic Editor: Chaitan Gupta

Copyright q 2011 D. Maneetus and K. Nonlaopon. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

We define the Bessel ultrahyperbolic Marcel Riesz operator on the function f by Uα(f) = RB
α ∗ f ,

where RB
α is Bessel ultrahyperbolic kernel of Marcel Riesz, α . . .C, the symbol ∗ designates as the

convolution, and f ∈ S, S is the Schwartz space of functions. Our purpose in this paper is to obtain
the operator Eα = (Uα)−1 such that, ifUα(f) = ϕ, then Eαϕ = f .

1. Introduction

The n-dimensional ultrahyperbolic operator !k iterated k times is defined by

!
k =



 ∂2

∂x2
1

+
∂2

∂x2
2

+ · · · +
∂2

∂x2
p

−
∂2

∂x2
p+1

−
∂2

∂x2
p+2

− · · · −
∂2

∂x2
p+q




k

, (1.1)

where p + q = n is the dimension of Rn and k is a nonnegative integer.
Consider the linear differential equation in the form of

!
ku(x) = f(x), (1.2)

where u(x) and f(x) are generalized functions and x = (x1, x2, . . . , xn) ∈ Rn.
Gel′fand and Shilov [1] have first introduced the fundamental solution of (1.2), which

is a complicated form. Later, Trione [2] has shown that the generalized function RH
2k(x),
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defined by (2.6) with γ = 2k, is the unique fundamental solution of (1.2) and Téllez [3] has
also proved that RH

2k(x) exists only when n = p + q with odd p.
Next, Kananthai [4] has first introduced the operator ♦k called the diamond operator

iterated k times, which is defined by

♦
k =




(
p∑

i=1

∂2

∂x2
i

)2

−




p+q∑

j=p+1

∂2

∂x2
j




2



k

, (1.3)

where n = p + q is the dimension of Rn, for all x = (x1, x2, . . . , xn), and k is a nonnegative
integer. The operator ♦k can be expressed in the form

♦
k = "k

"
k = "

k"k, (1.4)

where "k is defined by (1.1), and

"k =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ · · · +
∂2

∂x2
n

)k

(1.5)

is the Laplace operator iterated k times. On finding the fundamental solution of this
product, Kananthai uses the convolution of functions which are fundamental solutions of the
operators "k and "k. He found that the convolution (−1)kRe

2k(x) ∗R
H
2k(x) is the fundamental

solution of the operator ♦k, that is,

♦
k
(
(−1)kRe

2k(x) ∗ R
H
2k(x)

)
= δ(x), (1.6)

where RH
2k(x) and Re

2k(x) are defined by (2.6) and (2.11), respectively with γ = 2k and δ(x)
is the Dirac delta distribution. The fundamental solution (−1)kRe

2k(x) ∗ RH
2k(x) is called the

diamond kernel of Marcel Riesz. A wealth of some effective works on the diamond kernel of
Marcel Riesz have been presented by Kananthai [5–10].

In 1978, Domı́nguez and Trione [11] have introduced the distributional functions
Hα(P ± i0, n) which are causal (anticausal) analogues of the elliptic kernel of Riesz [12].
Next, Cerutti and Trione [13] have defined the causal (anticausal) generalized Marcel Riesz
potentials of order α, α ∈ C, by

Rαϕ = Hα(P ± i0, n) ∗ ϕ, (1.7)

where ϕ ∈ S, S is the Schwartz space of functions [14] andHα(P ± i0, n) is given by

Hα(P ± i0, n) =
e∓απi/2e±qπi/2Γ((n − α)/2)(P ± i0)(α−n)/2

2απn/2Γ(α/2)
. (1.8)
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Here, P is defined by

P = P(x) = x2
1 + x2

2 + · · · + x2
p − x2

p+1 − x2
p+2 − · · · − x2

p+q, (1.9)

where q is the number of negative terms of the quadratic form P . The distributions (P ± i0)λ

are defined by

(P ± i0)λ = lim
ε→ 0

(
P ± iε|x|2

)λ
, (1.10)

where ε > 0, λ ∈ C, and |x|2 = x2
1 + x2

2 + · · · + x2
n; see [1]. They have also studied the inverse

operator of Rα, denoted by (Rα)−1, such that, if f = Rαϕ, then (Rα)−1f = ϕ.
Later, Aguirre [15] has defined the ultrahyperbolic Marcel Riesz operator Mα of the

function f by

Mα(f
)
= RH

α ∗ f, (1.11)

where RH
α is defined by (2.6) and f ∈ S. He has also studied the operator Nα = (Mα)−1 such

that, ifMα(f) = ϕ, then Nαϕ = f .
Let us consider the diamond kernel of Marcel Riesz Kα,β(x) introduced by Kananthai

in [6], which is given by the convolution

Kα,β(x) = Re
α ∗ RH

β , (1.12)

where Re
α is elliptic kernel defined by (2.11) and RH

β is the ultrahyperbolic kernel defined
by (2.6). Tellez and Kananthai [16] have proved that Kα,β(x) exists and is in the space of
rapidly decreasing distributions. Moreover, they have also shown that the convolution of the
distributional families Kα,β(x) relates to the diamond operator.

Later, Maneetus and Nonlaopon [17] have defined the diamondMarcel Riesz operator
of order (α, β) of the function f by

M(α,β)(f
)
= Kα,β ∗ f, (1.13)

where Kα,β is defined by (1.12), α, β ∈ C, and f ∈ S. They have also studied the operator
N(α,β) = [M(α,β)]−1 such that, ifM(α,β)(f) = ϕ, then N(α,β)ϕ = f .

In this paper, we define the Bessel ultrahyperbolic Marcel Riesz operator of order α of
the function f by

Uα(f
)
= RB

α ∗ f, (1.14)

where α ∈ C and f ∈ S, S is the Schwartz space of functions. Our aim in this paper is to
obtain the operator Eα = (Uα)−1 such that, ifUα(f) = ϕ, then Eαϕ = f .

Before we proceed to ourmain theorem, the following definitions and concepts require
some clarifications.
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2. Preliminaries

Definition 2.1. Let x = (x1, x2, . . . , xn) be a point in the n-dimensional Euclidean space Rn. Let

u = x2
1 + x2

2 + · · · + x2
p − x2

p+1 − x2
p+2 − · · · − x2

p+q (2.1)

be the nondegenerated quadratic form, where p + q = n is the dimension of Rn. Let Γ+ = {x ∈
Rn : u > 0 and xi > 0 (i = 1, 2, . . . , p)} be the interior of a forward cone, and let Γ+ denote its
closure. For any complex number γ , we define

RB
γ (x) =






u(γ−2|ν|−n)/2

K|ν|
n
(
γ
) , for x ∈ Γ+,

0, for x /∈ Γ+,
(2.2)

where

K|ν|
n
(
γ
)
=

π(n−1+2|ν|)/2Γ
((
2 + γ − n − 2|ν|

)
/2
)
Γ
((
1 − γ

)
/2
)
Γ
(
γ
)

Γ
((
2 + γ − p − 2|ν|

)
/2
)
Γ
((
p − γ

)
/2
) , (2.3)

2vi = 2αi + 1, αi > −1/2 and |ν| = ν1 + ν2 + · · · + νn, see [18–20].

The function RB
γ (x) is called the Bessel ultrahyperbolic kernel and was introduced by

Aguirre [21]. It is well known that RB
γ (x) is an ordinary function if Re(γ − 2|ν|) ≥ n and is a

distribution of (γ − 2|ν|) if Re(γ − 2|ν|) < n. Let suppRB
γ (x) denote the support of RB

γ (x) and
suppose that suppRB

γ (x) ⊂ Γ+ (i.e., suppRB
γ (x) is compact).

Letting γ = 2k in (2.2) and (2.3), we obtain

RB
2k(x) =

u(2k−n−2|ν|)/2

Kn(2k)
, (2.4)

where

Kn(2k) =
π(n−1+2|ν|)/2Γ((2 + 2k − n − 2|ν|)/2)Γ((1 − 2k)/2)Γ(2k)

Γ
((
2 + 2k − p − 2|ν|

)
/2
)
Γ
((
p − 2k

)
/2
) . (2.5)

By putting |ν| = 0 in (2.2) and (2.3), then formulae (2.2) and (2.3) reduce to

RH
γ (x) =






u(γ−n)/2

Kn
(
γ
) , for x ∈ Γ+,

0, for x /∈ Γ+,
(2.6)

Kn
(
γ
)
=

π(n−1)/2Γ
((
γ − n

)
/2 + 1

)
Γ
((
1 − γ

)
/2
)
Γ
(
γ
)

Γ
((
γ − p

)
/2 + 1

)
Γ
((
p − γ

)
/2
) . (2.7)
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The function RH
γ (x) is called the ultrahyperbolic kernel of Marcel Riesz and was introduced

by Nozaki [22]. It is well known that RH
γ (x) is an ordinary function if Re(γ) ≥ n and is a

distribution of γ if Re(γ) < n. Let suppRH
γ (x) denote the support of RH

γ (x) and suppose that
suppRH

γ (x) ⊂ Γ+ ( i.e., suppRH
γ (x) is compact).

By putting p = 1 in RH
2k(x) and taking into account Legendre’s duplication formula for

Γ(z), that is,

Γ(2z) = 22z−1π−1/2Γ(z)Γ
(
z +

1
2

)
, (2.8)

we obtain

IHγ (x) =
v(γ−n)/2

Hn
(
γ
) (2.9)

and v = x2
1 − x2

2 − x2
3 − · · · − x2

n, where

Hn
(
γ
)
= π(n−2)/22γ−1Γ

(
γ + 2 − n

2

)
Γ
(γ
2

)
. (2.10)

The function IHγ (x) is called the hyperbolic kernel of Marcel Riesz.

Definition 2.2. Let x = (x1, x2, . . . , xn) be a point of Rn and ω = x2
1 + x2

2 + · · · + x2
n. The elliptic

kernel of Marcel Riesz is defined by

Re
γ(x) =

ω(γ−n)/2

Wn
(
γ
) , (2.11)

where n is the dimension of Rn, γ ∈ C, and

Wn
(
γ
)
=

πn/22γΓ
(
γ/2
)

Γ
((
n − γ

)
/2
) . (2.12)

Note that n = p + q. By putting q = 0 (i.e., n = p) in (2.6) and (2.7), we can reduce
u(γ−n)/2 to ω

(γ−p)/2
p , where ωp = x2

1 + x2
2 + · · · + x2

p, and reduce Kn(γ) to

Kp
(
γ
)
=

π(p−1)/2Γ
((
1 − γ

)
/2
)
Γ
(
γ
)

Γ
((
p − γ

)
/2
) . (2.13)

Using Legendre’s duplication formula

Γ(2z) = 22z−1π−1/2Γ(z)Γ
(
z +

1
2

)
, (2.14)
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and

Γ
(
1
2
+ z
)
Γ
(
1
2
− z
)

= πsec(πz), (2.15)

we obtain

Kp
(
γ
)
=

1
2
sec
(γπ

2

)
Wp
(
γ
)
. (2.16)

Thus, for q = 0, we have

RH
γ (x) =

u(γ−p)/2

Kp
(
γ
) = 2 cos

(γπ
2

)u(γ−p)/2

Wp
(
γ
) = 2 cos

(γπ
2

)
Re

γ(x). (2.17)

In addition, if γ = 2k for some nonnegative integer k, then

RH
2k(x) = 2(−1)kRe

2k(x). (2.18)

The proofs of Lemma 2.3 are given in [2].

Lemma 2.3. The function RH
α (x) has the following properties:

(i) RH
0 (x) = δ(x);

(ii) RH
−2k(x) = !kδ(x);

(iii) !kRH
α (x) = RH

α−2k(x);

(iv) !kRH
2k(x) = δ(x).

Lemma 2.4. If |ν|/= 0, then

RB
γ (x) = hγ,p,|ν|R

H
γ−2|ν|(x), (2.19)

where RB
γ (x) and RH

γ−2|ν|(x) are defined by (2.2) and (2.6), respectively, and

hγ,p,|ν| =
Γ
((
1 − γ

)
/2 + |ν|

)
Γ
(
γ − 2|ν|

)
Γ
((
p − γ

)
/2
)

π |v|Γ
((
p − γ

)
/2 + |ν|

)
Γ
((
1 − γ

)
/2
)
Γ
(
γ
) . (2.20)

Proof. We get (2.19) by computing directly from definition of RB
γ (x) and RH

γ−2|ν|(x).

The proof of the following lemma is given in [23].

Lemma 2.5 (the convolutions of RH
α (x)). (i) If p is odd, then

RH
α (x) ∗ RH

β (x) = RH
α+β(x) +Aα,β, (2.21)
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where

Aα,β = −
i

2
sin(απ/2) sin

(
βπ/2

)

sin
((
α + β

)
π/2

)
[
H+

α+β −H−
α+β

]
, (2.22)

H±
α+β = Hα+β(P ± i0, n) (2.23)

as defined by (1.8).
(ii) If p is even, then

RH
α (x) ∗ RH

β (x) = Bα,βR
H
α+β(x), (2.24)

where

Bα,β =
cos(απ/2) cos

(
βπ/2

)

cos
((
α + β

)
π/2

) . (2.25)

Lemma 2.6 (the convolutions of RB
α(x)). (i) If p is odd, then

RB
α(x) ∗ RB

β (x) = hα,p,|ν|hβ,p,|µ|

(
RH

α+β−2(|ν|+|µ|) +Aα−2|ν|,β−2|µ|

)
, (2.26)

where RH
α (x) and Aα−2|ν|,β−2|µ| are defined by (2.6) and (2.22), respectively.
(ii) If p is even, then

RB
α(x) ∗ RB

β (x) = hα,p,|ν|hβ,p,|µ|

(
Bα−2|ν|,β−2|µ|R

H
α+β−2(|ν|+|µ|)

)
, (2.27)

where Bα−2|ν|,β−2|µ| is defined by (2.25).

The proof of this lemma can be easily seen from Lemmas 2.4, 2.5 and [23].

3. The Convolution RB
α(x) ∗ RB

β (x) When β = −α

We will now consider the property of RB
α(x) ∗ RB

β (x)when β = −α.
From (2.26) and (2.27), we immediately obtain the following properties.

(1) If p is odd and q is even, then

RB
α(x) ∗ RB

β (x) = hα,p,|ν|hβ,p,|µ|

(
RH

α+β−2(|ν|+|µ|) +Aα−2|ν|,β−2|µ|

)
, (3.1)

where RH
α (x) and Aα−2|ν|,β−2|µ| are defined by (2.6) and (2.22), respectively.
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(2) If p and q are both odd, then

RB
α(x) ∗ RB

β (x) = hα,p,|ν|hβ,p,|µ|

(
RH

α+β−2(|ν|+|µ|) +Aα−2|ν|,β−2|µ|

)
. (3.2)

(3) If p is even and q is odd, then

RB
α(x) ∗ RB

β (x) = hα,p,|ν|hβ,p,|µ|

(
cos((α − 2|ν|)π/2) · cos

((
β − 2

∣∣µ
∣∣)π/2

)

cos
((
α + β − 2

(
|ν| +

∣∣µ
∣∣))π/2

) RH
α+β−2(|ν|+|µ|)

)
.

(3.3)

(4) If p and q are both even, then

RB
α(x) ∗ RB

β (x) = hα,p,|ν|hβ,p,|µ|

(
cos((α − 2|ν|)π/2) · cos

((
β − 2

∣∣µ
∣∣)π/2

)

cos
((
α + β − 2

(
|ν| +

∣∣µ
∣∣))π/2

) RH
α+β−2(|ν|+|µ|)

)
.

(3.4)

Moreover, it follows from (2.22) that

Aα−2|ν|,−(α−2|ν|) = lim
β−2|µ|→−(α−2|ν|)

Aα−2|ν|,β−2|µ|

= −
i

2
lim
γ → 0

sin((α − 2|ν|)π/2) sin
((
γ − (α − 2|ν|)

)
π/2

)

sin
(
γπ/2

)
[
H+

γ −H−
γ

]

= −
i

2
lim
γ → 0

sin((α − 2|ν|)π/2) sin
((
γ − (α − 2|ν|)

)
π/2

)

sin
(
γπ/2

) · lim
γ → 0

[
H+

γ −H−
γ

]
,

(3.5)

where γ = α + β − 2(|ν| + |µ|).
On the other hand, using (2.23) and (1.8), we have

lim
γ → 0

[
H+

γ −H−
γ

]
=

Γ(n/2)
πn/2

[
lim
γ → 0

e−γπi/2eqπi/2
(P + i0)(γ−n)/2

Γ
(
γ/2
)

−lim
γ → 0

eγπi/2e−qπi/2
(P − i0)(γ−n)/2

Γ
(
γ/2
)

]

=
Γ(n/2)
πn/2

[
lim
γ → 0

e−γπi/2eqπi/2 ·
Resβ=−n/2(P + i0)β

Resβ=−n/2Γ
(
β + n/2

)

−lim
γ → 0

eγπi/2e−qπi/2 ·
Resβ=−n/2(P − i0)β

Resβ=−n/2Γ
(
β + n/2

)
]
.

(3.6)



Abstract and Applied Analysis 9

Now, taking n as an odd integer, we obtain

Res
λ=−n/2−k

(P ± i0)λ =
e±qπi/2πn/2

22kk!Γ(n/2 + k)
!

kδ(x), (3.7)

where !k is defined by (1.1), p + q = n, and k is nonnegative integer; see [24, 25]. If p and q
are both even, then

Res
λ=−n/2−k

(P ± i0)λ =
e±qπi/2πn/2

22kk!Γ(n/2 + k)
!

kδ(x). (3.8)

Nevertheless, if p and q are both odd, then

Res
λ=−n/2−k

(P ± i0)λ = 0. (3.9)

Therefore, we have

lim
γ → 0

[
H+

γ −H−
γ

]
=

Γ(n/2)
πn/2

·
πn/2

Γ(n/2)

[
lim
γ → 0

e−γπi/2 − lim
γ → 0

eγπi/2
]
δ(x)

= lim
γ → 0

[
−2i sin

(
γπ/2

)]
δ(x).

(3.10)

From (3.6) and (3.9), we have

lim
γ → 0

[
H+

γ −H−
γ

]
= 0 (3.11)

if p and q are both odd (n even).
Applying (3.10) and (3.11) into (3.5), we have

Aα−2|ν|,−α+2|ν| = −
i

2
lim
γ → 0

sin((α − 2|ν|)π/2) sin
((
γ − (α − 2|ν|)

)
π/2

)

sin
(
γπ/2

) · lim
γ → 0

[
−2i sin

(
γπ/2

)]
δ(x)

= sin2((α − 2|ν|)π/2)δ(x)
(3.12)

if p is odd and q is even and

Aα−2|ν|,−α+2|ν| = 0 (3.13)

if p and q are both odd.
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From (3.1)—(3.4) and using Lemmas 2.3, and 2.6 and formulae (3.12) and (3.13), if p
is odd and q is even, then we obtain

RB
α(x) ∗ RB

−α(x) = hα,p,|ν|h−α,p,|ν|

(
RH

0 +Aα−2|ν|,−α+2|ν|

)

= hα,p,|ν|h−α,p,|ν|

[
δ(x) + sin2((α − 2|ν|)π/2)δ(x)

]

= hα,p,|ν|h−α,p,|ν|

[
1 + sin2((α − 2|ν|)π/2)

]
δ(x).

(3.14)

If p and q are both odd, then

RB
α(x) ∗ RB

−α(x) = hα,p,|ν|h−α,p,|ν|

(
RH

0 +Aα−2|ν|,−α+2|ν|

)

= hα,p,|ν|h−α,p,|ν|δ(x).
(3.15)

If p is even and q is odd, then

RB
α(x) ∗ RB

−α(x) = hα,p,|ν|h−α,p,|ν|
cos((α − 2|ν|)π/2) cos((−α + 2|ν|)π/2)

cos((α − α − 2|ν| + 2|ν|)π/2)
RH

0

= hα,p,|ν|h−α,p,|ν|cos2((α − 2|ν|)π/2)δ(x).

(3.16)

Finally, if p and q are both even, then

RB
α(x) ∗ RB

−α(x) = hα,p,|ν|h−α,p,|ν|
cos((α − 2|ν|)π/2) cos((−α + 2|ν|)π/2)

cos((α − α − 2|ν| + 2|ν|)π/2)
RH

0

= hα,p,|ν|h−α,p,|ν|cos2((α − 2|ν|)π/2)δ(x).

(3.17)

4. The Main Theorem

Let Mα(f) be the Bessel ultrahyperbolic Marcel Riesz operator of order α of the function f ,
which is defined by

Uα(f
)
= RB

α ∗ f, (4.1)

where RB
α is defined by (2.2), α ∈ C, and f ∈ S.

Recall that our objective is to obtain the operator Eα = (Uα)−1 such that, if Uα(f) = ϕ,
then Eαϕ = f for all α ∈ C.

We are now ready to state our main theorem.
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Theorem 4.1. IfUα(f) = ϕ (whereUα(f) is defined by (4.1) and f ∈ S), then Eαϕ = f such that

Eα = (Uα)−1

=






1
hα,p,|ν|h−α,p,|ν|

[
1 + sin2((α − 2|ν|)π/2)

]−1
RB

−α if p is odd and q is even,

1
hα,p,|ν|h−α,p,|ν|

RB
−α if p and q are both odd,

1
hα,p,|ν|h−α,p,|ν|

sec2((α − 2|ν|)π/2)RB
−α if p is even with(α − 2|ν|)/2/= 2s + 1

(4.2)

for any nonnegative integer s.

Proof. By (4.1), we have

Uα(f
)
= RB

α ∗ f = ϕ, (4.3)

where RB
α is defined by (2.2), α ∈ C, and f ∈ S. If p is odd and q is even, then, in view of

(3.14), we obtain

1
hα,p,|ν|h−α,p,|ν|

[
1 + sin2((α − 2|ν|)π/2)

]−1
RB

−α ∗
(
RB

α ∗ f
)

=
1

hα,p,|ν|h−α,p,|ν|

[
1 + sin2((α − 2|ν|)π/2)

]−1(
RB

−α ∗ RB
α

)
∗ f

=
1

hα,p,|ν|h−α,p,|ν|

[
1 + sin2((α − 2|ν|)π/2)

]−1

×
{
hα,p,|ν|h−α,p,|ν|

[
1 + sin2((α − 2|ν|)π/2)

]
δ(x)

}
∗ f

= δ ∗ f = f.

(4.4)

Hence,

1
hα,p,|ν|h−α,p,|ν|

[
1 + sin2((α − 2|ν|)π/2)

]−1
RB

−α = (Uα)−1 =
(
RB

α

)−1
(4.5)

for all α ∈ C.
Similarly, if both p and q are odd, then, by (3.15), we obtain

1
hα,p,|ν|h−α,p,|ν|

RB
−α ∗
(
RB

α ∗ f
)
=

1
hα,p,|ν|h−α,p,|ν|

(
RB

−α ∗ RB
α

)
∗ f

=
1

hα,p,|ν|h−α,p,|ν|
hα,p,|ν|h−α,p,|ν|δ(x) ∗ f

= f.

(4.6)
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Hence,

1
hα,p,|ν|h−α,p,|ν|

RB
−α = (Uα)−1 =

(
RB

α

)−1
(4.7)

for all α ∈ C.
Finally, if p is even, then, by (3.16) and (3.17), we have

1
hα,p,|ν|h−α,p,|ν|

sec2((α − 2|ν|)π/2)RB
−α ∗
(
RB

α ∗ f
)

=
1

hα,p,|ν|h−α,p,|ν|
sec2((α − 2|ν|)π/2)

(
RB

−α ∗ RB
α

)
∗ f

=
1

hα,p,|ν|h−α,p,|ν|
sec2((α − 2|ν|)π/2)

{
hα,p,|ν|h−α,p,|ν|cos2((α − 2|ν|)π/2)δ(x)

}
∗ f

= δ ∗ f = f,

(4.8)

provided that (α − 2|ν|)/2/= 2s + 1 for any nonnegative integer s.
Hence,

1
hα,p,|ν|h−α,p,|ν|

sec2((α − 2|ν|)π/2)RB
−α = (Uα)−1 =

(
RB

α

)−1
(4.9)

for all α ∈ C with (α − 2|ν|)/2/= 2s + 1 for any nonnegative integer s.
In this conclusion, formulae (4.5), (4.7), and (4.9) are the desired results, and this

completes the proof.
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In this paper, we define the Bessel diamond kernel of Marcel Riesz KB
α,β and the Bessel diamond Marcel

Riesz operator of order (α, β) on the function f by

U(α,β)(f ) = KB
α,β ∗ f ,

where α, β ∈ C, the symbol ∗ designates the convolution, and f ∈ S, S is the Schwartz space of functions.
In this paper, we aim to study the convolution of KB

α,β and obtain the operator E(α,β) = [U(α,β)]−1 such
that if U(α,β)(f ) = ϕ, then E(α,β)ϕ = f .

Keywords: Bessel diamond kernel of Marcel Riesz; Bessel diamond operator; Dirac delta distribution

AMS Subject Classifications: 46F10; 46F12

1. Introduction

The n-dimensional ultra-hyperbolic operator !k iterated k times is defined by

!
k =

(
∂2

∂x2
1

+ ∂2

∂x2
2

+ · · · + ∂2

∂x2
p

− ∂2

∂x2
p+1

− ∂2

∂x2
p+2

− · · · − ∂2

∂x2
p+q

)k

, (1)

where p + q = n is the dimension of Rn and k is a non-negative integer.
Consider the linear differential equation in the form of

!
ku(x) = f (x), (2)

where u(x) and f (x) are generalized functions and x = (x1, x2, . . . , xn) ∈ Rn.
Gel’fand and Shilov [6] were the first to introduce the fundamental solution of (2), which is a

complicated form. Later, Trione [24] showed that the generalized function R2k(x), defined by (21)
with α = 2k, is the unique fundamental solution of (2) and Tellez [20] also proved that R2k(x)
exists only when n = p + q with odd p.
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2 T. Salao and K. Nonlaopon

Later, Kananthai [7] was the first to introduce the operator ♦k called the diamond operator
iterated k times, which is defined by

♦k =




( p∑

i=1

∂2

∂x2
i

)2

−




p+q∑

j=p+1

∂2

∂x2
j




2



k

, (3)

where n = p + q is the dimension of Rn, for all x = (x1, x2, . . . , xn), and k is a non-negative
integer. The operator ♦k can be expressed in the form

♦k = #k
!

k = !
k#k , (4)

where !k is defined by (1), and

#k =
(

∂2

∂x2
1

+ ∂2

∂x2
2

+ · · · + ∂2

∂x2
n

)k

(5)

is the Laplace operator iterated k times. On finding the fundamental solution of this product,
Kananthai used the convolution of functions which are fundamental solutions of the operators !k

and #k . He found that the convolution (−1)kS2k(x) ∗ R2k(x) is the fundamental solution of the
operator ♦k , that is,

♦k((−1)kS2k(x) ∗ R2k(x)) = δ(x), (6)

where R2k(x) and S2k(x) are defined by (21) and (28), respectively, with α = 2k, and δ(x) is the
Dirac delta distribution. The fundamental solution (−1)kS2k(x) ∗ R2k(x) is called the diamond
kernel of Marcel Riesz. A wealth of effective works on the diamond kernel of Marcel Riesz were
presented by Kananthai [8–12] and Sritanratana and Kananthai [19].

In 1978, Dominguez andTrione [5] introduced the distributional functions Hα(P ± i0, n), which
are causal (anti-causal) analogues of the elliptic kernel of Riesz [16]. Later, Cerutti and Trione [3]
defined the causal (anti-causal) generalized Marcel Riesz potentials of order α, α ∈ C, by

Rαϕ = Hα(P ± i0, n) ∗ ϕ, (7)

where ϕ ∈ S, S is the Schwartz space of functions [18], and Hα(P ± i0, n) is given by

Hα(P ± i0, n) = e∓απ i/2 e±qπ i/2&((n − α)/2)(P ± i0)(α−n)/2

2απn/2&(α/2)
. (8)

Here, P is defined by

P = P(x) = x2
1 + x2

2 + · · · + x2
p − x2

p+1 − x2
p+2 − · · · − x2

p+q, (9)

where q is the number of negative terms of the quadratic form P. The distributions (P ± i0)λ are
defined by

(P ± i0)λ = lim
ε→0

(P ± iε|x|2)λ, (10)

where ε > 0, λ ∈ C, and |x|2 = x2
1 + x2

2 + · · · + x2
n , see [6]. They also studied the inverse operator

of Rα , denoted by (Rα)−1, such that if f = Rαϕ, then (Rα)−1f = ϕ.
Later, Aguirre [1] defined the ultra-hyperbolic Marcel Riesz operator Mα on the function f by

Mα(f ) = Rα ∗ f , (11)

where Rα is defined by (21) and f ∈ S. He also studied the operator Nα = (Mα)−1 such that if
Mα(f ) = ϕ, then Nαϕ = f .
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Integral Transforms and Special Functions 3

Let us consider the diamond kernel of Marcel Riesz Kα,β(x) introduced by Kananthai [10],
which is given by the convolution

Kα,β(x) = Sα(x) ∗ Rβ(x), (12)

where Sα(x) is an elliptic kernel defined by (28) and Rβ(x) is the ultra-hyperbolic kernel defined
by (21). Tellez and Kananthai [23] proved that Kα,β(x) exists and is in the space of rapidly
decreasing distributions. Moreover, they also showed that the convolution of the distributional
families Kα,β(x) relates to the diamond operator.

Later, Maneetus and Nonlaopon [13] defined the diamond Marcel Riesz operator of order (α, β)

on the function f by
M(α,β)(f ) = Kα,β ∗ f , (13)

where Kα,β is defined by (12), α, β ∈ C, and f ∈ S. They also studied the operator N (α,β) =
[M(α,β)]−1 such that if M(α,β)(f ) = ϕ, then N (α,β)ϕ = f . Moreover, they defined the Bessel ultra-
hyperbolic Marcel Riesz operator of order α on the function f by

Uα(f ) = RB
α ∗ f , (14)

where RB
α is the Bessel ultra-hyperbolic kernel of Marcel Riesz defined by (17), α ∈ C, and

f ∈ S; see [14], for more details. In addition, they studied the operator Eα = (Uα)−1 such that if
Uα(f ) = ϕ, then Eαϕ = f .

In this paper, we define the Bessel diamond kernel of Marcel Riesz by

KB
α,β(x) = SB

α (x) ∗ RB
β(x), (15)

where RB
β(x) and SB

α (x) are defined by (17) and (26), respectively, and the Bessel diamond Marcel
Riesz operator of order (α, β) on the function f by

U(α,β)(f ) = KB
α,β ∗ f , (16)

where α, β ∈ C, and f ∈ S. In this paper, we aim to study the convolution of KB
α,β and obtain the

operator E(α,β) = [U(α,β)]−1 such that if U(α,β)(f ) = ϕ, then E(α,β)ϕ = f .
Before we proceed to our main theorem, the following definitions and some concepts require

some clarifications.

2. Preliminaries

Definition 2.1 Let x = (x1, x2, . . . , xn) be a point in the n-dimensional Euclidean space Rn. Let

u = x2
1 + x2

2 + · · · + x2
p − x2

p+1 − x2
p+2 − · · · − x2

p+q

be the non-degenerated quadratic form, where p + q = n is the dimension of Rn. Let $+ = {x ∈
Rn : u > 0 and xi > 0, (i = 1 = 1, 2, . . . , p)} be the interior of forward cone and let $̄+ denote
its closure. For any complex number α, we define

RB
α(x) =






u(α−2|ν|−n)/2

K |ν|
n (α)

, for x ∈ $+,

0, for x $∈ $+,
(17)

where

K |ν|
n (α) = π (n−1+2|ν|)/2$((2 + α − n − 2|ν|)/2)$((1 − α)/2)$(α)

$((2 + α − p − 2|ν|)/2)$((p − α)/2)
, (18)

2vi = 2αi + 1, αi > − 1
2 , |ν| = ν1 + ν2 + · · · + νn, see [4,17,25].
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4 T. Salao and K. Nonlaopon

The function RB
α(x) is called the Bessel ultra-hyperbolic kernel and was introduced by Aguirre

[2]. It is well known that RB
α(x) is an ordinary function if Re(α − 2|ν|) ≥ n and is a distribution

of (α − 2|ν|) if Re(α − 2|ν|) < n. Let suppRB
α(x) denote the support of RB

α(x) and suppose that
suppRB

α(x) ⊂ #̄+ (i.e. suppRB
α(x) is compact).

By letting α = 2k in (17) and (18), we obtain

RB
2k(x) = u(2k−n−2|ν|)/2

K |ν|
n (2k)

, (19)

where

K |ν|
n (2k) = π (n−1+2|ν|)/2#((2 + 2k − n − 2|ν|)/2)#((1 − 2k)/2)#(2k)

#((2 + 2k − p − 2|ν|)/2)#((p − 2k)/2)
. (20)

By putting |ν| = 0 in (17) and (18), formulae (17) and (18) reduce to

Rα(x) =






u(α−n)/2

Kn(α)
, for x ∈ #+,

0, for x %∈ #+,
(21)

and

Kn(α) = π (n−1)/2#((α − n)/2 + 1)#((1 − α)/2)#(α)

#((α − p)/2 + 1)#((p − α)/2)
. (22)

The function Rα(x) is called the ultra-hyperbolic kernel of Marcel Riesz and was introduced by
Nozaki [15]. It is well known that Rα(x) is an ordinary function if Re(α) ≥ n and is a distribution
of α if Re(α) < n. Suppose that suppRα(x) ⊂ #̄+ (i.e. suppRα(x) is compact).

By putting p = 1 in R2k(x) and taking into account Legendre’s duplication formula for #(z),
that is,

#(2z) = 22z−1π−1/2#(z)#(z + 1
2 ), (23)

we obtain

IH
α (x) = v(α−n)/2

Hn(α)
, (24)

and v = x2
1 − x2

2 − x2
3 − · · · − x2

n , where

Hn(α) = π (n−2)/22α−1#

(
α + 2 − n

2

)
#

(α

2

)
. (25)

The function IH
α (x) is called the hyperbolic kernel of Marcel Riesz.
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Integral Transforms and Special Functions 5

Definition 2.2 Let x = (x1, x2, . . . , xn) be a point of Rn and ω = x2
1 + x2

2 + · · · + x2
n. The Bessel

elliptic kernel of Marcel Riesz is defined by

SB
α (x) = ω(α−2|ν|−n)/2

W |ν|
n (α)

, (26)

if α is a complex parameter, α "= 2|ν| − 2j, j = 1, 2, . . . , and

W |ν|
n (α) = $(α/2)

∏n
i=1 2νi−1/2$(νi + 1/2)

2n+2|ν|−2α$((n − α)/2 + |ν|) . (27)

The elliptic kernel of Marcel Riesz is defined by

Sα(x) = ω(α−n)/2

Wn(α)
, (28)

where

Wn(α) = πn/22α$(α/2)

$((n − α)/2)
. (29)

It is well known that Sα(x) is an ordinary function for Re(α) ≥ n and is a distribution of α for
Re(α) < n.

Note that n = p + q. By putting q = 0 (i.e. n = p) in (21) and (22), we can reduce u(α−n)/2 to
ω(α−p)/2, where ω = x2

1 + x2
2 + · · · + x2

p , and reduce Kn(α) to

Kp(α) = π (p−1)/2$((1 − α)/2)$(α)

$((p − α)/2)
.

Using Legendre’s duplication formula,

$(2z) = 22z−1π−1/2$(z)$(z + 1
2 ) (30)

and

$( 1
2 + z)$( 1

2 − z) = π sec(πz), (31)

we obtain

Kp(α) = 1
2 sec (απ/2) Wp(α). (32)

Thus, for q = 0, we have

Rα(x) = u(α−p)/2

Kp(α)
= 2 cos

(απ

2

) u(α−p)/2

Wp(α)
= 2 cos

(απ

2

)
Sα(x). (33)

In addition, if α = 2k for some non-negative integer k, then

R2k(x) = 2(−1)kS2k(x). (34)

The proofs of Lemmas 2.3 and 2.4 are given in [23].

Lemma 2.3 The function Kα,β(x) has the following properties:

(i) K0,0(x) = δ(x);
(ii) K−2k,−2k(x) = (−1)k♦kδ(x);
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6 T. Salao and K. Nonlaopon

(iii) ♦k(Kα,β(x)) = (−1)kKα−2k,β−2k(x);
(iv) ♦k(K2k,2k(x)) = (−1)kδ(x); and
(v) Kα,β(x) ∗ K−2k,−2k(x) = (−1)k♦kKα,β(x).

Lemma 2.4 (The convolutions of Kα,β(x))

(i) If p is odd, then

Kα,β(x) ∗ Kα′,β ′(x) = (Rβ+β ′ + Aβ,β ′) ∗ Sα+α′ , (35)

where Rβ and Sα are defined by (21) and (28), respectively. Aβ,β ′ is defined by

Aβ,β ′ = − i
2

sin(βπ/2) sin(β ′π/2)

sin((β + β ′)π/2)
[H+

β+β ′ − H−
β+β ′] (36)

and

H±
β = Hβ(P ± i0, n) (37)

is defined by (8).
(ii) If p is even, then

Kα,β(x) ∗ Kα′,β ′(x) = Bβ,β ′Rβ+β ′ ∗ Sα+α′ , (38)

where

Bβ,β ′ = cos(βπ/2) cos(β ′π/2)

cos((β + β ′)π/2)
. (39)

Lemma 2.5 If |ν| %= 0, then

(i) SB
α (x) = gα,n,|ν|Sα−2|ν|(x), where

gα,n,|ν| = πn/22n−α&(α/2 − |ν|)
&(α/2)

∏n
i=1 2νi−1/2&(νi + 1/2)

, (40)

SB
α (x) and Sα−2|ν|(x) are defined by (26) and (28), respectively.

(ii) RB
α(x) = hα,p,|ν|Rα−2|ν|(x), where

hα,p,|ν| = &((1 − α)/2 + |ν|)&(α − 2|ν|)&((p − α)/2)

π |v|&((p − α)/2 + |ν|)&((1 − α)/2)&(α)
, (41)

RB
α(x) and Rα−2|ν|(x) are defined by (17) and (21), respectively.

(iii) KB
α,β(x) = gα,n,|ν|hβ,p,|µ|Kα−2|ν|,β−2|µ|(x), where KB

α,β(x), Kα−2|ν|,β−2|µ|(x), gα,n,|ν|, and hβ,p,|µ|
are defined by (15), (12), (40), and (41), respectively.

Proof We get (i) and (ii) by computing directly from the definition of SB
α (x) and Sα−2|ν|(x) and

RB
α(x) and Rα−2|ν|(x). For (iii), by formulae (12) and (15) and (i) and (ii), we obtain

KB
α,β(x) = SB

α (x) ∗ RB
β(x) = gα,n,|ν|Sα−|2ν|(x) ∗ hβ,p,|µ|Rβ−|2µ|(x)

= gα,n,|ν|hβ,p,|µ|Kα−2|ν|,β−2|µ|(x).

!

Lemma 2.6 The convolutions of KB
α,β(x)
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Integral Transforms and Special Functions 7

(i) If p is odd, then

KB
α,β(x) ∗ KB

α′,β ′(x) = gα,n,|ν|gα′,n,|ν ′|hβ,p,|µ|hβ ′,p,|µ′|

× [(Rβ+β ′−2(|µ|+|µ′|) + Aβ−2|µ|,β ′−2|µ′|) ∗ Sα+α′−2(|ν|+|ν ′|)], (42)

where Rβ , Sα , and Aβ,β ′ are defined by (21), (28), and (36), respectively.
(ii) If p is even, then

KB
α,β(x) ∗ KB

α′,β ′(x) = gα,n,|ν|gα′,n,|ν ′|hβ,p,|µ|hβ ′,p,|µ′|Bβ−2|µ|,β ′−2|µ′|Kβ+β ′−2(|µ|+|µ′|), (43)

where Bβ−2|µ|,β ′−2|µ′| is defined by (39).

The proof of this lemma can be easily obtained from Lemmas 2.5(iii) and 2.4 and [23].

3. The convolution KB
α,β(x) ∗ KB

α′ ,β′(x) when α′ = −α, β′ = −β

Now, we consider the property of KB
α,β(x) ∗ KB

α′,β ′(x) when α′ = −α and β ′ = −β.
From (42) and (43), we know that the following properties are valid:

(1) If p is odd and q is even, then

KB
α,β(x) ∗ KB

α′,β ′(x) = gα,n,|ν|gα′,n,|ν ′|hβ,p,|µ|hβ ′,p,|µ′|

× [(Rβ+β ′−2(|µ|+|µ′|) + Aβ−2|µ|,β ′−2|µ′|) ∗ Sα+α′−2(|ν|+|ν ′|)], (44)

where Rβ , Sα , and Aβ−2|µ|,β ′−2|µ′| are defined by (21), (28), and (36), respectively.
(2) If both p and q are odd, then

KB
α,β(x) ∗ KB

α′,β ′(x) = gα,n,|ν|gα′,n,|ν ′|hβ,p,|µ|hβ ′,p,|µ′|

× [(Rβ+β ′−2(|µ|+|µ′|) + Aβ−2|µ|,β ′−2|µ′|) ∗ Sα+α′−2(|ν|+|ν ′|)]. (45)

(3) If p is even and q is odd, then

KB
α,β(x) ∗ KB

α′,β ′(x) = gα,n,|ν|gα′,n,|ν ′|hβ,p,|µ|hβ ′,p,|µ′|

×
[

cos((β − 2|µ|)π/2) · cos((β ′ − 2|µ′|)π/2)

cos((β + β ′ − 2(|µ| + |µ′|))π/2)
Kβ+β ′−2(|µ|+|µ′|)

]
.

(46)

(4) If both p and q are even, then

KB
α,β(x) ∗ KB

α′,β ′(x) = gα,n,|ν|gα′,n,|ν ′|hβ,p,|µ|hβ ′,p,|µ′|

×
[

cos((β − 2|µ|)π/2) · cos((β ′ − 2|µ′|)π/2)

cos((β + β ′ − 2(|µ| + |µ′|))π/2)
Kβ+β ′−2(|µ|+|µ′|)

]
.

(47)
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8 T. Salao and K. Nonlaopon

Moreover, it follows from (36) that

Aβ−2|µ|,−(β−2|µ|) = lim
β ′−2|µ′|→−(β−2|µ|)

Aβ−2|µ|,β ′−2|µ′|

= − i
2

lim
γ→0

sin((β − 2|µ|)π/2) sin((γ − (β − 2|µ|))π/2)

sin(γπ/2)
[H+

γ − H−
γ ]

= − i
2

lim
γ→0

sin((β − 2|µ|)π/2) sin((γ − (β − 2|µ|))π/2)

sin(γπ/2)
· lim

γ→0
[H+

γ − H−
γ ],
(48)

where γ = β + β ′ − 2(|µ| + |µ′|).
On the other hand, using (37) and (8), we have

lim
γ→0

[H+
γ − H−

γ ] = $(n/2)

πn/2

[
lim
γ→0

e−γπ i/2 eqπ i/2 (P + i0)(γ−n)/2

$(γ /2)

− lim
γ→0

eγπ i/2 e−qπ i/2 (P − i0)(γ−n)/2

$(γ /2)

]

= $(n/2)

πn/2



 lim
γ→0

e−γπ i/2 eqπ i/2 ·
Res

β=−n/2
(P + i0)β

Res
β=−n/2

$(β + n/2)

− lim
γ→0

eγπ i/2 e−qπ i/2 ·
Res

β=−n/2
(P − i0)β

Res
β=−n/2

$(β + n/2)



 . (49)

Now, taking n as an odd integer, we obtain

Res
λ=−n/2−k

(P ± i0)λ = e±qπ i/2πn/2

22kk!$(n/2 + k)
!

kδ(x), (50)

where !k is defined by (1), p + q = n, and k is non-negative integer; see [21,22]. If both p and q
are even, then

Res
λ=−n/2−k

(P ± i0)λ = e±qπ i/2πn/2

22kk!$(n/2 + k)
!

kδ(x). (51)

Nevertheless, if both p and q are odd, then

Res
λ=−n/2−k

(P ± i0)λ = 0. (52)

Therefore, we have

lim
γ→0

[H+
γ − H−

γ ] = $(n/2)

πn/2
· πn/2

$(n/2)

[
lim
γ→0

e−γπ i/2 − lim
γ→0

eγπ i/2
]

δ(x)

= lim
γ→0

[
−2i sin

(γπ

2

)]
δ(x). (53)

From (49) and (52), we have

lim
γ→0

[H+
γ − H−

γ ] = 0 (54)

if both p and q are odd (n even).
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Integral Transforms and Special Functions 9

By applying (53) and (54) in (48), we have

Aβ−2|µ|,−β+2|µ| = − i
2

lim
γ→0

sin((β − 2|µ|)π/2) sin((γ − (β − 2|µ|))π/2)

sin(γπ/2)

× lim
γ→0

[
−2i sin

(γπ

2

)]
δ(x)

= sin2
(

(β − 2|µ|)π
2

)
δ(x)

= sin2
(

βπ

2

)
δ(x) (55)

if p is odd and q is even, and

Aβ−2|µ|,−β+2|µ| = 0 (56)

if both p and q are odd.
From (44) to (47) and using Lemmas 2.5 and 2.6 and formulae (55) and (56), if p is odd and q

is even, then we obtain

KB
α,β(x) ∗ KB

−α,−β(x) = gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|(R0 + Aβ−2|µ|,−β+2|µ|) ∗ S0

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
δ(x) + sin2

(
βπ

2

)
δ(x)

]
∗ δ(x)

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
1 + sin2

(
βπ

2

)]
δ(x). (57)

If both p and q are odd, then

KB
α,β(x) ∗ KB

−α,−β(x) = gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|(R0 + Aβ−2|µ|,−β+2|µ|) ∗ S0

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|(R0 ∗ S0)

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|K0,0

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|δ(x). (58)

If p is even and q is odd, then

KB
α,β(x) ∗ KB

−α,−β(x)

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|
cos((β − 2|µ|)π/2) cos((−β + 2|µ|)π/2)

cos((β − β − 2|µ| + 2|µ|)π/2)
K0,0

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ| cos2
(

(β − 2|µ|)π
2

)
δ(x)

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ| cos2
(

βπ

2

)
δ(x). (59)
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10 T. Salao and K. Nonlaopon

Finally, if both p and q are even, then

KB
α,β(x) ∗ KB

−α,−β(x)

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|
cos((β − 2|µ|)π/2) cos((−β + 2|µ|)π/2)

cos((β − β − 2|µ| + 2|µ|)π/2)
K0,0

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ| cos2
(

(β − 2|µ|)π
2

)
δ(x)

= gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ| cos2 (βπ/2) δ(x). (60)

4. Main results

Let U(α,β)(f ) be the Bessel diamond Marcel Riesz operator of order (α, β) on the function f ,
which is defined by

U(α,β)(f ) = KB
α,β ∗ f , (61)

where KB
α,β is defined by (15), α, β ∈ C, and f ∈ S.

Recall that our objective is to obtain the operator E(α,β) = [U(α,β)]−1 such that if U(α,β)(f ) = ϕ,
then E(α,β)ϕ = f for all α, β ∈ C.

We are now ready to state our main theorem.

Theorem 4.1 If U(α,β)(f ) = ϕ (where U(α,β)(f ) is defined by (61) and f ∈ S), then E(α,β)ϕ = f
such that

E(α,β) = [U(α,β)]−1

=






1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
1 + sin2

(
βπ

2

)]−1

KB
−α,−β , if p is odd and q is even;

1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

KB
−α,−β , if both p and q are odd;

1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

sec2

(
βπ

2

)
KB

−α,−β , if p is even with
β

2
$= 2s + 1

for any non-negative integer s.

Proof By (61), we have

U(α,β)(f ) = KB
α,β ∗ f = ϕ,
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Integral Transforms and Special Functions 11

where KB
α,β is defined by (15), α, β ∈ C, and f ∈ S. If p is odd and q is even, then, in view of (57),

we obtain

1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
1 + sin2

(
βπ

2

)]−1

KB
−α,−β ∗ (KB

α,β ∗ f )

= 1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
1 + sin2

(
βπ

2

)]−1

(KB
−α,−β ∗ KB

α,β) ∗ f

= 1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
1 + sin2

(
βπ

2

)]−1

×
{

gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
1 + sin2

(
βπ

2

)]
δ(x)

}
∗ f

= δ ∗ f = f .

Hence,

1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

[
1 + sin2

(
βπ

2

)]−1

KB
−α,−β = [U(α,β)]−1 = (KB

α,β)−1 (62)

for all α, β ∈ C.
Similarly, if both p and q are odd, then by (58), we obtain

1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

KB
−α,−β ∗ (KB

α,β ∗ f )

= 1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

(KB
−α,−β ∗ KB

α,β) ∗ f

= 1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|δ(x) ∗ f

= δ ∗ f = f .

Hence,
1

gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|
KB

−α,−β = [U(α,β)]−1 = (KB
α,β)−1 (63)

for all α ∈ C.
Finally, if p is even, then by (59) and (60), we have

1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

sec2
(

βπ

2

)
KB

−α,−β ∗ (KB
α,β ∗ f )

= 1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

sec2
(

βπ

2

)
(KB

−α,−β ∗ KB
α,β) ∗ f

= 1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

sec2
(

βπ

2

)

×
{

gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ| cos2
(

βπ

2

)
δ(x)

}
∗ f

= δ ∗ f = f ,

provided that β/2 %= 2s + 1 for any non-negative integer s.
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12 T. Salao and K. Nonlaopon

Hence,

1
gα,n,|ν|g−α,n,|ν|hβ,p,|µ|h−β,p,|µ|

sec2
(

βπ

2

)
KB

−α,−β = [U(α,β)]−1 = (KB
α,β)−1 (64)

for all α, β ∈ C with β/2 #= 2s + 1 for any non-negative integer s.
In conclusion, formulae (62), (63), and (64) are the desired results, and this completes the proof.
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Abstract 

In this article, we introduce the diamond Klein-Gordon operator 
iterated k times, which is defined by 
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where nqp  �  is the dimension of ,n�  for all � �nxxxx ...,,, 21  

,n��  0tm  and non-negative integers k. Our aim is study the 

fundamental solution of the operator � � ,2 km�¡  to which we will 

refer as the diamond Klein-Gordon kernel. Moreover, we will study 
the convolution of this kernel. 

1. Introduction 

The n-dimensional ultra-hyperbolic operator k  iterated k times is 
defined by 

,2

2

2
2

2

2
1

2

2

2

2
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2
1

2
k
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k

xxxxxx ¸
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w
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w
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w
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w
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w
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""  (1.1) 

where nqp  �  is the dimension of ,n�  and k is a non-negative integer. 

We consider the linear differential equation of the form 

 � � � �,xfxuk    (1.2) 

where � �xu  and � �xf  are generalized functions, and � �nxxxx ...,,, 21  

.n��  

Gelfand and Shilov [1] have first introduced the fundamental solution of 
the operator (1.1), which was initially complicated. Later, Trione [2] has 

shown that the generalized function � �xRH
k2  defined by (2.1) with k2 D  is 

the unique fundamental solution of (1.2) and Tellez [3] has also proved that 

� �xRH
k2  exists only when qpn �  with odd p. 

Kananthai [4] has first introduced the operator k¡  called the diamond 
operator iterated k times, which is defined by 
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where qpn �  is the dimension of ,n�  for all � �nxxxx ...,,, 21  and 

non-negative integers k. The operator k¡  can be expressed as 

 ,kkkkk ' ' ¡    (1.4) 

where k  is defined by (1.1), and 

 
k

n

k

xxx ¸̧
¹

·
¨̈
©

§

w
w��

w
w�

w
w ' 2

2

2
2

2

2
1

2
"  (1.5) 

is the Laplace operator iterated k times. On finding the fundamental solution 

of the operator k¡  in (1.4), Kananthai used the convolution of functions 

which are fundamental solutions of the operators k  and .k'  He found that 

the convolution � � � � � �xRxR H
k

e
k

k
221 
�  is the fundamental solution of the 

operator ,k¡  that is, 

 �� � � � � �� ,1 22 G 
�¡ xRxS kk
kk  (1.6) 

where � �xRH
k2  and � �xRe

k2  are defined by (2.1) and (2.6), respectively 

� �,2with k D  and G is the Dirac delta distribution. The fundamental 

solution � � � � � �xRxR H
k

e
k

k
221 
�  is called the diamond kernel of Marcel Riesz. 

Later in 1998, he has also studied the properties of the distribution G¡D kxe  
and its application for solving the convolution equation 

 � � ¦
 

DD G¡ 
G¡
m

r

r
r

xkx Cexue
0

,  (1.7) 

where rC  is a constant. Recently, Nonlaopon gave some generalizations of 

his paper [5]; see [6] for more details. 

Next, Kananthai [7, 8] has studied the Fourier transform and 
convolutions of the diamond kernel of Marcel Riesz. In [9], he has also 
studied the linear equation 
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 � � � �.xfxuk  ¡  (1.8) 

This equation is a generalization of the ultra-hyperbolic equation, which can 
be applied to the wave equation. It is found that the solution of an equation 

(1.8) is � � � � � � � �,1 2,2 xfxMxu kk
k 
�  where 

 � � � � � �.222,2 xRxRxM H
k

e
kkk 
  (1.9) 

Later, Sritanratana and Kananthai [10] have studied the nonlinear diamond 
operator, which has some applications to the n-dimensional wave equation. 
Tellez and Kananthai [11] have studied the convolution product of the 
distributional families related to this operator. 

In 1988, Trione [12] has studied the fundamental solution of the ultra-
hyperbolic Klein-Gordon operator iterated k times, which is defined by 
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The study has shown that the fundamental solution of the operator 

� �km2�  is given by 

 � � � � � �
� � � � � �¦

f

 
�*

�*� 
0

22
2

2 ,!
1,

r

H
rk

r
r

k xRm
kr

rkmxW  (1.11) 

where � �xRH
rk 22 �  is defined by (2.1) with .22 rk � D  Next, Tellez [13] 

has studied the convolution product of � � � �,,, mxWmxW ED 
  where D and E 

are any complex numbers. In addition, Trione [14] has studied the integral 

representation of the kernel � �mxW ,D  and the fundamental � �Or 0iP -ultra-

hyperbolic solution of the Klein-Gordon operator iterated k times; see [15] 
for more details. Finally, Tariboon and Kananthai [16] have studied the 

fundamental solution or Green function of the operator � � ,2 km��  which is 

defined by 
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for all � � ,...,,, 21
n

nxxxx ��  ,0tm  k is a non-negative integer and 

nqp  �  is the dimension of .n�  In fact, the operator � �km2��  can be 

seen to be related to the ultra-hyperbolic Klein-Gordon operator � �km2�  

and the Helmholrz operator � �.2m�'  

In this article, we introduce the diamond Klein-Gordon operator iterated 
k times, which is defined by 
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 (1.13) 

where nqp  �  is the dimension of ,n�  for all � � ,...,,, 21
n

nxxxx ��  

0tm  and non-negative integers k. Our aim is to study the fundamental 

solution of the operator � � ,2 km�¡  to which we will refer as the diamond 

Klein-Gordon kernel. Moreover, the convolution of this kernel will be also 
studied at the end. 

Before we proceed to our main results, the following definitions and 
concepts require clarifications. 

2. Preliminaries 

Definition 2.1. Let � �nxxxx ...,,, 21  be a point in the n-dimensional 

Euclidean space .n�  Let 

22
2

2
1

22
2

2
1 qpppp xxxxxxu ��� ������� ""  

be the nondegenerated quadratic form associated to x, where .nqp  �  
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Then the interior of forward cone is defined by ^ 0: 1 !� *� xx n�  

`,0and !u  where �*  designated its closure. For any ,��D  we define 

 � �
� �

� �
°̄

°
®

­

*�

*�
D 

�

�

�D

D

,for0

,for
2

x

x
K

u
xR n

n
H  (2.1) 

where 

 � �
� � � �� � � �� � � �

� �� � � �� � .222
212221

D�*�D�*
D*D�*�D�*S D

�

pp
nK

n

n  (2.2) 

The function � �xRH
D  is called the ultra-hyperbolic kernel of Marcel 

Riesz and was first introduced by Nozaki [17]. It is well known that � �xRH
D  

is an ordinary function if � � ;Re ntD  and is a distribution of D otherwise. 

Let � �xRH
Dsupp  denote the support of � �,xRH

D  and suppose that 

� � �D *�xRHsupp  (that is, � �xRH
Dsupp  is compact). Putting 1 p  in 

� �xRH
k2  and taking into account Legendre’s duplication formula 

 � � � � � �,2122 2112 �**S * �� zzz z  (2.3) 

we obtain 

 � �
� �

� � ,
2

D
 

�D

D
n

n
H

H
v

xI  (2.4) 

and ,22
3

2
2

2
1 nxxxxv ���� "  where 

 � � � � � �� � � �.2222 122 D*��D*S D �D� nH n
n  (2.5) 

The function � �xI H
D  is called the hyperbolic kernel of Marcel Riesz. 

Definition 2.2. Let � �nxxxx ...,,, 21  be a point in ,n�  and let  Z  

.22
2

2
1 nxxx ��� "  Then the elliptic kernel of Marcel Riesz is defined by 
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 � �
� �

� � ,
2

D
Z

 
�D

D
n

n
e

W
xR  (2.6) 

where ,��D  and 

 � � � �
� �� � .2

222

D�*
D*S

 D
D

n
W

n

n  (2.7) 

Note that .qpn �  By putting 0 q  � �pn  .,e.i  in (2.1) and (2.2), 

we can reduce � � 2nu �D  to � � ,2p
p
�DZ  where .22

2
2
1 pp xxx ��� Z "  

Moreover, � �DnK  can be reduced to 

� �DpK
� � � �� � � �

� �� � .2
2121

D�*
D*D�*S 

�

p

p
 

Using the Legendre’s duplication formula 

 � � � � � �,2122 2112 �**S * �� zzz z  (2.8) 

and 

 � � � � � �,sec2121 zzz SS �*�*  (2.9) 

we obtain 

 � � � � � �.2sec2
1

DSD D pp WK  (2.10) 

Thus, if ,0 q  then we have 

� �
� �

� � � �
� �

� � � � � �.2cos22cos2
22

xRW
u

K
uxR e

p

p

p

p
H

D

�D�D

D SD 
D

SD 
D

  (2.11) 

In addition, if k2 D  for some non-negative integer k, then 

 � � � � � �.12 22 xRxR e
k

kH
k �  (2.12) 

The proofs of Lemma 2.1 and 2.2 are given in [4] and [8]. 

Lemma 2.1. � �xRe
D  and � �xRH

D  are the tempered distributions. 
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Lemma 2.2 (The convolution of tempered distributions). 

(a) Let � �xRe
D  and � �xRe

E  be elliptic kernels of Marcel Riesz, which are 

defined by (2.6). Then 

 � � � � � �,xRxRxR eee
E�DED  
  (2.13) 

for all complex numbers D, E. 

(b) Let � �xRH
D  and � �xRH

E  be ultra-hyperbolic kernels of Marcel Riesz, 

which are defined by (2.1). Then 

 � � � � � �,xRxRxR HHH
E�DED  
  (2.14) 

for all integers D, E such that D or E is even. 

(c) In particular, if � � � � ,G 
 ED xRxR HH  then � �xRH
D  is the unique 

inverse of � � � � ��xRbydenotedxR HH 1�

EE  in the convolution algebra. 

From Trione [2], � �xRH
k2  is the fundamental solution of the operator ,k  

that is, 

 � � �� .2 G xRH
k

k  (2.15) 

Moreover, we obtain from [1] that � � � �xRe
k

k
21�  is the fundamental solution 

of the operator ,k'  that is, 

 �� � � �� .1 2 G �' xRe
k

kk  (2.16) 

It can be shown (see [2, 11]) that � � G �
kH

k xR  2  and � � � � G'� �
kke

k xR 12  

for any non-negative integer k. 

Before proving our main theorems, we will consider the convolution 

between � � � �xRe
k

k
21�  and � �xRH

k2  (defined by (2.1) with )2k D  for  k  
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....,2,1,0  For the case ,2 nk t  we find that � � � �xRe
k21�  and � �xRH

k2  are 

analytic functions which are the ordinary functions, thus the convolution 

 � � � � � �xRxR H
k

e
k

k
221 
�  (2.17) 

exists. On the other hand, if ,2 nk �  then by Lemma 2.1 � �,2with k D  we 

can see that � � � �xRe
k

k
21�  and � �xRH

k2  are tempered distributions. 

Let K be a compact (i.e., closed and bounded) subset of ,�*  where          

�*  is defined as in Definition 2.1. If we choose � � ,supp 2 KxRH
k   then 

� �xRH
k2supp  is compact. Hence the convolution 

 � � � � � �xRxR H
k

e
k

k
221 
�  (2.18) 

exists, and is a tempered distribution by Lemma 2.1. 

For the proof of the following lemma, see [4] and [11]. 

Lemma 2.3. The convolution � � � � � �xRxR H
k

e
k

k
221 
�  is the fundamental 

solution of the diamond operator iterated k times, that is, 

 �� � � � � �� .1 22 G 
�¡ xRxR H
k

e
k

kk  (2.19) 

It can be shown that � � � � � � G¡� 
 ��
kkH

k
e

k xRxR 122  for any non-

negative integer k. 

Definition 2.3. Let � �nxxxx ...,,, 21  be a point in .n�  The function 

� �mxT ,D  is defined by 

 � � � � � � � � � �¦
f

 
�D�D

�D
D 
�¸

¹
·

¨
©
§ D�

 
0

22
22 ,1

2
,

r

H
r

e
r

rr xRxRm
r

mxT  (2.20) 

where D is a complex parameter and .0tm  Here, � �xRH
r2�D  and � �xRe

r2�D  

are defined by (2.1) and (2.6), respectively. 
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From the definition of � �,, mxTD  by putting ,2k� D  we have 

� � � � � � � �� � � �� �¦
f

 
����

��
� 
�¸

¹
·

¨
©
§ 

0
22

2
2 .1,

r

H
rk

e
rk

rkr
k xRxRm

r
k

mxT  

Since the operator � �km2�¡  defined by (1.13) is linearly continuous and 

has 1-1 mapping, it therefore possesses an inverse. By Lemma 2.3, we obtain 

 � � � � � �¦
f

 

�
� G�¡ G¡¸

¹
·

¨
©
§ 

0

22
2 .,

r

krkr
k mm

r
k

mxT  (2.21) 

Substituting 0 k  in (2.21), we have � � .,0 G mxT  On the other hand, 

letting k2 D  in (2.20) yields 

� � � � � � � � � �xRxRm
k

mxT H
k

e
k

k
k 0202

002
2 1

0
, ��

� 
�¸
¹
·

¨
©
§�  

� � � � � � � �¦
f

 
��

� 
�¸
¹
·

¨
©
§��

1
2222

2 .1
r

H
rk

e
rk

rkr xRxRm
r
k

 (2.22) 

Clearly, the second summand on the right-hand side on (2.22) vanishes when 
.0 m  Hence, we obtain 

� � � � � � � �,10, 222 xRxRxT H
k

e
k

k
k 
�  

which is the fundamental solution of the diamond operator .k¡  

3. Main Results 

Theorem 3.1. Consider the equation 

 � � � � ,2 G �¡ xum k  (3.1) 

where � �km2�¡  is the diamond Klein-Gordon operator iterated k times, 

which is defined by 
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 � � ,2
2

1
2

2
2

1
2

2
2

k
qp

pj j

p

i i

k m
xx

m
»
»
»

¼

º

«
«
«

¬

ª
�¸

¸

¹

·

¨
¨

©

§

w
w�

¸
¸

¹

·

¨
¨

©

§

w
w �¡ ¦¦

�

�  

 (3.2) 

with a non-negative integer k and the Dirac-delta distribution G. Then, we 
obtain 

 � � � � � � � � � �¦
f

 
��

� 
�¸
¹
·

¨
©
§� 

0
2222

2
2 1,

r

H
rk

e
rk

rkr
k xRxRm

r
k

mxT  (3.3) 

as the fundamental solution of the operator � � ,2 km�¡  where � �xRH
k2  and 

� �xRe
k2  are defined by (2.1) and (2.6), respectively. Moreover, we find that 

� � � �mxTxu k ,2  is a tempered distribution. 

Proof. Since the operator � �km2�¡  is linearly continuous and has 1-1 

mapping, it therefore possesses an inverse. Then by Lemma 2.3, we have 

� � � � � � � �� � � �� �¦
f

 
��

� 
�¸
¹
·

¨
©
§� 

0
22

2
2 1,

r

H
rk

e
rk

rkr
k xRxRm

r
k

mxT  

� �¦
f

 

�� G¡¸
¹
·

¨
©
§� 

0

2

r

rkrm
r
k

 

� � .2 G�¡ �km  (3.4) 

Applying the operator � �km2�¡  to both sides of (3.4), we obtain 

� � � � � � � � � � ., 0222
2

2 G G�¡ G�¡�¡ �¡ � mmmmxTm kk
k

k  

Thus, 

� � � � � � � � � �¦
f

 
��

� 
�¸
¹
·

¨
©
§� 

0
2222

2
2 1,

r

H
rk

e
rk

rkr
k xRxRm

r
k

mxT  

is a fundamental solution of the diamond Klein-Gordon operator iterated k 
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times. By Lemma 2.1, � �xRe
rk 22 �  and � �xRH

rk 22 �  are tempered distributions. 

Moreover, it follows from (2.18) and (2.20) that � �mxT k ,2  exists and is also 

a tempered distribution. This completes the proof. 
 

Theorem 3.2. For ,0 kj ��  we have 

 � � � � � �mxTmxTm jkk
j ,, 222

2
� �¡  (3.5) 

and for ,lk d  

 � � � � � � ., 2
2

2 G�¡ �¡ �kl
k

l mmxTm  (3.6) 

Proof. By Theorem 3.1, we readily know that � � � � .,2
2 G �¡ mxTm k

k  

From this, we can see easily that 

� � � � � � ,,2
22 G �¡�¡ � mxTmm k

jjk  

or equivalently, 

� � � � � � ,,2
22 G �¡
G�¡ � mxTmm k

jjk  

for .0 kj ��  Convolving both sides by � �,,22 mxT jk�  we obtain 

� � � � � � � � � � ,,,, 222
2

22
2 G
 �¡
�¡ ��

� mxTmxTmmxTm jkk
j

jk
jk  

or 

� � � � � �,,, 222
2 mxTmxTm jkk

j
� �¡
G  

by Theorem 3.1. It then follows that 

� � � � � �mxTmxTm jkk
j ,, 222

2
� �¡  for kl ��0  

as required. Finally, for ,lk d  we obtain 

� � � � � � � � � �mxTmmmxTm k
kkl

k
l ,, 2

22
2

2 �¡�¡ �¡ �  

� � G�¡ �klm2  

by Theorem 3.1. This completes the proof. 
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Theorem 3.3. Let � �xf  be a generalized function and � �xu  be an 

unknown generalized function. Then the equation 

 � � � � � �,2 xfxum k  �¡  (3.7) 

has the solution 

 � � � � � �,,2 xfmxTxu k 
  (3.8) 

where � �mxT k ,2  is defined by (3.3). 

Proof. Convolving both sides of (3.7) by � �mxT k ,2  and applying 

Theorem 3.1, we obtain (3.8) as required. 
 

Theorem 3.4. The type of solution of linear differential equation 

 � � � � � �¦
 

G�¡ �¡
l

j

j
j

k mcxum
0

22 ,  (3.9) 

where lccc ...,,, 10  are constants, depends on the relationship between the 

values of k and l as follows: 

(1) If kl �  and ,0 l  then the solution of (3.9) is � � � �,,20 mxTcxu k  

which is the fundamental solution of the operator � � .2 km�¡  Moreover, if 

,2 nk t  then this solution is an ordinary function. 

(2) If ,0 kl ��  then the solution of (3.9) is 

� � � �¦
 

� 
l

j
jkj mxTcxu

1
22 ,,  

which is an ordinary function if ;22 njk t�  and is a tempered distribution 

otherwise, for all ....,,2,1 lj   

(3) If kl t  and we suppose Mlk dd  for some constant M, then (3.9) 
has the solution 
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� � � �¦
 

� G�¡ 
M

kj

kj
j mcxu ,2  

which is only a singular distribution. 

Proof. (1) For ,0 l  we have � � � � ,0
2 G �¡ cxum k  and by Theorem 

3.1, we obtain 

� � � �.,20 mxTcxu k  

Now, � � � �xRe
rk

k
221 ��  and � �xRH

rk 22 �  are the analytic functions for 

.22 nrk t�  Furthermore, it follows from (2.17) and (2.20) that � �mxT k ,2  

exists and is an analytic function. Hence, we can conclude that � �mxT k ,2  is 

the ordinary function whenever .22 nrk t�  

(2) Suppose that kl ��0  and j runs from 1, we have 

� � � � � � � � � � .222
2

2
1

2 G�¡��G�¡�G�¡ �¡ l
l

k mcmcmcxum "  

Convolving both sides by � �,,2 mxT k  we obtain 

� � � � � � � � � � � � � �mxTmcmxTmcxumxTm kkk
k ,,, 2

22
22

2
12

2 �¡��¡ 
�¡  

� � � �.,2
2 mxTmc k

l
l �¡��"  

Hence, by Theorem 3.1 and Theorem 3.2, we have 

� � � � � � � �mxTcmxTcmxTcxu lklkk ,,, 22422221 ��� ��� "  

� �¦
 

� 
l

j
jkj mxTc

1
22 .,  

Similarly, as in case (1), � �xu  is an ordinary function if nrjk t�� 222  for 

all ...,,1,0 r  that is, ;22 njk t�  otherwise, � �xu  is a tempered 

distribution. 

(3) Suppose ,Mlk dd  for some constant M and j runs from k. Then 
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we have 

� � � � � � � � � � .212
1

22 G�¡��G�¡�G�¡ �¡ �
�

M
M

k
k

k
k

k mcmcmcxum "  

Convolving both sides by � �,,2 mxT k  we obtain 

� � � � � � � � � �mxTmcxumxTm k
k

kk
k ,, 2

2
2

2 �¡ 
�¡  

� � � �mxTmc k
k

k ,2
12

1
�

� �¡�  

� � � �.,2
2 mxTmc k

M
M �¡��"  

Again, by Theorem 3.1 and Theorem 3.2, it follows that 

� � � � � � � � G�¡��G�¡�G�¡�G �
��

kM
Mkkk mcmcmccxu 222

2
2

1 "  

� �¦
 

� G�¡ 
M

kj

kj
j mc .2  

Since � � G�¡ �kjm2  is a singular distribution, hence so is � �.xu  This 

completes the proof. 
 

Theorem 3.5. Let � �mxT k ,2  be the diamond Klein-Gordon kernel 

defined by (3.3). Then � �mxT k ,2  is a tempered distribution and can be 

expressed by 
� � � � � �,,,, 2222 mxTmxTmxT vvkk 
 �  

where v is a non-negative integer and .kv �  In particular, if we let 
vkl �  and ,vh   then we obtain 

� � � � � �,,,, 2222 mxTmxTmxT hlhl � 
  

for all l, h such that .hlk �  

Proof. It follows from Theorem 3.1 that the function 

� � � � � � � � � �¦
f

 
��

� 
�¸
¹
·

¨
©
§� 

0
2222

2
2 1,

r

H
rk

e
rk

rkr
k xRxRm

r
k

mxT  
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is a tempered distribution. Then for ,kv �  we have 

� � � �mxTmxT vvk ,, 222 
�  

� �
� � � � � � � �

»
»
¼

º

«
«
¬

ª

�¸

¹
·

¨
©
§ ��

 ¦
f

 
����

��

0
222222

2 1
r

H
rvk

e
rvk

rvkr xRxRm
r

vk
 

� � � � � � � �
»
»
¼

º

«
«
¬

ª

�¸

¹
·

¨
©
§�
 ¦

f

 
��

�

0
2222

2 1
s

H
sv

e
sv

svs xRxRm
s
v

 

� � � �
� �

>� � �¦¦
f

 

f

 
��

��� ¸
¹
·

¨
©
§�
¸
¹
·

¨
©
§ ��

� 
0 0

222
2 1

r s

e
rvk

srksr xR
s
v

r
vk

m  

� �� � � � � ��@.2222222 xRxRxR H
sv

e
sv

H
rvk ���� 


  (3.10) 

Combining (3.10) with (2.13) and (2.14), this leads to 

� � � �mxTmxT vvk ,, 222 
�  

� � � �
� �

� � � �¦ ¦
f

 
��

 

� 

»
»
¼

º

«
«
¬

ª
¸
¹
·

¨
©
§

�
�

¸
¹
·

¨
©
§ ��

� 
0

2222
0

2 .1
n

H
nk

e
nk

n

r

nkn xRxR
rn

v
r

vk
m  (3.11) 

Since 

 
� �¦

 

¸
¹
·

¨
©
§� ¸

¹
·

¨
©
§

�
�

¸
¹
·

¨
©
§ ��n

r
n
k

rn
v

r
vk

0

,  (3.12) 

(3.11) becomes 

� � � � � � � � � � � � ��¦
f

 
��

�
� 
¸

¹
·

¨
©
§�� 


0
2222

2
222 ,1,,

n

H
nk

e
nk

nkn
vvk xRxR

n
k

mmxTmxT  

or equivalently, 

� � � � � �,,,, 2222 mxTmxTmxT vvkk 
 �  

which proves the first part. Finally, by letting vkl �  and ,vh   we have 
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� � � � � �xTmxTmxT hlhl 2222 ,, 
 �  

as required. 
 

Theorem 3.6. Let � �mxT k ,2  be the diamond Klein-Gordon kernel 

defined by (3.3). Then � �mxT k ,2  is an element of the space of convolution 

algebra. Moreover, there exists an inverse � �mxT k ,1
2
�
  of � �mxT k ,2  such 

that 

� � � � � � � � .,,,, 2
1

2
1

22 G 
 
 �
�
 mxTmxTmxTmxT kkkk  

Proof. Since � �mxT k ,2  is a tempered distribution by Theorem 3.5, this 

means that the supports of � �xRH
k2  and � �xRe

k2  are compact. Thus, these 

supports are elements of the space of convolution algebra of distribution and 

so is � �.,2 mxT k  By Lemma 2.3(c), there exists a unique inverse � �mxT k ,1
2
�
  

such that 

� � � � � � � � .,,,, 2
1

2
1

22 G 
 
 �
�
 mxTmxTmxTmxT kkkk  

This completes the proof. 
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