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Chapter 1

Executive Summary

The concept of a fuzzy subset was established by L.A. Zadeh (in 1965) and was defined

as a function from a nonempty set X to the real unit interval [0, 1]. Then fuzzification

was applied to many algebraic structures, for example, to groups, to rings, to universal

algebras, etc. The first application was fuzzy groups by Rosenfeld (in 1971) who inspired to

many others. In 1991, V. Murali defined fuzzy subalgebras of a given algebra in the universal

algebra sense, studied the lattice of all fuzzy subalgebras of a given algebra and showed that it

forms a complete lattice. In 2002, T. Kuraoka and N. Y. Suzuki defined the notion of weights

over a given (universal) algebra and showed that the lattice of all weights over an algebra

forms a complete sublattice which is isomorphic to the lattice of all fuzzy subalgebras of the

algebra. It was natural to apply fuzzification to classes of algebras, particularly in varieties.

In this report, we define a notion of a fuzzy subvariety of a given variety in Universal algebra.

In an analogous way of studying fuzzy subalgebras, we investigate the lattice of all fuzzy

subvarieties of a given variety and prove that the lattice of all subvarieties of the variety can

be embedded as a complete lattice into the lattice of all fuzzy subvarieties of the variety. We

also define the notion of weights over a given variety and find that the lattice of all weights

over the variety and the lattice of all fuzzy subvarieties of the variety are isomorphic as

complete lattices. Moreover, we define the concept of a fuzzy M -solid subvariety of a given

M -solid variety and show that the lattice of all fuzzy M -solid subvarieties is a complete

sublattice of the lattice of all fuzzy subvarieties of the same M -solid variety.
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Chapter 2

Main Results

We submitted a paper in the journal ”Computers and Mathematics with Applications”

(see Appendix A1). Let us summarize all results of this research in the following sections.

2.1 Lattices of Fuzzy subvarieties

A class V of algebras of type τ is called a variety if it is closed under taking of homo-

morphic images (H), subalgebras (S) and direct products (P). Let K ⊆ Alg(τ). We denote

by H(K) the class of all homomorphic images of algebras in K, by S(K) the class of all

subalgebras of algebras in K and by P(K) the class of all direct products of algebras in K.

For a given variety of a same type τ we define the notion of fuzzy subvarieties as following:

A mapping µ : V → [0, 1] is called a fuzzy subvariety of V if the following properties are

satisfied:

(i) ∀B ∈ V ∀A ∈ H(B), µ(A) ≥ µ(B),

(ii) ∀B ∈ V ∀A ∈ S(B), µ(A) ≥ µ(B) and

(iii) µ(
∏
j∈J

Aj) ≥ inf{µ(Aj) | j ∈ J}.

We denote by FS(V ) the set of all fuzzy subvarieties of V . Then we have the following

results:

• The lattice of all fuzzy subvarieties of V denoted by FS(V ) := (FS(V );∧,∨) forms a

complete lattice which has the least and the greatest elements, say 0,1, respectively

where 0(A) = 0,1(A) = 1 for all A ∈ V .

• The lattice L(V ) of all subvarieties of V can be embedded into the lattice FS(V ) as

complete lattices.
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2.2 Fuzzy subvarieties and weights

Let K be a subclass of a given variety V of type τ . We denote by 〈K〉var the subvariety

of V generated by K. We define weights in the analogous way of weights over V as following.

Let V be a variety of type τ and Sub(V ) be the class of all subvarieties of V . A mapping

w : Sub(V ) → [0, 1] is called a weight over V if for any family {Ki | i ∈ I} of Sub(V ),

w(
∨
i∈I

Ki) = inf
i∈I

w(Ki).

We denote by W (V ) the set of all weights over V . Then we have the following results:

• The lattices (FS(V ),≤) and (W (V ),≤) are isomorphic as complete lattices.

2.3 Fuzzy M - solid subvarieties

In this section we assume that V is an M -solid variety of type τ and then we give the

notion of fuzzy M -solid subvarieties. First of all we start with the concept of hypersubsti-

tutions introduced by K. Denecke, D. Lau, R. Pöschel and D. Schweigert in 1991.

A mapping σ : {fi|i ∈ I} → Wτ (X) which takes each ni-ary operation symbol to an

ni-ary term is called a hypersubstitution of type τ . Each hypersubstitution σ induces a map

σ̂ on the set of all terms which is defined by

(i) σ̂[x] := x if x ∈ X is a variable,

(ii) σ̂[fi(t1, . . . , tni
)] := σ(fi)(σ̂[t1], . . . , σ̂[tni

]) for composite terms

fi(t1, . . . , tni
).

On the set Hyp(τ) of all hypersubstitutions of type τ , we define a binary operation

◦h : Hyp(τ) × Hyp(τ) → Hyp(τ) by σ1 ◦h σ2 = σ̂1 ◦ σ2 where ◦ is the usual composition

of functions. Then together with the identity element σid, mapping each fi to the term

fi(x1, . . . , xni
), we obtain a monoid (Hyp(τ); ◦h, σid).

Let A = (A, (fA
i )i∈I) be an algebra of type τ and σ ∈ Hyp(τ). The algebra A :=

(A, (σ(fi)
A)i∈I)) is called derived algebra determined by A and σ.

For the class K ⊆ Alg(τ) and for a submonoid M ⊆ Hyp(τ) we define

χA
M [K] := {σ(A) | σ ∈ M and A ∈ K}.

A variety V of type τ is called M-solid if χA
M [V ] = V . Now we give the notion of M -solid

subvariety of a given M -solid variety.
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Let M be a submonoid of Hyp(τ) and let V be an M -solid variety of type τ . A fuzzy

subset µ of V is called a fuzzy M-solid subvariety if

(1) µ is a fuzzy subvariety of V , and

(2) ∀σ ∈ M ∀A ∈ V (µ(σ(A)) ≥ µ(A)).

We denote by FMS(V ) the set of all fuzzy M -solid subvarieties of V . Then we have the

following results:

• The lattice FMS(V ) := (FMS(V ),∧,∨) of all fuzzy M -solid subvarieties of V is a

complete lattice.

• The lattice FMS(V ) := ( FMS(V ),∧,∨) of all fuzzy M -solid subvarieties of V is a

complete sublattice of FS(V ) := (FS(V ),∧,∨) of all fuzzy subvarieties of V .

• For any two submonoids M1 and M2 of the monoid Hyp(τ) with M1 ⊆ M2 and M1, M2

solid variety V , the lattice FM2S(V ) is a complete sublattice of the lattice FM1S(V ).
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Appendix

A1 Bundit Pibaljommee, Fuzzy Subvarieties in Universal Algebra, Computers and

Mathematics with Applications, sumitted June 2010 (impact factor(2010): 1.192)
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