sﬁﬂaﬂufa%’ﬂaﬁuauym‘i

TAsaMSs : M lsndasinsialniivasinng ld

Fuzzy Subvarieties in Universal Algebra

o ¥ ) a o 6 1 1
(‘Y!%WGN‘H:’] Ffin ﬂmw‘l%mimmwm HYIRN i’)’]"il’ﬁﬂ?l%‘l%&l)

lag

AT.UWNA NUIRIDNH
NMAIBIAMAANANT ANZINYIFAIENS
NHIINYIRYVDBLLNW

16 A9K1AN 2553



Al MRG5180303

(W 6

N El\‘l']%%{fﬂ%ﬂﬂﬂadyim

TATINS : N lsidasdnsialuiivasinng ld

Fuzzy Subvarieties in Universal Algebra

o ¥ o a o 6 1 ]
(“(!%WGN%’] Ffn Elﬂ’lwsl%ﬂ'liﬂ'l\‘]’l%'.)'i) HyI RN El']ﬁl’liil?%i‘lﬁ&)

WInIlasen13NETUNK :  a%.Uhe Auiavaad
NMAITIARAAIFENS A INIAIFEAT
NHENINYIA VDL

wn3dedlinm : aaasansdaiieem Sandsnasy

NAITIAMAFIFENT AMLINLNAIFAS
NI INgagdadins
nag
Prof. Dr. Klaus Denecke

Institut fur Mathematik

Universitat Potsdam, Germany

ﬁﬁuﬁ%ufﬂsl6‘{’11Inc'm¢1mznssumsm‘sqmwﬁnm
LAZEIBNINWA am%aﬁua‘vg%mﬁ{f g

< ¥ @ 1o & &
ﬂ']'l&lLﬁ%sl%i'lﬂﬂ'l%ﬁtﬂ%?.laﬁm%ﬂ dna. taz dn. leﬁ]'lLﬂ%gfa\‘inﬁ%ﬁ?ﬂlﬁNalﬂ
u



Aaanssudszsaea

HIYUBVDUNIZAD
AINNUANZATINMINTRANANY (@n0.) was dinNUARINUATIAYUMITIVY (dA7.)

nldllemai v ldasunuiaindnsmnlumanauissvesensdgului lumanhauise
AUANATIIL
¢ %4 a L 4‘ =2 YV
ManNIenIITI $Ausziaig way Prof. Dr. Klaus Denecke 1in33813nenlvny
Tasamstialeuusin uazlianudeng 9 aufdsvaansarinuitvuazauanld
AR AU (referee) ¥DINTANTITIANIANG 9 NAlFALUZIN aapamalsulsadualiy

vosunanudsldiiefnuwlunsasiu q
AaN13Y waziihmthiirhsativayy madnadiaemans anIngmans NnIngrdovauuny

PUNIENIgmaslulasamIeluasail

A3.0uNn AU1aIDNN

%4 £

WININIATINITIVY

il



SHALATINT: MRG5180303
F1ATINTT: Nlsageeinyislunsadianily

H
~

¥91NIVY: A5.0uNA AUIAIDNA
MAINAANMANS AazInemans
UMINYIAYVDULAU

Forlndduifsnemn:  mannnsdaiissa Saulsasy
MAINAAAFNENT AINGENT
uimMneasdathng was
Prof. Dr. Klaus Denecke
Institut fur Mathematik
Universitat Potsdam, Germany

E-mail Address: banpib@kku.ac.th (ﬁﬂl“‘ﬁﬂ ﬁ“lﬂ’dﬁ]allﬁ)
ratach@su.ac.th (237370 TaulTz1a3y)
kdenecke@rz.uni-potsdam.de (Klaus Denecke)

32920a1AIMI: WOMAAN 2551-LUM18U 2553

v
v A

UNAAYo: GL‘L!'ﬂfNTU'Jﬁ]fJu Lﬂ"lﬂlﬁﬂll'ﬂuli@]fJE]fJ'Jﬂ‘]f‘LlfJGlJEN'N\l‘iﬂ V Vlﬂﬁ’mﬂ‘lﬁ LLﬁu"Lﬂ
LLﬁﬂ\TﬂLLﬁGlVI%SUEN'JﬂiG]fJE)t’J“VN“I’mWUEN V L‘ﬂl!LLﬁ(ﬂ“V]‘BEJ@EJLL‘]J‘]Jﬁ?lJ‘]Ji‘EWIIE]\‘ILLﬁGlVISUEUEN’Jﬂi@]

doginuiueanlss v i@ emihwinvesamndnvesnlsd v uadlduansiuaniisves
ihwihveenlsAnanuaves v aNdug U (isomorphic) Fuuaaiivvesnlsndesifsilousan
158 v antiiud v du Mwdanlss l8few vAwdalsAdesitvivves vV wazle
fignihuanfivves M-lsdanlsigesifuivves v (Hunanfivdosuvuanysalvesuaniiy
voanlsadesisyioveanlsn v

mnan: Nlsa (Varieties), NlshgosIneily (Fuzzy subvarieties), M Ixdan’lsa (M-solid
varieties), M Isdaanlsagesinwile (Fuzzy M-solid subvarieties)

v



Project Code: MRG5180303
Project Title: Fuzzy Subvarieties in Universal Algebra
Investigator: Dr.Bundit Pibaljommee
Department of Mathematics, Faculty of Science
Khon Kaen University, Thailand
Mentor: Professor Doctor Chawewan Ratanaprasert
Department of Mathematics, Faculty of Science
Silapakorn University, Thailand
Professor Doctor Klaus Denecke
Institut fir Mathematik
Universitat Potsdam, Germany
E-mail Address: banpib@kku.ac.th (Bundit Pibaljommee)
ratach@su.ac.th (Chawewan Ratanaprasert)
kdenecke@rz.uni-potsdam.de (Klaus Denecke)
Project Period: May 2008—April 2010

Abstract: We define the concept of fuzzy subvarieties of a variety V' and show that the
lattice of all subvarieties of V' can be embedded into the lattice of all fuzzy subvarieties of V.
We consider the weights over a variety V' and show that the lattice of all weights over V' and
the lattice of all fuzzy subvarieties of V' are isomorphic. Moreover, we define the concept of
fuzzy M-solid subvarieties of a given M-solid variety and show that the lattice of all fuzzy
M-solid subvarieties is a complete sublattice of the lattice of all fuzzy subvarieties of the

same M-solid variety.

Keywords: Varieties, Fuzzy subvarieties, M-solid varieties, Fuzzy M-solid subvarieties



Contents

AnAnssuilszaea iii
UNANED iv
Abstract v
1 Executive Summary 1
2 Main Results 2
2.1 Lattices of Fuzzy subvarieties . . . . . .. .. .. ... ... L. 2
2.2 Fuzzy subvarieties and weights . . . . . . . .. ... oo 3
2.3 Fuzzy M - solid subvarieties . . . . . . .. ... oo 3
Appendix 5

vi



Chapter 1
Executive Summary

The concept of a fuzzy subset was established by L.A. Zadeh (in 1965) and was defined
as a function from a nonempty set X to the real unit interval [0,1]. Then fuzzification
was applied to many algebraic structures, for example, to groups, to rings, to universal
algebras, etc. The first application was fuzzy groups by Rosenfeld (in 1971) who inspired to
many others. In 1991, V. Murali defined fuzzy subalgebras of a given algebra in the universal
algebra sense, studied the lattice of all fuzzy subalgebras of a given algebra and showed that it
forms a complete lattice. In 2002, T. Kuraoka and N. Y. Suzuki defined the notion of weights
over a given (universal) algebra and showed that the lattice of all weights over an algebra
forms a complete sublattice which is isomorphic to the lattice of all fuzzy subalgebras of the
algebra. It was natural to apply fuzzification to classes of algebras, particularly in varieties.
In this report, we define a notion of a fuzzy subvariety of a given variety in Universal algebra.
In an analogous way of studying fuzzy subalgebras, we investigate the lattice of all fuzzy
subvarieties of a given variety and prove that the lattice of all subvarieties of the variety can
be embedded as a complete lattice into the lattice of all fuzzy subvarieties of the variety. We
also define the notion of weights over a given variety and find that the lattice of all weights
over the variety and the lattice of all fuzzy subvarieties of the variety are isomorphic as
complete lattices. Moreover, we define the concept of a fuzzy M-solid subvariety of a given
M-solid variety and show that the lattice of all fuzzy M-solid subvarieties is a complete

sublattice of the lattice of all fuzzy subvarieties of the same M-solid variety.



Chapter 2

Main Results

We submitted a paper in the journal ”Computers and Mathematics with Applications”

(see Appendix Al). Let us summarize all results of this research in the following sections.

2.1 Lattices of Fuzzy subvarieties

A class V of algebras of type 7 is called a wvariety if it is closed under taking of homo-
morphic images (H), subalgebras (S) and direct products (P). Let K C Alg(7). We denote
by H(K) the class of all homomorphic images of algebras in K, by S(K) the class of all
subalgebras of algebras in K and by P(K) the class of all direct products of algebras in K.
For a given variety of a same type 7 we define the notion of fuzzy subvarieties as following:

A mapping p: V — [0, 1] is called a fuzzy subvariety of V' if the following properties are
satisfied:

(i) VBe V VA € H(B), u(A) > u(B),
(ii) VB eV VA € S(B), u(A) > u(B) and

(ii) M(HIAJ) > inf{u(Aj) | j € J}
je
We denote by FS(V) the set of all fuzzy subvarieties of V. Then we have the following

results:

e The lattice of all fuzzy subvarieties of V' denoted by FS(V) := (FS(V); A, V) forms a
complete lattice which has the least and the greatest elements, say 0,1, respectively
where 0(A) =0,1(A) =1forall Ae V.

e The lattice £L(V') of all subvarieties of V' can be embedded into the lattice FS(V') as

complete lattices.



2.2 Fuzzy subvarieties and weights

Let K be a subclass of a given variety V' of type 7. We denote by (K ), the subvariety
of V' generated by K. We define weights in the analogous way of weights over V' as following.

Let V' be a variety of type 7 and Sub(V') be the class of all subvarieties of V. A mapping
w: Sub(V) — [0,1] is called a weight over V if for any family {K; | i € I} of Sub(V),

\/K mfw i)

el

We denote by W (V') the set of all weights over V. Then we have the following results:

e The lattices (FS(V), <) and (W (V), <) are isomorphic as complete lattices.

2.3 Fuzzy M - solid subvarieties

In this section we assume that V' is an M-solid variety of type 7 and then we give the
notion of fuzzy M-solid subvarieties. First of all we start with the concept of hypersubsti-
tutions introduced by K. Denecke, D. Lau, R. Poschel and D. Schweigert in 1991.

A mapping o : {fi|i € I} — W.(X) which takes each n;-ary operation symbol to an
n;-ary term is called a hypersubstitution of type 7. Each hypersubstitution ¢ induces a map

o on the set of all terms which is defined by
(i) o[z] ==z if x € X is a variable,

(ii) olfi(tr,... . tn,)] :==0(fi)(O[t1],...,[tn,]) for composite terms
fl(tlv s m)

On the set Hyp(T) of all hypersubstitutions of type 7, we define a binary operation
op : Hyp(t) x Hyp(T) — Hyp(T) by 01 0 09 = 61 0 09 where o is the usual composition
of functions. Then together with the identity element o;;, mapping each f; to the term
fi(z1,...,xy,,), we obtain a monoid (Hyp(7); on, 0ia).

Let A = (A4, (f)ier) be an algebra of type 7 and ¢ € Hyp(r). The algebra A :=

(A, (o(fi)M)ier)) is called derived algebra determined by A and o.
For the class K C Alg(7) and for a submonoid M C Hyp(t) we define

4K :={0(A)|oc € Mand Ac K}.

A variety V of type 7 is called M-solid if x4;[V] = V. Now we give the notion of M-solid

subvariety of a given M-solid variety.



Let M be a submonoid of Hyp(7) and let V' be an M-solid variety of type 7. A fuzzy
subset p of V' is called a fuzzy M-solid subvariety if

(1) wis a fuzzy subvariety of V', and
(2) Vo e MVA €V (u(o(A)) > u(A)).

We denote by FMS(V) the set of all fuzzy M-solid subvarieties of V. Then we have the

following results:

o The lattice FMS(V) := (FMS(V), A, V) of all fuzzy M-solid subvarieties of V is a

complete lattice.

e The lattice FMS(V) := ( FMS(V), A, V) of all fuzzy M-solid subvarieties of V' is a
complete sublattice of FS(V) := (FS(V), A, V) of all fuzzy subvarieties of V.

e For any two submonoids M; and M of the monoid Hyp(7) with M; C My and M, M
solid variety V', the lattice FMoS(V) is a complete sublattice of the lattice FAM;S(V).
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1. Introduction

The concept of a fuzzy subset was established by L.A. Zadeh ([1]) and was
defined as a function from a nonempty set X to the real unit interval [0, 1].
Then fuzzification was applied to many algebraic structures, for example,
to groups, to rings, to universal algebras, etc. The first application was
fuzzy groups by Rosenfeld ([2]) who inspired to many others. In (3], V.
Murali defined fuzzy subalgebras of a given algebra in the universal algebra
sense, studied the lattice of all fuzzy subalgebras of a given algebra and
showed that it forms a complete lattice. In [4], T. Kuraoka and N. Y. Suzuki
defined the notion of weights over a given (universal) algebra and showed
that the lattice of all weights over an algebra forms a complete sublattice
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which is isomorphic to the lattice of all fuzzy subalgebras of the algebra.
It was natural to apply fuzzification to classes of algebras. Mordeson ([5])
introduced first the concept of fumzy algebraic varieties in ring theory. In
6], B. Seselja defined the notion of a P-fuzzy subvariety of a given variety,
where P is a partially ordered set. For our purpose, we applied the concept of
P-fuzzy subvariety to define a notion of a fuzzy subvariety of a given variety
in Universal algebra. In an analogous way of studying fuzzy subalgebras,
we investigate the lattice of all fuzzy subvarieties of a given variety and
prove that the lattice of all subvarieties of the variety can be embedded as a
complete lattice into the lattice of all fuzzy subvarieties of the variety. We
also define the notion of weights over a given variety and find that the lattice
of all weights over the variety and the lattice of all fuzzy subvarieties of the
variety are isomorphic as complete lattices. Moreover, we define the concept
of a fuzzy M-solid subvariety of a given M-solid variety and show that the
lattice of all fuzzy M-solid subvarieties is a complete sublattice of the lattice
of all fuzzy subvarieties of the same M-solid variety.

2. Preliminaries

Let 7 = (m;)icr be a type of algebras with operation symbols (f;)ier
where f; is an n;-ary operation. An algebra of type T is an ordered pair
A = (A; (fA)ier), where A is a non-empty set and (f#);cs is a sequence
of operations on A indexed by a non-empty index set I such that to each
n;—ary operation symbol f; there is a corresponding n;— ary operation f
on A. The set A is called the universe of A and the sequence ( f{“)ie 1 is called
the sequence of fundamental operations of A. We often write A instead of
A = (A;(fA)ier). We denote by Alg(t) the class of all algebras of type
7. A class V of algebras of type 7 is called a wariety if it is closed under
taking of homomorphic images (H), subalgebras (S) and direct products
(P). Let K C Alg(r). We denote by H(K) the class of all homomorphic
images of algebras in K, by S(K) the class of all subalgebras of algebras in
K and by P(K) the class of all direct products of algebras in K. Instead of
H({A}),S({A}) and P({A}), we write H(A), S(A) and P(A), respectively
for every algebra A in Alg(r). Clearly, Alg(7) and the class of all one-element
algebras T(r) are varieties which are called trivial varieties.

Let X, := {z1,...,Z} be a finite sct of variables, W, (X,)? be the

set of all n-ary terms of type 7, and let W, (X) := | W.(X.), X =
n=1



{21,...,%n,...; be the set of all terms of type 7. Then we denote by
F+(X) the absolutely free algebra; F,(X) := (W-.,(Xn);( fi)ier) with f; :
(t17'-~7tni)Hfi(tlv"')tni)- i

Let 7 be a type. An equation of type T is a pair (s,t) from W.(X); such
pairs are commonly written as s = t.

An equation s =~ t is an identity of an algebra A, denoted by A = s =t
if s* = tA, where s and #* are the term operations induced by terms s and
ton A

A class K of algebras satisfics an equation s = ¢, denoted by K E s = t,
ifforevery A€ K, A=s=t.

Let ¥ be a set of equations of type 7. A class K of algebras of type 7 is
said to satisfy ¥, denoted by K =X, if K = s~ t for every s =t € X.

Clearly, == {(A,s = t) | A € Alg(7),s = t € W,(X)?} C Alg(r) x
W,(X)? is a relation between the class Alg(7) and the set W, (X)?. Therefore,
the relation }= gives a Galois connection (Mod, Id) between the class Alg(t)
and the set W, (X)? defined by

1K = {s~te WX | Kk s~t),
ModY = {Ae€ Alg(r) | AE=X}

By the properties of Galois connections, we obtain

Theorem 1. Let K, Ky, Ky C Alg(T) and £, %1, % € W, (X)?. Then

() K C ModldK and © C IdModS;
(11) K1 g_ K2 = Ing g IdKl and 21 Q 22 = MOdzz (_: Mole;
(iil) ModId and IdMod are closure operators on Alg(t) and W,(X)?, re-
spectively;
(iv) the closed sets under IdMod are ezactly the sets of the form IdK,
K € Alg(r), and the closed sets under ModId are ezactly the sets of
the form ModE, ¥ C W, (X)2.

A class K of algebras of type 7 is called an equational class if there is a
set $ € W, (X)? such that K = ModX.

A class ¥ of equations of type 7 is called an equational theory if there is
a class K of algebras of type T such that ¥ = IdK.

Let Y be a non-empty set of variables, and K be a class of algebras of
type 7. The algebra F(Y) :== F,(Y)/IdK is called the K-free algebra over
Y or the free algebra with respect to K generated by Y/IdK.

3



Theorem 2. ([7]) Let K C Alg(7). Then the following conditions are equiv-
alent:

(i) K is a variety of type 7;

(ii) K is an equational class, i.e. K = ModX for some ¥ C W, (X)?;

(iii) K =HSP{Fk(X,) |n€N*}) = HSP({Fx(X)}).

Note that Alg(r) = Mod{z =~ =} and 7 (1) = {z = y}. Let V be a variety of
type 7. We denote by Sub(V) the class of all subvarieties of V. It is known
(8]) that the lattice L(V) := (Sub(V); A, V) is a complete lattice, where

N{Wi € Sub(V) [ie I} = (\W: and

\/{WieSub(V)liel} = ([{Wesu(V)|W2[Jw}
i€l
= ModId({_W:)

el

for every family {W; | i € J} of subvarieties of V.

3. Fuzzy subvarieties

In this section, we define fuzzy subvarieties of a given variety V by ex-
tending the concept of P-fuzzy subvariety introduced by B. Seselja in 1998
and prove that the lattice of subvarieties of V is embedded into the lattice of
all fuzzy subvarieties of V. Before we define the concept of fuzzy subvariety,
we want to mention the concept of I’-fuzzy subvariety.

Definition 3. ([6]) Let (P;<) be a poset and V' be a variety. A mapping
gV — P is called poset valued set (P-fuzzy set) of V and the poset valued
p is called a P-fuzzy subvariety of V if for all A, B € V such that

B is a subalgebra of A, or

B is a homomorphic image of A, or

B = A?
then p(B) > p(A).

Now we consider for (P; <) the real interval [0, 1] with the usual order

of the reals. Then we define the concept of fuzzy subvariety in the following
way.



Definition 4. Let V be a variety of type 7. A mapping p = V — [0,1] is
called a fuzzy subvariety of V' if the following propertics are satisfied:
(i) VB € V VA € H(B), u(A) = (B),
(ii) VB € V VA € S(B), u(A) > p(B) and
(1) u(HJAj) > inf{u(A;) | j € J}.
je

We denote by FS(V') the set of all fuzzy subvarieties of V. By the definition
above, we note that if A, B € V such that A is isomorphic to B, then u(A) =

p(B)-
Since every one element algebra of type 7 is contained in every variety of
type 7 and by Theorem 2, we-have the following remark.

Remark 1. Let V be a variety of type 7 and p a fuzzy subvariety of V.
Then the following conditions hold.

(i) Every one-element algebra in V has the same image with respect to u
and it is the greatest value, i.e. if A € V with lAl = 1 then p(A) > u(B)
forall Be V. ;

(i) p(Fv(X)) < p(A)foral Ac V.

Proor. (i) Let A be a one element algebra in V. Then A € H(B) for all
BeV. We get u(A) > u(B). Let A and B be one element algebras
in V. Then A € H(B) and B € H(A). This implies u(A) > u(B) and
#(B) > p(A). Hence, u(A) = u(B).

(ii) By Theorem 2, V = HSP(F(X)) and then we have :

A€V =HSP(Fy(X)) = AcH(B), for some B € SP(Fy(X))
= u(A) = u(B)
BeSP(F/(X)) = 3CeP(Fy/(X))and B eS(C)
= wB) = pu(C)
= w(B) = p(Fv(X)).

Therefore, p(A) > u(Fy(X)).

Definition 5. Let u be a fuzzy subset of V and t € [0,1]. The set p; :=
{A €V | u(A) >t} is called a level subset of V.

The next proposition is equivalent to the definition of a fuzzy subvariety.

5



Proposition 6. Let V be a variety of type 7, p: V — [0,1] a fuzzy subset
of V and t € [0,1]. Then p is a fuzzy subvariety of V iff for all t € [0,1] the
level subset p1; # 0 is a subvariety of V. o

PROOF. (=) : Assume that p is a fuzzy subvariety of V and ¢ € [0,1]. We
want to show that u; = {A € V | u(A) > t} is a subvariety of V.
(1) Let A € H(u,). We have:

B € p, A € H(B)
p(A) > w(B) > t
A S M-

A € H(u)

4 44

(2) Let A € S(p:). We have

Ae€S(u:) = IBE w, A S(B)
= p(A) 2 u(B) >t

(3) Let {A; | 7 € J} be a family of algebras in y;. We have p(A4;) > ¢,
for all j € J. Then p(]] A;) > inf{u(4;) | j € J} > t. Therefore,
JET
IT Aj € P().
jeJ
(<) : Let p be a fuzzy subset of V. Assume that for every ¢ € [0,1], i is a
subvariety of V. We have to show that u is a fuzzy subvariety of V.

(1) Let A, B € V such that A € H(B). We have to show that u(4) > u(B).
We choose ¢t = p(B). Then B € p;. Since pu; is a subvariety of V and
A € H(B), we have A € p,;. This implies u(A) > ¢t = u(B).

(2) Let A, B € V such that A € S(B). We have to show that u(A4) > u(B).
We choose ¢ = u(B). Then B € y;. Since p; is a subvariety of V' and
A € S(B), we have A € p;. This implies u(A) >t = u(B).

(3) Let {A; | j € J} be a family of algebras in V. We have to show that
p(JT A;) > inf{u(A4;) | j € J}. We choose t = inf{u(A;) | j € J}.

jeJ

Then p(A;) > t. It turns out A; € p,,Vj € J. Since p; is a subvariety
of V, TT 4; € pe. Thus u([] A;) >¢. That is p(]] A;) > inf{u(A;) |
i€J jeJ jET

jeJ}



Let V be a variety and W C V. A function pw : V — [0, 1] defined by

(1L, i Aew;
pw(A) = {0, if AeV\W

for all A € V is called a characteristic function.

Proposition 7. Let W be a subclass of a variety V. Then the characteristic
function pw s a fuzzy subvariety of V iff W is a subvariety of V.

PROOF. (=) : Assume that pw is a fuzzy subvariety of V.

(1) Let A € H(W). There exists an algebra B € W such that A € H(B).
Then pw (A) > pw(B) = 1. This implies uw(A) = 1. Hence, A € W.
(2) For A € S(W), we can prove in the same way that A belongs to W .
(3) Let {A4; | 7 € J} be a family of algebras in W. By assumption,
#(H AJ) > inf{uW(.Aj) l .Aj € W} = 1. Thus H .Aj ew.
jeJ jeJ
These show that W is a subvariety of V.
(«=): Assume that W is a subvariety of V and A€ V. =

(1) Let Be V and A € H(B). We want to show that pw(A) > pw(B).
Case 1 : If Be W, then A€ W. So, we have puw(A) =1> uw(B).
Case 2 : If Be V\ W, then uw(B) = 0. It follows uw(A) > uw(B).

(2) pw(A) > pw(B) for all B € V with A € S(B), can be shown in the
same way.

(3) Let {A; | j € J} be a family of algebras in V.
Case 1 : Ifforall j € J, A; € W, then [[ 4; € W. Thus uw([] 4;) =
jed j€J
1> inf{uw(45) | € J}
Case 2 : If there exists j € J, A; € V\ W, then inf{uw(4;) | A; € V} =
0. Thus, uw(I] A;) > inf{uw(A4;) | A; € V}.
jeJ

At the end of this section, we present another example of fuzzy subvariety of
a given variety.

Example 8. Consider the variety of semigroups SEM = Mod{z(yz) =~
(zy)z}. We have that the varieties

B = Mod{z(yz) ~ (zy)z,2* ~ z} of band semigroups and,
RB = Mod{z(yz) =~ (zy)z,2° ~ z,zyz ~ z2} of rectangular bands and
T = {A€SEM||A| =1} of the trivial variety
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are subvarieties of the variety SEM. We define the mapping p - SEM —

1, if AeTy

06, if A€RB\T;
0.5, if A€ B\RDB;
0, otherwise,

p(A) =

for every A € SEM.
Then p is a fuzzy subvariety of SEM, since every level subset of SEM is a
subvariety of SEM.

4. The lattice of fuzzy subvarieties

Let V be a variety of type 7 and p, v € FS(V). We define the order on
FS(V) by u < v & p C v means p(A) < v(A) for all A € V. We repeat
the meaning of unions and intersections of fuzzy subsets of V. Let p and v
be fuzzy subsets of V. We define

(uNv)(A) = min{u(A4),v(A)}
(nUV)(A) = max{u(A), v(A)}.

For arbitrary intersections and unions, we define

(ﬂ pi)(A) = inf{ulA)|i€ T}
(Jm)(A) = sup{u(A)|iel}

iel

for a family {u; | i € I} of fuzzy subsets of V. Then the following Lemma is
easy to verify.

Lemma 9. Let {u; | i € I} be a family of fuzzy subvarieties of V. Then
M pi is a fuzzy subvariety of V.

iel

In general, the union of fuzzy subvarieties need not to be a fuzzy subvariety
as the following example shows.



Example 10. Consider the variety of sengmups SEM = Mod{z(yz) =
(zy)z}. We have that the varieties

B = Mod{z(yz) =~ (zy)z,2* =~ z} of ba,nd- semigroups and,
C = Mod{z(yz) = (zy)z,zy ~ yzx} of rectangular bands and ,
T = {A€SEM||A]| =1} of one-element semigroups

are subvarieties of the variety SEM. We define a fuzzy subvariety v :
SEM — [0,1] by

1, i AeT;
v(A) = 0.7, f AeB\T;

0, otherwise,
for every A € SEM and define a fuzzy subvariety p: SEM — [0,1] by

1, if AeT,;
u(A) = 06, f AeC\T;

0, otherwise,

&

for every A€ SEM.
Then we have

1, if AeT,;
0.7, if AeB\T;
06, if AeC\B,
0, otherwise.

wUp)(A) =

Then (v U p)oe = C U B which is not a subvariety of SEM. By Proposition
6, we obtain that v U p is not a fuzzy subvariety of SEM.

For a fuzzy subset u of V, we define the fuzzy subvariety generated by u
by

(mrp:=0{vr e FS(V) | n C v}.

Now, we want to describe the construction of the fuzzy subvariety of V
generated by a fuzzy subset of V.

Lemma 11. Let V be a variety of type T and p be a fuzzy subset of V.
Define a mapping v : V — [0,1] by

v(A) :=sup{t € 0,1} | A € HSP(i;)}
Jor every A€ V. Then v = (u)r.



PROOF. Let A€V and let T, = {t €[0,1] | A € HSP(1)}.

First, we prove that v is a fuzzy subvariety of V. It is sufficient to
prove that for all ¢ € Im(v), v; is a subvariety of V. Let ¢t € Im(v) and
ta = t—2,n € N\ {0}. Let A € 1. Then v(A) > ¢, so v(A4) > t,
for all n € N\ {0}. Hence, there exists s € T4 such that s > 1,, since
if for all s € Ta,s < ty, then V(A) = supZy < i, contradiction. Thus,
ps C iz, and so, A € HSP(u,) € HSP(uy,), for all n € N\ {0}. Therefore,

Aec [ HSP(u,). Conversely, if Ac [} HSP(u,), then t, € Ty,
neN\{0} neN\{0}
for alln € N\ {0}. Then ¢, =t — 2 <supZ, = v(A), for all n € N\ {0}.
Hence v(A) > t, ie. A € v;. Then we have v, = ()| HSP(u,), which
neN\ {0}
means that v, is subvariety of V. Therefore, v is a fuzzy subvariety of V.

Next step is to show that u C v. Let A € V. Since p(A) € T4, we have
W(A) > u(A).

Finally, we want to prove that for any fuzzy subvariety o containing u
we have v C . It is clear that for all ¢ € [0, 1], we have that HSP(y,) is a
subvariety of o, since for every A € V, A € u, implies t £ p(A) < a(A), i,
A € a; and so, HSP(y) is a subvariety of a;. Now, we prove that for every
AeVwv(A) < a(A). Let A€V andt € Ty. Then A € HSP(u:) C o
implies a(A) > t. Therefore, v(A) =supZ4 < a(A).

Next, we consider the lattice of all fuzzy subvarieties of V. Let {u; | j €

J} be a family of fuzzy subvarieties of V. We define the meet A and the join
V on FS(V) as follows:

Aw = (w

jeJ jeJd
Vo = ofue FSV) | |Jn S u}
jeJ JjeJ

The following theorem is easy to verify.

Theorem 12. The lattice of all fuzzy subvarieties of V denoted by FS(V) :=
(FS(V); A, V) forms a complete lattice which has the least and the greatest
elements, say 0,1, respectively where 0(A) = 0,1(A) =1 for all Ac V.

Using Proposition 7, we prove that the lattice of all subvarieties of a variety
V' can be embedded into the lattice of all fuzzy subvarieties of V.
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Theorem 13. The lattice L(V) can be embedded into the lattice FS(V).
PROOF. We define a mapping ¢ : Sub(V) = FS (V) by
(W) = pw

for all subvariety W of V.

By Proposition 7, ¢ is an injective mapping. Let K;, K3 be subvarieties of V.
It is clear that ¢(K1 A K2) = px, A px,. To show o(K1 V K3) = pr, V i,
we note that if t > 0 then (ux, U px,): = Ky U Kz and if ¢ = 0 then
(P'K1 U [J,K2)t =V. Let AeV.

Case 1. If A ¢ K1V K», then pk,vk,(A) = 0. By Lemma 11,

(l"’Kl N /‘LKz)(‘A) = Sup{t € [Ov 1] ‘ Ae HSP((/—"Iﬁ u /J'Kz)t)}
= sup{0} =0

= pr,vi;(A)-

Case 2. If A € K;VK, = HSP(K UK,) then we have fux,;vi,(A) = 1. Since
(px, U pir,)e = K1 U Ko forali t > 0. Then we have A€ HSP((ux, Ui, )t)
for all ¢ > 0 then A always belongs to (ux, U pry)o- S0, {(kk, V b, )(A) =

sup{t € [0,1] | A € HSP((1ux, U pix,)t)} = sup[0, 1] = 1. This completes the
proof.

5. Fuzzy subvarieties and weights .

Let K be a subclass of a given variety V of type 7. We denote by (K Yvar
the subvariety of V generated by K. It is well-known (see; e.g. (8] and [9])
that (K)yer = HSP(K). In the case K = {A}, we write (A)yqr instead of

({ A} var. We define weights over V in the analogous way of weights over
algebras in [4].

Definition 14. Let V be a variety of type T and Sub(V) be the class of all
subvarieties of V.. A mapping w : Sub(V') — [0,1] is called a weight over V
if for any family {K; | i € I} of Sub(V),

w(\/ K;) = ?g w(K;).

iel

We denote by W (V) the set of all weights over V. Note that for a weight
over Sub(V'), the following conditions hold:

11



(1) ’w(<®>vm’)
(i) ¥ K1, K> € Sub(V) and K; C Ky, then w(Kl) > w(Ky).

The condition (i) is true by the standard definition:’ 1_115 w(K;) = 1. To prove
€

the condition (ii), we have:

KIQKQ = K{VKy=K, .
= ’L!J(Kl \% Kg) = mf{w(K1), 'UJ(KQ)} = ’LU(KQ)

We define the order on W(V') by
Cw < e w(K) < w(kKs), YKy, Ks € Sub(V).
Then we obtain the following Lemma.

Lemma 15. The lattice W(V) = (W(V);<) of all weights over V is a
complete lattice.

Let p be a fuzzy subvariety of a variety V and w a Weiéht over V. We define
a mapping
s Sub(V) — [0, 1]
by
pH(K) = inf p(A)

for every K € Sub(V).

We extend the domain of u* to the power set of V by setting p*(T) =
jrgr p(A) for every T € V. Then we get pu*(T) = p*({T)var) as the following
lemma shows.

Lemma 16. Let p be a fuzzy subvariety of V and T be a subclass of V. Then
po(T) = p*({T)var)-

ProoF. Clearly, u*(T) > 1*({T)ver), since T C (T)yer- Suppose that
p*(T) > p*({T)ver ). There exists Ag € (T)yar \ T such that p*(T') > p(Ao)-
Let Ag € (T)yer = HSP(T). There exists B € SP(T) such that Ay € H(B).
Let B € SP(T). There exists C € P(T) such that B € S(C). Let C € P(T).

12



There exists a class {D; | j € J} of algebras in T such that C € [[ D;. Let
) jeJ
p is a fuzzy subvariety of V. We have

#(Ao) > p(B) > (€) > inf u(D;).

Hence p*(T') = Jilléfrﬂ(A) > u(Ao) > u(B) > p(C) > ;g.g (D;), since {D; | j €
J}CT. Thisisa contradiction. Therefore, p*(T) = p*({T)var)-

Let w be a weight over a variety V. We define a mapping
w’:V—[0,1]

by
WO(A) = w({(A)var)
for every A € V.

Theorem 17. Let V be a variety of type 7, w be a weight over V and u be
a fuzzy subvariety of V. Then the following corwlitionsE held.

(i) p* is a weight over V.
(ii) w® is a fuzzy subvariety of V.

PROOF. (i) Let {K; | i € I} be a family of subvarieties of V. By Lemma
16, p*(V K;) = p(HSP(U Ki)) = p*(U Ki) = inf  p(A) = inf p*(K;).
i€l i€l i€l AU K iel

This means p* is a weight over V.
(i) To show w°, we let A, B € V with A € H(B). Since (B)yr =
(H(B))var, we have w°(B) = w({B)yer) = w({H(B))yar) = w(c }{/(B)“C)vm') =
S
. ell{llfB) w{C)yar) = CGIII_II{B) w°(C) < w°(A), since A € H(B).

It A,B € V with A € S(B), then we can similarly prove that w°(B) <
w°(A).
Let {A;|j € J} C V. We have:

[ Ader € VA = 0 ([[45) = ([ Abur) 2 (V (Ar)
iy ieJ jed jeJ jeJ
= inf w((Aj)uar) = inf u(4y).

Therefore, w° is a weight over V.
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Theorem 18. Let V' be a variety of type 7.

(1) If p € FS(V) and w € W(V), then p*° = p and v = w.
(2) The lattices (FS(V), <) and (W(V), <) are isomorphic.

ProOF. (1) Let A € V. We have u*°(A4) = p*((A)ar) = p({A}) =
inf u(A) = p(A). Let K be a subvariety of V. We have w**(K) = jlg{ w’(A) =
jnf w({Adver) = w*(K).

(2) Let ¢ : FS(V) — W(V) and ¢ : W(V) — FS(V) defined by H(p) =
and ¢(w) = w° for every p € FS(V) and w € W(V). By (1) it is clear that
¢ is bijective and 4 is its inverse.

Next step is to show ¢ and ¢ are order-preserving. Let u, us € FS(V) with
py < pg. Let K € Sub(V). We have

pi(K) = inf jn(A) < ot pa(A) = p3(K).

This implies p7 < y3.
Finally, if wy,w; € W(V) and w; < ws then

wi(A) = wi1((Avar) < wa({Advar) = w3(A)-

This means w; < wg. Therefore, ¢ and 9 are order-preserving. By Theorem
2.3 in [8], we have that the lattices FS(V) and 20(V) are isomorphic.

By Theorem 13, the lattice of all subvarieties of a variety V' can be em-

bedded into the lattice of fuzzy subvarieties of a variety V, and by Theorem
18, we have:

Corollary 19. The lattice L(V) can be embedded into the lattice (V).

At the end of this section, we give an example of the weight over a variety
induced by a fuzzy subvariety of the variety.

Example 20. Related to Example 8, we have the fuzzy subvariety p of SEM
defined by

1, if AeT;
) o6, if AeRB\T;
mA) = 9 05 it AeB\RB:
0, otherwise,
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for every A € SEM. Then we have p*(T) = 1, p*(RB) = 0.6 and y*(RB) =
0.5. Therefore, for all K € Sub(V),

1, if K=T;
o 06, if T CKCRB;
w(K) = {05 if RBCKCB;
0, otherwise.

6. Fuzzy M - solid subvarieties

In this section we assume that V is an M-solid variety of type T and then
we give the notion of fuzzy M-solid subvarieties. First of all we start with
the concept of hypersubstitutions introduced in [10] (see also in [11]).

Definition 21. A mapping o : {fi|i € I'} = W.(X) which takes each n;-ary
operation symbol to an ni-ary term is called a hypersubstitution of type 7.

Each hypersubstitution o induces a map & on the set of all terms which 1is
defined by

(i) 6lz] ==z if z € X is a variable,

(1) &lfi(ts,- .- tn)] = 0(fi)(G[ta], ..., Gtn;]) for cc;n’;posite terms
filts, .. tay)-

On the set Hyp(7) of all hypersubstitutions of type 7, we define a binary
operation oy, : Hyp(r) x Hyp(t) — Hyp(r) by o1 op 03 = G1 © 0 where
o is the usual composition of functions. Then together with the identity
element 0,4, mapping each f; to the term f;(z1, ..., Ty,;), We obtain a monoid
(Hyp(7); o1, 0id)-

Let A = (A4, (fA)icr) be an algebra of type T and o € Hyp(r). The
algebra A := (A4, (6(f;)*)ier)) is called derived algebra determined by A and

ag.
For the class K C Alg(7) and for a submonoid M C Hyp(r) we define

xHK]:={o(A)|oc € M and A € K}.
A variety V of type T is called M-solid if x4;[V] = V. Now we give the
notion of M-solid subvariety of a given M-solid variety.

Definition 22. Let M be a submonoid of Hyp(t) and let V be an M-solid

variety of type 7. A fuzzy subset p of V is called a fuzzy M-solid subvariety
if
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(1) pis a fuzzy subvariety of V, and
(2) Yo € M VA€V (u(a(A)) = p(A)).

We denote by FMS(V) the set of all fuzzy M-solid subvarieties of V.

Proposition 23. Let V be an M-solid variety of type 7, p =V — [0,1] @
fuzzy subset of V and t € [0,1]. Then p is a fuzzy M-solid subvariety of V
iff for all t € [0,1] the level subset yi; # 0 is an M-solid subvariety of V.

PROOF. (=) : Assume that u is a fuzzy M-solid subvariety of V and ¢ €
[0,1]. Since V is a variety and by Proposition 6, we have that u; is a
subvariety of V. Let ¢ € M and A € p;. By assumption, we obtain
p(o(A) > p(A) > t. Hence, o(A) € . Altogether, u; is an M-solid
subvariety of V.

(<) : Assume that for every ¢ € [0, 1], u # @ is an M-solid subvariety of V.
Since V is a variety and by Proposition 6, we have p is a fuzzy subvariety
of V. Let 0 € M and A € ;. We choose t = u(A) and by assumption, we

have p(o(A)) € pi. This means p(o(A)) > ¢ = (A) Therefore p is a fuzzy
M-solid subvariety of V.

Proposition 24. Let W be a subclass of an M-solid variety V. Then the

characteristic function pw is a fuzzy M-solid subvariety of V iff W s an
M-solid subvariety of V .

PROOF. (=) : Assume that py is a fuzzy M-solid subvaLriety of V. By
Proposition 7, W is a subvariety of V. Let 0 € M and A € W. We have

pw(o(A)) > pw(A) = 1. Then o(A) € W. Now we have that W is an
M -solid subvariety of V.

(<) : Assume that W is an M-solid subvariety of V. By Proposition 7,
pw is a fuzzy subvariety of V. Let A€ V and 0 € M. If A € W then
by assumption, it turns out that o(A) € W and pw(o(A)) =1 = pw(A),
ie. pw(o(A4)) > pw(A). If A ¢ W then puw(A) = 0. Hence, uw(o(4)) >
pw(A). Now we obtain uw a fuzzy M-solid subvariety of V.

Example 25. Let T = (2) with a binary operation symbol -, Xo := {z1,Z2},
W) (Xs) the set of all binary terms of type T = (2) and Hyp(2) the monoid
of all hypersubstitutions of type T = (2). Let Pre := {0 € Hyp(2) | t €
W) (X2),t # 7,15}, where o, maps the operation symbols - to the term
t € Winy(X2). It is easy to show that Pre is a submonoid of Hyp(2) (see
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in [12]). Consider the Pre-solid variety of commutative semigroups Vee. In
[18], it was proved that the complete lattice L{Vpc) s precisely

L(Vec) = {P. | n € N}U {Vic},

where P, = Mod{(zy)z = z(yz),zy = yz,1* ~ vy = 2y, 70 . . Tn R
Yo .. Un} for n € N. Now, we define the mapping ju: Vpg — [0,1] by

1, if Ae Po = T;
p(A) = = if A€ P\ Py
0, otherwise,

for every A € Vpe. Then p is a fuzzy Pre-solid subvariety of Vpc. Because
every level subset of Vpc is a Pre-solid subvariety of Vpe.

For a fuzzy subset p of an M-solid variety V, we define the fuzzy M-solid
subvariety of V' generated by u by

{(wyr :=n{r e FMS(V) | n C V.}‘g .

Now, we want to describe the construction of the fuzzy M -solid subvariety
of V generated by a fuzzy set of V. We refer a result of E. Gracsynska in
[14] (see also in [12]) that for every subclass K of V, HSP(x3[K]) is the
M-solid subvariety of V generated by K.

Lemma 26. Let V be an M-solid variety of type T and p be a fuzzy subset
of V. Define a mapping v : V — [0,1] by

v(A) :=sup{t € [0,1] | A€ HSP(X}{}[,ut])},
for every A€ V. Thenv = (u)p.

PROOF. Let A€V and let Ty = {t €[0,1] | A € HSP (xay1e])}-

First, we prove that v is a fuzzy M-solid subvariety of V. It suffices
to prove that for all ¢ € Im(v), v; is an M-solid subvariety of V. Let
t € Im{v) and t, = t — 1,n € N\ {0}. Let A € 1. Then v(A) > 1, s0
v(A) > t,,Vn € N\ {0}. Hence, there exists s € Z4 such that s > {5, since
if Vs € T4,s < t,, then v(A) = supZ4 < t,. This gives a contradiction.
Thus, us C p, and so, A € HSP(xf[us]) € HSP(xjylpe.]), for all n €

N\{0}, since x4 is a closure operator. Therefore, A € () HSP(xalus.])-
neN\{0}
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Conversely, if A€ [\ HSP(xchlue,]), then t, € T4, Vn € N\ {0}. Then
neN\{0}

t, =t - 1 < supZy = v(A),Vn € N\ {0}. Hence v(A) >t,ie A€ u.

Then we have v; = [} HSP(xfy{u,]), which means that v is an M -solid
neN\{0}

subvariety of V. Therefore, v is a fuzzy M-solid subvariety of V.

Next step is to show that u C v. Let A € V. Since p(A) € Iy, we have
v(A) > p(A)-

Finally, we want to prove that for any fuzzy M-solid subvariety dofV
containing p, we have v C d. It is clear that for all £ € [0,1], we have
HSP (x[p]) is an M solid subvariety of &, since for every AeV,Aep
implies t < p(A) < 6(A), ie, A € & and so, HSP (x4 1)) is an M-solid
subvariety of &. Now, we prove that for every A € V,v(A) < 6(A). Let
AeVandt e Ty Then A € HSP(xpylue]) C 0; implies 6(A4) > ¢.
Therefore, v(A) = supZa < 0(A),ie v C p.

The following lemma is easy to verify.

Lemma 27. The lattice FMS(V) := (FMS(V), A, V) of all fuzzy M-solid
subvarieties of V is a complete lattice. ‘

Lemma 28. Let M be a submonoid of Hyp(r), V an M-solid variety of
type 7 and {u; | 5 € J} € FMS(V). Then (| p): is closed under taking
jeJ
the operator xf, i.e. x[(U u)d = (U o)
jed jeJ

PROOF. Let {u; | 7 € J} € FMS(V). Let A € (U py)c and 0 € M. We
. jeJ
have (U )(4) = sup{s(4) | € J} > 1. Since (o) > m(ANYi ©
J
J, we have sup{u;(c(A)) | 7 € J} > sup{p;(A) | j € J} > t. Then
(.LEJJ u;)(o(A)) > t,Vo € M. This shows that x4 [(U 1) = (U py)e-
i jeJ j€J

Theorem 29. The lattice FMS(V) := ( FMS(V), A, V) of all fuzzy M-solid
subvarieties of V is a complete sublattice of FS(V) = (FS(V),A,V) of all
fuzzy subvarieties of V.

PROOF. Obviously, FMS(V) C FS(V). Let {u; | 7 € J} C FMS(V). It is

clear that if A u; € FS(V), then A p; € FMS(V). Now we want to show
jeJ jeJ
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that if V u; € FS(V), then  u; € FMS(V). Let A € V. By Lemma 28 and
jeJ et
Lemma 11, we obtain ( u;)(A) = sup{t € [0,1] |- A € HSP((U #;):)} =
jeJ : j€d

sup{t € [0,1] | A € HSP(x[(U 1;):])} for all A € V. By Lemma 26, we
i€t
have \ p; € FMS(V). These show that FMS(V) is a complete sublattice

jeJ

of FS(V).

It is very natural to ask for the relationship between the complete lattices
FM;S = (FM;S, A, V) and FMeS = (FM,S, A, V) when M; and M, are
both submonoids of Hyp(7) and M; is a submonoid of M.

Theorem 30. For any two submonoids My and M, of the monoid Hyp(T)
with My € M, and My, M, solid variety V, the lattice FM2S(V) is a
complete sublattice of the lattice FM1S(V).

PrOOF. First, we show that FMyS(V) € FM;S(V). Let p € FM,S(V), 0 €
M, and A € V. We have p(o(A)) > u(A). Since My C M,, we have
p(o(A)) > u(A) for all ¢ € M;. Hence, p € FM;S. Let {p; | j € J} C
FMS(V). It is clear that if A u; € FM;S(V), then A p; € FMyS(V).

jeJ jeJ
Next, we want to show that if \/ u; € FM;S(V), then \/ p; € FM,S(V).
jeJ jeJ

By Lemma 28 and FM,S(V) C FM;S(V'), we have
Xanl (U ) = (U m3)e = xae [ 1)el-
jeJ jeJ jeJ
Let A € V. Assume that \/ p; € FM;S(V). By Lemma 26, we have
jed
(V #)(A) = sup{t €[0,1]| A € HSPx, [(| )]
JjeJ jeJ

= sup{t€[0,1]]| A€ HSPxfh[(U Bl

jeJ
This means (\/ p;) € FMyS(V). Therefore, the lattice FM,S(V) is a com-
jeJ
plete sublattice of the lattice FM;S(V). )
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7. Conclusion

We have shown that the lattice of all subvarietiés of a given variety can
be embedded as a complete lattice into the lattice of all fuzzy subvarieties of
the variety. The lattice of all fuzzy subvarieties of a variety and the lattice
of all weights over the variety coincide. We have defined the notion of fuzzy
M-solid subvariety of a given M-solid variety and showed that the lattice
of all fuzzy M-solid subvarieties of a given M-solid variety is a complete
sublattice of the lattice of all fuzzy subvarieties of the M-solid variety. Every
varicty can be defined by a sot of identitics. But the conuection between

fuzzy subvarieties of a given variety and the set of all identities of the variety
is still open.
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