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Chapter 1
Executive Summary

Generalized functions or distributions have of late been commanding constantly expand-
ing interest in several different branches of mathematics. In somewhat nonrigorous form,
they have already long been used in essence by physicists and opened up a new area of
mathematical research, which in turn proved an impetus in the development of a number
of mathematical disciplines, such as operational calculus, transformation theory, functional
analysis, ordinary and partial differential equations.

Distributions close relation to the solutions of differential equations. In the case of the
ordinary differential equation Lu = 0 with constant coefficients, every solution is the classical
solution. The matter is quite different for partial differential equations. The solutions in a
similar situation may now include generalized functions. For instance, du/dx; = 0, in R?,

has among its solutions the generalized function §(z2),

(0(2), d(1, 22)) = / " o, 0)dan,

where ¢ is a test function.

Our aim is to find the solution of the partial differential equation
Lu(z) = s(x), (1.0.1)

where L is partial differential operator and s(x) is an arbitrary known distribution. It is well
known that the elementary or fundamental solution is the solution for s(x) = §(z).

A distribution u(z) is a solution of (1.0.1) if for every test function ¢(x), we have

(Lu(z), ¢(x)) = (s(x), ¢(x)). (1.0.2)

In searching for a solution u(zx) of differential equation (1.0.1) we may have the following

situations :



(1) The solution u(z) is a sufficiently smooth function, so that the operation in (1.0.1) can
be performed in the classical sense and the resulting equation is an identity. Then u(z)

is the classical solution.

(2) The solution u(z) is not sufficiently smooth function, so that the operation in (1.0.1)

can not be performed, but it satisfy (1.0.2) as distribution. It is then a weak solution.

(3) The solution u(z) is a singular distribution and satisfy (1.0.2). It is then a distributional

solution.

All these solution are call generalized solution.
A purpose of this research is to find the solution of the partial differential equation that

the solution is a weak solution or distributional solution.



Chapter 2

Main Results

2.1 Weak solutions of the compound equations

We published two paper in this topics (see Appendices Al and A5). We study the

compound equation related to the ultra-hyperbolic operator of the form
> COu(e) = f(x),
r=0

where L7 is the operator which related to the ultra-hyperbolic type operator iterated r-times,
f is a given generalized function, u is an unknown function, x € R™ and C). is a constant.

The above compound equation is inspired by the compound ultra-hyperbolic equation
introduced and studied by Kananthai and Nonlaopon [A. Kananthai, K. Nonlaopon, On the
weak solution of the compound ultrahyperbolic equation, CMU J. 1(3) (2002), 209-214.]. In
fact, the compound ultra-hyperbolic equation is included in above compound equation if we
let ¢ = 1. See Appendix Al.

The paper A5 changes operator in above equation from ultra-hyperbolic operator to ultra-
hyperbolic Bessel operator. We prove a theorem for this new equation about distributional

solution.

2.2 Nonlinear equations

2.2.1 Nonlinear ultra-hyperbolic heat equation

Consider the nonlinear equation of the form

O e 1)~ 0ula, 1) = (ot u(a, 1),



where OF is the ultra-hyperbolic operator iterated k-times, defined by

(PP B o 7\
-\ 022 Oz} ’

-+ax§ - 03 - 042 _”'_Wiw
p + q = n is the dimension of the Euclidean space R", (z,t) = (z1,z9,...,2,,t) € R" x
(0,00), k is a positive integer and ¢ is a positive constant.

In the paper A2, we prove that under the suitable conditions for f,u and for the spectrum
of the heat kernel, we can find the unique solution in the compact subset of R™ x (0, 00).
Moreover, if we put £k = 1 and ¢ = 0 we obtain the solution of nonlinear equation related to

the heat equation.

2.2.2 Nonlinear Laplace and Laplace-Bessel operators

We study the solution of nonlinear equation
Afu(z) = f(z, A u(z),

where A* is the Laplace operator iterated k-times, z = (21, 2o, ...1,) € R" k is a nonnega-
tive intege, u(x) is an unknown and f is a given function. In the paper A3, we found that
the existence of the solution u(z) of such equation depending on the conditions of f and

AF1u(z). Moreover, we study the solution of nonlinear equation
Apu(r) = f(z, A u()),

where A% is the Bessel-Laplace operator iterated k-times and x € R

2.3 Convolution equation

In the paper A4, we study the distribution e®*[J%§, where [J¥ is the operator which related
to the ultra-hyperbolic type operator iterated k-times, 0 is the Dirac-delta distribution,
x = (x1,29,...,x,) is a variable and o = (g, ag,...,q,) is a constant and both are the
points in the n-dimensional Euclidean spaces R".

At first, the properties of e**[1%4 are studied and later we study the application of e®*[(1%§

for solving the solutions of the convolution equation
(e2"0%6) * u(x) = e Z C,.0.s,
r=0

where u(x) is the generalized function and C, is a constant. We found that its solution
related to the ultra-hyperbolic equation and moreover, the type of solutions of the convo-
lution equation, such as the ordinary functions, the tempered distributions or the singular

distributions depending on k, m and .
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Abstract

In this article, we have studied compound equations related to the ultra-

hyperbolic operator of the form
m
D COulx) = f(x),
r=0

where [ is the operator which related to the ultra-hyperbolic type
operator iterated r-times, f is a given generalized function, u is an
unknown function, x € R” and C, is a constant. In this work, we study
the weak solution u(x) of the above equation and moreover, such a

solution is unique.
1. Introduction

Gelfand and Shilov [2] have first introduced the elementary solution

of the n-dimensional classical diamond operator. Trione [9] has shown

2000 Mathematics Subject Classification: 46F10.
Keywords and phrases: tempered distribution, ultra-hyperbolic type operator.

Received December 17, 2008



2 SUDPRATHAI BUPASIRI and KAMSING NONLAOPON

that the n-dimensional ultra-hyperbolic equation has u(x) = Rgp 1(x) as
a unique elementary solution. Later, Tellez [8] has proved that Ry, 1(x)

exists only for case p is odd with p + ¢ = n.

Kananthai and Nonlaopon [4] have studied the weak solution of the
compound ultra-hyperbolic equation. Sarikaya and Yildirim [6] have
studied the weak solution of the compound Bessel ultra-hyperbolic

equation.

Kananthai [3] has showed that the solution of the convolution form

u(x) = Rop ¢, (x) * Rop ¢, (¥) is a unique elementary solution of the
equation DfIDfQu(x) = 9, where Dfl and Dﬁ; are the operators which
related to the ultra-hyperbolic type operator iterated k-times and & is
the Dirac-delta distribution, and in particular, if 2 =p =1 with
x =t (times), ¢; and cy are velocities then u(x) = Ry, (x)* Ry ¢, (x) is
the elementary solution of the elastic wave equation of fourth order.

Sritanratana and Kananthai [7] have studied the product of the

nonlinear diamond operators related to the elastic wave and also

introduced the ultra-hyperbolic operator Df .

In this article, we will consider the operator which related to the

ultra-hyperbolic type operator iterated k-times with x € R”

k
p 2 ptgq 2
1 0

Df == ) — - —_ (1.1)

2 2 2

¢ ; 0x; j—;rl oxj

and equation

Deu(x) = f(x), (1.2)

where u(x) and f are some generalized functions.

We will develop equation (1.2) to the form

D COulx) = f(x), (1.3)
r=0
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and by convention Dgu(x) = u(x). In finding the solutions of (1.3), we use

the properties of convolutions for the generalized functions.
2. Preliminaries

Definition 2.1. Let x = (xy, x9, ..., x,) be a point of the

n-dimensional space R”,
20,2 2 2 2 2 2
Vi=c(0) +%3 + - +Xp) = Xpi —Xpig = = Xpig 2.1)
where p+q =n, the interior of forward cone defined by
I, ={xeR":x; >0,V > 0}. For any complex number a, define
y(a-n)/2

Ra,c(x) = Kn(OL)
0 for x ¢ T,

for x e T, (2.2)

where

n(n—l)/zl_,(2 + (; - n)r(l ;a)r(a)

(=) 25

The function R,(x) = R, (x) is introduced by Nozaki [5]. It is well

K,(a) = (2.3)

known that such function is ordinary function if Re(a) > n and is

distribution of a if Re(a) < n.

By putting p=c =1 in (2.1) and (2.3), and using the Legendre’s
duplication of I'(z), then (2.2) reduces to
V(a—n)/Q

Ma(x)z Hn(oc)
0 for x ¢ T,

for x e T,

where

H,(a) = n(”72)/22°‘71F(a_Tn+2)1"(%), V=i —xd - — &2
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The function M (x) is precisely called the hyperbolic kernel of
Marecel Riesz.

Lemma 2.1. R, .(x) is a homogeneous distribution of order (o. — n).
In particular, it is a tempered distribution.

Proof. We need to show that R, .(x) satisfies Euler equation

n
0
X; E Roc,c(x) = (0. - n)Ra,c(x)-
. xl
1=1
Now,

n

0
inﬁ_xiR“’C(x)

=1

n

1 0 2,2 2 2 2 Na-n)/2

= Kn(a)zxi axi (C (xl +"""xp)_xp+1 _"'_xp+q)
1=

y o-n-—
e @ (o —TL)(CZ(xl2 NI +x127)_ x}27+1 _..._x?Hq)( 2)/2

2/..2 2 2 2
¥ (e + o+ Xp) = Xpyy — = Xpig)
1 202 2 2 2 -n)/2
—m(a_n)(c (xl +...+xp)_xp+1_..._x +q)((x I’L)/

_ (- n)v{an)2

Kn(OL) = (OL - n)Ra,c(x)'

Hence R, .(x) is a homogeneous distribution of order (o —n).

Donoghue [1] proved that every homogeneous distribution is a tempered

distribution. So, R, .(x) is a tempered distribution. This completes the
proof.

Lemma 2.2. Given equation

OFu(x) = (), (2.4)
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where Df is defined by (1.1), x € R™ and § is the Dirac-delta

distribution, then we obtain u(x) = Ry .(x) as a unique elementary

solution of (2.4), where Rzk’c(x) is defined by (2.2) with o = 2k.
Proof. See [9].
Lemma 2.3 (The convolutions of tempered distributions)
(a) (OF8) * u(x) = OFu(x), where u is any tempered distribution.
(b) Let Ry .(x) and Ry, .(x) be defined by (2.2), then Ry, .(x)

* Rop, o(x) exists and is a tempered distribution.

(c) Let Ry .(x) and Ry, (x) be defined by (2.2), then Ry, .(x)

* Rop o(X) = Ropyiom,c(x), where k and m are nonnegative integers.

(d) Let Ry .(x) and Ry, .(x) be defined by (2.2) and if Rgp .(x)
* Rop, o(x) = 8, then Rgy, .(x) is an inverse of Ry, .(x) in the convolution
algebra denoted by Ry, .(x) = R;;ll,c(x), moreover, R;;ll,c(x) is unique.

Proof.

(a) First, we consider the case & = 1, now
D .2 p*rq .2
1 0°0(x 0°d(x
(e8(x) = —Q[Z#j —{ ) #J pra=n,
™ im0 jspr1 0%

and let ¢(x) be a testing function in the Schwarts space S. By the

definition of convolution, we have
(Ocd(x) * u(x), o(x))
= (u(x), (Oc8(x), olx + ¥)))

P .2 p+rqg .2
(o GEHE S )
1=1 12 J

j=p+1
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1[0 o%(x + & o%px +

Jj=p+1 J

1 [ <& o2o(x H %o(x
poo 3 £, 55

=1 j=p+1

D btq
gz

¢ =1 Jj=p+1 Xj

= (Ceu(x), olx)). (2.5)

It follows that
0.8(x) * u(x) = Oyulx).

Similarly, for any %, we can show that
O0F8(x) * u(x) = OFu(x).

(b) Since Ry .(x) and Ry, .(x) are tempered distributions by
Lemma 2.1. Now, chosen supp Ry, .(x) = K < T,, where K is a compact
set and T, designates I, closure. Then Ry, .(x) is a tempered
distribution with compact support. By [1], Ry, .(x)* Ry, .(x) exists and

is a tempered distribution.

D?er

(c) From equation u(x) = 8, we obtain u(x) = Ropiopm, .(x) by

Lemma 2.2. For any m is a nonnegative integer, we write
Dk+m _ —km _
¢ Mu(x) = 000 u(x) = 3,
then by Lemma 2.2, we have the following equality:
Oc'u(x) = Ryp, ¢ (x).

Convolving both the sides by Ry, .(x), we obtain

RZm,c(x) * ‘:l::nu(x) = RZk,c(x) * RZm,c(x)
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or
O Rom, ¢ () * u(x) = Rop o (x) * Rop ¢ (x)-
Then from Lemma 2.2, we have the following equality:
8 * u(x) = Ry o(x) * Rop c(x).
It follows that
u(x) = Rop o(x) * Ry o(x).

From the fact that u(x) = Rop,om (x), we obtain Ry, .(x)* Ry, .(x)
= Ropr2m,c(%).

(d) Since Ry .(x) and Ry, .(x) are tempered distributions with
compact supports, thus Ry .(x) and Ry, .(x) are the elements of space
of convolution algebra u' of distribution. Now, Ry .(x)* Ry, .(x) = 8,
then by Zemanian [10] it is shown that Ry .(x) = R;,_nl,c(x) is a unique
inverse.

Lemma 2.4. Let Ry, .(x) and K, (2k) be defined by (2.2) and (2.3).
Then

(@) K, (2k + 2) = 2k(2k + 2 — n) K, (2k).

(©) foR‘gm,c(x) = Ropm_op (), where k and m are nonnegative
integers.

(© R_gp  (x) = 0%5(x), where k is a nonnegative integer.

Proof.

(a) From (2.3), we have
K,(2k + 2)

n(”‘l)/Qr(gk *24 - ”jr(‘l 3 2kj1“(2k +2)

F(4+2k—pjr(p—2k—2j

2 2
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(n-1)/2( 2k + 2 - n) (Zk +2— n)( -2 ) (1 - 2k)
o ( D) r 5 on )3 (2k)(2k +1)[(2k)
= (2+2k—p)r(2+2k—p)( 2 )F(p_Qk)
2 2 p-2k-2 2

2k(2k + 2 — n) K, (2k).

(b) By Lemma 2.3 (c), we have
3 * R2m,c(x) = RZk,c(x) * R2m—2k,c(x)’
DﬁRZk,c(x) * R2m,c(x) = RZk,c(x) * R2m—2k,c(x)7

Roj, o(x) * OF Royy (%) = Rop () * Rop_p ()
and
8 Ry, o (%) = Rop_op, ().
(¢c) For m = k, by Lemma 2.4 (b), we have
O Rom, e (x) = Ro (%), Ry ¢ = 8.
For m = 0, by Lemma 2.4 (b), we have

DéeRO,c(x) = R—2k,c(x) or Dées = R—2k,c(x)'

3. Main Results

Theorem 3.1. Given the compound equation related to the ultra-

hyperbolic operator of the form

3" 6, 0ul) - fo), 6.
r=0

where O is the operator which related to the ultra-hyperbolic type
operator iterated r-times, [ is a given generalized function, u is an

unknown function, x € R" and C, is a constant. Then (3.1) has a unique
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weak solution
u(x) = f(x) * RQm,c(x) * (CmRO,c(x) + w(x)RZ,c(x))*71: (32)
where

Ve v?
m=294—n) "M 32.44-n)(6-n)

w(x)=C,_; +C

Vm—l

+CO2~4~6-~2(m—1)(4—n)(6—n)-~(2m—n) (3.3)

and V defined by (2.1) and (C, Ry .(x) + w(x)Rg,C(x))*_1 is an inverse of
CmRO,c(x) + w(x)R2,c(x)‘

Proof. By Lemma 2.3 (a), equation (3.1) can be written as
(C, 078 + Cpy 1078 + oo+ €108 + Cpd) * u(x) = f(x).
Convolving both the sides by R2m,c(x) defined by (2.2), we obtain
[Cn 08 Roy, ¢ (%) + Cpp 107 Rypy () + -+ + C0 Ry ()
+ CoRop, ()] * ulx) = f(x) * Rop, c(x).
By Lemma 2.2 and Lemma 2.4 (b), we obtain
[Cn8 + Crpo1 Ry (%) + Cpy_g Ry (%) + -+ + C1Ry(py_1), o (%)
+ CoRop, ¢ (%) * ulx) = f(x) * Rop, ¢ (x). (3.4)
By Lemma 2.4 (a), we obtain

y4-n)/2 ~ v(@-n)2 v vV

Bie®) =~ @rs k@ - 2e® 37

Similarly,

2
Bo,o(x) = By, o) 5 —Vn)(6 -n)




10 SUDPRATHAI BUPASIRI and KAMSING NONLAOPON

V3
2-4-6(4-n)(6-n)(8-n)

RS,c(x) = RQ,C(x) )

Vm—l
2:4-6---2m-1)(4-n)(6-n)(8-n)---(2m -n)’

R2m,c(x) = RZ,c(x) :

Thus, we obtain the function w(x) of (3.3). Now, w(x) is continuous

and infinitely differentiable in classical sense for n is odd. Since Ry .(x)
is a tempered distribution with compact support, hence w(x)Ry .(x) also
is tempered distribution with compact support and so CmRO,c(x)
+w(x)Ry . (x). By Lemma 2.3 (d), C,, Ry .(x)+ w(x)Ry .(x) has a unique

inverse denoted by
(CmRO, c (x) + w(x)R2, c (x))*_l .
Now, (3.4) can be written as

(CnRo, (%) + w(x) Ry o (x)) * ulx) = f(x) * Rop, c(x), Ro,c = 3.

Convolving both the sides by (C,, Ry .(x) + w(x)RZC(x))*_l, we have

u(x) = f(x) * R2m,c(x) * (CmRO,c(x) + w(x)RQ,c(x))*_l'
Since Ry, .(x) is a unique by Lemma 2.2 and (C,Rj .(x)

+ w(x)RZc(x))*_1 also is a unique by Lemma 2.3 (d), it follows that u(x)
1s a unique weak solution of (3.1) with odd-dimensional n. This completes
the proof.
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1 Introduction

It is well known that for the heat equation

0
Eu@J):&AM&O (1.1)
with the initial condition
u(x,0) = f(x)
where A = Z;’Zl ;{—22 is the Laplace operator and (x, ) = (x1, X2, ..., X, 1) €

R" x (0, c0), and f 'is a continuous function, we obtain the solution

1 _ 2
wr) = s o[- [ row a2

as the solution of (1.1).
Now, (1.2) can be written as u(x, t) = E(x, t) * f(x) where

E(x t)=;exp —ﬁ (1.3)
’ (4ctme)n/? 4c2t |° '

E(x,t) is called the heat kernel, where |x|> = xl2 + x% + -4 x,f andt > 0,
see [1, p. 208-209].

Moreover, we obtain E(x,t) — § ast — 0, where § is the Dirac-delta distri-
bution. We also have extended (1.1) to be the equation

%u(x, £y = A0u(x, 1) (1.4)

where [ is the ultra-hyperbolic operator, defined by

92 92 92 92 92 92
ax?  9x; Xy oxr,  0xl, X2,

We obtain the ultra-hyperbolic heat kernel

. P2 ptqg 2
@)1 ex i=1 X T 2 j=p+1 %
(dc2mt)n/? 4c2¢

Ex,t) =

where p + g = n is the dimension of the Euclidean space R” and i = +/—1.
For finding the kernel E(x, ¢) see [4].
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In this paper, we extend (1.4) to be the general of the nonlinear form

d
EH@J%—gﬂ%@J)=f&Jw@JD (1.5)
for (x, t) € R" x (0, oo) and with the following conditions on « and f as follows,

(1) u(x,t) € C*O@R") for any ¢ > 0 where C*®(R”") is the space of contin-

uous function with 2k-derivatives.
(2) f satisfies the Lipchitz condition, that is
|fx, tu) — f(x, t,w)| < Alu —w
where A4 is constantand 0 < 4 < 1.
3)
o0
/ | f(x,t,u(x,t))|dxdt < oo
0o Jre

for x = (x1,x2,...,x,) € R", ¢t € (0,00) and u(x, t) is continuous
function on R” x (0, 00).

Under such conditions of f, u and for the spectrum of E(x, ), we obtain the
convolution
u(x,t) = E(x,t)* f(x,t,u(x,1))

as a unique solution in the compact subset of R” x (0, co) and E(x, ¢) is an
elementary solution defined by (2.5).
2 Preliminaries

Definition 2.1. Let f(x) € L;(R")-the space of integrable function in R".
The Fourier transform of f (x) is defined by

fe) =

(Q2m)n/2 ~/Rn eii(é’X)f(x) dx (2.1)

where & = (61,8, ...,&,), x = (x1,x2,...,x,) € R", (§,x) = &1x1 +&x2 +
-+ &,x, is the usual inner product in R" and dx = dx,dx; ...dx,.
Also, the inverse of Fourier transform is defined by

S (x)

=@WmAﬂmﬂmﬁ 22)
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160 NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

Definition 2.2. The spectrum of the kernel E(x,t) defined by (2.5) is the
bounded support of the Fourier transform E (&, t) for any fixed t > 0.

Definition 2.3. Let& = (&1, &, ..., &,) be a point in R" and we write

u=E+E+. .. +E & —E L, —... =&, . ptqg=n

Denote by
M, ={§eR": & >0 and u> 0}

the set of an interior of the forward cone, and T denotes the closure of T..

Let Q be spectrum of E(x, t) defined by Definition 2.2 for any fixed t > 0 and
Q C T Let E(&, t) be the Fourier transform of E(x, t) and define

k
1 +
e | (S0, 6 - XL 8) | foreery,

EE¢, 1= (2.3)
0 foré ¢ T',.
Lemma 2.1. Let L be the operator defined by
L=9 _ oy (2.4)
ot '
where OF is the ultra-hyperbolic operator iterated k-times defined by
. ? 9 92 92 9? 2 \"
= =4+ —=4+- +-— - ... ,
ax?  0x3 Xy dxr,  0xs, X34y
p + q = n is the dimension of R”, (x1,x3,...,%x,) € R", t € (0,00), kisa
positive integer and c is a positive constant. Then we obtain
k
1 2 o 2 3 2
E@n:@mémpctg;;—gg +ig, x)| dE (2.5)

as a elementary solution of (2.4) in the spectrum Q C R” fort > 0.
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Proof. Let LE(x,t) = é(x,t) where E(x, t) is the kernel or the elementary
solution of operator L and § is the Dirac-delta distribution. Thus

iE(x, 1) — POVE(x, t) = §(x)8(2).

ot
Take the Fourier transform defined by (2.1) to both sides of the equation, we
obtain
k
0§ — L& — 1
SEEn-c| 3 & Zs E.0) = Gamd O
J=p+l1

Thus .

E6.0 = 5o | ¢t ‘Z £7— Zs,-

J=p+1 =
where H (¢) is the Heaviside function. Since H(¢) = 1 for ¢ > 0. Therefore,
k
- 1 ) ptq
E(é,t):Wexp ct Z £ —25
Jj=p+l1

which has been already defined by (2.3). Thus

— IEDTE 1) dE — iEXN e 7

E(xvt) - (277,')”/2 /"e E(Svt)ds - (27_[)”/2/5‘26 E($9 t)ds
where Q is the spectrum of £ (x, ¢). Thus from (2.3)
k

1 2 « 2 : 2

E(x,t) = Gy /Qexp At jglgj - ;gi +i(g,x)| d¢ for t > 0.

O
Definition 2.4. Let us extend E(x, t) to R" x R by setting

k
o fgexp [czt (rte -3, 8) +i($,x):| d& for t >0,
0 for t <0,

E(x,t) =
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3 Main Results

Theorem 3.1. The kernel E(x, t) defined by (2.5) have the following proper-

ties:
(1) E(x,t) € C*™-the space infinitely differentiable.
) (& -0 E(x, 1) =0 for t > 0.
3)

22—11 M(t)

T OO}

for t >0,

where M (t) is a function of t in the spectrum 2 and T denote the Gamma
Sfunction. Thus E(x,t) is bounded for any fixed t > 0.

(4) lim E(x.,1) = 5.
t—

Proof.

(1) From (2.5), since

" 1 " (R, & '
B =g [ e | | Y o308 | witen fde

J=p+1
Thus E(x,t) e C*® forx e R", ¢t > 0.

(2) By computing directly, we obtain

(i — CZD/‘> E(x,t) = 0.

ot
(3) We have
1 p+q p k
Eer.0) =5 )n/exp | D &= & +iE x| de
i & Jj=p+1 i=1
1 [ p+q p k
|[E(x,t)| < ) /QeXp 2t Z 5/2—25[2 dE.

L j=p+1 i=1
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By changing to bipolar coordinates
& =rw, & =rw,..., 5, =rw, and
§p+l = SWp+1, %—erZ = SWp42; -+ Sp+q = SWp+q

where Y7 @? =1 and Zf“LZH w; = 1. Thus

|[E(x,t)| < / exp [czt (s2 — rz)k] rP s dr ds a2, d,
Q

1
(27)"
where d& = r?~ 597V dr ds d2,d2,, d2, and 2, are the elements of
surface area of the unit sphere in R?” and R? respectively. Since 2 C R”
is the spectrum of E(x,¢) and we suppose 0 < r < Rand0 <s < L

where R and L are constants. Thus we obtain

E(x,1)] < t(s* — r-lsi=Vds d
|(x)|_(2)nf/expcs r)]rs s dr
_Q,Q
= 20y ———=M(¢t) foranyfixedt > 0 in the spectrum 2
227 Mt
_ T Mw (3.1)
72 T((E)
where

R L .
M) = f / exp [czt (s* - rz) ]r"_lsq_l dsdr (3.2)
o Jo

is a function of
T

0, Q,=—— d Q, =——.

t > » F( an q ( )

Thus, for any fixed t > 0, E(x, t) is bounded.

(4) By (2.5), we have

k
ptq

1 o .
E(x,t):(zn)n/Qexp At Z éf—;éiz +i(&, x) | d&.

J=p+1
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Since E (x, t) exists, then

1 .
lim E(x, t) = / el &) gg
=0 Qm)" Jo

= 1 / ei(g’x) ds
(27'[)” n

=48(x), for x e R".

See [3, p. 396, Eq. (10.2.19b)]. O

Theorem 3.2. Given the nonlinear equation

%u(x, 1) — A0, ) = flx,t,u(x,t)) (3.3)

for (x,t) € R" x (0, 00), k is positive number and with the following conditions

onu and f as follows,
(1) u(x,t) € CEOMR) for any t > 0 where C?®(R") is the space of contin-
uous function with 2k-derivatives.
(2) f satisfies the Lipchitz condition, that is
|f(x, tu) — fx,t,w)] < Alu —w
where A is constant and 0 < A < 1.
3)
oo
/ | f (e, t,u(x,t))|dxdt < oo
0 R»
for x = (x1,x2,...,x,) € R", t € (0,00) and u(x, t) is continuous
Sfunction on R" x (0, 00).
Then, for the spectrum of E(x, t) we obtain the convolution

ulx,t)=E(x,t)* f(x,t,u(x,t)) (3.4)

as a unique solution of (3.3) for x € Qy where Q0 is an compact subset of
R”, 0 <t < T with T is constant and E(x, t) is an elementary solution defined
by (2.5) and also u(x, t) is bounded.

In particular, if we put k = 1 and ¢ = 0 in (3.3) then (3.3) reduces to the

nonlinear heat equation.
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Proof. Convolving both sides of (3.3) with E(x, ¢) and then we obtain the
solution
u(x,t) = E(x,0) * f(x, ¢, u(x, 1))

or

u(x,t):fw/ Ewr,s)f(x —rt—s,u(x —r,t —s))drds

where E(r, s) is given by Definition 2.4.
We next show that u(x, ¢) is bounded on R” x (0, c0). We have

|u(x,t)|§/oof |[E@, )| | f(x —rt —s,u(x —r, t —s))| drds
—00 ]Rn

- 227" N.M(t)

by the condition (3) and (3.1) where

N:fm/ | f(x,t,u(x,t))|dxdt.
0o JRre

Thus u(x, t) is bounded on R" x (0, 00).
To show that u(x, ¢) is unique, suppose there is another solution w(x, ¢) of
equation (3.3). Let the operator

B
L=— 720
ot

then (3.3) can be written in the form
Lu(x,t) = f(x,t,u(x,t)).
Thus
Lu(x,t) —Lw(x,t) = f(x,t,ulx,t)) — f(x,t, w(x,?)).
By the condition (2) of the Theorem,
[ILu(x,t) —Lw(x, )] < Alu(x,t) — w(x, t)]. (3.5

Let Q x (0, T] be compact subset of R” x (0,00) and L: C?(Qy) —>
CP(Qq) for 0 <t <T.
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Now (C(zk)(Qo), I| - ||) is a Banach space where u(x, 1) € C%(Q) for 0 <
t <T,| |l given by
llu(x, )l = sup lu(x, 1)].

xeQ

Then, from (3.5) with 0 < A4 < 1, the operator L is a contraction mapping on
CPP(Qp). Since (CQ")(QO), Il - ||) is a Banach space and L: C?Y(Qy) —
CC®M () is a contraction mapping on C?¥ (), by Contraction Theorem,
see [3, p. 300], we obtain the operator L has a fixed point and has unique-
ness property. Thus u(x,t) = w(x, t). It follows that the solution u(x, t) of
(3.3) is unique for (x, ¢) € Q¢ x (0, T'] where u(x, ) is defined by (3.4).

In particular, if we put £k = 1 and ¢ = 0 in (3.3) then (3.3) reduces to the
nonlinear heat equation

%u(x, t) — czAu(x, t) = f(x,t,u(x,t))

which has solution
ulx,t)=E(x,t)* f(x,t,u(x,t))

where E (x, t) is defined by (2.5) with £ = 1 and ¢ = 0. That is complete of
proof. U
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Abstract. In this paper, we study the solution of nonlinear equation A*u(x) = f(z, A¥lu(x))
where AF is the Laplace operator iterated k-times, = € R™, k is a nonnegative integer, u(z) is
an unknown and f is a given function. It is found that the existence of the solution u(z) of such
equation depending on the conditions of f and A*~1u(z). Moreover, we study the solution
of nonlinear equation ARu(z) = f(z, A% u(x)) where A% is the Laplace-Bessel operator
iterated k-times and = € R

Keywords: Laplace-Bessel operator; Bessel ultra-hyperbolic operator; Dirac-delta distribu-
tion

1 Introduction

Soliton theory is one of the most important aspect in nonlinearity, which is widely applied in many natural
sciences such as chemistry, biology, mathematics, communication and physics. For finding some new exact
solutions of nonlinear equations, a wealth of some effective works have been presented [1, 2, 14]. However,
a weak solution has been studied too and there are many different definitions of weak solution, appropriate
for different classes of equations. One of the most important is based on the notation of distributions [3, 4,
11, 12]. In this work, we study solution of nonlinear equation A*u(z) = f(x, A¥"lu(x)) and ARu(x) =
f(x, A% u(z)) in the sense of distributions, weak solution.

R. Courant and D. Hilbert [5] have studied the nonlinear equation of the form Au(z) = f(z,u(x)) with
f defined and continuous for all x € €2 U 02 where (2 is an open set in R", 92 denotes the boundary of €2
and A is the Laplace operator, defined by

0? 0? 0?
=2 < L 2 1
Ox? N Ox3 L ox2 M

They found that the solution u(x) of such equation is unique under the condition | f(z,u(z))| < N where
N is a constant for all z €  and the boundary condition u(z) = 0 for all x € 9.

A. Kananthai [10] has first introduced the operator &F and is named the diamond operator iterated
k-times and is defined by

k

2
o2 02 02 \? 02 02 02
OF = ( +o )—( +---+> : )

.
2 2 2 2 2 2
Oxy  0z35 Oz Oxyy Oz O0xyy g
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p + ¢ = n and moreover, he has studied elementary solution of the n-dimensional diamond operator.

Next, A. Kananthai [7-9] has studied the convolution equation related to the diamond kernel of Marcel
Riesz, the convolution of the diamond kernel of Marcel Riesz and the general solution of the equation
OFu(a) = f(2).

Later, G. Sritanratana and A. Kananthai [17] have studied the nonlinear equation of the form

Oru(e) = f(a, A 0 () (3)
with f defined and continuous for all z € QUOS where [ is the ultra-hyperbolic operator iterated k-times,
defined by

k
0? 0? 0? 0? 0? 0?
Ok = 72+72+...+72_ 5 — g— — ot — 5 . 4)
Oxry{  0x5 Oxy  Oxyy Oz 0xy 1,

They found that the solution u(z) of (3) which is unique under the condition | f(z, A¥'00Fu(x))] < N
where N is a constant for all 2 € 2 and the boundary condition A*~1[0Fu(z) = 0 for all z € 9.

H. Yildirim et al. [18] have introduced the Bessel diamond operator iterated k-times with z € R =
{z:2=(x1,29,...,20),21 > 0,...,2, > 0},

k
2 2
<>% - [(Bxl +.”+Bxp) o (Bxp+1 +".+sz+q) :| ©)
where p+q =n, B;, = % + %8%2- where 2v; = 26; +1, 3; > —%[13], k is nonnegative integer and n is

the dimension of R, and studied the elementary solution of this operator. Moreover, they have studied the
Fourier-Bessel transform of the elementary solution.

Next, M. Z. Sarikaya and H. Yildirim [15, 16] have studied the B-convolution of the Bessel diamond
kernel of Riesz and the nonlinear equation of the form

Ohu(z) = fla, A1 Dhu(x) (6)

with f defined and continuous for all z € 2 U 02 where D% is the Bessel ultra-hyperbolic operator iterated
k-times, defined by

k
Dk = (B:c1 +ng2 + - "‘Bxp - B$p+1 - Bxp+2 - BI;H—q) ) )

Q2 is an open set in R;} and 9 denotes the boundary of 2. They found that the solution u(x) of (6) which
is unique under the condition |f(z, A% 'O%u(x))| < N where N is a constant for all z €  and the
boundary condition A%~ 0% u(x) = 0 for all z € IN.

In this work, we will study the nonlinear equation of the form

APu(z) = fa, AV u(z)) (8)

with f defined and continuous for all x € QU where () is an open set in R and 0f2 denotes the boundary
of 2. We will find the solution u(z) of (8) which is unique under the condition |f(x, A¥~1u(x))] < N
where N is a constant for all z € © and the boundary condition A*~1u(2) = 0 for all z € 9S2. Moreover,
we will study the nonlinear equation of the form

Npulw) = f(2, A5 u(w) ©)
with f defined and continuous for all z € QU where 2 is an open subset of R, and 92 denotes the bound-

ary of Q2. We will find the solution u(x) of (9) which is unique under the condition | f(z, A% tu(z))| < M
where M is a constant for all = €  and the boundary condition A% !u(z) = 0 for all = € HQ.

IJNS email for contribution: editor @nonlinearscience.org.uk
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2 Preliminaries

In this section, we give some notations and definitions.

Definition 2.1 Let x = (x1, z2,...xy) be a point of R™ and the function RS, () be defined by

|1.|Oé n

Ry(e) =y o

10)

where W, (a) = 7/22°T(a/2) /T ((n— ) /2), a is a complex parameter and |z| = (22 + 234 -+ 22)1/2.
It can be shown that R ,, (z) = (—1)*A*5 where A¥ is defined by (1) and § is the Dirac-delta distri-
bution. It follows that R§(z) = 4, see ([6], p.74).
Moreover, the function (—1)¥ RS, (x) an elementary solution of the Laplace operator iterated k-times
AF . that is

A (<1 Rgy(@)) =5, (11)

see ([10], Lemma 2.4).
The function E(z) = —S2(x) as defined by (14) is an elementary solution of the Laplace-Bessel opera-

tor
" " 82 2UZ' 8
AB:ZB%:Z<8$2+%8%>, (12)
=1 =1 3

that is, AgFE(x) = § where z € R}/
The operator O% can be expressed as the product of the operators D% and A’fg, that is

p 2 p+q 2* p pt+q pt+q k
(ZBM> - > B, =|> B~ > B ZB%,ZJr > B | =0hAk
=1

i=p+1 i=1 i=p+1 i=p+1

Denoted by 1Y the generalized shift operator acting according to the law [13]

vy vy
- C;‘/ .. / © <\/£L’% +y? — 2z1y  cos by, .. ., \/:):% +y2 — 2xnyn6089n>
0 0
n
x <H sin?vi 1 9Z~> doy - - - db,,

i=1

where z,y € Rf, C = T, % We remark that this shift operator is closely connected with the
2 K2
Bessel differential operator [13]

U 2wdU  dPU | 20dU

d? "z dr  dy? |y dy’ U(z,0) = f(z),  Uy(z,0)=0.

The convolution operator determined by the 7Y is as follows:

(f * @) / fly (Hy“) (13)

Convolution (13) known as a B-convolution. We note the following properties of the B-convolution and the
generalized shift operator.

@ T¢-1=1;

(b) T - f(x) = f(x);
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(c) If f(z),g(x) € C(R;}), g(x) is a bounded function for all z € R;} and

- 2vi | do < 0o
/mm:c)\(ﬂxi )d <

=1

21}2 2v;
/mTé’f(ﬂf)g(y)< )dy— / )T (Hy )

(d) From (c), we have the following equality for g(z) =

L)oo )

) (f*g)(x)= (g% f)(x).

The proof of the following lemmas can be seen in [18].

then

Lemma 2.1 Given the equation Apu(z) = & for v € R}, where Ap is the Laplace-Bessel operator
defined by (12). Then E(x) = —Sa(x) is an elementary solution of the operator A\ g where

on+2v|—4 (n+2|2v\—2)

[T, 2vi=3T (Ui + %)

Lemma 2.2 Given the equation A]fgu(x) = ¢ for x € R}, where A]fg is the Laplace-Bessel operator
iterated k-times defined by (12). Then u(x) = (—1)*So(z) is an elementary solution of the operator Ak,
where

E(r) = =Sy(z) = - o (14)

on+2Jv| 4k (n+2lv|*2k>
2

Sor(z) = || P21l (15)
[Ty 27720 (v ) TOR)
The proof of the following lemmas can be seen in [17].

Lemma 2.3 Given the equation
AFy(z) =0, (16)
where A is defined by (1) and x € R", then u(x) = (-1 )k‘*l(Re( (e 2))™) as a solution of (16) where
m is a nonnegative integer with m = (n — 4)/2,n > 4 and n is even and (RS S(h— 1)( x))™) is a function

defined by (10) with m derivatives and o = 2(k — 1).

Lemma 2.4 Given the equation

Au(z) = f(z,u(z)), (17

where f is defined and has continuous first derivatives for all x € QU 052, Q) is an open set in R™ and 0X) is
the boundary of ), assume that f is bounded, that is |f(x,u)| < N and the boundary condition u(x) = 0
for x € 0. Then we obtain u(x) as a unique solution of (17).

The proof of the following lemmas can be seen in [16].

Lemma 2.5 Given the equation

Aku(z) =0, (18)
where A is defined by (12) and x € R}, then u(z) = (—1)k_1(52(k_1) (2))™) as a solution of (18) where
m is a nonnegative integer with m = (n + 2|v| —4)/2,n + 2|v| > 4 and n is even and (Sg(k_l)($))(m) is
a function defined by (15) with m derivatives.

Lemma 2.6 Given the equation
Apu(x) = f(z,u(x)), (19)
where f is defined and has continuous first derivatives for all x € QU O, Q is an open set in R} and 0 is

the boundary of ), assume that f is bounded, that is | f(x,u)| < M and the boundary condition u(z) = 0
for x € 0. Then we obtain u(x) as a unique solution of (19).
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3 Main Results

In this section, we will state our main results and give their proofs.
Theorem 3.1 Consider the nonlinear equation
Atu(z) = £z, A (@), (20)

where A¥ is the Laplace operator iterated k-times, defined by (1), let f be defined and have continuous first
derivatives for all x € QU 052, where () is an open set in R™ and 0X) denotes the boundary of Q2 and n is
even withn > 4. Let f be a bounded function, that is for all x € <),

|f(, A Mu(@) < N 21)
and the boundary condition for © € 0} be
AFLy(z) = 0. (22)
Then we obtain
u(@) = (=1 Ry (2) * W(x) (23)

as a solution of (20) with the boundary condition
u(x) = (~1) (B (2)) fora € 90

wherem = (n—4)/2,k = 2,3, ... and W (x) is a continuous function for x € QU 0, R ) (x) is given
by (10) with o = 2(k — 2).

Proof We have
AFu(z) = AL Tu(z) = fz, A u(z)). (24)
Since u(x) has continuous derivatives up to order 2k for k = 1,2, 3, ..., we can assume for all z €
ARy (z) = W (). (25)
Thus, (24) can be written in the form
Atu(e) = AW (@) = f(z, W(2)), (26)
by (21), for all x €
|flz,W(2))| < N (27)

and by (22), W (z) = 0 or for all z € 9
AFty(z)) = 0. (28)

Thus by Lemma 2.4 there exists a unique solution W (z) of (26) which satisfies (27). Convolving both sides
of (25) by (—1)* 'R, ,(x), we obtain

(DM RS,y (2) x A Mu(@) = (1) RS,y (2) x W (),

A (A1) Ry () # ule) = (1) Ry () + W (@),
or
0w u(x) = (~1)" RSy (2) + W(x),
Thus

u(@) = (=1 Ry (x) * W(x) (29)
as required. We consider for x € 90
ARy (z) = 0.
By Lemma 2.3, we have
u(z) = (=) (R g (2)) ™)
where m = (n —4)/2,n>4andnisevenand k = 2,3, .. ..
This complete the proof. 0

IJNS homepage:http://www.nonlinearscience.org.uk/



478 International Journal of Nonlinear Science,Vol.8(2009),No.4,pp. 473-479

Theorem 3.2 Consider the nonlinear equation
Npu(x) = f(z, g u(z)), (30)

where A% is the Laplace-Bessel operator iterated k-times, defined by (12), let f be defined and have con-
tinuous first derivatives for all x € Q U OS2, where Q is an open set in R;} and 9) denotes the boundary of
Q and n is even with n + 2|v| > 4. Let f be a bounded function, that is for all x € (),

|f (e, A ()| < M (31)
and the boundary condition for x € 0X) be
AR u(z) = 0. (32)
Then we obtain
u(w) = (1)1 Sy (@) * W (2) (33)

as a solution of (30) with the boundary condition
u(@) = (1)} (Sag) (@)™ forz € 99

where m = (n + 2|v| —4)/2,k = 2,3,... and W(z) is a continuous function for x € QU 0, Sy,_9)(x)
is given by (15).

The proof of this Theorem is similar to the proof of Theorem 3.1, by using Lemma 2.5, 2.6 and B-
convolution.
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Abstract

In this paper, we study the distribution e“XDES, where D'é is the operator

related to the ultra-hyperbolic type operator iterated k-times, & is the

Dirac delta distribution, X = (X, X5, ..., X,) is a variable and o =

(o4, @, ..., 0y) is a constant and both are the points in the n-dimensional

Euclidean space R".

At first, the properties of eaxDES are studied and later we study the

application of e“XD'és for solving the solutions of the convolution
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equation

m
(e™TES) * u(x) = e > C, 08,
=0

where U(X) is the generalized function and C, is a constant. We found

that its solution is related to the ultra-hyperbolic equation and moreover,
the type of solutions of the convolution equation, such as the ordinary
functions, the tempered distributions or the singular distributions

depending on k, m and a.
1. Introduction

Gelfand and Shilov [2] have introduced the elementary solution of the
n-dimensional ultra-hyperbolic operator. Next, Trione [11] has shown that the

n-dimensional ultra-hyperbolic equation has u(x) = Ry ;(X) as a unique elementary
solution. Later, Téllez [10] has proved that Ry, ;(x) exists only for case p is odd
with p+q=n.

Kananthai [5] has showed that the solution of the convolution form u(x) =

Rok, ¢, (X) * Rak ¢, (X) is a unique elementary solution of the equation DEIDIC(ZU(X)

=9, where ch(l and ch(z are the operators related to the ultra-hyperbolic type

operator iterated k-times and in particular if kK = p =1 with X; =t (times), ¢; and
¢, are velocity, then u(x) = Ry ¢, (X) * Ry ¢, (X) is the elementary solution of the
elastic wave equation of fourth order.

Sritanratana and Kananthai [9] have studied the product of the nonlinear
diamond operators related to the elastic wave equation and also introduced the ultra-

hyperbolic operator Dlé.

Bupasiri and Nonlaopon [1] have studied the weak solutions of compound ultra-

hyperbolic equation
m
D" COku() = (%), (1)
r=0

which is related to the ultra-hyperbolic type operator iterated k-times.
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Kananthai [3] has studied the properties of the distribution e X5 for solving
the elementary solution of the equation of the ultra-hyperbolic type by using the

convolution method.

Kananthai [4] has studied the properties of the distribution e®*OKs and the

application of e™*OKs for solving the solutions of the convolution equation

m
(OKs) * u(x) = e“XZCrOrS, (1.2)
r=0

where OX is the diamond operator iterated k-times and is defined by

P, 42 2 ( pig 22 27k
N

2
= jSpH %]
P + g = n is the dimension of the Euclidean space R".

Kananthai [6] has studied the application of the distribution eXs for solving

the solutions of the convolution equation
m
(e TK8) * u(x) = ™) C,0", (1.4)
r=0
which is related to the ultra-hyperbolic equation.
In this paper, we study the properties of the distribution eaXDléé and the
application of e“XDES for solving the solutions of the convolution equation
m
(€™0K8) * u(x) = e“xz c, 0", (1.5)
r=0
where Dié is the operator related to the ultra-hyperbolic type operator iterated
k-times and defined by
p+q

2k
o= =) S - o

2 2 20
CTIT X S 0K

(1.6)

u(x) is the generalized function and C, is a constant. We found that its solution is



298 PANYA SASOPA and KAMSING NONLAOPON

related to the ultra-hyperbolic equation and moreover, the type of solutions of the
convolution equation, such as the ordinary functions, the tempered distributions or

the singular distributions depending on k, m and o.

Before going to that point, the following definitions and some concepts are

needed.

2. Preliminaries

Definition 2.1. Let X = (X;, X, ..., X;) be the point of the Euclidean space R",

write
2(y2 2 2 2 2 2
Vo= Co(X + X3+ + Xp) = Xpig = Xpa2 = = Xpago 2.1
where p + @ = n and the interior of the forward cone is defined by T, = {x € R" :

X; > 0 and V > 0}. For any complex number y, define

V(Y—n)/2

RY5C(X) = Kn(Y)
0 for x ¢ I,

for xel,, 2.2)

where

A0 22 =M1 =Y
PR e

(2.3)

2 2

The function R, (x) = R, ;(X) is introduced by Nozaki [7]. It is well known that

such function is an ordinary function if Re(y) > n and is a distribution of y if

Re(y) < n.

By putting p = ¢ =1 in (2.1) and (2.3), and using the Legendre’s duplication of
I'(z), (2.2) reduces to

\/(1’4‘)/2
MY(X) = Hn(Y)
0 for xel,,

for x eI,
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where

Ho(y) = n(n—z)/szflr(&z“Lz)r(%j and V = x% —x% = = x2.

The function M, (x) is precisely called the hyperbolic kernel of Marcel Riesz.

The proofs of the following Lemmas 2.1, 2.2 and 2.3 are given in [1].

Lemma 2.1. The function R, .(x) is a homogeneous distribution of order

y —n and is also a tempered distribution.
Lemma 2.2. Given the equation
OKu(x) = 8, (2.4)

where Dlé is defined by (1.6), k is a nonnegative integer and & is the Dirac delta

distribution. Then u(x) = Ry ¢(x) is the unique elementary solution of (2.4), where

Rk c(x) is defined by (2.2) with y = 2k.

Lemma 2.3. Let R, .(x) and Rg ¢(x) be defined by (2.2), and y, B are positive

even numbers with y + = 2k, where k is a nonnegative integer. Then RY’C(X) *

RB,C(X) = Ry+ﬁ,c(x)-
3. Properties of e®Ks

First, we shall consider the distribution eaXch(E) with k = 1.
Lemma 3.1. The distribution e**[J.8 has the following properties:

Properties 3.1. For the operator D'é with k =1 and is defined by (1.6), then

e®0:8 = 08 - 2| — Z“'ax, Zala ] {%Zp:aiz— pigjoc%]S
=1

j=p+l1 j

and e™ 1.5 is a tempered distribution of order 2 with support {0}.
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Proof. Let ¢ € 9 be the space of testing functions, infinitely differentiable

with compact supports and 2’ be the space of distributions. Now
(608, 9(x)) = (8, Oce™o(x)),

for 0.8 € 2'. By computing directly, we obtain

ox 1\ % ax S 2% ax
Tee™o(0) = - > 2@ 000) - > 2o (€ o(x)
= X j=p+1 Xj
p p+q
_ax ax| 1 . 6@()() _ . 8@()()
=e“O.0(x) + 2e {0—2 ,E_l o ox; J_EpHOLJ W

p p+qg
. eax[%Zaiz - Z a%}p(x). (3.2)

Then

p p+q
+ {CLZZOL'Z - Z a%}i, qo(x)>. (3.3)

By equality of distributions, we obtain (3.1) as required. To show that e**[J.8 is a
tempered distribution, from (3.1) 8, 83/0x;, 08/dxj and ;8 have support {0}
which is compact, hence, by Schwartz [8], they are tempered distributions. From

(3.1), it follows that eaXDCS is also tempered distribution and by Zamanian [12,

Theorem 3.5-2, p. 98] e**[J;8 is of order 2 with point support {0}. O
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Properties 3.2 (Boundedness property). For every testing function ¢ € S, the
Schwartz space and e**[J.6 € S', the space of tempered distributions, then

| (e**0c8, @) | < CM, where C and M are constant with

M = max{| 0(0)], ‘6@(0)‘ ‘a‘f’(o)‘ | C(0) I}

ptg p+q
2
= —ZZ|0L,|+2Z |ocj|+ Za, Za%. (3.4)
=+ iSp+

Proof. Since (€**01.5, o(x)) = (8, O.e* (X)), hence by (3.3), we have

+2Z|

=p+l1

I@”56@H<H%wmp-2§] |20

a(p(O) ‘

1 p 5 p+q 5
+[C_2-Z:‘ai + Zoch|(p(0)|.

j=p+1

Let M = max{| 9(0) . | 36(0)/x; |. | 2¢(0)/ & |. | Cle(0) [}. Then

p p+q
| (€08, ¢) | < {1+—Z|a||+22 [oj|+ 22&. ZOLJJ

j=p+l1 i=1 j=p+1
It follows that | (€**01.8, @) | < CM, where C is defined by (3.4). O

Lemma 3.2. Given u(x) any distribution in the space S’, then

P p+q
(e**00.8) * u(x) = Ogu(x) - Z[Lzz ou(x) Z o 6u(x)}
o1

5Xi . J 6Xj
j=p+1

+[%Zp: of - PZ: %}u(x). (3.5)

Proof. Convolving both sides of (3.1) by u(x), we obtain (3.5) as required. If L
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is the operator and is defined by

1 p 3 p+q d 1 p 5 p+q 5
LEDC—z C—zzl:aia—xi—-zlajyj + C—Z(li —-Zaj , (36)
i= j=p+

i=1 j=p+1
then (3.5) can be written as

(e™0:8) * u(x) = Lu(x). (3.7)

Lemma 3.3 (The generalization of Lemma 3.2).
(e0Ks) * u(x) = Lu(x), (3.8)
where L is the operator defined by (3.6) and is iterated k-times with Lou(x) = u(x).

Proof. We have (eaXch(S, o(x)) = (D'c(& e™o(x)) for every ¢(X)€ 2 and

e85 € 2. So
(088, e™o(x) = (0§ ™'5, Oce™o(x)) = (T8, e™To(x)),

where T is the partial differential operator from (3.2) and is defined by

So
(018, e Te(x) = (068, Dee™*To(x)
= (B¢ 778, €T (To(x)))
= (0§78, e™T %g(x)).
By keeping on operating [J; with k — 2 times, we obtain
(08728, €T 20(x)) = (8, €T “0(x)) = T0(0),

where TX is the operator of (3.9) iterated k-times. Now
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T49(0) = (3, T o(x)) = (L3, T "o(x)),
by the operator L in (3.6) and the derivative of distribution. Continuing this process,

we obtain TX(0) = (Lk5, ¢(x)) or (eaXch(S, o(x)) = (Lk6, @(x)). It follows that:
e ks = LS. (3.10)

Convolving both sides of (3.10) by distribution u(x), we obtain (3.8). O
4, Main Results

Theorem 4.1. Let L be the partial differential operator defined by

1 p P p+q P 1 p 5 p+q 5
L=0o-2 5D dige= D, eige |*| e - 2 o)
] bjspH ] ] j=p+1

where this operator appears in (3.1). Now L is of ultra-hyperbolic type. Consider the
equation

Lu(x) = 8, 4.1

where u(x) is any distribution in S’, then u(x) = e**R, ¢(x) is a unique elementary

solution of (4.1), where R, .(x) is defined by (2.2) with y = 2.

Proof. From (3.1) and (4.1) we can write (e**[J:8)*u(x) = Lu(x) = d.
Convolving both sides by e**R; (), we have
(6™ Ry, ¢ (X)) * (€™ 0d * u(x)) = e™Ry ¢ (x) * &.
Then
™ (Ry, (%) * (0c8)) * u(x) = e™*Ry ¢ (%),
or equivalently,

(€™ DeRy, ¢ (x)) * u(x) = €™ Ry, ¢ (x).

Because [JgR; ¢(x) =38 by Lemma 2.2 with k =1, we obtain (e**8)* u(x) =
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e™Ry ¢(x). Since e*8 =35, &*u(x)=e"Ry(x). It follows that u(x)=
e* Ry, ¢(x). We can check the solution u(x) by computing directly from (4.1). [
Theorem 4.2 (The generalization of Theorem 4.1). From Lemma 3.3, consider

e0Ks) +u(x) = & (4.2)

or
u(x) = 8, (4.3)

then u(x) = e**Ryy ¢(x) is a unique elementary solution of (4.2) or (4.3).

Proof. We can prove by using equation (4.2) or (4.3) as well. If we start with

equation (4.2), we convolve both sides of (4.2) by e** Rok,c(X), then we obtain
(6" Rak, (X)) * (6018 * u(x)) = ¥ Ry ¢ (X) * 3,

or e®(T&Ryy ¢(x) * U(X) = %Ry ¢(X). Since TERyy (X) =8 by Lemma 2.2,

we have (€**8) * u(x) = e Ryy ¢(x) or u(x) = e*Ryy ¢(x) as required. Or if we

use equation (4.3), we convolve both sides of (4.3) by e** Ry.¢(x), then we obtain
6% Ry, (X) * Lu(x) = €®*R, ¢ (X) * &,

or L(e™ Ry, ¢ (X)) * K lu(x) = e*Ry, ¢(X). By Theorem 4.1, we obtain L lu(x) =

e*Ry, (). By keeping on convolving e**R; (x) with k — 1 times, we obtain

u(x) = e*(Ry, (%) * Ry, ¢ (x) -+ * Ry, ¢ (X)) = €™ Ry c(X),
by Lemma 2.3. O

Theorem 4.3. Given the convolution equation
m
(€™0K8) * u(x) = e“xz c,0rs, (4.4)
r=0

where D'C‘ is the operator related to the ultra-hyperbolic type operator iterated
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k-times and defined by

where p + ¢ = n is the dimension of the space R" with p odd and q odd or p odd
and g even, the variable x = (X, X5, ..., X,) € R", the constant o = (o, oy, ...,
o) € R, & is the Dirac delta distribution with (%6 = &, (L6 = (.6 and C, is a
constant. Then the type of solution u(x) of (4.4) depends on k, m and o as the
following cases.

(1) If m<k and m =0, then the solution of (4.4) is u(x) = Coe™Ryy ¢(X)
which is the elementary solution of the operator D‘C‘. Now Ry ¢(x) is defined by
(2.2) with y =2k. If 2k > n and for any a, then e‘*XRzk,c(x) is the ordinary
function. If 2k < n and for some a = (o, o, ..., ay) With a; <0 (i =1, 2, ..., n),

then e™Ryy () is a tempered distribution.
(2) If 0<m<k and r run from 1, then the solution of (4.4) is u(x) =

m
e“XZCrRzk,zr,c(x) which is ordinary function for 2k —2r >n with any
r=1

arbitrary constant o and it is a tempered distribution if 2k — 2r < n for some o
with o; <0 (i =1, 2, .., n).

(3) If m >k and for any o, suppose that k < m < M and r run from k, then
M
(4.4) has u(x):eO‘XZCrDE’kS as a solution which is only the singular

r=k
distribution.

Proof. (1) For m < k and m = 0, (4.4) becomes
(e 0K8) * u(x) = Coe™s = Cy5

and by Theorem 4.2, we obtain U(x) = Coe® Ry ¢(X). Now Ry ¢ is defined by
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(2.2) with y = 2K, is the ordinary function for 2k > n. It follows that Cye® Rk, c(X)
is an ordinary function for 2k > n with any o. If 2k <n, then Ry ((x) is an
analytic function except at the origin and by Lemma 2.1, Rzk,c(x) is tempered
distribution and for some o = (o, 0y, ..., ) with o; <0 (i=1,2,..,n) we
have e** as a slow growth function and also its partial derivative is a slow growth.

It follows that Coe® Ryy () is a tempered distribution.
(2) For 0 < m < k and r run from 1, we can write (4.4) as
(X 0K8) * u(x) = e*[Cy0.5 + C,26 + -+ + C,OT5].
Convolving both sides by e** Rk, ¢(x) and by Lemma 2.2, we obtain
U(x) = €¥[C/0cRak o(X) + CollgRoi, o (X) + -+ + CmlI Ra ¢ (X))
Now I Rk, ¢(X) = 8, then DE_rDERzk’C(X) = for r < k. Convolving both sides

by Rox_ar.c(X), we obtain

R2k—2r,c(x) * ch(_rDERZk,c(X) = R2k—2r,c(X)»
or
IjIé_rRzk—zr,c(X) * |jERZk,c(X) = R2k—2r,c(X)»
or
|jERZk,c(X) = R2k—2r,c(x)
for r < k. It follows that
u(x) = e**[C Ry —2,¢(X) + CoRak—4,c(X) + -+ + CyRox_om, ¢ (X)),

or
m
u(x) = eaxz Cy RZk—Zr,c(X)-
r=1

Similarly, as in the case (1), €**Ryy_oy ¢(X) is the ordinary function for 2k — 2r
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m
> n with any a. It follows that u(x) = eaXZCrRzk_zr,c(X) is also the ordinary
r=1

function with any o. For the case 2k — 2r < n and for some a = (a4, &y, ..., 0tpy)

with aj <0 (i =1, 2, .., n), we obtain e**Ryx_» ¢(X) is a tempered distribution.

m
It follows that u(x) = eaxz CrRok—ar,c(X) is also a tempered distribution.
r=1

(3) If m >k and for any a, suppose that Kk <m <M and r run from K, then
(4.4) becomes

(e 0K8) * u(x) = e™[CL TS + Cp K15 + - + Cy OV 5],
Convolving both sides by e**Ryy () and by Lemma 2.2, we have
u(x) = € [C O Rox ¢ (%) + CieatTe M Rai ¢ () + - + Cr 8 Roge ¢ (X)]-
Now
08 Rok o (X) = opk ok Rok,c(X) = ok,
for k <m < M. So

U(X) = **[Cyd + Cy 1100 + Cp 1 o028 + -+ + Cyy OM K]

M
= e C ks,
r=k

Now, by (3.6) and (3.10), we have
eOLXD(r:_kB = Dg_ké + (the terms of lower order of partial derivative of §),

for k <r <M and since all terms of the right-hand side of above equation are

singular distribution, it follows that
M
u(x) = e“XZCrDE‘kS
r=k

is only the singular distribution. That completes the proof. O
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Abstract. In this article, we have studied the compound ultra-hyperbolic
Bessel equation of the form

Y COp culz) = f(x),
=

where U} . is the ultra-hyperbolic Bessel operator iterated r-times, f is a given
generalized function, u is an unknown function, z € R} and C, is a constant.
In this work, we study the weak solution u(x) of above the equation which is
of the form ultra-hyperbolic Bessel operator and moreover, such a solution is
unique.

Key words: Dirac-delta distribution; Ultra-hyperbolic Bessel operator; Tem-
pered distribution.
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1. Introduction

I. M. Gelfand and G. E. Shilov [3] have first introduced the elementary solution
of the n-dimensional classical ultra-hyperbolic operator. S. E. Trione [9] has
shown that the n-dimensional ultra-hyperbolic equation has u(z) = Ray(x) as
a unique elementary solution. Later, M. A. Tellez [8] has proved that Rax(x)
exists only for case p is odd with p + ¢ = n.

2Corresponding Author
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H. Yildirim et al. [10] have introduced the Bessel ultra-hyperbolic type operator
iterated k-times with z € RY = {z: z = (21, 72,...,2p),21 > 0,..., 2, > 0},

(1.1) 0% = (Boy + Boy +++ By, —Bopy — - — Bay )P

Tp+1

where p+q = n, By, = % + 21”16%1 where 2v; = 26, + 1,8, > f% [5], k is
nonnegative integer and n is the dimension of R} and studied the elementary
solution of this operator. Moreover, they have introduced the Bessel diamond
operator and have studied the elementary solution of this operator and also the
Fourier-Bessel transform of the elementary solution.

A. Kananthai and K. Nonlaopon [4] have studied the weak solution of the com-
pound ultra-hyperbolic equation. Next, M. Z. Sarikaya and H. Yildirim [7] have
studied the weak solution of the compound Bessel ultra-hyperbolic equation.
Later, S. Bupasiri and K. Nonlaopon [1] have studied the weak solution of the
compound equation related to the ultra-hyperbolic operator of the form

m

(12) > COpule) = fa)
r=0

where O] is the operator which related to the ultra-hyperbolic type operator
iterated r-times, defined by

T
1 p 82 p+q 82
(13) He=l\alor 2 a2
i=1 "1 j=p+1

A. Saglam et al. [6] have developed the operator of (1.1), defined by
1 k
(1.4) DkB7c = |:62(Ba;1 + sz +---+ Bacp) - (Bwp+1 +oee Bacerq)

and is called the ultra-hyperbolic Bessel operator iterated k-times. Moreover,
they studied the product of the ultra-hyperbolic Bessel operator related to elas-
tic waves.

In this article, we will consider the equation

(1.5) Of cu(z) = f(2)

where u(z) and f(x) are some generalized function.
We will develop the equation (1.5) to the form

(1.6) > GOf cu(x) = f(2),
k=0

which is called the compound ultra-hyperbolic Bessel equation and by conven-
tion DOB,Cu(m) = u(z). In finding the solutions of (1.6), we use the properties of
convolutions for the generalized functions.
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2. Preliminaries

Denoted by T the generalized shift operator acting according to the law [5]:

s ™
= C; / T / ¥ (\/:U% + y% — 21y cos 01, .. \/$ + yn 2%,Yn COS 0n>
0 0

x (H sin2vi—1 9i> dby - --db,,

i=1

where z,y € R}, C =[], % We remark that this shift operator is

closely connected with the Bessel differential operator [5]:
d2U+2vdU d2U+27vﬂ
dx? z de  dy? y dy
U(z,0) = f(x),
Uy(z,0) = 0.

The convolution operator determined by the T is as follows:

21) (f* o)y / fly (Hy)

Convolution (2.1) known as a B-convolution. We note the following properties
of the B-convolution and the generalized shift operator.

(a) TY-1=1.

(b) T2 - f(2) = f(a).

(c) If f( ),g9(x) € C(R}), g(x) is a bounded function all z > 0 and

/. f(w)|<H m)dx@o
/R+T£’f<w)g(y)( %z)dy_ / )T (Hy)

n

then

(d) From (c), we have the following equality for g(x) = 1.

/ Tyf (Hy2vl> dyZ/ (Hy%l)
(e) (f*g)(x) = (g * f)(z).

Definition 2.1. Let = (21, z2,...,2,) be a point of the n-dimensional space
Rt

n
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(2.2) V=c(ai+ai+... 4+2)) — a0 — 2o — — Ty,

where p+q = n, the interior of forward cone defined by I'y = {x € R} : 21 > 0, 22 > 0, ...

Zn, > 0and V > 0}. For any complex number «, define

a—n—2v|

Vi forz el
(2:3) Ry (x) =14 K,.,(z)’ -
0, forx ¢ Ty,
where
= (2+a;2\v|) T (PTQ) T ()
(2.4) Ky () =

2+a—p=2|o| +2Jo|—
() ()

Lemma 2.1. ng (z) is a homogeneous distribution of order (o —n — 2|v]).
In particular, it is a tempered distribution.

Proof. We need to show that RY () satisfies the Euler equation

;zi;ﬁgc(@ — (a - n—2W)RY ().

Now
n 0 H 1 n 0 2/,..2 2 9 ) a—n—2|v|
;inaixiRa,c(x) = m;xlaixz (C (le —|—-|—;L=p) — Xy = _xp+q) 5
a—n—Z\v\ a—n=-2v|-2
:m(02(x§+...+x§)_$§+1_,,._x§+q) 2
X (02(1‘%++x12))_1‘12)+1__$12]+q)
: azn_2Jv|
= R @ WD (Pt e —a - —apy)
_ (00— n— 20V ="z
Kmv(a)

=(a—n-— 2|1}|)R£{c($).
Hence RY () is a homogeneous distribution of order (o —n — 2|v[). W. F.

Donoghue [2] prove that every homogeneous distribution is a tempered distrib-
ution. So R (z) is a tempered distribution. This is complete of proof. O
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Lemma 2.2. Given the equations

(2.5) O cu(z) =6 (),

where O _ is defined by (1.4) and = € R;f, then we obtain u (z) = R . () as
an unique elementary solution of (2.5), where Ri’c (z) is defined by (2.3).
The proof of this lemma is given in [6].

Lemma 2.3.(The B-convolutions of tempered distributions)
(a) (D’g,cé (z)) *u(zx) = D%’cu (), where u is any tempered distribution.
(b) Let Rgﬁc (z) and R, . () be defined by (2.3), then Ri,c (z)*RE, . (2)
exists and is a tempered distribution.
(c) Let R, . (x) and RE, . (z) be defined by (2.3), then RS (z)xR3), . (x) =

RE tom,e (x), where k and m are nonnegative integer.
(d) Let Rg*,;’c (z) and REL,  (x) be defined by (2.3) and if Rgc’c (z)*RE, . (x) =

2m,c
4 (x) then Ri,c (z) is an inverse of R§, . () in the B—convolution algebra, de-

noted by Rj} . (z) = Rfrfl”cl (x), moreover R;In*l,’cl (x) is unique.

Proof.
(a) First, we consider the case k = 1, now

1 (P 82(5($) 2%85(%))_ pt+q 62(5(l') 2&657(33) plg=n

DB C(S(.T) = 5
’ 2 2 . . 2 . . ’
¢ \ & O x; 0% it x5 xz; Oz,

and let p(z) be a testing function in the Schwartz space S. By the definition of
B-convolution, we have

(Op.c0(z) * u(x), o(z)) = (u(z), (Op.6(x), p(x +y)))
p 2 Vs
{3 (£ % )

p+aq 9%5(y) N 2v; 90(y) oz + y)>>

2 . .
S 8mj x; Oz

=N
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P 920(x v; x
= <u(w), <5(y)a cig (Z J 90(;3;;— Y + %a@(@xj y)>

_ Zf 82¢($+y)+27¢8<p(:c+y) >>

Pt z? x; Oz

1 (& %0(x) 20 dp(x) Ak Pp(x) | 2v; 0p(z)
_<u(w)’c2 (Z 07 T w on )\ 2 o T x o,

i=1 i j=p+1 J

p 2 ) p+q 2 .

(B ) - (25 ) )
“ iz 9% T O i=pr1 O % %
(2.6)

= (Op,cu(x), p(z)) -

It follow that
Op.c0(x) xu(z) = Op cu(z).

Similarly for any k, we can show that
Dgcé(x) xu(z) = Dgcu(m).

(b) Since RY} () and Rjl, .(x) are tempered distribution by Lemma 2.1.
Now chosen supp RE (z) = K C I'y, where K is a compact set and T'y
designates of 'y closure. Then Rgc’c(x) is a tempered distribution with compact
support. By [2], RE, .(z) * RS, .(z) exists and is a tempered distribution.

(c) From equation D'Ercmu(x) = 6(x) we obtain u(z) = Ry} o, .(x) by
Lemma 2.2. For any m is a nonnegative integer, we write

O u(z) = O OF cu(z) = (),
then by Lemma 2.2, we have the following equality
Beul@) = Ry ().
B-convolving both sides by RE, () we obtain
Ry o(x) * OF cu(z) = R o(2) * Ry, ()

or
O R, o (2) * u(z) = R () * Ry, (o).

Then from Lemma 2.2, we have the following equality
3(x) * u(z) = Rij o(x) * Rypy ().

It follows that
u(z) = RS}, .(z) * R3,, .(z).

2m,c
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From the fact that u(z) = 2k+2m o(x) we obtain R} .(x)*R5), .(¥) = R} oy, (2).
(d) Since R% (z) and R (z) are tempered distributions with compact

supports, thus R} .(z) and Ry, () are the elements of space of B-convolution

algebra u' of distribution. Now RgC J(z) * R (x) = &(x) then by A. H.

Zemanian [11] show that R%} (z) = Rf,;: _!(x) is a unique inverse. O

Lemma 2.4. Let Rgc,c (x) and K, , (2k), be defined by (2.3) and (2.4). Then
(a) Kpnow(2k+2) =2k (2k+2 —n—2|v|) K, (2k),
(b) O% R3., . (x) = RE, 5 . (2), where k and m are nonnegative integer,
(c) RIfQ,M (x) = D%Cé (z), where k is a nonnegative integer.

Proof.
(a) From (2.4), we have

ﬁ%r <2+2k+227n72|v|> r (17221%2) T(2k + 2)
242k+2—p—2|v| +2|v|—2k—2
T (B o (=)

ﬂ_% (2kt+272n72\v|)1—\ (2k+272n72\v|> (1I§k)r (1 Qk) (2k)(2k + 1)F(2k)

Ky (2k+2)

2k+27p72\v|1—\ 2k+2—p—2|v| 2 r p+2|v|—2k
2 2 2o —2k—2 2

=2k(2k +2 —n — 2|v|) K, ,(2k).
(b) By Lemma 2.3.(c), we have

6(.’13) * Ré—lm,c(x) Rgc,c(x) * Rgm—?k,c(x)
O, Riko(2) % Ripy (%) = Raj (@) * Rypy oy, o()
Ri,c(x) * D%,cRgIm,c(z) = Rge,c(:c) * Rglm—Qk,c(z)’

and
D%,cRgn,c(z) = Rgm—Qk,c(I)'
c) For m = k, by Lemma 2.4. we have
F k, by L 2.4.(b h

RQm c( ) = Rgc($)’ R(J)L{(,(‘r> = 5(1‘)

For m = 0, by Lemma 2.4.(b) we have

RO c( ) RHQk c( ) or D%,cé(x) = Ri[Qk,c(x)'

3. Main Results

Theorem 3.1. Given the compound equation related to the ultra-hyperbolic
Bessel operator of the form
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3.1 Y COp () = f (),
r=0

where O . is the ultra-hyperbolic Bessel operator iterated r-times defined by
(1.4), f is a given generalized function, u is an unknown function, x € R}, n is
odd and C. is a constant. Then (3.1) has a unique weak solution

*—1

where

2

1% 1%
w () = Cpo1 + Cpe 29(d—n—2[v]) +Cm 324 a—n—2[])(6—n—2[0]) +-

(3.3)

+CO2 4-6...2(m—1)(4—n—2Jv |)(6 n—2v])...(2m—n—2|v|)
and V defined by (2.2) and (CpRE, (z) + w (x) RY, (x)) *!is an inverse of
CmRY, (2) +w (z) R, (2).
Proof. By Lemma 2.3.(a), equation (3.1) can be written as
(Con OB 6(2) + Crn 1O 16(2) + -+ + C10p 0(x) + Cod(z)) * u(z) = f().
B-convolving both sides by R4, .(z) defined by (2.3), we obtain
{Cm B RE (@) + Co i O REL () 4+ C10p R, (2) + CoRé{m}c(:v)] *u(z)
= f(ilf) * RZm,c(‘r)'
By Lemma 2.2 and Lemma 2.4.(b), we obtain
(@) + o1 BE(2) + Cru 2RI (2) + -+ + CLRE,, ) (3) + CoRl, ()] * u(@)
(3.4)
= f(x) * Riy, o(2).
By Lemma 2.4.(a), we obtain

4—n—2|v|
2

1%
R (x) = Ko@) Ry(w)- 2(4 —n — 2|v))K,(2)

Similarly,
V2
H _ pH .
Rgo(z) = Ry () 2-4(4—n—2v|)(6 —n — 2|v|)

V3
x) = RY () -
Bs.o(@) = Boe(®) 5 g@ —n = 210D 6 —n = 210 (8 = = 20])

(x) Vm—l
2:4-6---2(m—1)4d—n—=2v))(6 —n—2Jv|)--- (2m —n —2|v])’

R2m c( ) = Ré—{c
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Thus we obtain the function w(z) of (3.3). Now w(z) is continuous and infinitely
differentiable in classical sense for n is odd. Since R¥ (z) is a tempered distri-
bution with compact support, hence w(z)Rj.(x) also is tempered distribution
with compact support and so Cp,Rfl.(z) + w(z)R% (). By Lemma 2.3.(d),
CmR{.(x) + w(z) R .(x) has a unique inverse denote by

(Cngc(a?) + w(:r)R;[C(:r))*71 .
Now (3.4) can be written as

(CnRilo(2) +w(z) Ryl (2)) x u(z) = f(x) * Ry, o(2),  Rgl(x) = 8(x).

B-convolving both sides by (CpRE,(z) + w(x)Rfc(x))* ' we have

u(z) = f(x) % RYL, (@) % (Cou R (x) + w(@)RY ()" .

Since R4l .(z) is a unique by Lemma 2.2 and (Cp,R{.(z) +w(x)R§{c(:c))*71
also is a unique by Lemma 2.3.(d), it follows that u(z) is a unique weak solution

of (3.1) with odd-dimensional n. This completes the proof. O
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