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Chapter 1

Executive Summary

Generalized functions or distributions have of late been commanding constantly expand-

ing interest in several different branches of mathematics. In somewhat nonrigorous form,

they have already long been used in essence by physicists and opened up a new area of

mathematical research, which in turn proved an impetus in the development of a number

of mathematical disciplines, such as operational calculus, transformation theory, functional

analysis, ordinary and partial differential equations.

Distributions close relation to the solutions of differential equations. In the case of the

ordinary differential equation Lu = 0 with constant coefficients, every solution is the classical

solution. The matter is quite different for partial differential equations. The solutions in a

similar situation may now include generalized functions. For instance, ∂u/∂x1 = 0, in R2,

has among its solutions the generalized function δ(x2),

〈δ(x2), φ(x1, x2)〉 =

∫ ∞

−∞
φ(x1, 0)dx1,

where φ is a test function.

Our aim is to find the solution of the partial differential equation

Lu(x) = s(x), (1.0.1)

where L is partial differential operator and s(x) is an arbitrary known distribution. It is well

known that the elementary or fundamental solution is the solution for s(x) = δ(x).

A distribution u(x) is a solution of (1.0.1) if for every test function φ(x), we have

〈Lu(x), φ(x)〉 = 〈s(x), φ(x)〉. (1.0.2)

In searching for a solution u(x) of differential equation (1.0.1) we may have the following

situations :

1



(1) The solution u(x) is a sufficiently smooth function, so that the operation in (1.0.1) can

be performed in the classical sense and the resulting equation is an identity. Then u(x)

is the classical solution.

(2) The solution u(x) is not sufficiently smooth function, so that the operation in (1.0.1)

can not be performed, but it satisfy (1.0.2) as distribution. It is then a weak solution.

(3) The solution u(x) is a singular distribution and satisfy (1.0.2). It is then a distributional

solution.

All these solution are call generalized solution.

A purpose of this research is to find the solution of the partial differential equation that

the solution is a weak solution or distributional solution.

2



Chapter 2

Main Results

2.1 Weak solutions of the compound equations

We published two paper in this topics (see Appendices A1 and A5). We study the

compound equation related to the ultra-hyperbolic operator of the form

m∑
r=0

Cr�
r
cu(x) = f(x),

where �r
c is the operator which related to the ultra-hyperbolic type operator iterated r-times,

f is a given generalized function, u is an unknown function, x ∈ Rn and Cr is a constant.

The above compound equation is inspired by the compound ultra-hyperbolic equation

introduced and studied by Kananthai and Nonlaopon [A. Kananthai, K. Nonlaopon, On the

weak solution of the compound ultrahyperbolic equation, CMU J. 1(3) (2002), 209-214.]. In

fact, the compound ultra-hyperbolic equation is included in above compound equation if we

let c = 1. See Appendix A1.

The paper A5 changes operator in above equation from ultra-hyperbolic operator to ultra-

hyperbolic Bessel operator. We prove a theorem for this new equation about distributional

solution.

2.2 Nonlinear equations

2.2.1 Nonlinear ultra-hyperbolic heat equation

Consider the nonlinear equation of the form

∂

∂t
u(x, t)− c2�ku(x, t) = f(x, t, u(x, t)),

3



where �k is the ultra-hyperbolic operator iterated k-times, defined by

�k =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ · · ·+ ∂2

∂x2
p

− ∂2

∂x2
p+1

− ∂2

∂x2
p+2

− · · · − ∂2

∂x2
p+q

)k

,

p + q = n is the dimension of the Euclidean space Rn, (x, t) = (x1, x2, . . . , xn, t) ∈ Rn ×
(0,∞), k is a positive integer and c is a positive constant.

In the paper A2, we prove that under the suitable conditions for f, u and for the spectrum

of the heat kernel, we can find the unique solution in the compact subset of Rn × (0,∞).

Moreover, if we put k = 1 and q = 0 we obtain the solution of nonlinear equation related to

the heat equation.

2.2.2 Nonlinear Laplace and Laplace-Bessel operators

We study the solution of nonlinear equation

4ku(x) = f(x,4k−1u(x)),

where 4k is the Laplace operator iterated k-times, x = (x1, x2, . . . xn) ∈ Rn, k is a nonnega-

tive intege, u(x) is an unknown and f is a given function. In the paper A3, we found that

the existence of the solution u(x) of such equation depending on the conditions of f and

4k−1u(x). Moreover, we study the solution of nonlinear equation

4k
Bu(x) = f(x,4k−1

B u(x)),

where 4k
B is the Bessel-Laplace operator iterated k-times and x ∈ R+

n .

2.3 Convolution equation

In the paper A4, we study the distribution eαx�k
cδ, where �k

c is the operator which related

to the ultra-hyperbolic type operator iterated k-times, δ is the Dirac-delta distribution,

x = (x1, x2, . . . , xn) is a variable and α = (α1, α2, . . . , αn) is a constant and both are the

points in the n-dimensional Euclidean spaces Rn.

At first, the properties of eαx�k
cδ are studied and later we study the application of eαx�k

cδ

for solving the solutions of the convolution equation

(eαx�k
cδ) ∗ u(x) = eαx

m∑
r=0

Cr�
r
cδ,

where u(x) is the generalized function and Cr is a constant. We found that its solution

related to the ultra-hyperbolic equation and moreover, the type of solutions of the convo-

lution equation, such as the ordinary functions, the tempered distributions or the singular

distributions depending on k,m and α.
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Abstract 

In this article, we have studied compound equations related to the ultra-
hyperbolic operator of the form 

( ) ( )∑
=

=
m

r

r
cr xfxuC

0
,  

where r
c  is the operator which related to the ultra-hyperbolic type 

operator iterated r-times, f is a given generalized function, u is an 

unknown function, nx R∈  and rC  is a constant. In this work, we study 

the weak solution ( )xu  of the above equation and moreover, such a 
solution is unique. 

1. Introduction 

Gelfand and Shilov [2] have first introduced the elementary solution 
of the n-dimensional classical diamond operator. Trione [9] has shown 
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that the n-dimensional ultra-hyperbolic equation has ( ) ( )xRxu k 1,2=  as 

a unique elementary solution. Later, Tellez [8] has proved that ( )xR k 1,2  

exists only for case p is odd with .nqp =+  

Kananthai and Nonlaopon [4] have studied the weak solution of the 
compound ultra-hyperbolic equation. Sarikaya and Yildirim [6] have 
studied the weak solution of the compound Bessel ultra-hyperbolic 
equation. 

Kananthai [3] has showed that the solution of the convolution form 
( ) ( ) ( )xRxRxu ckck 21 ,2,2 ∗=  is a unique elementary solution of the 

equation ( ) ,
21

δ=xuk
c

k
c  where k

c1
 and k

c2
 are the operators which 

related to the ultra-hyperbolic type operator iterated k-times and δ is 
the Dirac-delta distribution, and in particular, if 1== pk  with 

tx =1 (times), 1c  and 2c  are velocities then ( ) ( ) ( )xRxRxu cc 21 ,2,2 ∗=  is 

the elementary solution of the elastic wave equation of fourth order. 
Sritanratana and Kananthai [7] have studied the product of the 
nonlinear diamond operators related to the elastic wave and also 

introduced the ultra-hyperbolic operator .k
c  

In this article, we will consider the operator which related to the 

ultra-hyperbolic type operator iterated k-times with nx R∈  

kp

i

qp

pj ji

k
c

xxc 













∂

∂−
∂

∂= ∑ ∑
=

+

+=1 1
2

2

2

2

2
1  (1.1) 

and equation 

( ) ( ),xfxuk
c =  (1.2) 

where ( )xu  and f are some generalized functions. 

We will develop equation (1.2) to the form 

( ) ( )∑
=

=
m

r

r
cr xfxuC

0
,  (1.3) 
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and by convention ( ) ( ).0 xuxuc =  In finding the solutions of (1.3), we use 
the properties of convolutions for the generalized functions. 

2. Preliminaries 

Definition 2.1. Let ( )nxxxx ...,,, 21=  be a point of the 

n-dimensional space ,nR  

( ) ,22
2

2
1

22
2

2
1

2
qpppp xxxxxxcV +++ −−−−+++=  (2.1) 

where ,nqp =+  the interior of forward cone defined by 

{ }.0,0: 1 >>∈=Γ+ Vxx nR  For any complex number α, define 

( )
( )

( )






Γ∉

Γ∈
α=

+

+

−α

α
,for0

for
2

,
x

xK
V

xR n

n

c  (2.2) 

where 

( )
( ) ( )

.

22
2

2
1

2
221






 α−Γ





 +−αΓ

αΓ




 α−Γ





 −α+Γπ

=α

−

pp

n

K
n

n  (2.3) 

The function ( ) ( )xRxR 1,αα =  is introduced by Nozaki [5]. It is well 

known that such function is ordinary function if ( ) nRe ≥α  and is 

distribution of α if ( ) .nRe <α  

By putting 1== cp  in (2.1) and (2.3), and using the Legendre’s 

duplication of ( ),zΓ  then (2.2) reduces to 

( )
( )

( )






Γ∉

Γ∈
α=

+

+

−α

α
,for0

for
2

x

xH
V

xM n

n

 

where 

( ) ( ) .,22
22 22

2
2
1

2122
n

n
n xxxcVnH −−−=





 αΓ





 +−αΓπ=α −α−  
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The function ( )xMα  is precisely called the hyperbolic kernel of 

Marcel Riesz. 

Lemma 2.1. ( )xR c,α  is a homogeneous distribution of order ( ).n−α  

In particular, it is a tempered distribution. 

Proof. We need to show that ( )xR c,α  satisfies Euler equation 

( ) ( ) ( )∑
=

αα −α=
∂
∂

n

i
cc

i
i xRnxRxx

1
,, .  

Now, 

( )∑
=

α∂
∂

n

i
c

i
i xRxx

1
,  

( ) ( ( ) )( )∑
=

−α
++ −−−++

∂
∂

α
=

n

i

n
qppp

i
i

n
xxxxcxxK

1

222
1

22
1

21  

( ) ( ) ( ( ) )( ) 2222
1

22
1

21 −−α
++ −−−++−α

α
= n

qppp
n

xxxxcnK  

( ( ) )22
1

22
1

2
qppp xxxxc ++ −−−++×  

( ) ( ) ( ( ) )( ) 222
1

22
1

21 n
qppp

n
xxxxcnK

−α
++ −−−++−α

α
=  

( ) ( )

( ) ( ) ( ).,
2

xRnK
Vn

c
n

n
α

−α
−α=

α
−α

=  

Hence ( )xR c,α  is a homogeneous distribution of order ( ).n−α  

Donoghue [1] proved that every homogeneous distribution is a tempered 
distribution. So, ( )xR c,α  is a tempered distribution. This completes the 

proof. 

Lemma 2.2. Given  equation 

( ) ( ),xxuk
c δ=  (2.4) 
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where k
c  is defined by (1.1), nx R∈  and δ is the Dirac-delta 

distribution, then we obtain ( ) ( )xRxu ck,2=  as a unique elementary 

solution of (2.4), where ( )xR ck,2  is defined by (2.2) with .2k=α  

Proof. See [9]. 

Lemma 2.3 (The convolutions of tempered distributions) 

(a) ( ) ( ) ( ),xuxu k
c

k
c =∗δ  where u is any tempered distribution. 

(b) Let ( )xR ck,2  and ( )xR cm,2  be defined by (2.2), then ( )xR ck,2  

( )xR cm,2∗  exists and is a tempered distribution. 

(c) Let ( )xR ck,2  and ( )xR cm,2  be defined by (2.2), then ( )xR ck,2  

( ) ( ),,22,2 xRxR cmkcm +=∗  where k and m are nonnegative integers. 

(d) Let ( )xR ck,2  and ( )xR cm,2  be defined by (2.2) and if ( )xR ck,2  

( ) ,,2 δ=∗ xR cm  then ( )xR ck,2  is an inverse of ( )xR cm,2  in the convolution 

algebra denoted by ( ) ( ),1
,2,2 xRxR cmck

−∗=  moreover, ( )xR cm
1
,2

−∗  is unique. 

Proof. 

(a) First, we consider the case ,1=k  now 

( ) ( ) ( ) ,,1

1
2

2

1
2

2

2 nqp
x

x
x

x
c

x
qp

pj j

p

i i
c =+














∂

δ∂
−














∂

δ∂
=δ ∑∑

+

+==

 

and let ( )xϕ  be a testing function in the Schwarts space S. By the 

definition of convolution, we have 

( ) ( ) ( )xxuxc ϕ∗δ ,  

( ) ( ) ( )yxxxu c +ϕδ= ,,  

( ) ( ) ( ) ( )yx
x

y
x

y
c

xu
qp

pj j

p

i i
+ϕ














∂

δ∂
−














∂

δ∂
= ∑∑

+

+==

,1,
1

2

2

1
2

2

2  
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( ) ( ) ( ) ( )














∂

+ϕ∂
−














∂

+ϕ∂
δ= ∑∑

+

+==

qp

pj j

p

i i x
yx

x
yx

c
yxu

1
2

2

1
2

2

2
1,,  

( ) ( ) ( )














∂

ϕ∂
−














∂

ϕ∂
= ∑∑

+

+==

qp

pj j

p

i i x
x

x
x

c
xu

1
2

2

1
2

2

2
1,  

( ) ( ) ( )x
x

xu
x

xu
c

qp

pj j

p

i i
ϕ














∂

∂
−














∂

∂
= ∑∑

+

+==

,1

1
2

2

1
2

2

2  

( ) ( ) ., xxuc ϕ=  (2.5) 

It follows that 
( ) ( ) ( ).xuxux cc =∗δ  

Similarly, for any k, we can show that 

( ) ( ) ( ).xuxux k
c

k
c =∗δ  

(b) Since ( )xR ck,2  and ( )xR cm,2  are tempered distributions by 

Lemma 2.1. Now, chosen ( ) ,psup ,2 +Γ⊂= KxR ck  where K is a compact 

set and +Γ  designates +Γ  closure. Then ( )xR ck,2  is a tempered 

distribution with compact support. By [1], ( ) ( )xRxR cmck ,2,2 ∗  exists and 

is a tempered distribution. 

(c) From equation ( ) ,δ=+ xumk
c  we obtain ( ) ( )xRxu cmk ,22 +=  by 

Lemma 2.2. For any m is a nonnegative integer, we write 

( ) ( ) ,δ==+ xuxu m
c

k
c

mk
c  

then by Lemma 2.2, we have the following equality: 

( ) ( ).,2 xRxu ck
m
c =  

Convolving both the sides by ( ),,2 xR cm  we obtain 

( ) ( ) ( ) ( )xRxRxuxR cmck
m
ccm ,2,2,2 ∗=∗  
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or 

( ) ( ) ( ) ( ).,2,2,2 xRxRxuxR cmckcm
m
c ∗=∗  

Then from Lemma 2.2, we have the following equality: 

( ) ( ) ( ).,2,2 xRxRxu cmck ∗=∗δ  

It follows that 
( ) ( ) ( ).,2,2 xRxRxu cmck ∗=  

From the fact that ( ) ( ),,22 xRxu cmk+=  we obtain ( ) ( )xRxR cmck ,2,2 ∗  

( ).,22 xR cmk+=  

(d) Since ( )xR ck,2  and ( )xR cm,2  are tempered distributions with 

compact supports, thus ( )xR ck,2  and ( )xR cm,2  are the elements of space 

of convolution algebra u′  of distribution. Now, ( ) ( ) ,,2,2 δ=∗ xRxR cmck  

then by Zemanian [10] it is shown that ( ) ( )xRxR cmck
1
,2,2

−∗=  is a unique 

inverse. 

Lemma 2.4. Let ( )xR ck,2  and ( )kKn 2  be defined by (2.2) and (2.3). 

Then 

(a) ( ) ( ) ( ).222222 kKnkkkK nn −+=+  

(b) ( ) ( ),,22,2 xRxR ckmcm
k
c −=  where k and m are nonnegative 

integers. 

(c) ( ) ( ),,2 xxR k
cck δ=−  where k is a nonnegative integer. 

Proof. 

(a) From (2.3), we have 

( )22 +kKn  

( ) ( )






 −−Γ





 −+Γ

+Γ





 −−Γ





 −+Γπ

=

−

2
22

2
24

222
21

2
4221

kppk

kknkn
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( ) ( ) ( ) ( )






 −Γ







−−




 −+Γ





 −+

Γ+




 −Γ







+
−






 −+Γ





 −+π

=

−

2
2

22
2

2
22

2
22

21222
21

21
2

2
22

2
2221

kp
kp

pkpk

kkkk
k

nknkn

 

( ) ( ).2222 kKnkk n−+=  

(b) By Lemma 2.3 (c), we have 

( ) ( ) ( ),,22,2,2 xRxRxR ckmckcm −∗=∗δ  

( ) ( ) ( ) ( ),,22,2,2,2 xRxRxRxR ckmckcmck
k
c −∗=∗  

( ) ( ) ( ) ( )xRxRxRxR ckmckcm
k
cck ,22,2,2,2 −∗=∗  

and 

( ) ( ).,22,2 xRxR ckmcm
k
c −=  

(c) For ,km =  by Lemma 2.4 (b), we have 

( ) ( ) ., ,0,0,2 δ== cccm
m
c RxRxR  

For ,0=m  by Lemma 2.4 (b), we have 

( ) ( ) ( ).or ,2,2,0 xRxRxR ck
k
cckc

k
c −− =δ=  

3. Main Results 

Theorem 3.1. Given the compound equation related to the ultra-
hyperbolic operator of the form 

( ) ( )∑
=

=
m

r

r
cr xfxuC

0
,  (3.1) 

where r
c  is the operator which related to the ultra-hyperbolic type 

operator iterated r-times, f is a given generalized function, u is an 

unknown function, nx R∈  and rC  is a constant. Then (3.1) has a unique 
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weak solution 

( ) ( ) ( ) ( ( ) ( ) ( )) ,1
,2,0,2

−∗+∗∗= xRxwxRCxRxfxu ccmcm  (3.2) 

where 

( ) ( ) ( ) ( ) +−−⋅
+

−
+= −−− nn

VCn
VCCxw mmm 644242

2
321  

( ) ( ) ( ) ( )nmnnm
VC

m

−−−−⋅⋅
+

−

26412642
1

0  (3.3) 

and V defined by (2.1) and ( ( ) ( ) ( )) 1
,2,0

−∗+ xRxwxRC ccm  is an inverse of 

( ) ( ) ( ).,2,0 xRxwxRC ccm +  

Proof. By Lemma 2.3 (a), equation (3.1) can be written as 

( ) ( ) ( ).01
1

1 xfxuCCCC c
m
cm

m
cm =∗δ+δ++δ+δ −

−  

Convolving both the sides by ( )xR cm,2  defined by (2.2), we obtain 

[ ( ) ( ) ( )xRCxRCxRC cmccm
m
cmcm

m
cm ,21,2

1
1,2 +++ −
−  

( )] ( ) ( ) ( ).,2,20 xRxfxuxRC cmcm ∗=∗+  

By Lemma 2.2 and Lemma 2.4 (b), we obtain 

[ ( ) ( ) ( ) ( )xRCxRCxRCC cmcmcmm ,121,42,21 −−− ++++δ  

( )] ( ) ( ) ( ).,2,20 xRxfxuxRC cmcm ∗=∗+  (3.4) 

By Lemma 2.4 (a), we obtain 

( )
( )

( )
( )

( ) ( ) ( ) ( ) .4222224 ,2
2224

,4 n
VxRKn

VV
K

VxR c
n

n

n

n
c −

⋅=
−+

⋅==
−−

 

Similarly, 

( ) ( ) ( ) ( )nn
VxRxR cc −−⋅

⋅= 6442
2

,2,6  
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( ) ( ) ( ) ( ) ( )nnn
VxRxR cc −−−⋅⋅

⋅= 864642
3

,2,8  

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .286412642
1

,2,2 nmnnnm
VxRxR

m
ccm −−−−−⋅⋅

⋅=
−

 

Thus, we obtain the function ( )xw  of (3.3). Now, ( )xw  is continuous 
and infinitely differentiable in classical sense for n is odd. Since ( )xR c,2  

is a tempered distribution with compact support, hence ( ) ( )xRxw c,2  also 

is tempered distribution with compact support and so ( )xRC cm ,0  

( ) ( ).,2 xRxw c+  By Lemma 2.3 (d), ( ) ( ) ( )xRxwxRC ccm ,2,0 +  has a unique 

inverse denoted by 

( ( ) ( ) ( )) .1
,2,0

−∗+ xRxwxRC ccm  

Now, (3.4) can be written as 

( ( ) ( ) ( )) ( ) ( ) ( ) ., ,0,2,2,0 δ=∗=∗+ ccmccm RxRxfxuxRxwxRC  

Convolving both the sides by ( ( ) ( ) ( )) ,1
,2,0

−∗+ xRxwxRC ccm  we have 

( ) ( ) ( ) ( ( ) ( ) ( )) .1
,2,0,2

−∗+∗∗= xRxwxRCxRxfxu ccmcm  

Since ( )xR cm,2  is a unique by Lemma 2.2 and ( ( )xRC cm ,0  

( ) ( )) 1
,2

−∗+ xRxw c  also is a unique by Lemma 2.3 (d), it follows that ( )xu  

is a unique weak solution of (3.1) with odd-dimensional n. This completes 
the proof. 
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Abstract. In this paper, we study the nonlinear equation of the form

∂

∂t
u(x, t) − c2�ku(x, t) = f (x, t, u(x, t))

where �k is the ultra-hyperbolic operator iterated k-times, defined by

�k =
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∂x2
1

+
∂2
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+ ∙ ∙ ∙ +
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−
∂2

∂x2
p+1

−
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∂x2
p+2

− ∙ ∙ ∙ −
∂2

∂x2
p+q

)k

,

p + q = n is the dimension of the Euclidean space Rn , (x, t) = (x1, x2, . . . , xn, t) ∈ Rn×

(0, ∞), k is a positive integer and c is a positive constant.

On the suitable conditions for f , u and for the spectrum of the heat kernel, we can find the

unique solution in the compact subset of Rn × (0, ∞). Moreover, if we put k = 1 and q = 0 we

obtain the solution of nonlinear equation related to the heat equation.
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1 Introduction

It is well known that for the heat equation

∂

∂t
u(x, t) = c24u(x, t) (1.1)

with the initial condition

u(x, 0) = f (x)

where 4 =
∑n

i=1
∂2

∂x2
i

is the Laplace operator and (x, t) = (x1, x2, . . . , xn, t) ∈

Rn × (0, ∞), and f is a continuous function, we obtain the solution

u(x, t) =
1

(4c2π t)n/2

∫

Rn
exp

[
−

|x − y|2

4c2t

]
f (y)dy (1.2)

as the solution of (1.1).

Now, (1.2) can be written as u(x, t) = E(x, t) ∗ f (x) where

E(x, t) =
1

(4c2π t)n/2
exp

[
−

|x |2

4c2t

]
. (1.3)

E(x, t) is called the heat kernel, where |x |2 = x2
1 + x2

2 + ∙ ∙ ∙ + x2
n and t > 0,

see [1, p. 208–209].

Moreover, we obtain E(x, t) → δ as t → 0, where δ is the Dirac-delta distri-

bution. We also have extended (1.1) to be the equation

∂

∂t
u(x, t) = c2�u(x, t) (1.4)

where � is the ultra-hyperbolic operator, defined by

� =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ ∙ ∙ ∙ +
∂2

∂x2
p

−
∂2

∂x2
p+1

−
∂2

∂x2
p+2

− ∙ ∙ ∙ −
∂2

∂x2
p+q

)

.

We obtain the ultra-hyperbolic heat kernel

E(x, t) =
(i)q

(4c2π t)n/2
exp

[∑p
i=1 x2

i −
∑p+q

j=p+1 x2
j

4c2t

]

where p + q = n is the dimension of the Euclidean space Rn and i =
√

−1.

For finding the kernel E(x, t) see [4].

Comp. Appl. Math., Vol. 28, N. 2, 2009
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In this paper, we extend (1.4) to be the general of the nonlinear form

∂

∂t
u(x, t) − c2�ku(x, t) = f (x, t, u(x, t)) (1.5)

for (x, t) ∈ Rn ×(0, ∞) and with the following conditions on u and f as follows,

(1) u(x, t) ∈ C(2k)(Rn) for any t > 0 where C(2k)(Rn) is the space of contin-

uous function with 2k-derivatives.

(2) f satisfies the Lipchitz condition, that is

| f (x, t, u) − f (x, t, w)| ≤ A|u − w|

where A is constant and 0 < A < 1.

(3) ∫ ∞

0

∫

Rn
| f (x, t, u(x, t))| dx dt < ∞

for x = (x1, x2, . . . , xn) ∈ Rn , t ∈ (0, ∞) and u(x, t) is continuous

function on Rn × (0, ∞).

Under such conditions of f , u and for the spectrum of E(x, t), we obtain the

convolution

u(x, t) = E(x, t) ∗ f (x, t, u(x, t))

as a unique solution in the compact subset of Rn × (0, ∞) and E(x, t) is an

elementary solution defined by (2.5).

2 Preliminaries

Definition 2.1. Let f (x) ∈ L1(Rn)-the space of integrable function in Rn.

The Fourier transform of f (x) is defined by

f̂ (ξ) =
1

(2π)n/2

∫

Rn
e−i(ξ,x) f (x) dx (2.1)

where ξ = (ξ1, ξ2, . . . , ξn), x = (x1, x2, . . . , xn) ∈ Rn, (ξ, x) = ξ1x1 + ξ2x2 +

∙ ∙ ∙ + ξnxn is the usual inner product in Rn and dx = dx1 dx2 . . . dxn.

Also, the inverse of Fourier transform is defined by

f (x) =
1

(2π)n/2

∫

Rn
ei(ξ,x) f̂ (ξ) dξ. (2.2)

Comp. Appl. Math., Vol. 28, N. 2, 2009
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Definition 2.2. The spectrum of the kernel E(x, t) defined by (2.5) is the

bounded support of the Fourier transform Ê(ξ, t) for any fixed t > 0.

Definition 2.3. Let ξ = (ξ1, ξ2, . . . , ξn) be a point in Rn and we write

u = ξ 2
1 + ξ 2

2 + . . . + ξ 2
p − ξ 2

p+1 − ξ 2
p+2 − . . . − ξ 2

p+q, p + q = n.

Denote by

0+ =
{
ξ ∈ Rn : ξ1 > 0 and u > 0

}

the set of an interior of the forward cone, and 0+ denotes the closure of 0+.

Let � be spectrum of E(x, t) defined by Definition 2.2 for any fixed t > 0 and

� ⊂ 0+. Let Ê(ξ, t) be the Fourier transform of E(x, t) and define

Ê(ξ, t) =






1
(2π)n/2 exp

[
c2t

(∑p+q
j=p+1 ξ 2

j −
∑p

i=1 ξ 2
i

)k
]

for ξ ∈ 0+,

0 for ξ /∈ 0+.

(2.3)

Lemma 2.1. Let L be the operator defined by

L =
∂

∂t
− c2�k (2.4)

where �k is the ultra-hyperbolic operator iterated k-times defined by

�k =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ ∙ ∙ ∙ +
∂2

∂x2
p

−
∂2

∂x2
p+1

−
∂2

∂x2
p+2

− ∙ ∙ ∙ −
∂2

∂x2
p+q

)k

,

p + q = n is the dimension of Rn, (x1, x2, . . . , xn) ∈ Rn, t ∈ (0, ∞), k is a

positive integer and c is a positive constant. Then we obtain

E(x, t) =
1

(2π)n

∫

�

exp



c2t




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k

+ i(ξ, x)



 dξ (2.5)

as a elementary solution of (2.4) in the spectrum � ⊂ Rn for t > 0.

Comp. Appl. Math., Vol. 28, N. 2, 2009
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Proof. Let LE(x, t) = δ(x, t) where E(x, t) is the kernel or the elementary

solution of operator L and δ is the Dirac-delta distribution. Thus

∂

∂t
E(x, t) − c2�k E(x, t) = δ(x)δ(t).

Take the Fourier transform defined by (2.1) to both sides of the equation, we

obtain

∂

∂t
Ê(ξ, t) − c2




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k

Ê(ξ, t) =
1

(2π)n/2
δ(t).

Thus

Ê(ξ, t) =
H(t)

(2π)n/2
exp



c2t




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k



where H(t) is the Heaviside function. Since H(t) = 1 for t > 0. Therefore,

Ê(ξ, t) =
1

(2π)n/2
exp



c2t




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k



which has been already defined by (2.3). Thus

E(x, t) =
1

(2π)n/2

∫

Rn
ei(ξ,x) Ê(ξ, t) dξ =

1

(2π)n/2

∫

�

ei(ξ,x) Ê(ξ, t) dξ

where � is the spectrum of E(x, t). Thus from (2.3)

E(x, t) =
1

(2π)n

∫

�

exp



c2t




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k

+ i(ξ, x)



 dξ for t > 0.

�

Definition 2.4. Let us extend E(x, t) to Rn × R by setting

E(x, t) =






1
(2π)n

∫
�

exp
[

c2t
(∑p+q

j=p+1 ξ2
j −

∑p
i=1 ξ2

i

)k
+ i(ξ, x)

]
dξ for t > 0,

0 for t ≤ 0,
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3 Main Results

Theorem 3.1. The kernel E(x, t) defined by (2.5) have the following proper-

ties:

(1) E(x, t) ∈ C∞-the space infinitely differentiable.

(2)
(

∂
∂t − c2�k

)
E(x, t) = 0 for t > 0.

(3)

|E(x, t)| ≤
22−n

πn/2

M(t)

0
( p

2

)
0

( q
2

) , for t > 0,

where M(t) is a function of t in the spectrum � and 0 denote the Gamma

function. Thus E(x, t) is bounded for any fixed t > 0.

(4) lim
t→0

E(x, t) = δ.

Proof.

(1) From (2.5), since

∂n

∂xn E(x, t) =
1

(2π)n

∫

�

∂n

∂xn exp




c2t




p+q∑

j=p+1

ξ2
j −

p∑

i=1

ξ2
i





k

+ i(ξ, x)




 dξ.

Thus E(x, t) ∈ C∞ for x ∈ Rn , t > 0.

(2) By computing directly, we obtain
(

∂

∂t
− c2�k

)
E(x, t) = 0.

(3) We have

E(x, t) =
1

(2π)n

∫

�

exp



c2t




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k

+ i(ξ, x)



 dξ.

|E(x, t)| ≤
1

(2π)n

∫

�

exp



c2t




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k

 dξ.
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By changing to bipolar coordinates

ξ1 = rω1, ξ2 = rω2, . . . , ξp = rωp and

ξp+1 = sωp+1, ξp+2 = sωp+2, . . . , ξp+q = sωp+q

where
∑p

i=1 ω2
i = 1 and

∑p+q
j=p+1 ω2

j = 1. Thus

|E(x, t)| ≤
1

(2π)n

∫

�

exp
[
c2t

(
s2 − r2

)k
]

r p−1sq−1 dr ds d�p d�q

where dξ = r p−1sq−1 dr ds d�p d�q , d�p and �q are the elements of

surface area of the unit sphere in Rp and Rq respectively. Since � ⊂ Rn

is the spectrum of E(x, t) and we suppose 0 ≤ r ≤ R and 0 ≤ s ≤ L

where R and L are constants. Thus we obtain

|E(x, t)| ≤
�p �q

(2π)n

∫ R

0

∫ L

0
exp

[
c2t

(
s2 − r2

)k
]

r p−1sq−1 ds dr

=
�p �q

(2π)n
M(t) for any fixed t > 0 in the spectrum �

=
22−n

πn/2

M(t)

0(
p
2 )0(

q
2 )

(3.1)

where

M(t) =
∫ R

0

∫ L

0
exp

[
c2t

(
s2 − r2

)k
]

r p−1sq−1 ds dr (3.2)

is a function of

t > 0, �p =
2π p/2

0
( p

2

) and �q =
2π p/2

0
( q

2

) .

Thus, for any fixed t > 0, E(x, t) is bounded.

(4) By (2.5), we have

E(x, t) =
1

(2π)n

∫

�

exp



c2t




p+q∑

j=p+1

ξ 2
j −

p∑

i=1

ξ 2
i





k

+ i(ξ, x)



 dξ.
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Since E(x, t) exists, then

lim
t→0

E(x, t) =
1

(2π)n

∫

�

ei(ξ,x) dξ

=
1

(2π)n

∫

Rn
ei(ξ,x) dξ

= δ(x), for x ∈ Rn.

See [3, p. 396, Eq. (10.2.19b)]. �

Theorem 3.2. Given the nonlinear equation

∂

∂t
u(x, t) − c2�ku(x, t) = f (x, t, u(x, t)) (3.3)

for (x, t) ∈ Rn × (0, ∞), k is positive number and with the following conditions

on u and f as follows,

(1) u(x, t) ∈ C(2k)(Rn) for any t > 0 where C(2k)(Rn) is the space of contin-

uous function with 2k-derivatives.

(2) f satisfies the Lipchitz condition, that is

| f (x, t, u) − f (x, t, w)| ≤ A|u − w|

where A is constant and 0 < A < 1.

(3) ∫ ∞

0

∫

Rn
| f (x, t, u(x, t))| dx dt < ∞

for x = (x1, x2, . . . , xn) ∈ Rn, t ∈ (0, ∞) and u(x, t) is continuous

function on Rn × (0, ∞).

Then, for the spectrum of E(x, t) we obtain the convolution

u(x, t) = E(x, t) ∗ f (x, t, u(x, t)) (3.4)

as a unique solution of (3.3) for x ∈ �0 where �0 is an compact subset of

Rn, 0 ≤ t ≤ T with T is constant and E(x, t) is an elementary solution defined

by (2.5) and also u(x, t) is bounded.

In particular, if we put k = 1 and q = 0 in (3.3) then (3.3) reduces to the

nonlinear heat equation.
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Proof. Convolving both sides of (3.3) with E(x, t) and then we obtain the

solution

u(x, t) = E(x, t) ∗ f (x, t, u(x, t))

or

u(x, t) =
∫ ∞

−∞

∫

Rn
E(r, s) f (x − r, t − s, u(x − r, t − s)) dr ds

where E(r, s) is given by Definition 2.4.

We next show that u(x, t) is bounded on Rn × (0, ∞). We have

|u(x, t)| ≤
∫ ∞

−∞

∫

Rn
|E(r, s)| | f (x − r, t − s, u(x − r, t − s))| dr ds

≤
22−n

πn/2

N .M(t)

0(
p
2 )0(

q
2 )

by the condition (3) and (3.1) where

N =
∫ ∞

0

∫

Rn
| f (x, t, u(x, t))| dx dt .

Thus u(x, t) is bounded on Rn × (0, ∞).

To show that u(x, t) is unique, suppose there is another solution w(x, t) of

equation (3.3). Let the operator

L =
∂

∂t
− c2�k

then (3.3) can be written in the form

L u(x, t) = f (x, t, u(x, t)).

Thus

L u(x, t) − L w(x, t) = f (x, t, u(x, t)) − f (x, t, w(x, t)).

By the condition (2) of the Theorem,

|L u(x, t) − L w(x, t)| ≤ A|u(x, t) − w(x, t)|. (3.5)

Let �0 × (0, T ] be compact subset of Rn × (0, ∞) and L : C(2k)(�0) −→

C(2k)(�0) for 0 ≤ t ≤ T .

Comp. Appl. Math., Vol. 28, N. 2, 2009



“main” — 2009/6/12 — 17:50 — page 166 — #10

166 NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

Now
(
C(2k)(�0), ‖ ∙ ‖

)
is a Banach space where u(x, t) ∈ C(2k)(�0) for 0 ≤

t ≤ T , ‖ ∙ ‖ given by

‖u(x, t)‖ = sup
x∈�0

|u(x, t)|.

Then, from (3.5) with 0 < A < 1, the operator L is a contraction mapping on

C(2k)(�0). Since
(
C(2k)(�0), ‖ ∙ ‖

)
is a Banach space and L : C(2k)(�0) −→

C(2k)(�0) is a contraction mapping on C(2k)(�0), by Contraction Theorem,

see [3, p. 300], we obtain the operator L has a fixed point and has unique-

ness property. Thus u(x, t) = w(x, t). It follows that the solution u(x, t) of

(3.3) is unique for (x, t) ∈ �0 × (0, T ] where u(x, t) is defined by (3.4).

In particular, if we put k = 1 and q = 0 in (3.3) then (3.3) reduces to the

nonlinear heat equation

∂

∂t
u(x, t) − c24u(x, t) = f (x, t, u(x, t))

which has solution

u(x, t) = E(x, t) ∗ f (x, t, u(x, t))

where E(x, t) is defined by (2.5) with k = 1 and q = 0. That is complete of

proof. �
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Abstract. In this paper, we study the solution of nonlinear equation △𝑘𝑢(𝑥) = 𝑓(𝑥,△𝑘−1𝑢(𝑥))
where △𝑘 is the Laplace operator iterated 𝑘-times, 𝑥 ∈ ℝ𝑛, 𝑘 is a nonnegative integer, 𝑢(𝑥) is
an unknown and 𝑓 is a given function. It is found that the existence of the solution 𝑢(𝑥) of such
equation depending on the conditions of 𝑓 and △𝑘−1𝑢(𝑥). Moreover, we study the solution
of nonlinear equation △𝑘

𝐵𝑢(𝑥) = 𝑓(𝑥,△𝑘−1
𝐵 𝑢(𝑥)) where △𝑘

𝐵 is the Laplace-Bessel operator
iterated 𝑘-times and 𝑥 ∈ ℝ+

𝑛 .

Keywords: Laplace-Bessel operator; Bessel ultra-hyperbolic operator; Dirac-delta distribu-
tion

1 Introduction

Soliton theory is one of the most important aspect in nonlinearity, which is widely applied in many natural
sciences such as chemistry, biology, mathematics, communication and physics. For finding some new exact
solutions of nonlinear equations, a wealth of some effective works have been presented [1, 2, 14]. However,
a weak solution has been studied too and there are many different definitions of weak solution, appropriate
for different classes of equations. One of the most important is based on the notation of distributions [3, 4,
11, 12]. In this work, we study solution of nonlinear equation △𝑘𝑢(𝑥) = 𝑓(𝑥,△𝑘−1𝑢(𝑥)) and △𝑘

𝐵𝑢(𝑥) =
𝑓(𝑥,△𝑘−1

𝐵 𝑢(𝑥)) in the sense of distributions, weak solution.
R. Courant and D. Hilbert [5] have studied the nonlinear equation of the form △𝑢(𝑥) = 𝑓(𝑥, 𝑢(𝑥)) with

𝑓 defined and continuous for all 𝑥 ∈ Ω ∪ ∂Ω where Ω is an open set in ℝ𝑛, ∂Ω denotes the boundary of Ω
and △ is the Laplace operator, defined by

△ =
∂2

∂𝑥21
+

∂2

∂𝑥22
+ ⋅ ⋅ ⋅+ ∂2

∂𝑥2𝑛
. (1)

They found that the solution 𝑢(𝑥) of such equation is unique under the condition ∣𝑓(𝑥, 𝑢(𝑥))∣ ≤ 𝑁 where
𝑁 is a constant for all 𝑥 ∈ Ω and the boundary condition 𝑢(𝑥) = 0 for all 𝑥 ∈ ∂Ω.

A. Kananthai [10] has first introduced the operator ♦𝑘 and is named the diamond operator iterated
𝑘-times and is defined by

♦𝑘 =

⎡⎣( ∂2

∂𝑥21
+

∂2

∂𝑥22
+ ⋅ ⋅ ⋅+ ∂2

∂𝑥2𝑝

)2

−
(

∂2

∂𝑥2𝑝+1

+
∂2

∂𝑥2𝑝+2

+ ⋅ ⋅ ⋅+ ∂2

∂𝑥2𝑝+𝑞

)2
⎤⎦𝑘

, (2)

∗+ Corresponding author. Tel. : +66-43-202 376 ext. 120; Fax: +66-43-202 376 ext.144.
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𝑝+ 𝑞 = 𝑛 and moreover, he has studied elementary solution of the 𝑛-dimensional diamond operator.
Next, A. Kananthai [7–9] has studied the convolution equation related to the diamond kernel of Marcel

Riesz, the convolution of the diamond kernel of Marcel Riesz and the general solution of the equation
♦𝑘𝑢(𝑥) = 𝑓(𝑥).

Later, G. Sritanratana and A. Kananthai [17] have studied the nonlinear equation of the form

♦𝑘𝑢(𝑥) = 𝑓(𝑥,△𝑘−1□𝑘𝑢(𝑥)) (3)

with 𝑓 defined and continuous for all 𝑥 ∈ Ω∪∂Ω where □𝑘 is the ultra-hyperbolic operator iterated 𝑘-times,
defined by

□𝑘 =

(
∂2

∂𝑥21
+

∂2

∂𝑥22
+ ⋅ ⋅ ⋅+ ∂2

∂𝑥2𝑝
− ∂2

∂𝑥2𝑝+1

− ∂2

∂𝑥2𝑝+2

− ⋅ ⋅ ⋅ − ∂2

∂𝑥2𝑝+𝑞

)𝑘

. (4)

They found that the solution 𝑢(𝑥) of (3) which is unique under the condition ∣𝑓(𝑥,△𝑘−1□𝑘𝑢(𝑥))∣ ≤ 𝑁
where 𝑁 is a constant for all 𝑥 ∈ Ω and the boundary condition △𝑘−1□𝑘𝑢(𝑥) = 0 for all 𝑥 ∈ ∂Ω.

H. Yildirim et al. [18] have introduced the Bessel diamond operator iterated 𝑘-times with 𝑥 ∈ ℝ+
𝑛 =

{𝑥 : 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛), 𝑥1 > 0, . . . , 𝑥𝑛 > 0},

♦𝑘
𝐵 =

[(
𝐵𝑥1 + ⋅ ⋅ ⋅+𝐵𝑥𝑝

)2 − (𝐵𝑥𝑝+1 + ⋅ ⋅ ⋅+𝐵𝑥𝑝+𝑞

)2]𝑘 (5)

where 𝑝+ 𝑞 = 𝑛,𝐵𝑥𝑖 =
∂2

∂𝑥2
𝑖
+ 2𝑣𝑖

𝑥𝑖

∂
∂𝑥𝑖

where 2𝑣𝑖 = 2𝛽𝑖+1, 𝛽𝑖 > −1
2 [13], 𝑘 is nonnegative integer and 𝑛 is

the dimension of ℝ+
𝑛 and studied the elementary solution of this operator. Moreover, they have studied the

Fourier-Bessel transform of the elementary solution.
Next, M. Z. Sarikaya and H. Yildirim [15, 16] have studied the 𝐵-convolution of the Bessel diamond

kernel of Riesz and the nonlinear equation of the form

♦𝑘
𝐵𝑢(𝑥) = 𝑓(𝑥,△𝑘−1

𝐵 □𝑘
𝐵𝑢(𝑥)) (6)

with 𝑓 defined and continuous for all 𝑥 ∈ Ω∪ ∂Ω where □𝑘
𝐵 is the Bessel ultra-hyperbolic operator iterated

𝑘-times, defined by

□𝑘
𝐵 =

(
𝐵𝑥1 +𝐵𝑥2 + ⋅ ⋅ ⋅+𝐵𝑥𝑝 −𝐵𝑥𝑝+1 −𝐵𝑥𝑝+2 − ⋅ ⋅ ⋅ −𝐵𝑥𝑝+𝑞

)𝑘
, (7)

Ω is an open set in ℝ+
𝑛 and ∂Ω denotes the boundary of Ω. They found that the solution 𝑢(𝑥) of (6) which

is unique under the condition ∣𝑓(𝑥,△𝑘−1
𝐵 □𝑘

𝐵𝑢(𝑥))∣ ≤ 𝑁 where 𝑁 is a constant for all 𝑥 ∈ Ω and the
boundary condition △𝑘−1

𝐵 □𝑘
𝐵𝑢(𝑥) = 0 for all 𝑥 ∈ ∂Ω.

In this work, we will study the nonlinear equation of the form

△𝑘𝑢(𝑥) = 𝑓(𝑥,△𝑘−1𝑢(𝑥)) (8)

with 𝑓 defined and continuous for all 𝑥 ∈ Ω∪∂Ω where Ω is an open set in ℝ𝑛 and ∂Ω denotes the boundary
of Ω. We will find the solution 𝑢(𝑥) of (8) which is unique under the condition ∣𝑓(𝑥,△𝑘−1𝑢(𝑥))∣ ≤ 𝑁
where 𝑁 is a constant for all 𝑥 ∈ Ω and the boundary condition △𝑘−1𝑢(𝑥) = 0 for all 𝑥 ∈ ∂Ω. Moreover,
we will study the nonlinear equation of the form

△𝑘
𝐵𝑢(𝑥) = 𝑓(𝑥,△𝑘−1

𝐵 𝑢(𝑥)) (9)

with 𝑓 defined and continuous for all 𝑥 ∈ Ω∪∂Ω where Ω is an open subset of ℝ+
𝑛 and ∂Ω denotes the bound-

ary of Ω. We will find the solution 𝑢(𝑥) of (9) which is unique under the condition ∣𝑓(𝑥,△𝑘−1
𝐵 𝑢(𝑥))∣ ≤ 𝑀

where 𝑀 is a constant for all 𝑥 ∈ Ω and the boundary condition △𝑘−1
𝐵 𝑢(𝑥) = 0 for all 𝑥 ∈ ∂Ω.
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2 Preliminaries

In this section, we give some notations and definitions.

Definition 2.1 Let 𝑥 = (𝑥1, 𝑥2, . . . 𝑥𝑛) be a point of ℝ𝑛 and the function 𝑅𝑒
𝛼(𝑥) be defined by

𝑅𝑒
𝛼(𝑥) =

∣𝑥∣𝛼−𝑛

𝑊𝑛(𝛼)
, (10)

where 𝑊𝑛(𝛼) = 𝜋𝑛/22𝛼Γ(𝛼/2)/Γ((𝑛−𝛼)/2), 𝛼 is a complex parameter and ∣𝑥∣ = (𝑥21+𝑥22+ ⋅ ⋅ ⋅+𝑥2𝑛)
1/2.

It can be shown that 𝑅𝑒
−2𝑘(𝑥) = (−1)𝑘△𝑘𝛿 where △𝑘 is defined by (1) and 𝛿 is the Dirac-delta distri-

bution. It follows that 𝑅𝑒
0(𝑥) = 𝛿, see ([6], p.74).

Moreover, the function (−1)𝑘𝑅𝑒
2𝑘(𝑥) an elementary solution of the Laplace operator iterated 𝑘-times

△𝑘, that is

△𝑘
(
(−1)𝑘𝑅𝑒

2𝑘(𝑥)
)
= 𝛿, (11)

see ([10], Lemma 2.4).
The function 𝐸(𝑥) = −𝑆2(𝑥) as defined by (14) is an elementary solution of the Laplace-Bessel opera-

tor

△𝐵 =

𝑛∑
𝑖=1

𝐵𝑥𝑖 =

𝑛∑
𝑖=1

(
∂2

∂𝑥2𝑖
+

2𝑣𝑖
𝑥𝑖

∂

∂𝑥𝑖

)
, (12)

that is, △𝐵𝐸(𝑥) = 𝛿 where 𝑥 ∈ ℝ+
𝑛 .

The operator ♦𝑘
𝐵 can be expressed as the product of the operators □𝑘

𝐵 and △𝑘
𝐵 , that is

♦𝑘
𝐵 =

⎡⎣( 𝑝∑
𝑖=1

𝐵𝑥𝑖

)2

−
⎛⎝ 𝑝+𝑞∑

𝑖=𝑝+1

𝐵𝑥𝑖

⎞⎠2⎤⎦𝑘

=

⎡⎣ 𝑝∑
𝑖=1

𝐵𝑥𝑖 −
𝑝+𝑞∑

𝑖=𝑝+1

𝐵𝑥𝑖

⎤⎦𝑘 ⎡⎣ 𝑝∑
𝑖=1

𝐵𝑥𝑖 +

𝑝+𝑞∑
𝑖=𝑝+1

𝐵𝑥𝑖

⎤⎦𝑘

= □𝑘
𝐵△𝑘

𝐵.

Denoted by 𝑇 𝑦 the generalized shift operator acting according to the law [13]

𝑇 𝑦
𝑥𝜑(𝑥) = 𝐶∗

𝑣

∫ 𝜋

0
⋅ ⋅ ⋅
∫ 𝜋

0
𝜑

(√
𝑥21 + 𝑦21 − 2𝑥1𝑦1 cos 𝜃1, . . . ,

√
𝑥2𝑛 + 𝑦2𝑛 − 2𝑥𝑛𝑦𝑛 cos 𝜃𝑛

)
×
(

𝑛∏
𝑖=1

sin2𝑣𝑖−1 𝜃𝑖

)
𝑑𝜃1 ⋅ ⋅ ⋅ 𝑑𝜃𝑛,

where 𝑥, 𝑦 ∈ ℝ+
𝑛 , 𝐶

∗
𝑣 =

∏𝑛
𝑖=1

Γ(𝑣𝑖+1)

Γ( 1
2)Γ(𝑣𝑖)

. We remark that this shift operator is closely connected with the

Bessel differential operator [13]

𝑑2𝑈

𝑑𝑥2
+

2𝑣

𝑥

𝑑𝑈

𝑑𝑥
=

𝑑2𝑈

𝑑𝑦2
+

2𝑣

𝑦

𝑑𝑈

𝑑𝑦
, 𝑈(𝑥, 0) = 𝑓(𝑥), 𝑈𝑦(𝑥, 0) = 0.

The convolution operator determined by the 𝑇 𝑦 is as follows:

(𝑓 ∗ 𝜑)(𝑦) =
∫
ℝ+
𝑛

𝑓(𝑦)𝑇 𝑦
𝑥𝜑(𝑥)

(
𝑛∏

𝑖=1

𝑦2𝑣𝑖𝑖

)
𝑑𝑦. (13)

Convolution (13) known as a 𝐵-convolution. We note the following properties of the 𝐵-convolution and the
generalized shift operator.

(a) 𝑇 𝑦
𝑥 ⋅ 1 = 1;

(b) 𝑇 0
𝑥 ⋅ 𝑓(𝑥) = 𝑓(𝑥);
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(c) If 𝑓(𝑥), 𝑔(𝑥) ∈ 𝐶(ℝ+
𝑛 ), 𝑔(𝑥) is a bounded function for all 𝑥 ∈ 𝑅+

𝑛 and∫
ℝ+
𝑛

∣𝑓(𝑥)∣
(

𝑛∏
𝑖=1

𝑥2𝑣𝑖𝑖

)
𝑑𝑥 < ∞

then ∫
ℝ+
𝑛

𝑇 𝑦
𝑥 𝑓(𝑥)𝑔(𝑦)

(
𝑛∏

𝑖=1

𝑦2𝑣𝑖𝑖

)
𝑑𝑦 =

∫
ℝ+
𝑛

𝑓(𝑦)𝑇 𝑦
𝑥 𝑔(𝑥)

(
𝑛∏

𝑖=1

𝑦2𝑣𝑖𝑖

)
𝑑𝑦.

(d) From (c), we have the following equality for 𝑔(𝑥) = 1.∫
ℝ+
𝑛

𝑇 𝑦
𝑥 𝑓(𝑥)

(
𝑛∏

𝑖=1

𝑦2𝑣𝑖𝑖

)
𝑑𝑦 =

∫
ℝ+
𝑛

𝑓(𝑦)

(
𝑛∏

𝑖=1

𝑦2𝑣𝑖𝑖

)
𝑑𝑦.

(e) (𝑓 ∗ 𝑔)(𝑥) = (𝑔 ∗ 𝑓)(𝑥).
The proof of the following lemmas can be seen in [18].

Lemma 2.1 Given the equation △𝐵𝑢(𝑥) = 𝛿 for 𝑥 ∈ ℝ+
𝑛 , where △𝐵 is the Laplace-Bessel operator

defined by (12). Then 𝐸(𝑥) = −𝑆2(𝑥) is an elementary solution of the operator △𝐵 where

𝐸(𝑥) = −𝑆2(𝑥) = −
2𝑛+2∣𝑣∣−4Γ

(
𝑛+2∣𝑣∣−2

2

)
∏𝑛

𝑖=1 2
𝑣𝑖− 1

2Γ
(
𝑣𝑖 +

1
2

) ∣𝑥∣2−𝑛−2∣𝑣∣. (14)

Lemma 2.2 Given the equation △𝑘
𝐵𝑢(𝑥) = 𝛿 for 𝑥 ∈ ℝ+

𝑛 , where △𝑘
𝐵 is the Laplace-Bessel operator

iterated 𝑘-times defined by (12). Then 𝑢(𝑥) = (−1)𝑘𝑆2𝑘(𝑥) is an elementary solution of the operator △𝑘
𝐵

where

𝑆2𝑘(𝑥) =
2𝑛+2∣𝑣∣−4𝑘Γ

(
𝑛+2∣𝑣∣−2𝑘

2

)
∏𝑛

𝑖=1 2
𝑣𝑖− 1

2Γ
(
𝑣𝑖 +

1
2

)
Γ(𝑘)

∣𝑥∣2𝑘−𝑛−2∣𝑣∣. (15)

The proof of the following lemmas can be seen in [17].

Lemma 2.3 Given the equation
△𝑘𝑢(𝑥) = 0, (16)

where △ is defined by (1) and 𝑥 ∈ ℝ𝑛, then 𝑢(𝑥) = (−1)𝑘−1(𝑅𝑒
2(𝑘−1)(𝑥))

(𝑚) as a solution of (16) where

𝑚 is a nonnegative integer with 𝑚 = (𝑛 − 4)/2, 𝑛 ≥ 4 and 𝑛 is even and (𝑅𝑒
2(𝑘−1)(𝑥))

(𝑚) is a function
defined by (10) with 𝑚 derivatives and 𝛼 = 2(𝑘 − 1).

Lemma 2.4 Given the equation
△𝑢(𝑥) = 𝑓(𝑥, 𝑢(𝑥)), (17)

where 𝑓 is defined and has continuous first derivatives for all 𝑥 ∈ Ω∪ ∂Ω, Ω is an open set in ℝ𝑛 and ∂Ω is
the boundary of Ω, assume that 𝑓 is bounded, that is ∣𝑓(𝑥, 𝑢)∣ ≤ 𝑁 and the boundary condition 𝑢(𝑥) = 0
for 𝑥 ∈ ∂Ω. Then we obtain 𝑢(𝑥) as a unique solution of (17).

The proof of the following lemmas can be seen in [16].

Lemma 2.5 Given the equation
△𝑘

𝐵𝑢(𝑥) = 0, (18)

where △𝐵 is defined by (12) and 𝑥 ∈ ℝ+
𝑛 , then 𝑢(𝑥) = (−1)𝑘−1(𝑆2(𝑘−1)(𝑥))

(𝑚) as a solution of (18) where
𝑚 is a nonnegative integer with 𝑚 = (𝑛+ 2∣𝑣∣ − 4)/2, 𝑛+ 2∣𝑣∣ ≥ 4 and 𝑛 is even and (𝑆2(𝑘−1)(𝑥))

(𝑚) is
a function defined by (15) with 𝑚 derivatives.

Lemma 2.6 Given the equation
△𝐵𝑢(𝑥) = 𝑓(𝑥, 𝑢(𝑥)), (19)

where 𝑓 is defined and has continuous first derivatives for all 𝑥 ∈ Ω∪∂Ω, Ω is an open set in ℝ+
𝑛 and ∂Ω is

the boundary of Ω, assume that 𝑓 is bounded, that is ∣𝑓(𝑥, 𝑢)∣ ≤ 𝑀 and the boundary condition 𝑢(𝑥) = 0
for 𝑥 ∈ ∂Ω. Then we obtain 𝑢(𝑥) as a unique solution of (19).
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3 Main Results

In this section, we will state our main results and give their proofs.

Theorem 3.1 Consider the nonlinear equation

△𝑘𝑢(𝑥) = 𝑓(𝑥,△𝑘−1𝑢(𝑥)), (20)

where △𝑘 is the Laplace operator iterated 𝑘-times, defined by (1), let 𝑓 be defined and have continuous first
derivatives for all 𝑥 ∈ Ω ∪ ∂Ω, where Ω is an open set in ℝ𝑛 and ∂Ω denotes the boundary of Ω and 𝑛 is
even with 𝑛 ≥ 4. Let 𝑓 be a bounded function, that is for all 𝑥 ∈ Ω,

∣𝑓(𝑥,△𝑘−1𝑢(𝑥))∣ ≤ 𝑁 (21)

and the boundary condition for 𝑥 ∈ ∂Ω be

△𝑘−1𝑢(𝑥) = 0. (22)

Then we obtain
𝑢(𝑥) = (−1)𝑘−1𝑅𝑒

2(𝑘−1)(𝑥) ∗𝑊 (𝑥) (23)

as a solution of (20) with the boundary condition

𝑢(𝑥) = (−1)𝑘−2(𝑅𝑒
2(𝑘−2)(𝑥))

(𝑚) for 𝑥 ∈ ∂Ω

where 𝑚 = (𝑛−4)/2, 𝑘 = 2, 3, . . . and 𝑊 (𝑥) is a continuous function for 𝑥 ∈ Ω∪∂Ω, 𝑅𝑒
2(𝑘−2)(𝑥) is given

by (10) with 𝛼 = 2(𝑘 − 2).

Proof We have
△𝑘𝑢(𝑥) = △(△𝑘−1𝑢(𝑥)) = 𝑓(𝑥,△𝑘−1𝑢(𝑥)). (24)

Since 𝑢(𝑥) has continuous derivatives up to order 2𝑘 for 𝑘 = 1, 2, 3, . . ., we can assume for all 𝑥 ∈ Ω

△𝑘−1𝑢(𝑥) = 𝑊 (𝑥). (25)

Thus, (24) can be written in the form

△𝑘𝑢(𝑥) = △𝑊 (𝑥) = 𝑓(𝑥,𝑊 (𝑥)), (26)

by (21), for all 𝑥 ∈ Ω
∣𝑓(𝑥,𝑊 (𝑥))∣ ≤ 𝑁 (27)

and by (22), 𝑊 (𝑥) = 0 or for all 𝑥 ∈ ∂Ω

△𝑘−1𝑢(𝑥)) = 0. (28)

Thus by Lemma 2.4 there exists a unique solution 𝑊 (𝑥) of (26) which satisfies (27). Convolving both sides
of (25) by (−1)𝑘−1𝑅𝑒

2(𝑘−1)(𝑥), we obtain

(−1)𝑘−1𝑅𝑒
2(𝑘−1)(𝑥) ∗ △𝑘−1𝑢(𝑥) = (−1)𝑘−1𝑅𝑒

2(𝑘−1)(𝑥) ∗𝑊 (𝑥),

or
△𝑘−1

(
(−1)𝑘−1𝑅𝑒

2(𝑘−1)(𝑥)
)
∗ 𝑢(𝑥) = (−1)𝑘−1𝑅𝑒

2(𝑘−1)(𝑥) ∗𝑊 (𝑥),

or
𝛿 ∗ 𝑢(𝑥) = (−1)𝑘−1𝑅𝑒

2(𝑘−1)(𝑥) ∗𝑊 (𝑥).

Thus
𝑢(𝑥) = (−1)𝑘−1𝑅𝑒

2(𝑘−1)(𝑥) ∗𝑊 (𝑥) (29)

as required. We consider for 𝑥 ∈ ∂Ω
△𝑘−1𝑢(𝑥) = 0.

By Lemma 2.3, we have
𝑢(𝑥) = (−1)𝑘−2(𝑅𝑒

2(𝑘−2)(𝑥))
(𝑚)

where 𝑚 = (𝑛− 4)/2, 𝑛 ≥ 4 and 𝑛 is even and 𝑘 = 2, 3, . . ..
This complete the proof. □
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Theorem 3.2 Consider the nonlinear equation

△𝑘
𝐵𝑢(𝑥) = 𝑓(𝑥,△𝑘−1

𝐵 𝑢(𝑥)), (30)

where △𝑘
𝐵 is the Laplace-Bessel operator iterated 𝑘-times, defined by (12), let 𝑓 be defined and have con-

tinuous first derivatives for all 𝑥 ∈ Ω ∪ ∂Ω, where Ω is an open set in ℝ+
𝑛 and ∂Ω denotes the boundary of

Ω and 𝑛 is even with 𝑛+ 2∣𝑣∣ ≥ 4. Let 𝑓 be a bounded function, that is for all 𝑥 ∈ Ω,

∣𝑓(𝑥,△𝑘−1
𝐵 𝑢(𝑥))∣ ≤ 𝑀 (31)

and the boundary condition for 𝑥 ∈ ∂Ω be

△𝑘−1
𝐵 𝑢(𝑥) = 0. (32)

Then we obtain
𝑢(𝑥) = (−1)𝑘−1𝑆2(𝑘−1)(𝑥) ∗𝑊 (𝑥) (33)

as a solution of (30) with the boundary condition

𝑢(𝑥) = (−1)𝑘−2(𝑆2(𝑘−2)(𝑥))
(𝑚) for 𝑥 ∈ ∂Ω

where 𝑚 = (𝑛+ 2∣𝑣∣ − 4)/2, 𝑘 = 2, 3, . . . and 𝑊 (𝑥) is a continuous function for 𝑥 ∈ Ω ∪ ∂Ω, 𝑆2(𝑘−2)(𝑥)
is given by (15).

The proof of this Theorem is similar to the proof of Theorem 3.1, by using Lemma 2.5, 2.6 and 𝐵-
convolution.
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Abstract 

In this paper, we study the distribution ,δα k
c

xe  where k
c  is the operator  

related to the ultra-hyperbolic type operator iterated k-times, δ is the          
Dirac delta distribution, ( )nxxxx ...,,, 21=  is a variable and =α  

( )nααα ...,,, 21  is a constant and both are the points in the n-dimensional 

Euclidean space .nR  

At first, the properties of δα k
c

xe  are studied and later we study the 

application of δα k
c

xe  for solving the solutions of the convolution 
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equation 

( ) ( ) ∑
=

αα δ=∗δ
m

r

r
cr

xk
c

x Cexue
0

,  

where ( )xu  is the generalized function and rC  is a constant. We found 

that its solution is related to the ultra-hyperbolic equation and moreover, 
the type of solutions of the convolution equation, such as the ordinary 
functions, the tempered distributions or the singular distributions 
depending on k, m and α. 

1. Introduction 

Gelfand and Shilov [2] have introduced the elementary solution of the 
n-dimensional ultra-hyperbolic operator. Next, Trione [11] has shown that the 
n-dimensional ultra-hyperbolic equation has ( ) ( )xRxu k 1,2=  as a unique elementary 

solution. Later, Téllez [10] has proved that ( )xR k 1,2  exists only for case p is odd 

with .nqp =+  

Kananthai [5] has showed that the solution of the convolution form ( ) =xu  

( ) ( )xRxR ckck 21 ,2,2 ∗  is a unique elementary solution of the equation ( )xuk
c

k
c 21

 

,δ=  where k
c1

 and k
c2

 are the operators related to the ultra-hyperbolic type 

operator iterated k-times and in particular if 1== pk  with tx =1  (times), 1c  and 

2c  are velocity, then ( ) ( ) ( )xRxRxu cc 21 ,2,2 ∗=  is the elementary solution of the 

elastic wave equation of fourth order. 

Sritanratana and Kananthai [9] have studied the product of the nonlinear 
diamond operators related to the elastic wave equation and also introduced the ultra-

hyperbolic operator .k
c  

Bupasiri and Nonlaopon [1] have studied the weak solutions of compound ultra-
hyperbolic equation 

 ( ) ( )∑
=

=
m

r

k
cr xfxuC

0
,  (1.1) 

which is related to the ultra-hyperbolic type operator iterated k-times. 
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Kananthai [3] has studied the properties of the distribution δα kxe  for solving 
the elementary solution of the equation of the ultra-hyperbolic type by using the 
convolution method. 

Kananthai [4] has studied the properties of the distribution δα kxe  and the 

application of δα kxe  for solving the solutions of the convolution equation 

 ( ) ( ) ∑
=

αα δ=∗δ
m

r

r
r

xkx Cexue
0

,  (1.2) 

where k  is the diamond operator iterated k-times and is defined by 

 ,
2

1
2

2
2

1
2

2
k

qp

pj j

p

i i

k

xx ⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂

∂−⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂

∂= ∑∑
+

+==

 (1.3) 

nqp =+  is the dimension of the Euclidean space .nR  

Kananthai [6] has studied the application of the distribution δα kxe  for solving 
the solutions of the convolution equation 

 ( ) ( ) ∑
=

αα δ=∗δ
m

r

r
r

xkx Cexue
0

,  (1.4) 

which is related to the ultra-hyperbolic equation. 

In this paper, we study the properties of the distribution δα k
c

xe  and the 

application of δα k
c

xe  for solving the solutions of the convolution equation 

 ( ) ( ) ∑
=

αα δ=∗δ
m

r

r
cr

xk
c

x Cexue
0

,  (1.5) 

where k
c  is the operator related to the ultra-hyperbolic type operator iterated              

k-times and defined by 

 ,1

1 1
2

2

2

2

2

kp

i

qp

pj ji

k
c

xxc ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂

∂−
∂

∂= ∑ ∑
=

+

+=

 (1.6) 

( )xu  is the generalized function and rC  is a constant. We found that its solution is 
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related to the ultra-hyperbolic equation and moreover, the type of solutions of the 
convolution equation, such as the ordinary functions, the tempered distributions or 
the singular distributions depending on k, m and α. 

Before going to that point, the following definitions and some concepts are 
needed. 

2. Preliminaries 

Definition 2.1. Let ( )nxxxx ...,,, 21=  be the point of the Euclidean space ,nR  

write 

 ( ) ,22
2

2
1

22
2

2
1

2
qpppp xxxxxxcV +++ −−−−+++=  (2.1) 

where nqp =+  and the interior of the forward cone is defined by { :nx R∈=Γ+  

}.0and01 >> Vx  For any complex number γ, define 

 ( )
( )

( )
⎪⎩

⎪
⎨
⎧

Γ∉

Γ∈
γ=

+

+

−γ

γ
,for0

,for
2

,
x

xK
V

xR n

n

c  (2.2) 

where 

 ( )
( ) ( )

.

22
2

2
1

2
221

⎟
⎠
⎞⎜

⎝
⎛ γ−Γ⎟

⎠
⎞⎜

⎝
⎛ +−γΓ

γΓ⎟
⎠
⎞⎜

⎝
⎛ γ−Γ⎟

⎠
⎞⎜

⎝
⎛ −γ+Γπ

=γ

−

pp

n

K

n

n  (2.3) 

The function ( ) ( )xRxR 1,γγ =  is introduced by Nozaki [7]. It is well known that 

such function is an ordinary function if ( ) n≥γRe  and is a distribution of γ if 

( ) .Re n<γ  

By putting 1== cp  in (2.1) and (2.3), and using the Legendre’s duplication of 

( ),zΓ  (2.2) reduces to 

( )
( )

( )
⎪⎩

⎪
⎨
⎧

Γ∉

Γ∈
γ=

+

+

−γ

γ
,for0

,for
2

x

xH
V

xM n

n
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where 

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ γΓ⎟

⎠
⎞⎜

⎝
⎛ +−γΓπ=γ −γ−

22
22 122 nH n

n   and  .22
2

2
1 nxxxV −−−=  

The function ( )xM γ  is precisely called the hyperbolic kernel of Marcel Riesz. 

The proofs of the following Lemmas 2.1, 2.2 and 2.3 are given in [1]. 

Lemma 2.1. The function ( )xR c,γ  is a homogeneous distribution of order 

n−γ  and is also a tempered distribution. 

Lemma 2.2. Given the equation 

 ( ) ,δ=xuk
c  (2.4) 

where k
c  is defined by (1.6), k is a nonnegative integer and δ is the Dirac delta 

distribution. Then ( ) ( )xRxu ck ,2=  is the unique elementary solution of (2.4), where 

( )xR ck ,2  is defined by (2.2) with .2k=γ  

Lemma 2.3. Let ( )xR c,γ  and ( )xR c,β  be defined by (2.2), and γ, β are positive 

even numbers with ,2k=β+γ  where k is a nonnegative integer. Then ( ) ∗γ xR c,  

( ) ( ).,, xRxR cc β+γβ =  

3. Properties of δα k
c

xe  

First, we shall consider the distribution δα k
c

xe  with .1=k  

Lemma 3.1. The distribution δα
c

xe  has the following properties: 

Properties 3.1. For the operator k
c  with 1=k  and is defined by (1.6), then 

δ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
α−α+⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂
δ∂α−

∂
δ∂α−δ=δ ∑ ∑∑ ∑

=

+

+==

+

+=

α
p

i

qp

pj
ji

p

i

qp

pj j
j

i
icc

x

cxxc
e

1 1

22
2

1 1
2

112  

 (3.1) 

and δα
c

xe  is a tempered distribution of order 2 with support { }.0  
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Proof. Let D∈ϕ  be the space of testing functions, infinitely differentiable 

with compact supports and D ′  be the space of distributions. Now 

( ) ( ) ,,, xexe x
cc

x ϕδ=ϕδ αα  

for .D ′∈δα
c

xe  By computing directly, we obtain 

( ) ( ( )) ( ( ))∑ ∑
=

+

+=

ααα ϕ
∂

∂−ϕ
∂

∂=ϕ
p

i

qp

pj

x

j

x

i

x
c xe

x
xe

xc
xe

1 1
2

2

2

2

2
1  

 ( ) ( ) ( )
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⎟
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⎜
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⎛

∂
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∂
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p

i
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pj j
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i
i

x
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x
x

x
x
x

c
exe

1 1
2
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 ( ).1

1 1

22
2 x

c
e

p

i

qp

pj
ji

x ϕ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
α−α+ ∑ ∑

=

+

+=

α  (3.2) 

Then 

( ) ( ) ( ) ( )
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂
ϕ∂α−

∂
ϕ∂α+ϕ=ϕδ ∑ ∑

=

+

+=

α
p

i

qp

pj j
j

i
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x
c xxc

xe
1 1

2
00120,  

( )01

1 1

22
2 ϕ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
α−α+ ∑ ∑

=

+

+=

p

i

qp

pj
ji

c
 

 ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂
δ∂α−

∂
δ∂α−δ= ∑ ∑

=

+

+=

p

i

qp

pj j
j

i
ic xxc 1 1

2
12  

( ) .,1

1 1

22
2 x

c

p

i

qp

pj
ji ϕδ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
α−α+ ∑ ∑

=

+

+=

 (3.3) 

By equality of distributions, we obtain (3.1) as required. To show that δα
c

xe  is a 

tempered distribution, from (3.1) δ, ,ix∂δ∂  jx∂δ∂  and δc  have support { }0  

which is compact, hence, by Schwartz [8], they are tempered distributions. From 

(3.1), it follows that δα
c

xe  is also tempered distribution and by Zamanian [12, 

Theorem 3.5-2, p. 98] δα
c

xe  is of order 2 with point support { }.0  ~ 
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Properties 3.2 (Boundedness property). For every testing function ,S∈ϕ  the 

Schwartz space and ,Se c
x ′∈δα  the space of tempered distributions, then 

,, CMe c
x ≤ϕδα  where C and M are constant with 

( ) ( ) ( ) ( ) ,0,0,0,0max
⎭
⎬
⎫

⎩
⎨
⎧

ϕ
∂
ϕ∂

∂
ϕ∂ϕ= c

ji xxM  

∑ ∑ ∑ ∑
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+= =
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+=

α+α+α+α+=
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i

qp
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i
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jiji
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C

1 1 1 1

22
22 .1221  (3.4) 

Proof. Since ( ) ( ) ,,, xexe x
cc

x ϕδ=ϕδ αα  hence by (3.3), we have 
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Let { ( ) ( ) ( ) ( ) }.0,0,0,0max ϕ∂ϕ∂∂ϕ∂ϕ= cji xxM  Then 

.1221,
1 1 1 1

22
22 M
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α  

It follows that ,, CMe c
x ≤ϕδα  where C is defined by (3.4). ~ 

Lemma 3.2. Given ( )xu  any distribution in the space ,S ′  then 
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 (3.5) 

Proof. Convolving both sides of (3.1) by ( ),xu  we obtain (3.5) as required. If L 
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is the operator and is defined by 

 ,112
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i
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L  (3.6) 

then (3.5) can be written as 

 ( ) ( ) ( ).xLuxue c
x =∗δα  (3.7) 

 ~ 

Lemma 3.3 (The generalization of Lemma 3.2). 

 ( ) ( ) ( ),xuLxue kk
c

x =∗δα  (3.8) 

where kL  is the operator defined by (3.6) and is iterated k-times with ( ) ( ).0 xuxuL =  

Proof. We have ( ) ( )xexe xk
c

k
c

x ϕδ=ϕδ αα ,,  for every ( ) D∈ϕ x  and 

.D ′∈δα k
c

xe  So 

( ) ( ) ( ) ,,,, 11 xTexexe xk
c

x
c

k
c

xk
c ϕδ=ϕδ=ϕδ α−α−α  

where T is the partial differential operator from (3.2) and is defined by 
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qp

pj j
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i
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cxxc
T  (3.9) 

So 

 ( ) ( )xTexTe x
c

k
c

xk
c ϕδ=ϕδ α−α− ,, 21  

( )( )xTTe xk
c ϕδ= α− ,2  

( ) ., 22 xTe xk
c ϕδ= α−  

By keeping on operating c  with 2−k  times, we obtain 

( ) ( ) ( ),0,, 22 ϕ=ϕδ=ϕδ αα− kkxxk
c TxTexTe  

where kT  is the operator of (3.9) iterated k-times. Now 
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( ) ( ) ( ) ,,,0 1 xTLxTT kkk ϕδ=ϕδ=ϕ −  

by the operator L in (3.6) and the derivative of distribution. Continuing this process, 

we obtain ( ) ( )xLT kk ϕδ=ϕ ,0  or ( ) ( ) .,, xLxe kk
c

x ϕδ=ϕδα  It follows that: 

 .δ=δα kk
c

x Le  (3.10) 

Convolving both sides of (3.10) by distribution ( ),xu  we obtain (3.8). ~ 

4. Main Results 

Theorem 4.1. Let L be the partial differential operator defined by 
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where this operator appears in (3.1). Now L is of ultra-hyperbolic type. Consider the 
equation 

 ( ) ,δ=xLu  (4.1) 

where ( )xu  is any distribution in ,S ′  then ( ) ( )xRexu c
x

,2
α=  is a unique elementary 

solution of (4.1), where ( )xR c,2  is defined by (2.2) with .2=γ  

Proof. From (3.1) and (4.1) we can write ( ) ( ) ( ) .δ==∗δα xLuxue c
x  

Convolving both sides by ( ),,2 xRe c
xα  we have 

( ( )) ( ( )) ( ) .,2,2 δ∗=∗δ∗ ααα xRexuexRe c
x

c
x

c
x  

Then 

( ( ) ( )) ( ) ( ),,2,2 xRexuxRe c
x

cc
x αα =∗δ∗  

or equivalently, 

( ( )) ( ) ( ).,2,2 xRexuxRe c
x

cc
x αα =∗  

Because ( ) δ=xR cc ,2  by Lemma 2.2 with ,1=k  we obtain ( ) ( ) =∗δα xue x  
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( ).,2 xRe c
xα  Since ,δ=δαxe  ( ) ( ).,2 xRexu c

xα=∗δ  It follows that ( ) =xu  

( ).,2 xRe c
xα  We can check the solution ( )xu  by computing directly from (4.1). ~ 

Theorem 4.2 (The generalization of Theorem 4.1). From Lemma 3.3, consider 

 ( ) ( ) δ=∗δα xue k
c

x  (4.2) 

or 

 ( ) ,δ=xuLk  (4.3) 

then ( ) ( )xRexu ck
x

,2
α=  is a unique elementary solution of (4.2) or (4.3). 

Proof. We can prove by using equation (4.2) or (4.3) as well. If we start with 

equation (4.2), we convolve both sides of (4.2) by ( ),,2 xRe ck
xα  then we obtain 

( ( )) ( ( )) ( ) ,,2,2 δ∗=∗δ∗ ααα xRexuexRe ck
x

c
x

ck
x  

or ( ( )) ( ) ( ).,2,2 xRexuxRe ck
x

ck
k
c

x αα =∗  Since ( ) δ=xR ck
k
c ,2  by Lemma 2.2, 

we have ( ) ( ) ( )xRexue ck
xx

,2
αα =∗δ  or ( ) ( )xRexu ck

x
,2

α=  as required. Or if we 

use equation (4.3), we convolve both sides of (4.3) by ( ),,2 xRe c
xα  then we obtain 

( ) ( ) ( ) ,,2,2 δ∗=∗ αα xRexuLxRe c
xk

c
x  

or ( ( )) ( ) ( ).,2
1

,2 xRexuLxReL c
xk

c
x α−α =∗  By Theorem 4.1, we obtain ( ) =− xuLk 1  

( ).,2 xRe c
xα  By keeping on convolving ( )xRe c

x
,2

α  with 1−k  times, we obtain 

( ) ( ( ) ( ) ( )) ( ),,2,2,2,2 xRexRxRxRexu ck
x

ccc
x αα =∗∗∗=  

by Lemma 2.3. ~ 

Theorem 4.3. Given the convolution equation 

 ( ) ( ) ∑
=

αα δ=∗δ
m

r

r
cr

xk
c

x Cexue
0

,  (4.4) 

where k
c  is the operator related to the ultra-hyperbolic type operator iterated          



... THE ULTRA-HYPERBOLIC EQUATIONS 305 

k-times and defined by 

,1

1 1
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2
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i

qp

pj ji
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xxc ⎟
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where nqp =+  is the dimension of the space nR  with p odd and q odd or p odd 

and q even, the variable ( ) ,...,,, 21
n

nxxxx R∈=  the constant ( ...,,, 21 αα=α  

) ,n
n R∈α  δ is the Dirac delta distribution with δ=δδ=δ ccc

10 ,  and rC  is a 

constant. Then the type of solution ( )xu  of (4.4) depends on k, m and α as the 

following cases. 

(1) If km <  and ,0=m  then the solution of (4.4) is ( ) ( )xReCxu ck
x

,20
α=  

which is the elementary solution of the operator .k
c  Now ( )xR ck ,2  is defined by 

(2.2) with .2k=γ  If nk ≥2  and for any α, then ( )xRe ck
x

,2
α  is the ordinary 

function. If nk <2  and for some ( )nααα=α ...,,, 21  with ( ),...,,2,10 nii =<α  

then ( )xRe ck
x

,2
α  is a tempered distribution. 

(2) If km <<0  and r run from 1, then the solution of (4.4) is ( ) =xu  

( )∑
=

−
α

m

r
crkr

x xRCe
1

,22  which is ordinary function for nrk ≥− 22  with any 

arbitrary constant α and it is a tempered distribution if nrk <− 22  for some α 
with ( )....,,2,10 nii =<α  

(3) If km ≥  and for any α, suppose that Mmk ≤≤  and r run from k, then 

(4.4) has ( ) ∑
=

−α δ=
M

kr

kr
cr

x Cexu  as a solution which is only the singular 

distribution. 

Proof. (1) For km <  and ,0=m  (4.4) becomes 

( ) ( ) δ=δ=∗δ αα
00 CeCxue xk

c
x  

and by Theorem 4.2, we obtain ( ) ( ).,20 xReCxu ck
xα=  Now ckR ,2  is defined by 
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(2.2) with ,2k=γ  is the ordinary function for .2 nk ≥  It follows that ( )xReC ck
x

,20
α  

is an ordinary function for nk ≥2  with any α. If ,2 nk <  then ( )xR ck ,2  is an 

analytic function except at the origin and by Lemma 2.1, ( )xR ck ,2  is tempered 

distribution and for some ( )nααα=α ...,,, 21  with 0<αi  ( )ni ...,,2,1=  we 

have xeα  as a slow growth function and also its partial derivative is a slow growth. 

It follows that ( )xReC ck
x

,20
α  is a tempered distribution. 

(2) For km <<0  and r run from 1, we can write (4.4) as 

( ) ( ) [ ].2
21 δ++δ+δ=∗δ αα m

cmcc
xk

c
x CCCexue  

Convolving both sides by ( )xRe ck
x

,2
α  and by Lemma 2.2, we obtain 

( ) [ ( ) ( ) ( )].,2,2
2

2,21 xRCxRCxRCexu ck
m
cmckcckc

x +++= α  

Now ( ) ,,2 δ=xR ck
k
c  then ( ) δ=− xR ck

r
c

rk
c ,2  for .kr <  Convolving both sides 

by ( ),,22 xR crk−  we obtain 

( ) ( ) ( ),,22,2,22 xRxRxR crkck
r
c

rk
ccrk −
−

− =∗  

or 

( ) ( ) ( ),,22,2,22 xRxRxR crkck
r
ccrk

rk
c −−
− =∗  

or 

( ) ( )xRxR crkck
r
c ,22,2 −=  

for .kr <  It follows that 

( ) [ ( ) ( ) ( )],,22,422,221 xRCxRCxRCexu cmkmckck
x

−−−
α +++=  

or 

( ) ( )∑
=

−
α=

m

r
crkr

x xRCexu
1

,22 .  

Similarly, as in the case (1), ( )xRe crk
x

,22 −
α  is the ordinary function for rk 22 −  
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n≥  with any α. It follows that ( ) ( )∑
=

−
α=

m

r
crkr

x xRCexu
1

,22  is also the ordinary 

function with any α. For the case nrk <− 22  and for some ( )nααα=α ...,,, 21  

with ( ),...,,2,10 nii =<α  we obtain ( )xRe crk
x

,22 −
α  is a tempered distribution. 

It follows that ( ) ( )∑
=

−
α=

m

r
crkr

x xRCexu
1

,22  is also a tempered distribution. 

(3) If km ≥  and for any α, suppose that Mmk ≤≤  and r run from k, then 
(4.4) becomes 

( ) ( ) [ ].1
1 δ++δ+δ=∗δ +
+

αα M
cM

k
ck

k
ck

xk
c

x CCCexue  

Convolving both sides by ( )xRe ck
x

,2
α  and by Lemma 2.2, we have 

( ) [ ( ) ( ) ( )].,2,2
1

1,2 xRCxRCxRCexu ck
M
cMck

k
ckck

k
ck

x +++= +
+

α  

Now 

( ) ( ) ,,2,2
km

cck
k
c

km
cck

m
c xRxR −− ==  

for .Mmk ≤≤  So 

( ) [ ]δ++δ+δ+δ= −
++

α kM
cMckckk

x CCCCexu 2
21  

 ∑
=

−α δ=
M

kr

kr
cr

x Ce .  

Now, by (3.6) and (3.10), we have 

+δ=δ −−α kr
c

kr
c

xe (the terms of lower order of partial derivative of δ), 

for Mrk ≤≤  and since all terms of the right-hand side of above equation are 
singular distribution, it follows that 

( ) ∑
=

−α δ=
M

kr

kr
cr

x Cexu  

is only the singular distribution. That completes the proof. ~ 
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Abstract. In this article, we have studied the compound ultra-hyperbolic
Bessel equation of the form

mX
r=0

Cr�rB;cu(x) = f(x);

where �rB;c is the ultra-hyperbolic Bessel operator iterated r-times, f is a given
generalized function, u is an unknown function, x 2 R+n and Cr is a constant.
In this work, we study the weak solution u(x) of above the equation which is
of the form ultra-hyperbolic Bessel operator and moreover, such a solution is
unique.

Key words: Dirac-delta distribution; Ultra-hyperbolic Bessel operator; Tem-
pered distribution.
2000 Mathematics Subject Classi�cation: 46F10.

1. Introduction

I. M. Gelfand and G. E. Shilov [3] have �rst introduced the elementary solution
of the n-dimensional classical ultra-hyperbolic operator. S. E. Trione [9] has
shown that the n-dimensional ultra-hyperbolic equation has u(x) = R2k(x) as
a unique elementary solution. Later, M. A. Tellez [8] has proved that R2k(x)
exists only for case p is odd with p+ q = n.

2Corresponding Author
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H. Yildirim et al. [10] have introduced the Bessel ultra-hyperbolic type operator
iterated k-times with x 2 R+n = fx : x = (x1; x2; : : : ; xn); x1 > 0; : : : ; xn > 0g;

(1.1) �kB = (Bx1 +Bx2 + � � �+Bxp �Bxp+1 � � � � �Bxp+q )k

where p + q = n;Bxi =
@2

@x2i
+ 2vi

xi
@
@xi

where 2vi = 2�i + 1; �i > � 1
2 [5], k is

nonnegative integer and n is the dimension of R+n and studied the elementary
solution of this operator. Moreover, they have introduced the Bessel diamond
operator and have studied the elementary solution of this operator and also the
Fourier-Bessel transform of the elementary solution.
A. Kananthai and K. Nonlaopon [4] have studied the weak solution of the com-
pound ultra-hyperbolic equation. Next, M. Z. Sarikaya and H. Yildirim [7] have
studied the weak solution of the compound Bessel ultra-hyperbolic equation.
Later, S. Bupasiri and K. Nonlaopon [1] have studied the weak solution of the
compound equation related to the ultra-hyperbolic operator of the form

(1.2)
mX
r=0

Cr�rcu(x) = f(x);

where �rc is the operator which related to the ultra-hyperbolic type operator
iterated r-times, de�ned by

(1.3) �rc =

0@ 1

c2

pX
i=1

@2

@x2i
�

p+qX
j=p+1

@2

@x2j

1Ar

:

A. Saglam et al. [6] have developed the operator of (1.1), de�ned by

(1.4) �kB;c =
�
1

c2
(Bx1 +Bx2 + � � �+Bxp)� (Bxp+1 + � � �+Bxp+q )

�k
and is called the ultra-hyperbolic Bessel operator iterated k-times. Moreover,
they studied the product of the ultra-hyperbolic Bessel operator related to elas-
tic waves.
In this article, we will consider the equation

(1.5) �kB;cu(x) = f(x)

where u(x) and f(x) are some generalized function.
We will develop the equation (1.5) to the form

(1.6)
mX
k=0

Ck�kB;cu(x) = f(x);

which is called the compound ultra-hyperbolic Bessel equation and by conven-
tion �0B;cu(x) = u(x). In �nding the solutions of (1.6), we use the properties of
convolutions for the generalized functions.
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2. Preliminaries

Denoted by T y the generalized shift operator acting according to the law [5]:

T yx'(x) = C
�
v

Z �

0

� � �
Z �

0

'

�q
x21 + y

2
1 � 2x1y1 cos �1; : : : ;

p
x2n + y

2
n � 2xnyn cos �n

�
�
 

nY
i=1

sin2vi�1 �i

!
d�1 � � � d�n;

where x; y 2 R+n ; C�v =
Qn
i=1

�(vi+1)

�( 12 )�(vi)
. We remark that this shift operator is

closely connected with the Bessel di¤erential operator [5]:

d2U

dx2
+
2v

x

dU

dx
=
d2U

dy2
+
2v

y

dU

dy

U(x; 0) = f(x);

Uy(x; 0) = 0:

The convolution operator determined by the T y is as follows:

(2.1) (f � ')(y) =
Z
R+n
f(y)T yx'(x)

 
nY
i=1

y2vii

!
dy:

Convolution (2.1) known as a B-convolution. We note the following properties
of the B-convolution and the generalized shift operator.

(a) T yx � 1 = 1:
(b) T 0x � f(x) = f(x):
(c) If f(x); g(x) 2 C(R+n ); g(x) is a bounded function all x > 0 andZ

R+n
jf(x)j

 
nY
i=1

x2vii

!
dx <1;

then Z
R+n
T yx f(x)g(y)

 
nY
i=1

y2vii

!
dy =

Z
R+n
f(y)T yx g(x)

 
nY
i=1

y2vii

!
dy:

(d) From (c), we have the following equality for g(x) = 1.Z
R+n
T yx f(x)

 
nY
i=1

y2vii

!
dy =

Z
R+n
f(y)

 
nY
i=1

y2vii

!
dy:

(e) (f � g)(x) = (g � f)(x):

De�nition 2.1. Let x = (x1; x2; : : : ; xn) be a point of the n-dimensional space
R+n ,

129



(2.2) V = c2
�
x21 + x

2
2 + : : :+ x

2
p

�
� x2p+1 � x2p+2 � � � � � x2p+q;

where p+q = n, the interior of forward cone de�ned by �+ = fx 2 R+n : x1 > 0; x2 > 0; : : : ;
xn > 0 and V > 0g. For any complex number �, de�ne

(2.3) RH�;c (x) =

8<: V
��n�2jvj

2

Kn;v (x)
; for x 2 �+;

0; for x =2 �+;

where

(2.4) Kn;v (�) =
�
n+2jvj�1

2 �
�
2+��2jvj

2

�
�
�
1��
2

�
� (�)

�
�
2+��p�2jvj

2

�
�
�
p+2jvj��

2

� :

Lemma 2.1. RH2k;c (x) is a homogeneous distribution of order (�� n� 2 jvj).
In particular, it is a tempered distribution.

Proof. We need to show that RH�;c(x) satis�es the Euler equation

nX
i=1

xi
@

@xi
RH�;c(x) = (�� n� 2jvj)RH�;c(x):

Now

nX
i=1

xi
@

@xi
RH�;c(x) =

1

Kn;v(�)

nX
i=1

xi
@

@xi

�
c2(x21 + � � �+ x2p)� x2p+1 � � � � � x2p+q

���n�2jvj
2

=
�� n� 2jvj
Kn;v(�)

�
c2(x21 + � � �+ x2p)� x2p+1 � � � � � x2p+q

���n�2jvj�2
2

�
�
c2(x21 + � � �+ x2p)� x2p+1 � � � � � x2p+q

�
=

1

Kn;v(�)
(�� n� 2jvj)

�
c2(x21 + � � �+ x2p)� x2p+1 � � � � � x2p+q

���n�2jvj
2

=
(�� n� 2jvj)V

��n�2jvj
2

Kn;v(�)

= (�� n� 2jvj)RH�;c(x):

Hence RH�;c(x) is a homogeneous distribution of order (� � n � 2jvj). W. F.
Donoghue [2] prove that every homogeneous distribution is a tempered distrib-
ution. So RH�;c(x) is a tempered distribution. This is complete of proof. �
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Lemma 2.2. Given the equations

(2.5) �kB;cu (x) = � (x) ;

where �kB;c is de�ned by (1.4) and x 2 R+n , then we obtain u (x) = RH2k;c (x) as
an unique elementary solution of (2.5), where RH2k;c (x) is de�ned by (2.3).
The proof of this lemma is given in [6].

Lemma 2.3.(The B-convolutions of tempered distributions)
(a)

�
�kB;c� (x)

�
� u (x) = �kB;cu (x), where u is any tempered distribution.

(b) Let RH2k;c (x) and R
H
2m;c (x) be de�ned by (2.3), then R

H
2k;c (x)�RH2m;c (x)

exists and is a tempered distribution.
(c) LetRH2k;c (x) andR

H
2m;c (x) be de�ned by (2.3), thenR

H
2k;c (x)�RH2m;c (x) =

RH2k+2m;c (x), where k and m are nonnegative integer.
(d) LetRH2k;c (x) andR

H
2m;c (x) be de�ned by (2.3) and ifR

H
2k;c (x)�RH2m;c (x) =

� (x) then RH2k;c (x) is an inverse of R
H
2m;c (x) in the B�convolution algebra, de-

noted by RH2k;c (x) = R
H��1
2m;c (x), moreover R

H��1
2m;c (x) is unique.

Proof.
(a) First, we consider the case k = 1, now

�B;c�(x) =
1

c2

 
pX
i=1

@2�(x)

@x2i
+
2vi
xi

@�(x)

@xi

!
�

0@ p+qX
j=p+1

@2�(x)

@x2j
+
2vj
xj

@�(x)

@xj

1A ; p+q = n

and let '(x) be a testing function in the Schwartz space S. By the de�nition of
B-convolution, we have

h�B;c�(x) � u(x); '(x)i = hu(x); h�B;c�(x); '(x+ y)ii

=

*
u(x);

*
1

c2

 
pX
i=1

@2�(y)

@x2i
+
2vi
xi

@�(y)

@xi

!

�

0@ p+qX
j=p+1

@2�(y)

@x2j
+
2vj
xj

@�(y)

@xj

1A ; '(x+ y)++
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=

*
u(x);

*
�(y);

1

c2

 
pX
i=1

@2'(x+ y)

@x2i
+
2vi
xi

@'(x+ y)

@xi

!

�

0@ p+qX
j=p+1

@2'(x+ y)

@x2j
+
2vj
xj

@'(x+ y)

@xj

1A++

=

*
u(x);

1

c2

 
pX
i=1

@2'(x)

@x2i
+
2vi
xi

@'(x)

@xi

!
�

0@ p+qX
j=p+1

@2'(x)

@x2j
+
2vj
xj

@'(x)

@xj

1A+

=

*
1

c2

 
pX
i=1

@2u(x)

@x2i
+
2vi
xi

@u(x)

@xi

!
�

0@ p+qX
j=p+1

@2u(x)

@x2j
+
2vj
xj

@u(x)

@xj

1A ; '(x)+

= h�B;cu(x); '(x)i :
(2.6)

It follow that
�B;c�(x) � u(x) = �B;cu(x):

Similarly for any k, we can show that

�kB;c�(x) � u(x) = �kB;cu(x):

(b) Since RH2k;c(x) and R
H
2m;c(x) are tempered distribution by Lemma 2.1.

Now chosen supp RH2k;c(x) = K � �+, where K is a compact set and �+
designates of �+ closure. Then RH2k;c(x) is a tempered distribution with compact
support. By [2], RH2k;c(x) �RH2m;c(x) exists and is a tempered distribution.

(c) From equation �k+mB;c u(x) = �(x) we obtain u(x) = RH2k+2m;c(x) by
Lemma 2.2. For any m is a nonnegative integer, we write

�k+mB;c u(x) = �kB;c�mB;cu(x) = �(x);

then by Lemma 2.2, we have the following equality

�mB;cu(x) = RH2k;c(x):

B-convolving both sides by RH2m;c(x) we obtain

RH2m;c(x) ��mB;cu(x) = RH2k;c(x) �RH2m;c(x)

or
�mB;cRH2m;c(x) � u(x) = RH2k;c(x) �RH2m;c(x):

Then from Lemma 2.2, we have the following equality

�(x) � u(x) = RH2k;c(x) �RH2m;c(x):

It follows that
u(x) = RH2k;c(x) �RH2m;c(x):
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From the fact that u(x) = RH2k+2m;c(x) we obtainR
H
2k;c(x)�RH2m;c(x) = RH2k+2m;c(x):

(d) Since RH2k;c(x) and R
H
2m;c(x) are tempered distributions with compact

supports, thus RH2k;c(x) and R
H
2m;c(x) are the elements of space of B-convolution

algebra u0 of distribution. Now RH2k;c(x) � RH2m;c(x) = �(x) then by A. H.
Zemanian [11] show that RH2k;c(x) = R

H��1
2m;c (x) is a unique inverse. �

Lemma 2.4. Let RH2k;c (x) and Kn;v (2k), be de�ned by (2.3) and (2.4). Then
(a) Kn;v (2k + 2) = 2k (2k + 2� n� 2 jvj)Kn;v (2k),
(b) �kB;cRH2m;c (x) = RH2m�2k;c (x), where k and m are nonnegative integer,
(c) RH�2k;c (x) = �kB;c� (x), where k is a nonnegative integer.

Proof.
(a) From (2.4), we have

Kn;v(2k + 2) =
�
n+2jvj�1

2 �
�
2+2k+2�n�2jvj

2

�
�
�
1�2k�2

2

�
�(2k + 2)

�
�
2+2k+2�p�2jvj

2

�
�
�
p+2jvj�2k�2

2

�
=
�
n+2jvj�1

2
(2k+2�n�2jvj)

2 �
�
2k+2�n�2jvj

2

�
( �2
1+2k )�

�
1�2k
2

�
(2k)(2k + 1)�(2k)

2k+2�p�2jvj
2 �

�
2k+2�p�2jvj

2

�
2

p+2jvj�2k�2�
�
p+2jvj�2k

2

�
= 2k(2k + 2� n� 2jvj)Kn;v(2k):

(b) By Lemma 2.3.(c), we have

�(x) �RH2m;c(x) = RH2k;c(x) �RH2m�2k;c(x)
�kB;cRH2k;c(x) �RH2m;c(x) = RH2k;c(x) �RH2m�2k;c(x)
RH2k;c(x) ��kB;cRH2m;c(x) = RH2k;c(x) �RH2m�2k;c(x);

and
�kB;cRH2m;c(x) = RH2m�2k;c(x):

(c) For m = k; by Lemma 2.4.(b) we have

�mB;cRH2m;c(x) = RH0;c(x); RH0;c(x) = �(x):

For m = 0, by Lemma 2.4.(b) we have

�kB;cRH0;c(x) = RH�2k;c(x) or �kB;c�(x) = RH�2k;c(x):

�

3. Main Results

Theorem 3.1. Given the compound equation related to the ultra-hyperbolic
Bessel operator of the form
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(3.1)
mX
r=0

Cr�rB;cu (x) = f (x) ;

where �rB;c is the ultra-hyperbolic Bessel operator iterated r-times de�ned by
(1.4), f is a given generalized function, u is an unknown function, x 2 R+n , n is
odd and Cr is a constant. Then (3.1) has a unique weak solution

(3.2) u (x) = f (x) �RH2m;c (x) �
�
CmR

H
0;c + w (x)R

H
2;c

���1
;

where

(3.3)
w (x) = Cm�1 + Cm�2

V
2(4�n�2jvj) + Cm�3

V 2

2�4(4�n�2jvj)(6�n�2jvj) + : : :

+C0
Vm�1

2�4�6:::2(m�1)(4�n�2jvj)(6�n�2jvj):::(2m�n�2jvj)

and V de�ned by (2.2) and
�
CmR

H
0;c (x) + w (x)R

H
2;c (x)

���1
is an inverse of

CmR
H
0;c (x) + w (x)R

H
2;c (x) :

Proof. By Lemma 2.3.(a), equation (3.1) can be written as

(Cm�mB;c�(x) + Cm�1�m�1B;c �(x) + � � �+ C1�B;c�(x) + C0�(x)) � u(x) = f(x):

B-convolving both sides by RH2m;c(x) de�ned by (2.3), we obtainh
Cm�mB;cRH2m;c(x) + Cm�1�m�1B;c R

H
2m;c(x) + � � �+ C1�B;cRH2m;c(x) + C0RH2m;c(x)

i
� u(x)

= f(x) �RH2m;c(x):
By Lemma 2.2 and Lemma 2.4.(b), we obtainh
Cm�(x) + Cm�1R

H
2;c(x) + Cm�2R

H
4;c(x) + � � �+ C1RH2(m�1);c(x) + C0RH2m;c(x)

i
� u(x)

= f(x) �RH2m;c(x):
(3.4)

By Lemma 2.4.(a), we obtain

RH4;c(x) =
V

4�n�2jvj
2

Kn(4)
= RH2;c(x) �

V

2(4� n� 2jvj)Kn(2)
:

Similarly,

RH6;c(x) = R
H
2;c(x) �

V 2

2 � 4(4� n� 2jvj)(6� n� 2jvj)

R8;c(x) = R
H
2;c(x) �

V 3

2 � 4 � 6(4� n� 2jvj)(6� n� 2jvj)(8� n� 2jvj)
...

RH2m;c(x) = R
H
2;c(x) �

V m�1

2 � 4 � 6 � � � 2(m� 1)(4� n� 2jvj)(6� n� 2jvj) � � � (2m� n� 2jvj) :
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Thus we obtain the function w(x) of (3.3). Now w(x) is continuous and in�nitely
di¤erentiable in classical sense for n is odd. Since RH2;c(x) is a tempered distri-
bution with compact support, hence w(x)RH2;c(x) also is tempered distribution
with compact support and so CmRH0;c(x) + w(x)R

H
2;c(x). By Lemma 2.3.(d),

CmR
H
0;c(x) + w(x)R

H
2;c(x) has a unique inverse denote by�

CmR
H
0;c(x) + w(x)R

H
2;c(x)

���1
:

Now (3.4) can be written as

(CmR
H
0;c(x) + w(x)R

H
2;c(x)) � u(x) = f(x) �RH2m;c(x); RH0;c(x) = �(x):

B-convolving both sides by
�
CmR

H
0;c(x) + w(x)R

H
2;c(x)

���1
, we have

u(x) = f(x) �RH2m;c(x) �
�
CmR

H
0;c(x) + w(x)R

H
2;c(x)

���1
:

Since RH2m;c(x) is a unique by Lemma 2.2 and
�
CmR

H
0;c(x) + w(x)R

H
2;c(x)

���1
also is a unique by Lemma 2.3.(d), it follows that u(x) is a unique weak solution
of (3.1) with odd-dimensional n: This completes the proof. �
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