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Chapter 1

Executive Summary

The most important and powerful tools guaranteeing the existence of a

solution of a given nonlinear system are Banach’s contraction principle and

Schauder’s fixed point theorem. The application of the first theorem requires

only the completeness of a space but a rather heavy assumption on a mapping,

i.e., a contraction. For the latter one, it requires a weak assumption on a

mapping, i.e., a continuous one, while its domain is compact and convex. In

recent years, many mathematicians have investigated several new fixed point

theorems requiring only that the mapping and its domain be weaker than the

contraction and the compactness, respectively.

Let C be a nonempty convex subset of a Banach space X. A mapping

T : C → C is said to be

(1) nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C;

(2) asymptotically nonexpansive if there exists a real sequence {kn}∞n=1 such

that limn kn = 1 and

‖T nx− T ny‖ ≤ kn‖x− y‖

for all x, y ∈ C and all natural numbers n;

(3) asymptotically nonexpansive in the intermediate sense if T is uniformly
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continuous and

lim sup
n→∞

sup
x,y∈C

{‖T nx− T ny‖ − ‖x− y‖} ≤ 0;

(4) asymptotically nonexpansive type if TN is continuous for some natural

number N and

lim sup
n→∞

sup
y∈C

{‖T nx− T ny‖ − ‖x− y‖} ≤ 0

for all x ∈ C.

It is easy to see that (1) ⇒ (2) ⇒ (3) ⇒ (4) provided that C is bounded.

Most of the proofs of fixed point theorem of such mappings are noncon-

structive, that is, the existence of fixed points for such mapppings does not

come together with effective algorithms by which they can be approximated.

Moreover, it is possible that the simple Picard’s iteration scheme no longer con-

verge to a fixed point of mappings which are a generalization of a contraction.

In 1953, W. R. Mann proposed a new iteration scheme and its generalization

was introduced later in 1974 by S. Ishikawa. These two iteration schemes are

widely studied since then. In 1991, J. Schu modified Mann- and Ishikawa-type

iteration schemes for asymptotically nonexpansive mappings. The modified it-

erations of Schu are also used to approximate fixed points of mappings which

are asymptotically nonexpansive in the intermediate sense and of asymptoti-

cally nonexpansive type.

A purpose of this research is to introduce and study a new iteration scheme

for a class of mappings. Morever, we prove several weak and strong conver-

gence theorems of such schemes.



Chapter 2

Main Results

2.1 A generalized Noor’s iteration

We published two paper in this topics (see Appendices A1 and A2). We

introduce the so-called a generalized Noor’s iteration and a generalized Noor’s

iteration with errors, respectively: For a given x1 ∈ C, compute the sequences

{xn}, {yn} and {zn} by the iterative schemes

zn = anT nxn + (1− an)xn,

yn = bnT
nzn + cnT nxn + (1− bn − cn)xn,

xn+1 = αnT nyn + βnT
nzn + γnT

nxn + (1− αn − βn − γn)xn, n ≥ 1,

where {an}, {bn}, {cn}, {bn + cn}, {αn}, {βn}, {γn} and {αn + βn + γn} are

appropriate sequences in [0, 1]; and

zn = a′nxn + b′nT
nxn + rnun,

yn = anxn + bnT
nxn + cnT

nzn + snvn,

xn+1 = αnxn + βnT
nxn + γnT nyn + δnT nzn + tnwn,

where {αn}, {βn}, {γn}, {δn}, {an}, {bn}, {cn}, {a′n}, {b′n}, {rn}, {sn} and

{tn} are appropriate sequences in [0, 1] with αn +βn +γn + δn + tn = an + bn +

3
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cn + sn = a′n + b′n + rn = 1, and {un}, {vn} and {wn} are bounded sequences

in C.

The above generalized Noor’s iteration is inspired by the iteration intro-

duced and studied by Suantai. In fact, Suantai’s iteration is included in a

generalized Noor’s iteration if we let γn ≡ 0. The paper A1 presents a com-

plementary result to the paper of Nilsrakoo and the author [W. Nilsrakoo,

S. Saejung, A new threestep fixed point iteration scheme for asymptotically

nonexpansive mappings, Appl. Math. Comput. 181 (2006) 10261034] as well

as corrects the gaps of Yao and Noor’s paper [Yao and Noor, Convergence of

three-step iterations for asymptotically nonexpansive mappings, Appl. Math.

Comput., 187 (2007) 883-892].

The paper A2 proposes the “with-errors” version of a generalized Noor’s

iteration. We prove several convergence theorems for this new iteration.

2.2 A semigroup of nonexpansive mappings

Besides, asymptotically nonexpansive mappings, we are interested in a

semigroup of nonexpansive mappings, usually called a nonexpansive semi-

group. Let {T (t) : t ≥ 0} be a family of mappings from a closed convex

subset C of a real Hilbert space H into itself. We call it a nonexpansive

semigroup on C if the following conditions are satisfied:

(SG1) T (0)x = x for all x ∈ C;

(SG2) T (s + t) = T (s)T (t) for all s, t ≥ 0;

(SG3) for each x ∈ C the mapping t 7→ T (t)x is continuous;

(SG4) ‖T (t)x− T (t)y‖ ≤ ‖x− y‖ for all x, y ∈ C and t ≥ 0.

There are many results concerning the approximation of common fixed points

of a nonexpansive semigroup. Most of them utilize the Bochner integral while
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our result does not. In the paper A3, we consider the following iterations:

x0 ∈ H taken arbitrary;

C1 = C;

x1 = PC1(x0);

yn = αnxn + (1− αn)T (tn)xn;

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖};
xn+1 = PCn+1(x0)

where {αn} ⊂ [0, a] ⊂ [0, 1), lim infn tn = 0, lim supn tn > 0, and limn(tn+1 −
tn) = 0; and

x0 ∈ C taken arbitrary,

yn = αnxn + (1− αn)T (tn)xn;

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖};
Qn = {z ∈ C : 〈xn − x0, z − xn〉 ≥ 0};
xn+1 = PCn∩Qn(x0)

where {αn} ⊂ [0, a] ⊂ [0, 1), lim infn tn = 0, lim supn tn > 0, and limn(tn+1 −
tn) = 0. We also correct the strong convergence theorem recently proved by He

and Chen [Strong convergence theorems of the CQ method for nonexpansive

semigroups, Fixed Point Theory and Applications, vol. 2007, Article ID 59735,

8 pages, 2007].

2.3 A countable family of mappings

2.3.1 Relatively quasi-nonexpansive mappings

Let T be a mapping from a closed convex subset C of a Banach space E

into E and let F(T ) = {x ∈ C : Tx = x}. A point p in C is said to be

an asymptotic fixed point of T if C contains a sequence {xn} which converges

weakly to p and limn→∞(xn− Txn) = 0. The set of asymptotic fixed points of

T is denoted by F̂(T ). We say that the mapping T is relatively nonexpansive

if the following conditions are satisfied:
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(R1) F(T ) 6= ∅;

(R2) φ(p, Tx) ≤ φ(p, x) for each x ∈ C, p ∈ F(T );

(R3) F(T ) = F̂(T ).

If T is satisfies (R1) and (R2), then T is called relatively quasi-nonexpansive.

Let {Tn} be a sequence of relatively quasi-nonexpansive mappings from C

into E such that
⋂∞

n=0 F(Tn) is nonempty, and let {xn} be a sequence in C

defined as follows:

x0 ∈ C and C−1 = Q−1 = C,

yn = J−1(αnJxn + (1− αn)JTnxn),

Cn = {z ∈ Cn−1 ∩Qn−1 : φ(z, yn) ≤ φ(z, xn)},
Qn = {z ∈ Cn−1 ∩Qn−1 : 〈xn − z, Jx0 − Jxn〉 ≥ 0},
xn+1 = ΠCn∩Qnx0, n = 0, 1, 2, . . . ,

where {αn} is a sequence in [0, 1) with lim supn→∞ αn < 1. In the paper A4,

we prove that under certain condition imposed on the family {Tn} the iteration

above converges strongly to a common fixed point of the family.

2.3.2 Lipschitzian mappings

Let C be a nonempty closed convex subset of a real Hilbert space H. A

mapping T : C → C is said to be L-Lipschitzian (or, simply Lipschitzian) if

‖Tx− Ty‖ ≤ L‖x− y‖ for all x, y ∈ C.

We use the following two iterations to approximate a common fixed point of

a countable family of Lipschitzian mappings {Tn}: (see the paper A6)

Let {xn} be a sequence in C defined by x1 ∈ C and

xn+1 = αnxn + (1− αn)Tnxn
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for all n ∈ N, where {αn} is a sequence in [0, 1) with
∑∞

n=1 αn(1 − αn) = ∞;

and let {xn} be a sequence in C defined as follows:

x0 ∈ C is arbitrary,

yn = αnxn + (1− αn)Tnxn,

Cn = {z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qnx0, n = 0, 1, 2, . . . ,

where Tn is Ln-Lipschitzian and

θn = (1− αn)(L2
n − 1)(diam C)2 → 0 as n →∞.

2.4 A pertured Ishikawa’s iteration

Inspired by Ishikawa’s iteration, we introduce the following iteration to

obtain weak and strong convergence theorems for three nonexpansive mappings

S, T,R from a closed convex subset C of a uniformly convex Banach space E:

The sequence {xn}, defined by

x0 ∈ C

yn = a′nRxn + b′nTxn + c′nvn

xn+1 = anRxn + bnSyn + cnun, n ≥ 1,

where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0,1], an + bn + cn =

1 = a′n + b′n + c′n and {un}, {vn} are bounded sequences in C.

It is easy to see that if R is an identity mapping and cn = c′n ≡ 0, then the

iteration above reduces to the original Ishikawa’s iteration.

In the paper A5, we not only prove several convergence theorems of this

iteration but also point out that the condition recently studied by Rafiq [Con-

vergence of an iterative scheme due to Agarwal et al. Rostock. Math. Kolloq.

61 (2006), 95–105] is not correct. An example of our iteration is presented as

well.
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2.5 An equillibrium problem

In the paper A7, we establish an iterative scheme by means of Mann’s

method and Moudafi’s method to find a common element of the set of solu-

tions of an equilibrium problem and the set of fixed points of a nonexpansive

mapping in a Hilbert space.

Let C be a closed and convex subset of a real Hilbert space H. Let F be a

bifunction of C×C into R, where R is the set of real numbers. The equilibrium

problem for F : C × C → R is to find x ∈ C such that

F (x, y) ≥ 0 for all y ∈ C.

The set of solutions of the above problem is denoted by EP(F ). Numerous

problems in physics, optimization, and economics reduce to find EP(F ) for

some suitable bifunction F . For example, given a mapping T : C → H,

let F (x, y) = 〈Tx, y − x〉 for all x, y ∈ C. Then, z ∈ EP(F ) if and only if

〈Tz, y − z〉 ≥ 0 for all y ∈ C, i.e., z is a solution of the variational inequality.

The main result of this paper is the following:

Let C be a nonempty closed convex subset of a real Hilbert space H. Let

F be a bifunction from C × C into R satisfying

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for any x, y ∈ C;

(A3) F is upper-hemicontinuous, i.e., for each x, y, z ∈ C,

lim sup
t→0+

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) F (x, ·) is convex and lower semicontinuous for each x ∈ C;

and let S be a nonexpansive mapping of C into H such that F(S)∩EP(F ) 6= ∅.

Let f be a contraction of H into itself and let {xn} and {un} be sequences



9

generated by x1 ∈ H and

F (un, y) +
1

rn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnf(xn) + (1− αn)Sun,

xn+1 = βnxn + (1− βn)yn

for all n ∈ N, where {αn} and {βn} are sequences in [0, 1] with

(C1) limn→∞ αn = 0;

(C2)
∑∞

n=1 αn = ∞;

(B) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

and {rn} is a sequence in (0,∞) with

(r1) lim infn→∞ rn > 0, and

(r2) limn→∞(rn+1 − rn) = 0.

Then {xn} and {un} converge strongly to z = PF(S)∩EP(F )f(z).
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� 2007 Elsevier Inc. All rights reserved.
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Let X be a real Banach space and C be a nonempty subset of X. A mapping T : C ! C is said to be asymp-

totically nonexpansive if there exists a sequence {kn} of real numbers with kn P 1 and limn!1kn ¼ 1 such that
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kT nx� T nyk 6 knkx� yk;

for all x; y 2 C and all n P 1. The mapping T is called uniformly L-Lipschitzian if there exists a positive con-
stant L such that
kT nx� T nyk 6 Lkx� yk;

for all x; y 2 C and all n P 1.

Since Schu’s results [1,2], the modified Mann and Ishikawa iterative schemes have been studied extensively
by various authors to approximate fixed points of asymptotically nonexpansive mappings (see [1–6]).

In 2002, Xu and Noor [7] introduced and studied a three-step scheme to approximate fixed points of asymp-
totically nonexpansive mappings in a Banach space. Glowinski and Le Tallec [8] used three-step iterative
schemes to find the approximate solutions of the elastoviscoplasticity problem, liquid crystal theory, and
eigenvalue computation. It has been shown in [8] that the three-step iterative scheme gives better numeri-
cal results than the two-step and one-step approximate iterations. In 1998, Haubruge et al. [9] studied the
003/$ - see front matter � 2007 Elsevier Inc. All rights reserved.
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convergence analysis of three-step schemes of Glowinski and Le Tallec [8] and applied these schemes to obtain
new splitting-type algorithms for solving variation inequalities, separable convex programming and minimi-
zation of a sum of convex functions. They also proved that three-step iterations lead to highly parallelized
algorithms under certain conditions. Thus, we conclude that three-step scheme plays an important and signif-
icant part in solving various problems, which arise in pure and applied sciences. The authors of the present
paper [11] defined a new three-step iterative schemes and gave some strong convergence theorems for asymp-
totically nonexpansive mappings. The scheme studied in the paper is defined as follows.

Let C be a nonempty convex subset of a real Banach space X and T : C ! C be a mapping.

Algorithm 1. For a given x1 2 C, compute the sequences {xn}, {yn} and {zn} by the iterative schemes
zn ¼ anT nxn þ ð1� anÞxn;

yn ¼ bnT nzn þ cnT nxn þ ð1� bn � cnÞxn;

xnþ1 ¼ anT nyn þ bnT nzn þ cnT nxn þ ð1� an � bn � cnÞxn; n P 1;

ð1Þ
where {an}, {bn}, {cn}, fbn þ cng, {an}, {bn}, {cn} and fan þ bn þ cng are appropriate sequences in [0,1]. The
iterative scheme (1) is called the three-step mean value iterative scheme. If cn � 0, then Algorithm 1 reduces to
the modified Noor iterative scheme, defined by Suantai [10].

If cn ¼ bn ¼ cn � 0, then Algorithm 1 reduces to Algorithm 2:

Algorithm 2. For a given x1 2 C, compute the sequences {xn}, {yn} and {zn} by the iterative schemes
zn ¼ anT nxn þ ð1� anÞxn;

yn ¼ bnT nzn þ ð1� bnÞxn;

xnþ1 ¼ anT nyn þ ð1� anÞxn; n P 1;

ð2Þ
where {an}, {bn} and {an} are appropriate sequences in [0,1]. The iterative scheme (2) is called the Noor iter-

ative scheme, defined by Xu and Noor [7].

If an ¼ cn ¼ bn ¼ cn � 0, then Algorithm 1 reduces to Algorithm 3:

Algorithm 3. For a given x1 2 C, compute the sequences {xn} and {yn} by the iterative schemes
yn ¼ bnT nxn þ ð1� bnÞxn;

xnþ1 ¼ anT nyn þ ð1� anÞxn; n P 1;
ð3Þ
where {bn} and {an} are appropriate sequences in [0, 1].

Similarly, if bn ¼ cn ¼ an ¼ cn � 0 then Algorithm 1 reduces to Algorithm 3 0:

Algorithm 3 0. For a given x1 2 C, compute the sequences {xn} and {zn} by the iterative schemes
zn ¼ anT nxn þ ð1� anÞxn;

xnþ1 ¼ bnT nzn þ ð1� bnÞxn; n P 1;
ð4Þ
where {an} and {bn} are appropriate sequences in [0,1].
Let us note that schemes (3) and (4) are called the modified Ishikawa iterative scheme, defined by Schu [1,2].

For convenience, we use the notations limn � limn!1, lim infn � lim infn!1, and lim supn � lim supn!1.
Recently, Yao and Noor [12] prove the following two results.

Lemma 1 ([12], Lemma 4). Let {xn}, {yn} and {zn} be sequences in a uniformly convex Banach space X. Suppose

that {an}, {bn} and {cn} are sequences in [0,1] with an þ bn þ cn ¼ 1, lim supnkxnk 6 d, lim supnkynk 6 d,

lim supnkznk 6 d, and limnkanxn þ bnyn þ cnznk ¼ d, where d P 0. If
0 < lim inf
n

an < lim inf
n
ðan þ bnÞ 6 lim sup

n
ðan þ bnÞ < 1;
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then
lim
n
kxn � ynk ¼ lim

n
kyn � znk ¼ lim

n
kzn � xnk ¼ 0:
Lemma 2 ([12], Lemma 8). Let X be a uniformly convex Banach space and C be a nonempty convex subset of X.

Let T : C ! C be an asymptotically nonexpansive mapping with the nonempty fixed-point set F ðT Þ (i.e.,

F ðT Þ :¼ fx 2 C : x ¼ Txg 6¼ ;) and a sequence {kn} of real numbers such that kn P 1 and
P1

n¼1ðkn � 1Þ <1.

Let {xn} be a sequence in C defined by Algorithm 1 and the parameters satisfy one of the following:

(i) 0 < lim infnan < lim infnðan þ bnÞ < lim infnðan þ bn þ cnÞ 6 lim supnðan þ bn þ cnÞ < 1;
(ii) 0 < lim infnan < lim infnðan þ bnÞ 6 lim supnðan þ bnÞ < 1, lim supncn < 1 and limncn ¼ 0;

(iii) 0 < lim infnbn < lim infnðbn þ cnÞ 6 lim supnðbn þ cnÞ < 1 and limnan ¼ 0;

(iv) 0 < lim infnan and 0 < lim infnbn < lim infnðbn þ cnÞ 6 lim supnðbn þ cnÞ < 1;

(v) 0 < lim infnðanbnkn þ bnÞ and 0 < lim infnan 6 lim supnan < 1.

Then limnkTxn � xnk ¼ 0.

Remark 3. In the proof of Lemma 1, the conclusion (4) is not correct. Moreover, the assumption
0 < lim inf
n

an < lim inf
n
ðan þ bnÞ 6 lim sup

n
ðan þ bnÞ < 1;
is not enough to guarantee that
lim
n
kxn � ynk ¼ lim

n
kyn � znk ¼ 0;
as the following example shows.

Example. Let X ¼ R with the usual norm and let a2n�1 ¼ 1=3, a2n ¼ 1=6, b2n�1 ¼ 0, b2n ¼ 1=6 and cn ¼ 2=3 for
all n 2 N. Then
0 < lim inf
n

an < lim inf
n
ðan þ bnÞ 6 lim sup

n
ðan þ bnÞ < 1:
Suppose that xn ¼ zn ¼ 1 and y2n�1 ¼ 1=2, y2n ¼ 1 for all n 2 N. Then
lim sup
n
jxnj ¼ lim sup

n
jynj ¼ lim sup

n
jznj ¼ 1
and
lim
n
janxn þ bnyn þ cnznj ¼ 1:
But
lim
n
jxn � ynj 6¼ 0 and lim

n
jyn � znj 6¼ 0:
To present a correction of Lemma 1, we need Schu’s lemma.

Lemma 4 [2]. Let X be a uniformly convex Banach space, let {kn} be a sequence of real numbers such that

0 < b 6 kn 6 c < 1 for all n P 1, and let {xn} and {yn} be sequences in X such that lim supnkxnk 6 d,

lim supnkynk 6 d and limnkknxn þ ð1� knÞynk ¼ d. Then limnkxn � ynk ¼ 0.

Lemma 5. Let {xn}, {yn} and {zn} be sequences in a uniformly convex Banach space X. Suppose that {an}, {bn}
and {cn} are sequences in [0,1] with an þ bn þ cn ¼ 1, lim supnkxnk 6 d, lim supnkynk 6 d, lim supnkznk 6 d,
and limnkanxn þ bnyn þ cnznk ¼ d. If lim infnan > 0 and lim infnbn > 0, then limnkxn � ynk ¼ 0.

Proof. We may assume without loss of generality that an > 0 and bn > 0 for all n 2 N. Let {nk} be a subse-
quence of {n} such that
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lim
k

ank

ank þ bnk

xnk þ
bnk

ank þ bnk

ynk

����
���� ¼ lim inf

n

an

an þ bn
xn þ

bn

an þ bn
yn

����
����:
Then
d ¼ lim inf
k
kank xnk þ bnk

ynk
þ cnk

znkk 6 lim inf
k

ðank þ bnk
Þ ank

ank þ bnk

xnk þ
bnk

ank þ bnk

ynk

����
����þ cnk

kznkk
� �

6 lim inf
k
ðank þ bnk

Þ ank

ank þ bnk

xnk þ
bnk

ank þ bnk

ynk

����
����þ lim sup

k
cnk
kznkk

6 lim inf
k
ðank þ bnk

Þ lim inf
n

an

an þ bn
xn þ

bn

an þ bn
yn

����
����þ d lim sup

k
cnk
:

This implies that
lim inf
k
ðank þ bnk

Þd ¼ ð1� lim sup
k

cnk
Þd 6 lim inf

k
ðank þ bnk

Þ lim inf
n

an

an þ bn
xn þ

bn

an þ bn
yn

����
����:
Since lim infnðan þ bnÞP lim infnan > 0; it follows that
d 6 lim inf
n

an

an þ bn
xn þ

bn

an þ bn
yn

����
���� 6 lim sup

n

an

an þ bn
xn þ

bn

an þ bn
yn

����
���� 6 d:
We now observe that
lim inf
n

an

an þ bn

P lim inf
n

an > 0 and lim inf
n

bn

an þ bn

P lim inf
n

bn > 0:
By Lemma 4, we have limnkxn � ynk ¼ 0. This completes the proof. h

We are in the position to present a complementary result of [11].

Lemma 6 ([11], Lemma 2). Let X be a real Banach space and C be a nonempty convex subset of X. Let

T : C ! C be an asymptotically nonexpansive mapping with the nonempty fixed-point set F ðT Þ and a sequence

{kn} of real numbers such that kn P 1 and
P1

n¼1ðkn � 1Þ <1. Let {xn} be a sequence in C defined by Algorithm

1, then limnkxn � pk exists for any p 2 F ðT Þ.

Lemma 7 ([11], Lemma 6). Let X be a real Banach space and C be a nonempty convex subset of X. Let T : C ! C
be an asymptotically nonexpansive mapping with a sequence {kn} of real numbers such that kn P 1 and limnkn ¼ 1
and, {xn} be a sequence defined in C by Algorithm 1. If limnkT nxn � xnk ¼ 0, then limnkTxn � xnk ¼ 0:

Lemma 8. Let X be a uniformly convex Banach space and C be a nonempty convex subset of X. Let T : C ! C be

an asymptotically nonexpansive mapping with the nonempty fixed-point set F ðT Þ and a sequence {kn} of real num-

bers such that kn P 1 and
P1

n¼1ðkn � 1Þ <1. Let {xn} be a sequence in C defined by Algorithm 1 and the param-
eters satisfy one of the following control conditions:

(C1) lim infnan > 0 and one of the following holds:

(a) lim supnðan þ bn þ cnÞ < 1 and lim supnðbn þ cnÞ < 1;

(b) 0 < lim infnbn 6 lim supnðan þ bn þ cnÞ < 1 and lim supncn < 1;

(c) 0 < lim infnbn 6 lim supnðbn þ cnÞ < 1 and lim supnan < 1;

(d) 0 < lim infncn 6 lim supnðbn þ cnÞ < 1;
(C2) 0 < lim infnbn 6 lim supnðan þ bn þ cnÞ < 1 and lim supnan < 1;
(C3) 0 < lim infncn 6 lim supnðan þ bn þ cnÞ < 1;

(C4) 0 < lim infnðanbn þ bnÞ and 0 < lim infnan 6 lim supnan < 1.

Then limnkTxn � xnk ¼ 0:
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Proof. If one of (C1-a), (C2) or (C3) holds, we obtain the conclusion (see [11, Lemma 5]). Let p 2 F ðT Þ. By
Lemma 6, let limnkxn � pk ¼ d for some d P 0. It follows from (1) that
d ¼ lim
n
kxnþ1 � pk ¼ lim

n
kanðT nyn � pÞ þ bnðT nzn � pÞ þ cnðT nxn � pÞ þ ð1� an � bn � cnÞðxn � pÞk: ð5Þ
We first observe that
kzn � pk 6 ankT nxn � pk þ ð1� anÞkxn � pk 6 ð1þ anðkn � 1ÞÞkxn � pk; ð6Þ
and
kyn � pk 6 bnkT nzn � pk þ cnkT nxn � pk þ ð1� bn � cnÞkxn � pk
6 bnknkzn � pk þ ðcnkn þ ð1� bn � cnÞÞkxn � pk
6 ð1þ ðbn þ anbnkn þ cnÞðkn � 1ÞÞkxn � pk: ð7Þ
Since limnkn ¼ 1, we have
lim sup
n
kT nxn � pk 6 lim sup

n
knkxn � pk ¼ d;

lim sup
n
kT nyn � pk 6 lim sup

n
knkyn � pk ¼ lim sup

n
kyn � pk 6 d; ð8Þ
and
lim sup
n
kT nzn � pk 6 lim sup

n
knkzn � pk ¼ lim sup

n
kzn � pk 6 d: ð9Þ
We prove (C1-b). From (5) and Lemma 5, we have
lim
n
kT nyn � xnk ¼ 0 ¼ lim

n
kT nzn � xnk:
Notice that
kT nxn � xnk 6 kT nxn � T nynk þ kT nyn � xnk 6 knkxn � ynk þ kT nyn � xnk
6 knðbnkT nzn � xnk þ cnkT nxn � xnkÞ þ kT nyn � xnk:
Since limnkn ¼ 1 and lim supncn < 1,
lim
n
kT nxn � xnk ¼ 0:
We now prove (C1-c). From (1) and (6), we have
kxnþ1 � pk 6 anknkyn � pk þ bnknkzn � pk þ cnknkxn � pk þ ð1� an � bn � cnÞkxn � pk
6 anknkyn � pk þ bnknð1þ anðkn � 1ÞÞkxn � pk þ ð1� an � bn � cn þ cnknÞkxn � pk;
that is
kxnþ1 � pk � kxn � pk
ankn

þ kxn � pk
kn

6 kyn � pk þ ðbn þ anbnkn þ cnÞðkn � 1Þ
ankn

kxn � pk:
Then
d ¼ lim
n
kxn � pk 6 lim inf

n
kyn � pk:
This implies from (8) that
d ¼ lim
n
kyn � pk ¼ lim

n
kbnðT nzn � pÞ þ cnðT nxn � pÞ þ ð1� bn � cnÞðxn � pÞk: ð10Þ
By Lemma 5, we have
lim
n
kT nzn � xnk ¼ 0:



W. Nilsrakoo, S. Saejung / Applied Mathematics and Computation 190 (2007) 1472–1478 1477
Using (1),
kT nxn � xnk 6 kT nzn � T nxnk þ kT nzn � xnk 6 knkzn � xnk þ kT nzn � xnk
¼ knankT nxn � xnk þ kT nzn � xnk:
Since limnkn ¼ 1 and lim supnan < 1,
lim
n
kT nxn � xnk ¼ 0:
We prove (C1-d). By (10) and Lemma 5, we have
lim
n
kT nxn � xnk ¼ 0:
We finally prove (C4). From (1) and (7), we have
kxnþ1 � pk 6 anknkyn � pk þ bnknkzn � pk þ cnknkxn � pk þ ð1� an � bn � cnÞkxn � pk
6 ðanbnk2

n þ bnknÞkzn � pk þ ð1� an � bn � cn þ cnknÞkxn � pk
þ ðancnk2

n þ anknð1� bn � cnÞÞkxn � pk;
which implies
kxnþ1 � pk � kxn � pk
anbnk2

n þ bnkn

þ kxn � pk
kn

6 kzn � pk þ ðan þ ancnkn þ cnÞðkn � 1Þ
anbnk2

n þ bnkn

kxn � pk:
Notice that
0 < lim inf
n
ðanbn þ bnÞ () 0 < lim inf

n
ðanbnkn þ bnÞ:
Hence
d ¼ lim
n
kxn � pk 6 lim inf

n
kzn � pk:
This implies from (9) that
d ¼ lim
n
kzn � pk ¼ lim

n
kanðT nxn � pÞ þ ð1� anÞðxn � pÞk:
By Lemma 5, we have
lim
n
kT nxn � xnk ¼ 0:
The conclusion of Lemma 8 can be obtained from Lemma 7 immediately. This completes the proof. h

Theorem 9. Let X, C, T and {xn} be as in Lemma 8. If T is a completely continuous mapping, then {xn} converges

strongly to a fixed point of T.

Recall that a Banach space X is said to satisfy Opial’s condition [13] if xn ! x weakly as n!1 and x 6¼ y
imply that
lim sup
n!1

kxn � xk < lim sup
n!1

kxn � yk:
Theorem 10. Let X, C, T and {xn} be as in Lemma 8. If X satisfies Opial’s condition, then {xn} converges weakly

to a fixed point of T.

Remark 11

(i) With a slight modification, the complete continuity imposed on T can be replaced by a more general
assumption, e.g., condition (A) with respect to the sequence {xn} (see [11, Theorems 7]).

(ii) 0 < lim infnðanbn þ bnÞ () 0 < lim infnðanbnkn þ bnÞ.
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Generalized Noor iterations with errors for asymptot-
ically nonexpansive mappings

ABSTRACT. In the present paper, we define and study a new three-step iterative schemes
with errors. Several strong convergence theorems of this scheme are established for asymp-
totically nonexpansive mappings. Our results extend and improve the recent ones announced
by Osilike and Aniagbosor, Cho et.al, Liu and Kang, Nammanee et al., and many others.

KEY WORDS. asymptotically nonexpansive mapping, uniformly convex Banach space,
Mann-type iteration, Ishikawa-type iteration, Noor-type iteration

1 Introduction

Let X be a real Banach space and C be a nonempty subset of X. A mapping T : C → C is
said to be asymptotically nonexpansive if there exists a sequence {kn} of real numbers with
kn ≥ 1 and limn→∞ kn = 1 such that

‖T nx− T ny‖ ≤ kn‖x− y‖,

for all x, y ∈ C and all n ≥ 1. The mapping T is called uniformly L-Lipschitzian if there
exists a positive constant L such that

‖T nx− T ny‖ ≤ L‖x− y‖,

for all x, y ∈ C and all n ≥ 1. It is easy to see that if T is asymptotically nonexpansive, then
it is uniformly L-Lipschitzian with the uniform Lipschitz constant L = sup{kn : n ≥ 1}.

In 2002, Xu and Noor [10] introduced and studied a three-step scheme to approximate fixed
points of asymptotically nonexpansive mappings in a Banach space. Glowinski and Le Tallec
[2] used three-step iterative schemes to find the approximate solutions of the elastoviscoplas-
ticity problem, liquid crystal theory, and eigenvalue computation. It has been shown in
[2] that the three-step iterative scheme gives better numerical results than the two-step and
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one-step approximate iterations. Haubruge, Nguyen and Strodiot [3] studied the convergence
analysis of three-step schemes of Glowinski and Le Tallec [2] and applied these schemes to
obtain new splitting-type algorithms for solving variation inequalities, separable convex pro-
gramming and minimization of a sum of convex functions. They also proved that three-step
iterations lead to highly parallelized algorithms under certain conditions. Thus we conclude
that three-step scheme plays an important and significant part in solving various problems,
which arise in pure and applied sciences. In 2004, Cho, Zhou, and Guo [1], and Liu and
Kang [4] extended the preceding scheme to the three-step iterative scheme with errors and
gave weak and strong convergence theorems for asymptotically nonexpansive mappings in
a Banach space. Recently, Nammanee, Noor and Suantai [5] defined a three-step iterative
scheme with errors which is an extension of schemes in [1] and [4] iterations and gave some
weak and strong convergence theorems for asymptotically nonexpansive mappings in a uni-
formly convex Banach space. The authors of the present paper [6] defined a new three-step
iterative schemes and gave some strong convergence theorems for asymptotically nonexpan-
sive mappings. Inspired by the preceding iteration scheme, we define a new iteration scheme
with errors as follows.

Let C be a nonempty convex subset of a real Banach space X and T : C → C be a mapping.
Algorithm 1 For a given x1 ∈ C, compute the sequences {xn}, {yn} and {zn} by the
iterative schemes, for all n ≥ 1,

zn = a′nxn + b′nT
nxn + rnun,

yn = anxn + bnT
nxn + cnT

nzn + snvn, (1)

xn+1 = αnxn + βnT
nxn + γnT

nyn + δnT
nzn + tnwn,

where {αn}, {βn}, {γn}, {δn}, {an}, {bn}, {cn}, {a′n}, {b′n}, {rn}, {sn} and {tn} are appro-
priate sequences in [0, 1] with αn + βn + γn + δn + tn = an + bn + cn + sn = a′n + b′n + rn = 1,

and {un}, {vn} and {wn} are bounded sequences in C. The iterative schemes (1) is called
the three-step mean value iterative scheme with errors.

If βn ≡ 0, then Algorithm 1 reduces to
Algorithm 2 [5] For a given x1 ∈ C, compute the sequences {xn}, {yn} and {zn} by the
iterative schemes, for all n ≥ 1,

zn = a′nxn + b′nT
nxn + rnun,

yn = anxn + bnT
nxn + cnT

nzn + snvn, (2)

xn+1 = αnxn + γnT
nyn + δnT

nzn + tnwn,

where {αn}, {γn}, {δn}, {an}, {bn}, {cn}, {a′n}, {b′n}, {rn}, {sn} and {tn} are appropriate
sequences in [0, 1] with αn + γn + δn + tn = an + bn + cn + sn = a′n + b′n + rn = 1, and {un},
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{vn} and {wn} are bounded sequences in C. The iterative schemes (2) is called the modified
Noor iterative scheme with errors.

If βn = δn = bn ≡ 0, then Algorithm 1 reduces to
Algorithm 3 [1, 4] For a given x1 ∈ C, compute the sequences {xn}, {yn} and {zn} by the
iterative schemes, for all n ≥ 1,

zn = a′nxn + b′nT
nxn + rnun,

yn = anxn + cnT
nzn + snvn, (3)

xn+1 = αnxn + γnT
nyn + tnwn,

where {αn}, {γn}, {an}, {cn}, {a′n}, {b′n}, {rn}, {sn} and {tn} are appropriate sequences in
[0, 1] with αn + γn + tn = an + cn + sn = a′n + b′n + rn = 1, and {un}, {vn} and {wn} are
bounded sequences in C. The iterative schemes (3) is called the Noor iterative scheme with
errors.

2 Auxiliary Lemmas

For convenience, we use the notations limn ≡ limn→∞, lim infn ≡ lim infn→∞, and lim supn ≡
lim supn→∞. In the sequel, we shall need the following lemmas.

Lemma 1 ([7], Lemma 1) Let {an}, {bn} and {λn} be sequences of nonnegative real
numbers satisfying the inequality

an+1 ≤ (1 + λn)an + bn, n ≥ 1.

If
∑∞

n=1 λn <∞ and
∑∞

n=1 bn <∞, then limn an exists.

Lemma 2 Let X be a real Banach space and C be a nonempty closed convex subset of X.
Let T : C → C be an asymptotically nonexpansive mapping with the nonempty fixed-point
set F (T ) (i.e., F (T ) := {x ∈ C : x = Tx} 6= ∅) and a sequence {kn} of real numbers such
that kn ≥ 1 and

∑∞
n=1(kn− 1) <∞. Let {xn} be a sequence defined by Algorithm 1 with the

restrictions that
∑∞

n=1 tn < ∞,
∑∞

n=1 γnsn < ∞,
∑∞

n=1 γncnrn < ∞ and
∑∞

n=1 δnrn < ∞.
Then we have the following conclusions.

(i) limn ‖xn − p‖ exists for any p ∈ F (T ).

(ii) limn d(xn, F (T )) exists, where d(x, F (T )) denotes the distance from x to the fixed-point
set F (T ).
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Proof: Let p ∈ F (T ). We note that {un−p}, {vn−p}, and {wn−p} are bounded sequences
in C. Let

L = sup{kn : n ≥ 1} and M = sup{‖un − p‖, ‖vn − p‖, ‖wn − p‖ : n ≥ 1}.

By using (1), we have

‖zn − p‖ ≤ a′n‖xn − p‖+ b′n‖T nxn − p‖+ rn‖un − p‖
≤ (1− b′n)‖xn − p‖+ b′nkn‖xn − p‖+Mrn

≤ (1 + b′n(kn − 1))‖xn − p‖+Mrn

≤ kn‖xn − p‖+Mrn, (1)

‖yn − p‖ ≤ an‖xn − p‖+ bn‖T nxn − p‖+ cn‖T nzn − p‖+ sn‖vn − p‖
≤ (1− bn − cn)‖xn − p‖+ bnkn‖xn − p‖+ cnkn‖zn − p‖+Msn

≤ (1 + (bn + cn + cnkn)(kn − 1))‖xn − p‖+M(sn + cnrnkn)

≤ (1 + (L+ 2)(kn − 1))‖xn − p‖+M(sn + Lcnrn), (2)

and so

‖xn+1 − p‖ ≤ αn‖xn − p‖+ βn‖T nxn − p‖+ γn‖T nyn − p‖
+ δn‖T nzn − p‖+ tn‖wn − p‖

≤ (1− βn − γn − δn)‖xn − p‖+ βnkn‖xn − p‖
+ γnkn‖yn − p‖+ δnkn‖zn − p‖+Mtn

≤ (1 + (βn + γn + γnkn(L+ 2) + δn(kn + 1))(kn − 1))‖xn − p‖
+M(tn + γnknsn + Lγnkncnrn + δnknrn)

≤ (1 + (L2 + 3L+ 3)(kn − 1))‖xn − p‖
+M(tn + Lγnsn + L2γncnrn + Lδnrn).

By assumption, the conclusions of the lemma follow from Lemma 1. This completes the
proof.

We also need the following lemma proved by Schu [8].

Lemma 3 Let X be a uniformly convex Banach space, let {λn} be a sequence of real
numbers such that 0 < b ≤ λn ≤ c < 1 for all n ≥ 1, and let {xn} and {yn} be sequences
of X such that lim supn ‖xn‖ ≤ a, lim supn ‖yn‖ ≤ a and limn ‖λnxn + (1 − λn)yn‖ = a for
some a ≥ 0. Then limn ‖xn − yn‖ = 0.

By Schu’s Lemma, we have the following lemma.
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Lemma 4 Let {xn}, {yn} and {zn} be sequences in a uniformly convex Banach space
X. Suppose that {αn}, {βn} and {γn} are sequences in [0, 1] with αn + βn + γn = 1,
lim supn ‖xn‖ ≤ a, lim supn ‖yn‖ ≤ a, lim supn ‖zn‖ ≤ a, and limn ‖αnxn +βnyn +γnzn‖ = a,
where a ≥ 0. If lim infn αn > 0 and lim infn βn > 0, then limn ‖xn − yn‖ = 0.

Proof: We may assume without loss of generality that αn > 0 and βn > 0 for all n ∈ N.
Let {nk} be a subsequence of {n} such that

lim
k

∥∥∥ αnk

αnk
+ βnk

xnk
+

βnk

αnk
+ βnk

ynk

∥∥∥ = lim inf
n

∥∥∥ αn

αn + βn

xn +
βn

αn + βn

yn

∥∥∥.
Then

a = lim inf
k

‖αnk
xnk

+ βnk
ynk

+ γnk
znk

‖

≤ lim inf
k

(
(αnk

+ βnk
)
∥∥∥ αnk

αnk
+ βnk

xnk
+

βnk

αnk
+ βnk

ynk

∥∥∥+ γnk
‖znk

‖
)

≤ lim inf
k

(αnk
+ βnk

)
∥∥∥ αnk

αnk
+ βnk

xnk
+

βnk

αnk
+ βnk

ynk

∥∥∥+ lim sup
k

γnk
‖znk

‖

≤ lim inf
k

(αnk
+ βnk

) lim inf
n

∥∥∥ αn

αn + βn

xn +
βn

αn + βn

yn

∥∥∥+ a lim sup
k

γnk
.

This implies that

lim inf
k

(αnk
+ βnk

)a

= (1− lim sup
k

γnk
)a

≤ lim inf
k

(αnk
+ βnk

) lim inf
n

∥∥∥ αn

αn + βn

xn +
βn

αn + βn

yn

∥∥∥.
Since lim infn(αn + βn) ≥ lim infn αn + lim infn βn > 0, it follows that

a ≤ lim inf
n

∥∥∥∥ αn

αn + βn

xn +
βn

αn + βn

yn

∥∥∥∥ ≤ lim sup
n

∥∥∥∥ αn

αn + βn

xn +
βn

αn + βn

yn

∥∥∥∥ ≤ a.

We now observe that

lim inf
n

αn

αn + βn

≥ lim inf
n

αn > 0 and lim inf
n

βn

αn + βn

≥ lim inf
n

βn > 0.

By Lemma 3, we have limn ‖xn − yn‖ = 0. This completes the proof.

The following lemmas are the important ingredients for proving our main results in the next
section.

Lemma 5 Let X be a uniformly convex Banach space and C be a nonempty closed convex
subset of X. Let T : C → C be an asymptotically nonexpansive mapping with the nonempty
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fixed-point set F (T ) and a sequence {kn} of real numbers such that kn ≥ 1 and
∑∞

n=1(kn −
1) <∞. Let {xn} be a sequence defined by Algorithm 1 with the restrictions that

∑∞
n=1 tn <

∞,
∑∞

n=1 γnsn < ∞,
∑∞

n=1 γncnrn < ∞ and
∑∞

n=1 δnrn < ∞. Then we have the following
assertions.

(i) If 0 < lim infn γn ≤ lim supn(βn + γn + δn) < 1 and lim supn(bn + cn) < 1, then
limn ‖T nxn − xn‖ = 0.

(ii) If 0 < lim infn δn ≤ lim supn(βn + γn + δn) < 1 and lim supn b
′
n < 1, then limn ‖T nxn −

xn‖ = 0.

(iii) If 0 < lim infn βn ≤ lim supn(βn + γn + δn) < 1, then limn ‖T nxn − xn‖ = 0.

Proof: Let p ∈ F (T ). By Lemma 2, we have limn ‖xn − p‖ = a for some a ≥ 0. Since
limn tn = 0,

a = lim
n
‖xn+1 − p‖

= lim
n
‖(1− βn − γn − δn)(xn − p) + βn(T nxn − p) + γn(T nyn − p)

+ δn(T nzn − p) + tn(wn − xn)‖
= lim

n
‖(1− βn − γn − δn)(xn − p) + βn(T nxn − p)

+ γn(T nyn − p) + δn(T nzn − p)‖. (3)

We first observe that

lim sup
n

‖T nxn − p‖ ≤ lim sup
n

kn‖xn − p‖ = a. (4)

To prove (i), let {mj} be a subsequence of {n}. We show that there is a subsequence {nk}
of {mj} such that limk ‖T nkynk

− xnk
‖ = 0.

As lim infn γn > 0,
∑∞

n=1 γnsn < ∞, and
∑∞

n=1 γncnrn < ∞, limn sn = cnrn = 0. By using
(2), we have

lim sup
j

‖Tmjymj
− p‖ ≤ lim sup

j
kmj

‖ymj
− p‖ ≤ a. (5)

If lim infj δmj
> 0, then limj rmj

= 0. By (1), we gives

lim sup
j

‖Tmjzmj
− p‖ ≤ lim sup

j
kmj

‖zmj
− p‖ ≤ a. (6)

It follows from (3)-(6) and Lemma 4 that

lim
j
‖Tmjymj

− xmj
‖ = 0.
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On the other hand, if lim infj δmj
= 0, then we may extract a subsequence {δnk

} of {δmj
} so

that limk δnk
= 0, it follows that

lim
k
δnk
‖xnk

− p‖ = 0 = lim
k
δnk
‖T nkznk

− p‖.

This together with (3) gives

a = lim
k
‖(1− βnk

− γnk
)(xnk

− p)

+ βnk
(T nkxnk

− p) + γnk
(T nkynk

− p)‖. (7)

It follows from (4), (5), (7), and Lemma 4 that

lim
k
‖T nkynk

− xnk
‖ = 0.

By double extract subsequence principle,

lim
n
‖(xn − p)− (T nyn − p)‖ = lim

n
‖T nyn − xn‖ = 0. (8)

It follows that limn ‖T nyn − p‖ = a. Also

a = lim inf
n

‖T nyn − p‖ ≤ lim inf
n

kn‖yn − p‖ = lim inf
n

‖yn − p‖.

From (2), we gives lim supn ‖yn − p‖ ≤ a, so that limn ‖yn − p‖ = a.

Next we prove that

lim
n
‖T nxn − xn‖ = 0, (9)

let {`j} be a subsequence of {n}. It suffices to show that there is a subsequence {nk} of {`j}
such that limk ‖T nkxnk

− xnk
‖ = 0. Since limn sn = 0,

a = lim
j
‖y`j

− p‖

= lim
j
‖(1− b`j

− c`j
)(x`j

− p) + b`j
(T `jx`j

− p)

+ c`j
(T `jz`j

− p) + s`j
(v`j

− x`j
)‖

= lim
j
‖(1− b`j

− c`j
)(x`j

− p) + b`j
(T `jx`j

− p) + c`j
(T `jz`j

− p)‖.

If lim infj c`j
> 0, by Lemma 4 and lim supn(bn + cn) < 1, then

lim
j
‖T `jz`j

− x`j
‖ = 0. (10)

On the other hand, if lim infj c`j
= 0, then we may extract a subsequence {cnk

} of {c`j
} so

that limk cnk
= 0, it follows that

lim
k
cnk
‖T nkznk

− xnk
‖ = 0. (11)
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By using (1), we have

‖T nkxnk
− xnk

‖ ≤ ‖T nkxnk
− T nkynk

‖+ ‖T nkynk
− xnk

‖
≤ knk

‖xnk
− ynk

‖+ ‖T nkynk
− xnk

‖
≤ knk

bnk
‖T nkxnk

− xnk
‖+ knk

cnk
‖T nkznk

− xnk
‖

+ knk
snk

‖vnk
− xnk

‖+ ‖T nkynk
− xnk

‖.

This together with (8), (10), and (11) gives

lim
k

(1− knk
bnk

)‖T nkxnk
− xnk

‖ = 0.

As lim infn(1− knbn) = 1− lim supn bn ≥ 1− lim supn(bn + cn) > 0, we have

lim
k
‖T nkxnk

− xnk
‖ = 0.

By double extract subsequence principle, we obtain (9) and the proof of (i) is finished.

By using a similar method, it can be shown that (ii) is satisfied.

(iii) To show that

lim
n
‖T nxn − xn‖ = 0, (12)

let {mj} be a subsequence of {n}. It suffices to show that there is a subsequence {nk} of
{mj} such that limk ‖T nkxnk

− xnk
‖ = 0. We consider the following cases.

Case 1: lim infj γmj
> 0.

Subcase 1.1: lim infj δmj
> 0. Then we obtain (3)-(6). It follows from Lemma 4 that

limj ‖Tmjxmj
− xmj

‖ = 0.

Subcase 1.2: lim infj δmj
= 0 = limk δnk

, where {δnk
} ⊂ {δmj

}. Then we obtain (7), and so

lim
k
‖T nkxnk

− xnk
‖ = 0.

Case 2: lim infj γmj
= 0. Choose {γ`k

} ⊂ {γmj
} such that limk γ`k

= 0, it follows that

lim
k
γ`k
‖x`k

− p‖ = 0 = lim
k
γ`k
‖T `ky`k

− p‖.

This together with (3) gives

a = lim
k
‖(1− β`k

− δ`k
)(x`k

− p) + β`k
(T `kx`k

− p) + δ`k
(T `kz`k

− p)‖. (13)

Subcase 2.1: lim infk δ`k
> 0. By (1), we have lim supk ‖T `kz`k

− p‖ ≤ a. It follows from
(4), (13) and Lemma 4,

lim
k
‖T `kx`k

− x`k
‖ = 0.
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Subcase 2.2: lim infk δ`k
= 0 = limi δni

, where {δni
} ⊂ {δ`k

}. It follows that

lim
i
δni
‖T nizni

− p‖ = 0.

This together with (13) gives

a = lim
i
‖(1− βni

)(xni
− p) + βni

(T nixni
− p)‖.

It follows from Lemma 3, limi ‖T nixni
− xni

‖ = 0. By double extract subsequence principle,
we obtain (12). This completes the proof.

Lemma 6 Let X be a real Banach space and C be a nonempty closed convex subset of
X. Let T : C → C be an asymptotically nonexpansive mapping with a sequence {kn} of
real numbers such that kn ≥ 1 and limn kn = 1 and, {xn} be a sequence defined in C by
Algorithm 1 with the restrictions that limn tn = limn γnsn = limn γncnrn = limn δnrn = 0. If
limn ‖T nxn − xn‖ = 0, then limn ‖Txn − xn‖ = 0.

Proof: Using (1), we have

‖T nzn − xn‖ ≤ ‖T nzn − T nxn‖+ ‖T nxn − xn‖
≤ kn‖zn − xn‖+ ‖T nxn − xn‖,
≤ (b′nkn + 1)‖T nxn − xn‖+ rnkn‖un − xn‖,

‖T nyn − xn‖ ≤ ‖T nyn − T nxn‖+ ‖T nxn − xn‖
≤ kn‖yn − xn‖+ ‖T nxn − xn‖,
≤ bnkn‖T nxn − xn‖+ cnkn‖T nzn − xn‖

+ snkn‖vn − xn‖+ ‖T nxn − xn‖
≤ (bnkn + cnb

′
nk

2
n + cnkn + 1)‖T nxn − xn‖

+ snkn‖vn − xn‖+ cnrnk
2
n‖un − xn‖,
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and so

‖xn+1 − T nxn+1‖
≤ ‖xn+1 − xn‖+ ‖T nxn+1 − T nxn‖+ ‖T nxn − xn‖
≤ (1 + kn)‖xn+1 − xn‖+ ‖T nxn − xn‖
≤ βn(1 + kn)‖T nxn − xn‖+ γn(1 + kn)‖T nyn − xn‖

+ δn(1 + kn)‖T nzn − xn‖+ tn(1 + kn)‖wn − xn‖+ ‖T nxn − xn‖
≤ βn(1 + kn)‖T nxn − xn‖

+ γn(1 + kn)(bnkn + cnb
′
nk

2
n + cnkn + 1)‖T nxn − xn‖

+ γnsnkn(1 + kn)‖vn − xn‖+ γncnrn(1 + kn)k2
n‖un − xn‖

+ δn(1 + kn)(b′nkn + 1)‖T nxn − xn‖+ δnrn(1 + kn)kn‖un − xn‖
+ tn(1 + kn)‖wn − xn‖+ ‖T nxn − xn‖ → 0.

Thus

‖xn+1 − Txn+1‖ ≤ ‖xn+1 − T n+1xn+1‖+ ‖T n+1xn+1 − Txn+1‖
≤ ‖xn+1 − T n+1xn+1‖+ k1‖T nxn+1 − xn+1‖ → 0,

which implies limn ‖Txn − xn‖ = 0. This completes the proof.

3 Main results

In this section, we establish several strong convergence theorems of the three-step mean value
iterative scheme with errors for asymptotically nonexpansive mappings.

Theorem 7 Let X be a uniformly convex Banach space and C be a nonempty closed
convex subset of X. Let T : C → C be an asymptotically nonexpansive mapping with the
nonempty fixed-point set F (T ) and a sequence {kn} of real numbers such that kn ≥ 1 and∑∞

n=1(kn − 1) <∞. Let {xn} be a sequence in C defined by Algorithm 1 with the following
restrictions:

(i) 0 < lim infn γn ≤ lim supn(βn + γn + δn) < 1,

(ii) lim supn(bn + cn) < 1, and

(iii)
∑∞

n=1 tn <∞,
∑∞

n=1 sn <∞,
∑∞

n=1 cnrn <∞,
∑∞

n=1 δnrn <∞.

If T satisfies Condition (A) with respect to the sequence {xn}, then {xn} converges strongly
to a fixed point of T .
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Let {xn} be a given sequence in C. Recall that a mapping T : C → C with the nonempty
fixed-point set F (T ) in C satisfies Condition (A) with respect to the sequence {xn} ([9]) if
there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for all
r ∈ (0,∞) such that

f(d(xn, F (T ))) ≤ ‖xn − Txn‖, for all n ≥ 1.

Proof. By Lemma 5(i) and Lemma 6, we have

lim
n
‖Txn − xn‖ = 0.

Let f be a nondecreasing function corresponding to Condition (A) with respect to {xn}.
Then

f(d(xn, F (T ))) ≤ ‖Txn − xn‖ → 0,

and so
d(xn, F (T )) → 0.

Therefore, the conclusion of the theorem follows exactly from [6]. This completes the proof.

Remark 8 Suppose we rewrite our scheme by treating the additional terms as error terms
in the sense of Xu [11] in this way: x1 ∈ C,

zn = a′nxn + b′nT
nxn + rnun,

yn = anxn + cnT
nzn + (bn + sn)(

bn
bn + sn

T nxn +
sn

bn + sn

vn),

xn+1 = αnxn + γnT
nyn + (βn + δn + tn)

× (
βn

βn + δn + tn
T nxn +

δn
βn + δn + tn

T nzn +
tn

βn + δn + tn
wn),

for all n ≥ 1. To obtain a strong convergence theorem by Theorem 2.4 of [1], we are restricted
to the following

∞∑
n=1

(βn + δn + tn) <∞ and
∞∑

n=1

(bn + sn) <∞,

from which limn βn = limn δn = limn bn = 0,
∑∞

n=1 sn < ∞, and
∑∞

n=1 tn < ∞. But our
Theorem 7 still gives the result for more general restriction. For example, our result is
applicable to the case of βn = δn = bn = 1/4 and sn = tn = 1/2n.

Consequently, we obtain the following corollaries. When βn ≡ 0, we have

Corollary 9 Let X be a uniformly convex Banach space and C be a nonempty closed
convex subset of X. Let T : C → C be an asymptotically nonexpansive mapping with
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the nonempty fixed-point set and a sequence {kn} of real numbers such that kn ≥ 1 and∑∞
n=1(kn − 1) <∞. Let {xn} be a sequence in C defined by Algorithm 2 with the following

restrictions:

(i) 0 < lim infn γn ≤ lim supn(γn + δn) < 1,

(ii) lim supn(bn + cn) < 1, and

(iii)
∑∞

n=1 tn <∞,
∑∞

n=1 sn <∞,
∑∞

n=1 cnrn <∞,
∑∞

n=1 δnrn <∞.

If T satisfies Condition (A) with respect to the sequence {xn}, then {xn} converges strongly
to a fixed point of T .

When βn = δn = bn ≡ 0 in Theorem 7, we also have

Corollary 10 Let X be a uniformly convex Banach space and C be a nonempty closed
convex subset of X. Let T : C → C be an asymptotically nonexpansive mapping with
the nonempty fixed-point set and a sequence {kn} of real numbers such that kn ≥ 1 and∑∞

n=1(kn − 1) <∞. Let {xn} be a sequence in C defined by Algorithm 3 with the following
restrictions:

(i) 0 < lim infn γn ≤ lim supn γn < 1,

(ii) lim supn cn < 1, and

(iii)
∑∞

n=1 tn <∞,
∑∞

n=1 sn <∞,
∑∞

n=1 cnrn <∞.

If T satisfies Condition (A) with respect to the sequence {xn}, then {xn} converges strongly
to a fixed point of T .

Remark 11 1. Corollary 9 extends and improves Theorem 2.3 of [5] in the following
ways:

(i) The condition lim infn cn > 0 is removed.

(ii) The restriction
∑∞

n=1 rn < ∞ is weakened and replaced by
∑∞

n=1 cnrn < ∞ and∑∞
n=1 δnrn <∞.

(iii) The complete continuity imposed on T is replaced by the more general Condition
(A) with respect to {xn} (see also [1, Corollary 2.5]).

2. Corollary 10 extends and improves Theorem 2.4 of [1]. The restriction
∑∞

n=1 rn < ∞
is weakened and replaced by

∑∞
n=1 cnrn <∞.
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3. Corollary 10 also extends and improves Theorem 3.2 of [4] in the following ways:

(i) The semi-compactness imposed on T is weakened by assuming that T satisfies
Condition (A) with respect to {xn} [1, Corollary 2.5].

(ii) The condition limn cn = 0 is weakened and replaced by lim supn cn < 1.

Next, as consequences of Lemma 5(ii), (iii) and Lemma 6, we have the following theorems.

Theorem 12 Let X be a uniformly convex Banach space and C be a nonempty closed
convex subset of X. Let T : C → C be an asymptotically nonexpansive mapping with
the nonempty fixed-point set and a sequence {kn} of real numbers such that kn ≥ 1 and∑∞

n=1(kn − 1) <∞. Let {xn} be a sequence in C defined by Algorithm 1 with the following
restrictions:

(i) 0 < lim infn δn ≤ lim supn(βn + γn + δn) < 1,

(ii) lim supn b
′
n < 1, and

(iii)
∑∞

n=1 tn <∞,
∑∞

n=1 αnsn <∞,
∑∞

n=1 rn <∞.

If T satisfies Condition (A) with respect to the sequence {xn}, then {xn} converges strongly
to a fixed point of T .

Theorem 13 Let X be a uniformly convex Banach space and C be a nonempty closed
convex subset of X. Let T : C → C be an asymptotically nonexpansive mapping with
the nonempty fixed-point set and a sequence {kn} of real numbers such that kn ≥ 1 and∑∞

n=1(kn − 1) <∞. Let {xn} be a sequence in C defined by Algorithm 1 with the following
restrictions:

(i) 0 < lim infn βn ≤ lim supn(βn + γn + δn) < 1 and

(ii)
∑∞

n=1 tn <∞,
∑∞

n=1 γnsn <∞,
∑∞

n=1 γncnrn <∞,
∑∞

n=1 δnrn <∞.

If T satisfies Condition (A) with respect to the sequence {xn}, then {xn} converges strongly
to a fixed point of T .

Remark 14 By using the same ideas and techniques, we can also discuss the weak con-
vergence for asymptotically nonexpansive mappings with errors and thereby improve the
corresponding results obtained by Cho, Zhou and Guo [1], Liu and Kang [4], and Namma-
nee, Noor and Suantai [5].
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1. Introduction

Let H be a real Hilbert space with the inner product 〈·, ·〉 and the norm ‖ · ‖. Let {T(t) : t ≥ 0}
be a family of mappings from a subset C of H into itself. We call it a nonexpansive semigroup
on C if the following conditions are satisfied:

(1) T(0)x = x for all x ∈ C;

(2) T(s + t) = T(s)T(t) for all s, t ≥ 0;

(3) for each x ∈ C the mapping t �→ T(t)x is continuous;

(4) ‖T(t)x − T(t)y‖ ≤ ‖x − y‖ for all x, y ∈ C and t ≥ 0.

Motivated by Suzuki’s result [1] and Nakajo-Takahashi’s results [2], He and Chen [3] recently
proved a strong convergence theorem for nonexpansive semigroups in Hilbert spaces by hy-
brid method in the mathematical programming. However, their proof of the main result ([3,
Theorem 2.3]) is very questionable. Indeed, the existence of the subsequence {sj} such that
(2.16) of [3] are satisfied, that is,

sj −→ 0,

∥
∥xj − T

(

sj
)

xj

∥
∥

sj
−→ 0, (1.1)

needs to be proved precisely. So, the aim of this short paper is to correct He-Chen’s result and
also to give a new result by using the method recently introduced by Takahashi et al.

mailto:saejung@kku.ac.th


2 Fixed Point Theory and Applications

We need the following lemma proved by Suzuki [4, Lemma 1].

Lemma 1.1. Let {tn} be a real sequence and let τ be a real number such that lim infn tn ≤ τ ≤
lim supn tn. Suppose that either of the following holds:

(i) lim supn(tn+1 − tn) ≤ 0, or

(ii) lim infn(tn+1 − tn) ≥ 0.

Then τ is a cluster point of {tn}. Moreover, for ε > 0, k,m ∈ N, there existsm0 ≥ m such that |tj−τ | < ε
for every integer j withm0 ≤ j ≤ m0 + k.

2. Results

2.1. The shrinking projection method

The following method is introduced by Takahashi et al. in [5]. We use this method to approx-
imate a common fixed point of a nonexpansive semigroup without Bochner integrals as was
the case in [5, Theorem 4.4].

Theorem 2.1. Let C be a closed convex subset of a real Hilbert space H. Let {T(t) : t ≥ 0} be a
nonexpansive semigroup on C with a nonempty common fixed point F, that is, F = ∩t≥0 F(T(t))/=∅.
Suppose that {xn} is a sequence iteratively generated by the following scheme:

x0 ∈ H taken arbitrary,

C1 = C,

x1 = PC1

(

x0
)

,

yn = αnxn +
(

1 − αn)T
(

tn
)

xn,

Cn+1 =
{

z ∈ Cn :
∥
∥yn − z

∥
∥ ≤ ∥

∥xn − z
∥
∥
}

,

xn+1 = PCn+1

(

x0
)

.

(2.1)

where {αn} ⊂ [0, a] ⊂ [0, 1), lim infn tn = 0, lim supn tn > 0, and limn (tn+1 − tn) = 0. Then xn →
PF(x0).

Proof. It is well known that F is closed and convex. We first show that the iterative scheme is
well defined. To see that each Cn is nonempty, it suffices to show that F ⊂ Cn. The proof is by
induction. Clearly, F ⊂ C1. Suppose that F ⊂ Ck. Then, for z ∈ F ⊂ Ck,

∥
∥yk − z

∥
∥ ≤ αk

∥
∥xk − z

∥
∥ +

(

1 − αk

)∥
∥T

(

tk
)

xk − z
∥
∥

≤ αk

∥
∥xk − z

∥
∥ +

(

1 − αk

)∥
∥xk − z

∥
∥

= ‖xk − z‖.
(2.2)

That is, z ∈ Ck+1 as required.
Notice that

Ĉn :=
{

z ∈ H :
∥
∥yn − z

∥
∥ ≤ ∥

∥xn − z
∥
∥
}

(2.3)
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is convex since

∥
∥yn − z

∥
∥ ≤ ∥

∥xn − z
∥
∥ ⇐⇒ 2

〈

xn − yn, z
〉 ≤ ∥

∥xn

∥
∥
2 − ∥

∥yn

∥
∥
2
. (2.4)

This implies that each subset Cn = C ∩ Ĉ1 ∩ · · · ∩ Ĉn−1 is convex. It is also clear that Cn is closed.
Hence the first claim is proved.

Next, we prove that {xn} is bounded. As xn = PCn
(x0),

∥
∥xn − x0

∥
∥ ≤ ∥

∥z − x0
∥
∥ ∀z ∈ Cn. (2.5)

In particular, for z ∈ F ⊂ Cn for all n ∈ N, the sequence {xn − x0} is bounded and hence so is
{xn}.

Next, we show that {xn} is a Cauchy sequence. As xn+1 ∈ Cn+1 ⊂ Cn and xn = PCn
(x0),

∥
∥xn − x0

∥
∥ ≤ ∥

∥xn+1 − x0
∥
∥ ∀n. (2.6)

Moreover, since the sequence {xn} is bounded,

lim
n→∞

∥
∥xn − x0

∥
∥ exists. (2.7)

Note that

〈

x0 − xn, xn − v
〉 ≥ 0 ∀v ∈ Cn. (2.8)

In particular, since xn+k ∈ Cn+k ⊂ Cn for all k ∈ N,

∥
∥xn+k − xn

∥
∥
2 =

∥
∥xn+k − x0

∥
∥
2 − ∥

∥xn − x0
∥
∥
2 − 2

〈

xn+k − xn, xn − x0
〉

≤ ∥
∥xn+k − x0

∥
∥
2 − ∥

∥xn − x0
∥
∥
2
.

(2.9)

It then follows from the existence of limn‖xn − x0‖2 that {xn} is a Cauchy sequence. In fact, for
ε > 0, there exists a natural number N such that, for all n ≥ N,

∣
∣
∥
∥xn − x0

∥
∥
2 − a

∣
∣ <

ε

2
, (2.10)

where a = limn‖xn − x0‖2. In particular, if n ≥ N and k ∈ N, then

∥
∥xn+k − xn

∥
∥
2 ≤ ∥

∥xn+k − x0
∥
∥
2 − ∥

∥xn − x0
∥
∥
2

≤ a +
ε

2
−
(

a − ε

2

)

= ε.
(2.11)

Moreover,

∥
∥xn+1 − xn

∥
∥ −→ 0. (2.12)
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We now assume that xn → p for some p ∈ C. Now since αn ≤ a < 1 for all n ∈ N and
xn+1 ∈ Cn,

∥
∥xn − T

(

tn
)

xn

∥
∥ =

1
1 − αn

∥
∥yn − xn

∥
∥

≤ 1
1 − a

(∥
∥yn − xn+1

∥
∥ +

∥
∥xn+1 − xn

∥
∥
)

≤ 2
1 − a

∥
∥xn+1 − xn

∥
∥ −→ 0.

(2.13)

The last convergence follows from (2.12). We choose a sequence {tnk
} of positive real number

such that

tnk
−→ 0,

1
tnk

∥
∥xnk

− T
(

tnk

)

xnk

∥
∥ −→ 0. (2.14)

We now show that how such a special subsequence can be constructed. First we fix δ > 0 such
that

lim inf
n

tn = 0 < δ < lim sup
n

tn. (2.15)

From (2.13), there exists m1 ∈ N such that ‖T(tn)xn − xn‖< 1/32 for all n ≥ m1. By Lemma 1.1,
δ/2 is a cluster point of {tn}. In particular, there exists n1 > m1 such that δ/3 < tn1 < δ. Next,
we choose m2 > n1 such that ‖T(tn)xn − xn‖< 1/42 for all n ≥ m2. Again, by Lemma 1.1, δ/3
is a cluster point of {tn} and this implies that there exists n2 > m2 such that δ/4 < tn2 < δ/2.
Continuing in this way, we obtain a subsequence {nk} of {n} satisfying

∥
∥T

(

tnk

)

xnk
− xnk

∥
∥ <

1

(k + 2)2
,

δ

k + 2
< tnk

<
δ

k
∀k ∈ N. (2.16)

Consequently, (2.14) is satisfied.
We next show that p ∈ F. To see this, we fix t > 0,

∥
∥xnk

− T(t)p
∥
∥

≤
[t/tnk ]−1∑

j=0

∥
∥T

(

jtnk

)

xnk
− T

(

(j + 1)tnk

)

xnk

∥
∥

+
∥
∥
∥
∥
T

([
t

tnk

]

tnk

)

xnk
− T

([
t

tnk

]

tnk

)

p

∥
∥
∥
∥
+
∥
∥
∥
∥
T

([
t

tnk

]

tnk

)

p − T(t)p
∥
∥
∥
∥

≤
[

t

tnk

]

‖xnk
− T(tnk

)xnk
‖ + ‖xnk

− p‖ +
∥
∥
∥
∥
T

(

t −
[

t

tnk

]

tnk

)

p − p

∥
∥
∥
∥

≤ t

tnk

∥
∥xnk

− T
(

tnk

)

xnk

∥
∥ +

∥
∥xnk

− p
∥
∥ + sup

{∥
∥T(s)p − p‖ : 0 ≤ s ≤ tnk

}

.

(2.17)

As xnk
→ p and (2.14), we have xnk

→ T(t)p and so T(t)p = p.
Finally, we show that p = PF(x0). Since F ⊂ Cn+1 and xn+1 = PCn+1(x0),

∥
∥xn+1 − x0

∥
∥ ≤ ∥

∥q − x0
∥
∥ ∀n ∈ N, q ∈ F. (2.18)
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But xn → p; we have

∥
∥p − x0

∥
∥ ≤ ∥

∥q − x0
∥
∥ ∀q ∈ F. (2.19)

Hence p = PF(x0) as required. This completes the proof.

2.2. The hybrid method

We consider the iterative scheme computing by the hybrid method (some authors call the CQ-
method). The following result is proved by He and Chen [3]. However, the important part
of the proof seems to be overlooked. Here we present the correction under some additional
restriction on the parameter {tn}.

Theorem 2.2. Let C be a closed convex subset of a real Hilbert space H. Let {T(t) : t ≥ 0} be a
nonexpansive semigroup on C with a nonempty common fixed point F, that is, F = ∩t≥0 F(T(t))/=∅.
Suppose that {xn} is a sequence iteratively generated by the following scheme:

x0 ∈ C taken arbitrary,

yn = αnxn +
(

1 − αn

)

T
(

tn
)

xn,

Cn =
{

z ∈ C :
∥
∥yn − z

∥
∥ ≤ ∥

∥xn − z
∥
∥
}

,

Qn =
{

z ∈ C :
〈

xn − x0, z − xn

〉 ≥ 0
}

,

xn+1 = PCn∩Qn

(

x0
)

,

(2.20)

where {αn} ⊂ [0, a] ⊂ [0, 1), lim infn tn = 0, lim supn tn > 0, and limn (tn+1 − tn) = 0. Then xn →
PF(x0).

Proof. For the sake of clarity, we give the whole sketch proof even though some parts of the
proof are the same as [3]. To see that the scheme is well defined, it suffices to show that both
Cn and Qn are closed and convex, and Cn ∩ Qn /=∅ for all n ∈ N. It follows easily from the
definition that Cn and Qn are just the intersection of C and the half-spaces, respectively,

Ĉn :=
{

z ∈ H : 2
〈

xn − yn, z
〉 ≤ ∥

∥xn

∥
∥
2 − ∥

∥yn

∥
∥
2
}

,

Q̂n :=
{

z ∈ H :
〈

xn − x0, z − xn

〉 ≥ 0
}

.

(2.21)

As in the proof of the preceding theorem, we have F ⊂ Cn for all n ∈ N. Clearly, F ⊂ C = Q1.
Suppose that F ⊂ Qk for some k ∈ N, we have p ∈ Ck∩Qk. In particular, 〈xk+1−x0, p−xk+1〉 ≥ 0,
that is, p ∈ Qk+1. It follows from the induction that F ⊂ Qn for all n ∈ N. This proves the claim.

We next show that xn − T(tn)xn → 0. To see this, we first prove that

xn+1 − xn −→ 0. (2.22)

As xn+1 ∈ Qn and xn = PQn
(x0),

∥
∥xn − x0

∥
∥ ≤ ∥

∥xn+1 − x0
∥
∥ ∀n ∈ N. (2.23)
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For fixed z ∈ F. It follows from F ⊂ Qn for all n ∈ N that

‖xn − x0‖ ≤ ‖z − x0‖ ∀n ∈ N. (2.24)

This implies that sequence {xn} is bounded and

lim
n→∞

∥
∥xn − x0

∥
∥ exists. (2.25)

Notice that
〈

xn+1 − xn, xn − x0
〉 ≥ 0. (2.26)

This implies that
∥
∥xn+1 − xn

∥
∥
2 =

∥
∥xn+1 − x0

∥
∥
2 − ∥

∥xn − x0
∥
∥
2 − 2

〈

xn+1 − xn, xn − x0
〉

≤ ∥
∥xn+1 − x0

∥
∥
2 − ∥

∥xn − x0
∥
∥
2 −→ 0.

(2.27)

It then follows from xn+1 ∈ Cn that ‖yn − xn+1‖ ≤ ‖xn − xn+1‖ and hence

∥
∥T

(

tn
)

xn − xn

∥
∥ =

1
αn

∥
∥yn − xn

∥
∥

≤ 1
αn

(∥
∥yn − xn+1

∥
∥ +

∥
∥xn+1 − xn

∥
∥
) −→ 0.

(2.28)

As in Theorem 2.1, we can choose a subsequence {nk} of {n} such that

xnk

w−−−→ p ∈ C, tnk
−→ 0,

1
tnk

∥
∥xnk

− T
(

tnk

)

xnk

∥
∥ −→ 0. (2.29)

Consequently, for any t > 0,

∥
∥xnk

− T(t)p
∥
∥ ≤ t

tnk

∥
∥xnk

− T
(

tnk

)

xnk

∥
∥ +

∥
∥xnk

− p
∥
∥ + sup

{∥
∥T(s)p − p

∥
∥ : 0 ≤ s ≤ tnk

}

.

(2.30)

This implies that

lim sup
k→∞

∥
∥xnk

− T(t)p
∥
∥ ≤ lim sup

k→∞

∥
∥xnk

− p
∥
∥. (2.31)

In virtue of Opial’s condition of H, we have p = T(t)p for all t > 0, that is, p ∈ F. Next, we
observe that

∥
∥x0 − PF

(

x0
)∥
∥ ≤ ∥

∥x0 − p
∥
∥ ≤ lim inf

k→∞

∥
∥x0 − xnk

∥
∥ ≤ lim sup

k→∞

∥
∥x0 − xnk

∥
∥ ≤ ∥

∥x0 − PF

(

x0
)∥
∥.

(2.32)

This implies that

lim
k→∞

∥
∥x0 − xnk

∥
∥ =

∥
∥x0 − PF

(

x0
)∥
∥ =

∥
∥x0 − p

∥
∥. (2.33)

Consequently,

xnk
−→ PF

(

x0
)

= p. (2.34)

Hence the whole sequence must converge to PF(x0) = p, as required.
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1. Introduction

Let E be a real Banach space, let C be a nonempty closed convex subset of E, and let T : C → E
be a mapping. Recall that T is nonexpansive if

‖Tx − Ty‖ ≤ ‖x − y‖ ∀x, y ∈ C. (1.1)

We denote by F(T) the set of fixed points of T , that is, F(T) = {x ∈ C : x = Tx}. A mapping T is
said to be quasi-nonexpansive if F(T)/=∅ and

‖Tx − y‖ ≤ ‖x − y‖ ∀x ∈ C, y ∈ F(T). (1.2)

It is easy to see that if T is nonexpansive with F(T)/=∅, then it is quasi-nonexpansive. There
are many methods for approximating fixed points of a quasi-nonexpansive mapping. In 1953,
Mann [1] introduced the iteration as follows: a sequence {xn} is defined by

xn+1 = αnxn +
(

1 − αn

)

Txn, (1.3)
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where the initial guess element x0 ∈ C is arbitrary and {αn} is a real sequence in [0, 1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results was proved by Reich [2]. In an infinite-dimensional Hilbert
space, Mann iteration can yield only weak convergence (see [3, 4]). Attempts to modify the
Mann iteration method (1.3) so that strong convergence is guaranteed have recently been
made. Nakajo and Takahashi [5] proposed the following modification of Mann iteration
method (1.3) for a nonexpansive mapping T from C into itself in a Hilbert space:

x0 ∈ C is arbitrary,

yn = αnxn +
(

1 − αn

)

Txn,

Cn =
{

z ∈ C :
∥
∥yn − z

∥
∥ ≤ ∥∥xn − z

∥
∥
}

,

Qn =
{

z ∈ C :
〈

xn − z, x0 − xn

〉 ≥ 0
}

,

xn+1 = PCn ∩Qn
x0, n = 0, 1, 2, . . . ,

(1.4)

where PK denotes the metric projection from a Hilbert space H onto a closed convex subset
K of H and prove that the sequence {xn} converges strongly to PF(T)x0. A projection onto
intersection of two halfspaces is computed by solving a linear system of two equations with
two unknowns (see [6, Section 3]).

Recently, Su and Qin [7]modified iteration (1.4), so-called the monotone CQmethod for
nonexpansive mapping, as follows:

x0 ∈ C is arbitrary,

yn = αnxn +
(

1 − αn

)

Txn,

C0 =
{

z ∈ C :
∥
∥y0 − z

∥
∥ ≤ ∥∥x0 − z

∥
∥
}

,

Q0 = C,

Cn =
{

z ∈ Cn−1 ∩Qn−1 :
∥
∥yn − z

∥
∥ ≤ ∥∥xn − z

∥
∥
}

,

Qn =
{

z ∈ Cn−1 ∩Qn−1 :
〈

xn − z, x0 − xn

〉 ≥ 0
}

,

xn+1 = PCn ∩Qn
x0, n = 0, 1, 2, . . . ,

(1.5)

and prove that the sequence {xn} converges strongly to PF(T)x0.
We now recall some definitions concerning relatively quasi-nonexpansive mappings and

what have been proved until now. Let E be a real smooth Banach space with norm ‖ · ‖ and
let E∗ be the dual of E. Denote by 〈·, ·〉 the pairing between E and E∗. The normalized duality
mapping J from E to E∗ is defined by

Jx =
{

f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}, where x ∈ E. (1.6)

The reader is directed to [8] (and its review [9]), where the properties on the duality mapping
and several related topics are presented. The function φ : E × E → R is defined by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉 + ‖y‖2 ∀x, y ∈ E. (1.7)
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Let T be a mapping from C into E. A point p in C is said to be an asymptotic fixed point of T
[10] if C contains a sequence {xn}which converges weakly to p and limn→∞(xn −Txn) = 0. The
set of asymptotic fixed points of T is denoted by F̂(T). We say that the mapping T is relatively
nonexpansive if the following conditions are satisfied:

(R1) F(T)/=∅;

(R2) φ(p, Tx) ≤ φ(p, x) for each x ∈ C, p ∈ F(T);

(R3) F(T) = F̂(T).

If T satisfies (R1) and (R2), then T is called relatively quasi-nonexpansive.
Several articles have appeared providing method for approximating fixed points of

relatively quasi-nonexpansive mappings [11–16]. Matsushita and Takahashi [12] introduced
the following iteration: a sequence {xn} defined by

xn+1 =
∏

C

J−1
(

αnJxn +
(

1 − αn

)

JTxn

)

, (1.8)

where the initial guess element x0 ∈ C is arbitrary, {αn} is a real sequence in [0, 1], T is a
relatively nonexpansive mapping, and ΠC denotes the generalized projection from E onto a
closed convex subset C of E. They prove that the sequence {xn} converges weakly to a fixed
point of T . Moreover, Matsushita and Takahashi [13] proposed the following modification of
iteration (1.8):

x0 ∈ C is arbitrary,

yn = J−1
(

αnJxn +
(

1 − αn)JTxn

)

,

Cn =
{

z ∈ C : φ
(

z, yn) ≤ φ
(

z, xn

)}

,

Qn =
{

z ∈ C :
〈

xn − z, x0 − xn

〉 ≥ 0
}

,

xn+1 =
∏

Cn ∩Qn

x0, n = 0, 1, 2, . . . ,

(1.9)

and prove that the sequence {xn} converges strongly to ΠF(T)x0.
Recently, Kohsaka and Takahashi [11] extended iteration (1.8) to obtain a weak

convergence theorem for common fixed points of a finite family of relatively nonexpansive
mapping {Ti}mi=1 by the following iteration:

xn+1 =
∏

C

J−1
(

m∑

i=1

wn,i

(

αn,iJxn +
(

1 − αn,i

)

JTixn

)

)

, n = 1, 2, . . . , (1.10)

where αn,i ⊂ [0, 1] and wn,i ⊂ [0, 1]with
∑m

i=1wn,i = 1 for all n ∈ N.
Employing the ideas of Su and Qin [7], and of Aoyama et al. [17], we modify iterations

(1.5), (1.8)–(1.10) to obtain strong convergence theorems for common fixed points of countable
relatively quasi-nonexpansive mappings in a Banach space. Consequently, we obtain strong
convergence theorems for quasi-nonexpansive mappings in a Hilbert space without using
demiclosedness principle. Moreover, we introduce a new certain condition for an infinite
family of mappings which is inspired by Aoyama et al. [17], and we also show how to generate
a corresponding sequence of mappings satisfying our condition.
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2. Preliminaries

Throughout the paper, let E be a real Banach space. We say that E is strictly convex if the
following implication holds for x, y ∈ E:

‖x‖ = ‖y‖ = 1, x /=y imply
∥
∥
∥
∥

x + y

2

∥
∥
∥
∥
< 1. (2.1)

It is also said to be uniformly convex if for any ε > 0, there exists δ > 0 such that

‖x‖ = ‖y‖ = 1, ‖x − y‖ ≥ ε imply
∥
∥
∥
∥

x + y

2

∥
∥
∥
∥
≤ 1 − δ. (2.2)

It is known that if E is uniformly convex Banach space, then E is reflexive and strictly convex.
A Banach space E is said to be smooth if

lim
t→ 0

‖x + ty‖ − ‖x‖
t

(2.3)

exists for each x, y ∈ S(E) := {x ∈ E : ‖x‖ = 1}. In this case, the norm of E is said to be
Gâteaux differentiable. The space E is said to have uniformly Gâteaux differentiable norm if for each
y ∈ S(E), the limit (2.3) is attained uniformly for x ∈ S(E). The norm of E is said to be Fréchet
differentiable if for each x ∈ S(E), the limit (2.3) is attained uniformly for y ∈ S(E). The norm
of E is said to be uniformly Fréchet differentiable (and E is said to be uniformly smooth) if the limit
(2.3) is attained uniformly for x, y ∈ S(E).

We also know the following properties (see, e.g., [18] for details).

(a) E (E∗, resp.) is uniformly convex if and only if E∗ (E, resp.) is uniformly smooth.

(b) J(x)/=∅ for each x ∈ E.

(c) If E is reflexive, then J is a mapping of E onto E∗.

(d) If E is strictly convex, then J(x) ∩ J(y) = ∅ for all x /=y.

(e) If E is smooth, then J is single valued.

(f) If E has a Fréchet differentiable norm, then J is norm to norm continuous.

(g) If E is uniformly smooth, then J is uniformly norm to norm continuous on each
bounded subset of E.

(h) If E is a Hilbert space, then J is the identity operator.

Let E be a smooth Banach space. The function φ : E × E → R is defined by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉 + ‖y‖2 ∀x, y ∈ E. (2.4)

It is obvious from the definition of the function φ that

(‖x‖ − ‖y‖)2 ≤ φ(x, y) ≤ (‖x‖ + ‖y‖)2 ∀x, y ∈ E. (2.5)

Moreover, we know the following results.
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Lemma 2.1 (see [13, Remark 2.1]). Let E be a strictly convex and smooth Banach space, then
φ(x, y) = 0 if and only if x = y.

Lemma 2.2 (see [11, Lemma 2.5]). Let E be a uniformly convex and smooth Banach space and let
r > 0. Then there exists a continuous, strictly increasing, and convex function g : [0, 2r] → [0,∞)
such that g(0) = 0 and

g
(‖x − y‖) ≤ φ(x, y) (2.6)

for all x, y ∈ Br = {z ∈ E : ‖z‖ ≤ r}.

Let C be a nonempty closed convex subset of E. Suppose that E is reflexive, strictly
convex, and smooth. It is known that [19] for any x ∈ E, there exists a unique point x∗ ∈ C
such that

φ
(

x∗, x
)

= min
y∈C

φ(y, x). (2.7)

Following Alber [20], we denote such an x∗ by ΠCx. The mapping ΠC is called the generalized
projection from E onto C. It is easy to see that in a Hilbert space, the mappingΠC coincides with
the metric projection PC. Concerning the generalized projection, the following are well known.

Lemma 2.3 (see [19, Proposition 4]). Let C be a nonempty closed convex subset of a smooth Banach
space E and let x ∈ E. Then

x∗ =
∏

C

x ⇐⇒ 〈x∗ − y, Jx − Jx∗〉 ≥ 0 for each y ∈ C. (2.8)

Lemma 2.4 (see [19, Proposition 5]). Let E be a reflexive, strictly convex, and smooth Banach space,
let C be a nonempty closed convex subset of E, and let x ∈ E. Then

φ

(

y,
∏

C

x

)

+ φ

(
∏

C

x, x

)

≤ φ(y, x) for each y ∈ C. (2.9)

Dealing with the generalized projection from E onto the fixed point set of a relatively
quasi-nonexpansive mapping, we get the following result.

Lemma 2.5. Let E be a strictly convex and smooth Banach space, let C be a nonempty closed convex
subset of E, and let T be a relatively quasi-nonexpansive mapping from C into E. Then F(T) is closed
and convex.

Proof. The proof of [13, Proposition 2.4] does not invoke condition (R3) at all. So the conclusion
holds for relatively quasi-nonexpansive mappings as well.

Let C be a subset of a Banach space E and let {Tn} be a family of mappings from C into
E. For a subset B of C, we say that

(i) ({Tn}, B) satisfies condition AKTT if

∞∑

n=1

sup
{∥
∥Tn+1z − Tnz

∥
∥ : z ∈ B

}

< ∞; (2.10)



6 Fixed Point Theory and Applications

(ii) ({Tn}, B) satisfies condition ∗AKTT if

∞∑

n=1

sup
{∥
∥JTn+1z − JTnz

∥
∥ : z ∈ B

}

< ∞. (2.11)

Aoyama et al. [17, Lemma 3.2] prove the following result which is very useful in our main
result.

Lemma 2.6. Let C be a nonempty subset of a Banach space E and let {Tn} be a sequence of mappings
from C into E. Let B be a subset of C with ({Tn}, B) satisfying condition AKTT, then there exists a
mapping T̃ : B → E such that

T̃x = lim
n→∞

Tnx ∀x ∈ B (2.12)

and limn→∞ sup{‖T̃z − Tnz‖ : z ∈ B} = 0.

Inspired by the preceding lemma, we have the following result.

Lemma 2.7. Let E be a reflexive and strictly convex Banach space whose norm is Fréchet differentiable,
let C be a nonempty subset of E, and let {Tn} be a sequence of mappings from C into E. Let B be a subset
of C with ({Tn}, B) satisfying condition ∗AKTT, then there exists a mapping T̂ : B → E such that

T̂x = lim
n→∞

Tnx ∀x ∈ B (2.13)

and limn→∞ sup{‖JT̂z − JTnz‖ : z ∈ B} = 0.

Proof. For x ∈ B, we show that {JTnx} is a Cauchy sequence in E∗. Let ε > 0. By the condition
∗AKTT of ({Tn}, B), there exists l0 ∈ N such that

∞∑

n=l0

sup
{∥
∥JTn+1z − JTnz

∥
∥ : z ∈ B

}

< ε. (2.14)

In particular, if k > l ≥ l0, then

∥
∥JTkx − JTlx

∥
∥ ≤

k−1∑

n=l

sup
{∥
∥JTn+1z − JTnz

∥
∥ : z ∈ B

}

≤
∞∑

n=l0

sup
{∥
∥JTn+1z − JTnz

∥
∥ : z ∈ B

}

< ε.

(2.15)

Hence, {JTnx} is a Cauchy sequence in E∗. It follows then that limn→∞JTnx exists for all x ∈ B.
Moreover, it is noted that the convergence is uniform on B. Since E is reflexive and strictly
convex, J is bijective and we can define a mapping T̂ from B into E such that

T̂x = J−1
(

lim
n→∞

JTnx
)

∀x ∈ B. (2.16)
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Since E has a Fréchet differentiable norm, J is norm-to-norm continuous and hence

T̂x = J−1J
(

lim
n→∞

Tnx
)

= lim
n→∞

Tnx ∀x ∈ B. (2.17)

This completes the proof.

Combining Lemmas 2.6 and 2.7, we obtain a crucial tool for our main result.

Lemma 2.8. Let E be a reflexive and strictly convex Banach space whose norm is Fréchet differentiable,
let C be a nonempty subset of E, and let {Tn} be a sequence of mappings from C into E. Suppose that
for each bounded subset B of C, the ordered pair ({Tn}, B) satisfies either condition AKTT or condition
∗AKTT. Then there exists a mapping T : C → E such that

Tx = lim
n→∞

Tnx ∀x ∈ C. (2.18)

Proof. To see that T is well defined, we suppose that ({Tn}, {x}) satisfies condition AKTT
and condition ∗AKTT. Then, by Lemmas 2.6 and 2.7, there exist T̃ and T̂ such that T̃x =
limn→∞Tnx = T̂x.

Lemma 2.9 (see [11, Lemma 3.2]). Let E be a reflexive, strictly convex, and smooth Banach space, let
z ∈ E, and let {ti}mi=1 ⊂ (0, 1) with

∑m
i=1ti = 1. If {xi}mi=1 is a finite sequence in E such that

φ

(

z, J−1
(

m∑

i=1

tiJxi

))

=
m∑

i=1

tiφ
(

z, xi

)

, (2.19)

then x1 = x2 · · · = xm.

Lemma 2.10. Let E be a strictly convex Banach space and let {tn} ⊂ (0, 1) with
∑∞

n=1tn = 1. If {xn} is
a sequence in E such that

∑∞
n=1tnxn and

∑∞
n=1tn‖xn‖2 converge, and

∥
∥
∥
∥
∥

∞∑

n=1

tnxn

∥
∥
∥
∥
∥

2

=
∞∑

n=1

tn
∥
∥xn

∥
∥
2
, (2.20)

then {xn} is a constant sequence.

Proof. Suppose that xi /=xj for some i, j ∈ N. Then, by the strict convexity of E,
∥
∥
∥
∥

ti
ti + tj

xi +
tj

ti + tj
xj

∥
∥
∥
∥

2

<
ti

ti + tj

∥
∥xi

∥
∥
2 +

tj

ti + tj

∥
∥xj

∥
∥
2
. (2.21)

It follows that
∥
∥
∥
∥
∥

∞∑

n=1

tnxn

∥
∥
∥
∥
∥

2

=

∥
∥
∥
∥
∥

(

ti + tj
)
(

ti
ti + tj

xi +
tj

ti + tj
xj

)

+
∑

n/= i,j

tnxn

∥
∥
∥
∥
∥

2

≤ (ti + tj
)
∥
∥
∥
∥

ti
ti + tj

xi +
tj

ti + tj
xj

∥
∥
∥
∥

2

+
∑

n/= i,j

tn
∥
∥xn

∥
∥
2

<
(

ti + tj
)
(

ti
ti + tj

∥
∥xi

∥
∥
2 +

tj

ti + tj

∥
∥xj

∥
∥
2
)

+
∑

n/= i,j

tn
∥
∥xn

∥
∥
2

=
∞∑

n=1

tn
∥
∥xn

∥
∥
2
.

(2.22)

This is a contradiction.
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3. Main results

In this section, we establish strong convergence theorem for finding common fixed points of a
countable family of relatively quasi-nonexpansive mappings in a Banach space.

This theorem generalizes a recent theorem by Su et al. [21, Theorem 3.1]. It is noted that
relative quasi-nonexpansiveness considered in the paper and hemirelative nonexpansiveness
of [21] are the same.We do prefer the former name because in a Hilbert space setting, relatively
quasi-nonexpansive mappings are just quasi-nonexpansive.

Recall that an operator T in a Banach space is closed if xn → x and Txn → y, then Tx = y.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let {Tn} be a sequence of relatively quasi-nonexpansive mappings
from C into E such that

⋂∞
n=0F(Tn) is nonempty and let {xn} be a sequence in C defined as follows:

x0 ∈ C, C−1 = Q−1 = C,

yn = J−1
(

αnJxn +
(

1 − αn

)

JTnxn

)

,

Cn =
{

z ∈ Cn−1 ∩Qn−1 : φ
(

z, yn

) ≤ φ
(

z, xn

)}

,

Qn =
{

z ∈ Cn−1 ∩Qn−1 :
〈

xn − z, Jx0 − Jxn

〉 ≥ 0
}

,

xn+1 =
∏

Cn ∩Qn

x0, n = 0, 1, 2, . . . ,

(3.1)

where {αn} is a sequence in [0, 1) with lim supn→∞αn < 1. Suppose that for each bounded subset
B of C, the ordered pair ({Tn}, B) satisfies either condition AKTT or condition ∗AKTT. Let T be the
mapping from C into E defined by Tz = limn→∞Tnz for all z ∈ C and suppose that T is closed and
F(T) =

⋂∞
n=0F(Tn). Then {xn} converges strongly to ΠF(T)x0.

Proof. We first note that each Cn and Qn are closed and convex. This follows since φ(z, yn) ≤
φ(z, xn) is equivalent to

2
〈

z, Jxn − Jyn

〉 ≤ ∥∥xn

∥
∥
2 − ∥∥yn

∥
∥
2
. (3.2)

It is clear that
⋂∞

n=0F(Tn) ⊂ C = C−1 ∩Q−1. Next, we show that
∞⋂

n=0

F
(

Tn
) ⊂ Cn ∩Qn ∀n ∈ N ∪ {0}. (3.3)

Suppose that
⋂∞

n=0F(Tn) ⊂ Ck−1 ∩Qk−1 for some k ∈ N ∪ {0}. Let p ∈ ⋂∞
n=0F(Tn). Then

φ
(

p, yk

)

= φ
(

p, J−1
(

αkJxk +
(

1 − αk

)

JTkxk

))

= ‖p‖2 − 2
〈

p, αkJxk +
(

1 − αk

)

JTkxk

〉

+
∥
∥αkJxk +

(

1 − αk

)

JTkxk

∥
∥
2

≤ ‖p‖2 − 2αk

〈

p, Jxk

〉 − 2
(

1 − αk

)〈

p, JTkxk

〉

+ αk

∥
∥xk

∥
∥
2 +
(

1 − αk

)∥
∥Tkxk

∥
∥
2

= αk

(‖p‖2 − 2
〈

p, Jxk

〉

+
∥
∥xk

∥
∥
2) +

(

1 − αk

)(‖p‖2 − 2
〈

p, JTkxk

〉

+
∥
∥Tkxk

∥
∥
2
)

= αkφ
(

p, xk

)

+
(

1 − αk

)

φ
(

p, Tkxk

)

≤ αkφ
(

p, xk

)

+
(

1 − αk

)

φ
(

p, xk

)

= φ
(

p, xk

)

.

(3.4)
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This implies that
⋂∞

n=0F(Tn) ⊂ Ck. From xk = ΠCk−1 ∩Qk−1x0 and by Lemma 2.3, we have

〈

xk − z, Jx0 − Jxk

〉 ≥ 0 for each z ∈ Ck−1 ∩Qk−1. (3.5)

In particular,

〈

xk − p, Jx0 − Jxk

〉 ≥ 0 for every p ∈
∞⋂

n=0

F
(

Tn
)

(3.6)

and hence
⋂∞

n=0F(Tn) ⊂ Qk. It follows that

∞⋂

n=0

F
(

Tn
) ⊂ Ck ∩Qk. (3.7)

By induction, (3.3) holds. This implies that {xn} is well defined. It follows from the definition
of Qn and Lemma 2.3 that xn = ΠQn

x0. Since xn+1 = ΠCn ∩Qn
x0 ∈ Qn, we have

φ
(

xn, x0
) ≤ φ

(

xn+1, x0
) ∀n ∈ N ∪ {0}. (3.8)

Therefore, φ(xn, x0) is nondecreasing. Using xn = ΠQn
x0 and Lemma 2.4, we have

φ
(

xn, x0
)

= φ
(

ΠQn
x0, x0

) ≤ φ
(

p, x0
) − φ

(

p, xn

) ≤ φ
(

p, x0
)

(3.9)

for all p ∈ ⋂∞
n=0F(Tn) for all n ∈ N ∪ {0}. Therefore, φ(xn, x0) is bounded. So

lim
n→∞

φ
(

xn, x0
)

exists. (3.10)

In particular, by (2.5), the sequence {(‖xn‖ − ‖x0‖)2} is bounded. This implies that {xn} is
bounded. Noticing again that xn = ΠQn

x0, and for any positive integer k, we have xn+k ∈
Qn+k−1 ⊂ Qn. By Lemma 2.4,

φ
(

xn+k, xn

)

= φ

(

xn+k,
∏

Qn

x0

)

≤ φ
(

xn+k, x0
) − φ

(
∏

Qn

x0, x0

)

= φ
(

xn+k, x0
) − φ

(

xn, x0
)

.

(3.11)

Using Lemma 2.2, we have, form,n with m > n,

g
(∥
∥xm − xn

∥
∥
) ≤ φ

(

xm, xn

) ≤ φ
(

xm, x0
) − φ

(

xn, x0
)

, (3.12)

where g : [0,∞) → [0,∞) is a continuous, strictly increasing, and convex function with g(0) =
0. Then the properties of the function g yield that {xn} is a Cauchy sequence in C, so there
exists w ∈ C such that xn → w. In view of xn+1 = ΠCn∩Qn

x0 ∈ Cn and the definition of Cn, we
also have

φ
(

xn+1, yn

) ≤ φ
(

xn+1, xn

) ∀n ∈ N ∪ {0}. (3.13)
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It follows that

lim
n→∞

φ
(

xn+1, yn

)

= lim
n→∞

φ
(

xn+1, xn

)

= 0. (3.14)

By using Lemma 2.2, we obtain

lim
n→∞

∥
∥xn+1 − yn

∥
∥ = lim

n→∞
∥
∥xn+1 − xn

∥
∥ = 0. (3.15)

Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim
n→∞

∥
∥Jxn+1 − Jyn

∥
∥ = lim

n→∞
∥
∥Jxn+1 − Jxn

∥
∥ = 0. (3.16)

On the other hand, we have, for each n ∈ N ∪ {0},
∥
∥Jxn+1 − Jyn

∥
∥ =
∥
∥Jxn+1 −

(

αnJxn +
(

1 − αn

)

JTnxn

)∥
∥

=
∥
∥
(

1 − αn

)(

Jxn+1 − JTnxn

) − αn

(

Jxn − Jxn+1
)∥
∥

≥ (1 − αn

)∥
∥Jxn+1 − JTnxn

∥
∥ − αn

∥
∥Jxn − Jxn+1

∥
∥,

(3.17)

and hence

∥
∥Jxn+1 − JTnxn

∥
∥ ≤ 1

1 − αn

∥
∥Jxn+1 − Jyn

∥
∥ +

αn

1 − αn

∥
∥Jxn − Jxn+1

∥
∥. (3.18)

From (3.16) and lim supn→∞αn < 1, we obtain

lim
n→∞

∥
∥Jxn+1 − JTnxn

∥
∥ = 0. (3.19)

Since J−1 is uniformly norm-to-norm continuous on bounded sets, we have

lim
n→∞

∥
∥xn+1 − Tnxn

∥
∥ = lim

n→∞
∥
∥J−1

(

Jxn+1
) − J−1

(

JTnxn

)∥
∥ = 0. (3.20)

It follows from (3.15) that

∥
∥xn − Tnxn

∥
∥ ≤ ∥∥xn − xn+1

∥
∥ +
∥
∥xn+1 − Tnxn

∥
∥ −→ 0 (3.21)

and so

lim
n→∞

∥
∥Jxn − JTnxn

∥
∥ = 0. (3.22)

Case 1. ({Tn}, {xn}) satisfies condition AKTT. We apply Lemma 2.6 to get

∥
∥xn − Txn

∥
∥ ≤ ∥∥xn − Tnxn

∥
∥ +
∥
∥Tnxn − Txn

∥
∥

≤ ∥∥xn − Tnxn

∥
∥ + sup

{∥
∥Tnz − Tz

∥
∥ : z ∈ {xn

}} −→ 0.
(3.23)
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Case 2. ({Tn}, {xn}) satisfies condition ∗AKTT. It follows from Lemma 2.7 that

∥
∥Jxn − JTxn

∥
∥ ≤ ∥∥Jxn − JTnxn

∥
∥ +
∥
∥JTnxn − JTxn

∥
∥

≤ ∥∥Jxn − JTnxn

∥
∥ + sup

{∥
∥JTnz − JTz

∥
∥ : z ∈ {xn

}} −→ 0.
(3.24)

Hence,

lim
n→∞

∥
∥xn − Txn

∥
∥ = lim

n→∞
∥
∥J−1

(

Jxn

) − J−1
(

JTxn

)∥
∥ = 0. (3.25)

From both cases, we obtain

lim
n→∞

∥
∥xn − Txn

∥
∥ = 0. (3.26)

Since T is closed and xn → w, we have w ∈ F(T). Furthermore, by (3.9),

φ
(

w,x0
)

= lim
n→∞

φ
(

xn, x0
) ≤ φ

(

p, x0
) ∀p ∈ F(T). (3.27)

Hence, w = ΠF(T)x0.

Corollary 3.2 (see [21, Theorem 3.1]). Let E be a uniformly convex and uniformly smooth Banach
space and let C be a nonempty closed convex subset of E. Let T be a closed relatively quasi-nonexpansive
mapping from C into E such that F(T) is nonempty and let {xn} be a sequence in C defined as follows:

x0 ∈ C, C−1 = Q−1 = C,

yn = J−1
(

αnJxn +
(

1 − αn

)

JTxn

)

,

Cn =
{

z ∈ Cn−1 ∩Qn−1 : φ
(

z, yn

) ≤ φ
(

z, xn

)}

,

Qn =
{

z ∈ Cn−1 ∩Qn−1 :
〈

xn − z, Jx0 − Jxn

〉 ≥ 0
}

,

xn+1 =
∏

Cn ∩Qn

x0, n = 0, 1, 2, . . . ,

(3.28)

where {αn} is a sequence in [0, 1) with lim supn→∞αn < 1. Then {xn} converges strongly to ΠF(T)x0.

Remark 3.3. If, in Theorem 3.1, Tn is continuous for each n ∈ N, then the mapping T is
continuous and closed.

In our main theorem, we assume that for each bounded subset B of C, the ordered pair
({Tn}, B) satisfies either condition AKTT or condition ∗AKTT. As in [17], we can generate
a sequence {Tn} of relatively quasi-nonexpansive mappings satisfying such an assumption
by using convex combination of a given sequence {Sk} of relatively quasi-nonexpansive
mappings with a nonempty common fixed point set.
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Let {βkn} be a family of positive real numbers with indices n,k ∈ N ∪ {0} with k ≤ n such
that

(i)
∑n

k=0 β
k
n = 1 for every n ∈ N ∪ {0};

(ii) limn→∞ βkn = βk > 0 for every k ∈ N ∪ {0}; and
(iii)

∑∞
n=0
∑n

k=0 | βkn+1 − βkn| < ∞.

Let E be a uniformly convex and uniformly smooth Banach space and let C be a nonempty
closed convex subset of E. For a sequence {Sk}∞k=1 of continuous relatively quasi-nonexpansive
mappings with a common fixed point and S0 is the identity mapping, we define a sequence
{Tn} of mappings from C into E by

Tnx = J−1
(

n∑

k=0

βknJSkx

)

(3.29)

for x ∈ C and n ∈ N ∪ {0}. We note that

∞⋂

k=0

F
(

Sk

) ⊂
n⋂

k=0

F
(

Sk

) ⊂ F
(

Tn
) ∀n ∈ N ∪ {0}. (3.30)

For n ∈ N ∪ {0}, let p ∈ ⋂n
k=0F(Sk). Then

φ
(

p, Tnx
)

= φ

(

p, J−1
(

n∑

k=0

βknJSkx

))

= ‖p‖2 − 2

〈

p,
n∑

k=0

βknJSkx

〉

+

∥
∥
∥
∥
∥

n∑

k=0

βknJSkx

∥
∥
∥
∥
∥

2

≤ ‖p‖2 − 2
n∑

k=0

βkn
〈

p, JSkx
〉

+
n∑

k=0

βkn
∥
∥Skx

∥
∥
2

=
n∑

k=0

βknφ
(

p, Skx
)

≤ φ(p, x)

(3.31)

for all x ∈ C. Then, for all z ∈ F(Tn) and fix q ∈ ⋂∞
k=0F(Sk),

φ(q, z) = φ
(

q, Tnz
)

= φ

(

q, J−1
(

n∑

k=0

βknJSkz

))

≤
n∑

k=0

βknφ
(

q, Skz
) ≤ φ(q, z), (3.32)
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that is,

φ

(

q, J−1
(

n∑

k=0

βknJSkz

))

=
n∑

k=0

βknφ
(

q, Skz
)

= φ(q, z). (3.33)

By Lemma 2.9, we have z = S0z = S1z = · · · = Snz. So

F
(

Tn
) ⊂

n⋂

k=0

F
(

Sk

) ∀n ∈ N ∪ {0}. (3.34)

This implies that

F
(

Tn
)

=
n⋂

k=0

F
(

Sk

) ∀n ∈ N ∪ {0}, (3.35)

and so

∞⋂

n=0

F
(

Tn
)

=
∞⋂

k=0

F
(

Sk

)

/=∅. (3.36)

Then, by (3.31), we have that {Tn} is a sequence of relatively quasi-nonexpansive mappings.
Let B be a bounded subset of C and let p ∈ ⋂∞

k=0F(Sk). By (2.5), we have

(∥
∥Skx

∥
∥ − ‖p‖)2 ≤ φ

(

p, Skx
) ≤ φ(p, x) ≤ (‖x‖ + ‖p‖)2, (3.37)

and hence

∥
∥Skx

∥
∥ ≤ 2‖p‖ + sup

{‖z‖ : z ∈ B
}

(3.38)

for all x ∈ B and k ∈ N ∪ {0}. Let M = sup{‖Skx‖ : x ∈ B, k ∈ N ∪ {0}}. For x ∈ B and
n ∈ N ∪ {0}, we have

∥
∥JTn+1x − JTnx

∥
∥ =

∥
∥
∥
∥
∥

n+1∑

k=0

βkn+1JSkx −
n∑

k=0

βknJSkx

∥
∥
∥
∥
∥

≤
n∑

k=0

∣
∣βkn+1 − βkn

∣
∣
∥
∥JSkx

∥
∥ + βn+1n+1

∥
∥JSkx

∥
∥

=
n∑

k=0

∣
∣βkn+1 − βkn

∣
∣
∥
∥Skx

∥
∥ +

(

1 −
n∑

k=0

βkn+1

)

∥
∥Skx

∥
∥

≤
n∑

k=0

∣
∣βkn+1 − βkn

∣
∣M +

(
n∑

k=0

βkn −
n∑

k=0

βkn+1

)

M

≤ 2M
n∑

k=0

∣
∣βkn+1 − βkn

∣
∣.

(3.39)
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Therefore,

sup
{∥
∥JTn+1x − JTnx

∥
∥ : x ∈ B

} ≤ 2M
n∑

k=0

∣
∣βkn+1 − βkn

∣
∣. (3.40)

It follows from (iii) that

∞∑

n=0

sup
{∥
∥JTn+1x − JTnx

∥
∥ : x ∈ B

} ≤ 2M
∞∑

n=0

n∑

k=0

∣
∣βkn+1 − βkn

∣
∣ < ∞. (3.41)

By Lemma 2.7, we can define a mapping T by

Tx = lim
n→∞

Tnx, ∀x ∈ C. (3.42)

Using the same argument presented in the proof of [17, pages 2357-2358], we have

lim
n→∞

n∑

k=0

∣
∣βkn − βk

∣
∣ = 0,

∞∑

k=0

βk = 1. (3.43)

For each x ∈ C, the series
∑∞

k=0 β
kJSkx converges absolutely and

∥
∥
∥
∥
∥
JTx −

∞∑

k=0

βkJSkx

∥
∥
∥
∥
∥
= lim

n→∞

∥
∥
∥
∥
∥
JTnx −

∞∑

k=0

βkJSkx

∥
∥
∥
∥
∥

= lim
n→∞

∥
∥
∥
∥
∥

n∑

k=0

βknJSkx −
∞∑

k=0

βkJSkx

∥
∥
∥
∥
∥

≤ lim
n→∞

(
n∑

k=0

∣
∣βkn − βk

∣
∣
∥
∥JSkx

∥
∥ +

∞∑

k=n+1

βk
∥
∥JSkx

∥
∥

)

≤ lim
n→∞

n∑

k=0

∣
∣βkn − βk

∣
∣
∥
∥Skx

∥
∥ + lim

n→∞

∞∑

k=n+1

βk
∥
∥Skx

∥
∥

≤ lim
n→∞

n∑

k=0

∣
∣βkn − βk

∣
∣M + lim

n→∞

∞∑

k=n+1

βkM = 0.

(3.44)

This implies that

Tx = J−1
( ∞∑

k=0

βkJSkx

)

∀x ∈ C. (3.45)

It is obvious that

∞⋂

k=0

F
(

Sk

) ⊂ F(T). (3.46)
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Let z ∈ F(T) and fix p ∈ ⋂∞
k=0F(Sk). Then

φ(p, z) = φ
(

p, Tz
)

= φ

(

p, J−1
( ∞∑

k=0

βkJSkz

))

= lim
n→∞

φ

(

p, J−1
(

n∑

k=0

βkJSkz

))

= lim
n→∞

(

‖p‖2 − 2

〈

p,
n∑

k=0

βkJSkz

〉

+

∥
∥
∥
∥
∥

n∑

k=0

βkJSkz

∥
∥
∥
∥
∥

2)

≤ lim
n→∞

(

‖p‖2 − 2

〈

p,
n∑

k=0

βkJSkz

〉

+
n∑

k=0

βk
∥
∥JSkz

∥
∥
2

)

= lim
n→∞

( ∞∑

k=0

βk‖p‖2 − 2
n∑

k=0

βk
〈

p, JSkz
〉

+
n∑

k=0

βk
∥
∥Skz

∥
∥
2

)

= lim
n→∞

(
n∑

k=0

βkφ
(

p, Skz
)

+
∞∑

k=n+1

βk‖p‖2
)

= lim
n→∞

n∑

k=0

βkφ
(

p, Skz
)

=
∞∑

k=0

βkφ
(

p, Skz
)

≤
∞∑

k=0

βkφ(p, z)

= φ(p, z).

(3.47)

It follows that
∥
∥
∥
∥
∥

∞∑

k=0

βkJSkz

∥
∥
∥
∥
∥

2

=
∞∑

k=0

βk
∥
∥JSkz

∥
∥
2
. (3.48)

By the strict convexity of E∗ and Lemma 2.10,

JSkz = JS0z = Jz ∀k ∈ N. (3.49)

Since J is one to one,

Skz = S0z = z ∀k ∈ N. (3.50)

So z ∈ ⋂∞
k=0F(Sk). Therefore,

F(T) ⊂
∞⋂

k=0

F
(

Sk

)

. (3.51)
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This together with (3.36) and (3.46) gives

F(T) =
∞⋂

n=0

F
(

Tn
)

=
∞⋂

k=0

F
(

Sk

)

. (3.52)

Hence, we obtain that {Tn} satisfies all the conditions of our main theorem. Now, we have the
following result.

Theorem 3.4. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let {βkn} be a family of positive real numbers with indices n,
k ∈ N ∪ {0} with k ≤ n such that

(i)
∑n

k=0 β
k
n = 1 for every n ∈ N ∪ {0};

(ii) limn→∞ βkn = βk > 0 for every k ∈ N ∪ {0};
(iii)

∑∞
n=0
∑n

k=0 |βkn+1 − βkn| < ∞.

Let {Sk} be a sequence of continuous relatively quasi-nonexpansive mappings with a common fixed
point and let S0 be the identity operator, one defines a sequence {Tn} of relatively quasi-nonexpansive
mappings from C into E by

Tnx = J−1
(

n∑

k=0

βknJSkx

)

(3.53)

for all x ∈ C and n ∈ N ∪ {0}. Then the sequence {xn} in C defined by (3.1) converges strongly to
Π⋂∞

k=0F(Sk)x0.

4. Deduced theorems

In Hilbert spaces, relatively quasi-nonexpansive mappings and quasi-nonexpansive mappings
are the same. We obtain the following result.

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let {Tn} be a sequence
of quasi-nonexpansive mappings from C into E such that

⋂∞
n=0F(Tn) is nonempty and let {xn} be a

sequence in C defined as follows:

x0 ∈ C, C−1 = Q−1 = C,

yn = αnxn +
(

1 − αn

)

Tnxn,

Cn =
{

z ∈ Cn−1 ∩Qn−1 :
∥
∥yn − z

∥
∥ ≤ ∥∥xn − z

∥
∥
}

,

Qn =
{

z ∈ Cn−1 ∩Qn−1 :
〈

xn − z, x0 − xn

〉 ≥ 0
}

,

xn+1 = PCn ∩Qn
x0, n = 0, 1, 2, . . . ,

(4.1)

where {αn} is a sequence in [0, 1) with lim supn→∞αn < 1. Suppose that for each bounded subset B
of C, the ordered pair ({Tn}, B) satisfies condition AKTT. Let T be the mapping from C into E defined
by Tz = limn→∞Tnz for all z ∈ C and suppose that T is closed and F(T) =

⋂∞
n=0F(Tn). Then {xn}

converges strongly to PF(T)x0.
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Proof. Since J is an identity operator, we have

φ(x, y) = ‖x − y‖2, (4.2)

for every x, y ∈ H. Therefore,

∥
∥Tnx − p

∥
∥ ≤ ‖x − p‖ ⇐⇒ φ

(

p, Tnx
) ≤ φ(p, x) (4.3)

for every x ∈ C and p ∈ F(Tn). Hence, Tn is quasi-nonexpansive if and only if Tn is relatively
quasi-nonexpansive. Then, by Theorem 3.1, we obtain the result.

Corollary 4.2 (see [22, Theorem 2.1]). Let C be a nonempty closed convex subset of a Hilbert space
H. Let T be a closed quasi-nonexpansive mapping from C into E such that F(T) is nonempty and let
{xn} be a sequence in C defined as follows:

x0 ∈ C, C−1 = Q−1 = C,

yn = αnxn +
(

1 − αn

)

Txn,

Cn =
{

z ∈ Cn−1 ∩Qn−1 :
∥
∥yn − z

∥
∥ ≤ ∥∥xn − z

∥
∥
}

,

Qn =
{

z ∈ Cn−1 ∩Qn−1 :
〈

xn − z, x0 − xn

〉 ≥ 0
}

,

xn+1 = PCn ∩Qn
x0, n = 0, 1, 2, . . . ,

(4.4)

where {αn} is a sequence in [0, 1) with lim supn→∞αn < 1. Then {xn} converges strongly to PF(T)x0.

We give an example of a countable family of quasi-nonexpansive mappings which are
not nonexpansive but satisfy all the requirements of our main theorem.

Example 4.3. Let E = R with the usual norm. For n ∈ N, we define a mapping Tn on R by

Tnx =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 if x ≤ 1
n2

,

1
n2

if x >
1
n2

,
(4.5)

for all x ∈ R. Then
⋂∞

n=1F(Tn) = F(Tn) = {0} and
∣
∣Tnx − 0

∣
∣ ≤ |x − 0| ∀x ∈ R. (4.6)

So {Tn} is a sequence of quasi-nonexpansive mappings. Let z ∈ R, then

∣
∣Tn+1z − Tnz

∣
∣ =

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 if z ≤ 1

(n + 1)2
,

1
n2

if
1

(n + 1)2
< z ≤ 1

n2
,

1
n2

− 1

(n + 1)2
if z >

1
n2

,

(4.7)
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for all n ∈ N. It follows that

∞∑

n=1

sup
{∣
∣Tn+1z − Tnz

∣
∣ : z ∈ R

}

=
∞∑

n=1

1
n2

< ∞. (4.8)

We now define a mapping T on R by

Tx = lim
n→∞

Tnx = 0 ∀x ∈ R. (4.9)

Hence, the sequence {Tn} satisfies all conditions in our main result. We also note that each
Tn is neither nonexpansive nor relatively nonexpansive. Actually, Tn above fails to have the
condition (R3). Let {xm} be a sequence define by xm = 1/n2 + 1/m. Then

xm −→ 1
n2

, xm − Tnxm =
1
m

−→ 0 as m −→ ∞. (4.10)

This implies that 1/n2 ∈ F̂(Tn) and 1/n2 /∈ F(Tn).
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ABSTRACT. We establish weak and strong convergence theorems of modified Ishikawa
iteration with errors with respect to three nonexpansive mappings. We improve and extend
many results due to Khan and Fukhar-ud-din, Tamura and Takahashi and many authors.
We also point out that an additional condition imposed in Rafiq’s paper does not make sense.
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1 Introduction

Nonexpansive mappings have been widely and extensively studied by many authors in many
aspects. One is to approximate a common fixed point of nonexpansive mappings by means
of an iteratively constructed sequence.

Let C be a nonempty convex subset of a normed space E and R, S, T : C → C be three
mappings. Xu [13] introduced the following iterative scheme,

(a) The sequence {xn} defined by

x1 ∈ C,

xn+1 = anxn + bnTxn + cnun, n ≥ 1,
(1)

where {an}, {bn}, {cn} are sequences in [0,1] such that an+bn+cn = 1 and {un} is a bounded
sequence in C, is known as Mann iterative scheme with errors. This scheme reduces to Mann
iterative scheme if cn ≡ 0, i.e.,x1 ∈ C

xn+1 = anxn + (1− an)Txn, n ≥ 1,
(2)

where {an} is a sequence in [0,1].
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(b) The sequence {xn} defined by
x1 ∈ C

yn = a′nxn + b′nTxn + c′nvn

xn+1 = anxn + bnTxn + cnun, n ≥ 1,

(3)

where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0,1] satisfying an + bn + cn = 1 =

a′n + b′n + c′n and {un}, {vn} are bounded sequences in C, is called the Ishikawa iterative
scheme with errors. This scheme becomes Ishikawa iterative scheme if cn ≡ 0 ≡ c′n, i.e.,

x1 ∈ C

yn = a′nxn + (1− a′n)Txn

xn+1 = anxn + (1− an)Txn, n ≥ 1,

(4)

where {an}, {a′n} are sequences in [0,1].

A generalization of Mann and Ishikawa iterative schemes was given by Das and Debata
[3] and Takahashi and Tamura [11]. This scheme dealt with two mappings:

x1 ∈ C

yn = a′nxn + (1− a′n)Txn

xn+1 = anxn + (1− an)Syn, n ≥ 1,

(5)

(c) The sequence {xn}, defined by
x1 ∈ C

yn = a′nxn + b′nTxn + c′nvn

xn+1 = anxn + bnSyn + cnun, n ≥ 1,

(6)

where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0,1] satisfying an + bn + cn = 1 =

a′n + b′n + c′n and {un}, {vn} are bounded sequences in C, is studied by S.H. Khan and
H. Fukhar-ud-din [4].

Inspired by [4] and [5], we generalize the scheme (6) to three nonexpansive mappings with
errors as follows:

(d) The sequence {xn}, defined by
x0 ∈ C

yn = a′nRxn + b′nTxn + c′nvn

xn+1 = anRxn + bnSyn + cnun, n ≥ 1,

(7)
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where {an}, {bn}, {cn}, {a′n}, {b′n}, {c′n} are sequences in [0,1], an + bn + cn = 1 = a′n + b′n + c′n
and {un}, {vn} are bounded sequences in C.

2 Preliminaries

Let E be a Banach space and let C be a nonempty closed convex subset of E. When {xn}
is a sequence in E, we denote strong convergence of {xn} to x ∈ E by xn → x and weak
convergence by xn ⇀ x.

A Banach space E is said to be satisfy Opial’s condition [7] if for any sequence {xn} in E,
xn ⇀ x it follows that lim supn→∞ ‖xn−x‖ < lim supn→∞ ‖xn− y‖ for all y ∈ E with y 6= x.
For every ε with 0 ≤ ε ≤ 2, we define the modulus δE(ε) of convexity of E by

δE(ε) = inf
{

1− ‖x+ y‖
2

: ‖x‖ ≤ 1, ‖y‖ ≤ 1, ‖x− y‖ ≥ ε
}
.

A Banach space E is said to be uniformly convex if δE(ε) > 0 for every ε > 0.

A mapping T : C → C is said to be nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C.
A mapping T : C → E is said to be demiclosed with respect to y ∈ E if for each sequence
{xn} in C and each x ∈ E, xn ⇀ x and Txn → y it follows that x ∈ C and Tx = y.

Next we state the following useful lemmas.

Lemma 1 ([9]) Suppose that E is a uniformly convex Banach space and 0 < p ≤ tn ≤
q < 1 for all positive integers n. Also suppose that {xn} and {yn} are two sequences of E
such that lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and limn→∞ ‖tnxn + (1 − tn)yn‖ = r

hold for some r ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

Lemma 2 ([12], Lemma 1) Let {sn}, {tn} be two nonnegative real sequences satis-
fying

sn+1 ≤ sn + tn for all n ≥ 1.

If
∑∞

n=1 tn <∞, then limn→∞ sn exists.

Lemma 3 ([1]) Let E be a uniformly convex Banach space satisfying Opial’s condition
and let C be a nonempty closed convex subset of E. Let T be a nonexpansive mapping of C
into itself. Then I − T is demiclosed with respect to zero.

3 Main results

In this section, we shall prove the weak and strong convergence theorems of the iteration
scheme to a common fixed point of the nonexpansive mappings R, S and T . Let F (T ) denote
the set of all fixed points of T .
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Lemma 4 Let E be a uniformly convex Banach space and C its nonempty closed convex
subset. Let R, S, T : C → C be nonexpansive mappings and {xn} be the sequence as defined
in (7) with

∑∞
n=1 cn <∞,

∑∞
n=1 c

′
n <∞. If F (R)∩F (S)∩F (T ) 6= ∅, then limn→∞ ‖xn− p‖

exists for all p ∈ F (R) ∩ F (S) ∩ F (T ).

Proof: Assume that F (R)∩F (S)∩F (T ) 6= ∅. Let p ∈ F (R)∩F (S)∩F (T ). Since S, T, R
are nonexpansive mappings, we have

‖yn − p‖ = ‖a′nRxn + b′nTxn + c′nvn − p‖
≤ a′n‖Rxn − p‖+ b′n‖Txn − p‖+ c′n‖vn − p‖
≤ a′n‖xn − p‖+ b′n‖xn − p‖+ c′n‖vn − p‖
= (a′n + b′n)‖xn − p‖+ c′n‖vn − p‖
= (1− c′n)‖xn − p‖+ c′n‖vn − p‖
≤ ‖xn − p‖+ c′n‖vn − p‖ (8)

‖xn+1 − p‖ = ‖anRxn + bnSyn + cnun − p‖
≤ an‖Rxn − p‖+ bn‖Syn − p‖+ cn‖un − p‖
≤ an‖yn − p‖+ bn‖xn − p‖+ cn‖un − p‖
≤ an(‖xn − p‖+ c′n‖vn − p‖) + bn‖xn − p‖+ cn‖un − p‖
= an‖xn − p‖+ anc

′
n‖vn − p‖+ bn‖xn − p‖+ cn‖un − p‖

= (an + bn)‖xn − p‖+ anc
′
n‖vn − p‖+ cn‖un − p‖

≤ ‖xn − p‖+ c′n‖vn − p‖+ cn‖un − p‖ (9)

By Lemma 2, limn→∞ ‖xn − p‖ exists.

Lemma 5 Let E be a uniformly convex Banach space and C its nonempty closed convex
subset. Let S, T,R : C → C be nonexpansive mappings and {xn} be the sequence as defined
in (7) with

∑∞
n=1 cn <∞,

∑∞
n=1 c

′
n <∞ and 0 < δ ≤ bn, b

′
n ≤ 1− δ < 1. If F (R) ∩ F (S) ∩

F (T ) 6= ∅ and
‖x− Sy‖ ≤ ‖Rx− Sy‖ for all x, y ∈ C, (10)

then

lim
n→∞

‖Sxn − xn‖ = lim
n→∞

‖Txn − xn‖ = lim
n→∞

‖Rxn − xn‖ = 0

for all p ∈ F (R) ∩ F (S) ∩ F (T ).
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Proof: From Lemma 4, we get limn→∞ ‖xn − p‖ exists. Let limn→∞ ‖xn − p‖ = c. Then if
c = 0, we are done. Assume that c > 0. Next, we want to show that limn→∞ ‖Syn−Rxn‖ = 0.
We note that {un−Rxn−p} is a bounded sequence, so limn→∞ cn‖un−Rxn−p‖ = 0. Consider

c = lim
n→∞

‖xn+1 − p‖

= lim
n→∞

‖(1− bn)Rxn + bnSyn + cnun − cnRxn − p‖

= lim
n→∞

‖(1− bn)(Rxn − p) + bn(Syn − p) + cn(un −Rxn − p)‖

= lim
n→∞

‖(1− bn)(Rxn − p) + bn(Syn − p)‖ (11)

and from (8) we have

lim sup
n→∞

‖Syn − p‖ ≤ lim sup
n→∞

‖yn − p‖ ≤ lim sup
n→∞

‖xn − p‖+ c′n‖vn − p‖ = c (12)

also,
lim sup

n→∞
‖Rxn − p‖ ≤ lim sup

n→∞
‖xn − p‖ = c.

Using Lemma 1 and (11), we have

lim
n→∞

‖Syn −Rxn‖ = 0. (13)

It follows then that

‖Rxn − xn‖ ≤ ‖Rxn − Syn‖+ ‖Syn − xn‖
≤ 2‖Rxn − Syn‖ → 0, (14)

and hence
‖Syn − xn‖ ≤ ‖Syn −Rxn‖+ ‖Rxn − xn‖ → 0. (15)

We are going to apply Lemma 1 again. To show that limn→∞ ‖yn − p‖ = c, we observe that
‖xn − p‖ ≤ ‖xn − Syn‖+ ‖Syn − p‖ ≤ ‖xn − Syn‖+ ‖yn − p‖ which implies that

c ≤ lim inf
n→∞

‖yn − p‖.

This together with (12) gives
lim

n→∞
‖yn − p‖ = c. (16)

Finally, from (16) and the boundedness of the sequence {vn −Rxn − p}, we have

c = lim
n→∞

‖yn − p‖

= lim
n→∞

‖(1− b′n)Rxn + b′nTxn + c′nvn − c′nRxn − p‖

= lim
n→∞

‖(1− b′n)(Rxn − p) + b′n(Txn − p) + c′n(vn −Rxn − p)‖

= lim
n→∞

‖(1− b′n)(Rxn − p) + b′n(Txn − p)‖.
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Moreover,

lim sup
n→∞

‖Txn − p‖ ≤ lim sup
n→∞

‖xn − p‖ = c,

and

lim sup
n→∞

‖Rxn − p‖ ≤ lim sup
n→∞

‖xn − p‖ = c.

Applying Lemma 1, we get

lim
n→∞

‖Rxn − Txn‖ = 0. (17)

Using (14) and (17), we get that

lim
n→∞

‖Txn − xn‖ = 0. (18)

Consequently, using (13), (14), (18) and

‖xn − Sxn‖ ≤ ‖xn − Syn‖+ ‖Syn − Sxn‖
≤ ‖xn − Syn‖+ ‖yn − xn‖
≤ ‖xn − Syn‖+ a′n‖Rxn − xn‖+ b′n‖Txn − xn‖+ c′n‖vn − xn‖
≤ ‖xn − Syn‖+ a′n‖Rxn − xn‖+ b′n‖Txn − xn‖+ c′n‖vn − p‖,

we have

lim
n→∞

‖xn − Sxn‖ = 0. (19)

This completes the proof.

We first establish the weak convergence theorem of our iteration.

Theorem 6 Let E be a uniformly convex Banach space satisfies the Opial’s condition
and C, S, T, R and {xn} be taken as in Lemma 5. If F (R) ∩ F (S) ∩ F (T ) 6= ∅, then {xn}
converges weakly to a common fixed point of S, T and R.

Proof: Let p ∈ F (R) ∩ F (S) ∩ F (T ), then as proved in Lemma 4, we get limn→∞ ‖xn − p‖
exists. Now we prove that {xn} has a unique weak subsequential limit in F (R)∩F (S)∩F (T ).
To prove this, let z1 and z2 be weak limits of the subsequences {xni

} and {xmj
} of {xn},

respectively. By Lemma 11, limn→∞ ‖xn−Sxn‖ = 0 and I−S is demiclosed with respect to
zero by Lemma 3, therefore we obtain Sz1 = z1. Similarly, Tz1 = z1 and Rz1 = z1. Again in
the same way, we can prove that z2 ∈ F (R)∩ F (S)∩ F (T ). Next, we prove the uniqueness.
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For this we suppose that z1 6= z2, then by the Opial’s condition

lim
n→∞

‖xn − z1‖ = lim
i→∞
‖xni

− z1‖

< lim
i→∞
‖xni

− z2‖

= lim
n→∞

‖xn − z2‖

= lim
j→∞
‖xmj

− z2‖

< lim
j→∞
‖xmj

− z1‖

= lim
n→∞

‖xn − z1‖.

This is contradiction. Hence {xn} converges weakly to a point in F (R) ∩ F (S) ∩ F (T ).

Our next goal is to prove a strong convergence theorem. Recall that a mapping T : C → C

where C is a subset of E, is said to satisfy condition (A) ([10]) if there exists a nondecreasing
function f : [0,∞)→ [0,∞) with f(0) = 0, f(r) > 0 for all r ∈ (0,∞) such that ‖x−Tx‖ ≥
f(d(x, F (T ))) for all x ∈ C where d(x, F (T )) = inf{‖x− x∗‖ : x∗ ∈ F (T )}.

Senter and Dotson [10] approximated fixed points of nonexpansive mapping T by Mann
iterates. Later on, Maiti and Ghosh [6] and Tan and Xu [12] studied the approximation of
fixed points of a nonexpansive mapping T by Ishikawa iterates under the same condition (A)

which is weaker than the requirement that d is demicompact.

Three mappings R, S, T : C → C where C is a subset of E, are said to satisfy condition (A′′)

if there exists a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0, f(r) > 0 for all
r ∈ (0,∞) such that

1

3
(‖x−Rx‖+ ‖x− Tx‖+ ‖x− Sx‖) ≥ f(d(x, F ))

for all x ∈ C where d(x, F ) = inf{‖x− x∗‖ : x∗ ∈ F = F (R) ∩ F (S) ∩ F (T )}.

Note that condition (A′′) reduces to condition (A) when R = S = T . We shall use condition
(A′′) instead of the compactness of C to study the strong convergence of {xn} defined in
(7). It is noted that if R = I, then condition (A′′) reduces to condition (A′) of Khan and
Fukhar-ud-din [4].

Theorem 7 Let E be a uniformly convex Banach space and C, {xn} be taken as in
Lemma 5. Let R, S, T : C → C be three mappings satisfying condition (A′′). If F (R) ∩
F (S) ∩ F (T ) 6= ∅, then {xn} converges strongly to a common fixed point of R, S and T .

Proof: By Lemma 4, limn→∞ ‖xn − p‖ exists for all p ∈ F (R) ∩ F (S) ∩ F (T ). Let
limn→∞ ‖xn − p‖ = c for some c ≥ 0. If c = 0, we are done. Suppose that c > 0. By
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Lemma 5, limn→∞ ‖Sxn − xn‖ = limn→∞ ‖Txn − xn‖ = limn→∞ ‖Rxn − xn‖ = 0. Let
M = sup{‖vn − xn‖, ‖un − xn‖ : n ∈ N}. Moreover, by (9),

‖xn+1 − p‖
≤ ‖xn − p‖+ c′n‖vn − p‖+ cn‖un − p‖
≤ ‖xn − p‖+ c′n‖vn − xn‖+ c′n‖xn − p‖+ cn‖un − xn‖+ cn‖xn − p‖
≤ (1 + c′n + cn)‖xn − p‖+ c′n‖vn − xn‖+ cn‖un − xn‖
≤ (1 + c′n + cn)‖xn − p‖+ (c′n + cn)M. (20)

This implies that d(xn+1, F ) ≤ (1+c′n +cn)d(xn, F )+(c′n +cn)M and hence limn→∞ d(xn, F )

exists by virtue of Lemma 2. By condition (A′′),

lim
n→∞

f(d(xn, F )) = 0.

Since f is a nondecreasing function and f(0) = 0, therefore limn→∞ d(xn, F ) = 0. Next, we
show that {xn} is a Cauchy sequence in E.

Let ε > 0. We choose a positive integer N1 such that

d(xN1 , F ) <
ε

4
. (21)

We next choose q ∈ F such that

‖xN1 − q‖ <
ε

4
. (22)

By limn→∞ ‖xn − q‖ exists, the sequence {‖xn − p‖} is bounded. Let K = supn∈N{‖xn −
q‖,M}. Then from (20), we have

‖xn+1 − q‖ ≤ ‖xn − q‖+ (c′n + cn)K. (23)

Since
∑∞

n=1 cn <∞ and
∑∞

n=1 c
′
n <∞, there exists N2 such that

∞∑
i=N2

Qi <
ε

4
, (24)

where Qi = (ci + c′i)K. We take N = max{N1, N2}. Let n ≥ N and m ≥ 1. It follows from
(22), (23) and (24) that
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‖xn+m − xn‖ ≤ ‖xn+m − p‖+ ‖p− xn‖

≤ ‖xn − p‖+ ‖p− xn‖+
n+m−1∑

i=n

Qi

= 2‖xn − p‖+
n+m−1∑

i=n

Qi

≤ 2‖xN − p‖+ 2
n−1∑
i=N

Qi +
n+m−1∑

i=n

Qi

≤ 2‖xN − p‖+ 2
n+m−1∑

i=N

Qi

≤ 2‖xN − p‖+ 2
∞∑

i=N

Qi

≤ 2(
ε

4
) + 2(

ε

4
) = ε.

Hence {xn} is a Cauchy sequence in E. Since C is closed, xn → x ∈ C. By the continuities
of S, R, T and (14), (18), (19), we get Sx = Rx = Tx = x. So x ∈ F (R) ∩ F (S) ∩ F (T ).
This completes the proof.

If R is the identity mapping, then (10) is automatically satisfied and we have the following.

Corollary 8 ([4],Theorem 1, Theorem 2) Let E be a uniformly convex Banach
space and C, S, T and {xn} be taken as in Theorem 7. Suppose that F (S)∩F (T ) 6= ∅. Then

1. If E has the Opial’s condition, then {xn} converges weakly to a common fixed point of
S and T ,

2. If the mappings S and T satisfy condition (A′), then {xn} converges strongly to a
common fixed point of S and T .

Remark 1 Theorem 6 and Theorem 7 extend and improve Theorem 1 and Theorem 2 of
[4] in the following ways:

1. the iteration methods in [4] are included as a special case of ours. Indeed, the identity
mapping is replaced by the more general nonexpansive mapping,

2. the boundedness of C is not assumed as was the case in [4].

Remark 2 The following example [5, see Example 3.1] shows that our results extend sub-
stantially results in [4].
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Example 9 Let E be the real line with the usual norm and let C = [−1, 1]. Define
R, S, T : C → C by

Rx =

x, x ∈ [0, 1]

−x, x ∈ [−1, 0)

Sx =

− sinx, x ∈ [0, 1]

sinx, x ∈ [−1, 0)
and Tx =

1
2
x, x ∈ [0, 1]

−1
2
x, x ∈ [−1, 0).

Obviously, F (R) ∩ F (S) ∩ F (T ) = {0}. Moreover, it is not hard to see that nonexpansive
mappings R, S and T satisfy condition (A′′).

Remark 3 Recently, Rafiq [8] introduced the following condition: two mappings S, T :

C → C are said to satisfy (AU-N) if

‖Sx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C.

It the clear that if S = T , then (AU-N) is the definition of nonexpansive mappings. Unfor-
tunately, if S and T satisfy (AU-N), then

‖Sx− Tx‖ ≤ ‖x− x‖ = 0 for all x ∈ C,

from which S = T . This means (AU-N) is meaningless. Consequently, all results in [8] are
just dealing with only one mapping.
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Abstract

We use Mann’s iteration and the hybrid method in mathematical programming to obtain weak and strong convergence to
common fixed points of a countable family of Lipschitzian mappings. Finally, we apply our results to solve the equilibrium
problems and variational inequalities for continuous monotone mappings.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product〈·, ·〉 and norm‖ · ‖ and letC be a nonempty subset ofH . A
mappingT : C → C is said to beLipschitzianif there exists a positive constantL such that

‖T x − T y‖ ≤ L‖x − y‖ for all x, y ∈ C.

In this case,T is also said to beL-Lipschitzian. Clearly, ifT is L1-Lipschitzian andL1 < L2, then T is
L2-Lipschitzian. Throughout the paper, we assume that every Lipschitzian mapping isL-Lipschitzian withL ≥ 1. If
L = 1, thenT is known as a nonexpansive mapping. We denote byF(T) the set of fixed points ofT . If C is bounded
closed convex andT is a nonexpansive mapping ofC into itself, thenF(T) is nonempty (see [9]). We write xn → x
(xn ⇀ x, resp.) if{xn} converges strongly (weakly, resp.) tox. There are many methods for approximating the fixed
points of a nonexpansive mapping. In 1953, Mann [10] introduced the iteration as follows: a sequence{xn} defined by

xn+1 = αnxn + (1 − αn)T xn (1)

where the initial guess elementx0 ∈ C is arbitrary and{αn} is a real sequence in[0, 1]. Mann iteration has
been extensively investigated for nonexpansive mappings. One of the fundamental convergence results is proved
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by Reich [19]. In an infinite-dimensional Hilbert space, Mann iteration could conclude only weak convergence [5].
Attempts to modify the Mann iteration method(1) so that strong convergence is guaranteed have recently been made.
Nakajo and Takahashi [13] proposed the following modification of Mann iteration method(1):

x0 ∈ C is arbitrary,
yn = αnxn + (1 − αn)T xn,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qn x0, n = 0, 1, 2 . . . ,

(2)

wherePK denotes the metric projection fromH onto a closed convex subsetK of H .
In this paper, thanks to the condition introduced by Aoyama et al. [1], we establish weak and strong convergence

theorem for finding common fixed points of a countable family of certain Lipschitzian mappings in a real Hilbert
space. The additional condition imposed on Lipschitzian mappings is inspired by Kim and Xu’s work [8]. Finally, we
apply our results to solve the equilibrium problems and variational inequalities for continuous monotone mappings.

2. Preliminaries

Let H be a real Hilbert space. Then

‖x − y‖
2

= ‖x‖
2
− ‖y‖

2
− 2〈x − y, y〉 (3)

and

‖λx + (1 − λ)y‖
2

= λ‖x‖
2
+ (1 − λ)‖y‖

2
− λ(1 − λ)‖x − y‖

2 (4)

for all x, y ∈ H andλ ∈ [0, 1]. It is also known thatH satisfies

(1) the Opial’s condition [17], that is, for any sequence{xn} with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

holds for everyy ∈ H with y 6= x.
(2) the Kadec–Klee property [6,21], that is, for any sequence{xn} with xn ⇀ x and‖xn‖ → ‖x‖ together implies

‖xn − x‖ → 0.

Let C be a nonempty closed convex subset ofH . Then, for anyx ∈ H , there exists a unique nearest point inC,
denoted byPCx, such that

‖x − PCx‖ ≤ ‖x − y‖ for all y ∈ C.

Such a mappingPC is called the metric projection ofH ontoC. We know thatPC is nonexpansive. Furthermore, for
x ∈ H andz ∈ C,

z = PCx if and only if 〈x − z, z − y〉 ≥ 0 for all y ∈ C.

We also need the following lemma (see [24], Lemma 1).

Lemma 1. Suppose that{an}, {bn} and{cn} are three sequences of nonnegative real numbers such that

an+1 ≤ (1 + bn)an + cn for all n ≥ 1,∑
∞

n=1 bn < ∞ and
∑

∞

n=1 cn < ∞, thenlimn→∞ an exists. In particular, iflim infn→∞ an = 0, thenlimn→∞ an = 0.

Lemma 2 ([18], Lemma 2.2). Suppose that{an} and {bn} are two sequences of nonnegative real numbers such that∑
∞

n=1 an = ∞ and
∑

∞

n=1 anbn < ∞. Thenlim infn bn = 0.

Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and its
applications, Nonlinear Analysis (2007), doi:10.1016/j.na.2007.08.044
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Lemma 3 ([1], Lemma 3.2). Let C be a nonempty closed subset of a Banach space and let{Tn} be a sequence of
mappings of C into itself. Suppose that

∑
∞

n=1 sup{‖Tn+1z − Tnz‖ : z ∈ C} < ∞. Then, for each y∈ C, {Tny}

converges strongly to some point of C. Moreover, let T be a mapping of C into itself defined by

T y = lim
n→∞

Tny for all y ∈ C.

Thenlimn→∞ sup{‖Tnz − T z‖ : z ∈ C} = 0.

The following lemma is a generalization of [23, Lemma 3.2].

Lemma 4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let{xn} be a sequence in H and let
{δn} be a sequence in[0, ∞) such that

∑
∞

n=1 δn < ∞ and

‖xn+1 − y‖ ≤ (1 + δn)‖xn − y‖ for all y ∈ C and n∈ N.

Then the sequence{PC(xn)} converges strongly to some z∈ C.

Proof. Let zn = PC(xn). We have

‖zn+1 − zn‖
2

= ‖zn+1 − xn+1‖
2
+ ‖xn+1 − zn‖

2
+ 2〈zn+1 − xn+1, xn+1 − zn〉

= ‖zn+1 − xn+1‖
2
+ ‖xn+1 − zn‖

2

+ 2(〈zn+1 − xn+1, xn+1 − zn+1〉 + 〈zn+1 − xn+1, zn+1 − zn〉)

≤ ‖xn+1 − zn‖
2
− ‖xn+1 − zn+1‖

2

≤ (1 + δn)
2
‖xn − zn‖

2
− ‖xn+1 − zn+1‖

2. (5)

This means

‖xn+1 − zn+1‖ ≤ (1 + δn)‖xn − zn‖ for all n ∈ N.

By Lemma 1, limn→∞ ‖xn − zn‖ exists. To see that{zn} is a Cauchy sequence, we observe from(5) that

‖zn+1 − zn‖
2

≤ (1 + 2δn + δ2
n)‖xn − zn‖

2
− ‖xn+1 − zn+1‖

2

= (‖xn − zn‖
2
− ‖xn+1 − zn+1‖

2) + (2δn + δ2
n)‖xn − zn‖

2.

Since{‖xn − zn‖
2
} is bounded and

∑
∞

n=1 δn < ∞, we have

∞∑
n=1

(2δn + δ2
n)‖xn − zn‖

2 < ∞.

It then follows that
∞∑

n=1

‖zn+1 − zn‖
2 < ∞.

In particular,{zn} is a Cauchy sequence. Hence,{zn} converges strongly to somez ∈ C. �

3. Weak convergence theorems

Theorem 5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let{Tn} be a sequence of
Ln-Lipschitzian mappings from C into itself with

∑
∞

n=1(Ln − 1) < ∞ and let
⋂

∞

n=1 F(Tn) be nonempty. Let{xn} be
a sequence in C defined by x1 ∈ C and

xn+1 = αnxn + (1 − αn)Tnxn

for all n ∈ N, where{αn} is a sequence in[0, 1) with
∑

∞

n=1 αn(1− αn) = ∞. Let
∑

∞

n=1 sup{‖Tn+1z− Tnz‖ : z ∈ B}

< ∞ for any bounded subset B of C and T be a mapping of C into itself defined by T z= limn→∞ Tnz for all z ∈ C
and suppose that F(T) =

⋂
∞

n=1 F(Tn), then{xn} converges weakly tow ∈ F(T). Moreover,limn→∞ PF(T)xn = w.

Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and its
applications, Nonlinear Analysis (2007), doi:10.1016/j.na.2007.08.044
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Proof. Let p ∈
⋂

∞

n=1 F(Tn), it follows from (4) that

‖xn+1 − p‖
2

= ‖αn(xn − p) + (1 − αn)(Tnxn − p)‖2

= αn‖xn − p‖
2
+ (1 − αn)‖Tnxn − p‖

2
− αn(1 − αn)‖xn − Tnxn‖

2

≤ (1 + (1 − αn)(L
2
n − 1))‖xn − p‖

2
− αn(1 − αn)‖xn − Tnxn‖

2 (6)

for all n ∈ N. Hence

‖xn+1 − p‖
2

≤ (1 + (1 − αn)(L
2
n − 1))‖xn − p‖

2 (7)

for all n ∈ N. By Lemma 1, we have that limn→∞ ‖xn − p‖ exists. Furthermore, from(6), we have

αn(1 − αn)‖xn − Tnxn‖
2

≤ ‖xn − p‖
2
− ‖xn+1 − p‖

2
+ (1 − αn)(L

2
n − 1)M,

whereM = sup{‖xn − p‖
2

: n ∈ N}. Summing from 1 tom and tending to infinity form, we have

∞∑
n=1

αn(1 − αn)‖xn − Tnxn‖
2 < ∞.

Since
∑

∞

n=1 αn(1 − αn) = ∞ and fromLemma 2, we have

lim inf
n→∞

‖xn − Tnxn‖ = 0.

We next prove that the limit limn→∞ ‖xn − Tnxn‖ actually exists. Since{xn} is bounded, it follows that

∞∑
n=1

sup{‖Tnz − Tn+1z‖ : z ∈ {xn}} < ∞. (8)

We compute

‖xn+1 − Tn+1xn+1‖ ≤ αn‖xn − Tn+1xn+1‖ + (1 − αn)‖Tnxn − Tn+1xn+1‖

≤ αn (‖xn − xn+1‖ + ‖xn+1 − Tn+1xn+1‖)

+ (1 − αn) (‖Tnxn − Tnxn+1‖ + ‖Tnxn+1 − Tn+1xn+1‖)

≤ (1 + (1 − αn)(Ln − 1))‖xn − xn+1‖ + αn‖xn+1 − Tn+1xn+1‖

+ (1 − αn)‖Tnxn+1 − Tn+1xn+1‖

= (1 + (1 − αn)(Ln − 1))(1 − αn)‖xn − Tnxn‖ + αn‖xn+1 − Tn+1xn+1‖

+ (1 − αn)‖Tnxn+1 − Tn+1xn+1‖.

It follows from 1− αn > 0 that

‖xn+1 − Tn+1xn+1‖ ≤ (1 + (1 − αn)(Ln − 1))‖xn − Tnxn‖ + ‖Tnxn+1 − Tn+1xn+1‖

≤ (1 + (1 − αn)(Ln − 1))‖xn − Tnxn‖ + sup{‖Tnz − Tn+1z‖ : z ∈ {xn}}.

By Lemma 1and(8), we have that limn→∞ ‖xn − Tnxn‖ exists. Thus

lim
n→∞

‖xn − Tnxn‖ = 0.

We applyLemma 3to get

‖xn − T xn‖ ≤ ‖xn − Tnxn‖ + ‖Tnxn − T xn‖

≤ ‖xn − Tnxn‖ + sup{‖Tnz − T z‖ : z ∈ {xn}} → 0.

From the definition ofT and limn→∞ Ln = 1, we have thatT is nonexpansive. Since{xn} is bounded, there exists a
subsequence{xni } of {xn} such thatxni ⇀ w. So by the demiclosedness principle,w ∈ F(T). To prove thatxn ⇀ w,
suppose that there exist{xm j } ⊂ {xn} andw′

6= w such thatxm j ⇀ w′. So, we havew′
∈ F(T). It follows that

Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and its
applications, Nonlinear Analysis (2007), doi:10.1016/j.na.2007.08.044
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lim
n→∞

‖xn − w‖ = lim
i →∞

‖xni − w‖ < lim
i →∞

‖xni − w′
‖

= lim
j →∞

‖xm j − w′
‖ < lim

j →∞
‖xm j − w‖

= lim
n→∞

‖xn − w‖,

arriving at a contradiction. Hencexn ⇀ w ∈ F(T). Finally we prove that limn→∞ zn = w, wherezn = PF(T)xn for
eachn ∈ N. By (7)andLemma 4, there isw0 ∈ F(T) such thatzn → w0. Fromzn = PF(T)xn andw ∈ F(T), we have

〈xn − zn, zn − w〉 ≥ 0, for all n ∈ N.

It follows from zn → w0 andxn ⇀ w that

〈w − w0, w0 − w〉 ≥ 0

and thenw0 = w. This completes the proof. �

SettingLn ≡ 1 in Theorem 5, we have the following result.

Corollary 6. Let C be a nonempty closed convex subset of a real Hilbert space H. Let{Tn} be a sequence of
nonexpansive mappings from C into itself such that

⋂
∞

n=1 F(Tn) is nonempty. Let{xn} be a sequence in C defined by
x1 ∈ C and

xn+1 = αnxn + (1 − αn)Tnxn

for all n ∈ N, where{αn} is a sequence in[0, 1) with
∑

∞

n=1 αn(1− αn) = ∞. Let
∑

∞

n=1 sup{‖Tn+1z− Tnz‖ : z ∈ B}

< ∞ for any bounded subset B of C and T be a mapping of C into itself defined by T z= limn→∞ Tnz for all z ∈ C
and suppose that F(T) =

⋂
∞

n=1 F(Tn), then{xn} converges weakly tow ∈ F(T). Moreover,limn→∞ PF(T)xn = w.

Remark 7. Corollary 6is also a direct consequence of [14, Theorem 3.1].

As in [1, Theorem 4.1], we can generate a sequence{Tn} of nonexpansive mappings satisfying condition∑
∞

n=1 sup{‖Tn+1z − Tnz‖ : z ∈ B} < ∞ for any bounded subsetB of C by using convex combination of a general
sequence{Sk} of nonexpansive mappings with a common fixed point.

Corollary 8. Let C be a nonempty closed convex subset of a real Hilbert space H. Let{αn} be a sequence in[0, 1)

such that
∑

∞

n=1 αn(1−αn) = ∞. Let{βk
n} be a family of positive real numbers with indices n, k∈ N with k ≤ n such

that

(i)
∑n

k=1 βk
n = 1 for every n∈ N;

(ii) limn→∞ βk
n > 0 for every k∈ N, and

(iii)
∑

∞

n=1
∑n

k=1 |βk
n+1 − βk

n| < ∞.

Let {Sk} be a sequence of nonexpansive mappings from C into itself with a common fixed point. Then a sequence
{xn} in C defined by x1 ∈ C and

xn+1 = αnxn + (1 − αn)

n∑
k=1

βk
n Skxn for all n ∈ N,

converges weakly tow ∈
⋂

∞

n=1 F(Sk). Moreover,limn→∞ P⋂
∞

k=1 F(Sk)
xn = w.

Corollary 9 ([19] ). Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be a nonexpansive
mapping from C into itself such that F(T) is nonempty. Let{xn} be a sequence in C defined by(1). If {αn} is a sequence
in [0, 1) with

∑
∞

n=1 αn(1 − αn) = ∞, then{xn} converges weakly tow ∈ F(T). Moreover,limn→∞ PF(T)xn = w.

Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and its
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4. Strong convergence theorems

Inspired by Nakajo–Takahashi’s paper [13] and Kim–Xu’s paper [8], Mann type iteration in Section3 is modified
to obtain the strong convergence theorem as follows.

Theorem 10. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let{Tn} be a sequence
of Ln-Lipschitzian mappings from C into itself with Ln ≥ 1 and let

⋂
∞

n=0 F(Tn) be nonempty. Assume that{αn} is a
sequence in[0, 1) with lim supn→∞ αn < 1. Let {xn} be a sequence in C defined as follows:

x0 ∈ C is arbitrary,
yn = αnxn + (1 − αn)Tnxn,

Cn = {z ∈ C : ‖yn − z‖2
≤ ‖xn − z‖2

+ θn},

Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qn x0, n = 0, 1, 2, . . . ,

where

θn = (1 − αn)(L
2
n − 1)(diamC)2

→ 0 as n→ ∞.

Let
∑

∞

n=0 sup{‖Tn+1z − Tnz‖ : z ∈ B} < ∞ for any bounded subset B of C and T be a mapping of C into itself
defined by T z= limn→∞ Tnz for all z ∈ C and suppose that F(T) =

⋂
∞

n=0 F(Tn), then{xn} converges strongly to
PF(T)x0.

Proof. We first prove thatCn andQn are closed and convex for eachn ∈ N ∪ {0}. From the definition ofCn andQn,
it is obvious thatCn is closed andQn is closed and convex for eachn ∈ N ∪ {0}. We prove thatCn is convex. Since
‖yn − z‖2

≤ ‖xn − z‖2
+ θn is equivalent to

2〈xn − yn, z〉 ≤ ‖xn‖
2
− ‖yn‖

2
+ θn,

it follows thatCn is convex. Next, we show that

F(T) ⊂ Cn for all n ∈ N ∪ {0}. (9)

Let p ∈ F(T) andn ∈ N ∪ {0}. Then from

‖yn − p‖
2

= ‖αnxn + (1 − αn)Tnxn − p‖
2

≤ αn‖xn − p‖
2
+ (1 − αn)‖Tnxn − p‖

2

≤ αn‖xn − p‖
2
+ (1 − αn)L

2
n‖xn − p‖

2

= ‖xn − p‖
2
+ (1 − αn)(L

2
n − 1)‖xn − p‖

2

≤ ‖xn − p‖
2
+ θn,

we havep ∈ Cn. Therefore we obtain(9). Next, we show that

F(T) ⊂ Qn for all n ∈ N ∪ {0}. (10)

We prove this by induction. Forn = 0, we haveF(T) ⊂ C = Q0. Suppose thatF(T) ⊂ Qn. Then∅ 6= F(T)

⊂ Cn ∩ Qn and there exists a unique elementxn+1 ∈ Cn ∩ Qn such thatxn+1 = PCn∩Qn x0. Then

〈xn+1 − z, x0 − xn+1〉 ≥ 0

for eachz ∈ Cn ∩ Qn. In particular,

〈xn+1 − p, x0 − xn+1〉 ≥ 0

for eachp ∈ F(T). It follows thatF(T) ⊂ Qn+1 and hence(10)holds. This together with(9) gives

F(T) ⊂ Cn ∩ Qn for all n ∈ N ∪ {0}.

Now the sequence{xn} is well defined. It follows from the definition ofQn thatxn = PQn x0. Therefore

‖xn − x0‖ ≤ ‖z − x0‖ for all z ∈ Qn and alln ∈ N ∪ {0}.
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Let z ∈ F(T) ⊂ Qn for all n ∈ N ∪ {0}. Then

‖xn − x0‖ ≤ ‖z − x0‖ for all n ∈ N ∪ {0}.

On the other hand, fromxn+1 = PCn∩Qn x0 ∈ Qn, we have

‖xn − x0‖ ≤ ‖xn+1 − x0‖ for all n ∈ N ∪ {0}.

Therefore,{‖xn −x0‖} is nondecreasing and bounded. So limn→∞ ‖xn −x0‖ exists. This implies that{xn} is bounded.
Sincexn+1 = PCn∩Qn x0 ∈ Qn, we have〈xn − xn+1, x0 − xn〉 ≥ 0. It follows from(3) that

‖xn+1 − xn‖
2

= ‖(xn+1 − x0) − (xn − x0)‖
2

= ‖xn+1 − x0‖
2
− ‖xn − x0‖

2
− 2〈xn+1 − xn, xn − x0〉

≤ ‖xn+1 − x0‖
2
− ‖xn − x0‖

2

for all n ∈ N ∪ {0}. This implies that

lim
n→∞

‖xn+1 − xn‖ = 0. (11)

Sincexn+1 ∈ Cn, ‖yn − xn+1‖
2

≤ ‖xn − xn+1‖
2
+ θn which implies that

‖yn − xn+1‖ ≤ ‖xn − xn+1‖ +

√
θn → 0.

From lim supn→∞ αn < 1, we get

‖xn − Tnxn‖ =
1

1 − αn
‖yn − xn‖

≤
1

1 − αn
(‖yn − xn+1‖ + ‖xn − xn+1‖) → 0.

We applyLemma 3to get

‖xn − T xn‖ ≤ ‖xn − Tnxn‖ + ‖Tnxn − T xn‖

≤ ‖xn − Tnxn‖ + sup{‖Tnz − T z‖ : z ∈ {xn}} → 0. (12)

Finally, we show thatxn → w, wherew = PF(T)x0. Since{xn} is bounded. Let{xnk} be a subsequence of{xn} such
thatxnk ⇀ w′. SinceI −T is demiclosed and from(12), we havew′

∈ F(T). Sincexn = PQn x0 andw ∈ F(T) ⊂ Qn,
we have

‖xn − x0‖ ≤ ‖w − x0‖.

It follows from w = PF(T)x0 and the lower semicontinuity of the norm that

‖w − x0‖ ≤ ‖w′
− x0‖ ≤ lim inf

k→∞
‖xnk − x0‖ ≤ lim sup

k→∞

‖xnk − x0‖ ≤ ‖w − x0‖.

Thus, we obtain that limk→∞ ‖xnk − x0‖ = ‖w′
− x0‖ = ‖w − x0‖. Using the Kadec–Klee property ofH , we obtain

that

lim
k→∞

xnk = w′
= w.

Since{xnk} is an arbitrary subsequence of{xn}, we can conclude that{xn} converges strongly toPF(T)x0. �

It is not difficult to see from the proof above that the boundedness ofC can be discarded if{Tn} is a sequence of
nonexpansive mappings. So we immediately obtain the following corollary.

Corollary 11. Let C be a nonempty closed convex subset of a real Hilbert space H. Let{Tn} be a sequence of
nonexpansive mappings from C into itself such that

⋂
∞

n=0 F(Tn) is nonempty. Assume that{αn} is a sequence in[0, 1)
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with lim supn→∞ αn < 1. Let {xn} be a sequence in C defined as follows:
x0 ∈ C is arbitrary,
yn = αnxn + (1 − αn)Tnxn,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qn x0, n = 0, 1, 2, . . . ,

Let
∑

∞

n=0 sup{‖Tn+1z − Tnz‖ : z ∈ B} < ∞ for any bounded subset B of C and T be a mapping of C into itself
defined by T z= limn→∞ Tnz for all z ∈ C and suppose that F(T) =

⋂
∞

n=0 F(Tn), then{xn} converges strongly to
PF(T)x0.

Remark 12. Corollary 11is a consequence of [15, Theorem 3.1(iii)].

Corollary 13. Let C be a nonempty closed convex subset of a real Hilbert space H. Let{αn} be a sequence in[0, 1)

such thatlim supn→∞ αn < 1. Let {βk
n} be a family of positive real numbers with indices n, k∈ N with k ≤ n such

that

(i)
∑n

k=0 βk
n = 1 for every n∈ N ∪ {0};

(ii) limn→∞ βk
n > 0 for every k∈ N ∪ {0}, and

(iii)
∑

∞

n=0
∑n

k=0 |βk
n+1 − βk

n| < ∞.

Let {Sk} be a sequence of nonexpansive mappings from C into itself with a common fixed point. Then a sequence
{xn} in C defined as follows:

x0 ∈ C is arbitrary,

yn = αnxn + (1 − αn)

n∑
k=0

βk
n Skxn,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qn x0, n = 0, 1, 2, . . . ,

converges strongly to P⋂∞

n=1 F(Sk)
x0.

Corollary 14 ([13], Theorem 3.4). Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be a
nonexpansive mapping from C into itself such that F(T) is nonempty. Let{xn} be a sequence in C defined by(2). If
{αn} is a sequence in[0, 1) with lim supn→∞ αn < 1, then{xn} converges strongly to PF(T)x0.

5. Applications

5.1. Equilibrium problems

Let C be a nonempty closed convex subset of a real Hilbert spaceH . Let f be a bifunction ofC ×C into R, where
R is the set of real numbers. The equilibrium problem forf : C × C → R is to findx ∈ C such that

f (x, y) ≥ 0 for all y ∈ C. (13)

The set of solutions of(13) is denoted by EP( f ). Numerous problems in physics, optimization, and economics can be
reduced to find a solution of(13). Some methods have been proposed to solve the equilibrium problem (see [2,4,11,
22]). In 2005, Combettes and Hirstoaga [3] introduced an iterative scheme for finding the best approximation to the
initial data when EP( f ) is nonempty and they also proved a strong convergence theorem.

For solving the equilibrium problem, let us assume that the bifunctionf satisfies the following conditions (see [2]):

(A1) f (x, x) = 0 for all x ∈ C;
(A2) f is monotone, i.e.,f (x, y) + f (y, x) ≤ 0 for anyx, y ∈ C;
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(A3) f is upper-hemicontinuous, i.e., for eachx, y, z ∈ C,

lim sup
t→0+

f (tz + (1 − t)x, y) ≤ f (x, y);

(A4) f (x, ·) is convex and lower semicontinuous for eachx ∈ C.

By [2, Corollary 1] and [3, Lemma 2.12], we have the following lemma.

Lemma 15. Let C be a nonempty closed convex subset of a real Hilbert space H, let f be a bifunction from C× C
into R satisfying(A1)–(A4) and let r > 0 and x∈ H. Then there exists a unique x∗

∈ C such that

f (x∗, y) +
1

r
〈y − x∗, x∗

− x〉 ≥ 0 for all y ∈ C.

Moreover, let Tr be a mapping of H into C defined by

Tr (x) = x∗

for all x ∈ H. Then, the following hold:

(i) Tr is firmly nonexpansive, i.e., for any x, y ∈ H,

‖Tr x − Tr y‖
2

≤ 〈Tr x − Tr y, x − y〉;

(ii) F(Tr ) = EP( f );
(iii) EP( f ) is closed and convex.

UsingTheorem 5, we have the following theorem.

Theorem 16. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C× C
into R satisfying(A1)–(A4) andEP( f ) 6= ∅. Let {xn} and{un} be sequences generated by x1 ∈ C and f (un, y) +

1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnxn + (1 − αn)un,

for all n ∈ N, where{αn} is a sequence in[0, 1] with
∑

∞

n=1 αn(1 − αn) = ∞ and {rn} is a sequence in(0, ∞)

with lim infn→∞ rn > 0, and
∑

∞

n=1 |rn+1 − rn| < ∞. Then{xn} converges weakly tow ∈ EP( f ). Moreover,
limn→∞ PEP( f )xn = w.

Proof. In order to applyTheorem 5, we first prove that

∞∑
n=1

sup{‖Trn+1z − Trn z‖ : z ∈ B} < ∞ (14)

for any bounded subsetB of C. Let B be a bounded subset ofC. Forn ∈ N andz ∈ B, let zn = Trn z. Then

f (zn, y) +
1

rn
〈y − zn, zn − z〉 ≥ 0 for all y ∈ C (15)

and

f (zn+1, y) +
1

rn+1
〈y − zn+1, zn+1 − z〉 ≥ 0 for all y ∈ C. (16)

Puttingy = zn+1 in (15)andy = zn in (16), we have

f (zn, zn+1) +
1

rn
〈zn+1 − zn, zn − z〉 ≥ 0

and

f (zn+1, zn) +
1

rn+1
〈zn − zn+1, zn+1 − z〉 ≥ 0.

Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and its
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So, from (A2) we have〈
zn+1 − zn,

zn − z

rn
−

zn+1 − z

rn+1

〉
≥ 0

and hence〈
zn+1 − zn, zn − z −

rn

rn+1
(zn+1 − z)

〉
≥ 0.

Thus,

〈zn+1 − zn, zn − zn+1〉 +

〈
zn+1 − zn,

(
1 −

rn

rn+1

)
(zn+1 − z)

〉
≥ 0.

Without loss of generality, let us assume that there exists a real numberb such thatrn > b > 0 for all n ∈ N. Then
we have

‖zn+1 − zn‖
2

≤

〈
zn+1 − zn,

(
1 −

rn

rn+1

)
(zn+1 − z)

〉
≤ ‖zn+1 − zn‖

∣∣∣∣1 −
rn

rn+1

∣∣∣∣ ‖zn+1 − z‖,

and hence

‖Trn+1z − Trn z‖ = ‖zn+1 − zn‖

≤
1

rn+1
|rn+1 − rn|‖Trn+1z − z‖

≤
1

b
|rn+1 − rn|‖Trn+1z − z‖. (17)

By Lemma 15(ii), we have EP( f ) =
⋂

∞

n=1 F(Trn). Let v ∈ EP( f ) andM = sup{‖z − v‖ : z ∈ B}. Then

‖Trn+1z − z‖ ≤ ‖Trn+1z − v‖ + ‖v − z‖

= ‖Trn+1z − Trn+1v‖ + ‖v − z‖

≤ 2‖z − v‖.

This together with(17)gives

sup{‖Trn+1z − Trn z‖ : z ∈ B} ≤
2M

b
|rn+1 − rn|.

Since
∑

∞

n=1 |rn+1 − rn| < ∞, we obtain(14). By Lemma 3, we define a mappingT by

T x = lim
n→∞

Trn x for all x ∈ C.

Finally we prove that

F(T) =

∞⋂
n=1

F(Trn). (18)

It easy to see that
⋂

∞

n=1 F(Trn) ⊂ F(T). Let w ∈ F(T). Forn ∈ N, let wn = Trnw. Then

f (wn, y) +
1

rn
〈y − wn, wn − w〉 ≥ 0 for all y ∈ C.

By (A2), we have

1

rn
〈y − wn, wn − w〉 ≥ f (y, wn) for all y ∈ C.
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Sincewn → w and from (A4), we have

0 ≥ f (y, w) for all y ∈ C.

Then, fort ∈ (0, 1] andy ∈ C,

0 = f (ty + (1 − t)w, ty + (1 − t)w)

≤ t f (ty + (1 − t)w, y) + (1 − t) f (ty + (1 − t)w, w)

≤ t f (ty + (1 − t)w, y)

or

f (ty + (1 − t)w, y) ≥ 0.

Letting t → 0+ and using (A3), we get

f (w, y) ≥ 0 for all y ∈ C

and hencew ∈ EP( f ) =
⋂

∞

n=1 F(Trn). Therefore we obtain(18). Applying Theorem 5, {xn} converges weakly to
w = limn→∞ PEP( f )xn. �

UsingCorollary 11, we have the following theorem.

Theorem 17. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction from C× C
into R satisfying(A1)–(A4) andEP( f ) 6= ∅. Let {xn} and{un} be sequences generated by x0 ∈ C and

f (un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnxn + (1 − αn)un,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qn x0, n = 0, 1, 2 . . . ,

where{αn} is a sequence in[0, 1) with lim supn→∞ αn < 1 and{rn} is a sequence in(0, ∞) with lim infn→∞ rn > 0,
and

∑
∞

n=1 |rn+1 − rn| < ∞. Then{xn} converges strongly to PEP( f )x0.

5.2. Convergence theorem for monotone mappings

Let H be a real Hilbert space andC be a nonempty closed convex subset ofH . Let A : C → H be a mapping. The
classical variational inequality is to findx ∈ C such that

〈Ax, y − x〉 ≥ 0 for all y ∈ C.

The set of solutions of classical variational inequality is denoted by VIP(C, A). The variational inequality has been
extensively studied in the literature (see [7,12,16,23,25–27] and the references therein). We recall that a mapping
A : C → H is said to be:

(a) monotone if

〈Au − Av, u − v〉 ≥ 0 ∀u, v ∈ C;

(b) α-inverse-strongly monotone if there exists a constantα > 0 such that

〈Au − Av, u − v〉 ≥ α‖Au − Av‖
2

∀u, v ∈ C;

(c) r -strongly monotone if there exists a constantr > 0 such that

〈Au − Av, u − v〉 ≥ r ‖u − v‖
2

∀u, v ∈ C;

(d) relaxed(γ, r )-cocoercive if there exist constantγ , r > 0 such that

〈Au − Av, u − v〉 ≥ −γ ‖Au − Av‖
2
+ r ‖u − v‖

2
∀u, v ∈ C;
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(e) µ-Lipschitzian if there exists a constantµ > 0 such that

‖Au − Av‖ ≤ µ‖u − v‖ ∀u, v ∈ C.

Remark 18. (1) Everyα-inverse-strongly monotone mapping is monotone and 1/α-Lipschitzian.
(2) Everyr -strongly monotone is monotone.
(3) Every relaxed(γ, r )-cocoercive andµ-Lipschitzian mapping withγµ2

≤ r is monotone.

Lemma 19. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C into H. Define a bifunction f: C × C → R as follows

f (x, y) := 〈Ax, y − x〉 (19)

for all x, y ∈ C. Then f satisfies(A1)–(A4) andVIP(C, A) = EP( f ).

Proof. It easy to see that VIP(C, A) = EP( f ). We show thatf satisfies (A1)–(A4).
(A1) Let x ∈ C. Then f (x, x) = 〈Ax, x − x〉 = 0.

(A2) Let x, y ∈ C. SinceA is monotone, we have〈Ax − Ay, x − y〉 ≥ 0. Then

f (x, y) + f (y, x) = 〈Ax, y − x〉 + 〈Ay, x − y〉

= 〈Ay − Ax, x − y〉

= −〈Ax − Ay, x − y〉 ≤ 0.

(A3) Let x, y, z ∈ C andt ∈ [0, 1]. SinceA is continuous, we have

lim
t→0+

f (tz + (1 − t)x, y) = lim
t→0+

〈A(tz + (1 − t)x), y − (tz + (1 − t)x)〉

= 〈Ax, y − x〉 = f (x, y).

(A4) Let x ∈ C. Then

f (x, ty + (1 − t)z) = 〈Ax, (ty + (1 − t)z − x)〉

= 〈Ax, t (y − x)〉 + 〈Ax, (1 − t)(z − x)〉

= t〈Ax, y − x〉 + (1 − t)〈Ax, z − x〉

= t f (x, y) + (1 − t) f (x, z),

for all y, z ∈ C andt ∈ [0, 1]. So we have thatf (x, ·) is linear. Lety ∈ C and{yn} ⊂ C such thatyn → y. Then

lim
n→∞

f (x, yn) = lim
n→∞

〈Ax, yn − x〉 = 〈Ax, y − x〉 = f (x, y).

Hence f (x, ·) is continuous. �

Lemma 20. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C into H and let f be a bifunction defined by(19). Let x ∈ H, u ∈ C and r > 0. Then

f (u, y) +
1

r
〈y − u, u − x〉 ≥ 0, ∀y ∈ C ⇔ u = PC(x − r Au).

Proof. Let y ∈ C. Then

f (u, y) +
1

r
〈y − u, u − x〉 = 〈Au, y − u〉 +

〈
y − u,

u − x

r

〉
=

〈
y − u, Au +

u − x

r

〉
=

1

r
〈y − u, u − (x − r Au)〉

Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and its
applications, Nonlinear Analysis (2007), doi:10.1016/j.na.2007.08.044



ARTICLE  IN  PRESS
W. Nilsrakoo, S. Saejung / Nonlinear Analysis( ) – 13

and hence

f (u, y) +
1

r
〈y − u, u − x〉 ≥ 0, ∀y ∈ C

⇔〈y − u, u − (x − r Au)〉 ≥ 0, ∀y ∈ C

⇔u = PC(x − r Au). �

UsingTheorem 16, Lemmas 19and20, we have the following theorem.

Theorem 21. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C such thatVIP(C, A) 6= ∅. Let {xn} and{un} be sequences generated by x1 ∈ C and{

un = PC(xn − rn Aun)

xn+1 = αnxn + (1 − αn)un,

for all n ∈ N, where{αn} is a sequence in[0, 1] with
∑

∞

n=1 αn(1 − αn) = ∞ and {rn} is a sequence in(0, ∞)

with lim infn→∞ rn > 0, and
∑

∞

n=1 |rn+1 − rn| < ∞. Then{xn} converges weakly tow ∈ VIP(C, A). Moreover,
limn→∞ PVIP(C,A)xn = w.

UsingTheorem 17, Lemmas 19and20, we have the following theorem.

Theorem 22. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C such thatVIP(C, A) 6= ∅. Let {xn} and{un} be sequences generated by x0 ∈ C and

un = PC(xn − rn Aun)

yn = αnxn + (1 − αn)un,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},

xn+1 = PCn∩Qn x0, n = 0, 1, 2 . . . ,

where{αn} is a sequence in[0, 1) with lim supn→∞ αn < 1 and{rn} is a sequence in(0, ∞) with lim infn→∞ rn > 0,
and

∑
∞

n=1 |rn+1 − rn| < ∞. Then{xn} converges strongly to PVIP(C,A)x0.

Remark 23. (1) As Remark 18, we obtain a strong convergence theorem forα-inverse-strongly monotone mappings,
r -strongly monotone and continuous mappings and relaxed(γ, r )-cocoercive andµ-Lipschitzian mappings with
γµ2

≤ r .
(2) Some weak and strong convergence theorems for monotone Lipschitzian mappings were established by several

authors [7,12,16,23,25–27]. However, there is a monotone continuous mapping which is not Lipschitzian. Let
H = R with the usual inner product and usual norm and letC = [0, 1]. Define A : C → C by Ax =

1 − (1 − x2/3)3/2 for all x ∈ C. Then A is not Lipschitzian (see [20]). But A is monotonically increasing,
so

〈Ax − Ay, x − y〉 = (Ax − Ay)(x − y) ≥ 0 ∀x, y ∈ C.

HenceA is monotone and continuous with 0∈ VIP(C, A) 6= ∅. Therefore,Theorems 21and22 provide a new
convergence theorem for a wider class of mappings.
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1 Introduction

Let H be a real Hilbert space and C be a nonempty closed convex subset of
H. Let F be a bifunction of C×C into R, where R is the set of real numbers.
The equilibrium problem for F : C × C → R is to find x ∈ C such that

F (x, y) ≥ 0 for all y ∈ C. (1)

The set of solutions of (1) is denoted by EP(F ). Given a mapping T : C → H,
let F (x, y) = 〈Tx, y − x〉 for all x, y ∈ C. Then, z ∈ EP(F ) if and only if
〈Tz, y− z〉 ≥ 0 for all y ∈ C, i.e., z is a solution of the variational inequality.
Numerous problems in physics, optimization, and economics reduce to find a
solution of (1). Some methods have been proposed to solve the equilibrium
problem (see [1, 5, 13]). In 2005, Combettes and Hirstoaga [4] introduced an
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iterative scheme of finding the best approximation to the initial data when
EP(F ) is nonempty and they also proved a strong convergence theorem.

A mapping f of C into H is called a contraction if there exists a ∈ (0, 1)
such that

‖f(x)− f(y)‖ ≤ a‖x− y‖ for all x, y ∈ C

and a mapping S of C into H is said to be nonexpansive if

‖Sx− Sy‖ ≤ ‖x− y‖ for all x, y ∈ C.

We denote by F(S) the set of fixed points of S. If C is bounded closed convex
and S is a nonexpansive mapping of C into itself, then F(S) is nonempty (see
[9], cf. also [22]).

There are many methods for approximating fixed points of a nonexpansive
mapping. In 1953, Mann [11] introduced the iteration as follows: a sequence
{xn} defined by

xn+1 = αnxn + (1− αn)Sxn

where the initial guess x0 ∈ C is arbitrary and {αn} is a real sequence in
[0, 1]. Mann iteration has been extensively investigated for nonexpansive
mappings. One of the fundamental convergence results is proved by Reich
[17]. In an infinite-dimensional Hilbert space, Mann iteration can conclude
only weak convergence [6].

Some attempts to construct iteration method so that strong convergence
is guaranteed have recently been made.

For a sequence {αn} of real numbers in [0, 1] and an arbitrary u ∈ C, let
the sequence {xn} in C be iteratively defined by x0 ∈ C,

xn+1 = αnu + (1− αn)Sxn. (2)

The recursion formula (2) was first introduced in 1967 by Halpern [7]. In
1977, Lions [10] improved the result of Halpern by proving strong convergence
of {xn} to a fixed point of S where the real sequence {αn} satisfies the
following conditions:

(C1) limn→∞ αn = 0;

(C2)
∑∞

n=1 αn = ∞;

(C3) limn→∞(αn+1 − αn)/α2
n+1 = 0.

Wittmann [24] proved a strong convergence theorem under the assumption
of (C1), (C2) and

(C3′)
∑∞

n=1 |αn+1 − αn| < ∞.

Xu [25, 26] considered the conditions (C1), (C2) and

(C3′′) limn→∞(αn+1 − αn)/αn+1 = 0.
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He showed that condition (C3) and (C3′) are not comparable and that (C3′)
and (C3′′) are not comparable either. We note that (C3′′) is weaker than
(C3) by removing the square in the denominator so that the canonical choice
of αn = 1/(n + 1) is possible.

Moudafi [12] introduced the viscosity approximation method as follows:

xn+1 = αnf(xn) + (1− αn)Sxn. (3)

If f(x) = u ∈ C for all x ∈ H, then Moudafi’s iteration reduces to Halpern
iteration.

Chidume and Chidume [2], and, independently, Suzuki [20] introduced
iteration similar to (2) as follows:

xn+1 = αnu + (1− αn)(λSxn + (1− λ)xn) (4)

for all n ∈ N, where u ∈ C, λ ∈ (0, 1) and {αn} ⊂ [0, 1].
Recently, Yao, Chen and Zhou [27] introduced a modified Halpern itera-

tion as follows:

yn = αnf(xn) + (1− αn)Sxn,

xn+1 = βnxn + (1− βn)yn (5)

for all n ∈ N, where {αn} and {βn} are sequences in [0, 1].
Setting f(x) = u ∈ C for all x ∈ C, β′n = (1 − αn)(1 − λ) and α′n =

αn/(1− β′n) for all n ∈ N. Then we can rewrite (4) as follows:

yn = α′nf(xn) + (1− α′n)Sxn,

xn+1 = β′nxn + (1− β′n)yn.

Inspired by (3), Takahashi and Takahashi [21] introduce a new iteration by
the Moudafi’s viscosity method for finding a common element of the set of
solutions of an equilibrium problem and the set of fixed points of a nonex-
pansive mapping in a Hilbert space. The purpose of the paper is to extend
Takahashi–Takahashi’s iteration by means of Mann’s method and Moudafi’s
method. In section 3 we prove a convergence theorem of our iteration under
the weaker assumption as were the case in [21]. The new iteration considered
in the paper is applied to find a common element of the set of fixed points of
a nonexpansive mapping and the set of solutions of a variational inequality
problem for continuous monotone mappings. Consequently, the correspond-
ing results for α-inverse-strongly monotone mappings, r-strongly monotone
mappings and relaxed (γ, r)-cocoercive mappings are obtained respectively.
We also propose a slightly modified Mann-type iteration to obtain a strong
convergence theorem for continuous pseudocontractive mappings. It is known
that there is a Lipschitzian pseudocontractive mapping with a unique fixed
point for which every Mann sequence fails to converge [3].
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2 Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. We
write xn → x (xn ⇀ x, resp.) if {xn} converges (weakly, resp.) to x. In a
real Hilbert space H, we have

‖x + y‖2 = ‖x‖2 − ‖y‖2 + 2〈x + y, y〉 (6)

and

‖λx + (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2 (7)

for all x, y ∈ H and λ ∈ [0, 1]. It is also known that H satisfies the Opial’s
condition [16], that is, for any sequence {xn} with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

holds for every y ∈ H with y 6= x. Let C be a nonempty closed convex subset
of H. Then, for any x ∈ H, there exists a unique nearest point in C, denoted
by PCx, such that

‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C.

Such a mapping PC is called the metric projection of H onto C. We know
that PC is nonexpansive. Further more, for x ∈ H and z ∈ C,

z = PCx if and only if 〈x− z, z − y〉 ≥ 0 for all y ∈ C.

For solving the equilibrium problem, let us assume that the bifunction F
satisfies the following conditions (see [1]):

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for any x, y ∈ C;

(A3) F is upper-hemicontinuous, i.e., for each x, y, z ∈ C,

lim sup
t→0+

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) F (x, ·) is convex and lower semicontinuous for each x ∈ C.

The following lemma will be useful for proving the main result of this paper.

Lemma 1 ([1], Corollary 1). Let C be a nonempty closed convex subset
of a real Hilbert space H, let F be a bifunction from C × C into R satisfies
(A1)-(A4) and let r > 0 and x ∈ H. Then there exists z ∈ C such that

F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0 for all y ∈ C.
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Lemma 2 ([4], Lemma 2.12). Assume that F : C × C → R satisfies
(A1)-(A4). For r > 0 and x ∈ H, defined a mapping Tr : H → C as follows:

Tr(x) =
{
z ∈ C : F (z, y) +

1
r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

for all x ∈ H. Then, the following hold:

(i) Tr is single-valued;

(ii) Tr is firmly nonexpansive, i.e., for any x, y ∈ H,

‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉;
(iii) F(Tr) = EP(F );

(iv) EP(F ) is closed and convex.

Lemma 3 ([19], Lemma 2.2). Let {xn} and {yn} be bounded sequences in
a Banach space, and let {βn} be a sequence in [0, 1] with

(B) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

Suppose that xn+1 = βnxn+(1−βn)yn for all n ∈ N and lim supn→∞(‖yn+1−
yn‖ − ‖xn+1 − xn‖) ≤ 0. Then limn→∞ ‖yn − xn‖ = 0.

Lemma 4 ([25], Lemma 2.1). Let {an} be a sequence of nonnegative real
numbers that satisfies that condition

an+1 ≤ (1− γn)an + γnδn

for all n ∈ N, where the sequences {γn} in (0, 1) and {δn} satisfy conditions:
limn→∞ γn = 0,

∑∞
n=1 γn = ∞, lim supn→∞ δn ≤ 0. Then limn→∞ an = 0.

3 Equilibrium problems

In this section, we approximate a common element of the set of solutions of
an equilibrium problem and the set of fixed points of a nonexpansive mapping
in a Hilbert space.

Theorem 5. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C ×C into R satisfying (A1)-(A4) and
let S be a nonexpansive mapping of C into H such that F(S) ∩ EP(F ) 6= ∅.
Let f be a contraction of H into itself and let {xn} and {un} be sequences
generated by x1 ∈ H and





F (un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnf(xn) + (1− αn)Sun,

xn+1 = βnxn + (1− βn)yn

for all n ∈ N, where {αn} and {βn} are sequences in [0, 1] with (C1), (C2)
and (B) and {rn} is a sequence in (0,∞) with
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(R1) lim infn→∞ rn > 0, and

(R2) limn→∞(rn+1 − rn) = 0.

Then {xn} and {un} converge strongly to z = PF(S)∩EP(F )f(z).

Proof. Let v ∈ F(S) ∩ EP(F ). Then un = Trn
xn, we have

‖un − v‖ ≤ ‖Trnxn − Trnv‖ ≤ ‖xn − v‖ (8)

for all n ∈ N. Put K = max{‖x1 − v‖, 1
1−a‖f(v) − v‖}. We note here that

a ∈ (0, 1). It is obvious that ‖x1 − v‖ ≤ K. Suppose that ‖xn − v‖ ≤ K.
Then, by (8),

‖yn − v‖ ≤ αn‖f(xn)− v‖+ (1− αn)‖Sun − v‖
≤ αn‖f(xn)− f(v)‖+ αn‖f(v)− v‖+ (1− αn)‖un − v‖
≤ αna‖xn − v‖+ αn(1− a)

1
1− a

‖f(v)− v‖+ (1− αn)‖xn − v‖
≤ K,

and so

‖xn+1 − v‖ ≤ βn‖xn − v‖+ (1− βn)‖yn − v‖ ≤ K.

So, we have that ‖xn − v‖ ≤ K for all n ∈ N and hence {xn} is bounded.
We also obtain that {un}, {Sun}, {f(xn)} and {yn} are bounded. Next, we
show that

lim
n→∞

‖xn+1 − xn‖ = 0. (9)

Since un = Trnxn and un+1 = Trn+1xn+1, we have

F (un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0 for all y ∈ C (10)

and

F (un+1, y) +
1

rn+1
〈y − un+1, un+1 − xn+1〉 ≥ 0 for all y ∈ C. (11)

Putting y = un+1 in (10) and y = un in (11), we have

F (un, un+1) +
1
rn
〈un+1 − un, un − xn〉 ≥ 0

and
F (un+1, un) +

1
rn+1

〈un − un+1, un+1 − xn+1〉 ≥ 0.

So, from (A2) we have

〈un+1 − un,
un − xn

rn
− un+1 − xn+1

rn+1
〉 ≥ 0
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and hence

〈un+1 − un, un − xn − rn

rn+1
(un+1 − xn+1)〉 ≥ 0.

Thus,

〈un+1 − un, un − un+1〉+ 〈un+1 − un, un+1 − xn − rn

rn+1
(un+1 − xn+1)〉 ≥ 0.

Without loss of generality, let us assume that there exists a real number b
such that rn > b > 0 for all n ∈ N. Then we have

‖un+1 − un‖2 ≤ 〈un+1 − un, un+1 − xn − rn

rn+1
(un+1 − xn+1)〉

= 〈un+1 − un, xn+1 − xn + (1− rn

rn+1
)(un+1 − xn+1)〉

≤ ‖un+1 − un‖
(‖xn+1 − xn‖+

∣∣1− rn

rn+1

∣∣‖un+1 − xn+1‖
)

and hence

‖un+1 − un‖ ≤ ‖xn+1 − xn‖+
1

rn+1
|rn+1 − rn|‖un+1 − xn+1‖

≤ ‖xn+1 − xn‖+
1
b
|rn+1 − rn|L, (12)

where L = sup{‖un − xn‖ : n ∈ N}. Observe that

yn+1 − yn = αn+1f(xn+1) + (1− αn+1)Sun+1 − αnf(xn)− (1− αn)Sun

= (αn+1 − αn)f(xn+1) + αn(f(xn+1)− f(xn))
+ (1− αn+1)(Sun+1 − Sun) + (αn − αn+1)Sun.

This together with (12) gives

‖yn+1 − yn‖ − ‖xn+1 − xn‖
≤ |αn+1 − αn|(‖f(xn+1)‖+ ‖Sun‖) + αn‖f(xn+1)− f(xn)‖

+ (1− αn+1)‖Sun+1 − Sun‖ − ‖xn+1 − xn‖
≤ |αn+1 − αn|(‖f(xn+1)‖+ ‖Sun‖) + (αna− 1)‖xn+1 − xn‖

+ (1− αn+1)‖un+1 − un‖
≤ |αn+1 − αn|(‖f(xn+1)‖+ ‖Sun‖) + (αna− αn+1)‖xn+1 − xn‖

+ (1− αn+1)
1
b
|rn+1 − rn|L.

Since {f(xn)}, {Sun} and {xn} are bounded, (C1) and (R2), we obtain that

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.
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Hence, by Lemma 3, we obtain

lim
n→∞

‖yn − xn‖ = 0. (13)

Therefore

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(1− βn)‖yn − xn‖ = 0.

This proves (9). It follows from (12) and (R2) that limn→∞ ‖un+1−un‖ = 0.
Observe also that

yn − xn = αn(f(xn)− xn) + (1− αn)(Sun − xn).

This together with (13) and (C1), gives

lim
n→∞

‖Sun − xn‖ = 0. (14)

For v ∈ F(S) ∩ EP(F ), we have

‖un − v‖2 = ‖Trn
xn − Trn

v‖2
≤ 〈Trnxn − Trnv, xn − v〉
= 〈un − v, xn − v〉
=

1
2
(‖un − v‖2 + ‖xn − v‖2 − ‖un − xn‖2)

and hence
‖un − v‖2 ≤ ‖xn − v‖2 − ‖un − xn‖2. (15)

Therefore, from (7) and (15), we have

‖xn+1 − v‖2 ≤ βn‖xn − v‖2 + (1− βn)‖yn − v‖2
≤ βn‖xn − v‖2 + (1− βn)

(
αn‖f(xn)− v‖2 + (1− αn)‖un − v‖2)

≤ βn‖xn − v‖2 + αn‖f(xn)− v‖2 + (1− βn)‖un − v‖2
≤ ‖xn − v‖2 + αn‖f(xn)− v‖2 − (1− βn)‖un − xn‖2

and hence

(1− βn)‖un − xn‖2
≤ αn‖f(xn)− v‖2 + ‖xn − v‖2 − ‖xn+1 − v‖2
≤ αn‖f(xn)− v‖2 + ‖xn+1 − xn‖(‖xn − v‖+ ‖xn+1 − v‖).

From (B), (C1) and (9), we have

lim
n→∞

‖un − xn‖ = 0.

This together with (14) gives

‖Sun − un‖ ≤ ‖Sun − xn‖+ ‖un − xn‖ → 0.
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Let Q = PF(S)∩EP(F ). Then Qf is a contraction of H into itself. In fact,

‖Qf(x)−Qf(y)‖ ≤ ‖f(x)− f(y)‖ ≤ a‖x− y‖

for all x, y ∈ H. Now, since H is complete, there exists a unique element
z ∈ H such that z = Qf(z) is an element of C. We next show

lim sup
n→∞

〈f(z)− z, xn − z〉 ≤ 0. (16)

To this end, we choose a subsequence {ni} of {n} such that

lim sup
n→∞

〈f(z)− z, xn − z〉 = lim
i→∞

〈f(z)− z, xni
− z〉.

Since {uni} is bounded, we can assume without loss of generality that uni ⇀
w. Let us show that w ∈ EP(F ). By using (10) and (A2), we have

1
rn
〈y − un, un − xn〉 ≥ F (y, un) for all y ∈ C

and so
〈y − uni ,

uni − xni

rni

〉 ≥ F (y, uni) for all y ∈ C.

From uni
−xni

rni
→ 0, uni ⇀ w and (A4), we have

0 ≥ F (y, w) for all y ∈ C.

Then, for t ∈ (0, 1] and y ∈ C,

0 = F (ty + (1− t)w, ty + (1− t)w)
≤ tF (ty + (1− t)w, y) + (1− t)F (ty + (1− t)w, w)
≤ tF (ty + (1− t)w, y)

or
F (ty + (1− t)w, y) ≥ 0.

Letting t → 0+ and using (A3), we get

F (w, y) ≥ 0 for all y ∈ C

and hence w ∈ EP(F ). We shall show that w ∈ F(S). Assume that w /∈ F(S).
Since uni ⇀ w and Sw 6= w from Opial’s condition we have

lim inf
i→∞

‖uni − w‖ < lim inf
i→∞

‖uni − Sw‖
≤ lim inf

i→∞
‖Suni − Sw‖+ lim

i→∞
‖uni − Suni‖

≤ lim inf
i→∞

‖uni − w‖.



10 Weerayuth Nilsrakoo and Satit Saejung

This is a contradiction. So we get w ∈ F(S). Therefore w ∈ F(S) ∩ EP(F ).
It follows since z = PF(S)∩EP(F )f(z) and xni

⇀ w that

lim sup
n→∞

〈f(z)− z, xn − z〉 = lim
i→∞

〈f(z)− z, xni − z〉

= lim
i→∞

〈f(z)− z, w − z〉 ≤ 0.

Now (16) is proved. Finally we prove that

lim
n→∞

‖xn − z‖ = 0. (17)

From (8), we have

‖βn(xn − z)+(1− βn)(1− αn)(Sun − z)‖
≤ βn‖xn − z‖+ (1− βn)(1− αn)‖Sun − z‖
≤ βn‖xn − z‖+ (1− βn)(1− αn)‖un − z‖
≤ (1− (1− βn)αn)‖xn − z‖. (18)

We observe that

〈xn+1 − z, f(xn)− f(z)〉 ≤ a‖xn+1 − z‖‖xn − z‖
≤ 1

2
a(‖xn+1 − z‖2 + ‖xn − z‖2) (19)

and

xn+1 − z = βn(xn − z) + (1− βn)(yn − z)
= βn(xn − z) + (1− βn)(1− αn)(Sun − z) + (1− βn)αn(f(xn)− z).

Then, by (6), (18) and (19),

‖xn+1 − z‖2
≤ ‖βn(xn − z) + (1− βn)(1− αn)(Sun − z)‖2

+ 2(1− βn)αn〈xn+1 − z, f(xn)− z〉
≤ (1− (1− βn)αn)2‖xn − z‖2 + 2(1− βn)αn〈xn+1 − z, f(xn)− f(z)〉

+ 2(1− βn)αn〈xn+1 − z, f(z)− z〉
≤ (1− (1− βn)αn)2‖xn − z‖2 + a(1− βn)αn(‖xn+1 − z‖2 + ‖xn − z‖2)

+ 2(1− βn)αn〈xn+1 − z, f(z)− z〉.
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This implies that

‖xn+1 − z‖2

≤ 1− (2− a)(1− βn)αn + (1− βn)2α2
n

1− a(1− βn)αn
‖xn − z‖2

+
2(1− βn)αn

1− a(1− βn)αn
〈f(z)− z, xn+1 − z〉

=
(
1− (1− a)(1− βn)αn

1− a(1− βn)αn

)
‖xn − z‖2 − (1− a)(1− βn)αn

1− a(1− βn)αn
‖xn − z‖2

+
(1− βn)2α2

n

1− a(1− βn)αn
‖xn − z‖2 +

2(1− βn)αn

1− a(1− βn)αn
〈f(z)− z, xn+1 − z〉

≤
(
1− (1− a)(1− βn)αn

1− a(1− βn)αn

)
‖xn − z‖2 +

(1− βn)2α2
n

1− a(1− βn)αn
‖xn − z‖2

+
2(1− βn)αn

1− a(1− βn)αn
〈f(z)− z, xn+1 − z〉

≤
(
1− (1− a)(1− βn)αn

1− a(1− βn)αn

)
‖xn − z‖2 +

(1− βn)2α2
n

1− a(1− βn)αn
M

+
2(1− βn)αn

1− a(1− βn)αn
〈f(z)− z, xn+1 − z〉

where M = sup{‖xn − z‖2 : n ∈ N}. Put

γn =
(1− a)(1− βn)αn

1− a(1− βn)αn

and

δn =
(1− βn)αn

1− a
M +

2
1− a

〈f(z)− z, xn+1 − z〉.

Then

‖xn+1 − z‖2 ≤ (1− γn)‖xn − z‖2 + γnδn.

Then, by (C1), (C2) and (16),

lim
n→∞

γn = 0,

∞∑
n=1

γn = ∞, and lim sup
n→∞

δn ≤ 0,

and we apply Lemma 4 to get (17). So we conclude that {xn} and {un}
converge strongly to z = PF(S)∩EP(F )f(z).

Remark 6. The iterative scheme in Theorem 5 is slightly different from one
in [21] but we can weaken and remove the restrictions on the sequences {αn}
and {rn} in [21, Theorem 3.2]. More precisely,
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(1)
∑∞

n=1 |rn+1 − rn| < ∞ is replaced by the weaker assumption that

lim
n→∞

(rn+1 − rn) = 0

and the restriction (C3) on {αn} is removed and replaced by the as-
sumption on {βn};

(2) Takahashi–Takahashi’s result is not applicable to the case α2n = 1/2n,
α2n+1 = 0, and rn = 1+αn for all n ∈ N. Clearly,

∑∞
n=1 |αn+1−αn| =

∞ and
∑∞

n=1 |rn+1 − rn| = ∞ but limn→∞(rn+1 − rn) = 0.

Corollary 7. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C×C into R satisfying (A1)-(A4) such
that EP(F ) 6= ∅. Let f be a contraction of H into itself and let {xn} and
{un} be sequences generated by x1 ∈ H and





F (un, y) +
1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

yn = αnf(xn) + (1− αn)un,

xn+1 = βnxn + (1− βn)yn

for all n ∈ N, where {αn} and {βn} are sequences in [0, 1] with (C1), (C2)
and (B) and {rn} is a sequence in (0,∞) with (R1) and (R2). Then {xn}
and {un} converge strongly to z = PEP(F )f(z).

Proof. Put Sx = x for all x ∈ C in Theorem 5.

Corollary 8. Let C be a nonempty closed convex subset of a real Hilbert space
H and let S be a nonexpansive mapping of C into H such that F(S) 6= ∅.
Let f be a contraction of H into itself and let {xn} be a sequence generated
by x1 ∈ H and

yn = αnf(xn) + (1− αn)SPCxn,

xn+1 = βnxn + (1− βn)yn

for all n ∈ N, where {αn} and {βn} are sequences in [0, 1] with (C1), (C2)
and (B). Then {xn} converges strongly to z = PF(S)f(z).

Proof. Put F (x, y) = 0 for all x, y ∈ C and rn = 1 for all n ∈ N. Then
un = PCxn.

The conjunction of (C1) and (C2) is a sufficient condition on the following
iteration.

Corollary 9. Let C be a nonempty closed convex subset of a real Hilbert space
H and let S be a nonexpansive mapping of C into H such that F(S) 6= ∅.
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Let f be a contraction of H into itself and let {xn} be a sequence generated
by x1 ∈ H and

xn+1 = αnf(xn) + (1− αn)(λSPCxn + (1− λ)xn)

for all n ∈ N, where λ ∈ (0, 1), {αn} ⊂ [0, 1] with (C1) and (C2). Then {xn}
converges strongly to z = PF(S)f(z).

Proof. Put β′n = (1− αn)(1− λ) and α′n = αn/(1− β′n) for all n ∈ N. Then

yn = α′nf(xn) + (1− α′n)SPCxn,

xn+1 = β′nxn + (1− β′n)yn

and so

lim
n→∞

β′n = 1− λ ∈ (0, 1), lim
n→∞

α′n = 0 and
∞∑

n=1

α′n = ∞.

4 Applications

4.1 Strong convergence theorem for monotone mappings

Let H be a real Hilbert space and C be a nonempty closed convex subset of
H. Let A : C → H be a mapping. The classical variational inequality is to
find x ∈ C such that

〈Ax, y − x〉 ≥ 0 for all y ∈ C.

The set of solutions of classical variational inequality is denoted by VIP(C,A).
The variational inequality has been extensively studied in the literature (see
[8, 14, 15, 23, 28, 29, 30] and the references therein). We recall that a mapping
A : C → H is said to be:

(a) monotone if
〈Au−Av, u− v〉 ≥ 0 ∀u, v ∈ C;

(b) α-inverse-strongly monotone if there exists a constant α > 0 such that

〈Au−Av, u− v〉 ≥ α‖Au−Av‖2 ∀u, v ∈ C;

(c) r-strongly monotone if there exists a constant r > 0 such that

〈Au−Av, u− v〉 ≥ r‖u− v‖2 ∀u, v ∈ C;

(d) relaxed (γ, r)-cocoercive if there exist constant γ, r > 0 such that

〈Au−Av, u− v〉 ≥ −γ‖Au−Av‖2 + r‖u− v‖2 ∀u, v ∈ C;
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(e) µ-Lipschitzian if there exists a constant µ > 0 such that

‖Au−Av‖ ≤ µ‖u− v‖ ∀u, v ∈ C.

Remark 10. (1) Every α-inverse-strongly monotone mapping is monotone
and 1/α-Lipschitzian.

(2) Every r-strongly monotone is monotone.

(3) Every relaxed (γ, r)-cocoercive and µ-Lipschitzian mapping with γµ2 ≤
r is monotone.

Lemma 11. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be a continuous monotone mapping of C into H. Define a
bifunction F : C × C → R as follows:

F (x, y) := 〈Ax, y − x〉 (20)

for all x, y ∈ C. Then F satisfies (A1)-(A4) and VIP(C, A) = EP(F ).

Proof. It easy to see that VIP(C, A) = EP(F ). We show that F satisfies
(A1)-(A4).

(A1) Let x ∈ C. Then F (x, x) = 〈Ax, x− x〉 = 0.
(A2) Let x, y ∈ C. Since A is monotone, we have 〈Ax − Ay, x − y〉 ≥ 0.

Then

F (x, y) + F (y, x) = 〈Ax, y − x〉+ 〈Ay, x− y〉
= 〈Ay −Ax, x− y〉
= −〈Ax−Ay, x− y〉 ≤ 0.

(A3) Let x, y, z ∈ C and t ∈ [0, 1]. Since A is continuous, we have

lim
t→0+

F (tz + (1− t)x, y) = lim
t→0+

〈A(tz + (1− t)x), y − (tz + (1− t)x)〉
= 〈Ax, y − x〉 = F (x, y).

(A4) Let x ∈ C. Then

F (x, ty + (1− t)z) = 〈Ax, (ty + (1− t)z − x)〉
= 〈Ax, t(y − x)〉+ 〈Ax, (1− t)(z − x)〉
= t〈Ax, y − x〉+ (1− t)〈Ax, z − x〉
= tF (x, y) + (1− t)F (x, z),

for all y, z ∈ C and t ∈ [0, 1]. So we have F (x, ·) is linear. Let y ∈ C and
{yn} ⊂ C such that yn → y. Then

lim
n→∞

F (x, yn) = lim
n→∞

〈Ax, yn − x〉 = 〈Ax, y − x〉 = F (x, y).

Hence F (x, ·) is continuous.
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Lemma 12. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let A be a continuous monotone mapping of C into H and let F be a
bifunction defined by (20). Let x ∈ H, u ∈ C and r > 0. Then

F (u, y) +
1
r
〈y − u, u− x〉 ≥ 0, ∀y ∈ C ⇔ u = PC(x− rAu).

Proof. Let y ∈ C. Then

F (u, y) +
1
r
〈y − u, u− x〉

= 〈Au, y − u〉+ 〈y − u,
u− x

r
〉

= 〈y − u,Au +
u− x

r
〉

=
1
r
〈y − u, u− (x− rAu)〉

and hence

F (u, y) +
1
r
〈y − u, u− x〉 ≥ 0, ∀y ∈ C

⇔ 〈y − u, u− (x− rAu)〉 ≥ 0, ∀y ∈ C

⇔ u = PC(x− rAu).

Using Theorem 5, Lemmas 11 and 12, we have the following theorems.

Theorem 13. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be a continuous monotone mapping of C into H and let S
be a nonexpansive mapping of C into H such that F(S) ∩ VIP(C, A) 6= ∅.
Let f be a contraction of H into itself and let {xn} and {un} be sequences
generated by x1 ∈ H and





un = PC(xn − rnAun)
yn = αnf(xn) + (1− αn)Sun,

xn+1 = βnxn + (1− βn)yn

for all n ∈ N, where {αn} and {βn} are sequences in [0, 1] with (C1), (C2)
and (B) and {rn} is a sequence in (0,∞) with (R1) and (R2). Then {xn}
and {un} converge strongly to z = PF(S)∩VIP(C,A)f(z).

Corollary 14 (cf. [29], Theorem 3.1). Let C be a nonempty closed
convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C into H and let S be a nonexpansive mapping of C into itself
such that F(S) ∩VIP(C, A) 6= ∅. Let {xn} and {un} be sequences generated
by x1 = u ∈ C and

{
un = PC(xn − rnAun)
xn+1 = αnu + βnxn + γnSPC(xn − rnAun)

(21)
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for all n ∈ N, where {αn}, {βn} and {γn} are sequences in [0, 1] with αn +
βn + γn = 1, (C1), (C2) and (B) and {rn} is a sequence in (0,∞) with (R1)
and (R2). Then {xn} and {un} converge strongly to z = PF(S)∩VIP(C,A)(u).

Proof. Let f(x) = u for all x ∈ C. Put α′n = αn/(1 − βn) and β′n = βn for
all n ∈ N. Then we can rewrite (21) as follows:





un = PC(xn − rnAun)
yn = α′nf(xn) + (1− α′n)Sun,

xn+1 = β′nxn + (1− β′n)yn

and so

lim
n→∞

α′n = 0,

∞∑
n=1

α′n = ∞ and 0 < lim inf
n→∞

β′n ≤ lim sup
n→∞

β′n < 1.

Therefore, by Theorem 13, the conclusion follows.

Remark 15. (1) As Remark 10, we obtain a strong convergence theorem for
α-inverse-strongly monotone mappings, r-strongly monotone mappings
and relaxed (γ, r)-cocoercive and µ-Lipschitzian mappings with γµ2 ≤
r.

(2) Some weak and strong convergence theorems for monotone Lipschitzian
mappings were established by several authors [8, 14, 15, 23, 28, 29,
30]. However, there is a monotone continuous mapping which is not
Lipschitzian. Let H = R with the usual inner product and usual norm
and let C = [0, 1]. Define A : C → C by Ax = 1− (1− x2/3)3/2 for all
x ∈ C. Then A is not Lipschitzian (see [18]). But A is monotonically
increasing, so

〈Ax−Ay, x− y〉 = (Ax−Ay)(x− y) ≥ 0 ∀x, y ∈ C.

Hence A is monotone and continuous with 0 ∈ VIP(C, A) 6= ∅. There-
fore, Theorem 13 provides a new convergence theorem for a wider class
of mappings.

4.2 Strong convergence theorem for pseudocontractive
mappings

A mapping T : C → C is called pseudocontractive if

‖Tx− Ty‖2 ≤ ‖x− y‖2 + ‖(I − T )x− (I − T )y‖2 ∀x, y ∈ C

and T is called strictly pseudocontractive if there exists k with 0 ≤ k < 1
such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2 ∀x, y ∈ C.
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If k = 0, then T is nonexpansive. It is obvious that any strictly pseudocon-
tractive mapping is pseudocontractive, but the converse is not true ([18]).
Moreover, if T is a pseudocontractive mapping, then A := I−T is monotone
and VIP(C, A) = F (T ). Actually, we have, for all x, y ∈ C,

‖(I −A)x− (I −A)y‖2 ≤ ‖x− y‖2 + ‖Ax−Ay‖2.

On the other hand, since H is a real Hilbert space, we have

‖(I −A)x− (I −A)y‖2 = ‖x− y‖2 + ‖Ax−Ay‖2 − 2〈Ax−Ay, x− y〉.

Hence
〈Ax−Ay, x− y〉 ≥ 0.

Using Corollary 14, we have the following theorem.

Theorem 16. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T be a continuous pseudocontractive mapping of C into itself
such that F(T ) 6= ∅. Let {xn} and {un} be sequences generated by x1 = u ∈
C and {

un = PC(xn − un + Tun),
xn+1 = αnu + βnxn + γnun

for all n ∈ N, where {αn} and {βn} are sequences in [0, 1] with (C1), (C2)
and (B). Then {xn} and {un} converge strongly to z = PF(T )(u).
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