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Chapter 1
Executive Summary

The most important and powerful tools guaranteeing the existence of a
solution of a given nonlinear system are Banach’s contraction principle and
Schauder’s fixed point theorem. The application of the first theorem requires
only the completeness of a space but a rather heavy assumption on a mapping,
i.e., a contraction. For the latter one, it requires a weak assumption on a
mapping, i.e., a continuous one, while its domain is compact and convex. In
recent years, many mathematicians have investigated several new fixed point
theorems requiring only that the mapping and its domain be weaker than the
contraction and the compactness, respectively.

Let C be a nonempty convex subset of a Banach space X. A mapping
T :C — C is said to be

(1) nonexpansive if || Tz — Tyl|| < ||z — y|| for all z,y € C;

(2) asymptotically nonexpansive if there exists a real sequence {k,}> ; such
that lim, k,, = 1 and

T2 = Tyl < kallz =yl
for all x,y € C' and all natural numbers n;

(3) asymptotically nonexpansive in the intermediate sense if T is uniformly



continuous and

lim sup sup {||T”x —T"y|| — ||z — y||} <0;

n—oo x,yeC

(4) asymptotically nonexpansive type if TV is continuous for some natural

number N and

lim sup sup {17z =T y|| — |z —yl|} <0

n—oo ye

for all z € C.

It is easy to see that (1) = (2) = (3) = (4) provided that C' is bounded.

Most of the proofs of fixed point theorem of such mappings are noncon-
structive, that is, the existence of fixed points for such mapppings does not
come together with effective algorithms by which they can be approximated.
Moreover, it is possible that the simple Picard’s iteration scheme no longer con-
verge to a fixed point of mappings which are a generalization of a contraction.
In 1953, W. R. Mann proposed a new iteration scheme and its generalization
was introduced later in 1974 by S. Ishikawa. These two iteration schemes are
widely studied since then. In 1991, J. Schu modified Mann- and Ishikawa-type
iteration schemes for asymptotically nonexpansive mappings. The modified it-
erations of Schu are also used to approximate fixed points of mappings which
are asymptotically nonexpansive in the intermediate sense and of asymptoti-
cally nonexpansive type.

A purpose of this research is to introduce and study a new iteration scheme
for a class of mappings. Morever, we prove several weak and strong conver-

gence theorems of such schemes.



Chapter 2

Main Results

2.1 A generalized Noor’s iteration

We published two paper in this topics (see Appendices A1l and A2). We
introduce the so-called a generalized Noor’s iteration and a generalized Noor’s
iteration with errors, respectively: For a given z1 € C', compute the sequences

{z,}, {yn} and {z,} by the iterative schemes

2n = a, "z, + (1 — ay)zp,
Yn = b, T" 2z + ;T "z, + (1 — by, — )Ty,
Tpt1 = Ty + BT 20 + T " + (1 — ayy — By — V) Tp, 1> 1,

where {an}, {bn}, {en}, {bn + ca}, {an}, {On}, {m} and {on + Gy + 7} are

appropriate sequences in [0, 1]; and

Zn = ahxy + b T T + T,
Yn = QpTy + bnTnxn + CnTnZn + SnUn,
Tl = QpTy + 6nTn$n + VnTnyn + 5nTnZn + tnwnu

where {an}, {On}, {7}, {0n}s {an}, {bn}, {en}, {an}, {00}, {ra}, {sn} and

{t,} are appropriate sequences in [0, 1] with o, + 5, + 75 + 0 + 1, = apn + by, +

3



Cn+ sp=a, +b,+r, =1, and {u,}, {v,} and {w,} are bounded sequences
in C.

The above generalized Noor’s iteration is inspired by the iteration intro-
duced and studied by Suantai. In fact, Suantai’s iteration is included in a
generalized Noor’s iteration if we let v, = 0. The paper Al presents a com-
plementary result to the paper of Nilsrakoo and the author [W. Nilsrakoo,
S. Saejung, A new threestep fixed point iteration scheme for asymptotically
nonexpansive mappings, Appl. Math. Comput. 181 (2006) 10261034] as well
as corrects the gaps of Yao and Noor’s paper [Yao and Noor, Convergence of
three-step iterations for asymptotically nonexpansive mappings, Appl. Math.
Comput., 187 (2007) 883-892].

The paper A2 proposes the “with-errors” version of a generalized Noor’s

iteration. We prove several convergence theorems for this new iteration.

2.2 A semigroup of nonexpansive mappings

Besides, asymptotically nonexpansive mappings, we are interested in a
semigroup of nonexpansive mappings, usually called a nonexpansive semi-
group. Let {T'(t) : t > 0} be a family of mappings from a closed convex
subset C' of a real Hilbert space H into itself. We call it a nonerpansive

semigroup on C'if the following conditions are satisfied:
(SG1) T(0)z = « for all z € C,
(SG2) T(s+t)=T(s)T(t) for all s,t > 0;
(SG3) for each z € C' the mapping ¢t +— T'(t)z is continuous;
(SG4) [|[T(t)x = T(t)yll < ||z —y| for all 2,y € C and t > 0.

There are many results concerning the approximation of common fixed points

of a nonexpansive semigroup. Most of them utilize the Bochner integral while



our result does not. In the paper A3, we consider the following iterations:

xo € H taken arbitrary;

C,=C;

x1 = Pe, (x0);

Yn = @y + (1 — )T (tn)xn;

Crir ={2 € Ot [lyn — 2|| < [Jon — 2| };

Tn+1 = PCTH»I('IO)

where {a,} C [0,a] C [0,1), liminf, ¢, = 0, limsup,, t, > 0, and lim,,(t,,+1 —
t,) = 0; and

xg € C taken arbitrary,

Yn = Ty + (1 — )T (tn)xn;

Con={2€C:|lyn — 2| <l — 2|}

Qn={2€C: (v, — 20,2 —x,) > 0};

Tp+1 = Pcann ($0)

where {a,,} C [0,a] C [0,1), liminf, ¢, = 0, limsup,, ¢, > 0, and lim,,(t,+1 —
t,) = 0. We also correct the strong convergence theorem recently proved by He
and Chen [Strong convergence theorems of the CQ method for nonexpansive
semigroups, Fixed Point Theory and Applications, vol. 2007, Article ID 59735,
8 pages, 2007].

2.3 A countable family of mappings

2.3.1 Relatively quasi-nonexpansive mappings

Let T" be a mapping from a closed convex subset C' of a Banach space F
into F and let F(T) = { € C : Tx = x}. A point p in C is said to be
an asymptotic fired point of T if C' contains a sequence {z, } which converges
weakly to p and lim,, . (x,, — Tx,) = 0. The set of asymptotic fixed points of
T is denoted by 13(T ). We say that the mapping T is relatively nonexpansive

if the following conditions are satisfied:



(R1) F(T) £ &
(R2) &(p, Tx) < ¢(p,x) for each x € C,p € F(T);
(R3) F(T) = F(T).

If T is satisfies (R1) and (R2), then 7' is called relatively quasi-nonexpansive.
Let {T,} be a sequence of relatively quasi-nonexpansive mappings from C'

into E such that (), F(7,,) is nonempty, and let {z,} be a sequence in C
defined as follows:

roeCand C 1 =0Q_1=C,
Y = J HanJz, + (1 — ) JThxy),
Ch={2€C1NQn_1:0z,yn) < (2,2,)},
Qn=1{2€Cr1NQn_1:{x,— 2z, Jrg— Jx,) >0},
Tt = le,nQ, 0, n=0,1,2,...,

where {«,} is a sequence in [0, 1) with limsup,,_, . o, < 1. In the paper A4,

we prove that under certain condition imposed on the family {7},} the iteration

above converges strongly to a common fixed point of the family.

2.3.2 Lipschitzian mappings

Let C' be a nonempty closed convex subset of a real Hilbert space H. A

mapping 7 : C' — C is said to be L-Lipschitzian (or, simply Lipschitzian) if
[Tz —Ty|| < Lljz —y|| forall v,y € C.

We use the following two iterations to approximate a common fixed point of
a countable family of Lipschitzian mappings {7}, }: (see the paper A6)
Let {z,,} be a sequence in C' defined by z; € C' and

Tpr1 = pp + (1 — ) Thzp



for all n € N, where {a,,} is a sequence in [0,1) with > 7 a,(1 — ay,) = o0;
and let {x,} be a sequence in C' defined as follows:

xo € C' is arbitrary,

Yn = @y + (1 — ) Ty,

Co={2 € C:lyn —2I* < llwn — 2[I* + 0},

Qn=1{2z€C:{(x, —z,x0 —x,) >0},

Tnt1 = Po,ng, 0, n=0,1,2,...,
where T,, is L,-Lipschitzian and

0, = (1 — a,)(L2 — 1)(diam C)* — 0 as n — oo.

2.4 A pertured Ishikawa’s iteration

Inspired by Ishikawa’s iteration, we introduce the following iteration to
obtain weak and strong convergence theorems for three nonexpansive mappings
S, T, R from a closed convex subset C' of a uniformly convex Banach space E:

The sequence {z,}, defined by

xg € C
Y = a,Rx, + b, Tx, + c v,

Tny1 = anRxn + bnsyn + cruy, n > 17

where {a,},{bn},{cn},{a},{b},{c,} are sequences in (0,1}, a, + b, + ¢, =
1=al, + b, +c, and {u,},{v,} are bounded sequences in C.

It is easy to see that if R is an identity mapping and ¢, = ¢/, = 0, then the
iteration above reduces to the original Ishikawa’s iteration.

In the paper A5, we not only prove several convergence theorems of this
iteration but also point out that the condition recently studied by Rafiq [Con-
vergence of an iterative scheme due to Agarwal et al. Rostock. Math. Kolloq.
61 (2006), 95-105] is not correct. An example of our iteration is presented as

well.
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2.5 An equillibrium problem

In the paper A7, we establish an iterative scheme by means of Mann’s
method and Moudafi’s method to find a common element of the set of solu-
tions of an equilibrium problem and the set of fixed points of a nonexpansive
mapping in a Hilbert space.

Let C be a closed and convex subset of a real Hilbert space H. Let F be a
bifunction of C'x C into R, where R is the set of real numbers. The equilibrium
problem for F': C' x C' — R is to find x € C such that

F(zx,y) >0 forallyeC.

The set of solutions of the above problem is denoted by EP(F). Numerous
problems in physics, optimization, and economics reduce to find EP(F) for
some suitable bifunction F. For example, given a mapping 7' : C — H,
let F(z,y) = (T'z,y — x) for all x,y € C. Then, z € EP(F) if and only if
(Tz,y —z) > 0 for all y € C, i.e., z is a solution of the variational inequality.
The main result of this paper is the following:

Let C be a nonempty closed convex subset of a real Hilbert space H. Let

F' be a bifunction from C' x C' into R satisfying

(Al) F(z,z) =0 for all z € C

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for any x,y € C;
(A3) F' is upper-hemicontinuous, i.e., for each z,y, z € C,

limsup F(tz + (1 — t)z,y) < F(z,y);

t—0+
(A4) F(z,-) is convex and lower semicontinuous for each x € C;

and let S be a nonexpansive mapping of C'into H such that F(S)NEP(F) # @.

Let f be a contraction of H into itself and let {x,} and {u,} be sequences



generated by z; € H and

1
F(up,y) + —(y — tup,up —x,) >0, VyeC,

n

Yn = an.f(xn) + (1 - Ozn)SUn,
Tp4+1 = ﬂnzn + (1 - ﬁn)yn

for all n € N, where {a,} and {3,} are sequences in [0, 1] with
(C1) limy, 0o iy = 0;
(C2) >0y o = 00
(B) 0 <liminf, . £, <limsup,_,. G, < 1;
and {r,} is a sequence in (0, c0) with
(rl) liminf, .. 7, > 0, and
(r2) lim, oo(rps1 — 1) = 0.

Then {z,} and {u,} converge strongly to z = Pp(s)nep(r)f(2).
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Abstract

We illustrate that the control conditions of the main convergence theorems of Yao and Noor [Convergence of three-step
iterations for asymptotically nonexpansive mappings, Appl. Math. Comput. in press] are incorrect. We also provide new
control conditions which are complementary to Nilsrakoo and Saejung’s results [W. Nilsrakoo, S. Saejung, A new three-
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Let X be a real Banach space and C be a nonempty subset of X. A mapping 7 : C — C is said to be asymp-
totically nonexpansive if there exists a sequence {k,} of real numbers with £, > 1 and lim,_..k, = 1 such that

1T"x = Ty < kallx =y,

for all x,y € C and all n > 1. The mapping T is called uniformly L-Lipschitzian if there exists a positive con-
stant L such that

1T"x = T"y[| < Lllx = ¥,

forallx,ye Candalln > 1.

Since Schu’s results [1,2], the modified Mann and Ishikawa iterative schemes have been studied extensively
by various authors to approximate fixed points of asymptotically nonexpansive mappings (see [1-6]).

In 2002, Xu and Noor [7] introduced and studied a three-step scheme to approximate fixed points of asymp-
totically nonexpansive mappings in a Banach space. Glowinski and Le Tallec [8] used three-step iterative
schemes to find the approximate solutions of the elastoviscoplasticity problem, liquid crystal theory, and
eigenvalue computation. It has been shown in [8] that the three-step iterative scheme gives better numeri-
cal results than the two-step and one-step approximate iterations. In 1998, Haubruge et al. [9] studied the

* Corresponding author.
E-mail addresses: nilsrakoo@hotmail.com (W. Nilsrakoo), saejung@kku.ac.th (S. Saejung).

0096-3003/$ - see front matter © 2007 Elsevier Inc. All rights reserved.
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convergence analysis of three-step schemes of Glowinski and Le Tallec [8] and applied these schemes to obtain
new splitting-type algorithms for solving variation inequalities, separable convex programming and minimi-
zation of a sum of convex functions. They also proved that three-step iterations lead to highly parallelized
algorithms under certain conditions. Thus, we conclude that three-step scheme plays an important and signif-
icant part in solving various problems, which arise in pure and applied sciences. The authors of the present
paper [11] defined a new three-step iterative schemes and gave some strong convergence theorems for asymp-
totically nonexpansive mappings. The scheme studied in the paper is defined as follows.
Let C be a nonempty convex subset of a real Banach space X and 7: C — C be a mapping.

Algorithm 1. For a given x; € C, compute the sequences {x,}, {y,} and {z,} by the iterative schemes
zy = a,T"x, + (1 — a,)x,,
Y, =b,T"z, + ¢, T"x, + (1 — b, — ¢,)x,, (1)
Xne1 = 0TV, + By 1720 + 9, %0 + (1 = oty = B, = p,)x0, 1m0 21,

where {a,}, {b,}, {c.}, {b. +cn}s Lo}, {Bu}, {7y} and {o, + B, + 7, } are appropriate sequences in [0, 1]. The
iterative scheme (1) is called the three-step mean value iterative scheme. If y, = 0, then Algorithm 1 reduces to
the modified Noor iterative scheme, defined by Suantai [10].

If ¢, =B, =7, =0, then Algorithm 1 reduces to Algorithm 2:
Algorithm 2. For a given x; € C, compute the sequences {x,}, {y,} and {z,} by the iterative schemes
z, = a,T"x, + (1 — a,)x,,
Yo = 0Tz, + (1 = by)xs, 2)
Xne1 = 0Ty, + (1= op)xs, 1 =1,

where {a,}, {b,} and {a,} are appropriate sequences in [0, 1]. The iterative scheme (2) is called the Noor iter-
ative scheme, defined by Xu and Noor [7].

Ifa,=c,=p,=7v, =0, then Algorithm 1 reduces to Algorithm 3:

Algorithm 3. For a given x; € C, compute the sequences {x,} and {y,} by the iterative schemes

Y, =b,T"x, + (1 = b,)x,,

3
Xoo1 = 0, Ty, + (1L —op)x,, n =1, (3)
where {b,} and {«,} are appropriate sequences in [0, 1].
Similarly, if b, = ¢, = &, = 7, = 0 then Algorithm 1 reduces to Algorithm 3’:
Algorithm 3'. For a given x; € C, compute the sequences {x,} and {z,} by the iterative schemes
zy = a,T"x, + (1 — a,)x,,
(4)

Xo1 = B, 7"z, + (1 = B )x,, n =1,

where {a,} and {f,} are appropriate sequences in [0, 1].
Let us note that schemes (3) and (4) are called the modified Ishikawa iterative scheme, defined by Schu [1,2].
For convenience, we use the notations lim, = lim,_,, liminf, = liminf,_,, and limsup, = limsup,_, ..
Recently, Yao and Noor [12] prove the following two results.

Lemma 1 ([12], Lemma 4). Let {x,}, {y,} and {z,} be sequences in a uniformly convex Banach space X. Suppose
that {o,}, {f.} and {y,} are sequences in [0,1] with o, + f,+ 7y, =1, limsup,||x,|| < d, limsup,|y,|| < d,
limsup,||z,|| < d, and lim,||o,x, + By, + 7,2.|| = d, where d = 0. If

0 < liminf«, < liminf(e, + f,) < limsup(a, + f,) < 1,
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then

tim [, — | = lim [y, — z,]| = lim|lz, - x,]| =0.

Lemma 2 ([12], Lemma 8). Let X be a uniformly convex Banach space and C be a nonempty convex subset of X.
Let T:C — C be an asymptotically nonexpansive mapping with the nonempty fixed-point set F(T) (i.e.,
F(T):={xe€ C:x=1Tx} #0) and a sequence {k,} of real numbers such that k, = 1 and >_" (k, — 1) < cc.
Let {x,} be a sequence in C defined by Algorithm 1 and the parameters satisfy one of the following:

(i) 0 < liminf,a, < liminf,(a, + f,) < liminf,(a, + B, +7,) < limsup, (o, + B, +7,) < 1;
(i) 0 < liminf,o, < liminf,(x, + 8,) < limsup,(a, + f,) < 1, limsup,c, < | and lim,y, = 0;
(ili) 0 < liminf,B, < liminf,(B, +7v,) < limsup,(B, +7,) < 1 and lim,a, = 0;

(iv) 0 < liminf,a, and 0 < liminf,b, < liminf, (b, + ¢,) < limsup, (b, +¢,) < 1;

(v) 0 < liminf,(o,b,k, + pB,) and 0 < liminf,a, < limsup,a, < L.

Then lim,,||Tx, — x,|| = 0.

Remark 3. In the proof of Lemma 1, the conclusion (4) is not correct. Moreover, the assumption
0 < liminf a, < liminf(o, + f,) < limsup(o, + f,) < 1,

is not enough to guarantee that

lim [, — 3, | = Tim [y, — ]| =0,
as the following example shows.

Example. Let X = R with the usual norm and let a,, | = 1/3, 00, = 1/6, p,,_; =0, p,, = 1/6 and y, = 2/3 for
all n € N. Then

0 < liminf o, < liminf(a, + f,) < limsup(a, + f,) < 1.

Suppose that x, =z, =1 and y,, ; = 1/2, y,, = 1 for all n € N. Then

lim sup |x,| = limsup |y,| = limsup |z,| = 1

and
lim |, x, + By, + V.20 = 1.
But
limx, —y,|#0 and liml|y,—z,| #0.

To present a correction of Lemma 1, we need Schu’s lemma.

Lemma 4 [2]. Let X be a uniformly convex Banach space, let {1,} be a sequence of real numbers such that
O0<b< A, <c<l for all n =21, and let {x,} and {y,} be sequences in X such that limsup,|x,| < d,
limsup,||y,|| < d and lim,||4,x, + (1 — 4,),|| = d. Then lim,|x, — y,|| = 0.

Lemma 5. Let {x,}, {y,} and {z,} be sequences in a uniformly convex Banach space X. Suppose that {o,}, {f,}
and {y,} are sequences in [0,1] with o, + f,+ 7, =1, limsup, ||x,|| < d, limsup,||y,|| < d, limsup,||z.| < d,
and lim,||a,x, + B,¥, + v,z.|| = d. If liminf,o, > 0 and liminf,, > 0, then lim,||x, — y,|| = 0.

Proof. We may assume without loss of generality that «, > 0 and f8, > 0 for all » € N. Let {n;} be a subse-
quence of {n} such that
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. Oy, ﬁn .. [0 ﬁ
lim F_x, + k = liminf X, +
k a”k + ﬂnk ' a"k + ﬂnk yﬂk n Oy + ﬁn Oy + ﬂn y’l
Then
— lim inf lim inf ' P
- lm IIl ”amxﬂk + :Bnkym + /nkzﬂk H 1m IIl (ank + ﬁnk) O‘nk 4 ﬁnk x”k + O(nk + ﬂnk ynk + yﬂkHZ”k”
< timinf(a, + f,)|——x, +—P2 | 1 lim Sup 7, o
Xn, n n, Zy
X P Ni ny O(nk + ﬁnk k (xnk + ﬁnky i p)) k U3
. . oy B,
< hmklnf (0, + B,) hmnmf s X, + i B, V|| +dlim sup Vg

This implies that

%, n B
X n n
wt B B,

limkinf (0, + B, )d = (1 —limsupy, )d < limkinf (0w, + B,,) lim inf
k n

|

Since liminf, (o, 4+ f,) = liminf,a, > 0, it follows that

Oty . B,
Xn n
ot B T a B

We now observe that

%
Xn + b Vn

d < liminf ;
aﬂ+ﬁn (xﬂ+ﬁ

n

< lim sup ‘

n

lim inf > liminfea, >0 and liminf b

%,
n o, + ﬁ" = n n o, + ﬁn
By Lemma 4, we have lim,||x, — y,|| = 0. This completes the proof. [

> liminf §, > 0.

We are in the position to present a complementary result of [11].

Lemma 6 ([11], Lemma 2). Let X be a real Banach space and C be a nonempty convex subset of X. Let
T : C — C be an asymptotically nonexpansive mapping with the nonempty fixed-point set F(T) and a sequence
{k,} of real numbers such that k, > 1 and )", (k, — 1) < co. Let {x,} be a sequence in C defined by Algorithm
1, then lim,||x, — p|| exists for any p € F(T).

Lemma 7 ([11], Lemma 6). Let X be a real Banach space and C be a nonempty convex subset of X. Let T : C — C
be an asymptotically nonexpansive mapping with a sequence {k,} of real numbers such that k, > 1 and lim,k, = 1
and, {x,} be a sequence defined in C by Algorithm 1. If lim,||T"x, — x,|| = 0, then lim, || Tx, — x,|| = 0.

Lemma 8. Let X be a uniformly convex Banach space and C be a nonempty convex subset of X. Let T : C — C be
an asymptotically nonexpansive mapping with the nonempty fixed-point set F(T) and a sequence {k,} of real num-
bers such thatk, > 1 and y"," | (k, — 1) < co. Let {x,} be a sequence in C defined by Algorithm 1 and the param-
eters satisfy one of the following control conditions:

(C1) liminf,a, > 0 and one of the following holds:
(a) limsup, (o, + B, +7,) <1 and limsup, (b, + c,) < 1;
(b) 0 < liminf,p, < limsup,(a, + B, +7,) < 1 and limsup,c, < 1;
(¢) 0 <liminf,b, < limsup,(b, +¢,) <1 and limsup,a, < 1;
(d) 0 < liminf,c, < limsup, (b, +¢,) < I;
(C2) 0 < liminf,p, < limsup, (o, + B, +7,) < | and limsup,a, < 1;
(C3) 0 < liminf,y, < limsup, (o, + §, +7,) < L;
(C4) 0 < liminf,(a,b, + f,) and 0 < liminf,a, < limsup,a, < 1.

Then lim, || Tx, — x,|| = 0.
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Proof. If one of (Cl-a), (C2) or (C3) holds, we obtain the conclusion (see [11, Lemma 5]). Let p € F(T). By
Lemma 6, let lim,||x, — p|| = d for some d > 0. It follows from (1) that

d =lim |lx,s1 — p|| = Tim [|oo, (7", = p) + B,(T"20 = p) + 7, (T"%0 = p) + (1 = 0t = B, = 7, )% = p)II. - (5)
We first observe that

2o — pll < aul|T"x, — pl| + (1 — a,)[lx, — p|| < (1 + a,(k, — 1)) Ix, — pl|, (6)
and
< b Tz, = pll + ullT"x, — pll + (1 = by — c4)|Jx, — p|
< bnanZn _pH + (cnkn + (1 —b, — Cn))Hxn _pll
< (L + (by + anbuky + i) (ky — 1)) |Ix, — pl|- (7)

v, — Pl

Since lim,k, = 1, we have

limsup || 7"x, — p|| < limsupk,||x, — p|| = d,

limsup [|7"y, — p|| < limsupk,|ly, — pll = limsup ||y, — pl| < d, (8)
and
limsup || 7"z, — p|| < limsupk,||z, — p|| = limsup ||z, — p|| < d. 9)

We prove (C1-b). From (5) and Lemma 5, we have

lim | T"y, — x,|| = 0 =1lim ||T"z, — x,||.

Notice that
177 = x|l < NT"x0 — Ty, || + 1 T", = xull < Kallxn =1l + 117"y, — x|

kn(bul| Tz — x| + all T"x0 — xa[) + | Ty, — Xa]|-

NN

Since lim,k, = 1 and limsup,c, < 1,

lim ||7"x, — x,|| = 0.
We now prove (Cl-c). From (1) and (6), we have

Hxn-%—l _pH < OC,,k,,”yn _pH + ﬁ,,anZn _pH + Vnanxn _pH + (1=, —p, - Vn)”xn _pH
< akully, — pll + Bken(1 + an(ky — 1)) |xn — pll + (1 = 06, = B, — 7, + vk [|x0 — P,

that is
[Xa1 = pIl = % —pIl | |l = Pl (By + anPikn + 7,) (kn — 1)
< — —p|l.
P B P <y, pl 4 ok o =
Then
d = lim ||x, — p|| < liminf ||y, — p||-
This implies from (8) that
d= linm v, —pll = li,Iln 16,(T"z, — p) + ca(T"x, — p) + (1 = by — ¢,) (x2 — p)I|- (10)

By Lemma 5, we have

lim || 7"z, — x,|| = 0.
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Using (1),
177"x0 = xull < NT"20 — T || + 17720 — Xall < Knllzo — Xal| + [| 7720 — x|
= koa, | T"x, — x,|| + || 7"z, — x2]|-
Since lim,k, = 1 and limsup,a, < 1,
lim || 7"x, — x,|| = 0.
We prove (C1-d). By (10) and Lemma 5, we have
lim || 7"x, — x,|| = 0.
We finally prove (C4). From (1) and (7), we have
i1 = pll < dukully, = pll + Bukullze = pll + vukallxn = pll + (1 = o = B, = 2,)[lx —
< (a”bnki + ﬁﬂk”l)”Z’l _p” + (1 - 0y — ﬁn - Vn + ’ynkn)Hx” _p”
+ (amenks, + ok (1= by = c)) [l = pll,
which implies

(oty + ctnCrkn + 7,) (ky — 1)
o, b,k + Bk,

a1 = pll = [Ix. = pll 11X, — Pl
+ < Zn - +
E k, i

Notice that
0 < liminf(a,b, + f,) < 0 < liminf(o,b,k, + f,).

llx, = plI-

Hence

d =1im |, — p|| < liminf |z, — pl.
This implies from (9) that

d = lim |z, — pl| = lim [la,(T"x, — p) + (1~ a,)(x, — p)]|
By Lemma 5, we have

li’rln IT"x, — x,|| = 0.

The conclusion of Lemma 8 can be obtained from Lemma 7 immediately. This completes the proof. [

Theorem 9. Let X, C, T and {x,,} be as in Lemma 8. If T is a completely continuous mapping, then {x,} converges
strongly to a fixed point of T.

Recall that a Banach space X is said to satisfy Opial’s condition [13]if x, — x weakly as n — oo and x # y
imply that

limsup ||x, — x| < limsup [|x, — ¥

n—0o0 n—oo

Theorem 10. Let X, C, T and {x,} be as in Lemma 8. If X satisfies Opial’s condition, then {x,} converges weakly
to a fixed point of T.

Remark 11
(i) With a slight modification, the complete continuity imposed on 7 can be replaced by a more general

assumption, e.g., condition (A) with respect to the sequence {x,} (see [11, Theorems 7]).
(ii) 0 < liminf,(a,b, + f,) <= 0 < liminf, (o, b,k, + B,).
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Generalized Noor iterations with errors for asymptot-
ically nonexpansive mappings

ABSTRACT. In the present paper, we define and study a new three-step iterative schemes
with errors. Several strong convergence theorems of this scheme are established for asymp-
totically nonexpansive mappings. Our results extend and improve the recent ones announced

by Osilike and Aniagbosor, Cho et.al, Liu and Kang, Nammanee et al., and many others.

KEY WORDS. asymptotically nonexpansive mapping, uniformly convex Banach space,

Mann-type iteration, Ishikawa-type iteration, Noor-type iteration

1 Introduction

Let X be a real Banach space and C' be a nonempty subset of X. A mapping T": C — C'is
said to be asymptotically nonexpansive if there exists a sequence {k,} of real numbers with
k, > 1 and lim,,_. k,, = 1 such that

1Tz = Ty < kallz = yll,

for all z,y € C and all n > 1. The mapping 7' is called uniformly L-Lipschitzian if there

exists a positive constant L such that
[Tz = T"y|| < Lz —yl|,

for all x,y € C' and all n > 1. It is easy to see that if T" is asymptotically nonexpansive, then
it is uniformly L-Lipschitzian with the uniform Lipschitz constant L = sup{k, : n > 1}.

In 2002, Xu and Noor [10] introduced and studied a three-step scheme to approximate fixed
points of asymptotically nonexpansive mappings in a Banach space. Glowinski and Le Tallec
[2] used three-step iterative schemes to find the approximate solutions of the elastoviscoplas-
ticity problem, liquid crystal theory, and eigenvalue computation. It has been shown in

[2] that the three-step iterative scheme gives better numerical results than the two-step and
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one-step approximate iterations. Haubruge, Nguyen and Strodiot [3] studied the convergence
analysis of three-step schemes of Glowinski and Le Tallec [2| and applied these schemes to
obtain new splitting-type algorithms for solving variation inequalities, separable convex pro-
gramming and minimization of a sum of convex functions. They also proved that three-step
iterations lead to highly parallelized algorithms under certain conditions. Thus we conclude
that three-step scheme plays an important and significant part in solving various problems,
which arise in pure and applied sciences. In 2004, Cho, Zhou, and Guo [!], and Liu and
Kang [1] extended the preceding scheme to the three-step iterative scheme with errors and
gave weak and strong convergence theorems for asymptotically nonexpansive mappings in
a Banach space. Recently, Nammanee, Noor and Suantai |5| defined a three-step iterative
scheme with errors which is an extension of schemes in [!]| and [/] iterations and gave some
weak and strong convergence theorems for asymptotically nonexpansive mappings in a uni-
formly convex Banach space. The authors of the present paper [6| defined a new three-step
iterative schemes and gave some strong convergence theorems for asymptotically nonexpan-
sive mappings. Inspired by the preceding iteration scheme, we define a new iteration scheme

with errors as follows.

Let C be a nonempty convex subset of a real Banach space X and 7" : C' — C be a mapping.
Algorithm 1 For a given z; € C, compute the sequences {x,}, {y,} and {z,} by the

iterative schemes, for all n > 1,

Zn = ahxy + 0T T, + T,
Yn = ATy + 0,772, + c,T" 2, + S,Up, (1)
Ln+1 = OpTy + ﬂnTnxn + ’YnTnyn + 5nTnZn + tnwn;

where {an}, {Bn}, {1}, {0n}, {an}, {bn}, {n}, {an}, {0}, {ra}, {sn} and {t,} are appro-
priate sequences in [0, 1] with o, + G, + Y+ 0+t = an + by +cn+ s, = a, + 0, +r, =1,
and {u,}, {v,} and {w,} are bounded sequences in C. The iterative schemes (1) is called

the three-step mean value iterative scheme with errors.

If B, = 0, then Algorithm 1 reduces to
Algorithm 2 [5] For a given z; € C, compute the sequences {z,}, {y,} and {z,} by the

iterative schemes, for all n > 1,

Zpn = ahxy, + 0T T, + Tptn,
Yn = AnTp + b, T2, + c,T" 2, + S50, (2)
Tp41 = Opdy + ’ynTnyn + 6nTnzn + tnwny

whete {an}, (1, {0, {and, {0}, {ea}, {alh, W} {rad {5} and {t,} ave appropriate
sequences in [0, 1] with a,, + v, + 0+t = ap + by + ¢ + 5, = al, + b, + 1, = 1, and {u,},
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{v,} and {w,} are bounded sequences in C'. The iterative schemes (2) is called the modified

Noor iterative scheme with errors.

If 5, =6, =0b, =0, then Algorithm 1 reduces to
Algorithm 3 |1, 1] For a given x; € C, compute the sequences {z,}, {y,} and {z,} by the
iterative schemes, for all n > 1,

Zn = A, Ty + b T 2 + 1y,
Yn = QpTp + CnTnZn + SpUp, (3>

Tn4+1 = Qplp + /YnTnyn + tnwna

where {a,}, {7}, {an}, {cn}, {a.}, {b,}, {r}, {sn} and {¢,} are appropriate sequences in
0,1] with a, + 7+t = ap + ¢y + s, = a, + b, +r, =1, and {u,}, {v,} and {w,} are
bounded sequences in C. The iterative schemes (3) is called the Noor iterative scheme with

Errors.

2 Auxiliary Lemmas

For convenience, we use the notations lim,, = lim,,_,, liminf,, = liminf,, ., and lim sup,, =

lim sup,,_, ... In the sequel, we shall need the following lemmas.

Lemma 1 ([7], Lemma 1) Let {a,},{b,} and {\,} be sequences of nonnegative real

numbers satisfying the inequality
Qp41 S (1+/\n)an+bn7 n 2 1.
If Y0 A < o0 and Y07 b, < 0o, then lim, a, exists.

Lemma 2 Let X be a real Banach space and C' be a nonempty closed convex subset of X .
Let T : C — C be an asymptotically nonexpansive mapping with the nonempty fixed-point
set F'(T) (i.e., F(T) :={x € C:2x =Tz} # &) and a sequence {k,} of real numbers such
that ky, > 1 and Y " (k, —1) < co. Let {z,} be a sequence defined by Algorithm 1 with the
restrictions that >~ t, < 00, D 00 Sy < 00, Do YnCnTyn < 00 and Yo 81, < 00.

Then we have the following conclusions.

(i) lim, ||z, — p|| exists for any p € F(T).

(i) limy, d(z,, F(T)) ezists, where d(x, F(T')) denotes the distance from x to the fized-point
set F\(T).
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Proof: Let p € F(T). We note that {u,, —p}, {v, —p}, and {w, —p} are bounded sequences
in C. Let

L = sup{ky :n > 1} and M = sup{{|un — pl|, [[vn — p|, lwn —pl| : n = 1}

By using (1), we have

20 = pll < apllzn — pll + 0,1 T" 20 — pll + ol — pl|
< (L=¥)||@n — pl| + b k|| — pl| + M7,
< (L + b (ko — 1))||l2n — pll + M1y
< kullwa — pll + Mr,, 1)

1yn = pll < anllzn — pll + bul| T2y — pl| + callT" 20 — pl| + sullvn — |
< (1= by — c)|Tn — pl| + buknllzn — Dl + Coknl|2a — p|| + Ms,,
< (1 + (by + ¢ + okn) (kp — D) |20 — pl| + M (50 + carnkn)
< (14 (L +2)(kn — 1)||@n — pl| + M (s, + Lenrn), (2)

and so

201 = Il < enllzn = pll + Bull T"0 = pll + 9l T"yn — pll
+ 0l T" 2 — pl| + tnl[wn — pll
< (1= Bn = = 0n)l[@n = pll + Buknllzn — pll
+ Ynknllyn = pll + Onknllzn — pll + M,
< (L (Bn+ 9+ nbin(L +2) + 6n(kn 4 1)) (kn — 1)) [[2n — p
+ M (t, + Yoknsn + Lynkncarn + dpknry)
< (14 (L2 + 3L +3)(ky, — )|z — pll
+ Mty + Lynsn + L*Ypcarn + Lyry).
By assumption, the conclusions of the lemma follow from Lemma 1. This completes the
proof. O]
We also need the following lemma proved by Schu [8].
Lemma 3 Let X be a uniformly conver Banach space, let {\,} be a sequence of real
numbers such that 0 < b < A\, < ¢ <1 for alln > 1, and let {z,} and {y,} be sequences

of X such that limsup,, ||z,| < a, limsup, ||y,|| < a and lim, | \,x, + (1 — \p)ys|| = a for
some a > 0. Then lim, ||z, — y,|| = 0.

By Schu’s Lemma, we have the following lemma.
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Lemma 4 Let {x,}, {y.} and {z,} be sequences in a uniformly convex Banach space
X. Suppose that {a,}, {B.} and {v,} are sequences in [0,1] with a, + B + v = 1,
limsup, 2| < a, timsup, [yl < a, limsup, [lza]] < a, and lim,, [anzn+Bag+nzall = a,

where a > 0. If liminf, o,, > 0 and liminf, 3, > 0, then lim, ||z, — y,| = 0.

Proof: We may assume without loss of generality that a,, > 0 and (3, > 0 for all n € N.
Let {ny} be a subsequence of {n} such that

B,
Qi ﬁ%k ank%—ﬁﬁk

llm inf H &n n Bn

Ot Bn "t B

hm H Yny
Then

a = liminf ||, @, + Ba Y, + Yo 2|

(67 ﬁn
< limin (an,, + Bny) ank+ﬂnkxk+ank+ﬁnkyk Vo 2 |
k A, +ﬁnk A, +ﬁ”k
Bn
< lim inf(a, ) 1 f” n li n
1m1n (Ctn,, + Bny) 1m1n Oén+ﬂn n+ n+ﬁny +a 1msup7 -

This implies that
limkinf (an,, + B, )a

=(1- limksup Vg )

B

Since liminf, («, + £,) > liminf, a;, + liminf, 3, > 0, it follows that

an, Bn ’ , Bn

< hmkmf (v, + Bny) hm inf H

Ty + T, +

n || < limsu n n
ant Bt B Plom + 8.7+ B

n

a < lim inf
n

We now observe that

lim inf _ G > liminfa, >0 and liminf L > liminf 3, > 0.

n oy + On n n (079 n
By Lemma 3, we have lim,, ||z, — y,|| = 0. This completes the proof. O

The following lemmas are the important ingredients for proving our main results in the next

section.

Lemma 5 Let X be a uniformly convex Banach space and C be a nonempty closed convex
subset of X. Let T : C' — C be an asymptotically nonexpansive mapping with the nonempty
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fized-point set F(T) and a sequence {ky,} of real numbers such that k, > 1 and Y~ (k, —
1) < co. Let {x,} be a sequence defined by Algorithm 1 with the restrictions thaty . t, <
00, Do YnSn < 00, Do YnCnTyn < 00 and Y o~ 0,1, < 00. Then we have the following

assertions.
(i) If 0 < liminf,~, < limsup, (5, + v + 6,) < 1 and limsup, (b, + ¢,) < 1, then
lim, |T"x, — x,|| = 0.

(i) If0 < liminf, 6, <limsup, (8, + vn + 6,) < 1 and limsup,, b, < 1, then lim, ||T"x,, —

z,|| = 0.
(iii) If 0 < liminf, 8, <limsup, (8, + n + 0n) < 1, then lim, ||T"z,, — x,| = 0.

Proof: Let p € F(T). By Lemma 2, we have lim, ||z, — p|| = @ for some a > 0. Since

lim, ¢, =0,
a = lim [z, 1 — pl|
= lm [[(1 = B = = ) (20 = p) + Bu(T" 0 = p) + 1 (T"Yn — p)
+ 0,(T" 2z, — p) + tp(w, — x,)||
=l [|(1 = B = 9 = ) (@ = p) + Bp(T" 20 — p)
+1(T"Yn = p) + 60 (T2 — p)||- (3)
We first observe that

limsup || T"z, — p|| < limsup k,||z, — p|| = a. (4)

To prove (i), let {m;} be a subsequence of {n}. We show that there is a subsequence {n;}
of {m;} such that limy | 7" y,, — x| = 0.

As liminf, v, > 0, D77 48, < 00, and Y 7 Ve, < 00, limy, s, = ¢,r, = 0. By using
(2), we have

limsup | 7™y, — pl| < Hmsup Ky, [|[ym; — pll < a. (5)
J J

If lim inf; d,,; > 0, then lim;r,,,, = 0. By (1), we gives

limsup (|77 2, — pl| < lmsup k|2, — pl| < a. (6)
J J

It follows from (3)-(6) and Lemma 4 that

Hm [Ty, — @, || = 0.
J
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On the other hand, if liminf; 6,,,, = 0, then we may extract a subsequence {d,, } of {d,,,} so
that limy 9, = 0, it follows that

lim &y, |, — pll = 0 = Lim 6, |7 2, — p]|.
This together with (3) gives
@ = (L~ By — ) — )
+ B (T 2y, = )+ i (T Yy, = D). (7)
It follows from (4), (5), (7), and Lemma 4 that
lilgn Ty, — T, || = 0.
By double extract subsequence principle,
lmn (2 = p) — (T = p)| = lim [ 779, — 2, | = . 5)
It follows that lim,, [|T"y, — p|| = a. Also
a= limninf T "y, — p|| < limninf knllyn — pll = limninf llyn — pll-

From (2), we gives limsup,, |y, — p|| < a, so that lim,, ||y, — p|| = a.
Next we prove that

lim ||T"z, — x,|| = 0, (9)

let {¢;} be a subsequence of {n}. It suffices to show that there is a subsequence {n;} of {¢;}

such that limy [|7™*x,, — x,, || = 0. Since lim,, s, = 0,
a = lim [|ye, — pll
= 11;11 ||(1 - bg]. - Czj)(l’gj - p) + béj (Tfjflfgj - p)

+ ng (ngZgj — p) + Sg]. (Ugj — xgj)H

= li]m H(l - bgj — ng)(l'gj — p) + bgj (ngxgj - p) + ¢ (Tg

j’z@j - p)”
If liminf; ¢, > 0, by Lemma 4 and limsup,, (b, + ¢,) < 1, then
lim || 7%z, — z4,|| = 0. (10)
i

On the other hand, if liminf; ¢;; = 0, then we may extract a subsequence {c,,} of {c,,} so
that limy, ¢,,, = 0, it follows that

Hm o, |77 20, = || = 0. (11)
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By using (1), we have

||Tkank - xnk” < ||Tnkxnk - TnkynkH + HTnkynk - x”k”
< kg 17, = Yng |l + 1T Yy, — T, ||
< Kb 1T, = |+ g T 20, — |

+ Ky Sng |Ung = T |+ 1T Yy, — @ |-
This together with (8), (10), and (11) gives
lilgn(l — kn, o )T 2y, — @0, || = 0.
As liminf, (1 — k,b,) = 1 — limsup,, b, > 1 — limsup,, (b, + ¢,) > 0, we have
lillgn Tz, — 2y, || = 0.

By double extract subsequence principle, we obtain (9) and the proof of (i) is finished.
By using a similar method, it can be shown that (ii) is satisfied.

(iii) To show that
lim |T"x,, — x,| =0, (12)

let {m;} be a subsequence of {n}. It suffices to show that there is a subsequence {n;} of
{m;} such that limy, || Tz, — x,,| = 0. We consider the following cases.

Case 1: liminf; v, > 0.

Subcase 1.1: liminf;d,, > 0. Then we obtain (3)-(6). It follows from Lemma 4 that
limy |77 Ty, — T, || = 0.

Subcase 1.2: liminf; §,,; = 0 = limy, d,,,, where {9, } C {d,m,}. Then we obtain (7), and so

Case 2: liminf;~,,; = 0. Choose {7, } C {ym,} such that lim; v, = 0, it follows that
lim vy, [z, — pll = 0 = limy,, 7%y, — pll.
This together with (3) gives
a = lim||(1 = Sy, — dg,) (x4, —p) + B, (T*%* ¢, — p) + 00, (T" 20, — ). (13)

Subcase 2.1: liminf, d,, > 0. By (1), we have limsupy || 7%z, — p|| < a. It follows from
(4), (13) and Lemma 4,

hin ”Tékmfk - xfk” = 0.
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Subcase 2.2: liminf; §;, = 0 = lim; 6,,,, where {0,,,} C {d¢,}. It follows that
lim b, || 77 2o, = p| = 0.
This together with (13) gives
a =T [[(1 = Bn,) (20, = p) + B, (T" 2, = p)-

It follows from Lemma 3, lim; ||T"z,, — x,,|| = 0. By double extract subsequence principle,

we obtain (12). This completes the proof. O

Lemma 6 Let X be a real Banach space and C be a nonempty closed conver subset of
X. Let T : C — C be an asymptotically nonexpansive mapping with a sequence {k,} of
real numbers such that k, > 1 and lim, k, = 1 and, {x,} be a sequence defined in C' by
Algorithm 1 with the restrictions that lim, t,, = lim,, v, s, = lim, y,c,r, = lim, d,7, = 0. If

lim, || 7"z, — x,|| = 0, then lim, || Tz, — z,| = 0.

Proof: Using (1), we have

1T" 20 — || < T2 — T 20| + | T" 20 — 20|
< knllzn = wul| + | T" 20 — 24|,
< (Onkn + DT 2y — @ull + raknllun — 24,

1Ty — znll < NT"yn — T 2nl| + 1T 20 — 24|
< knllyn — @n|l + [[T" 20 — @0,
S bk ||[T"xn — o || + crkn||T" 20 — 20|
+ Snkinllvn — @l + [ T" 20 — @0
< (bpkn + bl k2 + cpkn + DT 2, — 2,

+ Snknllvn — Za | + otk — 24,
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and so

[Zn1 — T |
< N@ntr = zall + 1T %01 = T || + ([T 20 — 24|
< (L kn)llwnga = zoll + ([T 20 — 20|
< Bu(L+ k)T 2 — | + (1 + k) [Ty — |
+ 0, (L + k)| T" 20 — x| + ta(1 + k) ||wn — x0|| + | T2 — 2]
< Bu(L+ E) 1Tz — 0|
+ V(1 + k) (bnkn + cabl k4 cokn + 1) T 2, — 24|
A+ YnSnkn(1 4+ k) |[vn — 2 || + Yncnrn (1 + k) k2 |[un — 0|
+ 0n(1 4 kp) (O ke + DT 20 — || + 0nrn (1 + kn) b l|un — 24|
+ to (1 + k)| wn — 2| + | T" 2, — 24| — 0.

Thus

st = Tnaall < [ = T @l + [T s = T

< ”xn+1 - Tn+1$n+1|| + ]<;1||T”In+1 - In+1|| — 0,

which implies lim,, | Tz, — 2,[| = 0. This completes the proof. O

3 Main results

In this section, we establish several strong convergence theorems of the three-step mean value

iterative scheme with errors for asymptotically nonexpansive mappings.

Theorem 7 Let X be a uniformly convex Banach space and C be a nonempty closed
convex subset of X. Let T : C — C' be an asymptotically nonexpansive mapping with the
nonempty fixed-point set F(T) and a sequence {k,} of real numbers such that k, > 1 and
Yoo (ky—1) < oo. Let {x,} be a sequence in C' defined by Algorithm 1 with the following

restrictions:
(i) 0 < liminf,~, <limsup, (G, + Yn + 0n) < 1,
(ii) limsup, (b, +¢,) < 1, and
(fii) D02ty <00, D 0 8y <00, 0T Cply < 00, Y0 0Ty < 00.

If T satisfies Condition (A) with respect to the sequence {z,}, then {x,} converges strongly
to a fized point of T.
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Let {z,} be a given sequence in C. Recall that a mapping 7' : C' — C with the nonempty
fixed-point set F(T') in C satisfies Condition (A) with respect to the sequence {z,} (|9]) if
there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all
r € (0,00) such that

fld(z,, F(T))) < ||xp — Tay||, for all n > 1.

Proof. By Lemma 5(i) and Lemma 6, we have
lim |7z, — x| = 0.

Let f be a nondecreasing function corresponding to Condition (A) with respect to {z,}.
Then

f(d(@n, F(T))) < [Tz — xn]l = 0,

and so
d(x,, F(T)) — 0.

Therefore, the conclusion of the theorem follows exactly from [6]. This completes the proof.
]

Remark 8 Suppose we rewrite our scheme by treating the additional terms as error terms
in the sense of Xu [11] in this way: z; € C,

/ /
Zn = A Tp + 0, T" 2z, + rpuy,

S
n — Unpdn nTnn bn n = ™ n = n)y
Yn = anZn + T2 + ( +S)(bn+5n x +bn+8nv)
xn—i—l:anxn+’7nTnyn+(ﬁn+5n+tn)
Bn 571 tn
X (—"F--T "2y + ——-v--T"2, + ————w,),
(6n+5n+tn Bn + 0n + 1ty B + 0n + 1y, )

for all n > 1. To obtain a strong convergence theorem by Theorem 2.4 of [1], we are restricted

to the following

Z(ﬁn + 0, +t,) <oo and Z(bn + sp,) < 00,
n=1 n=1

from which lim, §, = lim, 6, = lim,, b, = 0, > >~ s, < 0o, and > - t, < co. But our
Theorem 7 still gives the result for more general restriction. For example, our result is
applicable to the case of 3, =4, =b, = 1/4 and s, =, = 1/2".

Consequently, we obtain the following corollaries. When (3, = 0, we have

Corollary 9 Let X be a uniformly convex Banach space and C be a nonempty closed

conver subset of X. Let T : C — C be an asymptotically nonexpansive mapping with
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the nonempty fixed-point set and a sequence {k,} of real numbers such that k, > 1 and
Yoo (ky—1) < oo. Let {z,} be a sequence in C' defined by Algorithm 2 with the following

restrictions:

(i) 0 < liminf,~, <limsup, (v, + d,) < 1,
(i) limsup, (b, + ¢,) <1, and

(L) D07 b <00, D0l Sy <00, » T Cplry < 00, Do Oply < 00.

If T satisfies Condition (A) with respect to the sequence {z,}, then {x,} converges strongly
to a fixed point of T.

When 3, = 9,, = b, =0 in Theorem 7, we also have

Corollary 10 Let X be a uniformly convex Banach space and C be a nonempty closed
convexr subset of X. Let T : C — C be an asymptotically nonerpansive mapping with
the nonempty fixed-point set and a sequence {k,} of real numbers such that k, > 1 and
S>> (kn — 1) < co. Let {x,} be a sequence in C' defined by Algorithm 3 with the following

n=1

restrictions:

(i) 0 < liminf,~, <limsup, v, < 1,
(ii) limsup, ¢, <1, and

(ii) > pmy tn <00, Dony S0 <00, DTy Cal < 0O

If T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly
to a fized point of T.

Remark 11 1. Corollary 9 extends and improves Theorem 2.3 of 5] in the following
ways:
(i) The condition liminf, ¢, > 0 is removed.

(ii) The restriction > r, < oo is weakened and replaced by > ¢,r, < oo and
Yo Onry < 00.

(iii) The complete continuity imposed on T is replaced by the more general Condition
(A) with respect to {x,} (see also |1, Corollary 2.5|).

2. Corollary 10 extends and improves Theorem 2.4 of [I]. The restriction Y > r, < 00

is weakened and replaced by > ¢,r, < c0.
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3. Corollary 10 also extends and improves Theorem 3.2 of [1] in the following ways:

(i) The semi-compactness imposed on T is weakened by assuming that T satisfies
Condition (A) with respect to {x,} [, Corollary 2.5]|.

(ii) The condition lim,, ¢, = 0 is weakened and replaced by limsup,, ¢, < 1.
Next, as consequences of Lemma 5(ii), (iii) and Lemma 6, we have the following theorems.

Theorem 12 Let X be a uniformly convexr Banach space and C be a nonempty closed
convex subset of X. Let T : C — C be an asymptotically nonexpansive mapping with
the nonempty fixed-point set and a sequence {k,} of real numbers such that k, > 1 and
Yo (kn—1) < o0. Let {z,} be a sequence in C' defined by Algorithm 1 with the following

restrictions:

(i) 0 <liminf, d, < limsup,, (B, + 1 + 0n) < 1,
(i) limsup, b}, <1, and

(iii) D02t <00, Y o0 Sy < 00, Yo Ty, < 00.

If T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly
to a fized point of T'.

Theorem 13 Let X be a uniformly convex Banach space and C be a nonempty closed
convex subset of X. Let T : C — C be an asymptotically nonexpansive mapping with
the nonempty fixed-point set and a sequence {k,} of real numbers such that k, > 1 and
Yo (ky —1) < o0. Let {z,} be a sequence in C' defined by Algorithm 1 with the following

restrictions:

(i) 0 <liminf, 8, <limsup,, (B, + v + ) < 1 and

(1) D20ty <00, Dol VS < 00, Do YnCnln < 00, D oo Gyt < 00.

If T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly
to a fixed point of T

Remark 14 By using the same ideas and techniques, we can also discuss the weak con-
vergence for asymptotically nonexpansive mappings with errors and thereby improve the
corresponding results obtained by Cho, Zhou and Guo [!], Liu and Kang [], and Namma-

nee, Noor and Suantai [5].
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1. Introduction

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||. Let {T'(t) : t > 0}
be a family of mappings from a subset C of H into itself. We call it a nonexpansive semigroup
on C if the following conditions are satisfied:

(1) T(O)x =x forall x € C;

(2) T(s+t)=T(s)T(t) foralls,t >0;

(3) for each x € C the mapping t — T (t)x is continuous;

@) |IT(H)x-T(t)y| <|lx -yl forallx,y € Cand t > 0.
Motivated by Suzuki’s result [1] and Nakajo-Takahashi’s results [2], He and Chen [3] recently
proved a strong convergence theorem for nonexpansive semigroups in Hilbert spaces by hy-
brid method in the mathematical programming. However, their proof of the main result ([3,

Theorem 2.3]) is very questionable. Indeed, the existence of the subsequence {s;} such that
(2.16) of [3] are satisfied, that is,

1o =T (sl

Sj — 0,
Sj

0, (1.1)

needs to be proved precisely. So, the aim of this short paper is to correct He-Chen’s result and
also to give a new result by using the method recently introduced by Takahashi et al.
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2 Fixed Point Theory and Applications
We need the following lemma proved by Suzuki [4, Lemma 1].

Lemma 1.1. Let {t,} be a real sequence and let T be a real number such that liminf,t, < 7 <
lim sup, t,. Suppose that either of the following holds:

(i) limsup,, (ty41 —t,) <0, 0r
(ii) liminf, (t,41 — t,) > 0.

Then 7 is a cluster point of {t,}. Moreover, for € > 0, k, m € N, there exists mo > m such that |t;—7| < &
for every integer j with mo < j < mg + k.

2. Results
2.1. The shrinking projection method

The following method is introduced by Takahashi et al. in [5]. We use this method to approx-
imate a common fixed point of a nonexpansive semigroup without Bochner integrals as was
the case in [5, Theorem 4.4].

Theorem 2.1. Let C be a closed convex subset of a real Hilbert space H. Let {T(t) : t > 0} be a
nonexpansive semigroup on C with a nonempty common fixed point F, that is, F = N F(T(t)) # @.
Suppose that {x,} is a sequence iteratively generated by the following scheme:

Xo € H taken arbitrary,
Ci1=¢C,
x1 = Pe, (x0),
Yn = nXp + (1= a,)T(tn) X,
Cua = {z€Co: |lyn—2[| < |lxn—z[|},

xn1 = Pe,, (X0).

(2.1)

where {a,} C [0,a] C [0,1), liminf,t, = 0, limsup, t, > 0, and lim,, (t,.; —t,) = 0. Then x,, —
Pr(xo).

Proof. It is well known that F is closed and convex. We first show that the iterative scheme is
well defined. To see that each C,, is nonempty, it suffices to show that F C C,,. The proof is by
induction. Clearly, F C C;. Suppose that F C Ci. Then, for z € F C Cg,

lyi = 2| < aklloex = 2| + (1 - @) | T (t) xi — ||
<ag|xx - z|| + (1 - ax) || 2 — 2| (2.2)

= [l — z[l.

That is, z € Ck,1 as required.
Notice that

C,:= {zeH: |lyn—z| < ||xn— 2|} (2.3)
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is convex since
lyn =zl < [lxn = 2]l &= 2(x0 =y, 2) < [l2all” = |l (24)
This implies that each subset C, = CnN CiN---NC,_1 is convex. It is also clear that C,, is closed.
Hence the first claim is proved.
Next, we prove that {x,} is bounded. As x,, = Pc,(xp),
|xn = x0|| < ||z = x0|| Vz € Ch. (2.5)
In particular, for z € F C C, for all n € N, the sequence {x, — xo} is bounded and hence so is
ol Next, we show that {x,} is a Cauchy sequence. As x,,,1 € Cys1 C C, and x,, = P, (xp),
||xcn = x0]| < || %1 = x0]| VA (2.6)
Moreover, since the sequence {x,} is bounded,
%E?o”x" — x| exists. (2.7)
Note that
(x0 = Xn, xn —0) 20 Vv €C, (2.8)

In particular, since x,.x € Cpskx C Cy forall k €N,

1%k = 2 ||” = [|%nsx = 0|” = || = %0|* = 2(Xnsk = X, X — X0)
(2.9)

g e ER

It then follows from the existence of lim,||x, — xo||* that {x,} is a Cauchy sequence. In fact, for
e > 0, there exists a natural number N such that, for alln > N,

Il = xo* - a] < 5, (2:10)
where a = lim,||x, — xo|>. In particular, if n > N and k € N, then
sk = Xl < et = 0] = [l = 0]
c c (2.11)
§a+§—<a—§> =&

Moreover,

||xn1 = x4]| — 0. (2.12)
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We now assume that x,, — p for some p € C. Now since a,, < a < 1 forall n € N and
Xn+1 € Cnr

1
|20 = T (tn) x| = m”yn — X |

1
< 1-4 (”yn - Xn+1” + ||xn+1 - xn”) (2.13)

1 ||xn+1 xn” — 0.
The last convergence follows from (2.12). We choose a sequence {t,, } of positive real number
such that

1
by — 0, — | xn, = T (tn,) X || — O. (2.14)
N

We now show that how such a special subsequence can be constructed. First we fix 6 > 0 such
that

liminft, =0 < 6 <limsupt,. (2.15)
n

n

From (2.13), there exists m; € N such that || T(t,)x, — x,||< 1/3* for all n > m. By Lemma 1.1,
6/2 is a cluster point of {t,}. In particular, there exists n; > m; such that 6/3 < t,, < 6. Next,
we choose m, > ny such that ||T(f,)xn — xn||< 1/4% for all n > m,. Again, by Lemma 1.1, 6/3
is a cluster point of {t,} and this implies that there exists n, > mj, such that 6/4 < t,, < 6/2.
Continuing in this way, we obtain a subsequence {n;} of {n} satisfying

1 6 o

T (tn,)xn, — 2 || < k2P k2 <ty < E Vk € N. (2.16)

Consequently, (2.14) is satisfied.
We next show that p € F. To see this, we fix t > 0,

|| n, = T()p||
[t/tn,1-1
< S TGt xme = T((G+ Dt ) X, |
j=O

+

AR (A CYE

t
|1 = Tt 6 =l +
Ni

(o] e
([

t
t_”xnk T(t"k)x"k” + ”x"k —P” +sup { ||T(S)p _P” :0<s< t"k}'

IN

As x,, — p and (2.14), we have x,,, — T(t)p and so T (t)p = p.
Finally, we show that p = Pr(xo). Since F C Cp41 and x,41 = Pc,,, (x0),

|xne1 —x0|| < ||g—x0|| VmeN, geF. (2.18)
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But x,, — p; we have
lp = xoll < llg =xof| vqeF. (2.19)

Hence p = Pr(x) as required. This completes the proof. O

2.2, The hybrid method

We consider the iterative scheme computing by the hybrid method (some authors call the CQ-
method). The following result is proved by He and Chen [3]. However, the important part
of the proof seems to be overlooked. Here we present the correction under some additional
restriction on the parameter {¢,}.

Theorem 2.2. Let C be a closed convex subset of a real Hilbert space H. Let {T(t) : t > 0} be a
nonexpansive semigroup on C with a nonempty common fixed point F, that is, F = Ny F(T(t)) # @.
Suppose that {x,} is a sequence iteratively generated by the following scheme:

xo € C taken arbitrary,
Yn = nxn + (1= )T (ty)xn,
Co={z€C:||yn—z| <|lxn—z|}, (2.20)
Qu={ze€C:{(x,—x0,z—x,) >0},

Xn1 = Pe,ng, (%0),

where {a,} C [0,a] C [0,1), liminf,t, = 0, limsup, t, > 0, and lim,, (t,,1 — t,) = 0. Then x, —
Pr(xo).

Proof. For the sake of clarity, we give the whole sketch proof even though some parts of the
proof are the same as [3]. To see that the scheme is well defined, it suffices to show that both
C, and Q, are closed and convex, and C, N Q,# @ for all n € N. It follows easily from the
definition that C,, and Q,, are just the intersection of C and the half-spaces, respectively,

Cp = {ze H : 2(x0 = Y, 2) < [|%al|” = [yl } (2.21)

Oy = {z€e H: (xy—x0,2—x,) >0}.
As in the proof of the preceding theorem, we have F C C, for all n € N. Clearly, F ¢ C = Q.
Suppose that F C Qy for some k € N, we have p € C,NQk. In particular, (xj.1—x0, p—Xk+1) 20,

that is, p € Qk+1. It follows from the induction that F C Q, for all n € N. This proves the claim.
We next show that x,, — T(t,)x, — 0. To see this, we first prove that

Xps1 — Xp — 0. (2'22)
As X1 € Qp and x, = Py, (x0),

||xn = x0|| < ||xne1 — x0]| VneEN. (2.23)
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For fixed z € F. It follows from F C Q,, for all n € N that
lxn — x0|| < ||z = x0l] VneN. (2.24)

This implies that sequence {x,} is bounded and

lim ||2c, — x| exists. (2.25)
n—oo
Notice that
(Xni1 = Xn, X, — x0) > 0. (2.26)
This implies that
%1 = 2 ||” = [|%ne1 = x0]|> = |70 = 0[] = 2(ns1 = X, %0 — X0)
, , (2.27)
<t~ 3ol - [0 - o 0.
It then follows from x,.1 € C, that ||y, — Xu41|| < ||xn — X441]| and hence
1
T ()=l = ol =
. (2.28)
< —(lyn = xna || + %1 = 2al) — 0.
As in Theorem 2.1, we can choose a subsequence {ny} of {n} such that
Xn, — p €C, ty, —0, ti||xnk =T (tn)%n, || — 0. (2.29)
Tk
Consequently, for any t > 0,
t
e =T O[] < 7 llne = T (b )2 || + [loen =l + sup ([ T()p ~pll -0 < 5 < b).
k
(2.30)
This implies that
lim sup||x,, — T(t)p|| < limsup||x,, - p||- (2.31)
k—oo k—o0

In virtue of Opial’s condition of H, we have p = T(t)p for all t > 0, that is, p € F. Next, we
observe that

0 Pe o) < flo — pll < im il ~ | < i suapll o — | < [l ~ P (x0)]|

k—oo
(2.32)
This implies that
tim [y ~ x| = [l - Pr ()| = 10 - L. 2.39)
Consequently,
Xn, — Pr(x0) = p. (2.34)

Hence the whole sequence must converge to Pr(xy) = p, as required. O
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1. Introduction

Let E be a real Banach space, let C be a nonempty closed convex subset of E, and letT : C — E
be a mapping. Recall that T is nonexpansive if

ITx-Tyl <llx-yl Vx,yeC (1.1)

We denote by F(T) the set of fixed points of T, thatis, F(T) = {x € C: x = Tx}. A mapping T is
said to be quasi-nonexpansive if F(T) # @ and

ITx -yl <lx-yll VxeC, yeET) (1.2)

It is easy to see that if T is nonexpansive with F(T) # &, then it is quasi-nonexpansive. There
are many methods for approximating fixed points of a quasi-nonexpansive mapping. In 1953,
Mann [1] introduced the iteration as follows: a sequence {x,} is defined by

X1 = AnXp + (1 — ay) Ty, (1.3)
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where the initial guess element xy € C is arbitrary and {a,} is a real sequence in [0,1].
Mann iteration has been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results was proved by Reich [2]. In an infinite-dimensional Hilbert
space, Mann iteration can yield only weak convergence (see [3, 4]). Attempts to modify the
Mann iteration method (1.3) so that strong convergence is guaranteed have recently been
made. Nakajo and Takahashi [5] proposed the following modification of Mann iteration
method (1.3) for a nonexpansive mapping T from C into itself in a Hilbert space:

xo € C is arbitrary,

Yn = tnxn + (1 — a,)Txy,

Co={zeC flyn—z] < =11, (14

Qu={z€eC:(x,—2z,x0—x,) >0},

le+1:PCnﬁan0/ n:0/1/2/~"/
where Px denotes the metric projection from a Hilbert space H onto a closed convex subset
K of H and prove that the sequence {x,} converges strongly to Prr)Xp. A projection onto
intersection of two halfspaces is computed by solving a linear system of two equations with
two unknowns (see [6, Section 3]).
Recently, Su and Qin [7] modified iteration (1.4), so-called the monotone CQ method for
nonexpansive mapping, as follows:
xo € C is arbitrary,

Yn = anXp + (1 — ay)Txy,

¥
Q=C (1.5)
Cn={2€Chr1NQu1:[lyn—2z| < [lxu—z]|},
Qu=1{2€Cp1NQpu1:{(xn—2zx—x,) >0},

xn+1:PCnﬂan0/ n=0/1121---/

Co={z€C: yo-2] < xa-=

and prove that the sequence {x,} converges strongly to Prr)xo.

We now recall some definitions concerning relatively quasi-nonexpansive mappings and
what have been proved until now. Let E be a real smooth Banach space with norm || - || and
let E* be the dual of E. Denote by (-,-) the pairing between E and E*. The normalized duality
mapping J from E to E* is defined by

Jx={f €E :(x,f)=|x|*=|fI*)}, where x € E. (1.6)

The reader is directed to [8] (and its review [9]), where the properties on the duality mapping
and several related topics are presented. The function ¢ : E x E — R is defined by

¢(x,y) = lIxI* - 2(x, Jy) +IlylI> Vx,y € E. (1.7)
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Let T be a mapping from C into E. A point p in C is said to be an asymptotic fixed point of T
[10] if C contains a sequence {x,} which converges weakly to p and lim,_,o, (x, — Tx,) = 0. The
set of asymptotic fixed points of T is denoted by F(T). We say that the mapping T is relatively
nonexpansive if the following conditions are satisfied:

(R1) F(T) # &;
(R2) ¢(p, Tx) < ¢p(p,x) foreach x € C, p € F(T);
(R3) E(T) = E(T).

If T satisfies (R1) and (R2), then T is called relatively quasi-nonexpansive.

Several articles have appeared providing method for approximating fixed points of
relatively quasi-nonexpansive mappings [11-16]. Matsushita and Takahashi [12] introduced
the following iteration: a sequence {x,} defined by

Xntl = H]_l (an]xn + (1 - an)]Txn)/ (1.8)
C

where the initial guess element x, € C is arbitrary, {a,} is a real sequence in [0,1], T is a
relatively nonexpansive mapping, and Ilc denotes the generalized projection from E onto a
closed convex subset C of E. They prove that the sequence {x,} converges weakly to a fixed
point of T. Moreover, Matsushita and Takahashi [13] proposed the following modification of
iteration (1.8):

xo € C is arbitrary,
Yn =T (anJxn+ (1-ay)JTx,),

Co=1{z€C:d(z,yn) <P(z,x:)}, (1.9)
Qu={z€eC:(x,—z,x0—x,) 20},

xn+1: | | xO/ n:O/]-/Z/"'/
CaNQn

and prove that the sequence {x,} converges strongly to ITg(r)xo.

Recently, Kohsaka and Takahashi [11] extended iteration (1.8) to obtain a weak
convergence theorem for common fixed points of a finite family of relatively nonexpansive
mapping {T;};; by the following iteration:

X =] [J7 <iwm~ (aniJxn + (1 - aty) ]Tixn)>, n=1,2,..., (1.10)
C

i=1

where a,,; C [0,1] and w,; C [0,1] with }>.}";w,; =1 for all n € N.

Employing the ideas of Su and Qin [7], and of Aoyama et al. [17], we modify iterations
(1.5), (1.8)—(1.10) to obtain strong convergence theorems for common fixed points of countable
relatively quasi-nonexpansive mappings in a Banach space. Consequently, we obtain strong
convergence theorems for quasi-nonexpansive mappings in a Hilbert space without using
demiclosedness principle. Moreover, we introduce a new certain condition for an infinite
family of mappings which is inspired by Aoyama et al. [17], and we also show how to generate
a corresponding sequence of mappings satisfying our condition.
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2. Preliminaries

Throughout the paper, let E be a real Banach space. We say that E is strictly convex if the
following implication holds for x, y € E:

ty

Il =yl =1, x#y imply H— <1 2.1)

x
2
It is also said to be uniformly convex if for any € > 0, there exists 6 > 0 such that
) X+
Il = Iyl =1, llx= ol > e impty | 22| <1-6. @2)

It is known that if E is uniformly convex Banach space, then E is reflexive and strictly convex.
A Banach space E is said to be smooth if

x+ty|| - ||x
i 1 1= Il

lim ; (2.3)

exists for each x,y € S(E) := {x € E : |x|| = 1}. In this case, the norm of E is said to be
Gateaux differentiable. The space E is said to have uniformly Gateaux differentiable norm if for each
y € S(E), the limit (2.3) is attained uniformly for x € S(E). The norm of E is said to be Fréchet
differentiable if for each x € S(E), the limit (2.3) is attained uniformly for y € S(E). The norm
of E is said to be uniformly Fréchet differentiable (and E is said to be uniformly smooth) if the limit
(2.3) is attained uniformly for x, y € S(E).

We also know the following properties (see, e.g., [18] for details).

(a) E (E*, resp.) is uniformly convex if and only if E* (E, resp.) is uniformly smooth.
(b) J(x)# @ for each x € E.

(c) If E is reflexive, then | is a mapping of E onto E*.

(d) If E is strictly convex, then J(x) N J(y) = @ forall x #y.

(e) If E is smooth, then ] is single valued.

(f) If E has a Fréchet differentiable norm, then J is norm to norm continuous.

(g) If E is uniformly smooth, then J is uniformly norm to norm continuous on each
bounded subset of E.

(h) If E is a Hilbert space, then ] is the identity operator.

Let E be a smooth Banach space. The function ¢ : E x E — R is defined by
¢(x,y) = llxl? = 2(x, Jy) + lyI> Vx,y €E. (2.4)

It is obvious from the definition of the function ¢ that

(llxll = Iyl < ¢(x, ) < (lxll +IIyl)*  ¥x,y € E. (2.5)

Moreover, we know the following results.
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Lemma 2.1 (see [13, Remark 2.1]). Let E be a strictly convex and smooth Banach space, then
¢(x,y) =0ifand only if x = y.

Lemma 2.2 (see [11, Lemma 2.5]). Let E be a uniformly convex and smooth Banach space and let
r > 0. Then there exists a continuous, strictly increasing, and convex function g : [0,2r] — [0, o)
such that g(0) = 0 and

g(llx - yll) < Pp(x,y) (2.6)
forallx,y € B, ={z € E:|z| <r}.

Let C be a nonempty closed convex subset of E. Suppose that E is reflexive, strictly
convex, and smooth. It is known that [19] for any x € E, there exists a unique point x* € C
such that

p(x*,x) = min ply, ). 27)
ye

Following Alber [20], we denote such an x* by I'lcx. The mapping I'lc is called the generalized
projection from E onto C. It is easy to see that in a Hilbert space, the mapping I'lc coincides with
the metric projection Pc. Concerning the generalized projection, the following are well known.

Lemma 2.3 (see [19, Proposition 4]). Let C be a nonempty closed convex subset of a smooth Banach
space E and let x € E. Then

x*:Hx(z)(x*—y,]x—]x*)EO for each y € C. (2.8)
c

Lemma 2.4 (see [19, Proposition 5]). Let E be a reflexive, strictly convex, and smooth Banach space,
let C be a nonempty closed convex subset of E, and let x € E. Then

¢<y, Hx) + ¢<Hx, x> < ¢(y,x) foreach y € C. (2.9)
C C

Dealing with the generalized projection from E onto the fixed point set of a relatively
quasi-nonexpansive mapping, we get the following result.

Lemma 2.5. Let E be a strictly convex and smooth Banach space, let C be a nonempty closed convex
subset of E, and let T be a relatively quasi-nonexpansive mapping from C into E. Then F(T) is closed
and convex.

Proof. The proof of [13, Proposition 2.4] does not invoke condition (R3) at all. So the conclusion
holds for relatively quasi-nonexpansive mappings as well. O

Let C be a subset of a Banach space E and let {T,,} be a family of mappings from C into
E. For a subset B of C, we say that

(i) ({T,}, B) satisfies condition AKTT if

Zsup{”Tmlz—Tnz” :z € B} < oo; (2.10)

n=1
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(ii) ({T,}, B) satisfies condition *AKTT if

isup {/JTni1z = JTuz|| : z € B} < oo. (2.11)

n=1

Aoyama et al. [17, Lemma 3.2] prove the following result which is very useful in our main
result.

Lemma 2.6. Let C be a nonempty subset of a Banach space E and let {T,,} be a sequence of mappings
from C into E. Let B be a subset of C with ({T,}, B) satisfying condition AKTT, then there exists a
mapping T : B — E such that

Tx = limT,x VxeB (2.12)

n— oo

and lim,, _, o, sup{ |ITz-T,z| : z€ B} =0.
Inspired by the preceding lemma, we have the following result.

Lemma 2.7. Let E be a reflexive and strictly convex Banach space whose norm is Fréchet differentiable,
let C be a nonempty subset of E, and let {T,} be a sequence of mappings from C into E. Let B be a subset
of C with ({T,}, B) satisfying condition *AKTT, then there exists a mapping T : B — E such that

Tx = limT,x VYxe€B (2.13)

n—oo

and limnﬁoosup{H]Tz—]TnzH :ze€ B} =0.

Proof. For x € B, we show that { JT,,x} is a Cauchy sequence in E*. Let € > 0. By the condition
*AKTT of ({T,,}, B), there exists [y € N such that

i sup{||JTwz - JTuz|| : z € B} <e. (2.14)

n:lo

In particular, if k > [ > [y, then

P
—_

| Tix — JTix|| < sup {||JTws1z — JTuz|| : z € B}

n=I

(2.15)

M8

< > sup{||JTwnz - JTuz|| : z € B} <e.

1

3
[]
(=)

Hence, {JT,x} is a Cauchy sequence in E*. It follows then that lim, _, ., JT,,x exists for all x € B.
Moreover, it is noted that the convergence is uniform on B. Since E is reflexive and strictly
convex, J is bijective and we can define a mapping T from B into E such that

Tx =] ( lim ]Tnx> Vx € B. (2.16)
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Since E has a Fréchet differentiable norm, J is norm-to-norm continuous and hence
Tx =] ]( lim Tnx) = lim T,x Vx € B. (2.17)
This completes the proof. O

Combining Lemmas 2.6 and 2.7, we obtain a crucial tool for our main result.

Lemma 2.8. Let E be a reflexive and strictly convex Banach space whose norm is Fréchet differentiable,
let C be a nonempty subset of E, and let {T,,} be a sequence of mappings from C into E. Suppose that
for each bounded subset B of C, the ordered pair ({T,}, B) satisfies either condition AKTT or condition
*AKTT. Then there exists a mapping T : C — E such that

Tx=1limT,x VxeC. (2.18)

n— oo
Proof. To see that T is well defined, we suppose that ({T,}, {x}) satisfies condition AKTT
and condition *AKTT. Then, by Lemmas 2.6 and 2.7, there exist T and T such that Tx =
lim,,, ,T,x = Tx. O

Lemma 2.9 (see [11, Lemma 3.2]). Let E be a reflexive, strictly convex, and smooth Banach space, let
z € E,and let {t;}2, C (0,1) with X", t; = 1. If {x;}[4 is a finite sequence in E such that

¢<z, J! (i tl-]xi>> = S tip(z, xi), (2.19)
i-1 i=1

Lemma 2.10. Let E be a strictly convex Banach space and let {t,} C (0,1) with >;71t, = 1. If {x,} is
a sequence in E such that 3% t,x, and 350 t,||x,||* converge, and

© 2 ©
Z | = Z tn”xn
n=1 n=1

then x1 = x3+++ = X

2 (2.20)

then {x,} is a constant sequence.

Proof. Suppose that x; # x; for some i, j € N. Then, by the strict convexity of E,

ti tj 2

. x.
ti+t]' ! ti+t]' J

t; » )
< ti-;t]- I +tl-T]t]~”xj” : (2.21)

It follows that

t.
nn (t"+tf)<ti+lt]- i t+t 7> th”
n#i,j
t‘
< (t1+t]) ti':t]'xi t+t ] Z t ||x”||

n#Lj (2.22)

ti 2k 2 2
<t t) (g Il s 1P + 3 el

n#i,j

This is a contradiction. O
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3. Main results

In this section, we establish strong convergence theorem for finding common fixed points of a
countable family of relatively quasi-nonexpansive mappings in a Banach space.

This theorem generalizes a recent theorem by Su et al. [21, Theorem 3.1]. It is noted that
relative quasi-nonexpansiveness considered in the paper and hemirelative nonexpansiveness
of [21] are the same. We do prefer the former name because in a Hilbert space setting, relatively
quasi-nonexpansive mappings are just quasi-nonexpansive.

Recall that an operator T in a Banach space is closed if x,, — x and Tx, — y, then Tx = y.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let {T,,} be a sequence of relatively quasi-nonexpansive mappings
from C into E such that (,_,F(T,) is nonempty and let {x,} be a sequence in C defined as follows:

x€C C1=Q1=C,

Yn = ]_1 (an]xn + (1 - an)]Tnxn)/

Cn={z€Cr1NQn1:9(z,yn) <P(z,2xn)}, (3.1)
Qn = {Z € Cpa ﬁQn—l : <xn —Z,].X'() _]xn> > 0}/

Xpil = H x9, n=0,1,2,...,
CuNQn
where {ay} is a sequence in [0,1) with limsup, ,_a, < 1. Suppose that for each bounded subset
B of C, the ordered pair ({T,}, B) satisfies either condition AKTT or condition *AKTT. Let T be the
mapping from C into E defined by Tz = lim,_...T,z for all z € C and suppose that T is closed and
F(T) = NyeoF(Tn). Then {x,} converges strongly to Ilgrxo.

Proof. We first note that each C,, and Q,, are closed and convex. This follows since ¢(z,y,) <
¢(z, x,,) is equivalent to

2(z, Jxtu = Tyn) < xall” = vl (32)
It is clear that ;- F(T,) ¢ C = C.1 N Q_1. Next, we show that

(F(T,) cCanQ, VneNuU{0}. (3.3)

n=0

Suppose that (\F(T,) C Ck_1 N Q1 for some k € NU {0}. Let p € N F(T,). Then
¢(p.yi) = ¢(p, ) (awJ 2 + (1 = ) JTiex))

= PP = 2(p, axJxx + (1 = o) JTixe) + | Jxx + (1 = o) J T |
< lIpl? = 2ai(p, Jxe) = 2(1 = o) {p, JTixc) + ae || x| + (1 = ae) | Texie||*
= ar(llplP - 2(p, Jxi) + [|xl|”) + (1 = @) (IpI? - 2(p, T Tixe) + | Texe|”) - B4
= arp(p, xi) + (1 - a) P (p, Texx)
< arp(p, xi) + (1 - ax)P(p, xx)
= ¢(p, xk)-
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This implies that ;. F(T,,) C Ck. From x =Il¢, ,no, %0 and by Lemma 2.3, we have
(xk—z,Jxo— Jxx) >0 for each z € Cx_1 N Qk-1. (3.5)

In particular,

(xk=p,Jxo—Jxx) >0 for every p € ﬂF(Tn) (3.6)
n=0

and hence (", F(T,,) C Qk. It follows that
(F(T») € Ck N Q. (3.7)
n=0

By induction, (3.3) holds. This implies that {x,} is well defined. It follows from the definition
of Q, and Lemma 2.3 that x,, = I'ly, x¢. Since x,+1 = Ilc,ng, X0 € Qn, we have

P (xn, x0) < P(xns1,x%0) VYneNuU{0}. (3.8)

Therefore, ¢(x,, xo) is nondecreasing. Using x, = I'lp, xo and Lemma 2.4, we have

¢ (xn, x0) = (g, x0,x0) < P(p,x0) = P(p, xn) < P(p,x0) (3.9)

for all p € N, F(Ty) for all n € NU {0}. Therefore, ¢(x,, xo) is bounded. So

lim ¢ (x,, x0) exists. (3.10)

n—oo

In particular, by (2.5), the sequence {(||x,| — lIxol)?} is bounded. This implies that {x,} is
bounded. Noticing again that x, = Ilg, xo, and for any positive integer k, we have x,,x €
Qns+k-1 C Qy. By Lemma 2.4,

¢ (Xnik, Xn) = <;b<xn+k,1;[xo> < ¢ (Xnsk, X0) — ¢<]Q_[xo, xo> = ¢ (Xnk, %0) — P (%0, X0).

(3.11)

Using Lemma 2.2, we have, for m, n with m > n,

S(ll2m = xnll) < P (xm, xn) < P(2m, X0) = P(xn, X0), (3.12)

where g : [0,00) — [0, 00) is a continuous, strictly increasing, and convex function with g(0) =
0. Then the properties of the function g yield that {x,} is a Cauchy sequence in C, so there
exists w € C such that x, — w. In view of x,,,1 = Ilc,ng, X0 € C, and the definition of C,, we
also have

P (xni1, Yn) < P(xni1,x,) YneNU{0}. (3.13)



10 Fixed Point Theory and Applications

It follows that
nll—{rc}oqb (xn+1/ yn) = nll_{l;logb (xn+1/ xn) =0.
By using Lemma 2.2, we obtain
nli_r)rolollxnﬂ - yn” = nli_I}gO”an - xn” =0.
Since ] is uniformly norm-to-norm continuous on bounded sets, we have
Jim | Jxnia = Jya|| = lim || Jxpi1 = Jxa | = 0.

On the other hand, we have, for each n € NU {0},

||]xn+1 - ]yn” = ||]xn+1 - (an]xn + (1 - an)]Tnxn> ”
= ” (1= an) (Jxus1 = JTuxn) = an(J2n = JXns1) ”
> (1 - an) ||]xn+1 - ]Tnxn” - an”]xn = JXn1

7

and hence

||]xn+1 - ]Tnxn” < ||]xn+1 - ]]/n” +

1-a, 1-
From (3.16) and limsup, _, a, <1, we obtain
Tim [|J2e1 = JToxa]| = 0.

Since J7! is uniformly norm-to-norm continuous on bounded sets, we have

Bim [[e1 = Toal] = lim (1174 () = 1 (o) | = 0.
It follows from (3.15) that

l|2¢n = Toxn| < |20 = Xnsa || + [| %001 = Ton|| — 0
and so
nli_r)rolO”]xn — JTux,|| = 0.

Case 1. ({T,}, {x,}) satisfies condition AKTT. We apply Lemma 2.6 to get

1260 = Toca | < [|xn = Tuxal] + | Tntn = Toca|

< ||xn = Tuxu|| + sup{|| Tz — Tz|| : z € {xa}} — 0.

[Xnan ”]xn — ]xn+1 ”

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Case 2. ({Ty,}, {x,}) satisfies condition *AKTT. It follows from Lemma 2.7 that

||]xn _]Txn” < ”]xn _]Tnxn” + ”]Tnxn _]Txn”

(3.24)
< T on = JTuita]| + sup|{ |JTuz - JTz|| : z € {24} } — 0.
Hence,
Tim [|2c, = Toey|| = lim |77 (Jaen) = J 7 (JT ) || = 0. (3.25)
From both cases, we obtain

Tim |2, — Toxy|| = 0. (3.26)

Since T is closed and x, — w, we have w € F(T). Furthermore, by (3.9),
P (w, xp) = Jiir;o¢(xn, x0) < p(p,x0) VpeE(T). (3.27)
Hence, w = I'Tg(r)x0. ]

Corollary 3.2 (see [21, Theorem 3.1]). Let E be a uniformly convex and uniformly smooth Banach
space and let C be a nonempty closed convex subset of E. Let T be a closed relatively quasi-nonexpansive
mapping from C into E such that ¥(T) is nonempty and let {x,} be a sequence in C defined as follows:

xeC Ci1=Q41=C

Yn =T (an)xn+ (1 - an)JTxy),

Cr={2€Co1NQu1:¢(z,yn) <P(z,22)}, (3.28)
Qn=1{z€Cr1NQu1:(xn—2Jx0—Jxn) >0},

Xn+1 = | | xO/ n=0/1/2/'--/
CaNQn

where {a,} is a sequence in [0,1) with limsup, | a, < 1. Then {x,} converges strongly to I'g(r)xo.

Remark 3.3. If, in Theorem 3.1, T,, is continuous for each n € N, then the mapping T is
continuous and closed.

In our main theorem, we assume that for each bounded subset B of C, the ordered pair
({T,}, B) satisfies either condition AKTT or condition *AKTT. As in [17], we can generate
a sequence {T,} of relatively quasi-nonexpansive mappings satisfying such an assumption
by using convex combination of a given sequence {Si} of relatively quasi-nonexpansive
mappings with a nonempty common fixed point set.
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Let {$X} be a family of positive real numbers with indices 7,k € NU {0} with k < n such
that

(i) k.o Bk =1for everyn € NU {0};
(ii) limy, — o, Bk = p* > 0 for every k € NU {0}; and
(i) 350 Zkeo | Py = Bal < oo

Let E be a uniformly convex and uniformly smooth Banach space and let C be a nonempty
closed convex subset of E. For a sequence { Sk };2; of continuous relatively quasi-nonexpansive
mappings with a common fixed point and Sy is the identity mapping, we define a sequence
{T,.} of mappings from C into E by

Tox =] (Z ﬁ,’i]skx> (3.29)
k=0

for x € Cand n € NU {0}. We note that

AF(S:) ¢ (YF(SK) CF(T,) ¥neNU (o). (3.30)
k=0 k=0

Forn e NU {0}, let p € N;_oF(Sk). Then

¢(p, Tux) = ¢<p, J! <ki B~ ]Skx>>
=0
= ||P||2 - 2<Pli ﬁ,’;]Skx> +
k=0

2

> BETSkx
k=0

u " (3.31)
<llpl* =2 Bip, ISkx) + 3 Bl Six||”
k=0 k=0

B¢ (p, Skx)

M=

>
Il

0

< ¢(p,x)

for all x € C. Then, for all z € F(T,,) and fix g € N2 F(Sk),

$(0,2) = $(9,T.z) - qb(q, ! (Z ﬂ,’ifskz>> <SHI0S) <@, (3R
k=0 k=0
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that is,
¢ <q/ J7 (Z ﬂﬁ]5k2> > =D 0r9(q,52) = (g, 2).
k=0 k=0
By Lemma 2.9, we have z = Spz = S1z =--- = §,,z. So
F(T,) c (\F(Sk) VneNu{0}.
k=0
This implies that
F(T,) = (F(Sk) VYneNu{0},
k=0
and so

NF(T) = (F(s) 72

13

(3.33)

(3.34)

(3.35)

(3.36)

Then, by (3.31), we have that {T,} is a sequence of relatively quasi-nonexpansive mappings.

Let B be a bounded subset of C and let p € N F(Sk). By (2.5), we have

(|ISkx]| = I < p(p, Skx) < p(p,x) < (Il + lIpl)>,

and hence

|Skx]| < 2llpll + sup{llz| : z € B}

(3.37)

(3.38)

forall x € Band k € NU {0}. Let M = sup{||Skx|| : x € B, k € NU {0}}. For x € B and

n € NU {0}, we have

n+1

n
1T = JTux|| = || 32 BriaJSix = 3 B Sex
k=0 k=0

IN

Bt = Bl lTSix[| + B | TS|

IN

M= IM= LM

k=0

=
1l

0

n
S ZMZ |ﬂ1li+1 _ﬂﬂ
k=0

165 Bl Sl + <1 _ zﬂ:;l) 15ex]
k=0

| 112+1 _ﬁﬁlM-" <iﬁ5_kiﬁﬁ+l>M
=0

(3.39)
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Therefore,

sup! [[J Tt~ JTx| s x € B) <2M 3 (B, — ). (3.40)
k=0

It follows from (iii) that

Z sup{||[JTus1x = JTux|| : x € B} < ZMZ Z |85 - B5| < 0. (3.41)

n=0 n=0 k=0

By Lemma 2.7, we can define a mapping T by

Tx = limT,x, VxeC. (3.42)

n—oo

Using the same argument presented in the proof of [17, pages 2357-2358], we have
lim > |f - p“| =0, Zﬂ = (3.43)
n— oo k=0

For each x € C, the series 352, f*J Skx converges absolutely and

” JTx - i B*TSkx
k=0

lim |[JT,x = > ] Skx
k=0

n—oo

lim (| BrSkx = D) p*TSex
k=0 k=0

n—oo

IA

Jim (i |85 = B 1T Skx]| + i ﬂ"ll]skx||> (3.44)
k=0

k=n+1

IA

Jim Zlﬂn BNl Skx]| + Tim Z BElISix|

k n+1

IN

11mZ|ﬂk ﬂk|M+ lim Z M = 0.

nme k n+1

This implies that

Tx =] (Z p- ]Skx> Vx e C. (3.45)
k=0
It is obvious that

ﬁF(Sk) c F(T). (3.46)
k=0
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Let z € F(T) and fix p € N2 F(Sk). Then

¢(p,2) =¢(p.Tz) = ¢ (p, J! (ki ﬁkJskz>>
=0

lim ¢ <p, J! <Z ﬂ"fskz>>
k=0

nl;rr;g(ﬂpHZ : 2<P,Z[5k15k2> +
k=0

IN

k=0

n—oo

k=0 k=n+1

1im > p¢(p, Sz)
k=0

S Fp(p, Sz)
k=0

Bd(p, z)

Ms

<

=~
1l

0

=¢(p, 2).
It follows that
[o'e) 2 [e'e)
> B Sez| = 3 BITSez|’.
k=0 k=0

By the strict convexity of E* and Lemma 2.10,
JSkz=]Spz=Jz VYkeN.
Since ] is one to one,
Sxz=S9z=z VkeN.

So z € N2 F(Sk). Therefore,

F(T) ¢ (YF(S0).
k=0

15

)

> BFJSkz
k=0

,}gr;o<||p||2 - 2<p, Zﬂ"ISkZ> + Zﬂ"ll}sszz)
k=0 k=0
fim <Z PAIPIP =23 F(p. TSuz) + Zﬁ"llsszZ)
oo ~ pa (3.47)

lim <i B d(p, Skz) + i ﬂk||P||2>

(3.48)

(3.49)

(3.50)

(3.51)
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This together with (3.36) and (3.46) gives
F(T) = (\E(Ty) = (\F(Sk). (3.52)
n=0 k=0

Hence, we obtain that {T),} satisfies all the conditions of our main theorem. Now, we have the
following result.

Theorem 3.4. Let E be a uniformly convex and uniformly smooth Banach space and let C be a
nonempty closed convex subset of E. Let {fk} be a family of positive real numbers with indices n,
k € NU {0} with k < n such that

(1) i o Bk =1 for every n € NU {0};
(ii) lim, .o, B5 = ¥ > 0 for every k € NU {0};
(ifi) 320 k-0 |.5]r(1+1 — Byl < 0.

Let {Sk} be a sequence of continuous relatively quasi-nonexpansive mappings with a common fixed
point and let Sy be the identity operator, one defines a sequence {T,} of relatively quasi-nonexpansive
mappings from C into E by

Tox=]! (i pk ]Skx> (3.53)
k=0

forall x € Cand n € NU {0}. Then the sequence {x,} in C defined by (3.1) converges strongly to
Hng k(s Xo-

4. Deduced theorems

In Hilbert spaces, relatively quasi-nonexpansive mappings and quasi-nonexpansive mappings
are the same. We obtain the following result.

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let {T,} be a sequence
of quasi-nonexpansive mappings from C into E such that (\,— F(T,) is nonempty and let {x,} be a
sequence in C defined as follows:

x0€C, C_= Q_1 =C,
Yn = OpXy + (1 - “n)Tnxn/
Co={2€ChaNQua: [lyn—z| < ||xu 2|}, (4.1)

Qn=1{2€Cn1 NQu1:{xy,—2z,x0—x,) >0},

X =P X n=0,1,2,...
n n
n+1 C,NQ,A0s 7 Lr 4 s

where {ay} is a sequence in [0,1) with limsup, ,_a, < 1. Suppose that for each bounded subset B
of C, the ordered pair ({T,}, B) satisfies condition AKTT. Let T be the mapping from C into E defined
by Tz = limy,_.,Tyz for all z € C and suppose that T is closed and F(T) = (;2oF(Tx). Then {x,}
converges strongly to Pr(r)xo.
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Proof. Since ] is an identity operator, we have

¢(x,y) = llx - yl?, (4.2)

for every x,y € H. Therefore,

| Tux = p| < llx - pll &= ¢(p, Tux) < p(p, x) (4.3)

for every x € C and p € F(T,). Hence, T, is quasi-nonexpansive if and only if T}, is relatively
quasi-nonexpansive. Then, by Theorem 3.1, we obtain the result. O

Corollary 4.2 (see [22, Theorem 2.1]). Let C be a nonempty closed convex subset of a Hilbert space
H. Let T be a closed quasi-nonexpansive mapping from C into E such that F(T) is nonempty and let
{xn} be a sequence in C defined as follows:

x0€C, C,4=0Q41=C,
Yn = Xy + (1= ay)Txy,
Crn={z€ChanNQui1:||yn—z| < ||xn—2z|}, (4.4)
Qu={z€Cu1NQp1:(xn—2x —x) 20},
Xns1 = Pc,ng,x0, n=0,1,2,...,
where {a,} is a sequence in [0, 1) with limsup,_,_a, < 1. Then {x,} converges strongly to Pgr)xo.

We give an example of a countable family of quasi-nonexpansive mappings which are
not nonexpansive but satisfy all the requirements of our main theorem.

Example 4.3. Let E = R with the usual norm. For n € N, we define a mapping T,, on R by

1
0 if x < 5
n
T,x = 1 1 (4.5)
- if x > 3

for all x € R. Then N;,F(T,,) = F(T,,) = {0} and
|Twx -0 <|x-0] VxeR. (4.6)

So {T,} is a sequence of quasi-nonexpansive mappings. Let z € R, then

p
0 ifZS—z,
(n+1)
1 if 1 < 1
|Tn+1Z—TnZ| = ; 1 (n+1)2 <z< E, (47)
1 1 . 1
—2— 5 1fZ>—2,
" (n+1) n
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for all n € N. It follows that

oo oo 1
Z sup{|Tps1z — Tuz| : z € R} :Z—2<oo. (4.8)
n=1 n=1
We now define a mapping T on R by
Tx =1limT,x=0 VxeR. (4.9)

n—oo

Hence, the sequence {T,} satisfies all conditions in our main result. We also note that each
T, is neither nonexpansive nor relatively nonexpansive. Actually, T,, above fails to have the
condition (R3). Let {x,,} be a sequence define by x,, = 1/n* + 1/m. Then

1
Xy — X — TnXm = = — 0 as m — co. (4.10)

ﬁ/
This implies that 1/n? € E(T,,) and 1/n2 ¢ F(T,,).
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Weak and strong convergence of a scheme with errors
for three nonexpansive mappings

ABSTRACT. We establish weak and strong convergence theorems of modified Ishikawa
iteration with errors with respect to three nonexpansive mappings. We improve and extend
many results due to Khan and Fukhar-ud-din, Tamura and Takahashi and many authors.

We also point out that an additional condition imposed in Rafiq’s paper does not make sense.

KEY WORDS. nonexpansive mapping, Ishikawa iteration, uniformly convex space, Opial’s

condition, condition (A”)

1 Introduction

Nonexpansive mappings have been widely and extensively studied by many authors in many
aspects. One is to approximate a common fixed point of nonexpansive mappings by means

of an iteratively constructed sequence.

Let C' be a nonempty convex subset of a normed space £ and R, S, T : C' — C' be three

mappings. Xu [13] introduced the following iterative scheme,

(a) The sequence {x,} defined by

X1 € C, (1>

Tpi1 = pxy + 0, T2, + cru,, n > 1,

where {a,},{bn}, {cn} are sequences in |0,1] such that a,,+0b,+c, = 1 and {u,} is a bounded
sequence in C', is known as Mann iterative scheme with errors. This scheme reduces to Mann

iterative scheme if ¢, =0, i.e.,

T C
- 2)

Tps1 = Ty + (1 —ap)Tz,, n>1,

where {a,} is a sequence in [0,1].
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(b) The sequence {x,} defined by
r€C

Yp = ahx, + b, Tx, + v, (3)

Tl = ApTy + bnTxn + Cplip, n > 17

where {a,},{b.},{cn},{a},{b.},{c.} are sequences in [0,1] satisfying a,, + b, + ¢, =1 =
a, + b, + ¢, and {u,},{v,} are bounded sequences in C, is called the Ishikawa iterative

scheme with errors. This scheme becomes Ishikawa iterative scheme if ¢, =0 = ¢, i.e.,

T € C
Yn = a,xn + (1 —a,)Tx, (4)

Tpr1 = apnTp + (1 —ap)Tx,, n>1,

where {a,},{al,} are sequences in [0,1].

A generalization of Mann and Ishikawa iterative schemes was given by Das and Debata

[3] and Takahashi and Tamura |1 1]. This scheme dealt with two mappings:
xr1 € C
Yn = ahx, + (1 —al)Tx, (5)

Tpt+1 = ATy + (1 - an)Synu n =1,
(¢) The sequence {x,}, defined by

x| € C
Yn = ahxy, + 0, Tz, + v, (6)
Tpi1l = Xy + 0, SYn + cptt,, n>1,

where {a,},{b.},{cn},{a.},{V.},{c,} are sequences in [0,1] satisfying a,, + b, + ¢, =1 =

al + b, + ¢, and {u,},{v,} are bounded sequences in C| is studied by S.H. Khan and
H. Fukhar-ud-din [4].

Inspired by [1] and [5], we generalize the scheme (6) to three nonexpansive mappings with

errors as follows:

(d) The sequence {x,}, defined by

xg € C
Yn = a, Rx, + U, Tx, + v, (7)

Tpt+1 = anRxn + bnsyn + crun, n > 17
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where {a, },{b,},{c.},{al},{b.},{c,} are sequences in |0,1], a,, + b, +¢c, =1 =al, + b+,
and {u,}, {v,} are bounded sequences in C.

2 Preliminaries

Let E be a Banach space and let C' be a nonempty closed convex subset of E. When {z,}
is a sequence in E, we denote strong convergence of {x,} to z € E by =, — x and weak

convergence by x,, — .

A Banach space F is said to be satisfy Opial’s condition [7] if for any sequence {z,} in E,
x, — x it follows that limsup,, ., ||z, — z|| < limsup,,_, . ||z, —y|| for all y € E with y # x.

For every € with 0 < ¢ < 2, we define the modulus dg(g) of convexity of E by

[z +yll
2

op(e) = inf {1 - Al < 1yl <1, e =yl > e}

A Banach space F is said to be uniformly convex if dg(¢) > 0 for every € > 0.

A mapping T : C' — C is said to be nonexpansive if |7z — Ty|| < |z — y|| for all z,y € C.
A mapping T : C — FE is said to be demiclosed with respect to y € FE if for each sequence
{z,} in C and each z € F, x,, — = and Tz, — y it follows that z € C' and Tx = y.

Next we state the following useful lemmas.

Lemma 1 ([ ]) Suppose that E is a uniformly convex Banach space and 0 < p <t, <
q < 1 for all positive integers n. Also suppose that {z,} and {y,} are two sequences of E
such that limsup,, . ||z,]| < 7, imsup,_. [|y.|| < 7 and lim, o ||tpz, + (1 — t)yn|| = 7

hold for some r > 0. Then lim, o ||z, — yn|| = 0.

Lemma 2 ([12], Lemma 1) Let {s,},{t.} be two nonnegative real sequences satis-
fying
Sni1 < Sp+t, forall n>1.

If S0t < 00, then lim,_. s, exists.

Lemma 3 ([ ]) Let E be a uniformly convex Banach space satisfying Opial’s condition
and let C' be a nonempty closed convex subset of E. Let T be a nonexpansive mapping of C

into itself. Then I — T is demiclosed with respect to zero.

3 Main results

In this section, we shall prove the weak and strong convergence theorems of the iteration
scheme to a common fixed point of the nonexpansive mappings R, S and T'. Let F'(T') denote
the set of all fixed points of T'.
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Lemma 4 Let E be a uniformly convex Banach space and C' its nonempty closed convex
subset. Let R, S, T : C'— C be nonexpansive mappings and {x,} be the sequence as defined
in (7) with Y7 ¢, <00, Yy " ¢, <oo. If F(R)YNF(S)NF(T) # 0, then lim,_.« ||z, — |
exists for allp € F(R)NF(S)NF(T).

Proof: Assume that F(R)NF(S)NF(T) #0. Let p € F(R)YNF(S)NF(T). Since S, T, R

are nonexpansive mappings, we have

1yn — pll = |lay, Ry + b, Tx, + con — p|
< ay||Rzy — pl| + 0| Tz — pl + ¢, [l — pll
< apllzn — pll + 1z — pll + ¢ llon — pl|
= (ay, + b)) [|zn — pl| + cllvn — pll
= (1= &)lzn = pll + &, llvn = pll
<z = pll + i llvn — pll (8)

|Tns1 — pl| = lan Ry + b0 Syn + cruy, — p|
< an|| Ry — pl| + 0nl[Syn — pll + callun — pll
< anlyn — pll + ballzn — Pl + cnllun — pll
< ap([lzn = pll + cpllvn = pl) + bullwn — pll + enllun — pl]
= apl|zn — Il + ancy[vn — pll + bullzn — pll + callun — pl]
= (an + o) |20 — pll + ancyllvn — pll + callun — pl|
< lzn = pll + ey llve = pll + callun — p| (9)

By Lemma 2, lim,,_,« ||z, — p|| exists. O

Lemma 5 Let E be a uniformly convexr Banach space and C' its nonempty closed convex
subset. Let S,T,R: C — C be nonexpansive mappings and {x,} be the sequence as defined
in (7) with Y7 cp <00, Y00 ¢y <ooand 0 < <b,b, <1-06<1. IfF(R)NF(S)N
F(T)# 0 and

e — Syl < IRz — Syl| for allz,y € C, (10)
then
lim ||Sz, — z,| = lim ||Tz, — z,| = lim ||Rz, —x,|| =0

forallp € F(R)NF(S)NF(T).
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Proof: From Lemma 4, we get lim,, . ||z, — p|| exists. Let lim, o, ||z, — p|| = ¢. Then if
¢ = 0, we are done. Assume that ¢ > 0. Next, we want to show that lim,,_, [|Sy,—Rz,|| = 0.

We note that {u, — Rx,—p} is a bounded sequence, so lim,, ., ¢, ||u,— Rz, —p|| = 0. Consider
e= i lene ]
= 7lh_}nolo (1 = b,) Rz + by Syn + cruy, — cnRx, — pl|
= tim [[(1 - b)(Br, — p) + bu(Sw — p) + e, — Ry — )]
= lim |[(1 = by) (R — p) + ba(Sya — D) (11)
and from (8) we have

limsup || Sy, — pl| < limsup ||y, — pl| < lmsup ||z, — pl| + & llon —pll =c  (12)

n—00 n—00 n—oo
also,
limsup || Rz, — p|| < limsup ||z, — p|| = c.
n—oo n—oo

Using Lemma 1 and (11), we have
lim ||Sy, — Rx,| = 0. (13)
It follows then that

HRxn - xn” < HRmn - SynH + HSyn - xn”

< 2||Rzy, — Syn|| — 0, (14)

and hence
15yn = 2nll < [[Syn — Ran|| + | Rz — 20| — 0. (15)
We are going to apply Lemma 1 again. To show that lim,, ., ||y, — p|| = ¢, we observe that

[2n = pll < [lwn — Synll + [1Syn — I < |20 — Syull + [[yn — pl| which implies that
¢ < liminf ||y, — p||.
This together with (12) gives
Timlyn — pl| = c. (16)
Finally, from (16) and the boundedness of the sequence {v,, — Rz,, — p}, we have
¢ = lim [jy, —p||
= lim ||(1 —¥),)Rx, + b, Tx, + c,v, — ¢, Rz, — p|
= lim [|(1 = b),)(R2, —p) + b, (Tzn — p) + &, (vn — Ray — p)||
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Moreover,

limsup || Tz, — p|| < limsup ||z, — p|| = ¢,

n—oo n—oo
and

limsup || Rz,, — p|| < limsup ||z, — p|| = ¢

n—oo n—oo

Applying Lemma 1, we get

lim |Rz,, — Tx,| = 0. (17)
Using (14) and (17), we get that
lim ||Tz, — x,| = 0. (18)

Consequently, using (13), (14), (18) and

|20 — Szall < 2w — Syall + [[SYn — Sy
< len = Synll + [lyn — 24l
< e = Synll + an | R — wnl| + 0, [ Ton — 2| + & llon — @a|
< an = Syall + apll Bon — | + 01T 20 — 2ol + ¢ [lon — pll,
we have
lim ||z, — Sz,|| = 0. (19)
This completes the proof. O

We first establish the weak convergence theorem of our iteration.

Theorem 6 Let E be a uniformly convexr Banach space satisfies the Opial’s condition
and C, S, T, R and {x,} be taken as in Lemma 5. If F(R)N F(S)NF(T) # 0, then {x,}

converges weakly to a common fized point of S, T and R.

Proof: Let p € F(R)N F(S)N F(T), then as proved in Lemma 4, we get lim,, o ||z, — p||
exists. Now we prove that {z,} has a unique weak subsequential limit in F(R)NF(S)NF(T).
To prove this, let z; and 2z, be weak limits of the subsequences {z,,} and {w,,;} of {z,},
respectively. By Lemma 11, lim,, . ||z, — Sz,| = 0 and I — S is demiclosed with respect to
zero by Lemma 3, therefore we obtain Sz; = z;. Similarly, Tz; = z; and Rz; = z;. Again in

the same way, we can prove that zo € F(R)N F(S)N F(T). Next, we prove the uniqueness.
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For this we suppose that z; # 29, then by the Opial’s condition

lim |z, — 21| = lim [J2,, — 2|
— 00 11— 00
< lim ||z, — 29|
11—
= lim ||z, — 2|
n—oo
= i [}, — 2]
Jj—00
< tim [, — 2
j—00

= lim ||z, — 2|

n—oo

This is contradiction. Hence {z,} converges weakly to a point in F'(R)N F(S)NF(T). O

Our next goal is to prove a strong convergence theorem. Recall that a mapping T': C' — C
where C'is a subset of E, is said to satisfy condition (A) ([10]) if there exists a nondecreasing
function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all € (0, 00) such that ||z —Tz| >
f(d(z, F(T))) for all z € C where d(z, F(T)) = inf{||lx — z*|| : 2* € F(T)}.

Senter and Dotson [10] approximated fixed points of nonexpansive mapping 7" by Mann
iterates. Later on, Maiti and Ghosh [0] and Tan and Xu [12]| studied the approximation of
fixed points of a nonexpansive mapping 7" by Ishikawa iterates under the same condition (A)

which is weaker than the requirement that d is demicompact.

Three mappings R, S,T : C — C where C'is a subset of E, are said to satisfy condition (A”)
if there exists a nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all
r € (0,00) such that

1
3z = Re|| + llo = Tz + [lz — Szl) = f(d(z, F))

for all € C where d(z, F) = inf{||z —2*|| : 2 € F=F(R)NF(S)NF(T)}.

Note that condition (A”) reduces to condition (A) when R =S = T. We shall use condition
(A”) instead of the compactness of C' to study the strong convergence of {z,} defined in

(7). It is noted that if R = I, then condition (A”) reduces to condition (A’) of Khan and
Fukhar-ud-din [4].

Theorem 7 Let E be a uniformly convex Banach space and C, {x,} be taken as in
Lemma 5. Let R, S, T : C — C be three mappings satisfying condition (A”). If F(R) N
F(S)NF(T) #0, then {x,} converges strongly to a common fized point of R, S and T.

Proof: By Lemma 4, lim, . ||z, — p|| exists for all p € F(R) N F(S) N F(T). Let

lim, o ||z, — p|| = ¢ for some ¢ > 0. If ¢ = 0, we are done. Suppose that ¢ > 0. By
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Lemma 5, lim, . ||[Sz, — @l = limyoo ||T2, — x| = lim,oo ||Rzn — || = 0. Let
M = sup{||vn, — zu||, [|un — zu|| : n € N}. Moreover, by (9),

T — 2|

< llzn = pll + cpllva — pll + callun — p

<@ = pll + & llvn — zall + G llzn — Pl + cnllun — 2]l + callzn — pl]

< (I+c, +ca)llzn —pll + llve — all + callun — 2n

< (14, +cn)llzn —pll + (¢ + cu) M. (20)

This implies that d(x, 11, F) < (14, +c¢n)d(xy,, F)+ (¢}, + ¢,) M and hence lim,, .. d(z,, F)

exists by virtue of Lemma 2. By condition (A”),

lim f(d(z,,F)) =0.

n—oo

Since f is a nondecreasing function and f(0) = 0, therefore lim,, ., d(x,, F') = 0. Next, we

show that {z,} is a Cauchy sequence in E.

Let € > 0. We choose a positive integer /Ny such that

d(zy,, F) < Z. (21)
We next choose ¢ € F' such that
€
lzn =gl < - (22)

By lim,, o ||2, — ¢|| exists, the sequence {||z,, — p||} is bounded. Let K = sup,n{|lzn —
q|l, M}. Then from (20), we have

[znsr = gqll < llzn — gll + (6, + cn) K. (23)

Since > 7 ¢, < oo and Y 7, ¢, < 0o, there exists Ny such that

n=1""n
o €
Z Qi < T (24)
i=No

where @Q; = (¢; + ¢;) K. We take N = max{Ny, No}. Let n > N and m > 1. It follows from
(22), (23) and (24) that
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H$n+m - xn” < Hanrm _pH + Hp - an

n+m—1
<o —pll +llp—zal + D @
n+m—1 -
:2||xn_p||+ Z Qi
;—l n+m—1
<2y —pll +2D Qi+ Y. Qi
i=N i=n
n+m—1
<2fey —pll+2 Y @
i=N

<2llzy —pll +2) Qi
i=N

€ €
< 2(1) + 2(1) =e.

Hence {z,} is a Cauchy sequence in E. Since C is closed, z,, — = € C'. By the continuities
of S, R, T and (14), (18), (19), we get So = Rx =Tz =z. Sox € F(R)N F(S)NF(T).
This completes the proof. n

If R is the identity mapping, then (10) is automatically satisfied and we have the following.

Corollary 8 ([4],Theorem 1, Theorem 2) Let E be a uniformly convex Banach
space and C, S, T and {x,} be taken as in Theorem 7. Suppose that F(S)NF(T) # 0. Then

1. If E has the Opial’s condition, then {x,} converges weakly to a common fized point of
S and T,

2. If the mappings S and T satisfy condition (A’), then {x,} converges strongly to a
common fized point of S and T.

Remark 1 Theorem 6 and Theorem 7 extend and improve Theorem 1 and Theorem 2 of

[1] in the following ways:

1. the iteration methods in [1] are included as a special case of ours. Indeed, the identity

mapping is replaced by the more general nonexpansive mapping,
2. the boundedness of C' is not assumed as was the case in [1].

Remark 2 The following example |5, see Example 3.1] shows that our results extend sub-

stantially results in [4].
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Example 9 Let E be the real line with the usual norm and let C' = [—1,1]. Define
R, S, T:C — C by

z, x€]0,1]

—z, x€[-1,0)

Rx =

—sinz, z€][0,1]
Sx = and Tx =

sinx, x € [—1,0) —sx, x€[-1,0).

Obviously, F(R) N F(S) N F(T) = {0}. Moreover, it is not hard to see that nonexpansive
mappings R, S and T satisfy condition (A”).

z, x€l0,1]

D=

Remark 3 Recently, Rafiq [3| introduced the following condition: two mappings S, T :
C' — C are said to satisfy (AU-N) if

Sz —Tyl| <|lz —yl| forallz,yeC.

It the clear that if S = T, then (AU-N) is the definition of nonexpansive mappings. Unfor-
tunately, if S and T satisfy (AU-N), then

|ISe = Tz|| < |lz —z|| =0 forall zeC,

from which S = T. This means (AU-N) is meaningless. Consequently, all results in [3]| are

just dealing with only one mapping.
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Abstract

We use Mann’s iteration and the hybrid method in mathematical programming to obtain weak and strong convergence to
common fixed points of a countable family of Lipschitzian mappings. Finally, we apply our results to solve the equilibrium
problems and variational inequalities for continuous monotone mappings.
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1. Introduction

Let H be a real Hilbert space with inner produet-) and norm|| - || and letC be a nonempty subset éf. A
mappingT : C — C is said to be ipschitzianif there exists a positive constantsuch that

ITx—=Ty| <L|x—y|] forallx,yeC.

In this case,T is also said to bel.-Lipschitzian. Clearly, ifT is Lj-Lipschitzian andL1 < Lo, thenT is
Lo-Lipschitzian. Throughout the paper, we assume that every Lipschitzian mappiAgpschitzian withL > 1. If

L =1, thenT is known as a nonexpansive mapping. We denot€ @) the set of fixed points of . If C is bounded
closed convex andl is a nonexpansive mapping 6finto itself, thenF (T) is nonempty (see9]). We write X, — X

(xn — X, resp.) if{x,} converges strongly (weakly, resp.)xoThere are many methods for approximating the fixed
points of a nonexpansive mapping. In 1953, Mab@] [ntroduced the iteration as follows: a sequefixg defined by

Xnt1 = anXn + (1 —an)T Xq (1)

where the initial guess elemeny € C is arbitrary and{«an} is a real sequence if0, 1]. Mann iteration has
been extensively investigated for nonexpansive mappings. One of the fundamental convergence results is prove
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by Reich [L9]. In an infinite-dimensional Hilbert space, Mann iteration could conclude only weak converdgnce [
Attempts to modify the Mann iteration meth¢t) so that strong convergence is guaranteed have recently been made.
Nakajo and TakahashlB] proposed the following modification of Mann iteration metHast

Xp € C s arbitrary,

Yn = anXn + (L — o) T Xn,

Ch=1{zeC:|yn—2z| =< IIxn — 2z}, (2)
Qn={ze€C: (Xn—12Xo— X%n) > 0},

Xn+1 = PcannXO, n= 0, 1, 2... s

wherePk denotes the metric projection frokh onto a closed convex subgetof H.

In this paper, thanks to the condition introduced by Aoyama etlhlwje establish weak and strong convergence
theorem for finding common fixed points of a countable family of certain Lipschitzian mappings in a real Hilbert
space. The additional condition imposed on Lipschitzian mappings is inspired by Kim and Xu's8udfinplly, we
apply our results to solve the equilibrium problems and variational inequalities for continuous monotone mappings.

2. Preliminaries

Let H be areal Hilbert space. Then
Ix = yII? = IXI1% = Iy1? = 2(x = v, y) ©)
and
1A% + (L= DYIZ = AIXIZ + @ = IYIZ = 22 = 2)lx = yII? )
forall x, y € H andx € [0, 1]. Itis also known thaH satisfies
(1) the Opial’'s condition17], that is, for any sequenden} with x, — X, the inequality
liminf xa — x|l < liminf |xn -y

holds for everyy € H with y # x.
(2) the Kadec—Klee property6[21], that is, for any sequende} with x, — x and|x,|| — ||X|| together implies
IXn — X|| = O.

Let C be a nonempty closed convex subsetf Then, for anyx € H, there exists a unique nearest pointdn
denoted byPcx, such that

IXx—Pcx|| < |Ix—y| forallyecC.

Such a mappindc is called the metric projection dffi ontoC. We know thatP¢c is nonexpansive. Furthermore, for
X € H andz € C,

z=Pcx ifandonlyif (x—zz—y)>0 forallyeC.
We also need the following lemma (s&], Lemma 1).
Lemma 1. Suppose thafa}, {bn} and{cn} are three sequences of nonnegative real numbers such that

an+1 < (1+bp)ap+cy foralln > 1,

Zﬁil by < oo and Zﬁii Cn < 00, thenlimy,_, o a, exists. In particular, ifiminf,_, ., an = 0, thenlimp_, o an = 0.

Lemma 2 ([18], Lemma 2.2. Suppose thafa,} and {b,} are two sequences of nonnegative real numbers such that
Y onlian =oco0and) 2 anbn < co. Thenliminf, b, = 0.

Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and i
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Lemma 3 ([1], Lemma 3.2. Let C be a nonempty closed subset of a Banach space afdllebe a sequence of
mappings of C into itself. Suppose tHat: ; suf | Th+1z — Tzl : Z € C} < oo. Then, for each ye C, {Thy}
converges strongly to some point of C. Moreover, let T be a mapping of C into itself defined by

Ty= lim T,y forallyeC.
n—oo
Thenlimp_ s SUR|Thz—T2|:ze C} =0.
The following lemma is a generalization &f3, Lemma 3.2].

Lemma 4. Let C be a nonempty closed convex subset of a real Hilbert space Hix{}die a sequence in H and let
{6n} be a sequence D, co) such that) o2 ; 8n < oo and

Xn+1 = Yl < (L +dn)lIXn — yll forall y € C and ne N.
Then the sequend®c (xn)} converges strongly to someszC.
Proof. Letz, = Pc(Xn). We have

1041 — 20l1® = I Zat1 — Xn41ll® + X412 — Z0ll® + 2(Zat1 — Xn41, Xny1 — Zn)
= l1zn1 — Xngall® + [Xn41 — 2all?
+2((Zn+1 — Xn+1, Xn+1 — Zn+1) + (Zn+1 — Xn+1, Zntl — Zn)
< X412 — 2nll® = X412 — Zngall?
< (L4 80)%1%0 — 20ll® = IXnt1 — Znsall®. 5)
This means
Xn+1 = Zn+all < X+ 8n)IXn — zn|| foralln e N.
By Lemma 1 limn_ « ||Xn — Zn ]| exists. To see thdkz,} is a Cauchy sequence, we observe fi@)that

IZns1 — znll? < (L 4+ 280 + 82) X0 — Znl12 = X412 — Zntall?
= (%0 — zall® = 1Xn+1 — Zn+1l1?) + (28n + 82) %0 — znlI%.

Since{||xn — zn ||} is bounded and o2 8n < oo, we have

o0
D (280 + 83 1Xn — Znl1® < oc.

n=1

It then follows that
o
1Zn1 — zal? < oo
n=1

In particular,{z,} is a Cauchy sequence. Hen¢s,} converges strongly to sonzes C. O

3. Weak convergence theorems

Theorem 5. Let C be a nonempty closed convex subset of a real Hilbert space H{Thetbe a sequence of
Ln-Lipschitzian mappings from C into itself wifip- ; (Ln — 1) < co and let(o2; F(Tn) be nonempty. Leftx,} be
a sequence in C defined by & C and

Xn+1 = anXn + (L — an)ThXn

forall n € N, where{an} is a sequence if0, 1) with 27 ; an(1— an) = oco. Letd> o2 ; suf|| Thr1z— Tnz|| : z € B}
< oo for any bounded subset B of C and T be a mapping of C into itself defined bylifg,_. oo Thz forallze C
and suppose that @) = (o2, F(Tn), then{xn} converges weakly to € F(T). Moreoverimn_.oc PrT)Xn = w.
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Proof. Let p € (e, F(Tn), it follows from (4) that
IXn1 — PIZ = llen(Xn — P) + (L — an) (TnXn — PII?
= anllXn — PI” + (1 = an) [ TaXn — PlIZ — an(L — an) X0 — TaXn |12
< 1+ A= an)(L3 = D)Ixn = plI® = an(L — an) [Xn — TaXn|® (6)
for alln € N. Hence
X412 — PI? < (L + A= an) (L3 — D)% — plI? )
for all n € N. By Lemma 1 we have that liri_, « ||Xn — Pl exists. Furthermore, froif6), we have
an(1 = an) (X0 = TaXnll® < [1%0 — PI® = IXn+1 — PIZ + (1 — an)(LF — DM,

whereM = sup{||x, — pl||? : n € N}. Summing from 1 tam and tending to infinity fom, we have

o0
2
an(l—an)lXn — TaXnll© < oo.
n=1

Sincezg“;l an(1— ap) = oo and fromLemma 2 we have

n—o00

We next prove that the limit ligL, » [|Xn — TnXn || actually exists. Sincéx,} is bounded, it follows that

> SURITaz = Tasazll : Z € {Xn}) < 0. ®)

n=1

We compute

< anllXn — TntaXnsall + (1 — on) [ TaXn — TnpaXntall

< an (X0 = Xn+1ll + Xn+1 — Tnp1Xnt2l)

+ (1 — an) (ITaXn — TnXnt1ll + [ TaXn+1 — TnpaXnal)

1+ @A —an)(bn — D) IXn — Xn+all + anliXn+1 — TnpaXnall

+ (1 — an) I TaXn+1 — TntaXn+all

=1+ A -ap)(bn —D)A - an) %0 — TnXnll + anlXn+1 — TntaXnall
+ (1 — an) TaXn+1 — TnpaXnsall-

IXn+1 — T Xnsall

IA

It follows from 1 — o > O that

Xnt1 — TnraXnsall < A+ A —an)(Ln — D) IIXn — TaXnll + I TaXns1 — ThyaXnsall
<A+ A-an)(bn=D)IIXn — TaXnll + SUAI ThZ — Tht2Zl| : Z € {Xn}}.

By Lemma land(8), we have that lim_, » ||[Xn — ThXnll €xists. Thus
I|m ”Xn - Tan” == 0
n—oo

We applyLemma 3to get

X = TXall < 1Xn — TaXnll + I TaXn — T Xa|
< Xn — TaXnll + SURIITaZ — T Z|| : Z € {Xn}} — O.
From the definition off and lim,_, L, = 1, we have thal is nonexpansive. Sindey} is bounded, there exists a

subsequencgxy, } of {x} such thaix,, — w. So by the demiclosedness principlec F(T). To prove thak, — w,
suppose that there existm; } C {xn} andw’ # w such thattm; — w’. So, we havev’ € F(T). It follows that
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im X0 —wl = lim fIxy —wll < lim [Ixy, —w’|
n—oo 1—00 1—00

Nim |Xm; —w'll < 1M [Xm; — wll
j—o00 j—o0

n—o0
arriving at a contradiction. Henogy — w € F(T). Finally we prove that lim, o z» = w, wherez, = Pr )X, for
eachn € N. By (7)andLemma 4 there iswg € F(T) such thatz, — wo. Fromzy = Pr(1)Xy andw € F(T), we have
(Xn — zZn,Zn —w) >0, forallneN.
It follows from z, — wp andx, — w that
(w — wo, wo —w) >0

and therwo = w. This completes the proof. O

SettingL, = 1 in Theorem 5we have the following result.

Corollary 6. Let C be a nonempty closed convex subset of a real Hilbert space H{Thetbe a sequence of
nonexpansive mappings from C into itself such fAgt ; F (Ty) is nonempty. Lefxn} be a sequence in C defined by
x1 € C and

Xnt1 = anXn + (1 — an) TnXn

forall n € N, where{an} is a sequence if0, 1) with "7 ; an(1— an) = oco. Letd> o2 ; SUi|| Tar1z— Tnz|| : z € B}
< oo for any bounded subset B of C and T be a mapping of C into itself defined bylifig,_.» Thz forallze C
and suppose that @) = (o2, F(Tn), then{xn} converges weakly to € F(T). Moreover|imn_.oc Pe(T)Xn = w.

Remark 7. Corollary 6is also a direct consequence &#] Theorem 3.1].

As in [1, Theorem 4.1], we can generate a sequefitg of nonexpansive mappings satisfying condition
Y ol 1supliTh+1z — Tazll : Z € B} < oo for any bounded subsé@ of C by using convex combination of a general
sequencé¢Sc} of nonexpansive mappings with a common fixed point.

Corollary 8. Let C be a nonempty closed convex subset of a real Hilbert space Hadlebe a sequence if0, 1)
such thaty 2 ; an(1—ap) = oo. Let{ﬁﬁ} be a family of positive real numbers with indices g K with k < n such
that

(i) Yh_; B = 1forevery ne N;
(ii) limp_ o BK > Ofor every ke N, and

(i) Yop2y Yhoq 18X, 1 — BKI < 0.

Let {&} be a sequence of nonexpansive mappings from C into itself with a common fixed point. Then a sequence
{xn} in C defined by xe C and

n
Xn+1 = onXn + (1 — ap) Zﬁﬁ&xm foralln e N,
k=1
converges weakly to ﬂﬁii F (). Moreoverlimn_, Pﬂﬁil F(S0Xn = w.
Corollary 9 ([19]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be a nonexpansive

mapping from C into itself such that(F) is nonempty. Lefx,} be a sequence in C defined@y. If {«n}is a sequence
in [0, 1) with Zﬁozl an(1l — an) = oo, then{x,} converges weakly to € F(T). Moreover|imn_. o PrT)Xn = w.
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4. Strong convergence theorems

Inspired by Nakajo—Takahashi’'s pap&B] and Kim—Xu's paper§], Mann type iteration in Sectio8 is modified
to obtain the strong convergence theorem as follows.

Theorem 10. Let C be a nonempty bounded closed convex subset of a real Hilbert space {H,Lleé a sequence
of Lp-Lipschitzian mappings from C into itself with,I> 1 and let(2 F (Tn) be nonempty. Assume tHak,} is a
sequence ifi0, 1) with limsup,_, ., an < 1. Let{x,} be a sequence in C defined as follows:

Xp € C s arbitrary,
Yn = dnXn + (1 — on) TnXn,
Cn={z€C: |lyn—2lI* < [I%n — 2|1 + 6n},
Qn={zeC: (Xn—2Z X0 — Xn) = 0},
Xn+1 = PcannXo, n= 0, 1, 2, ey
where
n = (1 —an)(L2 — 1)(diamC)? - 0 asn— oc.

Let> o2 oSUpliTa+1Z — Tnzll : z € B} < oo for any bounded subset B of C and T be a mapping of C into itself
defined by T z= limp_,« Thz for all z € C and suppose that @) = (a2 F(Tn), then{x,} converges strongly to
PE (1) Xo.

Proof. We first prove thaC,, andQ, are closed and convex for eagte N U {0}. From the definition o, and Qp,
it is obvious thatCy, is closed andQ;, is closed and convex for eache N U {0}. We prove thatC, is convex. Since
llyn — ZI12 < |IXn — Z|I2 + 6, is equivalent to

2(Xn = Yn. 2) < [Xnll® = I ynll® + 6n,
it follows thatCy, is convex. Next, we show that

F(T)cC, forallne NuU/{0}. 9)
Let p € F(T) andn € NU {0}. Then from
Iyn = PII? = lotnXn + (1 — o) TaXn — PII?

anll%n — PII% + (1 — )| TaXn — PII?
anlXn — PI? + (L — an)LalIX0 — pII?
1% — plI? + (L — an) (L3 — Dllxn — pl®
< %0 = PI® + 6n,

IATA

we havep € C,. Therefore we obtai(®). Next, we show that
F(T)c Qn forallne NU{0}. (10)

We prove this by induction. Fan = 0, we haveF(T) ¢ C = Qg. Suppose thakE(T) Cc Qn. Theng # F(T)
C Cnh N Qn and there exists a unique element, € Cy N Qp such thatkn1 = Pc,ng,Xo. Then

(Xn+1— Z, X0 — Xn+1) = 0

for eachz € C,, N Qp. In particular,
(Xn+1 — P, X0 — Xn41) > 0

for eachp € F(T). It follows thatF (T) c Qn+1 and hencg10) holds. This together witkP) gives
F(TYcCinQy forallne NuU{0}.

Now the sequencgxn} is well defined. It follows from the definition dn thatx, = Pg,Xo. Therefore

IXn — Xoll < llz—Xol| forallze Qnand alln € NU {0}.
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Letze F(T) c Qnforalln e NU{0}. Then
IXn — Xoll < lz—xo|| foralln e NU {0}.

On the other hand, fromn;1 = Pc,ng,Xo € Qn, we have
IXn — Xoll < [[Xn+1 — Xoll foralln e N U {0}.

Therefore{||x, — Xo||} is nondecreasing and bounded. Saylim, || Xy — Xo| exists. This implies th&ix, } is bounded.
Sincexnt1 = Pc,ng,Xo € Qn, We have(xn — Xn11, Xo — Xn) > 0. It follows from(3) that

2 2
Xn+1 — Xnll© = [[(Xn+1 — X0) — (Xn — X0) ||
2 2
= [IXn+1 — Xoll“ = IXn — Xoll* — 2{Xn+1 — Xn, Xn — Xo0)
2 2
< IXn+1 — Xoll® — [IXn — Xoll

for all n € NU {0}. This implies that
lim [|Xnt1 — Xnll = O. (11)
n—oo

Sincexnt1 € Cn, 1Yn — Xnt1l12 < 1Xn — Xnt1l12 + 6 Which implies that

I¥n = Xnt1ll < 1% — Xns1ll + v/6n — O.

From limsup,_, ., an < 1, we get

1
IXn — TnXnll = 1 lyn — Xnll
—an
< 1 (IYn = Xntall + IXn = Xntal) — O.
— an
We applyLemma 3to get

IXn = TXall < IXn — TnXnll + [ TaXn = T Xa |l
< %0 — TnXnll +sURThz = TZ|| : Z € {Xn}} — O. (12)
Finally, we show thak, — w, wherew = Pr(T)Xo. Since{xn} is bounded. Lefxn, } be a subsequence pf,} such

thatx,, — w’. Sincel —T is demiclosed and frorfi2), we havew’ € F(T). Sincex, = Pg,Xoandw € F(T) C Qp,
we have

[Xn — Xoll < llw — Xoll.
It follows from w = Pr ()Xo and the lower semicontinuity of the norm that

lw—Xoll < lw" — Xoll < liminf [Xn, — Xoll < limsup||Xn, — Xoll < lw — Xoll.
k— o0 k— o0

Thus, we obtain that lifL, o [|Xn, — Xoll = [lw’ — Xoll = lw — Xo||. Using the Kadec—Klee property &f, we obtain
that

H !/
lim Xp, =w' = w.
k— 00

Since{xn,} is an arbitrary subsequence{sf}, we can conclude thdkn} converges strongly t8g(1yXo. O

It is not difficult to see from the proof above that the boundedne$s cdin be discarded {fT,} is a sequence of
nonexpansive mappings. So we immediately obtain the following corollary.

Corollary 11. Let C be a nonempty closed convex subset of a real Hilbert space HTkkebe a sequence of
nonexpansive mappings from C into itself such fAgt ; F (Tn) is nonempty. Assume thiat,} is a sequence ifD, 1)
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with lim sup,_, ., an < 1. Let{x,} be a sequence in C defined as follows:

Xo € C is arbitrary,

Yn = anXn + (L — an) TaXn,
Ch={zeC:lyn—2zl < IIxn— 2|},
Qn={ze€C: (Xn—2 X0 — X%n) = 0},
Xn+1 = PcononXo, N=0,1,2, ...,

Let> o2 gSUpliTa+1Z — Tnz|l : Z € B} < oo for any bounded subset B of C and T be a mapping of C into itself
defined by Tz limp_.o Thz for all z € C and suppose that @) = (o F(Tn), then{x,} converges strongly to
PF(T)X().

Remark 12. Corollary 11is a consequence ofh, Theorem 3.1(iii)].

Corollary 13. Let C be a honempty closed convex subset of a real Hilbert space Huljdbe a sequence ifD, 1)
such thatim sup,_, ., an < 1. Let{8K} be a family of positive real numbers with indices ne KN with k < n such
that

(i) Sk_oBK = 1for every ne N U {O};
(ii) limn_ o BK > Ofor every ke N U {0}, and
(i) 3°R20 > ko 181 — Bl < o0,
Let {&} be a sequence of nonexpansive mappings from C into itself with a common fixed point. Then a sequenc
{Xn} In C defined as follows:

Xo € C s arbitrary,

n
Yn = anXn + (1 —an) > BrScxn,
k=0
Ch=1{zeC:|lyn—12zll =< IXn — Zl},
Qn=1{zeC: (Xn—2Z Xo— Xn) = 0},
Xn+1 = PcononXo, N=0,12, ...,

converges strongly tofe ¢ (g, Xo-

Corollary 14 ([13], Theorem 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let T be a
nonexpansive mapping from C into itself such th&T f-is nonempty. Letx,} be a sequence in C defined (&). If
{an} is a sequence if0, 1) with lim sup,_, ., «n < 1, then{xn} converges strongly to iRT)Xo.

5. Applications
5.1. Equilibrium problems

Let C be a nonempty closed convex subset of a real Hilbert spadeet f be a bifunction ofC x C into R, where
R is the set of real numbers. The equilibrium problem forC x C — Ris to findx € C such that

f(x,y)>0 forallyeC. (13)

The set of solutions dfL3) is denoted by EPf). Numerous problems in physics, optimization, and economics can be
reduced to find a solution @fL3). Some methods have been proposed to solve the equilibrium problen2 &éé, [
22)). In 2005, Combettes and Hirstoad [ntroduced an iterative scheme for finding the best approximation to the
initial data when EPf) is nonempty and they also proved a strong convergence theorem.

For solving the equilibrium problem, let us assume that the bifundtisatisfies the following conditions (seg):

(A1) f(x,x)=0forallx € C;
(A2) f is monotone, i.e.f(x,y) + f(y,x) <0foranyx,y e C;
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(A3) f is upper-hemicontinuous, i.e., for eaxhy, z € C,

limsupf(tz+ (1 —-t)x,y) < f(x,y);

t—0t

(A4) f(x, ) is convex and lower semicontinuous for each C.

By [2, Corollary 7 and [3, Lemma 2.12], we have the following lemma.

Lemma 15. Let C be a nonempty closed convex subset of a real Hilbert space H, let f be a bifunction fxoth C
into R satisfying(A1)—(A4) and letr > O and x e H. Then there exists a uniqué x C such that
1

fOx*,y) + F(y—X*,x* —x)>0 forally e C.
Moreover, let T be a mapping of H into C defined by

T (X) = x*
for all x € H. Then, the following hold:

(i) T is firmly nonexpansive, i.e., foranyx € H,
ITex = Teyll? < (Tex = Tey, X — y);

(i) F(Tr) =EP(f);
(i) EP(f)is closed and convex.

Using Theorem Swe have the following theorem.

Theorem 16. Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction &@n C
into R satisfying(A1l)—(A4) andEP(f) # @. Let{x,} and{u,} be sequences generated hyxC and
1
f(un,y) + —{y—Un.Un—Xn) =20, VyeC,
n
Xn+1 = anXn + (1 — an)Un,

for all n € N, where{an} is a sequence 0, 1] with o7 ; an(1l — an) = oo and {rp} is a sequence K0, co)
with liminfn—srn > 0, and Zg“;1|rn+1 — rp] < oo. Then{x,} converges weakly tww € EP(f). Moreover,
liMn_eo I:’EP(f)Xn =w.

Proof. In order to applyTheorem Swe first prove that

o0
> sudliTry,,2— Trozll 1 2€ B) < 00 (14)
n=1
for any bounded subsé& of C. Let B be a bounded subset 6f Forn € Nandz € B, letz, = T;,z. Then
1
f(ZmY)-i-r—(y—Zn,Zn—Z)ZO forally e C (15)
n
and
f@nin )+ —(y=2Z41, 2041 -2) 20 forally e C. (16)
n+1

Puttingy = zn41 in (15)andy = z, in (16), we have
1
f(zn, Zny1) + r—<zn+1 —Zn,Zn—2) 20
n

and

f(znt1, Zn) + (Zn — Zn41, Zny1—2) = 0.

M+1
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So, from (A2) we have

Zn —Z Zny+1 — 2
<Zn+1 P Tk > =0
n Int+1
and hence
Mn
Int1 —ZnyIn — L — (zZny1—2)=0.
Mny1
Thus,
Mn
(Zn41—Zn, Zn — Zn41) +{Znt1—Zn, | 1 — ; (Zny1—2)) = 0.
n+1

Without loss of generality, let us assume that there exists a real nlsumh thar, > b > 0 foralln € N. Then
we have

r
2 n
lZni1 — znll® < <Zn+l — Zn, <1 T ) (Zn+1 — Z)>

n+1

Mn
< [1Zn+1 — Znl| ‘1— —‘ lznt1 — 2zl
n+1

and hence
1TrsZ— TrnZll = 1 Znsa — znll
=< Irnte =l Tr 2 — 2l
n+1
< %Ifn+1 =l T2 — 2l (17)

By Lemma 1%ii), we have ERf) = (N2, F(T,). Letv € EP(f) andM = suf|z— v| : z € B}. Then

1Mo Z—2ZI < [ Trp Zz— vl + llv — 2]
= IMrp2Z = Trppqvll + llv — 2|l
= 2lz—vl.

This together with{17) gives
2M
suliTr,,2—TrpZll :2€ B} < T|rn+1 —Inl.
Sinced p2 1 Irnt1 — 'n| < oo, we obtain(14). By Lemma 3 we define a mapping by
Tx= lim T, x forallxeC.
n—o0

Finally we prove that
o
F(T) =) F(T). (18)
n=1
It easy to see thgf),>, F(Tr,) € F(T). Letw € F(T). Forn € N, letw, = T,,w. Then

1
f(wn,y)+r—(y—wn,wn—w) >0 forallyeC.
n

By (A2), we have

1
r—(y— wn, wn — w) > f(y,wy) forallyeC.

n
Please cite this article in press as: W. Nilsrakoo, S. Saejung, Weak and strong convergence theorems for countable Lipschitzian mappings and i
applications, Nonlinear Analysis (2007), doi:10.1016/j.na.2007.08.044




W. Nilsrakoo, S. Saejung / Nonlinear Analyis{sain) I 11

Sincewn, — w and from (A4), we have
0> f(y,w) forallyeC.
Then, fort € (0, 1] andy € C,
0= fty+ 1 -bw,ty+ (1 —-tHw)
tfay+ L—tw, y)+ L -t)fty+ 1 —thHw, w)
tfay+ (A —tw, y)
or
fty+(1-tw,y) >0.
Lettingt — 0T and using (A3), we get
f(w,y) >0 forallyeC

and hencev € EP(f) = (o2, F(Ty,). Therefore we obtait§18). Applying Theorem 5{x,} converges weakly to
w = ||mni>oo PEP(f)Xn. O

UsingCorollary 11, we have the following theorem.
Theorem 17.Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction &@n C
into R satisfying(A1l)—(A4) andEP(f) # @. Let{x,} and{u,} be sequences generated lyexC and
1
f(un,y) + Y= Un.Un—Xn) =0, VyeC,

n
Yn = anXn + (1 — an)Unp,
Ch={zeC:|l¥n—12z| = lIXn— 2|},
Qn={zeC: (Xn — 2z X0 — Xn) = O},
Xn+1 = PcpnonXo, N=0,1,2...,

where{an} is a sequence if0, 1) withlimsup,_, ., on < 1 and{rp} is a sequence i, co) with liminf,_, o, rn > 0O,
and) o7, Irn41 — Il < oco. Then{x,} converges strongly toga f)Xo.

5.2. Convergence theorem for monotone mappings

Let H be areal Hilbert space aritibe a nonempty closed convex subsetofLet A: C — H be a mapping. The
classical variational inequality is to finde C such that

(AX,y—x) >0 forally eC.

The set of solutions of classical variational inequality is denoted by @|R). The variational inequality has been
extensively studied in the literature (seg12,16,23,25-27 and the references therein). We recall that a mapping
A:C — H is said to be:

(a) monotone if
(Au— Av,u—v) >0 Vu,v eC;

(b) a-inverse-strongly monotone if there exists a constant 0 such that
(Au— Av,u—v) > a||Au— Av|?2 Vu,v e C;

(c) r-strongly monotone if there exists a constant 0 such that
(AU— Av,U—v) >rlu—v|? Yu,vecC;

(d) relaxed(y, r)-cocoercive if there exist constapir > 0 such that

(Au— Av,Uu—v) > —y||Au— Av|®> +r|lu—v|?> Yu,veC;
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(e) u-Lipschitzian if there exists a constagmt> 0 such that

lAu— Av| < uflu—v|| VYu,v eC.

Remark 18. (1) Everya-inverse-strongly monotone mapping is monotone afedllipschitzian.
(2) Everyr-strongly monotone is monotone.
(3) Every relaxedy, r)-cocoercive angi-Lipschitzian mapping with 1«2 < r is monotone.

Lemma 19. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C into H. Define a bifunction:fC x C — R as follows

f(x,y) = (AX, y — X) (19)
forall x,y € C. Then f satisfie6A1)—(A4) andVIP(C, A) = EP(f).

Proof. It easy to see that VIZ, A) = EP(f). We show thatf satisfies (A1)—(A4).
(Al) Letx € C. Thenf (x, x) = (Ax,x — x) = 0.
(A2) Letx, y € C. SinceA is monotone, we haveAx — Ay, X — y) > 0. Then

fXy)+ f(y.x) = (AX, y = X) + (Ay, X —y)
= (Ay— AX, X — )
= —(AXx—Ay,x—-y) <0.

(A3) Letx, y, ze C andt € [0, 1]. SinceA is continuous, we have
im f@z+ @A —-tx,y) = lim (Atz+ (1 —-t)x),y — (tz+ (L —t)x))
t—0t t—0t
= (AX, y — x) = f(X,y).
(A4) Letx € C. Then

f(X, ty+ (1 —-1)2) = (AX, ty+ (1 —t)z— X))
= (AX t(y — X)) + (AX, (1 —t)(z— x))
=1(AX, Yy —X) + (1 —t)(AX, Z— X)
=tf(x, y)+ A -1 f(x,2),

forally,ze C andt € [0, 1]. So we have thaf (x, -) is linear. Lety € C and{y,} c C such thaty, — y. Then
lim f(x,yn) = lim (AX, yn — X) = (AX, y — X) = f(X,y).
n—oo n—oo

Hencef (x, -) is continuous. O

Lemma 20. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C into H and let f be a bifunction defined(b9). Let xe H,u e C and r > 0. Then

f(u,y)+r}(y—u,u—x)zo, VyeC <& u= Pc(X—rAu).

Proof. Lety € C. Then

1 u— X
f(U,Y)+F<Y—U,U—X>=(AU,Y—U>+<V—U7 ; >
=<y—u,Au+u:X>

= %(y—u,u—(x—rAu))
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and hence

1
f(u,y)+r—<y—u,U—X> vyeC

207
S{y—u,u—(XxX—rAu) >0 VyeC
<SU=Pc(X—rAu). O

Using Theorem 16Lemmas 1%nd20, we have the following theorem.

Theorem 21. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C such thatIP(C, A) # @. Let{x,} and{un} be sequences generated hyexC and

Un = Pc(Xn — rAup)
Xn+1 = onXn + (1 — an)Un,

for all n € N, where{ay} is a sequence iif0, 1] with Zﬁilotn(l — ap) = oo and {rp} is a sequence 0, co)
with liminfa—sorn > 0, and Zg";l Ir+1 — rn] < oo. Then{xp} converges weakly ta € VIP(C, A). Moreover,
liMn= 0o Puipc, aXn = w.

Using Theorem 17Lemmas 1%nd20, we have the following theorem.

Theorem 22. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C such thatlP(C, A) # @. Let{xn} and {un} be sequences generated lpyexC and

Un = Pc(Xn — rnAun)

Yn = anXn + (1 — an)un,
Ch={zeC:llyn—2| =X —zll},
Qn={z€C: (Xn —2Z X0 — X%n) = O},
Xn+1 = PcononXo, N=0,1,2...,

where{an} is a sequence if0, 1) with limsup,_, ., an < 1and{rp} is a sequence it0, co) with liminf,_ o, rn > 0,
and) 27 [rny1 — Il < 0o. Then{x,} converges strongly tovib(c. a)Xo-

Remark 23. (1) As Remark 18we obtain a strong convergence theorenwfénverse-strongly monotone mappings,
r—stzrongly monotone and continuous mappings and reléxed)-cocoercive ange-Lipschitzian mappings with
yue<r.

(2) Some weak and strong convergence theorems for monotone Lipschitzian mappings were established by sever:
authors 7,12,16,2325—-27. However, there is a monotone continuous mapping which is not Lipschitzian. Let
H = R with the usual inner product and usual norm andGQet= [0, 1]. Define A : C — C by Ax =
1—(1—x%33%2forall x € C. Then A is not Lipschitzian (see2[]). But A is monotonically increasing,
so

(AX— Ay, X —y) = (AX— Ay)(x—y) >0 Vx,yeC.

HenceA is monotone and continuous with€®VIP(C, A) # @. Therefore,Theorems 2land22 provide a new
convergence theorem for a wider class of mappings.
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1 Introduction

Let H be a real Hilbert space and C' be a nonempty closed convex subset of
H. Let F be a bifunction of C' x C into R, where R is the set of real numbers.
The equilibrium problem for F: C x C' — R is to find € C such that

F(z,y) >0 forallye C. (1)

The set of solutions of (1) is denoted by EP(F'). Given a mapping T : C — H,
let F(z,y) = (T'z,y — z) for all z,y € C. Then, z € EP(F) if and only if
(Tz,y—2z) > 0forall y € C, i.e., z is a solution of the variational inequality.
Numerous problems in physics, optimization, and economics reduce to find a
solution of (1). Some methods have been proposed to solve the equilibrium
problem (see [1, 5, 13]). In 2005, Combettes and Hirstoaga [4] introduced an
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iterative scheme of finding the best approximation to the initial data when
EP(F) is nonempty and they also proved a strong convergence theorem.

A mapping f of C into H is called a contraction if there exists a € (0,1)
such that

If (@) = fll < allz —y|  forall z,yeC

and a mapping S of C into H is said to be nonexpansive if
[Sz —Sy|| < |lz —yl| forallz,yeC.

We denote by F(.9) the set of fixed points of S. If C' is bounded closed convex
and S is a nonexpansive mapping of C' into itself, then F(S) is nonempty (see
[9], cf. also [22]).

There are many methods for approximating fixed points of a nonexpansive
mapping. In 1953, Mann [11] introduced the iteration as follows: a sequence
{z,} defined by

Tpt1 = Ty + (1 — ap)Szy,

where the initial guess xg € C is arbitrary and {a,} is a real sequence in
[0,1]. Mann iteration has been extensively investigated for nonexpansive
mappings. One of the fundamental convergence results is proved by Reich
[17]. In an infinite-dimensional Hilbert space, Mann iteration can conclude
only weak convergence [6].

Some attempts to construct iteration method so that strong convergence
is guaranteed have recently been made.

For a sequence {a,} of real numbers in [0, 1] and an arbitrary u € C, let
the sequence {z,} in C be iteratively defined by z( € C,

Tnt1 = apt+ (1 — o) Sy, (2)

The recursion formula (2) was first introduced in 1967 by Halpern [7]. In
1977, Lions [10] improved the result of Halpern by proving strong convergence
of {z,} to a fixed point of S where the real sequence {w,} satisfies the
following conditions:

(C1) limy— 00 vy, = 0;
(C2) Y02, an = oo
(C3) limy—oo(@ns1 — an)/ap g = 0.

Wittmann [24] proved a strong convergence theorem under the assumption
of (C1), (C2) and

(C3) 2onii lomtr — an| < oo
Xu [25, 26] considered the conditions (C1), (C2) and

(C3") limy,—oo(nt1 — @n)/ans1 = 0.
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He showed that condition (C3) and (C3’) are not comparable and that (C3’)
and (C3"”) are not comparable either. We note that (C3"”) is weaker than
(C3) by removing the square in the denominator so that the canonical choice
of a,, = 1/(n+ 1) is possible.

Moudafi [12] introduced the viscosity approximation method as follows:

Tpa1 = anf(xn) + (1 — an)Szy,. (3)

If f(x) =w e C for all x € H, then Moudafi’s iteration reduces to Halpern
iteration.

Chidume and Chidume [2], and, independently, Suzuki [20] introduced
iteration similar to (2) as follows:

Tnt1 = aptt+ (1 — an)(ASzp + (1 — N)zp) (4)

for all n € N, where u € C, A € (0,1) and {a,} C [0, 1].
Recently, Yao, Chen and Zhou [27] introduced a modified Halpern itera-
tion as follows:

Yn = anf(xn) + (]— - an)anv
Tn+1 = 5nxn + (1 - ﬂn)yn (5)

for all n € N, where {«,} and {3, } are sequences in [0, 1].
Setting f(z) =w e Cforalz € C, 8, = (1 —a,)(1 —A) and o), =
an/(1—8)) for all n € N. Then we can rewrite (4) as follows:

Yn = O‘;Lf(xn) + (1 - CM;L)S.IH,
Tp41 = 6:LG + (1 - Bg)yn

Inspired by (3), Takahashi and Takahashi [21] introduce a new iteration by
the Moudafi’s viscosity method for finding a common element of the set of
solutions of an equilibrium problem and the set of fixed points of a nonex-
pansive mapping in a Hilbert space. The purpose of the paper is to extend
Takahashi—Takahashi’s iteration by means of Mann’s method and Moudafi’s
method. In section 3 we prove a convergence theorem of our iteration under
the weaker assumption as were the case in [21]. The new iteration considered
in the paper is applied to find a common element of the set of fixed points of
a nonexpansive mapping and the set of solutions of a variational inequality
problem for continuous monotone mappings. Consequently, the correspond-
ing results for a-inverse-strongly monotone mappings, r-strongly monotone
mappings and relaxed (v, r)-cocoercive mappings are obtained respectively.
We also propose a slightly modified Mann-type iteration to obtain a strong
convergence theorem for continuous pseudocontractive mappings. It is known
that there is a Lipschitzian pseudocontractive mapping with a unique fixed
point for which every Mann sequence fails to converge [3].
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2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm | - ||. We
write &, — x (x, — z, resp.) if {z,} converges (weakly, resp.) to z. In a
real Hilbert space H, we have

Iz +yll? = =l = Iyl + 2(z + v, v) (6)
and
Az + (1= Nyll* = Allz]® + (1 = Vllyll> = A1 = N[z — y]]? (7)

for all z,y € H and A € [0,1]. It is also known that H satisfies the Opial’s
condition [16], that is, for any sequence {z,} with z,, — =, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo
holds for every y € H with y # z. Let C be a nonempty closed convex subset

of H. Then, for any x € H, there exists a unique nearest point in C', denoted
by Pcox, such that

|z — Pex| < [lz —y| forallyeC.

Such a mapping P¢ is called the metric projection of H onto C. We know
that Pc is nonexpansive. Further more, for x € H and z € C,

z=Pocx ifandonlyif (r—2z,z—y)>0 forallyeC.

For solving the equilibrium problem, let us assume that the bifunction F
satisfies the following conditions (see [1]):

(Al) F(z,z) =0 for all z € C;
(A2) F is monotone, i.e., F(z,y) + F(y,2z) <0 for any x,y € C;
(A3) F is upper-hemicontinuous, i.e., for each z,y,z € C,

limsup F(tz + (1 — t)x,y) < F(z,y);

t—0+

(A4) F(z,-) is convex and lower semicontinuous for each z € C.
The following lemma will be useful for proving the main result of this paper.

Lemma 1 ([1], Corollary 1). Let C' be a nonempty closed convex subset
of a real Hilbert space H, let F' be a bifunction from C x C into R satisfies
(A1)-(A4) and let r > 0 and x € H. Then there exists z € C' such that

1
F(z,y)Jr;(yfz,zfx) >0 forallyeC.
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Lemma 2 ([4], Lemma 2.12). Assume that F' : C x C — R satisfies
(A1)-(A4). Forr >0 and xz € H, defined a mapping T, : H — C as follows:

T.(z) = {ZGCSF(Z,y)+%<y*Z,Z*I> >0, VyeC}
for all x € H. Then, the following hold:
(i) T, is single-valued;
(ii) T, is firmly nonexpansive, i.e., for any x,y € H,
ITox = Toyl? < (Trw = Ty, x — y);
(iii) F(T,) = EP(F);
(iv) EP(F) is closed and convex.

Lemma 3 ([19], Lemma 2.2). Let {x,} and {y,} be bounded sequences in
a Banach space, and let {8,} be a sequence in [0, 1] with

(B) 0 < liminf, ., B, <limsup,,_, . Gn < 1.

Suppose that Tpi1 = Brnxn+(1—LFn)yn for alln € N andlimsup,,_, . (||[yn+1—
Ynll = |Tne1 — znl]) <0. Then limy,_ o ||yn — x| = 0.

Lemma 4 ([25], Lemma 2.1). Let {a,} be a sequence of nonnegative real
numbers that satisfies that condition

An 41 S (1 - 'Vn)an + ’Ynén

for all n € N, where the sequences {v,} in (0,1) and {6, } satisfy conditions:
limy, oo ¥ = 0, Yooy Yo = 00, limsup,,_, . 8, < 0. Then lim,_ a, = 0.

3 Equilibrium problems

In this section, we approximate a common element of the set of solutions of
an equilibrium problem and the set of fixed points of a nonexpansive mapping
in a Hilbert space.

Theorem 5. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (A1)-(A4) and
let S be a nonexpansive mapping of C into H such that F(S) N EP(F) # @.
Let f be a contraction of H into itself and let {x,} and {u,} be sequences
generated by x1 € H and

F(un,y) + %(y — Up,Up — Tp) >0, VyeC,

n

Yn = anf(xn) + (]- - an)Sunv
Tn+1 = ﬁnxn + (1 - ﬁn)yn

for all n € N, where {ay,} and {B,} are sequences in [0,1] with (C1), (C2)
and (B) and {r,} is a sequence in (0,00) with
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(R1) liminf,, o, > 0, and
(R2) limp— o0 (1 — 1) = 0.
Then {xn} and {u,} converge strongly to z = Pp(s)nep(r)f(2)-
Proof. Let v € F(S) N EP(F). Then u, =T, x,, we have
[un — ol < T, 20 = Tr 0l < fl2n — vl (3)

for all n € N. Put K = max{||z1 — v[|, 72 ||f(v) — v||}. We note here that
a € (0,1). Tt is obvious that |1 — v|| < K. Suppose that ||z, — v|| < K.

Then, by (8),

[yn — vl < anllf(zn) = vll + (1 = an)|[Sun — v]|
< an [ f(zn) = fFO)] + anllf(v) = vl + (1 = an)un — o

) ol + (1= o)l ol

< anal|z, — | + an(l —a)
<K,
and so
[2n1 = vll < Bullzn —vll + (1 = Ba)llyn —vl| < K.

So, we have that ||z, — v|| < K for all n € N and hence {z,} is bounded.
We also obtain that {u,}, {Sun}, {f(z,)} and {y,} are bounded. Next, we
show that

Tim 21 — ] = 0. )
Since u, = 15, Tn and up 1 = Ty, Tny1, we have
F(un,y)Jri(y*umunfxn} >0 forallyeC (10)
and
F(upt+1,y) + (Y — Unt1,Unt1 — Tnt1) =0 forally e C. (11)

Tn41
Putting y = up41 in (10) and y = u,, in (11), we have

1
F(unyun+1) + 7<Un+1 — Up, Un — :L'n> Z O
T

n

and
1
F(un-i-laun) + 7<un = Up+1, Unt+1 — xn+1> > 0.
'rnJrl

So, from (A2) we have

Up — Tp . Un+1 - $n+1

<un+1 — Unp, >0

Tn Tn+1
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and hence
r
<un+1 — Un, Un Tn — = (un+1 - xn+1)> 2 0
Tn+1
Thus,
r
(Unt1 = Un, Un = Unt1) + (Ung1 — Uns Ung1 — Ty — r " (Unt1 — Tnt1)) > 0.
n+1

Without loss of generality, let us assume that there exists a real number b
such that r, > b > 0 for all n € N. Then we have
Tn

||un+1 - Un||2 < <un+1 — Un,Un4+1 — Tn — 7(”7;-&-1 - Z‘n-§—1)>
Tn+1

) W1 = Tgr))

= <un+1 — Up, Tpt+1 — Ty + (]- -
Tn+1

T'n

< g1 — un”(”xn+1 - xn” + ‘1 - |||un+1 - xn+1H)

n+1

and hence

llun1 — “nH < H$n+1 - an + 741 — Tnll|uner — xn+1||

Tn+1

1
< @nt1 =l + g|rn+1 —ralL, (12)
where L = sup{|lu, — z,]|| : n € N}. Observe that

Yn+1 — Yn = Qg1 f(Tng1) + (1 = pg1)Stung1 — an f(2n) — (1 — an)Suy,
= (nt1 — an) f(Tny1) + an(f(Tny1) — fzn))
+ (1 — ant1)(Stnt1 — Sun) + (v — @pp1)Stny.

This together with (12) gives

[Ynt1 = Ynll = |Zn41 — zall

< ana = an|([f @n ) |+ [1Sunll) + an |l f (@n1) = f (@)

+ (1 = ant1)[|Suns1 — Sun || = |11 — 24|
< lantr = an| (1 f (@ng2) | + [1Sunll) + (ana — 1) ||zp1 — zn
+ (1 = apgr) [unt1 — unl|

< lan+1 — an|([f (@) | + [|Sunl)) + (ana — ang)[[2ng1 — za |

~— Y~ — —~ ~— —

1
+ (1= 5|7°n+1 —rn|L.
Since {f(zn)}, {Sun} and {x,} are bounded, (C1) and (R2), we obtain that

limsup(([yn1 = ynll = |Zn41 = zal)) < 0.
n—oo
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Hence, by Lemma 3, we obtain
Tim [lyn ol =0. (13)
Therefore
Jim [z g1 — 2|l = lim (1= 5)[lyn — zn] = 0.

This proves (9). It follows from (12) and (R2) that lim, e ||tnt1 — un|| = 0.
Observe also that
Yn — Tn = an(f(xn) —zn) + (1 — ap)(Sup — ).
This together with (13) and (C1), gives
lim ||Su, — 2, = 0. (14)
For v € F(S) N EP(F'), we have
lup, — 0l = ||T;, 20 — T, 0]
< (T, zn,—T. v,z —v)
= <un — U, Tn —'U>

1

= 5 (llun = vl + [l = Il = fJun = 2a]?)

and hence
lun = vl1* < llzn = oll* = [lun — 2nll*. (15)
Therefore, from (7) and (15), we have
|zns1 = 0l* < Ballzn = vl + (1 = Ba)lyn — v]]?
< Bullen —vl* + (1 = Ba) (anll f(@n) = vl* + (1 — an)[Jun — v]?)
< Ballzn —ol® + anll f(@n) = ol + (1 = Ba)lun — vl
<l = ol® + anll f(zn) — ol = (1 = Ba) lun — 24
and hence
(1= Ba)llun — xn”Q
< anllf(2n) = vl + l2n = 0l* = 241 — 02
< anl| f(an) = ol* + lensr = zall(lzn = oll + |2ns1 — vl)).

From (B), (C1) and (9), we have

lim ||u, — z,|| = 0.
n—oo

This together with (14) gives

[Sun — un|| < [|Sun — nll + lup — zn| — 0.
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Let Q@ = Pr(s)nep(r)- Then Qf is a contraction of H into itself. In fact,

1Qf () — QW <[ f(z) = FYI < allz -yl

for all z,y € H. Now, since H is complete, there exists a unique element
z € H such that z = Qf(z) is an element of C'. We next show

limsup(f(z) — z, 2, — 2) < 0. (16)

n—oo

To this end, we choose a subsequence {n;} of {n} such that

limsup{f(z) — z,z, — 2) = lim (f(2) — 2,2, — 2).

n—oo 100

Since {uy, } is bounded, we can assume without loss of generality that w,, —
w. Let us show that w € EP(F'). By using (10) and (A2), we have

1
7<y7unvun*$n> ZF(y;un) forally € C
Tn
and so " 2
<y_uniau> ZF(yaunl) for allyEC

n;

From —“—"% — 0, u,, — w and (A4), we have

ng

0> F(y,w) forallyeC.
Then, for ¢t € (0,1] and y € C,

0=F(ty+ (1 —-tw,ty+ (1 —t)w)
<tF(ty+ (1 —tw,y)+ (1 -t)F(ty + (1 — t)w,w)
<tF(ty+ (1 —tw,y)

or
F(ty+ (1 —t)w,y) > 0.

Letting t — 07 and using (A3), we get
Flw,y) >0 forallyeC

and hence w € EP(F'). We shall show that w € F(S). Assume that w ¢ F(S).

Since 4y, — w and Sw # w from Opial’s condition we have
liminf ||u,, — w| < liminf |ju,, — Sw||
11— 00 11— 00
< liminf [|Su,, — Sw|| + lm ||u,, — Sty,||
11— 00 11— 00

< liminf |Ju,, —w|].
71— 00
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This is a contradiction. So we get w € F(S). Therefore w € F(S) N EP(F).
It follows since z = Pp(synep(r)f(2) and z,, — w that

limsup(f(z) — z,z, — 2) = lim (f(2) — 2z, 2, — 2)

n— o0 100

— lim (f(2) — 2,0 — 2) < 0.

11— 00

Now (16) is proved. Finally we prove that
lim |z, —z|| = 0. (17)
From (8), we have

[1Bn(@n — 2)+(1 = Ba)(1 — an)(Sun — 2)|
< Bullen — 2l + (1 = Bn)(1 — an)[|Sun — 2|
< Ballzn — 2[ + (1 = Bu) (1 — o) Jun — 2|
< (1= (1= Bn)an)llwn — 2] (18)

We observe that

(ni1 = 2, f(zn) = f(2)) < allzngr — zllllzn — 2])

< salllznts = 217 + llzn — 2[1?) (19)

DN | =

and

Tpt1 — R = ﬂn(mn - Z) + (1 - ﬂn)(yn - Z)
= Bn(Tn —2) + (1 = Bn)(1 — an)(Sup — 2) + (1 = Bn)an(f(zn) — 2).

Then, by (6), (18) and (19),

41 — 212

<Bn(@n — 2) + (1 = Bn) (1 — @) (Suy — 2)|?
+2(1 = Bp)ap{xne1 — 2, f(zn) — 2)

< (1= (1= Ba)an)?[lzn — 212 +2(1 = Bp)an (nt1 — 2, f(22) — f(2))
+2(1 = Bn)an(®ns1 — 2, f(2) — 2)

<(1-(01- ﬁn)an)QHxn - 2”2 +a(l = Bn)an(||Tn1 — Z||2 + (|77 — Z||2)
+2(1 = Bn)an(Tnt1 — 2, f(2) — 2).
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This implies that

Znt1 — z||2

< 1- (2 — a)(l — B)an, + (1 ﬁn)2 z

1- a(l - ﬂn)an
i 2( (1 fnﬂ)j)n o f(2) = 2001 = 2)
— Bn)an (1—a)(1 = Bn)an
0 1 Bn)ax nNMn*dF* 1-@1—@m%|unfﬂﬁ
( —n Vai 2(1 - Bu)an
+ ( ﬂn)an Hxn a ZH2 * WOC(Z) IR Z>
)l = ﬁn> (1 Bn)%a2
(1 1 )an )||xn_z||2+m”$n—zu2
5n>an (1—Ba)%3
(1 1_ﬁn) o )||xn_z||2+mM
2( ﬁn)an
1T ad=Aoan (F(z) = 2211 = 2)
where M = sup{||z,, — z||* : n € N}. Put
_ (1 — a)(l - ﬁn)an
= 1- a(l - ﬂn)an
and )
On = ( IfnianM—i— 1_a<f(Z)—Z l'n+1—z>
Then

lznr1 = 2l1* < (1 = )|z = 21% + -

Then, by (C1), (C2) and (16),

lim v, =0, Z’ynfoo and limsupd, <0,

n— o0 — 00
n=1

and we apply Lemma 4 to get (17). So we conclude that {z,} and {u,}
converge strongly to z = Pp(synep(r)f(2)- O

Remark 6. The iterative scheme in Theorem 5 is slightly different from one
in [21] but we can weaken and remove the restrictions on the sequences {a, }
and {r,} in [21, Theorem 3.2]. More precisely,



12 Weerayuth Nilsrakoo and Satit Saejung

(1) 307 [rng1 — rn| < oo is replaced by the weaker assumption that

lim (rp41 — 1) =0

n—oo
and the restriction (C3) on {«a,} is removed and replaced by the as-
sumption on {f,};

(2) Takahashi-Takahashi’s result is not applicable to the case ag, = 1/2n,
aont1 =0, and r, = 14+ a,, for alln € N. Clearly, > 7, |ap41 — ay| =
oo and Y o7 [rpg1 — | = 00 but limy, oo (rpg1 — 7n) = 0.

Corollary 7. Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (A1)-(A4) such
that EP(F) # &. Let f be a contraction of H into itself and let {x,} and
{u,} be sequences generated by x1 € H and

1
F(un;y)+7<y7unaun*$n> >0, Vyed,

Yn = O‘nf(ajnrs + (1 - an)un;
Tn+l1 = ﬁnxn + (1 - ﬁn)yn

for all n € N, where {a,} and {8,} are sequences in [0, 1] with (C1), (C2)
and (B) and {r,} is a sequence in (0,00) with (R1) and (R2). Then {z,}
and {u,} converge strongly to z = Pep(r)f(2).

Proof. Put Sx = x for all x € C' in Theorem 5. O

Corollary 8. Let C be a nonempty closed convex subset of a real Hilbert space
H and let S be a nonexpansive mapping of C into H such that F(S) # &.
Let f be a contraction of H into itself and let {x,} be a sequence generated
by 1 € H and

Yn = O‘nf(xn) + (1 - O‘n)SPCzna
Tn+1 = ﬁnxn + (1 - ﬁn)yn

for all n € N, where {a,} and {8,} are sequences in [0, 1] with (C1), (C2)
and (B). Then {x,} converges strongly to z = Pp(s)f(2).

Proof. Put F(z,y) = 0 for all z,y € C and r, = 1 for all n € N. Then
Up = chn. O

The conjunction of (C1) and (C2) is a sufficient condition on the following
iteration.

Corollary 9. Let C be a nonempty closed convex subset of a real Hilbert space
H and let S be a nonexpansive mapping of C into H such that F(S) # &.
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Let f be a contraction of H into itself and let {x,} be a sequence generated
by x1 € H and

Tpy1 = anf(on) + (1 — an)(ASPox, + (1 = N)y)

for alln € N, where A € (0,1), {a,} C [0,1] with (C1) and (C2). Then {z,}
converges strongly to z = Pp(g) f(2).

Proof. Put 8], = (1 — a,)(1 — A) and o), = o, /(1 — 3),) for all n € N. Then
Yn = O/nf(xn) + (1 - O/n)SPCfEna
Tnt1 = Brn + (1= B7)Yn

and so

nllrgoﬁg =1-X€e(0,1), nlLrI;oa;L:O and Za;:oo.
n=1

4 Applications

4.1 Strong convergence theorem for monotone mappings

Let H be a real Hilbert space and C' be a nonempty closed convex subset of
H. Let A: C — H be a mapping. The classical variational inequality is to
find x € C such that

(Az,y —x) >0 forallyeC.

The set of solutions of classical variational inequality is denoted by VIP(C, A).
The variational inequality has been extensively studied in the literature (see
[8, 14, 15, 23, 28, 29, 30] and the references therein). We recall that a mapping
A:C — H is said to be:

(a) monotone if
(Au— Av,u —v) >0 Yu,v e C;

(b) a-inverse-strongly monotone if there exists a constant o > 0 such that
(Au — Av,u —v) > al|Au — Av||* Yu,v € C;
(c) r-strongly monotone if there exists a constant r > 0 such that
(Au— Av,u —v) > rlju —v||* Yu,v € C;

(d) relaxed (v, r)-cocoercive if there exist constant -y, r > 0 such that

(Au — Av,u —v) > —7||Au — Av|* + 7|lu — v||*> Vu,v € C;
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(e) p-Lipschitzian if there exists a constant p > 0 such that

[Au — Av|| < pllu —v|| Vu,v e C.

Remark 10. (1) Every a-inverse-strongly monotone mapping is monotone
and 1/a-Lipschitzian.

(2) Every r-strongly monotone is monotone.

(3) Every relaxed (v, r)-cocoercive and p-Lipschitzian mapping with yu? <
r is monotone.

Lemma 11. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let A be a continuous monotone mapping of C' into H. Define a
bifunction F': C x C' — R as follows:

F(.’L’,y) = <A$7y - LL') (20)
for all x,y € C. Then F satisfies (Al)-(A4) and VIP(C, A) = EP(F).
Proof. Tt easy to see that VIP(C, A) = EP(F). We show that F satisfies
(A1)-(A4).

(A1) Let z € C. Then F(x,z) = (Az,z — ) = 0.

(A2) Let x,y € C. Since A is monotone, we have (Az — Ay, z — y) > 0.
Then

F(z,y) + F(y,x) = (Az,y — 2) + (Ay, z — )
Ay — Az, z —y)

= —(Az — Ay,z —y) <0.

=
=

(A3) Let z,y,z € C and t € [0,1]. Since A is continuous, we have
lirél+ Ftz+ (1 -t)z,y) = lirél+<A(tz +(1—=t)z),y— (tz+ (1 —-t)x))
t— t—
= (Az,y —z) = F(z,y).
(A4) Let « € C. Then

Fz,ty+ (1 —1)2) = (Az, (ty + (1 — t)z — z))
= (Az,t(y — x)) + (Az, (1 — t)(z — 2))
=t(Ax,y —xz) + (1 — t)(Ax,z — x)
=tF(z,y) + (1 —t)F(x,2),

for all y,z € C and t € [0,1]. So we have F(z,-) is linear. Let y € C and
{yn} C C such that y,, — y. Then

lim F(z,y,) = lim (Az,y, —z) = (Az,y — z) = F(x,y).

Hence F(x,-) is continuous. O
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Lemma 12. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let A be a continuous monotone mapping of C into H and let F be a
bifunction defined by (20). Let x € H, uw € C and r > 0. Then

1
F(my)—i—;(y—u,u—w) >0, VyeC e u=Po(x—rAu).
Proof. Let y € C. Then

1
F(u,y)—i—;(y—mu—x)

— T

u—x

= <Au,y—u>+<y7u,u
=(y —u, Au+ )
= %(y—u,u— (x —rAu))
and hence
F(u,y)—l—%(y—u,u—x) >0, VyeC

< (y—u,u—(x—rAu)) >0, YyeC
< u= Po(x —rAu).

O

Using Theorem 5, Lemmas 11 and 12, we have the following theorems.

Theorem 13. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be a continuous monotone mapping of C into H and let S
be a nonexpansive mapping of C into H such that F(S) N VIP(C,A) # 2.
Let f be a contraction of H into itself and let {x,} and {u,} be sequences
generated by x1 € H and

Up = Po(x, — rnAuy,)
Yn = Oénf(xn) + (1 - Oén)S’LLn,

for all n € N, where {a,} and {8,} are sequences in [0, 1] with (C1), (C2)
and (B) and {r,} is a sequence in (0,00) with (R1) and (R2). Then {z,}
and {u,} converge strongly to z = Pp(s)nvip(c,a).f(2).

Corollary 14 (cf. [29], Theorem 3.1). Let C' be a nonempty closed
convex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C into H and let S be a nonexpansive mapping of C into itself
such that F(S)NVIP(C, A) # @. Let {x,} and {u,} be sequences generated
by x1 =u € C and

{un = Po(xy — rpnAuy,)

21
Tpt1 = Qut + BpZn + ¥ SPo(x, — rnAuy,) (21)
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for alln € N, where {an}, {6n} and {yn} are sequences in [0, 1] with oy +
B+ =1, (C1), (C2) and (B) and {r,} is a sequence in (0,00) with (R1)
and (R2). Then {x,} and {u,} converge strongly to z = Pp(s)nvip(c,a)(u)-
Proof. Let f(z) = u for all z € C. Put o), = o, /(1 — ) and G], = 3, for
all n € N. Then we can rewrite (21) as follows:

un = Po(xn — rpAuy)
Yn = O‘;zf(xn) + (1 — O/n)Sum
Tnt1 = Bpn + (1= B)yn

and so

o0
lim «of, =0, E al, =occ and 0 < liminf 3], <limsup /3, < 1.
n—oo 1 n—oo

n=

n—oo

Therefore, by Theorem 13, the conclusion follows. O

Remark 15. (1) As Remark 10, we obtain a strong convergence theorem for
a-inverse-strongly monotone mappings, r-strongly monotone mappings
and relaxed (7, r)-cocoercive and p-Lipschitzian mappings with yu? <
.

(2) Some weak and strong convergence theorems for monotone Lipschitzian
mappings were established by several authors [8, 14, 15, 23, 28, 29,
30]. However, there is a monotone continuous mapping which is not
Lipschitzian. Let H = R with the usual inner product and usual norm
and let C' = [0,1]. Define A: C — C by Az =1 — (1 — 22/3)3/2 for all
x € C. Then A is not Lipschitzian (see [18]). But A is monotonically
increasing, so

(Az — Ay,z —y) = (Az — Ay)(z —y) =20 Vz,yeC.

Hence A is monotone and continuous with 0 € VIP(C, A) # @. There-
fore, Theorem 13 provides a new convergence theorem for a wider class
of mappings.

4.2 Strong convergence theorem for pseudocontractive
mappings

A mapping T : C' — C is called pseudocontractive if
1Tz — Ty|* < ||lz =yl + | = T)z — (I = T)y|* Va,yeC

and T is called strictly pseudocontractive if there exists k with 0 < k < 1
such that

1T = Tyl* < llo = yl* + k(I = T)x = (I = T)y|I* Va,y € C.



Equilibrium problems and Moudafi’s viscosity 17

If £ = 0, then T is nonexpansive. It is obvious that any strictly pseudocon-
tractive mapping is pseudocontractive, but the converse is not true ([18]).
Moreover, if T is a pseudocontractive mapping, then A := I — T is monotone
and VIP(C, A) = F(T). Actually, we have, for all z,y € C,

11 = Az — (I = A)yl* < [lz — yl* + | Az — Ay|>.
On the other hand, since H is a real Hilbert space, we have
11 = Ay — (1 = Ayl = |}z — y|I? + | Az — Ay|]? - 2(Az — Ay, 2 — ).

Hence
(Az — Ay,z —y) > 0.

Using Corollary 14, we have the following theorem.

Theorem 16. Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let T be a continuous pseudocontractive mapping of C into itself
such that F(T) # @. Let {x,} and {u,} be sequences generated by x1 = u €
C and

{un = PC(xn — Up + Tun);

Tptl = Qnpt + BTy + Ynlny

for all n € N, where {a,} and {8,} are sequences in [0, 1] with (C1), (C2)
and (B). Then {x,} and {u,} converge strongly to z = Pp(r)(u).
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