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Abstract
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Project Title: Dualities for quasi-varieties generated by order-primal algebras
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Let P be a finite relational structure that admits a (k+1)-ary near-unanimity
polymorphism. Then the NU Duality Theorem tells us that the algebra P=(P; Clo P ), whose
operations are the polymorphisms of P, is dualisable with a dualising alter ego can be obtained
by using obstructions, as introduced by Zadori. We show that, in the case that P is an ordered
set (and therefore P is an order-primal algebra), the duality that we obtain is strong. A fence is
an ordered set that the order forms a path with alternating orientation. We show that if P is a
finite fence, then our duality is optimal.

Consider a finite fence P. The semigroup DT( P) of all order-decreasing self-
mappings is both regular and coregular. Let OT( P) be the semigroup of all order-preserving
self-mappings of P. A characterization of regular semigroups OT( P) is given, that is, OT( P)

is regular if and only if | P [< 4. Finally, we discuss the regularity of elements in OT( P).

Keywords: obstruction, near-unanimity, alter ego, natural duality, regular
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1 Executive Summary

Constraint satisfaction problems (CSPs) are mathematical problems defined
as a set of objects which satisfy all given constraints. The CSP is widely
studied in many branches of mathematics such as in graph theory (see [2],
[20] and [31]) and universal algebra (see [5], [17] and [26]).

Jeavons, Cohen and Pearson [19] showed that a CSP instance can be
regarded as a pair of relational structures, and the solutions to the problem
are the structure preserving maps between these two relational structures. A
CSP is said to be tractable if it is solvable in polynomial time. For a fixed
relational structure P, the problem CSP(P) with input H is the decision
problem consisting of deciding whether there exists a homomorphism from
H to P. The CSP(P) is said to be P-colouring if a relational structure P is
a digraph. Graph colorability is actively studied in graph theory (see [1] and
4)).

For m > 3, a function f : P™ — P is called a near-unanimity function if
for all z,y € P,

fle,z,x,... z,y) = fle,z,x,...,¢,y,2) == f(y,x,2,...,2) = .

A 3-ary near-unanimity function is called a majority function. The study of
relational structures admitting a near-unanimity function plays an important
role to describe subclasses of CSP that are tractable. It is proved in [18] that
if P is a relational structure admitting a near-unanimity function, then the
corresponding CSP(P) is tractable. Later, Zhuk [38] considered the NUF-
Problem that consists of deciding whether a given finite set R of relations
admits a near-unanimity function. He proved that NUF-Problem is decid-
able, that is, there exists an effective method to determine the existence of a
near-unanimity function in R. Davey proved in [8] that if an algebra has a
near-unanimity term operation, then it admits a natural duality. Therefore,
NUF-Problem is linked to the problem of deciding whether a finite algebra
admits a natural duality.

A relational structure is a set equipped with relations. Ordered sets and
graphs are examples of relational structures. In basic terminology of clone
theory, for any finite algebra P, there is a relational structure P such that
an n-ary operation on P is a term functions of P if and only if it is a ho-
momorphism from P" to P. It follows that if a finite algebra P admits a
near-unanimity term, then the corresponding relational structure also admits
a near-unanimity function. Such relational structures are well studied. In
1997, Zadori [36] characterized a relational structure admitting an n-ary near-
unanimity function by its obstructions that is a generalization of a remark
by Tardos in [12]. His characterization use the number of colored elements in
every P-obstruction to decide whether P admits a near-unanimity function.



As in the literature on duality theory, we have a little knowledge about
dualising alter egos of algebras admitting a near-unanimity term. Our aim
is to produce simple and useful alter egos for such algebras. In this project,
we study dualizable algebras admitting a near-unanimity function by the
corresponding relational structures. It will be shown that dualising alter egos
for P can be produced possessing a near-unanimity term by obstructions.

Next, we give the definitions that are introduced by Zddori [36].

Let Q = (Q; (r§)ses) and P = (P;(rp)ses) be relational structures. A
map f : ) — P is called a morphism from Q into P, written by f: Q — P
if f preserves each relation of Q, i.e., if (a;)ier € 13, then (f(ar))er € 75
for each s € S. A relational structure Q = (Q; (r§)ses) is a subrelational
structure of P = (P; (rp)ses) if @ € P and 7, = rp|Q. If ry C 7p|Q, then
we say that Q is contained in P and written by Q C P.

Let P and Q be relational structures of the same type. A pair (Q; f) is
called a P-colored relational structure if f is a map from a subset of () to P.
If f can be extended to a morphism f : Q — P, then f and (Q; f) is called
P-extendible, otherwise, f and (Q; f) is called P-nonextendible.

Given P-colored relational structures (H; f) and (Q;g), we say that
(H; f) is contained in (Q;g) if H C Q and f C g. If (H; f) is contained
in (Q; g) we write (H; f) C (Q:g).

A finite P-colored relational structure (H; f) is called a P-obstruction
if (H; f) is P-nonextendible and every P-colored relational structure (K; g)
properly contained in (H; f) is P-extendible. Roughly speaking, every P-
obstruction is a finite minimal P-nonextendible P-colored relational struc-
ture. If a relational structure P is an ordered set, then P-obstructions are
called P-zigzags, see Zadori [34].

It is known that for any finite algebra P, there is a relational structure
P = (P; (r%)ses) such that the clone of term operations of P is Pol({r% | s €
S}). A finite nontrivial algebra P is said to be order-primal if a corresponding
relational structure P is an ordered set. Algebraic properties of order-primal
algebras are investigated by many mathematicians. There have been many
research works studying order-primal algebras.

A natural duality is a special kind of dual category equivalence between
a quasi-variety of algebras generated by a finite algebra and a category of
structured topological spaces. For complete explanation to natural dualities,
dualisability, strong dualities and optimal dualities, see Clark and Davey [6].

In the theory of natural dualities, one start with a fixed finite algebra
P = (P;F) and consider alter egos P = (P;G,H,R,7) of P where G is
a set of total operations, H is a set of partial operations, R is a set of
finitary relations and 7 is the discrete topology on P. For any alter egos P =
(P;G,H,R,7), IS.P*(P) is the class of all isomorphic copies of topologically
closed substructures of direct power indexed over non-empty index sets of



P. The quasi-variety ISP(P) generated by an algebra P is the class of all
isomorphic copies of subalgebras of direct powers of the algebra P. The aim
is to find an alter ego of the algebra P such that the category X = IS.P*(P)
is dually equivalent to the quasi-variety A = ISP(P) via the contravariant
hom-functors

D(-) = A(-,P): A— X and E(—) := X(—,P) : X > A.

In this case, we say that P yields a (natural) duality on A or P admits a
(natural) duality (or is dualizable).

We say that the set GUH U R of a structure P entails a finitary algebraic
relation s on D(A), where A € A, if every continuous map ¢ : D(A) — P
which preserves the operations, partial operations and relations in GUH U R
also preserves s. The set G U H U R is said to entail s if GU H U R entails
s on D(A) for all A € A. Clearly, if G U H U R yields a duality on A and
G U H U R entails some s € R, then the smaller set G U HU R\ {s} also
yields a duality on A. If G U H U R is minimal with respect to yielding a
duality on A, then we say that P yields an optimal duality on A.

In [11], Davey and Werner showed that if P has a (k + 1)-ary near-
unanimity term, then P = (P;S(P"),7) yields a duality on A.

Consider the 6-element ordered set T shown in Figure 1. It is known

1

Figure 1: The 6-element ordered set T

that T has a 5-ary order-preserving near-unanimity function and so the cor-
responding order-primal algebra T admits a duality. Davey, Quackenbush
and Schweigert [13] showed that the alter ego T consisting only of the 4-ary
relation

p={(a,b,c,d) €T*| e €T (a,b<e<cd)}

yields a duality on T
In 1995, Davey, Heindorf and Mckenzie have provided a useful character-
ization of finite order-primal algebras admitting a duality [12]. They proved



that a finite order-primal algebra P admits a duality if and only if P has a
near-unanimity term. Consequently, for every dualizable order-primal alge-
bra P, the alter ego P = (P;S(P*), 7) yields a duality on A = ISP(P), for
some natural number k. The structure P = (P;S(P¥),7) is an important
theoretical tool, but in practice we try to make the structure on P as simple
as possible, for example, the structure of the alter ego T and the structure on
Priestley’s duality for distributive lattices is given by only a single relation
and two constants.

Even though we know which order-primal algebras P admit a natural
duality, we have a little knowledge about alter egos which generate the cate-
gories X of topological structures dual to the quasi-variety generated by P.
Our interest is to find such alter egos for any dualizable order-primal algebra,
and in general, for any algebra with a near-unanimity term.

In [34], [35] and [36] Zadori showed that obstructions are a powerful tool
in the study of relational structures, especially ordered sets, admitting a near-
unanimity function. The previous results showed that near-unanimity terms
play an important role to study dualizable algebras. So, we are interested in
the use of obstructions to construct dualising alter egos for algebras with a
near-unanimity term.

The results in Section 2.1 give the alter egos P = (P; R, 7) to yield a
duality on ISP(P) where P is an algebra admitting a near-unanimity term.

As we mentioned, an algebra P is order-primal if a corresponding rela-
tional structure P is an ordered set. In this project, we focus on an order-
primal algebra P corresponding to a connected ordered set (P; <). We shall
show that, in the case of a connected ordered set, the duality from Section 2.1
is strong.

A fence X is an ordered set (X; <) in which either

ap < ag > QA3,...,02m—1 > G2m < Q2m+1, - - -
or
a; > ag < A3,...,029m—1 < G2 > A2m+1,) - - -
are the only comparability relations where X = {ay,as,...,a,,...}. Every

element in X is minimal or maximal. If a; < a9, then X is called an up fence
and it is called a down fence if a1 > as.

Now, we focus on the order-primal algebra P corresponding to a finite
fence P and show that alter egos of order-primal algebras corresponding to
a finite fence are optimal.

Algebraic properties of order-preserving self-mappings of fences have been
long considered. Demetrovics and Rényai [14] studied the clones of all order-
preserving operations for fences. In [32], Rutkowski gave the formula for



the number of order-preserving self-mappings of a fence. Later, Farley [16]
computed the number of order-preserving self-mappings of a fence.

The semigroup of all order-preserving self-mappings of an ordered set X
have been widely investigated. In [23], Gluskin showed that if OT(X) is
isomorphic to OT(Y), then the ordered sets X and Y are isomorphic or
anti-isomorphic. Higgins, Mitchell and Ruskuc [22] found that the rank of
the semigroup 7'(X) is related to the semigroups OT'(X) for some chains
X = (X;<). These results show that the order-preserving self-mappings
semigroup can be used to determine the structure of the initial algebraic
system. Such semigroups play an important role in the study of algebraic
systems.

In Semigroup Theory the concept of regularity is one of the most-studied
topics. There have been many research works studying regularity of semi-
groups, especially endomorphism semigroups of algebraic structures

In this project, our main purpose is to investigate the regularity of the
semigroup of order-preserving self-mappings and the semigroup of order-
decreasing self-mappings of a fence. Throughout we use rana to denote
the range of a mapping o and the n'® composition of « is denoted by a”.

2 Main Results

2.1 Alter egos of algebras with a near-unanimity term

The main idea of this project is to use obstructions to define relations for
alter egos. Before doing it, we need to mention some basic concepts involving
colored relational structures.

For a P-colored relational structure (H; f), we define C(H; f) = {z €
H | f(z) exists }, i.e., C(H; f) is the domain of f and N(H;f) = N \
C(H; f). The elements of C(H; f) and N(H; f) are called colored elements
and noncolored elements, respectively.

For any relational structure P, we shall define relations induced by their
P-colored relational structures on any relational structure of the same type
as P as follows.

Definition 2.1. Let (H; f) be a finite P-colored relational structure. Assume
that C(H; f) = {z1,...,2,}. We define the n-ary relation 7% on a relational
structure A of the same type as P as follows:

Té ={(g9(x1),...,9(z,)) | g : H— A is a morphism }.

Consider an ordered set P. We can draw a picture of a P-colored ordered
set (H; f). A picture consists of the covering graph of H and an element of H



is drawn as a small shaded circle if f is defined on the given point. Otherwise,
it is drawn as a small empty circle. Every shaded point is labelled by the
value of f.

Example 2.2. Let P be the ordered set shown in Figure 2(a). Consider
the P-colored ordered set (H; f) as shown in Figure 2(b). The relation

b d

(a) (b) ()

Figure 2: Ordered set P and P-colored ordered sets (H; f) and (K;g)

induced by (H; f) is a binary relation satisfying the following condition:
(z,y) € riy < there exists u,v € A withz <u>yand z >v <y

for any ordered set A. It is easy to see that the relation 4 induced by
(K; g) as shown in Figure 2(c) is the same relation as 7%, although (H; f)
and (K;g) are different P-colored relational structures since f # g.

It can be proved that different P-colored relational structures can give us
the same induced relation. The relation ~p is defined for P-colored relational
structures producing the same induced relation.

Definition 2.3. Let P be a relational structure. We define the relation
~p on the set PC of all finite P-colored relational structures as follows:
(H; f) ~p (K;g) if and only if there is an isomorphism ¢ : H — K such that
Ylomsy) is a bijection from C'(H; f) onto C(K; g).

In 1997, Zadori characterized a relational structure admitting an n-ary
near-unanimity function by its obstructions that is a generalization of a re-
mark by Tardos in [33] as stated below.

Theorem 2.4. [36, Theorem 1.17] Let P be a finite relational structure.
Then P admits an n-ary near-unanimity function if and only if the number
of colored elements in every P-obstruction is at most n — 1.

It follows that the number of relations r4 induced by its obstruction is
finite. Consider a topological structure P having no partial operations and
only finitely many relations. Then P yields a duality on A = ISP(P) if P
satisfies the interpolation condition (IC) with respect to P as stated below.



Theorem 2.5. [6, The Second Duality Theorem| Assume thatP = (P; G, R, T)
and assume that R is finite. If P satisfies the condition:

(IC) for each n € N and each substructure X of P™, every morphism « :
X — P extends to a term function t : P* — P of the algebra P,

then P yields a duality on A and P is injective in X.

Now, we give a general theorem for constructing simple and useful alter
egos of algebras admitting a near-unanimity term.

Theorem 2.6. Let P be an algebra corresponding to a relational structure P
and Q be a transversal of the ~p-blocks that contain a P-obstruction. Assume
that P admits an n-ary near-unanimity term and R = {rf|(H; f) € Q}.
Then the following conditions hold:

(i) every relation r € R is a k-ary relation for some k <n — 1,
(11) the structure P = (P; R, T) yields a duality on A =1ISP(P).

Since we need the structure on P that is as simple as possible, one can ask
whether our structure is optimal, that is, if any relation in the structure were
deleted, the duality would be destroyed. Unfortunately, it is not optimal. Our
aim is to find a method for checking whether a duality of any finite algebra
admitting a near-unanimity term which is constructed from our theorem is
optimal. Initially, we need the following definition.

Definition 2.7. Let P be a relational structure. We define the relation <pc
on PC as follows:

(H; f) <pc (K;g) if and only if (H; f) is a color-preserving retract of
(K;g), that is, there are morphisms ¢ : K — H and ¢ : H — K, both of
which map colored elements to colored elements, such that v o ¢ = idy.

It is easy to see that <pc is reflexive and transitive, but not antisymmet-
ric. The following proposition shows a relation between the relations induced
by P-colored relational structures which are related under <pc.

Proposition 2.8. Let (H; f) and (K g) be finite P-colored relational struc-
tures and let A be a relational structure of the same type of P. Assume that
C(H; f) =A{x1,..., 2} and C(K;g) = {y1,.--,yn}- If (H; f) <pc (K;g)
vis a color-preserving retraction i, then

(a1,...,am) € 75 if and only if (‘%(1)7 o ’C%(n)) € ri

where ¥ = {1,...,n} = {1,...,m} defined by (i) = j if Y(y:) = x;, and

hence 4 is definable from ri.



Proposition 2.8 implies that every relation in the alter ego P = (P; R, 7)
in Theorem 2.6 which is <pc-related to some relations in R can be deleted
from the structure of P without destroying the duality. This gives us a
sufficient condition for a structure P = (P; R, 7) to be non-optimal as stated
in the theorem below.

Theorem 2.9. Let P = (P; R, 7) be an alter ego in Theorem 2.6. If R
contains two different relations induced from P-colored relational structures
which are related under <pc, then P is not optimal.

2.2 Dualizable order-primal algebras and their prop-
erties

The results in Section 2.1 give the alter egos P = (P; R, 7) to yield a duality
on ISP(P) where P is an algebra admitting a near-unanimity term.

As we mentioned in Section 1, an algebra P is order-primal if a corre-
sponding relational structure P is an ordered set. In this section, we focus on
an order-primal algebra P corresponding to a connected ordered set (P; <).
We shall show that, in the case of a connected ordered set, the duality from
Section 2.1 is strong.

To do so we need a basic result concerning upgrading dualities to strong
dualities. Define

Irr(P) = max{irr(Q) | Q is a subalgebra of P},

where irr(Q) is the least n such that the zero congruence 0% on @ is a meet

of n meet-irreducible congruence. Note that @ is subdirectly irreducible if
and only if irr(Q) = 1.

Theorem 2.10. [6, Theorem 3.3.7] Assume that P generates a congruence-
distributive variety and that P = (P; G, H, R, T) yields a duality on A. If P’
is obtained from P by adding to GU H all n-ary algebraic partial operations
where 0 < n < Irr(P), then P’ yields a strong duality on A.

Davey, Quackenbush and Schweigert proved in [13] that every order-
primal algebra P corresponding to the ordered set (P;<) has no proper
subalgebra and if (P; <) is connected, then P is simple and hence, P is sub-
directly irreducible. It follows that Irr(P) = 1. Using this result, we can
prove the following theorem.

Theorem 2.11. Let k > 2 and P be an order-primal algebra corresponding
to a connected ordered set (P;<). If P has a (k + 1)-ary near-unanimity
term, then P = (P; R, ) in Theorem 2.6 yields a strong duality.



As we mentioned in Section 2.1, the set R in the structure P is produced
by obstructions or zigzags if P is order-primal. To construct P = (P; R, 1),
we need to know all zigzags of the corresponding ordered set. Next, we
give concrete examples of alter egos which are produced by our methods for
special order-primal algebras.

Consider an ordered set (P; <), a P-colored ordered set (H; f) is called
monotone if f is a monotone map on its domain, otherwise (H; f) is non-
monotone. Zadori showed [35] that the P-colored 2-element chain in which
the top is colored by a and the bottom is colored by b where b £ a, is
a nonmonotone P-zigzag and every nonmonotone P-zigzag is of this form.
Moreover, he proved that if (P; <) is a complete lattice, then P has no mono-
tone P-zigzags. In particular, no finite lattice possesses monotone zigzags.

Example 2.12. Let P be an order-primal algebra corresponding to a finite
lattice (L;<). Then by Z&adori’s result, (L; <) has no monotone L-zigzags
and hence every L-zigzag (H; f) is of the following form. The corresponding

Figure 3: The form of L-zigzags

relation 7% of (H; f) is the set {(a,b) € L? | a < b}, that is, 75 = <. Tt
follows that R = {<} and by Theorem 2.6, the structure P = (L; <, 7) yields
a duality on A. See Davey and Rival [10, Theorem 1.1] where this result is
proved directly.

Now, we focus on the order-primal algebra P corresponding to a fi-
nite fence P. Consider a transversal () of the ~p-blocks that contain a
P-obstruction of a finite fence P, we easily find that

Q={H;f)|CH;f)={a,b} and H is a subfence of P or H = P? },

where a and b are the endpoints of H. So, R = {rf; C P?|(H; f) € Q}. By
the use of the Test Algebra Lemma (see [6, Theorem 8.1.3]), we can prove
that the structure P = (P; R, 7) yields an optimal duality on A as follows.

Lemma 2.13. Let (H; f) and (K;g) be F,-colored ordered sets such that H
and K are subfences of F,, and the colored elements of both are exactly the
endpoints of H and K, respectively. Assume that r = Tf;" and s = st".

i) If H is (up to isomorphism) a subfence of K, then s and s~ are subsets
(i) If P P ,

of r.



(ii) If H is (up to isomorphism) the dual K° with |H| is even, then (H, f) ~p
(K;g), and hence s is definable from r and vise versa.

The results of Lemma 2.13 also hold true for G,,.

Theorem 2.14. Let P be an order-primal algebra corresponding to an n-
element fence P. Then P = (P;R,7) in Theorem 2.6 yields an optimal
duality on A.

2.3 Regular subsemigroup DT(X) of T'(X)

For any ordered set X having X as the base set, the semigroup DT'(X) of
all order-decresing transformations of X is a subsemigroup of 7'(X). Since
in general subsemigroup of 7'(X) need not be regular, our aim is to describe
fences X having a regular semigroup DT'(X).

In 2012, Namnak and Laysirikul characterized an ordered set X having a
regular semigroup DT'(X) as stated below.

Theorem 2.15. [29, Theorem 2.2] Let X be an ordered set. Then DT (X)
1s a reqular semigroup if and only if for every subchain of X has at most two
elements.

Since every maximal subchain of a fence is a 2-element chain, we can
immediately deduce from Theorem 2.15 the following proposition.

Proposition 2.16. For every finite fence X, the semigroup DT (X) is requ-
lar.

In Section 1, we already mentioned that a coregular element is one of
important cases of a regular element. Since a regular element need not be

coregular, it is interested to describe fences X having a coregular semigroup
DT(X).

Proposition 2.17. For every finite fence X, the semigroup DT (X) is always
coregular.

2.4 Regular subsemigroups OT(X) of T'(X)

We now investigate the regularlity for a subsemigroup OT'(X) of T'(X) when
X = (X; <) is a finite fence. Before doing so we need a result that an order-
preserving self-mapping of a fence X preserves subfences. An ordered set P is
called connected if for all a,b € P there is a fence F C P with endpoints a and
b. It is well known that if P is connected and « : P — @) is order-preserving,
then a(P) is connected. Consequently, every order-preserving mapping maps



connected sets to connected sets. Because connected subsets of a fence X
are precisely the subfences, an order-preserving mapping o : X — X maps
subfences to subfences.

As we mentioned in Section 1, « is regular in OT(X) if « is constant,
that is, |[ran o] = 1. Consider |ran «f = 2. Our question is that whether « is
regular.

Proposition 2.18. Let X be a fence with |X| < Vg and o € OT(X). If
|ran | = 2, then « is regular.

As a consequence of Proposition 2.18, we obtain the following corollary.
Corollary 2.19. Let X be a 2-element fence. Then OT(X) is regular.

Next, we focus on the semigroup OT(X) of a fence X having 3 or 4
elements.

Proposition 2.20. Let X be a 3-element fence. Then OT(X) is regular.
Proposition 2.21. Let X be a 4-element fence. Then OT(X) is regular.

In what follows, we restrict our study to the case of a mapping a in
OT(X) where X having 5 elements.

Example 2.22. Consider the 5-element fence (X; <) as shown in Figure 4.

a2 Qg

a1 as Qs

Figure 4: The 5-element fence F
Define o : X — X by

asz, r = ai,
OZ(J]) = as, T = as,

ay, otherwise.

It is easy to see that « is order-preserving. Next we show that « is not regular.
Suppose that « is regular. Then there is a § € OT(X) with afa = «, that
is, afa(r) = a(z) for all x € X. If = ay, then a3 = a(a;) = afala;) =
af(az). By the definition of a, we get that 5(a3z) = a;. Similarly, we get
B((l5) = Q5.



Consider x = az. We have ay = a(az) = afalaz) = af(as) and so,
B(as) & {a1,a5}. Since az < a4, so a1 = B(as) < B(ay) implies that G(ay) €
{a1,as}. But f(as) # a1, we get that 5(ay) = as. From as < a4, we have
as = f(as) < f(ays) = ag, a contradiction. Therefore « is not regular.

Example 2.22 shows that OT'(X) is not regular if X is a 5-element fence.
It is natural to ask whether the semigroup OT'(X) of a fence X is not regular
if | X| > 5. The answer is shown in the following proposition.

Proposition 2.23. Let X be a fence with |X| > 5. Then OT(X) is not
reqular.

Theorem 2.24. Let X be a finite fence. Then OT(X) is reqular if and only
if | X[ <4

As we proved in Theorem 2.24, OT'(X) is not regular if | X| > 4. In this
section, our goal is to investigate properties of regular elements of OT'(X).

Proposition 2.25. Let a € OT(X) with |rana| > 3. If [rana| > | X| -1,
then « is regular.

To finish this section, we give a sufficient conditions for a mapping in
OT(X) to be not regular. It is known that the mapping « defined in Ex-
ample 2.22 is not regular. The last proposition shows that every mapping in
OT(X) satisfying the same conditions as the mapping « is also not regular.

Proposition 2.26. Let o € OT(X) with |rana| > 3 and |rana| = | X| — 2.
Assume that a and b are the initial point and endpoint of X, respectively.
If there are u,v,w € X \ {a,b} with u < v > w (or u > v < w) and
a({u,v,w}) = = where x is neither the initial point nor endpoint of ran «,
then « is not reqular.
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DUALITIES AND ALGEBRAS WITH A NEAR-UNANIMITY
TERM

R. SRITHUS AND U. CHOTWATTAKAWANIT

ABSTRACT. Let P be an algebra admitting a near-unanimity term. In this
paper, we produce dualising alter egos for P possessing a near-unanimity term.
We give concrete alter egos for dualizable order-primal algebras and show that
they yield a strong duality on A = ISP(P). Finally, we show that alter egos of
order-primal algebras corresponding to a finite fence are optimal.

1. INTRODUCTION

Constraint satisfaction problems (CSPs) are mathematical problems defined as
a set of objects which satisfy all given constraints. The CSP is widely studied in
many branches of mathematics such as in graph theory (see [2], [17] and [21]) and
universal algebra (see [4], [14] and [18]).

Jeavons, Cohen and Pearson [16] showed that a CSP instance can be regarded
as a pair of relational structures, and the solutions to the problem are the structure
preserving maps between these two relational structures. A CSP is said to be
tractable if it is solvable in polynomial time. For a fixed relational structure P,
the problem CSP(P) with input H is the decision problem consisting of deciding
whether there exists a homomorphism from H to P. The CSP(P) is said to be
P-colouring if a relational structure P is a digraph. Graph colorability is actively
studied in graph theory (see [1] and [3]).

For m > 3, a function f: P™ — P is called a near-unanimity function if for all
x,y € P,

f(x,x,:u...,:ay):f(x,x,x,...,x,yﬂr):-~~=f(y,x,x,...,x)=:v.

A 3-ary near-unanimity function is called a majority function. The study of rela-
tional structures admitting a near-unanimity function plays an important role to
describe subclasses of CSP that are tractable. It is proved in [15] that if P is a
relational structure admitting a near-unanimity function, then the corresponding
CSP(P) is tractable. Later, Zhuk [26] considered the NUF-Problem that con-
sists of deciding whether a given finite set R of relations admits a near-unanimity
function. He proved that NUF-Problem is decidable, that is, there exists an effec-
tive method to determine the existence of a near-unanimity function in R. Davey
proved in [6] that if an algebra has a near-unanimity term operation, then it admits
a natural duality. Therefore, NUF-Problem is linked to the problem of deciding
whether a finite algebra admits a natural duality.

2010 Mathematics Subject Classification. Primary: 08C20; Secondary: 03C05, 08A30, 08A35.
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In basic terminology of clone theory, for any finite algebra P, there is a relational
structure P such that an n-ary operation on P is a term functions of P if and only
if it is a homomorphism from P" to P. It follows that if a finite algebra P admits
a near-unanimity term, then the corresponding relational structure also admits
a near-unanimity function. Such relational structures are well studied. In 1997,
Zadori [25] characterized a relational structure admitting an n-ary near-unanimity
function by its obstructions that is a generalization of a remark by Tardos in [12].
His characterization use the number of colored elements in every P-obstruction to
decide whether P admits a near-unanimity function.

As in the literature on duality theory, we have a little knowledge about dualising
alter egos of algebras admitting a near-unanimity term. Our aim is to produce
simple and useful alter egos for such algebras. In this paper, we study dualizable
algebras admitting a near-unanimity function by the corresponding relational struc-
tures. It will be shown that dualising alter egos for P can be produced possessing
a near-unanimity term by obstructions.

2. PRELIMINARIES

A relational structure is a set equipped with relations. Ordered sets and graphs
are examples of relational structures. Next, we give the definitions that are intro-
duced by Zddori [25].

Let Q = (Q;(r3)ses) and P = (P;(rp)ses) be relational structures. A map
f Q@ — P is called a morphism from Q into P, written by f : Q — P if f
preserves each relation of Q, i.e., if (at)ier € 7¢), then (f(at))ier € rp for each
s € S. A relational structure Q = (Q;(73))ses) is a subrelational structure of
P = (P;(rp)ses) if @ C P and rg) = rp|Q. If 7§, C rp|Q, then we say that Q is
contained in P and written by Q C P.

Let P and Q be relational structures of the same type. A pair (Q; f) is called
a P-colored relational structure if f is a map from a subset of @ to P. If f can
be extended to a morphism f : Q — P, then f and (Q; f) is called P-extendible,
otherwise, f and (Q; f) is called P-nonextendible.

Given P-colored relational structures (H; f) and (Q;g), we say that (H; f) is
contained in (Q;g) if HC Q and f C g. If (H; f) is contained in (Q;g) we write
(H; f) € (Q; 9)-

A finite P-colored relational structure (H; f) is called a P-obstruction if (H; f) is
P-nonextendible and every P-colored relational structure (K; g) properly contained
in (H; f) is P-extendible. Roughly speaking, every P-obstruction is a finite minimal
P-nonextendible P-colored relational structure. If a relational structure P is an
ordered set, then P-obstructions are called P-zigzags, see Zadori [23].

It is known that for any finite algebra P, there is a relational structure P =
(P; (r$)ses) such that the clone of term operations of P is Pol({r} | s € S}).
A finite nontrivial algebra P is said to be order-primal if a corresponding rela-
tional structure P is an ordered set. Algebraic properties of order-primal algebras
are investigated by many mathematicians. There have been many research works
studying order-primal algebras (see [11], [13] and [19] the references therein).

A natural duality is a special kind of dual category equivalence between a quasi-
variety of algebras generated by a finite algebra and a category of structured topo-
logical spaces. For complete explanation to natural dualities, dualisability, strong
dualities and optimal dualities, see Clark and Davey [5].
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In the theory of natural dualities, one start with a fixed finite algebra P = (P; F))
and consider alter egos P = (P; G, H, R, T) of P where G is a set of total operations,
H is a set of partial operations, R is a set of finitary relations and 7 is the discrete
topology on P. For any alter egos P = (P; G, H, R, 7), IS;PT(P) is the class of all
isomorphic copies of topologically closed substructures of direct power indexed over
non-empty index sets of P. The quasi-variety ISP(P) generated by an algebra P is
the class of all isomorphic copies of subalgebras of direct powers of the algebra P.
The aim is to find an alter ego of the algebra P such that the category X = ISP (P)
is dually equivalent to the quasi-variety A = ISP(P) via the contravariant hom-
functors

D(-)=A(—,P): A— X and E(—) =X (—,P): X — A

In this case, we say that P yields a (natural) duality on A or P admits a (natural)
duality (or is dualizable).

We say that the set GUH UR of a structure P. entails a finitary algebraic relation
s on D(A), where A € A, if every continuous map ¢ : D(A) — P which preserves
the operations, partial operations and relations in GU H U R also preserves s. The
set GU H U R is said to entail s if GU H U R entails s on D(4) for all A € A.
Clearly, if G U H U R yields a duality on A and G U H U R entails some s € R,
then the smaller set G U H U R\ {s} also yields a duality on A. If GUH UR
is minimal with respect to yielding a duality on A, then we say that P yields an
optimal duality on A.

In [9], Davey and Werner showed that if P has a (k + 1)-ary near-unanimity
term, then P = (P;S(P*),7) yields a duality on A.

Consider the 6-element ordered set T shown in Figure 1. It is known that T has

FIGURE 1. The 6-element ordered set T

a b-ary order-preserving near-unanimity function and so the corresponding order-
primal algebra T admits a duality. Davey, Quackenbush and Schweigert [11] showed
that the alter ego T consisting only of the 4-ary relation

p={(a,b,c,d) € T*|Je € T(a,b<e<c,d)}

yields a duality on T'.

In 1995, Davey, Heindorf and Mckenzie have provided a useful characterization
of finite order-primal algebras admitting a duality [10]. They proved that a finite
order-primal algebra P admits a duality if and only if P has a near-unanimity
term. Consequently, for every dualizable order-primal algebra P, the alter ego
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P = (P;S(P"), 1) yields a duality on A = ISP(P), for some natural number k. The
structure P = (P; S(P*), ) is an important theoretical tool, but in practice we try
to make the structure on P as simple as possible, for example, the structure of the
alter ego T and the structure on Priestley’s duality for distributive lattices is given
by only a single relation and two constants.

Even though we know which order-primal algebras P admit a natural duality,
we have a little knowledge about alter egos which generate the categories X of
topological structures dual to the quasi-variety generated by P. Our interest is to
find such alter egos for any dualizable order-primal algebra, and in general, for any
algebra with a near-unanimity term.

In [23], [24] and [25] Z&dori showed that obstructions are a powerful tool in the
study of relational structures, especially ordered sets, admitting a near-unanimity
function. The previous results showed that near-unanimity terms play an important
role to study dualizable algebras. So, we are interested in the use of obstructions
to construct dualising alter egos for algebras with a near-unanimity term.

3. ALTER EGOS OF ALGEBRAS WITH A NEAR-UNANIMITY TERM

The main idea of this paper is to use obstructions to define relations for alter
egos. Before doing it, we need to mention some basic concepts involving colored
relational structures.

For a P-colored relational structure (H; f), we define C(H; f) = {x € H | f(x)
exists }, i.e., C(H; f) is the domain of f and N(H; f) = N \ C(H, f). The ele-
ments of C(H; f) and N(H; f) are called colored elements and noncolored elements,
respectively.

For any relational structure P, we shall define relations induced by their P-
colored relational structures on any relational structure of the same type as P as
follows.

Definition 3.1. Let (H; f) be a finite P-colored relational structure. Assume that
C(H; f) = {z1,...,7,}. We define the n-ary relation 74} on a relational structure

A of the same type as P as follows:
ri = {(g(x1),...,9(zn)) | g : H— A is a morphism }.

Consider an ordered set P. We can draw a picture of a P-colored ordered set
(H; f). A picture consists of the covering graph of H and an element of H is drawn
as a small shaded circle if f is defined on the given point. Otherwise, it is drawn
as a small empty circle. Every shaded point is labelled by the value of f.

Example 3.2. Let P be the ordered set shown in Figure 2(a). Consider the P-
colored ordered set (H; f) as shown in Figure 2(b). The relation r# induced by
(H; f) is a binary relation satisfying the following condition:

(z,y) € 74y < there exists u,v € Awithz <u>yandz>v <y

for any ordered set A. It is easy to see that the relation ré induced by (K;g) as
shown in Figure 2(c) is the same relation as r#;, although (H; f) and (K;g) are
different P-colored relational structures since f # g.

Example 3.2 shows that different P-colored relational structures can give us
the same induced relation. Consider, P-colored relational structures (H; f) and
(K;g) in Example 3.2, we see that they have the same set of colored elements and
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(a) (b) (c)

FIGURE 2. Ordered set P and P-colored ordered sets (H; f) and (K; g)

the covering graphs of H and K have the same shape. More generally, it can be
said that H and K are isomorphic under an isomorphism such that its restriction
function on C'(H; f) is a bijection from C(H; f) onto C(K;g). The relation ~p is
defined for P-colored relational structures satisfying this property.

Definition 3.3. Let P be a relational structure. We define the relation ~p on the
set PC of all finite P-colored relational structures as follows: (H; f) ~p (K;g) if
and only if there is an isomorphism ¢ : H — K such that ¢|c ;) is a bijection
from C(H; f) onto C(K; g).

Clearly, ~p is an equivalence relation. It is natural to ask whether P-colored
relational structures which are ~p-related to a P-obstruction are P-obstructions.
The answer is shown in the following example.

Example 3.4. Let P be the ordered set shown in Figure 2(a). Consider the P-
colored relational structures (H; f) and (K;g) as shown in Figure 3. It is shown in

b d a C
(H; f) (K;9)

FIGURE 3. Two P-colored ordered sets (H; f) and (K;g)

[23] that (H; f) is a P-zigzag. Since g can be extended to a full defined monotone
map on K, (K;g) is not a P-zigzag. Clearly, (H; f) ~p (K;g) and therefore, there
is a P-colored relational structure which is ~p-related to a P-obstruction, but it is
not a P-obstruction.

The following lemma shows that P-colored relational structures which are related
under ~p produce relations 74 which are definable from each other.

Lemma 3.5. Let (H; f) and (K;g) be finite P-colored relational structures and let
A be a relational structure of the same type of P. Then following conditions hold:

(i) Tﬁk = (r{)* for all k € N.
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(ii) Let (H; f) ~p (K;g) under an isomorphism 1. Assume that C(H; f) =
(o1, 2n} and C(K: g) = {yr,. .., ya}. Then

(a1,...,ap) € rf} if and only if (ag(1),- - 0o(n)) € 7‘}3,

where o : {1,...,n} = {1,...,n} defined by o(i) = j if Y(x;) = y;. Hence
ri4 is definable from v and vise versa.
Proof. (i) This follows since A : H — A* is a homomorphism if and only if TjoN:
H — A is a homomorphism for all j € {1,...,k}.

(ii) Let o : {1,...,n} = {1,...,n} be defined by o(i) = j if ¥(x;) = y;. Since
Y|cm;y) is bijective, the map o is bijective. Assume that (a1,...,a,) € r4. Then
there is a morphism h : K — A such that h(y;) = a; for all i € {1,...,n} implying
that hot : H — A is a morphism. Since ho)(z;) = h(¢(z;)) = h(y;) = aj = a,()
where ¥(z;) = y;, 50 (A1) - - -, Ao(n)) € r4. Conversely, let (Ag(1)s 3 Oo(n)) € ra.
Then there is a morphism h : H — A such that h(x;) = a,¢; for all i € {1,...,n}.
Assume that ¢(z;) = y;. Then o(i) = j implies h o )~ (y;) = h(2;) = a) = a;
and hence, (a1, ...,a,) € 7. O

Lemma 3.6. Let (H; f) be a finite P-obstruction with C(H; f) = {x1,...,2,}.
Then (f(xl)v SRR f(xn)) ¢ TIIjT'

Proof. Suppose that (f(z1),..., f(zn)) € r5. Then there is a morphism g : H — P
such that (g(x1),...,9(zn)) = (f(x1),..., f(x,)) implying that g(z;) = f(x;) for
all z; € C(H; f). So, g is an extension morphism of f. It follows that (H; f) is
P-extendible, a contradiction. O

In 1997, Zadori characterized a relational structure admitting an n-ary near-
unanimity function by its obstructions that is a generalization of a remark by
Tardos in [22] as stated below.

Theorem 3.7. [25, Theorem 1.17] Let P be a finite relational structure. Then
P admits an n-ary near-unanimity function if and only if the number of colored
elements in every P-obstruction is at most n — 1.

It follows that the number of relations 74} induced by its obstruction is finite.
Lemma 3.5 implies that it is enough to use only the relations rl‘f‘l induced by rep-
resentations of ~p-blocks containing a P-obstruction to construct an alter ego of
the corresponding algebra P. Indeed, the structure of such alter ego includes only
relations.

Consider a topological structure P having no partial operations and only finitely
many relations. Then P yields a duality on A = ISP(P) if P satisfies the interpo-
lation condition (IC) with respect to P as stated below.

Theorem 3.8. [5, The Second Duality Theorem] Assume that P = (P;G, R, T)
and assume that R is finite. If P satisfies the condition:

(IC) for each n € N and each substructure X of P", every morphism o : X — P
extends to a term function t : P* — P of the algebra P,

then P yields a duality on A and P is injective in X.

Now, we give a general theorem for constructing simple and useful alter egos of
algebras admitting a near-unanimity term.
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Theorem 3.9. Let P be an algebra corresponding to a relational structure P and
Q be a transversal of the ~p-blocks that contain a P-obstruction. Assume that
P admits an n-ary near-unanimity term and R = {r5|(H; f) € Q}. Then the
following conditions hold:

(i) every relation r € R is a k-ary relation for some k <n —1,
(ii) the structure P = (P; R, T) yields a duality on A = ISP(P).

Proof. By Theorem 3.7, we know that the number of colored elements in every P-
obstruction of any finite relational structure P admitting an n-ary near-unanimity
function is at most n—1. Since the arity of any relation r% in R is equal to a number
of colour elements of a P-obstruction, rf; is a k-ary relation for some k < n — 1.
So, condition (i) holds.

(ii) Since the number of relations r4 induced by P-obstructions is finite, R is
finite. We shall show that P yields a duality on A = ISP(P) by proving that P
satisfies (IC).

Let ¢ : X C P™ — P be a R-preserving. To show that (IC) holds, it is enough
to show that (P™;¢) is P-extendible. Suppose that (P™;¢) is P-nonextendible.
Then as P™ is finite, (P™; ) contains a minimal P-nonextendible, i.e., (P™;¢)
contains a P-obstruction, say (K;p|K) where K is a relational structure con-
tained in the relational structure P™. By the assumption, there is a P-colored
relational structure (H; f) in @ which is ~p-related to (K;p|K). Assume that
(H; f) ~p (K;¢|K) under an isomorphism . Since idx is a morphism from K
into itself, (z1,...,zx) € rk" where C(K;¢|K) = {x1,...,73}. By Lemma 3.5(ii),
(To(1)s -+ To(r)) € rB" where o : {1,...,k} — {1,... k} defined by o(i) = j if
Y(x;) = y;. It follows that (z,(1), ..., Z)) € (ri;)™. From ¢ is R-preserving and
rh; € R, we have (¢(2,(1)), ..., ¢(Tok))) € ri; and then (p(z1),...,¢(zx)) € T
which is contradict to Lemma 3.6. Therefore, (P™;¢) is P-extendible. O

Since we need the structure on P that is as simple as possible, one can ask
whether our structure is optimal, that is, if any relation in the structure were
deleted, the duality would be destroyed. Unfortunately, it is not optimal as shown
by the following example.

Example 3.10. Consider the order-primal algebra T corresponding to the 6-
element ordered set (T'; <) as shown in Figure 4(a). It is known that T has a
5-ary near-unanimity term. Zddori showed in [23] that (H; f) and (K;g) in Fig-
ure 4(b) and 4(c) are T-zigzags. The relations r%, and r% induced by (H; f) and
(K;g), respectively, are the 4-ary relation

p={(a,b,c,d) €T*|Fe € T (a,b<e<cd)}

and the order of (T'; <), respectively. We can see that (H; f) «%p (K;g) and then the
relations r}; and 77, are contained in the structure of T = (T’; R, 7) in Theorem 3.9.
As we mentioned in Section 2, Davey, Quackenbush and Schweigert proved that
the topological structure (T; p, 7) where 7 is the discrete topology yields a natural
duality on A = ISP(T). Therefore, the structure T = (T'; R, T) is not optimal since
we can delete the order < from R and the result structure still yields a duality on

A.

Our aim is to find a method for checking whether a duality of any finite algebra
admitting a near-unanimity term which is constructed from our theorem is optimal.
Initially, we need the following definition.
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FIGURE 4. The 6-element ordered set and its zigzags

Definition 3.11. Let P be a relational structure. We define the relation <pc on
PC as follows:

(H; f) <pc (K;g) if and only if (H; f) is a color-preserving retract of (K;g),
that is, there are morphisms ¢ : K — H and ¢ : H — K, both of which map
colored elements to colored elements, such that ¢ o p = idy.

It is easy to see that <pc is reflexive and transitive, but not antisymmetric. The
following proposition shows a relation between the relations induced by P-colored
relational structures which are related under <pc.

Proposition 3.12. Let (H; f) and (K;g) be finite P-colored relational structures
and let A be a relational structure of the same type of P. Assume that C(H; f) =
{z1,...,2m} and C(K;9) = {y1,.- - ynt- If (H; ) <pc (K;g) vis a color-preserving
retraction 1, then

(a1,...,am) € T if and only if (GE(1)7 cey amn)) erg

where 1 : {1,...,n} = {1,...,m} defined by (i) = j if ¥(y;) = x;, and hence 4

is definable from T}%.

Proof. Assume that (H; f) <pc (K;g¢) under a morphism ¢ and let (a1, ...,am) €
4. Then there is a morphism h : H — A such that h(z;) = a; foralli € {1,...,m}.
By definition, for all ¢ € {1,...,n}, we have ¥(y;) = x;, for some j € {1,...,m}.
Then (i) = j and we get h o ¥(y;) = h(z;) = a; = ag(y- Since hot : K — Ais
a morphism, (aa(l), ceey aa(n)) ery.

Conversely, let (aml), .. '7‘%(71)) € r#t. Then there is a morphism k : K — A
with k(y;) = ag,) for all i € {1,...,n}. By definition, there is a morphism ¢ :
H — K that preserves colored elements and satisfies 1) o ¢ = idy. Assume that
¢(z;) = y;. Then ¥(y;) = z; implies ¢ (i) = j. It follows that k o p(z;) = k(y;) =
agy = a; and therefore, (ay,...,an) € ra. O

Proposition 3.12 implies that every relation in the alter ego P = (P; R, 7T) in
Theorem 3.9 which is <pc-related to some relations in R can be deleted from the
structure of P without destroying the duality. This gives us a sufficient condition
for a structure P = (P; R, 7) to be non-optimal as stated in the theorem below.
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Theorem 3.13. Let P = (P; R, T) be an alter ego in Theorem 8.9. If R contains
two different relations induced from P-colored relational structures which are related
under <pc, then P is not optimal.

4. DUALIZABLE ORDER-PRIMAL ALGEBRAS AND THEIR PROPERTIES

The results in Section 3 give the alter egos P = (P; R, 7) to yield a duality on
ISP(P) where P is an algebra admitting a near-unanimity term.

As we mentioned in Section 2, an algebra P is order-primal if a corresponding
relational structure P is an ordered set. In this section, we focus on an order-primal
algebra P corresponding to a connected ordered set (P; <). We shall show that, in
the case of a connected ordered set, the duality from Section 3 is strong.

To do so we need a basic result concerning upgrading dualities to strong dualities.
Define

Irr(P) = max{irr(Q) | @ is a subalgebra of P},

where irr(Q) is the least n such that the zero congruence 02 on Q is a meet of n

meet-irreducible congruence. Note that @ is subdirectly irreducible if and only if

irr(Q) = 1.

Theorem 4.1. [5, Theorem 3.3.7] Assume that P generates a congruence-distributive
variety and that P = (P;G, H, R, 7) yields a duality on A. If P’ is obtained from
P by adding to G U H all n-ary algebraic partial operations where 0 < n < Irr(P),
then P’ yields a strong duality on A.

Davey, Quackenbush and Schweigert proved in [11] that every order-primal al-
gebra P corresponding to the ordered set (P; <) has no proper subalgebra and if
(P; <) is connected, then P is simple and hence, P is subdirectly irreducible. It
follows that Irr(P) = 1. Using this result, we can prove the following theorem.

Theorem 4.2. Let k > 2 and P be an order-primal algebra corresponding to a
connected ordered set (P;<). If P has a (k + 1)-ary near-unanimity term, then
P = (P; R, 1) in Theorem 3.9 yields a strong duality.

Proof. We shall apply Theorem 4.1, which applies since P generates a congruence-
distributive variety since it has a near-unanimity term. Since P has no proper
subalgebra, and P is simple, we have Irr(P) = 1. Thus, by Theorem 4.1, to upgrade
the duality to a strong duality given by Theorem 3.9 it suffices to add to the alter ego
all endomorphism of P. Since P is order-primal and every constant map is order-
preserving, every element of P is the value of a constant unary term function of P.
Consequently, the only endomorphism of P is idp, which can always be removed
from an alter ego without destroying a strong duality. Therefore, P = (P; R, T)
yields a strong duality on A. O

As we mentioned in Section 3, the set R in the structure P is produced by
obstructions or zigzags if P is order-primal. To construct P = (P; R, T), we need to
know all zigzags of the corresponding ordered set. Next, we give concrete examples
of alter egos which are produced by our methods for special order-primal algebras.

Consider an ordered set (P; <), a P-colored ordered set (H; f) is called monotone
if f is a monotone map on its domain, otherwise (H; f) is nonmonotone. Zédori
showed [24] that the P-colored 2-element chain in which the top is colored by a
and the bottom is colored by b where b € a, is a nonmonotone P-zigzag and every
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nonmonotone P-zigzag is of this form. Moreover, he proved that if (P;<) is a
complete lattice, then P has no monotone P-zigzags. In particular, no finite lattice
possesses monotone zigzags.

Example 4.3. Let P be an order-primal algebra corresponding to a finite lattice
(L; <). Then by Zadori’s result, (L; <) has no monotone L-zigzags and hence every
L-zigzag (H; f) is of the following form. The corresponding relation rL of (H; f)

FIGURE 5. The form of L-zigzags

is the set {(a,b) € L? | a < b}, that is, 75 = <. Tt follows that R = {<} and by
Theorem 3.9, the structure P = (L; <,7) yields a duality on A. See Davey and
Rival [8, Theorem 1.1] where this result is proved directly.

In a connected ordered set (P; <), we define the up distance from a to b to be
the least positive integer n such that there is a subset {ag,...,a,} C P with

a=ag,b=a, and ag < a; > ay <

The down distance from a to b is defined dually. Let 1(a,b) and |(a,b) denote the
up and down distance from a to b, respectively. The distance between a and b is
d(a,b) = min{1(a,b),(a,b)}, that is, the length of the shortest fence from a to b.
We denote by F,, and G,, an n-element up and down fence, respectively.

In 1993, Zadori described all zigzags of a finite connected ordered set admitting
a majority function as shown below.

Theorem 4.4. [23, Theorem 3.1] Let P be a finite connected ordered set admitting
a majority function. Then every P-zigzag (H, f) is a P-colored fence satisfying the
following properties. If a and b denote the endpoints of the colored fence, then a and
b are only colored points and at least one of the inequalities T(a,b) < 1(f(a), f(b))

and }(a,b) < 1(f(a), f(b)) holds.

He noted [23] that we easily get all the monotone zigzags of fences by The-
orem 4.4. For example, the 4-element fence Fy has exactly 5 monotone zigzags
shown in Figure 6.

a C a
a d a d
b d
(Hy; f1) and (Hs; f3) (Ha; f2) and (Ha; fa) (Hs; f5)

FIGURE 6. The monotone F4-zigzags
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Example 4.5. Consider the order-primal algebra P corresponding to F,, we shall
construct an alter ego which yields a duality on A = ISP(P). As in Example 4.3,
a nonmonotone F4-zigzag processes the order of F4. It is easy to see that

rHl ={(z,y) € (F)? |2z F(z<z2>y)} = Tff‘ and
iy = {(x,y) € (F)? |3z € Fi(x > 2 <y)} =g
Moreover,
’l"Hl ={(z,y) € (F4)? | Fu,v € Fy(z >u<v>19)}
It follows from Theorem 3.9 that the structure
P = (Fu; R, 7), where R = {< TH ,rg“z,rfl‘*
yields a strong duality on A.

Now, we focus on the order-primal algebra P corresponding to a finite fence P.
It is well-known [12] that P admits a majority function and then every P-zigzag
(H; f) is a P-colored fence satisfying the properties in Theorem 4.4. Since H is a
fence with one of the inequalities 1(a,b) < 1(f(a), f(b)) and [(a,b) < }(f(a), f(b))
holds where a and b are the endpoints of H, it is easy to see that H is (up to
isomorphism) a subfence of P or the dual P? and the endpoints a and b are the
exactly two colored elements of (H; f).

Consider a transversal @) of the ~p-blocks that contain a P-obstruction of a
finite fence P, we easily find that

Q= { (H; f) | C(H; f) = {a,b} and H is a subfence of P or H = p? },

where a and b are the endpoints of H. So, R = {rf; C P?|(H; f) € Q}. By the
use of the Test Algebra Lemma (see [5, Theorem 8.1.3]), we can prove that the
structure P = (P; R, 7) yields an optimal duality on A as follows.

Lemma 4.6. Let (H; f) and (K;g) be F,-colored ordered sets such that H and K

are subfences of F,, and the colored elements of both are exactly the endpoints of H
and K, respectively. Assume that r = TII';" and s = sﬁ".

(i) If H is (up to isomorphism) a subfence of K, then s and s~1 are subsets

of r.
(i) If H is (up to isomorphism) the dual K° with |H| is even, then (H; f) ~p
(K;g), and hence s is definable from r and vise versa.

Proof. First, we assume that F,, = {1,2,...,n}.
(i) Assume that H is a subfence of K with
H={j,j+1,....k}and K= {i,i+1,...,0}.

Then i < jand k <lin N. Let (z,y) € s = rH Then there is an order-preserving
map ¢ : H — F,, with ¢(j) =z and (k) =
Define v : K — F,, by
x, te{i,i+1,...,5—1},
P(t) = §¥(t), t € H,
y, te{k+1L,k+2,...,1}.

Because 1 is order-preserving, v is also order-preserving with (i) = z and (1) = y
and hence, (z,y) € rf}” = r. Therefore, s C r
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Next, we show that s=! C r by considering (H; f) and (K;g) in the following
cases.

Case 1: (H; f) and (K;g) are up fences. Without loss of generality, we assume
that ¢ = 1 = j. Then H = {1,2,...,k} and K = {1,2...,l}. We consider the
endpoint £ of H in the following cases.

Case 1.1: k is maximal. Define ¢ : K — F,, by

y, t=1,
V) =Pk —t+2), t€{2,3,... kk+1},
z, te{k+2,k+3,...,1l}.

Case 1.2: k is minimal. Define ¢ : K — F,, by

o Jlk—t+1), te{1,2,... k},
W)_{x, te{k+1,k+2,...,1}.

Case 2: (H; f) and (K;g) are down fences. The v is defined dually to Case 1.

Case 3: (H; f) is an up fence and (K;g) is a down fence. Without loss of
generality, we assume that ¢ = 2 and j = 3. Then H = {3,4,...,k} and K =
{2,3...,1}. We consider k again in 2 cases.

Case 3.1: k is maximal. Define ¢ : H — F,, by

o Juek—t+2), te {23, k—1},
W)_{x, te{kk+1,k+2,... 1}

Case 3.2: k is minimal. Define ¢ : K — F,, by
Y, t=2,

P(t) = vk —t+3), t€{3,4,....k},
z, te{k+1,k+2,...,1}.

Case 4: (H; f) is a down fence and (K; g) is an up fence. The ) is defined dually
to Case 3.

It is easy to see that ¢ defined in Case 1-4 is order-preserving with (i) = y and
P(l) = z. So, (y,z) € rf}" = r and therefore, s~! C r.

(i) Les H={j,j+1,...,5+m=k}and K= {4,i+1,...,i+m=1}. As|H|is
even, we may assume that j is minimal and k is maximal. Then ¢ is maximal and [
is minimal since H is the dual K?. We define ¢ : H — K by (j +1t) = i+ (m —t)
for all t € {0,1,...,m}. Clearly, ¥ is an isomorphism with ¢(j) = and ¢ (k) = i.
It follows that (H; f) ~p (K;g), and hence s is definable from r and vise versa. [

The results of Lemma 4.6 also hold true for G,,.

Theorem 4.7. Let P be an order-primal algebra corresponding to an n-element
fence P. Then P = (P; R, 7) in Theorem 3.9 yields an optimal duality on A.

Proof. We may assume that P = F,, with P = {1,2,...,n}. Since any fence is a
connected ordered set admitting a majority term, R contains only binary relations
and P = (P; R, 7) yields a strong duality on A by Theorem 4.2. It follows that for
each subalgebra A of P", the structure D(A) is generated by {p1,...,pn}, where
pi is the i*" n-ary projection: see [5, Exercise 9.8(iii)]. As P is purely relational,
we have D(A) = {p1,...,pn}. Clearly, all relations in R are reflexive since every
constant map between two ordered sets is always order-preserving.
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Let s € R. Then there is a F-zigzag (H; f) € Q with s = rfl Next, we show
that R\ {s} does not entail s by proving that R\ {s} does not entail s on D(s).
Since s is a binary relation, D(s) = {p1, p2}. To avoid confusion, we shall denote a
relation 7 on D(s) by rp(s)-

Let H={j,j+1,...,k}. Without loss of generality, we assume that d(j,k) =
d(f(4), f(k)), that is, the fence with the endpoints f(j) and f(k) is the dual H?,
Lemma 3.6 implies that (f(j), f(k)) € s. Define ¢ : D(S) — P by ¢(p1) = f(j)
and p(p2) = f(k).

Now, we show that ¢ preserves all relations in R\ {s}, but does not preserve s.

Let 7 € R\ {s}. Then there is a F,-zigrag (K;g) € Q with r = rL".

Let K={i,i+1,...,l}. We consider K in the following 3 cases.

Case 1: d(i,1) < d(j, k). Because idp, |g : H — F,, is order-preserving, (j,k) €

s. From d(i,1) < d(j, k), we have (4, k), (k, j) & r = i implying that (p1, pa), (p2, p1) &

Tp(s) since otherwise, (j,k) or (k,j) € r = rE. Hence, TD(s) = Ap(s) implies that
 preserves r.

Case 2: d(i,1) > d(j,k). Then H is (up to isomorphism) a subfence of K and
by Lemma 4.6(i), s and s~! are subsets of r. So, (pi(z,%),p2(z,y)) = (z,y) €
s C r and (p2(z,y),p1(z,y)) = (y,x) € s71 C r for all (z,y) € s, that is,
(p1,p2),(p2,p1) € Tp(s)- Hence, rpiy = D(s) x D(s). Since d(f(j), f(k)) =
d(j.k) < d(i,1), we have (£(7), F(k), (f(K), f()) € r implying (p(p1),9(p2)) =
(f(4); f(k)) € r and (p(p2), v(p1)) = (f(k), f(j)) € r. Therefore, ¢ preserves r.

Case 3: d(i,1) = d(j, k). Then H is (up to isomorphism) the dual K. Since
s and r are contained in R, so, (H; f) cannot be ~p-related to (K;g). It follows
from Lemma 4.6(ii) that |H| is odd and then the endpoints j and k are maximal
or the endpoints j and k are minimal. Hence, (y,z) € s for all (z,y) € s. Be-
cause of H = K2, we have (j,k), (k,7) € r. From (p1(j, k), p2(j, k)) = (j, k) and
(P24, k), p1(4, k) = (K, 5), we get that (p1,p2), (p2, 1) & T'D(s)s 1-€., TD(s) = Ap(s)-
Therefore, ¢ preserves r.

It is casy to see that (p1, p2) € 5. But (p(p1), (p2)) = (f(7), (k) & 5 and
hence, ¢ does not preserve s. Altogether, we have proved that P = (P; R, 7) yields
an optimal duality. O
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DUALIZABILITY OF ORDER-PRIMAL ALGEBRAS
R. SRITHUS

ABSTRACT. Let T = (T'; <) be a rooted tree and let T and T9 be order-primal
algebras corresponding to the ordered set T and its dual T?, respectively. In
this paper, we produce dualising alter egos for T and T?, respectively. We
show that they yield a strong duality on quasi-varieties generated by T and
T9, respectively. Finally, we prove that the alter egos of T and T are optimal
if T is not a chain.

1. INTRODUCTION AND PRELIMINARIES

An order-primal algebra T corresponding to an ordered set P = (P; <) is a finite
non-trivial algebra for which the clone of term operations of P is Pol(<).

Algebraic properties of order-primal algebras are investigated by many mathe-
maticians. There have been many research works studying order-primal algebras
(see [8], [9] and [11]).

A natural duality is a special kind of dual category equivalence between a quasi-
variety of algebras generated by a finite algebra and a category of structured topo-
logical spaces. It provides a method for translating problem in a class of algebras
into a different class of mathematical structures. For example, problems about dis-
tributive lattice can be translated into problems about ordered topological struc-
tures by Priestley’s duality [12]. The theory of natural dualities is a powerful tool
for studying algebra. For complete explanation to natural dualities, dualizability,
strong dualities and optimal dualities, see Clark and Davey [1].

For a finite algebra P = (P;F), we consider alter egos P = (P;G,H,R,T) of
P where G is a set of total operations, H is a set of partial operations, R is a
set of finitary relations and 7 is the discrete topology on P. For any alter egos
P = (P;G,H,R,7), IS.PT(P) is the class of all isomorphic copies of topologically
closed substructures of direct power indexed over non-empty index sets of P. The
quasi-variety ISP(P) generated by an algebra P is the class of all isomorphic copies
of subalgebras of direct powers of the algebra P. The aim is to find an alter ego
of the algebra P such that the category X = IS.P*(P) is dually equivalent to the
quasi-variety A = ISP(P) via the contravariant hom-functors

D(-)=A(—,P): A— X and E(—) :=X(—,P): X — A

In this case, we say that P yields a (natural) duality on A or P admits a (natural)
duality (or is dualizable).

A subset X C P? is term-closed if for all y € P*\ X, there exists s-ary term
functions o, 7 : P — P on P that agree on X but not at y. An alter ego P, yields
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a strong duality on A if P yields a duality on A and every closed substructure of a
power of P is term-closed.

We say that the set GUHUR of a structure P, entails a finitary algebraic relation
s on D(A), where A € A, if every continuous map ¢ : D(A) — P which preserves
the operations, partial operations and relations in GU H U R also preserves s. The
set GU H U R is said to entail s if GU H U R entails s on D(A4) for all A € A.
Clearly, if G U H U R yields a duality on A and G U H U R entails some s € R,
then the smaller set G U H U R\ {s} also yields a duality on A. If GUH UR
is minimal with respect to yielding a duality on A, then we say that P yields an
optimal duality on A.

There have known examples of dualizable algebras. Pontryagin [13] showed that
every finite cyclic group is dualizable. Davey and Werner [6] proved that finite
one-dimensional vector spaces are dualizable. They also showed that if P has
a (k + 1)-ary near-unanimity term, then P = (P;S(P*),7) yields a duality on
A. Later, Clark, Idziak, Sabourin, Szab6 and Willard [2] characterized dualizable
commutative ring with identity.

Our interest is to find alter egos for dualizable order-primal algebra. Davey and
Rival [5, Theorem 1.1] proved that if P is an order-primal algebra corresponding to
a lattice (L; <), then the alter ego P = (L; <, 1) yields a duality on A. Applying
results of Davey, Heindorf and Mckenzie [7] it follows that an order-primal P is du-
alizable if and only if P has an near-unanimity term if and only if P = (P;S(P"),7)
yields a duality on A for some natural number k. Consider the 6-element ordered
set P shown in Figure 1. Davey, Quackenbush and Schweigert [8] showed that

FIGURE 1. The 6-element ordered set P

the corresponding order-primal algebra P admits a duality and the alter ego P
consisting only of the 4-ary relation

p={(a,b,c,d) € P*|3ec P(a,b<e<cd)}

yields a duality on P.

Graph theoretic properties of the diagrams of ordered sets is one of the most
interest in Lattice Theory. For example, distributive lattices and modular lattices
can be expressed as properties of their diagrams. Recently, we consider any finite
ordered set whose diagram is a rooted tree. Such an ordered set is called a rooted
tree. Next, we give the concrete definition. A finite ordered set T is a rooted tree if
T has a unique maximal element and for each non-comparable elements x and y,
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there is no z € T with z < z and z < y. The maximal and minimal elements are
called the root and leaves, respectively.

Consider the order-primal algebras T and 79 corresponding to a rooted tree T
and its dual Ta7 respectively. Our purpose is to prove that such algebras yield a
duality. By the definition of a rooted tree, for any element x € T there is a unique
path from x to the root and every two paths of x and y to the root have a minimal
common point. So, the least upper bound of z and y exists and therefore, T is
a join-semilattice. Dually, T? is a meet-semilattice. It is shown in [8, Corollary
5.4(vi)] that every finite semilattice whose diagram is a tree has a 3-ary order-
preserving near-unanimity function. Thus, T and T have a 3-ary order-preserving
near-unanimity function and therefore, T = (T;S(T?), 7) and T? = (T;S((1?)?),7)
yield a duality on A = ISP(T) and A? = ISP(T?), respectively. It follows that T
and T? are dualizable. Even though the structure P = (P;S(P*), ) is an important
dualising alter ego for any dualizable order-primal algebra, it take a time to find
all subalgebras of P* and its structure can be complicated, especially if k and the
number of elements in P are large. In this paper, we are interested in producing
alter egos P for which their structures on P are simple as possible.

2. SOME PROPERTIES OF ORDER-PRIMAL ALGEBRAS

In this section, we focus on an order-primal algebra P corresponding to a con-
nected ordered set (P;<). We shall show that, in the case of a connected ordered
set, the duality for such an algebra is strong.

To do so we need a basic result concerning upgrading dualities to strong dualities.
Define

Irr(P) = max{irr(Q) | Q is a subalgebra of P},

where irr(Q) is the least n such that the zero congruence 02 on @ is a meet of n

meet-irreducible congruence. Note that @ is subdirectly irreducible if and only if

irr(Q) = 1.

Theorem 2.1. [1, Theorem 3.3.7] Assume that P generates a congruence-distributive
variety and that P = (P;G, H, R, T) yields a duality on A. If P’ is obtained from
P by adding to G U H all n-ary algebraic partial operations where 0 < n < Irr(P),
then P’ yields a strong duality on A.

Davey, Quackenbush and Schweigert proved in [8] that every order-primal algebra
P corresponding to the ordered set (P; <) has no proper subalgebra and if (P; <)
is connected, then P is simple and hence, P is subdirectly irreducible. It follows
that Irr(P) = 1. Using this result, we can prove the following theorem.

Proposition 2.2. Let k > 2 and P be an order-primal algebra corresponding to
a connected ordered set (P;<) and let P = (P;G, H, R, T) yields a duality on A.
Then P yields a strong duality on A.

Proof. The algebra P has a near-unanimity term since P yields a duality on A, So,
P generates a congruence-distributive variety.

Next, we show that P yields a strong duality on A by Theorem 2.1. Because
P has no proper subalgebra and it is simple, we have Irr(P) = 1. To upgrade the
duality to a strong duality, it suffices to add to P all endomorphism of P. Since
P is order-primal and every constant map is order-preserving, every element of
P is the value of a constant unary term function of P. Consequently, the only
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endomorphism of P is idp. It is known that ¢{dp can be removed from an alter ego
without destroying a strong duality. Therefore, P = (P; G, H, R, T) yields a strong
duality. O

In what follows we start with a choice of T that yields a duality on A. In
order to develop a duality we need a set R of relations on 7. Since T is order-
primal, the order < of the corresponding ordered set is an our first choice for a
relation of a structure P. As we mentioned in Section 1, if P is a lattice, then the
structure P = (P; <,7) is a dualising alter ego for the corresponding order-primal
algebra P. One can ask whether the structure T = (T; <, 7) yields a duality on A.
Unfortunately, it seems not to be the case as shown in the following proposition.

Proposition 2.3. Let T be an order-primal algebra corresponding to a rooted tree
T = (T; <) with n leaves where n > 2. Then T = (T; <,T) does not yield a duality
on A.

Proof. Suppose that T = (T; <, 7) yields a duality on .A. Then by Proposition 2.2,
T yields a strong duality on A implying that T is injective in the category X =
ISP (T).

Let T be the Dedekind-MacNeille completion of T. Then there exists an element
0 € T for which 0 is the minimum element of T and T \ {0} = T.

Next, we show that T € X. Assume that ai,as,...,a, and 1 are leaves and the
root of T, respectively. For ani € I = {1,2,...,n}, we denote by C; the path from
a; to the root.

Recall that t covers s if and only if s < t, but there does not exist a z € T
with s < z < t. For any t € T, we denote by t; the element in a path C; that is
covered by t and I = {i € I | t € C;}. Let X = {(a1,a2,...,a,),(1,1,...,1)} U
UA{(1,b2, ... bi1,t,big1 ..., by) | £ € Ci \ {a;}} where b; = a; and by, = ¢ for all
i€l
je€I\I, and k € I,. Then X forms a closed substructure of T". It is obvious
that (a1, az,...,a,) and (1,1,...,1) are the minimum and the maximum elements

of X, respectively. Define ¢ : X — T by

0, z = (a1,a9,...,an),
Y(t) = ti, @ = (b1, ba, ..., bi—1,t,big1...,by),
L, o=1,1,...,1).

To show that T € X, we need to prove that ¥(t) is an order-isomorphism.

First, we show that ¢(t) is an order-embedding, that is, for each z,y € X, x <y
if and only if ¥(z) < ¥(y). Let z,y € X with z < y. If x = (a1,a9,...,a,),
then () = 0 and from 0 is the minimum element of T, we have ¥ (z) < ¥(y). If
x = (1,1,...,1), then z is the maximum element of X and from x < y, we have
x =y and hence, ¥(x) < ¥(y).

Let x = (bl, bg, ceey bi—l, S, bi+1 ceey bn) and Yy = (61,62, ceey Cj_l,t, Cjt1--- ,C.,L)
where s € C; \ {a;} and t € C; \ {a;}. We may assume that ¢ < j. Then
by <eci,oiy8 < ¢y by <ty by < ey Since by € {a1,a9,...,a,,s} and
¢ € {ay,aa,...,an,t} for all k,1 € I and s < ¢;, so ¢; = t. Because of ¢, = t if
l € It;, so i € I; implying t; € C;. From s; is covered by s and s < ¢, we have
s; < t;. By the definition of ¢, we get ¥(z) = s; < t; = ¥(y).

Conversely, assume that (z) < ¢(y). If ¢(x) = 0, then x = (a1, aq,...,a,) and
so, x < y. If ¥(x) = 1, then ¥(z) < ¢¥(y), we have ¥(y) = 1. By the definition of
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¥, we get that = (1,1...,1) = y. If ¥(y) = 0, then from ¥(z) < ¥(y), we have
¥(x) = 0. By the definition of ¥, we get x = (a1,as2,...,a,) =y. Ilf (y) =1, then
y=(1,1...,1) and so, x < y.

Consider (), ¥(y) € {0,1}. Clearly, every pair of elements in T are comparable
if and only if they belong to the same path and then there are s;,t; € C; with
Y(z) =8 <t; =9(y). If s, € C;, then t; € C; since otherwise there is a z € T
with z > s; < t; which is contradict to that T is a tree. Consequently, I, C I;,.
Again from T is a tree, there exist unique elements s,t € T that are covered s; and
t;, respectively. It follows that = (b1,be,...,b,) and y = (c1,c2,...,¢,) where
bj =aj, by =5, ¢ =aand ¢,,, =t for all j € T\ {I,,}, k € {Is,}, l € I\ {I}
and m € {I;,}. From s; < t;, we get s < t implying that by < ¢ for all k € I.
Therefore, z < y.

It is clear that v is surjective. Altogether, we can prove that 1 is an order-
isomorphism. Therefore, TeX.

Consider the map idp and the embedding ¢ : T — T' defined by o(t) = t for
all ¢ € T'. Both are morphisms in the category X. Since T is injective, there is an
order-preserving map /3 : T — T with Be =idp. From a; > 0 < as in T, we have

a1 = idp(a1) = Byp(ar) = Blar) > B(0) < Blaz) = By(az) = idp(az) = a2

in T which is a contradiction since a; and as are different minimal elements in T.
Therefore, T = (T; <, ) does not yield a duality on A. ]

In Section 3 we present alter egos that yield a duality on A4 = ISP(T"). Before
doing it, we need to mention some basic concepts which are introduced by Davey,
Quackenbush and Schweigert [8]. They used them as a tool for proving that the
structure P = (P; p, 7) yields a duality.

Recall that for any k-ary relation r on a set P, we define the k-ary relation ™
on P™ where n is a natural number as follows:

(@1,a2,...,a,) € " if and only if (a1, az;,...,ak;) €T

for all j € {1,2,...,n} where a; = (a1, aia,-..,ain) € P™.
Given X C P™ and f: X — P, we say that f preserves r if

(f(-’lfl),f(l'Q), - 7f(xn) er

for all x1,x9,...,2, € X with (z1,29,...,2,) € ™. For convenience, we denote
<p» by <.

Let P = (P;<) be an ordered set and X C P" for some n € N. For a map
f:X — P and a € P, we denote

X]={reX|fx)=ad}.
For an element y € P™\ X, we define y < X/ if there is an element z € X with
y < x and X/ < y is defined dually.
Denote U ={a€ P |y < X/} and Lf ={a € P| X! <y}. An element a € P

is called an upper associate of y with respect to f if a is minimal in U/ and a lower
associate of y with respect to f is defined dually.

Example 2.4. Consider the 6-element ordered set P as mentioned in Section 1.
Let X = {(0,u),(0,v),(1,s),(1,t)} € P? and let f : X — P? be a map defined
by f(a,b) = b for all (a,b) € X. Let y = (0,s). Then from (0,u) < (0,s) and
f(0,u) = u, we have u € Lg. Similarly, v € szj and hence L{; = {u,v}. If we
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consider y = (1,u), then from (1,u) < (1,s) and f(1,s) = s, we have s € Uz{.
Similarly, t € U] and hence U] = {s, t}.

Observe that different upper associates (lower associates) of y in Example 2.4 are
non-comparable. The following proposition shows that every ordered set satisfies
such properties.

Proposition 2.5. Let P = (P;<) be an ordered set and X C P™ for somen € N.
Let f: X =T be a map andy € P™. Then the following conditions hold:

(i) If uy and ug are upper associates of y with uy # us, then uq||lus.
(ii) Ifly and ly are lower associates of y with 1y # la, then li||ls.
(iii) Assume that f preserves <. Ifl and u are a lower associate and an upper
associate of y, respectively, then | < u.

Proof. (i) Since u; and ug are upper associates of y, so u; and ug are minimal
elements in UJ ={a €T |y< X/} Because of u; # ug, we have u; £ us and
U2 ﬁ Uy, that iS, U1||U2.

(ii) The proof is similar to that of (i).

(iii) Since [ and u are a lower associate and an upper associate of y, respectively,
le <y < X/. So, there are I’ € le and v/ € X/ such that I’ < y < /. Because
f preserves <, we have | = f(I') < f(u') = u. O

3. DUALISING ALTER EGOS FOR ORDER-PRIMAL ALGEBRAS

In Section 2 we showed that the structure T = (T'; <, 7) does not yield a duality.
Our aim is to find a dualising alter ego for T'. To produce so we need to add some
relations on 1" to T.

Next, we give an idea to define such relations on 7. Consider the Dedekind-
MacNeille completion P of the 6-clement ordered set P as shown in Figure 2.

1 1
S t S t
Z
u v u v
0 0
p .

FiGURE 2. The Dedekind-MacNeille completion P

It can be seen that the diagrams of P and P are almost the same, except that
there exists an element z € P with u,v < z > s,t. Because the relation p in the
dualising alter ego of T in Section 1 is defined by

p={(a,b,c,d) €T*|Ie €T (a,b<e<cd)},
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the relation p seems to be defined by the existence of z in its Dedekind-MacNeille
completion. It is known that the dualising alter ego P in Section 1 consisting only
the relation p. The order < of P need not to add to the structure P. since it can
be proved that = < y if and only if (x,z,y,y) € p. So, This leads us to produce a
relation on T by this method.

For a rooted tree T = (T; <) with n leaves, its Dedekind-MacNeille completion
T of T has an element 0 € 7" that is lesser than all leaves of T as shown in Figure 4.

O/C& (/x

FIGURE 3. The rooted tree T

Fi1GURE 4. The Dedekind-MacNeille completion T

We define the n-ary relation g on T by
(bhbg,...,bn) €L & deecTVice {172,...7n}(e < bl)
It is easy to see that the arity of 8 depend on the number of leaves of T.
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We now prove a technical proposition which will be the main too for yielding a
duality on A = ISP(T).

Proposition 3.1. Let T = (T;<) be a rooted tree with n leaves and X C T".
Assume that f : X — T preserves § and y € T™ \ X. Then following conditions
hold:

(i) y has at most 1 upper associate.
(ii) Consider the extension map f: X U{y} — T defined by

fl@)ifz e X,
f@)=<u if v =y and y has an upper associate,
1 if x =y and y has no upper associate.

where u and 1 are the upper associate and the root of y and T, respectively.
If f preserves <, then f preserves {<,S}.

Proof. Let y € T™ \ X.

(i) Suppose that s and t are different upper associates of y. Then y < X7 and
y < X/ and by Propsition 2.5(i), we have s||t. If follows that there are s’ € X/
and t' € th such that y < ¢’ and y < /. Thus (¢,t/,...,t) € Bpr and from f
preserves 8 on X, we have (s,t,...,t) = (f(s'), f(t/),..., f(t')) € B. So, there is a
k € T with k < s and k <t which is a contradiction since T is a tree.

(i) Let a,b € X U {y} such that a < b. We consider @ and b in the following 4
cases.

Case 1 a,b € X. Then f(a) = f(a) < f(b) = f(b) since f preserves < on X.

Case 2 a € X and b= y. Then a < y. If y has no upper associate, then f(y) = 1
implies that

fla) = f(a) <1 = f(y) = f(b).
If  has an upper associate, then f(y) = v and y < X;. So, there is an v’ € X/
with a <y < u’. Thus f(a) = f(a) < f(u') =u = f(y) = f(b).

Case3 a = y and b € X. Then y < b implies that y < XJJ:(b) and hence
f(b) € UJ. Since UJ C T and T is a tree with n leave, UJ has a minimal element.
It follows that y has an upper associate and so, f(y) = u. Since y has at most 1
upper associate, u is the minimum element in UJ and therefore, v < f(b). Thus
fla) = fly) =u< f(b) = f(b). _

Case 4 a =y =b. Then f(a) = f(y) = f(b).

Altogether, we can prove that f preserves < on X U {y}.

Next we show that f preserves 8 on X U {y}.

Let (b1,b2,...,bn) € (Brn) N (X U{y}). Then there is an e € T" with e < b;
for all i € {1,2,...,n}. Denote B = {b1,ba,...,b,}. We consider (b1, bs,...,b,) in
the following 3 cases.

Case 1 by, bg,...,b, € X. Then f(b;) = f(b;) for all i € {1,2,...,n} and from f

preserves ﬁ on X7 (f(bl)a f(b2)7 RN f(bn)) = (f(bl)a f(bQ)a R f(bn>) € 6
Case 2 BNX # 0 and BN{y} # 0. Let by, by,, ..., b;, be all elements in BN X
and let b;,,bj,,...,b;, be all elements in B that are y.

Case 2.1 y has no upper associate. Then f(y) = 1 implies that
f_(bjl) = f(bm) == f_(bjl) =1

Since e < b; for all i € {1,2,...,n},s0 e <b; forall pec {1,2,...,k} implies that
(biy s bigy vy biyy ..oy bi) € Brn. Because of b, bs,,...,0;, € X and f preserves 8
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on X, we have (f(bi,), f(biy)s---, f(biy)s---, f(bi,)) € B. So, there is an z € T
with 2 < f(b;,) for all p € {1,2,...,k}. Since 1 is the maximum element of T,
sox < f(qu) for all ¢ € {1,2,...,1}. Thus = < f(b;) for all i € {1,2,...,n} and

therefore, (f(b1), f(b2),..., f(bn)) € .

Case 2.2 y has an upper associate. Then f(y) = u and y < X/ implies that there
is an v/ € X with y < u’. Because of e < bj, =y, we have e < u'. Since e < b;, for
allp e {1,2,...,k}, 80 (bi,, biy, .-, bip 0. .. u') € Brn. From by, by, ..., b 0 €
X and f preserves 5 on X, we have (f(b;,), f(biy), .-, f(bi,), f(&),..., f(u)) €S

implying that there is a z € T' with z < f(b;,) = f(b;,) for all p € {1,2,...,k} and
z < f(u/). Since f(u') =u = f(y) = f(b;,) for all ¢ € {1,2,...,1}, so z < f(b;,)
for all ¢ € {1,2,...,1}. Hence, z < f(b;) for all i € {1,2,...,n} and therefore,

(f(b1)7.f(b2)77f(b7l)) eﬁ _ _
Case 3b; =y forallie {1,2,...,n}. Then f(b;) = f(y) for all i € {1,2,...,n}.

implies that (f(b1), f(b2),. .., f(bn)) € B. O
Dually, the n-ary relation 32 on T is defined by
(b1, by,...,b,) € B2 = FeecTVie{1,2,...,n}(e>b).
The similar results of Proposition 3.1 are obtained for 32 as shown in the following
proposition.

Proposition 3.2. Let T = (T;<) be a rooted tree with n leaves and X C T™.
Assume that f : X — T preserves 32 and y € T\ X. Then following conditions
hold:

(i) y has at most 1 lower associate.
(ii) Consider the extension map f: X U{y} — T defined by
fl@)ifz e X,
f@)=<1lifx =y and y has a lower associate,
0 if x =y and y has no lower associate.

where | and 0 are the lower associate and the minimum of y and T, respec-
tively. If f preserves <, then f preserves {<,3%}.

Proof. The proof is dual to Proposition 3.1. (]

Consider a topological structure P having no partial operations and only finitely
many relations. Then P yields a duality on A = ISP(P) if P satisfies the interpo-
lation condition (IC) with respect to P as stated below.

Theorem 3.3. [1, The Second Duality Theorem| Assume that P = (P;G, R, T)
and assume that R is finite. If P satisfies the condition:

(IC) for each n € N and each substructure X of P", every morphism o : X — P
extends to a term function t : P™ — P of the algebra P,

then P yields a duality on A and P is injective in X.

Now, we give dualising alter egos for the order-primal algebras corresponding to
a rooted tree and its dual.

Theorem 3.4. Let T be an order-primal algebra corresponding to a rooted tree
T = (T;<) with n leaves and let T = (T;<,6,7) and 10 = (T;<,B82,1) where
T is the discrete topology. Then T and Ia yield a duality on A = ISP(T) and
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A2 = HSIP’(Ia), respectively. Moreover, T and 1‘6 yield a strong duality on A and
A9 respectively.

Proof. Since the number of relations of T is finite. We shall show that T yields a
duality on A by proving that T satisfies (IC).

Let f: X CT"™ —» T be a {<, B}-preserving and let y € T™ \ X. To show that
(IC) holds, it suffices to extend f to X U {y}. Proposition 3.1(ii) shows that the
mapping f can be extended to f : X U {y} — T that preserves < and . Thus T
yields a duality on A = ISP(T’). By Proposition 2.2, T yields a strong duality on
A.

To show that l‘a yield a duality on A2, the proof is dual to the previous one. [

Since we need the structure on P that is as simple as possible, one can ask
whether our structure is optimal, that is, if any relation in the structure were
deleted, the duality would be destroyed. Unfortunately, it is not optimal as shown
by the following example.

Example 3.5. Consider the order-primal algebra T' corresponding to a finite chain
T = (T; <) as shown in Figure 5. It is clear that T is a rooted tree with 1 leaf. So,

FIGURE 5. A finite chain T

the relation § is a unary relation defined by {b € T'| Je € T'(e < b)}. Since b <b
for all b€ T, so f = T. Theorem 3.4 implies that T = (T; <, T, 7) yields a duality
on A. It is known that every chain is a lattice. Applying the result of Davey and
Rival [5, Theorem 1.1], it follows that the structure T’ = (T’; <, 7) yields a duality
on A. Therefore, the structure T is not optimal since we can delete the relation /3
from T and the result structure still yields a duality on A.

It is clear that chains being the only exception, every ordered set T whose
diagram is a tree is not a lattice. Proposition 2.3 shows that T' = (T;<,7) is not a
dualising alter ego for the order-primal algebra T corresponding to T. Our question
is that the alter egos in Theorem 3.4 is optimal if T is not a chain. The answer is
shown in the following theorem.

Theorem 3.6. Let T be an order-primal algebra corresponding to a rooted tree
T = (T; <) with n leaves where n > 2. Then T = (T;<,8,7) and T? = (T; <
,82,7) in Theorem 3.4 yield an optimal duality on A and A2, respectively.
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Proof. By Proposition 2.2, T = (T; <, 3,7) in Theorem 3.4 yields a strong duality
on A. It follows that for each subalgebra A of P", the structure D(A) is generated
by {p1,...,pn}, where p; is the i*" n-ary projection: see [1, Exercise 9.8(iii)]. As
P is purely relational, we have D(A) = {p1,...,pn}

To show that < does not entail 3, it suffices to prove that < does not entail 3
on D(B). Since § is an n-ary relation, D(8) = {p1,...,pn}. To avoid confusion,
we shall denote a relation  on D(8) by rp(g)-

Let ay,...,a, and 1 be different leaves and the root of T, respectively. Then
from n > 2, we have a; # ag and hence there is no e € T with e < a; and e < as.
So, (a1,...,a,) & B.

Now, we show that <pg= Apg). Suppose that <ppg)# Apg). Then there
are different numbers i, j € {1,2,...,n} with (p;, p;) €<p(gy. We may assume that
i < j. From |T| > 2 and T is connected, there are different elements a,b € T with
a < b. By the definition of 8, we get (b,..., b,(@// b,...,b) € 8 implying that

jth
(pi(b,...,b,a,b,....b),pj(b,...,b,a,b,...,b)) = (ba) €<

that is, b < a, a contradiction.

Define ¢ : D(8) — T by ¢(p;) = a; for all i € {1,2,...,n}.

To show that < does not entail 8 on D(f), it suffices to show that ¢ preserves
<, but does not preserve 3. Because of <pg)= Ap(g), we get that ¢ preserves <.
Since (pl(bl, bQ, ey bn), pg(bl, bQ, ey bn), . ,pn(bl, b2, ey bn)) = (bl, bg, ey bn) €
B for all (b1,ba,...,b,) € B, 50 (p1,p2,---,pn) € Bp(s)- But

(p(p1),p(p2)s- -y p(pn)) = (a1,a2,...,an) & B,

so ¢ does not preserve .

The remainder of the proof is to show that 5 does not entail < on D(<). From
< is a binary relation, D(<) = {p1, p2}. Consider an element (p1,,p1,,---,p1,) €
(D(<))™ and a < b. The projection p1,(a,b) € {a,b} for all i € {1,2,...,n}. By
the definition of 3, we have

(p11(a"b)7p12(a7b)7"'7p1n)( ) E

So, (1,5 P15, ---»P1,) € Bp(<) and hence Bp(<y = (D (S))

Define ¢ : D(<) — T defined by ¢(p1) = 1 and ¢(p2) = a1.

Since (Y(p1,),¥(p15),---%(p1,)) = (b1,b2,...,b,) where b; € {a,1} for all
(S {1323 s ,’ﬂ} and ay; < 17 S0 (1/1(,011)’7/1(1712)7 < -;T/J(Pln)) € ﬂ Consequenﬂ}’7 lb
preserve 3. It is obvious that (p1,p2) €<p(<). By the definition of v, we have

(W(p1),¥(p2)) = (1,a1). But (1,a1) €<, so ¥ does not preserve <. Therefore,
T = (T;<,,7) yields an optimal duality. O

Although the structure of T in Theorem 3.4 is given by two relations, it may not
be simple since the arity of the relation 5 in T can be very large depending on the
number of leaves in T'. Our goal is to find a new alter ego for which every relation
of its structure is independent of the number of leaves in T. It is known that the
structure T = (T;S(T?), 7) yields a duality on .A. This leads us to consider an alter
ego of T given by only binary relations.

To finish this section, it remains to find such binary relations. Reduce the arity
of the relation 5 to be 2. We get the binary relation 6 on T' defined by

(bl,bg)Go <:>E|6€T,€§b1/\6§b2.
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Dually, the relation 62 is defined by
(bi,by) €02 = 3FeecT,e>b Ae> bs.

We obtain new dualsing alter egos for the order-primal algebras 1" and T9 as stated
below.

Theorem 3.7. Let T be an order-primal algebra corresponding to a rooted tree
T=(T;<) and let T = (T;<,0,7) and l‘a = (T;<,09,7) where T is the discrete
topology. Then T and 1‘8 yield a duality on A = ISP(T) and A° = HSIP’(Ia),
respectively. Moreover, T and l‘a yield a strong duality on A and A2, respectively.

Proof. The proof is similar to that of Theorem 3.4. g

The following theorem shows that the alter egos in Theorem 3.7 yield an optimal
duality.

Theorem 3.8. Let T be an order-primal algebra corresponding to a rooted tree
T = (T; <) with n leaves where n > 2. Then T = (T;<,0,7) and T? = (T; <
,02 1) in Theorem 3.7 yield an optimal duality on A and A2, respectively.

Proof. The proof is similar to that of Theorem 3.6. (]
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It is well known that the transformation semigroup T(X) is regular, but their subsemi-
groups need not be. A fence is an ordered set that the order forms a path with alternating
orientation. Consider X as the base set of a fence X = (X; <). Two subsemigroups of
T(X) are studied. Namely, the semigroup DT (X) of all order-decreasing self-mappings
of X and the semigroup OT'(X) of all order-preserving self-mappings of X. In this pa-
per, we obtain that DT'(X) is both a regular and a coregular subsemigroup of 7'(X). A
characterization of regular subsemigroups OT(X) of T(X) is given, that is, OT(X) is
regular if and only if | X| < 4. Finally, we discuss the regularity of elements in OT'(X).
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1. Introduction and Preliminaries

Let X be an arbitrary set and let T(X) be the semigroup of transformations of
X. There have been many research works studying the semigroup T'(X), especially
over the last fifty years.
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The concept of regularity is one of the most-studied topics in Semigroup Theory.
It is well known that T'(X) is regular (see [2], page 33). But subsemigroups of T'(X)
need not be regular. In this paper we are concerned with question: What is a regular
subsemigroup of T'(X)? The different types of regular subsemigroups of T'(X) have
been much studied. In 2005, Huisheng [5] considered the subsemigroup

Te(X) ={a e T(X) |V(z,y) € E, (a(z),a(y)) € E}

of T(X) where E is an equivalence relation on X . He discussed regularity for T (X).
Later, Sanwong and Sommanee gave a necessary and sufficient condition for the
subsemigroup T'(X,Y") of T(X) to be regular where Y C X and

T(X,Y) = {a € T(X) | a(X) C Y}

A mapping « : P — Q is order-preserving from an ordered set P to an ordered
set Q if z <y in P, then a(x) < a(y) in Q. Consider X as the base set of a chain
X = (X; <). The semigroup OT(X) of all order-preserving self-mappings of X is a
regular subsemigroup of T'(X) (see [3] ). Keprasit and Changphas [7] extended this
result to subchains of Z. A characterization of regular semigroups OT'(X) where X
is an interval in R is given in [7]. Ma, You Lua, Yang and Wang [8] investigated the
regularity of a subsemigroup

EOPx ={aeT(X) |V(a,b) € E,(z,y) € Eand 2 <y

= (a(z),a(y)) € E and a(z) < a(y)}

of T(X) where E is an equivalence relation on X. The semigroup OT'(X) has been
studied by many mathematicians. Our interest focuses on ordered sets which are
“next” to chains. Such ordered sets are fences.

A fence X is an ordered set (X; <) in which either

a1 < Qg > az,...,02m—1 > A2m < A2m41,-- -
or
ap > a2 < Aaz,...,029m—1 < A2m > A2m41,-- -
are the only comparability relations where X = {a1,as,...,ay,...}. Every element

in X is minimal or maximal. If a; < ag, then X is called an up fence and it is
called a down fence if a; > as. A special case of a regular element is a coregular
element. An element a in a semigroup S is called coregular if there is an element
b € S with aba = a = bab and S is called coregular if every element of S is coregular.
Coregular semigroup was first introduced and studied in [1] by Bijev and Todorov.
They proved that a semigroup S is coregular if and only if a® = a for all a € S. It
can prove that an element a in a semigroup S is coregular if and only if a® = a.

In this paper the set X under our consideration is the base set of a fence.
Two types of subsemigroups of T'(X) with respect to a fence X = (X;<) are
considered. Namely, the semigroup OT'(X) of all order-preserving self-mappings of
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X and and the semigroup DT(X) of all order-decreasing self-mappings of X. A
mapping « : X — X is order-decreasing if a(z) < z for all z € X. Our main
purpose is to investigate the regularity for both subsemigroups. Throughout the
paper, the range of a mapping « is denoted by ran o and |A| means the cardinality
of a set A. We write z || y when = and y are non-comparable.

2. Regular subsemigroup DT (X) of T(X)

Recall that for any ordered set X having X as the base set, the semigroup DT(X)
of all order-decresing transformations of X is a subsemigroup of T'(X). Since in
general subsemigroup of T'(X) need not be regular, our aim is to describe fences X
having a regular semigroup DT'(X).

In 2012, Namnak and Laysirikul characterized an ordered set X having a regular
semigroup DT (X) as stated below.

Theorem 2.1. [9] Let X be an ordered set. Then DT(X) is a regular semigroup
if and only if for every subchain of X has at most two elements.

Since every maximal subchain of a fence is a 2-element chain, we can immediately
deduce from Theorem 2.1 the following proposition.

Proposition 2.2. For every finite fence X, the semigroup DT (X) is regular.

In Section 1, we already mentioned that a coregular element is one of important
cases of a regular element. Since a regular element need not be coregular, it is
interested to describe fences X having a coregular semigroup DT'(X). We begin our
investigation by characterizing order-decreasing mappings on a fence.

Lemma 2.1. Let X = (X; <) be an n-element up fence with X = {a1,aa,...,an}.
Then « € DT(X) if and only if « satisfies the following conditions:

(i) a(am) = am if m is odd.
(i) a(an) € {an—1,an} if n is even.
(i11) alam) € {am—1,0m,ams1} if m #n and m is even.

Proof. Let a € DT(X) and a,, € X. Then a(am) < am. If m is odd, then a,, is
minimal and so, (@) = am.

Consider m as even. Then a,, is maximal. Since X is a fence, a,,—1 < @ > Apy1
and a, ||  for all z € X \{am—_1, @m,am+1}. It follows that an, € {am—1, @m, Gmi1}
if m#n and ap, € {am—1,an} if m=n.

The converse follows immediately from Condition (i)-(iii). |

Lemma 2.2. Let X = (X;<) be an n-element down fence with X =
{a1,a2,...,a,}. Then o € DT(X) if and only if a satisfies the following condi-
tions:

(i) a(am) = am if m is even.
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(ii) a(a1) € {a1,az2}.
(iii) a(an) € {an—1,an} if n is odd.
() alam) € {am-1,am, am+1} if m is odd and m & {1,n}.

Proof. The proof is similar to that of Lemma 2.1. O

In the remainder of this section, we obtain the following proposition.

Proposition 2.3. For every finite fence X, the semigroup DT(X) is always coreg-
ular.

Proof. Let X = {a1,a2,...,a,} and o € DT(X). If a,, is minimal, then by
Lemma 2.1(i) and Lemma 2.2(i), a(a,,) = a,, and so, a®(am,) = a(anm).

Consider a,, as maximal. If X is an up fence, then m is even. By Lemma 2.1(ii)
and (iii), a(am) € {am-1,am ,ams1}. If aam) = am, then a3(ay,) = alay,). If
a(am) = am_1, then from m — 1 is even, a(ay,_1) = am_1 and so, a®(ay,) =
am—1 = ala,,). Similarly, we have a®(a,,) = ami1 = alany) if a(an,) = a1 By
Lemma 2.2, a®(a,,) = a(a,,) if X is a down fence. Hence, o
is coregular. O

= « and therefore, o

3. Regular subsemigroups OT(X) of T(X)

We now investigate the regularlity for a subsemigroup OT(X) of T'(X) when X =
(X; <) is a finite fence. Before doing so we need a result that an order-preserving
self-mapping of a fence X preserves subfences. An ordered set P is called connected
if for all a,b € P there is a fence F C P with endpoints a and b. It is well known
that if P is connected and « : P — @Q is order-preserving, then «(P) is connected.
Consequently, every order-preserving mapping maps connected sets to connected
sets. Because connected subsets of a fence X are precisely the subfences, an order-
preserving mapping a : X — X maps subfences to subfences.

As we mentioned in Section 1, « is regular in OT(X) if « is constant, that is,
|ran | = 1. Consider |rana| = 2. Our question is that whether « is regular. To
answer this question, we need the following lemma.

Lemma 3.1. Let X be a fence with | X| < Ry and a € OT(X). If rana is a
2-element chain, then there is a 2-element chain C in X with a(C) = rana.

Proof. First, we assume that X = {a; | i € I C N}. Then from ran « is a 2-element
chain, we may assume that rana = {ag,ar4+1} and ax < agy; for some k € I. It
follows that there are ¢,j € I with o(a;) = ar and o(a;) = agt1. Let i < 5. We
denote M := max{l € {i,i +1,...,j} | a(a;) = ai}. From a(a;) = ag4+1, we have
M < j and so, M +1 < j. By the maximality of M, we get a(apr4+1) = ar4+1. From
either apr < apry1 or aps > apr41, the set {apr,apr11} is a 2-element chain C in
X. O
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Proposition 3.1. Let X be a fence with | X| < Ry and o € OT(X). If [rana| = 2,
then « is regular.

Proof. Let rana = {a,b} with a < b. By Lemma 3.1, there is a 2-element chain
C = {c,d} with ¢ < d, a(c) = a and a(d) = b. Define 5 : X — X by

d, ifx=0,
bl = {c, if x #b.

It is clear that § is order-preserving. Let « € X. If = d, then afa(z) = afa(d) =
aB(d) = a(d) = a(z). Consider x # d. From rana = {a, b}, we have a(z) = a or
a(z) =b. If a(z) = a, then afa(z) = af(a) = alc) = a = a(x). If a(x) = b, then
afa(z) = af(b) = a(d) = b = a(x). |

As a consequence of Proposition 3.1, we obtain the following corollary.

Corollary 3.2. Let X be a 2-element fence. Then OT(X) is regular.

Next, we focus on the semigroup OT'(X) of a fence X having 3 or 4 elements.

Proposition 3.3. Let X be a 3-element fence. Then OT(X) is regular.

Proof. First, we assume that X = {a,b,c} is a fence with a < b > c. Let a €
OT(X). If |rana| = 1, then « is a constant mapping and hence, « is regular. If
|ran | = 2, then by Proposition 3.1, « is regular.

Consider « with |ran«| = 3. Since b is maximal, «(b) = b otherwise, « is not
bijective. It follows that a(a) € {a,c}. If a(a) = a, then a(c) = ¢ and hence,

a = idx. So, « is regular. If a(a) = ¢, then a(c) = a and hence, a® = a. So, « is
coregular and then is regular. For the case a > b < ¢, we prove dually to the case

a<b>ec a
Proposition 3.4. Let X be a 4-element fence. Then OT(X) is regular.

Proof. First, we assume that X = {a, b, c,d} is an up fence with a < b > ¢ < d.
Let @ € OT(X). Then |ran«| < 4. As we shown in the proof of Proposition 3.3, «
is regular if |ran«| < 2. To finish the proof, it remains to consider |ran«| in the
following 2 cases.

Case 1: |rana| = 3. Since a(X) is a subfence of X, so rana = {a,b,c} or
ranao = {b,c,d}. We may assume that rano = {a,b,c}. If a(b) = a (or ¢), then
from a < b > ¢ and ¢ is minimal, we have a(a) = a (or ¢) = «a(c) and hence,
rano = {a (or ¢),a(d)}, that is, | ran o] < 2 which is a contradiction. So, a(b) = b.

If a(a) = b, then from a < b and « is order-preserving, we have a(b) = b and
hence a(c), a(d) € {a, c}. Since ¢ < d, so a(c) < a(d). But a || ¢, we get a(c) = a(d)
implying |rana| < 2, a contradiction. So, a(a) # b. Similarly, we can prove that
a(c) # b. It follows that a(a), a(c) € {a,c}.
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If a(a) = a(c), then from ¢ < d, we have a(c) < «a(d) and hence, a(d) €
{a(a),b}. Since a(b) = b, so rana = {a(a),b} implies that |ran«| < 2 which is a
contradiction. So, a(a) # a(c).

Next, we show that a® = «, that is, a is coregular. Let z € X. If a(x) = b,
then a?(x) = a(b) = b and so, a3(x) = b = a(z). If a(r) = a and a(a) = a,
then a?(x) = a = a(x). If a(x) = a and a(a) = ¢, then a(c) = a implies that

a(e) = a = a(r). Similarly, we can prove that o®(z) = a(z) if
a(z) =c.

Case 2: |rana| = 4. Then « is bijective. It is clear that a(a) ¢ {b,d} since
otherwise a(a) = a(b). So, a(a) = a or a(a) = c. If a(a) = ¢, then a(c) = a.
Since ¢ < band ¢ < d, s0 a = afc) < a(b) and a = a(c) < «a(d) implies that
a(b) = b = a(d), a contradiction. Hence, a(a) = a. It follows that a(x) = x for all
x € {b,c,d} and so, a = idx. Thus « is regular.

The above results also hold true for the case that X is a down fence. D

In what follows, we restrict our study to the case of a mapping a in OT(X)
where X having 5 elements.

Example 3.1. Consider the 5-element fence (X; <) as shown in Figure 1.

az aq

ay as as

Fig. 1. The 5-element fence F

Define a: X — X by

as, r = ai,
Oé(LE) = as, r = as,

a4, otherwise.

It is easy to see that « is order-preserving. Next we show that « is not regular.
Suppose that « is regular. Then there is a § € OT(X) with afa = «, that is,
afa(z) = a(z) for all z € X. If x = ay, then ag = a(a1) = afala) = af(as). By
the definition of «, we get that 8(as) = ay. Similarly, we get S(as) = as.

Consider x = a3z. We have ay = a(ag) = afa(as) = af(as) and so, B(as) &
{a1,as}. Since a3 < a4, so a1 = B(a3) < B(aq) implies that B(as) € {a1,az}. But
Blaq) # a1, we get that B(as) = ae. From a5 < a4, we have a5 = (as) < flaq) =
as, a contradiction. Therefore « is not regular.
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Example 3.1 shows that OT(X) is not regular if X is a 5-element fence. It is
natural to ask whether the semigroup OT(X) of a fence X is not regular if | X| > 5.
The answer is shown in the following proposition.

Proposition 3.5. Let X be a fence with |X| > 5. Then OT(X) is not regular.

Proof. Let | X| = n. We consider n in the following 2 cases.
Case 1: n is odd. Define the extension o : X — X of the mapping given in
Example 3.1 by

as, r = ai,
a@)={ as, v =an,

ay, otherwise.

Then « is order-preserving, but not regualr.
Case 2: n is even. Define a : X — X by

as, r = ap,
Oé(SU) =445, TE {an—han}y

a4, otherwise.

Clearly, « is order-preserving and so, « € OT(X). Suppose that « is regular. Then
there is a 8 € OT(X) with afa = «. By the definition of «, we get that ag =
alar) = afalar) = af(az). But a(r) = a3 when x = aq, so B(as) = a;. Similarly,
Blas) € {an—1,a,}. From a3 < a4, we have a3 = B(az) < B(as) and so, S(aq) €
{a1,a2}. Again from ag4 > a5, we have B(as) > S(as). Because of n > 5, we get
an—1 || = for all z € {1,2} and hence, S(as) || S(as) which is a contradiction.
Therefore, OT(X) is not regular. |

As a consequence of Corollary 3.2, Proposition 3.3-3.4 and Proposition 3.5, a
necessary and sufficient condition for OT'(X) to be regular is given.

Theorem 3.6. Let X be a finite fence. Then OT(X) is regular if and only if | X| <
4.

4. Regular elements in OT(X) and their properties

As we proved in Theorem 3.6, OT(X) is not regular if | X| > 4. In this section, our
goal is to investigate properties of regular elements of OT'(X). We start by proving
a lemma.

Lemma 4.1. Let X be a finite fence and o € OT(X) with |rana| = | X|—1. Then
there are no distinct elements u,v € rana \ {a, b} with a(u) = a(v) where a and b
are the initial point and endpoint of X, respectively.
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Proof. First, we let X = {a = aq,a2,...,a, = b}. Suppose that there are distinct
elements ay,a; € rana \ {a1,a,} with a(ar) = amn = a(a;). We consider ay in the
following 2 cases.

Case 1 ay is minimal. Then ax—1 > ar < ap41 and so, afar—1) > alag) <
alak+1)- If ay, is maximal, then a(ag—1) = am = afar41) implies that |ranal <
|X| — 1, a contradiction.

Consider a,, as minimal. If ax < q;, then a@; is maximal implying a;—1 < a; >
ai+1. So, alaj—1) < ala;) = am > alajy1). By the minimality of a,,, we have
alaj—1) = am = a(a;41) implying |rana| < |X| — 1, a contradiction. If ay || ay,
then [{ar—1,ak+1,a1-1,a;41} > 3. From «a(a;) € {am-1,0m,am1} for all i €
{k—=1,k,k+1,1—1,1,1+ 1}, we have |ran | < |X| — 1, a contradiction.

Case 2 ayj, is maximal. The proof is similar to that of Case 1. O

It is known from Section 3 that every mapping o € OT(X) with |rana| < 2
is always regular, while o need not be regular if | ran «| > 3. The next proposition
gives us sufficient conditions for such a mapping a to be regular. To do so we need
the following lemma.

Lemma 4.2. [6] Let S be a subfence of a finite fence X and let o be a bijection
with rana = S. Assume that S = {a1,as9,...,a,} and a(ax) = a;. Let w € N with
w > 2. Then the following conditions hold:

(i) Assume that o(ak—1) = ai41. If agrw € S, then a(agrtw) = Gigw-
(ii) Assume that a(ag_1) = aj—1. If agry € S, then a(agtw) = Qitw-

Proposition 4.1. Let o € OT(X) with |rana| > 3.

(i) Ifrana = X , then « is regular.
(i) If |rana| = | X| — 1, then a is regular.

Proof. First, we assume that X is an up fence having a and b as the initial point
and endpoint, respectively. Then there is a unique element z € X with a < z.

(i) Let X ={a1,a2,...,a,} with a=a; < as > ag--- > (<)a, = b. Because of
rana = X, the mapping « is bijective. We consider n the following 2 cases.

Case 1 : n is even. Then a,, is maximal. If a(a1) = a,, then from a1 < ag, we
have a(as) = a,, which contradicts to the injectivity of «.

Suppose that a(a;) # a;. Then there is a k € {2,...,n — 1} with a(a1) = ag.
Because of a; < ag, we have a(az) € {ag—_1,ax+1}. Since there exists a unique asg
that can be mapped to ap—1 and ag41, either ax_q1 ¢ rana or agy1 ¢ rana. It
follows that rana # X, a contradiction. Therefore a(a;) = a1. From a; < as and
« is bijective, a(az) = az. By Lemma 4.2, a(ay) = a, for all ax € X. So, o = idx
and therefore « is regular.

Case 2 :nisodd. If a(aq) = ay, then from a; < as and « is bijective, a(az) = as.
Again by Lemma 4.2, a(ar) = ay for all ay € X implies that « = idx. So, « is
regular. If a(a1) # a1, then a(a1) = ay, for some k € {2,...,n — 1} and there is no
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element in X that maps to ag—1( or ag41) if a(az) = ag41( or alas) = ax—1). So,
either ay_1 ¢ ran« or axy; ¢ ran« implies that rana # X, a contradiction. Thus
a(a1) = ay. Because there exists a unique element a,—1 € X that is comparable
to a, and a; < a, it follows that a(az) = a,—1. By Lemma 4.2, a(ar) = a,—x—1)
for all k € {1,...,n}. Let ay € X. Then a*(ax) = a(a(a(ar))) = a(a(an—x-1))) =
(@p—(n—+1-1)) = @(ax). Hence, « is regular.

(ii) Because ran « is a subfence of X, so a € ran« or b ¢ ran a. We may assume
that a & ran . Then rana = X \ {a} and by Lemma 4.1, there are u,v € ran«
with a(a) = v = a(u) or a(b) = v = a(u). Without loss of generality, let a(a) =
v = a(u). Because of [rana| = |X| — 1, the restriction a|x\ (43 which is denoted by
~ is a bijection onto X \ {a}.

Define g : X — X by

71% x a
M:{v (2), » € X\ {a},

7y 1(2), 2 = a.

Let z,y € X with x < y. We consider z,y in the following cases.

Case 1: z,y € X \ {a}. By the definition of 3, there are 2/,y’ € X \ {a} with
B(z) =y x) =2" and B(z) =y 1 (y) =y So, a(z’) = x and a(y’) = y. Suppose
that 2 £ ¢'. Then 2/ > ¢ or 2/ || ¢'. If 2/ > ¢/, then z = a(2') > a(y’) =y
which is a contradiction. Consider z’ || y’. There is a subfence F of X \ {a} with
|F| > 3 having 2’ and y’ as the endpoints. Since «(F) is also a subfence of X,
so a(F) = {x,y}. Thus there is a ¢ € X \ {a,2',y'} with a(c) = z = a(2’) or
a(c) = y = a(y’). Consequently, |rana| < |X| — 1 which is a contradiction and
therefore S(x) < B(y).

Case 2: z = a or y = a. If y = a, then by the minimality of a, we have x = a =y
implying (z) = B(y). Let £ = a. Then y = z and by the definition of 8, we have
B(z) = v71(z) = B(y). Altogether, we can prove that 3 € OT(X).

To prove that « is regular, it remains to show that afa = a. Consider z € X.
If 2 = a, then afa(a) = aB(v) = ay~(v) = a(u) = a(a). If x # a, then afa(z) =
af(z) = v (4(z)) = alz). 0

To finish this section, we give a sufficient conditions for a mapping in OT(X)
to be not regular. It is known that the mapping « defined in Example 3.1 is not
regular. The last proposition shows that every mapping in OT(X) satisfying the
same conditions as the mapping « is also not regular.

Proposition 4.2. Let o € OT(X) with |[rana| > 3 and |rana| = | X|—2. Assume
that a and b are the initial point and endpoint of X, respectively. If there are u, v, w €
X \{a,b} withu <v>w (oru>v <w) and a({u,v,w}) = x where x is neither
the initial point nor endpoint of ran «, then « is not regular.

Proof. Suppose that « is regular. Then there is a mapping 8 € OT(X) with afa =
a. Let X = {ay,as,...,a,}. Then by the assumption, there are k € {3,4,...,n —
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2} and m € {1,2,...,n} with ax_1 < ap > ar41 (or ax—1 > ar < apy1) and
a({ak-1,ak,ax+1}) = am where a,, is neither the initial point nor endpoint of ran a.

From |ran af = [X| — 2, the restriction a|x\fay_,,ax,a4,.} 15 @ bijection onto ran o\

ag41
{am}. So, a(ar—2),a(ars+2) € {am-1,am+1}. If alax—2) = am—1, then a(agi2) =
amy1- Thus a1 = alag—2) = aBa(ar—2) = aB(am—1). Since | x\{ay_1,ap,a5,1} 15
bijective, S(am—1) = ar—2 and B(am+1) = ars2. Because of a;—1 < @y > apy1 (or
Am—1 > Ay < am-{-l)a we have ap_2 = ﬁ(am—l) < ﬁ(am) > ﬁ(am+1) = aj42 which
is a contradiction. If a(ag_2) = am+1, then we get the same contradiction as in the
previous case. Therefore « is not regular. O
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