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Abstract
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Let B be a compact manifold with smooth edge of dimension > 0. We study
the interplay between parameter-dependent edge algebra algebra on B and operator
families belonging to the corner calculus, and we characterize parametrices in the

corner case.
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EXECUTIVE SUMMARY

This article is devoted to a specific part of analysis on a manifold M with singu-
larities, here M := B* for

(0.1) B® = (R, x B)/({0} x B)

where B is a manifold with edge of first order. Let us fix some terminology. The
general background are stratified spaces M € My, of singularity order k € N =
{0,1,2,...}, where the case k = 0 corresponds to smoothness, together with other
common conditions, e.g., para-compactness, etc. We are interested in relatively
simple stratifications, obtained by repeatedly forming cones X%, X € My, and
wedges X2 x R% for some ¢, use those spaces as generalized charts for other
spaces which are locally modeled on such cones or wedges, and then form cones,
and wedges, again. In recent years there has been achieved much progress in the
analysis on such spaces. The general scheme is that any M € 97, has a singular
stratum Yy := sp(M) € My, where M \ sp(M) € Mi_1 and every yi € Yy has a
neighbourhood V' in M which is isomorphic (in the category of regular singularities)
to a locally trivial bundle over s (M) with fibre Bf , for a compact By_1 € M.
This definition can be iterated. In particular, we can study cones B® € 0y for
B € M. For k > 2 the stratification of M € 9, gives rise to a sequence

(0.2) s(M) = (so(M), s1(M), ..., sp(M))

of smooth subspaces s;(M) € My, j = 0,1,...,k, of dimension dim M := dim so(M) >
dims; (M) > --- > dimsg(M) > 0. Our investigations belong to the pseudo-
differential calculus over such spaces M. Those contain specific corner-degenerate
differential operators A with a hierarchy of principal symbols

(0.3) o(A) = (00(A), 01(A), ..., or(A)).

The components of (0.3) are operator-valued, but og(A) is the standard homoge-
neous principal symbol on T%so(M) \ 0, where 0 indicates the zero-section. Under a
suitable condition on ellipticity also the parametrices of operators A belong to ex-
pected operator algebras. There are also asymptotic aspects of this program and we
have structures for B € 9 (in parameter-dependent form) generating asymptotics
of solutions close to edges s1(-) on B and double asymptotics close to corner points
so(+) of B2, cf. [15], [8]. With M € 9, we can associate its stretched manifold
M obtained by invariantly attaching a natural Bji_;- bundle (determined by the
above-mentioned By ;-bundle) over s;(M) to M \ sy(M). Then, for a “negative”
counterpart of M denoted for the moment by M_ and the former M by M. we can
glue together M_ and M along the common Bj_i-bundle to obtain 2M], and then
2M € My 4.

In this article we continue and deepen the material of [2] and [3] in cases of lower
orders of singularities.

1



2 EXECUTIVE SUMMARY

Let B € 91 be a compact manifold with conical or edge singularities. In order to
avoid separate comments, we assume that dim s;(B) =: ¢ > 0. For the edge pseudo-
differential calculus over B we employ suitable adapted notation. Write Y := s1(B)
and so(B) = B\ Y. The most specific part of the edge calculus over B concerns
the region close to the edge Y. The space B is locally near Y modeled on X% x RY,
and B\Y on X" x R? for a compact X € My for X" := R, x X. Throughout
this exposition for simplicity we assume that Y has a neighbourhood W in B with
the structure of trivial X“-bundle over Y. The general case only needs mild extra
constructions, left to the reader. Recall that any smooth manifold B with boundary
belongs to ;. In this case so(B) = int B and s1(B) = 0B, where W corresponds
to a collar neighbourhood of 9B, often identified with the trivial normal bundle,
corresponding to a Riemannian metric. In this exposition we systematically employ
the spaces L’C‘l(X ; R‘/{) of classical parameter-dependent pseudo-differential operators
of order p € R over X € My of dimension n, assumed to be Riemannian, where
A € R? in local symbols a(z, &, \) is treated as a covariable (¢, \) of dimension n +d.
Subscript “cl” means that we talk about classical symbols in Hérmander’s spaces,
here denoted by S (QxR"), Q) C R" open. Then L~°(X;RY) = S(RY, L~>°(X)),
where L™°°(X) is identified via the Riemannian metric with C*°(X x X)), such that
operators can be written [ ¢(z,z")u(z’)da’ with da’ being the measure belonging to
the Riemannian metric. Then operators are locally of the form

(0.4) Op,(a)(Nu(z) = / / T8 (2, €, Nu(z')da'de

for compactly supported u, where @€ = (2m)~"d¢. Globally using a system of charts
covering X and a subordinate partition of unity the operator families over X are
determined by such local expressions modulo L=°(X;R¢). The spaces L/ (X;R$)
are Fréchet in a natural way.

The main object of consideration is the space of edge operators
(0.5) L*(B,g;RY)
to be introduced in a number of steps. The properties of (0.5) will imply
LM(B,g:RS) € LYy (B \ Y RS)

Notation g indicates weight data (y1,71 — i, ©).
We also employ pseudo-differential operators based on the Mellin transform and
more specific Mellin symbols that are holomorphic in v; € C.

Definition 1. Let M/5(X;R?) denote the space of all h(vi, \) € A(C,,, LK (X;
R%)) such that h(81+io1, \) € L (X; Réi‘i) for every 81 € R, uniformly in compact
(B1-intervals.

Let us prepare Definition 2 below by a notation and a list of ingredients. We fix
weight data g = (1,71 — 1, ©), where 71 € R is a weight referring to 1 € R, the
axial variable of the open stretched cone X" := R, x X, in the splitting of variables
(ri,z), and X € 9y compact, and we choose a weight interval © = (—(0+1), 0] for
some # € N. We employ spaces K*7(X") and subspaces £g" (X") and K3 (X")
with asymptotics of type P, cf. [14], P may be discrete or continuous. Below, in
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order to illustrate double asymptotics, we recall a few notions from this context.
For the moment we freely employ these tools.

Definition 2. By

(0.6) LM(X",g; RS\ {0})

we denote the space of all operator families

(0.7) AN):=H\)+ M) +G(N)

where (M + G)(\) € L, (X", g;RY \ {0}), see notation below, and
(0.8) H(A) = r0p () ()

where

h(T‘l, U1, )\) = B(Ul, 7’1)\)
for some h(vi,\) € Mgvl (X;R‘)%).

In relation (0.8) we employ notation
(0.9) Opiy (h)(A) = 17 Opp (T™"h)(N)ry ™.
Here T7"h(v1,A) := h(v1 + v, A) and Opy, (f)(ANu := ML f(v1, \)Mu where the
Mellin transform M refers to the weight line I'y 5. Here I'g := {v; € C: Revy = §}.

At the beginning of the iteration from lower to larger orders we have the open
stretched cone and operators have two principal symbolic components (o¢(A), 01(A)),
here depending on A # 0. Operators in (0.6) are continuous in weighted Kegel spaces

KM (XM = {wug + (1 — w)use up(ry, ) € HY(XD),
uoo(rlax) € H(fone(X/\)}

for an arbitrary cut-off function w, i.e., a function in C§°(Ry) which is equal to 1

close to the origin. The spaces H*7(X") are weighted Sobolev spaces over X"\ =
R, x X of smoothness s € R and weight 71 € R. Those have the property

H SN (XA) — TVlHS’O(XA)
and H%0(X") will be identified with r; "/*L2(R4 x X) for n = dim X, while (1 —

w)HE, (X" can be defined first for X = S, the unit sphere in R1™™, where in
this case
(0.10) (1= w) Heone((S™)") = (1 — w) H*(RF™),

with (r1,2) being polar coordinates in R'*" \ {0}. Then a simple localization
argument, using a partition of unity on 5™, allows us to pass from S™ to arbitrary X
by using the former definition of cone spaces for elements supported in a coordinate
neighbourhood on X. This gives us relations of the kind

(0.11) (1= W) ((S™)") = (1 = w)Heone((S™)"),

(0.12) KOO(XN) = 10O (XM,

Note that the definition of K*7(X”) is independent of the choice of involved data,
such as cut-off functions or specific charts. In any case if the data are fixed the
arizing spaces are Hilbert in non-direct sum topology, and relation (0.12) indicates
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a corresponding normalization of scalar products for s = v; = 0. In addition it will
be essential to employ the group x = {s}ser, of isomorphisms

(0.13) K o KETH(XD) = K9(XD), (ksu)(ry, x) = 6D 20 (67, 2)

for any s € R,§ € Ry. The spaces K7 (X") are observed on the infinite cone up
to 71 — 00, interpreted as a conical exit of X”* to infinity, though close to r; = 0,
at the tip of the (open stretched) cone we are interested in asymptotics of elements.
In the simplest case, asymptotics are discrete. Later on we also admit continuous
asymptotics.

Remark 3. The operator families (0.7) are continuous in Kegel spaces, see Theorem
5 below. In particular, H()) in (0.8) satisfies the homogeneity relation

(0.14) H(6)) = 6" rsH(N)ry !
for all § € Ry

A sequence of pairs
(0.15) P ={(pj;mj)}j=o,...n CCxN
for any N = N(P) € NU{+oo} is called a discrete asymptotic type associated with
the weight information (v1,0),0 = (—(6 4+ 1), 0], for some 0 € N if
+1 n+1

n
(0.16) 7('@7) = {pj}j:07.__7]v C {’Ul eC: T -7 — <9+1) < Rewv < T —’)/1}

and wcP is finite for finite ©, otherwise finite or infinite, and in the latter case we
assume Rep; — —o0 as j — oo. Writing for finite ©

N my
(0.17)  Ep(X") := {ZZw(rl)cjl(:L‘)rl_pj log!ry : ¢y € C*°(X) for all j,l}

=0 1=0

we get a Fréchet space such that Ep(X") N K" (X") = {0} for
S, R T s,y1—(0+1)—

(0.18) K™ (X7) = lim Kom = OTh == (x1)

e>0
interpreted as the space of all flat functions relative to the weight ~;, which is
Fréchet as well. Then

(0.19) K™ (XM = K" (XM + Ep(X7)

is Fréchet in the topology of the direct sum. For infinite © we define spaces
IC;’;’W1 (X") in a similar manner as projective limits over spaces associated with finite
flatness intervals of increasing length. Later on we employ an extension of (0.19)
to continuous asymptotic types P which makes sense when the points of (0.16)
depend on some edge variables y; € R?. More details may be found in [13] or [14].
With asymptotic types P we associate the space of Green operators, depending on
a parameter A € R%, later on in slight modification Green operator-valued symbols
for the edge calculus. To this end we also control our spaces for r; — oo and write

(0‘20) ,C5771§6(XA) — [rﬂfelc&'n (){/\)7 ]C%ﬁl;e(X/\) — [7’1]76’6;71 (X/\)

for any e € R. Here r; — [r;] is a strictly positive function which is equal to 1 close
to r1 = 0 and equal to r; for |r1| > 1. The spaces (0.20) are Fréchet in an evident
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manner. In order to formulate the subspace of Green operators L{, (X", g; R\ {0})
for weight data g := (71,71 — i, ©), with 73 € R being the involved weight and
1 € R an order we first recall some notation on Hilbert spaces with group action and
associated operator-valued symbols. In order to keep the system of notation concise,
we recall what we understand by operator-valued symbols. We freely employ the
operator-valued generalization of Hormander’s spaces of symbols of order u € R,
namely,

(0.21) SH(R? x RY; H, H) and S%(R? x R%; H, H)

where subscript “cl” indicates classical symbols. By (H, k), (H, %) we understand
Hilbert spaces with corresponding group actions, and (y,n) € R? x R? are variables
and covariables where y € R? are local coordinates on a manifold. Charts mapping
to RY are taken without loss of generality. Another straightforward modification of
the definition is to distinguish between dimensions of variables and covariables, see
corresponding notation below. If y completely disappears we talk about symbols
with constant coefficients. The well-known scalar symbolic estimates when H = C
and H = C and kg = Rg = idc for all § € R turn to twisted symbolic estimates,
namely

| {05 Dy aly, m) Yooyl ooy < ¢ ()~

for all (y,n) € K x RL,K € RY, and all « € N9, 3 € NY for constants ¢ =
c(a, B, K) > 0. The concept is also well-known for Fréchet spaces E and E with

group action k and &, respectively. Classical symbols a(y,n) are based on twisted
homogeneity

agu) (Y, 6n) = 6" Rsag, (v, n)ry '
for all § € R;. Note that in the operator-valued set-up there are non-trivial homo-
geneous functions defined for all 5 including n = 0.

Examples of Hilbert spaces with group actions are given in connection with (0.13).
This scheme of notation also works when H or H are replaced by Fréchet spaces, see,
e.g., [13] or [14]. The spaces K57¢(X") and KM H°(X") as well as subspaces
with asymptotics are Fréchet where k4 is induced from (0.13) in an obvious manner,
and then the above-mentioned spaces of abstract operator-valued symbols make
sense with respect to those concrete spaces. Such constructions will be applied in
different versions. Our definitions may be similar to each other, but in order to
avoid confusion, we first look at symbols with constant coefficients, i.e., omit y at
all and write A rather than 7.

Definition 4. By Lf,(X", g;R{ \ {0}) we denote the space of all
(0.22) G(N) € SH(RE; KCHMHE(X M), K M1 (X M),

(0.23) G*(N) € SH(RS; Koo (XN), KT (X))

(i.e., where the covariables A € R? plays the role of the former 7, and the symbol
has constant coefficients, i.e., y is dropped at all) where (0.22), (0.23) are valid for
all s,e € R and fixed 1 € R, for asymptotics types P and Q which may depend on
G.
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The next issue is the class M;°°(X) of meromorphic operator functions, where
(0.24) R = {(Tj,nj)}je[[ CcCxN

is an index set I C {—oo} UZ U {+00}. We assume that 7¢R = {r;}cr intersects
every strip {v; € C : ¢ < Rewv; < ¢} for any reals ¢ < ¢ in a finite set and
Rer; — 400 as j — Foo once mcR is infinite. In addition we ask any f(v1) €
Mz>(X) € A(Cy, \ mcR, L™°(X)) to be meromorphic with poles at the points
rj € Cof order < n;+1 for all j, with Laurent coefficients of finite rank. Moreover, if
X (v1) is a mcR-excision function (i.e., x(v1) = 0 for dist(vy, 7¢R) < €o, x(v1) = 1 for
dist(v1, mcR) > €1 for some 0 < g < €1 < 00) then x(v1) f(v1)|r, € ST, L™=°(X))
for every A € R, uniformly in finite intervals. Operator-valued symbols of order
i € R, in covariables A € R? connected with such meromorphic symbols are of the
form

=z

- j ja™"N 2 o
(0.25) M) =1 Yo Y Opgr P (fia) AWy,
=0 Jal<j

for elements fjq(v1) € Mﬁf{j (X) and weights v;, satisfying the conditions
(0.26) Tog ) O7cRja =0 for v —j <7ja <m

for all j, a. Here wpy(r1) = w(r1[A]) where A — [A] is any smooth, strictly positive
function in R? such that |[A] = [A] for |[A] > C for some C' > 0 and I's = {v; €
C : Rev; = B}. It is evident that then we get operator-valued symbols in A with
constant coefficients

(0.27) M(X) € SHRE L3 (XN), KoM—H (X))
and
(0.28) M(X) € SHRE K™ (XN, L3 H(XM)

for every s € R and any asymptotic type P with some resulting Q. Also here we
have a connection with weight data g = (v1,v1 — p, ©).

The spaces L‘I\L/HG(X/\,Q;RS\I) consist of all sums M(A) + G(\) where G(\) are
Green families as before and M () are defined as operator families of the form
(0.25). In other words we completed Definition 2.

We systematically employ continuity, according to

Theorem 5. [14] Every A(\) € L*(X", g; R\ {0}) induces families of continuous
operators

(0.29) A(N) KM (X/\) — ICS_’““_”(X/\),
and
(0.30) A(N) = IC%’W1 (X/\) — ICSQ_“’“_“(XA),

for every s € R and any asymptotic type P and some resulting Q which is indepen-
dent of s.
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In order to make the degenerate character of interior symbols more transparent we
remember of the fact that our operator families are coming from operator functions

(0.31) p(r1, 01, A) = p(rior, 1)
for
(0.32) P01, A) € Ly(X; R, )

where the operators in vy € R, act via the Fourier transform and are combined with
the factor r; *. In other words, for reasons which are explained in other papers, see
[17] etc., they have the form

(0.33) P 0D, (P)(N) |0t O (R x X) = C(Ry x X)),

Then, in order to reflect weight effects we fix a weight 41 € R and rephrase (0.33)
in term of the Mellin transform on the r{ half-axis. This process is also called a
Mellin quantization, and the difference between (0.33) and (0.8) consists of smooth-
ing operators over Ry x X which are ignored under Mellin quantization, but the
transformation from (0.33) to (0.8) is canonical when p(r1, 51, A) is a polynomial
in @1,5\, because of the exact replacement of —7’1(3%}1 corresponding to —iryp; in
the Fourier picture by the Mellin covariable v;. Thus, in the program of expressing
parametrices of Fuchs type operators there is no loss of information in the differen-
tial case, but there are specified remainders when we realize operators in weighted
spaces for different weights. Those are, in fact, Green operators, depending on the
choice of weights. In any case homogeneous principal symbols in the Fourier picture
do not depend on this aspect; they can be expressed both in the Fourier and the
Mellin picture and are the same up to a substitution of variables and covariables,
not only for differential operators, and including parameters. When we formulate
information in local coordinates x € R™ on X with parameter A\ and look at A(\)
which is the same as H(A) modulo smoothing remainders, since Mellin plus Green
operators are smoothing for r; > 0 we obtain a parameter-dependent principal sym-
bol o¢(A)(r1,z, 01,&,\) for (01,&,\) # 0. This contains in its r;-dependence also
the weight factor r{* and in addition the r;-degenerate behaviour in g1, A, such
that it makes sense to write

(034) UO(A>(T17 Z, 01, 57 )‘) = Tl_M&O(A)Onlu x,T101, é-a 7’1)\)

for a “reduced” symbol G¢(A)(r1,x, 01,&, A) which is smooth in 1 up to r; = 0
and where (o1,A) is involved in the meaning (@1,5\) for 31 = ri01, A = 71\ which
just corresponds to the background information (0.31), (0.32). Concerning o1 (-) the
advantage of the Mellin formulation is that it admits a natural definition of ellipticity
with control up to 1 = 0 both for A as well as for M + G, which entails Fredholm
property in Fuchs type weighted Soboley spaces where we associate with H(\) also
so-called conormal symbols, on the level of principal symbolic information, namely,

(0.35) o1(H)(v1,0) := h(vy,0)

with A being defined in Definition 2. Here there is no dependence on A, and vy is
varying in the complex Mellin plane. The operator families (0.35) pointwise act as
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continuous operators
(0.36) o1(H)(v1,0) : H(X) — H*(X)

between Sobolev spaces over X. In ellipticity the operators (0.36) are parameter
- dependent elliptic in the variable Imwv; for v; € I'y for any fixed real A. and
hence (0.36) becomes a family of isomorphisms as soon as Im vy is sufficiently large,
uniformly in compact A-intervals. Although this information is well-known, later on
we refer to similar facts for singularity order £ > 1. In order to establish conormal
symbols of operator families M () of the form (0.25) we form the operator function

(037) Jl(M)('Ul) = fog('l)l) : HS(X) — HOO(X)

where (0.37) is the subordinate conormal symbol of M (\) from the cone theory close
to r1 = 0. The parameter Imv; is varying on I'y indicated in the weight conditions
of (0.25), here for A = 2L — ~;. The operators M(A) + G(A) in Definition 2 are
smoothing off 11 = 0 they do not generate contributions to the interior symbolic
level.

The operators A(A\) € L*(X", g; R4\ {0}) are called elliptic if h(v1, ) is parameter-
dependent elliptic in Mgvl (X; Rg\) and the conormal symbol

o1(A)(v1) := h(v1,0) + foo(vy) : H¥(X) = H*H(X)

is a family of isomorphisms for all v; € I'nis o with a prescribed weight v, €
2

R which belongs to the ellipticity condition. Note that in case of ellipticity the
restriction of elements in M ) (X ;Rg{) to nt1 X Rg\l are parameter-dependent
v 2

elliptic in L} (X; Lg% Rg\l) This holds for all weights ;.
2
We also recall the following result:

Theorem 6. Let A(\) € LH(X", g;R?\ {0}) be parameter-dependent elliptic with
respect to the weight v1. Then there is a parameter-dependent parametriz P(\) €
L~(X", g7 RIN{0}), g7 = (71 — 1,71, ©) where

PAAQA) =1-=GL(A), AA)PA) =1-Gr(})

for some Gr,(\) € LY (X", g R4\ {0}), Gr(N) € Lg' (X", gg; R\ {0}) for gy, :=
(71,71,0), gr = (1 = 71 — 11, ©).

Corollary 7. If A(\) is parameter-dependent elliptic then
AN D KST(XN) — SRR (X

is a family of Fredholm operators, and kernels belong to subspaces of K7 (X")
with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
JCOMTH( XN with asymptotics.

Theorem 8. ([11]) For everyy, € R and s € R there exists a h(vy, \) € Majl (X,g; Rf\l)
such that for h(ri,v1,\) = h(vi,m\) and sufficiently large |\| the operator

R™*(A) := r{Oppy "2 () (V) - KO 75(X 1) — K571 (X7)

18 an isomorphism.
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Theorem 6 is known, but we have similar results below for base spaces of higher
singular order. Therefore, we sketch the arguments. The main issue is that the
ellipticity condition on h(vi,\) means that there is an 2(-D(vy, \) € M(;«i (X; R;f\)
such that the product

(0.38) P 0P (RD) (M) Opag (R)(N)

is equal to Op,,(f)() for some f(vy,\) € Mg, (X; Rg). In this conclusion the r1-
powers cancel out modulo some translations 1n vy of the involved Mellin symbols.
These translations do not influence the parameter-dependent homogeneous symbols
in the sense of pseudo-differential operators on I'g, X Rf\. Therefore, the product
(0.38) produces identity plus a Mellin operator with parameter-dependent symbol of
order 1. When we insert symbols h(*l)(rl,vl, A) = ﬁ(*l)(vl,rlz\) and h(ry,v1,\) =
h(v1, 7)), then there is a Leibnitz product effect in (r1,v;) under which only lower
order terms are changed, and those again produce lower order terms. Then a formal
Neumann series argument gives us, say for computing a left parametrix gives us
remainders of the form 1—Cy, for Cf, € LK/HG (X", g1,;R?\ {0}). Together with the
inversion of the conormal symbol we finally get remainders in

L™(X", gu;RT\{0}) = Lg! (X", gL RY\ {0}).

For the right parametrix we proceed in a similar manner, i.e., it can be identified
with the left parametrix.
As a consequence we see that

(0.39) AN KEM(XN) — K5 HMmi (XY

is a family of Fredholm operators. The index is independent of s € R. Later on
we shall interpret elements of L*#(X", g;R?\ {0}) with ¢; + d rather than d and
parameters (11, A) # 0 as space of occurring edge symbols for edge operators, and
the ellipticity condition in the edge case will be that the respective cone operators
are families of isomorphisms. This is not automatically the case, but similarly as
in boundary value problems the situation is required by adding trace and potential
entries including right lower corners in corresponding 2 x 2 block matrix operators
to achieve families of isomorphisms. The extra entries remind of Green operators
and can be chosen as symbols with asymptotics. Later on operator families in
LHMX", g; R4\ {0}) occur as homogeneous principal edge symbols. In contrast to
Remark 3 we did not require the elements M(A) + G(A) € Ly, (X", g;R%\ {0})
to be homogeneous in such a sense. Of course, there is the subclass

(0.40) LW(X", g; R4\ {0})
of those A(\) € L*(X", g;R?\ {0}) such that
A(6N) = 0" ks AN kg !

for all § € R4. The construction of trace and potential etc. operators makes sense
for the space (0.40) which gives rise to an extension of LI (X", g;R?\ {0}) to an
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algebra of 2 x 2 block matrices
Csm (X/\) ]Cs—um—u(X/\)
AN +GN) KN
(0.41) A(N) = ( S S — o
T(A) Q()‘) Ce Cf

for some e, f € N where f — e just equals the Fredholm index of (0.39). Here G(\) €
LE(X7, g; RS\ {0}) and T()) are trace operators, K()\) potential operators, and
Q(X) are families of classical symbols in A with values in f x e-matrices. The nature
of T(\) and K () is determined by kernels and cokernels of solutions to elliptic
equations, and they may be represented by families of functions with asymptotics.
The properties are similar to those in the boundary symbolic calculus in pseudo-
differential boundary vales problems. Compositions K () o T'(\) are examples of
parameter-dependent Green operators, cf. Definition 4.

In order to see a connection between Definition 2 and the more complex situation
of operators over (stretched) wedges

(0.42) XM xR (ry,z,91)

we have a look at the shape of operators in the calculus over a compact space
B € My with edge s1(B) =: Y3, locally close to Y7 in local coordinates y; € R%
modeled on wedges (0.42) with local amplitude functions for the corresponding
parameter-dependent edge calculus. Those have the form

(0.43) a(y1,n1, A) == h(y1,ni, A) + m(y1, m, A) + g(y1,m1, A)
where

(0.44) h(y1,m1, ) = wry OpT ™2 (h) (y1, 1, Ao

and Mellin amplitude functions

(045) h(Tl, Y1,V1, M1, >\) == i:"(rlu Y1,v1,7111, Tl)\)

for

(0.46) h(ri g, A) € CF(Ry x R, M (X;REED).

Definition 9. By L*(B,g;R%) for g = (71,71 — p,0) we denote the space of
operators

(0.47) AN) = HA) + MN) + GA) + A (V) + C (V)
where H()) is locally close to Y] expressed as a finite sum of operators
(0.48) 20D, {wr "Op}; ™ (h) (1, m, o'}

with ¢ < ¢’ in C§°(R?') coming from a partition of unity over Y; and where h
satisfies relations (0.45) and (0.46). Moreover, we ask that

Aie(\) € LIY(B\ s1(B);RY),

such that the A-dependent distributional kernel which is contained in (B\ s1(B)) x
(B \ s1(B)) has proper support in the respective open set. In addition C(\) €
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L™°(B, g;R%) is parameter-depending smoothing, i.e., characterized by the prop-
erty

(0.49) C(\) € S(RY, L™(B, g))
where L™°°(B, g) is the space of all

(0.50) C: H*"(B) - HX""(B)
with

(0.51) C*: H¥ ™" H(B) — HY " (B)

for any s € R and asymptotic types P, Q, which may depend on C. The spaces
involved in (0.50) and (0.51) are defined in Subsection 1.2. We finally require

(0.52) M)+ G(\) € Ly, o (B, g;RY)

i.e., M()\) = Op,, (m) is a Mellin operator family locally close to Y7 associated with
Mellin amplitude functions m(y1,n1, A) of similar structure as (0.25), namely, as in
formula (0.56) below, and G()) = Op,, (9), 9(y1, 71, A) similarly as in Definition 4.

Let us now return to operators over a compact space B € 9t; with edge s1(B) =
Y1 as explained before in the context of Definition 9. So far the spaces (0.50), (0.51)
and (0.52) are not yet defined. Because of y;-dependence of symbols we prefer to
employ the setting of continuous asymptotics. This requires weighted edge spaces
locally along R% > y; and subspaces with such asymptotics. Similarly as symbol
spaces (0.21) we have abstract edge Sobolev spaces W*(R%, H) for any Hilbert or
Fréchet space H with group action x = {xs}ser,. Those already played a role in
(0.21). In our context we have Hilbert spaces

H = KS"(X") or KS7e(XM)
or Fréchet subspaces with asymptotics, indicated by subscript P. Those spaces
admit the group action
ks u(ry,x) — 5nTHu(5r1,x),

0 € R,, and hence we have associated weighted edge spaces defined in terms of
completion of S(R%, H), e.g., in the Hilbert space case with respect to

1/2
by o= {002 It g

(otherwise for semi-norm systems in the corresponding Fréchet space, where || - ||z
runs over a countable system of semi-norms in H).

Weighted edge spaces H*"(B) over a compact B € My with edge are defined in
terms of charts

(0.53) Yi 1Y = R%

for a system of coordinate neighbourhoods Y; C Y, i = 1,..., N, satisfying some
simple admissibility condition concerning transition maps, used in several exposi-
tions on edge spaces, see, e.g., [14] or the article [7]. Then H*"(B) is defined as
the set of those u € H{ (B\ Y1) such that p;uox;* € W3 (R%, K7 (X)) for all 4,
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with (¢1,...,pnN) being a subordinate partition of unity. H*7 (B) can be equipped
with a Hilbert space structure in a natural way.

In an analogous manner we obtain subspaces H;ﬁl (B) with asymptotics of type
P by replacing K*7(X") in the latter definition by K3 (X”"). Those are again
Fréchet spaces. Thus the spaces in relations (0.50), (0.51) are defined, where the
formal adjoints refer to spaces H%0(B) which may be identified with r—"/2L?(B\Y}).

Analogously as Lf (X", g;R$ \ {0}) in Definition 4 by RE(R® x RUH g) we
denote the space of

(0.54) g(y1,m, A) € SR x RUFEJCoMe(X M), M 70 (X))
the pointwise formal adjoints of which have the property
(0‘55) g*(yl,m’ )\) c Sﬁ(R‘h % Rq1+d; ;Cs,—%Jru;e(X/\)’Kcéo,f’h;OO(X/\))’

for some g-dependent asymptotic types P, Q, associated with the weight information
in these relations. Those are required for all s,e € R. In the case of discrete
asymptotics we assume P, Q to be constant with respect to y;; in the continuous
case we assume the same, but then we may admit carriers which cover variable
discrete asymptotics. Such operator-valued symbols are connected with weight data
g = (7,71 — i, ©) which are given in connection with the weights in the spaces and
also determine the position of m¢P and wcQ, respectively.

Other ingredients of parameter-dependent edge amplitude functions will consist
of Mellin contributions, namely,

(%
— j jo—m/2 o
(056)  myrmA) = wga Do > 0py (i) (1) (N
Jj=0  |a|<j

where wy, A(r1) = w(r1 (n1,A)) and, similarly, w,, 1, and
fia(y1,v1) € Cm(qu,Mﬁz(X))

satisfying analogous weight conditions as (0.26). In (0.26) we assumed (constant
in y;) discrete Mellin asymptotic types. This works with the observation that we
always find weights 7, in the required interval. In the continuous case this is not
automatically the case, since the carriers of continuous Mellin asymptotic types do
not necessary leave such gaps. However, corresponding yi-dependent smoothing
Mellin symbols can always decomposed into sums where every summand is of the
required form. Corresponding decomposition identities may be found, e.g., in [10].
In that way (0.56) is asked to be represented in the form m = my + mg where the
summands are of the form (0.56) but with Mellin symbols fj, who are different for
the corresponding summands. For brevity we simply only argue in terms of Mellin
amplitude like (0.56), keeping in mind that for an arbitrary choice of f;, we always
have decomposition like fj, = jla + fa where the associated continuous Mellin
asymptotic types leave gaps of the carriers sets to make the Mellin actions possible.

Let RY, (R xR?+, g) be the space of all (m+g)(y1, 1, A) such that g(y1,m1, )
€ RE (R x R%+4 g) and m(y1,m,A) a finite sum of operator functions of the kind
(0.56), where it can be proved that two summands generate the whole space of such
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elements. Similarly as (0.54) we have

m(y1,m1, A) € SH(RT x RUTE 511 (XN), LM —H( X))
and

m(yi,m,A) € SHRM x RQHd;IC;;m (X/\),ICZWP“(XA))

for all s, for arbitrary asymptotic types P and some resulting Q. When we evaluate
homogeneous principal symbols in the operator-valued set-up it suffices to ignore
the exit order e in Green symbols and to express symbols with smoothness s — p in
the image spaces. For Green symbols g we can take as o1(g)(y1,m1,A) the twisted
homogeneous principal symbol

a1(9)(y1,m, A) € SW RS > (RUFTEN {0}); 571 (XM), K57 H(X M)
and for the twisted homogeneous principal symbol of m(y1,n1,A) we have
a1(m)(y1,m, A) € SH(RE x (RUF\ {0}); L7 (X), KoHMH(XN))

which has the form

0
_ ; —n/2
a1 (m)(y1,m, A) = i "wpa Y1 Y Opyy " (fi0) (1) (1, A) ¥,z
7=0 |a|=4
for wy,, |(r1) = w(r1|n1, A]), and the same for w|’m7/\‘. Observe that the general

reasons these are parameter-dependent homogeneous edge symbols of Mellin plus
Green type and defined for (n;, A) # 0.

Note that when we change the cut-off functions or the weights in (0.56) we leave
remainders of Green type. Also other expected rules hold, such as that the symbol
spaces Rll\t/l +q form algebras and that the homogeneous principal symbols behave
multiplicatively. Moreover, formal adjoints are Mellin plus Green again, with com-
patibility of formal adjoints of twisted homogeneous symbols.

The following consideration concerns the edge calculus with parameters, and as
noted before, is of analogous structure as the operator class from Definition 2, now
for B € My rather than X, and since B is not discussed in terms of some conical
exit we admit parameters A € R9.

Let B € 91, not necessary compact, and ¢; = dim Y; > 0. By

(0.57) L*(B, g;RY)

for weight data g = (71,71 — 1, ©1), we denote the set of all families of operators
(0.47), where it remains to formulate the ingredients close to Y7 in terms of edge
amplitude functions in

(0.58) RM(R x R1H4 g)
consisting of all operator families (0.43) for (m + g)(y1,m,\) € Ry q(R? x

R+ g), cf. mnotation in Subsection 1.2, and h(y1,7m1,)) as in (0.44). Then the
part of operators in L¥(B, g; Rf\l) close to Y7 can be described by

(0.59) H(\) = Y ¢0p,, {r w100}y " (h) (y1,m, At}
p=¢’
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with summation over ¢ from the partition of unity, ¢ < ¢’ also smooth and of
compact support in R? and cut-off functions wy < w} on the r1 half-axis and

(M +G)YA) = D ¢Opy, {(m+g)(y1,m, A)}¢'
=y’
for (m + g)(y1,m,A) € R, o(R? x R2T g). In more concise manner we also
could express the elements of (0.47) as

(0.60) AN = @0p,, (a(yr,m, N)@' + Aume(X) + C(N)
=y’
for arbitrary a(yi,m,\) € RH (R x Rutd g).
Note that in the edge situation we have locally over a wedge in the variables
(ri,y1) and covariables (g1,m1,A) analogously as (0.31), (0.32) edge-degenerate
pseudo-differential families

(0.61) p(r1,y1, 01,M1, A) = D(r1, Y1, 7101, "1, 1)
for
(0.62) Ari, 91,8157, A) € C(Ry x RQI,LQ(X;Rggllgd)).

Then the Mellin symbols h indicated in (0.44), (0.45), (0.46) are just by applying a
Mellin quantization process which turns ¢; to v1 € C, and which is combined with
a kernel cut-off procedure. The edge symbolic hierarchy, consisting of

a(A(N)) = (00(A(X)), a1(A(N)))

partly refers to the interior Fourier based background. From (0.62) we have by
dissolving the variables into (r1,x,y1, 01,&, 71, A) the parameter-dependent “scalar”
interior symbol
(063) O'()(A)(Tl, Z,Y1, 01, 57 m, )‘) = TIM&O(A)(TD x,Y1,7101, 5) 1M, Tl)\)
for a “reduced” symbol &o(A4)(r1,x,y1,01,&, 71, A) homogeneous of order p in
(01,§,m,A) # 0 and smooth up to r; = 0. This explains, analogously as (0.34) the
symbolic level og(A()N)). Moreover, in this framework we have

01(A(A) = o1(H(X)) + o1 (M (X)) + 01(G(A))

where the second summands are known from the edge calculus in [14] and
o1 (H(N)(y1,m, A) = rf“OpX};"/Qﬁo(yl, BUINEPY)

for fzo(yl,n}, 5\) = ﬁ(O,yl,rlm,rl)\), which is a function with values in continuous
operators
a1 (H())(y1,m, A) : K57H(XD) = Lo7AM=H(XH)
for (n1,A) € R1F4\ {0} belonging to
(0.64) LM(X", g; R4 {0})

smoothly depending on y;. In other words (0.64) furnishes the parameter-dependent
edge symbolic calculus of (0.57)

Let us make some remarks on how we can obtain special examples of parameter-
dependent elliptic elements A(\) in (0.57). Ellipticity is defined as bijectivity of the
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involved symbols. We first have the interior ellipticity which means non-vanishing
of 0g(A) for all (01,&,m,\) # 0 and of 6¢(A) up to r; = 0. In addition the edge
symbol

(0.65) a1 (A (y1, 1, A) : KE(X) — 5 X1

which is a family of operators in L*(X", g; Rgllj\d\{O}) has to be Fredholm for every

(y1,m1,A) € R x (R1+4\ {0}). Tt is of interest to investigate on how we can pass to
a 2 x 2 block matrix family of isomorphisms. For this some topological obstruction
on the K-theoretic index bundle of (0.65) has to vanish. If we focus on the case that
(0.65) is a family of isomorphisms then the obstruction vanishes. In the articles [17]
or [18] we studied special elliptic cases where the operators (0.65) (in local form)
are essentially derived from parameter-dependent Laplacians and the edge symbols
are then of the form
(I [* + A2

taking values in operators between spaces in (0.65). The desired property depends
to a large extent on the behaviour of subordinate conormal symbols which have to
attain isomorphisms between Sobolev spaces over X, namely

H*(X) — H"(X)

for any s € R. Those are operator functions depending on v; € C and they have to
be bijective on the prescribed weight line I'ni1 - In applications below we need
2

bijectivity in a particularly large weight strip. In order to achieve this it is helpful to
have bijectivity first in any (particularly narrow) strip, and then to enlarge this by
a dilation in the z-plane. In this manipulation we do not loose the other ellipticity
conditions, and this weight strip can be stretched so wide that several manipulations,
e.g., translations of reference weights, remain possible without leaving that strip.
Examples have been discussed in [17], and we use them here in connection with
the observation that enlarging weight strips is always possible. Let us summarize
weight manipulations of that kind as

Parameter-dependent ellipticity of an A(\) € L“(B,g;RCAl)7 cf. formula (0.57),
means that A € L*(B\ Y;R{) C L% (B \ Y;RY) is parameter-dependent elliptic
in the standard sense and close to the edge Y the reduced symbol &y(A) does not
vanish for (01,£,71,A) # 0 up to r; = 0. Concerning the principal edge symbol
(0.65) we have different options. In the “best possible” case (0.65) is a family of
isomorphisms, otherwise we ask (0.65) to be a family of Fredholm operators which
comes extra edge conditions. For brevity we consider the first case.

Theorem 10. Let A()\) € L*(B, g;R?) be parameter-dependent elliptic. Then there
is a parameter-dependent parametriz P(\) € L™*(B, g~ *;R?) such that
PMNAN) =1-=C(\), ANP(N) =1—-Cr(N)

for operators Cr(\) € L~°(B, g1; R?),Cr(A\) € L~°(B, gg;R%). Moreover, if B is
compact

A(N) : H®Y(B) — H*#" H(B)
is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |\|. This holds for all s € R.
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Theorem 11. Consider a sequence of operator functions

(0.66) fumj(7.X) € L'I(B,g: RLYY),

JEN, g=(7,7—1,0O), and let the asymptotic types contained in the Green terms
of fu—; be independent of j. Then there is an f(7,\) € L“(B,g;]R;Ed) such that

N
(0.67) FEXN =D fuj(7A) € LB, g; R
=0 ’

for any N € N. Let us write
f(7~', 5‘) ~ Z fu—j(%, 5‘)7
§=0

called an asymptotic sum of the f,_;.

Operator functions in L*(B, g; R;&d) satisfy rules in terms of differentiations with
respect to parameters. In particular: we have

(0.68) DEDSLH(B,g:RIEY) C LGkt (g, P

for any k € N, a € N%. Our next objective is to compose corner-degenerate families
of operators

(0.69) t7"0py(a) (M) 0py(b)(A)
for a(tr,t\),b(tT,t\) given by
a(7, %) € LM(B, gy REY, b7, 3) € 1V(B, g BLYY),
respectively, where
g1:= (17 =10),92:=(y—v,y— (v +1),0),

in terms of Leibniz compositions with respect to variables and covariables (t, 7).
Proposition 12. We have
(0.70) 7O, (a)(NE™"Op,(b)(N) =t~V Op, (agb) (A) + G(N)
for G(\) determined by Op,(g)(\) for some g(tT,t\) with

9(7,}) € L™(B,g:R%).

Definition 13. The space M&Q (Bl,gl;]R%ZJ;d) for g, := (71,71 — 1, ©), is defined

as the set of all h(y2,n2,\) € A(C,,, L*(B1,9;; Rg;;d)) such that

. 1 d
h(Ba +i02, \) € L*(Bi,g1; R, 22%)

for every B2 € R, uniformly in compact Bs-intervals.
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Here we employ the operator classes in Definition 9 together with notation (0.59)
for the non-smoothing Mellin part close to Y7 and the former B is denoted by Bj.
The spaces

(0.71) L*(B1,g1;RY)

are locally convex, and they may be interpreted as unions of Fréchet spaces. Every
element of (0.71) belongs to such a subspace and we can talk about spaces of
holomorphic functions

(0.72) A(Cy,, L*(B1, g1;R?))

by taking unions coming from those Fréchet subspaces of (0.71). Note that standard
elements of complex function theory also work for holomorphy of functions with val-
ues in a Fréchet space, see, e.g., the textbook of Jarchow, [9]. In such constructions
the weight data g = (1,71 —u, ©1) for weight intervals ©; := (—(01+1),0],6, € N,
are chosen and fixed, and then

(0.73) MY (Bi,gy;RY)

v2

is defined as in Definition 13, but for go = 0. In the sequel we use notation

(0.74) h(rs,v2,A) € Mp_(B1,g13Ry,)

if h(rg,va, \) = h(va, o)) and h(v, A) € M5u2 (Bl,gl;Rg). If H is a Hilbert space
with group action we define weighted “Mellin-Fourier” Sobolev spaces H*72 (R x
R H) as the completion of C§°(Ry x R%, H) with respect to the norm

2
wawwmmﬂﬁz{/ [
RIL JT by 41
b

1/2
(0.75) Iy (M P ) Byt |

This expression can be generalized to Y7 rather than R? by using charts like (0.53)
which gives us spaces H*72 (R4 x Y1, H) for any s,7v, € R. We employ this definition
first to the case s = 0 and H := K% (X"). In the next step we consider K-spaces
of smoothness zero and arbitrary pairs of weights v = (71,72) € R?, namely, for
BieMm, Y = Sl(Bl) we set

KO (By) =wawn HO 2 (R x Yy, KO (X))
+ (1 — wo)wr HOO(Ry x Y7, KO (X))
+ (1 — wa)(1 — wy)K%O((2B1)")
(0.76) + wa(1 — w)K%72((2B1)")

for cut-off functions wy = wa(re), w1 = wi(ry).

In order to give an explanation of spaces K*7(B7) for arbitrary s € R we first
consider the Hilbert spaces H*7 (By) which are defined locally close to s1(B1) =: V3
by

H*M(By) = woyW* (Y1, K57 (X)) + (1 — wi) Higo(Br \ Y1).
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This gives us spaces H*"2 (R, H®71(By)) and also
st,’Yz;e(R_i_’ HSM (B1>) e [7.2]—67_[8,72 (R—H H5M (Bl))
and we form

(0.77) S? Ry, H¥M (By)) i= lim MO (Ry, H (By)

so,e€R
for sufficiently large sg,e. In particular, yo remains a multiplicative weight and we
have
SP Ry, H* " (By)) = r3*S(Ry., H (By)).
The spaces H*72¢(R,., H57(By)) and also (0.77) are embedded in X% (B}). More-
over, we employ the non-degenerate sesquilinear paring

(0.78) (-, ')ICOJ)(B{\) : /CO”Y(B{\) X ]Co’f'y(B{\) —C
for any v = (71,72)-
Now with Mellin symbols
f(TQ) V2, )‘) S M((’))v2 (Bla g1, R%,\)

for g; = (71,71, ©) we have continuity

Opys ()« K2(BY) — K(BY),
If (0.74) is a Mellin symbol, we have continuity of
(0.79) 5" Op3; AN : 87 (R, W (B)) = 8§72 (R, H(BY)).
By duality via (0.78) we also get continuity between the respective dual spaces. For

S (R, H(By)) = r SRy, H (By))
we have a sesquilinear pairing
SRy, H® (BY) x (87 (R, HM (B)))) — C.
Instead of (S72(Ry, H*(By))) we also write (S')772(Ry, H °~71(By)). Then,
(0.79) allows us to pass to formal adjoint operators
(ry"OpJE P (R)(V)* £ (877 #(Ry, HMH(By)))’

(0.80) — (8" (Ry, H®"(By)))

which is a map between the respective distribution spaces. The operator on the
left-hand side of (0.80) is of analogous structure as that on the left of (0.79), i.e.,
of the form

- —b1/2
ry 0Py "2 () (V)
for some element h* € Méf)vQ (B1,9,; R%/\) for g, = (=7 + p, —7,©) obtained
together with a translation in the complex vs-plane. Because of the assumptions on
holomorphy of Mellin symbols in sufficiently large vo-strips, the map (0.80) may be
realized between spaces of distributions relatively to the original weights, namely

ry OpYs A () () £ (8)2 Ry, H 7 (By))
= (SR, HMH(B)),
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By restriction this induces an operator family
(0.81) 0P} "N : KOUBY) = (82 (R, B0 H(By))

which makes sense because of K%V (B{\) C (8')2(Ry, H=°"7(By)), but (0.81) is
by no means surjective. This consideration may be applied to s € R rather than p,
and a pair of weights v — s = (1 — 5,72 — s). Then the respective operator will be
called R™%, and we define in new notation

R () i= r30p}2 "2 (1)(N) - K27 (BY) = K57(BY)

where f(rg,v2, \) = f(vg,72)) for a resulting f(va, \) € My? (Bl,gs,Rd) for weight
data g, :== (71 — 8,71, ©). The resulting space K7 (By) is the image of KX%7=%(B})
under R~*(\) for sufficiently large . We altogether obtain

Theorem 14. For every pair of weights v = (71,72) € R? and s € R there exists
an f(va, ) € My® (Bl,gs,]R~) such that for sufficiently large |\| the operator

082) RO = m0pE A : KB - KM(BY)
defines an isomorphism.

Note that the operator (0.82) is defined in terms of a parameter - dependent
elliptic element f(v2,\) € M, (Bl,gl,R~) and for large || we have injectivity

on K%7=5(By), since there is a parameter dependent left parametrix which leaves
small remainders with increasing |A|. In any case we set

K5Y(BY) :=im R™%()\)

and another consideration shows that this space is independent of the specific choice
of f with the indicated property.
A simple consideration shows that K*7(B{') admits the group action

ks : K¥7(BY) — K*7(BY),

(ksu)(r1, ) := 6O+ 2 (6ry, 3),0 € Ry
In addition the particular form of the Mellin symbol f(va,7r2\) gives us twisted
homogeneity

RT5(6A) = 6 ks R*(\)ky !

for all § € R,. The operator calculus on the infinite stretched cone B” requires
Green and smoothing Mellin operators which play a similar role as those on Subsec-
tion 1.2 for a smooth compact X. Similarly as in (0.16) we employ pairs of discrete
asymptotic types P1, P2 and form spaces of singular functions

Epy, 792(31 {ZZ“’2 r2)d (b Vlog)\r2

v=0 A=0

tdyx € Hp "' (By) for all v, )\}.



20 EXECUTIVE SUMMARY

Moreover, we have the spaces (0.75) where the involved space H may also be a
Fréchet space with group action. This allows us to form spaces

Hﬁylézz(]R X R%2, . ) = y&;%sﬁz*(eerl)fs(RjL < RqQ,IC;;;”(XA))
e>

for ©3 = (—(02+1), 0] which is an expression in terms of known data. A globalization
gives us the spaces

waw1 glob M P p, (BY) = wawr glob "3, o, (B1) + Epy p, (BY)

for cut-off functions wy = wy(r2) on the half-axis and functions wy glo1, in the distance
variable r1 to Y7, the edge of B;. We also pass to spaces globally on B{ by forming

waHB P (B := wown globHp) p, (BY) + wa2(1 = wi gon) Hip* (2B1)") 5o (57)-

This gives us

wolp 37 (BY) = hﬁ{wz%‘%ﬁf( D)
se

Moreover, consider
(1 — w2) SRy, Hp ™ (B1))
which can be identified closed to Ry x Y] with the space
(1 —ws) lm WH(R, x Vi, K57 (X))
s,0€R

Let us now form

]Coon/h"/m (B{\) — wg’]-[;’;lg;w (B/\) +(1- wQ)S(K-i-,m, H});lwl (Bl))'

P1,P2

Definition 15. By L{ (B, g; R?\ {0}) for weight data g := (g;)i=1,2, where g; =
(Viyvi — 11, ©4),0; = (—(0; + 1), 0] for certain §; € N,i = 1,2 we denote the space of
all

G(\) € SQ(R% ;Cs;wmz;e(BlA)’ IC%?};;“’”*“;OO(B{\))
such that

G*(\) € S(’,j(Ri; /CS;—’71+H7—’Y2+H;6(B{\)’ ,CoQol,’fQAgl,fw;OO(B{\))

for arbitrary s,e € R and asymptotic types P1,Po, Q1, Q2 depending.
Concerning a definition of spaces
$71,72 (A
K, ,17’22 (B1)

for s € R we apply an analogue of Theorem 14. The definition of X%7(B3") in (0.76)
allows us to pass to subspaces

Kp) p, (B) =wawn HO02 (R x Vi, KTt (X))
(MO < i KT ()
+ (1 — WQ)(l — wl)]CU,O((QlBl)/\) + w2(1 _ wl)ICO,ny((QBl)/\)'
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We now form asymptotic types Pi(s), P2(s) which are translations of Py, Py accord-
ing to the weight shift in formula (0.82) and generate K%Y,Pg (B}') as the image of

0,y—s
/Cp?(s)’%(s) (B{") under the map (0.82). Then

R_S()\) : K%Y(Z;PQ(S) (B{\) - IC%?,PQ (B{\>

just generates Kegel spaces with asymptotics for arbitrary s.
Analogously as the operator families we now formulate the smoothing Mellin
contribution to the class LK/HG(B{\,g;Rf\l \ {0}) for g = (g;,9,). To this and we

first formulate the symbol classes M;>(B1, g;) for some Mellin asymptotic type R
belonging to the singular order 1. Similarly as (0.28) in the discrete case R is a
sequence in C,, x N such that m¢R satisfies an analogous condition as before what
concerns the position of points in C,,. Now for such an R the space

Mz>(B1,91)

is defined as the set of all f(ve) € A(C,, \ m¢R, L™ >°(B1,9;)) such that f(vs) is
meromorphic with poles at the points in m¢’R of multiplicity n; + 1 and finite rank
Laurent coefficients in L=°°(By, g;). In addition we ask

x(v2) f(v2)lry € S(Tp, L™%(B1,91))

for any mgR-excision function y and every 8 € R, uniformly in finite intervals. Now
the smoothing Mellin cone families for the calculus over B} are assumed to be of
the form

02
- ' o—b1/2
(0.83) M) =1 wa > orh S Opy 2 (Fja)Awh
J=0 |al<j
for elements fjq(v2) € M%;j(Bl,gl) and weights ;. satisfying

Fb1+17,yj ﬂT('(cha =0 for Yo —7 < Yja <
2 «

for all j, a. Recall that wy [y)(r2) = wa(r2[A]), etc. Similarly as (0.27), (0.28) the op-
erator families M (\) constitute operator-valued symbols with constant coefficients
M(A) € SHREK*2(BY), €02 7H(BY))

and similarly, between subspaces with double asymptotic types.
Note that both Green and Mellin operator families over B} can also be formulated
for continuous asymptotics, both with respect to r1 and rs.

As announced before the space Ly (B{', g; R$\{0}) is defined as the set of sums

M(X) + G(X) for M()) as it has been just defined and G(\) € LE (B, g; R?\ {0}).
Definition 16. The space L*(B7', g; R$\ {0}) is defined as the space of all operator

families
AN == HOV) + M(A) + GV
where (M + G)(\) € Ly, o(B1, g: R \ {0}),
H()) = ;" 0py;"(h)(N)
where h(rg, va, ) := h(va, 72)) for some h(vy, \) € M(’;UQ (Bl,gl;R‘;).
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Remark 17. We have
LM(B1, g; RS\ {0}) CL*((s0(B1))", g1; RS\ {0})
(0.84) = L*((2B1)"; R\ {0} fint .,

see notation in the introduction.

Analogously as in the symbolic characterization of H(A) in Definition 2 and
expressions (0.31), (0.32) we have degenerate families

p(r2, 02, A) = p(r202,72\)

for
]5(627 /\) € LM(Blagla R1+d)

Then the non-smoothing Mellin symbols h(vg, A) € M(%UQ (B1,91; ]Rg\) in Definition
16 are obtained from p via Mellin quantization from p(go, 5\) which turns 9o to wvs.

Another principal symbolic level of operators A(A) in Definition 16 is the highest
conormal symbol belonging to the corner singularity

(085) UQ(A)(UQ) = h(o,’l)g,()) + f()(UQ) g5 (Bl) — HS_M”YI_H(Bl)

with h as in Definition 16, frozen at r = 0 and the principal conormal symbol of
M(X), cf. relation (0.83) which is just the smoothing Mellin symbol belonging to
the summand for j = 0, now denoted by fo(v2). The conormal symbol (0.85) is
regarded as an operator function parametrized by vy € I’ blTﬂ _72 for by = dim B;y.

Theorem 18. Any A(\) € L¥(B7, g; R4\ {0}) induces families of continuous op-
erators

(0.86) AN) : K(BY) — K7~ H(BY)
and
(0.87) AN K3 5, (BY) = K Mol #(BY)

for every pair of asymptotic types P1,Pa and some resulting Q1, Q2.

It can be easily verified that operator families A(\) € L*(B}, g;R¢ \ {0}) form
symbols

A(N) € SHRE K (BY), K5 H(BY))
for any real s. The twisted homogeneity in the respective symbolic estimates refer
to group actions in the involved spaces

(kou)(rg, x) = 5(b1+1)/2u(5r2,a:)

for all § € Ry, with 2 denoting the variable on By. Let S (R%\ {0}; K7 (B}),
K57~ 1(B7")) be the space of principal homogeneous components. Those are also
operator families in L*(Bj, g;R¢ \ {0}) and play the role of principal edge symbols
for operators of the edge calculus of second singular order in Subsection 2.1 below,
with A being replaced by (2, A).
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Let us call a family A(\) € LH(B,g;RY \ {0}) parameter-dependent elliptic
of order p, with respect to the fixed weights v = (71,72) if 09(A) is parameter-
dependent elliptic over B{ \ so(Bf') in the standard sense and if also the reduced
symbols

r;“(}o(A)(ﬁ, r,Y1,72, él)gv @2577]1’ )‘)

for 7o > 0 do not vanish for (@1,5,@,771,5\) # 0 up to r1 = 0, where 91 := r101,
etc., and for r1, 7y close to zero

~

é.O(A)(Tlv Z,Y1,72, @1) 57 527 ﬁla 5‘)
is non-vanishing for (91, €, 02,71, :\) £ 0up tore =0, for g9 := r1re02, A := rira). In
addition we ask that h(va, A) € Mgvg (B1,94; Rg\l), cf. Definition 16 to be parameter-

dependent elliptic of order p (this just encodes the suitable exit ellipticity when
ro — 00), and that the principal conormal symbol (0.85) is a family of isomorphism
for all vg € Fﬁ—w

2

Theorem 19. Let A(\) € L*(B},g;R%\ {0}) be parameter-dependent elliptic of
order p and relative to the weight v = (y1,72). Then there is a parameter-dependent
parametriz P(\) € L~*(Bp, g ;R\ {0}),97 ' = (97,95 ") such that

POVAR) = 1 - GL(\), AP = 1 Gr())
for some Gr(\) € Lg'(B1, gr; R4\ {0}), Gr(A) € L' (BY, gr; R\ {0}) for gy, :=
(91,L792,L)79R = (gl,Rng,R)'
Corollary 20. If A()) is parameter-dependent elliptic then

A(N) : K3(BY) — K717 H(BY)

is a family of Fredholm operators, and kernels belong to subspaces of K7 (B7)
with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
IO TH(XN) with asymptotics.

We established the calculus of edge operators over a By € 9t; with parameters,
including discrete or continuous asymptotics with respect to an edge Z;. Here we
slightly modify notation, since first order and second order edges for By € 91, are
denoted by Y7, Yo, according to the way of successively forming wedges, e.g., when

(0.88) By = Bf x Y,

we have Yy = s9(B2) but Y7 = s1(B2 \ Y2), and then By € 9 which is the base
of the new model cone has another edge, now denoted by Z; of some dimension p;
which is also admitted to be zero. Thus analogously as (0.57) we have to introduce
local (along Ys in variables (y2, 12, A), y2 € R%2) spaces of amplitude functions

(0.89) RM(R%® x R2T4 g)

for weight data g := (g9;)i=1,2,9; = (Vi,7vi — i, ©4),7 = 1,2, consisting of operator
functions

(0.90) az(y2, M2, A) = ha(y2,m2, A) + (ma + g2)(y2, 12, )
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for the asymptotic part
(0.91) (ma + g2)(y2,m2, A) € Ry, (RZ x R2H g).
Let R (R? x R%14 g) be the space of Green symbols, i.e.,

gly2,m2, N) € SH(R® x REFE V(B K57 1%°(BY))

such that the pointwise formal adjoint with respect to the %0 (B}')-scalar product
has the property

9" (y2,m2, A) € SH(R®E x REFE L5~ (BLY), KT °(BY))

for g-dependent asymptotic types P1, P2 and Qi, Oo, associated with the weight
information involved in the respective spaces. Let us admit here from the very
beginning continuous asymptotic types for 11 — 0 or ro — 0. Clearly we also have
discrete asymptotics, and y1- or yo-independence as a special case. Analogously as
(0.56) there are also Mellin amplitude functions

02
- j ia—b1/2
mly2, 2, ) = 15w > 13 S Opr 2 (fia) (y2) (12, A) e,
Jj=0  |a|<j

for Mellin symbols
fia(y2,v2) € CF(R®, Mz (B1,491))

satisfying the conditions

Fb1+1_’y_a N7cRja =0 for vo —j < vja <72

2 J
for all j,a. Clearly fja,Rjo and weights v;, are different from the corresponding
objects in (0.56); for convenience we employ here the same notation. The Mellin
asymptotic types R, are admitted to be continuous. As for first singularity order
1 by
d
RMM+G<Rq2 x R2T4 g)

we denote the space of all (m+ g)(yz2,12, A) of the indicated structure (where for the
Mellin part we also take into account more summands of the same conormal order
when the asymptotic types are continuous) and we write Rf, (R% x R%2T4, g) for the
respective space of Green amplitude functions. The non-smoothing holomorphic
Mellin part is defined as

(0.92) ha(yz,ma. A) = wary 0D} " (ha) (g2, mo, Ay

for some

(0.93) ho(ra, y2, V2,12, N) = ha(r2, Y2, V2, Tom2, T2 \)

for

(0.94) ho(r2, 2, 02,772, X) € C(Ry x R™, Mp, (B1,g; RZ YY),

On By € My we have weighted spaces H%7(Bs), defined as the set of those u €
H7(By\ Ya) such that guox; ' € W(R®, K57 (BY)) for all i. Here (¢1,...,¢nN)
is a partition of unity on Ys subordinate to an open covering of Y5 by coordinate

neighbourhoods Ys;, and x; : Y2, — R% charts, i = 1,..., N. Moreover, we have
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subspaces with asymptotics Hpp, (Bz) consisting of elements u € Hy' ', (Ba \ Yz)

such that p;uox; ' € W* (R%2, K5 p,(B1)). There is then the space
L™>(By,g;RY)

of all C(\) € S(RY, L=°°(Ba,g)) where L=°°(By, g) is the space of all operators

(0.95) C(A) : H(By) — HXJ5."(By)

such that the formal adjoint with respect to the scalar product of H%°(By) induces
continuous maps

(0.96) C*(\) : HY7""H(By) = HG) g} (Ba)

for C-dependent asymptotic types P1, Po and Q1, Qo, respectively.

Definition 21. By L¥(Bs,g;R}) for By € My and g = (g, 9,) we denote the
space of operator families
AN) == HN) + (M + G)(A\) + A (A) + C(N)
where
H(\) + (M +G)(A) = Y ¢Op,, (a2)(V)¢'
=y’
for as(ya,m2, ) € RM(R% x R4 g) | where the sum runs over a partition of
unity of Y5 by localizing functions ¢ and ¢’ = ¢ are compactly supported smooth
functions in the respective coordinate neighbourhoods. Moreover, Ayt (A) belongs
to L*¥(B2 \ Y2,94; Rg{) and its kernel is supported off a small neighbourhood of Y5.
The operator family C()\) belongs to L=°°(Bz, g; R}).

Operators in L“(Bg,g;R‘f\) have the property, that the restrict to elements in
L* (B3 \ Ya,g; Rj{). Applying a decomposition
AN =wa AN wh + wa AN (1 — wh) + (1 — wo) AN )w
+ (1= w2) AN (wy — wh) + (1 — w2) AN (1 — wp)

for global cut-off functions over By which are = 1 close to Y2 and wf < wa < wh.
Then wa A(A)wj is located close to Ya and can be described by amplitude function in
(0.89). Those belong to S#(R% x R%2+d; [C37(BY), K$~H7~#(B4")) and hence induce
(after a localization in y2 € R? from both sides) continuous operators

WE(RZ, K5V (BY)) — WSTH(R2Z | CS~HIH(BY)).
Globally, assuming Bs to be compact, there operators are continuous in the sense
woA(N)wh : H*Y(Bg) — H* M1 (By).

The operators wo A(A) (1—w})+(1—ws) A(A)w} belong to L™°°(Bs, g; RY) and induce
continuous operators (0.95), (0.96). The operators

(1 = w2) AN (wh —wy) and (1 —wz)AN)(1 - wp)
belong to L*(Bs \ Ya,g; RY) and generate continuous operators

HSM%2(By) — Hs—u,vl—uﬁz—u(BZ)
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for any 49,72 € R. Similar considerations may be applied to subspaces with
asymptotics, using that any element a of (0.89) belongs to a space SH(R% x

Re KT (BY), Ko, oL #(BYY)). Thus we obtain altogether the following result:

Proposition 22. Operators A(\) € L“(Bg,g;]Rgl\) represent families of continuous
operators

A(N) : H¥V(By) — H*HF77H(By)
and
A(N) = H;ICPQ(BQ) — HSQ_lf‘Q’Z_“(Bg)
for any pairs of asymptotic types P1, P and some resulting Q1, O, for all s € R.
Let us now pass to ellipticity and Fredholm property of operators in the calculus
over By € My. An operator A(\) € L*(By, g;RY) in notation of Definition 21 is

called elliptic if A(\)|s(B,) € Lé‘l(so(Bg);Rgl) is parameter-dependent elliptic over
the smooth manifold sy(B2) in the standard sense, moreover, if

ao(A)(r1, x,y1,72,Y2, 01, &, M1, 02, T2, \)

which is the reduced symbol of A())|p,\y, does not vanish for

(élagaﬁlvé%ﬁ?v;‘) # 0

up to 71 = 0, where tilde indicates multiplication by 71, and

30(14)(7"17%91,7”2,3/27@1;57771752#527)\)
which is the reduced symbol of A(MN)|p\(v,uy,) (computed close to r1 = 0 and

ro = 0) does not vanish for (1,&, 71, 02,72, \) # 0 up to ry = 0, where ~ indicates
multiplication by r172. In addition over By \ Y2 we assume that the parameter-
dependent edge symbol close to Y;

01 (A)(yl7 r2,Y2,M1, 02,12, >\) DK (X/\) - ,CS_Mﬁl_H(X/\)
is bijective for (n1, 02,12, A) # 0 and also its reduced symbol
51(A)(y1,72, Y2, 711, 02,2, N) : KOTH(XP) — KSTHITH(X 1)

up to r = 0 for (71, 02,12, 5\) # 0. In addition close to Yo we ask bijectivity of the
second singular edge symbol
(0.97) o2(A)(y2, 12, A) : K>V(By') — K*~#771(BY)

to be bijective for (72, A) # 0. Note that this entails the bijectivity of the subordinate
conormal symbol (0.85). This is an operator family in L*(B7{, g;
(R% x R?)\ {0}) which also depends on g € Ya.

Theorem 23. Let A(\) € LM(Ba,g;R?) be parameter-dependent elliptic. Then
there is a parameter-dependent parametriz P(\) € L™*(By, g~ RY),
g7t =(g7".95") such that

(0.98) POVAN) =1 — CL(N), ANP(N) =1 — Cr()\)
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fOT’ CL(A) € L_OO(B27gL;Rd)7 CR(A) € L_OO(B27gR;Rd) fOT' gy ‘= (gl,LaQQ,L)7
gr = (91 r>92r). Moreover, if By is compact

(0.99) A(N) : HS(By) — H* M1 H(By)

is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |\|. This holds for all s € R. In addition, solutions u of A(N)u = f for
fe Hy'g ™" (Ba) belong to Hpp, (B2) for pairs of continuous asymptotic types
Q1, Qo with resulting Py, Po.
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PARAMETER-DEPENDENT EDGE CALCULUS AND CORNER
PARAMETRICES

WANNARUT RUNGROTTHEERA, XTAOJING LYU, AND BERT-WOLFGANG SCHULZE

ABSTRACT. Let B be a compact manifold with smooth edge of dimension > 0.
We study the interplay between parameter-dependent edge algebra algebra on
B and operator families belonging to the corner calculus, and we characterize
parametrices in the corner case.

1. INTRODUCTION

This article is devoted to a specific part of analysis on a manifold M with singu-
larities, here M := B* for

(1.1) B® = (R, x B)/({0} x B)

where B is a manifold with edge of first order. Let us fix some terminology. The
general background are stratified spaces M € My, of singularity order k € N =
{0,1,2,...}, where the case k = 0 corresponds to smoothness, together with other
common conditions, e.g., para-compactness, etc. We are interested in relatively
simple stratifications, obtained by repeatedly forming cones X%, X € 9y, and
wedges X2 x R% for some ¢, use those spaces as generalized charts for other
spaces which are locally modeled on such cones or wedges, and then form cones,
and wedges, again. In recent years there has been achieved much progress in the
analysis on such spaces. The general scheme is that any M € 2, has a singular
stratum Yy := sp(M) € My, where M \ sp(M) € Mi_1 and every yi € Yi has a
neighbourhood V' in M which is isomorphic (in the category of regular singularities)
to a locally trivial bundle over si(M) with fibre Bf , for a compact By_1 € Mj_1.
This definition can be iterated. In particular, we can study cones B% € 9y for
B € M. For k > 2 the stratification of M € 9N, gives rise to a sequence

(1.2) s(M) = (so(M), s1(M),...,sp(M))

of smooth subspaces s;(M) € My, j =0,1,..., k, of dimension dim M := dim so(M) >
dims; (M) > --- > dimsg(M) > 0. Our investigations belong to the pseudo-
differential calculus over such spaces M. Those contain specific corner-degenerate
differential operators A with a hierarchy of principal symbols

(1.3) 0(A) = (00(A),01(A),...,06(A4)).

The components of (1.3) are operator-valued, but o(A) is the standard homoge-
neous principal symbol on T*so(M)\ 0, where 0 indicates the zero-section. Under a
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suitable condition on ellipticity also the parametrices of operators A belong to ex-
pected operator algebras. There are also asymptotic aspects of this program and we
have structures for B € 9t; (in parameter-dependent form) generating asymptotics
of solutions close to edges s1(-) on B and double asymptotics close to corner points
sa(+) of B2, cf. [15], [8]. With M € 9, we can associate its stretched manifold
M obtained by invariantly attaching a natural Bj_;- bundle (determined by the
above-mentioned Bj ;-bundle) over s;(M) to M \ sy(M). Then, for a “negative”
counterpart of M denoted for the moment by M_ and the former M by M} we can
glue together M_ and M along the common Bj_1-bundle to obtain 2M, and then
2M € My 4.

The present paper is organized as follows. In Section 2 we establish an edge
pseudo-differential calculus over B with parameters. Those are involved as extra
covariables, degenerate in a similar manner as edge covariables. We then formulate
the existence of parameter-dependent parametrices in this framework with con-
trolled remainders. Section 3 is devoted to elements of a analogous approach for
manifolds with edges of singularity order 2. In particular, we formulate a new level
of operator-valued corner symbols and compute corner parametrices in terms of a
new set of variables and covariables in the new corner axis direction.

In this article we continue and deepen the material of [2] and [3] in cases of lower
orders of singularities.

2. PARAMETER-DEPENDENT EDGE CALCULUS

2.1. Basic notation. Let B € 9t; be a compact manifold with conical or edge
singularities. In order to avoid separate comments, we assume that dims;(B) =:
q > 0. For the edge pseudo-differential calculus over B we employ suitable adapted
notation. Write Y := s;(B) and so(B) = B\ Y. The most specific part of the edge
calculus over B concerns the region close to the edge Y. The space B is locally
near Y modeled on X% x R?, and B\'Y on X" x RY for a compact X € 9y for
X" := Ry x X. Throughout this exposition for simplicity we assume that Y has
a neighbourhood W in B with the structure of trivial X“-bundle over Y. The
general case only needs mild extra constructions, left to the reader. Recall that any
smooth manifold B with boundary belongs to 9t;. In this case so(B) = int B and
s1(B) = 0B, where W corresponds to a collar neighbourhood of 9B, often identified
with the trivial normal bundle, corresponding to a Riemannian metric. In this
exposition we systematically employ the spaces Lé‘l(X ; Rg{) of classical parameter-
dependent pseudo-differential operators of order p € R over X € 9y of dimension n,
assumed to be Riemannian, where A € R? in local symbols a(z, £, \) is treated as a
covariable (&, \) of dimension n+d. Subscript “cl” means that we talk about classical
symbols in Hormander’s spaces, here denoted by S% (€2 x R™4) Q) C R™ open. Then
L™®°(X;RY) = S(RY, L7>°(X)), where L™>°(X) is identified via the Riemannian
metric with C°°(X x X)), such that operators can be written [ ¢(z,2’)u(z)dz’ with
dzr’ being the measure belonging to the Riemannian metric. Then operators are
locally of the form

(2.1) Op,(a)(Nu(z) = / / @ (2, €, Nu(a')da'dE
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for compactly supported u, where @¢ = (27)~"d¢. Globally using a system of charts
covering X and a subordinate partition of unity the operator families over X are
determined by such local expressions modulo L=°°(X;R¢). The spaces L’ (X;RY)
are Fréchet in a natural way.

The main object of consideration in the present section is the space of edge
operators
(2.2) L¥(B,g:RS)
to be introduced in a number of steps. The properties of (2.2) will imply
L*(B,g;R$) C LK(B\ Y;R})

Notation g indicates weight data (y1,71 — i, ©).
We also employ pseudo-differential operators based on the Mellin transform and
more specific Mellin symbols that are holomorphic in v; € C.

Definition 2.1. Let M5 (X;R?) denote the space of all h(vi,A) € A(Cy,, L (X;
R9)) such that h(f; +io1, ) € LI(X; R;Ti) for every 81 € R, uniformly in compact
(B1-intervals.

Remark 2.2. The space M} (X;R?) is Fréchet with the system of semi-norms
of A(C, L (X;R?)), namely, sup,, ¢ 7j(h(v1,-)), where 7;,j € N, is a semi-norm
system for L) (X;RY), K € C, together with

sup ;i (h(B1 +io1,-))
—I<pi<l

where 7, j € N, is a semi-norm system for Lffl(X; Rgfl\), and [ € N.

Let us prepare Definition 2.3 below by a notation and a list of ingredients. We fix
weight data g = (1,71 — i, ©), where 7, € R is a weight referring to r1 € Ry, the
axial variable of the open stretched cone X" := R, x X, in the splitting of variables
(ri,z), and X € My compact, and we choose a weight interval © = (—(0+1), 0] for
some # € N. We employ spaces K*7(X") and subspaces Kg™ (X") and K3 (X")
with asymptotics of type P, cf. [14], P may be discrete or continuous. Below, in
order to illustrate double asymptotics, we recall a few notions from this context.
For the moment we freely employ these tools.

Definition 2.3. By

(2.3) LH(X", g; RS\ {0})

we denote the space of all operator families

(2.4) AN :=HA\)+ M) +G(N)

where (M + G)(\) € Ly, (X", g; R¢ \ {0}), see notation below, and
(2:5) H(A) = r*0py; "))

where

h(?“l, V1, )\) = ;L(Ul, 7'1)\)
for some h(vi,\) € Mgvl (X;Rg\l).
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In relation (2.5) we employ notation
(2.6) Oply (R)(A) = 11 Opp (T h)(N)ry ™.

Here T"h(v1, A) := h(vy + v, \) and Opy, (f)(A\)u :== M~ f(v1,\)Mu where the
Mellin transform M refers to the weight line I'y . Here I'g := {v; € C: Rev; = §}.

At the beginning of the iteration from lower to larger orders we have the open
stretched cone and operators have two principal symbolic components (oo(A), 01(A4)),
here depending on A # 0. Operators in (2.3) are continuous in weighted Kegel spaces

KoM (X7) o= {wuo 4 (1 — w)uso ug(ry, x) € HOH(X"),
uoo(rlax) € H(fone(X/\)}

for an arbitrary cut-off function w, i.e., a function in C§°(Ry) which is equal to 1
close to the origin. The spaces H*7(X") are weighted Sobolev spaces over X" =
R4 x X of smoothness s € R and weight 71 € R. Those have the property

7_[57"/1 (X/\) — 7,’Y1H5,0<X/\)

and H*9(X") will be identified with r;n/2L2(R+ x X) for n = dim X, while (1 —
w)HE, (X)) can be defined first for X = S™, the unit sphere in R?”, where in

cone
this case

(2.7) (1 - w)H:

1
cone((S™)") = (1 — w)H*(RT™),
with (r1,z) being polar coordinates in R'*" \ {0}. Then a simple localization
argument, using a partition of unity on 5™, allows us to pass from S™ to arbitrary X
by using the former definition of cone spaces for elements supported in a coordinate

neighbourhood on X. This gives us relations of the kind
(2.8) (1= w)L((S™)") = (1 = w) Heone((S™)"),

(2.9) KOO(XN) = 10O (XM,

Note that the definition of I*71(X") is independent of the choice of involved data,
such as cut-off functions or specific charts. In any case if the data are fixed the
arizing spaces are Hilbert in non-direct sum topology, and relation (2.9) indicates
a corresponding normalization of scalar products for s = v; = 0. In addition it will
be essential to employ the group x = {ks}ser, of isomorphisms

(2.10) K o KKSTH(XN) = K5(XD), (ksu)(ry, z) == 6D 20 (67, 2)

for any s € R,6 € Ry. The spaces K7 (X") are observed on the infinite cone up
to 71 — 00, interpreted as a conical exit of X”* to infinity, though close to r; = 0,
at the tip of the (open stretched) cone we are interested in asymptotics of elements.
In the simplest case, asymptotics are discrete. Later on we also admit continuous
asymptotics.

Remark 2.4. The operator families (2.4) are continuous in Kegel spaces, see The-
orem 2.6 below. In particular, H(\) in (2.5) satisfies the homogeneity relation

(2.11) H(6X) = 0" ksH(N)ky "
for all § € R;.
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A sequence of pairs
(2.12) P ={(pj,mj)}j=0..n CCxN
for any N = N(P) € NU{+oo} is called a discrete asymptotic type associated with
the weight information (v1,0),0 = (—(0 4+ 1), 0], for some 6 € N if
n+1 n+1

(2.13) ’/T(jp = {pj}j:07.__7]v C {’Ul eC: T -7 — <9+1) < Revl < T —’)/1}

and wcP is finite for finite ©, otherwise finite or infinite, and in the latter case we
assume Rep; — —o0 as j — oo. Writing for finite ©

N my
(2.14)  Ep(X") = {ZZw(rl)cjl(x)rl_pj log' r1 : ¢y € C*°(X) for all j,l}

=0 1=0
we get a Fréchet space such that Ep(X") NG (X") = {0} for
(215) ,’Yl X/\ L]Cs,’n (6+1)— (X/\)
e>0

interpreted as the space of all flat functions relative to the weight ~;, which is
Fréchet as well. Then

(2.16) KEM(XM) = K (X") + Ep(X)

is Fréchet in the topology of the direct sum. For infinite © we define spaces
IC;;’AYl (X") in a similar manner as projective limits over spaces associated with finite
flatness intervals of increasing length. Later on we employ an extension of (2.16)
to continuous asymptotic types P which makes sense when the points of (2.13)
depend on some edge variables y; € R?. More details may be found in [13] or [14].
With asymptotic types P we associate the space of Green operators, depending on
a parameter A € R?, later on in slight modification Green operator-valued symbols
for the edge calculus. To this end we also control our spaces for r; — oo and write

(2.17) JCEE (XN = ] TECE(XN), KX = [r] K (X).

for any e € R. Here r; — [r;] is a strictly positive function which is equal to 1 close
to 11 = 0 and equal to r; for |r1| > 1. The spaces (2.17) are Fréchet in an evident
manner. In order to formulate the subspace of Green operators L (X", g; R4\ {0})
for weight data g := (71,71 — i, ), with 73 € R being the involved weight and
1 € R an order we first recall some notation on Hilbert spaces with group action and
associated operator-valued symbols. In order to keep the system of notation concise,
we recall what we understand by operator-valued symbols. We freely employ the
operator-valued generalization of Hormander’s spaces of symbols of order u € R,
namely,

(2.18) SH(R? x RY; H, H) and S%(R? x R%; H, H)

where subscript “cl” indicates classical symbols. By (H, k), (I:I , k) we understand
Hilbert spaces with corresponding group actions, and (y,n) € R? x R? are variables
and covariables where y € R? are local coordinates on a manifold. Charts mapping
to RY are taken without loss of generality. Another straightforward modification of
the definition is to distinguish between dimensions of variables and covariables, see
corresponding notation below. If y completely disappears we talk about symbols
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with constant coefficients. The well-known scalar symbolic estimates when H = C
and H = C and ks = k5 = id¢ for all § € Ry turn to twisted symbolic estimates,

namely

”R@{D?C;Dga(y’77)}“<n>||z:(H,ﬁ1) < c(pr

for all (y,n) € K xR, K € RY?, and all « € N%, 8 € NY for constants ¢ =
c(a, B, K) > 0. The concept is also well-known for Fréchet spaces E and E with
group action k and &, respectively. Classical symbols a(y,n) are based on twisted
homogeneity

aguy(y, 0n) = 6" fsa, (y, k5"
for all § € R;. Note that in the operator-valued set-up there are non-trivial homo-
geneous functions defined for all 7 including n = 0.

Examples of Hilbert spaces with group actions are given in connection with (2.10).
This scheme of notation also works when H or H are replaced by Fréchet spaces, see,
e.g., [13] or [14]. The spaces K¥7¢(X ") and KM ~H°(X") as well as subspaces
with asymptotics are Fréchet where k4 is induced from (2.10) in an obvious manner,
and then the above-mentioned spaces of abstract operator-valued symbols make
sense with respect to those concrete spaces. Such constructions will be applied in
different versions. Our definitions may be similar to each other, but in order to
avoid confusion, we first look at symbols with constant coefficients, i.e., omit y at
all and write A rather than 7.

Definition 2.5. By L{(X", g;R$ \ {0}) we denote the space of all
(2.19) G(N) € SH(RE; KCHMHE(X M), K M1 (X)),

(2.20) G (M) € SRS Ko (X ), KX 1))

(i.e., where the covariables A € R? plays the role of the former 7, and the symbol
has constant coefficients, i.e., y is dropped at all) where (2.19), (2.20) are valid for
all s,e € R and fixed 1 € R, for asymptotics types P and Q which may depend on
G.

The next issue is the class M;°°(X) of meromorphic operator functions, where
(2.21) R ={(rj,nj)}jet CCxN

is an index set I C {—o0} UZ U {+00}. We assume that 7cR = {r;}er intersects
every strip {v; € C : ¢ < Rev; < ¢} for any reals ¢ < ¢ in a finite set and
Rer; — 400 as j — Foo once mcR is infinite. In addition we ask any f(v1) €
Mz>(X) € A(Cy, \ m¢R, L™°°(X)) to be meromorphic with poles at the points
rj € Cof order < n;+1 for all j, with Laurent coefficients of finite rank. Moreover, if
X (v1) is a mcR-excision function (i.e., x(v1) = 0 for dist(vi, 7¢R) < €9, x(v1) = 1 for
dist(v1, mcR) > €1 for some 0 < g9 < €1 < 00) then x(v1)f(v1)|r, € S(T'y, L™°(X))
for every A € R, uniformly in finite intervals. Operator-valued symbols of order
u € R, in covariables A € R? connected with such meromorphic symbols are of the
form

N
— j joo— T 2 6]
(2.22) M(X) = r wpy Zr{ Z Op,J / (fija)A wf)\]
J=0 o<



PARAMETER-DEPENDENT EDGE CALCULUS AND CORNER PARAMETRICES 7

for elements fjq(v1) € Mﬁ?j (X) and weights v;, satisfying the conditions

(2.23) F"T“ LN TcRja = O for v —j< Yia <M

=
for all j, a. Here wpy(r1) = w(r1[A]) where A — [)] is any smooth, strictly positive
function in RY such that |A| = [A] for |[A] > C for some C' > 0 and I'g = {v; €
C : Rev; = B}. It is evident that then we get operator-valued symbols in A\ with
constant coeflicients

(2.24) M(N) € SHRE KM (XM, KoM —H(X M)
and
(2.25) M(X) € SHRE K™ (XM, KT H(XM)

for every s € R and any asymptotic type P with some resulting Q. Also here we
have a connection with weight data g = (y1,71 — p, 9).

The spaces Ly, (X", g;R}) consist of all sums M(X) + G(A) where G()) are
Green families as before and M()\) are defined as operator families of the form
(2.22). In other words we completed Definition 2.3.

We systematically employ continuity, according to

Theorem 2.6. [14] Every A(\) € L*¥(X", g; R$\{0}) induces families of continuous
operators

(2.26) A(N)  KCS(XN) — KSR (XN,
and
(2.27) AN KRH(XD) = KGHTTHXM),

for every s € R and any asymptotic type P and some resulting Q which is indepen-
dent of s.

Remark 2.7. Theorem 2.6 is well-known in the cone calculus over the infinite
stretched cone X” for smooth compact X, though specific cone aspects are sup-
pressed for ;1 — oo since at r; = oo the Kegel spaces coincide with “cone”-spaces
from (2.7), and those are not affected by the weight ~; which is responsible for
r1 — 0. In other words the structure of Mellin operators

(L= w)r*Opyy ()N & (1= &) Hogno(X7) = HEGlH(X7)

cone cone

which are involved in (2.26) ignores the weight ; completely and caused by the
holomorphic covariable of A in v; including the other elements of the operator-
valued Mellin symbol classes in (2.5). This effect comes from [6], [7] which contains a
proof of the equivalence of traditional quantizations with (in this case) A-depending
cut-offs together with Fourier quantization at r; — oo and Mellin quantization.

Remark 2.8. Notation (2.3), especially A # 0 is motivated by the edge symbolic
structure of operator families L*(B, g; R{) for some B € 9 with edge s1(B) of
dimension ¢; > 0. In this moment the amplitude functions depend on covariables
(m,A) with 7, being the covariables on the edge s1(B) and, if necessary, on pa-
rameters A € R? Then edge symbols will be twisted homogeneous functions in
(m,A) # 0. We come later on the explicit shape of such amplitude functions. In
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any case, it also makes sense to admit the case d = 0, and then only 1 # 0 re-
mains can be rephrased to A # 0 as we did so far. In other words, up to notation
change, the class (2.3) just contains twisted homogeneous subclasses which come
from the parameter-dependent symbolic structure of (2.5). Since those conventions
are essential we briefly stretch the definition.

In order to make the degenerate character of interior symbols more transparent we
remember of the fact that our operator families are coming from operator functions

(2.28) p(ri, 01, ) = p(rior, 1)
for
(2:29) P21, A) € LG (X R HS)

where the operators in 1 € Ry act via the Fourier transform and are combined with
the factor r;{ . In other words, for reasons which are explained in other papers, see
[17] etc., they have the form

(2.30) 0Py (P)N) |y £ C5° (B x X) — C(Ry x X).

Then, in order to reflect weight effects we fix a weight 1 € R and rephrase (2.30)
in term of the Mellin transform on the r{ half-axis. This process is also called a
Mellin quantization, and the difference between (2.30) and (2.5) consists of smooth-
ing operators over Ry x X which are ignored under Mellin quantization, but the
transformation from (2.30) to (2.5) is canonical when p(rq, o1, A) is a polynomial
in g1, \, because of the exact replacement of —7“16%1 corresponding to —irip1 in
the Fourier picture by the Mellin covariable v;. Thus, in the program of expressing
parametrices of Fuchs type operators there is no loss of information in the differen-
tial case, but there are specified remainders when we realize operators in weighted
spaces for different weights. Those are, in fact, Green operators, depending on the
choice of weights. In any case homogeneous principal symbols in the Fourier picture
do not depend on this aspect; they can be expressed both in the Fourier and the
Mellin picture and are the same up to a substitution of variables and covariables,
not only for differential operators, and including parameters. When we formulate
information in local coordinates x € R™ on X with parameter A\ and look at A(\)
which is the same as H(A) modulo smoothing remainders, since Mellin plus Green
operators are smoothing for r; > 0 we obtain a parameter-dependent principal sym-
bol oo(A)(r1,x,01,§,A) for (01,£,\) # 0. This contains in its r1-dependence also
the weight factor 7;* and in addition the 71-degenerate behaviour in g1, A, such
that it makes sense to write

(231) UO(A> (Th Z, 01, 57 )‘) = Tl_M&O(A) (Tlu Z,T101, é-a 7’1)\)

for a “reduced” symbol 6o(A)(r1,x, 01,&, A) which is smooth in 7, up to r; = 0
and where (g1, ) is involved in the meaning (g1, \) for § = r101, A = r1A which
just corresponds to the background information (2.28), (2.29). Concerning o(-) the
advantage of the Mellin formulation is that it admits a natural definition of ellipticity
with control up to ;1 = 0 both for A as well as for M + G, which entails Fredholm
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property in Fuchs type weighted Soboley spaces where we associate with H () also
so-called conormal symbols, on the level of principal symbolic information, namely,

(2.32) o1(H)(v1,0) := h(vy,0)

with h being defined in Definition 2.3. Here there is no dependence on A, and v is
varying in the complex Mellin plane. The operator families (2.32) pointwise act as
continuous operators

(2.33) o1 (H)(v1,0) : H3(X) — H*"(X)

between Sobolev spaces over X. In ellipticity the operators (2.33) are parameter
- dependent elliptic in the variable Imwv; for v; € I'y for any fixed real A\. and
hence (2.33) becomes a family of isomorphisms as soon as Im v; is sufficiently large,
uniformly in compact A-intervals. Although this information is well-known, later on
we refer to similar facts for singularity order k£ > 1. In order to establish conormal
symbols of operator families M () of the form (2.22) we form the operator function

(2.34) Ul(M)(’Ul) = f()[)(’l)l) : HS(X) — HOO(X)

where (2.34) is the subordinate conormal symbol of M (\) from the cone theory close
to r1 = 0. The parameter Imv; is varying on I'y indicated in the weight conditions
of (2.22), here for A = 2 — 41 The operators M(A) + G()) in Definition 2.3 are
smoothing off r; = 0 they do not generate contributions to the interior symbolic
level.

The operators A(\) € L*(X", g; R{\{0}) are called elliptic if A(vy, ) is parameter-
dependent elliptic in Mgvl (X; Rg) and the conormal symbol

o1(A)(v1) = h(v1,0) + foo(v1) : HS(X) = H**(X)

is a family of isomorphisms for all v; € ['nis o with a prescribed weight v, €
2

R which belongs to the ellipticity condition. Note that in case of ellipticity the
restriction of elements in M ) (X ;Rg{) to Ints X Rg{ are parameter-dependent
v 2

elliptic in L (X;T ng1 X Rff\). This holds for all weights 1.
2

We also recall the following result:
Theorem 2.9. Let A(\) € LF(X",g;R%\ {0}) be parameter-dependent elliptic
with respect to the weight ~v1. Then there is a parameter-dependent parametrix
P(\) € L7H(X", g 5 RIN{0}), 97" = (1 — 1,71, ©) where

PA)AQA) =1-=Gr(A), AA)P(A) =1-Gr(N)
for some G,(\) € LgH(X", g R\ {0}), Gr(N) € LgH (X7, gr; R\ {0}) for gy, =
(71771) @)7gR = (71 — My — M, 6)
Corollary 2.10. If A()) is parameter-dependent elliptic then
AN KS(XN) — SRR (X

is a family of Fredholm operators, and kernels belong to subspaces of K7 (X")

with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
JCOOM (XN with asymptotics.
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Theorem 2.11. ([11]) For every v1 € R and s € R there ezists a ﬁ(vl,;\) €
M(;fl (X,g;R‘)%) such that for h(ri,v1,A) = h(vy,r1\) and sufficiently large |\| the
operator

R™*(\) := rfOpX}I_S_n/z(h)()\) DO (XN = (XM
18 an isomorphism.

Theorem 2.9 is known, but we have similar results below for base spaces of higher
singular order. Therefore, we sketch the arguments. The main issue is that the
ellipticity condition on h(vi, A) means that there is an 2(-D(vy, \) € My (X;]Ri)
such that the product '

(2.35) r 0P (RY) (N7 Opyy (R) (M)

is equal to Op,;(f)(A) for some f(v1, ) € M(%vl (X; R;f\). In this conclusion the r1-
powers cancel out modulo some translations in v; of the involved Mellin symbols.
These translations do not influence the parameter-dependent homogeneous symbols
in the sense of pseudo-differential operators on I'g, x Rg{. Therefore, the product
(2.35) produces identity plus a Mellin operator with parameter-dependent symbol of
order 1. When we insert symbols 2D (r, v, A) = D (v, 71\) and h(ry,v1, \) =
h(v1,71\), then there is a Leibnitz product effect in (r1,v1) under which only lower
order terms are changed, and those again produce lower order terms. Then a formal
Neumann series argument gives us, say for computing a left parametrix gives us
remainders of the form 1—C, for Cp, € LM&_G (X", gp;R?\ {0}). Together with the
inversion of the conormal symbol we finally get remainders in

LiOO(X/\JgL;Rd \ {0}) = L(_}l(X/\JgL;Rd \ {0})

For the right parametrix we proceed in a similar manner, i.e., it can be identified
with the left parametrix.
As a consequence we see that

(2.36) AN L K3 (XN — Kmrm—i (X

is a family of Fredholm operators. The index is independent of s € R. Later on
we shall interpret elements of L*(X”, g;R?\ {0}) with ¢; 4+ d rather than d and
parameters (11, ) # 0 as space of occurring edge symbols for edge operators, and
the ellipticity condition in the edge case will be that the respective cone operators
are families of isomorphisms. This is not automatically the case, but similarly as
in boundary value problems the situation is required by adding trace and potential
entries including right lower corners in corresponding 2 x 2 block matrix operators
to achieve families of isomorphisms. The extra entries remind of Green operators
and can be chosen as symbols with asymptotics. Later on operator families in
LM(X", g;R%\ {0}) occur as homogeneous principal edge symbols. In contrast to
Remark 2.4 we did not require the elements M(\) + G(X) € Ly, (X", g; R4\ {0})
to be homogeneous in such a sense. Of course, there is the subclass

(2.37) LW(X", g; R\ {0})
of those A()\) € L*(X", g;R?\ {0}) such that
A(GN) = ks AN kgt
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for all § € R;. The construction of trace and potential etc. operators makes sense
for the space (2.37) which gives rise to an extension of LU (X", g;R?\ {0}) to an
algebra of 2 x 2 block matrices

s - (RO 8 T

for some e, f € N where f —e just equals the Fredholm index of (2.36). Here G(\) €
LA(X", g;RE \ {0}) and T()) are trace operators, K(\) potential operators, and
Q(X) are families of classical symbols in A with values in f x e-matrices. The nature
of T(\) and K(A) is determined by kernels and cokernels of solutions to elliptic
equations, and they may be represented by families of functions with asymptotics.
The properties are similar to those in the boundary symbolic calculus in pseudo-
differential boundary vales problems. Compositions K (A) o T'(\) are examples of
parameter-dependent Green operators, cf. Definition 2.5.

In order to see a connection between Definition 2.3 and the more complex situa-
tion of operators over (stretched) wedges

(2.39) XM xRS (r,z,y1)

> (XYY (X

we have a look at the shape of operators in the calculus over a compact space
B € My with edge s1(B) =: Y7, locally close to Y7 in local coordinates y; € R%
modeled on wedges (2.39) with local amplitude functions for the corresponding
parameter-dependent edge calculus. Those have the form

(2.40) a(yi,n1, A) == h(y1,m, A) + m(yi,m1, A) + g(yi,m, A)
where

(2.41) h(y1,m1, A) = wry Opl 2 (h) (y1, 1, Ao

and Mellin amplitude functions

(2.42) h(r1,y1,v1,m1,A) = h(r1,y1, v, 111, 1\

for

(2.43) h(ri g, A) € CF(Ry x RY, M (X;REED).

Definition 2.12. By L*(B, g;R?) for g = (v1,71 — 1, ©) we denote the space of
operators

(2.44) AN) == H\) + M)+ G\) + Ais(N) + C(N)
where H()) is locally close to Y] expressed as a finite sum of operators
(2.45) O, {wr#Opyy "2 (h) (yr, 11, Nw'}¢'

with ¢ < ¢’ in C§°(R?') coming from a partition of unity over Y; and where h
satisfies relations (2.42) and (2.43). Moreover, we ask that

Ains(N) € L (B \ 51(B); RY),

such that the A-dependent distributional kernel which is contained in (B\ s1(B)) x
(B \ s1(B)) has proper support in the respective open set. In addition C(\) €
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L™°(B, g;R%) is parameter-depending smoothing, i.e., characterized by the prop-
erty

(2.46) C(\) € S(RS, L=(B,g))
where L™°°(B, g) is the space of all

(2.47) C:H*"(B)— Hy™" "(B)
with

(2.48) C*: H>"""M(B) — HY "(B)

for any s € R and asymptotic types P, Q, which may depend on C. The spaces
involved in (2.47) and (2.48) are defined in Subsection 2.2. We finally require

(2.49) M) +G(N) € Ly, o (B, g;RY)

i.e., M(A) = Op,, (m) is a Mellin operator family locally close to Y7 associated with
Mellin amplitude functions m(yi,n1, A) of similar structure as (2.22), namely, as in
formula (2.53) below, and G(\) = Op,, (9), 9(y1,71, A) similarly as in Definition 2.5.

2.2. Asymptotics on a manifold with edge. Let us now return to operators
over a compact space B € 9y with edge s1(B) = Y7 as explained before in the
context of Definition 2.12. So far the spaces (2.47), (2.48) and (2.49) are not yet
defined. Because of y;-dependence of symbols we prefer to employ the setting of
continuous asymptotics. This requires weighted edge spaces locally along R 3 gy
and subspaces with such asymptotics. Similarly as symbol spaces (2.18) we have
abstract edge Sobolev spaces W*(R%, H) for any Hilbert or Fréchet space H with
group action k£ = {Ks}ser, . Those already played a role in (2.18). In our context
we have Hilbert spaces

H:=K""(X") or K*7¢(X")

or Fréchet subspaces with asymptotics, indicated by subscript P. Those spaces
admit the group action

ks :u(ry,x) — 6%1u(5r1,x),

0 € Ry, and hence we have associated weighted edge spaces defined in terms of
completion of S(R%?, H), e.g., in the Hilbert space case with respect to

1/2
ol ey = {. [ () g o) |

(otherwise for semi-norm systems in the corresponding Fréchet space, where || - ||z
runs over a countable system of semi-norms in H).

Weighted edge spaces H*" (B) over a compact B € 9t; with edge are defined in
terms of charts

(2.50) Xi:Y; - R%

for a system of coordinate neighbourhoods Y; C Y, i = 1,..., N, satisfying some
simple admissibility condition concerning transition maps, used in several exposi-
tions on edge spaces, see, e.g., [14] or the article [7]. Then H*"(B) is defined as
the set of those u € H{ (B\ Y1) such that p;uox; * € W3 (R%, K37 (X)) for all 4,
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with (¢1,...,pnN) being a subordinate partition of unity. H*7 (B) can be equipped
with a Hilbert space structure in a natural way.

In an analogous manner we obtain subspaces H;;m (B) with asymptotics of type
P by replacing K*7(X") in the latter definition by K3 (X”"). Those are again
Fréchet spaces. Thus the spaces in relations (2.47), (2.48) are defined, where the
formal adjoints refer to spaces H%0(B) which may be identified with r—"/2L?(B\Y}).

Analogously as L, (X", g; RS \ {0}) in Definition 2.5 by R (R? x R1T4, g) we
denote the space of

(2.51) g(y1,m, A) € SR x ROFEJCoMe(X M), M 70 (X))
the pointwise formal adjoints of which have the property
(2‘52) g*(yl,m’ )\) c Sﬁ(R‘h % Rq1+d; ;Cs,—%Jru;e(X/\)’Kcéo,f’h;OO(X/\))’

for some g-dependent asymptotic types P, Q, associated with the weight information
in these relations. Those are required for all s,e € R. In the case of discrete
asymptotics we assume P, Q to be constant with respect to y;; in the continuous
case we assume the same, but then we may admit carriers which cover variable
discrete asymptotics. Such operator-valued symbols are connected with weight data
g = (7,71 — i, ©) which are given in connection with the weights in the spaces and
also determine the position of m¢P and wcQ, respectively.

Other ingredients of parameter-dependent edge amplitude functions will consist
of Mellin contributions, namely,

%
— j jo—/2 o
(253)  mynm ) = e > Y 0py (i) (1) (N,
J=0  |a|<j

where wy, A(r1) = w(r1 (n1,A)) and, similarly, w,, », and
fia(y1,v1) € Cm(qu,Mﬁz(X))

satisfying analogous weight conditions as (2.23). In (2.23) we assumed (constant
in y;) discrete Mellin asymptotic types. This works with the observation that we
always find weights 7, in the required interval. In the continuous case this is not
automatically the case, since the carriers of continuous Mellin asymptotic types do
not necessary leave such gaps. However, corresponding yi-dependent smoothing
Mellin symbols can always decomposed into sums where every summand is of the
required form. Corresponding decomposition identities may be found, e.g., in [10].
In that way (2.53) is asked to be represented in the form m = my + my where the
summands are of the form (2.53) but with Mellin symbols fj, who are different for
the corresponding summands. For brevity we simply only argue in terms of Mellin
amplitude like (2.53), keeping in mind that for an arbitrary choice of f;, we always
have decomposition like fj, = jla + jza where the associated continuous Mellin
asymptotic types leave gaps of the carriers sets to make the Mellin actions possible.

Let RY, (R xR?H, g) be the space of all (m~+g)(y1,m1, A) such that g(y1,m1, )
€ RE (R x R%+4 g) and m(y1,m1,A) a finite sum of operator functions of the kind
(2.53), where it can be proved that two summands generate the whole space of such
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elements. Similarly as (2.51) we have
m(y1,m, A) € SHRM x RUHE Ko7 (XN), KoM H (X))

and

m(y1,m1, ) € SHRD x ROTE (XM, KFT (X))
for all s, for arbitrary asymptotic types P and some resulting Q. When we evaluate
homogeneous principal symbols in the operator-valued set-up it suffices to ignore
the exit order e in Green symbols and to express symbols with smoothness s — u in
the image spaces. For Green symbols g we can take as o1(g)(y1, 71, ) the twisted
homogeneous principal symbol

a1(9)(y1,m, A) € SW RS > (RUTEN {0}); 571 (XM), K577 H(X M)
and for the twisted homogeneous principal symbol of m(y1,n1, A) we have

o1(m)(y1,m, A) € YR x (ROF\ {0}); L7 (X1), L1717 (X 7))
which has the form

0
o1(m)(y1,m,\) = T;HWWLM ZT{ Z Op}ffa "/Z(fja)(yl)(m, )\)aw\/m,/\\
Jj=0  |a|=j
for wy,, A|(r1) = w(ri|m, Al), and the same for oJ"m)\‘. Observe that the general
reasons these are parameter-dependent homogeneous edge symbols of Mellin plus
Green type and defined for (11, \) # 0.

Note that when we change the cut-off functions or the weights in (2.53) we leave
remainders of Green type. Also other expected rules hold, such as that the symbol
spaces Ry, 4q form algebras and that the homogeneous principal symbols behave
multiplicatively. Moreover, formal adjoints are Mellin plus Green again, with com-
patibility of formal adjoints of twisted homogeneous symbols.

2.3. Edge calculus of first singularity order. The following consideration con-

cerns the edge calculus with parameters, and as noted before, is of analogous struc-

ture as the operator class from Definition 2.3, now for B € 9; rather than X", and

since B is not discussed in terms of some conical exit we admit parameters X € R
Let B € 911, not necessary compact, and ¢; = dim Y; > 0. By

(2.54) L*(B, g;RY)

for weight data g = (71,71 — 1, ©1), we denote the set of all families of operators
(2.44), where it remains to formulate the ingredients close to Y] in terms of edge
amplitude functions in

(2.55) RE(RY x R g)

consisting of all operator families (2.40) for (m + g)(y1,m,A) € Ry (R x
R%+4 g), cf. notation in Subsection 2.2, and h(y1,71,)) as in (2.41). Then the
part of operators in L*(B, g; Rf\l) close to Y7 can be described by

(2.56) H(\) = Y ¢0p,, {r w100}y " (h) (y1,m, Mt}
o=’
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with summation over ¢ from the partition of unity, ¢ < ¢’ also smooth and of
compact support in R? and cut-off functions wy < w} on the r1 half-axis and

(M +G)(N) = > Op, {(m+g)(y1,m,\) ¢
Py’

for (m + g)(y1,m,A) € R, o(R? x R2T g). In more concise manner we also
could express the elements of (2.44) as

(2.57) AN = @0p,, (a(yr,m1, N)@' + Aume(X) + C(N)
=y’
for arbitrary a(y1,m,\) € RH(R x Rutd g).
Note that in the edge situation we have locally over a wedge in the variables
(ri,y1) and covariables (p1,m1,A) analogously as (2.28), (2.29) edge-degenerate
pseudo-differential families

(2.58) p(r1,y1, 01,M1, A) = D(r1, Y1, 7101, "1, 1)
for
(2.59) Ari, 91,8157, A) € C(Ry x RQI,LQ(X;Rggllgd)).

Then the Mellin symbols h indicated in (2.41), (2.42), (2.43) are just by applying a
Mellin quantization process which turns ¢; to v1 € C, and which is combined with
a kernel cut-off procedure. The edge symbolic hierarchy, consisting of

a(A(N)) = (00(A(X)), a1(A(N)))
partly refers to the interior Fourier based background. From (2.59) we have by

dissolving the variables into (r1,x,y1, 01,&, 71, A) the parameter-dependent “scalar”
interior symbol

(260) UO(A)(Tlu Z,Y1, 01, 57 m, )‘) - TIM&O(A)(TD Z,Y1,7101, 5) rin, Tl)\)
for a “reduced” symbol &o(A4)(r1,x,y1,01,&, 71, A) homogeneous of order p in
(01,§,m,A\) # 0 and smooth up to r; = 0. This explains, analogously as (2.31) the
symbolic level og(A()N)). Moreover, in this framework we have

o1(A(N)) = a1(H(A)) + o1(M(A)) + a1(G(N))

where the second summands are known from the edge calculus in [14] and
o1 (H(N)(y1,m, A) = rf“OpX};"/Qﬁo(yl, BUINEPY)

for fzo(yl,n}, 5\) = ﬁ(O,yl,rlm,rl)\), which is a function with values in continuous
operators
a1 (H())(y1,m, A) : K57H(XD) = Lo7AM=H(XH)
for (n1,A) € R1F4\ {0} belonging to
(2.61) LM(X7, g; R {0})

smoothly depending on y;. In other words (2.61) furnishes the parameter-dependent
edge symbolic calculus of (2.54)

Let us make some remarks on how we can obtain special examples of parameter-
dependent elliptic elements A()\) in (2.54). Ellipticity is defined as bijectivity of the
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involved symbols. We first have the interior ellipticity which means non-vanishing
of 0g(A) for all (01,&,m,\) # 0 and of 6¢(A) up to r; = 0. In addition the edge
symbol

(2.62) a1(A()) (Y1, m, A) : K57 (XD) = K771 (X7

which is a family of operators in L*(X", g; Rgij\d\{O}) has to be Fredholm for every

(y1,m1,A) € R x (R1+4\ {0}). Tt is of interest to investigate on how we can pass to
a 2 x 2 block matrix family of isomorphisms. For this some topological obstruction
on the K-theoretic index bundle of (2.62) has to vanish. If we focus on the case that
(2.62) is a family of isomorphisms then the obstruction vanishes. In the articles [17]
or [18] we studied special elliptic cases where the operators (2.62) (in local form)
are essentially derived from parameter-dependent Laplacians and the edge symbols
are then of the form
([ [? + A2y

taking values in operators between spaces in (2.62). The desired property depends
to a large extent on the behaviour of subordinate conormal symbols which have to
attain isomorphisms between Sobolev spaces over X, namely

H(X) — H*"(X)

for any s € R. Those are operator functions depending on v; € C and they have to
be bijective on the prescribed weight line I'ni1 - In applications below we need
2

bijectivity in a particularly large weight strip. In order to achieve this it is helpful to
have bijectivity first in any (particularly narrow) strip, and then to enlarge this by
a dilation in the z-plane. In this manipulation we do not loose the other ellipticity
conditions, and this weight strip can be stretched so wide that several manipulations,
e.g., translations of reference weights, remain possible without leaving that strip.
Examples have been discussed in [17], and we use them here in connection with
the observation that enlarging weight strips is always possible. Let us summarize
weight manipulations of that kind as

Remark 2.13. Prescribed weights in suitable examples may be variable in large
intervals without violating the conormal ellipticity condition in .

The effect of making such a choice of special cases is that the contribution from
Mellin symbols to asymptotics only consists of composing singular functions by a
holomorphic (operator-valued) factor, up to translations in the complex plane.

The present material on the edge calculus of first singularity order is a background
for the calculus of higher singularity order, especially, ellipticity and parametrices.
Let us add here for completeness a theorem which states Fredholm property and
parametrices within the edge algebra, cf. [8].

Parameter-dependent ellipticity of an A(\) € L*(B,g;R{), cf. formula (2.54),
means that A € L¥(B\ Y;R$) C LY(B\ Y;RY) is parameter-dependent elliptic
in the standard sense and close to the edge Y the reduced symbol 6((A) does not
vanish for (01,&,m1,A) # 0 up to r; = 0. Concerning the principal edge symbol
(2.62) we have different options. In the “best possible” case (2.62) is a family of
isomorphisms, otherwise we ask (2.62) to be a family of Fredholm operators which
comes extra edge conditions. For brevity we consider the first case.
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Theorem 2.14. Let A(\) € L*(B, g;R?) be parameter-dependent elliptic. Then
there is a parameter-dependent parametriz P(\) € L~*(B,g~ 1 ;RY) such that

P(A() =1 - CL(X), AWP(Y) =1 - Cr(N)

for operators Cp,(A\) € L=°(B, g1,;RY), Cr(A\) € L=°(B, gg;RY). Moreover, if B is
compact

A(N) : H®Y(B) — H* #"M~H(B)
is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |\|. This holds for all s € R.

Proof. It suffices to consider operators close to Y, since the interior part is elliptic
in LY (B \ so(B);RY). The construction of P(\) can be carried out first in terms
of amplitude functions (2.55) by first inserting the ks-homogeneous principal non-
smoothing part and then to compose the corresponding test parametrix to A(\).
Then we can invert the resulting (1 4+ m1 + g1)(y1, 71, A) by using the theorem on
inverse of 1+ smoothing Mellin symbol within this class of operator functions. The
resulting conormal symbol then vanishes, and a subsequent formal Neumann series
argument leaves us a Green remainder. U

3. CORNER OPERATORS
3.1. Calculus of corner symbols.

Theorem 3.1. Consider a sequence of operator functions
(31) fﬂ*j(%vj‘) € Lﬂ_j(Bag;R%ch)v

jeEN, g=(v,7— u,0), and let the asymptotic types contained in the Green terms
of fu—j be independent of j. Then there is an f(7, )\) € L*(B, g,RHd) such that

(3.2) qu _i(7,A) e L WNH(B, g,]RHd)

for any N € N. Let us write
(o]
T A) ~ qufj(% A)
j=0
called an asymptotic sum of the f,_;.
Proof. Elements A of L*(B, g; R;‘;d) can be representd modulo
- Swldy _ 7 — . Tol+d
L™(B,g: R = LGoo(B,g,IR%} )
in the form A = Ay + Ay for some
(3.3) Ay € pLY(B\Y; RHd)cp , Ay € waon LH(B, g,RHd) Whlohs

for certain ¢, ¢" € C§°(B\Y), ¢ < ¢', and global cut-off functions wgoh < we,y,
with respect to Y. The construction of f := fy 4+ f1 can be carried out over B \'Y
and close to Y separately in a straightforward way. O
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Operator functions in L*(B, g; R;J&d) satisfy rules in terms of differentiations with
respect to parameters. In particular; we have

(3.4) DEDSLH(B,g:RIEY) C LGkt (g, g: R

for any k € N, a € N%. Our next objective is to compose corner-degenerate families
of operators

(3.5) t71Opy(a)(A)t"Opy(b)(N)
for a(tr,t\),b(t,t\) given by

a(%aj‘) € LM(ng2;R}~_J§\d)7 b(%a 5‘) € LV(Bygl;Rj:JE\d)a
respectively, where

91:= (1,7 -1.0),gy= (v —v,v— (v+p),0),

in terms of Leibniz compositions with respect to variables and covariables (¢, 7).
Proposition 3.2. We have
(3.6) t7#0py(a) (Nt~ Op, (B)(A) = =0+ 0py (a:b) (N) + G(N)
for G(\) determined by Op,(g)(X) for some g(tT,t\) with
9(7, ) € L™(B,g: RS

For our purposes Proposition 3.2 only plays the role of giving an idea on what
happens with symbols under compositions and might be studied in more detail.
We simply want to illustrate in which way corner operators, obtained by replacing
parameters (7, ) in operator-valued symbols by (t7,t)\) reflect some Leibniz com-
position behaviour. Compositions in other form will be formulated in combination
with Mellin quantizations applied to the respective symbols.

Proof of Poposition 3.2. The proof only employs repeatedly applying the chain
rule and other elementary conclusions concerning compositions of operator func-
tions, where

1
aghd ~ Y Hafapfb.
k=0
O

Definition 3.3. The space Mgv2 (Bl,gl;R%Zt\d) for g, := (v1,71 — p, ©), is defined

as the set of all h(y2,m2,\) € A(C,,, L*(B1,gy; R?;,J;d)) such that
. 1 d
(B2 +i02,N) € L*(Bi,g1; R, 21
for every Bs € R, uniformly in compact Bs-intervals.

Here we employ the operator classes in Definition 2.12 together with notation
(2.56) for the non-smoothing Mellin part close to Y; and the former B is denoted
by Bj. The spaces

(3.7) LM(By, gq; RY)
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are locally convex, and they may be interpreted as unions of Fréchet spaces. Ev-
ery element of (3.7) belongs to such a subspace and we can talk about spaces of
holomorphic functions

(3.8) A(Cy,, L*(B1, g3 RY))

by taking unions coming from those Fréchet subspaces of (3.7). Note that standard
elements of complex function theory also work for holomorphy of functions with val-
ues in a Fréchet space, see, e.g., the textbook of Jarchow, [9]. In such constructions
the weight data g; = (y1,71 —u, ©1) for weight intervals ©1 := (—(61+1),0],6; € N,
are chosen and fixed, and then

(3.9) MY (Bi,gy;RY)

v2

is defined as in Definition 3.3, but for ga = 0. In the sequel we use notation
(3.10) h(re, vz, \) € Mqu(Bl,gl;R;{M)
if h(ro,va, \) = h(va, o)) and h(v, A) € M(’;UZ (Bl,gl;]Rg). If H is a Hilbert space

with group action we define weighted “Mellin-Fourier” Sobolev spaces H*72 (R x
R H) as the completion of C§°(Ry x R%, H) with respect to the norm

[ I — { / / (02, 1)
R JTpy 41
a

Y2

1/2
(3.11) Gy s P ) s |

This expression can be generalized to Y7 rather than R? by using charts like (2.50)
which gives us spaces H*72 (R4 x Y7, H) for any s,7v, € R. We employ this definition
first to the case s = 0 and H := K% (X"). In the next step we consider K-spaces
of smoothness zero and arbitrary pairs of weights v = (71,72) € R2, namely, for
By € My, Y, = s51(B1) we set
K27 (B1) =wawi HO? (Ry x Yy, KO (X))

4+ (1 — wo)wr HOO(Ry x Y3, KO71(X7M))

+ (1= wa)(1 = wi)C*O((2B1)")
(3.12) + wa (1 — wp K2 ((2B1)")
for cut-off functions wy = wa(re), w1 = wi(ry).

In order to give an explanation of spaces K*7(Bf') for arbitrary s € R we first
consider the Hilbert spaces H%7 (B) which are defined locally close to s1(B;) =: V)
by

H*M(B1) = wxW* (Y1, K57 (X)) + (1 — wi) Hige (B \ Y1).
This gives us spaces H*"?(Ry, H*71(B;)) and also
HE(R, HOOM (B1)) = [l Mo (R P (By))
and we form

(3.13) SP(Ry, HY(By)) == lim HOP(Ry, H*7(By))

s0,e€R
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for sufficiently large sg,e. In particular, yo remains a multiplicative weight and we
have

SRy, HV(BY)) = 128 (Ry, H7 (BY)).
The spaces H*72:¢(R,., H57(By)) and also (3.13) are embedded in X% (B}). More-
over, we employ the non-degenerate sesquilinear paring

(3.14) (-, ')ICOvO(B{\) : ICO”Y(B{\) X Ko’f’y(B{\) —C

for any v = (71,72).
Now with Mellin symbols

f(r27 V2, >\) € M(%v2 (Bla gi1; Rgg/\)
for g; = (71,71, ©) we have continuity
—b1 /2
Op3; "2V : KO(BY) — KO (BY).
If (3.10) is a Mellin symbol, we have continuity of
(3.15) 5" Op3; A (W)(N) : S (R, HW(B)) = 87 (R, H(BY)).
By duality via (3.14) we also get continuity between the respective dual spaces. For
S (Ry, H¥M(By)) = r3*S(Ry., H*7 (B1))
we have a sesquilinear pairing
SP Ry, HM(By)) x (8™ (Ry, H7(B1)))" = C.
Instead of (87 (R4, H*7(By))) we also write (8")772(R4, H=°>7(By)). Then,
(3.15) allows us to pass to formal adjoint operators
(ry"OPJE P (R)(N)* £ (8727 #(Ry, HMH(By)))’
(3.16) — (8" (Ry, H®"(By)))
which is a map between the respective distribution spaces. The operator on the
left-hand side of (3.16) is of analogous structure as that on the left of (3.15), i.e.,
of the form
— —b1/2/4 %
ry 0Py A () (V)
for some element h* € Méf)vQ (BlanggQ)\) for g, = (=7 + p, —7,©) obtained
together with a translation in the complex vs-plane. Because of the assumptions on
holomorphy of Mellin symbols in sufficiently large vo-strips, the map (3.16) may be
realized between spaces of distributions relatively to the original weights, namely
raPOPYE ") (N)  (S')2 Ry, H077(By))
— (82 KRy, H-®M~H(By)).
By restriction this induces an operator family

(317)  ry"Op} A (W)  KOV(BY) = (8 (R, HOM T (By))

which makes sense because of K% (B7\) C (8')2(Ry, H=°~"(By)), but (3.17) is
by no means surjective. This consideration may be applied to s € R rather than p,
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and a pair of weights v — s = (71 — s,72 — s). Then the respective operator will be
called R™%, and we define in new notation

R = r30p}3 A1) () £ K0 (BY) — K (B

where f(rg,v2, \) = f(vg,72)) for a resulting f(va, \) € My? (Bl,gs,Rd) for weight
data g, := (71 — 8,71, 0). The resulting space K7 (By) is the image of KX%7=%(BY}")
under R~*(\) for sufficiently large . We altogether obtain

Theorem 3.4. For every pair of weights v = (71,72) € R? and s € R there erists
an f(vg,\) € My? (Bl,gs,R~) such that for sufficiently large |\| the operator

(318)  RT(N) =0y AN : KO (BY) - k(B
defines an isomorphism.

Remark 3.5. In the construction of f(va, \) € My? (Bl,gs, R? ) we make a special
choice in connection with Definition 3.3. It is not necessary to admit an arbitrary
L*(By, g4; R'T2%4)valued holomorphic function but only take a function with val-
ues in operators H(-) 4+ Aint(-) as indicated in Definition 2.12. This allows us to take
into account that also asymptotics for 7 — 0 are respected (up to a translation)
under the map with Mellin symbol, holomorphic in v.

Note that the operator (3.18) is defined in terms of a parameter - dependent
elliptic element f(va,\) € MO (Bl,gl,R~) and for large || we have injectivity

on ICOW_S(Bf), since there is a parameter dependent left parametrix which leaves
small remainders with increasing |A|. In any case we set

K5Y(BY) :=im R™%(\)

and another consideration shows that this space is independent of the specific choice
of f with the indicated property.
A simple consideration shows that K£*7(B{') admits the group action

ks - K*(BY) — K*(BY),

(ksu)(ry, x) = 6OV 2 (5r, 1), 0 € Ry
In addition the particular form of the Mellin symbol f(vg,7r2\) gives us twisted
homogeneity

R7(6X) = 0 ks R (M) Ky -1

for all § € Ry. The operator calculus on the infinite stretched cone B” requires
Green and smoothing Mellin operators which play a similar role as those on Subsec-
tion 2.2 for a smooth compact X. Similarly as in (2.13) we employ pairs of discrete
asymptotic types P1, P2 and form spaces of singular functions

Epy, 792(31 {ZZ“’2 r2) V)‘ VlOgATQ

v=0 A=0

s dyx € Hp "' (By) for all v, )\}.
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Moreover, we have the spaces (3.11) where the involved space H may also be a
Fréchet space with group action. This allows us to form spaces

TSR Ry x B, ) = i H O D=2 (R, x B K37 (X))
e>0
for ©3 = (—(02+1), 0] which is an expression in terms of known data. A globalization
gives us the spaces

waw1 globHp, p, (BY) 1= wawi globHp) 0, (B1) + Ep, p,(BY)

for cut-off functions wy = wa(r2) on the half-axis and functions wy glo1 in the distance
variable r; to Y7, the edge of B;. We also pass to spaces globally on Bf* by forming

WQH%;YI»,}ZQ( ) = Wawq glOprl P (Bl ) + CUQ(]. — wl,gbb)?-[s 2 ((zBl)/\)‘so(BlA)'

This gives us

w2fHPlﬁYl Y2 (B{\) = L W2/H3g>1717’>22( )
seR

Moreover, consider
(1= w2)S(Ry ry, Hp ™ (B1))
which can be identified closed to Ry x Y] with the space
(1 - ws) lim WH(R, x Y1, K57 (X))
s,0€R

Let us now form

B2 (B i= wo M 2 (B + (1 — WQ)S(R+,T‘2’ Hp,

77
P1,P2 P1,P2 P1 H(B1):

Definition 3.6. By L, (B, g; R?\ {0}) for weight data g := (g;)i=1,2, where g; =
(Viyvi — 1, ©4),0; = (—(0; + 1), 0] for certain §; € N,i = 1,2 we denote the space of
all

G()\) c Sﬁ(Rﬁ; ICs;%ﬁ%e(B{\)’ IC%C;;}/;Q—#KD—#;OO(B{\))
such that
G*(A) € SH(RY; Ko mrm—mzte (Bl o5 I BYY))

for arbitrary s,e € R and asymptotic types P1,Po, Q1, Q2 depending.
Concerning a definition of spaces
SiYLY2 ( A
ICP1 ,17722 (B1)

for s € R we apply an analogue of Theorem 3.4. The definition of K%7(Bj") in
(3.12) allows us to pass to subspaces

Kp) p, (B) =wawn HO02 (R x Vi, KT (X))
(MO < i KT ()
+ (1 — WQ)(l — wl)]CO,O((QlBl)/\) + w2(1 _ wl)’CO’”((QIB%l)/\)_
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We now form asymptotic types Pi(s), P2(s) which are translations of Py, Py accord-
ing to the weight shift in formula (3.18) and generate K%Y,Pg (B}') as the image of

0,y—s
ICP?(S),pQ(S) (B{") under the map (3.18). Then

R™*(A) - Kpl() ) (B1) = K], (BY)

just generates Kegel spaces with asymptotics for arbitrary s.

Remark 3.7. All those constructions makes sense for continuous asymptotic types
n ro.

Analogously as the operator families we now formulate the smoothing Mellin
contribution to the class L{;, (B, g; R \ {0}) for g = (g1,95). To this and we
first formulate the symbol classes M;°°(B1, g;) for some Mellin asymptotic type R
belonging to the singular order 1. Similarly as (2.25) in the discrete case R is a
sequence in C,, x N such that m¢R satisfies an analogous condition as before what
concerns the position of points in C,,. Now for such an R the space

Mz>(B1,91)

is defined as the set of all f(v2) € A(C,, \ mcR,L™>°(B1,9;)) such that f(vs) is
meromorphic with poles at the points in 7¢c’R of multiplicity n; + 1 and finite rank
Laurent coefficients in L=°°(By,g;). In addition we ask

x(v2) f(v2)lry € S(Tp, L™(B1,91))

for any mcR-excision function y and every 8 € R, uniformly in finite intervals. Now
the smoothing Mellin cone families for the calculus over B} are assumed to be of
the form

02
— j 'aib «
(3.19) MX) =1y wy Zr; Z Op,f 1/2( Fia) Ay 1y
J=0  |a|<j

for elements fja(v2) € Mp>(Bi,g;) and weights ;o satisfying

J

Py | N7cRja = 0 for vo—j < vja <72

2 J

for all j,a. Recall that ws [y(r2) = wa(r2[A]), ete. Similarly as (2.24), (2.25) the op-
erator families M () constitute operator-valued symbols with constant coefficients

M() € SH(R?K2(BY), €02 7#(BY))

and similarly, between subspaces with double asymptotic types.
Note that both Green and Mellin operator families over Bf* can also be formulated
for continuous asymptotics, both with respect to r1 and rs.

As announced before the space Ly (B1, g; R4\ {0}) is defined as the set of sums

M(X) + G(X) for M()) as it has been just defined and G(\) € LE (B, g; R?\ {0}).

Definition 3.8. The space L*(B1', g; R4\ {0}) is defined as the space of all operator
families

A(N) := HA) + M) + G())
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where (M + G)(A) € Ly, o(B], g;: RS \ {0}),
H()) = ;" 0py;"(h)(N)

where h(ry, v2, ) := h(va, 7o) for some h(vq, \) € Mng (Bl,gl;ch\l).
Remark 3.9. We have

L*(BY, g; RS\ {0}) CL*((s0(B1))", g1: RS\ {0})
(3.20) = DP((2B1) S R (0] i,
see notation in the introduction.

Analogously as in the symbolic characterization of H(A) in Definition 2.3 and
expressions (2.28), (2.29) we have degenerate families

p(r2, 02, A) = p(r202,72\)

for

S~y Iz .Rl+d
p(02,A) € L*(B1,g1; R 7).

Then the non-smoothing Mellin symbols A (va, A) € Mng (B1,94; R;f\) in Definition

3.8 are obtained from p via Mellin quantization from p(g2, A\) which turns go to ve.
Another principal symbolic level of operators A()\) in Definition 3.8 is the highest
conormal symbol belonging to the corner singularity

(3.21) 02(A)(v2) := h(0,v2,0) + fo(ve) : H>"(By) — H* "M~ H(By)

with h as in Definition 3.8, frozen at ro = 0 and the principal conormal symbol of
M(X), cf. relation (3.19) which is just the smoothing Mellin symbol belonging to
the summand for j = 0, now denoted by fo(v2). The conormal symbol (3.21) is
regarded as an operator function parametrized by vy € I’ LESR for by = dim Bj.

Theorem 3.10. Any A(\) € L¥(B7,g; RS\ {0}) induces families of continuous
operators

(3.22) AN K3(BY) — K57~ H(BY)
and
(3.23) AN : /c;;jypz(Bf) — /cs'Q‘lféy“(Bf)

for every pair of asymptotic types P1, P2 and some resulting Q1, Qa.

Proof. The continuity (3.22) is proved in [2]. For (3.23) the arguments are similar
to those of [12, Theorem 3.2.8, page 155]. The crucial information comes from the
mapping properties of Mellin operators close to zero. Let us illustrate phenomena
first for the case of 3" (X ") for an asymptotic type P. The mapping of asymptotic
contributions under Mellin pseudo-differential operators is first determined by the
weighted Mellin transform M., /o which induces a map

My, _pyo KB (X7) = ARTH(X7)
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where A3 (X") is the space of holomorphic functions u in C,, \ mcPy with values
in H*(X) which generate asymptotics of type P; in such a way that

(3.24) [XMp_njoullpgs.s(xny < 00

for a m¢P1-excision function x and any g such that 8 —n/2 < v; — n/2, uniformly
in compact subintervals in the weight strip {71 —n/2—(1+60) < Rev; <y —n/2}.
Another observation is that Mellin operators contain operators of multiplication by
symbols which contribute their singular behaviour in the respective weight strip by
multiplication, and this generates a new asymptotic type Q1, where the smoothness
s in (3.24) is shifted by the order p. In other words the action of our operator
composed from both sides with cut-off functions defines the required map
oML, Jof Moy, o s KB (XR) = KM TH (XM,

In a similar manner we can argue with double asymptotics. Then in (3.24) we
have to replace H*5(X") by 7—[‘79)16 (Bf"), and the arguments concerns P, rather than
P1. O

It can be easily verified that operator families A(\) € L*(B}, g;R¢ \ {0}) form
symbols

A(N) € SR K (BY), K57 #77H(BY))

for any real s. The twisted homogeneity in the respective symbolic estimates refer
to group actions in the involved spaces

(kou)(rg, x) = (5(b1+1)/2u(5'r2,x)

for all § € Ry, with = denoting the variable on B;j. Let S (R4 \ {0}; K7 (BY),
ICs—HY=H(B7")) be the space of principal homogeneous components. Those are also
operator families in L*(B1, g; Rg{ \ {0}) and play the role of principal edge symbols
for operators of the edge calculus of second singular order in Subsection 3.2 below,
with A\ being replaced by (72, A).

Let us call a family A(\) € L¥(B7,g;R¢ \ {0}) parameter-dependent elliptic
of order p, with respect to the fixed weights v = (v1,72) if 09(A) is parameter-
dependent elliptic over B] \ so(B]') in the standard sense and if also the reduced
symbols

T;uéo(A)(rla T,Y1,72, @1) 57 @27 ﬁl) 5‘)
for 79 > 0 do not vanish for (él,f,ég,ﬁl,j\) # 0 up to r1 = 0, where 01 := ry01,
etc., and for r1, 7y close to zero

A~

éO(A)(Tlvxa Y1, 72, @1757 5277717 )‘)

is non-vanishing for (51, €, 02,71, A) # 0 up to ry = 0, for gy 1= r17900, A := 172\ In
addition we ask that h(vg, A) € M5U2 (B1,91; R;f\), cf. Definition 3.8 to be parameter-
dependent elliptic of order p (this just encodes the suitable exit ellipticity when
ro — 00), and that the principal conormal symbol (3.21) is a family of isomorphism
for all ve € FblTHMm
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Theorem 3.11. Let A(\) € L*(B}, g;R%\ {0}) be parameter-dependent elliptic of
order p and relative to the weight v = (y1,72). Then there is a parameter-dependent
parametriz P(\) € L™*(B, g ;R\ {0}),97' = (g7 ', 95 ") such that

P(A)A(N) =1 GL(\), AA)P(A) =1 - Gr(N)
for some GL(X) € L' (Bf, g; R\ {0}), Gr(A) € Lg' (B, gr; RY\ {0}) for gy, :=
(91,L,92,L),9R = (gl,RaQQ,R)'

Proof. The proof follows in a similar manner as Theorem 3.17 below. O

Corollary 3.12. If A(\) is parameter-dependent elliptic then
A(N) : K3(BY) — K777 H(BY)

is a family of Fredholm operators, and kernels belong to subspaces of K7 (B7)
with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
Koo —H(XN) with asymptotics.

3.2. Edge calculus of second singularity order. In Chapter 2 we established
the calculus of edge operators over a By € 9; with parameters, including discrete
or continuous asymptotics with respect to an edge Z;. Here we slightly modify
notation, since first order and second order edges for By € 91y are denoted by
Y1, Y, according to the way of successively forming wedges, e.g., when

(3.25) By = By xYs

we have Yy = s9(B2) but Y1 = s1(B2 \ Y2), and then By € 9y which is the base
of the new model cone has another edge, now denoted by Z; of some dimension p;
which is also admitted to be zero. Thus analogously as (2.54) we have to introduce
local (along Y3 in variables (y2, 12, A), y2 € R%2) spaces of amplitude functions

(3.26) RM(R%® x R2H g)

for weight data g := (g9;)i=1,2,9; = (Vi,Vi — i, ©4),7 = 1,2, consisting of operator
functions

(3.27) az(y2, M2, A) = ha(y2,m2, ) + (m2 + g2)(y2, 72, A)
for the asymptotic part
(3.28) (ma2 + g2) (Y2, M2, A) € Ry q(R? x R+ ),

Let R’é(R‘D x R%2%4 g) be the space of Green symbols, i.e.,
g(yQa 12, )‘) € SS(RQQ X qu—l—d; lcs;’y;E(B{\)7 ,C%?;{P_QMOO(B{\))

such that the pointwise formal adjoint with respect to the K%°(Bj\)-scalar product
has the property

g (y2,m2, ) € SH(R™ x REHE 57T (BY), KF7 7 (BY))

for g-dependent asymptotic types Pi, P2 and Qi, O, associated with the weight
information involved in the respective spaces. Let us admit here from the very
beginning continuous asymptotic types for 11 — 0 or ro — 0. Clearly we also have
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discrete asymptotics, and y;- or ys-independence as a special case. Analogously as
(2.53) there are also Mellin amplitude functions

02
— 1 ia—b1/2
my2, 2, ) = 15w > s S Opa 2 (fia) (y2) (12, A) e,
Jj=0  |a|<j

for Mellin symbols
fia(y2,v2) € CF(R%, Mp™(B1, 91))

satisfying the conditions

TEEE NmcRja =0 for v —j <vja <7
2 «

J

for all j,a. Clearly fja,Rjo and weights 7, are different from the corresponding
objects in (2.53); for convenience we employ here the same notation. The Mellin
asymptotic types R, are admitted to be continuous. As for first singularity order
1 by

R!I\L/I-FG(R(D X ng—i—d’g)

we denote the space of all (m+ g)(y2, 12, A) of the indicated structure (where for the
Mellin part we also take into account more summands of the same conormal order
when the asymptotic types are continuous) and we write R (R% x R%+4_ g) for the
respective space of Green amplitude functions. The non-smoothing holomorphic
Mellin part is defined as

(3.29) ha(y2, 12, A) = wary"Op37 "% (ha) (g2, m2, Aot

for some

(3.30) ha(ra, y2,v2,m2, A) = ha(ra, Yo, v2, Tam2, T2 N)

for

(3.31) ha(r2, y2,v2, 712, A) € C®(Ry x quaMgvz(Blagl;R%ZEd))-

On By € My we have weighted spaces H%7(Bz), defined as the set of those u €
H7(By\ Ya) such that guox; ' € W(R®, K37 (BY)) for all i. Here (¢1,...,¢nN)
is a partition of unity on Y5 subordinate to an open covering of Y5 by coordinate
neighbourhoods Ys;, and x; : Y2, — R% charts, ¢ = 1,..., N. Moreover, we have

subspaces with asymptotics Hpp, (Bz) consisting of elements u € Hy ', (B \ Yz)

such that p;uox; ' € W* (R, K5 p,(B1)). There is then the space
L_OO(BZ>g; RS{)

of all C(\) € S(RY, L=>°(By, g)) where L~°°(By, g) is the space of all operators

(3.32) C(\) : H¥V(Bg) — Hp, ', " (Bz2)

such that the formal adjoint with respect to the scalar product of H%°(By) induces
continuous maps

(3.33) C*(\) : HY™7H(By) = HG) o) (Bsa)

for C-dependent asymptotic types P1, Po and Q1, Qo, respectively.
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Definition 3.13. By L*(Bay, g;R%) for By € My and g = (g;,9g,) we denote the
space of operator families

AQA) = HQA) + (M + G)(A) + Ains(A) + C(A)

where
H\) + (M +G)(A) = Y ¢O0p,, (az)(N)¢'
p=’

for as(ya,m2,\) € RH(R® x R+ g) | where the sum runs over a partition of
unity of Y5 by localizing functions ¢ and ¢’ = ¢ are compactly supported smooth
functions in the respective coordinate neighbourhoods. Moreover, A (A) belongs
to L*(Ba \ Ya,91; Rf\l) and its kernel is supported off a small neighbourhood of Y5.
The operator family C(\) belongs to L=°°(Bz, g; R}).

Operators in L“(Bg,g;]Rgl\) have the property, that the restrict to elements in
L*(Ba \ Ya,g; Rg\l). Applying a decomposition
AN) =wa AN)wh + wa AN (1 — wh) + (1 — wa) A(N)w
+ (1 —w2) AN (wh — w3) + (1 —w2) AN (1 — wp)
for global cut-off functions over By which are = 1 close to Y and wfj < wy < wh.
Then wy A(X)w} is located close to Ya and can be described by amplitude function in

(3.26). Those belong to S#(R% x R%2+4; [C37(By), KC¥~#7~#(B4")) and hence induce
(after a localization in yo € R% from both sides) continuous operators

WE(R2, K5V (BY)) — WSTH(R2Z | CS™HIH(BY)).
Globally, assuming Bs to be compact, there operators are continuous in the sense
woA(N)wh : H*Y(By) — H* M1 (By).
The operators wa A(N) (1—w})+(1—ws) A(A)w} belong to L~°°(Bs, g; RY) and induce
continuous operators (3.32), (3.33). The operators
(1 —w2) AN (wh —wy) and (1 —w2)AN)(1 — wp)

belong to L¥(Bs \ Y2, g; Rg) and generate continuous operators

H M2 (By) — HSHM—132=1(By)

for any 492,72 € R. Similar considerations may be applied to subspaces with
asymptotics, using that any element a of (3.26) belongs to a space SH(R% x

Re2+4 [CRT (BYY), Ko, Mol #(BY)). Thus we obtain altogether the following result:

Proposition 3.14. Operators A(\) € L*(Ba, g;R}) represent families of continu-
ous operators

A(N) : H*>7(By) — H*#77H(Bgy)
and

AQN) - B p (B2) = Hy 57" (By)

for any pairs of asymptotic types Py, P2 and some resulting Q1, Qa, for all s € R.
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The proof employs similar tools as for a corresponding theorem of the edge calcu-
lus of first singular order. In fact it suffices to observe that the operators functions
of (3.26) are contained in

Su(qu > Rq2+d; K:S,’Y(B{\)’ ]CS—MKY—N(B{\))

and in subspaces referring to K3, (Bf') and g "o ™" (BY).

Remark 3.15. The operators in Definition 3.13 form an algebra. For A(\) €
L*(Bay, g; ]R‘i) and B(\) € LY(Bo, k; Rf\) for weight data g = (g;)i=12, k = (kj)j=12,
gi=(n—-v,y—(p+v),0),k; =(v,7y—r,0),i,5 =1,2, we have

AN)B(\) € L"(By, g o k; RY)

for gok = (g;0k;) and g;0k; = (v,7y— (r+v),0),i = 1,2. The principal symbols
are multiplicative; we have, in particular,

50(AB) = 50(A)50(B), d0(A) = 50(A)50(B),
7 o1(AB) = 01(A)o1(B), 61(AB) = 61(A)51(B)
and

O'Q(AB) = UQ(A)O’Q(B).

Let us now pass to ellipticity and Fredholm property of operators in the calculus
over By € M. An operator A(\) € L¥(Bs,g;R$) in notation of Definition 3.13 is
called elliptic if A(A)|sy(p,) € LA (so(B2); RY) is parameter-dependent elliptic over
the smooth manifold sy(B2) in the standard sense, moreover, if

50(A)(7"179379177"27?/27 @laga ﬁlv @25 ﬁ27 )‘)

which is the reduced symbol of A(A)|p,\y, does not vanish for

(§17£7ﬁ17§27ﬁ275\) 7é 0

up to r1 = 0, where tilde indicates multiplication by 71, and

30(14)(7’1737:%77’27927§1,§a7~717527ﬁ27)\)
which is the reduced symbol of A(M)] B1\(Y1UY2) (computed close to 11 = 0 and

ro = 0) does not vanish for (g1,&, 71, 02,12, 5\) £ 0 up to o = 0, where ~ indicates
multiplication by r172. In addition over By \ Y2 we assume that the parameter-
dependent edge symbol close to Y;

a1 (A) (Y1, 72, Y2, M, 02,72, A) : KIH(XD) — C7HMTH(X)
is bijective for (n1, 02,12, A) # 0 and also its reduced symbol
&1 (A)(yl) r2,Y2, ﬁl? 02,12, 5‘) : ICS’,Yl (X/\) — KS?IUJYI?'U‘(X/\)

up to r = 0 for (71, 02,12, 5\) # 0. In addition close to Ya we ask bijectivity of the
second singular edge symbol

(3.34) 02(A)(y2,m2, A) : K¥7(BY) — K*7H77H(BY)
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to be bijective for (72, A) # 0. Note that this entails the bijectivity of the subordinate
conormal symbol (3.21). This is an operator family in L*(B7{, g;
(R% x R?)\ {0}) which also depends on y» € Ys.

Remark 3.16. As in first order singular calculus we could require the Fredholmness
of the various edge symbols. This would require corresponding bijectivity conditions
of block-matrix-valued symbols with addition trace, potential and Green entries.
For brevity we consider here the case of bijectivities without such extra data.

Theorem 3.17. Let A(\) € L*(Ba, g;R?) be parameter-dependent elliptic. Then
there is a parameter-dependent parametriz P(\) € L™*(By, g~ RY),
9 ' =(97',95") such that

(3.35) POVAN) =1 - CL(A), AN)P(\) =1 — Cr(\)

for CL(X) € L™°(By,gr;RY), Cr(A) € L™(Ba,gg;R?) for gy, := (91.1,92.1)>
gr = (91 r>92r). Moreover, if By is compact

(3.36) A(N) : H¥(By) — H* M1~ H(By)

is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |\|. This holds for all s € R. In addition, solutions u of A(N)u = f for
fe Hy "o (B2) belong to Hpp, (B2) for pairs of continuous asymptotic types
Q1, Qo with resulting Py, Po.

Proof. The assertion follows the lines of Theorem 2.14. Therefore, it remains to
compute a parametrix P(\) in a neighbourhood of Ys; then over By we may apply
a construction separately for By \ Y2 and near Y, and then, using a partition of
unity we can glue together the respective parametrices. The main condition is the
bijectivity condition (3.34). The inverse of (3.34) is obtained first by constructing
a yo-depending parametrix in L*(B7, g; (R x R?) \ {0}) according to Theorem
3.11, and then a Leibniz inverse a{=Y)(yo,7n2, ) of the amplitude function (3.27)
of the given elliptic operators which exists in R™#(R% x R%%% g=1). Then the
associated operators, locally expressed by Opyz(a(*l)) are just the desired two-
sided parametrix. The claimed Fredholm property of (3.36) is then a consequence,
since by assumption Bs is compact and the remainders in (3.35) are compact in the
respective spaces. Il
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This project belong to Partial differential equations, in particular, it belongs to structure theory and
representation theory of pseudo-differential operators. Partial differential equations, in particular, ellipticity,
boundary value problems, asymptotics and other aspects of regularity of solutions, are relevant in many
applications, e.g., mechanics, material sciences, or particle physics. Also other mathematical structures
theories, such as geometry, topology, or index theory, manifolds with singularities become more and more
important. These applications require the investigation of the respective algebra of pseudo-differential
operators in high generality.

Pseudo-differential operators generalize the class of differential operators by elements, whose symbols

are not polynomials. Let A= Z a, (X)D)’(" be a differential operator in a domain Q < R" with coefficients

‘a‘Sy

aa(x are smoothing operators on €. Then A can be expressed by the Fourier transform F as

A= Ffla(x,.f) F with a(x,g) = z a, (x)f”’ . Thus, pseudo-differential operators will be of the form

‘a‘s,u
Au(x)= “‘ei(x"x’)‘fa(x, X', &)u (X')dx'a(f, de = (27z)_n d& . The homogeneous principal symbol of A of
order 4 defined by o, (A)(x, &)= Z a, (X)E“. A is called elliptic, if o, (A)(x,&)#0 for all
leel=st

(X,f)e Qx(R” \{O}). Cone manifold X% is a manifold with base X, defined as
XA = (ﬁ+ x X )/({O}X X ) Manifolds with conical singularities are locally modelled on cones with base

spaces that are smooth manifolds. A manifold with edge is locally a Cartesian product between the model
cone X*and edge Y . A manifold with corner is locally modelled on a cone with base having as base space
a manifold with edge. Ellipticity is described by a two-component principal symbolic hierarchy, namely
0() = (O‘W (-),GM ()) in the conical case and 0() = (O‘W (-),GA ()) in the edge case. Here o, () has

a similar meaning as before, while o, () is the (principal) conormal symbol, & () the (principal) edge

symbol of the respective operator. In the conical case the conormal symbol of an operator A is an operator
function oy, (A)(Z) ‘H°® (X)—) H (X) between the Sobolev spaces on the base X of the cone

(with = ord(A) ), parametrized by the covariable z to the (local) cone axis variable, varying on a weight
, n+1 _ _ . ,
line {Rez :T—;f in the complex plane for a weight ¥ e R, n=dim X . In the case of a manifold

with  edge Y the edge symbol of an operator A is an operator function
O'A(A)(y,n):KS'y(XA)% st"’%”(XA) on the infinite open stretched model cone X" =R, x X

between weighted edge Sobolev space.

Formally, pseudo-differential operators those are motivated by the problem to constructing
parametrices of elliptic differential operators and the characterization of the regularity of solutions to elliptic
equations. This is well-known on a smooth manifold. Among the manifolds with singularities are manifolds
with boundary, moreover with conical and edge singularities, and also with corners.

A manifold M with comers of second order is a topological space containing a smooth
manifold SZ(M) such that M \SZ(M) is a manifold with corners of first order (i.e., with




conical points or edges), and S, (M ) has a neighbourhood in M  with the structure of a
locally  trivial B*-bundle  over S, (M ) for  some B of  first singularity  order.
The space B in turn contains a smooth manifold Sl(B) such that B\ Sl(B) is smooth and
S, ( B) has a neighbourhood in Bwith the structure of a locally trivial X  _bundle over
Sl(B) for some smooth manifold X .

The analysis of operators on singular manifolds or with degenerate symbols is motivated by models of
the applied sciences, especially of mechanics and elasticity theory, and also by pure mathematics, such as
geometry and topology. It has been a point of interest for many researchers in these fields. See, for instance,
the works of Kondratyev [3], Kondratyev and Oleynik [4], Plamenevskij [5]. Applications and more references
may be found in Harutyunyan and Schulze [2]. Recall that conical and edge singularities are of order 1 in a
hierarchy of corner singularities of any order. One of the main issues of the cone and edge theories is to
construct parametrices of elliptic elements and to establish regularity of solutions in weighted Sobolev spaces.
Rungrottheera [6] construct parameter-dependent operators on a manifold with conical singularities or edge.
Such operator families play a role as operator-valued amplitude functions in operators on spaces with higher
singularities. Rungrottheera and Schulze [7] apply these results to the construction of holomorphic functions
with values in the edge calculus, also with an appropriate order reducing property. They construct specific
holomorphic families of operators on a manifold with edge that have the order reducing property between
weighted spaces for arbitrary weights varying in a prescribed compact interval and for all complex parameters
in a strip parallel to the imaginary axis of arbitrary finite width. These operator functions are constructed as
parameter-dependent elliptic elements of the edge calculus, here without additional conditions of trace and
potential type. They play a role as operator-valued Mellin symbols in the higher corner pseudo-differential
calculus.

Differential operators and principal symbolic hierarchies on higher corner spaces have been studied in
Schulze [11]. The pseudo-differential machinery for singular cones up to order 2, including iterated
asymptotics, is developed in Schulze [10]. Iterative Mellin quantisations for higher singularities have been
constructed in Habal and Schulze [1]. Another iterative paper of Rungrotteera and Schulze [8] studies aspects
of higher corner spaces and pseudo-differential operators from the point of view of kernel cut-off, weighted
corner Sobolev spaces and subspaces with iterated discrete and continuous asymptotics, and their relationship
with corner pseudo-differential operators. Rungrottheera, Schulze and Wong [9] study the underlying abstract
concept on manifolds with singularities and establish a new iteration result, motivated by applications in the
higher corner case and establish a new theorem on iterated pseudo-differential operators belonging to second
order corners, i.e., K=2. Then by induction give K fold iterated operators for any K e N, k> 2. These
investigate belong to framework of the study of pseudo-differential operators on manifold with higher corner
singularities.

In recent years the analysis of (pseudo-)differential operators on manifolds with second and higher order
corners made considerable progress, and essential new structures have been developed. The study of
weighted corner Sobolev spaces and subspaces with iterated asymptotics belong to the background of
pseudo-differential algebras on corner manifolds. We complete and deepen in this project an iterative
approach of establishing the calculus of pseudo-differential operators for the case of second and higher corner

singularities

InguszaAvaslagenis
We will give the following results:

(1) We study elements of the pseudo-differential calculus on manifold with second order corners.
(2) We establish parameter-dependent edge calculus and Kegel spaces of second singularity order.

(3)  We study weighted corner spaces, quantisation for higher corners




NANISINY

We establish an edge pseudo-differential calculus over B with parameters. Those are involved as extra
covariables, degenerate in a similar manner as edge covariables. We then formulate the existence of parameter-
dependent parametrices in this framework with controlled remainders. Section 2 is devoted to elements of a
analogous approach for manifolds with edges of singularity order 2. In particular, we formulate a new level of
operator-valued corner symbols and compute corner parametrices in terms of a new set of variables and
covariables in the new corner axis direction. Moreover, we continue and deepen the material of D.-C. Chang and

B.-W. Schulze in cases of lower orders of singularities.

AdUAY (Keywords)
Edge calculus, corner parametrices
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