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EXECUTIVE SUMMARY

This article is devoted to a specific part of analysis on a manifold M with singu-
larities, here M := BM for

(0.1) BM := (R+ ×B)/({0} ×B)

where B is a manifold with edge of first order. Let us fix some terminology. The
general background are stratified spaces M ∈ Mk of singularity order k ∈ N =
{0, 1, 2, . . .}, where the case k = 0 corresponds to smoothness, together with other
common conditions, e.g., para-compactness, etc. We are interested in relatively
simple stratifications, obtained by repeatedly forming cones XM, X ∈ M0, and
wedges XM × Rq1 for some q1, use those spaces as generalized charts for other
spaces which are locally modeled on such cones or wedges, and then form cones,
and wedges, again. In recent years there has been achieved much progress in the
analysis on such spaces. The general scheme is that any M ∈ Mk has a singular
stratum Yk := sk(M) ∈ M0, where M \ sk(M) ∈ Mk−1 and every yk ∈ Yk has a
neighbourhood V in M which is isomorphic (in the category of regular singularities)
to a locally trivial bundle over sk(M) with fibre BM

k−1 for a compact Bk−1 ∈Mk−1.
This definition can be iterated. In particular, we can study cones BM ∈ M2 for
B ∈M1. For k ≥ 2 the stratification of M ∈Mk gives rise to a sequence

(0.2) s(M) = (s0(M), s1(M), . . . , sk(M))

of smooth subspaces sj(M) ∈M0, j = 0, 1, . . . , k, of dimension dimM := dim s0(M) >
dim s1(M) > · · · ≥ dim sk(M) > 0. Our investigations belong to the pseudo-
differential calculus over such spaces M. Those contain specific corner-degenerate
differential operators A with a hierarchy of principal symbols

(0.3) σ(A) = (σ0(A), σ1(A), . . . , σk(A)).

The components of (0.3) are operator-valued, but σ0(A) is the standard homoge-
neous principal symbol on T ∗s0(M)\0, where 0 indicates the zero-section. Under a
suitable condition on ellipticity also the parametrices of operators A belong to ex-
pected operator algebras. There are also asymptotic aspects of this program and we
have structures for B ∈M1 (in parameter-dependent form) generating asymptotics
of solutions close to edges s1(·) on B and double asymptotics close to corner points
s2(·) of BM, cf. [15], [8]. With M ∈ Mk we can associate its stretched manifold
M obtained by invariantly attaching a natural Bk−1- bundle (determined by the
above-mentioned BM

k−1-bundle) over sk(M) to M \ sk(M). Then, for a “negative”
counterpart of M denoted for the moment by M− and the former M by M+ we can
glue together M− and M+ along the common Bk−1-bundle to obtain 2M, and then
2M ∈Mk−1.

In this article we continue and deepen the material of [2] and [3] in cases of lower
orders of singularities.
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2 EXECUTIVE SUMMARY

Let B ∈M1 be a compact manifold with conical or edge singularities. In order to
avoid separate comments, we assume that dim s1(B) =: q > 0. For the edge pseudo-
differential calculus over B we employ suitable adapted notation. Write Y := s1(B)
and s0(B) = B \ Y. The most specific part of the edge calculus over B concerns
the region close to the edge Y. The space B is locally near Y modeled on XM ×Rq,
and B \ Y on X∧ × Rq for a compact X ∈ M0 for X∧ := R+ × X. Throughout
this exposition for simplicity we assume that Y has a neighbourhood W in B with
the structure of trivial XM-bundle over Y . The general case only needs mild extra
constructions, left to the reader. Recall that any smooth manifold B with boundary
belongs to M1. In this case s0(B) = intB and s1(B) = ∂B, where W corresponds
to a collar neighbourhood of ∂B, often identified with the trivial normal bundle,
corresponding to a Riemannian metric. In this exposition we systematically employ
the spaces Lµcl(X;Rdλ) of classical parameter-dependent pseudo-differential operators
of order µ ∈ R over X ∈ M0 of dimension n, assumed to be Riemannian, where
λ ∈ Rd in local symbols a(x, ξ, λ) is treated as a covariable (ξ, λ) of dimension n+d.
Subscript “cl” means that we talk about classical symbols in Hörmander’s spaces,
here denoted by Sµcl(Ω×R

n+d),Ω ⊆ Rn open. Then L−∞(X;Rdλ) = S(Rdλ, L−∞(X)),
where L−∞(X) is identified via the Riemannian metric with C∞(X×X), such that
operators can be written

∫
c(x, x′)u(x′)dx′ with dx′ being the measure belonging to

the Riemannian metric. Then operators are locally of the form

(0.4) Opx(a)(λ)u(x) =

∫∫
ei(x−x

′)ξa(x, ξ, λ)u(x′)dx′d−ξ

for compactly supported u, where d−ξ = (2π)−ndξ. Globally using a system of charts
covering X and a subordinate partition of unity the operator families over X are
determined by such local expressions modulo L−∞(X;Rdλ). The spaces Lµcl(X;Rdλ)
are Fréchet in a natural way.

The main object of consideration is the space of edge operators

(0.5) Lµ(B, g;Rdλ)

to be introduced in a number of steps. The properties of (0.5) will imply

Lµ(B, g;Rdλ) ⊆ Lµcl(B \ Y ;Rdλ)

Notation g indicates weight data (γ1, γ1 − µ,Θ).
We also employ pseudo-differential operators based on the Mellin transform and

more specific Mellin symbols that are holomorphic in v1 ∈ C.

Definition 1. Let Mµ
O(X;Rd) denote the space of all h(v1, λ)∈A(Cv1, L

µ
cl(X;

Rd)) such that h(β1 + i%1, λ) ∈ Lµcl(X;R1+d
%1,λ

) for every β1 ∈ R, uniformly in compact

β1-intervals.

Let us prepare Definition 2 below by a notation and a list of ingredients. We fix
weight data g = (γ1, γ1 − µ,Θ), where γ1 ∈ R is a weight referring to r1 ∈ R+, the
axial variable of the open stretched cone X∧ := R+×X, in the splitting of variables
(r1, x), and X ∈M0 compact, and we choose a weight interval Θ = (−(θ+ 1), 0] for
some θ ∈ N. We employ spaces Ks,γ1(X∧) and subspaces Ks,γ1Θ (X∧) and Ks,γ1P (X∧)
with asymptotics of type P, cf. [14], P may be discrete or continuous. Below, in
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order to illustrate double asymptotics, we recall a few notions from this context.
For the moment we freely employ these tools.

Definition 2. By

(0.6) Lµ(X∧, g;Rdλ \ {0})
we denote the space of all operator families

(0.7) A(λ) := H(λ) +M(λ) +G(λ)

where (M +G)(λ) ∈ LµM+G(X∧, g;Rdλ \ {0}), see notation below, and

(0.8) H(λ) = r−µ1 Op
γ1−n/2
M (h)(λ)

where
h(r1, v1, λ) := h̃(v1, r1λ)

for some h̃(v1, λ̃) ∈Mµ
Ov1

(X;Rd
λ̃
).

In relation (0.8) we employ notation

(0.9) OpνM (h)(λ) := rν1OpM (T−νh)(λ)r−ν1 .

Here T−νh(v1, λ) := h(v1 + ν, λ) and OpM (f)(λ)u := M−1f(v1, λ)Mu where the
Mellin transform M refers to the weight line Γ1/2. Here Γβ := {v1 ∈ C : Re v1 = β}.

At the beginning of the iteration from lower to larger orders we have the open
stretched cone and operators have two principal symbolic components (σ0(A), σ1(A)),
here depending on λ 6= 0. Operators in (0.6) are continuous in weighted Kegel spaces

Ks,γ1(X∧) := {ωu0 + (1− ω)u∞ :u0(r1, x) ∈ Hs,γ1(X∧),

u∞(r1, x) ∈ Hs
cone(X

∧)}

for an arbitrary cut-off function ω, i.e., a function in C∞0 (R+) which is equal to 1
close to the origin. The spaces Hs,γ1(X∧) are weighted Sobolev spaces over X∧ =
R+ ×X of smoothness s ∈ R and weight γ1 ∈ R. Those have the property

Hs,γ1(X∧) = rγ1Hs,0(X∧)

and H0,0(X∧) will be identified with r
−n/2
1 L2(R+ ×X) for n = dimX, while (1 −

ω)Hs
cone(X

∧) can be defined first for X = Sn, the unit sphere in R1+n
x̃ , where in

this case

(0.10) (1− ω)Hs
cone((S

n)∧) = (1− ω)Hs(R1+n),

with (r1, x) being polar coordinates in R1+n \ {0}. Then a simple localization
argument, using a partition of unity on Sn, allows us to pass from Sn to arbitrary X
by using the former definition of cone spaces for elements supported in a coordinate
neighbourhood on X. This gives us relations of the kind

(0.11) (1− ω)Ks,γ1((Sn)∧) = (1− ω)Hs
cone((S

n)∧),

(0.12) K0,0(X∧) = H0,0(X∧).

Note that the definition of Ks,γ1(X∧) is independent of the choice of involved data,
such as cut-off functions or specific charts. In any case if the data are fixed the
arizing spaces are Hilbert in non-direct sum topology, and relation (0.12) indicates
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a corresponding normalization of scalar products for s = γ1 = 0. In addition it will
be essential to employ the group κ = {κδ}δ∈R+ of isomorphisms

(0.13) κδ : Ks,γ1(X∧)→ Ks,γ1(X∧), (κδu)(r1, x) := δ(n+1)/2u(δr1, x)

for any s ∈ R, δ ∈ R+. The spaces Ks,γ1(X∧) are observed on the infinite cone up
to r1 → ∞, interpreted as a conical exit of X∧ to infinity, though close to r1 = 0,
at the tip of the (open stretched) cone we are interested in asymptotics of elements.
In the simplest case, asymptotics are discrete. Later on we also admit continuous
asymptotics.

Remark 3. The operator families (0.7) are continuous in Kegel spaces, see Theorem
5 below. In particular, H(λ) in (0.8) satisfies the homogeneity relation

(0.14) H(δλ) = δµκδH(λ)κ−1
δ

for all δ ∈ R+.

A sequence of pairs

(0.15) P = {(pj ,mj)}j=0,...,N ⊂ C× N
for any N = N(P) ∈ N∪{+∞} is called a discrete asymptotic type associated with
the weight information (γ1,Θ),Θ = (−(θ + 1), 0], for some θ ∈ N if

(0.16) πCP := {pj}j=0,...,N ⊂ {v1 ∈ C :
n+ 1

2
−γ1− (θ+ 1) < Re v1 <

n+ 1

2
−γ1}

and πCP is finite for finite Θ, otherwise finite or infinite, and in the latter case we
assume Re pj → −∞ as j →∞. Writing for finite Θ

(0.17) EP(X∧) :=

{ N∑
j=0

mj∑
l=0

ω(r1)cjl(x)r
−pj
1 logl r1 : cjl ∈ C∞(X) for all j, l

}
we get a Fréchet space such that EP(X∧) ∩ Ks,γ1Θ (X∧) = {0} for

(0.18) Ks,γ1Θ (X∧) := lim←−
ε>0

Ks,γ1−(θ+1)−ε(X∧)

interpreted as the space of all flat functions relative to the weight γ1, which is
Fréchet as well. Then

(0.19) Ks,γ1P (X∧) := Ks,γ1Θ (X∧) + EP(X∧)

is Fréchet in the topology of the direct sum. For infinite Θ we define spaces
Ks,γ1P (X∧) in a similar manner as projective limits over spaces associated with finite
flatness intervals of increasing length. Later on we employ an extension of (0.19)
to continuous asymptotic types P which makes sense when the points of (0.16)
depend on some edge variables y1 ∈ Rq1 . More details may be found in [13] or [14].
With asymptotic types P we associate the space of Green operators, depending on
a parameter λ ∈ Rd, later on in slight modification Green operator-valued symbols
for the edge calculus. To this end we also control our spaces for r1 →∞ and write

(0.20) Ks,γ1;e(X∧) = [r1]−eKs,γ1(X∧), Ks,γ1;e
P (X∧) = [r1]−eKs,γ1P (X∧).

for any e ∈ R. Here r1 → [r1] is a strictly positive function which is equal to 1 close
to r1 = 0 and equal to r1 for |r1| ≥ 1. The spaces (0.20) are Fréchet in an evident
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manner. In order to formulate the subspace of Green operators LµG(X∧, g;Rdλ \{0})
for weight data g := (γ1, γ1 − µ,Θ), with γ1 ∈ R being the involved weight and
µ ∈ R an order we first recall some notation on Hilbert spaces with group action and
associated operator-valued symbols. In order to keep the system of notation concise,
we recall what we understand by operator-valued symbols. We freely employ the
operator-valued generalization of Hörmander’s spaces of symbols of order µ ∈ R,
namely,

(0.21) Sµ(Rq × Rq;H, H̃) and Sµcl(R
q × Rq;H, H̃)

where subscript “cl” indicates classical symbols. By (H,κ), (H̃, κ̃) we understand
Hilbert spaces with corresponding group actions, and (y, η) ∈ Rq ×Rq are variables
and covariables where y ∈ Rq are local coordinates on a manifold. Charts mapping
to Rq are taken without loss of generality. Another straightforward modification of
the definition is to distinguish between dimensions of variables and covariables, see
corresponding notation below. If y completely disappears we talk about symbols
with constant coefficients. The well-known scalar symbolic estimates when H = C
and H̃ = C and κδ = κ̃δ = idC for all δ ∈ R+ turn to twisted symbolic estimates,
namely

‖κ̃−1
〈η〉{D

α
yD

β
ηa(y, η)}κ〈η〉‖L(H,H̃) ≤ c 〈η〉

µ−|β|

for all (y, η) ∈ K × Rq,K b Rq, and all α ∈ Nq, β ∈ Nq, for constants c =

c(α, β,K) > 0. The concept is also well-known for Fréchet spaces E and Ẽ with
group action κ and κ̃, respectively. Classical symbols a(y, η) are based on twisted
homogeneity

a(µ)(y, δη) = δν κ̃δa(µ)(y, η)κ−1
δ

for all δ ∈ R+. Note that in the operator-valued set-up there are non-trivial homo-
geneous functions defined for all η including η = 0.

Examples of Hilbert spaces with group actions are given in connection with (0.13).

This scheme of notation also works when H or H̃ are replaced by Fréchet spaces, see,
e.g., [13] or [14]. The spaces Ks,γ1;e(X∧) and K∞,γ1−µ;∞(X∧) as well as subspaces
with asymptotics are Fréchet where κδ is induced from (0.13) in an obvious manner,
and then the above-mentioned spaces of abstract operator-valued symbols make
sense with respect to those concrete spaces. Such constructions will be applied in
different versions. Our definitions may be similar to each other, but in order to
avoid confusion, we first look at symbols with constant coefficients, i.e., omit y at
all and write λ rather than η.

Definition 4. By LµG(X∧, g;Rdλ \ {0}) we denote the space of all

(0.22) G(λ) ∈ Sµcl(R
d
λ;Ks,γ1;e(X∧),K∞,γ1−µ;∞

P (X∧)),

(0.23) G∗(λ) ∈ Sµcl(R
d
λ;Ks,−γ1+µ;e(X∧),K∞,−γ1;∞

Q (X∧))

(i.e., where the covariables λ ∈ Rd plays the role of the former η, and the symbol
has constant coefficients, i.e., y is dropped at all) where (0.22), (0.23) are valid for
all s, e ∈ R and fixed γ1 ∈ R, for asymptotics types P and Q which may depend on
G.



6 EXECUTIVE SUMMARY

The next issue is the class M−∞R (X) of meromorphic operator functions, where

(0.24) R = {(rj , nj)}j∈I ⊂ C× N

is an index set I ⊆ {−∞} ∪ Z ∪ {+∞}. We assume that πCR = {rj}j∈I intersects
every strip {v1 ∈ C : c ≤ Re v1 ≤ c′} for any reals c ≤ c′ in a finite set and
Re rj → ±∞ as j → ∓∞ once πCR is infinite. In addition we ask any f(v1) ∈
M−∞R (X) ⊂ A(Cv1 \ πCR, L−∞(X)) to be meromorphic with poles at the points
rj ∈ C of order ≤ nj+1 for all j, with Laurent coefficients of finite rank. Moreover, if
χ(v1) is a πCR-excision function (i.e., χ(v1) = 0 for dist(v1, πCR) < ε0, χ(v1) = 1 for
dist(v1, πCR) > ε1 for some 0 < ε0 < ε1 <∞) then χ(v1)f(v1)|Γλ ∈ S(Γλ, L

−∞(X))
for every λ ∈ R, uniformly in finite intervals. Operator-valued symbols of order
µ ∈ R, in covariables λ ∈ Rd connected with such meromorphic symbols are of the
form

(0.25) M(λ) := r−µ1 ω[λ]

N∑
j=0

rj1
∑
|α|≤j

Op
γjα−n/2
M (fjα)λαω′[λ]

for elements fjα(v1) ∈M−∞Rjα (X) and weights γjα satisfying the conditions

(0.26) Γn+1
2
−γjα ∩ πCRjα = ∅ for γ1 − j ≤ γjα ≤ γ1

for all j, α. Here ω[λ](r1) = ω(r1[λ]) where λ → [λ] is any smooth, strictly positive
function in Rq such that |λ| = [λ] for |λ| ≥ C for some C > 0 and Γβ = {v1 ∈
C : Re v1 = β}. It is evident that then we get operator-valued symbols in λ with
constant coefficients

(0.27) M(λ) ∈ Sµcl(R
d;Ks,γ1(X∧),K∞,γ1−µ(X∧))

and

(0.28) M(λ) ∈ Sµcl(R
d;Ks,γ1P (X∧),K∞,γ1−µQ (X∧))

for every s ∈ R and any asymptotic type P with some resulting Q. Also here we
have a connection with weight data g = (γ1, γ1 − µ,Θ).

The spaces LµM+G(X∧, g;Rdλ) consist of all sums M(λ) + G(λ) where G(λ) are
Green families as before and M(λ) are defined as operator families of the form
(0.25). In other words we completed Definition 2.

We systematically employ continuity, according to

Theorem 5. [14] Every A(λ) ∈ Lµ(X∧, g;Rdλ \ {0}) induces families of continuous
operators

(0.29) A(λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧),

and

(0.30) A(λ) : Ks,γ1P (X∧)→ Ks−µ,γ1−µQ (X∧),

for every s ∈ R and any asymptotic type P and some resulting Q which is indepen-
dent of s.
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In order to make the degenerate character of interior symbols more transparent we
remember of the fact that our operator families are coming from operator functions

(0.31) p(r1, %1, λ) = p̃(r1%1, r1λ)

for

(0.32) p̃(%̃1, λ̃) ∈ Lµcl(X;R1+d

%̃1,λ̃
)

where the operators in r1 ∈ R+ act via the Fourier transform and are combined with
the factor r−µ1 . In other words, for reasons which are explained in other papers, see
[17] etc., they have the form

(0.33) r−µ1 Opr1(p)(λ) |r1>0 : C∞0 (R+ ×X)→ C∞(R+ ×X).

Then, in order to reflect weight effects we fix a weight γ1 ∈ R and rephrase (0.33)
in term of the Mellin transform on the r1 half-axis. This process is also called a
Mellin quantization, and the difference between (0.33) and (0.8) consists of smooth-
ing operators over R+ × X which are ignored under Mellin quantization, but the
transformation from (0.33) to (0.8) is canonical when p̃(r1, %̃1, λ̃) is a polynomial

in %̃1, λ̃, because of the exact replacement of −r1
∂
∂r1

corresponding to −ir1%1 in
the Fourier picture by the Mellin covariable v1. Thus, in the program of expressing
parametrices of Fuchs type operators there is no loss of information in the differen-
tial case, but there are specified remainders when we realize operators in weighted
spaces for different weights. Those are, in fact, Green operators, depending on the
choice of weights. In any case homogeneous principal symbols in the Fourier picture
do not depend on this aspect; they can be expressed both in the Fourier and the
Mellin picture and are the same up to a substitution of variables and covariables,
not only for differential operators, and including parameters. When we formulate
information in local coordinates x ∈ Rn on X with parameter λ and look at A(λ)
which is the same as H(λ) modulo smoothing remainders, since Mellin plus Green
operators are smoothing for r1 > 0 we obtain a parameter-dependent principal sym-
bol σ0(A)(r1, x, %1, ξ, λ) for (%1, ξ, λ) 6= 0. This contains in its r1-dependence also

the weight factor r−µ1 and in addition the r1-degenerate behaviour in %1, λ, such
that it makes sense to write

(0.34) σ0(A)(r1, x, %1, ξ, λ) = r−µ1 σ̃0(A)(r1, x, r1%1, ξ, r1λ)

for a “reduced” symbol σ̃0(A)(r1, x, %1, ξ, λ) which is smooth in r1 up to r1 = 0

and where (%1, λ) is involved in the meaning (%̃1, λ̃) for %̃1 = r1%1, λ̃ = r1λ which
just corresponds to the background information (0.31), (0.32). Concerning σ1(·) the
advantage of the Mellin formulation is that it admits a natural definition of ellipticity
with control up to r1 = 0 both for A as well as for M +G, which entails Fredholm
property in Fuchs type weighted Soboley spaces where we associate with H(λ) also
so-called conormal symbols, on the level of principal symbolic information, namely,

(0.35) σ1(H)(v1, 0) := h̃(v1, 0)

with h̃ being defined in Definition 2. Here there is no dependence on λ, and v1 is
varying in the complex Mellin plane. The operator families (0.35) pointwise act as
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continuous operators

(0.36) σ1(H)(v1, 0) : Hs(X)→ Hs−µ(X)

between Sobolev spaces over X. In ellipticity the operators (0.36) are parameter
- dependent elliptic in the variable Im v1 for v1 ∈ Γλ for any fixed real λ. and
hence (0.36) becomes a family of isomorphisms as soon as Im v1 is sufficiently large,
uniformly in compact λ-intervals. Although this information is well-known, later on
we refer to similar facts for singularity order k > 1. In order to establish conormal
symbols of operator families M(λ) of the form (0.25) we form the operator function

(0.37) σ1(M)(v1) := f00(v1) : Hs(X)→ H∞(X)

where (0.37) is the subordinate conormal symbol of M(λ) from the cone theory close
to r1 = 0. The parameter Im v1 is varying on Γλ indicated in the weight conditions
of (0.25), here for λ = n+1

2 − γ1. The operators M(λ) + G(λ) in Definition 2 are
smoothing off r1 = 0 they do not generate contributions to the interior symbolic
level.

The operatorsA(λ) ∈ Lµ(X∧, g;Rdλ\{0}) are called elliptic if h̃(v1, λ̃) is parameter-

dependent elliptic in Mµ
Ov1

(X;Rd
λ̃
) and the conormal symbol

σ1(A)(v1) := h̃(v1, 0) + f00(v1) : Hs(X)→ Hs−µ(X)

is a family of isomorphisms for all v1 ∈ Γn+1
2
−γ1 with a prescribed weight γ1 ∈

R which belongs to the ellipticity condition. Note that in case of ellipticity the
restriction of elements in Mµ

Ov1
(X;Rd

λ̃
) to Γn+1

2
−γ1 × Rd

λ̃
are parameter-dependent

elliptic in Lµcl(X; Γn+1
2
−γ1 × Rd

λ̃
). This holds for all weights γ1.

We also recall the following result:

Theorem 6. Let A(λ) ∈ Lµ(X∧, g;Rd \ {0}) be parameter-dependent elliptic with
respect to the weight γ1. Then there is a parameter-dependent parametrix P (λ) ∈
L−µ(X∧, g−1;Rd \ {0}), g−1 = (γ1 − µ, γ1,Θ) where

P (λ)A(λ) = 1−GL(λ), A(λ)P (λ) = 1−GR(λ)

for some GL(λ) ∈ L−1
G (X∧, gL;Rd \ {0}), GR(λ) ∈ L−1

G (X∧, gR;Rd \ {0}) for gL :=
(γ1, γ1,Θ), gR := (γ1 − µ, γ1 − µ,Θ).

Corollary 7. If A(λ) is parameter-dependent elliptic then

A(λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

is a family of Fredholm operators, and kernels belong to subspaces of K∞,γ1(X∧)
with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
K∞,γ1−µ(X∧) with asymptotics.

Theorem 8. ([11]) For every γ1 ∈ R and s ∈ R there exists a h̃(v1, λ̃) ∈M−sOv1 (X, g;Rd
λ̃
)

such that for h(r1, v1, λ) = h̃(v1, r1λ) and sufficiently large |λ̃| the operator

R−s(λ) := rs1Op
γ1−s−n/2
M (h)(λ) : K0,γ1−s(X∧)→ Ks,γ1(X∧)

is an isomorphism.
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Theorem 6 is known, but we have similar results below for base spaces of higher
singular order. Therefore, we sketch the arguments. The main issue is that the
ellipticity condition on h̃(v1, λ̃) means that there is an h̃(−1)(v1, λ̃) ∈ M−µOv1 (X;Rd

λ̃
)

such that the product

(0.38) rµ1 OpM (h̃(−1))(λ̃)r−µ1 OpM (h̃)(λ̃)

is equal to OpM (f̃)(λ̃) for some f̃(v1, λ̃) ∈M0
Ov1

(X;Rd
λ̃
). In this conclusion the r1-

powers cancel out modulo some translations in v1 of the involved Mellin symbols.
These translations do not influence the parameter-dependent homogeneous symbols
in the sense of pseudo-differential operators on Γβ1 × Rdλ. Therefore, the product
(0.38) produces identity plus a Mellin operator with parameter-dependent symbol of

order 1. When we insert symbols h(−1)(r1, v1, λ) = h̃(−1)(v1, r1λ) and h(r1, v1, λ) =

h̃(v1, r1λ), then there is a Leibnitz product effect in (r1, v1) under which only lower
order terms are changed, and those again produce lower order terms. Then a formal
Neumann series argument gives us, say for computing a left parametrix gives us

remainders of the form 1− C̃L for C̃L ∈ L−1
M+G(X∧, gL;Rd \{0}). Together with the

inversion of the conormal symbol we finally get remainders in

L−∞(X∧, gL;Rd \ {0}) = L−1
G (X∧, gL;Rd \ {0}).

For the right parametrix we proceed in a similar manner, i.e., it can be identified
with the left parametrix.

As a consequence we see that

(0.39) A(λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

is a family of Fredholm operators. The index is independent of s ∈ R. Later on
we shall interpret elements of Lµ(X∧, g;Rd \ {0}) with q1 + d rather than d and
parameters (η1, λ) 6= 0 as space of occurring edge symbols for edge operators, and
the ellipticity condition in the edge case will be that the respective cone operators
are families of isomorphisms. This is not automatically the case, but similarly as
in boundary value problems the situation is required by adding trace and potential
entries including right lower corners in corresponding 2× 2 block matrix operators
to achieve families of isomorphisms. The extra entries remind of Green operators
and can be chosen as symbols with asymptotics. Later on operator families in
Lµ(X∧, g;Rd \ {0}) occur as homogeneous principal edge symbols. In contrast to
Remark 3 we did not require the elements M(λ) + G(λ) ∈ LµM+G(X∧, g;Rd \ {0})
to be homogeneous in such a sense. Of course, there is the subclass

(0.40) L(µ)(X∧, g;Rd \ {0})

of those A(λ) ∈ Lµ(X∧, g;Rd \ {0}) such that

A(δλ) = δµκδA(λ)κ−1
δ

for all δ ∈ R+. The construction of trace and potential etc. operators makes sense
for the space (0.40) which gives rise to an extension of L(µ)(X∧, g;Rd \ {0}) to an
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algebra of 2× 2 block matrices

(0.41) A(λ) =

(
A(λ) +G(λ) K(λ)

T (λ) Q(λ)

)
:
Ks,γ1(X∧)
⊕
Ce

−→
Ks−µ,γ1−µ(X∧)

⊕
Cf

for some e, f ∈ N where f−e just equals the Fredholm index of (0.39). Here G(λ) ∈
LµG(X∧, g;Rdλ \ {0}) and T (λ) are trace operators, K(λ) potential operators, and
Q(λ) are families of classical symbols in λ with values in f×e-matrices. The nature
of T (λ) and K(λ) is determined by kernels and cokernels of solutions to elliptic
equations, and they may be represented by families of functions with asymptotics.
The properties are similar to those in the boundary symbolic calculus in pseudo-
differential boundary vales problems. Compositions K(λ) ◦ T (λ) are examples of
parameter-dependent Green operators, cf. Definition 4.

In order to see a connection between Definition 2 and the more complex situation
of operators over (stretched) wedges

(0.42) X∧ × Rq 3 (r1, x, y1)

we have a look at the shape of operators in the calculus over a compact space
B ∈ M1 with edge s1(B) =: Y1, locally close to Y1 in local coordinates y1 ∈ Rq1
modeled on wedges (0.42) with local amplitude functions for the corresponding
parameter-dependent edge calculus. Those have the form

(0.43) a(y1, η1, λ) := h(y1, η1, λ) +m(y1, η1, λ) + g(y1, η1, λ)

where

(0.44) h(y1, η1, λ) = ωr−µ1 Op
γ1−n/2
M (h)(y1, η1, λ)ω′

and Mellin amplitude functions

(0.45) h(r1, y1, v1, η1, λ) = h̃(r1, y1, v1, r1η1, r1λ)

for

(0.46) h̃(r1, y1, v1, η̃1, λ̃) ∈ C∞(R+ × Rq1 ,Mµ
Ov1

(X;Rq1+d

η̃1,λ̃
)).

Definition 9. By Lµ(B, g;Rd) for g = (γ1, γ1 − µ,Θ) we denote the space of
operators

(0.47) A(λ) := H(λ) +M(λ) +G(λ) +Aint(λ) + C(λ)

where H(λ) is locally close to Y1 expressed as a finite sum of operators

(0.48) ϕOpy1{ωr
−µ
1 Op

γ1−n/2
M (h)(y1, η1, λ)ω′}ϕ′

with ϕ ≺ ϕ′ in C∞0 (Rq1) coming from a partition of unity over Y1 and where h
satisfies relations (0.45) and (0.46). Moreover, we ask that

Aint(λ) ∈ Lµcl(B \ s1(B);Rdλ),

such that the λ-dependent distributional kernel which is contained in (B \ s1(B))×
(B \ s1(B)) has proper support in the respective open set. In addition C(λ) ∈
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L−∞(B, g;Rd) is parameter-depending smoothing, i.e., characterized by the prop-
erty

(0.49) C(λ) ∈ S(Rdλ, L−∞(B, g))

where L−∞(B, g) is the space of all

(0.50) C : Hs,γ1(B)→ H∞,γ1−µP (B)

with

(0.51) C∗ : Hs,−γ1+µ(B)→ H∞,−γ1Q (B)

for any s ∈ R and asymptotic types P,Q, which may depend on C. The spaces
involved in (0.50) and (0.51) are defined in Subsection 1.2. We finally require

(0.52) M(λ) +G(λ) ∈ LµM+G(B, g;Rdλ)

i.e., M(λ) = Opy1(m) is a Mellin operator family locally close to Y1 associated with
Mellin amplitude functions m(y1, η1, λ) of similar structure as (0.25), namely, as in
formula (0.56) below, and G(λ) = Opy1(g), g(y1, η1, λ) similarly as in Definition 4.

Let us now return to operators over a compact space B ∈M1 with edge s1(B) =
Y1 as explained before in the context of Definition 9. So far the spaces (0.50), (0.51)
and (0.52) are not yet defined. Because of y1-dependence of symbols we prefer to
employ the setting of continuous asymptotics. This requires weighted edge spaces
locally along Rq1 3 y1 and subspaces with such asymptotics. Similarly as symbol
spaces (0.21) we have abstract edge Sobolev spaces Ws(Rq1 , H) for any Hilbert or
Fréchet space H with group action κ = {κδ}δ∈R+ . Those already played a role in
(0.21). In our context we have Hilbert spaces

H := Ks,γ1(X∧) or Ks,γ1;e(X∧)

or Fréchet subspaces with asymptotics, indicated by subscript P. Those spaces
admit the group action

κδ : u(r1, x)→ δ
n+1
2 u(δr1, x),

δ ∈ R+, and hence we have associated weighted edge spaces defined in terms of
completion of S(Rq1 , H), e.g., in the Hilbert space case with respect to

‖u‖Ws(Rq1 ,H) :=

{∫
〈η1〉2s ‖κ−1

〈η1〉û(η1)‖2Hd−η1

}1/2

(otherwise for semi-norm systems in the corresponding Fréchet space, where ‖ · ‖H
runs over a countable system of semi-norms in H).

Weighted edge spaces Hs,γ1(B) over a compact B ∈M1 with edge are defined in
terms of charts

(0.53) χi : Yi → Rq1

for a system of coordinate neighbourhoods Yi ⊂ Y, i = 1, . . . , N , satisfying some
simple admissibility condition concerning transition maps, used in several exposi-
tions on edge spaces, see, e.g., [14] or the article [7]. Then Hs,γ1(B) is defined as
the set of those u ∈ Hs

loc(B \Y1) such that ϕiu◦χ−1
i ∈ Ws(Rq1 ,Ks,γ1(X∧)) for all i,



12 EXECUTIVE SUMMARY

with (ϕ1, . . . , ϕN ) being a subordinate partition of unity. Hs,γ1(B) can be equipped
with a Hilbert space structure in a natural way.

In an analogous manner we obtain subspaces Hs,γ1
P (B) with asymptotics of type

P by replacing Ks,γ1(X∧) in the latter definition by Ks,γ1P (X∧). Those are again
Fréchet spaces. Thus the spaces in relations (0.50), (0.51) are defined, where the

formal adjoints refer to spacesH0,0(B) which may be identified with r−n/2L2(B\Y1).
Analogously as LµG(X∧, g;Rdλ \ {0}) in Definition 4 by RµG(Rq1 × Rq1+d, g) we

denote the space of

(0.54) g(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,γ1;e(X∧),K∞,γ1−µ;∞

P (X∧))

the pointwise formal adjoints of which have the property

(0.55) g∗(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,−γ1+µ;e(X∧),K∞,−γ1;∞

Q (X∧)),

for some g-dependent asymptotic types P,Q, associated with the weight information
in these relations. Those are required for all s, e ∈ R. In the case of discrete
asymptotics we assume P,Q to be constant with respect to y1; in the continuous
case we assume the same, but then we may admit carriers which cover variable
discrete asymptotics. Such operator-valued symbols are connected with weight data
g = (γ1, γ1−µ,Θ) which are given in connection with the weights in the spaces and
also determine the position of πCP and πCQ, respectively.

Other ingredients of parameter-dependent edge amplitude functions will consist
of Mellin contributions, namely,

(0.56) m(y1, η1, λ) := r−µ1 ωη1,λ

θ∑
j=0

rj1
∑
|α|≤j

Op
γjα−n/2
M (fjα)(y1)(η1, λ)αω′η1,λ

where ωη1,λ(r1) = ω(r1 〈η1, λ〉) and, similarly, ωη1,λ, and

fjα(y1, v1) ∈ C∞(Rq1 ,M−∞Rjα (X))

satisfying analogous weight conditions as (0.26). In (0.26) we assumed (constant
in y1) discrete Mellin asymptotic types. This works with the observation that we
always find weights γjα in the required interval. In the continuous case this is not
automatically the case, since the carriers of continuous Mellin asymptotic types do
not necessary leave such gaps. However, corresponding y1-dependent smoothing
Mellin symbols can always decomposed into sums where every summand is of the
required form. Corresponding decomposition identities may be found, e.g., in [10].
In that way (0.56) is asked to be represented in the form m = m1 +m2 where the
summands are of the form (0.56) but with Mellin symbols fjα who are different for
the corresponding summands. For brevity we simply only argue in terms of Mellin
amplitude like (0.56), keeping in mind that for an arbitrary choice of fjα we always
have decomposition like fjα = f1

jα + f2
jα where the associated continuous Mellin

asymptotic types leave gaps of the carriers sets to make the Mellin actions possible.
LetRµM+G(Rq1×Rq1+d, g) be the space of all (m+g)(y1, η1, λ) such that g(y1, η1, λ)

∈ RµG(Rq1×Rq1+d, g) and m(y1, η1, λ) a finite sum of operator functions of the kind
(0.56), where it can be proved that two summands generate the whole space of such



EXECUTIVE SUMMARY 13

elements. Similarly as (0.54) we have

m(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,γ1(X∧),K∞,γ1−µ(X∧))

and

m(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,γ1P (X∧),K∞,γ1−µQ (X∧))

for all s, for arbitrary asymptotic types P and some resulting Q. When we evaluate
homogeneous principal symbols in the operator-valued set-up it suffices to ignore
the exit order e in Green symbols and to express symbols with smoothness s−µ in
the image spaces. For Green symbols g we can take as σ1(g)(y1, η1, λ) the twisted
homogeneous principal symbol

σ1(g)(y1, η1, λ) ∈ S(µ)(Rq1 × (Rq1+d \ {0});Ks,γ1(X∧),Ks−µ,γ1−µ(X∧))

and for the twisted homogeneous principal symbol of m(y1, η1, λ) we have

σ1(m)(y1, η1, λ) ∈ S(µ)(Rq1 × (Rq1+d \ {0});Ks,γ1(X∧),Ks−µ,γ1−µ(X∧))

which has the form

σ1(m)(y1, η1, λ) = r−µ1 ω|η1,λ|

θ∑
j=0

rj1
∑
|α|=j

Op
γjα−n/2
M (fjα)(y1)(η1, λ)αω′|η1,λ|

for ω|η1,λ|(r1) := ω(r1|η1, λ|), and the same for ω′|η1,λ|. Observe that the general

reasons these are parameter-dependent homogeneous edge symbols of Mellin plus
Green type and defined for (η1, λ) 6= 0.

Note that when we change the cut-off functions or the weights in (0.56) we leave
remainders of Green type. Also other expected rules hold, such as that the symbol
spaces RµM+G form algebras and that the homogeneous principal symbols behave
multiplicatively. Moreover, formal adjoints are Mellin plus Green again, with com-
patibility of formal adjoints of twisted homogeneous symbols.

The following consideration concerns the edge calculus with parameters, and as
noted before, is of analogous structure as the operator class from Definition 2, now
for B ∈M1 rather than X∧, and since B is not discussed in terms of some conical
exit we admit parameters λ ∈ Rd.

Let B ∈M1, not necessary compact, and q1 = dim Y1 > 0. By

(0.57) Lµ(B, g;Rdλ)

for weight data g = (γ1, γ1 − µ,Θ1), we denote the set of all families of operators
(0.47), where it remains to formulate the ingredients close to Y1 in terms of edge
amplitude functions in

(0.58) Rµ(Rq1 × Rq1+d, g)

consisting of all operator families (0.43) for (m + g)(y1, η1, λ) ∈ RµM+G(Rq1 ×
Rq1+d, g), cf. notation in Subsection 1.2, and h(y1, η1, λ) as in (0.44). Then the
part of operators in Lµ(B, g;Rdλ) close to Y1 can be described by

(0.59) H(λ) =
∑
ϕ≺ϕ′

ϕOpy1{r
−µ
1 ω1Op

γ1−n/2
Mr1

(h)(y1, η1, λ)ω′1}ϕ′
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with summation over ϕ from the partition of unity, ϕ ≺ ϕ′ also smooth and of
compact support in Rq1 and cut-off functions ω1 ≺ ω′1 on the r1 half-axis and

(M +G)(λ) =
∑
ϕ≺ϕ′

ϕOpy1{(m+ g)(y1, η1, λ)}ϕ′

for (m + g)(y1, η1, λ) ∈ RµM+G(Rq1 × Rq1+d, g). In more concise manner we also
could express the elements of (0.47) as

(0.60) A(λ) =
∑
ϕ≺ϕ′

ϕOpy1(a(y1, η1, λ))ϕ′ +Aint(λ) + C(λ)

for arbitrary a(y1, η1, λ) ∈ Rµ(Rq1 × Rq1+d, g).
Note that in the edge situation we have locally over a wedge in the variables

(r1, y1) and covariables (%1, η1, λ) analogously as (0.31), (0.32) edge-degenerate
pseudo-differential families

(0.61) p(r1, y1, %1, η1, λ) = p̃(r1, y1, r1%1, r1η1, r1λ)

for

(0.62) p̃(r1, y1, %̃1, η̃1, λ̃) ∈ C∞(R+ × Rq1 , Lµcl(X;R1+q1+d

%̃1,η̃1,λ̃
)).

Then the Mellin symbols h indicated in (0.44), (0.45), (0.46) are just by applying a
Mellin quantization process which turns %̃1 to v1 ∈ C, and which is combined with
a kernel cut-off procedure. The edge symbolic hierarchy, consisting of

σ(A(λ)) = (σ0(A(λ)), σ1(A(λ)))

partly refers to the interior Fourier based background. From (0.62) we have by

dissolving the variables into (r1, x, y1, %̃1, ξ, η̃1, λ̃) the parameter-dependent “scalar”
interior symbol

(0.63) σ0(A)(r1, x, y1, %1, ξ, η1, λ) = r−µ1 σ̃0(A)(r1, x, y1, r1%1, ξ, r1η1, r1λ)

for a “reduced” symbol σ̃0(A)(r1, x, y1, %1, ξ, η1, λ) homogeneous of order µ in
(%1, ξ, η1, λ) 6= 0 and smooth up to r1 = 0. This explains, analogously as (0.34) the
symbolic level σ0(A(λ)). Moreover, in this framework we have

σ1(A(λ)) = σ1(H(λ)) + σ1(M(λ)) + σ1(G(λ))

where the second summands are known from the edge calculus in [14] and

σ1(H(λ))(y1, η1, λ) = r−µ1 Op
γ1−n/2
Mr1

h̃0(y1, r1η1, r1λ)

for h̃0(y1, η̃1, λ̃) = h̃(0, y1, r1η1, r1λ), which is a function with values in continuous
operators

σ1(H(·))(y1, η1, λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

for (η1, λ) ∈ Rq1+d \ {0} belonging to

(0.64) Lµ(X∧, g;Rq1+d \ {0})
smoothly depending on y1. In other words (0.64) furnishes the parameter-dependent
edge symbolic calculus of (0.57)

Let us make some remarks on how we can obtain special examples of parameter-
dependent elliptic elements A(λ) in (0.57). Ellipticity is defined as bijectivity of the
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involved symbols. We first have the interior ellipticity which means non-vanishing
of σ0(A) for all (%1, ξ, η1, λ) 6= 0 and of σ̃0(A) up to r1 = 0. In addition the edge
symbol

(0.65) σ1(A(·))(y1, η1, λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

which is a family of operators in Lµ(X∧, g;Rq1+d
η1,λ
\{0}) has to be Fredholm for every

(y1, η1, λ) ∈ Rq1×(Rq1+d\{0}). It is of interest to investigate on how we can pass to
a 2× 2 block matrix family of isomorphisms. For this some topological obstruction
on the K-theoretic index bundle of (0.65) has to vanish. If we focus on the case that
(0.65) is a family of isomorphisms then the obstruction vanishes. In the articles [17]
or [18] we studied special elliptic cases where the operators (0.65) (in local form)
are essentially derived from parameter-dependent Laplacians and the edge symbols
are then of the form

(|η1|2 + |λ|2)µ/2

taking values in operators between spaces in (0.65). The desired property depends
to a large extent on the behaviour of subordinate conormal symbols which have to
attain isomorphisms between Sobolev spaces over X, namely

Hs(X)→ Hs−µ(X)

for any s ∈ R. Those are operator functions depending on v1 ∈ C and they have to
be bijective on the prescribed weight line Γn+1

2
−γ1 . In applications below we need

bijectivity in a particularly large weight strip. In order to achieve this it is helpful to
have bijectivity first in any (particularly narrow) strip, and then to enlarge this by
a dilation in the z-plane. In this manipulation we do not loose the other ellipticity
conditions, and this weight strip can be stretched so wide that several manipulations,
e.g., translations of reference weights, remain possible without leaving that strip.
Examples have been discussed in [17], and we use them here in connection with
the observation that enlarging weight strips is always possible. Let us summarize
weight manipulations of that kind as

Parameter-dependent ellipticity of an A(λ) ∈ Lµ(B, g;Rdλ), cf. formula (0.57),

means that A ∈ Lµ(B \ Y ;Rdλ) ⊆ Lµcl(B \ Y ;Rdλ) is parameter-dependent elliptic
in the standard sense and close to the edge Y the reduced symbol σ̃0(A) does not
vanish for (%1, ξ, η1, λ) 6= 0 up to r1 = 0. Concerning the principal edge symbol
(0.65) we have different options. In the “best possible” case (0.65) is a family of
isomorphisms, otherwise we ask (0.65) to be a family of Fredholm operators which
comes extra edge conditions. For brevity we consider the first case.

Theorem 10. Let A(λ) ∈ Lµ(B, g;Rd) be parameter-dependent elliptic. Then there
is a parameter-dependent parametrix P (λ) ∈ L−µ(B, g−1;Rd) such that

P (λ)A(λ) = 1− CL(λ), A(λ)P (λ) = 1− CR(λ)

for operators CL(λ) ∈ L−∞(B, gL;Rd), CR(λ) ∈ L−∞(B, gR;Rd). Moreover, if B is
compact

A(λ) : Hs,γ1(B)→ Hs−µ,γ1−µ(B)

is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |λ|. This holds for all s ∈ R.
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Theorem 11. Consider a sequence of operator functions

(0.66) fµ−j(τ̃ , λ̃) ∈ Lµ−j(B, g;R1+d

τ̃ ,λ̃
),

j ∈ N, g = (γ, γ − µ,Θ), and let the asymptotic types contained in the Green terms

of fµ−j be independent of j. Then there is an f(τ̃ , λ̃) ∈ Lµ(B, g;R1+d

τ̃ ,λ̃
) such that

(0.67) f(τ̃ , λ̃)−
N∑
j=0

fµ−j(τ̃ , λ̃) ∈ Lµ−(N+1)(B, g;R1+d

τ̃ ,λ̃
)

for any N ∈ N. Let us write

f(τ̃ , λ̃) ∼
∞∑
j=0

fµ−j(τ̃ , λ̃),

called an asymptotic sum of the fµ−j .

Operator functions in Lµ(B, g;R1+d

τ̃ ,λ̃
) satisfy rules in terms of differentiations with

respect to parameters. In particular, we have

(0.68) Dk
τ̃D

α
λ̃
Lµ(B, g;R1+d

τ̃ ,λ̃
) ⊆ Lµ−(k+|α|)(B, g;R1+d

τ̃ ,λ̃
)

for any k ∈ N, α ∈ Nd. Our next objective is to compose corner-degenerate families
of operators

(0.69) t−µOpt(a)(λ)t−νOpt(b)(λ)

for a(tτ, tλ), b(tτ, tλ) given by

a(τ̃ , λ̃) ∈ Lµ(B, g2;R1+d

τ̃ ,λ̃
), b(τ̃ , λ̃) ∈ Lν(B, g1;R1+d

τ̃ ,λ̃
),

respectively, where

g1 := (γ, γ − ν,Θ), g2 := (γ − ν, γ − (ν + µ),Θ),

in terms of Leibniz compositions with respect to variables and covariables (t, τ).

Proposition 12. We have

(0.70) t−µOpt(a)(λ)t−νOpt(b)(λ) = t−(µ+ν)Opt(a#tb)(λ) +G(λ)

for G(λ) determined by Opt(g)(λ) for some g(tτ, tλ) with

g(τ̃ , λ̃) ∈ L−∞(B, g;R1+d

τ̃ ,λ̃
).

Definition 13. The space Mµ
Ov2

(B1, g1;Rq2+d
η̃2,λ

) for g1 := (γ1, γ1 − µ,Θ), is defined

as the set of all h(y2, η2, λ) ∈ A(Cv2 , Lµ(B1, g1;Rq2+d
η2,λ

)) such that

h(β2 + i%2, λ) ∈ Lµ(B1, g1;R1+q2+d
%2,η2,λ

)

for every β2 ∈ R, uniformly in compact β2-intervals.
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Here we employ the operator classes in Definition 9 together with notation (0.59)
for the non-smoothing Mellin part close to Y1 and the former B is denoted by B1.
The spaces

(0.71) Lµ(B1, g1;Rd)

are locally convex, and they may be interpreted as unions of Fréchet spaces. Every
element of (0.71) belongs to such a subspace and we can talk about spaces of
holomorphic functions

(0.72) A(Cv2 , Lµ(B1, g1;Rd))

by taking unions coming from those Fréchet subspaces of (0.71). Note that standard
elements of complex function theory also work for holomorphy of functions with val-
ues in a Fréchet space, see, e.g., the textbook of Jarchow, [9]. In such constructions
the weight data g1 = (γ1, γ1−µ,Θ1) for weight intervals Θ1 := (−(θ1+1), 0], θ1 ∈ N,
are chosen and fixed, and then

(0.73) Mµ
Ov2

(B1, g1;Rd)

is defined as in Definition 13, but for q2 = 0. In the sequel we use notation

(0.74) h(r2, v2, λ) ∈Mµ
Ov2

(B1, g1;Rdr2λ)

if h(r2, v2, λ) = h̃(v2, r2λ) and h̃(v2, λ̃) ∈ Mµ
Ov2

(B1, g1;Rd
λ̃
). If H is a Hilbert space

with group action we define weighted “Mellin-Fourier” Sobolev spaces Hs,γ2(R+ ×
Rq1 , H) as the completion of C∞0 (R+ × Rq1 , H) with respect to the norm

‖u‖Hs,γ2 (R+×Rq1 ,H) :=

{∫
Rq1

∫
Γ b1+1

2 −γ2

〈v2, η1〉2s

× ‖κ−1
〈v2,η1〉(Mr2→v2Fy2→η1u)(v2, η1)‖2Hd−v2d

−η1

}1/2

.(0.75)

This expression can be generalized to Y1 rather than Rq1 by using charts like (0.53)
which gives us spaces Hs,γ2(R+×Y1, H) for any s, γ2 ∈ R. We employ this definition
first to the case s = 0 and H := K0,γ1(X∧). In the next step we consider K-spaces
of smoothness zero and arbitrary pairs of weights γ = (γ1, γ2) ∈ R2, namely, for
B1 ∈M1, Y1 = s1(B1) we set

K0,γ(B∧1 ) =ω2ω1H0,γ2(R+ × Y1,K0,γ1(X∧))

+ (1− ω2)ω1H0,0(R+ × Y1,K0,γ1(X∧))

+ (1− ω2)(1− ω1)K0,0((2B1)∧)

+ ω2(1− ω1)K0,γ2((2B1)∧)(0.76)

for cut-off functions ω2 = ω2(r2), ω1 = ω1(r1).
In order to give an explanation of spaces Ks,γ(B∧1 ) for arbitrary s ∈ R we first

consider the Hilbert spaces Hs,γ1(B1) which are defined locally close to s1(B1) =: Y1

by

Hs,γ1(B1) = ω1Ws(Y1,Ks,γ1(X∧)) + (1− ω1)Hs
loc(B1 \ Y1).
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This gives us spaces Hs,γ2(R+, H
s,γ1(B1)) and also

Hs,γ2;e(R+, H
s,γ1(B1)) := [r2]−eHs,γ2(R+, H

s,γ1(B1))

and we form

(0.77) Sγ2(R+, H
s,γ1(B1)) := lim←−

s0,e∈R
Hs0,γ2;e(R+, H

s,γ1(B1))

for sufficiently large s0, e. In particular, γ2 remains a multiplicative weight and we
have

Sγ2(R+, H
s,γ1(B1)) = rγ22 S(R+, H

s,γ1(B1)).

The spaces Hs,γ2;e(R+, H
s,γ1(B1)) and also (0.77) are embedded in K0,γ(B∧1 ). More-

over, we employ the non-degenerate sesquilinear paring

(0.78) (·, ·)K0,0(B∧1 ) : K0,γ(B∧1 )×K0,−γ(B∧1 )→ C

for any γ = (γ1, γ2).
Now with Mellin symbols

f(r2, v2, λ) ∈M0
Ov2

(B1, g1;Rdr2λ)

for g1 = (γ1, γ1,Θ) we have continuity

Op
γ2−b1/2
Mr2

(f)(λ) : K0,γ(B∧1 )→ K0,γ(B∧1 ).

If (0.74) is a Mellin symbol, we have continuity of

(0.79) r−µ2 Op
γ2−b1/2
Mr2

(h)(λ) : Sγ2(R+, H
∞,γ1(B1))→ Sγ2−µ(R+, H

∞,γ1−µ(B1)).

By duality via (0.78) we also get continuity between the respective dual spaces. For

Sγ2(R+, H
∞,γ1(B1)) = rγ22 S(R+, H

∞,γ1(B1))

we have a sesquilinear pairing

Sγ2(R+, H
∞,γ1(B1))× (Sγ2(R+, H

∞,γ1(B1)))′ → C.
Instead of (Sγ2(R+, H

∞,γ1(B1)))′ we also write (S ′)−γ2(R+, H
−∞,−γ1(B1)). Then,

(0.79) allows us to pass to formal adjoint operators

(r−µ2 Op
γ2−b1/2
Mr2

(h)(λ))∗ : (Sγ2−µ(R+, H
∞,γ1−µ(B1)))′

→ (Sγ2(R+, H
∞,γ1(B1)))′(0.80)

which is a map between the respective distribution spaces. The operator on the
left-hand side of (0.80) is of analogous structure as that on the left of (0.79), i.e.,
of the form

r−µ2 Op
γ2−b1/2
Mr2

(h∗)(λ)

for some element h∗ ∈ Mµ
Ov2

(B1, gµ;Rdr2λ) for gµ = (−γ1 + µ,−γ1,Θ) obtained

together with a translation in the complex v2-plane. Because of the assumptions on
holomorphy of Mellin symbols in sufficiently large v2-strips, the map (0.80) may be
realized between spaces of distributions relatively to the original weights, namely

r−µ2 Op
γ2−b1/2
Mr2

(h∗)(λ) : (S ′)γ2(R+, H
−∞,−γ1(B1))

→ (S ′)γ2−µ(R+, H
−∞,γ1−µ(B1)).
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By restriction this induces an operator family

(0.81) r−µ2 Op
γ2−b1/2
Mr2

(h∗)(λ) : K0,γ(B∧1 )→ (S ′)γ2−µ(R+, H
−∞,γ1−µ(B1))

which makes sense because of K0,γ(B∧1 ) ⊂ (S ′)γ2(R+, H
−∞,−γ1(B1)), but (0.81) is

by no means surjective. This consideration may be applied to s ∈ R rather than µ,
and a pair of weights γ − s = (γ1 − s, γ2 − s). Then the respective operator will be
called R−s, and we define in new notation

R−s(λ) := rs2Op
γ2−s−b1/2
Mr2

(f)(λ) : K0,γ−s(B∧1 )→ Ks,γ(B∧1 )

where f(r2, v2, λ) = f̃(v2, r2λ) for a resulting f̃(v2, λ̃) ∈M−sOv2 (B1, gs;Rdλ̃) for weight

data gs := (γ1− s, γ1,Θ). The resulting space Ks,γ(B∧1 ) is the image of K0,γ−s(B∧1 )
under R−s(λ) for sufficiently large λ. We altogether obtain

Theorem 14. For every pair of weights γ = (γ1, γ2) ∈ R2 and s ∈ R there exists

an f(v2, λ̃) ∈M−sOv2 (B1, gs;Rdλ̃) such that for sufficiently large |λ| the operator

(0.82) R−s(λ) := rs2Op
γ2−s−b1/2
Mr2

(f)(λ) : K0,γ−s(B∧1 )→ Ks,γ(B∧1 )

defines an isomorphism.

Note that the operator (0.82) is defined in terms of a parameter - dependent

elliptic element f(v2, λ̃) ∈ M−∞Ov2
(B1, g1;Rd

λ̃
) and for large |λ| we have injectivity

on K0,γ−s(B∧1 ), since there is a parameter-dependent left parametrix which leaves
small remainders with increasing |λ|. In any case we set

Ks,γ(B∧1 ) := imR−s(λ)

and another consideration shows that this space is independent of the specific choice
of f with the indicated property.
A simple consideration shows that Ks,γ(B∧1 ) admits the group action

κδ : Ks,γ(B∧1 )→ Ks,γ(B∧1 ),

(κδu)(r1, x) := δ(b1+1)/2u(δr1, x), δ ∈ R+.

In addition the particular form of the Mellin symbol f(v2, r2λ) gives us twisted
homogeneity

R−s(δλ) = δ−sκδR
−s(λ)κ−1

δ

for all δ ∈ R+. The operator calculus on the infinite stretched cone B∧ requires
Green and smoothing Mellin operators which play a similar role as those on Subsec-
tion 1.2 for a smooth compact X. Similarly as in (0.16) we employ pairs of discrete
asymptotic types P1,P2 and form spaces of singular functions

EP1,P2(B∧1 ) :=

{ M∑
ν=0

lν∑
λ=0

ω2(r2)dνλ(b)r−sν2 logλ r2

: dνλ ∈ H∞,γ1P1
(B1) for all ν, λ

}
.
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Moreover, we have the spaces (0.75) where the involved space H may also be a
Fréchet space with group action. This allows us to form spaces

Hs,γ1,γ2P1,Θ2
(R+ × Rq2 , · ) := lim←−

ε>0

Hs,γ2−(θ2+1)−ε(R+ × Rq2 ,Ks,γ1P1
(X∧))

for Θ2 = (−(θ2+1), 0] which is an expression in terms of known data. A globalization
gives us the spaces

ω2ω1,globHs,γP1,P2
(B∧1 ) := ω2ω1,globHs,γP1,Θ2

(B∧1 ) + EP1,P2(B∧1 )

for cut-off functions ω2 = ω2(r2) on the half-axis and functions ω1,glob in the distance
variable r1 to Y1, the edge of B1. We also pass to spaces globally on B∧1 by forming

ω2Hs;γ1,γ2P1,P2
(B∧1 ) := ω2ω1,globHs,γP1,P2

(B∧1 ) + ω2(1− ω1,glob)Hs,γ2P2
((2B1)∧)|s0(B∧1 ).

This gives us

ω2H∞;γ1,γ2
P1,P2

(B∧1 ) := lim←−
s∈R

ω2Hs;γ1,γ2P1,P2
(B∧1 ).

Moreover, consider

(1− ω2)S(R+,r2 , H
∞,γ1
P1

(B1))

which can be identified closed to R+ × Y1 with the space

(1− ω2) lim←−
s,δ∈R

Ws,δ(R+ × Y1,K∞,γ1P1
(X∧))

Let us now form

K∞;γ1,γ2;∞
P1,P2

(B∧1 ) := ω2H∞;γ1,γ2
P1,P2

(B∧1 ) + (1− ω2)S(R+,r2 , H
∞,γ1
P1

(B1)).

Definition 15. By LµG(B∧1 , g;Rd \ {0}) for weight data g := (gi)i=1,2, where gi =
(γi, γi− µ,Θi),Θi = (−(θi + 1), 0] for certain θi ∈ N, i = 1, 2 we denote the space of
all

G(λ) ∈ Sµcl(R
d
λ;Ks;γ1,γ2;e(B∧1 ),K∞;γ1−µ,γ2−µ;∞

P1,P2
(B∧1 ))

such that

G∗(λ) ∈ Sµcl(R
d
λ;Ks;−γ1+µ,−γ2+µ;e(B∧1 ),K∞,−γ1,−γ2;∞

Q1,Q2
(B∧1 ))

for arbitrary s, e ∈ R and asymptotic types P1,P2,Q1,Q2 depending.

Concerning a definition of spaces

Ks;γ1,γ2P1,P2
(B∧1 )

for s ∈ R we apply an analogue of Theorem 14. The definition of K0,γ(B∧1 ) in (0.76)
allows us to pass to subspaces

K0,γ
P1,P2

(B∧1 ) =ω2ω1H0,γ2(R+ × Y1,K0,γ1
P1

(X∧))

+ (1− ω2)ω1H0,0(R+ × Y1,K0,γ1
P1

(X∧))

+ (1− ω2)(1− ω1)K0,0((2B1)∧) + ω2(1− ω1)K0,γ2((2B1)∧).
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We now form asymptotic types P1(s),P2(s) which are translations of P1,P2 accord-
ing to the weight shift in formula (0.82) and generate Ks,γP1,P2

(B∧1 ) as the image of

K0,γ−s
P1(s),P2(s)(B

∧
1 ) under the map (0.82). Then

R−s(λ) : K0,γ−s
P1(s),P2(s)(B

∧
1 )→ Ks,γP1,P2

(B∧1 )

just generates Kegel spaces with asymptotics for arbitrary s.
Analogously as the operator families we now formulate the smoothing Mellin

contribution to the class LµM+G(B∧1 , g;Rdλ \ {0}) for g = (g1, g2). To this and we

first formulate the symbol classes M−∞R (B1, g1) for some Mellin asymptotic type R
belonging to the singular order 1. Similarly as (0.28) in the discrete case R is a
sequence in Cv2 ×N such that πCR satisfies an analogous condition as before what
concerns the position of points in Cv2 . Now for such an R the space

M−∞R (B1, g1)

is defined as the set of all f(v2) ∈ A(Cv2 \ πCR, L−∞(B1, g1)) such that f(v2) is
meromorphic with poles at the points in πCR of multiplicity nj + 1 and finite rank
Laurent coefficients in L−∞(B1, g1). In addition we ask

χ(v2)f(v2)|Γβ ∈ S(Γβ, L
−∞(B1, g1))

for any πCR-excision function χ and every β ∈ R, uniformly in finite intervals. Now
the smoothing Mellin cone families for the calculus over B∧1 are assumed to be of
the form

(0.83) M(λ) := r−µ2 ω2,[λ]

θ2∑
j=0

rj2
∑
|α|≤j

Op
γjα−b1/2
M (fjα)λαω′2,[λ]

for elements fjα(v2) ∈M−∞Rjα (B1, g1) and weights γjα satisfying

Γ b1+1
2
−γjα

∩ πCRjα = ∅ for γ2 − j ≤ γjα ≤ γ2

for all j, α. Recall that ω2,[λ](r2) = ω2(r2[λ]), etc. Similarly as (0.27), (0.28) the op-
erator families M(λ) constitute operator-valued symbols with constant coefficients

M(λ) ∈ Sµcl(R
d;Ks,γ2(B∧1 ),K∞,γ2−µ(B∧1 ))

and similarly, between subspaces with double asymptotic types.
Note that both Green and Mellin operator families over B∧1 can also be formulated
for continuous asymptotics, both with respect to r1 and r2.

As announced before the space LµM+G(B∧1 , g;Rdλ\{0}) is defined as the set of sums

M(λ) +G(λ) for M(λ) as it has been just defined and G(λ) ∈ LµG(B∧1 , g;Rd \ {0}).

Definition 16. The space Lµ(B∧1 , g;Rdλ\{0}) is defined as the space of all operator
families

A(λ) := H(λ) +M(λ) +G(λ)

where (M +G)(λ) ∈ LµM+G(B∧1 , g;Rdλ \ {0}),

H(λ) = r−µ2 Op
γ2−b/2
M (h)(λ)

where h(r2, v2, λ) := h̃(v2, r2λ) for some h̃(v2, λ̃) ∈Mµ
Ov2

(B1, g1;Rd
λ̃
).
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Remark 17. We have

Lµ(B∧1 , g;Rdλ \ {0}) ⊂Lµ((s0(B1))∧, g1;Rdλ \ {0})

:= Lµ((2B1)∧;Rdλ \ {0})|intB1+
,(0.84)

see notation in the introduction.

Analogously as in the symbolic characterization of H(λ) in Definition 2 and
expressions (0.31), (0.32) we have degenerate families

p(r2, %2, λ) = p̃(r2%2, r2λ)

for

p̃(%̃2, λ̃) ∈ Lµ(B1, g1;R1+d

%̃2,λ̃
).

Then the non-smoothing Mellin symbols h̃(v2, λ̃) ∈ Mµ
Ov2

(B1, g1;Rd
λ̃
) in Definition

16 are obtained from p̃ via Mellin quantization from p̃(%̃2, λ̃) which turns %̃2 to v2.
Another principal symbolic level of operators A(λ) in Definition 16 is the highest
conormal symbol belonging to the corner singularity

(0.85) σ2(A)(v2) := h(0, v2, 0) + f0(v2) : Hs,γ1(B1)→ Hs−µ,γ1−µ(B1)

with h as in Definition 16, frozen at r2 = 0 and the principal conormal symbol of
M(λ), cf. relation (0.83) which is just the smoothing Mellin symbol belonging to
the summand for j = 0, now denoted by f0(v2). The conormal symbol (0.85) is
regarded as an operator function parametrized by v2 ∈ Γ b1+1

2
−γ2

for b1 = dimB1.

Theorem 18. Any A(λ) ∈ Lµ(B∧1 , g;Rdλ \ {0}) induces families of continuous op-
erators

(0.86) A(λ) : Ks,γ(B∧1 )→ Ks−µ,γ−µ(B∧1 )

and

(0.87) A(λ) : Ks,γP1,P2
(B∧1 )→ Ks−µ,γ−µQ1,Q2

(B∧1 )

for every pair of asymptotic types P1,P2 and some resulting Q1,Q2.

It can be easily verified that operator families A(λ) ∈ Lµ(B∧1 , g;Rdλ \ {0}) form
symbols

A(λ) ∈ Sµcl(R
d;Ks,γ(B∧1 ),Ks−µ,γ−µ(B∧1 ))

for any real s. The twisted homogeneity in the respective symbolic estimates refer
to group actions in the involved spaces

(κδu)(r2, x) = δ(b1+1)/2u(δr2, x)

for all δ ∈ R+, with x denoting the variable on B1. Let S(µ)(Rd \ {0};Ks,γ(B∧1 ),
Ks−µ,γ−µ(B∧1 )) be the space of principal homogeneous components. Those are also
operator families in Lµ(B∧1 , g;Rdλ \ {0}) and play the role of principal edge symbols
for operators of the edge calculus of second singular order in Subsection 2.1 below,
with λ being replaced by (η2, λ).
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Let us call a family A(λ) ∈ Lµ(B∧1 , g;Rdλ \ {0}) parameter-dependent elliptic
of order µ, with respect to the fixed weights γ = (γ1, γ2) if σ0(A) is parameter-
dependent elliptic over B∧1 \ s0(B∧1 ) in the standard sense and if also the reduced
symbols

r−µ2 σ̃0(A)(r1, x, y1, r2, %̃1, ξ, %̃2, η̃1, λ̃)

for r2 > 0 do not vanish for (%̃1, ξ, %̃2, η̃1, λ̃) 6= 0 up to r1 = 0, where %̃1 := r1%1,
etc., and for r1, r2 close to zero

ˆ̃σ0(A)(r1, x, y1, r2, %̃1, ξ, ˆ̃%2, η̃1,
ˆ̃
λ)

is non-vanishing for (%̃1, ξ, ˆ̃%2, η̃1,
ˆ̃
λ) 6= 0 up to r2 = 0, for ˆ̃%2 := r1r2%2,

ˆ̃
λ := r1r2λ. In

addition we ask that h̃(v2, λ̃) ∈Mµ
Ov2

(B1, g1;Rd
λ̃
), cf. Definition 16 to be parameter-

dependent elliptic of order µ (this just encodes the suitable exit ellipticity when
r2 →∞), and that the principal conormal symbol (0.85) is a family of isomorphism
for all v2 ∈ Γ b1+1

2
−γ2

.

Theorem 19. Let A(λ) ∈ Lµ(B∧1 , g;Rd \ {0}) be parameter-dependent elliptic of
order µ and relative to the weight γ = (γ1, γ2). Then there is a parameter-dependent
parametrix P (λ) ∈ L−µ(B∧1 , g

−1;Rd \ {0}), g−1 = (g−1
1 , g−1

2 ) such that

P (λ)A(λ) = 1−GL(λ), A(λ)P (λ) = 1−GR(λ)

for some GL(λ) ∈ L−1
G (B∧1 , gL;Rd \ {0}), GR(λ) ∈ L−1

G (B∧1 , gR;Rd \ {0}) for gL :=
(g1,L, g2,L), gR := (g1,R, g2,R).

Corollary 20. If A(λ) is parameter-dependent elliptic then

A(λ) : Ks,γ(B∧1 )→ Ks−µ,γ−µ(B∧1 )

is a family of Fredholm operators, and kernels belong to subspaces of K∞,γ(B∧1 )
with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
K∞,γ−µ(X∧) with asymptotics.

We established the calculus of edge operators over a B1 ∈M1 with parameters,
including discrete or continuous asymptotics with respect to an edge Z1. Here we
slightly modify notation, since first order and second order edges for B2 ∈M2 are
denoted by Y1, Y2, according to the way of successively forming wedges, e.g., when

(0.88) B2 = BM
1 × Y2

we have Y2 = s2(B2) but Y1 = s1(B2 \ Y2), and then B1 ∈ M1 which is the base
of the new model cone has another edge, now denoted by Z1 of some dimension p1

which is also admitted to be zero. Thus analogously as (0.57) we have to introduce
local (along Y2 in variables (y2, η2, λ), y2 ∈ Rq2) spaces of amplitude functions

(0.89) Rµ(Rq2 × Rq2+d, g)

for weight data g := (gi)i=1,2, gi = (γi, γi − µ,Θi), i = 1, 2, consisting of operator
functions

(0.90) a2(y2, η2, λ) = h2(y2, η2, λ) + (m2 + g2)(y2, η2, λ)
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for the asymptotic part

(0.91) (m2 + g2)(y2, η2, λ) ∈ RµM+G(Rq2 × Rq2+d, g).

Let RµG(Rq2 × Rq2+d, g) be the space of Green symbols, i.e.,

g(y2, η2, λ) ∈ Sµcl(R
q2 × Rq2+d;Ks;γ;e(B∧1 ),K∞;γ−µ;∞

P1,P2
(B∧1 ))

such that the pointwise formal adjoint with respect to the K0,0(B∧1 )-scalar product
has the property

g∗(y2, η2, λ) ∈ Sµcl(R
q2 × Rq2+d;Ks;−γ+µ(B∧1 ),K∞,−γ;∞

Q1,Q2
(B∧1 ))

for g-dependent asymptotic types P1,P2 and Q1,Q2, associated with the weight
information involved in the respective spaces. Let us admit here from the very
beginning continuous asymptotic types for r1 → 0 or r2 → 0. Clearly we also have
discrete asymptotics, and y1- or y2-independence as a special case. Analogously as
(0.56) there are also Mellin amplitude functions

m(y2, η2, λ) := r−µ2 ωη2,λ

θ2∑
j=0

rj2
∑
|α|≤j

Op
γjα−b1/2
M (fjα)(y2)(η2, λ)αω′η2,λ

for Mellin symbols

fjα(y2, v2) ∈ C∞(Rq2 ,M−∞Rjα (B1, g1))

satisfying the conditions

Γ b1+1
2
−γjα

∩ πCRjα = ∅ for γ2 − j ≤ γjα ≤ γ2

for all j, α. Clearly fjα,Rjα and weights γjα are different from the corresponding
objects in (0.56); for convenience we employ here the same notation. The Mellin
asymptotic types Rjα are admitted to be continuous. As for first singularity order
1 by

RµM+G(Rq2 × Rq2+d, g)

we denote the space of all (m+g)(y2, η2, λ) of the indicated structure (where for the
Mellin part we also take into account more summands of the same conormal order
when the asymptotic types are continuous) and we write RµG(Rq2×Rq2+d, g) for the
respective space of Green amplitude functions. The non-smoothing holomorphic
Mellin part is defined as

(0.92) h2(y2, η2, λ) = ω2r
−µ
2 Op

γ2−b1/2
Mr2

(h2)(y2, η2, λ)ω′2

for some

(0.93) h2(r2, y2, v2, η2, λ) = h̃2(r2, y2, v2, r2η2, r2λ)

for

(0.94) h̃2(r2, y2, v2, η̃2, λ̃) ∈ C∞(R+ × Rq2 ,Mµ
Ov2

(B1, g1;Rq2+d

η̃2,λ̃
)).

On B2 ∈M2 we have weighted spaces Hs,γ(B2), defined as the set of those u ∈
Hs,γ

loc (B2 \ Y2) such that ϕiu ◦ χ−1
i ∈ Ws(Rq2 ,Ks,γ(B∧1 )) for all i. Here (ϕ1, . . . , ϕN )

is a partition of unity on Y2 subordinate to an open covering of Y2 by coordinate
neighbourhoods Y2,i, and χi : Y2,i → Rq2 charts, i = 1, . . . , N . Moreover, we have
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subspaces with asymptotics Hs,γ
P1,P2

(B2) consisting of elements u ∈ Hs,γ1
loc,P1

(B2 \ Y2)

such that ϕiu ◦ χ−1
i ∈ Ws(Rq2 ,Ks,γP1,P2

(B∧1 )). There is then the space

L−∞(B2, g;Rdλ)

of all C(λ) ∈ S(Rdλ, L−∞(B2, g)) where L−∞(B2, g) is the space of all operators

(0.95) C(λ) : Hs,γ(B2)→ H∞,γ−µP1,P2
(B2)

such that the formal adjoint with respect to the scalar product of H0,0(B2) induces
continuous maps

(0.96) C∗(λ) : Hs,−γ+µ(B2)→ H∞,−γQ1,Q2
(B2)

for C-dependent asymptotic types P1,P2 and Q1,Q2, respectively.

Definition 21. By Lµ(B2, g;Rdλ) for B2 ∈ M2 and g = (g1, g2) we denote the
space of operator families

A(λ) := H(λ) + (M +G)(λ) +Aint(λ) + C(λ)

where

H(λ) + (M +G)(λ) =
∑
ϕ≺ϕ′

ϕOpy1(a2)(λ)ϕ′

for a2(y2, η2, λ) ∈ Rµ(Rq2 × Rq2+d, g) , where the sum runs over a partition of
unity of Y2 by localizing functions ϕ and ϕ′ � ϕ are compactly supported smooth
functions in the respective coordinate neighbourhoods. Moreover, Aint(λ) belongs
to Lµ(B2 \ Y2, g1;Rdλ) and its kernel is supported off a small neighbourhood of Y2.

The operator family C(λ) belongs to L−∞(B2, g;Rdλ).

Operators in Lµ(B2, g;Rdλ) have the property, that the restrict to elements in

Lµ(B2 \ Y2, g;Rdλ). Applying a decomposition

A(λ) =ω2A(λ)ω′2 + ω2A(λ)(1− ω′2) + (1− ω2)A(λ)ω′′2

+ (1− ω2)A(λ)(ω′2 − ω′′2) + (1− ω2)A(λ)(1− ω′2)

for global cut-off functions over B2 which are ≡ 1 close to Y2 and ω′′2 ≺ ω2 ≺ ω′2.
Then ω2A(λ)ω′2 is located close to Y2 and can be described by amplitude function in
(0.89). Those belong to Sµ(Rq2×Rq2+d;Ks,γ(B∧1 ),Ks−µ,γ−µ(B∧1 )) and hence induce
(after a localization in y2 ∈ Rq2 from both sides) continuous operators

Ws(Rq2 ,Ks,γ(B∧1 ))→Ws−µ(Rq2 ,Ks−µ,γ−µ(B∧1 )).

Globally, assuming B2 to be compact, there operators are continuous in the sense

ω2A(λ)ω′2 : Hs,γ(B2)→ Hs−µ,γ−µ(B2).

The operators ω2A(λ)(1−ω′2)+(1−ω2)A(λ)ω′′2 belong to L−∞(B2, g;Rdλ) and induce
continuous operators (0.95), (0.96). The operators

(1− ω2)A(λ)(ω′2 − ω′′2) and (1− ω2)A(λ)(1− ω′2)

belong to Lµ(B2 \ Y2, g;Rdλ) and generate continuous operators

Hs,γ1,γ̃2(B2)→ Hs−µ,γ1−µ,˜̃γ2−µ(B2)
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for any γ̃2, ˜̃γ2 ∈ R. Similar considerations may be applied to subspaces with
asymptotics, using that any element a of (0.89) belongs to a space Sµ(Rq2 ×
Rq2+d;Ks,γP1,P2

(B∧1 ),Ks−µ,γ−µQ1,Q2
(B∧1 )). Thus we obtain altogether the following result:

Proposition 22. Operators A(λ) ∈ Lµ(B2, g;Rdλ) represent families of continuous
operators

A(λ) : Hs,γ(B2)→ Hs−µ,γ−µ(B2)

and

A(λ) : Hs,γ
P1,P2

(B2)→ Hs−µ,γ−µ
Q1,Q2

(B2)

for any pairs of asymptotic types P1,P2 and some resulting Q1,Q2, for all s ∈ R.

Let us now pass to ellipticity and Fredholm property of operators in the calculus
over B2 ∈ M2. An operator A(λ) ∈ Lµ(B2, g;Rdλ) in notation of Definition 21 is

called elliptic if A(λ)|s0(B2) ∈ L
µ
cl(s0(B2);Rdλ) is parameter-dependent elliptic over

the smooth manifold s0(B2) in the standard sense, moreover, if

σ̃0(A)(r1, x, y1, r2, y2, %̃1, ξ, η̃1, %̃2, η̃2, λ̃)

which is the reduced symbol of A(λ)|B1\Y2 does not vanish for

(%̃1, ξ, η̃1, %̃2, η̃2, λ̃) 6= 0

up to r1 = 0, where tilde indicates multiplication by r1, and

ˆ̃σ0(A)(r1, x, y1, r2, y2, %̃1, ξ, η̃1, ˆ̃%2, ˆ̃η2,
ˆ̃
λ)

which is the reduced symbol of A(λ)|B1\(Y1∪Y2) (computed close to r1 = 0 and

r2 = 0) does not vanish for (%̃1, ξ, η̃1, ˆ̃%2, ˆ̃η2,
ˆ̃
λ) 6= 0 up to r2 = 0, where ˆ̃ indicates

multiplication by r1r2. In addition over B2 \ Y2 we assume that the parameter-
dependent edge symbol close to Y1

σ1(A)(y1, r2, y2, η1, %2, η2, λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

is bijective for (η1, %2, η2, λ) 6= 0 and also its reduced symbol

σ̃1(A)(y1, r2, y2, η̃1, %2, η2, λ̃) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

up to r1 = 0 for (η̃1, %2, η2, λ̃) 6= 0. In addition close to Y2 we ask bijectivity of the
second singular edge symbol

(0.97) σ2(A)(y2, η2, λ) : Ks,γ(B∧1 )→ Ks−µ,γ−µ(B∧1 )

to be bijective for (η2, λ) 6= 0. Note that this entails the bijectivity of the subordinate
conormal symbol (0.85). This is an operator family in Lµ(B∧1 , g;
(Rq2 × Rd) \ {0}) which also depends on y2 ∈ Y2.

Theorem 23. Let A(λ) ∈ Lµ(B2, g;Rd) be parameter-dependent elliptic. Then
there is a parameter-dependent parametrix P (λ) ∈ L−µ(B2, g

−1;Rd),
g−1 = (g−1

1 , g−1
2 ) such that

(0.98) P (λ)A(λ) = 1− CL(λ), A(λ)P (λ) = 1− CR(λ)
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for CL(λ) ∈ L−∞(B2, gL;Rd), CR(λ) ∈ L−∞(B2, gR;Rd) for gL := (g1,L, g2,L),
gR := (g1,R, g2,R). Moreover, if B2 is compact

(0.99) A(λ) : Hs,γ(B2)→ Hs−µ,γ−µ(B2)

is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |λ|. This holds for all s ∈ R. In addition, solutions u of A(λ)u = f for

f ∈ Hs−µ,γ−µ
Q1,Q2

(B2) belong to Hs,γ
P1,P2

(B2) for pairs of continuous asymptotic types
Q1,Q2 with resulting P1,P2.
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PARAMETER-DEPENDENT EDGE CALCULUS AND CORNER

PARAMETRICES

WANNARUT RUNGROTTHEERA, XIAOJING LYU, AND BERT-WOLFGANG SCHULZE

Abstract. Let B be a compact manifold with smooth edge of dimension > 0.
We study the interplay between parameter-dependent edge algebra algebra on
B and operator families belonging to the corner calculus, and we characterize
parametrices in the corner case.

1. Introduction

This article is devoted to a specific part of analysis on a manifold M with singu-
larities, here M := BM for

(1.1) BM := (R+ ×B)/({0} ×B)

where B is a manifold with edge of first order. Let us fix some terminology. The
general background are stratified spaces M ∈ Mk of singularity order k ∈ N =
{0, 1, 2, . . .}, where the case k = 0 corresponds to smoothness, together with other
common conditions, e.g., para-compactness, etc. We are interested in relatively
simple stratifications, obtained by repeatedly forming cones XM, X ∈ M0, and
wedges XM × Rq1 for some q1, use those spaces as generalized charts for other
spaces which are locally modeled on such cones or wedges, and then form cones,
and wedges, again. In recent years there has been achieved much progress in the
analysis on such spaces. The general scheme is that any M ∈ Mk has a singular
stratum Yk := sk(M) ∈ M0, where M \ sk(M) ∈ Mk−1 and every yk ∈ Yk has a
neighbourhood V in M which is isomorphic (in the category of regular singularities)
to a locally trivial bundle over sk(M) with fibre BMk−1 for a compact Bk−1 ∈Mk−1.
This definition can be iterated. In particular, we can study cones BM ∈ M2 for
B ∈M1. For k ≥ 2 the stratification of M ∈Mk gives rise to a sequence

(1.2) s(M) = (s0(M), s1(M), . . . , sk(M))

of smooth subspaces sj(M) ∈M0, j = 0, 1, . . . , k, of dimension dimM := dim s0(M) >
dim s1(M) > · · · ≥ dim sk(M) > 0. Our investigations belong to the pseudo-
differential calculus over such spaces M. Those contain specific corner-degenerate
differential operators A with a hierarchy of principal symbols

(1.3) σ(A) = (σ0(A), σ1(A), . . . , σk(A)).

The components of (1.3) are operator-valued, but σ0(A) is the standard homoge-
neous principal symbol on T ∗s0(M)\0, where 0 indicates the zero-section. Under a

2010 Mathematics Subject Classification. Primary 35S35; Secondary 35J70.
Key words and phrases. Edge calculus, corner parametrices.
This research has been supported by the Thailand Research Fund (TRF) grant MRG5980089.
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suitable condition on ellipticity also the parametrices of operators A belong to ex-
pected operator algebras. There are also asymptotic aspects of this program and we
have structures for B ∈M1 (in parameter-dependent form) generating asymptotics
of solutions close to edges s1(·) on B and double asymptotics close to corner points
s2(·) of BM, cf. [15], [8]. With M ∈ Mk we can associate its stretched manifold
M obtained by invariantly attaching a natural Bk−1- bundle (determined by the
above-mentioned BMk−1-bundle) over sk(M) to M \ sk(M). Then, for a “negative”
counterpart of M denoted for the moment by M− and the former M by M+ we can
glue together M− and M+ along the common Bk−1-bundle to obtain 2M, and then
2M ∈Mk−1.

The present paper is organized as follows. In Section 2 we establish an edge
pseudo-differential calculus over B with parameters. Those are involved as extra
covariables, degenerate in a similar manner as edge covariables. We then formulate
the existence of parameter-dependent parametrices in this framework with con-
trolled remainders. Section 3 is devoted to elements of a analogous approach for
manifolds with edges of singularity order 2. In particular, we formulate a new level
of operator-valued corner symbols and compute corner parametrices in terms of a
new set of variables and covariables in the new corner axis direction.

In this article we continue and deepen the material of [2] and [3] in cases of lower
orders of singularities.

2. Parameter-dependent edge calculus

2.1. Basic notation. Let B ∈ M1 be a compact manifold with conical or edge
singularities. In order to avoid separate comments, we assume that dim s1(B) =:
q > 0. For the edge pseudo-differential calculus over B we employ suitable adapted
notation. Write Y := s1(B) and s0(B) = B \ Y. The most specific part of the edge
calculus over B concerns the region close to the edge Y. The space B is locally
near Y modeled on XM × Rq, and B \ Y on X∧ × Rq for a compact X ∈ M0 for
X∧ := R+ × X. Throughout this exposition for simplicity we assume that Y has
a neighbourhood W in B with the structure of trivial XM-bundle over Y . The
general case only needs mild extra constructions, left to the reader. Recall that any
smooth manifold B with boundary belongs to M1. In this case s0(B) = intB and
s1(B) = ∂B, where W corresponds to a collar neighbourhood of ∂B, often identified
with the trivial normal bundle, corresponding to a Riemannian metric. In this
exposition we systematically employ the spaces Lµcl(X;Rdλ) of classical parameter-
dependent pseudo-differential operators of order µ ∈ R over X ∈M0 of dimension n,
assumed to be Riemannian, where λ ∈ Rd in local symbols a(x, ξ, λ) is treated as a
covariable (ξ, λ) of dimension n+d. Subscript “cl” means that we talk about classical
symbols in Hörmander’s spaces, here denoted by Sµcl(Ω×R

n+d),Ω ⊆ Rn open. Then

L−∞(X;Rdλ) = S(Rdλ, L−∞(X)), where L−∞(X) is identified via the Riemannian
metric with C∞(X×X), such that operators can be written

∫
c(x, x′)u(x′)dx′ with

dx′ being the measure belonging to the Riemannian metric. Then operators are
locally of the form

(2.1) Opx(a)(λ)u(x) =

∫∫
ei(x−x

′)ξa(x, ξ, λ)u(x′)dx′d−ξ
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for compactly supported u, where d−ξ = (2π)−ndξ. Globally using a system of charts
covering X and a subordinate partition of unity the operator families over X are
determined by such local expressions modulo L−∞(X;Rdλ). The spaces Lµcl(X;Rdλ)
are Fréchet in a natural way.

The main object of consideration in the present section is the space of edge
operators

(2.2) Lµ(B, g;Rdλ)

to be introduced in a number of steps. The properties of (2.2) will imply

Lµ(B, g;Rdλ) ⊆ Lµcl(B \ Y ;Rdλ)

Notation g indicates weight data (γ1, γ1 − µ,Θ).
We also employ pseudo-differential operators based on the Mellin transform and

more specific Mellin symbols that are holomorphic in v1 ∈ C.

Definition 2.1. Let Mµ
O(X;Rd) denote the space of all h(v1, λ)∈A(Cv1, L

µ
cl(X;

Rd)) such that h(β1 + i%1, λ) ∈ Lµcl(X;R1+d
%1,λ

) for every β1 ∈ R, uniformly in compact

β1-intervals.

Remark 2.2. The space Mµ
O(X;Rd) is Fréchet with the system of semi-norms

of A(C, Lµcl(X;Rd)), namely, supv1∈K πj(h(v1, ·)), where πj , j ∈ N, is a semi-norm

system for Lµcl(X;Rd),K b C, together with

sup
−l≤β1≤l

πj(h(β1 + i%1, ·))

where πj , j ∈ N, is a semi-norm system for Lµcl(X;R1+d
%1,λ

), and l ∈ N.

Let us prepare Definition 2.3 below by a notation and a list of ingredients. We fix
weight data g = (γ1, γ1 − µ,Θ), where γ1 ∈ R is a weight referring to r1 ∈ R+, the
axial variable of the open stretched cone X∧ := R+×X, in the splitting of variables
(r1, x), and X ∈M0 compact, and we choose a weight interval Θ = (−(θ+ 1), 0] for
some θ ∈ N. We employ spaces Ks,γ1(X∧) and subspaces Ks,γ1Θ (X∧) and Ks,γ1P (X∧)
with asymptotics of type P, cf. [14], P may be discrete or continuous. Below, in
order to illustrate double asymptotics, we recall a few notions from this context.
For the moment we freely employ these tools.

Definition 2.3. By

(2.3) Lµ(X∧, g;Rdλ \ {0})
we denote the space of all operator families

(2.4) A(λ) := H(λ) +M(λ) +G(λ)

where (M +G)(λ) ∈ LµM+G(X∧, g;Rdλ \ {0}), see notation below, and

(2.5) H(λ) = r−µ1 Op
γ1−n/2
M (h)(λ)

where
h(r1, v1, λ) := h̃(v1, r1λ)

for some h̃(v1, λ̃) ∈Mµ
Ov1

(X;Rd
λ̃
).
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In relation (2.5) we employ notation

(2.6) OpνM (h)(λ) := rν1OpM (T−νh)(λ)r−ν1 .

Here T−νh(v1, λ) := h(v1 + ν, λ) and OpM (f)(λ)u := M−1f(v1, λ)Mu where the
Mellin transform M refers to the weight line Γ1/2. Here Γβ := {v1 ∈ C : Re v1 = β}.

At the beginning of the iteration from lower to larger orders we have the open
stretched cone and operators have two principal symbolic components (σ0(A), σ1(A)),
here depending on λ 6= 0. Operators in (2.3) are continuous in weighted Kegel spaces

Ks,γ1(X∧) := {ωu0 + (1− ω)u∞ :u0(r1, x) ∈ Hs,γ1(X∧),

u∞(r1, x) ∈ Hs
cone(X

∧)}

for an arbitrary cut-off function ω, i.e., a function in C∞0 (R+) which is equal to 1
close to the origin. The spaces Hs,γ1(X∧) are weighted Sobolev spaces over X∧ =
R+ ×X of smoothness s ∈ R and weight γ1 ∈ R. Those have the property

Hs,γ1(X∧) = rγ1Hs,0(X∧)

and H0,0(X∧) will be identified with r
−n/2
1 L2(R+ ×X) for n = dimX, while (1 −

ω)Hs
cone(X

∧) can be defined first for X = Sn, the unit sphere in R1+n
x̃ , where in

this case

(2.7) (1− ω)Hs
cone((S

n)∧) = (1− ω)Hs(R1+n),

with (r1, x) being polar coordinates in R1+n \ {0}. Then a simple localization
argument, using a partition of unity on Sn, allows us to pass from Sn to arbitrary X
by using the former definition of cone spaces for elements supported in a coordinate
neighbourhood on X. This gives us relations of the kind

(2.8) (1− ω)Ks,γ1((Sn)∧) = (1− ω)Hs
cone((S

n)∧),

(2.9) K0,0(X∧) = H0,0(X∧).

Note that the definition of Ks,γ1(X∧) is independent of the choice of involved data,
such as cut-off functions or specific charts. In any case if the data are fixed the
arizing spaces are Hilbert in non-direct sum topology, and relation (2.9) indicates
a corresponding normalization of scalar products for s = γ1 = 0. In addition it will
be essential to employ the group κ = {κδ}δ∈R+ of isomorphisms

(2.10) κδ : Ks,γ1(X∧)→ Ks,γ1(X∧), (κδu)(r1, x) := δ(n+1)/2u(δr1, x)

for any s ∈ R, δ ∈ R+. The spaces Ks,γ1(X∧) are observed on the infinite cone up
to r1 → ∞, interpreted as a conical exit of X∧ to infinity, though close to r1 = 0,
at the tip of the (open stretched) cone we are interested in asymptotics of elements.
In the simplest case, asymptotics are discrete. Later on we also admit continuous
asymptotics.

Remark 2.4. The operator families (2.4) are continuous in Kegel spaces, see The-
orem 2.6 below. In particular, H(λ) in (2.5) satisfies the homogeneity relation

(2.11) H(δλ) = δµκδH(λ)κ−1
δ

for all δ ∈ R+.
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A sequence of pairs

(2.12) P = {(pj ,mj)}j=0,...,N ⊂ C× N
for any N = N(P) ∈ N∪{+∞} is called a discrete asymptotic type associated with
the weight information (γ1,Θ),Θ = (−(θ + 1), 0], for some θ ∈ N if

(2.13) πCP := {pj}j=0,...,N ⊂ {v1 ∈ C :
n+ 1

2
−γ1− (θ+ 1) < Re v1 <

n+ 1

2
−γ1}

and πCP is finite for finite Θ, otherwise finite or infinite, and in the latter case we
assume Re pj → −∞ as j →∞. Writing for finite Θ

(2.14) EP(X∧) :=

{ N∑
j=0

mj∑
l=0

ω(r1)cjl(x)r
−pj
1 logl r1 : cjl ∈ C∞(X) for all j, l

}
we get a Fréchet space such that EP(X∧) ∩ Ks,γ1Θ (X∧) = {0} for

(2.15) Ks,γ1Θ (X∧) := lim←−
ε>0

Ks,γ1−(θ+1)−ε(X∧)

interpreted as the space of all flat functions relative to the weight γ1, which is
Fréchet as well. Then

(2.16) Ks,γ1P (X∧) := Ks,γ1Θ (X∧) + EP(X∧)

is Fréchet in the topology of the direct sum. For infinite Θ we define spaces
Ks,γ1P (X∧) in a similar manner as projective limits over spaces associated with finite
flatness intervals of increasing length. Later on we employ an extension of (2.16)
to continuous asymptotic types P which makes sense when the points of (2.13)
depend on some edge variables y1 ∈ Rq1 . More details may be found in [13] or [14].
With asymptotic types P we associate the space of Green operators, depending on
a parameter λ ∈ Rd, later on in slight modification Green operator-valued symbols
for the edge calculus. To this end we also control our spaces for r1 →∞ and write

(2.17) Ks,γ1;e(X∧) = [r1]−eKs,γ1(X∧), Ks,γ1;e
P (X∧) = [r1]−eKs,γ1P (X∧).

for any e ∈ R. Here r1 → [r1] is a strictly positive function which is equal to 1 close
to r1 = 0 and equal to r1 for |r1| ≥ 1. The spaces (2.17) are Fréchet in an evident
manner. In order to formulate the subspace of Green operators LµG(X∧, g;Rdλ \{0})
for weight data g := (γ1, γ1 − µ,Θ), with γ1 ∈ R being the involved weight and
µ ∈ R an order we first recall some notation on Hilbert spaces with group action and
associated operator-valued symbols. In order to keep the system of notation concise,
we recall what we understand by operator-valued symbols. We freely employ the
operator-valued generalization of Hörmander’s spaces of symbols of order µ ∈ R,
namely,

(2.18) Sµ(Rq × Rq;H, H̃) and Sµcl(R
q × Rq;H, H̃)

where subscript “cl” indicates classical symbols. By (H,κ), (H̃, κ̃) we understand
Hilbert spaces with corresponding group actions, and (y, η) ∈ Rq ×Rq are variables
and covariables where y ∈ Rq are local coordinates on a manifold. Charts mapping
to Rq are taken without loss of generality. Another straightforward modification of
the definition is to distinguish between dimensions of variables and covariables, see
corresponding notation below. If y completely disappears we talk about symbols
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with constant coefficients. The well-known scalar symbolic estimates when H = C
and H̃ = C and κδ = κ̃δ = idC for all δ ∈ R+ turn to twisted symbolic estimates,
namely

‖κ̃−1
〈η〉{D

α
yD

β
ηa(y, η)}κ〈η〉‖L(H,H̃) ≤ c 〈η〉

µ−|β|

for all (y, η) ∈ K × Rq,K b Rq, and all α ∈ Nq, β ∈ Nq, for constants c =

c(α, β,K) > 0. The concept is also well-known for Fréchet spaces E and Ẽ with
group action κ and κ̃, respectively. Classical symbols a(y, η) are based on twisted
homogeneity

a(µ)(y, δη) = δν κ̃δa(µ)(y, η)κ−1
δ

for all δ ∈ R+. Note that in the operator-valued set-up there are non-trivial homo-
geneous functions defined for all η including η = 0.

Examples of Hilbert spaces with group actions are given in connection with (2.10).

This scheme of notation also works when H or H̃ are replaced by Fréchet spaces, see,
e.g., [13] or [14]. The spaces Ks,γ1;e(X∧) and K∞,γ1−µ;∞(X∧) as well as subspaces
with asymptotics are Fréchet where κδ is induced from (2.10) in an obvious manner,
and then the above-mentioned spaces of abstract operator-valued symbols make
sense with respect to those concrete spaces. Such constructions will be applied in
different versions. Our definitions may be similar to each other, but in order to
avoid confusion, we first look at symbols with constant coefficients, i.e., omit y at
all and write λ rather than η.

Definition 2.5. By LµG(X∧, g;Rdλ \ {0}) we denote the space of all

(2.19) G(λ) ∈ Sµcl(R
d
λ;Ks,γ1;e(X∧),K∞,γ1−µ;∞

P (X∧)),

(2.20) G∗(λ) ∈ Sµcl(R
d
λ;Ks,−γ1+µ;e(X∧),K∞,−γ1;∞

Q (X∧))

(i.e., where the covariables λ ∈ Rd plays the role of the former η, and the symbol
has constant coefficients, i.e., y is dropped at all) where (2.19), (2.20) are valid for
all s, e ∈ R and fixed γ1 ∈ R, for asymptotics types P and Q which may depend on
G.

The next issue is the class M−∞R (X) of meromorphic operator functions, where

(2.21) R = {(rj , nj)}j∈I ⊂ C× N
is an index set I ⊆ {−∞} ∪ Z ∪ {+∞}. We assume that πCR = {rj}j∈I intersects
every strip {v1 ∈ C : c ≤ Re v1 ≤ c′} for any reals c ≤ c′ in a finite set and
Re rj → ±∞ as j → ∓∞ once πCR is infinite. In addition we ask any f(v1) ∈
M−∞R (X) ⊂ A(Cv1 \ πCR, L−∞(X)) to be meromorphic with poles at the points
rj ∈ C of order ≤ nj+1 for all j, with Laurent coefficients of finite rank. Moreover, if
χ(v1) is a πCR-excision function (i.e., χ(v1) = 0 for dist(v1, πCR) < ε0, χ(v1) = 1 for
dist(v1, πCR) > ε1 for some 0 < ε0 < ε1 <∞) then χ(v1)f(v1)|Γλ ∈ S(Γλ, L

−∞(X))
for every λ ∈ R, uniformly in finite intervals. Operator-valued symbols of order
µ ∈ R, in covariables λ ∈ Rd connected with such meromorphic symbols are of the
form

(2.22) M(λ) := r−µ1 ω[λ]

N∑
j=0

rj1
∑
|α|≤j

Op
γjα−n/2
M (fjα)λαω′[λ]
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for elements fjα(v1) ∈M−∞Rjα (X) and weights γjα satisfying the conditions

(2.23) Γn+1
2
−γjα ∩ πCRjα = ∅ for γ1 − j ≤ γjα ≤ γ1

for all j, α. Here ω[λ](r1) = ω(r1[λ]) where λ → [λ] is any smooth, strictly positive
function in Rq such that |λ| = [λ] for |λ| ≥ C for some C > 0 and Γβ = {v1 ∈
C : Re v1 = β}. It is evident that then we get operator-valued symbols in λ with
constant coefficients

(2.24) M(λ) ∈ Sµcl(R
d;Ks,γ1(X∧),K∞,γ1−µ(X∧))

and

(2.25) M(λ) ∈ Sµcl(R
d;Ks,γ1P (X∧),K∞,γ1−µQ (X∧))

for every s ∈ R and any asymptotic type P with some resulting Q. Also here we
have a connection with weight data g = (γ1, γ1 − µ,Θ).

The spaces LµM+G(X∧, g;Rdλ) consist of all sums M(λ) + G(λ) where G(λ) are
Green families as before and M(λ) are defined as operator families of the form
(2.22). In other words we completed Definition 2.3.

We systematically employ continuity, according to

Theorem 2.6. [14] Every A(λ) ∈ Lµ(X∧, g;Rdλ\{0}) induces families of continuous
operators

(2.26) A(λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧),

and

(2.27) A(λ) : Ks,γ1P (X∧)→ Ks−µ,γ1−µQ (X∧),

for every s ∈ R and any asymptotic type P and some resulting Q which is indepen-
dent of s.

Remark 2.7. Theorem 2.6 is well-known in the cone calculus over the infinite
stretched cone X∧ for smooth compact X, though specific cone aspects are sup-
pressed for r1 → ∞ since at r1 = ∞ the Kegel spaces coincide with “cone”-spaces
from (2.7), and those are not affected by the weight γ1 which is responsible for
r1 → 0. In other words the structure of Mellin operators

(1− ω)r−µ1 Op
γ1−n/2
M (h)(λ) : (1− ω′)Hs

cone(X
∧)→ Hs−µ

cone(X
∧)

which are involved in (2.26) ignores the weight γ1 completely and caused by the
holomorphic covariable of h in v1 including the other elements of the operator-
valued Mellin symbol classes in (2.5). This effect comes from [6], [7] which contains a
proof of the equivalence of traditional quantizations with (in this case) λ-depending
cut-offs together with Fourier quantization at r1 →∞ and Mellin quantization.

Remark 2.8. Notation (2.3), especially λ 6= 0 is motivated by the edge symbolic
structure of operator families Lµ(B, g;Rdλ) for some B ∈ M1 with edge s1(B) of
dimension q1 > 0. In this moment the amplitude functions depend on covariables
(η1, λ) with η1 being the covariables on the edge s1(B) and, if necessary, on pa-
rameters λ ∈ Rd. Then edge symbols will be twisted homogeneous functions in
(η1, λ) 6= 0. We come later on the explicit shape of such amplitude functions. In
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any case, it also makes sense to admit the case d = 0, and then only η 6= 0 re-
mains can be rephrased to λ 6= 0 as we did so far. In other words, up to notation
change, the class (2.3) just contains twisted homogeneous subclasses which come
from the parameter-dependent symbolic structure of (2.5). Since those conventions
are essential we briefly stretch the definition.

In order to make the degenerate character of interior symbols more transparent we
remember of the fact that our operator families are coming from operator functions

(2.28) p(r1, %1, λ) = p̃(r1%1, r1λ)

for

(2.29) p̃(%̃1, λ̃) ∈ Lµcl(X;R1+d

%̃1,λ̃
)

where the operators in r1 ∈ R+ act via the Fourier transform and are combined with
the factor r−µ1 . In other words, for reasons which are explained in other papers, see
[17] etc., they have the form

(2.30) r−µ1 Opr1(p)(λ) |r1>0 : C∞0 (R+ ×X)→ C∞(R+ ×X).

Then, in order to reflect weight effects we fix a weight γ1 ∈ R and rephrase (2.30)
in term of the Mellin transform on the r1 half-axis. This process is also called a
Mellin quantization, and the difference between (2.30) and (2.5) consists of smooth-
ing operators over R+ × X which are ignored under Mellin quantization, but the
transformation from (2.30) to (2.5) is canonical when p̃(r1, %̃1, λ̃) is a polynomial

in %̃1, λ̃, because of the exact replacement of −r1
∂
∂r1

corresponding to −ir1%1 in
the Fourier picture by the Mellin covariable v1. Thus, in the program of expressing
parametrices of Fuchs type operators there is no loss of information in the differen-
tial case, but there are specified remainders when we realize operators in weighted
spaces for different weights. Those are, in fact, Green operators, depending on the
choice of weights. In any case homogeneous principal symbols in the Fourier picture
do not depend on this aspect; they can be expressed both in the Fourier and the
Mellin picture and are the same up to a substitution of variables and covariables,
not only for differential operators, and including parameters. When we formulate
information in local coordinates x ∈ Rn on X with parameter λ and look at A(λ)
which is the same as H(λ) modulo smoothing remainders, since Mellin plus Green
operators are smoothing for r1 > 0 we obtain a parameter-dependent principal sym-
bol σ0(A)(r1, x, %1, ξ, λ) for (%1, ξ, λ) 6= 0. This contains in its r1-dependence also

the weight factor r−µ1 and in addition the r1-degenerate behaviour in %1, λ, such
that it makes sense to write

(2.31) σ0(A)(r1, x, %1, ξ, λ) = r−µ1 σ̃0(A)(r1, x, r1%1, ξ, r1λ)

for a “reduced” symbol σ̃0(A)(r1, x, %1, ξ, λ) which is smooth in r1 up to r1 = 0

and where (%1, λ) is involved in the meaning (%̃1, λ̃) for %̃1 = r1%1, λ̃ = r1λ which
just corresponds to the background information (2.28), (2.29). Concerning σ1(·) the
advantage of the Mellin formulation is that it admits a natural definition of ellipticity
with control up to r1 = 0 both for A as well as for M +G, which entails Fredholm
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property in Fuchs type weighted Soboley spaces where we associate with H(λ) also
so-called conormal symbols, on the level of principal symbolic information, namely,

(2.32) σ1(H)(v1, 0) := h̃(v1, 0)

with h̃ being defined in Definition 2.3. Here there is no dependence on λ, and v1 is
varying in the complex Mellin plane. The operator families (2.32) pointwise act as
continuous operators

(2.33) σ1(H)(v1, 0) : Hs(X)→ Hs−µ(X)

between Sobolev spaces over X. In ellipticity the operators (2.33) are parameter
- dependent elliptic in the variable Im v1 for v1 ∈ Γλ for any fixed real λ. and
hence (2.33) becomes a family of isomorphisms as soon as Im v1 is sufficiently large,
uniformly in compact λ-intervals. Although this information is well-known, later on
we refer to similar facts for singularity order k > 1. In order to establish conormal
symbols of operator families M(λ) of the form (2.22) we form the operator function

(2.34) σ1(M)(v1) := f00(v1) : Hs(X)→ H∞(X)

where (2.34) is the subordinate conormal symbol of M(λ) from the cone theory close
to r1 = 0. The parameter Im v1 is varying on Γλ indicated in the weight conditions
of (2.22), here for λ = n+1

2 − γ1. The operators M(λ) +G(λ) in Definition 2.3 are
smoothing off r1 = 0 they do not generate contributions to the interior symbolic
level.

The operatorsA(λ) ∈ Lµ(X∧, g;Rdλ\{0}) are called elliptic if h̃(v1, λ̃) is parameter-

dependent elliptic in Mµ
Ov1

(X;Rd
λ̃
) and the conormal symbol

σ1(A)(v1) := h̃(v1, 0) + f00(v1) : Hs(X)→ Hs−µ(X)

is a family of isomorphisms for all v1 ∈ Γn+1
2
−γ1 with a prescribed weight γ1 ∈

R which belongs to the ellipticity condition. Note that in case of ellipticity the
restriction of elements in Mµ

Ov1
(X;Rd

λ̃
) to Γn+1

2
−γ1 × Rd

λ̃
are parameter-dependent

elliptic in Lµcl(X; Γn+1
2
−γ1 × Rd

λ̃
). This holds for all weights γ1.

We also recall the following result:

Theorem 2.9. Let A(λ) ∈ Lµ(X∧, g;Rd \ {0}) be parameter-dependent elliptic
with respect to the weight γ1. Then there is a parameter-dependent parametrix
P (λ) ∈ L−µ(X∧, g−1;Rd \ {0}), g−1 = (γ1 − µ, γ1,Θ) where

P (λ)A(λ) = 1−GL(λ), A(λ)P (λ) = 1−GR(λ)

for some GL(λ) ∈ L−1
G (X∧, gL;Rd \ {0}), GR(λ) ∈ L−1

G (X∧, gR;Rd \ {0}) for gL :=
(γ1, γ1,Θ), gR := (γ1 − µ, γ1 − µ,Θ).

Corollary 2.10. If A(λ) is parameter-dependent elliptic then

A(λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

is a family of Fredholm operators, and kernels belong to subspaces of K∞,γ1(X∧)
with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
K∞,γ1−µ(X∧) with asymptotics.
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Theorem 2.11. ([11]) For every γ1 ∈ R and s ∈ R there exists a h̃(v1, λ̃) ∈
M−sOv1

(X, g;Rd
λ̃
) such that for h(r1, v1, λ) = h̃(v1, r1λ) and sufficiently large |λ̃| the

operator

R−s(λ) := rs1Op
γ1−s−n/2
M (h)(λ) : K0,γ1−s(X∧)→ Ks,γ1(X∧)

is an isomorphism.

Theorem 2.9 is known, but we have similar results below for base spaces of higher
singular order. Therefore, we sketch the arguments. The main issue is that the
ellipticity condition on h̃(v1, λ̃) means that there is an h̃(−1)(v1, λ̃) ∈ M−µOv1 (X;Rd

λ̃
)

such that the product

(2.35) rµ1 OpM (h̃(−1))(λ̃)r−µ1 OpM (h̃)(λ̃)

is equal to OpM (f̃)(λ̃) for some f̃(v1, λ̃) ∈M0
Ov1

(X;Rd
λ̃
). In this conclusion the r1-

powers cancel out modulo some translations in v1 of the involved Mellin symbols.
These translations do not influence the parameter-dependent homogeneous symbols
in the sense of pseudo-differential operators on Γβ1 × Rdλ. Therefore, the product
(2.35) produces identity plus a Mellin operator with parameter-dependent symbol of

order 1. When we insert symbols h(−1)(r1, v1, λ) = h̃(−1)(v1, r1λ) and h(r1, v1, λ) =

h̃(v1, r1λ), then there is a Leibnitz product effect in (r1, v1) under which only lower
order terms are changed, and those again produce lower order terms. Then a formal
Neumann series argument gives us, say for computing a left parametrix gives us

remainders of the form 1− C̃L for C̃L ∈ L−1
M+G(X∧, gL;Rd \{0}). Together with the

inversion of the conormal symbol we finally get remainders in

L−∞(X∧, gL;Rd \ {0}) = L−1
G (X∧, gL;Rd \ {0}).

For the right parametrix we proceed in a similar manner, i.e., it can be identified
with the left parametrix.

As a consequence we see that

(2.36) A(λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

is a family of Fredholm operators. The index is independent of s ∈ R. Later on
we shall interpret elements of Lµ(X∧, g;Rd \ {0}) with q1 + d rather than d and
parameters (η1, λ) 6= 0 as space of occurring edge symbols for edge operators, and
the ellipticity condition in the edge case will be that the respective cone operators
are families of isomorphisms. This is not automatically the case, but similarly as
in boundary value problems the situation is required by adding trace and potential
entries including right lower corners in corresponding 2× 2 block matrix operators
to achieve families of isomorphisms. The extra entries remind of Green operators
and can be chosen as symbols with asymptotics. Later on operator families in
Lµ(X∧, g;Rd \ {0}) occur as homogeneous principal edge symbols. In contrast to
Remark 2.4 we did not require the elements M(λ) +G(λ) ∈ LµM+G(X∧, g;Rd \ {0})
to be homogeneous in such a sense. Of course, there is the subclass

(2.37) L(µ)(X∧, g;Rd \ {0})
of those A(λ) ∈ Lµ(X∧, g;Rd \ {0}) such that

A(δλ) = δµκδA(λ)κ−1
δ
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for all δ ∈ R+. The construction of trace and potential etc. operators makes sense
for the space (2.37) which gives rise to an extension of L(µ)(X∧, g;Rd \ {0}) to an
algebra of 2× 2 block matrices

(2.38) A(λ) =

(
A(λ) +G(λ) K(λ)

T (λ) Q(λ)

)
:
Ks,γ1(X∧)
⊕
Ce

−→
Ks−µ,γ1−µ(X∧)

⊕
Cf

for some e, f ∈ N where f−e just equals the Fredholm index of (2.36). Here G(λ) ∈
LµG(X∧, g;Rdλ \ {0}) and T (λ) are trace operators, K(λ) potential operators, and
Q(λ) are families of classical symbols in λ with values in f×e-matrices. The nature
of T (λ) and K(λ) is determined by kernels and cokernels of solutions to elliptic
equations, and they may be represented by families of functions with asymptotics.
The properties are similar to those in the boundary symbolic calculus in pseudo-
differential boundary vales problems. Compositions K(λ) ◦ T (λ) are examples of
parameter-dependent Green operators, cf. Definition 2.5.

In order to see a connection between Definition 2.3 and the more complex situa-
tion of operators over (stretched) wedges

(2.39) X∧ × Rq 3 (r1, x, y1)

we have a look at the shape of operators in the calculus over a compact space
B ∈ M1 with edge s1(B) =: Y1, locally close to Y1 in local coordinates y1 ∈ Rq1
modeled on wedges (2.39) with local amplitude functions for the corresponding
parameter-dependent edge calculus. Those have the form

(2.40) a(y1, η1, λ) := h(y1, η1, λ) +m(y1, η1, λ) + g(y1, η1, λ)

where

(2.41) h(y1, η1, λ) = ωr−µ1 Op
γ1−n/2
M (h)(y1, η1, λ)ω′

and Mellin amplitude functions

(2.42) h(r1, y1, v1, η1, λ) = h̃(r1, y1, v1, r1η1, r1λ)

for

(2.43) h̃(r1, y1, v1, η̃1, λ̃) ∈ C∞(R+ × Rq1 ,Mµ
Ov1

(X;Rq1+d

η̃1,λ̃
)).

Definition 2.12. By Lµ(B, g;Rd) for g = (γ1, γ1 − µ,Θ) we denote the space of
operators

(2.44) A(λ) := H(λ) +M(λ) +G(λ) +Aint(λ) + C(λ)

where H(λ) is locally close to Y1 expressed as a finite sum of operators

(2.45) ϕOpy1{ωr
−µ
1 Op

γ1−n/2
M (h)(y1, η1, λ)ω′}ϕ′

with ϕ ≺ ϕ′ in C∞0 (Rq1) coming from a partition of unity over Y1 and where h
satisfies relations (2.42) and (2.43). Moreover, we ask that

Aint(λ) ∈ Lµcl(B \ s1(B);Rdλ),

such that the λ-dependent distributional kernel which is contained in (B \ s1(B))×
(B \ s1(B)) has proper support in the respective open set. In addition C(λ) ∈
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L−∞(B, g;Rd) is parameter-depending smoothing, i.e., characterized by the prop-
erty

(2.46) C(λ) ∈ S(Rdλ, L−∞(B, g))

where L−∞(B, g) is the space of all

(2.47) C : Hs,γ1(B)→ H∞,γ1−µP (B)

with

(2.48) C∗ : Hs,−γ1+µ(B)→ H∞,−γ1Q (B)

for any s ∈ R and asymptotic types P,Q, which may depend on C. The spaces
involved in (2.47) and (2.48) are defined in Subsection 2.2. We finally require

(2.49) M(λ) +G(λ) ∈ LµM+G(B, g;Rdλ)

i.e., M(λ) = Opy1(m) is a Mellin operator family locally close to Y1 associated with
Mellin amplitude functions m(y1, η1, λ) of similar structure as (2.22), namely, as in
formula (2.53) below, and G(λ) = Opy1(g), g(y1, η1, λ) similarly as in Definition 2.5.

2.2. Asymptotics on a manifold with edge. Let us now return to operators
over a compact space B ∈ M1 with edge s1(B) = Y1 as explained before in the
context of Definition 2.12. So far the spaces (2.47), (2.48) and (2.49) are not yet
defined. Because of y1-dependence of symbols we prefer to employ the setting of
continuous asymptotics. This requires weighted edge spaces locally along Rq1 3 y1

and subspaces with such asymptotics. Similarly as symbol spaces (2.18) we have
abstract edge Sobolev spaces Ws(Rq1 , H) for any Hilbert or Fréchet space H with
group action κ = {κδ}δ∈R+ . Those already played a role in (2.18). In our context
we have Hilbert spaces

H := Ks,γ1(X∧) or Ks,γ1;e(X∧)

or Fréchet subspaces with asymptotics, indicated by subscript P. Those spaces
admit the group action

κδ : u(r1, x)→ δ
n+1
2 u(δr1, x),

δ ∈ R+, and hence we have associated weighted edge spaces defined in terms of
completion of S(Rq1 , H), e.g., in the Hilbert space case with respect to

‖u‖Ws(Rq1 ,H) :=

{∫
〈η1〉2s ‖κ−1

〈η1〉û(η1)‖2Hd−η1

}1/2

(otherwise for semi-norm systems in the corresponding Fréchet space, where ‖ · ‖H
runs over a countable system of semi-norms in H).

Weighted edge spaces Hs,γ1(B) over a compact B ∈M1 with edge are defined in
terms of charts

(2.50) χi : Yi → Rq1

for a system of coordinate neighbourhoods Yi ⊂ Y, i = 1, . . . , N , satisfying some
simple admissibility condition concerning transition maps, used in several exposi-
tions on edge spaces, see, e.g., [14] or the article [7]. Then Hs,γ1(B) is defined as
the set of those u ∈ Hs

loc(B \Y1) such that ϕiu◦χ−1
i ∈ Ws(Rq1 ,Ks,γ1(X∧)) for all i,
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with (ϕ1, . . . , ϕN ) being a subordinate partition of unity. Hs,γ1(B) can be equipped
with a Hilbert space structure in a natural way.

In an analogous manner we obtain subspaces Hs,γ1
P (B) with asymptotics of type

P by replacing Ks,γ1(X∧) in the latter definition by Ks,γ1P (X∧). Those are again
Fréchet spaces. Thus the spaces in relations (2.47), (2.48) are defined, where the

formal adjoints refer to spacesH0,0(B) which may be identified with r−n/2L2(B\Y1).
Analogously as LµG(X∧, g;Rdλ \ {0}) in Definition 2.5 by RµG(Rq1 × Rq1+d, g) we

denote the space of

(2.51) g(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,γ1;e(X∧),K∞,γ1−µ;∞

P (X∧))

the pointwise formal adjoints of which have the property

(2.52) g∗(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,−γ1+µ;e(X∧),K∞,−γ1;∞

Q (X∧)),

for some g-dependent asymptotic types P,Q, associated with the weight information
in these relations. Those are required for all s, e ∈ R. In the case of discrete
asymptotics we assume P,Q to be constant with respect to y1; in the continuous
case we assume the same, but then we may admit carriers which cover variable
discrete asymptotics. Such operator-valued symbols are connected with weight data
g = (γ1, γ1−µ,Θ) which are given in connection with the weights in the spaces and
also determine the position of πCP and πCQ, respectively.

Other ingredients of parameter-dependent edge amplitude functions will consist
of Mellin contributions, namely,

(2.53) m(y1, η1, λ) := r−µ1 ωη1,λ

θ∑
j=0

rj1
∑
|α|≤j

Op
γjα−n/2
M (fjα)(y1)(η1, λ)αω′η1,λ

where ωη1,λ(r1) = ω(r1 〈η1, λ〉) and, similarly, ωη1,λ, and

fjα(y1, v1) ∈ C∞(Rq1 ,M−∞Rjα (X))

satisfying analogous weight conditions as (2.23). In (2.23) we assumed (constant
in y1) discrete Mellin asymptotic types. This works with the observation that we
always find weights γjα in the required interval. In the continuous case this is not
automatically the case, since the carriers of continuous Mellin asymptotic types do
not necessary leave such gaps. However, corresponding y1-dependent smoothing
Mellin symbols can always decomposed into sums where every summand is of the
required form. Corresponding decomposition identities may be found, e.g., in [10].
In that way (2.53) is asked to be represented in the form m = m1 +m2 where the
summands are of the form (2.53) but with Mellin symbols fjα who are different for
the corresponding summands. For brevity we simply only argue in terms of Mellin
amplitude like (2.53), keeping in mind that for an arbitrary choice of fjα we always
have decomposition like fjα = f1

jα + f2
jα where the associated continuous Mellin

asymptotic types leave gaps of the carriers sets to make the Mellin actions possible.
LetRµM+G(Rq1×Rq1+d, g) be the space of all (m+g)(y1, η1, λ) such that g(y1, η1, λ)

∈ RµG(Rq1×Rq1+d, g) and m(y1, η1, λ) a finite sum of operator functions of the kind
(2.53), where it can be proved that two summands generate the whole space of such
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elements. Similarly as (2.51) we have

m(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,γ1(X∧),K∞,γ1−µ(X∧))

and

m(y1, η1, λ) ∈ Sµcl(R
q1 × Rq1+d;Ks,γ1P (X∧),K∞,γ1−µQ (X∧))

for all s, for arbitrary asymptotic types P and some resulting Q. When we evaluate
homogeneous principal symbols in the operator-valued set-up it suffices to ignore
the exit order e in Green symbols and to express symbols with smoothness s−µ in
the image spaces. For Green symbols g we can take as σ1(g)(y1, η1, λ) the twisted
homogeneous principal symbol

σ1(g)(y1, η1, λ) ∈ S(µ)(Rq1 × (Rq1+d \ {0});Ks,γ1(X∧),Ks−µ,γ1−µ(X∧))

and for the twisted homogeneous principal symbol of m(y1, η1, λ) we have

σ1(m)(y1, η1, λ) ∈ S(µ)(Rq1 × (Rq1+d \ {0});Ks,γ1(X∧),Ks−µ,γ1−µ(X∧))

which has the form

σ1(m)(y1, η1, λ) = r−µ1 ω|η1,λ|

θ∑
j=0

rj1
∑
|α|=j

Op
γjα−n/2
M (fjα)(y1)(η1, λ)αω′|η1,λ|

for ω|η1,λ|(r1) := ω(r1|η1, λ|), and the same for ω′|η1,λ|. Observe that the general

reasons these are parameter-dependent homogeneous edge symbols of Mellin plus
Green type and defined for (η1, λ) 6= 0.

Note that when we change the cut-off functions or the weights in (2.53) we leave
remainders of Green type. Also other expected rules hold, such as that the symbol
spaces RµM+G form algebras and that the homogeneous principal symbols behave
multiplicatively. Moreover, formal adjoints are Mellin plus Green again, with com-
patibility of formal adjoints of twisted homogeneous symbols.

2.3. Edge calculus of first singularity order. The following consideration con-
cerns the edge calculus with parameters, and as noted before, is of analogous struc-
ture as the operator class from Definition 2.3, now for B ∈M1 rather than X∧, and
since B is not discussed in terms of some conical exit we admit parameters λ ∈ Rd.

Let B ∈M1, not necessary compact, and q1 = dim Y1 > 0. By

(2.54) Lµ(B, g;Rdλ)

for weight data g = (γ1, γ1 − µ,Θ1), we denote the set of all families of operators
(2.44), where it remains to formulate the ingredients close to Y1 in terms of edge
amplitude functions in

(2.55) Rµ(Rq1 × Rq1+d, g)

consisting of all operator families (2.40) for (m + g)(y1, η1, λ) ∈ RµM+G(Rq1 ×
Rq1+d, g), cf. notation in Subsection 2.2, and h(y1, η1, λ) as in (2.41). Then the
part of operators in Lµ(B, g;Rdλ) close to Y1 can be described by

(2.56) H(λ) =
∑
ϕ≺ϕ′

ϕOpy1{r
−µ
1 ω1Op

γ1−n/2
Mr1

(h)(y1, η1, λ)ω′1}ϕ′
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with summation over ϕ from the partition of unity, ϕ ≺ ϕ′ also smooth and of
compact support in Rq1 and cut-off functions ω1 ≺ ω′1 on the r1 half-axis and

(M +G)(λ) =
∑
ϕ≺ϕ′

ϕOpy1{(m+ g)(y1, η1, λ)}ϕ′

for (m + g)(y1, η1, λ) ∈ RµM+G(Rq1 × Rq1+d, g). In more concise manner we also
could express the elements of (2.44) as

(2.57) A(λ) =
∑
ϕ≺ϕ′

ϕOpy1(a(y1, η1, λ))ϕ′ +Aint(λ) + C(λ)

for arbitrary a(y1, η1, λ) ∈ Rµ(Rq1 × Rq1+d, g).
Note that in the edge situation we have locally over a wedge in the variables

(r1, y1) and covariables (%1, η1, λ) analogously as (2.28), (2.29) edge-degenerate
pseudo-differential families

(2.58) p(r1, y1, %1, η1, λ) = p̃(r1, y1, r1%1, r1η1, r1λ)

for

(2.59) p̃(r1, y1, %̃1, η̃1, λ̃) ∈ C∞(R+ × Rq1 , Lµcl(X;R1+q1+d

%̃1,η̃1,λ̃
)).

Then the Mellin symbols h indicated in (2.41), (2.42), (2.43) are just by applying a
Mellin quantization process which turns %̃1 to v1 ∈ C, and which is combined with
a kernel cut-off procedure. The edge symbolic hierarchy, consisting of

σ(A(λ)) = (σ0(A(λ)), σ1(A(λ)))

partly refers to the interior Fourier based background. From (2.59) we have by

dissolving the variables into (r1, x, y1, %̃1, ξ, η̃1, λ̃) the parameter-dependent “scalar”
interior symbol

(2.60) σ0(A)(r1, x, y1, %1, ξ, η1, λ) = r−µ1 σ̃0(A)(r1, x, y1, r1%1, ξ, r1η1, r1λ)

for a “reduced” symbol σ̃0(A)(r1, x, y1, %1, ξ, η1, λ) homogeneous of order µ in
(%1, ξ, η1, λ) 6= 0 and smooth up to r1 = 0. This explains, analogously as (2.31) the
symbolic level σ0(A(λ)). Moreover, in this framework we have

σ1(A(λ)) = σ1(H(λ)) + σ1(M(λ)) + σ1(G(λ))

where the second summands are known from the edge calculus in [14] and

σ1(H(λ))(y1, η1, λ) = r−µ1 Op
γ1−n/2
Mr1

h̃0(y1, r1η1, r1λ)

for h̃0(y1, η̃1, λ̃) = h̃(0, y1, r1η1, r1λ), which is a function with values in continuous
operators

σ1(H(·))(y1, η1, λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

for (η1, λ) ∈ Rq1+d \ {0} belonging to

(2.61) Lµ(X∧, g;Rq1+d \ {0})
smoothly depending on y1. In other words (2.61) furnishes the parameter-dependent
edge symbolic calculus of (2.54)

Let us make some remarks on how we can obtain special examples of parameter-
dependent elliptic elements A(λ) in (2.54). Ellipticity is defined as bijectivity of the
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involved symbols. We first have the interior ellipticity which means non-vanishing
of σ0(A) for all (%1, ξ, η1, λ) 6= 0 and of σ̃0(A) up to r1 = 0. In addition the edge
symbol

(2.62) σ1(A(·))(y1, η1, λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

which is a family of operators in Lµ(X∧, g;Rq1+d
η1,λ
\{0}) has to be Fredholm for every

(y1, η1, λ) ∈ Rq1×(Rq1+d\{0}). It is of interest to investigate on how we can pass to
a 2× 2 block matrix family of isomorphisms. For this some topological obstruction
on the K-theoretic index bundle of (2.62) has to vanish. If we focus on the case that
(2.62) is a family of isomorphisms then the obstruction vanishes. In the articles [17]
or [18] we studied special elliptic cases where the operators (2.62) (in local form)
are essentially derived from parameter-dependent Laplacians and the edge symbols
are then of the form

(|η1|2 + |λ|2)µ/2

taking values in operators between spaces in (2.62). The desired property depends
to a large extent on the behaviour of subordinate conormal symbols which have to
attain isomorphisms between Sobolev spaces over X, namely

Hs(X)→ Hs−µ(X)

for any s ∈ R. Those are operator functions depending on v1 ∈ C and they have to
be bijective on the prescribed weight line Γn+1

2
−γ1 . In applications below we need

bijectivity in a particularly large weight strip. In order to achieve this it is helpful to
have bijectivity first in any (particularly narrow) strip, and then to enlarge this by
a dilation in the z-plane. In this manipulation we do not loose the other ellipticity
conditions, and this weight strip can be stretched so wide that several manipulations,
e.g., translations of reference weights, remain possible without leaving that strip.
Examples have been discussed in [17], and we use them here in connection with
the observation that enlarging weight strips is always possible. Let us summarize
weight manipulations of that kind as

Remark 2.13. Prescribed weights in suitable examples may be variable in large
intervals without violating the conormal ellipticity condition in v1.

The effect of making such a choice of special cases is that the contribution from
Mellin symbols to asymptotics only consists of composing singular functions by a
holomorphic (operator-valued) factor, up to translations in the complex plane.

The present material on the edge calculus of first singularity order is a background
for the calculus of higher singularity order, especially, ellipticity and parametrices.
Let us add here for completeness a theorem which states Fredholm property and
parametrices within the edge algebra, cf. [8].

Parameter-dependent ellipticity of an A(λ) ∈ Lµ(B, g;Rdλ), cf. formula (2.54),

means that A ∈ Lµ(B \ Y ;Rdλ) ⊆ Lµcl(B \ Y ;Rdλ) is parameter-dependent elliptic
in the standard sense and close to the edge Y the reduced symbol σ̃0(A) does not
vanish for (%1, ξ, η1, λ) 6= 0 up to r1 = 0. Concerning the principal edge symbol
(2.62) we have different options. In the “best possible” case (2.62) is a family of
isomorphisms, otherwise we ask (2.62) to be a family of Fredholm operators which
comes extra edge conditions. For brevity we consider the first case.
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Theorem 2.14. Let A(λ) ∈ Lµ(B, g;Rd) be parameter-dependent elliptic. Then
there is a parameter-dependent parametrix P (λ) ∈ L−µ(B, g−1;Rd) such that

P (λ)A(λ) = 1− CL(λ), A(λ)P (λ) = 1− CR(λ)

for operators CL(λ) ∈ L−∞(B, gL;Rd), CR(λ) ∈ L−∞(B, gR;Rd). Moreover, if B is
compact

A(λ) : Hs,γ1(B)→ Hs−µ,γ1−µ(B)

is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |λ|. This holds for all s ∈ R.

Proof. It suffices to consider operators close to Y , since the interior part is elliptic
in Lµcl(B \ s0(B);Rd). The construction of P (λ) can be carried out first in terms
of amplitude functions (2.55) by first inserting the κδ-homogeneous principal non-
smoothing part and then to compose the corresponding test parametrix to A(λ).
Then we can invert the resulting (1 + m1 + g1)(y1, η1, λ) by using the theorem on
inverse of 1+ smoothing Mellin symbol within this class of operator functions. The
resulting conormal symbol then vanishes, and a subsequent formal Neumann series
argument leaves us a Green remainder. �

3. Corner operators

3.1. Calculus of corner symbols.

Theorem 3.1. Consider a sequence of operator functions

(3.1) fµ−j(τ̃ , λ̃) ∈ Lµ−j(B, g;R1+d

τ̃ ,λ̃
),

j ∈ N, g = (γ, γ − µ,Θ), and let the asymptotic types contained in the Green terms

of fµ−j be independent of j. Then there is an f(τ̃ , λ̃) ∈ Lµ(B, g;R1+d

τ̃ ,λ̃
) such that

(3.2) f(τ̃ , λ̃)−
N∑
j=0

fµ−j(τ̃ , λ̃) ∈ Lµ−(N+1)(B, g;R1+d

τ̃ ,λ̃
)

for any N ∈ N. Let us write

f(τ̃ , λ̃) ∼
∞∑
j=0

fµ−j(τ̃ , λ̃),

called an asymptotic sum of the fµ−j .

Proof. Elements A of Lµ(B, g;R1+d

τ̃ ,λ̃
) can be representd modulo

L−∞(B, g;R1+d

τ̃ ,λ̃
) = L−∞G (B, g;R1+d

τ̃ ,λ̃
)

in the form A = A0 +A1 for some

(3.3) A0 ∈ ϕLµcl(B \ Y ;R1+d

τ̃ ,λ̃
)ϕ′, A1 ∈ ωglobL

µ(B, g;R1+d

τ̃ ,λ̃
)ω′glob,

for certain ϕ,ϕ′ ∈ C∞0 (B \ Y ), ϕ ≺ ϕ′, and global cut-off functions ωglob ≺ ω′glob

with respect to Y. The construction of f := f0 + f1 can be carried out over B \ Y
and close to Y separately in a straightforward way. �
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Operator functions in Lµ(B, g;R1+d

τ̃ ,λ̃
) satisfy rules in terms of differentiations with

respect to parameters. In particular, we have

(3.4) Dk
τ̃D

α
λ̃
Lµ(B, g;R1+d

τ̃ ,λ̃
) ⊆ Lµ−(k+|α|)(B, g;R1+d

τ̃ ,λ̃
)

for any k ∈ N, α ∈ Nd. Our next objective is to compose corner-degenerate families
of operators

(3.5) t−µOpt(a)(λ)t−νOpt(b)(λ)

for a(tτ, tλ), b(tτ, tλ) given by

a(τ̃ , λ̃) ∈ Lµ(B, g2;R1+d

τ̃ ,λ̃
), b(τ̃ , λ̃) ∈ Lν(B, g1;R1+d

τ̃ ,λ̃
),

respectively, where

g1 := (γ, γ − ν,Θ), g2 := (γ − ν, γ − (ν + µ),Θ),

in terms of Leibniz compositions with respect to variables and covariables (t, τ).

Proposition 3.2. We have

(3.6) t−µOpt(a)(λ)t−νOpt(b)(λ) = t−(µ+ν)Opt(a#tb)(λ) +G(λ)

for G(λ) determined by Opt(g)(λ) for some g(tτ, tλ) with

g(τ̃ , λ̃) ∈ L−∞(B, g;R1+d

τ̃ ,λ̃
).

For our purposes Proposition 3.2 only plays the role of giving an idea on what
happens with symbols under compositions and might be studied in more detail.
We simply want to illustrate in which way corner operators, obtained by replacing
parameters (τ̃ , λ̃) in operator-valued symbols by (tτ, tλ) reflect some Leibniz com-
position behaviour. Compositions in other form will be formulated in combination
with Mellin quantizations applied to the respective symbols.

Proof of Poposition 3.2. The proof only employs repeatedly applying the chain
rule and other elementary conclusions concerning compositions of operator func-
tions, where

a#tb ∼
∞∑
k=0

1

k!
∂kτ aD

k
t b.

�

Definition 3.3. The space Mµ
Ov2

(B1, g1;Rq2+d
η̃2,λ

) for g1 := (γ1, γ1−µ,Θ), is defined

as the set of all h(y2, η2, λ) ∈ A(Cv2 , Lµ(B1, g1;Rq2+d
η2,λ

)) such that

h(β2 + i%2, λ) ∈ Lµ(B1, g1;R1+q2+d
%2,η2,λ

)

for every β2 ∈ R, uniformly in compact β2-intervals.

Here we employ the operator classes in Definition 2.12 together with notation
(2.56) for the non-smoothing Mellin part close to Y1 and the former B is denoted
by B1. The spaces

(3.7) Lµ(B1, g1;Rd)
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are locally convex, and they may be interpreted as unions of Fréchet spaces. Ev-
ery element of (3.7) belongs to such a subspace and we can talk about spaces of
holomorphic functions

(3.8) A(Cv2 , Lµ(B1, g1;Rd))
by taking unions coming from those Fréchet subspaces of (3.7). Note that standard
elements of complex function theory also work for holomorphy of functions with val-
ues in a Fréchet space, see, e.g., the textbook of Jarchow, [9]. In such constructions
the weight data g1 = (γ1, γ1−µ,Θ1) for weight intervals Θ1 := (−(θ1+1), 0], θ1 ∈ N,
are chosen and fixed, and then

(3.9) Mµ
Ov2

(B1, g1;Rd)

is defined as in Definition 3.3, but for q2 = 0. In the sequel we use notation

(3.10) h(r2, v2, λ) ∈Mµ
Ov2

(B1, g1;Rdr2λ)

if h(r2, v2, λ) = h̃(v2, r2λ) and h̃(v2, λ̃) ∈ Mµ
Ov2

(B1, g1;Rd
λ̃
). If H is a Hilbert space

with group action we define weighted “Mellin-Fourier” Sobolev spaces Hs,γ2(R+ ×
Rq1 , H) as the completion of C∞0 (R+ × Rq1 , H) with respect to the norm

‖u‖Hs,γ2 (R+×Rq1 ,H) :=

{∫
Rq1

∫
Γ b1+1

2 −γ2

〈v2, η1〉2s

× ‖κ−1
〈v2,η1〉(Mr2→v2Fy2→η1u)(v2, η1)‖2Hd−v2d

−η1

}1/2

.(3.11)

This expression can be generalized to Y1 rather than Rq1 by using charts like (2.50)
which gives us spaces Hs,γ2(R+×Y1, H) for any s, γ2 ∈ R. We employ this definition
first to the case s = 0 and H := K0,γ1(X∧). In the next step we consider K-spaces
of smoothness zero and arbitrary pairs of weights γ = (γ1, γ2) ∈ R2, namely, for
B1 ∈M1, Y1 = s1(B1) we set

K0,γ(B∧1 ) =ω2ω1H0,γ2(R+ × Y1,K0,γ1(X∧))

+ (1− ω2)ω1H0,0(R+ × Y1,K0,γ1(X∧))

+ (1− ω2)(1− ω1)K0,0((2B1)∧)

+ ω2(1− ω1)K0,γ2((2B1)∧)(3.12)

for cut-off functions ω2 = ω2(r2), ω1 = ω1(r1).
In order to give an explanation of spaces Ks,γ(B∧1 ) for arbitrary s ∈ R we first

consider the Hilbert spaces Hs,γ1(B1) which are defined locally close to s1(B1) =: Y1

by
Hs,γ1(B1) = ω1Ws(Y1,Ks,γ1(X∧)) + (1− ω1)Hs

loc(B1 \ Y1).

This gives us spaces Hs,γ2(R+, H
s,γ1(B1)) and also

Hs,γ2;e(R+, H
s,γ1(B1)) := [r2]−eHs,γ2(R+, H

s,γ1(B1))

and we form

(3.13) Sγ2(R+, H
s,γ1(B1)) := lim←−

s0,e∈R
Hs0,γ2;e(R+, H

s,γ1(B1))
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for sufficiently large s0, e. In particular, γ2 remains a multiplicative weight and we
have

Sγ2(R+, H
s,γ1(B1)) = rγ22 S(R+, H

s,γ1(B1)).

The spaces Hs,γ2;e(R+, H
s,γ1(B1)) and also (3.13) are embedded in K0,γ(B∧1 ). More-

over, we employ the non-degenerate sesquilinear paring

(3.14) (·, ·)K0,0(B∧1 ) : K0,γ(B∧1 )×K0,−γ(B∧1 )→ C

for any γ = (γ1, γ2).
Now with Mellin symbols

f(r2, v2, λ) ∈M0
Ov2

(B1, g1;Rdr2λ)

for g1 = (γ1, γ1,Θ) we have continuity

Op
γ2−b1/2
Mr2

(f)(λ) : K0,γ(B∧1 )→ K0,γ(B∧1 ).

If (3.10) is a Mellin symbol, we have continuity of

(3.15) r−µ2 Op
γ2−b1/2
Mr2

(h)(λ) : Sγ2(R+, H
∞,γ1(B1))→ Sγ2−µ(R+, H

∞,γ1−µ(B1)).

By duality via (3.14) we also get continuity between the respective dual spaces. For

Sγ2(R+, H
∞,γ1(B1)) = rγ22 S(R+, H

∞,γ1(B1))

we have a sesquilinear pairing

Sγ2(R+, H
∞,γ1(B1))× (Sγ2(R+, H

∞,γ1(B1)))′ → C.

Instead of (Sγ2(R+, H
∞,γ1(B1)))′ we also write (S ′)−γ2(R+, H

−∞,−γ1(B1)). Then,
(3.15) allows us to pass to formal adjoint operators

(r−µ2 Op
γ2−b1/2
Mr2

(h)(λ))∗ : (Sγ2−µ(R+, H
∞,γ1−µ(B1)))′

→ (Sγ2(R+, H
∞,γ1(B1)))′(3.16)

which is a map between the respective distribution spaces. The operator on the
left-hand side of (3.16) is of analogous structure as that on the left of (3.15), i.e.,
of the form

r−µ2 Op
γ2−b1/2
Mr2

(h∗)(λ)

for some element h∗ ∈ Mµ
Ov2

(B1, gµ;Rdr2λ) for gµ = (−γ1 + µ,−γ1,Θ) obtained

together with a translation in the complex v2-plane. Because of the assumptions on
holomorphy of Mellin symbols in sufficiently large v2-strips, the map (3.16) may be
realized between spaces of distributions relatively to the original weights, namely

r−µ2 Op
γ2−b1/2
Mr2

(h∗)(λ) : (S ′)γ2(R+, H
−∞,−γ1(B1))

→ (S ′)γ2−µ(R+, H
−∞,γ1−µ(B1)).

By restriction this induces an operator family

(3.17) r−µ2 Op
γ2−b1/2
Mr2

(h∗)(λ) : K0,γ(B∧1 )→ (S ′)γ2−µ(R+, H
−∞,γ1−µ(B1))

which makes sense because of K0,γ(B∧1 ) ⊂ (S ′)γ2(R+, H
−∞,−γ1(B1)), but (3.17) is

by no means surjective. This consideration may be applied to s ∈ R rather than µ,
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and a pair of weights γ − s = (γ1 − s, γ2 − s). Then the respective operator will be
called R−s, and we define in new notation

R−s(λ) := rs2Op
γ2−s−b1/2
Mr2

(f)(λ) : K0,γ−s(B∧1 )→ Ks,γ(B∧1 )

where f(r2, v2, λ) = f̃(v2, r2λ) for a resulting f̃(v2, λ̃) ∈M−sOv2 (B1, gs;Rdλ̃) for weight

data gs := (γ1− s, γ1,Θ). The resulting space Ks,γ(B∧1 ) is the image of K0,γ−s(B∧1 )
under R−s(λ) for sufficiently large λ. We altogether obtain

Theorem 3.4. For every pair of weights γ = (γ1, γ2) ∈ R2 and s ∈ R there exists

an f(v2, λ̃) ∈M−sOv2 (B1, gs;Rdλ̃) such that for sufficiently large |λ| the operator

(3.18) R−s(λ) := rs2Op
γ2−s−b1/2
Mr2

(f)(λ) : K0,γ−s(B∧1 )→ Ks,γ(B∧1 )

defines an isomorphism.

Remark 3.5. In the construction of f(v2, λ̃) ∈M−sOv2 (B1, gs;Rdλ̃) we make a special

choice in connection with Definition 3.3. It is not necessary to admit an arbitrary
Lµ(B1, gs;R1+q2+d)-valued holomorphic function but only take a function with val-
ues in operators H(·)+Aint(·) as indicated in Definition 2.12. This allows us to take
into account that also asymptotics for r1 → 0 are respected (up to a translation)
under the map with Mellin symbol, holomorphic in v1.

Note that the operator (3.18) is defined in terms of a parameter - dependent

elliptic element f(v2, λ̃) ∈ M−∞Ov2
(B1, g1;Rd

λ̃
) and for large |λ| we have injectivity

on K0,γ−s(B∧1 ), since there is a parameter-dependent left parametrix which leaves
small remainders with increasing |λ|. In any case we set

Ks,γ(B∧1 ) := imR−s(λ)

and another consideration shows that this space is independent of the specific choice
of f with the indicated property.
A simple consideration shows that Ks,γ(B∧1 ) admits the group action

κδ : Ks,γ(B∧1 )→ Ks,γ(B∧1 ),

(κδu)(r1, x) := δ(b1+1)/2u(δr1, x), δ ∈ R+.

In addition the particular form of the Mellin symbol f(v2, r2λ) gives us twisted
homogeneity

R−s(δλ) = δ−sκδR
−s(λ)κ−1

δ

for all δ ∈ R+. The operator calculus on the infinite stretched cone B∧ requires
Green and smoothing Mellin operators which play a similar role as those on Subsec-
tion 2.2 for a smooth compact X. Similarly as in (2.13) we employ pairs of discrete
asymptotic types P1,P2 and form spaces of singular functions

EP1,P2(B∧1 ) :=

{ M∑
ν=0

lν∑
λ=0

ω2(r2)dνλ(b)r−sν2 logλ r2

: dνλ ∈ H∞,γ1P1
(B1) for all ν, λ

}
.
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Moreover, we have the spaces (3.11) where the involved space H may also be a
Fréchet space with group action. This allows us to form spaces

Hs,γ1,γ2P1,Θ2
(R+ × Rq2 , · ) := lim←−

ε>0

Hs,γ2−(θ2+1)−ε(R+ × Rq2 ,Ks,γ1P1
(X∧))

for Θ2 = (−(θ2+1), 0] which is an expression in terms of known data. A globalization
gives us the spaces

ω2ω1,globHs,γP1,P2
(B∧1 ) := ω2ω1,globHs,γP1,Θ2

(B∧1 ) + EP1,P2(B∧1 )

for cut-off functions ω2 = ω2(r2) on the half-axis and functions ω1,glob in the distance
variable r1 to Y1, the edge of B1. We also pass to spaces globally on B∧1 by forming

ω2Hs;γ1,γ2P1,P2
(B∧1 ) := ω2ω1,globHs,γP1,P2

(B∧1 ) + ω2(1− ω1,glob)Hs,γ2P2
((2B1)∧)|s0(B∧1 ).

This gives us

ω2H∞;γ1,γ2
P1,P2

(B∧1 ) := lim←−
s∈R

ω2Hs;γ1,γ2P1,P2
(B∧1 ).

Moreover, consider

(1− ω2)S(R+,r2 , H
∞,γ1
P1

(B1))

which can be identified closed to R+ × Y1 with the space

(1− ω2) lim←−
s,δ∈R

Ws,δ(R+ × Y1,K∞,γ1P1
(X∧))

Let us now form

K∞;γ1,γ2;∞
P1,P2

(B∧1 ) := ω2H∞;γ1,γ2
P1,P2

(B∧1 ) + (1− ω2)S(R+,r2 , H
∞,γ1
P1

(B1)).

Definition 3.6. By LµG(B∧1 , g;Rd \ {0}) for weight data g := (gi)i=1,2, where gi =
(γi, γi− µ,Θi),Θi = (−(θi + 1), 0] for certain θi ∈ N, i = 1, 2 we denote the space of
all

G(λ) ∈ Sµcl(R
d
λ;Ks;γ1,γ2;e(B∧1 ),K∞;γ1−µ,γ2−µ;∞

P1,P2
(B∧1 ))

such that

G∗(λ) ∈ Sµcl(R
d
λ;Ks;−γ1+µ,−γ2+µ;e(B∧1 ),K∞,−γ1,−γ2;∞

Q1,Q2
(B∧1 ))

for arbitrary s, e ∈ R and asymptotic types P1,P2,Q1,Q2 depending.

Concerning a definition of spaces

Ks;γ1,γ2P1,P2
(B∧1 )

for s ∈ R we apply an analogue of Theorem 3.4. The definition of K0,γ(B∧1 ) in
(3.12) allows us to pass to subspaces

K0,γ
P1,P2

(B∧1 ) =ω2ω1H0,γ2(R+ × Y1,K0,γ1
P1

(X∧))

+ (1− ω2)ω1H0,0(R+ × Y1,K0,γ1
P1

(X∧))

+ (1− ω2)(1− ω1)K0,0((2B1)∧) + ω2(1− ω1)K0,γ2((2B1)∧).
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We now form asymptotic types P1(s),P2(s) which are translations of P1,P2 accord-
ing to the weight shift in formula (3.18) and generate Ks,γP1,P2

(B∧1 ) as the image of

K0,γ−s
P1(s),P2(s)(B

∧
1 ) under the map (3.18). Then

R−s(λ) : K0,γ−s
P1(s),P2(s)(B

∧
1 )→ Ks,γP1,P2

(B∧1 )

just generates Kegel spaces with asymptotics for arbitrary s.

Remark 3.7. All those constructions makes sense for continuous asymptotic types
in r2.

Analogously as the operator families we now formulate the smoothing Mellin
contribution to the class LµM+G(B∧1 , g;Rdλ \ {0}) for g = (g1, g2). To this and we

first formulate the symbol classes M−∞R (B1, g1) for some Mellin asymptotic type R
belonging to the singular order 1. Similarly as (2.25) in the discrete case R is a
sequence in Cv2 ×N such that πCR satisfies an analogous condition as before what
concerns the position of points in Cv2 . Now for such an R the space

M−∞R (B1, g1)

is defined as the set of all f(v2) ∈ A(Cv2 \ πCR, L−∞(B1, g1)) such that f(v2) is
meromorphic with poles at the points in πCR of multiplicity nj + 1 and finite rank
Laurent coefficients in L−∞(B1, g1). In addition we ask

χ(v2)f(v2)|Γβ ∈ S(Γβ, L
−∞(B1, g1))

for any πCR-excision function χ and every β ∈ R, uniformly in finite intervals. Now
the smoothing Mellin cone families for the calculus over B∧1 are assumed to be of
the form

(3.19) M(λ) := r−µ2 ω2,[λ]

θ2∑
j=0

rj2
∑
|α|≤j

Op
γjα−b1/2
M (fjα)λαω′2,[λ]

for elements fjα(v2) ∈M−∞Rjα (B1, g1) and weights γjα satisfying

Γ b1+1
2
−γjα

∩ πCRjα = ∅ for γ2 − j ≤ γjα ≤ γ2

for all j, α. Recall that ω2,[λ](r2) = ω2(r2[λ]), etc. Similarly as (2.24), (2.25) the op-
erator families M(λ) constitute operator-valued symbols with constant coefficients

M(λ) ∈ Sµcl(R
d;Ks,γ2(B∧1 ),K∞,γ2−µ(B∧1 ))

and similarly, between subspaces with double asymptotic types.
Note that both Green and Mellin operator families over B∧1 can also be formulated
for continuous asymptotics, both with respect to r1 and r2.

As announced before the space LµM+G(B∧1 , g;Rdλ\{0}) is defined as the set of sums

M(λ) +G(λ) for M(λ) as it has been just defined and G(λ) ∈ LµG(B∧1 , g;Rd \ {0}).

Definition 3.8. The space Lµ(B∧1 , g;Rdλ\{0}) is defined as the space of all operator
families

A(λ) := H(λ) +M(λ) +G(λ)
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where (M +G)(λ) ∈ LµM+G(B∧1 , g;Rdλ \ {0}),

H(λ) = r−µ2 Op
γ2−b/2
M (h)(λ)

where h(r2, v2, λ) := h̃(v2, r2λ) for some h̃(v2, λ̃) ∈Mµ
Ov2

(B1, g1;Rd
λ̃
).

Remark 3.9. We have

Lµ(B∧1 , g;Rdλ \ {0}) ⊂Lµ((s0(B1))∧, g1;Rdλ \ {0})

:= Lµ((2B1)∧;Rdλ \ {0})|intB1+
,(3.20)

see notation in the introduction.

Analogously as in the symbolic characterization of H(λ) in Definition 2.3 and
expressions (2.28), (2.29) we have degenerate families

p(r2, %2, λ) = p̃(r2%2, r2λ)

for

p̃(%̃2, λ̃) ∈ Lµ(B1, g1;R1+d

%̃2,λ̃
).

Then the non-smoothing Mellin symbols h̃(v2, λ̃) ∈ Mµ
Ov2

(B1, g1;Rd
λ̃
) in Definition

3.8 are obtained from p̃ via Mellin quantization from p̃(%̃2, λ̃) which turns %̃2 to v2.
Another principal symbolic level of operators A(λ) in Definition 3.8 is the highest
conormal symbol belonging to the corner singularity

(3.21) σ2(A)(v2) := h(0, v2, 0) + f0(v2) : Hs,γ1(B1)→ Hs−µ,γ1−µ(B1)

with h as in Definition 3.8, frozen at r2 = 0 and the principal conormal symbol of
M(λ), cf. relation (3.19) which is just the smoothing Mellin symbol belonging to
the summand for j = 0, now denoted by f0(v2). The conormal symbol (3.21) is
regarded as an operator function parametrized by v2 ∈ Γ b1+1

2
−γ2

for b1 = dimB1.

Theorem 3.10. Any A(λ) ∈ Lµ(B∧1 , g;Rdλ \ {0}) induces families of continuous
operators

(3.22) A(λ) : Ks,γ(B∧1 )→ Ks−µ,γ−µ(B∧1 )

and

(3.23) A(λ) : Ks,γP1,P2
(B∧1 )→ Ks−µ,γ−µQ1,Q2

(B∧1 )

for every pair of asymptotic types P1,P2 and some resulting Q1,Q2.

Proof. The continuity (3.22) is proved in [2]. For (3.23) the arguments are similar
to those of [12, Theorem 3.2.8, page 155]. The crucial information comes from the
mapping properties of Mellin operators close to zero. Let us illustrate phenomena
first for the case of Ks,γ1P (X∧) for an asymptotic type P. The mapping of asymptotic
contributions under Mellin pseudo-differential operators is first determined by the
weighted Mellin transform Mγ1−n/2 which induces a map

Mγ1−n/2 : ωKs,γ1P1
(X∧)→ As,γ1P1

(X∧)
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where As,γ1P1
(X∧) is the space of holomorphic functions u in Cv1 \ πCP1 with values

in Hs(X) which generate asymptotics of type P1 in such a way that

(3.24) ‖χMβ−n/2u‖Hs,β(X∧) <∞

for a πCP1-excision function χ and any β such that β − n/2 < γ1 − n/2, uniformly
in compact subintervals in the weight strip {γ1−n/2− (1 + θ) < Re v1 < γ1−n/2}.
Another observation is that Mellin operators contain operators of multiplication by
symbols which contribute their singular behaviour in the respective weight strip by
multiplication, and this generates a new asymptotic type Q1, where the smoothness
s in (3.24) is shifted by the order µ. In other words the action of our operator
composed from both sides with cut-off functions defines the required map

ω̃M−1
γ1−n/2fMγ1−n/2ω : Ks,γ1P1

(X∧)→ Ks−µ,γ1−µQ1
(X∧).

In a similar manner we can argue with double asymptotics. Then in (3.24) we

have to replace Hs,β(X∧) by Hs,βP1
(B∧1 ), and the arguments concerns P2 rather than

P1. �

It can be easily verified that operator families A(λ) ∈ Lµ(B∧1 , g;Rdλ \ {0}) form
symbols

A(λ) ∈ Sµcl(R
d;Ks,γ(B∧1 ),Ks−µ,γ−µ(B∧1 ))

for any real s. The twisted homogeneity in the respective symbolic estimates refer
to group actions in the involved spaces

(κδu)(r2, x) = δ(b1+1)/2u(δr2, x)

for all δ ∈ R+, with x denoting the variable on B1. Let S(µ)(Rd \ {0};Ks,γ(B∧1 ),
Ks−µ,γ−µ(B∧1 )) be the space of principal homogeneous components. Those are also
operator families in Lµ(B∧1 , g;Rdλ \ {0}) and play the role of principal edge symbols
for operators of the edge calculus of second singular order in Subsection 3.2 below,
with λ being replaced by (η2, λ).

Let us call a family A(λ) ∈ Lµ(B∧1 , g;Rdλ \ {0}) parameter-dependent elliptic
of order µ, with respect to the fixed weights γ = (γ1, γ2) if σ0(A) is parameter-
dependent elliptic over B∧1 \ s0(B∧1 ) in the standard sense and if also the reduced
symbols

r−µ2 σ̃0(A)(r1, x, y1, r2, %̃1, ξ, %̃2, η̃1, λ̃)

for r2 > 0 do not vanish for (%̃1, ξ, %̃2, η̃1, λ̃) 6= 0 up to r1 = 0, where %̃1 := r1%1,
etc., and for r1, r2 close to zero

ˆ̃σ0(A)(r1, x, y1, r2, %̃1, ξ, ˆ̃%2, η̃1,
ˆ̃
λ)

is non-vanishing for (%̃1, ξ, ˆ̃%2, η̃1,
ˆ̃
λ) 6= 0 up to r2 = 0, for ˆ̃%2 := r1r2%2,

ˆ̃
λ := r1r2λ. In

addition we ask that h̃(v2, λ̃) ∈Mµ
Ov2

(B1, g1;Rd
λ̃
), cf. Definition 3.8 to be parameter-

dependent elliptic of order µ (this just encodes the suitable exit ellipticity when
r2 →∞), and that the principal conormal symbol (3.21) is a family of isomorphism
for all v2 ∈ Γ b1+1

2
−γ2

.
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Theorem 3.11. Let A(λ) ∈ Lµ(B∧1 , g;Rd \ {0}) be parameter-dependent elliptic of
order µ and relative to the weight γ = (γ1, γ2). Then there is a parameter-dependent
parametrix P (λ) ∈ L−µ(B∧1 , g

−1;Rd \ {0}), g−1 = (g−1
1 , g−1

2 ) such that

P (λ)A(λ) = 1−GL(λ), A(λ)P (λ) = 1−GR(λ)

for some GL(λ) ∈ L−1
G (B∧1 , gL;Rd \ {0}), GR(λ) ∈ L−1

G (B∧1 , gR;Rd \ {0}) for gL :=
(g1,L, g2,L), gR := (g1,R, g2,R).

Proof. The proof follows in a similar manner as Theorem 3.17 below. �

Corollary 3.12. If A(λ) is parameter-dependent elliptic then

A(λ) : Ks,γ(B∧1 )→ Ks−µ,γ−µ(B∧1 )

is a family of Fredholm operators, and kernels belong to subspaces of K∞,γ(B∧1 )
with asymptotics. Cokernels can be represented by finite-dimensional subspaces of
K∞,γ−µ(X∧) with asymptotics.

3.2. Edge calculus of second singularity order. In Chapter 2 we established
the calculus of edge operators over a B1 ∈M1 with parameters, including discrete
or continuous asymptotics with respect to an edge Z1. Here we slightly modify
notation, since first order and second order edges for B2 ∈ M2 are denoted by
Y1, Y2, according to the way of successively forming wedges, e.g., when

(3.25) B2 = BM1 × Y2

we have Y2 = s2(B2) but Y1 = s1(B2 \ Y2), and then B1 ∈ M1 which is the base
of the new model cone has another edge, now denoted by Z1 of some dimension p1

which is also admitted to be zero. Thus analogously as (2.54) we have to introduce
local (along Y2 in variables (y2, η2, λ), y2 ∈ Rq2) spaces of amplitude functions

(3.26) Rµ(Rq2 × Rq2+d, g)

for weight data g := (gi)i=1,2, gi = (γi, γi − µ,Θi), i = 1, 2, consisting of operator
functions

(3.27) a2(y2, η2, λ) = h2(y2, η2, λ) + (m2 + g2)(y2, η2, λ)

for the asymptotic part

(3.28) (m2 + g2)(y2, η2, λ) ∈ RµM+G(Rq2 × Rq2+d, g).

Let RµG(Rq2 × Rq2+d, g) be the space of Green symbols, i.e.,

g(y2, η2, λ) ∈ Sµcl(R
q2 × Rq2+d;Ks;γ;e(B∧1 ),K∞;γ−µ;∞

P1,P2
(B∧1 ))

such that the pointwise formal adjoint with respect to the K0,0(B∧1 )-scalar product
has the property

g∗(y2, η2, λ) ∈ Sµcl(R
q2 × Rq2+d;Ks;−γ+µ(B∧1 ),K∞,−γ;∞

Q1,Q2
(B∧1 ))

for g-dependent asymptotic types P1,P2 and Q1,Q2, associated with the weight
information involved in the respective spaces. Let us admit here from the very
beginning continuous asymptotic types for r1 → 0 or r2 → 0. Clearly we also have
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discrete asymptotics, and y1- or y2-independence as a special case. Analogously as
(2.53) there are also Mellin amplitude functions

m(y2, η2, λ) := r−µ2 ωη2,λ

θ2∑
j=0

rj2
∑
|α|≤j

Op
γjα−b1/2
M (fjα)(y2)(η2, λ)αω′η2,λ

for Mellin symbols

fjα(y2, v2) ∈ C∞(Rq2 ,M−∞Rjα (B1, g1))

satisfying the conditions

Γ b1+1
2
−γjα

∩ πCRjα = ∅ for γ2 − j ≤ γjα ≤ γ2

for all j, α. Clearly fjα,Rjα and weights γjα are different from the corresponding
objects in (2.53); for convenience we employ here the same notation. The Mellin
asymptotic types Rjα are admitted to be continuous. As for first singularity order
1 by

RµM+G(Rq2 × Rq2+d, g)

we denote the space of all (m+g)(y2, η2, λ) of the indicated structure (where for the
Mellin part we also take into account more summands of the same conormal order
when the asymptotic types are continuous) and we write RµG(Rq2×Rq2+d, g) for the
respective space of Green amplitude functions. The non-smoothing holomorphic
Mellin part is defined as

(3.29) h2(y2, η2, λ) = ω2r
−µ
2 Op

γ2−b1/2
Mr2

(h2)(y2, η2, λ)ω′2

for some

(3.30) h2(r2, y2, v2, η2, λ) = h̃2(r2, y2, v2, r2η2, r2λ)

for

(3.31) h̃2(r2, y2, v2, η̃2, λ̃) ∈ C∞(R+ × Rq2 ,Mµ
Ov2

(B1, g1;Rq2+d

η̃2,λ̃
)).

On B2 ∈M2 we have weighted spaces Hs,γ(B2), defined as the set of those u ∈
Hs,γ

loc (B2 \ Y2) such that ϕiu ◦ χ−1
i ∈ Ws(Rq2 ,Ks,γ(B∧1 )) for all i. Here (ϕ1, . . . , ϕN )

is a partition of unity on Y2 subordinate to an open covering of Y2 by coordinate
neighbourhoods Y2,i, and χi : Y2,i → Rq2 charts, i = 1, . . . , N . Moreover, we have
subspaces with asymptotics Hs,γ

P1,P2
(B2) consisting of elements u ∈ Hs,γ1

loc,P1
(B2 \ Y2)

such that ϕiu ◦ χ−1
i ∈ Ws(Rq2 ,Ks,γP1,P2

(B∧1 )). There is then the space

L−∞(B2, g;Rdλ)

of all C(λ) ∈ S(Rdλ, L−∞(B2, g)) where L−∞(B2, g) is the space of all operators

(3.32) C(λ) : Hs,γ(B2)→ H∞,γ−µP1,P2
(B2)

such that the formal adjoint with respect to the scalar product of H0,0(B2) induces
continuous maps

(3.33) C∗(λ) : Hs,−γ+µ(B2)→ H∞,−γQ1,Q2
(B2)

for C-dependent asymptotic types P1,P2 and Q1,Q2, respectively.
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Definition 3.13. By Lµ(B2, g;Rdλ) for B2 ∈ M2 and g = (g1, g2) we denote the
space of operator families

A(λ) := H(λ) + (M +G)(λ) +Aint(λ) + C(λ)

where

H(λ) + (M +G)(λ) =
∑
ϕ≺ϕ′

ϕOpy1(a2)(λ)ϕ′

for a2(y2, η2, λ) ∈ Rµ(Rq2 × Rq2+d, g) , where the sum runs over a partition of
unity of Y2 by localizing functions ϕ and ϕ′ � ϕ are compactly supported smooth
functions in the respective coordinate neighbourhoods. Moreover, Aint(λ) belongs
to Lµ(B2 \ Y2, g1;Rdλ) and its kernel is supported off a small neighbourhood of Y2.

The operator family C(λ) belongs to L−∞(B2, g;Rdλ).

Operators in Lµ(B2, g;Rdλ) have the property, that the restrict to elements in

Lµ(B2 \ Y2, g;Rdλ). Applying a decomposition

A(λ) =ω2A(λ)ω′2 + ω2A(λ)(1− ω′2) + (1− ω2)A(λ)ω′′2

+ (1− ω2)A(λ)(ω′2 − ω′′2) + (1− ω2)A(λ)(1− ω′2)

for global cut-off functions over B2 which are ≡ 1 close to Y2 and ω′′2 ≺ ω2 ≺ ω′2.
Then ω2A(λ)ω′2 is located close to Y2 and can be described by amplitude function in
(3.26). Those belong to Sµ(Rq2×Rq2+d;Ks,γ(B∧1 ),Ks−µ,γ−µ(B∧1 )) and hence induce
(after a localization in y2 ∈ Rq2 from both sides) continuous operators

Ws(Rq2 ,Ks,γ(B∧1 ))→Ws−µ(Rq2 ,Ks−µ,γ−µ(B∧1 )).

Globally, assuming B2 to be compact, there operators are continuous in the sense

ω2A(λ)ω′2 : Hs,γ(B2)→ Hs−µ,γ−µ(B2).

The operators ω2A(λ)(1−ω′2)+(1−ω2)A(λ)ω′′2 belong to L−∞(B2, g;Rdλ) and induce
continuous operators (3.32), (3.33). The operators

(1− ω2)A(λ)(ω′2 − ω′′2) and (1− ω2)A(λ)(1− ω′2)

belong to Lµ(B2 \ Y2, g;Rdλ) and generate continuous operators

Hs,γ1,γ̃2(B2)→ Hs−µ,γ1−µ,˜̃γ2−µ(B2)

for any γ̃2, ˜̃γ2 ∈ R. Similar considerations may be applied to subspaces with
asymptotics, using that any element a of (3.26) belongs to a space Sµ(Rq2 ×
Rq2+d;Ks,γP1,P2

(B∧1 ),Ks−µ,γ−µQ1,Q2
(B∧1 )). Thus we obtain altogether the following result:

Proposition 3.14. Operators A(λ) ∈ Lµ(B2, g;Rdλ) represent families of continu-
ous operators

A(λ) : Hs,γ(B2)→ Hs−µ,γ−µ(B2)

and

A(λ) : Hs,γ
P1,P2

(B2)→ Hs−µ,γ−µ
Q1,Q2

(B2)

for any pairs of asymptotic types P1,P2 and some resulting Q1,Q2, for all s ∈ R.
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The proof employs similar tools as for a corresponding theorem of the edge calcu-
lus of first singular order. In fact it suffices to observe that the operators functions
of (3.26) are contained in

Sµ(Rq2 × Rq2+d;Ks,γ(B∧1 ),Ks−µ,γ−µ(B∧1 ))

and in subspaces referring to Ks,γP1,P2
(B∧1 ) and Ks−µ,γ−µQ1,Q2

(B∧1 ).

Remark 3.15. The operators in Definition 3.13 form an algebra. For A(λ) ∈
Lµ(B2, g;Rdλ) andB(λ) ∈ Lν(B2,k;Rdλ) for weight data g = (gi)i=1,2, k = (kj)j=1,2,
gi = (γ − ν, γ − (µ+ ν),Θ),kj = (γ, γ − ν,Θ), i, j = 1, 2, we have

A(λ)B(λ) ∈ Lµ+ν(B2, g ◦ k;Rdλ)

for g ◦k = (gi ◦kj) and gi ◦kj = (γ, γ− (µ+ ν),Θ), i = 1, 2. The principal symbols
are multiplicative; we have, in particular,

σ̃0(AB) = σ̃0(A)σ̃0(B), ˆ̃σ0(A) = ˆ̃σ0(A)ˆ̃σ0(B),

moreover,

σ1(AB) = σ1(A)σ1(B), σ̃1(AB) = σ̃1(A)σ̃1(B)

and

σ2(AB) = σ2(A)σ2(B).

Let us now pass to ellipticity and Fredholm property of operators in the calculus
over B2 ∈ M2. An operator A(λ) ∈ Lµ(B2, g;Rdλ) in notation of Definition 3.13 is

called elliptic if A(λ)|s0(B2) ∈ L
µ
cl(s0(B2);Rdλ) is parameter-dependent elliptic over

the smooth manifold s0(B2) in the standard sense, moreover, if

σ̃0(A)(r1, x, y1, r2, y2, %̃1, ξ, η̃1, %̃2, η̃2, λ̃)

which is the reduced symbol of A(λ)|B1\Y2 does not vanish for

(%̃1, ξ, η̃1, %̃2, η̃2, λ̃) 6= 0

up to r1 = 0, where tilde indicates multiplication by r1, and

ˆ̃σ0(A)(r1, x, y1, r2, y2, %̃1, ξ, η̃1, ˆ̃%2, ˆ̃η2,
ˆ̃
λ)

which is the reduced symbol of A(λ)|B1\(Y1∪Y2) (computed close to r1 = 0 and

r2 = 0) does not vanish for (%̃1, ξ, η̃1, ˆ̃%2, ˆ̃η2,
ˆ̃
λ) 6= 0 up to r2 = 0, where ˆ̃ indicates

multiplication by r1r2. In addition over B2 \ Y2 we assume that the parameter-
dependent edge symbol close to Y1

σ1(A)(y1, r2, y2, η1, %2, η2, λ) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

is bijective for (η1, %2, η2, λ) 6= 0 and also its reduced symbol

σ̃1(A)(y1, r2, y2, η̃1, %2, η2, λ̃) : Ks,γ1(X∧)→ Ks−µ,γ1−µ(X∧)

up to r1 = 0 for (η̃1, %2, η2, λ̃) 6= 0. In addition close to Y2 we ask bijectivity of the
second singular edge symbol

(3.34) σ2(A)(y2, η2, λ) : Ks,γ(B∧1 )→ Ks−µ,γ−µ(B∧1 )
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to be bijective for (η2, λ) 6= 0. Note that this entails the bijectivity of the subordinate
conormal symbol (3.21). This is an operator family in Lµ(B∧1 , g;
(Rq2 × Rd) \ {0}) which also depends on y2 ∈ Y2.

Remark 3.16. As in first order singular calculus we could require the Fredholmness
of the various edge symbols. This would require corresponding bijectivity conditions
of block-matrix-valued symbols with addition trace, potential and Green entries.
For brevity we consider here the case of bijectivities without such extra data.

Theorem 3.17. Let A(λ) ∈ Lµ(B2, g;Rd) be parameter-dependent elliptic. Then
there is a parameter-dependent parametrix P (λ) ∈ L−µ(B2, g

−1;Rd),
g−1 = (g−1

1 , g−1
2 ) such that

(3.35) P (λ)A(λ) = 1− CL(λ), A(λ)P (λ) = 1− CR(λ)

for CL(λ) ∈ L−∞(B2, gL;Rd), CR(λ) ∈ L−∞(B2, gR;Rd) for gL := (g1,L, g2,L),
gR := (g1,R, g2,R). Moreover, if B2 is compact

(3.36) A(λ) : Hs,γ(B2)→ Hs−µ,γ−µ(B2)

is a family of Fredholm operators. It becomes a family of isomorphism for sufficiently
large |λ|. This holds for all s ∈ R. In addition, solutions u of A(λ)u = f for

f ∈ Hs−µ,γ−µ
Q1,Q2

(B2) belong to Hs,γ
P1,P2

(B2) for pairs of continuous asymptotic types
Q1,Q2 with resulting P1,P2.

Proof. The assertion follows the lines of Theorem 2.14. Therefore, it remains to
compute a parametrix P (λ) in a neighbourhood of Y2; then over B2 we may apply
a construction separately for B2 \ Y2 and near Y2, and then, using a partition of
unity we can glue together the respective parametrices. The main condition is the
bijectivity condition (3.34). The inverse of (3.34) is obtained first by constructing
a y2-depending parametrix in Lµ(B∧1 , g; (Rq2 × Rd) \ {0}) according to Theorem

3.11, and then a Leibniz inverse a(−1)(y2, η2, λ) of the amplitude function (3.27)
of the given elliptic operators which exists in R−µ(Rq2 × Rq2+d, g−1). Then the

associated operators, locally expressed by Opy2(a(−1)) are just the desired two-
sided parametrix. The claimed Fredholm property of (3.36) is then a consequence,
since by assumption B2 is compact and the remainders in (3.35) are compact in the
respective spaces. �
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ความสําคัญ / ความเป็นมา  

        This project belong to Partial differential equations, in particular, it belongs to structure theory and 
representation theory of pseudo-differential operators. Partial differential equations, in particular, ellipticity, 
boundary value problems, asymptotics and other aspects of regularity of solutions, are relevant in many 
applications, e.g., mechanics, material sciences, or particle physics. Also other mathematical structures 
theories, such as geometry, topology, or index theory, manifolds with singularities become more and more 
important. These applications require the investigation of the respective algebra of pseudo-differential 
operators in high generality.  
 Pseudo-differential operators generalize the class of differential operators by elements, whose symbols 
are not polynomials. Let ( ) xA a x Dα

α
α μ≤

= ∑  be a differential operator in a domain nΩ ⊆ R  with coefficients 

( )a xα  are smoothing operators on Ω . Then A  can be expressed by the Fourier transform F  as 

( )1 ,A F a x Fξ−=  with ( ) ( ),a x a x α
α

α μ

ξ ξ
≤

= ∑ . Thus, pseudo-differential operators will be of the form 

( ) ( ) ( ) ( ) ( ), , , 2 ni x xAu x e a x x u x dx d d dξ ξ ξ ξ π ξ−′− ′ ′ ′= =∫∫ . The homogeneous principal symbol of A  of 

order μ  defined by ( )( ) ( ),A x a x α
ψ α

α μ

σ ξ ξ
=

= ∑ . A  is called elliptic, if ( )( ), 0A xψσ ξ ≠  for all 

( ) { }( ), \ 0nx ξ ∈Ω× R . Cone manifold X Δ  is a manifold with base X , defined as 

( ) { }( ): / 0X X XΔ
+= × ×R . Manifolds with conical singularities are locally modelled on cones with base 

spaces that are smooth manifolds. A manifold with edge is locally a Cartesian product between the model 
cone X Δ and edge Y . A manifold with corner is locally modelled on a cone with base having as base space 
a manifold with edge. Ellipticity is described by a two-component principal symbolic hierarchy, namely 
( ) ( ) ( )( ), Mψσ σ σ⋅ = ⋅ ⋅  in the conical case and ( ) ( ) ( )( )^,ψσ σ σ⋅ = ⋅ ⋅  in the edge case. Here ( )ψσ ⋅   has 

a similar meaning as before, while ( )Mσ ⋅  is the (principal) conormal symbol, ( )^σ ⋅  the (principal) edge 

symbol of the respective operator. In the conical case the conormal symbol of an operator A  is an operator 
function ( ) ( ) ( )( ) : s s

M A z H X H Xμσ −→  between the Sobolev spaces on the base X  of  the cone 

(with ( )ord Aμ = ), parametrized by the covariable z  to the (local) cone axis variable, varying on a weight 

line 1Re
2

nz γ+⎧ ⎫= −⎨ ⎬
⎩ ⎭

 in the complex plane for a weight γ ∈R�, dimn X= . In the case of a manifold 

with edge Y  the edge symbol of an operator A  is an operator function 
( ) ( ) ( ), ^ , ^

^ ( , ) : s sA y K X K Xγ μ γ μσ η − −→  on the infinite open stretched model cone ^ :X X+= ×R  

between weighted edge Sobolev space.  
 Formally, pseudo-differential operators those are motivated by the problem to constructing 
parametrices of elliptic differential operators and the characterization of the regularity of solutions to elliptic 
equations. This is well-known on a smooth manifold. Among the manifolds with singularities are manifolds 
with boundary, moreover with conical and edge singularities, and also with corners. 
 A manifold M  with corners of second order is a topological space containing a smooth 
manifold ( )2s M  such that ( )2\M s M  is a manifold with corners of first order (i.e., with 



conical points or edges), and ( )2s M  has a neighbourhood in M  with the structure of a 

locally trivial BΔ -bundle over ( )2s M  for some B  of first singularity order. 

The space B  in turn contains a smooth manifold ( )1s B  such that ( )1\B s B  is smooth and 

( )1s B  has a neighbourhood in B with the structure of a locally trivial X Δ -bundle over 

( )1s B  for some smooth manifold X . 

 The analysis of operators on singular manifolds or with degenerate symbols is motivated by models of 
the applied sciences, especially of mechanics and elasticity theory, and also by pure mathematics, such as 
geometry and topology. It has been a point of interest for many researchers in these fields. See, for instance, 
the works of Kondratyev [3], Kondratyev and Oleynik [4], Plamenevskij [5]. Applications and more references 
may be found in Harutyunyan and Schulze [2]. Recall that conical and edge singularities are of order 1 in a 
hierarchy of corner singularities of any order. One of the main issues of the cone and edge theories is to 
construct parametrices of elliptic elements and to establish regularity of solutions in weighted Sobolev spaces. 
Rungrottheera [6] construct parameter-dependent operators on a manifold with conical singularities or edge. 
Such operator families play a role as operator-valued amplitude functions in operators on spaces with higher 
singularities. Rungrottheera and Schulze [7] apply these results to the construction of holomorphic functions 
with values in the edge calculus, also with an appropriate order reducing property. They construct specific 
holomorphic families of operators on a manifold with edge that have the order reducing property between 
weighted spaces for arbitrary weights varying in a prescribed compact interval and for all complex parameters 
in a strip parallel to the imaginary axis of arbitrary finite width. These operator functions are constructed as 
parameter-dependent elliptic elements of the edge calculus, here without additional conditions of trace and 
potential type. They play a role as operator-valued Mellin symbols in the higher corner pseudo-differential 
calculus.  
 Differential operators and principal symbolic hierarchies on higher corner spaces have been studied in 
Schulze [11]. The pseudo-differential machinery for singular cones up to order 2, including iterated 
asymptotics, is developed in Schulze [10]. Iterative Mellin quantisations for higher singularities have been 
constructed in Habal and Schulze [1]. Another iterative paper of Rungrotteera and Schulze [8] studies aspects 
of higher corner spaces and pseudo-differential operators from the point of view of kernel cut-off, weighted 
corner Sobolev spaces and subspaces with iterated discrete and continuous asymptotics, and their relationship 
with corner pseudo-differential operators. Rungrottheera, Schulze and Wong [9] study the underlying abstract 
concept on manifolds with singularities and establish a new iteration result, motivated by applications in the 
higher corner case and establish a new theorem on iterated pseudo-differential operators belonging to second 
order corners, i.e., 2k = . Then by induction give k  fold iterated operators for any , 2k k∈ ≥N . These 
investigate belong to framework of the study of pseudo-differential operators on manifold with higher corner 
singularities. 
 In recent years the analysis of (pseudo-)differential operators on manifolds with second and higher order 
corners made considerable progress, and essential new structures have been developed. The study of 
weighted corner Sobolev spaces and subspaces with iterated asymptotics belong to the background of 
pseudo-differential algebras on corner manifolds. We complete and deepen in this project an iterative 
approach of establishing the calculus of pseudo-differential operators for the case of second and higher corner 
singularities 

 

วัตถุประสงค์ของโครงการ 
We will give the following results: 

(1) We study elements of the pseudo-differential calculus on manifold with second order corners. 
(2) We establish parameter-dependent edge calculus and Kegel spaces of second singularity order. 
(3)  We study weighted corner spaces, quantisation for higher corners 

 



ผลการวิจัย  
We establish an edge pseudo-differential calculus over B  with parameters. Those are involved as extra 
covariables, degenerate in a similar manner as edge covariables. We then formulate the existence of parameter-
dependent parametrices in this framework with controlled remainders.  Section 2 is devoted to elements of a 
analogous approach for manifolds with edges of singularity order 2. In particular, we formulate a new level of 
operator-valued corner symbols and compute corner parametrices in terms of a new set of variables and 
covariables in the new corner axis direction. Moreover, we continue and deepen the material of D.-C. Chang and 
B.-W. Schulze in cases of lower orders of singularities. 
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มีการนําไปใช้อย่างไร 
ผลท่ีได้จากการศกึษาของโครงการ “ตัวดําเนินการบนคอรเนอรแมนิโฟลด” ได้นําไปศึกษาตัวดําเนินการ รวมถึงฟังก์ชันเมลลินและ
ฟังก์ชันกรีนบนแมนิโฟลด์ท่ีมีอันดับมากกว่า 2  
□  ยังไม่มีการนําไปใช้ (โปรดกรอกในกรอบถัดไป) 
 

(กรณีที่ยังไม่มีการใช้ประโยชน์) ผลงานวิจัยมีศักยภาพในการนําไปใช้ประโยชน ์ 
□  ด้านนโยบาย  □  ด้านสาธารณะ  □  ด้านชุมชนและพื้นที่  □  ด้านพาณิชย์  □ ด้านวิชาการ  
ข้อเสนอแนะเพื่อให้ผลงานถูกนําไปใช้ประโยชน ์
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