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Abstract:

In this research, we study the maximal subsemigroups of several semigroups
of order-preserving transformations on the natural numbers and the integers,
respectively. We determine all maximal subsemigroups of the monoid of all order-
preserving injections on the set of natural numbers as well as on the set of integers.
Further, we give all maximal subsemigroups of the monoid of all bijections on the
integers. For the monoid of all order-preserving transformations on the natural
numbers, we classify also all its maximal subsemigroups, containing a particular set

of transformations.
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Executive Summary

Maximal infinite order-preserving transformation semigroups



1. Introduction to the research problem and its significance

The project belongs to Algebra, in particular, it belongs to structure theory and
representation theory of semigroups. A semigroup is a set with an associative
multiplication and appears often by the modelling of sets of functions which are closed
under composition. Many subjects in the pure as well as in applied mathematics, in
physics and also in other sciences use semigroup theory. If the equation ax=>b and
b = xa is solvable in each case, the semigroup is a group. The natural numbers 1, 2,
3,... together with the addition is a semigroup, but not a group. Another well known
semigroup is the set of linear mappings of a vector space. Linear mappings can be
represented as matrices. The multiplication of matrices corresponds with the
composition of linear mappings. A mapping from a semigroup into a semigroup of
matrices preserving the multiplication is called linear representation of the semigroup.
Any semigroup can also be represented as a semigroup of transformations on a set.
The theory of the representation of semigroups (and also of other structures) is an
important subject in mathematics. In structure theory, particular properties of
semigroups are investigated. It is the basis of all research in semigroup theory. The

representation of semigroups bases on structure theory.

The study of transformation semigroups is an important subject in semigroup
theory. A transformation on a set X is a mapping from X into X . The set of all
transformations on a set X forms a semigroup under the composition of functions
and is called full transformation semigroup T(X). A subsemigroup T of T(X) (
T <T(X)) is called transformation semigroup. If X is a finite set, then a semigroup
T <T(X) is called finite transformation semigroup and is already wide studied. A
survey about finite transformation semigroups can be found in [3]. But the situation is
quite different in the case of infinite transformation semigroups, i.e. if the set X is at
least countable infinite. It is a well known fact each semigroup can be embedded in
a transformation semigroup T <T (X)) for an appropriate set X . Hence the study of

transformation semigroups became very important. In particular the knowledge about



the subsemigroups of T(X) is of large interest. By this reason, maximal
subsemigroups of T(X) as well as of particular subsemigroups of T(X) were
studied in the case that X is finite. Let us mention two important results: P. A.
Bayramov [1] has characterized in 1966 all maximal subsemigroups of T(X) (X is
finite). The set of all order-preserving transformations on a set X forms a
subsemigroup O(X)<T(X) of T(X) [8]. A transformation « is called order-
preserving if X<y implies Xa < Yo, where < is a linear order on X . The maximal
subsemigroups of O(X) are characterized by Yang Xiuliang in 2000. A reascend
result in this topic is by Ping Zhao and Mei Yang. They characterize the locally
maximal idempotent generated subsemigroups of the so-called finite orientation
preserving singular partial transformation semigroup [9]. If X is at least countable
infinite, then the knowledge about the subsemigroups of T(X) is very small. In fact,
we know the maximal transformation semigroups containing the subgroup Sym(X)
of all bijections on X and particular subsemigroups of Sym(X), respectively. There
are ZZW subsemigroups of T(X) [8]. If X is countable then there are five maximal
subsemigroups of T(X) containing Sym(X) [4]. For an arbitrary infinite set X , M.
Pinsker has determined the number of subsemigroups containing the group Sym(X)
[7]. In a recent work, J. Jonussas and J. D. Mitchell characterize the subsemigroups
in the interval from the intersection of all maximal subsemigroups of T (X) containing
Sym(X) [4] to the full transformation semigroup T(X) for the case that X is
countable infinite. They list all of the 36 transformation semigroups. In [2], the authors
determine all maximal subsemigroups of T(X) containing one of the following
subgroups of Sym(X) : the pointwise stabiliser of a set 2. < T(X), the stabiliser of

a partition of T(X), and a non-principal ultrafilter on T (X), respectively.

The mentioned results reflex the current knowledge about infinite
transformation semigroups. So, the research on this topic is fare from a sufficient
description of the class of all infinite transformation semigroups. This project is going

to contribute with an essential part in order to improve this situation and proceeds the



current research in this topic. We will investigate the order-preserving transformation
semigroup O(X) for any linear ordered set (X;<), an important transformation
semigroup [5]. As already mentioned, the maximal subsemigroups O(X) are
completely determined if X is finite by Yang Xiuliang. But, if X is an infinite set, we
have not yet any information. It is clear, that it will not be any simple extension of the
results of the finite case since here to facts will have importance: first, the concrete
cardinality of the set X and second, the concrete linear order < on X . In contrast
to the finite case, we expect for the same set <, but different linear orders <, essential

different results.



2. Literature review

Semigroups of order-preserving transformations have been extensively
studied in the recent years. In particular, O. Ganyushkin and V. Mazorchuk have
studied the structure of semigroups of all injective order-preserving transformations
on a finite chain [4]. We know also all maximal subsemigroups of the semigroup of
all order-preserving transformations on a finite chain [12]. However, the case of
infinite linearly ordered sets has been poorly studied. In 1965, G. P. Gavrilov [6]
showed that there are five maximal subsemigroups of T(X) containing the
symmetric group on X if X is countable and in 2005, M. Pinsker [10] extended
Gavrilov's result to sets of arbitrary cardinality. J. East, J. D. Mitchell, and Y. Péresse
classified all maximal subsemigroups of T(X) containing one of following
subgroups of the symmetric group: the pointwise stabilizer of a non-empty finite
subset of X , the stabilizer of an ultrafilter on X , or the stabilizer of a partition of X
into finitely many subsets of equal cardinality [3]. In particular in [2], V. Doroshenko
considers semigroups of all transformations of the set of integers and natural
numbers that preserve the natural order on them and their subsemigroups of cofinite
transformations (i.e., transformations under which the complement of image is a

finite set).
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3. Objectives

1.

We consider transformation semigroups of countably infinite set X where X
is N and Z, respectively

We consider the bijective part of O(X), i.e. the intersection of the
semigroups Sym(X) and O(X). Clearly, Sym(X)nO(X) is again a
semigroup.

In [9], the maximal subsemigroups of T(X) containing the group Sym(X),
are determined. Using these results, we are going to find a description of the
maximal subsemigroups of O(X) containing the bijective part
Sym(X) nO(X).

If X is countable infinite, we can expect specific results, which could be quite
different to the results can be expected for sets X with a cardinality greater
than X, (we claim this bases on other known facts concerning infinite
transformation semigroup). We can start with (N; <), the natural numbers N
(having the cardinality X,) under the usual order <. Further, we want to
determine the maximal subsemigroups of O(Z) (the integers Z under the
usual order <). The main aim of this item is the characterization of all maximal
subsemigroups of O(X), whenever X is countable infinite. The solution of
this problem would give an essential contribution in the framework of the
current research on infinite transformation semigroups.

The general aim of this project is the presentation of a satisfying description

of the maximal subsemigroups of O(X) for any infinite chain (X;<).



4. Methodology
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1. Introduction

Transformation semigroups play a role in Semigroup Theory corresponding
to that of the symmetric groups in Group Theory. A main result parallel to Cayley's
theorem for groups is the well known result that states that every semigroup is
isomorphic to a subsemigroup of a suitable full transformation semigroup. In this
paper, we will deal with particular transformations, namely first of all, with order-
preserving transformations on the natural linearly ordered set of natural numbers,
secondly, with order-preserving injective transformations on the natural linearly

ordered set of integers.

Semigroups of order-preserving transformations have been extensively
studied in the recent years. In particular, O. Ganyushkin and V. Mazorchuk have
studied the structure of semigroups of all injective order-preserving transformations
on a finite chain [3]. We know also all maximal subsemigroups of the semigroup of all
order-preserving transformations on a finite chain [7]. However, the case of infinite

linearly ordered sets has been poorly studied.

Let X be an infinite set. We denote by T(X) the monoid of all full
transformations on X (under composition). In 1965, G. P. Gavrilov [4] showed that
there are five maximal subsemigroups of T(X) containing the symmetric group on
X if X is countable and in 2005, M. Pinsker [6] extended Gavrilov's result to sets
of arbitrary cardinality. J. East, J. D. Mitchell, and Y. Péresse classified all maximal
subsemigroups of T(X) containing one of following subgroups of the symmetric
group: the pointwise stabilizer of a non-empty finite subset of X , the stabilizer of an
ultrafilter on X , or the stabilizer of a partition of X into finitely many subsets of equal

cardinality [2].

Assume that (X,<) is a linearly ordered set. We say a transformation
a eT(X) is order-preserving if for all X,y e X the inequality X<y implies

Xa < Ya. We denote by O(X) the submonoid of T(X) of all order-preserving



transformations on X . It seems extremely unlikely that a complete description in any
sense of maximal subsemigroups of O(X) exists. In particular in [1], V. Doroshenko
considers semigroups of all transformations of the set of integers and natural numbers
that preserve the natural order on them and their subsemigroups of cofinite
transformations (i.e., transformations under which the complement of image is a finite

set).

In this research, we determine the maximal subsemigroups of the semigroup
of all injective order-preserving transformations on the natural numbers and integers,
respectively. We determine also all maximal subsemigroups of the semigroup of all
order-preserving transformations on the natural numbers containing a particular set.
The paper is organized as follows: In Section 2, we give main definitions. All
necessary definitions from the Semigroup Theory that are not mentioned in the paper,
can be found e.g. in [5]. Further, we define the monoids I0O(N), SO(Z), and 10(Z).
The maximal subsemigroups of these three monoids are characterized in Section 3,
4, and 5. In the last section, we consider a particular set Aét) c— O(N) and determine

all maximal subsemigroups of O(N) containing A\(lo)

Let (X,<) be a linearly ordered set. By O(X), we denote the set of all
transformations that preserve the order <, i.e., transformations « : X — X such that
for any X,ye X, the inequality X<V implies Xa<ya. Then O(X) is the

submonoid of T(X) that consists of all order-preserving transformations on X .

Let N and Z denote the sets of all natural numbers and integers,
respectively, with natural linearly order relation on them. In what follows, X s

understood as either N or Z .
Let Inj(X) denote the set of all injective transformations on X and let
1I0(X) = Inj(X) NO(X) .

The set ima ={xa|xe X} is called the image of the transformation « . The

cardinality of ime is called rank of «, in symbol rank « = im «|. Note that any



o € IO(N) is uniquely determined by imea . Let Sym(X) be the symmetric group

on X and let
SO(X) :=Sym(X) nO(X) .

Clearly, SO(N) contains only one element, namely the identity map id; on N . But
SO(Z) contains infinitely many elements, since for each zeZ the mapping

|, :Z — Z defined by Xl, =X+2 isin SO(Z).

Further, let Sur(X) denote the set of all surjective transformations on X and
let SurO(X):=Sur(X)NO(X) . The defect of a transformation & measures how

far a is from a surjection, i.e., d(a) = X \im «| is the defect of & . We denote
g,(X) =(x+)a—xa

for any X e X . The natural number g, (X) is called the height or the jump of the
transformation & at the point X. In particular, we have g,,(X)>g,(x) for any
LelO(X). The relation kera ={(x,y)|X,y € X, Xa=Yya} is an equivalence
relation on X, called the kernel of ¢ . This equivalence relation corresponds to a
decomposition of X into equivalence classes (blocks). For convenience, in what
follows we will write Bekera if B< X is an equivalence class of kera . In
particular, we have kera={xa™|xeima}, where xa'={ye X |ya=x}. A
transversal of kera is a set Ac X with |[Anxa™|=1 for all Xeime . More
generally, a transversal of a decomposition B of X isaset Ac X with | AnB|=1
forall B e B . We say thataset Ac X is a pseudo-transversal of the decomposition
B of X ifthereis B, € B with B "A= and |BnAl=1 forall Be B\{B,}.The
collapse c(a) of @ measures how far ¢ is from an injection and it is defined by

c(a) 5 X\ A|, where A is a transversal of kera .



2. Maximal Subsemigroups of 10(N)

If we consider an order-preserving injection $\alpha $ on the natural numbers,
then we can observe for any natural number X that Xa = X and that Xa > X implies
Ya >y for all natural numbers Yy > X. This motivates the consideration of the

following set of order-preserving injections on N . Let
IO(N,1) ={a € IO(N)|Xxxr—x =1 for all xeN}.

In fact, if @ € IO(N,1) then there exists natural number K, such that

x for x<Kk,
Xa =
x+1 for x>Kk,.

These transformations play a particular role.
Proposition 2.1 Let 6 € IO(N,1). Then I0(N)\{6} is a subsemigroup of 10(N).

Proof: We put S:=10(N)\{6}. Assume that S is not a subsemigroup of 10(N).

Then there are «, S €S suchthat §=af3 . Let XxeN. If x <k then
X=X = Xaf = Xar = X
and therefore
XO=X=Xa=Xp.
Further, we have
K; +1=K;0 =k;af > ko = K; .
This implies ksa =k; +1 (and ks =K;) or kya =k (and k; 8 =K, +1).

In the first case, we have Ksa =k;+1 and thus for all x>k, we obtain

X+1=X0 =Xaff > Xax > X, i.e., Xa = X+1. This shows o =6 .

In the later case, we get f=4 by similar considerations. Hence, ¢ =46 or

L =0, acontradiction. O



Proposition 2.2 Let S be a subsemigroup of IO(N). Then S is maximal if and only

if there is & € IO(N,1) such that S = 10(N)\{5}.
Proof: Suppose that S is a maximal subsemigroup of I0(N).

Assume that IO(N,1) = S . Since S is a proper subsemigroup of 10(N),
there is a € IO(N)\'S . Then there is a natural number K such that Xa =X for x <k
and Xa>X for x>k (otherwise Xa=X for all natural numbers X, i.e.,

a =id, € IO(N,1) = S, a contradiction). We put

p=ka-Kk.

and define a transformation g on N by

Xf = x  for x<k
" lxa-p for x>k

Clearly, f is aninjection. Let X,y e N with X<y.
If x<y<k then xf=x<y=yp.
If x<k <y then
xf=x<k=ka—ka+k=ka—(ka—k)=ka—p<ya—p=yp.
If x>k then xf=Xa—p<ya—p=yps.

This shows that S is order-preserving and thus felO(N). Because

<S,a’> =IO(N) (since S is maximal), there are B, f,,..., B, € S U{a} such that

ﬂzﬂlﬁz"'ﬂn-

Assume that there is i €{L,2,...,n} with B, =« . Then kKB,f5,---f, =2k and

thus KB.B, -+ B0 = KkB =Ka >k . This implies

KBS, BalB - By > K- By 2 K,
i.e., kg >k, acontradiction (we have kg =k). Hence, f€S.

We define a transformation y on N by



| x for x<k
y':{x+1 for x>k
Clearly, ¥ € IO(N,1). Let X be a natural number.
If X<k then XBy" =x=xa.
If x>k then XBy® =(xa—p)y" =xa—p+p=Xa.

This shows that a = fy" € S, a contradiction.

Hence IO(N,1) is not a subset of S and there is 6 € S\IO(N,1), i.e.,

S < IO(N)\{6}. This implies S = IO(N)\{5} by the maximality of S .

The converse direction is due to Proposition 2.1. O



3. Maximal Subsemigroups of the group SO(Z)

This section deals with the maximal subsemigroups of the group SO(Z) . It
will turn out that SO(Z) has countably infinitely many maximal subsemigroups. We

observe that, if & € SO(Z), then
xa+1=(x+Da and xa—-1=(x-D«a

for all integers X. Indeed, we have xa+1<(Xx+1)a . Assume that xa +1< (X+1)a.
Then there is an integer Y, different from both X and X+1, with ya =xa+1, i.e.,
Xa<ya<(X+ea. This provides x<y<(x+1), ie, X=Y or x+l=y, a
contradiction. In the same way, we check xa—1=(x—1)« . A successive application
of the appropriate equation, starting with X =0, provides Za =0« + z for all integers
Z . In this section, we will use this fact frequently. For each prime number p, let

pZ :={pz|z € Z} and we define
S, ={a eS0(Z) |0c = pZ}.
Moreover, let
A, ={a e SO(Z)|0x >0} and A ={a € SO(Z)|0c <0}.

First of all, we observe that the just defined sets are closed under

composition.
Lemma 3.1 S is maximal subsemigroup of SO(Z) for each prime number p .

Proof: Let p be a prime number and let &, ff Sp . Then there are integers m and

N such that Ocr = pm and 04 = pn. We have

Oc3 = (pm) S = pm+ pn = p(m+n),

i.e, aff €S, . This shows that S is semigroup.



Let oz € SO(Z)\S,,. We will show that (S, @) = SO(Z) . Let 8 & SO(Z)\S,.

Then there are integers m_, n, and n, with 0<n,,n, < p such that

ﬁ!
O=m,p+n, and 0f=m,p+n,.

Since p is a prime number and 0<n_,n, < p, there is keN such that kn, is

congruentto n, modulo P, i.e., there is integer g such that kn, —N,; =Qp and
0c* =k(m, p+n,)=m_kp+kn, =m,kp+gp+n,=(MK+q)p+n,=rp+n,
with ri=m_k+q.Let y €S, with Oy =(-r+my)p. Then
0y =rp+n,+(-rp+m,)p=m,p+n,=043.

This shows that f e <Sp,a> . Consequently, Sp is maximal subsemigroup of SO(Z).

|

Lemma 3.2 Both A, and A are maximal subsemigroups of SO(Z) .

Proof: First, we show that A_ is maximal subsemigroup of SO(Z). Let a, € A .
Then there are non-positive integers M and | such that 0o =m and 0B =1. We
have Oaf=mpB=m+l, where m+1| is non-positive integer, i.e., ¢f € A . This

shows that A_ is semigroup.

Let oz € SO(Z)\ A_. We will show that (A, &) = SO(Z) . Let § € SO(Z)\ A..
We observe that O >0 as well as 0 >0 and there is natural number K such that
0a* =k(0a) > 04 (if already O >0/ then we choose k =1), i.e., 08 —0a* <0.
Further, there is yeA  with 0y=08-0a* and we obtain
0c*y =0 +08—0a" =04 . This shows that B=a"y (A ,a). Consequently,

A_is maximal subsemigroup of SO(Z) .

Next, we show that A, is maximal subsemigroup of SO(Z). Let a, € A, .
Then there are non-negative integers N and k such that O =n and 08 =k . We
have Oaf8=nB=n+k, where n+k is non-negative integer, i.e., aff € A, . This

shows that A, is semigroup.



Let & € SO(Z)\ A, . We will show that (A, ar) =SO(Z) . Let f € SO(Z)\ A,.
We observe that O <0 as well as 0 <0 and there is natural number @ such that
0ct® = q(0c) <04 (if already O >0/ then we choose k=1), i.e., 08-0a* >0.
Further, there is yeA  with 0y=08-0a“ and we obtain
0c'y =0a" +08—-0a" =08 . This shows that S=a"y (A ,a). Consequently,

A, is maximal subsemigroup of SO(Z). O

The following theorem states that we have actually found all maximal

subsemigroups of SO(Z) .

Theorem 3.1 Let S be a subsemigroup of SO(Z) . Then the following statements are

equivalent:
(1) S is a maximal subsemigroup of SO(Z);
(2) S=A_or S=A orthereisaprime number p suchthat S= Sp.

Proof: (1) —(2): Suppose that S is different from both A, and A . First, we note
that there is a least natural number @, such that there is a, €S with O, =0, .
Otherwise, O <0 for all ¢ €S, ie.,, S < A . By the maximality of S, we obtain

S = A , a contradiction. By a dual argument, there is a least natural number q_ such

that thereis a_ € S with Oar_ =—(_.

Assumethat g <(q,.Then Oc,a. =Q,a_ =0Q, —q_.But q, —(_ is a natural
number less than ¢, . This contradicts the minimality of g, . Hence, Q_ =(Q, . Assume
that q_>q,. Then O,a. =q,@_ =0, —-q_=—(q_—0q,). But g_—q, is a natural
number less than (_. This contradicts the minimality of q_. Hence, q_<q,, i.e.,

q =0q,(=0).

Let N be a natural number. Then we observe that Oa) =qgn and

0" =—qgn=q(-n) as well as O,z =qax. =q—Q=0. This shows that

{aeSO(Z)|anqZ}g<a+,a_> cS.



Assume that there is ¥ € S\{ar € SO(Z) |0cx € qZ} . Let m be the greatest
common divisor of q and Oy. Then there is feS with 0f=m<(q, which
contradicts the minimality of . This shows that S ={a € SO(Z) |0« € qZ}. This

excludes =1 (since q=1 would mean that S ={a € SO(Z) |0 € qZ} = SO(Z) .

Finally, assume that ¢ is not a prime number. Then there are a prime number
p and a natural number K such that qg=pk. This provides that
S ={a € SO(Z) |0 € qZ} is a proper subsemigroup of S, a contradiction to the

maximality of S . Hence, S = S, and ¢ is prime number.

(2) =>(1): It is obvious by Lemma 3.1 and Lemma 3.2. O



4. Maximal Subsemigroups of 10(Z)

In this section, we characterize the maximal subsemigroups of 10(Z) . It can
be expected that several maximal semigroups of 10(Z) are related to the maximal
subsemigroups of the group SO(Z) . We will obtain only one maximal subsemigroup
of 10(Z) containing the group SO(Z). For this, we consider the set of all proper

order-preserving injections on Z . Let
10,(Z) = 10(Z)\ SO(Z)

be the set of all proper order-preserving injections on Z . It is well known that proper
injections on a given set form an ideal of the semigroup of all injections on this set.
Restricting our attention to the monoid of all order-preserving transformations on 7 ,

we conclude that 10,(Z) is an ideal of 10(Z) .
The subsemigroups 10,(Z)\S, and 10,(Z)\S, of 10,(Z) where
S, ={a €10,(Z)| thereis integer z with g,(X)=1 forall x<z} and
S, ={a €10,(Z)| thereis integer z with g,(x)=1 forall x>z}

are of particular interest.

Lemma 4.1 10,(Z)\S, and 10,(Z)\S, are ideals of 10,(Z).

Proof: We will show that 10,(Z)\S, is an ideal. The second statement can be
proved similarly. Note that a € 10,(Z)\ S, if and only if for all integers z there is an
integer X<z with g,(x) #1. Let & € 10,(Z)\S, and let S € 10,(Z). Further let z

be an integer. Then there is X< Z with (X+1)a —Xa > 2 and we have
(X+Daf—xaff > (Xa+2)f—Xaff > 2.
This shows that af € 10,(Z)\S,.

Let q:=zf. Thenthereis y <(Q such that (y+1)a—Yya > 2. Further, there

is aninteger K with kB <y and (k+1)B>y+1,ie,

(k+D)pa—-kpoa=(y+Da-ya=>2.



We notice that kK <z since kB<y<q=zf and g is injective. This shows that

Pa e l0(Z)\S, .
The assertion follows. O

Let

S, :={a € 10,(Z)|d () =13

We notice that any « € IO(Z) belongs to the set S, if and only if there exists an

integer z with X \{za+L}=ima, i.e.,
9,(2)=z+D)a-a=12a0+2-12a=2
and 9,(X)=(X+Da—xa =xa+1-xa =1

forall X<z as well as for all X>2Z. This shows that S, € S, NS, and, in particular,
that S, is the set of all @ € S; NS, such that there is an integer z with g,(z) =2
and g,(x) =1 for all integers X different from z . Let & € S,. Then it is easy to verify
that Ga6, €S, for all 6,6, SO(Z). Since a €S,, there is an integer a with
g,(@)=2.Weput 8 =aca. Let S €S, . Then there is an integer b with g, (b) =2

and we define order-preserving bijections 6,,6, on Z by
6 =l,y and 6=y, ..
Note that both &, and 8, are well defined and belong to SO(Z) . Then we have
(b+1)6,cb, =(a+D)ab, =(a+2)0,=bp+2

and bb,ab, =aab, =a,0,=bp,

€., g (0) =2, where bOad, =bj. This shows that S Gab,. The foregoing

argument proves the following lemma:
Lemma 4.2 Forall a € S;, we have S, ={6,a6, |6,,6, € SO(Z)}.

Moreover, we observe the following technical fact:



Lemma 4.3 S, NS, =(S,).
Proof: Let y € §, NS, and let us put A(y) ={aeZ|g,(a)#L. Since y €S NS,,

the set A(y) is finite and

T(y)= 2 9,0

acA(y)

is a natural number.
If T'(y)=2 then y€S,, and so 7/e<Sl>.

Suppose that }/e<Sl> for all y €S, NS, with T'(y)=k for some natural

number k > 2.

Let y € S, NS, with ['(y) =k +1. Then there is integer @ with g,(a) >1. We

define a mapping f:Z —7Z by

g1 X for x<a
" lxy-1 for x>a

Clearly, B€S, NS, . Then
(X+DB-xB=(x+1)y—xy=g,(x) forall x<a,
(@+D)p-af=(a+Dy-1-ay=g, (a)-1, and
(X+DB-XB = (x+1y—1-(xy-1) = (x+1y—xy =g, (X) for X>a.

This shows that T'(f) =T'(y)-1=k,ie., fe <Sl> . Now we define a transformation

a on Z by

- x for x<(a+1)p-1
o .=
x+1 for x>(a+1)p-1.

Clearly, a € S,. Then we have
XPo = Xya = Xy for Xx<a

and XPo =XP+1=Xy—-1+1=xy for X>a.



This shows that 7 = Ba € (S, ) . Altogether, we have proved that S, NS, =(S,).

|

We will show that 10(Z)\S, is a maximal subsemigroup of 10(Z) .
Lemma 4.4 10(Z)\S, is a maximal subsemigroup of 10(Z) .

Proof: Let a,f elO(Z)\S, and assume that af€S,. It is well known that
d(af)=d(p),ie., 1>d(f), which implies S € SO(Z) . Note that the identity map
id, on Z belongs to SO(Z). Then a =id,aBB " =id, (af) S €S, by Lemma 4.2,
a contradiction. This shows that 10(Z)\S, is closed under composition, i.e.,

I0(Z)\ S, is a semigroup. Now we show the maximality.

Let «@€S,. Then Slg<SO(Z),a> by Lemma 4.2 and since
SO(Z) = 10(Z)\S,, we have S, =(IO(Z)\S,,a). So 10(Z)=(I0(Z)\S,, ).

This shows that 10(Z)\S, is a maximal subsemigroup of 10(Z) . O

Lemma 4.5 Let S be a maximal subsemigroup of 10(Z) with 10(Z)\S, =S or

I0(Z)\S, =S .Then S=10(Z)\S, .
Proof: Suppose that IO(Z)\S, = S.Let y €§,\S.
Assume that ¥ ¢ S, . Then there is an infinite chain
{a,<a <-<a <--}={aeZ:g () 21}

and we define mappings «, € IO(Z) inductively by a,a '=a,y, (a,7)B =ayy,

g,() fora=a withie2NU{0}
1 otherwise

g,(a) ={

and

) fora=aa withie2N-1
0,(a) - g,(&) & :
1 otherwise.

Then we have a,aff =a,yf =8,y . Further for i € 2N U{0}, we obtain

(& +Daf=(aa+9,(a)S=aaf+g,(a) and thus



9.5(&) = (@& +Daf-aaf=aaf+9,(a)-acf=9,().

Fori e 2N -1, we calculate
(& +Dof=(aa+1)B=aaB+4,(a) and hence

9.5@)=aaf+9,(a)-aaf=9,a).

Moreover, for an integer a with g (a)=1, we get (a+Daf =(ac+)B=acf+1

and thus g,,(a) =aaf +1-acf =1=g, (a). Altogether, this shows that y = af3.

Assume that there are p,, p, € IO(Z) such thata = pyyp,. We putz:=a,p, .
Thenz <a,. Otherwise, there is z,<a, withz,p, <a, and (z,+1)p, >a,. Since

9,(a)=2 wegetg, (2,)=2 andthusl=g,(z,) =9 ») =2, acontradiction.

PLP2 (Z

LetC:=a, —Z. By the recursive construction of & , we can easy verify that

C+aycic 3c+c

D 9,(0<Dg,(x.
X=a, X=z

Froma,p, =1z,i.e., apy =2y itfollowsthat g, (8 +r)=g,(z+r) forallintegers

C+ayci2 842

r>0. This provides z g,,(x)= Zgy(x). Because of a = pyp, , we have
X=8, X=1

CHaycip C+aye,p

g,(x)= Z g, (X) . Altogether, we obtain
X=8, X=8y

CHaycip C+aye,p 842 CHaycio

29,092 29,02 2.9,(9> 2 4,(4).

a contradiction.

Hence ae(S,y} and thus ¢ €S since S is maximal and y ¢S . With

similar arguments, one can show that €S . Thus y =aff €S, a contradiction.

Hence y €S NS,. Then ye(S,) by Lemma 4.3. Thus, since
S, =(SO(Z),ax) for all @ €S, (see Lemma 4.2), SO(Z)= S, andy &S, we have
S;NS=. Using the maximality of S, from 10(Z)\S,2S it follows
10(Z)\ S, =S.



If 10(Z)\S, =S then 10(Z)\'S, =S can be proved by dual arguments.

|

Now we are ready to prove the main result of this section, the characterization

of all maximal subsemigroups of 10(Z) .
Theorem 4.1 Let S < IO(Z) . Then the following statements are equivalent:
(1) S is a maximal subsemigroup of 10(%Z) ;

(2) S=10(Z)\S, or S=10,(Z) VA, or S=10,(Z) v A orthereis a prime

number p suchthat S=10,(Z) VS, .
Proof: (1) — (2): Let S be a maximal subsemigroup of 10(Z) .

Suppose that SO(Z) € S . Since 10,(Z) is an ideal of 10(Z) and since S
is maximal, we conclude that 10,(Z) =S and SMSO(Z) has to be a maximal
subsemigroup of SO(Z). Thus, by Theorem 3.1, we have S=I10,(Z)UA, or

S=10,(Z) v A orthereis a prime number p such thatS =10,(Z)US, .
Suppose that SO(Z) < S .

Assumethat S, =S and S, = S.Let a € IO, (Z) . Thenthemap f. . Z —>Z

defined by

X for x<0
Xp, =
X+0a for x>0

belongs to S, W SO(Z) . Further, we define amap f,:Z — Z by

X for x<0«
Xp =
(x=0a)a for x>0a.

Clearly, f, €S, USO(Z) . For x<0, we can calculate Xf.f, = Xaff, = Xa (since

X <0¢ ) and for x > 0, we have

XB.5, = (X+0a)p, =(x+0a -0a)a = xa .



Hence a=p.4 €S uUS, USO(Z)cS. This shows that 10,(Z)cS, ie,

10,(Z) uSO(Z) < S andthus I0(Z) =S, a contradiction.

Hence S, &S or S, ¢ S. Since both 10,(Z)\S, and 10,(Z)\S, are
ideals of 10,(Z) and SO(Z) = S, the maximality of S implies 10(Z)\S, S or

I0(Z)\ S, € S.Then by Lemma 4.5, we obtain S =10(Z)\ S,.

(2) > (1): 10(Z) is the disjoint union of 10,(Z) and SO(Z). Since 10,(Z)
is an ideal of IO(Z) , we can conclude thatS = 10,(Z) VA, , S=10,(Z)UA , and
S=10,(Z) S, (for any prime number p) are maximal subsemigroups of 10(Z)
due to Theorem 4.1. Finally, 10(Z)\ S, is a maximal subsemigroup of 10(Z) by

Lemma 4.4. O



5. Maximal Subsemigroups of O(N)

The characterization of all maximal subsemigroups of O(N) is still an open
problem. In this section, we determine all maximal subsemigroups of O(N)

containing a certain set. For & € O(N) withrank o =¥, let us fix the following sets:
G, ={9,(n):neN} and
K, ={B|:Bekera}.

For ABc N, we willwrite A<B if a<b forall ae A and be B . Let & € O(N)

have infinite rank. We will identify ker & with the partition that it induces and write
kera={A <A <---<A<--}
ima={a <a,<--<a <--}

where A =aa " forevery i e N. Forany set N < N, we write max N = o0, if for all
N, € N thereis anelementn e N with n>ng; otherwise max N is an element of N

Ji.e., max N #oo. Then

maxG, = max{a,,, —a, ;1 e N},

max K, = max{|A|:ie N}

Lemma 5.1 Let «, f € O(N) have infinite rank. Then the following statements are

true:
(1) maXGaﬂ # o0 implies maxGﬂ # 00,
(2) maXGaﬂ # 00 and max Kﬂ # oo implies MaxG, # oo,
(3) max K, # o and max Kﬂ # 00 implies max Kaﬂ # 00,
(4) maxK,, =0 and max K, #co implies max K, =oo.

Proof: (1) Suppose that maXGaﬂ;too, i.e., there is aeN with azmaXGaﬁ.

Assume that maxG, =oo. Then there is x e N with g,(x+1)>a+1 and we have



Ya <X and (y+1D)a >x+1

forsome yeN. Thus

(y+Dapf-yo = (x+DB-xf=0,(x) 2a+1,

a contradiction with a =maxG_, .

(2) Suppose that maxGaﬁ # 00 and max Kﬁ. #00,i.e., thereare a,b e N with
a=maxG,; and b=maxK,. Assume that maxG, =oo. Thenthere exists x e N

with g, (x) 2 a(b+1)+1 and we obtain

X+Daff—xafp = (xa+a(b+)+1) S —xaf >a+1

since {zB:xa<z<xa+a(b+1)+)}>a+1.

(3) Suppose that max K, #o and max Kﬂ #00. Then there are h,ceN
with b=maxK, and c=maxK,. For any xeim af, we have ‘xﬂ’l‘sb and

|ya|<c forall yexB™, ie.|x(aB)|<bc. Thus maxK,, <bc,ie., K, #oo.

(4) Assume that max K #co. Then max Kaﬂ # 00 by (3), a contradiction.
O

Then we put

Sy, ={a e O(N):rank a =8;,maxK, =0, and maxG, = oo}.
Lemma 5.2 O(N)\S is a semigroup.

Proof: We will use all the items (1), (2), and (3) of Lemma 5.1. Let 05,,BeO(N)\SNO .
Assume that o € S . Since rank aff <rank a,rank S, so rank a =rank f =X,.
Further, maxG, #oo since maxG,, #o. Then maxK, #o because S &S .
0
Since maxG,; #o and maxK, #o, we concludemaxG, #oo. But because
agS, ., we get maxK, #o. But maxK,#c and maxK,#oo implies

max K, # o (see Lemma 5.1 (3)), i.e., aff € S , a contradiction. O



Lemma 5.3 O(N)\S is a maximal subsemigroup of O(N).

Proof: Let a, €S, . Suppose that im a ={a, <a, <---<@ <--}. Thenthereis a
set Ai={a <&, <---<§ <--} of natural numbers with & =4a, forie N ,i.e, A is
transversal of ker« . Further, there is a decomposition A <A, <---<A <--- of N

which is the kernel of £ . Then we define a transformation y on N by
Xy =8 whenever xe A,ielN.

Clearly, y €eO(N) and maxG, =oo (since maxK, =o). Thus y ¢S . Further,
there is decomposition B, < B, <---< B, <--- of N suchthat a, € B, for i e N. Then

we define a transformation 6 on N by
X0 =b. whenever X € B,

where b 5™ = A for i e N. Clearly, 6§ e O(N) and max K; # o sincemaxG, # oo.

Thus 6 ¢S, .

Let xeN. Then there is ieN such that xeA and
Xyas =&ad =as =b =xB. This shows that f=yase(O(N)\S a) and

consequently, we have proved that O(N)\SNO is maximal. O

Since the product of two transformations is injective only if the first one is an
injection and since the product of two transformations is surjective only if the second
factor is surjective, we conclude that both O(N)\ IO(N) and O(N)\ SurO(N) are
semigroups. Let us mention that the identity map id, is the only bijection in O(N) .
In particular, both (O(N)\ IO(N))uq{id,} and (O(N\SurO(N))u{id.} are

subsemigroups of O(N).

Lemma 5.4 (O(N)\ IO(N))u{id,} and (O(N)\ SurO(N))uw{id,} are maximal

subsemigroups of O(N).

Proof: Let a, € IO(N)\{id}. Suppose that im o ={a, <a, <---<a <--} and

let



lg:Z{Bl<B2 <---<Bi <}

be a decomposition of N such that &, € B, for i e N. Then im « is transversal of
B. Since a € IO(N)\{id.}, we know that « ¢ SurO(N) and thus N\im a =J.
Hence there is j e N with \Bj\z 2. Let & be the transformation on N defined by
X0 =b, whenever xe B, for ie N where im g ={b, <b, <---<b, <--}. Then itis
easy to see that § eO(N)\ IO(N). For xeN, we have Xxa=a, and Xf=h,.
Hence xad=ad=b,=xB, ie, B=ade(ON)\ION),«). This shows that
(O(N) \ I0(N)) w{id} is maximal.

Let «,f e SurO(N)\{id} and let A:={a <a, <---<a, <--} such that
aeA for ieN with {A<A <---<A<--} being the kernel of «. Since
a € SurO(N) \ {id,;}, we know that « ¢ IO(N) andthereis j e N such that ‘AJ‘Z 2
. Let ¥ be the transformation on N defined by Xy :=a,, whenever xeC, forie N,
where {C,<C,<---<C, <:--} is the kernel of . Then it is easy to see that
y €O(N)\ SurO(N). Forxe N, there is ieN such that xeC, and we have

ic"=A, i "'=C, and thus
Xya=aa=i=Xp,ie, f=yae <O(N) \ SurO(N),a> :
This shows that (O(N) \ SurO(N)) u{id,} is maximal. O
Now we investigate the subsemigroups of O(IN) containing the set
K(,) ={a €O(N):rank o =N}.
Lemma 5.5 Any subsemigroup S of O(N) with K(X,) =S is not maximal.

Proof: Let S be a subsemigroup of O(N) with K(,) €S and assume that S is
maximal. Then there is & €e O(N)\ S such that rank & =n for some neN. Let
LeO(N) with rank f=n+1. Suppose that ima={a <a,<---<a,} and
im g ={b <b,<---<b, <b,,}. We choose ﬁl ebp™ for 1<i<n+1. Note that

beb,,,B" forb>h . Let y be the transformation on N defined by



{5. if xeaa®forl<i<n
Xy =

x+b,, if xeaa'%
and let & be the transformation on N defined by

a,  if x<Bb

a if b<x<b, forl<i<n-1
Xo=4a,, If b, <x<b
a
X

n-1 —

if x=b,,

+a, if x>Db,,.

It is easy to verify that y,0 € K(NX,). Let xe N. Then there is 1<i<n such that

Xe aia_l. If i <n then we have

X)B5=hp5=h5 =8 =xa
and in the case i =n we can calculate

X35 =(x+b, )5 =h 5=a =xa.

n+1

This shows that a=y£6 and we conclude that S¢S (since a¢S). Since
J(n) ={peO(N):rank ¢ <n} is an ideal of O(N), the maximality of S implies

SwJ(n)=0(N). This is a contradiction since S¢S and g J(n). O
Corollary 5.1 If S is a maximal subsemigroup of O(N) then
J(R,) ={BeON):rank S <N,}cS.

Proof: Suppose that S is maximal and J(X,) £ S. Then, since J(X,) is an ideal
of O(N), SUJ(R,)=0(N). Since KN,)NIX,)=D we have K(N,)cS,

which contradicts Lemma 5.5. O

Let us consider the injection @ on N defined by Xa :=x+1 for all xe N
and the surjection f on N defined by 1£8:=1 and xf:=X-1 for each natural
number X > 2. Then we see that af is the identity map id . Hence id belongs to

each maximal subsemigroup of O(N).



Now we are going to show that the following sets form maximal

subsemigroups of O(N):

SY ={a e O(N) :la =TFUJI(X,)
and Sp ={aeON):2a =2} I(K,).
Lemma 5.6 S® is a maximal subsemigroup of O(N).

Proof: Clearly, S® is a semigroup. It remains to show that S® is maximal. For this

let a, 8 € O(N)\ S® . Suppose that
ima={a <a,<---<a <--},
imﬂ:{bl<b2 <...<bi <}

for 2<ieN, we choose & eaa ™ andset & =1.Then let y,5 be transformations

on N defined by

Xy =4a

whenever xeh B forieN and

1 if x=1
X0 = . .
b if a,<x<a forieN

where a, '=1. Since o ¢ S® we know that 1o >1 and thus a, >1. This guarantees
that & is well defined. Because of 1y =15 =1, we conclude 7,6 € S® . Let xeN.
If x=1 then we get xyad =b, =18 =Xx[ . Suppose that x>1. Then there is i e N

with X eh S and we have

Xyad =dad =a,0 =b, =xp.
Thus B=yad e <S(l),a> . This shows that S® is maximal. O
Lemma 5.7 S, is a maximal subsemigroup of O(N).

Proof: It is easy to verify that S(l) is semigroup. We are going to show that S(l) is

maximal. For this let a, f € O(N)\ S, . Again we suppose that

®



ima={a <a,<---<a <-},
impg={b <b,<---<bh <--},

and for 2<ieN we choose & eaa™ and set & =2 (note that a ¢S, implies
2a0=1=a,, ie, 1,2ela™, so we can choose a4 =2). Then we define

transformations y,0 by
Xy =4§
whenever xeh B for ieN and
Xo=b if a_, <x<a forieN,

where @, :=0. Itis easy to verify that both maps y and ¢ are well defined. Clearly,
7,0 € O(N). Sincelgim y, we have 2y >2 and a, <2<a, implies20 =hb,>2.

Hencey,0 €S, .

Let xeN. Then there is i € N with xeb B and we have
Xyad =dad =a,0 =b, = Xp.
Thus f=yad € <S(l),a>. This shows that S, is maximal. O

In the next step, we characterize the maximal subsemigroups of O(N)

containing the set

SY ={aeSY 1ot ={IIUI(N,).

Proposition 5.1 Let S be a subsemigroup of O(N) with S® =S .Then S is maximal

ifand only if S=S,, or S=S% .

®

Proof: One direction is clear by Lemmas 6.6 and 6.7. Conversely, suppose that S

is maximal. Assume that S#S ., as well as S=S® . Since S, S®, and S, are

® ®

maximal, it follows that S ¢ S® and S ¢S, . From S¢ S® it follows that there is

-

a, €S\ J(N,) with 1oy >1. From SZS,, it follows that there is a, € S\ J(N,)

"
with 2, =1.



We suppose that im a, ={a, <a, <---<a, <--} and choose & eaa," for
ieN, where & =2 (itis possible since 1,2 aa,"). Let BcO(N)\S =D . Then
S €K(X,) and we can suppose that im g={b, <b, <---<b, <--}. Then 28=1

or15>1.

If 1=2/ then we define transformations y, & on N by

1 if x=1
Xy =
4 & whenever x=1 and xeb g for ieN;

1 if x=1
X0 = . :
{b. if a_,<x<ag for 2<ieN.

It is easy to verify that 7,6 € S®. Let xe N. If x#1 then there is i e N such that

xeh ™ and we have
Xya,0 =8 a,0 =a,0 =b, =Xxp.
Moreover, lya,0 =1a,0 =16 =1=1p . Hence, f=ya,0 € < §(1),al,a2> cS.

If 14 >1 then by the foregoing argument applied to a,q;, there exist

17,0 € S® such that 8 =na,a,0. By the same matter, we replace a, by a,a,, we

obtainthat f e <§(1),a1,a2> . Suppose that iIm a,a; ={C, <C, <---<C, <---} and let

us choose € e¢ (a,a,) " for i€ N where € >2 (possible since 1,2 e ¢ (a,0)™).
Then we define transformations 7,6 on N by

Xn =

¢ whenever x=1 and xeb g™ for ieN;

{1 if x=1

b if ¢ ,<x<c forieN,

{1 if x=1
X0 =

where ¢, =1 (itis possible since ¢, > 2). Clearly, 7,0 € S® . Let xe N.If x#1 then
there is i € N such that xeh 8" and we have xna,,0 =Ca,0,0 =c,0=b = X3

Moreover, 1Inea,o,0 =la,a,0 =c,0=b =15 . Hence

ﬁ:nazaﬂe<§(l),al,a2> cS.



Altogether, this shows that $\beta \in S$, a contradiction. O

Let

St ={a e O(N):2a=1and maxG, = o}

{aeS® :maxG, = and max K, =oc}.
Lemma 5.8 O(N)\ S} is a maximal subsemigroup of O(N) .

Proof: We will use all the items (1), (2), and (4) of Lemma 5.1. Let a,ﬂeO(N)\S%.
Assume that @ € S . Then & and S have infinite rank. Further, we can conclude
leim B and maxG, #oo. This implies BeSY and thus max K, #o. Since
maxG,, #oo, this implies that maxG, #«. Since aff ¢ St, we have either

2(af) =1 or maxK ;=0 and 1(eB) ™" =1. In the latter case, we obtain
max K, =00 and {}=UaB) ' =15 =1la,

i.e., a €S}, acontradiction. In the former case, we get 2 =1 because 23 #1, i.e.,

a €S} , acontradiction too. This shows that O(N)\ S} is a subsemigroup of O(N).

Now we show that O(N) \ St is maximal. Let «, € S; and we are going to
show that S e <O(N)\S% ,a>. Suppose that kera ={A <A, <...<A, <..} and
ima={a<a,<...<a,<..} with aa'=A for ieN, as wel as
ker 3={B,<B,<...<B,<..} and im f={b <b, <...<b, <..} with ba™" =B,
for ieN. Let {c,<c, <...<C, <..} be a set of natural numbers such that ¢, € A
for i € N . Inthe case max K, # oo, we know that 2 =1 and can require that ¢, = 2.
Further, let ¥ :N —N with im y ={c,,c,,...,C,,..} defined by ¢y =B, for i e N.
Clearly, y e O(N) . Since 1gim y or maxG, = o (itis the case if max K, =), we

can conclude that ¥ ¢ St .

Let {D, <D, <...<D, <..} with D, :={1} be a decomposition of N such
that a €D, for ie N. Then we define a map 0 :N— N with im §=im g by
hs™* =D, for i e N. Clearly, § e O(N) and maxG,, # « implies max K # oo . But

since 16 ={} , we obtain 5 ¢S} .



Let Xe N. Thenthereis i € N with X e B, and Xyad =c,ad =a,0 =b, = Xp.

Therefore, B=yad e <O(N) \ St ,a> : O
Now we state the main result of this section.

Definition 5.1 Let A be the set of all aeS®\ J(X,) with one or both of the

following properties:
(1) 2<maxK, #o and a ¢ SurO(N).
(2) maxG, = and a ¢ IO(N).

Itis easy to verify that

A =(8" N5 )N I(X)

0

with S_NO =0(N)\ (SurO(N) WIO(N) US, ). The main result of this section

characterizes all maximal subsemigroups of O(N) containing A(}O)

Proposition 5.2 Let S be a subsemigroup of O(N) with A(jo) cS.Then S is
maximal if and only if S=S§, or S = S® or S=0O(N)\ S} or

S = (O() \ Suro(N)) Uid, } or S =(O(N)\ IO(N)) U{id, } or S =O(N)\S,, -

Proof: The six listed semigroups are maximal (see the previous lemmas) and it is easy

to verify that each of them contains Aflo)

Conversely, let S be maximal. Assume that S is different from all of the six
listed semigroups. We are going to show that then s < S . In fact, we have to show
that any BeS® \S_NO =S® ~ (Suro(N)u IO(N)US,, ) belongs to S. There are

o, € SUrO(N) \{id}, @, € IO(N)\{id }, ¢z €S, o, € St,a, eO(N)\S and

(0N
a, €OMN)\SY  with €S, img={a,<a,<...<a,;<..}, and

kero, ={A; <A, <...<A,;<..}forie{,2,34,56}.

First of all, we show that there is @ € SN S with leim . If 1eim a;, we
have nothing to show. Suppose now that 1¢im a,. We consider «,. We have

leima,. If a, €S, we have nothing to show. Suppose that a, ¢S, . Then

o !



20, =1 and maxG, #oo. Let {D, <D, <...<D,<..} be a decomposition of
N\{} with a,,eD, and a,,,€D, for ieN. Let {d;,d,,...,d,...} be a set of
natural numbers such that d, e A, for ie N where d, >1 (this is possible since
‘A1,4‘ >1). Then we define a transformaton &6 on N  with

imo={l<d, <d, <...<d, <..} by
15" ={} and do " =D

for ieN . It is easy to verify that 6 € O(N) but ¢ ¢ SurO(N) UIO(N) . From
maxG, #oo, it follows max K; #oo. Moreover, 15 ={1} . Hence, S e Ailo) cS.
Then lazda, =a, 00, =d,ar, =1. Note, im a; is a transversal of ker & and im &
is a transversal of kKerea,. Hence, kera; = ker a;0c, and im ¢, =im a0, . Thus
maxG,,, #o (since maxG, #o) and maxK_ , =oo (since maxK, =oo).
300 4 300, 3
This shows that a,da, € SN with 1eim a;da, . Hence, there is a €SN S
with  leima and suppose that kera={A <A <...<A <..} and

ima={a <a,<...<a,<..},ie, ac'=A forieN.
Let
pe SN (Suro(N)uIo(N)US,, )
where ker f={B, <B, <...<B, <..}and im g ={b, <b, <...<b, <..} such that
b=,

forieN. Let {c, <C, <...<C, <..} be a set natural numbers with ¢, =1 such that
c,eA and ¢, e A, forall 2<ieN.Next, we show that there is a transformation £,
in §\ SurO(N) with maxG,, # o, 1eim f3, and ker B =ker 3. We consider two

possible cases € IO(N) and g ¢ IO(N).

Suppose that ¢ IO(N). Let y be a transformation on N with

imy={c, <c, <...<c, <...} defined by

¢y ‘=B forieN.



Clearly, kery =ker # and y e O(N) . Since im y is a pseudo-transversal of ker «,
from  maxK, =, it follows maxG, =co. Moreover, y&IO(N) (since
kery =ker ), and so y € AD =S. We also have 1y =cy™ =B =18"={1}.
Since imy is a pseudo-transversal of kera, we have ker =Kkerya (since
ker g =kery), maxGm # o0 (since maxG, # o), and 1eim yx (since leim « ).
Since a,¢imyx, we have yaxgSurO(N). So, we can take

B, =ya €S\ SurO(N).

Suppose that B e IO(N). If maxG, =oo then we consider a decomposition
{E,<E,<...<E,<..} of N with E, ={I} such that &, € E; for ie N (if 3, =1)
and g, e, forieN (if a, #1), respectively. Further, let {g, <€, <...<e¢, <...}
be a set of natural numbers with € =1 such that ¢ € A, for ie N . Let & be the

transformation on N with im ¢ ={e, <e, <...<e, <..} and
gc ' =E forieN.

Clearly, £ eO(N) but & ¢ IO(N). We can calculate 1l =e& " = E, ={}. Since
max Ka3 =00, where im ¢ is a transversal of ker a,, we conclude that maxG, =
and €€ A(jo) cS. It is easy to verify that a,sa; € IO(N). Because im «, is a
transversal of kere (of kere\{{L}}, respectively) as well as since ime is a
transversal of ker a;, we have maxG, , # oo (since maxG, #oo). By this reason,

we can assume that maXGm2 #00,

If maxG, =oo then let {F, <F, <...<F, <..} be a decomposition of N
with F, ={1} such that a,; €, for ieN. Let ¢ be the transformation on N with

ime={c, <c, <...<C, <..} such that
Ci¢5_1=|:i forie N.

Clearly, e e O(N). Note that im € and im ¢ are transversals of kera and kere,
respectively. This implies that e ¢ IO(N) (since maxG, =o0) and maxG, =o
(since maxK,=o). Hence eeAlcS. It is easy to verify that

20¢a =lea =1a =1 and that maxG,_, # oo. By this reason, we can assume that



maxG, #oo.Let {X <X, <...<X, <..} beasetof natural numbers with x, =1 (if
leima,) and X =2 (if 1¢ima,), such that X €A, 4 for 2<ieN. Let
{G, <G, <...<G, <..} be a decomposition of N with G, ={1} (if 1leim «,) and

of N\{l} (if 1¢im a,), such that @, €G; for i e N . Let v be the transformation on

N with

imv={x <X <...<X, <..} (ifleim a,)
and imv={l<x <X <..<X <..}(fleime,),
such that

Xivfl =G, forieN

(and v ' ={I} if1gim a,). Clearly, v e O(N) . Since a, #id,,, we get v ¢ IO(N).
Because Im «, is a transversal of kerv (a pseudo-transversal of kerv if 1¢im «,
), we obtain maxK,#o (since maxG, #o) and W' ={1} (note that
Wh=xy'=G ={ if Lgim a,). This shows that v € Ailo) c S. ltis easy to verify
that a,va, € IO(N) and leim a,vea,. Further, we observe that ima, is a
transversal of kerv (a pseudo-transversal of kerv if 1¢im «,) as well as im v is
a pseudo-transversal of ker ag. Thus, maxG, ,, # o (since maxG, #o0) and, in
particular, ker g =ker a,ve, (since both a, and S are injective). Moreover, a,va,

is not surjective since @, ZiMa,va;. So, we can  choose

B =ava, €S\ SUrO(N) .
Altogether, we have verified the existence of a £, € S\ SUrO(N) with
maxG, #o, 1eim 3, and ker §=ker j,.

We write im g, ={m, <m, <---<m,_ <---}. Finally, we show that there is J, € S with
im &, =im S such that im S, is a transversal of kero,. We consider two possible

cases feSur(N) and ¢ Sur(N).



Suppose that SBe¢SurO(N). Let {M;<M,<...<M <..} be a
decomposition of N with M, ={1} such that m. € M, for i e N (it is possible since

leim f,). Let &, be the transformation on N with im 8, =im £ such that

for ie N . Clearly, 6, € O(N) and maxGﬂl #00 implies Max Kal #00 since IM £,
is a transversal of kero,. From g & Sur(N), we can conclude that &, ¢ Sur(N)
(since impB=im¢, ). Further, 15" =bds ' =M,={} and consequently,

516&10)g8.

Suppose that S e SurO(N). Then let {9, <0, <...<0, <..} be a set of
natural numbers with g, =1 such that @;e€A,; for ieN. Further, let
{L, <L, <...<L, <..} be adecomposition of N with L, ={L} such that m, € L; for
ieN (it is possible since leim f,). Let n be the transformation on N with

im#7n={0,<0,<...<g, <...} such that

97" =L,
for ie N. Clearly, 7€ O(N) and maxG, #co implies max K, # oo since im , is
a transversal of kern . Further, we have Ip ' =g " =L, ={1}. Since im 7 is a
transversal of kKer ¢, , where ¢, is not injective, we conclude that 7 is not surjective.
Since p, ¢ SUrO(N), we obtain 2 <max Kn #00. Thus 77 € Ailo) < S. So, we can

take 6, =na, €S..

Altogether, we have verified the existence of a 6, € S with im 8, =im £, such that

im £, is a transversal of Kerd;,.

Let xeN. Note that imo,=im g, kerfg =kerf, and impg, is a

transversal of ker ¢;. This shows that

B=po €S.

Altogether, we have shown that §® < S . Then by Proposition 5.1, we obtain that

S= S(l) or S=S®  a contradiction. O



6. The Idempotent Elements on TF,

Let neN be a natural number and denote by T, the monoid (under
composition) of all full transformations on the set N :={L,...,n} of the first N natural
numbers. Let @ €T,. We say that « is an order-preserving transformation (with
respect to a partial order < on N) if Xa=<ya, whenever X< Yy. If < is a linear order
(also called totally order) then the monoid O, of all order-preserving transformations

on N have been the object of study by several authors and several papers.

A non-linear order "next" to the linear order is the so-called zig-zag order. The

pair (N,=) is called zig-zag poset or fence if
1<2>3<---<n-1>n, whenever N is odd, and
1<2>3<--->n-1<n, whenever N is even, respectively, or dually
1-2<3>--->=n-1<n, whenever N is odd, and
1>2<3>---<n-1>n, whenever N is even, respectively.

The definition of the partial order = is self-explanatory. Every element in a fence is
either minimal or maximal. Denote by TF, the submonoid of T, , whose elements

preserve the zig-zag order = .

We consider the generating sets and the idempotent elements in TF, .
Without loss of generality, we will assume that = is an up-fence, i.e. 1<2>3<.... A
subset T of M of the form T ={k,k+1,...,k+1-1} with k,len and k+l1<n+1

is called subfence (for short: fence).

Let X,y en. We say that X and y are comparable (in symbols: X Ly ) if
X<Yyor X=Y or Y=< X.Otherwise, we write X||y. Itisclearthat x Ly if and only
if xe{y-1y,y+1} . Let £, and Z, be disjunct subsets of . We write £, L %, ,
whenever X, L X, forall X, e X, and all X, eX,. Itis easy to see that 2, 1 %, if and

only if 2, ={X,Xx+2} and Z, ={X+1} (or conversely) for some xe{L,...,n—2}. We



write 2, || 2, , whenever X || X, for all X, €%, and all X, € X, . This is just the case if

Z{x-Lx,x+1l:xeX,}=.

We write transformations to the right of their argument and compose from left
to right. Let a € TF,. For general background on Semigroup Theory and standard

notation, we refer the reader to Howie's book.

Clearly, the identity mapping id, on I is order-preserving. Also all the n
constant mappings are order-preserving. Whenever N is odd, exactly two bijections

on N are order-preserving, namely the identity mapping and the reflection
"Tlnon-1 e 1)

The idempotent elements in a semigroup are of particular interest. In particular, they

give important information about the subgroups of the given semigroup. An

idempotent in T, is characterized by the property that its restriction to its range is the

identity mapping. The number of idempotents in other subsemigroups of TF, were

determined by Fernandes, Gomes and Jesus. As usually, we denote by E, the

idempotent elements in TF, .
The rank of a (finite) semigroup S is usually defined by
rank S :=min{|A: Ac S with (A) =S},

with other words, the rank of S is the minimal size of a generating set of S . Gomes
2+n(n-1)
2

was generalized by Howie and McFadden, who showed that for 1<r <n, the rank

and Howie first showed that the rank of the semigroup O, is . This result

of the ideal K(n,r):={a S :ranka <r} is equal to S(n,r), the sterling number of
the second kind. Ruskuc gave an alternative proof of this result. The aim of the next
research project we want to determine the rank of TF, for both cases, n is even and
N is odd. In particular, we provide in both cases a minimal generating set for TF,

and provide a formula which gives the number of idempotents in TF, . In order to be



able to do this it is useful to know how a transformation in TF, looks. Hence first, let

us give a characterization of the transformations in TF,, whenever n>3 .

Theorem 6.1 Let 3<neN andlet @ €T, . Then a € TF, if and only if

(1) |Xa—(x+1)a|S1 forall xe{l,...,n-1} ;

(2) X and X have the same parity or (Xx—1)a =xa=(X+Da , for all

xe{2,...,n-1}.

Proof: Suppose that a €TF, . Assume that there is xe{l,...,n—1} such that
X —(x+Da|>1 . Then xal|l(x+)a and thus X|[x+1 since aeTF, , a
contradiction. This shows (1). Let now x e{2,...,n—=1}. Without loss of generality,

we can assume that
X—=1>=X=<x+1.

Since aeTF, , we obtain (X—-Da>=Xxae=x(Xx+Da . If (X—-Da#xa or
xa #(X+Da then (X—Da > X or xa < (X+1Da, i.e. X and X have the same

parity by the definition of the relation <. This shows (2).

Now we suppose that (1) and (2) are satisfied. Let x e{2,...,n—1} with
X< X+1. Suppose that Xa # (X+1)a . Then (2) provides that X and X have the
same parity. On the other hand, Xa # (X+1)a and (1) provides |Xa—(x +1)a| =1,
i.e. (X+D)a=xa+1 or (X+1)a=xXa—1. Since Xa and X have the same parity,
we conclude that Xa—1>Xa and Xa < Xa+1, respectively, from X=<Xx+1 .

Hence, xa < (X+D«o.

Let xe{2,...,n—1} with X=1<X . Then we can verify (X—1)a=xa in the

same way.

Notice that 1< 2 and either n—1<n or n<n-1. Suppose that la # 2a or
na #(N—1ea . Since N #2 and n—1#1, we have the previous case for X=2 and

X=n-1, respectively. Hence, we obtain la <2a as well as (n—1)a < ha and



na < (n—1)«, respectively. Altogether, we have shown that a preserves the partial

order < . O
Theorem 6.1 shows that the range of a transformation in TF, is a fence.

Corollary 6.1 Let @ €TF, . Then there are k,lef with K+l <n+1 such that

ima={k,k+1... ., k+1-1} ,i.e. imea is a fence.

Proof: Let k be the least and let m be greatest natural number in im o with respect
to the usual order on the set N of natural numbers, Assume that there is
pe{k,k+1,...,m} with pgimea . Then there is an element XN with Xa < p
and (X+1)a > p (or conversely) with respect to the usual order on N . So we have
|Xar—(x+D)a|>1 . But this contradicts Theorem 6.1 (1). This shows that

ima ={k,k+1,....k+1 -1} with | =m+1-K. 0
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