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Abstract:  

In this research, we study the maximal subsemigroups of several semigroups 

of order-preserving transformations on the natural numbers and the integers, 

respectively. We determine all maximal subsemigroups of the monoid of all order-

preserving injections on the set of natural numbers as well as on the set of integers. 

Further, we give all maximal subsemigroups of the monoid of all bijections on the 

integers. For the monoid of all order-preserving transformations on the natural 

numbers, we classify also all its maximal subsemigroups, containing a particular set 

of transformations. 
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1. Introduction to the research problem and its significance 

 The project belongs to Algebra, in particular, it belongs to structure theory and 

representation theory of semigroups. A semigroup is a set with an associative 

multiplication and appears often by the modelling of sets of functions which are closed 

under composition. Many subjects in the pure as well as in applied mathematics, in 

physics and also in other sciences use semigroup theory. If the equation ax b  and 

b xa  is solvable in each case, the semigroup is a group. The natural numbers 1, 2, 

3,... together with the addition is a semigroup, but not a group. Another well known 

semigroup is the set of linear mappings of a vector space. Linear mappings can be 

represented as matrices. The multiplication of matrices corresponds with the 

composition of linear  mappings.  A mapping from a semigroup into a semigroup of 

matrices preserving the multiplication is called linear representation of the semigroup. 

Any semigroup can also be represented as a semigroup of transformations on a set. 

The theory of the representation of semigroups (and also of other structures) is an 

important subject in mathematics. In structure theory, particular properties of 

semigroups are investigated. It is the basis of all research in semigroup theory. The 

representation of semigroups bases on structure theory. 

 The study of transformation semigroups is an important subject in semigroup 

theory. A transformation on a set X  is a mapping from X  into X . The set of all 

transformations on a set X  forms a semigroup under the composition of functions 

and is called full transformation semigroup ( )T X . A subsemigroup T  of ( )T X  (

( )T T X ) is called transformation semigroup. If X  is a finite set, then a semigroup 

( )T T X  is called finite transformation semigroup and is already wide studied. A 

survey about finite transformation semigroups can be found in [3]. But the situation is 

quite different in the case of infinite transformation semigroups, i.e. if the set X  is at 

least countable infinite. It is a well known fact each semigroup can be embedded in 

a transformation semigroup ( )T T X  for an appropriate set X . Hence the study of 

transformation semigroups became very important. In particular the knowledge about 



the subsemigroups of ( )T X  is of large interest. By this reason, maximal 

subsemigroups of ( )T X  as well as of particular subsemigroups of ( )T X  were 

studied in the case that X  is finite. Let us mention two important results: P. A. 

Bayramov [1] has characterized in 1966 all maximal subsemigroups of ( )T X  ( X  is 

finite). The set of all order-preserving transformations on a set X  forms a 

subsemigroup ( ) ( )O X T X  of ( )T X  [8]. A transformation   is called order-

preserving if x y  implies x y  , where   is a linear order on X . The maximal 

subsemigroups of ( )O X  are characterized by Yang Xiuliang in 2000. A reascend 

result in this topic is by Ping Zhao and Mei Yang. They characterize the locally 

maximal idempotent generated subsemigroups of the so-called finite orientation 

preserving singular partial transformation semigroup [9]. If X  is at least countable 

infinite, then the knowledge about the subsemigroups of ( )T X  is very small. In fact, 

we know the maximal transformation semigroups containing the subgroup ( )Sym X  

of all bijections on X  and particular subsemigroups of ( )Sym X , respectively. There 

are | |22
X subsemigroups of ( )T X  [8]. If X  is countable then there are five maximal 

subsemigroups of ( )T X  containing ( )Sym X  [4]. For an arbitrary infinite set X , M. 

Pinsker has determined the number of subsemigroups containing the group ( )Sym X  

[7]. In a recent work, J. Jonussas and J. D. Mitchell characterize the subsemigroups 

in the interval from the intersection of all maximal subsemigroups of ( )T X  containing 

( )Sym X  [4] to the full transformation semigroup ( )T X  for the case that X  is 

countable infinite. They list all of the 36 transformation semigroups. In [2], the authors 

determine all maximal subsemigroups of ( )T X  containing one of the following 

subgroups of ( )Sym X : the pointwise stabiliser of a set ( )T X , the stabiliser of 

a partition of ( )T X , and a non-principal ultrafilter on ( )T X , respectively.    

 The mentioned results reflex the current knowledge about infinite 

transformation semigroups. So, the research on this topic is fare from a sufficient 

description of the class of all infinite transformation semigroups. This project is going 

to contribute with an essential part in order to improve this situation and proceeds the 



current research in this topic. We will investigate the order-preserving transformation 

semigroup ( )O X  for any linear ordered set ( ; )X  , an important transformation 

semigroup  [5]. As already mentioned, the maximal subsemigroups ( )O X  are 

completely determined if X  is finite by Yang Xiuliang. But, if X  is an infinite set, we 

have not yet any information. It is clear, that it will not be any simple extension of the 

results of the finite case since here to facts will have importance: first, the concrete 

cardinality of the set X  and second, the concrete linear order   on X . In contrast 

to the finite case, we expect for the same set  , but different linear orders  , essential 

different results. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2. Literature review 

Semigroups of order-preserving transformations have been extensively 

studied in the recent years. In particular, O. Ganyushkin and V. Mazorchuk have 

studied the structure of semigroups of all injective order-preserving transformations 

on a finite chain [4]. We know also all maximal subsemigroups of the semigroup of 

all order-preserving transformations on a finite chain [12]. However, the case of 

infinite linearly ordered sets has been poorly studied. In 1965, G. P. Gavrilov [6] 

showed that there are five maximal subsemigroups of ( )T X  containing the 

symmetric group on X  if X  is countable and in 2005, M. Pinsker [10] extended 

Gavrilov's result to sets of arbitrary cardinality. J. East, J. D. Mitchell, and Y. Péresse 

classified all maximal subsemigroups of ( )T X  containing one of following 

subgroups of the symmetric group: the pointwise stabilizer of a non-empty finite 

subset of X , the stabilizer of an ultrafilter on X , or the stabilizer of a partition of X  

into finitely many subsets of equal cardinality [3]. In particular in [2], V. Doroshenko 

considers semigroups of all transformations of the set of integers and natural 

numbers that preserve the natural order on them and their subsemigroups of cofinite 

transformations (i.e., transformations under which the complement of image is a 

finite set). 
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3. Objectives 

1. We consider transformation semigroups of countably infinite set X  where X  
is  and , respectively 

2. We consider the bijective part of ( )O X , i.e. the intersection of the 
semigroups ( )Sym X  and ( )O X . Clearly, ( ) ( )Sym X O X  is again a 
semigroup.  

3. In [9], the maximal subsemigroups of ( )T X  containing the group ( )Sym X , 
are determined. Using these results, we are going to find a description of the 
maximal subsemigroups of ( )O X  containing the bijective part 

( ) ( )Sym X O X .  
4. If X  is countable infinite, we can expect specific results, which could be quite 

different to the results can be expected for sets X  with a cardinality greater 
than 0  (we claim this bases on other known facts concerning infinite 
transformation semigroup). We can start with ( ; ) , the natural numbers   
(having the cardinality 0 ) under the usual order  . Further, we want to 
determine the maximal subsemigroups of ( )O  (the integers  under the 
usual order  ). The main aim of this item is the characterization of all maximal 
subsemigroups of ( )O X , whenever X  is countable infinite. The solution of 
this problem would give an essential contribution in the framework of the 
current research on infinite transformation semigroups.  

5. The general aim of this project is the presentation of a satisfying description 
of the maximal subsemigroups of ( )O X  for any infinite chain ( ; )X  . 

 

 

 

 

 

 

 



4. Methodology 

ขัน้ท่ี 1    ศกึษาความรู้พืน้ฐาน  รวบรวมเอกสารซึง่เป็นผลงานท่ีเก่ียวข้องกบังานวิจยั

นีท้ัง้หมด   จากแหลง่ตา่งๆทัง้ในและตา่งประเทศ   

ขัน้ท่ี 2    คดิค้นวิธีการ  เพ่ือสร้างและออกแบบการพิสจูน์  เพ่ือให้สามารถตอบค าถาม

ได้ตามวตัถปุระสงค์ 

ขัน้ท่ี 3    Determine maximal subsemigroups of ( )IO   

ขัน้ท่ี  4    Determine maximal subsemigroups of ( )SO   

ขัน้ท่ี  5    Determine maximal subsemigroups of ( )IO  

ขัน้ท่ี  6    Determine maximal subsemigroups of ( )O  

ขัน้ท่ี  7    ศกึษาเฟนซ์ (fence or zig zag order) และ nTF  ซึง่เป็นเซมิกรุปการแปลง

กบั non-linear ordered set (semigroup  of all order-preserving ransformations 

on an n - element zig-zag poset) 

ขัน้ท่ี  8    Characterize transformation in nTF   

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

เนือ้หางานวจิัย 

 

 

 

 

 

 

 

 

 

 

 

 

 



1. Introduction 

Transformation semigroups play a role in Semigroup Theory corresponding 

to that of the symmetric groups in Group Theory. A main result parallel to Cayley's 

theorem for groups is the well known result that states that every semigroup is 

isomorphic to a subsemigroup of a suitable full transformation semigroup. In this 

paper, we will deal with particular transformations, namely first of all, with order-

preserving transformations on the natural linearly ordered set of natural numbers, 

secondly, with order-preserving injective transformations on the natural linearly 

ordered set of integers. 

Semigroups of order-preserving transformations have been extensively 

studied in the recent years. In particular, O. Ganyushkin and V. Mazorchuk have 

studied the structure of semigroups of all injective order-preserving transformations 

on a finite chain [3]. We know also all maximal subsemigroups of the semigroup of all 

order-preserving transformations on a finite chain [7]. However, the case of infinite 

linearly ordered sets has been poorly studied. 

Let X  be an infinite set. We denote by ( )T X  the monoid of all full 

transformations on X  (under composition). In 1965, G. P. Gavrilov [4] showed that 

there are five maximal subsemigroups of ( )T X  containing the symmetric group on 

X  if X  is countable and in 2005, M. Pinsker  [6] extended Gavrilov's result to sets 

of arbitrary cardinality. J. East, J. D. Mitchell, and Y. Péresse classified all maximal 

subsemigroups of ( )T X  containing one of following subgroups of the symmetric 

group: the pointwise stabilizer of a non-empty finite subset of X , the stabilizer of an 

ultrafilter on X , or the stabilizer of a partition of X  into finitely many subsets of equal 

cardinality [2]. 

Assume that ( , )X   is a linearly ordered set. We say a transformation 

( )T X  is order-preserving if for all ,x y X  the inequality x y  implies 

x y  . We denote by ( )O X  the submonoid of ( )T X  of all order-preserving 



transformations on X . It seems extremely unlikely that a complete description in any 

sense of maximal subsemigroups of ( )O X  exists. In particular in [1], V. Doroshenko 

considers semigroups of all transformations of the set of integers and natural numbers 

that preserve the natural order on them and their subsemigroups of cofinite 

transformations (i.e., transformations under which the complement of image is a finite 

set).  

In this research, we determine the maximal subsemigroups of the semigroup 

of all injective order-preserving transformations on the natural numbers and integers, 

respectively. We determine also all maximal subsemigroups of the semigroup of all 

order-preserving transformations on the natural numbers containing a particular set. 

The paper is organized as follows: In Section 2, we give main definitions. All 

necessary definitions from the Semigroup Theory that are not  mentioned in the paper, 

can be found e.g. in [5]. Further, we define the monoids ( )IO , ( )SO , and ( ).IO

The maximal subsemigroups of these three monoids are characterized in Section 3, 

4, and 5. In the last section, we consider a particular set 
0

(1) ( )A O   and determine 

all maximal subsemigroups of ( )O  containing 
0

(1)A
. 

Let ( , )X   be a linearly ordered set. By ( )O X , we denote the set of all 

transformations that preserve the order  , i.e., transformations : X X   such that 

for any ,x y X , the inequality x y  implies x y  . Then ( )O X  is the 

submonoid of ( )T X  that consists of all order-preserving transformations on X .  

Let  and  denote the sets of all natural numbers and integers, 

respectively, with natural linearly order relation on them. In what follows, X  is 

understood as either  or .  

Let ( )Inj X  denote the set of all injective transformations on X  and let 

( ) : ( ) ( )IO X Inj X O X  . 

The set : { | }im x x X    is called the image of the transformation  . The 

cardinality of im  is called rank of  , in symbol : | |rank im  . Note that any 



( )IO  is uniquely determined by im . Let ( )Sym X  be the symmetric group 

on X  and let 

( ) : ( ) ( )SO X Sym X O X  . 

Clearly, ( )SO  contains only one element, namely the identity map id  on . But 

( )SO  contains  infinitely many elements, since for each z  the mapping 

:l   defined by xl x z   is in ( )SO . 

Further, let ( )Sur X  denote the set of all surjective transformations on X  and 

let ( ) : ( ) ( )SurO X Sur X O X  . The defect of a transformation   measures how 

far   is from a surjection, i.e., ( ) : | \ |d X im   is the defect of  . We denote 

( ) : ( 1)g x x x      

for any x X . The natural number ( )g x  is called the height or the jump of the 

transformation   at the point x . In particular, we have ( ) ( )g x g x   for any 

( )IO X  . The relation ker : {( , )| , , }x y x y X x y      is an equivalence 

relation on X , called the kernel of  . This equivalence relation corresponds to a 

decomposition of X  into equivalence classes (blocks). For convenience, in what 

follows we will write kerB   if B X  is an equivalence class of ker . In 

particular, we have 1ker : { | }x x im    , where 1 : { | }x y X y x     . A 

transversal of ker  is a set A X  with 1| | 1A x    for all x im . More 

generally, a transversal of a decomposition  of X  is a set A X  with | | 1A B   

for all B . We say that a set A X  is a pseudo-transversal of the decomposition 

 of X  if there is 1B   with 1B A   and | | 1B A   for all 1{ }B B . The 

collapse ( )c   of   measures how far   is from an injection and it is defined by 

( ) : | \ |c X A  , where A  is a transversal of ker .  

 

 

 



2. Maximal Subsemigroups of ( )IO   

If we consider an order-preserving injection $\alpha $ on the natural numbers, 

then we can observe for any natural number x  that x x   and that x x   implies 

y y   for all natural numbers y x . This motivates the consideration of the 

following set of order-preserving injections on . Let 

( ,1) : { ( )| 1IO IO x x      for all }x . 

In fact, if ( ,1)IO  then there exists natural number k  such that 

for

1 for .

x x k
x

x x k








 
 

  

These transformations play a particular role. 

Proposition 2.1 Let ( ,1)IO  . Then ( ) \{ }IO   is a subsemigroup of ( )IO . 

Proof:  We put : ( ) \{ }S IO  . Assume that S  is not a subsemigroup of ( )IO . 

Then there are , S    such that   . Let x . If x k  then  

x x x x x       

and therefore  

x x x x     . 

Further, we have  

1k k k k k           . 

This implies 1k k     (and k k   ) or k k    (and 1k k    ).  

In the first case, we have 1k k     and thus for all x k , we obtain 

1x x x x x       , i.e., 1x x   . This shows   .  

In the later case, we get    by similar considerations. Hence,    or 

  , a contradiction.       □ 



Proposition 2.2 Let S  be a subsemigroup of ( )IO . Then S  is maximal if and only 

if there is ( ,1)IO   such that ( ) \{ }S IO  . 

Proof:  Suppose that S  is a maximal subsemigroup of ( )IO .  

Assume that  ( ,1)IO S . Since S  is a proper subsemigroup of ( )IO , 

there is ( ) \IO S . Then there is a natural number k  such that x x   for x k  

and x x   for x k  (otherwise x x   for all natural numbers x , i.e., 

( ,1)id IO S    , a contradiction). We put 

: .p k k    

and define a transformation   on  by  

for
:

for .

x x k
x

x p x k





 

 
  

Clearly,   is an injection. Let ,x y  with x y .  

If x y k   then x x y y    .  

If x k y   then  

( )x x k k k k k k k k p y p y                    . 

If x k  then x x p y p y        .  

This shows that   is order-preserving and thus ( )IO  . Because 

, ( )S IO   (since S  is maximal), there are 1 2, ,..., { }n S      such that 

1 2 n    .  

Assume that there is {1,2,..., }i n  with i  . Then 1 2 1ik k      and 

thus 1 2 1i i ik k k k         . This implies  

1 2 1i i n i nk k k         ,  

i.e., k k  , a contradiction (we have k k  ). Hence, S  . 

We define a transformation   on  by  



for
:

1 for .

x x k
x

x x k



 

 
 

Clearly, ( ,1)IO  . Let x  be a natural number.  

If x k  then px x x   . 

If x k  then ( )p px x p x p p x          .  

This shows that p S   , a contradiction.  

Hence ( ,1)IO  is not a subset of S  and there is \ ( ,1)S IO  , i.e., 

( ) \{ }S IO  . This implies ( ) \{ }S IO   by the maximality of S . 

The converse direction is due to Proposition 2.1.    □ 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

3. Maximal Subsemigroups of the group ( )SO   

This section deals with the maximal subsemigroups of the group ( )SO . It 

will turn out that ( )SO  has countably infinitely many maximal subsemigroups. We 

observe that, if ( )SO , then  

1 ( 1)x x     and 1 ( 1)x x     

for all integers x . Indeed, we have 1 ( 1)x x    . Assume that 1 ( 1) .x x   

Then there is an integer y , different from both x  and 1x  , with 1y x   , i.e., 

( 1)x y x     . This provides ( 1)x y x   , i.e., x y  or 1x y  , a 

contradiction. In the same way, we check 1 ( 1)x x    . A successive application 

of the appropriate equation, starting with 0x  , provides 0z z    for all integers 

z . In this section, we will use this fact frequently. For each prime number p , let 

: { | }p pz z   and we define 

: { ( ) |0 }pS SO p    . 

Moreover, let 

: { ( ) |0 0}A SO      and : { ( ) |0 0}A SO     . 

First of all, we observe that the just defined sets are closed under 

composition. 

Lemma 3.1 
pS  is maximal subsemigroup of ( )SO  for each prime number p . 

Proof:  Let p  be a prime number and let , pS  . Then there are integers m  and 

n  such that 0 pm   and 0 pn  . We have  

0 ( ) ( )pm pm pn p m n      , 

i.e., 
pS  . This shows that 

pS  is semigroup.  



Let ( ) \ pSO S . We will show that , ( )pS SO  . Let ( ) \ .pSO S

Then there are integers , ,m m n  
 and n

 with 0 ,n n p    such that  

0 m p n     and 0 m p n    . 

Since p  is a prime number and 0 ,n n p   , there is k  such that kn  is 

congruent to n
 modulo p , i.e., there is integer q  such that kn n qp    and  

0 ( ) ( )k k m p n m kp kn m kp qp n m k q p n rp n                       

with :r m k q  . Let 
pS   with 0 ( )r m p    . Then  

0 ( ) 0k rp n rp m p m p n             . 

This shows that ,pS  . Consequently, 
pS  is maximal subsemigroup of ( ).SO

          □ 

Lemma 3.2 Both A  and A  are maximal subsemigroups of ( )SO . 

Proof:  First, we show that A  is maximal subsemigroup of ( )SO . Let , A   . 

Then there are non-positive integers m  and l  such that 0 m   and 0 l  . We 

have 0 m m l    , where m l  is non-positive integer, i.e., A  . This 

shows that  A  is semigroup. 

Let ( ) \SO A  . We will show that , ( )A SO  . Let ( ) \ .SO A 

We observe that 0 0   as well as 0 0   and there is natural number k  such that 

0 (0 ) 0k k     (if already 0 0   then we choose 1k  ), i.e., 0 0 0k   . 

Further, there is A   with 0 0 0 k     and we obtain 

0 0 0 0 0k k k         . This shows that ,k A     . Consequently, 

A  is maximal subsemigroup of ( )SO . 

Next, we show that A  is maximal subsemigroup of ( )SO . Let , A   . 

Then there are non-negative integers n  and k  such that 0 n   and 0 k  . We 

have 0 n n k    , where n k  is non-negative integer, i.e., A  . This 

shows that  A  is semigroup. 



Let ( ) \SO A  . We will show that , ( )A SO  . Let ( ) \ .SO A 

We observe that 0 0   as well as 0 0   and there is natural number q  such that 

0 (0 ) 0q q     (if already 0 0   then we choose 1k  ), i.e., 0 0 0k   . 

Further, there is A   with 0 0 0 k     and we obtain 

0 0 0 0 0k k k         . This shows that ,k A     . Consequently, 

A  is maximal subsemigroup of ( )SO .     □ 

The following theorem states that we have actually found all maximal 

subsemigroups of ( )SO . 

Theorem 3.1 Let S  be a subsemigroup of ( )SO . Then the following statements are 

equivalent: 

(1) S  is a maximal subsemigroup of ( )SO ; 

(2) S A  or S A  or there is a prime number p  such that 
pS S . 

Proof:  (1)(2): Suppose that S  is different from both A  and A . First, we note 

that there is a least natural number q  such that there is S   with 0 q  . 

Otherwise, 0 0   for all S  , i.e., S A . By the maximality of S , we obtain 

S A , a contradiction. By a dual argument, there is a least natural number q  such 

that there is S   with 0 q   . 

Assume that q q  . Then 0 q q q          . But q q   is a natural 

number less than q . This contradicts the minimality of q . Hence, q q  . Assume 

that q q  . Then 0 ( )q q q q q               . But q q   is a natural 

number less than q . This contradicts the minimality of q . Hence, q q  , i.e., 

( : )q q q   . 

Let n  be a natural number. Then we observe that 0 n qn   and 

0 ( )n qn q n      as well as 0 0q q q        . This shows that  

{ ( ) |0 } ,SO q S        . 



Assume that there is \{ ( ) |0 }S SO q     . Let m  be the greatest 

common divisor of q  and 0 . Then there is S   with 0 m q   , which 

contradicts the minimality of q . This shows that { ( ) |0 }S SO q    . This 

excludes 1q   (since 1q   would mean that { ( ) |0 } ( )S SO q SO     .  

Finally, assume that q  is not a prime number. Then there are a prime number 

p  and a natural number k  such that q pk . This provides that 

{ ( ) |0 }S SO q     is a proper subsemigroup of 
pS , a contradiction to the 

maximality of S . Hence, 
qS S  and q  is prime number. 

(2)(1): It is obvious by Lemma 3.1 and Lemma 3.2.   □ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4. Maximal Subsemigroups of ( )IO  

In this section, we characterize the maximal subsemigroups of ( )IO . It can 

be expected that several maximal semigroups of ( )IO  are related to the maximal 

subsemigroups of the group ( )SO . We will obtain only one maximal subsemigroup 

of ( )IO  containing the group ( )SO . For this, we consider the set of all proper 

order-preserving injections on . Let 

1( ) : ( ) \ ( )IO IO SO  

be the set of all proper order-preserving injections on . It is well known that proper 

injections on a given set form an ideal of the semigroup of all injections on this set. 

Restricting our attention to the monoid of all order-preserving transformations on , 

we conclude that 1( )IO  is an ideal of ( )IO . 

The subsemigroups 1( ) \ lIO S  and 1( ) \ rIO S  of 1( )IO  where  

1: { ( ) |lS IO   there is integer z  with ( ) 1g x   for all }x z  and  

1: { ( ) |rS IO   there is integer z  with ( ) 1g x   for all }x z  

are of particular interest. 

Lemma 4.1 1( ) \ lIO S  and 1( ) \ rIO S  are ideals of 1( )IO . 

Proof:  We will show that 1( ) \ lIO S  is an ideal. The second statement can be 

proved similarly. Note that 1( ) \ lIO S   if and only if for all integers z  there is an 

integer x z  with ( ) 1g x  . Let 1( ) \ lIO S   and let 1( )IO  . Further let z  

be an integer. Then there is x z  with ( 1) 2x x     and we have  

( 1) ( 2) 2x x x x          . 

This shows that 1( ) \ lIO S  . 

Let :q z . Then there is y q  such that ( 1) 2y y    . Further, there 

is an integer k  with k y   and ( 1) 1k y   , i.e.,  

( 1) ( 1) 2k k y y         . 



We notice that k z  since k y q z     and   is injective. This shows that 

1( ) \ lIO S  . 

The assertion follows.       □ 

Let 

1 1: { ( ) | ( ) 1}.S IO d     

We notice that any ( )IO  belongs to the set 1S  if and only if there exists an 

integer z  with \{ 1}X z im   , i.e.,  

  ( ) ( 1) 2 2g z z z z z             

and    ( ) ( 1) 1 1g x x x x x            

for all x z  as well as for all x z . This shows that 1 l rS S S   and, in particular, 

that 1S  is the set of all l rS S    such that there is an integer z  with ( ) 2g z   

and ( ) 1g x   for all integers x  different from z . Let 1S  . Then it is easy to verify 

that 1 2 1S    for all 1 2, ( )SO   . Since 1S  , there is an integer a  with 

( ) 2g a  . We put 1a a . Let 1S  . Then there is an integer b  with ( ) 2g b   

and we define order-preserving bijections 1 2,   on  by 

1 ( ): a bl   and 
12 ( ): b al   . 

Note that both 1  and 2  are well defined and belong to ( )SO . Then we have  

1 2 2 2( 1) ( 1) ( 2) 2b a a b            

 and     1 2 2 1 2b a a b       , 

i.e., 
1 2

( ) 2g b   , where 1 2b b   . This shows that 1 2ª   . The foregoing 

argument proves the following lemma: 

Lemma 4.2 For all 1S  , we have 1 1 2 1 2{ | , ( )}S SO     . 

Moreover, we observe the following technical fact: 

 



Lemma 4.3 
1l rS S S  . 

Proof: Let l rS S    and let us put ( ) : { | ( ) 1}A a g a    . Since l rS S   , 

the set ( )A   is finite and 

( )

( ) : ( )
a A

g a





    

is a natural number. 

If ( ) 2   then 1S  , and so 1S  . 

Suppose that 1S   for all l rS S    with ( ) k   for some natural 

number 2k  . 

Let l rS S    with ( ) 1k   . Then there is integer a  with ( ) 1g a  . We 

define a mapping :   by 

for
:

1 for .

x x a
x

x x a







 

 
 

Clearly, l rS S   . Then  

( 1) ( 1) ( )x x x x g x          for all x a , 

( 1) ( 1) 1 ( ) 1a a a a g a           , and 

( 1) ( 1) 1 ( 1) ( 1) ( )x x x x x x g x                 for x a . 

This shows that ( ) ( ) 1 k      , i.e., 1S  . Now we define a transformation 

  on  by 

for ( 1) 1
:

1 for ( 1) 1.

x x a
x

x x a






  
 

   
 

Clearly, 1S  . Then we have  

     x x x     for x a   

and    1 1 1x x x x          for x a . 



This shows that 
1S   . Altogether, we have proved that 

1l rS S S  . 

          □ 

We will show that 1( ) \IO S  is a maximal subsemigroup of ( )IO . 

Lemma 4.4 1( ) \IO S  is a maximal subsemigroup of ( )IO . 

Proof: Let 1, ( ) \IO S    and assume that 1S  . It is well known that 

( ) ( )d d  , i.e., 1 ( )d  , which implies ( )SO  . Note that the identity map 

id  on  belongs to ( )SO . Then 1 1

1( )id id S        by Lemma 4.2, 

a contradiction. This shows that 1( ) \IO S  is closed under composition, i.e., 

1( ) \IO S  is a semigroup. Now we show the maximality.  

Let 1.S   Then 1 ( ),S SO   by Lemma 4.2 and since 

1( ) ( ) \SO IO S , we have 1 1( ) \ ,S IO S  . So 1( ) ( ) \ , .IO IO S   

This shows that 1( ) \IO S  is a maximal subsemigroup of ( )IO .  □ 

Lemma 4.5 Let S  be a maximal subsemigroup of ( )IO  with ( ) \ lIO S S  or 

( ) \ rIO S S . Then 1( ) \S IO S . 

Proof:  Suppose that ( ) \ lIO S S . Let \lS S  . 

Assume that rS  . Then there is an infinite chain  

0 1{ } { : ( ) 1}na a a a g a        

and we define mappings , ( )IO    inductively by 0 0:a a  , 0 0( ) :a a   , 

( ) for with 2 {0}
( )

1 otherwise

i ig a a a i
g a





  
 


 

and 

( ) for with 2 1
( )

1 otherwise.

i ig a a a i
g a





  
 


 

Then we have 0 0 0a a a    . Further for 2 {0}i  , we obtain 

( 1) ( ( )) ( )i i i i ia a g a a g a          and thus 



( ) ( 1) ( ) ( )i i i i i i ig a a a a g a a g a            . 

For 2 1i  , we calculate  

( 1) ( 1) ( )i i i ia a a g a         and hence 

( ) ( ) ( )i i i i ig a a g a a g a       . 

Moreover, for an integer a  with ( ) 1g a  , we get ( 1) ( 1) 1a a a         

and thus ( ) 1 1 ( )g a a a g a       . Altogether, this shows that   . 

Assume that there are 1 2, ( )IO    such that 1 2   . We put 0 1:z a  . 

Then 0z a . Otherwise, there is 0 0z a  with 0 1 0z a   and 0 1 0( 1)z a  . Since

0( ) 2g a  , we get 
1 0( ) 2g z    and thus

1 20 01 ( ) ( ) 2g z g z     , a contradiction. 

Let 0:c a z  . By the recursive construction of , we can easy verify that  

2 2

0

( ) ( ).
c c c cc a a

x a x z

g x g x 

 

 

   

From 0 1a z  , i.e., 0 1a z   , it follows that  
1 0( ) ( )g a r g z r      for all integers

0r  . This provides
2 2 2 2

1
0

( ) ( )

c cc a a

x a x z

g x g x  

 

 

  . Because of 1 2    , we have 

2 2 2 2

1
0 0

( ) ( )

c cc a c a

x a x a

g x g x  

  

 

  . Altogether, we obtain 

2 2 2 2 2 2 2 2

1
0 0 0

( ) ( ) ( ) ( )

c c c cc a c a a c a

x a x a x z x a

g x g x g x g x    

     

   

      , 

a contradiction. 

Hence ,S   and thus S   since S  is maximal and S  . With 

similar arguments, one can show that S  . Thus S   , a contradiction. 

Hence l rS S   . Then 1S   by Lemma 4.3. Thus, since 

1 ( ),S SO   for all 1S   (see Lemma 4.2), ( )SO S , and S  , we have

1S S  . Using the maximality of S , from 1( )IO S S  it follows 

1( )IO S S . 



If ( ) rIO S S  then 1( )IO S S  can be proved by dual arguments. 

          □ 

Now we are ready to prove the main result of this section, the characterization 

of all maximal subsemigroups of ( )IO  . 

Theorem 4.1 Let ( )S IO . Then the following statements are equivalent: 

(1) S  is a maximal subsemigroup of ( )IO  ; 

(2) 1( )S IO S  or 1( )S IO A   or 1( )S IO A   or there is a prime 

number p  such that 
1( ) pS IO S  . 

Proof:  (1) (2): Let S  be a maximal subsemigroup of ( )IO . 

Suppose that ( )SO S . Since 1( )IO  is an ideal of ( )IO  and since S  

is maximal, we conclude that 1( )IO S  and ( )S SO  has to be a maximal 

subsemigroup of ( )SO . Thus, by Theorem 3.1, we have 1( )S IO A   or 

1( )S IO A   or there is a prime number p  such that
1( ) pS IO S  . 

Suppose that ( )SO S . 

Assume that lS S  and rS S . Let 1( )IO  . Then the map :r   

defined by 

for 0
:

0 for 0
r

x x
x

x x







 

 
  

belongs to ( )rS SO . Further, we define a map :l   by 

for 0
:

( 0 ) for 0 .
l

x x
x

x x




  


 

 
  

Clearly, ( )l lS SO   . For 0x  , we can calculate r l lx x x      (since

0x  ) and for 0x  , we have  

( 0 ) ( 0 0 )r l lx x x x             . 



Hence ( )r l l rS S SO S       . This shows that 1( )IO S , i.e., 

1( ) ( )IO SO S   and thus ( )IO S , a contradiction. 

Hence lS S  or rS S . Since both 1( ) lIO S  and 1( ) rIO S  are 

ideals of 1( )IO  and ( )SO S , the maximality of S  implies ( ) lIO S S  or 

( ) rIO S S . Then by Lemma 4.5, we obtain 1( )S IO S . 

(2)(1): ( )IO  is the disjoint union of 1( )IO  and ( )SO . Since 1( )IO  

is an ideal of ( )IO , we can conclude that 1( )S IO A  , 1( )S IO A  , and  

1( ) pS IO S   (for any prime number p ) are maximal subsemigroups of ( )IO  

due to Theorem 4.1. Finally, 1( )IO S  is a maximal subsemigroup of ( )IO  by 

Lemma 4.4.         □ 

 

 

 

 

 

 

 

 

 

 

 

 

 



5. Maximal Subsemigroups of ( )O   

The characterization of all maximal subsemigroups of ( )O  is still an open 

problem. In this section, we determine all maximal subsemigroups of ( )O  

containing a certain set. For ( )O  with 0rank   , let us fix the following sets: 

: { ( ) : }G g n n    and 

: { : ker }K B B   .  

For ,A B , we will write A B  if a b  for all a A  and b B  . Let ( )O  

have infinite rank. We will identify ker  with the partition that it induces and write 

1 2ker { },iA A A        

1 2im { },ia a a        

where 1

i iA a  for every i . For any set N  , we write max N   , if for all 

0n N  there is an element n N  with 0n n ; otherwise max N  is an element of N

, i.e., max N   . Then 

1max max{ : },i iG a a i      

max max{ : }.iK A i     

Lemma 5.1 Let , ( )O    have infinite rank. Then the following statements are 

true: 

(1) maxG    implies max .G    

(2) maxG    and max K   implies max .G     

(3) max K    and max K   implies max .K    

(4) max K   and max K   implies max K   . 

Proof:  (1) Suppose that maxG   , i.e., there is a  with maxa G . 

Assume that maxG  . Then there is x  with ( 1) 1g x a     and we have  



y x   and ( 1) 1y x    

for some  y . Thus  

( 1) ( 1) ( ) 1y y x x g x a           , 

a contradiction with maxa G . 

(2) Suppose that maxG    and max K  , i.e., there are ,a b  with 

maxa G  and maxb K . Assume that max G   . Thenthere exists x  

with ( ) ( 1) 1g x a b     and we obtain  

( 1) ( ( 1) 1) 1x x x a b x a              

since { : ( 1) 1)} 1z x z x a b a          . 

(3) Suppose that max K    and max K  . Then there are ,b c  

with maxb K  and maxc K . For any im x  , we have 1x b    and 
1y c    for all 1y x  , i.e., 1( ) ·x b c   . Thus max ·K bc  , i.e., K  . 

(4) Assume that max K   . Then max K   by (3), a contradiction. 

          □ 

Then we put 

0 0: { ( ) : rank ,max ,  and max }.S O K G         

Lemma 5.2 
0

( ) \O S  is a semigroup. 

Proof: We will use all the items (1), (2), and (3) of Lemma 5.1. Let 
0

, ( ) \O S   . 

Assume that 
0

S  . Since rank rank , rank    , so 0rank ra .nk     

Further, maxG    since maxG   . Then max K   because 
0

S  . 

Since maxG    and max ,K    we conclude max G   . But because 

0
S  , we get max K   . But max K    and max K   implies 

max K   (see Lemma 5.1 (3)), i.e., 
0

S  , a contradiction.  □ 

 



Lemma 5.3 
0

( ) \O S  is a maximal subsemigroup of ( ).O   

Proof:  Let 
0

, S   . Suppose that 1 2im { }ia a a      . Then there is a 

set 1 2: { }iA a a a      of natural numbers with i ia a   for i , i.e., A  is 

transversal of ker . Further, there is a decomposition 1 2 iA A A     of  

which is the kernel of  . Then we define a transformation   on  by 

:  ix a  whenever  , . ix A i   

Clearly, ( )O   and maxG   ( since max )K   . Thus 
0

S  . Further, 

there is decomposition 1 2 iB B B     of  such that i ia B  for i . Then 

we define a transformation   on  by 

: ix b   whenever ix B   

where 1

i ib A    for .i  Clearly, ( )O   and max K    since max .G    

Thus 
0
.S    

Let x . Then there is i  such that ix A  and 

i i ix a a b x       . This shows that 
0

( ) ,O S     and 

consequently, we have proved that 
0

( )O S  is maximal.   □ 

Since the product of two transformations is injective only if the first one is an 

injection and since the product of two transformations is surjective only if the second 

factor is surjective, we conclude that both ( ) ( )O IO  and ( ) ( )O SurO  are 

semigroups. Let us mention that the identity map id  is the only bijection in ( )O . 

In particular, both ( ( ) ( )) { }O IO id  and ( ( \ ( )) { }O SurO id  are 

subsemigroups of ( )O . 

Lemma 5.4 ( ( ) ( )) { }O IO id  and ( ( ) ( )) { }O SurO id  are maximal 

subsemigroups of ( ).O   

Proof:  Let , ( ) { }.IO id    Suppose that 1 2im { }ia a a       and 

let  



1 2: { }iB B B      

be a decomposition of  such that i ia B  for i . Then im   is transversal of 

.  Since ( ) { }IO id  , we know that ( )SurO  and thus im   . 

Hence there is j  with 2jB  . Let   be the transformation on  defined by 

: ix b   whenever ix B  for i  where 1 2im { }ib b b      . Then it is 

easy to see that ( ) ( )O IO  . For ,x  we have xx a   and .xx b   

Hence x xx a b x     , i.e., ( ) ( ),O IO    . This shows that 

( ( ) ( )) { }O IO id  is maximal. 

Let , ( ) { }SurO id    and let 1 2: { }iA a a a      such that 

i ia A  for i  with 1 2{ }iA A A     being the kernel of  . Since 

( ) { }SurO id  , we know that ( )IO  and there is j  such that 2jA 

. Let   be the transformation on  defined by : ix a  , whenever ix C  for i , 

where 1 2{ }iC C C     is the kernel of  . Then it is easy to see that 

( ) ( )O SurO  . For x , there is i  such that ix C  and we have
1

ii A   , 1

ii C    and thus   

ix a i x     , i.e., ( ) \ ( ),O SurO    . 

This shows that ( ( ) ( )) { }O SurO id  is maximal.   □ 

Now we investigate the subsemigroups of ( )O  containing the set  

0 0( ) : { ( ) : rank }.K O      

Lemma 5.5 Any subsemigroup S  of ( )O  with 0( )K S   is not maximal. 

Proof: Let S  be a subsemigroup of ( )O  with 0( )K S   and assume that S  is 

maximal. Then there is ( )O S  such that rank n   for some n . Let 

( )O   with rank 1n   . Suppose that 1 2im { }na a a      and 

1 2 1im { }n nb b b b      . We choose 1

i ib b   for 1 1i n   . Note that 
1

1nb b  

  for 1nb b  . Let   be the transformation on  defined by 



1

1

1

if  for 1
:

if %

i i

n n

b x a i n
x

x b x a












   
 

 

  

and let   be the transformation on  defined by 

1 1

1

1 1 1

1

1

if

if for 1 1 

: if

if

if .

i i i

n n n

n n

n n

a x b

a b x b i n

x a b x b

a x b

x a x b





  








    


  
 


 

  

It is easy to verify that 0, ( )K    . Let x . Then there is 1 i n   such that 
1

ix a  . If i n  then we have  

i i ix b b a x        

and in the case i n  we can calculate  

1 1( )n n nx x b b a x         . 

This shows that    and we conclude that S   (since S  ). Since 

( ) : { ( ) : rank }J n O n     is an ideal of ( )O , the maximality of S  implies 

( ) ( )S J n O  . This is a contradiction since S   and ( )J n  . □ 

Corollary 5.1 If S  is a maximal subsemigroup of ( )O  then 

0 0( ) : { ( ) : rank }J O S      . 

Proof:  Suppose that S  is maximal and 0( )J S . Then, since 0( )J   is an ideal 

of ( )O , 0( ) ( )S J O   . Since 0 0( ) ( )K J     we have 0( ) ,K S   

which contradicts Lemma 5.5.       □ 

Let us consider the injection   on  defined by : 1x x    for all x  

and the surjection   on  defined by 1 : 1   and : 1x x    for each natural 

number 2x  . Then we see that   is the identity map id . Hence id  belongs to 

each maximal subsemigroup of ( ).O   



Now we are going to show that the following sets form maximal 

subsemigroups of ( )O : 

(1)

0: { ( ) :1 1} ( )S O J        

and      
(1) 0: { ( ) : 2 2} ( )S O J      . 

Lemma 5.6 (1)S  is a maximal subsemigroup of ( ).O  

Proof:  Clearly, (1)S  is a semigroup. It remains to show that (1)S  is maximal. For this 

let (1), ( )O S   . Suppose that 

1 2im { }ia a a      , 

1 2im { }ib b b       

for 2 i  , we choose 1

i ia a  and set 1 : 1a  . Then let ,   be transformations 

on  defined by 

:  ix a   

whenever 1

ix b    for i   and 

1

1 if 1
:

if  for i i i

x
x

b a x a i





 

  
 

where 0 : 1a  . Since (1)S , we know that 1 1   and thus 1 1a  . This guarantees 

that   is well defined. Because of 1 1 1   , we conclude (1), S   . Let x . 

If 1x   then we get 1 1x b x     . Suppose that 1x  . Then there is i  

with 1

ix b   and we have  

i i ix a a b x       . 

Thus (1) ,S    . This shows that (1)S  is maximal.   □ 

Lemma 5.7 
(1)S  is a maximal subsemigroup of ( ).O   

Proof:  It is easy to verify that 
(1)S  is semigroup. We are going to show that 

(1)S  is 

maximal. For this let 
(1), ( )O S  . Again we suppose that 



1 2im { }ia a a      , 

1 2im { }ib b b      ,  

and for 2 i   we choose 1

i ia a  and set 1 : 2a   (note that 
(1)S  implies 

12 1 a   , i.e., 11,2 1 ,   so we can choose 1 2a  ). Then we define 

transformations ,   by  

: ix a    

whenever 1

ix b   for i  and 

: ix b   if 1i ia x a    for i ,  

where 0 : 0a  . It is easy to verify that both maps   and   are well defined. Clearly, 

, ( ).O    Since1 im  , we have 2 2   and 1 22a a   implies 22 2b   . 

Hence
(1), S   .  

Let x . Then there is i  with 1

ix b   and we have  

.i i ix a a b x        

Thus 
(1) , .S     This shows that 

(1)S  is maximal.   □ 

In the next step, we characterize the maximal subsemigroups of ( )O  

containing the set 

(1) (1) 1

0: { :1 {1}} ( ).S S J        

Proposition 5.1 Let S  be a subsemigroup of ( )O  with (1)S S . Then S  is maximal 

if and only if 
(1)S S  or (1)S S . 

Proof:  One direction is clear by Lemmas 6.6 and 6.7. Conversely, suppose that S  

is maximal. Assume that 
(1)S S  as well as (1)S S . Since S , (1)S , and 

(1)S  are 

maximal, it follows that (1)S S  and 
(1)S S . From (1)S S , it follows that there is 

1 0( )S J    with 11 1  . From 
(1)S S , it follows that there is 2 0( )S J    

with 22 1  .  



We suppose that 2 1 2im { }ia a a       and choose 1

2i ia a  for 

i , where 1 : 2a   (it is possible since 1

1 21,2 a  ). Let ( )O S   . Then 

0( )K    and we can suppose that 1 2im { }ib b b      . Then 2 1   

or 1 1  . 

If 1 2  then we define transformations ,   on  by 

1

1 if  1
:

whenever  1  and   for  ;i i

x
x

a x x b i


 


 

  
 

1

1 if 1
:

if   for  2 .i i i

x
x

b a x a i





 

   
 

It is easy to verify that (1), S   . Let x . If 1x   then there is i  such that 
1

ix b   and we have  

2 2i i ix a a b x         . 

Moreover, 2 21 1 1 1 1         . Hence, (1)

2 1 2, , S S       . 

If 1 1   then by the foregoing argument applied to 2 1  , there exist 
(1), S    such that 2 1    . By the same matter, we replace 2  by 2 1  , we 

obtain that (1)

1 2, ,S   . Suppose that 2 1 1 2im { }ic c c        and let 

us choose 1

2 1( )i ic c     for i  where 1 2c   (possible since 1

1 2 11,2 ( )c    ). 

Then we define transformations ,   on  by 

1

1 if  1
:

whenever  1  and    for  ;i i

x
x

c x x b i


 


 

  
  

1

1 if 1
:

if   for  ,i i i

x
x

b c x c i





 

  
 

where 0 : 1c   (it is possible since 1 2c  ). Clearly, (1), S   . Let x . If 1x   then 

there is i  such that 1

ix b   and we have 2 1 2 1i i ix c c b x           . 

Moreover,  2 1 2 1 1 11 1 1c b           . Hence  

(1)

2 1 1 2, ,S S        . 



Altogether, this shows that $\beta \in S$, a contradiction.  □ 

Let 

1

(1)

: { ( ) : 2 1 and max }

{ : max  and max }.

fS O G

S G K



 

 



     

   
 

Lemma 5.8 1( ) fO S  is a maximal subsemigroup of ( )O . 

Proof:  We will use all the items (1), (2), and (4) of Lemma 5.1. Let 1, ( ) .fO S    

Assume that 1

fS  . Then   and   have infinite rank. Further, we can conclude 

1 im   and maxG   . This implies (1)S   and thus max K  . Since 

maxG   , this implies that max G   . Since 1

fS  , we have either 

2( ) 1   or max K   and 11( ) 1   . In the latter case, we obtain  

max K    and 1 1 1 1{1} 1( ) 1 1         , 

i.e., 1

fS , a contradiction. In the former case, we get 2 1   because 2 1  , i.e., 
1

fS  , a contradiction too. This shows that 1( ) fO S  is a subsemigroup of ( ).O  

Now we show that 1( ) fO S  is maximal. Let 1, fS    and we are going to 

show that 1( ) ,fO S  . Suppose that 1 2ker { }nA A A      and 

1 2im { }na a a      with 1

i ia A    for i , as well as 

1 2ker { }nB B B      and 1 2im { }nb b b      with 1

i ib B    

for i . Let 1 2{ }nc c c    be a set of natural numbers such that i ic A  

for i . In the case max K   , we know that 2 1   and can require that 1 2.c   

Further, let :   with 1 2im { , , , , }nc c c     defined by 1

i ic B    for .i  

Clearly, ( )O  . Since 1 im   or maxG   (it is the case if max K   ), we 

can conclude that 1

fS  .  

Let 1 2{ }nD D D    with 1 : {1}D   be a decomposition of  such 

that i ia D  for i . Then we define a map :   with im im    by 
1

i ib D    for i . Clearly, ( )O   and max G    implies max K   . But 

since 11 {1}   , we obtain 1

fS  .  



Let x . Then there is i  with ix B  and .i i ix c a b x        

Therefore, 1( ) ,fO S    .      □ 

Now we state the main result of this section. 

Definition 5.1 Let 
0

(1)A
 be the set of all (1)

0( )S J   with one or both of the 

following properties: 

(1) 2 max K    and ( )SurO . 

(2) max G    and ( )IO . 

It is easy to verify that  

0 0

(1) (1)

0( ) ( )A S S J     

with 
0 0

: ( ) ( ( ) ( ) )S O SurO IO S    . The main result of this section 

characterizes all maximal subsemigroups of ( )O  containing 
0

(1)A
.  

Proposition 5.2 Let S  be a subsemigroup of ( )O  with 
0

(1)A S  . Then S  is 

maximal if and only if 
(1)S S  or (1)S S  or 1( ) fS O S  or 

( ( ) \ ( )) { }S O SurO id   or ( ( ) ( )) { }S O IO id   or 
0

( )S O S . 

Proof: The six listed semigroups are maximal (see the previous lemmas) and it is easy 

to verify that each of them contains 
0

(1)A .  

Conversely, let S  be maximal. Assume that S  is different from all of the six 

listed semigroups. We are going to show that then (1)S S . In fact, we have to show 

that any 
0 0

(1) (1) ( ( ) ( ) )S S S SurO IO S        belongs to S .  There are

0

1

1 2 3 4 5 (1), ,( ) { }, ( ) { }, ( )fSurO id IO id S S O S         , and 
(1)

6 ( )O S   with 
1, 2, ,, im { }i i i i n iS a a a      , and 

1, 2, ,ker { }i i i n iA A A      for {1,2,3,4,5,6}i .  

First of all, we show that there is 
0

S S    with 1 im  . If 31 im  , we 

have nothing to show. Suppose now that 31 im  . We consider 4 . We have 

41 im  . If 
04 S  , we have nothing to show. Suppose that 

04 S  . Then 



42 1   and 
4

maxG  . Let 1 2{ }nD D D    be a decomposition of 

{1} with 
1,3 1a D  and 

1,3i ia D   for i . Let 1 2{ , , , , }nd d d   be a set of 

natural numbers such that 
,4i id A  for i  where 1 1d   (this is possible since 

1,4 1A  ). Then we define a transformation   on  with 

1 2im {1 }nd d d       by 

11 {1}    and 1

i id D     

for i . It is easy to verify that ( )O   but ( ) ( )SurO IO   . From 

3
maxG  , it follows max K   . Moreover, 11 {1}   . Hence, 

0

(1)A S   . 

Then 
3 4 1,3 4 1 41 1a d      .  Note, 3im   is a transversal of ker  and im   

is a transversal of 4ker . Hence, 3 3 4ker ker    and 4 3 4im im    . Thus 

3 4
maxG    (since 

4
maxG  ) and 

3 4
max K    (since 

3
max K  ). 

This shows that 
03 4 S S     with 3 41 im   . Hence, there is 

0
S S    

with 1 im   and suppose that 1 2ker { }nA A A      and 

1 2im { }na a a     , i.e., 1

i ia A    for i .  

Let  

0

(1) ( ( ( ) ) )S SurO IO S      

where 1 2ker { }nB B B      and 1 2im { }nb b b      such that 

1

i ib B     

for i . Let 1 2{ }nc c c    be a set natural numbers with 1 1c   such that 

1 1c A  and 1i ic A   for all 2 i  . Next, we show that there is a transformation 1  

in ( )S SurO  with 
1

maxG  , 11 im  , and 1ker ker  . We consider two 

possible cases ( )IO   and ( )IO  . 

Suppose that ( )IO  . Let   be a transformation on  with 

1 2im { }nc c c      defined by 

1

i ic B    for i . 



Clearly, ker ker   and ( )O  . Since im   is a pseudo-transversal of ker ,  

from max K   , it follows maxG  . Moreover, ( )IO   (since 

ker ker  ), and so 
0

(1)A S   . We also have 1 1 1

1 11 1 {1}c B        . 

Since im   is a pseudo-transversal of ker , we have ker ker   (since 

ker ker  ), maxG   (since max G   ), and 1 im   (since 1 im  ). 

Since 2 im a  , we have ( )SurO . So, we can take 

1 : ( ).S SurO    

Suppose that ( )IO  . If 
2

maxG   then we consider a decomposition 

1 2{ }nE E E    of  with 1 {1}E   such that 
,2i ia E  for i  (if 

1,2 1a  ) 

and 
,2 1i ia E   for i  (if 

1,2 1a  ), respectively. Further, let 1 2{ }ne e e    

be a set of natural numbers with 1 1e   such that 
,3i ie A  for i . Let   be the 

transformation on  with 1 2im { }ne e e      and  

1

i ie E    for i . 

Clearly, ( )O   but ( )IO  . We can calculate 1 1

1 11 {1}e E     . Since 

3
max K  , where im   is a transversal of 3ker , we conclude that  maxG    

and 
0

(1)A S   . It is easy to verify that 2 3 ( )IO   . Because 2im   is a 

transversal of ker  (of ker {{1}} , respectively) as well as since im   is a 

transversal of 3ker , we have 
2 3

maxG    (since 
3

maxG  ). By this reason, 

we can assume that 
2

maxG  . 

If 
5

maxG   then let 1 2{ }nF F F    be a decomposition of  

with 1 {1}F   such that 
,5i ia F  for i . Let  be the transformation on  with 

1 2im { }nc c c     such that 

1

i ic F   for i . 

Clearly, ( )O . Note that im  and 5im   are transversals of ker  and ker , 

respectively. This implies that ( )IO  (since 
5

maxG  ) and max G    

(since max K   ). Hence 
0

(1)A S  .  It is easy to verify that 

52 1 1 1       and that 
5

maxG   . By this reason, we can assume that 



5
maxG  . Let 1 2{ }nx x x    be a set of natural numbers with 1 1x   (if 

21 im  ) and 1 2x   (if 21 im  ), such that 
1,5i ix A  for 2 i  . Let 

1 2{ }nG G G    be a decomposition of  with 1 {1}G   (if 21 im  ) and 

of {1} (if 21 im  ), such that 
,2i ia G  for i . Let   be the transformation on 

 with  

1 2im { }nx x x      (if 21 im  )  

and       1 2im {1 }nx x x       (if 21 im   ), 

such that 

1

i ix G    for i   

 (and 11 {1}    if 21 im  ). Clearly, ( )O  . Since 2 id  , we get ( ).IO   

Because 2im   is a transversal of ker  (a pseudo-transversal of ker  if 21 im 

), we obtain max K    (since 
2

maxG  ) and 11 {1}    (note that 
1 1

1 11 {1}x G      if 21 im  ). This shows that 
0

(1)A S   . It is easy to verify 

that 2 5 ( )IO    and 2 51 im   . Further, we observe that 2im   is a 

transversal of ker  (a pseudo-transversal of ker  if 21 im  ) as well as im   is 

a pseudo-transversal of 5ker . Thus, 
2 5

maxG    (since 
5

maxG  ) and, in 

particular, 2 5ker ker    (since both 2  and   are injective). Moreover, 2 5   

is not surjective since 2,5 2 5im a   . So, we can choose 

1 2 5: ( )S SurO    .  

Altogether, we have verified the existence of a 1 ( )S SurO   with  

1
maxG  , 11 im  , and 1ker ker  . 

We write 1 1 2im { }nm m m      . Finally, we show that there is 1 S   with 

1im im    such that 1im   is a transversal of 1ker . We consider two possible 

cases ( )Sur   and ( )Sur  . 



Suppose that ( )SurO  . Let 1 2{ }nM M M    be a 

decomposition of  with 1 {1}M   such that i im M  for i  (it is possible since 

11 im  ). Let 1  be the transformation on  with 1im im    such that 

1

1i ib M     

for i . Clearly, 1 ( )O   and 
1

maxG   implies 
1

max K   since 1im   

is a transversal of 1ker . From ( )Sur  , we can conclude that 1 ( )Sur   

(since 1im im   ). Further, 1 1

1 1 1 11 {1}b M      and consequently, 

0

(1)

1 A S   . 

Suppose that ( )SurO  . Then let 1 2{ }ng g g    be a set of 

natural numbers with 1 1g   such that ,1i ig A  for i . Further, let 

1 2{ }nL L L    be a decomposition of  with 1 {1}L   such that i im L  for 

i  (it is possible since 11 im  ). Let   be the transformation on    with 

1 2im { }ng g g      such that  

1

i ig L    

for i . Clearly, ( )O  and 
1

maxG   implies max K    since 1im   is 

a transversal of ker . Further, we have 1 1

1 11 {1}g L     . Since im   is a 

transversal of 1ker , where 1  is not injective, we conclude that   is not surjective. 

Since  1 ( )SurO  , we obtain 2 max K  . Thus 
0

(1)A S   .  So, we can 

take 1 1: S   . 

Altogether, we have verified the existence of a 1 S   with 1im im   , such that 

1im    is a transversal of 1ker . 

Let x . Note that 1im im   , 1ker ker  , and 1im   is a 

transversal of 1ker . This shows that 

1 1 S    . 

Altogether, we have shown that (1)S S . Then by Proposition 5.1, we obtain that 

(1)S S  or (1)S S , a contradiction.      □ 



6. The Idempotent Elements on nTF   

Let n  be a natural number and denote by nT  the monoid (under 

composition) of all full transformations on the set : {1, , }n n   of the first n  natural 

numbers. Let nT  . We say that   is an order-preserving transformation (with 

respect to a partial order  on n ) if x y  , whenever x y . If  is a linear order 

(also called totally order) then the monoid nO  of all order-preserving transformations 

on n  have been the object of study by several authors and several papers. 

A non-linear order "next" to the linear order is the so-called zig-zag order. The 

pair ( , )n   is called zig-zag poset or fence if  

1 2 3 1 , n n  whenever n  is odd, and 

1 2 3 1 , n n  whenever n  is even, respectively, or dually 

1 2 3 1 , n n  whenever n  is odd, and 

1 2 3 1 , n n  whenever n  is even, respectively. 

The definition of the partial order  is self-explanatory. Every element in a fence is 

either minimal or maximal. Denote by nTF  the submonoid of nT , whose elements 

preserve the zig-zag order .  

We consider the generating sets and the idempotent elements in nTF . 

Without loss of generality, we will assume that  is an up-fence, i.e. 1 2 3 ... . A 

subset   of n  of the form { , 1, , 1}k k k l       with ,k l n  and 1k l n    

is called subfence (for short: fence). 

Let ,x y n . We say that x  and y  are comparable (in symbols: x y  ) if 

x y  or x y  or y x . Otherwise, we write x y . It is clear that x y  if and only 

if { 1, , 1}x y y y    . Let 1  and 2  be disjunct subsets of n . We write 1 2   , 

whenever 1 2x x  for all 1 1x   and all 2 2x  . It is easy to see that 1 2    if and 

only if 1 { , 2}x x    and 2 { 1}x    (or conversely) for some {1, , 2}x n   . We 



write 1 2  , whenever 1 2x x  for all 1 1x   and all 2 2x  . This is just the case if 

1 2{ 1, , 1: }x x x x     . 

We write transformations to the right of their argument and compose from left 

to right. Let nTF  . For general background on Semigroup Theory and standard 

notation, we refer the reader to Howie's book. 

Clearly, the identity mapping nid  on n  is order-preserving. Also all the n  

constant mappings are order-preserving. Whenever n  is odd, exactly two bijections 

on n  are order-preserving, namely the identity mapping and the reflection 

1 2
:

1 1
n

n

n n


 
  

 
 . 

The idempotent elements in a semigroup are of particular interest. In particular, they 

give important information about the subgroups of the given semigroup. An 

idempotent in nT  is characterized by the property that its restriction to its range is the 

identity mapping. The number of idempotents in other subsemigroups of nTF  were 

determined by Fernandes, Gomes and Jesus. As usually, we denote by nE  the 

idempotent elements in nTF .   

The rank of a (finite) semigroup S  is usually defined by  

rank : min{ :S A A S   with }A S , 

with other words, the rank of S  is the minimal size of a generating set of S . Gomes 

and Howie first showed that the rank of the semigroup nO  is 2 ( 1)

2

n n   . This result 

was generalized by Howie and McFadden, who showed that for 1 r n  , the rank 

of the ideal ( , ) : { : }K n r S rank r     is equal to ( , )S n r , the sterling number of 

the second kind. Ruškuc gave an alternative proof of this result. The aim of the next 

research project we want to determine the rank of nTF  for both cases, n  is even and 

n  is odd. In particular, we provide in both cases a minimal generating set for nTF  

and provide a formula which gives the number of idempotents in nTF . In order to be 



able to do this it is useful to know how a transformation in nTF  looks. Hence first, let 

us give a characterization of the transformations in nTF , whenever 3n   . 

Theorem 6.1 Let 3 n   and let nT  . Then nTF   if and only if  

(1) ( 1) 1x x     for all {1, , 1}x n    ; 

(2) x  and x  have the same parity or ( 1) ( 1)x x x      , for all 

{2, , 1}x n    . 

Proof: Suppose that nTF  . Assume that there is {1, , 1}x n    such that 

( 1) 1x x    . Then ( 1)x x   and thus 1x x  since nTF  , a 

contradiction. This shows (1). Let now {2, , 1}x n   .  Without loss of generality, 

we can assume that 

1 1x x x   . 

Since nTF  , we obtain ( 1) ( 1)x x x    . If ( 1)x x    or 

( 1)x x    then ( 1)x x   or ( 1)x x  , i.e. x  and x  have the same 

parity by the definition of the relation . This shows (2). 

Now we suppose that (1) and (2) are satisfied. Let {2, , 1}x n    with 

1x x  . Suppose that ( 1)x x   . Then (2) provides that x  and x  have the 

same parity. On the other hand, ( 1)x x    and (1) provides ( 1) 1x x    , 

i.e. ( 1) 1x x     or ( 1) 1x x    . Since x  and x  have the same parity, 

we conclude that 1x x   and 1x x   , respectively, from 1x x  . 

Hence, ( 1)x x  . 

Let {2, , 1}x n    with 1x x  . Then we can verify ( 1)x x   in the 

same way. 

Notice that 1 2  and either 1n n  or 1n n  . Suppose that 1 2   or 

( 1)n n   . Since 2n   and 1 1n   , we have the previous case for 2x   and 

1x n  , respectively. Hence, we obtain 1 2   as well as ( 1)n n   and 



( 1)n n  , respectively. Altogether, we have shown that   preserves the partial 

order  .          □ 

Theorem 6.1 shows that the range of a transformation in nTF  is a fence. 

Corollary 6.1 Let nTF  . Then there are ,k l n  with 1k l n    such that 

im { , 1, , 1}k k k l       , i.e. im  is a fence. 

Proof: Let k  be the least and let m  be greatest natural number in im  with respect 

to the usual order on the set  of natural numbers, Assume that there is 

{ , 1, , }p k k m    with imp   . Then there is an element x n  with x p   

and ( 1)x p   (or conversely) with respect to the usual order on . So we have 

( 1) 1x x    . But this contradicts Theorem 6.1 (1). This shows that 

im { , 1, , 1}k k k l       with : 1l m k   .    □ 
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