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Abstract

A set S C V(G) is a (vertex) dominating set for G = (V(G), E(G)) if every vertex of G either
belongs to S or is adjacent to a vertex of S. A dominating set S for G is an independent dominating set
if G[S] has no edges. Let i(G) denote the minimum cardinality of an independent dominating set for
G. A graph G is said to be k—i—critical if i(G ) = k but i(G+e) <k for each e & E(G).

For a simple graph G, the complementary prism of G, denoted by GG , 1s the graph
obtained by taking a copy of G and a copy of G and then joining corresponding vertices by an edge.

For a positive integer &, a connected graph G of order at least 2k + 2 is k-extendable if for
each matching M of size k in G there is a perfect matching in G containing all edges of M. A graph G
of order p is k—factor—critical, where p and k are positive integers with the same parity, if the deletion
of any set of k vertices results in a graph with a perfect matching.

In this report, we investigate some properties of k—i—critical graphs. We show that if G is a
connected k-i-critical, for & > 3, with a cutvertex u, then the number of components of G — u, ¢(G —
u), is at most k — 1 and there are at most two non-singleton components. Further, if ¢(G —u) =k -1,
then a characterization of such graphs is given. We also give a characterization of connected 3—i—
critical graphs with a minimum cutset .S of size 2 and 3 with the number of components of G — S is at
most 3. A sufficient condition for connected 3—i—critical graphs to be k-factor-critical is also
provided. Finally, we investigate properties of G in terms of the regularlity of G and the extendability

of G so that GG is k-extendable.

Keywords : domination, critical, cutvertex, cutset, extendable, factor-critical, complementary prism
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1.

Significance and problem of the project:

Graph theory is one branch of mathematics which grows rapidly in both theory and
applications. It is applied to many other fields such as engineering, natural and social
sciences because of simple structure of a graph. Indeed, any system which can be viewed as a
collection of objects some of which are related in some way or other can be modeled by a
graph in which the vertices represent the objects and the edges (or arcs) represent the
relationship between the objects.

For our purposes, graphs are finite simple and connected. A set S C W(G) is a
dominating set for G if every vertex of G either belongs to .S or is adjacent to a vertex of S. A
dominating set S for G is an independent dominating set if G[S] has no edges. The minimum
cardinality of an independent dominating set for G is called independence domination
number of G and is denoted by i(G). A graph G is said to be k~independent-domination—
critical (or simply k—i—critical) if i (G) = k, but i(G + e) < k for each edge ¢ € E(E)
Clearly, if G is k—i—critical, then i(G + e) =k — 1 for every edge e € E (5) The concept of
independent domination critical was first introduced by Ao [A] in 1994. Ao established some
basic properties of 3-i—critical graphs. The only result concerning matching properties is an
existence of a perfect matching in 3-i—critical graphs of even order.

The complementary prism GG of Gis the graph obtained from the disjoint union of
Gand G by adding the edges of a perfect matching between the corresponding vertices of G
and G . Several well-known graphs are complementary prism. For example, the Petersen
graph is the complementary prism C5(_?5 and the corona K ©K, is the complementary

prism Kan . Haynes et al. [HHSM] were the first who introduced the complementary prism

il



in 2007. Since then domination and varieties of domination were studied in complementary
prisms see [H, HHM].

A set M C E(G) is a matching in G = (J(G), E(G)) if no two edges of M have an
end common vertex. We say that a vertex u of G is M-saturated if u is an end vertex of some
edge in a matching M. A matching F'is called a perfect matching if each vertex of G is F-
saturated. A graph G is said to be k-factor-critical if for every S C W(G), G — S has a perfect
matching. k-factor-critical graphs are called factor-critical If £ = 1 and bicritical if £ = 2.
Factor-critical and bicritical graphs play important roles in canonical decomposition theory.
The interested reader is referred to [LP] for much more on this subject. The closed related
concept to k-factor-criticality is k-extendability. A graph G is said to be k-extendable if for
every matching M of size k in G there is a perfect matching in G containing all edges of M. It
is easy to see that 2k-factor critical graphs are k-extendable. In what follows, we will say that
a graph G has matching properties if either G has a perfect matching or being k-factor-
critical or being k-extendable.

A problem that arises is that of investigating matching properties in k—i—critical

graphs and in the complementary prism GG of G.

References:

[A] S. Ao, Independent domination critical graphs. Master Thesis, University of
Victoria 1994.

[F] O.Favaron, On k-factor-critical graphs. Discuss. Math. Graph Theory, 16(1996)
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[H] K.R.S. Holmes, Locating-domination in complementary prisms. Master Thesis,
East Tennessee State University 2009.
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complemtary product of two graphs. Bull.Instit. Combin.Appl., 51 (2007) 21-30.

[LP] L.Lova’sz and M.D. Plummer, Ann. Discrete Math.29, Matching Theory. North-

Holland, Amsterdam (1986).
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2. Objectives:
2.1 To investigate matching properties in independent domination critical graphs.
2.2 To investigate matching properties of the complementary prism GG for selected graph
G.
2.3 To investigate graphs G with matching properties in which G also has the same
matching properties.
2.4 To extend the known results on matching properties of graphs.

2.5 To extend the known results on complementary prisms.

3. Research methodology
3.1 Study and investigate existence research papers on relevant topics.

3.2 Establish a method in order to solve the problems.

4. Outputs:

4.1 N. Ananchuen and W. Ananchuen, A characterization of independent domination
critical graphs with a cutvertex, (submitted).

4.2 N. Ananchuen and W. Ananchuen, Some toughness results in independent domination
critical graphs (submitted).

4.3 N. Ananchuen, W. Ananchuen and L. Caccetta, A characterization of connected 3-i-
critical graphs of connectivity two (submitted).

4.4 N. Ananchuen, W. Ruksasakchai and W. Ananchuen, On independent domination
critical graphs and k-factor-critical, Ars Combinatoria (accepted).

4.5 P. Janseana, S. Rueangthampisan and N. Ananchuen, Extendability of the
complementary prism of 2-regular graphs (submitted).

4.6 P. Janseana and N. Ananchuen, Matching extension in complementary prism of regular
graphs (submitted).

4.7 P. Janseana and N. Ananchuen, Extendability of complementary prism of extendable

graphs (submitted).
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1 Introduction

Let G denote a finite simple undirected graph with vertex set V(G) and edge set E(G).
The complement of G is denoted by G. For S C V(G), the subgraph of G induced by S
is denoted by G[S]. S is independent if no two vertices of S are adjacent. The maximum
cardinality of an independent set of G is denoted by «(G). The number of components of
G and the number of odd components of G are denoted by ¢(G) and ¢,(G), respectively. A
vertex v of G is a cutvertex if ¢(G —v) > ¢(G). For a vertex v € V(G), the neighborhood
of v in G denoted by Ng(v) is the set of all vertices of V(G) — {v} which are adjacent to
v. Nglv] is denoted the closed neighborhood of v, i.e., Ng[v] = Ng(v) U {v}. The non-
neighborhood of v in G denoted by Ng(v) is V(G) — Ng[v]. For S C V(G), Ng(v) NS
and Nglv] NS are denoted by Ng(v) and Ng[v], respectively. Further, N (S) denotes
U,es Na(x) and Ng[S] denotes | J, .4 Ng[z]. For simplicity, if S is a subgraph of G, then
we also denote Ng(v) NV (S) and Nglv] NV (S) by Ng(v) and Ng[v], respectively.

The degree of a vertex u in G is denoted by degs(u) = |Ng(u)|. The minimum degree
and maximum degree in a graph G is denoted by §(G) and A(G), respectively. A graph
G is called r-regular graph if degs(u) = r for all w € V(G). The distance between two
vertices x and y in a graph G is the number of edges in a shortest path connecting them
and denoted by dg(z,y). The number of odd components of G is denoted by ¢,(G). A
complete graph of order r is denoted by K,. For graphs H and G, G is called H-free if G
does not contain H as an induced subgraph. A subgraph H is called a clique if H = K,
for some 7.

For graphs H; and H,, the join of H; and Hs,, denoted by H; + H, is the graph with
vertex set V(H;) UV (H;y) and edge set E(H,)U E(H) U{uv|u € V(H;) and v € V(H,)}.
The cartesian product G x H of two graphs G and H has the vertex set V(G) x V(H)
and two vertices (uj,v;) and (ug,vq) are adjacent whenever ujus € E(G) and vy = vs,
or u; = ug and v1ve € E(H). The lexicographic product G o H of two graphs G and H
has the vertex set V(G) x V(H) and two vertices (u1,v;) and (ug, vo) are adjacent either
uugy € E(G), or up = ug and vyvy € E(H).

For subsets S and T of V(G), we say that S dominates T, denoted by S > T, if
T C Ng[S]. I S > T where S = {s}, then we write s = T instead of {s} > T'. Further, if
T = V(H) where H is a subgraph of GG, then we also write S = H instead of S > V(H)
and we say that S is a dominating set for H. Thus S is a dominating set for G if each
vertex of V(G) is either in S or adjacent to some vertex of S. The minimum cardinality
of a dominating set for G is called the domination number of G and denoted by v(G).

For a subgraph H of G, if S = H and S is independent, then we say that S is an
independent dominating set for H and denoted by S >=; H. Thus S is an independent
dominating set for G if S >; G. The minimum cardinality of an independent dominating
set for G is called the independent domination number of G and denoted by ¢(G). Observe
that for any graph G, v(G) < i(G) and if v(G) = 1, then i(G) = 1.

In 1994, Ao [5] introduced the concept so called “independent domination critical”. A
graph G is k-i-critical if i(G) = k, but i(G + uv) < k for any pair of non-adjacent vertices
u and v of G. It is easy to see that the only 1-i-critical graphs are K, for some positive



integer n. Ao [5] proved that G is 2-i-critical if and only if G = |JI, K;,, for some
positive integers r; and n. The problem that arises is that of characterizing connected
k-i-critical graphs for £ > 3. But this problem seems to be very difficult.

We point out here that there are several concepts on domination critical such as
(ordinary) domination critical, total domination critical, connected domination critical.
Some papers on these topics are in [1, 2, 3, 9, 10, 12, 15, 22, 23, 26, 31].

A set M C E(G) is called a matching if no two edges of M have common end vertex.
A vertex u is saturated by M if there is an edge in M incident with u. For simplicity, the
set of all vertices saturated by M is denoted by V(M). M is called a maximum matching
in G if there is no matching N in G of size greater than |M|. A perfect matching in
(G is a matching that saturates all vertices of G. If My, M, are matching in a graph G,
then a symmetric different of M; and M, denoted by M;AM,, is an induced subgraph
G[(My — My) U (My — My)].

For a positive integer k, a connected graph G of order at least 2k 4 2 is k-extendable if
for every matching M of size k in GG, there is a perfect matching in G containing all edges
of M. A graph G is k-factor-critical if, for every set S C V(G) with |S| = k, the graph
G — S contains a perfect matching. For k = 1 and k£ = 2, k-factor-critical graph is also
called factor-critical and bicritical, respectively. For simplicity, a graph with a perfect
matching is called 0-extendable and 0-factor-critical. Observe that if G is k-extendable,
then |V (G)| is even and if G is k-factor-critical, then |V (G)| = k (mod 2).

The concept of k-extendable graphs was introduced, in 1980, by Plummer [29]. He
gave a sufficient condition for a graph to be k-extendable in terms of minimum degree. A
fundamental theorem (see Theorem 2.8) that mainly used in studying matching extension
was established. He also proved that 2-extendable non-bipartite graphs are bicritical.
Since 1980, the concept of extendable graphs have been recieved attention from many
researchers, see Yu and Liu [37].

The concept of k-factor-critical graphs was introduced, in 1996, by Favaron [14]. She
gave a necessary and sufficient condition for a graph to be k-factor-critical and also pro-
vided a relationship between n-extendable graphs and k-factor - critical graphs.

A complementary prism of G, denoted by GG, is the graph obtained by taking a copy
of G and a copy of its complement G and then joining corresponding vertices by an edge.
A complementary prism is a specific case of complementary product of graphs introduced
by Haynes et al.[19] in 2007. Haynes et al. ([19, 20, 21]) studied some parameters of
complementary prism of graphs such as the vertex independence number, the chromatic
number and the domination number.

In this report, we investigate some properties of connected k-i-critical graphs and prop-
erties of simple graphs to be k-extendable, for some positive integer k, in complementary
prism of such graphs. The results about properties of connected k-i-critical graphs are
in Sections 3 - 9. Sections 10 - 14 contain results concerning properties of simple graphs
to be k-extendable in complementary prism. Section 2 concerns some preliminary results
that we make use of in establishing our results.



2  Preliminary results

In this section we state some results that we make use of in establishing our main results.
We begin with some terminology. For a pair of non-adjacent vertices v and v of G, I,
denotes a minimum independent dominating set for G + uv. Our first result follows im-
mediately from the definition of k-i-critical graphs.

Lemma 2.1. Let G be a connected k-i-critical graph and let u and v be non-adjacent
vertices of G. Then |L,| =k — 1, | L, N{u,v}| =1 and I, N (Ng(u) U Ng(v)) =0. O

Lemma 2.2. Let G be a connected 3-i-critical graph and let u and v be non-adjacent
vertices of G. Then

1. L, =A{u,w} or L, = {v,w} for some w € V(G) — {u,v}.
2. If {w} = L, — {u, v}, then {u,v,w} is independent. O

The next result provides an upper bound of the diameter of connected 3-i-critical
graphs.

Lemma 2.3. [5/
The diameter of a connected 3-i-critical graph is at most 3. 0

Before we state the next result, we need one more definition. A graph G is k-i-vertex-
critical if i(G) = k and for each u € V(G), i(G — u) < k. It is easy to see that if G is
k-i-vertex-critical, then i(G —u) = k — 1.

Lemma 2.4. [5]

1. A graph G is 2-i-critical if and only if G = JI_, K1, for some positive integers r;
and n.

2. A graph G is 2-i-vertex-critical if and only if G is isomorphic to a complete graph
without a perfect matching. [

Our next result is a useful tool for establishing our results about k-i-critical graphs.

Lemma 2.5. Let G be a connected 3-i-critical graph and let u and v be non-adjacent
vertices of G. If 1, = {u,w} for some w € V(G) — {u, v}, then L, —{u,w} = {v}, i.e.,
Lw = {u,v} or L, = {w,v}.

Proof. By Lemma 2.2(2), {u,v,w} is independent. Let x € V(G) — {u,v,w}. Then

zu € E(G) or zw € E(G) since I, = {u,w}. Then z ¢ I,, by Lemma 2.2(2). Thus
Iy — {u,w} = {v} as required. This proves our lemma. O

Before stating a next result, we need to introduce another notation introduced by Ao.
If z, y and z are vertices of G where {x,y} =; G — z, then we write [x,y]7z.

3



Lemma 2.6. [5] Let G be a connected 3-i-critical graph and let S be an independent set of
G with size at least n > 4. Then the vertices in S may be ordered as uy, us, . .., U, in such a
way that there exists a path x12; ... Tn—1 in G—S with [u;, :ci]—i>ul-+1 for1<i<n-—1. O

We now turn our attention to some preliminaries results concerning perfect matchings,
k-extendable and k-factor-critical graphs. These results are useful tools in establishing
our results about extendability of complementary prism of graphs.

Theorem 2.7. [7] (Tutte’s Theorem) A graph G has a perfect matching if and only if for
any S CV(Q), c,(G—8) <|9]. O

In 1980, Plummer [29] established a fundamental theorem on k-extendable graphs as
following.

Theorem 2.8. [29] Let G be a graph of order p > 2k+2 and k > 1. If G is k-extendable,

then
(a) G is (k — 1)-extendable, and
(b) G is (k + 1)-connected. O

He also gave a sufficient condition for a graph to be k-extendable in terms of minimum
degree and claw-free condition, respectively.

Theorem 2.9. [29] Let G be a graph of order 2p. If 6(G) > p + k, for a non-negative
integer k, then G is k-extendable. [

Theorem 2.10. [30] Let k > 1 be an integer and let G be a (2k+1)-connected claw free
graph with an even number of vertices. Then G is k-extendable. O

Ananchuen and Caccetta [4] gave a necessary condition for a neighbor set of a vertex
having minimum degree in extendable graphs. They showed that:

Theorem 2.11. [}/ If G is a k-extendable graph on p > 2k+2 vertices with 6(G) = k+t,
1 <t<k<p. Ifdg(u) =46(G), then the induced subgraph G[Ng(u)] has at most t — 1
independent edges. [

A neccessary and sufficient condition for a graph to be k-extendable and to be k-
factor-critical were provided by Yu [35] and Favaron [14], respectively.

Theorem 2.12. [35] A graph G is k-extendable (k > 1) if and only if for any S C V(G),
(a) co(G — S) < |S| and
(b) co(G—S) =|S|—2t,(0 <t <k—1) implies that F(S) < t, where F(S) is the size
of a maximum matching in G|S]. O



Theorem 2.13. [14] A graph G is k-factor-critical if and only if |V(G)| = k (mod 2)
and for S C V(G) with |S| > k,c,(G—S5) < |S| —k. O

Some following properties of k-factor-critical graphs were proved in [14].

Theorem 2.14. [14] Let G be a k-factor-critical graph. Then G is (k — 2)-factor-
critical. [

Theorem 2.15. [1/] If G is a 2k-extendable non-bipartite graph for 2k > 2, then G is a
2k-factor-critical graph. O

Maschlanka and Volkmann [28] gave a relationship between k-extendable non-bipartite
graph and the independence number.

Theorem 2.16. [28] Let G be a k-extendable non-bipartite graph of order p. Then
a(G) < 3p— k. O

In Phd. Thesis of Yu [36], he gave the following observation.

Observation 2.17. A graph G is k-extendable if and only if for any matching M of size
i (1<i<k), G—V(M) is a (k—1i)-ectendable graph. O

An observation on k-factor-critical graphs which is similar to Observation 2.17 can be
stated as following.

Observation 2.18. Let G be a k-factor-critical graph and S C V(G) where |S| < k.
Then G — S is (k — |S|)-factor-critical. O

A following lemma follows from Theorem 2.16.

Lemma 2.19. Let G be a k-extendable non-bipartite graph and S C V(G) where |S| <
2k — 2. Then G — S is a non-bipartite graph.

Proof. Suppose to the contrary that G — S is a bipartite graph. Then a(G) > o(G —
V(S)) > 3(|[V(G)| — (2k — 2)) = 5|V(G)| — k + 1. But this contradicts Theorem 2.16 and
completes the proof of our lemma. O]

Our next corollary follows immediately by Observation 2.17 and Lemma 2.19

Corollary 2.20. Let G be a k-extendable non-bipartite graph and let M C E(G) where
M| =1<k—1. Then G—V (M) is (k — l)-extendable non-bipartite. O

Note that the upper bound on |M| in Corollary 2.20 is best possible. Let G = Ko+ K,
for some positive integers k,t > 2. It is easy to see that G is k-extendable. Clearly, there
is a matching M of size k in G[Ky] such that G — V(M) is a bipartite graph.
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Figure 1: The structure of a graph in the class 4

3 Classes of connected k-i-critical graphs with a cutver-
tex

In this section, we provide seven classes of connected k-i-critical graphs with a cutvertex,
four of them for k = 3, one for k£ = 4 and the another two for £ > 4. We begin with four
classes of connected 3-i-critical graphs.

I. The class ¥4

For positive integers n, m and s > 2, define a graph G € % of order 2n +2m + s+ 1
as follows. Set V(G) = {u} UX UY U Z where |X| = 2n, |Y| = 2m and |Z| = s. The
edges of G are defined as follows. G[X] = Ks, - a perfect matching, G[Y]| = Ks,,, - a
perfect matching and G[Z] = K. Further, join u to each vertex of Y U Z and finally join
each vertex of Y to every vertex of X. This defines the class 4. Figure 1 illustrates our
construction. It is not difficult to show that a graph G € ¥ is 3-i-critical. Note that in
our diagram a “double line” denotes the join.

II. The class %

For positive integers n and m > 2, define a graph G' € %, of order 2n+m+2 as follows.
Set V(G) = {u, c}UXUY where | X| = 2n, |Y| m. The edges of G are defined as follows.
G[X] = Kay - a perfect matching, G[Y] = (J\_, K1, such that m = [ + 3\_, rs,m > 21
and [ > 1. Further, join u to each vertex of {c} UY and finally join each vertex of Y to
every vertex of X. This defines the class %. Figure 2 illustrates our construction. It is
not difficult to show that a graph G € % is 3-i-critical.

III. The class %

For positive integers n; and s > 2n; and non-negative integer no, define a graph G € %
of order 2n; + 2ny + s + 2 as follows. Set V(G) = {u,c} UX; UXoU Z where | X;| = 2ny,
| Xo| = 2ny and |Z] = s. The edges of G are defined as follows. G[X; U Xs] = Koy, 120, -
(Fy U Fy) where F; is a perfect matching in G[X;] for 1 <i < 2 and G[Z] = K. Further,
join u to each vertex of {c¢}UZ and join each vertex of Z to every vertex of X, (if Xy # ().
Finally, we add the set of edges E between Z and X;. Each vertex of Z is joined to 2n;—1
vertices of X; in such a way that each vertex of X; is a non-neighbor of some vertex of
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Figure 2: The structure of a graph in the class %
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Figure 3: The structure of a graph in the class %

Z. This defines the class ¢;. Figure 3 illustrates our construction. It is not difficult to
show that a graph G € %3 is 3-i-critical.

IV. The class ¥,

For positive integers ny, s > 2n; and m > 2 and non-negative integer ny, define a graph
G € 9, of order 2ny +2ny+m+s+2 as follows. Set V(G) = {u,c} UX;UXoUY UZ where
| X1| = 2n4, |Xa| = 2ny, |Y]| = m and |Z| = s. The edges of G are defined as follows.
G[X1 U Xsy] = Koy, 1on, - (F1 U Fy) where Fj is a perfect matching in G[X;] for 1 <i <2
GlY]=U'"_, Ki,, such that m =1+ >\, r;,m > 2l and [ > 1 and G[Z] = K,. Further,
join u to each vertex of {c} UY U Z, join each vertex of Y to every vertex of ZU X; U X,
and join each vertex of Z to every vertex of X, (if Xy # (). Finally, we add the set of
edges E between Z and X; as defined in the class ¢;. This defines the class ¥,. Figure

4 illustrates our construction. It is not difficult to show that a graph G € ¥, is 3-i-critical.
Our next class is a class of connected 4-i-critical graphs with a cutvertex.

V. The class ¥%;
For positive integers n, m and s > 2, define a graph G € %; of order 2n+2m+s+2 as



K K5, — a perfect matching

Figure 4: The structure of a graph in the class ¥,

K,,, — a perfect

K5, — a perfect matching

Figure 5: The structure of a graph in the class %

follows. Set V(G) = {u,c} UXUY UZ where | X| = 2n, |Y| =2m and |Z| = s. The edges
of G are defined as follows. G[X| = Ky, - a perfect matching, G[Y] = Ky, - a perfect
matching and G[Z] = K. Further, join u to each vertex of Y U {c¢} and s — 1 vertices of
Z and finally join each vertex of Y to every vertex of X. This defines the class 4. Figure
5 illustrates our construction. It is not difficult to show that a graph G € %5 is 4-i-critical.

We conclude this section by constructing two classes of connected k-i-critical graphs
with a cutvertex for k£ > 4.

VI. The class %

For positive integers s, n, and k where s > n > k — 1 > 3, define a graph G € ¥; of
order s+n+k —1 as follows. Set V(G) = {u} UX UZUW where |X| =n, |Z| = s and
|W| =k — 2. The edges of G are defined as follows. G[X] is both (k — 1)-i-critical and
(k — 1)-i-vertex-critical and G|W] = K}_,. Further, join u to each vertex of W U Z, and



(k— 1)-i-critical and

(k — 1)-i-vertex-critical

(k — 1)-i-critical and
(k — 1)-i-vertex-critical

Figure 7: The structure of a graph in the class %

then add the set of edges F between Z and X as similar as defined in the class ¢;. That
is, each vertex of Z is joined to n — 1 vertices of X in such a way that each vertex of X
is a non-neighbor of some vertex of Z. This defines the class ¢. Figure 6 illustrates our
construction. It is not difficult to show that a graph G € % is k-i-critical for k > 4.

VI. The class %,

For positive integers s, n, k and m where s > n > k—1 > 3 and m > 2, define a
graph G € 4; of order s +n+ k+m — 1 as follows. Set V(G) = {u} UXUY UZUW
where | X| =n, |Y| =m, |Z| = s and |W| = k — 2. The edges of G are defined as follows.
G[X] is both (k — 1)-i-critical and (k — 1)-i-vertex-critical, G[Y] = |J'_, Ky, such that
m = Z+Z§:1 ri;m > 2l and [ > 1, G[Z] = K, and G[W] = K_,. Further, join u to each
vertex of W UY U Z, join each vertex of Y to every vertex of Z U X. Finally, we add
the set of edges F between Z and X as similar as defined in the class ¢. This defines
the class ;. Figure 7 illustrates our construction. It is not difficult to show that a graph
G € %, is k-i-critical for k > 4.



Note that for a positive integer & > 2, K;_; is both (k — 1)-i-critical and (k — 1)-i-
vertex-critical. Hence, ¥ # () and %, # ().

4 Connected k-i-critical graphs with a cutvertex

Lemma 4.1. For a positive integer k > 3, let G be a connected k-i-critical graph con-
taining u as a cutvertex. Then

1. If (G —u) > k—1, then G —u contains at least one non-singleton and at most two
non-singleton components.

2. ¢(G—u)<k-—1.

Proof. For 1 <i <t let Cq,Cs,...,C; be the components of G — u. It is easy to see
that G — v must contain at least one non-singleton component since GG is connected and
i(G) =k > 3.

(1) Suppose to the contrary that G —u contains C}, Cj and Cj» as non-singleton com-
ponents where {7, ', j"} C {1,2,...,t}. Choose x € N¢;(u) and y € N¢, (u). Consider
G + zy. By Lemma 2.1, |I,,| =k — 1, |, N {z,y}| =1 and v ¢ I,,. We may suppose
without loss of generality that x € I,,. Since u ¢ I, I, NV (C;) # 0 for 1 <i <t and
i ¢ {j,7'}. Further, I,, NV (Cy) # 0 since V(C}) —{y} # 0. Consequently, ¢ = k—1 and
L, NV(C;)| =1for 1 <i <t Thus x> C;. Put {w} = I,, N V(Cj»). Then w > Cjn.
Now consider G + zw. By Lemma 2.1, |I,| = k — 1, [Ispy N{z,w}| =1 and u ¢ I,,. If
x ¢ Iy, then I, NV(C;) = 0 since I, N (Ng(z) U Ng(w)) = 0 and « = C;. But then
no vertex of I, dominates V(C;) — {z}, a contradiction. Hence, z € I ,,. By similar
arguments, w € I,,,. But this contradicts the fact that |, N {z,w}| = 1. Hence, G —u
contains at most two non-singleton components. This proves (1).

(2) Suppose to the contrary that ¢ > k. By (1), we may assume that |V (C})| > 1
and [V (Cy)| > 1 and |V(C;)| = 1 for 3 < i < t. Since G is connected, u is adjacent to
every vertex of |Ji_, V(C;). Now choose a € Ng,(u) and b € N, (u). Consider G + ab.
By Lemma 2.1, || = k — 1, |I,s N {a,b}| = 1 and u ¢ I,,. We may assume without
loss of generality that a € I,. Since u & I, I, NV (C;) # 0 for 3 <i <t Thent =k
and V(Cy) = {b} since |I,5| = k — 1. Clearly, bu € E(G) since G is connected. Further,
N, (u) # 0 otherwise v = G. Let ¢ € N¢,(u). We now consider G + be. By Lemma
2.1, | Iyel =k =1, [Le N {b,c}| =1 and u & Ij.. Then [,, NV (C;) # 0 for 3 < i <t and
V(C1)UV(Cy) must be dominated, in G +be, by one of element in {b, ¢} since | .| = k—1
and t = k. Tt is easy to see that I,. N {b,c} = {c} since a € V(C1) — {c}. Thus ¢ > C;.
But then {c,u} >=; G, a contradiction since i(G) = k > 3. This proves (2) and completes
the proof of our lemma. O
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Lemma 4.2. For a positive integer k > 3, let G be a connected k-i-critical graph con-
taining u as a cutverter. Suppose C1,Csy,...,Cy_1 are the components of G — u where
V(C)| =2, |[V(Cy)| > 1 and |[V(Cy)| =1 for3<i<k—1. Ifz € V(Cy) andy € V(Cy)
where {z,y} N Ng(u) # 0, thenu & Ly, |1, NV (Cy)| > 1 and |1, N (V(C)UV(Cy))| = 2.
Further, if |V (Cs)| > 2, then |1, " V(C1)| =1 and |I,, NV (Cy)| = 1.

Proof. Consider G + zy. By Lemma 2.1, |I,,| = k — 1, |I,, N {z,y}| =1 and u ¢ I,.
Then I, N V(C;) # 0 for 3 < i < k— 1. Because [V(C;)| = 1 for 3 < i < k—1,
L, NV(C;)| =1 for 3 <i<k—1. Since || =k — 1 and ¢(G — u) = k — 1, it follows
that |L,, N (V(C1)UV (Cy))| = 2. Further, |1,,NV(C1)| > 1 because |V (Cy)| > 2. We now
suppose that |V (Cy)| > 2. If |I,, NV (C})| = 2, then no vertex of I, dominates Cy —y, a
contradiction. Hence, |I,,NV(C1)| = 1 and |I,,NV(Cy)| = 1. This proves our lemma. [

Lemma 4.3. For a positive integer k > 3, let G be a connected k-i-critical graph con-
taining v as a cutvertex. Suppose C1,Cs, ..., Cyx_1 are the components of G — u where
V(Cy)| > 2, [V(Cy)| > 1 and |V(Cy)| =1 for 3 <i <k —1. Then either i(Cy) =1 and
i(Cy) =2 ori(Cy) = 2 and i(Cy) = 1. Further, if i(C) = 2 and i(Cy) = 1, then Cy is
complete.

Proof. We first suppose that |V (Cy)| = 1. Clearly, i(Cy) > 2 otherwise i(G) < k—1. We
need only show that i(C}) = 2. Put {y} = V(C5). Then yu € E(G). Since i(G) = k > 3,
Ne, (u) #0. Let x € Ng, (u). Consider G+xy. By Lemma 4.2, |I,,N(V (Cy)UV (Cy))| = 2
and |I,,NV(Cy)| > 1. By Lemma 2.1, |I,,N{z,y}| = 1. If 2 € I, then y ¢ I, and thus
| I, " V(C1)| = 2 since V(C3) = {y}. If y € I, then x ¢ I, and thus the only vertex of
I, NV (Ch), w say, dominates V(Cy) — {x} since |V(C1)| > 2 and wz ¢ E(G). In either
case, i(Cy) = 2.

We next suppose that |V(Cs)| > 2. Choose a € N¢,(u) and b € N¢,(u). Consider
G + ab. By Lemma 4.2, [I,, N V(C})| =1 and |I,, NV (Cs)| = 1. Put {d'} = I, N V(C)
and {b'} = I,,NV(Cy). If @’ = a, then ¥’ # b by Lemma 2.1. Thus a > Cy and b’ > Cy—b.
Consequently, i(Cy) = 1 and {b,0'} =; Cy. If i(Cy) = 1, then i(G) < k — 1, a contradic-
tion. Hence, i(Cy) = 2. Similarly, if @’ # a, then ¥ = b and thus i(Cy) = 2 and i(Cy) =1
as required.

We now suppose that ¢(C7) = 2 and i(Cy) = 1. In order to finish the proof of our
lemma, we need the following claim.

Claim : Ify € Ng,(u), then y = Cs.

If [V(Cs)| = 1, then our claim follows immediately. So we may assume that |V (Cs)| >
2. Choose z € V(Cy). Consider G + zy. By Lemma 4.2, |I,, N V(C})] = 1 and
I, " V(Cy)| = 1. Further, u ¢ I,,. If I,, N V(C1) = {z}, then = > C}, contradict-
ing the fact that ¢(Cy) = 2. Hence, I, N V(C}) # {z}. Consequently, I, NV (Cs) = {y}
by Lemma 2.1 and thus y > C5. This settles our claim.
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We now ready to finish our proof. Suppose to the contrary that C5 is not com-
plete. Then there exist non-adjacent vertices v and w of V(Cy). By the above claim,
{v,w} € N¢,(u). Let x € Ng,(u). Consider G + xv. By Lemma 4.2, |I,, N V(C1)| = 1
and |1, NV (Cs)| = 1. Further, u ¢ I,,. If I, N V(Cs) = {v}, then no vertex of I,
dominates w, a contradiction. Hence, I,, NV (Cy) # {v}. Therefore, I, N V(Cy) = {z}
by Lemma 2.1. Clearly, z > C;. But this contradicts the fact i(C}) = 2. Hence, Cy is
complete as required. This completes the proof of our lemma. O

Theorem 4.4. For a positive integer k > 3, let G be a connected k-i-critical graph
containing u as a cutvertex and ¢(G —u) = k — 1. Suppose G — u contains exactly two
non-singleton components, Cy and Cy say, where i(Cy) =2 and i(Cy) = 1. Then

1. G[Ng,(u)] is isomorphic to a complete graph without a perfect matching. Further,
each vertex of N, (u) dominates N, (u).

2. G[N¢,(u)] is isomorphic to a complete graph without a perfect matching.

3. 3 <k <4. Further, if k = 3, then G is isomorphic to a graph in the class ¢4 and
if k =4, then G is isomorphic to a graph in the class 9.

Proof. Let W be a set of all vertices in the singleton components of G — u. Clearly,
|W| =k —3 >0 since ¢(G — u) = k — 1. Further, W C Ng(u) since G is connected. By
our hypothesis that ¢(C}) = 2 and i(C2) = 1 together with Lemma 4.3, Cy is complete.
It then follows that N¢, (u) # 0 since i(G) = k > 3.

Claim 1: Ifx € N¢, (u), y € V(Cy), then I,,NV (Cy) = {2’} where 2’ € N¢, (u) —{x}
and I, NV (Cy) = {y}.

Consider G + zy. By Lemma 4.2, u ¢ I,, and |I,, NV (C4)| = |L,, NV (Cs)| = 1. Sup-
pose to the contrary that x € I,,,. By Lemma 2.1, I, NV (C) = {y'} where ¢/ # y. Then
I, N Ng(y) # 0 since Cy is complete. But this contradicts Lemma 2.1. Hence, = ¢ I,,.
Therefore, y € I, and thus I, NV (Cy) = {y}. Put {«'} = I,, NV (C}). Clearly, 2’ # z
and 2’ = C; —x. Suppose to the contrary that 2/ € N¢, (u). Then {2/,u} =; G — N¢,(u).
If No,(u) = 0, then i(G) = 2 < k, a contradiction. Hence, N¢,(u) # 0. But then
3 < i(G) = k < 3 since Cy is complete. Thus k£ = 3. Clearly, d(z/,y') > 3 where
y' € N¢,(u). But this contradicts Lemma 2.3. Hence, 2’ € Ng¢, (u) — {z} as required.
This settles our claim.

(1) Let € N¢, (u) and y € V(Cy). Consider G + zy. By Claim 1, I, "\ V(Cy) = {2’}
for some 2’ € N¢, (u) —{z}. Clearly, 2’ = C; —z. Now consider G +z'y. Again, by Claim
1, I, NV (Cy) = {2"} for some z” € N¢, (u) —{z'}. Since 2’ > Cy — 2, " = x by Lemma
2.1. Then " =z > Cy — 2’. If |[N¢g,(u)| = 2, we are done. So suppose |Ng, (u)| > 3.
Let w € N¢,(u) — {z,2'}. Consider G + wy. By Claim 1, 1,,, N V(C}) = {w'} for some
w' € Ng,(u) — {w}. By Lemma 2.1, w" ¢ {x,2'} since w € Ng(x) N Ng(z'). Clearly,
w' = Cy —w. Now consider G + w'y. By similar arguments, I, NV (C;) = {w} and
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w = Cy —w'. Continuing in this fashion, G[Ng¢, (u)] is isomorphic to a complete graph
without a perfect matching. Further, in our argument, it is clear that each vertex of
Ne¢, (u) dominates N, (u). This proves (1).

Claim 2: Forx € N¢,(u) and y € Ng,(u), L, NV (Cy) = {2’} where ' € N¢, (u) —
{z} and I,, NV (Cs) = {y} .

By similar arguments as in the proof of Claim 1 and the fact that each vertex of N¢, (u)
dominates N¢, (u), by (1), our claim follows.

(2) By applying similar arguments as in the proof of (1) together with Claim 2 and
the fact that each vertex of N¢, (u) dominates N¢, (u), by (1), (2) follows.

(3) Clearly, u = Ng¢,(u) U Ne,(u) UW. We first suppose that N¢,(u) = (). Then
V(Cy) € Ng(u) and thus i(G) = k = 3 since i(G[N¢,(u)]) = 2 by (2). Hence, G is
isomorphic to the graph in the class ¥;.

We now suppose that N¢,(u) # 0. Let y € N, (u). Then {u,y} =; Ne, (w) UV (Co) U
W. Thus , by (2), 3 <i(G) =k < 4. By Lemma 2.3, k # 3. Hence, k =4 and |W| = 1.
We next show that |N¢,(u)| = 1. Suppose this is not the case. Let 3 € N¢,(u) — {y}.
Consider G + uy'. By Lemma 2.1, |I,y| = 3, |Iuy N {u,y'}| = 1. We first suppose that
Ly {u,y'} = {u}. Then I, NV (Cs) = 0 since I,y N(Ng(u)UNg(y')) = 0 and Cy is com-
plete. But then no vertex of I,,,; dominates y, a contradiction. Hence, L, N{u,y'} = {y'}.
Then I,y NW = 0 by Lemma 2.1 since the only vertex of W is adjacent to u. But then
no vertex of I,,, dominates W, again a contradiction. Hence, [N¢,(u)| = 1. It follows by
(1) and (2) that G is isomorphic to the graph in the class %. This completes the proof
of our theorem. O

Theorem 4.5. For a positive integer k > 3, let G be a connected graph with i(G) = k
and G contains u as a cutvertexr where ¢(G —u) =k — 1. Suppose G — u contains exactly
one non-singleton component, C' say. Then G is k-i-critical if and only if

1. G[N¢(u)] is (k — 1)-i-critical and (k — 1)-i-vertex-critical.

2. Neo(u) consists of two disjoint sets, Y and Z say, where each vertex of Y dominates
Nc(u) and Z = Neg(u) — Y. Further, if Y # 0, then G[Y] is 2-i-critical and if
Z #0, then G[Z] is complete and for each vertex z € Z, there is exactly one vertex
of Nc(u), ' say, such that z = C — 2. Moreover, if k > 4, each vertex of N¢(u)
is not adjacent to at least one vertex of Z and thus Z # O and |Z| > |[N¢(u)|.

Proof. Let W be a set of all vertices in the singleton components of G — u. Clearly,
(W] =k —2 > 1since ¢(G —u) = k — 1. Further, W C Ng(u) since G is connected.
Note that Ng(u) = W U Ng(u). It then follows that Ne(u) # 0 since i(G) = k > 3. Put
X = N¢(u). It is easy to see that i(G[X]) > k —1 > 2. For the sufficiency, it is not
difficult to show that G is k-i-critical.
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We now prove the necessity. Suppose that G is k-i-critical. Then the following claims
follow by Lemma 2.1 and the fact that Ng(u) = W U Ne(u).

Claim 1 : Forve X, u € I, and I, —{u} C X — {v}.
Claim 2 : Ifu € I, for some v,w € X, then I, — {u} C X.

Claim 3 : Ifu ¢ I,, for some v,w € V(C), then either I,, = {v} UW or
Iy = {w}UW.

(1) Since i(G[X]) > k — 1 > 2, there exist non-adjacent vertices x1, x5 € X. We first
show that G[X] is (k—1)-i-critical. Consider G +x125. By Lemma 2.1, |I,,,,| = k—1 and
|0, N {x1, 22} = 1. We may assume without loss of generality that I,,,, N {xy, 22} =
{z1}. We first suppose that u ¢ I, ,,. Then, by Claim 3, I, ., = {z1} UW. This implies
that zy = C' —x9 and thus {z1, 22} >; G[X]. Consequently, k = 3 and G[X] is 2-i-critical.

We now suppose that u € I,,,,. By our Claim 2, I, ,, — {u} C X and then I,,,, —
{u} =; X — {x2}. Hence, (Iy2, — {u}) U {x2} >; G[X] and thus i{(G[X]) = k — L
Consequently, G is (k — 1)-i-critical.

By the above argument, i(G[X]) = k — 1. We next show that G[X] is (k — 1)-i-vertex-
critical. Let x € X. Consider G + uz. By Lemma 2.1, |I,,| = k — 1 and by Claim 1,
u € Iy and I, —{u} € X —{x}. Then I,, —{u} =; X —{z}. Thusi(G[X —{z}]) < k—-2.
If i(G[X — {z}]) < k — 2, then i(G[X]) < k — 1, a contradiction. Hence, G| X] is (k — 1)-
i-vertex-critical as required. This proves (1).

(2) We first suppose that Z # (. Let z € Z. Then there exists z € X such that

zx ¢ E(G). Consider G + zz. By Lemma 2.1, u ¢ I.,. By Claim 3, either I,, = {x} UW

r L, ={z}UW. If I, = {z}UW, then x > C — z and thus > X. But this contradicts

1) since k > 3. Hence, I,, = {z} UW. Then z > C' —x. Consequently, G[Z] is complete.

We next suppose Y # (). Note that each vertex of Y dominates Z U X. If there is a
vertex y € Y such that y > Y, then {y} UW =, G. But this contradicts the fact that
i(G) = k. Hence, for each vertex y € Y, there exists a vertex y' € Y — {y} such that
yy' ¢ E(G). Consider G + yy'. By Lemma 2.1, u ¢ I,,. We may assume by Claim 3
that I,y = {y} UW. Then y > C' — ¢ and thus y = Y —¢'. Hence, {y,y'} >; G[Y] and
y = G[Y] + yy'. Therefore, G[Y] is 2-i-critical.

We now suppose that k& > 4. By the definition of Y, each vertex of X is adjacent to
every vertex of Y. Suppose to the contrary that there exists a vertex € X such that
x is adjacent to every vertex of Z. Then x > Y U Z. Let w € W. Consider G + zw.
By Lemma 2.1, |I,| = k — 1, | Ly N{z,w}| = 1 and I, N ({u} UY U Z) = 0. Since
W C Ng(u), W —{w} C I, — {z,w}. Because |W| =k —2 and |, N {z,w}| =1, it
follows that |1, —({z,w}UW)| = 1. Put {a} = L., — ({z,w}UW). Clearly, a € X —{x}.
Consequently, {a,z} = X. But this contradicts the fact that i(G[X]) = k—1 > 3. Hence,
each vertex of X is not adjacent to at least one vertex of Z. It then follows that |Z] > | X]|.
This proves (2) and completes the proof of our theorem.
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Lemma 4.1 together with Theorems 4.4(3) and 4.5 implies the following theorem.

Theorem 4.6. For a positive integer k > 4, if G is a connected k-i-critical graph with a
cutverter u where ¢(G —u) =k — 1, then G € 95 U9 U%;. O

Let Z and X be defined as in Theorem 4.5. Note that if £ = 3, a graph in the class
%, shows that Z is empty. Further, a graph in the class ¢; U ¢, shows that there might
exist a vertex of X which is adjacent to every vertex of Z. Our next theorem provides a
characterization of connected 3-i-critical graphs containing a cutvertex.

Theorem 4.7. If G is a connected 3-i-critical graph containing a cutvertex, then G € ¥;,
defined in Section 3, for some 1 <1 < 4.

Proof. Let u be a cutvertex of G. By Lemma 4.1, G — u contains exactly two compo-
nents, at least one of them is non-singleton component. If G — u contains exactly two
non-singleton components, then G is isomorphic to a graph in the Class ¢; by Theorem
4.4(3). We may now suppose that G — u contains exactly one non-singleton component.
Let C} and Cy be the components of G — u where [V (Cy)| =1 and |V(Cy)| > 2. Clearly,
Ne,(u) # 0. Put V(Cy) = {c} and X = N¢,(u). Then, by Theorem 4.5(1), G[X] is 2-i-
vertex-critical. Thus G[X] is isomorphic to a complete graph without a perfect matching
by Lemma 2.4(2).

By Theorem 4.5(2), N¢,(u) consists of two disjoint sets, Y and Z say, where each
vertex of Y dominates X and Z = Ng,(u) — Y. Further if Y # (), then G[Y] is 2-i-critical
and if Z # (), then G[Z] is complete and for each vertex z € Z, there is exactly one vertex
of X, 2’ say, such that z = Cy — 2. Consequently, Ng[z] = V(G) — {c, 2'}.

Claim 1: Let xy, x5 € X where x1x9 ¢ E(G). If x1 = Z, then xo > Z.

By the definition of Y, x; = ZUY = Ng,(u). Then Ng[zi] = V(Cy) — {z2} since
G[X] is isomorphic to a complete graph without a perfect matching. Consider G + cx;.
Let {z} = I..;, —{c,z1}. Then {c, x4, z} is independent by Lemma 2.1. Thus z = x5 since
Nglc] = {c,u} and Ng[z1] = V(C2) — {za}. If I, = {21, 22}, then no vertex of I, is
adjacent to u, a contradiction. Hence, I, = {c,z3}. Since ¢ is not adjacent to any vertex
of Cs, x9 = Cy — x1. Hence, x5 = Z. This settles our claim.

Claim 2: If z € Z and zx ¢ E(G) for some x € X, then the only non-neighbor of x
in X is not adjacent to some vertex of Z — {z}.

This claim follows by Claim 1 and the fact that for each vertex z € Z, there is exactly
one vertex of X, 2’ say, Ng[z] = V(G) — {c, 2'}.

Let X; = {z € X|zz ¢ E(G) for some z € Z}. It is easy to see that, by the definition
of Z,if Z # 0, then X; # . Now put Xy = X — X;. Then the following claims follow by
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Claims 1 and 2.

Claim 3: For zy,x9 € X where x1x9 ¢ E(G), if 11 € X; for 1 <i <2, then x5 € X;.
Consequently, | X1| and | Xs| are both even.

Claim 4: If Z # 0, then 2 < | X;| < |Z].

By Lemma 2.4, G[Y] is isomorphic to K, — Uizl K, ,, for some positive integers m, [
and 7;. It is now easy to see that if Y # () but Z = (), then G is isomorphic to a graph
in the class % and if Z # () but Y = (), then G is isomorphic to a graph in the class
4s. Finally, if Y # () and Z # (), then G is isomorphic to a graph in the class ¢;. This
completes the proof of our theorem. O

We conclude this section by pointing out that Ao, in [5], gave a theorem described
3-i-critical graphs with a cutvertex but his/her theorem does not depict how such graphs
exactly look like while our Theorem 4.7 provides the explicit structure. Moreover, our
proof is much more easier and shorter.

5 Classes of connected 3-i-critical graph G with a
minimum cutset S where 2 < |S| <3 and ¢(G—-S5) =3

In this section, we provide six classes of 3-i-critical graphs having a minimum cutset of
size 2 and 3. We shall see in the next section that if G is 3-i-critical graph having a
minimum cutset of size 2 and 3 with ¢(G — S) = 3, then G must belong to one of these
six classes.

I. The class 74

For positive integers m and n > 2, define a graph G € 54 of order n + m + 4 as
follows. Set V(G) = {a,b,u,v} U X UY where |X| =n and |Y| = m. The edges of G are
defined as follows. G[X] = K,, and G[Y| = K,,,. Further, join u and v to every vertex of
{a,b} U X. Finally, join each vertex of X to every vertex of Y. This defines the class 4.
Figure 8 illustrates our construction. It is not difficult to show that a graph G € 74 is
3-i-critical containing {u, v} as a minimum cutset.

I1. The class 7%

For positive integer n > 3, define a graph G € 74 of order n + 6 as follows. Set
V(G) = {a,b,uy,us, uz,v} U X where |X| = n. The edges of G are defined as follows.
G[X] = K,, join each vertex of {uy,us,us} to every vertex of {a,b} U X. Further, join
v to every vertex of X. Finally, add the edge ujuy. This defines the class 45. Figure 9
illustrates our construction. It is not difficult to show that a graph G € 775 is 3-i-critical
containing {uy, us, u3} as a minimum cutset.
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Figure 8: The structure of a graph in the class 74

44?
it @>

Figure 9: The structure of a graph in the class 4

X

ITI. The class J%4

For positive integers n, m; and ms, define a graph G € 73 of order n +my +mq + 5
as follows. Set V(G) = {a,b,us,us,uz} UX UY; UY; where | X| = n, |Y]| = m; and
|Ya| = ma. The edges of G are defined as follows. G[X UY; UY3] = K, ym,+ms, join each
vertex of {uy,us, us} to every vertex of {a,b} U X. Further, for 1 <i <2, join u; to every
vertex of Y;. Finally, add the edge ujuy. This defines the class 723. Figure 10 illustrates
our construction. It is not difficult to show that a graph G € 773 is 3-i-critical containing
{uy,ug,u3} as a minimum cutset.

IV. The class 7%
For positive integer n > 1, define a graph G € 77 of order n + 5 as follows. Set
V(G) = {a,b,uy,us,u3} U X where | X| = n. The edges of G are defined as follows.

Kn+m1 +m,

Figure 10: The structure of a graph in the class .73
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Figure 12: The structure of a graph in the class %3

G[X] = K,, and join each vertex of {uy, ug, uz} to every vertex of {a,b} U X. This defines
the class 77;. Figure 11 illustrates our construction. It is easy to see that a graph G € 77}
is 3-i-critical containing {uy, us, uz} as a minimum cutset.

V. The class 7%

For positive integers n > 2 and m, define a graph G € J% of order n+m+5 as follows.
Set V(G) = {a,b,u1,ug, uz} UX UY where |[X| =n and |Y| = m. The edges of G are
defined as follows. G[X UY| = K, 1m, join each vertex of {uy,us, uz} to every vertex of
{a,b} U X. Finally, join u; to every vertex of Y. This defines the class 5. Figure 12
illustrates our construction. It is not difficult to see that a graph G € J4 is 3-i-critical
containing {uy, us, u3} as a minimum cutset.

VI. The class 77

For non-negative integer n and positive integers my, ms and mgs, define a graph G € 7
of order n+mj 4+ mg +mg+ 5 as follows. Set V(G) = {a, b, us, us, us} UX UY, UY,U Y3
where |X| = n and |Y;| = m; for 1 < i < 3. The edges of G are defined as follows.
GIX UYL UYaUY3] = Ky tmatms, join each vertex of {uy, us, us3} to every vertex of
{a,b} U X. Finally, for 1 < < 3, join u; to every vertex of Y;. This defines the class 7.
Figure 13 illustrates our construction. It is easy to see that a graph G' € J¢5 is 3-i-critical
containing {uy, us, u3} as a minimum cutset.
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Kn+m1 +my+mg

Figure 13: The structure of a graph in the class 4

6 Some toughness results of connected 3 - 7 - critical
graphs

In this section, we establish a characterization of connected 3-i-critical graph G having a
minimum cutset S of size 2 or 3 with ¢(G —S) = 3. We begin with the following theorem.

Theorem 6.1. Let G be a connected 3-i-critical graph and S a vertex cutset. Then
— <
(G -5 < { 3, for |S| < 5.

Proof. Suppose G — S contains n components. If n < 3, then we are done. So we may
suppose that n > 4. Let C1,Cs, ..., C, be components of G — S. For 1 < i < n, choose
a; € V(C;). Then A = {ay,as,...,a,} is an independent set of size at least 4. By Lemma,
2.6, the vertices in A may be ordered as uq,us, ..., u, in such a way that there exist a
path x5 ... 2, 1 such that [u;, xi]7 w1 for 1 <1 <n —1. Without loss of generality,
we may renumber the components of G — S in such a way that u; € V (C;) for 1 <i < n.
Since n > 4, x; € S. Thus {z1,22,...,2,.1} € 5. Note also that z; is adjacent to
every vertex of [ J7_, V(Cj) — (V(Ci) U{uiy1}) and {u;, 2, i1} is independent by Lemma
2.2(2). Consequently, z; does not dominate either C; or Cj;.

We now consider G' + uju,— where k € {0,1}. Let {2t} = Lyu, , — {1, un—x}. Then
{u1, un—, 2} is independent by Lemma 2.2(2) and z, = j_, V(C;) — V(Cp—x). Thus,
for k € {0,1}, 2z € S since n > 4. Further, zg # 2;. But z;, € {1, 29,...,2, 1} since, for
1 < i < n—1, z; does not dominate either C; or C; 1. Hence, {z1,29,...,2,-1,20,21} C S.
Therefore, |S| > n+ 1.

Suppose to the contrary that |S| = n+ 1. Then S = {z1,29,...,2,_1, 20, 21}. We
next consider G + ugu,. Let {w} = I, — {us,u,}. Then w € S since n > 4 and
w = -, V(C)) = (V(C2) UV(Cy)). Clearly, w & {x1,29,...,2, 1} since z; does not
dominate either C; or C;yq for 1 < i < n — 1. Further, w ¢ {29, 21} since zyu; ¢ E(G)
for 0 < k < 1. Hence, w ¢ S, a contradiction. Therefore, |S| > n + 2. This proves our
theorem. O
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Ao [5] proved that ¢(G — S) < |S|+ 1 where G and S are defined as in Theorem 6.1.
So our result provides a better bound.

Lemma 6.2. Let G be a connected 3-i-critical graph and S a minimum cutset where
2 < |S| < 3. Suppose ¢(G —S)=3. Then

1. There is a vertex of G — S, say x, such that x > S.
2. At least two components of G — S are singleton.

3. Each component of G — S is complete.

Proof. Let C}, Cs and C3 be the components of G — S.

(1) Suppose to the contrary that no vertex of G — S dominates S. Since S is a min-
imum cutset, |V(C;)| > 2 for 1 < ¢ < 3. Further, for each s € S, N¢,(s) # 0. Let uy,
ug € S. Choose x1 € N¢, (u1) and z2 € Ng,(ug). Consider G + xyz5. By Lemma 2.2(1),
we may assume that I,,,, = {z1,2} for some z € V(G) — {z1,z2}. Thus z ¢ {uy,us} by
Lemma 2.2(2). Because |V(C;)| > 2 for 1 <i <3, z = (V(Cs) — {x2}) UV (C3). Thus
z €S —{uy,us}. Consequently, S = {uy,uy, 2} since |S| < 3. Now choose z3 € Ne, (uq).
Clearly, z3u; € E(G) and z3z € E(G). Consider G + zox3. Let {z1} = Ly, — {22, 23}
By Lemma 2.2(2), 2z ¢ S. If I.,2, = {x2, 21}, then z; = V(Cy) U (V(C5) — {23} and thus
2 € S since |V(C;)| > 2 for 1 < i < 3, a contradiction. Hence, I,,,, = {z3,21}. By
similar arguments, z; € S, again a contradiction. This proves (1).

(2) By (1), we may assume that « € V(C}). Choose y € V(C3). Consider G + xy.
Let {z} = I,, — {z,y}. By Lemma 2.2(2), = ¢ S. Then z € V(C3). We first suppose
that I,, = {z,z}. Then V(C;) = {y}. Now consider G + zz. Then, by Lemma 2.5,
L. = {z,y} or I,, = {z,y}. If I,, = {x,y}, then |V(C5)| = 1. If I, = {z,y}, then
|[V(C1)| = 1. Hence, G contains at least two singleton components as required.

We now suppose that I,, = {y,z}. By similar arguments, G contains at least two
singleton components. This proves (2).

(3) By (2), we may assume without loss of generality that [V (Cy)| = |[V(Cy)| = 1.
Put {a} = V(C}) and {b} = V(C3). Since S is a minimum cutset, a > S and b > S.
Suppose to the contrary that Cj is not complete. Then there exist z,y € V(C3) where
xy ¢ E(G). Consider G + ax. Let {z} = I, — {a,x}. Because no vertex of {a,x} is
adjacent to a vertex of {b,y}, z = {b,y}. Then z € S since b € V(Cy) and y € V(Cs).
But this contradicts Lemma 2.2(2) since a = S. This proves (3) and completes the proof
of our lemma. O

Theorem 6.3. Let G be a connected 3-i-critical graph and S a minimum cutset of size
2. If G — S contains exactly three components, then G € 7, defined in Section 5.

Proof. Let (4, C5y and Cj be the components of G—S. By Lemma 6.2(2) we may assume
that |[V(C1)| =1 and |V(Cy)| = 1. Put {a} =V (C), {b} = V(Cy) and S = {u,v}. Since
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S is a minimum cutset, Ng(a) = Ng(b) = {u,v}. Further, if |V(C3)| = 1, then it is easy to
see that i(G) < 2, a contradiction. Hence, |V (C3)| > 2. By Lemma 6.2(3), Cj is complete.
Note that Ng,(u) # 0 and Ng,(v) # 0 since S is a minimum cutset. If there is a vertex
y € Ney(u) — Ngy(v), then {y,v} >=; G, a contradiction. Similarly, if there is a vertex
y € Ngy(v) — Ney(u), then {y,u} =; G, again a contradiction. Hence, N¢,(u) U N¢,(v) =
Ney(u)NNe, (v) as required. It is easy to see that | N, (u)UNe, (v)| = | Ney (u) N Ney (v)| >
2 since S is a minimum cutset of size 2. Because i(G) = 3, |N¢, (u)NN¢,(v)| > 1. Further,
uv ¢ E(G). Therefore, G € 4 as required. This completes the proof of our theorem.

[

Theorem 6.4. Let G be a connected 3-i-critical graph and S a minimum cutset of size
3. If G — S contains exactly three components, then G € F for 2 < i < 6, defined in
Section 5.

Proof. Let (4, C5 and Cj be the components of G—S. By Lemma 6.2(2) we may assume
that [V(Cy)| =1 and |V(Cy)| = 1. Put {a} =V (C1), {b} = V(C3) and S = {uy, us, us}.
Since S is a minimum cutset, Ng(a) = Ng(b) = {u1,us,us3}. Further, if |V (C5)| = 1,
then S must be independent since i(G) = 3 and thus G € 4. So we may suppose
that |V (C3)| > 2. Note that Cj5 is complete by Lemma 6.2(3). Further, N, (u;) # 0 for
1 <4 < 3 since S is a minimum cutset.

Claim 1: G[S] contains at most one edge.

Suppose to the contrary that G[S]| contains at least two edges. Then there exists
i € {1,2,3} such that uu; € E(G) for 1 <i # j < 3. Clearly, u; = S U{a,b}. It is easy
to see that i(G) < 2 since C3 is complete. But this contradicts the fact that i(G) = 3.
This settles our claim.

We now distinguish two cases according to the number of edges in G[S].
Case 1: G[S] contains exactly one edge.

We may assume without loss of generality that ujus € E(G). Then ujus ¢ E(G) and
UgUs ¢ E(G)

Claim 2: N¢,(u3) = Ne,(u1) N Neg (uz).

It is easy to see that if © € N¢,(us) but x ¢ N, (ur) N Ney(uz), then {z,u;} =; G for
1 < j <2, a contradiction. Hence, N¢,(u3) € Ne,(ug) N Negy(ug). On the other hand, if
x € Ney(u1) N Ney(ug) but & € Ney(ug), then {z,us} >; G, again a contradiction. Hence,
Ney(ur) N Neg(uz2) € Ney(us). This settles our claim.

Now put Y = V(C3) — N¢,(u3). It is easy to see that Y # () since i(G) = 3.

Claim 3: Each vertex of Y is adjacent to at most one vertex of {uy,us}.
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Clearly, if there exists y € Y such that yu; € E(G) and yus € E(G), then {y,us} >; G,
a contradiction. This settles our claim.

Case 1.1: |Y| = 1.

Put {v} =Y. If vu; € E(G) for some 1 < j <2, then {u;, us} >=; G, a contradiction.
Hence, vu; ¢ E(G) for 1 < j < 2. Consequently, Ng(v) = V(C3) — {v}. Because S is a
minimum cutset, |V(C3) — {v}| > 3. Therefore, G € 4.

Case 1.2: |Y| > 2.

Claim 4: Each vertex of Y is adjacent to exactly one vertex of {uy,us}. Further,
| Ny (u1)] > 1 and | Ny (ug)| > 1.

We first suppose to the contrary that there is a vertex y € Y such that yu; ¢ E(G)
and yus ¢ F(G). Thus Ng(y) = (0. Since |Y| > 2, there is y; € Y — {y}. Consider
G + usyr. Let {z1} = Ly, — {us,y1}. By Lemma 2.2(2), z; ¢ V(C5) U {a, b} since Cj
is complete and {a,b} C Ng(us). Then 2z € {uy, us}. If I, = {us, 21}, then no vertex
of I, is adjacent to y, a contradiction. Hence, I,,,, = {v1,21}. We may assume that
2y = uy. Then wyy ¢ E(G). Now consider G + wyy. Let {2} = I,, — {w1,y}. By
Lemma 2.2(2), zo ¢ V(C3)U{a,b,us} since Cs is complete and {a, b, us} C Ng(uq). Thus
2y = ug. If I,,, = {w1,us}, then no vertex of I,,, is adjacent to y;, a contradiction.
Hence, I,,, = {y,us}. But then no vertex of I,,, is adjacent to us, again a contradiction.
This proves that each vertex of Y is adjacent to at least one vertex of {uy,us}. It then
follows by Claim 3 that each vertex of Y is adjacent to exactly one vertex of {uy,us}.

We next show that Ny (u1) # (. Suppose this is not the case. Then u; is not adjacent
to any vertex of Y. The each vertex of Y is adjacent to uy by above argument. Conse-
quently, {us,us} =; G, a contradiction. Hence, Ny (uy) # (). Similarly, Ny (ug) # 0. This
settles our claim.

Put Y; = Ny (uy) and Y3 = Ny (ug). It follows by Claim 4 that G € 4.
Case 2: G[S5] is independent.

Claim 5: For each x € V(Cj), either x is adjacent to every vertex of {uy, us, us} or =
is adjacent to exactly one vertex of {uy,ug, us}.

We first suppose to the contrary that there is a vertex x; € V(Cj3) such that z; is not
adjacent to any vertex of {uy,us,us}. Consider G + zyuy. Let {z} = L0, — {z1,u1}.
By Lemma 2.2(2) and the fact that C5 is complete and {a,b} C Ng(uq), it follows that
z € {ug,us}. Since {x1,uy, us, uz} is independent, z > {us,us3}. But this is not possible.
Hence, each vertex of V(Cj3) is adjacent to at least one vertex of {us, ug, us}.

We now suppose that there is a vertex x5 € V(C3) such that x5 is adjacent to u; and
u; where 1 < i # j < 3. If zouy, ¢ E(G) where k € {1,2,3} — {4, 5}, then {z2,u;} >; G,

a contradiction. This settles our claim.
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For 1 <i<3 letY;, ={y € V(Cs)lyu; € E(G) but yu; ¢ E(G) for 1 <i # j < 3}.
By Claim 5, V;NY; =0 for 1 <i# j <3. Put X = V(C3) — (Y1 UY,UY3). Then each
vertex of X is adjacent to every vertex of {uy, us, us}.

Claim 6: For 1 <i < 3,if Y; # 0, then either Y; # (@ forall 1 <i# j<3orY; =10
forall 1 <i+# 7 <3.

Assume that Y; # () for some 1 < i < 3. Suppose to the contrary that Y; # 0 but
Yi = 0 where {j,k} = {1,2,3} — {i}. Then V(C5) = Y; UY; U X. Consider G + u;u;.
Let {z} = lyu; — {wi,u;}. By Lemma 2.2(2), z ¢ V(C3) U {a,b}. Then z = u. If
Lyu; = {us,ux}, then no vertex of I, is adjacent to a vertex of Y}, a contradiction.
Hence, Iy, = {u;j, u}. But then no vertex of IL,.u; is adjacent to a vertex of Y;, again a
contradiction. This settles our claim.

We now distinguish two subcases.

Case 2.1: For 1 <i<3,Y;, =0.
It is easy to see that V(C3) = X and thus G € 7.

Case 2.2: Y # () for some 1 < i < 3.

We first suppose that ¥; = @ for all 1 < i # j < 3. If X = ), then u; becomes a
cutvertex of G, contradicting the fact that S = {uy,us, u3} is a minimum cutset. Hence,
X # (. Note that {u;} U X is a vertex cutset of G. Since the minimum cardinality of a
vertex cutset in G is 3, | X| > 2. It is easy to see that G € 7.

We now suppose that Y; # () for all 1 < i # j < 3. Then G € 4. This completes the
proof of our theorem. n

Our last result follows immediately from Theorems 6.3 and 6.4.

Corollary 6.5. Let G be a connected 3-i-critical graph and S a minimum cutset where
2 < |5 <3. If e(G — S) = 3, then the minimum degree of G is |S].
O]

7 Classes of connected 3-i-critical graphs with a min-
imum cutset of size 2

In this section, we provide classes of connected 3-i-critical graphs with a minimum cutset
of size 2 where if G is a graph in such classes and S is a minimum cutset of size 2, then
(GG — S contains exactly two components.

I. The class &
For 1 < i <4, let n; be a positive integer where if n; > 2, then ny = n3 = 1. Define a
graph G € o of order 1y +ng+ng+2n,+2 as follows. Set V(G) = {u, v} UJ;_, X; where
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Figure 15: A structure of the graph H;

| X;| = n; for 1 <i < 3and|Xy4| =2ny. Then, set G[X;] = K,,,, G[XoUX;3] = K,y 4n, and
G[X,4] is a complete graph without a perfect matching. Further, join u to every vertex of
{v}UX,UX, and join v to every vertex of X3UXy. Finally, join each vertex of X to every
vertex of X,. Figure 14 illustrates our construction. Note that in our diagrams a “double
line” denotes the join and for simplicity, a “double dash line” denotes the adjacency of
{u,v} and vertices in our diagram where the star vertices are joined to both u and v,
the triangle vertices are only joined to u, the square vertices are only joined to v and the
diamond vertices are neither joined to u nor v.

II. The graph H; and the class 2,

For 1 < ¢ < 6, let n; be a positive integer where ng > 2, define the graph H; of
order 327 2n; + ng + 3 as follows. Set V(H,) = {u, v, 2} UJS_, X; where for 1 <i < 5,
| Xi| = 2n; and | Xg| = ng > 2. Put X5 = X! U X! where Hy[X!]| = H[X!] = K,,.
Now for 1 < i < 5, set Hq1[X;] to be a complete graph without a perfect matching and
Hi[Xs] = Kp. Then for each x € X, there is a unique vertex T € X! such that
2T ¢ E(H,). Further, join u to every vertex of {v} U X5 U X3 U X U Xg, join v to every
vertex of Xy U Xy U XY U Xg and join z to every vertex of Xg. Finally, join each vertex
of X; to ever vertex of X; where 1 <i # j <5.
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Figure 16: A structure of a graph in .o

We now define a new class of connected 3-i-critical graphs obtained from an induced
subgraph of H;. The class 7 consists of G1, G, ..., G7 where, for 1 <1 < 7, (G, is obtained
from an induced subgraph of H; as follows.

Put Gy = Hi[{u,v} U X3 U X, U Xg], Go = Hi[{u,v} U Xy U X3U X4 U Xg], G =
Hi[{u,v,z} U Xy U X5 U Xg] if | X5 =2, Gy = Hi[{u,v} U X3 UXoUXg] , G5 =
Hl[{u,v} U X1 U X2 U X3 U XGL GG = Hl[{U,U} U X1 U X3 U X4 U XG] and G7 =
Hl[{u, ’U} U X1 U X2 U X3 U X4 U XG]

ITII. The class 73

For 1 <1 < 3, let n; be a positive integer where ny > 2, define a graph G € o3 as
follows. Set V(G) = {u, v} UX; UXoU X3 where for 1 <i <2, |X;| =n; and | X3| = 2ns.
Now set G[X,] = K,,,, G[X3] = K,,, and G[X3] to be a complete graph without a perfect
matching. Finally, join v and v to every vertex of Xy U X3 and join each vertex of X;
to every of vertex X5. This defines a graph G € 3. Figure 16 illustrates our construction.

IV. The graph H, and the class ./,

For 1 <1 <6, let n; be a positive integer where n; = ns and ng > 2, define the graph
Hy of order ny + 15 + 1 + 2(ng 4+ n3 4+ ng) + 2 as follows. Set V(Hy) = {u,v} U, X;
where | X;| = n; for i € {1,5,6} and |X;| = 2n; for i € {2,3,4}. Now, for 2 < i < 4,
set Hy[X;] and Ho[X; U X5] to be complete graphs without a perfect matching where
Hy[X4] = Ho[X5] = K,,, = K,,, and Hy[Xs] = K,,. Further, join u to every vertex of
XoU X3U X5U Xg, join v to every vertex of Xo U Xy U X5 U Xg. Finally, join each vertex
of X; to every vertex of X; for i € {2,3,4} and j € {1,2,3,4,5} where ¢ # j. Figure 17
illustrates our construction.

We now define a new class of connected 3-i-critical graphs obtained from the graph
H; and an induced subgraph H,. The class o7 consists of Hy, Ha[{u,v} U X3 U X5 U X§]
if |X5| = |X1| Z 27 HQ[{U,U} U X1 @) Xz U X5 U X@] where ¢ € {2, 3,4}, HQ[{U,U} U X1 U
X; U X; UX5U Xg| where 4,5 € {2,3,4} and ¢ # j.

Before we define new classes, we need to set up some termonology. For a graph H
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Figure 17: A structure of the graph H,

a b a b c

DS(m, n) TS(m, n, r)

Figure 18: Graphs DS(m,n) and T'S(m,n,r)

and a positive integer n, let X; a subgraph of H where 1 < i < n, we denote the inducgd
subgraph of H by Hy, x, where V(Hy, x,) = U, V(X;) and V(X;) NV (X;) = 0 f
1 <i# j <nl Further, if X and Y are subsets of vertices of H where X NY = (), th¢n
E(X,Y) denotes set of all edges zy where x € X and y € Y.

For positivie integers m, n and r, let a, b and ¢ be a center vertex of K ,,,, K1, and K},
respectively. A double star DS(m,n) is a graph obtained from K ,, and K, by addiyg
the edge ab ar{d a triple star T'S(m,n,r) is a graph obtained from K ,,, K1, and K, hy
arlling the oneesebanebe—bshas o dse—rand- b Do caledthe—eeni
vertices while the vertices b and a,c in T'S(m,n,r) are called the middle center vertex
and end center vertices, respectively. Figure 18 illustrates DS(m.n) and T'S(m,n,r).

For 1 <i <3, let P; = Ky, — a perfect matching and D; = Ky — U?;l DS(m,n’)
where p;,mj,n} are positive integers and dj = Z?i:l(mz- +nf +2). Further, let S; =
Ky — UL, K, g where g}, si are positive integers and s} = >°% (g5 + 1). Finally, let

T=Ky— U;Zl TS(m;,n;j,r;) where t' = Zj.:l(mj +n; +1; +3).

—

V. The graph H; and the class @7

Let Hs be a graph obtained from Py, Py, Dy, D5, 51,55, S3 where each pair of such
graphs is disjoint and V (Hj3) = U?:1 V(P,-)UU?:1 V(Di)UUf:1 V(S;), E(H3) = U?:l E(P)
UL, E(D)UUL, E(S)UE(V(X),V(Y)) where X # Y and {X,Y} C {P}, P,, Dy, Dy,
51,59, 53} . For 1 < j < sy, let § # R; be a subset of {z|z is an end vertex of Kl,r]?
in So}. Put R = UjZ, Bj. Clearly, |[R| > s;. We now define a graph G € <% where
G is obtained from Hjs by adding three new vertices, say w, v, w, and E(Hs) C E(G) as
follows. Set V(G) = V(H3)U{u,v,w} and E(G) = E(H;)U{uw,vw}UE{u,v}, V(S;)U
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Figure 19: The structure of a graph in the class 7

(V(Sy) — R)U{z|x is an end vertex of a double star in D; U D, or an end vertex of a star in
SsHUE({u}, V(P)U{x|z is a center vertex of a double star in D })UE({v}, V(P)U{xz|x
is a center vertex of a double star in Dy}). Figure 19 illustrates our construction. Recall
that, in our diagrams, a “double dash line ” denotes the adjacency of {u, v} and vertices
in our diagram where the star vertices are joined to both u and v, the triangle vertices
are only joined to u, the square vertices are only joined to v and the diamond vertices are
neither joined to w nor v.

VI. The class 7

For G € o, let G' = G[{u,v,w} UV (S2) UV (Ss)], G = G[{u,v,w} U V(Sy)] if
S, contains exactly one star and there are at least two end vertices of the star which
are not in R and G” = G[{u,v,w} U V(S3)] if S3 contains at least two stars. For
1 <i<n <5, let X; beagraph in {Py, P>, D1, D5,51}. We now let Gk, be an
induced subgraph of G where V(GY, x,) = {u,v,w} U V(Sy) UV(S;) U, V(X;).
and for 2 < j < 3, let G%, y be an induced subgraph of G where V(GY%, Xn> =
{u,v,w}UV(S;)U UZ: V(X;). Figure 20 shows a structure of G, G", G3 and G, p,.-

For G € %, let oy = {G’,G”,G”’,G&lmxnﬂ <j<3and1<n<5}

VII. The graph H, and the class o4

Let Hy be a graph obtained from Py, Py, P3, D1, Doy, D3, S; and T where each pair of
such graphs is disjoint and V(Hy) = >, V(P) U U, V(D;) UV (S)) U V(T), E(H,) =
U, E(P) U, E(D;) UE(S))UE(T)UE(V(X),V(Y)) where X # Y and {X,Y} C
{Py, Py, P3, Dy, Dy, D3, S;,T}. We now define a graph G € % where G is obtained
from Hy by adding three new vertices, say w,v,w and E(H;) C E(G) as follows. Set
V(G) =V(Hy) U{u,v,w} and E(G) E(H,) U {uv vw,vw} U E({u,v}, V(S)U{z|z is
an end vertex of a double star in |J?_, D; or a triple star in T}) U E({u}, V(P,) U {z|z
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Figure 20: Some graphs in the class %
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Figure 22: The structure of Gg,p,p,s, in the class .o%

is a center vertex-of adouble starsin D1}y t-{wfr-is-one-of end center, vertices, of a triple
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VIII. Thy class .o% ¥ ! Y N Vet

| N N | S
For G € o, let Ry = G[{u, v, '} UV{PDUVLPQH,RR%,:G[{U,U, wUV(P)UV(Dy)],
Ry = G[{u,v,w}d VEP» 84 Ds):- For I-<—-i-<-m'< 4, let X; be a graph in
{R1, Ry, R3,S1} and dengge theiinduced subgrraph of G € 4% by G X;..X,- We now define
oy = {Gr,,GRry, GRry» GRy Dy GRtEp GRryp1s GRosys GRjSU GRryD,Dy, GRiD151> GRyD:5S15

GR,D,Dys, }- Figure 22 illustrates ¢ur construction of Gg|p,p,s,-

IX. The class

For G € o, let Wi = G[{u,v,w} UV (B)], Wy = G[{u,v,w} U V(D3)], W3 =
Gl{u,v,wUV(T)], Wy = G[{u,v,w}UV (P3)UV(D3)], Ws = G[{u,v,w}UV (Ps)UV(T)],
Ws = G{u,v,w} UV (D3) UV(T)] and Wy = G{u,v,w} UV (P3) UV (D3) UV (T)]. Fur-
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ther. let Q; = G[{u,v,w} UV (D3)] if D5 contains either at least two double stars or
exactly one double star DS(m,n) where m > 2n > 2. For 1 <i <5, let F; be a graph in
{P1, Py, D1, Dy, 5} and assume that if 1 <i# 5 <5 F, # F;. For3<k<7,2<k <7,
1 S n S 5 and [ Z 2, let % = {GQ17GW1D17 GW1517 GW1F1~--FZ7 Gka GWk/Fln-Fn}‘ Note
that GW7p1p2D1D231 is a graph n %

It is not difficult to show that for 1 < ¢ < 9, if G € &, then G is a connected
3-i-critical graph where {u,v} is a minimum cutset of G and ¢(G — {u,v}) = 2.

8 Connected 3-i-critical graphs with minimum cutset
of size 2

In this section, we establish a characterization of connected 3-i-critical graph G with
minimum cutset of size 2. Recall that for a pair of non-adjacent vertices x and y of G, I,
denotes a minimum independent dominating set for G + xy. We begin with the following
lemma.

Lemma 8.1. Let G be a connected 3-i-critical graph and S a minimum cutset of size 2
where S = {u,v} and ¢(G — S) = 2. Further, let Cy and Cy be the components of G — S.
Then

1. Ezactly one of Cy or Cy is complete.

2. Suppose Cy is complete. Then no vertex of Ne,(u)U Ne,(v) dominates Cy. Further,
i(Cy) < 2.

Proof. Since S is a minimum cutset, for 1 <i <2, N¢,(u) # 0 and Ng,(v) # 0.

Claim 1: If x € V(C}) and y € V(Cy) where x does not dominate Cy and y does not
dominate Cy, then I, NS # 0.
It is easy to see that if I,,, NS = 0, then either z > C} or y = C5 since |I,,| = 2 and

| Loy O {2, y} = 1.

(1) Suppose to the contrary that neither C; nor Cy is complete. Then there exist
x1,y1 € V(Cy) and w9, y2 € V(Cy) such that z1y; ¢ F(G) and x9ys ¢ E(G). By Claim 1,
we may suppose without loss of generality that I,,,, = {z1,u}. Then uy;,uy, € E(G).
Thus u ¢ 1,,,, and u ¢ I,,,, by Lemma 2.2(2). It follows by Claim 1 that v € I, and
v € Iyyy,. Since v € Iy, vy € E(G) and since v € I,,,, vr1 ¢ E(G) by Lemma 2.2(2),
a contradiction. Hence, C; or Cy is complete. Since S is a minimum cutset, N¢, (u) # ()
and Ng,(v) # 0. If C; and Cy are complete, then {uy,v1} =; G where u; € N¢, (u) and

v1 € Ng,(v), a contradiction. Hence, exactly one of C; or Cy is complete. This proves

(1).
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(2) By (1), C5 is not complete.

Claim 2: No vertex of N¢,(u) U N¢, (v) dominates Cs.

Suppose to the contrary that there is a vertex © € Ng,(u) such that z = Cs. Let
y € N¢,(v). Then {z,y} »; G since C is complete, a contradiction. This settles our
claim.

By Claim 2, it is easy to see that |V (Cy)| > 2. Let # € N¢,(u) and y € N¢,(v). Now
consider G + xy. By Lemma 2.2(2). I, N{u,v} = 0. Let {z} = I,, — {x,y}. Then either
I, ={z,z} or I,,, = {y,z}. We first suppose that I,, = {z,z}. Then z € V(C5) since
|V(Cy)| > 2. Clearly, z > V(Cs) — {y} and thus {z,y} >=; Cy. Hence, i(Cy) < 2. We now
suppose that I, = {y, 2}. By Lemma 2.2(2) and the fact that C| is complete, z ¢ V(C}).
Thus z € V(Cs). Hence, {y,z} =; Cy. This proves that i(Cy) < 2 and completes the
proof of our lemma. O

Theorem 8.2. Let G and S be defined as in Lemma 8.1. Further, let Cy and Cy be the
components of G — S where Cy is complete. If i(Cy) =1, then G € 4.

Proof. Let A = V(Cy) — (Ngy(u) U Ne,y(v)). Since i(Cs) = 1, there exists a € V(Cy)
where a > C3. By Lemma 8.1(2), a € A.

Claim 1: Ne,(u) N Ne, (v) = 0. Further, V(Cy) = Ng,(u) U Ng, (v).

If there is a vertex x € N¢,(u) N N¢, (v), then {z,a} =; G, a contradiction. Hence,
Ne, (u) N Ne, (v) = 0. If there is a vertex y € V(C) — (Ne, (1) UNg, (v)), then d(y, a) > 3.
But this contradicts Lemma 2.3. This settles our claim.

Since S is a minimum cutset, N¢,(u) # 0 and N¢,(v) # 0. Thus, by Claim 1,
V(G| = [Ny (w)] + [Ney (v0)| = 2.

Claim 2: wv € E(G).

Suppose this is not the case. Consider G 4+ uv. We may assume without loss of gen-
erality that I, = {u,z} for some z € V(G) — {u,v}. Thus z € V(Cy) U V(C;) and
2 > N, (v) U (V(Cy) — Ng(u)). But this is not possible. Hence, uv € E(G) as required.

Claim 3: N¢,(u) N Ne,(v) = Ney(u) U Ney (v).

Suppose there is a vertex y € Ng,(u) — Ng,(v). Consider G + yv. By Lemma
2.2(2) and the fact that a = Cy, {u,a} NI, = 0. Put {z} = I, — {y,v}. Clearly,
z e V(C)uV(Cy). If I, = {v, 2}, then z > N¢, (u) U A which is not possible. Hence,
I, = {y,z}. Since y € V(Cy), z € V(C}). Then y > Cs. But this contradicts Lemma
8.1(2) since y € N¢,(u). Hence, Ng,(u) — Ng,(v) = 0. Similarly, Ng,(v) — Ng,(u) = 0.
This settles our claim.

Claim 4: G' = G[N¢,(u) U Ng, (v)] = Kom— a perfect matching.
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Let © € Ng,(u) U Ng,(v). Choose w € Ng, (u). Consider G + zw. By Claim 3 and
Lemma 2.2(2), I, N {u,v} = 0. Because C is complete and |V (C})| > 2, it follows that
w € I, Put {z} = I, — {w}. Then z € V(C3) and thus z = V(Cy) — {x}. Since
wv ¢ E(G) by Claim 1, z € N¢,(v). Clearly, {z,z} >=; G'. Hence, i(G') = 2 by Lemma
8.1(2). It also follows that z > G’ 4+ xz. Hence, G’ is 2-i-critical. By Lemma 2.4(1),
G = K, —J;_, K1, for some positive integers m,r; and s.

We next show that r;, = 1 for 1 < i < s. Suppose this is not the case. Then el
contains K 1,r; S an induced subgraph where r; > 2 for some 1 < j < s. Let x and y; and
y2 be the center and the end vertices of K1, in @', respectively. Choose w; € Ng, (u).
By Claim 1, wyv ¢ E(G). Consider G +wyy;. Put {z1} = Ly, —{w1,y1}. Lemma 2.2(2)
together with Claim 3 and the fact that C; is complete implies that z; ¢ {u,v} UV (C}).
If Iy, = {w1, 21}, then z; = 2 in order to dominate v. But then no vertex of I,,,, is
adjacent to ys, a contradiction. Hence, I,,, = {y1,21}. Then z; € V(C3) and thus no
vertex of I,,,,, is adjacent to a vertex of N¢, (v), again a contradiction. This proves that
rj=1for1 <j<s.

Claim 5: For each x € A, x >~ Cs.

Suppose to the contrary that there are b € A and ¢ € V(Cy)—{b} such that bc ¢ E(G).
Clearly, b # a since a > Cy. Consider G + ub. Let {z} = I, — {u,b}. Then z ¢ {a,v} by
Lemma 2.2(2), Claim 2 and the fact that a > Cy. If I, = {u, 2}, then z > N¢, (v) U {a}
which is not possible since a € A = V(Cy) — (Ng(u) U Ng(v)). Hence, I, = {b, z}. Then
z = {c} UV(Cy) and thus z = v since ¢ € V(Cy). But this contradicts the fact that
z ¢ {a,v}. This settles our claim.

We now distinguish into two cases.

Case 1: |A| = 1.
Clearly, A = {a}. By Claims 1-5, G € 4.

Case 2: |A| > 2.

By Claims 1-5, we need only to show that |N¢, (u)| = |[N¢,(v)] = 1. Let x € A and
y € N¢, (u). Consider G+xy. By Lemma 2.2(2), (I, —{z,y})N(V(C1)UV(Cy)U{u}) =0
since z = V(Cy) and y > V(Cy) U{u}. Then I, — {z,y} = {v}. If I, = {y,v}, then
no vertex of I, is adjacent to vertices of A — {z}, a contradiction. Hence, I,, = {z,v}.
It follows by Claim 1 that N¢,(u) = {y}. Thus |Ng, (u)| = 1. By similar arguments,
|Ne, (v)| = 1. Hence, G € @ where ny > 2 and ny = ng = 1. This completes the proof of
our theorem. O

Theorem 8.3. Let G,S,C, and Cy be defined as in Theorem 8.2. If i(Cy) = 2 and
V(Cy)| > 2, then G € U;_, .

Proof. We begin with the following claims.

32



Claim 1: If N¢,(u) — Ne¢,(v) # 0, then, for each y € Ng,(v), there exists a unique
vertex y' € Ng,(v) — {y} such that y = Cy —y' and y' = Cy — y.

Let x € N¢,(u) — Ng,(v). Choose y € Ng,(v). Consider G + xzy. By Lemma
2.2(2) and the fact that C} is complete, (I, — {z,y}) N ({u,v} UV(Cy)) = 0. Put
{z} = L, — {z,y}. Then z € V(Cy). If I, = {y, 2}, then no vertex of I,, is adjacent to
vertices of V(Cy) — {x}, a contradiction. Hence, I, = {z,z}. Thus z > Cy — {y} and
zv € E(G) since zv ¢ E(G). Now consider G + zz. By Lemma 2.5, either I, = {z,y}
or I, = {z,y}. By similar arguments as above, I,, = {z,y} and thus y > Cy — z and
yv € E(G). Continuing in this fashion, if there is w € V(Cy) — {y, z}, then there exists
w' € V(Cy) —{y, z,w} such that w' = Cy —w, w'v € E(G) and w = Cy —w', wv € E(G).
This settles our claim.

By similars arguments as in the proof of Claim 1, Claim 2 follows.

Claim 2: If N¢,(v) — N, (u) # 0, then for each y € Ng,(u), there exists a unique
vertez y' € Ng,(u) — {y} such thaty = Cy —y' and y/ = Cy — y.

Claim 3: N¢,(u) U Ne, (v) = Ney (u) N Ne, (v).

Suppose to the contrary that there exists x € Ng,(u) — N, (v). If v = Cy, then
{z,v} =; G since C} is complete, a contradiction. Choose y € V(Cy) — N, (v). Consider
G+ zy. Let {z} = I, — {z,y}. By Lemma 2.2(2), z ¢ V(Cy) U {u}. Further, z > {v}
since z and y are not adjacent to v. We first suppose that I, = {z,z}. If z € V(Cy) —{y},
then z € N¢,(v) and thus zy € E(G) by Claim 1. But this contradicts Lemma 2.2(2).
Hence, z = v and thus V(Cy) — N¢,(v) = {y}. It then follows by Claim 1 that y > Cj.
But this contradicts our hypothesis that i(Cy) = 2. Hence, I, = {y,z}. Then z = v
since |[V(Cy)| > 2 and z ¢ V(Cy) U {u}. Thus y > V(Cs) — Ng,(v). By Claim 1, y = Cs,
again a contradiction. Hence, N¢, (u) — Ng, (v) = 0. By Claim 2 and similar arguments,
N¢, (v) — Ng, (u) = (0. This settles our claim.

Claim 4: G|Cs] = Ksp—a perfect matching for some positive integer m.

Let © € N¢,(u) and y € V(Cy). Thus x € N¢, (v) by Claim 1. Consider G + zy. By
Lemma 2.2(2) together with the fact that Cy is complete and [V(C1)| > 2, (I, —{x,y})N
({u,v}UV(C1)) = 0. By applying similar arguments as in the proof of Claim 1, our claim
follows.

Now put A = V(Cy) — (Ng,(u) U N,y (v)). We now distinguish two cases.

Case 1: A=1).

Then each vertex of V(Cy) is adjacent to u or v.

Claim 5: Suppose x and y are vertices of Cy where xy ¢ E(G). If x € Ne,(u)NNe, (v),
then y € N¢,(u) N Ng, (v).
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Note that, by Claim 4, Ng[z] = (V(Cs) — {y}) U {u,v} and (V(Cs) — {x}) C Ngly|.
Suppose to the contrary that yu ¢ E(G). Since A = 0, Ngly] = (V(Cy) — {z}) U {v}.
Consider G + uy. Put {z} = I,,, — {u,y}. Then, by Lemma 2.2(2), z € V(C;) — N¢, (u).
Thus zu ¢ F(G). By Claim 3, zv ¢ E(G). Now consider G + zz. Lemma 2.2(2) together
with the fact that C) is complete implies that I, — {z,z} = {y}. If L., = {z,y}, then
no vertex of I, is adjacent to u, contradiction. Hence, I,, = {x,y}. But then no vertex
of I., dominates Cy — z, contradicting the fact that |V (C})| > 2. Hence, yu € E(G). By
similar arguments, yv € E(G). This settles our claim.

By Claim 4, it is easy to see that for each x € V(C5) there exists only one vertex of
Cy, say y, such that zy ¢ E(G). Let
X ={z € N¢,(u)N N, (v)| the only non-neighbour of z in Cy belongs to Ne, (u)N

NCz (U)}a

Y = {z € N¢,(u)— Ng,(v)| the only non-neighbour of x in Cy belongs to N¢, (u)—
Ney (U)}a

Z ={x € N¢,(v)—Ng,(u)| the only non-neighbour of z in Cy belongs to (N¢, (v)—
Ne, (u))}
and

W = {x € Ng,(u) — Ng,(v)}| the only non-neighbour of x in Cy belongs to
Ne,(v) = Ney(u)} U {z € Ng,(v) — N, (u)| the only non-neighbour of z in Cy belongs to
NC2(U) - NCz(U)}'

It follows by Claim 5 that XY, Z and W form a partition set of N¢,(u) U N, (v).
Further, G[X], G[Y], G|Z] and G[W] are complete without a perfect matching.

Claim 6: If Y # 0 (Z # 0), then N¢,(u) N Ng, (v) = V(CY), ww € E(G) and Z # ()
(Y #0).

Let z1,29 € Y where x129 ¢ E(G). Then vz, vzy ¢ E(G). Consider G + vx;. Put
{2} = Ly, — {v,21}. If L, = {1, 2}, then z = {22} UV(C}) and thus z = u. But this
contradicts Lemma 2.2(2). Hence, I,,, = {v, z}. Since x5 is the only non-neighbour of x;
in Cy and vy ¢ E(G), it follows that z = x5. Thus v > C;. By Claim 3, u > C;. Hence,
Ne, (u) N Ne,y (v) = V(Ch) as required.

We now suppose to the contrary that Z = (). It then follows that uv € E(G) otherwise
{u,v} =; G since A = (. If W = (), then u > G, a contradiction. Hence, W # (). Let
wy, wy € W where wywe ¢ E(G), wy € Ng,(u) — N, (v) and we € Ne, (v) — Ney (u). But
then {u,ws} =; G, again a contradiction. Hence, Z # (). This settles our claim.

It follows by Claim 6 that Y = () if and only if Z = ().
Claim 7: If W # 0, then Y = 0,|W]| = 2, |V(C1) — (Ney(u) N Ny (v))] = 1 and
w € E(G).

Let wy, wy € W where wywe ¢ E(G), wy € N¢,(u)— Ne,(v) and we € Ne, (v) —Ne, (u).
Consider G +wvw;. By similar arguments as in the proof of Claim 6, I,,,, = {v, z} for some

34



z € V(G) —{v,w;}. Since wy is the only non-neighbour of w; in Cy and vwse € E(G), it
follows that z € V(C}) — N¢, (v). Clearly, v = Cy —w;. Thus Y = 0 and |W| = 2, as
required.

By Claim 3, z € V(C}) — (N¢, (u) N N¢, (v)). Consider G + vz. By Lemma 2.5, either
I, ={v,wi} or I,, = {z,wi}. If I, = {z, w1}, then no vertex of I, is adjacent to ws, a
contradiction. Thus I,,, = {v,w; }. Hence, V(Cy) — (N¢,(u) N Ne, (v)) = {2z} as required.

We now show that uwv € E(G). Suppose this is not the case. Consider G + uv. Let
{z1} = Ly — {u,v} for some z; € V(G) — {u,v}. If I, = {u, 21}, then z; = {z, wsy}.
But this is not possible since z € V(Cy) — (N¢, (u) N Ne, (v)) and wy € Ne, (v) — Ne, (u).
Hence, I, = {v,2z1}. But then z; > {z,w;} which is not possible either. Therefore,
uv € E(G). This settles our claim.

We now distinguish three subcases.

Subcase 1.1:'Y # ().

By Claim 7, W = () and by Claim 6, N¢, (1) N N¢, (v) = V(C1), uwv € E(G) and Z # .
Then N¢,(u)UNg,(v) =Y UXUZ. Then G is isomorphic to the graph G; € o if X = ()
and G is isomorphic to the graph Gy € o if X # ().

Subcase 1.2: W # ().

By Claim 7, Y = 0, |[W| =2, |[V(C}) — (N¢, (u) U N, (v))| = 1 and uwv € E(G). Then
Z = () by Claim 6 and thus V(Cs) = W U X. Tt is easy to see that X # () otherwise u
or v becomes a cutvertex contradicting our hypothesis that {u, v} is a minimum cutset.
Further, |Ng, (u) N Ng, (v)| > 2. Hence, G is isomorphic to the graph Gs € .

Subcase 1.3: Y =0 and W = ().

By Claim 6, Z = () and thus N¢,(u) U N¢,(v) = X. Then u > Cy and v = Cy. It is
easy to see that if uv € E(G), i(G) < 2 since (' is complete. Hence, uv ¢ E(G). Further,
Ne, (u) U Ng, (v) # V(Ch). Since {u,v} is a minimum cutset, |N¢, (u) U N¢, (v)] > 2. Tt
is easy to see that GG is isomorphic to a graph in 7.

Case 2: A+,
By Lemma 2.3 and Claim 3, V(C}) = N¢, (u) U N¢, (v) = Ng, (u) N Ney (v).

Claim 8: Suppose there exists a pair of non-adjacent vertices wy,ws of Cy where
{wy,we} € A. Then uwv € E(G). Further, for a pair of non-adjacent vertices x and
y of V(Cq) — {wy1,wa}, if v € A, then y € A.

Consider G + vw;. Let {z} = I, — {u,w1}. By Lemma 2.2(2) and Claim 4, z €
{v,wa}. If Iy, = {wy, 2}, then z = {wy} UV(C}) which is not possible since d(wsq, ¢) > 2
for each ¢ € V(C1). Hence, L., = {u,z}. It follows that z = ws since z > {ws}. Hence,
wv € E(G) as required.

We now suppose to the contrary that y ¢ A. Assume that y € Ng(u). Consider
G + uz. Since u = V(Cy) U {v,y} and = > V(Cy) — {y} by Claim 4, it follows that
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I —{u,x} C Ng(u) U Ng(z). But this contradicts Lemma 2.2(2). Hence, y € A. This
settles our claim.

Claim 9: Let x and y be a pair of non-adjacent vertices of Cy. If x € Ng,(u) N Ne,y(v),
then y € Ne,(u) N Ney(v) ory € A.

Suppose this is not the case. Then we may assume that y € N¢,(u) — N, (v). Con-
sider G + vy. Since v = V(Cy) U {z} and y > (V(Cs) — {z}) U {u}, it then follows that
I, —{v,y} € Ng(v)UNg(y). But this contradicts Lemma 2.2(2). This settles our claim.

Claim 10: Let x and y be a pair non-adjacent vertices of Cs. If x € Ng,(u) — Ney(v)
(NC2(U) - NC'z(u))7 then y € NCQ(U) - NC2(U) (NC2('U) - NC2(U))'

Suppose to the contrary that y € A. Consider G + vz. Since v > V(C}) and x >
(V(Cy) — {y}) U {u} by Claim 4, it follows by Lemma 2.2(2) that either I,, = {v,y}
or I, = {x,y}. If I,, = {x,y}, then no vertex of I,, dominates C}, a contradiction.
Hence, I, = {v,y}. Thus vu € E(G) since yu ¢ E(G). Now consider G + uy. Because
u = V(Cy) U{z,v} and y > V(Cy) — {z}, Ly — {u,y} € Ng(u) U Ng(y). But this
contradicts Lemma 2.2(2). Hence, y ¢ A. By Claim 9, y ¢ N¢,(u) N Ng,(v). Then
y € Ne,(u) — Ngy (v) or y € Ng, (v) — Ny ().

Suppose y ¢ N¢,(u) — Ne,(v). Then y € Ng,(v) — Ney(u). Consider G + zv. Since

= (V(Cyq) —{y})U{u} and v > V(C}) U {y}, it follows that I,, C Ng(z) U Ng(v). But
this contradicts Lemma 2.2(2). Hence, y € N¢,(u) — N¢,(v). This settles our claim.

Claim 11: Let x and y be a pair non-adjacent vertices of Cy. If v € A and y ¢ A,
then y € Ne,(u) N Ney(v) and uwv ¢ E(G).

It follows by Claim 8 that y ¢ (Ng,(u) — Ney(v)) U (Ney(v) — Ney(u)). Thus y €
Ne,(u) N Ney(v). Consider G + uzx. Since u = V(Cy) U {y} and = = V(Cs) — {y}, it
follows by Lemma 2.2(2) that [, — {u,z} = {v}. Thus uv ¢ E(G) by Lemma 2.2(2) as
required.

Recall that V(C1) = N¢, (u)NN¢, (v) and A # 0. Further, N¢, (u) # 0 and Ne, (v) # 0

since {u, v} is a minimum cutset. We now distinguish two subcases.

Subcase 2.1: There exists a pair of non-adjacent vertices wy,wq of Cy where {wy, wy} C
A.

By Claim 8, uv € E(G) and for each pair of non-adjacent vertices x and y of
V(Cy) — {wy,ws}, if x € A, then y € A. It then follows by Claims 3, 8, 9 and 10
that G is isomorphic to a graph G; € % where i € {4,5,6,7}.

Subcase 2.2: For each pair of non-adjacent vertices of Csy, say x and y, © ¢ A or
y ¢ A.

Since A # (), there exists t; € A. Let ¢, be the non-neighbour of #; in C,. By our
hypothesis and Claim 11, to € N¢,(u) N Ng,(v). Further, uv ¢ E(G). It is easy to see
that if |[V(Cy) — A| = 1, then |A] = 1 and V(C3) — A = Ng,(u) N Ne,(v) and thus
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G is disconnected. Consequently, |V (Cy) — A| > 2. It follows by Claims 9 and 10 that
G is isomorphic to a graph in @7;. This completes the proof of Case 2 and our theorem. [

In what follows, for subsets W and L of V(G) where WNL = (), W(~ L) denotes the
set of all vertices of W which are not adjacent to some vertex of L.

Theorem 8.4. Let G,S,C, and Cy be defined as in Theorem 8.2. If i(Cy) = 2 and
V(Cy)| =1, then G € \J_, .

Proof. Let {w} = V(C}). Then Ng(w) = {u,v} by the fact that S is a minimum
cutset. Put B = N¢,(u), C' = Ng,(v) and A = V(Cy) — (BUC). By our hypothesis that
i(Cy) = 2, we have following observation.

Observation 1: No vertex of V(Cy) dominates Cs.

Claim 1: Suppose xy ¢ E(G) where either v € B—C andy € C — B or x ory belongs
to BNC. Then I, — {x,y} = {w} and thus either x = Cy —y or y > Cy — x. Further,
ifre BNC andy € (B—C)U(C — B), then I,, = {x,w} and thus x > Cy — y.

By Lemma 2.2(2), I, N {u,v} = 0. Since Ng(w) = {u,v}, I, — {z,y} = {w}. If
I, = {z,w}, then x > Cy —y. Similarly, if I,, = {y,w}, then y > Cy — 2. We now
suppose that x € BNC and y € (B—-C)U(C — B). If I, = {y,w}, theny > Cy — z
and thus either {v,y} >=; G or {u,y} =; G, a contradiction. This settles our claim.

By similar arguments as in the proof of Claim 1, Claim 2 follows.

Claim 2: If t € BNC andy € AU(BNC) where xy ¢ E(G), then either x = Cy —y
ory > Cy —x and thus {z,y} =; G — w.

Claim 3: For x € B — C, there exists a unique vertex T € AU (B — C) where
x> (AU(B—-C))—{Z} and T - (AU (B — C)) — {z}. Further, if uwv ¢ E(G), then
T € B—C, each vertex of B— C dominates A and G[B — C] = Ks,— a perfect matching
for some positive integer n.

Consider G + zv. By Lemma 2.2(2), I, N ({u,w} U (BN C)U (C — B)) = 0 since
ru,vw € E(G) and C C Ng(v). Because Ng(w) = {u,v}, v € I,. Thus I, = {v,T}
for some 7 € (AU (B — C)) — {z}. Clearly, T > (AU (B — C)) — {z}. Now consider
G + Tv. By similar arguments, Iz, = {v,z} since T > (AU (B — C)) — {z}. Thus
x> (AU (B —(C)) — {7} as required.

We now suppose that wv ¢ E(G). Since I, = {v,Z}, T dominates u and thus
T € (B—C)—{x}. By above argument, z > (AU(B—C))—{Z} and T > (AU(B—-C))—{z}.
If |B— C| = 2, we are done. So suppose there exists 1 € (B — C) — {z,T}. Con-
sider G + xjv. By the above arguments, there exists 7, € (B — C) — {z1} such that
= (AU(B -0C)) — {71} and 73 > (AU (B - C)) — {x1}. By Lemma 2.2(2),
{z1,71} N {z,7} = 0. Continuing in this fashion, G[B — C] is isomorphic to a com-
plete graph without a perfect matching. Further, each vertex of B — C' dominates A.
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This settles our claim.
By the same arguments, Claim 4 follows.

Claim 4: For x € C — B, there exists a unique vertexr T € AU (C — B) where
x> (AU(C—-B))—{Z} and T ~ (AU (C — B)) — {z}. Further, if uwv ¢ E(G), then
T € C — B, each vertex of C — B dominates A and G|C — B] = Ky, — a perfect matching
for some positive integer m.

For the rest of our proof, if x € B — C(C' — B), then we shall denote the only non-
neighbour of z in AU (B — C)(AU (C — B)) by 7.

Claim 5: If x € B—C and y € C — B, then zy € E(G). Thus each vertex of
B — C(C — B) dominates C' — B(B — C).

By Claims 3 and 4, there exist T € AU (B —C) and §y € AU (C — B) such that
2T, yy ¢ E(G). Suppose to the contrary that xy ¢ F(G). Consider G + zy. By Claim 1,
either z = Cy — y or y > Cy — x. But this is not possible since 27, yy ¢ E(G). Hence,
xy € E(G). This settles our claim.

Now put A; = {z € Alz = A} and Ay = A — A

Claim 6: G|As)] is isomorphic to a complete graph without a perfect matching and for
each pair of non-adjacent vertices 1 and xo of As, x; = (B—C)U(C — B)U (A —{z;})
where 1 < i # j < 2. Further, if uv ¢ E(G), then Ay =0 and thus G[A] is complete.

Let x € Ay. Then there exists y € Ay such that zy ¢ E(G). Consider G + xy. Put
{z} = I,,—{z,y}. Then z € {u,v,w} since Ng(w) = {u,v}. We may assume without loss
of generality that I, = {z, z}. Clearly, x = A — {y} since z is not adjacent to any vertex
of A. Now consider G + zz. By Lemma 2.5, I, = {z,y} or I, = {z,y}. If I, = {z,y},
then no vertex of I, is adjacent to vertices of {u,v,w} — {z}, a contradiction. Hence,
I,. = {z,y} and thus y = A — {z}. If |As] = 2, then we are done. So suppose that
|Ay| > 3. By applying similar arguments as above and as in the proof of Claim 3, G[As]
is isomorphic to a complete graph without a perfect matching.

Now let x1,29 € Ay where x129 ¢ E(G). It follows by Claims 3 and 4 that, z; >
(B—C)U(C —B) for 1 <i < 2. Since G[A,] is a complete graph without a perfect
matching, z; = (B — C)U (C — B) U (A — {x;}). where 1 <1i # j <2 as required.

We now suppose that uv ¢ E(G) and Ay # (). Since G[A,] is a complete graph without
a perfect matching, there exist y;,y2 € Ay where 1192 ¢ E(G). Consider G + uy;. Put
{z1} = Ly, — {u,y1}. We first suppose that I, = {u,2}. Since uv,uy, ¢ E(G), =z
dominates {v,y,}. It follows that z; € C' — B by Lemma 2.2(2) and z; > C'— B. But
this contradicts Claim 3. Hence, I,,, = {y1,21}. Since y1y2, 1w ¢ E(G), z; dominates
{y2,w}. But this is not possible since d(y, w) = 3. Hence, Ay = () as required. This
settles our claim.
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Let
Xi={xeBnClrzy ¢ E
Xo={xeBnClrzy ¢ E
Xs={reBnClzy¢ E
Xe={reBnClzy¢ E

for some y € B — C'}
for some y € C' — B}
for some y € BN C}
for some y € A}.

— — N

G
G
G
G

Py

By Observation 1, BNC' = X;UX,UX3UX,. The following claim follows immediately
by Claims 1, 3 and 4.

Claim 7: If v € X1(Xs), then there exists a unique verter y € B — C(C' — B) such
that Nglz] = V(G) — {y,w}.

Claim 8: Fori € {1,2} and j € {1,2,3,4} —{i}, X;NX; = 0. Further, if uww € E(G),
X3 N X4 - (Z)

It follows by Claim 7 that X; N X; = (0 for i € {1,2} and j € {1,2,3,4} — {i}. We
now assume that uv € E(G). Suppose to the contrary that there exists z € X3 N Xj.
Let 13 € BN C and ys € A where zy;,xys ¢ E(G). By Claim 1, either z > Cy — o or
y2 = Cy — x. Since zy; ¢ E(G), yo = Cy — x. But then {y,,u} =; G, a contradiction.
Hence, X5 N X, = ) as required.

By the definition of X3 and X, together with Claims 7 and 8, we have the following
claim.

Claim 9: If x € X3 U Xy, then z = (B —C)U (C — B)U X1 U Xy. Further, suppose
w € E(G). Then if x € X3, thenx = AU(B—-C)U(C —B)UX,UXyU X, and if
ZL’GX4, th@nl’}(B—C)U(C—B)UX1UX2UX3

For x € B — C(C — B), by Claim 3 (Claim 4) there is a unique vertex T of AU (B —
C)(AU (C — B)) which is not adjacent to x. Let
Yi={ze(B-C)(~Xy)[t€e B-C}
Yo={x € (B-C)(~ X))|T € A}
Zl = {I’ € (C— B)(N X2)|f e C — B}
Observation 2: X1 # 0 if and only if Y1UY3 # 0 and Xo # 0 if and only if Z,UZy # 0.
Observation 3: If v € Yo U Zy, then T € Ay and wv € E(G).
Claim 10: If y € Y1, theny € Y].
Since y € Y1, there is a vertex x € X such that xy ¢ E(G). Suppose to the contrary
that 7 = X;. By Claims 7 and 9, ¥ = BN and thus y >~ C5 — y by Claims 3 and 5.

Consider G + wy. By Lemma 2.2(2) and the fact that Ng(w) = {u,v}, it follows that
Iy —{w, 9} = {y}. If I, ={w,y}, then no vertex of I, dominates x, a contradiction.
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Hence, I, = {7, y}. But then no vertex of I, dominates v, again a contradiction. Hence,
there exists a vertex z; € X; such that yz; ¢ E(G). This settles our claim.

By similar arguments as in the proof of Claim 10, Claim 11 follows.
Claim 11: If z € Zy, then Z € Z.

Claim 12: If Y1 # 0, then each component of G[Y1 U (X1(~ Y1))] is a double star
DS(m,n), in Cy, for some positive integers m and n where the center and the end vertices
of DS(m,n) are in Y1 and X1(~ Y1), respectively.

Let y € ;. Then yz; ¢ E(G) for some z; € X;. By Claim 10, ¥ € Y; and thus there
exists xo € X such that gzo ¢ E(G). By Claim 7, x; # x5 and Ng[z1] = V(G) — {y, w}
and Ng[za] = V(G)—{y, w}. Further, by Claims 3, 5, 7 and 9, V(Cy) — ({7}UX;) C Ng[y]
and V(Cy)—({y}UX}) C Ng[g). It then follows by Claim 7 that G[{y, 7, x1, 2o }UN x, (y)U
Ny, ()] is a component in Cy and forms a double star D.S(m, n) where m = |[Nx, (y)| > 1
andn = |Nx, ()| > 1. Further, y and 7 are center vertices and vertices of N x, (y)UN x, (%)
are end vertices of DS(m,n) in C,. This settles our claim.

By similar arguments as in the proof of Claim 12, Claim 13 follows.

Claim 13: If Zy # 0, then each component of G[Z, U Xo(~ Z))] is a double star
DS(m,n), in Cy, for some positive integers m and n where the center and the end ver-
tices of DS(m,n) are in Z; and Xo(~ Z), respectively.

We now distinguish two cases according to uwv.

Case 1: wv ¢ E(G).

Then A # () otherwise i(G) = 2 and thus G[A] is complete by Claim 6. Further, by
Claims 3 and 4, G[B — C] and G|C — B] are complete without a perfect matching and
thus Yo = Zy = ). Tt follows that X;(~ Y;) = X; and Xs(~ Z;) = X,. Since a vertex of
A dominates AU(B—C)U(C—B)UX;UX,U(X3— X,y) by the definitions of X3 and X4
and Claims 3, 4, 6 and 7, X, # () otherwise i(G) = 2. Consequently, i(G[AUX3UX,]) > 2.

Claim 14: Each component of G[AU X3U Xy] is a star Ky, in Cy, for some positive
integer r Further, for each pair of non-adjacent vertices x andy, [{z,y}NA| <1, {z,y} =;
G — w and if x is the center and y is an end vertex of K1, in G[AU X3 U X,], then
{y,w} = G — .

Claims 1, 3, 4, 7, 8 and 9 together with the definitions of X3 and X, imply that if
z € X3 U Xy, then N¢,(2) € X3U X, U A. Further, if z € A, then N¢,(2) € X4. Now
let z,y € AU X3 U Xy where 2y ¢ E(G). By Claim 6, [{x,y} N A] < 1. We may suppose
without loss of generality that x ¢ A. Then z € X3U X; C BN C. Consider G + zy. By
Claim 1, either x = Cy —y or y > Cy — . Hence, i(G[AU X3U X4] + zy) = 1. Therefore,
iI(G[AU X3 U Xy]) = 2 and G[AU X3 U Xy)] is 2-i-critical. Thus, by Lemma 2.4, each
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component of G[AU X3 U X,] is a star Ki,, in Cs.

Since x € BN C and either z > Cy —y or y = Cy — x, it follows that {z,y} =; G —w
and thus {z,w} =; G —y or {y,w} =; G — x by Lemma 2.5. It is easy to see that if x is
a center and y is an end vertex of K ., in Cy, then {y,w} =; G —x. This settles our claim.

Now let Sy = {K1, € GIAUX3UX,]|V (K1, )NA =0}, So = {K1, € GIAUK3U K|
some end vertices of K, belongs to A} and S5 = {K;, € G[AU X3 U X]| the center of

K, belongs to A}. Clearly, G[AU X3 U X4] = 51 U S, U S and X3 N X, = 0 if and only
if all end vertices of stars in Sy belong to A.

Claim 15: For 1 <i#j<3,5,NS; =1

Let xy be an edge of K, € @[A U X3 U Xy4] where x is the center and y is an end
vertex of K ,. By Claim 6, [{x,y} N A| < 1. It is easy to see that if |[{z,y} N A| =0, then
{z,y} C Xs. If there exists an end y; # y of K, where y; € A, then K, € Sy otherwise
K, € S;. We now suppose that [{z,y} N A| = 1. If {z,y} N A = {z}, then K;, € S;
and if {z,y} N A = {y}, K1, € Sy. This settles our claim.

Claim 16: Suppose @[AUXg UX4| = K, for some positive integer r. Then Ky, € Sy
or Ky, € Sy . Further, if Ky, € Ss, then |B—C|>2 or |C — B| > 2 and if K, € S,
then either at least two end vertices of Ky, belong to X5 or |B—C|>2 or |C — B| > 2.

Since A # 0, and X4 # 0, it follows that K;, ¢ S;. Thus K, € Sy or K, € Ss.
Let z,y1,¥2, ...,y be the center and end vertices of K, ,, respectively. We first suppose
that K, € S;3. Then x € A and thus {yi1,ys,...,y,} = X4. Because G is connected
and {u,v} is a minimum cutset of G, it follows that there exist at least two vertices of
V(Cy) — (AU Xy), joining to x. Thus B —C or C'— B is not empty by Observation 2 and
the fact that G[B — C] and G|[C — B| are complete graphs without a perfect matching.
Clearly, |[B—C|>2or |C — B| > 2.

We now suppose that K;, € S;. Assume that y; € A. Thus 2 € Xy. By similar
arguments as above, if [{y1,y2, ...,y } — A| <1, then B—C or C'— B is not empty. So we
suppose that [{y1,y2, ..., yr } — A| > 2. Thus x € X3U X, and thus {y1, 92, ..., 4.} — A C X3
as required. This settles our claim.

We are now ready to characterize graphs in this case. Recall that Y5 = Z, = (). Let F
be a component of Cy and x € V(F). We first suppose that z € (B—C)-Y; ((C—B)—2,).
By Claims 3(4), 5, 7 and 9, there exists a unique vertex T € (B—C) =Y ((C — B) — Z;)
where Ng,[z] = V(Cy) — {Z} and Ng,[z] = V(Cy) — {x}. Thus V(F) = {z,7} and F is
a Ky, in Cy, by Claim 3(4).

We next suppose that z € Y1 U Xi(~ Y;) = Y1 U X;. Clearly, V(F)N X; # 0 and
V(F)NY; # 0. We may assume that z € V(F)N X;. Let y € V(F)NY;. By Claim
7, Nglz] = V(G) — {y,w} and thus Ng,[z] = V(Cy) — {y}. By Claim 10, there exists a
unique vertex ¥ € Y; where V(Cy) — ({7} UX1) C Ne,[y] and V(Cy) — ({y}UX;) € N, [7]
by Claim 3, 5, 7 and 9. It then follows that V(F') C Y; U X;. By Claim 12, F' is a double
star, in Cy, where y and 7 are center vertices and vertices of N, (y) U N, (7) are end
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vertices.

By similar arguments, if z € Z; U (Xa(~ 7)) = Z; U Xy, then V(F) C Z; U X, and
F is a double star in Cs.

Finally, we may suppose that x € AU X3U X,. It is easy to see that if V(F)NA =0,
then V(F) C X3 by Claim 9 and thus F' is a star by Claim 14. So we may now suppose
that V(F)N A # () and z € V(F) N A. Then there exists y € V(F) N X, such that
xy ¢ E(G). By Claim 9, V(F) € AU X3 U X, and thus F'is a star by Claim 14.

We may conclude here that a component F of Cs is a K5 or a star or a double star.

Recall that A # () and X, # 0. We first suppose that B—C = C — B = (). By
Observation 2, X; = Xy = ) and thus V(G) = {u,v,w} U AU X3 U X4. It follows by
Claim 16 that G[A U X3 U X,] contains either at least two stars or exactly one star with
the center of the star belongs to X4, A is a subset of the set of end vertices of the star
and at least two end vertices of the star are in X3. Therefore, G is isomorphic to a graph
in {G',G",G",Gy, ,G%,,G% } C .

We next suppose that B — C # () but C — B = (). Then, by Obervation 2, X, = ()
and thus V(G) = {u,v,w} U (B - C)UAU X, UX3UX,. Then G is isomorphic to
a graph in {G}, G, Ghp., G Ghss Gopst © s where 1 < j < 3. By
similar arguments if C — B # () but B—C = (), then G is isomorphic to a graph in
(G, Gh,y Gopys Gosis Gosis Gpipis,} © % where 1 < j < 3. Finally, we sup-
pose that B — C # () and C — B # (0. Then G is isomorphic to a graph in {GP1P2>

J J
GP1D2’ GP1P2D2’ GP1P2$1’ GP1D2$1’ GP1P2D2$1’ GD1P2 GD1D2’ GD1P2D2’ GD1P251’ GDlDQSl’

j J J j J
GD1P1P25'17 Gppiry Gripiny: Gripipapys GDipsresi: GPipipasys Gy pyas, b € o where
1 < j < 3. This proves Case 1.

Case 2: wv € E(G).

Before we characterize this case, we need to establish some more claims. By Claim
8, X3N Xy = (. By the definition of X3, i(G[X3]) > 2. By applying similar ar-
guments as in the proof of Claim 14 together with the fact that for each x € Xj,
r>=AU(B-C)U(C—B)UX;UX,UX, by Claim 9, Claim 17 follows.

Claim 17: Each component of G[X3] is a star K, for some positive integer v. Fur-
ther, if v,y € X3 where xy ¢ E(G), then {z,y} =; G — {w}.

Claim 18: Suppose x,y € Ay where xy ¢ E(G). If x is not adjacent to some vertex
x1 € Xy, then y is not adjacent to some vertex y; € X4 — {x1}.

By applying similar arguments as in the proof of Claim 10 together with the definition
of X3 and Claims 1, 6, 7 and 9, our claim follows.

Claim 19: If As(~ X4) # 0, then each component of G[(Xy(~ Ay)) U (Aa(~ Xy))] is
a double star DS(m,n) for some positive integers m and n where the center and the end
vertices of D(m,n) are in Ay(~ X4) and X4(~ Ay), respectively.

By applying similar arguments as in the proof of Claim 12 together with Claims 2, 6,
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7 and 18, our claim follows.

Claim 20: Forx € Ay, there existy; € B—C and y, € C— B such that xy,, xys ¢ E(G)
and z = (AU (B—-C)U(C = B)) —{y1,42} and y; = (AU (B—-C)U(C — B)) — {z}
for 1 <1 < 2. Further, there exist three distinct vertices of BN C', say ay, as, b such that
y1a1, Yaaz, vb & E(Q).

It is easy to see that if x = B — C, then {z,v} >; G since uv € E(G), a contradiction.
Hence, there exists y; € B — C such that xy; ¢ E(G). Similarly, there exists yo € C' — B
such that xy, ¢ E(G). By the definition of A; together with Claims 3 and 4, z > (AU(B—
CYU(C —B))—A{y1,y2}. Further, by Claims 3, 4 and 5, y; = (AU(B—-C)U(C —B))—{xz}
for 1 <1¢<2.

Suppose to the contrary that y; = BN C. Then y; = Cy — 2. Consider G + wy;. Put
{z} = Ly, — {w,y1}. Then z = = by Lemma 2.2(2) since y; > Cy — x and Ng(w) =
{u,v}. If I,,, = {w,x}, then no vertex of I, is adjacent to y», a contradiction. Hence,
Iy, = {v1,x}. But then no vertex of I, is adjacent to v, again a contradiction. Hence,
there exists a; € B N C such that yya; ¢ E(G). Similarly, there exists as € B N C such
that yaas ¢ E(G).

We next show that x does not dominate B N C. Suppose this is not the case. Then
x = BNC and thus z > Cy — {y1,y2}. Consider G + wz. Put {z} = I,, — {w,z}. By
Lemma 2.2(2), z1 € {y1,y2} since x = Co—{y1,y2} and Ng(w) = {u,v}. If I, = {w, 21},
then no vertex of I, is adjacent to either a; or as, a contradiction. Hence, I, = {x, z1}.
Then no vertex of I, is adjacent to either v or u, again a contradiction. Hence, there
exists b € BN C such that zb ¢ F(G). By Claims 1 and 2, a1, a2 and b are all distinct.
This settles our claim.

Claim 21: Suppose Ay # (). Then each component of G[A; U Y, U Zy U (X1(~ Y3)) U
(Xa(~ Z2))U(Xyu(~ A1))] is a triple star TD(m,n,r) for some positive integers m,n and
r where the middle center vertex is in Ay one of the end center vertices is in Yo and the
another end center vertices is in Zy while all the end vertices are in (X1(~ Ys)) U (Xa(~
Z2)) U (Xa(~ Ar)).

Let z € A;. By Claim 20, there exist y; € B — C and y, € C' — B such that
zy,xys ¢ E(G) and z = (AU (B —C)U (C — B)) — {y1.y2} and for 1 < i < 2,
yi = (AU (B —C)U (C — B)) — {z}. Further, there exist a;,as,b € B N C where
y1a1, yaag, xb ¢ E(G). Clearly, a; € Xi(~ Y3),a2 € Xo(~ Z3) and b € Xy(~ A;). By
Claims 1, 2, 5, 7, 9 and 20, N¢, () € {y1, y2} U (Xa(~ A1), Ney(y1) € {z} U (Xi(~ Y2))
and N, (y2) C {7} U (Xa(~ Z2)). Further, for ¢ € {y1, 92,2}, if e1 € Ny (c) — {y1, v0, 7},
then ¢; = Cy—c. Hence, G[{z,y1,y2} UN ¢, () UN ¢, (y1) UN ¢, (y2)] is a component in C'y
and forms a triple star 7'S(m, n, ) where m = |[N¢,(y1)|, n = |N¢,(z)] and r = [ N¢, (y2)].
Clearly, m,n and r are positive integers. Further, x is the middle center vertex, y; and
Yo are the end center vertices and each vertex of N¢,(x) U N¢,(y1) U N¢, (12) is an end
vertex of T'S(m,n,r) as required. This settles our claim.

Let F be a component of Cy and x € V(F). By the same arguments as in the proof
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of Case 1, ifz € (B—C)— (Y1UYs)((C—B)—(Z1UZy)), Fis Ky. If x € Y1 U (X;(~
Y1))(Z1 U (Xa(~ Zy))), F is a double star. We now suppose that z € X3. By Claim 9,
V(F) C X3 and thus F' is a star by Claim 17.

We next suppose that © € Xy(~ A;). Then there exists 1 € A; such that xz; ¢
E(G). By Claim 20, there exist aj,a2,b € BN C,y; € B— C,ys € C — B where
T1Y1, T1Y2, Y141, Yo2ao, 10 ¢ E(G). (Note that b and x might not be different). Then
{z,21,y1,Y2, a1, a2,b} C V(F). By similar arguments as in the proof of Claim 21, V' (F') C
(Xy(~ A1) U(Xq(~ Y2)) U (Xa(~ Zs)) U{x1,91,y2}. By Claim 21, F is a triple star.

Finally, we assume that ©z € Xy(~ As). Then there exists w; € Ay such that
zwy; ¢ E(G). By Claim 6, there exists a unique vertex ws € As — {w;} such that
w; = (B—C)U(C —B)U(A—{w;}) for 1 <i# j <2 By Claim 18, there exists
¢ € BNC such that wye ¢ E(G). By Claim 2, = Cy —w; and ¢ > Cy — wq. Further, by
Claims 7 and 9, w; = X; U Xo U X3 for 1 <14 < 2. Thus V(F) C (X4(~ Ag)) U {w,ws}.
Hence, F' is a double star by Claim 19.

We are now ready to characterize this case by distinguishing three cases.

Case 2.1: A, = Ay, = 0.

Since uv € E(G), u > V(G) — (C — B) and v = V(G) — (B—C). Then B—C # ()
and C'— B # () otherwise v = G or v = G. Note that X, = () and X, X5, X3 are partition
sets of BN C by Claim 8. It then follows that Y5 = Z, = () and thus X;(~ Y;) = X; and
Xo(~ Zp) = Xy. If Xy = Xy = X3 =0, then G is isomorphic to Gg, € @%. We now sup-
pose that X3 = (). If exactly one of { X7, X5} is not empty, then G is isomorphic to a graph
in {Gg,p,,Gr,} C % and if both of X; and X3 are not empty, then G is isomorphic to
a graph in {Gr,, Gr,p,, Gr,D,D,} C “%. We next suppose that X3 # 0. If X; = Xy = (),
then G is isomorphic to Gg,s, € % and if at least one of {X;, Xy} is not empty, then
G is iSOIl’lOI“phiC to a graph n {GR1D1517GRQSlvGR3317GR2D1S17 GR1D1D25'1} C % This
proves Case 2.1.

Case 2.2: A; = () but Ay # 0.

Then, by Claim 6, G[A] = G[As] is a complete graph without a perfect matching and
each vertex of Ay = A dominates (B — C) U (C — B). It then follows by Claims 3 and 4
that G[B — C] and G[C — B] are complete graphs without a perfect matching. Further,
Yy = Z5 = (). By Claim 5, each vertex of B — C (C — B) dominates C' — B(B — C). We
now distinguish three subcases.

Case 2.2.1: BN C = 0.
Then B — C # () and C' — B # () otherwise v or u becomes a cutvertex, contradicting
the fact that {u,v} is a minimum cutset. It is easy to see that G = Gw, p,p, € %.

Case 2.2.2: X4 = @ but X1 U X2 U X3 7é @

Then As(~ X,) = (). By Claims 12, 13 and 17, G is isomorphic to a graph in {Gyw, p,,
Gwip,pi, GwipyPipys Gwys, Gwisip, Gwisipp ) © @ if exactly one of Xy, Xy and X3
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is not empty. If exactly two of X7, Xy and X3 are not empty, then G is isomorphic to a
graph in {GW1D1D2> GW1D1D2P1a GW1D1D2P1P27 GW1D151? GW1D151P17 GW1D151P1P2} C .
Finally, if none of X, X5 and X3 is empty, then G is isomorphic to a graph in {Gw, p, s, .,
Gwypy510.P s Gwipysipip, ) C .

Case 2.2.3: X, # ().

By Claim 19, G[(X4(~ Ag)) U (Az(~ X3))] = U;lzl DS(mj,n;). Note that if d = 1,
then either m > 2 and n > 2, or Ay — (As(~ Xy)) # D or (B—C)U(C — B) # 0 or
X3 # () otherwise an end vertex of the double star becomes a cutvertex, contradicting the
fact that {u,v} is a minimum cutset of G. For this case, G is isomorphic to a graph in
{GQlaGw47GW2F1 77777 FyLaGW4F1---Fn} - ,,Q{g where F; € {Pl,Dl,PQ,DQ,Sl} and F; 7é }7] for
1<i#75<n<5h.

Case 2.3: A; # () (A; may be empty).

By Claim 21, each component of G[A; UY,UZyU( X (~ Y2))U(Xa(~ Z3))U(Xa(~ A)))]
is a triple star T'D(m, n,r) for some positive integers m,n and r where the middle center
vertex is in A;, one of the end center vertices is in Y5 and the another end center is in Z5
while all the end vertices are in X;(~ Y5) U Xo(~ Z3) U Xy(~ A;y). By Claims 3, 4, 5, 6,
12, 13 and 17, G is isomorphic to a graph in {Gw,, Gw,r,..F,} C @ where i € {3,5,6,7},
F, € {P,, Dy, P5,D5,S} and F; # Fj for 1 <i# j <mn < 5. This completes the proof of
Case 2 and our theorem. O]

As a consequence of Lemma 8.1 and Theorems 8.2 - 8.4, we have:

Theorem 8.5. Let G be a connected 3-i-critical graph and S a minimum cutset of size 2
where ¢(G — S) = 2. Then G € J,_, . O

9 Independent domination critical graphs and k-factor-
critical

Our first result in this section concerns an existence of a perfect matching in connected
3-1-critical graphs.

Lemma 9.1. If G is a connected 3-i-critical graph of even order, then G has a perfect
matching.

Proof. Suppose that G does not contain a perfect matching. By Theorem 2.7, there is a
set S C V(@) such that ¢o(G — S) > |S|. Since |[V(G)| is even, ¢o(G — S) > |S| + 2 which
contradicts either Lemma 4.1 or Theorem 6.1. Hence, G has a perfect matching.

[]
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Lemma 9.2. Let G be a 3-connected 3-edge-i-critical graph of even order. If 6(G) > 4,
then G s bicritical.

Proof. Suppose to the contrary that G is not bicritical. By Theorem 2.13, there exists
S C V(G) where |S| > 2 and ¢o(G — S) > | S| —2. Lemma 9.1 together with the fact that
G is of even order, ¢o(G — S) = |S|. This implies by Theorem 6.1 that |S| < 3. Then, by
the hypothesis that G is 3-connected, |S| = 3 and thus ¢y(G — 5) = ¢o(G — 5) = |S| = 3.
By Lemma 6.5, 6(G) = 3, contradicting the minimum requirement of G. This completes
the proof of our lemma.

O

N

Figure 23: A 3-edge-i-critical graph of even order with §(G) = 3 which is not bicritical.

Note that the bound on the minimum degree stated in the hypotheses of Theorem
9.2 is best possible since there is a 3-edge-i-critical graph with minimum degree 3 having
even order but is not bicritical. The graph G shown in Figure 23 is one of such graphs.
Observe that G — {a, b} has no perfect matching.

Lemma 9.3. Let G be a connected 3-i-critical graph and S a cutset of G. Let x1, T2, y1, Yo
be four distinct vertices of G — S where x;y; ¢ E(G) for 1 <i <2 and these four vertices
belong to at least two different components of G — S. Further, let {2} = L., — {zi, v},
1 < < 2. If either ¢o(G —S) > 4 or ¢o(G — S) = 3 but no components of G — S is
singleton, then {z1,22} C S and z; # 2.

Proof. By our hypothesis, it is easy to see that for 1 < ¢ < 2, z; dominates at least
two components. Then z; € S and thus {z1, 20} C S as required. Let C' be a component
of G — S containing x;. We first suppose that y; € V(C) — {z1}. Then 25 ¢ V(C) or
yo ¢ V(C) and thus z129 € E(G) or 21y € E(G) since I, = {z1,21} or Ly, = {11, 21}
Hence, z; # 25 by Lemma 2.2(2).

We now assume that y; ¢ V(C). Since {zq,y2} C V(G) — S, it follows that | Ng(z2) N
{z1,y1}| < 1 and |Ng(y2) N {z1,y1}| < 1. Thus 21 € Ng(zg) or y3 € Ng(z2) since
{22} = L.,y — {72,942} Consequently, z; # 2o because {x1,y1, 2} is independent by
Lemma 2.2(2). This completes the proof of our lemma O
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Lemma 9.4. Let G be a connected 3-i-critical graph and S a cutset of G. Let x1,x5 and
xg be three distinct vertices of G — S and no any two vertices of {1, xa,x3} belong to the
same component of G—S. Further, let {z1} = I 0, — {1, 22} and {20} = L2, — {71, 23}
If either co(G — S) > 4 or ¢,(G — S) = 3 but no components of G — S is singleton, then
{z1,20} C S and z # 2.

Proof. By similar arguments as in the proof of Lemma 9.3, {z1,22} € S. By Lemma
2.2(2), {1, e, 21} and {z1, x3, 22} are independent. Since z3 does not belong to the same
component containing x; or xs, z1x3 € E(G) because {z1} = I, — {71, 22}. By Lemma
2.2(2),z1 # 2. This completes the proof of our lemma O

Theorem 9.5. For a positive integer k, let G be a t-connected 3-i-critical graph of even

order where
o 2k + 1, for 1 <k < 36,
N | % —7], for k > 37.
Further, for 1 <k <36, 6(G) > 2k + 2. Then G is 2k-factor-critical.

Proof. We shall prove by mathematical induction. , Clearly, our result holds for &k =1
by Theorem 9.2. We now suppose that our result holds for £k — 1 where k£ > 2. Suppose to
the contrary that G satisfies our hypothesis but G is not 2k-factor-critical. By Theorem
2.13, there is a vertex cutset S where |S| > 2k and ¢,(G — §) > |S| — 2k. By our
induction hypothesis and Theorem 2.13, ¢,(G — S) < |S| — 2(k — 1). Since G is of even
order, ¢,(G — S) = |S| — 2k +2 > 2. Then |S| >t > 2k + 1 and thus ¢o(G — S) > 3.
Because §(G) > 2k + 2, if ¢o(G — S) = 3 (that is |\S| = 2k + 1), then no components of
G — S is singleton.

For 1 <i < |S| — 2k + 2, let C; be an odd component of G — S. Choose x; € V(C}).
Then, for 1 < i # j < [S|—2k+2, the only vertex of I, ., —{z;, z;} must be in S by Lemma
9.3. Thus |S| > ( &l _22k 2 > . It also follows by Lemmas 2.2(2), 9.3 and 9.4 that z;
is not adjacent to at least |S| —2k+1 vertices of S. Then |Ng(z;)| < |S|—(|S|—-2k+1) =
2k—1. Since 0(G) > 2k+2, 2k+2 < dega(z;) < (|V(Cy)|—1)+|Ns(z;)| < |[V(C;)|+2k—2.
Hence, for 1 <i < |S| — 2k + 2, |V(C;)| > 5 because C; is odd.

Since ¢o(G —5) = |S| =2k +2 and |V(C;)| > 5 for 1 < i < |S|—2k+2, it follows that

1S|—2k+2\ (5 (5 . . .

9 1 1 choices for choosing vertices v and v where u €
V(C;) and v € V(C}) and i # j. By Lemmas 9.3 and 9.4, I,, — {u,v} C S. Thus, in fact,
S| > ( 151 e ) ( ’ ) ( ’ ) — (15|~ 2k+2)(|S|~2k+1). Hence, 25|S >+ (73—
100k)|S| +25(4k* — 6k +2) < 0. Consequently, |S| <
__ 100k—73++/400k+329

50 :

We next show that 100k=T3+V400k+320 < o for | < k < 36 and 100k=T3+v400k+329

50 = =" = 50 =

% — 8 for k > 37. We first assume that 1 < k < 36. Suppose to the contrary that
100784 VA0ORES2 > 9 1 1. Then v/400k + 329 > 123 and thus k > 37, a contradiction.

there are

100k—T73++/ (73—100k)2—4(25)(25) (4k2 —6k+2)
50
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Hence, 100]“’73*55400’”329 < 2k for 1 < k < 36 as required. We now assume that k& > 37.

Again, suppose to the contrary that 100k—73+5v0400k+329 > % — 7. Then 400k + 329
> M > 0 and thus 0 > 2500k% — 12200k — 1900 = (50k — 122)% — 16784 > (50(37) —
122)2—16784 = 2,962, 200 since k > 37, a contradiction. Hence, 100=T3t /40064329 < 9% _g
for k > 37 as required. Therefore, |S| < t, contradicting the connectivity of G. Hence, G
is 2k-factor-critical as required. This completes the proof of our theorem. O]

We now turn our attention to 3-i-critical graphs of odd order.

Lemma 9.6. Let G be a 2-connected 3-i-critical graph of odd order. If §(G) > 3, then G
18 factor-critical.

Proof. Suppose to the contrary that G is not factor-critical. By Theorem 2.13, there
exists S C V(G) where |S| > 1 and ¢o(G — S) > |S| — 1. Since G is of odd order,
co(G —S) > |S| + 1. This implies by Theorem 6.1 that 1 < |S| < 2. Then, by the
hypothesis that G is 2-connected, |S| = 2 and thus ¢(G — S) = ¢o(G — S) = |S| = 3. By
Lemma 6.5, §(G) = 2, contradicting the minimum requirement of GG. This completes the
proof of our lemma. O

By applying similar arguments as in the proof of Theorem 9.5, we have the following
results.

Theorem 9.7. For a positive integer k, let G be a t-connected 3-i-critical graph of odd
order where

‘o 2k, for 1 <k < 36,
N L%—8J, for k > 37.
Further, for 1 <k <36, 6(G) > 2k+ 1. Then G is (2k — 1)-factor-critical.

10 Some basic results for matching extension of the
complementary prism of graphs

Lemma 10.1. Let G be a k-extendable graph for some integer k > 2 and let S C V(G)
be a cutset of G. If G[S] contains t < k — 1 independent edges, then |S| >k +t+ 1.

Proof. Let 8" = S — V(F) where F is a matching of size ¢t in G[S]. By Observation
217, G' = G — V(F) is (k — t)-extendable. Observe that k —¢ > 1. By Theorem
2.8(b), G" is (k — t + 1)-connected. Since S’ is a cutset of G', |S'| > k —t + 1 and thus
|S| >2t+k—t+1=k+t+1 as required. This proves our lemma. O

Let = be a real number, |z]. and |z], denote the even integer and the odd integer
less than or equal to x, respectively. Clearly, |z|. = 2[5] and |z, = 2|(z — 1)/2] + 1.
Note that for an even integer k, if x is an integer and |z|. = k then x =k or x = k + 1.
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Lemma 10.2. Let G be a k-extendable non-bipartite graph for k > 2. Further, let M C
E(G) be a matching of size m and let S = ¢ or S C V(G) — V(M) be an independent set
such that k —m — |S| =t > 0 for some integer t. Then

(a) If |S| is even, then G — (V(M) U S) is t-extendable. Further G — (V(M)US) is
|t]c-factor-critical. Consequently, there is a perfect matching in G — (V(M)U S).

(b) If |S| is odd and t > 1, then G — (V(M) U S) is |t],-factor-critical. Thus G —
(V(M)US) is 1-factor-critical.

(c) If |S| is odd, t = 0 and there is a vertex v € V(G) — (V(M) U S) such that
vs € E(G) for some s € S, then G — (V(M)U S U{v}) contains a perfect matching.

Proof. We first suppose m = k. So S = ¢ and thus G — (V(M)U S) = G — V(M)
contains a perfect matching by Theorem 2.8(a) and it is 0-factor-critical as required. We
now suppose that m < k — 1. By Corollary 2.20, G — V(M) is (k — m)-extendable
non-bipartite. Since k —m = [S|+t, G — V(M) is (|S| + t)-extendable non-bipartite.

(a) |S] is even. By Theorem 2.8(a), G — V(M) is (|S|+ |t].)-extendable and thus it is
(|S]+ [t]e)-factor-critical by Theorem 2.15. Hence, by Observation 2.18, G — (V(M)US)
is |t].-factor-critical as required. It then follows by Theorem 2.8(a) that G — (V (M) U S)
contains a perfect matching. This proves (a).

(b) |S] is odd and ¢ > 1. By Theorem 2.8(a), G — V(M) is (|S|+ |t],)-extendable and
thus it is (|.S|+[¢],)-factor-critical by Theorem 2.15. By Observation 2.18, G—(V (M)US)
is |t],-factor-critical. Since t > 1, |t|, > 1. Further, by Theorem 2.14, G — (V(M) U S5)
is 1-factor-critical as required. This proves (b).

(c) Let M' = M U{vs} and S" = S — {s}. Hence, our result follows from (a). This
completes the proof of our lemma. O

Lemma 10.3. Let G be a k-extendable graph for some integer k and let S C V(G) be a
cutset of G. If G[S] contains t independent edges for t < k, then c,(G — S) < |S| — 2t.
Further, if 1 <t < k—1 and c,(G—S) = |S|—2t then G—S contains no even components.

Proof. Let F be a matching of size ¢ in G[S]. Since G is a k-extendable graph, G — V' (F)
contains a perfect matching by Theorem 2.8(a). By Theorem 2.7, ¢,(G — S) = ¢,((G —
V(F)) = (S =V(F))) < |S—V(F)] = |S] — 2t, as required. We now suppose that
1<t <k—1and ¢,(G—95) = |S| —2t. Let D be an even component of G — S. By
Lemma 10.1 and the fact that ¢t < k —1 < k+ 1, V(F) is not a cutset of G. Then
there is an edge e = sd joining a vertex s in S — V(F) and a vertex d in D. Since G
is k-extendable and F' U {e} is a matching of size t + 1 < k, it follows that there is a
perfect matching in G' = G — (V(F) U {s,d}). Let &' = S — (V(F) U {s}). Clearly,
(G = 85") = co(G—S)+1=|S|—2t+ 1. Since G’ contains a perfect matching, by
Theorem 2.7, |S|=2t+1 < ¢,(G'=S") < |S|—=(|V(F)|+1)| = |S|—2t—1, a contradiction.
Hence, there is no even component in G — S. This proves our lemma. O

Lemma 10.4. Let G be a l-extendable graph and let M be a matching of size | +t where
t > 1. Then there is a mazimum matching in G — V(M) saturates all except at most 2t
non-adjacent vertices in G — V(M).
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Proof. Let T C M where |T'| = t. Thus M — T is a matching of size [ in G. So
there is a perfect matching F' in G — V(M — T). Clearly, |V(F)NV(T)| = 2t. Let
Fy ={zy € F{z,y} NV(M) = ¢} and F; = {zy € Flx € V(M) and y ¢ V(M)}.
Further, let F be a maximum matching in G[V (Fy) —V(M)]. Then, FyUF} is a matching
in G — V(M) saturates all except at most 2¢ non-adjacent vertices as required. O

By similar arguments as in the proof of Lemma 10.4, the next lemma follows.

Lemma 10.5. Let G be a k-factor-critical graph and let T C V(G) where |T| = k + t.
Then there is a maximum matching in G—V (T) saturates all except at most t non-adjacent
vertices. ]

Lemma 10.6. Let G be an I1-extendable graph of order p > 6 and let v be a vertex of
degree 2 in GG. Then there are perfect matchings My, My in G such that v is a vertex
of Cop in MyAMy where n > 3. Further, there is a verter x € V(Cy,) where Cy, is a
subgraph of My/AMy such that ve ¢ E(G) and G — {v,z} contains a perfect matching.

Proof. Let {uy,us} = Ng(v). We first suppose Ng(up) N Ng(uz) = {v}. Let M; be
a perfect matching in G containing vu; and My a perfect matching in G containing
vug. Clearly, {vuy,usuz} € M; and {vug, ujus} C My for some ug,uqy € V(G). Since
{v} = Ng(u1) N Ng(uz), ug # ug. Hence, usugvujuy is a path of length 4 containing v. It
must be contained in an even cycle of order at least 6 in M;/A M, as required.

So we now suppose that Ng(u1) N Ng(ug) # {v}. Then there is a vertex v # ug €
Ng(u1) N Ng(ug). Since G is 2-connected by Theorem 2.8(b) and G is of order at least
6, it follows that usz is not a cut vertex. Then there is a vertex uy € Ng(u1) U Ng(us)
where uy # uz. Without loss of generality, suppose uy € Ng(uy). Let M; be a perfect
matching in G containing uyuy and M, be a perfect matching in G containing ugug. It is
easy to see that {ujuy,vus} C My and {usus, vu } C Ms. Hence, uqujvusus is a path of
length 4 containing v. It must be contained in an even cycle of order at least 6 in M; /A M,
as required. Further, let © € V(Cy,) such that the distance between v and x along the
cycle Cy, is 3. Clearly, zv ¢ E(G) and it is easy to see that G — {v, z} contains a perfect
matching. This completes the proof of our lemma. m

11 The extendability of complementary prism of 2-
regular graphs

For a matching M, we simply denote the set of end vertices of edges in M by V(M).

Lemma 11.1. Let_G@ be a k-extendable graph for some positive integer k. Suppose M
is a matching in GG and S C V(G) where V(M)NS =0 and | M|+ |S| < k. Then

1. If |S| is even, then there is a perfect matching in GG — (V(M) U S).
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2. If |S| is odd, then there is a vertexy € V(G) — (V(M)US) such that GG — (V(M)U
SU{y}) contains a perfect matching.

Proof. Observe that GG is non-bipartite.

(1) It is easy to see that if S = @, then, by Theorem 2.8(1), GG — (V(M) U S) =
GG — V(M) contains a perfect matching since GG is k-extendable. So we may now as-
sume that S # (. Then 2 < |S| < |[M]| +|S| < k. Thus [M| < k — 2. By Corollary
2.20 and the fact that GG is non-bipartite, GG — V(M) is (k — |M|)-extendable non—
bipartite. Since |S| < k — |M|, GG — V(M) is |S|-extendable non-bipartite by Theorem
2.8(1). Hence, GG — V(M) is |S|-factor-critical by Theorem 2.15 and the fact that | S| is
even. Therefore, GG — (V(M) U S) contains a perfect matching. This proves (1).

(2) Since |S| is odd, |S| > 1 and thus |M| < k —|S| < k—1. We first show that there
are a vertex 4 € S and a vertex v € V(G) — (V(M) U S) such that uv € E(G). Suppose
this is not the case. Let @y € S. Then Ngg[uo) € S UV (M) U {up} where ug is the only
vertex in G which is adjacent to @y. Put S = (S — {uo}) U {ug}. Clearly, uy becomes an
isolated vertex in GG —(V(M)US’) and [V (M)US’| = 2|M|+|S'| = 2|M|+|S| < k+|M].
So V(M) U S" is a cutset of GG. But this contradicts Lemma 10.1 since GG[V (M) U S']
contains a matching of size at least [M| and at most [M| + 3|5"| < [M]+ |S| < k and

\V(M)US’| < k+|M|. Hence, there are a vertex u € S and a vertex v € V(G)—(V(M)US)
such that uv € E(G) as required.

Now let Z € S and a vertex § € V(G) — (V(M) U S) such that 7y € E(G). Consider
M U {zy}. Clearly, |[M U {zy}| < k. We first suppose that |M U {zy}| = k. Because
M| < k—|S|, |S| =1 and thus S = {Z}. Since GG is k-extendable, GG — (V (M) U{zy})
= GG — (V(M)U S U {y}) contains a perfect matching as required. So we now suppose
that |M U {zy}| < k — 1. By Corollary 2.20 and the fact that GG is non-bipartite,
GG—(V(M)U{zy}) is (k—(]M|+1))-extendable non-bipartite. Since k—|M|—1 > |S|—-1
and |S|—1is even, it then follows by Theorems 2.8(1) and 2.15 that GG — (V (M) U{zy})
is (|S] — 1)-factor-critical. Hence, GG — (V(M)USU{y}) contains a perfect matching as

required. This proves (2) and completes the proof of our lemma. O
Theorem 11.2. For positive integers i and | where 1 <1 <1, let G1,...,G; be compo-
nents of G. If G;G; is k-extendable of order p; > 2k + 2 for some positive integer k, then
GG is k-extendable. [

Proof. Clearly, our result holds for [ = 1. So we now suppose [ > 2. For simplicity, the
induced subgraphs GG[V (G;)], GG[V(G;)] and GG[V(G;G;)] are denoted by G;, G; and
G,G;, respectively.

Let M be a matching of size k¥ in GG. For 1 < i < [, let M; = M N E(G;G;)
and S; = {z € V(G,G,)|lry € M and y ¢ V(G;G;)}. Observe that S; C V(G;) and
E(GGIUJ\_, Si)) = M —J'_; M;. We first suppose that |S;| is even for 1 < i < [. Then,
by Lemma 11.1(1), there is a perfect matching F; in G;G; — (V(M;) U S;) for 1 < i < 1.
Hence, (J\_, F;) UM is a perfect matching in GG containing M as required.
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We now suppose that |S;| is odd for some i. Let [, be the number of components G; of
G in which |S;| is odd. We may now renumber the components of G in such a way that for
the first {y components of G, |S;| is odd for 1 <1 <, and for the last I — [y components
of G, || is even. Since 307, |Si| = 2(|M — Ui_, My|)— -, Si] is even, I, is even. By
Lemma 11.1(2), there is g; € V(G;) — (V(M;) U S;) such that G;G; — (V/(M;) U S; U {%:})
contains a perfect matching, say F}, for 1 < i < I,. Clearly, GG[{#1,¥a;- .-, 1, }] is a
complete graph of even order. So there is a perfect matching in GG[{#1, ¥2, - - - , Ui, }], 2y
F'. By Lemma 11.1(1), if [y < [, then there is a perfect matching F/ in G;G;—(V (M;)US;)
for [,+1 <@ < [. Therefore, U»li:1 F!UF'UM is a perfect matching in GG containing M
as required. Hence, GG is k-extendable. This completes the proof of our theorem. O

Our next result follows immediately from Theorems 11.2 and 2.8(1).

Corollary 11.3. For positive integers i and | where 1 < i <1, let Gy,..., Gy be compo-
nents of G. If GiG; is kj-extendable of order p; > 2k; + 2 for some positive integer k;,
then GG is ko-extendable where ko = min{ky, ks, ... Kk }. ]

For simplicity, we now assume that G is a connected 2-regular graph and put V(G) =
{v1,v9,...,0,} and E(G) = {vvi41]1 < ¢ < n} where the subscript is read modulo n.
Observe that G = C,,, G = K,, — {vv;y1]1 < i < n} and thus G is (n — 3)-regular of
order n. In what follows, the symbols G, G, V(G), E(G), n and v, for 1 < k < n are
referred to these set up. Further, all subscripts are read modulo n. Our first lemma
follows immediately from the fact that if = is a vertex of C,, where p > 3, then C, — z is
a path of order p — 1.

Lemma 11.4. 1. Ifn is even and e is an edge of G, then there is a perfect matching
in G containing the edge e.

2. If n is odd, then, for each 1 < k < n, G — v, contains a maximum match-

ing of size ”;1. In fact, a maximum matching of size "5~ is {Vp41Vk+2, Vit3Vk+4,

ey Vktn—2Uktn—1} Which is also a perfect matching in G — vg. O

n—1

Lemma 11.5. For an integer n > 5, G is (n — 3)-connected.

Proof. Let S be a minimum cutset of G. For a positive integer k > 2, let Hy, ..., H;, be
components of G — S. Since G is (n — 3)-regular, |V (H;)| > n—2—|S|. Then n = |V (G)|
=S V(H)|+1S] > 2(n—2—15]) +]S] = 2n— 4 —|S| and thus |S| > n — 4. Suppose
S| = n — 4. Tt is easy to see that |V(H;)| = 2 and k = 2. Thus n > 7 since G is
(n — 3)-regular. It follows that G = 2K, V H where H is (n — 7)-regular of order n — 4.
Thus G contains C4 as an induced subgraph. But this contradicts the fact that G = C,
where n > 5. Hence, |S| > n — 3 and then G is (n — 3)-connected. This completes the
proof of our lemma. O
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Lemma 11.6. For an integer n > 6, if n is even, then G is (”T_Zl)-e:ztendable and if n is
odd, then, for 1 <k <n, G — vy, is (%)—ewtendable.

Proof. Observe that G is K, 3-free otherwise GG contains C5 as an induced subgraph
which contradicts the fact that G = C), and n > 6. By Theorem 2.10 and Lemma 11.5, G
is (252)-extendable if n is even. We now suppose that n is odd. Then n > 7 and G — vy, is
(n — 4)-connected by Lemma 11.5. Hence, by Theorem 2.10, G — vy, is (%52)-extendable.
This proves our lemma. ]

As a consequence of Theorem 2.8(1) and Lemma 11.6, we have the following corollaries.

Corollary 11.7. For an integer n, if n > 8 is even, then G is 2-extendable and if n > 9
is odd, then, for 1 <k <n, G — vy is 2-extendable. O

Corollary 11.8. For an integer n, if n > 6 is even, then G is 1-extendable and if n > 7
is odd, then, for 1 <k <n, G — vy is 1l-extendable. O

Corollary 11.9. For an integer n > 6, let v;,v;, vy be three distinct vertices of G where
1 <4,j,k <n, then G — {v;,v;} has a perfect matching if n is even and G — {v;,v;, v;}
has a perfect matching if n is odd.

Proof. Our result follows from Theorems 2.8(1) and 2.15 together with Lemma 11.6 if
n > 8_ For 6 < n < 7, our result follows from Theorem 2.7, Lemma 11.5 and the fact
that G is K s-free. O
For simplicity, put V(G) = {uy, ..., u,} where u; € V(G) corresponds to v; € V(G).

E

Then V(GG) = {v1,...,v,} U {uy,...,u,} and E(GG) = E(G) U E(G) U {vu;|1 <i <

Theorem 11.10. Let G be a connected 2-reqular graph of order n > 6. Then GG is
2-extendable.

Proof. Let T = {ej,es} be a matching of size 2 in GG. It is easy to see that if
{e1,e2} C {vau;|1 < i < n}, then {vu;|l < i < n} is a perfect matching in GG con-
taining the edges e; and es. So we may now assume without loss of generality that e; ¢
{viu;]1 <1i < n}. For simplicity, the set of end vertices of the edge e; is denoted by V'(e;)
for 1 < i < 2. To show that there is a perfect matching in GG containing the edges e;
and ey, we distinguish five cases according to the edges e; and es.

Case 1: {e1,e;} C E(G).

By Corollary 11.7 and the fact that G = C,,, it is easy to see that there is a perfect
matching in GG containing the edges e; and ey if n > 8 is even. For n = 6, it is not
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difficult to show that there is a perfect matching in GG containing the edges e; and e, as
well.

So we now suppose that n > 9 is odd. Choose a vertex u; € V(G) — (V(e1) UV (eq)).
Then, by Corollary 11.7, there is a perfect matching M;, in G — uj, containing the
edges e; and e;. By Lemma 11.4(2), there is a perfect matching M; in G — v;. Hence,
M, UM, U {vju;} is a perfect matching in GG containing the edges e; and e.

We now consider n = 7. Observe that V(G) —(V(e;) UV (es)) contains an edge, say
es, otherwise G contains Cy as an induced subgraph. Put {u;} = V(G) — >, V(e;). B
Lemma 11.4(2), there is a perfect matching M, in G — vj. Thus M, U {eq, €3, €3, vjruj }
is a perfect matching in GG containing the edges e; and e,. This proves Case 1.

Case 2: ¢; € E(G),e; € E(G).

Suppose e; = v;v;41 and ey = upuy where 1 < j k k' < mn and k # k. By Lemma
11.4(1) and Corollary 11.8, it is easy to see that there is a perfect matching containing
the edges e; and ey if n is even. So we now suppose that n is odd.

We first suppose that j + 2 ¢ {k,k’}. Then a maximum matching M, in G — vjio,
containing the edge e; = v;v;1; is a matching of size ”T_l Thus M is a perfect matching
in G — vj;9 by Lemma 11.4(2). By Corollary 11.8, G — u;;5 has a perfect matching
M, containing the edge e,. Then M; U M; U {vjtou;i2} is a perfect matching in GG
containing the edges e; and es.

By similar arguments, if j — 1 ¢ {k, '}, then there is a perfect matching in GG con-
taining the edges e; and e;. We may now assume that {j — 1,5 + 2} = {k,k’}. Then
ey = Ul = Uj_1Ujr2. Now consider G —vj 4. Sincen > 7, j+4 ¢ {j—1,j+2}. Then
a maximum matching Ms, in G — vj4, of size "—’1 must contain the edge e; = v;v;41. By
Lemma 11.4(2), M, is a perfect matching in G — vj4a. By Corollary 11.8, G- Uj14 has
a perfect matching M, containing the edge e;. Then My U My U {vjtaujiq} is a perfect
matching in GG containing the edges e; and e,.

Case 3: ¢; € E(G),es € {vu;|l <i <n}.

Let eo = viuy, for some 1 < k < n. Consider G — vi. Observe that G — vy, is a path of
order n — 1. Let M; and Ms be matchings in G — v, where E(G — v,) = M; U My and
M; N My = (. We may assume that |M;| > |M;|. We first suppose that n is odd. Then
|My| = 251 and |M,] = 252, Further, vy_y and vjq1 are My-unsaturated. By Lemma
11.4(2), M1 is a perfect matching in G — vy,. If e; € My, then M; U M, U {vu} is a
perfect matching in GG containing the edges e; and e, where M, is a perfect matching,
in G — u;. Note that M exists by Corollary 11.8. We now suppose that e; € M,. By
Corollary 11.9, there is a perfect matching Mo, in G — {uk 1, Uk, Ugy1 }. Hence, My U M,
U {vg_1ug_1, VxUk, V11U 1 ;18 & perfect matching in GG containing the edges e; and e,.

We now suppose that n is even. Then [M;| = [My| = 252, Then either vy_; or
Ugy1 18 M'-unsaturated where M’ € {M;, M,}. Suppose without loss of generality that
e1 € M; and vj_; is M;-unsaturated. By Corollary 11.9, there is a perfect matching M,
in G — {ugp_1,ux}. Hence, My U M3 U {vp_1up_1,vpus} is a perfect matching in GG
containing the edges e; and es. This proves Case 3.
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Case 4: e; € E(G), es € {vus]l <i <n}.

Let e; = ujuj and ey = vguy, for some 1 < 7,5,k < n. Clearly, k ¢ {j,5'}. We first
suppose that n is odd. By Lemma 11.4(2), G — vy, contains M; as a perfect matching. By
Corollary 11.8, G — u;, has a perfect matching containing the edge ey, say M;. Thus M,
U M, U {vzu} is a perfect matching in GG containing the edges e; and e,.

We now suppose that n > 8 is even. Let M and M; be perfect matchings in G' con-
taining the vjvgy1 and vy_1v, respectively. Observe that if S C V(G) with |S| = 4, then
G[S] contains a matching of size two since G is (n — 3)-regular and G does not contain
C3 as an induced subgraph. We first suppose that k + 1 ¢ {j,7'}. By Corollary 11.7,
G — {uj, uj, up, ups1 } contains My as a perfect matching. Then (My — {vpvpe1}) U My
U {ujujr, vpug, Vgr1uk41 § is a perfect matching in GG containing the edges e; and e,. By
similar arguments, if £ —1 §é {4,7'}, then (M3 — {vp_1vx}) U M3 U {ujujx,vk 1Uk—1, VU }
is a perfect matching in GG containing the edges e; and e, where M3 is a perfect matching
in G — {uj,u;,up_1,ux}. Finally, we suppose that {j,j’} = {k — 1,k + 1}. By Corol-
lary 11.7 and the observation that G[S] contains a matching of size two if S C V(G)
with |S| = 4, G — {up_1, U, Urt1, Urr3} contains M, as a perfect matching. Then
(My — {ﬂcvk+1,vk+2vk+3}) U My U {ujuj, Vg, Vk+1Vk+2, Vk+sUkrs ) is a perfect match-
ing in GG containing the edges e; and e;. For n = 6, it is routine to show that there is a
perfect matching in GG containing the edges e; and ey. This proves Case 4.

Case 5: {e1,e2} C E(G).

Let M be a maximum matching in G containing the edge e;. Clearly, M is a perfect
matching if n is even and if n is odd, then there is exactly one M-unsaturated vertex, say
vj, for some 1 < j < n. We first suppose that e; € M. Then there is a perfect matching
F' containing the edges e; and ey, where F' = M U Mifnisevenand F = M UM, U
{vju;} if n is odd where M and M, are perfect matchings in G and G — uj, respectively.
Such M and M, exist by Lemma 11.6.

We now suppose that eo ¢ M. Put eo = vgvp1 where 1 < k < n. We first assume
that n is even. Then {vg_1Uk, Vg10k12} © M — {e1} since {eq, e} is a matching, M is a
perfect matching and G = C,,. Clearly, {vx_1, vp2} NV (e1) = 0. By Corollary 11.9, there
exists a perfect matching in My in G — {up_1,ugso}. Then (M — {vp_ 10k, Upy1Vkso}) U
My U {UkUk+1, Vk—1Uk—1, Vk12Ug12} 1S a perfect matching in GG containing the edges e;
and es.

We now suppose that n is odd. Recall that v; is the only M-unsaturated of G. If
{vk, ver1} N {v;} = {or}, then {vp1vp40} © M — {ei} and thus (M — {vgy1vk12}) U M3
U {vkka, UgioUkio} 18 a perfect matching in GG containing the edges e; and e; where
M3 is a perfect matching in G' — uy4o. Note that M5 exists by Corollary 11.8. Similarly,
if {vk, vgi1} ﬂiv]} = {vk41}, then M — {vp_qv,} U ]\é U {vgUkt1, Vk—1Up—1} 1S a perfect
matching in GG containing the edges e; and e; where M, is a perfect matching in G—uy_1.
We now consider the case that {vg, vg11}N{v;} = 0. Observe that j ¢ {k—1,k+2} since
ea ¢ M and vj is M-unsaturated. Then {vy_1vk, Vgt1Vk+2} € M —{e1}. By Corollary 11.9,
there exists a perfect matching M5 in G — {u;, up—1, up+2}. Then (M —{vg_10k, Vgr1Vk42})
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U Ms U {UkVk41, Vk—1Uk—1, Ug2Ukt2, Vju; } is a perfect matching in GG containing the
edges e; and e,. This proves Case 5 and completes the proof of our theorem O

Note that the bound on n in Theorem 11.10 is sharp since the graph C5C5 in Figure
23 is not 2-extendable because there is no perfect matching containing the edges vyu; and
vsvy. Further, the condition of H-free and the extendability of GG stated in Theorem
11.12 are all best possible. For positive integers n > 8 and 3 <1 < 5, let H; = C; UC,,_;.
Then the graph H;H;, shown in Figure 24, is not 2-extendable since there is no perfect
matching containing the edge z1x5 and y,y2. Note that “a double line” in our diagram
denotes the join between corresponding graphs. Hence, the hypothesis H-free where
H € {C3,C4,Cs} in Theorem 11.12 cannot be dropped. Finally, the extendability of GG
in Theorem 11.12 is best possible by Theorem 2.8(2) and the fact that the minimum
degree of GG is 3.
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Corollary 11.11. Let G be a connected 2-reqular graph of order n > 4. Then GG is
1-extendable.

Proof. Our result follows from Theorems 2.8(1) and 11.10 if n > 6. It is not difficult to
show that the result is true for 4 < n <5. O

It is easy to see that the next result follows from Theorems 11.2 and 11.10.

Theorem 11.12. Let G be a 2-reqular H-free graph where H € {Cs, Cy,Cs}. Then GG
18 2-extendable. [

12 The extendability of complementary prism of r-
regular graphs for » > 3

We begin this section by establishing some lemmas concerning complementary prism of
graphs and of regular graphs. These results are essential for establishing Theorem 12.10,
a main result of this section. To simplify our discussion of complementary prisms, G and
G are referred to subgraph copies of G and G, respectively, in GG. For a vertex v of G,
there is exactly one vertex of G which is adjacent to v in GG. This vertex is denoted by
v. That is {v} = Ng(v). Conversely, v is the only vertex of G which is adjacent to T.
Similarly, for ¢ # X = {x1,29,..., 2} C V(G), {Z1,Zo,..., 7} C V(G) is denoted by X
and vice versa. Clearly, | X| = |X].

Lemma 12.1. Let G be a graph. Then GG is even and connected.

Proof. Clearly, GG is even. Let u,v € V(GG). It is easy to see that if u,v € V(G)(V(G)),
then either wv € E(G) or uuvv is a w — v path. We may now assume that u € V(G)
and v € V(G). Clearly, uv € E(GG) if v = 4. So suppose that v = w for some
w € V(G) — {u}. Then either utiw or www is a u — v path. This proves that GG is

connected and completes the proof of our lemma. O

For a graph G, it is easy to see that ( GG has a perfect matching. It then follows by
Theorem 2.7 that for a cutset S C V(GG), ¢,(GG — S) < |S]. The next lemma provides
a relationship of a cutset and the number of odd components in a complementary prism.

Lemma 12.2. Let GG be a complementary prism and let S = AU B be a cutset of GG,
where A C V(G) and B C V(G). Then

a) co(GG — S) = |S| — 2t, for some t > 0.

b) co(GG — S) = |A|+ |B| — 2t < ¢o(G[B — A]) +co(G[A— B]) < |A|+|B| - 2|AN B].
Consequently, |AN B| < t.

c) If co(G[B — A]) + ¢o(G[A — B]) = |A| + |B| — 2|A N B|, then each component of

G[B — A] and G[A — B] is singleton and hence G[A — B] is a clique.
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Proof. a) Since GG contains a perfect matching and is of even order, it follows by Theorem
2.7 that there is a non-negative integer ¢ such that c,(GG — S) = |S| — 2t, for any cutset
S C V(GG).

We first observe that |B — A| +|A— B| = |B — Al + |A - B| = |A| + |B| — 2|AN B|
since |A| =|A— B|+|ANB| and |B| = |B— Al + |[AN B|.

b) Let C = V(G) — (AU B). By Lemma 12.1, if C' # ¢, then GG[C' U C] is even and
connected. Thus ¢,(GG — S) < ¢,(GG — (SUCUCQC)) = ¢,(G[B — A]) + ¢,(G[A - B]) <
|B — A| + |A — B| = |A| + |B|] — 2|A N B as required.

c) follows by the fact that |B — A| +|A— B| = |A| +|B| —2|AN B|. O

For an induced subgraph H of GG, Compyg denotes the set of all components in H. If
X C V(G), then we use Comx for Comgxj. For a cutset S of GG, put A = SNV(G),
B=SNV(G)and C = V(G) — (AUB). Thus S = AU B. Further, let Tg_, = {F|F is
an odd component of G[B — A] and Ng(u) —V(F) C Aforallu e V(F)}. T4y 5 = {F|F
is an odd component of G[A — B] and Ng(u) — V(F) C B for all 4 € V(F)}. Finally, let
L = LgULg, where Lg = {F|F is an odd component in G[B—A] and N &(V (F))NC # ¢}
and Lz = {F|F is an odd component in G[A — B] and N 5(V(F))NC # ¢}. Note
that if C = ¢, then L = ¢. Clearly, Tp_a N Lg = ¢ and T 5N Lg = ¢. It is
easy to see that, if G is connected and G[B — A] contains only odd components, then
Comp_s = Tp_4 U Lg. Similarly, if G is connected and G[A — B] contains only odd
components, then Coms_ 5 = T4 5 U Lg. In what follows, the symbols Compy, S, A, B,
C, Tp_a, T4 5, L, Lg and Lg are referred to these set up.

The next lemma follows from our set up.

Lemma 12.3. Let G be an r-reqular connected graph of order p > 2r + 1 and GG a
complementary prism. I, f|A| < r, then Tg_4 contains no singleton components. Similarly,
if |B| <p—r—1, then Ts_g contains no singleton components. [

Lemma 12.4. For r > 3, let G be a connected r-reqular graph of order p > 2r + 1. Let
A, B, Tp_a,T5 5 be defined as above. Then

a) If G[A] = K., then each component of Tp_4 is of order at least 3.

b) If [ AN B| =1 and G[A — B] = K,., then the number of singleton components in
Tr_4 18 at most 1.

c) If [ AN B| =1 and G|A — B] = K,_1, then the number of singleton components in
Tg_4 is at most 2.

Proof. a) It follows by the fact that G is connected r-regular of order p > 2r + 1.

b) Suppose to the contrary that T_4 contains two singleton components, say F; and
F, where V(Fy) = {y1} and V(Fy) = {y2}. Because |ANB| = 1, y; and ys are adjacent to
at least r— 1 vertices of A— B. Since G[A— B] = K, and r > 3, it follows that there exists
a vertex of A — B, say ys, such that {y;,y2} U(A — B) C Ng(y3). Thus da(ys) >r+1, a
contradiction

c¢) By applying similar arguments as in the proof of (b), (c) follows. O
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Lemma 12.5. Let GG be a complementary prism and L = L¢g U L& be defined as above.

Then co(GG — S) = ¢o(G[B — A]) + ¢,(G[A = B]) — ||L|J. Consequently c,(G[B — A]) +

co(G[A — B)) — ¢o(GG — S) < |L| < co(G[B — A]) + co(G[A — B]) — co(GG — S) + 1.

Proof. If C = ¢, then |L| = 0 and thus c,(GG — S) = ¢,(G[B — A]) + ¢,(G[A — B))
as required. We now suppose that C' # ¢. By Lemmas 12.2(a) and (b), ¢,(GG — §) <
co(G[B — A]) + ¢o(G[A — B]). By Lemma 12.1, GG[C' U (] is even and connected. So it
must be contained in some component of GG — S, say F. If x € V(F) — (CUC), then
is in some component of G[B — A]U G[A — B], say M. So V(M) C V(F). If M is odd,
then M € L. Note that each odd component of L is a subgraph of F. Hence, |V (F)| has
the same parity with |L| and ¢,(GG — S) = ¢,(G[B — AJUG[A— B]) — |L| +¢, where € = 1
if |L| is odd and e = 0 if | L] is even. So ¢,(GG — S) = ¢,(G[B — A|UG[A — B]) — || L] ]..
Thus ||L]|. = ¢,(G[B — A]UG[A — B]) — ¢o(GG — S). By properties of |z]., our result
follows. This proves our lemma. n

Lemma 12.6. If G is an r-reqular graph of order p > 2r + 1, then G is connected.

Proof. Note that G is (p — r — 1)-regular graph of order p. Suppose G is disconnected.
Then each component must have order at least p —r. So p > 2(p —r) and thus p < 2r, a
contradiction. This proves our lemma. ]

Lemma 12.7. Let G be a connected r-regular graph of order p > 2r+1. Let S be a cutset
of GG. Then SNV (G) # ¢ and SNV (G) # ¢.

Proof. By Lemma 12.6, G is connected. Hence, G and G are connected. Suppose without
loss of generality that SN V(G) = ¢. So S C V(G). Since G = GG — V(G) is connected
and each vertex u of V(G) — S is adjacent to a vertex u in G, it follows that GG — S'is

connected, a contradiction. Hence, SNV (G) # ¢. By similar arguments, S NV (G) # ¢.
This proves our lemma. ]

Theorem 12.8. Let G be a connected r-reqular graph of order p > 2r+1, for some r > 2.
Then GG s bicritical. Consequently, GG is 1-extendable.

Proof. Suppose GG is not bicritical. By Theorem 2.13, there is a cutset S C V(GG),
where |S| > 2 such that ¢,(GG — S) > |S| — 2. It follows by Lemmas 12.2(a) that
co(GG—S) = |S| for |S| > 2. Note that, by Lemma 12.7, A = SNV (G) and B = SNV (G)
are not empty. Thus A and B are not empty. By Lemma 12.2 (b), AN B = ¢ and thus
eo(GIB — A]) + (G[A — B)) = co(GIB)) + (G[A)) = (GG — 5) = || = |B| + [A].
By Lemma 12.2(c), each component of G[B] and G[A] is singleton. Hence, G[A] = K|y
Since G is r-regular of order p > 2r + 1, |A] <r+ 1. If |A] =7+ 1, then G[A] = K, is
a disconnected component in G, a contradiction. So 1 < |A| < r. By Lemmas 12.3 and
12.4(a), no singleton component in G[B] belongs to T5_ 4. Since each component of G[B]
is singleton, Tp_4 = ¢. Because ¢,(GG — S) = c,(G[A]) + ¢,(G[B]), it follows by Lemma
12.5 that 0 < |L| < 1. Since B # ¢ and G|[B] contains only singleton components,
it follows that 1 < |B| = |Tp-a| + |Lg| < 1. Hence, |B| = |Lg| = 1. Therefore,
Bl =1 <r <p-7r—1. By Lemma 12.3, T 3 contains no singleton components.
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Hence, T_5 = ¢. Since each component of G[A] is singleton, it is contained in L& So
Lz = |A] = |A| > 1. Therefore, |L| = [Lg| + [Lg| > 2, a contradiction. Hence, Gq is
bicritical. It then follows that GG is 1-extendable. This proves our theorem. O

The next lemma follows by Theorem 2.11.

Lemma 12.9. Let G be a connected r-regular graph of order p > 2r +1, for some r > 2.
If G contains a triangle, then GG is not r-extendable. O

By Lemma 12.9, if G is a 3-regular graph of order p > 8 containing a triangle, then
GG is not 3-extendable. The next theorem provides a sufficient condition for a connected
r-regular graph G which GG is 2-extendable, for » > 4. In case r = 3, if G contains
the graph F' in Figure 25 as an induced subgraph, then {yz,wz} cannot be extended
to a perfect matching in GG. Hence, GG is not 2-extendable. We next show that the
complementary prism of connected 3-regular F'-free graphs and connected r-regular graphs
for r > 4 are 2-extendable.

1%

Figure 25: the graph F

Theorem 12.10. Suppose G is a connected graph of order p. If G is either 3-regular
F-free ‘where p > 8 and F is the graph in Figure 1 or ro-reqular where p > 2rg +1 > 9,
then GG s 2-extendable.

Proof. Observe that G is (p — r — 1)-regular where r € {3,179} and p —r — 1 > 4. By
Theorem 12.8, GG is bicritical. Suppose to the contrary that GG is not 2-extendable.
Then there is a matching M C E(GG) of size two such that GG — V(M) contains no
perfect matching. By Theorem 2.7, there is a cutset T C V(GG) — V(M) such that
co(GG — (V(MYUT)) > |T|. Let S=TUV(M). Clearly, |S| > 4. Thus ¢,(GG — S) >
|S| — 4. Because G@ is bicritical, by Theorem 2.13, ¢,(GG — S) < |S| — 2. Tt follows by
parity that c¢,(GG — S) = |S| — 2 and GG[S] contains a matching of size at least two.

Let A= SNV(G) and B = SNV(G). By Lemma 12.2 (b), |AN B| < 1. Further, by
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Lemma 12.7, A # ¢ and B # ¢. So A # ¢ and B # ¢. We distinguish 2 cases according
to |[AN Bj.

Case 1: |[ANB| =1. Put {u} = AN B. By Lemma 12.2(b) ¢,(GG — S) = ¢,(G[B —
A]) + ¢o(G[A — B]) = |S| — 2. By Lemma 12.5, |L| < 1. Further, by Lemma 12.2(c),
each component of G[A — B] U G[B — A] is singleton. Thus, G[A — B] is a clique,
|Com+_5| = |A — B| and |Comp_a| = |B — Al. Since G is connected, it is easy to see
that if |A — B| > v+ 1, then G[A — B] = K|4_p| contains a vertex of degree greater than
ror G = K, is a graph of order less than p, a contradiction. Hence, |A — B| < r.

We first show that |Tp_4| > 2. Suppose to the contrary that [Tp_4| < 1. Since
G[B— A] contains only singleton components and |L¢| < |L| < 1, it follows that |B—A| =
|Comp_a| = |Tp_al+|Lg| <2. Thus |B| = |B| = |B—A|+|BNA <3<4<p-r—1.
By Lemma 12.3, T5;_5 contains no singleton components. Thus T3 5 = ¢. Consequently,
Comz 5 = T4 5 U Lz = Lg. Therefore, |A — B| = |Lz| < 1 since G[A — B] contains
only singleton components. So |A| = [A| =|A - B| +|[AN B| <2 < r. By Lemma 12.3,
Tp_4 contains no singleton components. So Tp_4 = ¢. Since Ty 5 = ¢ and Tp_4 = ¢,
it follows that every odd component of G[A — B]UG[B — A] is in L. Because |L| < 1 and
G[A— B]UG|B— A] contains only singleton components, it follows that |[A—B|+|B—A| <
1. Hence, |S| = |A—B|+|ANB|+|ANB|+|B—A| = |A—B|+2|ANB|+|B—A] <3 < 4,
contradicting the fact that |S| > 4. Therefore, |Tp_4| > 2.

Let Dy, Dy € Tg_4. Since G[B — A] contains only singleton components, D; = K7, for
1 <i<2. Put{v;} = V(D;). By Lemma 12.3, |A| > r. Consequently, |[A — B| > r — 1.
Because |[A — B| <r,r—1<|A— B| <r. Since G[A — B] is clique, |AN B| = 1 and
|Tp_a| > 2, it follows by Lemmas 12.4 (b) and (c) that |A — B| =r — 1 and |Tg_a| = 2.
Thus |[A] = |[A - B|+|ANB| =r. Because r — 1 = |A — B| = |A — B| = |Comy_5| =
T gl + |Lg| < |Ti_p| + 1, it follows that [T 5| > r —2 > 1. Thus T;_5 contains
a singleton component. By Lemma 12.3, |[B| > p —r — 1 > 4. Therefore, |B — A| =
|B|—|BNA| > p—r—2 > 3. On the other hand, |B—A| = |Comp_4| = |Ts_a|+|Lg| < 3.
Then |B — Al = |[B— Al = 3. Thus 3 = [Tp_a| + |Lg| = 2 + |Lg|- It follows that
L = Lg = {K:} and consequently Lz = ¢. Since |A| = r, deggv; = deggvs = r and
Ne(v1) = Ng(vg) C A, it follows that Ng(vi) = Ng(ve) = A.

We now put {w} = V(K;) where K, € Ty 5. Clearly, Ng(w) C B — {v;, 0} since v;
and v, are adjacent to every vertex in A. Because |B| = |B — A| +|ANB|=3+1=4,
|Ng(w)| < |B| — |{v1,02}| = 2 thus G is t-regular where ¢ < 2. This contradicts the fact
that G is (p — r — 1)-regular where p — r — 1 > 4. Therefore, Case 1 cannot occur.

Case 2: |ANB| = 0. By Lemmas 12.2(a) and (b), |S| -2 = ¢,(GG — S) < ¢,(G[A]) +
Co(G[B]) < [A|+|B| = [S]. By parity, ¢o(G[A]) +co(G[B]) = |S] or ¢o(G[A]) +co(G[B]) =
|S| — 2. We distinguish 2 cases.

Case 2.1 : ¢,(G[A]) + c,(G[B]) = |S| = |A| + |B|. Clearly, each component of
G[A]UGIB] is singleton. So G[A] & K 4. It is easy to see that if |A| > r + 1, then G[A]
contains a vertex of degree greater than r or G[A] is a disconnected component in G, a
contradiction. Hence, |A| < r. By Lemmas 12.3 and 12.4(a), T5_4 contains no singleton

components. Therefore, Tg_4 = ¢. Thus |Lg| = |B|. Because c,(G[B]) + c,(G[A]) —
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co(GG — S) = |S| = (|S| = 2) = 2, by Lemma 12.5, 2 < |L| < 3. Since B # ¢ and
|B| = |L¢g| < |L|, it follows that 1 < |B| < 3. Because |B| = |B| <3 <4<p—1r—1,
by Lemma 12.3, T;_5 contains no singleton components. Thus 77 5 = ¢. Hence,
|Lz| = |A| = |A|. Therefore, |L| = |Lg| + |Lg| = |B| + |A| = |S| and thus 2 < |S] < 3
since 2 < |L| < 3, contradicting the fact that |S| > 4. Hence, Case 2.1 cannot occur.

Case 2.2 : ¢,(G[A]) + c,(G[B]) = |S| — 2 = |A] + |B| — 2. Put s = |S]. It is easy to
see that G[A] U G[B] contains all singleton components except exactly one non-singleton
component which is of order 2 or 3. Hence, G[A] U G[B] is isomorphic to a graph in
{(s —2)K1 UKy, (s —3)K, U Ps, (s — 3)K; U K3}. If [A| > r +2 > 5, then G[A] must
contain a singleton component, say F', where V(F) = {u}. It follows that degou > r + 1,
a contradiction. Hence, |A| = |A| < r + 1. Since ¢,(G[A]) + c,(G[B]) — ¢o(GG — S) =
(S| —2) = (|S] —2) = 0, by Lemma 12.5, |L| < 1. We distinguish 2 subcases according
to the non-singleton component.

Subcase 2.2.1 : The only non-singleton component in G[A] U G[B] is contained in
G[B]. So G[A] = |A|K, and G[A] = Kz & Kja. Clearly, [A] < r otherwise G[A]
is a disconnected component in G. By Lemmas 12.3 and 12.4(a), Tp_a contains no
singleton components. So every singleton component in G[B] is contained in Lg. Since
|Le| < |L| < 1, G[B] contains at most 1 singleton component. We first show that
T5_ 5 = ¢. Suppose this is not the case. Then there is K; € T 5 since G[A] contains
only singleton components. By Lemma 12.3, |B| = |B] > p —r — 1 > 4. Because
G[B] contains a non-singleton component of order either 2 or 3 and at most 1 singleton
component, it follows that G[B] is isomorphic to a graph in {K; U P, K3 U K3}. Thus
|B| = 4 and either Tg_4 = {P3} or Tg_4 = {K3}, and Lg = {K;}. Thus Lz = ¢. So
Comg = T4 5 U Lg = T5_5. Therefore, each vertex of A is adjacent to every vertex of
B since G is (p —r — 1)-regular and p —r — 1 > 4. It follows that there is no edge joining
vertices of A and B. But this contradicts the fact that Tp_4 # ¢. Hence, Ty 5 = ¢ as
required.

Therefore, Comy = Lg. Since |Lg| < |L| < 1 and |A| = |A] # 0, it follows that
|Com+| = |Lg| = 1. Further, Lg = ¢ and G[A] = K;. Thus Comp = Ts_4. Because
|A| = |A] =1 < r <3, by Lemma 12.3, T_ 4 contains no singleton components. So G[B]
contains no singleton components and G[B] is isomorphic to a graph in {Ps, K3} since
|B| = |S| — |A| > 3. Then GG[S] = G[A] U G[B] contains a matching of size less than
two, contradicting the fact that GG[S] contains a matching of size at least two. Hence,
Subcase 2.2.1 cannot occur.

Subcase 2.2.2 : The only non-singleton component in G[A] U G[B] is contained in
G[A]. So G[B] = |B| K. We first show that T;_ 4 # ¢. Suppose this is not the case. Then
Tp_a = ¢ and thus Comp = Tp_aU Lg = L. Since B # ¢ and |Lg| + |Lg| = |L] < 1, it
follows that |Lg| = 1 and |Lg| = 0. Consequently, |B| = 1 since G[B] = |B|K;. Because
|B| = |B| = 1 < r, T_5 contains no singleton components by Lemma 12.3. Hence, G[A]
contains exactly one non-singleton component of order 2 or 3. Thus |A| = |A] < 3. It
is easy to see that GG[S] = G[A] U G[B] contains a matching of size at most one since
|B| = 1. This contradicts the fact that GG[S] contains a matching of size at least two.
Hence, Tp_a # ¢. Further, |Ts_4| > |B|—1since |Lg| < |L| < 1 and |Ts_a|+|Lc| = |B|.
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Because G[B] = |B|Kj, there exists K; € Tg_4. By Lemma 12.3, |A| > r. So
r < |A| < r+1. We first suppose that |A| = r+1. Let F}; be the non-singleton component
of order ¢ in G[A] and let A; = V(F}). Then2 <t <3 and G[A] & (r+1—t)K,UF}. Tt is
easy to see that G[A] contains r+1—t vertices of degree r and each vertex of A; = A; has
degree, in G[A], at least r+1 —t and at most r — 1. Let {w} = V(K;) where K| € Ts_4,
then Ng(w) C A; and thus 3 < r = degg(w) < t < 3. It then follows that Ng(w) = A;
and t = r = 3. Thus w is not adjacent to any vertex of A; and G[A] & K, U F3. Further,
each vertex of A; has degree at least |[Tp_a| +1 = |B| — |Lg| + 1 > |B| since |Lg| < 1.
Thus |B| < 3 since G is now 3-regular. Because G is (p—1 — 1)-regular where p—r—1 > 4
and each vertex of V(F3) = A; has degree at most 3 in G[AU B] since it must be adjacent
to at most one vertex in B, it follows that Fy € Lg. Since |Lz| < |L| < 1, the only
singleton component, K, of G[A] must be in T;;_5. By Lemma 12.3, |B| > p—r—1 > 4.
But this contradicts the fact that |B| = |B| < 3. Therefore, |A| = 7.

Consequently, for each w € V(K;) where K| € Tp_4, Ng(w) = A. Now let v € A.
Then degg(v) < |B| — [Tp_a| = |B| — |Tp_a| = |Lg| < 1. Further, degx(v) < 2 since
each component of G[A] has order at most 3. Because G is (p — r — 1)-regular where
p—1r—12>4, vis adjacent to some vertex of C. Consequently, each odd component
of G[A] is contained in Lg. Because |A| = |A] = r > 3, G[A] contains a non-singleton
component of order either 2 or 3 and |Lg| < |L| < 1, it follows that c,(G[A]) = 1.
Therefore, G[A] is isomorphic to a graph in {K; U Ky, P3, K3}. Hence, r = |A| = 3,
|L| = |Lg| = 1, Comp = Tp_a = {|B|K,}. Further, for z € B,y € A, Ng(z) = A and
degc(y) =7 =3 |B| = |B|._ -

We first suppose that G[A] = Kj3. Then G[A4] is independent and thus G[B] must
contain a matching of size at least two since GG[S] contains a matching of size at least
two. So |B| = |B| > 4. But this contradicts the fact that |B| = |B|] < 3. Hence,
G[A] # Kj. Therefore, G[A] is isomorphic to a graph in {Ps, K; U K,}. In either case,
G[A] contains a maximum matching of size one. Then 2 < |B| < 3 since GG[A U B]
contains a matching of size at least two.

We now suppose that G[A] = K; U K,. Then G[A] = P; and then the vertex of
degree two in P3 has degree, in (G, greater than r = 3, again a contradiction. Hence,
G[A] # K, U K,. Consequently, G[A] & P; and then G[A] = K, U K,. Clearly, |B| # 3
otherwise G[A] contains a vertex of degree greater than » = 3. So |B| = 2 and thus
G[AUB]| contains the graph F in Figure 1 as an induced subgraph. But this contradicts our
hypothesis that G is 3-regular F-free graph. This completes the proof of our theorem. [

It is clear that a connected 3-regular graph containing F', in Figure 25, as an induced
subgraph contains v as a cut vertex. So 2-connected 3-regular graphs are F-free. The
next corollary follows by this fact and Theorem 12.10.

Corollary 12.11. If G is a 2-connected r-regular graph of order p > 2r + 1, forr > 3,
then GG s 2-extendable. O

According to Theorems 11.2 and 12.10, we have the following theorem.
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Theorem 12.12. If each component G; of G is 3-reqular F-free of order at least 8 where
F is the graph in Figure 1 or ro-reqular of order at least 2ro +1 > 9, then GG is 2-
extendable.

13 Some constructions of extendable non-bipartite
graphs

In this section, we provide two constructions of extendable non-bipartite graphs in which
their complement graphs are also extendable by using cartesian and lexicographic products
of two extendable graphs.

The first two results in this section concern the extendability of graphs obtained from

a cartesian product, established by Gyori and Plummer [18] and a lexicographic product
established by Bai et al. [6].

Theorem 13.1. [18] For non-negative integers l; and ly, let G; be a l; -extendable graph
for 1 <i<2. Then Gy x Gy is (I + ly + 1)-extendable. O

Theorem 13.2. [6] For non-negative integers Iy and ly, let G; be a l; -extendable graph
for 1 <i<2. Then Gy oGy is 2(l1 + 1)(ls + 1)-factor-critical. In particular, Gy o Gy is
(I1 + 1)(ls + 1)-extendable. O

We are now ready for our constructions.

Theorem 13.3. For non-negative integers ly, ly, p1 > 2l + 2 and ps > 2ly + 2 and
1 <i <2, let H; be l;-extendable of order p;. Further, let G = Hy x Hy. If A(Hy) =
p1— 1 —t; and A(Hy) = py — 1 — ty for some non-negative integers t; and ty, then G is
(Ii + lo + 1)-extendable and G is (3(p1 — 2)(p2 — 2) + t1 + to — 1)-extendable.

Proof. By Theorem 13.1, G = H; x Hy is (1 + ly + 1)-extendable as required. We
need only show that G is (3(p1 — 2)(p2 — 2) + t1 + to — 1)-extendable. Clearly, G and
G are of order pipy. Since Ng((u,v)) = {(z,v)|zu € E(H))} U {(u,y)lvy € E(H,)},
dege((u,v)) = degy, (u) +degm, (v). Thus A(G) = A(Hy)+A(Hy) =p1+p2—2—t —to.
Therefore, 5(6) =pipa—p1—pP2+24+ti+to—1= %p1p2 + %plpz —p1—pe+ti+t+1=
2+ 5 (p1—2)(p2 —2) +t1 + 12 — 1. By Theorem 2.9, G is (5(p1 —2)(p2 —2) + 1+t —1)-
extendable as required. This proves our theorem. O

Corollary 13.4. Let Hy, Hy and G be graphs defined in Theorem 15.3. If either Hy or
Hy is non-bipartite, then G and G are also non-bipartite. O

Eheorerfl 13.5. For non-negative integers hy, ho, hy, ha, let H; be a h;-extendable and let
H; be a hi-extendable for 1 < i < 2. Then G = Hy o Hy is (hy + 1)(he + 1)-extendable
graph and G is (hy + 1)(ha + 1)-extendable graph.

Proof. By Theorem 13.2, G = Hy o Hy is (hy +1)(ha + 1)-extendable. We first show that
G = H1 ¢} HQ. Clearly, V(G) = V(Hl OHQ) = V(Hl) X V<H2) = V(Hl) X V<H2) =
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V(Hl Oﬁg). Let (ul,vl), (UQ,UQ) S V(Hl) X V(HQ) and let (Ul,Ul)(UQ,UQ) € E(H1 o Hz)
Thus (uy,v1)(usz,ve) ¢ E(Hy o Hy). o

If uy = ug, then vyvy ¢ E(Hs) and thus (uy, vq)(ug,ve) € E(Hq 0 Hy). Further, if u; #
ug, then uyuy ¢ E(H;). And again (up,v;)(ug,v2) € E(Hy o Hy). Hence, E(H, o Hy) C
E(H, o H,).

We now suppose that (uy,v;)(ug,vs) € E(Hy o Hy). If uy = uy, then vivy € E(Hs).
Thus (uy,v1)(ug,v2) ¢ E(H; o Hy). Further, if u; # uy, then uyuy € E(H;) and thus
(uy,v1)(ug, v2) ¢ E(Hy o Hy). In either case (u1,v;)(us, v2) € E(Hy o Hy). Hence, E(H, o
H,) C E(H, o Hy). Therefore, E(H, o Hy) = E(H, o Hy). Thus Hyo Hy = Hy 0 Hy. It
follows by Theorem 13.2 that G is (hy + 1)(hy + 1)-extendable graph as required. This
proves our theorem. O

Corollary 13.6. For1 <i <2, let_]:fi,ﬁi and G be graphs defined in Theorem 13.5. If
H, is connected, E(Hy) # ¢ and E(Hs) # ¢ then G and G are non-bipartite. O

According to Theorems 13.3 and 13.5, we have shown that there exists a graph G
such that G is l;-extendable and G is ly-extendable for some integers [; and 5. Theorem
13.8 establishes that for any positive integers [; and [y, there is a graph G such that G is
l;-extendable and G is ly-extendable.

Lemma 13.7. Let P, be a path of order t. Ift > 4 is an even integer, then Py is
0-extendable and Py is (t — 4)-factor-critical. Further, Py is §(t — 4)-extendable.

Proof. Clearly, P, contains a perfect matching. We only show that P, is (t — 4)-factor-
critical. Let T C V(P;) such that |T| =t — 4. Clearly, P, — T is connected and contains
P, as a subgraph. Thus P; — T is one of a graph in {Ky, Ky — e, Cy, Ky — {e1,e2}, Py},
where e; and e, have a common end vertex. In either case, P, — T contains a perfect
matching. Thus P, — T is (t — 4)-factor-critical as required. It then follows by definition
of k-extendable that P; is 1(¢ — 4)-extendable. This proves our lemma. O

Theorem 13.8. For positive integers Iy and ls, there is a graph G such that G s ly-
extendable and G s ls-extendable. Further, G and G are non-bipartite.

Proof. Let Hy = Py, o and Hy = Py, .. By Lemma 13.7, H; is (I; — 1)-extendable, H,
is O0-extendable, Hy is O-extendable and Hy is (I; — 1)-extendable. Let G = H; o Hy. By
Theorem 13.5, G is l1-extendable and G is ly-extendable as required. Further, it is clear
that G and G are non-bipartite. This proves our theorem. O

14 Results on extendability of complementary prism
of extendable graphs

In this section, we establish the extendability of the complementary prism GG of G where
G and G are [j-extendable and ls,-extendable non-bipartite graphs, respectively. We begin
with some lemmas.
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Lemma 14.1. For a graph G, let A C V(G) and B C V(G). Suppose co(G—A) = |A|—t;
and c,(G — B) = |B| —ty, for some non-negative integers ty, to. Then co(GG —(AUB)) <
|A| +|B| — (t; +t2). Further, if AUB # V(G) and G — A and G — B contain no even
components, then c¢,(GG — (AU B)) < |A| + |B| — (t; +t2) — 2.

Proof. Tt is easy to see that c,(GG —(AUB)) < |A|+|B|— (t1 +t2). We now suppose that
AUB #V(G) and G — A, G — B contain no even components. Let z € V(G) — (AU B).
Then 7 is in an odd component of G — A, say C. Clearly, z ¢ AU B and thus Z is in an
odd component of G — B, say D. Hence, GG[V(C) UV (D)] forms an even component in
GG — (AU B). Therefore c,(GG — (AU B)) < |A| + |B| — (t; +t3) — 2 as required. This

proves our lemma. O]

Lemma 14.2. Let G and G be l-extendable and ly-extendable graphs, respectively where
ly and ly are positive integers. Further, let M be a matching of size | + 1 in GG where

L =min{ly,lo}. If either M = {x;z;|z; € V(G) for 1 <i <I1+1} or M C (E(G)UE(G)),
then GG has a a perfect matching containing M.
Proof. Clearly, if M = {z;7;|z; € V(G) for 1 <14 <[+1}, then {vv|v € V(G)} is a perfect

matching in GG containing M as required. So we now suppose that M C (E(G)UE(G)).
Put Mg = MNE(G) and Mz = MNE(G). If 1 < |Mg| <land 1 < |Mg| <, then it is
easy to see that M = MgU Mz can be extended to a perfect matching in GG, by Theorem
2.8(a), since G is [;-extendable and G is ly-extendable. Hence, we suppose without loss of
generality that |[Mg| = [+ 1. Suppose there is no perfect matching in G containing M.
By Lemma 10.4, there is a maximum matching F} in G — V(M) saturates all except two
non-adjacent vertices, say = and y. So 3 € E(G). Since G is l-extendable where I, > 1
and by Theorem 2.8(a), it follows that there is a perfect matching F, in G containing Z7.
Hence, M U F} U (Fy — {zy}) U {27, yy} is a perfect matching in GG containing M as
required. This completes the proof of our lemma. O

We are now ready to prove our main result. We begin with the extendability of GG
where G is [j-extendable and G is ly-extendable for {; > 4 and [, > 4.

Theorem 14.3. For positive integers [y > 4, I, > 4, let G and G be ly-extendable and
lo-extendable non-bipartite graphs of order p > 21+ 2, respectively, where | = min{ly,ls}.
Then GG is (I + 1)-extendable.

Proof. Let M C E(GG) be a matching of size [ + 1 in GG. Put Mg = M N E(G),
Mz = M N E(G) and Mgz = M — (Mg U Mg). Note that M,z = {zz| for some
reV(G)}. If Mg = M or Mz = ¢, then, by Lemma 14.2, there is a perfect matching
in GG containing M as required. We now suppose that M.z # M and Mggz # ¢.
Without loss of generality, we may suppose that |M¢g| > |Mg|. Hence, Mg # ¢.

Put S = V(G) NV (Msg). Let Ng be a maximum matching in G[S]. Put Is =
S —V(Ng). Clearly, Ig is an independent set. Similarly, let Ng be a maximum matching
in G[S] and put Ig = S — V(Ng). For simplicity, we denote the cardinalities of each set

by its small letter, i.e., mg = |[Mg|, mg = |Mg|, mea = |Magl, s =15, is = |Is], etc.
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Clearly, 1 < mg <1, s =5, ng+ig > 1 and ng+ig > 1 since s = 5 = mgz > 1.
Therefore,

l—l—lzmg—i—m@—i—mga (1)
l+1=mg+mg+s (2)
l+1:mG—|—m§—|—2n5—|—i5 (3)
l+1:mg+m§+2n§+z’§. (4)

Consequently, mg +ng = l+1— (mg+ns+is) <l since ng+ig > 1 and mg+ng =
[4+1— (mg+ng+ig) <lsince 1 < mg <. Further, s = ig (mod 2) and 5 = ig (mod
2) because s = 2ng +ig and s = § = 2ng + ig.

We first suppose that ig = 0. Since mg + ng < [, by Theorem 2.8(a), there is
a perfect matching in G — (V(Mg) U Ng), say Fg. Now consider G. By Equation 4,
l—(mg+ng+ig) = mg+ng—1 > 0since mg > 1. By Lemma 10.2(a), there is a perfect
matching in G — (V(MzU Ng) U I3), say F. Hence, M U Fg U Fg is a perfect matching
in GG containing M as required.

So we now suppose that ig > 1. We distinguish 2 cases according to parity of s.

Case 1 : sis even. So ig > 2 and ig > 0 are also even. We distinguish 2 subcases
according to mg + ng.

Subcase 1.1 : mg+ng > 1. So by Equation 3, [ — (mg+ns+is) = mg+ns—1 > 0.
By Lemma 10.2(a), there is a perfect matching in G—(V(MgUNg)UIg), say Fg. Further,
by Equation 4 and the fact that mg > 1, I — (mg + ng +ig) = mg +ng—1 > 0. So, by
Lemma 10.2(a), there is a perfect matching in G — (V (Mg U Ng) U Ig), say Fx. Hence,
M U Fg U Fg is a perfect matching in GG containing M as required.

Subcase 1.2 : mg = ng = 0. We first show that ng < §. Since ng = 0, G[S] is
independent and thus G[S] is a complete graph. Because s is even, ng = %E = %s. So, by
Equation 2 and the fact that mg > 1, ng = 1s = J(i+1—mg—mg) = 3(+1—mg) < &
as required. By Equation 3, l —m¢g = mg+2ng+is—1 =ig—1land [ig—1|. =is—2>0
since ig = s is even. It follows by Lemma 10.2(a) that G’ = G — V(M) is (ig — 2)-factor-
critical. By Lemma 10.5, there is a maximum matching F in G’ — I g saturates all except
at most 2 vertices in G' — Ig.

We next consider G. By Equation 4 and the fact that mg > 1, | — (mg + ng +
is) = mg +ng—1 > ng > 0. By Lemma 10.2(a), there is a perfect matching in
G — (V(MgU Ng) U Ig), say Fg. Clearly, if Fg is a perfect matching in G’ — Ig, then
M U Fg U Fg is a perfect matching in GG as required.

We now suppose that Fg is not a perfect matching. Let x,y € V(G') — Is where
and y are unsaturated by Fg. Clearly, ry ¢ FE(G). So 7y € E(G). Because ng <
and | > 4, it follows that mg +ng+1=ng+1<L+1<Li4+ (L -1)<i-1 By
Theorem 2.8(a), there is a perfect matching in G — V(Mg U Ng U {zy}), say FZ. Hence,
MU FgU (F; — {zy}) U{zZ,yy} is a perfect matching in GG containing M as required.
This proves Case 1.

N~ 8
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Case 2 : s is odd. So ig and 7g are also odd. We distinguish 3 subcases according to
meg + ng.

Subcase 2.1 : mg = ng = 0. By Equation 3, [ — (mg+(is—1)) = mg+2ng = 0. Let
i € Ig, by Lemma 10.2(a), there is a perfect matching in G — (V(Mg) U (Is — {i})), say
Fg. Let iv € Fg. We now consider G. Since ng = 0, G[S] is independent and thus G[S]
is a complete graph of odd order s. Therefore, ng = %(s —1) and ig = 1. By Equation 2,
l=mg+s—1 Sol—(mg+ng+ig)=1l—(ng+ig)=mg+s—1—(3(s—1)+1) =
mg + %(S — 3).

We next show that meg+3(s—3) > 1. Suppose to the contrary that me+1(s—3) = 0.
Since mg > 1 and s is a positive odd integer, it follows that mg = 1 and s = 1. By
Equation 2, [+1 =mg+mg+s=1+0+1= 2. Thus [ = 1, contradicting the fact that
1 > 4. Hence, mg + %(s —3) > 1 as required.

Therefore, | — (mg + ng + ig) = mg + 3(s —3) > 1. By Lemma 10.2(b), G —
(V(Mg U Ng) U Ig) is 1-factor-critical. Recall that iv € Fg. Clearly, v ¢ V(Mg) since
mg = 0. So there is a perfect matching in G — ((V(MzU Ng)U I5) U{0}), say Fz. Hence,
MU (Fg— {iv})U F5U{vp} is a perfect matching in GG containing M as required. This
proves Subcase 2.1.

Subcase 2.2 : mg+ng > 2. By Equation 3, [ — (mg +ng +is) = mg+ns—1> 1.
By Lemma 10.2(b), G — (V(Mg U Ng) U Ig) is 1-factor-critical.

We now consider G. By Equation 4, [ — (mg + ng + ig) = mg + ng — 1.

We first suppose that | — (mg + ng + ig) = mg + ng — 1 > 1. By Lemma 10.2(b),
G — (V(MzUNz) U Ig) is 1-factor-critical. Let z € V(G) such that 2,z ¢ V(M). Clearly,
x exists because |V(Mg U Mg) U S| < 20+ 1 and G and G are of order at least 21 + 2.
Since G — (V (Mg U Ng) U Is) and G — (V(MzU Ng) U Ig) are 1-factor-critical, It follows
that there is a perfect matching in G — (V/(Mg U Ng) U Is U {z}), say Fg, and there is a
perfect matching in G — (V(Mg U Ng) U I3 U {7}), say Fg. Hence, M U Fg U FzU {27}
is a perfect matching in GG containing M as required.

So we next suppose that | — (mg +ng+ig) = mg+ng—1 = 0. It follows that ng =0
and mg = 1 since mg > 1. Thus ig = § and mg < mg = 1. Put Mg = {zy}. Since
G is ly-extendable, for I, > 4, by Theorem 2.8(b), G is 5-connected. So {z,7} UV (Mg)
is not a cutset of G since |{Z,y} UV (Mg)| < 4. There is an edge joining a vertex in
V(G)—({z,j} UV (Mg)), say 4, and a vertex in S, say w. Because [ — (mg+ng+ig) = 0
and ig = 3, it follows that [ — (mg+ng+1+(ig—1)) =l —(mg+ng+1+(5—1)) = 0. By
Lemma 10.2(a), there is a perfect matching in G — (V (Mg U NgU {ww})U (S — {w})), say
Fg. Since G — (V(MgUNg) U Ig) is 1-factor-critical and u ¢ V' (M), it follows that there
is a perfect matching in G — (V (Mg UNg)UIsU{u}), say F. Hence, MU FgU FgU{uu}
is a perfect matching in GG containing M as required. This proves Subcase 2.2.

Subcase 2.3 : mz + ng = 1. By Equation 3 and the fact that ig is odd, m¢g + ng =
[+1— (mg+ns+is) <1 —1. We distinguish 2 subcases according to mg and ng.

Subcase 2.3.1 : mg = 0 and ng = 1. Observe that G[V (Mg U Ng)] contains
ma+ng < 1—1 independent edges and |V (MgUNg)| = 2(mg+ns) = (mg+ns)+me+
ng <l—1+ (mg+ng). It follows by Lemma 10.1 that V(Mg U Ng) is not a cutset of G.
Then there are a vertex u € V(G)—(V(Mg)US) and a vertex z € Ig such that uz € E(G).

68



Since | —((mg+ns+1)+(is—1)) = l—(mg+ns+is) = mg+ns—1 = 0, by Lemma 10.2(a),
there is a perfect matching in G — (V(Mg U Ng U {uz}) U (Is — {2})), say F. We now
consider G. We next show that m¢ + ng > 2. Suppose to the contrary that mg +ng = 1.
Since m¢g > 1, ng = 0 and mg = 1. By Equation 3, [ +1 = mg +mg+2ng +1is = 3 +1ig.
Soig =1—2>4—2=2. It follows that G[S] contains K, as an induced subgraph. Thus
ng > 1, contradicting the fact that ng = 0. Hence, mg + ng > 2.

By Equation 3, [ — (mg+ng+ig) = mg+ng—1 > 1. By Lemma 10.2(b), G— (V (MgU
Ng) U Ig) is 1-factor-critical. Recall that mg = 0. So u ¢ V(Mg) Therefore, there is a
perfect matching in G — (V(MgU Ng) U IsU {i}), say Fg. Hence, M U Fg U FrU {ui} is
a perfect matching in GG containing M as required. This completes the proof of Subcase
2.3.1.

Subcase 2.3.2 : mg = 1 and ng = 0. Put mg = {Z,72}. Note that mg + ng > 2
since [m| =1+1> 5 and ng = 0. If there is a vertex u € V(G) — (V(Mg) U SU{z1,x2})
such that uz € E(G) for some z € S, then by applying similar argument as in the
proof of Subcase 2.3.1, there is a perfect matching in GG containing M as required.
So we now suppose that there is no vertex u € V(G) — (V(Mg) U S U {x1,x9}) such
that uz € E(G) for some z € S. Thus V(M¢g) U {z1,22} is a cutset of G and {1, x2}
is a cutset of G — V(Mg). We next show that s = 1. Suppose to the contrary that
s > 3. By Equation 2, mg =1l+1—-—mg—s =101—s <[1—3. By Observation 2.17,
G —V(Mg) is (I — mg)-extendable. Because [ —m¢ > 3, by Theorem 2.8(b), G — V(Mg)
is 4-connected, contradicting the fact that {1,252} is a cutset of G — V(Mg). Hence,
s=1. Put S = {z}. Therefore, zu ¢ E(G) for u € V(G) — (V(Mg) U S U {x1,22}). So
Neg(2) CV(Mg) UA{xy, 20}

By Equation 2, mg =1+ 1—mg— s =1—1. By Observation 2.17, G’ = G — V(M)
is l-extendable. By Theorem 2.8(b), G’ is 2-connected. Therefore, Ng/(z) = {x1,x2}
and dege/(z) = 2. By Lemma 10.6, there is a vertex u € V(G’) such that uz ¢ E(G’)
and G’ — {u, z} contains a perfect matching, say F;. We now consider G. Since | > 4,
mg = 1 and § = s = 1, it follows that [ — (mg +5) =1 —2 > 2. By Lemma 10.2(b),
G =G- V(Mz U S) is 1-factor-critical. Then there is a perfect matching in G — {u},
say Fg. Hence, M U Fg U Fg U {uu} is a perfect matching in GG containing M as
required. This completes the proof of Subcase 2.3.2. and thus completes the proof of our
theorem. [

We now turn our attention to the extendability of GG when G or G is l-extendable
for 1 <[ <3.

We first provide an example of a graph G where both G and G are 1-extendable but
GG is not 2-extendable. Let G be a graph where V(G) = {u,| for 1 < i < 4} U {v4
for 1 <i <6} and E(G) = {wusq| for 1 < i < 3} U {vv;44| for 1 < i < 6 where the
subscript is read modulo 6} U {ujv;| for 1 < ¢ < 6} U {ugvy, ugve, uqvs}. Observe that
Gl{u;| for 1 < i < 4}] and G[{v;| for 1 < i < 6}] are a path of order 4 and a cycle of
order 6, respectively. It is routine to verify that G and G are l-extendable. But GG is
not 2-extendable since {uqty, ustiz} cannot be extended to a perfect matching in GG.

We now scope our attention to extendability of GG where G is [;-extendable and G
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is ly-extendable for {; > 2 and l; > 2. We first consider the case [ = 2 and [y > 2.
We begin with the following lemma. Recall that if ¢ # {x1,...,2,} C V(G), then
{Z1,..., 2} CV(G) is denoted by X and vice versa.

Lemma 14.4. Let G and G be 2-extendable non-bipartite graphs of order p > 10 and
let M = {xlxg,_yjlgj%zi} be a matching of size 3 in GG, where {x1,29,2} C V(G) and
{1,92, 2} CV(G). Then there is a perfect matching in GG containing M.

Proof. Suppose to the contrary that there is no perfect matching in GG containing M. By
Theorem 2.7, there is a cutset T C V(GG) — V(M) such that ¢,(GG — (V(M)UT)) > |T).
By parity, co(GG — (V(M)UT)) > |T|+2. Put S = TUV(M). So ¢,(GG —S) > |S| —4.
Put A=SNV(G), B=SNV(G) and C = V(G) — (AU B). Observe that |A| > 3 and
|B| > 3.

By Theorem 2.15, G and G are bicritical. Thus, by Theorem 2.13, ¢, (G — A) < |A]| -2
and ¢,(G — B) < |B| —2. We first show that ¢,(G — A) = |A| =2 and ¢,(G — B) = | B| - 2.
Suppose to the contrary that ¢,(G — A) < |A] — 2. By parity, ¢,(G — A) < |A| —4. It
then follows by Lemma 14.1 that ¢,(GG — S) < ¢,(G — A) + ¢,(G — B) < |A| + |B| — 6,
contradicting the fact that c,(GG — S) > |S| — 4. Hence, c,(G — A) = |A| — 2. Similarly,
co(G — B) = |B| — 2.

Since G and G are 2-extendable, by Theorem 2.12(b), G[A] and G[B] contain at most
one independent edge. Because {r1,15,2} C A and {41,%,2} C B, G[A] and G[B]
contain exactly 1 independent edge. By Lemma 10.3, G — A and G — B contain no even
components. If AU B # V(G), then, by Lemma 14.1, ¢,(GG — S) = ¢,(GG — (AUB)) <
|A] 4+ |B| — 6 = |S| — 6, again a contradiction. Hence, AU B = V(G). Observe that if
co(G — A) > 4, G[B] = G — A contains at least 4 independence vertices and thus G[B]
contains a matching of size at least two, a contradiction. Hence, ¢,(G— A) < 3. Similarly,
¢co(G — B) < 3 and each component of G — B is singleton otherwise G[A] = G — B contains
at least 2 independent edges, a contradiction. Therefore, ¢,(G[B — A]) = ¢,(G — A) <3
and G[A — B] = ¢,(G — B) < 3. Since ¢,(G — A) = |A] — 2 and ¢,(G — B) = |B| — 2,
it follows that |A| = 2+ ¢,(G — A) < 5 and |B| = |B| = 2+ ¢,(G — B) < 5. Because
2 € ANB,|AUB| = |A|+|B| - |[ANB| <5+5—1 <9, contradicting the fact that
|V(G)| = p > 10. This completes the proof of our lemma. O

The next theorem shows that if G is a 2-extendable non-bipartite graph and Gis a
[-extendable non-bipartite graph of order p > 10 and [ > 2, then GG is 3-extendable.

Theorem 14.5. Let G be a 2-extendable non-bipartite graph of order p > 10. If G is
l-extendable non-bipartite for some positive integer | > 2, then GG is 3-extendable.

Proof. By Theorem 2.8(b), G is 2-extendable non-bipartite graph. Let M be a matching
of size 3 in GG. Put Mg = M N E(G), Mg = M N E(G) and M,z = M — (Mg U Mg).
Further, put mg = |Mg|, mg = |Mg| and mqg = |Mqg|. If meg = 0 or mgg = 3, then,
by Lemma 14.2, there is a perfect matching in GG containing M as required. So we now
consider 1 < mg s < 2. We distinguish 2 cases according to mqg.

Case 1: mqz = 1. lf mg = mg = 1, then, by Lemma 14.4, there is a perfect matching
in GG containing M as required. So we suppose without loss of generality that m¢g = 2,
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mg = 0. By applying similar arguments as in the proof of Subcase 2.1 in Theorem 14.3,
there is a perfect matching in GG containing M as required.

Case 2: m g = 2. By applying similar arguments as in the proof of Case 1 in Theorem
14.3, there is a perfect matching in GG containing M as required. This completes the
proof of our theorem. O

We point out here that the bound on the order of graphs in Theorem 14.5 is best
possible and the hypothesis that G and G are non-bipartite is essential. Let G be a 3-
regular bipartite graph of order 8 with bipartition (X,Y) where X = {x;|]1 <1i <4} and
Y = {y|l <i <4} and E(GQ) = {z;y;]1 <1 # j < 4}. It is not difficult to show that
G = K4 x Ky and both G and G are 2-extendable. However, GG is not 3-extendable since
{21%1, 22y1, Y273} cannot be extended to a perfect matching in GG.

We finally turn our attention to 3-extendable graphs.

Lemma 14.6. Suppose G and G are 3-extendable non-bipartite graphs of orderp > 8. Let
{z,y, 21,22, 23} C V(G) and {z1, 22, 23} C V(G) such that G[{z1, 22, 23}] = K3. Further,
let M = {xy, 2121, 2022, 2323} be a matching of size 4 in GG. Then there is a perfect

matching in GG containing M.

Proof. Suppose there is no perfect matching in GG — V(M). Then by Theorem 2.7, there
is a cutset T C V(GG) — V(M) such that c,(GG — (T U V(M))) > |T|. By parity,
co(GG — (TUV(M))) > |T|+2. Put S =T UV(M). So ¢,(GG — S) > |S| — 6. Since
GG contains a perfect matching, by Theorem 2.7, ¢,(GG — S) < |S|. Thus |S| — 6 <
co(GG —S) < |S|. Put A=SNV(G), B=SNV(G) and C = V(G) — (AU B). Clearly,
{21, 22,23} € AN B. By Lemma 12.2(b), ¢,(GG — S) < |S]| — 6. So ¢,(GG — S) = |S| — 6.

Since zy, 2122 € E(G), by Lemma 10.3, ¢,(G — A) < |A| — 4. On the other hand,
since G is 3-extendable non-bipartite graph, by Theorems 2.8(a) and 2.15, G is bicritical.
Therefore, by Theorem 2.13, ¢,(G — B) < |B| —2. We first show that ¢,(G — A) = |A| —4
and ¢,(G — B) = |B| — 2. Suppose to the contrary that c,(G — A) # |A| — 4. By
parity, ¢,(G — A) < |A| — 6. By Lemma 14.1(a), ¢,(GG — S) = ¢,(GG — (AU B)) <
|A| — 6 + |B| — 2 = |S| — 8, a contradiction. Hence, c,(G — A) = |A| — 4. By similar
argument, ¢,(G — B) = |B| — 2. By Lemma 10.3, G — A contains no even components.
We next show that G — B contains no even components. Suppose this is not the case.
Then G — B contains an even component, say D. Let bd € F(G) such that b € B and
d € V(D). By Corollary 2.20, G =G- {b, d} is 2-extendable non-bipartite. By Theorem
2.15, G is bicritical. Since ¢,(G — (BU{d})) = [B| — 1, co(G — (B — {b})) = |B — {b}|,
contradicting Theorem 2.13. Hence, G — B contains no even components.

If AUB # V(G), then by Lemma 14.1, ¢,(GG — S) = ¢,(GG — (AU B)) < ¢,(G —
A) +¢,(G—B)—2=|A|+|B| — 8 = |S| — 8, a contradiction. So AU B = V(G).

Note that G[A — B] contains the edge zy. We first show that G[A — B] contains
exactly one independent edge. Suppose G[A — B]| contains 2 independent edges. Since
2129 € E(G[ANB]), there are at least 3 independent edges in G[A]. Therefore, by Lemma,
10.3, ¢,(G—A) < |A]—6, contradicting the fact that ¢,(G—A) = |A|—4. Hence, G|A— B]
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contains exactly one independent edge. We next show that G[B] contains no edges.
Suppose to the contrary that B contains an edge ;1. By Corollary 2.20, G — {1, Uy} is
2-extendable non-bipartite graph. By Theorem 2.15, G — {1, U5} is bicritical. Then, by
Theorem 2.13, ¢,(G—B) = ¢,((G—{iiy, tis}) — (B—{ti1,u2})) < |B—{tiy, s }|—2 = | B|—4,
contradicting the fact that c,(G — B) = |B| —2. Hence, G[B] contains no edges and G|[B]
is independent. So G[B] and G[B — A] are clique and thus ¢,(G[B — A]) < 1.

Therefore, |A] — 4 = ¢,(G — A) = ¢,(G[B — A]) < 1. So |A| < 5. If G|A — B] contains
at least 4 components, then G[A — B| contains at least two independent edges. But this
contradicts the fact that G[A — B] contains exactly one independent edges. Hence, G[A —
B contains at most 3 components. Therefore, ¢,(G[A — B]) = ¢,(G — B) = |B| — 2 < 3.
Hence, | B| = |B| < 5. It follows that |V (G)| = |AUB| = |A|+|B|—|ANB| < 5+5-3 =T,
a contradiction. This proves our lemma. ]

Lemma 14.7. Suppose G and G are 3-extendable non-bipartite graphs of orderp > 8. Let
{z,y, 21,22, 23} C V(G) and {z1, 2z, 23} C V(G) such that G[{z1, 2, 23}] 2 K3. Further,
let M = {xy, 2121, 2022, 2323} be a matching of size 4 in GG. Then there is a perfect

matching in GG containing M.

Proof. Suppose M = {xy, 2121, 2022, 2323} where z,y € V(G). Since G[{z1, 29, 23}] 2
K3, we may suppose that z1zo ¢ E(G). Since zy € E(G), by Lemma 10.2(a), there
is a perfect matching in G — {x,y, z1, 22}, say Fg. Let zzw € Fg. Again, because
z1Zy € E(G), by Lemma 10.2(a), there is a perfect matching in G — {2, %, W, Z3}, say
Fs. Thus M U (Fg — {z3w}) U F5 U {ww} is a perfect matching in GG containing M as
required. This completes the proof of our lemma. O

Theorem 14.8. Let G be a 3-extendable non-bipartite graph of order p > 8. If G is
l-extendable non-bipartite for some positive integer | > 3, then GG 1is 4-extendable.

Proof. By Theorem 2.8(b), G is 3-extendable non-bipartite graph. Let M be a matching
of size 4 in GG. Put Mg = M N E(G), Mg = M N E(G) and Mz = M — (Mg U Mg).
Without loss of generallity, suppose |Mg| > |Mg|. If Mgz = ¢ or Mz = M, then, by
Lemma 14.2, there is a perfect matching in GG containing M as required. So we now
suppose that Mg # ¢ and M,z # M. Therefore, 1 < |M,g| < 3. We distinguish 3
cases according to | M g|.

Case 1: |M g| = 1. By applying similar arguments as in the proof of Subcase 2.1 (if
|Mg| = 0) or Subcase 2.3 (if [Mg| = 1) in Theorem 14.3, there is a perfect matching in
GG containing M as required.

Case 2: |Mgg| = 2. By applying similar arguments as in the proof of Case 1 in
Theorem 14.3, there is a perfect matching in GG containing M as required.

Case 3: |Mgg| = 3. Then, |[Mg| =1 and |Mg| = 0. So, by Lemmas 14.6 and 14.7,
there is a perfect matching in GG containing M as required.

This completes the proof of our theorem. O
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Abstract

Let i(G) denote the minimum cardinality of an independent domi-
nating set for G. A graph G is k-i-critical if i(G) = k, but i(G +uv) < k
for any pair of non-adjacent vertices v and v of G. In this paper, we
show that if G is a connected k-i-critical graph, for k > 3, with a cutver-
tex u, then the number of components of G — u, w(G — u), is at most
k — 1 and there are at most two non-singleton components. Further, if
w(G —u) = k — 1, then a characterization of such graphs is given.

keyword: independent domination, critical, cutvertex
MSC2000: 05C69

1 Introduction

Let G denote a finite simple undirected graph with vertex set V(G) and edge
set E(G). The complement of G is denoted by G. For S C V(G), the subgraph
of G induced by S is denoted by G[S]. S is independent if no two vertices
of S are adjacent. The number of components of G is denoted by w(G). A
vertex v of G is a cutvertex if w(G —v) > w(G). For a vertex v € V(G),
the neighborhood of v in G denoted by Ng(v) is the set of all vertices of
V(G) — {v} which are adjacent to v. Ng[v] is denoted the closed neighborhood

*This research is supported by the Thailand Research Fund grant #BRG5480014.
fCorresponding author.



of v, i.e., Ng[v] = Ng(v) U{v}. The non-neighborhood of v in G denoted by
Ng(v) is V(G) — Ng[v]. For S C V(G), Ng(v) NS and Ng[v] NS are denoted
by Ns(v) and Ngv], respectively. Further, Ng(S) denotes |J,.g No(z) and
N¢|S] denotes |, g Ne[z]. For simplicity, if S is a subgraph of G, then we
also denote Ng(v) NV (S) and Ng[v]NV(S) by Ng(v) and Nglv], respectively.

For subsets S and T of V(G), we say that S dominates T', denoted by
S = T,if T C NglS]. If S = T where S = {s}, then we write s = T instead
of {s} > T. Further, if T = V(H) where H is a subgraph of G, then we also
write S = H instead of S > V(H) and we say that S is a dominating set for
H. Thus S is a dominating set for G if each vertex of V(G) is either in S or
adjacent to some vertex of S. The minimum cardinality of a dominating set
for G is called the domination number of G and denoted by v(G).

For a subgraph H of G, if S = H and S is independent, then we say that
S is an independent dominating set for H and denoted by S >=; H. Thus S
is an independent dominating set for G if S >; G. The minimum cardinality
of an independent dominating set for G is called the independent domination
number of G and denoted by i(G). Observe that for any graph G, v(G) < i(G)
and if v(G) = 1, then i(G) = 1.

In 1994, Ao [4] introduced the concept so called “independent domination
critical”. A graph G is k-i-critical if i(G) = k, but i(G + uv) < k for any pair
of non-adjacent vertices u and v of G. It is easy to see that the only 1-i-critical
graphs are K, for some positive integer n. Ao [4] proved that G is 2-i-critical
if and only if G 2 |JI_, K1 ,, for some positive integers r; and n. The problem
that arises is that of characterizing connected k-i-critical graphs for £ > 3. Up
to date, there is no characterization of such graphs. Further, there are not many
known results concerning properties of them especially when k& > 4. This might
be because the problem is getting harder and harder when k is getting bigger.
So it makes sense to add some additional hypothesis in order to investigate
connected k-i-critical graphs for £ > 3. In this paper, we concentrate on
connected k-i-critical graphs, for k > 3, with a cutvertex. We provide some
necessary conditions for such graphs. In fact, we show that if G is a connected
k-i-critical graphs, for k > 3, with a cutvertex u, then w(G —u) < k — 1 and
there are at most two non-singleton components. Further, if w(G —u) =k —1,
then a characterization of such graphs is given.

We conclude this section by pointing out that domination is one area in
graph theory that can be applied to different fields. Most of problems concern
facility location such as police stations, hospitals. They can also be found
in monitoring networks such as communication, electric. A reader is directed
to [9, 10]. Further, there are several concepts on domination critical such as
(ordinary) domination critical, total domination critical, connected domination
critical. These critical graphs have the same situation with k-i-critical graphs
in the sense that it is much more difficult to study these graphs when its
(ordinary) domination (total domination or connected domination) number is
getting bigger. Some papers on these topics are in [1, 2, 3, 5, 6, 7, 8, 11, 12,
13, 14].



2 Preliminaries results

In this section we state some results that we make use of in establishing our
main results. We begin with some terminology. For a pair of non-adjacent
vertices u and v of G, I,,, denotes a minimum independent dominating set for
G + uv. Our first result follows immediately from the definition of k-i-critical
graphs.

Lemma 2.1. Let G be a connected k-i-critical graph and let uw and v be non-
adjacent vertices of G. Then |Iy| = k—1, | Ly N{u,v}| =1 and I,,N(Ng(u)U
Ng(’u)) = (Z) O

The next result provides an upper bound of the diameter of connected 3-i-
critical graphs.

Lemma 2.2. [4]
The diameter of a connected 3-i-critical graph is at most 3. O

Before we state the last result, we need one more definition. A graph G is
k-i-vertex-critical if ¢(G) = k and for each u € V(G), i(G —u) < k. It is easy
to see that if G is k-i-vertex-critical, then i(G —u) =k — 1.

Lemma 2.3. [4/

1. A graph G is 2-i-critical if and only if G = |J;_, K1, for some positive
integers T; and n.

2. A graph G is 2-i-vertex-critical if and only if G is isomorphic to a com-
plete graph without a perfect matching. ]

3 Classes of connected k-i-critical graphs

In this section, we provide seven classes of connected k-i-critical graphs with a
cutvertex, four of them for k = 3, one for £ = 4 and the another two for k > 4.
We begin with four classes of connected 3-i-critical graphs.

I. The class ¢4

For positive integers n, m and s > 2, define a graph G € ¥ of order
2n 4+ 2m + s + 1 as follows. Set V(G) = {u} UX UY U Z where |X| = 2n,
|Y| = 2m and |Z| = s. The edges of G are defined as follows. G[X]| = Ky, - a
perfect matching, G[Y] = Ks,, - a perfect matching and G[Z] = K. Further,
join u to each vertex of Y U Z and finally join each vertex of Y to every vertex
of X. This defines the class ¢;. Figure 1 illustrates our construction. It is not
difficult to show that a graph G € 4 is 3-i-critical. Note that in our diagram
a “double line” denotes the join.

II. The class %



u
> < — K>, — a perfect matching
K

K,,,— a perfect matching

Figure 1: The structure of a graph in the class ¢;

For positive integers n and m > 2, define a graph G € % of order 2n+m-+2
as follows. Set V(G) = {u,c} UX UY where | X| = 2n, |Y| = m. The edges of
G are defined as follows. G[X] = Ka, - a perfect matching, G[Y] = Uli:1 Ky,
such that m =1+ 22:1 r;,m > 20 and [ > 1. Further, join u to each vertex of
{c} UY and finally join each vertex of ¥ to every vertex of X. This defines the
class 9. Figure 2 illustrates our construction. It is not difficult to show that
a graph G € ¥, is 3-i-critical.

= K5, — a perfect matching

Km_ Ug:l Kl,ri
Figure 2: The structure of a graph in the class %

III. The class ¥;

For positive integers n; and s > 2n; and non-negative integer no, define a
graph G € ¥ of order 2n1+2ns+s+2 as follows. Set V(G) = {u, cJUX;UX,UZ
where |X1| = 2nq, | X2| = 2ns and |Z| = s. The edges of G are defined as fol-
lows. G[X1 U X3] = Kap,42n, - (F1 U Fy) where F; is a perfect matching in
G[X;] for 1 <i <2 and G[Z] = K;. Further, join u to each vertex of {¢} UZ
and join each vertex of Z to every vertex of X, (if Xy # 0). Finally, we add
the set of edges E between Z and X;. Each vertex of Z is joined to 2n; — 1
vertices of X7 in such a way that each vertex of X; is a non-neighbor of some
vertex of Z. This defines the class 4. Figure 3 illustrates our construction. It
is not difficult to show that a graph G € ¥5 is 3-i-critical.

IV. The class ¥4,

For positive integers n1, s > 2n; and m > 2 and non-negative integer no,
define a graph G € ¥, of order 2n; + 2ny +m + s + 2 as follows. Set V(G) =
{u,c} UX1 UXoUY U Z where | X1| = 2nq, | Xa| = 2n9, |Y| =m and |Z| = s.



K5,,— a perfect matching

B K,,,— a perfect matching

Figure 3: The structure of a graph in the class ¥

The edges of G are defined as follows. G[X; U Xs] = Koy, ton, - (F1 U Fy)
where F; is a perfect matching in G[X;] for 1 <i <2, G[Y] = Ui:l K1, such
that m =1 + 22:1 ri,m > 20 and | > 1 and G[Z] = K;. Further, join u to
each vertex of {c} UY UZ, join each vertex of Y to every vertex of ZU X; U X5
and join each vertex of Z to every vertex of X, (if Xy # 0). Finally, we add
the set of edges E between Z and X as defined in the class ¢3;. This defines
the class ¢;. Figure 4 illustrates our construction. It is not difficult to show
that a graph G € ¥, is 3-i-critical.

K,,,7 Uf:[ Kl,r-

i

K5,,— a perfect matching

K K>,,— a perfect matching
Figure 4: The structure of a graph in the class ¥,

Our next class is a class of connected 4-i-critical graphs with a cutvertex.

V. The class ¥

For positive integers n, m and s > 2, define a graph G € % of order
2n 4 2m + s + 2 as follows. Set V(G) = {u,c} UX UY U Z where | X| = 2n,
|Y| =2m and |Z] = s. The edges of G are defined as follows. G[X] = Ka,, - a



perfect matching, G[Y] = Ka,, - a perfect matching and G[Z] = K. Further,
join u to each vertex of Y U {c} and s — 1 vertices of Z and finally join each
vertex of Y to every vertex of X. This defines the class ¢. Figure 5 illustrates
our construction. It is not difficult to show that a graph G € ¥ is 4-i-critical.

K,,, — a perfect

K, — a perfect matching

Figure 5: The structure of a graph in the class %

We conclude this section by constructing two classes of connected k-i-critical
graphs with a cutvertex for k > 4.

VI. The class %;

For positive integers s, n, and k where s > n > k — 1 > 3, define a graph
G € 9 of order s +n+ k — 1 as follows. Set V(G) = {u} UX UZ UW where
|X|=mn,|Z| =sand |W]| =k —2. The edges of G are defined as follows. G[X]
is both (k — 1)-i-critical and (k — 1)-i-vertex-critical and G[W] = Kj_5. Fur-
ther, join u to each vertex of WU Z, and then add the set of edges E between Z
and X as similar as defined in the class ¥3. That is, each vertex of Z is joined
to n — 1 vertices of X in such a way that each vertex of X is a non-neighbor
of some vertex of Z. This defines the class 4. Figure 6 illustrates our con-
struction. It is not difficult to show that a graph G € % is k-i-critical for k > 4.

-~

/ o\
! ‘ \\\ . ..
‘/ e \\l N7\ (k — 1)-i-critical and
o E . .
Vi uN T (k — 1)-i-vertex-critical
\ / /
\\t,/
Kk—2 K\‘

Figure 6: The structure of a graph in the class %

VI. The class 4,

For positive integers s, n, k and m where s > n > k —1 > 3 and
m > 2, define a graph G € ¥4; of order s +n + k + m — 1 as follows. Set
V(G) = {u}UXUYUZUW where | X| =n, |Y|=m, |Z| =sand [W| =k —2.



The edges of G are defined as follows. G[X] is both (k—1)-i-critical and (k—1)-i-
vertex-critical, G[Y] = Ui:l K, such that m = Z+Zé:1 ri,m > 2land [ > 1,
G[Z] = K5 and G[W] = Kj_o. Further, join u to each vertex of WUY U Z,
join each vertex of Y to every vertex of ZU X. Finally, we add the set of edges
FE between Z and X as similar as defined in the class 4. This defines the
class ¢;. Figure 7 illustrates our construction. It is not difficult to show that
a graph G € ¥ is k-i-critical for k > 4.

(k — 1)-i-critical and

(k — 1)-i-vertex-critical

K

Figure 7: The structure of a graph in the class ¥

Note that for a positive integer k > 2, K1 is both (k — 1)-i-critical and
(k — 1)-i-vertex-critical. Hence, ¥ # ) and ¥%; # 0.

4 The main results

Lemma 4.1. For a positive integer k > 3, let G be a connected k-i-critical
graph containing v as a cutverter. Then

1. If w(G —u) > k—1, then G — u contains at least one non-singleton and
at most two non-singleton components.

2. w(G—u)<k-1.

Proof. For 1 <i <t let C1,Cs,...,C; be the components of G — u. It is
easy to see that G —u must contain at least one non-singleton component since
G is connected and i(G) =k > 3.

(1) Suppose to the contrary that G — u contains Cj;,Cj and Cj» as non-
singleton components where {7,5",7"} € {1,2,...,t}. Choose x € N¢,(u) and
y € N¢,, (u). Consider G +zy. By Lemma 2.1, [Iy| = k — 1, [Iy N {z,y}| =1
and v ¢ I;,. We may suppose without loss of generality that « € I,,. Since
¢ Iy, Iy NV (C;) # 0 for 1 <i<tandié¢ {j,j}. Further, I,, NV (Cj/) # 0
since V(Cj/) — {y} # 0. Consequently, t = k — 1 and |I,, N V(C;)| = 1 for



1 <i<t Thus z > Cj. Put {w} = I, NV(Cj»). Then w > Cj». Now
consider G+zw. By Lemma 2.1, |I;,| = k—1, [Tz N{z,w}| =1 and u ¢ IL,,,.
If @ ¢ Iy, then I, NV (C;) = 0 since I, N (Ng(z) UNg(w)) = 0 and = = C;.
But then no vertex of I, dominates V(C;) — {z}, a contradiction. Hence,
x € Iy. By similar arguments, w € I,,. But this contradicts the fact that
[Ipw N {z,w}| = 1. Hence, G — u contains at most two non-singleton compo-
nents. This proves (1).

(2) Suppose to the contrary that ¢ > k. By (1), we may assume that
|[V(C1)| > 1 and |V(C3)| > 1 and |V(C;)] =1 for 3 < i < t. Since G is con-
nected, u is adjacent to every vertex of Uf:?) V(C;). Now choose a € N¢, (u)
and b € N¢, (u). Consider G+ab. By Lemma 2.1, |[I,5| = k—1, |IosN{a, b} =1
and u ¢ I,,. We may assume without loss of generality that a € I;. Since
w ¢ Iop, I NV(C;) # 0 for 3 < i <t Thent =k and V(Cq) = {b} since
|Ip] = k — 1. Clearly, bu € E(G) since G is connected. Further, N¢, (u) # 0
otherwise u = G. Let ¢ € N¢, (u). We now consider G + be. By Lemma 2.1,
[Ipe| =k — 1, |[Ipe N {b,c}| =1 and u & Ip.. Then I, NV (C;) # 0 for 3 <i <t
and V(C1) UV(C2) must be dominated, in G + be, by one of element in {b, c}
since [Ip.] = k —1 and t = k. It is easy to see that Ip. N {b,c} = {c} since
a € V(Cy) —{c}. Thus ¢ > Cy. But then {c,u} =; G, a contradiction since
i(G) = k > 3. This proves (2) and completes the proof of our lemma. O

Lemma 4.2. For a positive integer k > 3, let G be a connected k-i-critical
graph containing u as a cutvertex. Suppose Cy,Cs,...,Cx_1 are the com-
ponents of G — u where |V(Cy)| > 2, |[V(C3)] > 1 and |[V(C;)| = 1 for

3<i<k—-1 Ifz e V(C) and y € V(Cy) where {z,y} N Ng(u) # 0,
then u & Iy, |Ioy NV (C1)| > 1 and |1, N (V(C1) UV(Cy))| = 2. Further, if

[V(Ca)| > 2, then |I;,, NV (C1)| =1 and |I,, NV (Cy)| = 1.

Proof. Consider G + zy. By Lemma 2.1, |I,,| = k — 1, [I;y N {z,y}| =1
and u ¢ I,. Then I, NV (C;) # 0 for 3 <i < k— 1. Because [V(C;)| =1
for 3<i<k—-1,|IL;;nV(C;)| =1for3<i<k—1 Since [I,;] =k—1
and w(G —u) = k — 1, it follows that |1, N (V(C1) UV(Cy))| = 2. Further,
|I.y N V(C1)| > 1 because |V(C1)| > 2. We now suppose that [V(Cy)| > 2.
If [I,, N V(C1)| = 2, then no vertex of I, dominates Cs — y, a contradiction.
Hence, |I;, NV(C1)| =1 and |1, NV (C3)| = 1. This proves our lemma. O

Lemma 4.3. For a positive integer k > 3, let G be a connected k-i-critical
graph containing u as a cutvertex. Suppose C1,Cs,...,Cr_1 are the compo-
nents of G—u where |V (C1)| > 2, |V(C2)| > 1 and |V(C;)| =1 for3 <i < k—1.
Then either i(Cy) =1 and i(C3) = 2 or i(Cy) = 2 and i(Cy) = 1. Further, if
i(C1) = 2 and i(Cy) = 1, then Cy is complete.

Proof. We first suppose that |V(C3)| = 1. Clearly, i(C1) > 2 otherwise
i(G) < k —1. We need only show that i(Cy) = 2. Put {y} = V(C3). Then



yu € E(G). Since i(G) = k > 3, N¢,(u) # 0. Let z € N¢,(u). Consider
G +zy. By Lemma 4.2, I, N (V(C1)UV(Cy))| =2 and |I,, NV (Cy)| > 1. By
Lemma 2.1, |I,,N{z,y}| = 1. Ifx € I, then y ¢ I, and thus |I,,NV(C})| = 2
since V(C2) = {y}. If y € Iy, then = ¢ I,, and thus the only vertex of
I,NV(Ch), say w, dominates V(C) — {«} since |[V(C1)| > 2 and wx ¢ E(G).
In either case, i(Cy) = 2.

We next suppose that [V(C3)| > 2. Choose a € N¢, (u) and b € N¢, (u).
Consider G + ab. By Lemma 4.2, [I,, NV (Cy)| =1 and |1, NV (C3)| = 1. Put
{a'} =I,, NV(Cy) and {b'} = I,, NV (Cs). If @’ = a, then b’ # b by Lemma
2.1. Thus a = Cy and b > Cy — b. Consequently, i(Cy) =1 and {b,b'} »; Co.
If i((Cq) =1, then i(G) < k — 1, a contradiction. Hence, i(Cy) = 2. Similarly,
if a’ # a, then b/ = b and thus i(Cy) = 2 and i(Cy) = 1 as required.

We now suppose that i(C7) = 2 and i(Cs) = 1. In order to finish the proof
of our lemma, we need the following claim.

Claim : Ify e Ng,(u), theny > Cs.

If [V(C3)| = 1, then our claim follows immediately. So we may assume
that |V(Cs)| > 2. Choose z € V(C;). Consider G + zy. By Lemma 4.2,
[I:yNV(Ch)| = 1 and |I,,NV(C2)| = 1. Further, w ¢ I;,. If I,,NV(C1) = {z},
then « > C, contradicting the fact that i(C1) = 2. Hence, I, NV(C1) # {z}.
Consequently, I, NV (C2) = {y} by Lemma 2.1 and thus y > C5. This settles
our claim.

We now ready to finish our proof. Suppose to the contrary that Cs is
not complete. Then there exist non-adjacent vertices v and w of V(Cs). By
the above claim, {v,w} C N¢,(u). Let x € Ng, (u). Consider G + zv. By
Lemma 4.2, |I,, NV (Cy)| = 1 and |I, N V(Cy)| = 1. Further, u ¢ I,. If
I, NV (C3) = {v}, then no vertex of I, dominates w, a contradiction. Hence,
I, NV (Cy) # {v}. Therefore, I, NV (C1) = {z} by Lemma 2.1. Clearly,
x > C;. But this contradicts the fact i(Cy) = 2. Hence, Cs is complete as
required. This completes the proof of our lemma. O

Theorem 4.4. For a positive integer k > 3, let G be a connected k-i-critical
graph containing u as a cutverter and w(G—u) = k—1. Suppose G—u contains

exactly two non-singleton components, say C1 and Cy, where i(C1) = 2 and
i(Ce) = 1. Then

1. G[N¢, (u)] is isomorphic to a complete graph without a perfect matching.
Further, each vertex of N¢, (u) dominates N ¢, (u).

2. G[N¢, (u)] is isomorphic to a complete graph without a perfect matching.

8. 3 <k < 4. Further, if k = 3, then G is isomorphic to a graph in the class
4 and if k = 4, then G is isomorphic to a graph in the class 9.
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Proof. Let W be a set of all vertices in the singleton components of G — u.
Clearly, |[W| =k — 3 > 0 since w(G — u) = k — 1. Further, W C N¢g(u) since
G is connected. By our hypothesis that i(C}) = 2 and i(C3) = 1 together with
Lemma 4.3, Cy is complete. It then follows that N ¢, (u) # () since i(G) = k > 3.

Claim 1: If x € N¢,(u), y € V(Cs), then I, N V(Cy) = {2’} where
z’ € N¢, (u) —{z} and I, NV (Cs) = {y}.

Consider G+zy. By Lemma 4.2, u ¢ I, and |I,,NV(C1)| = |L;, NV (Cs)| =
1. Suppose to the contrary that z € I,. By Lemma 2.1, I, NV (Cs) = {y'}
where y’ # y. Then I,, " Ng(y) # 0 since C5 is complete. But this contradicts
Lemma 2.1. Hence, z ¢ I,,. Therefore, y € I, and thus I,, NV (C2) = {y}.
Put {2’} = I, N V(C1). Clearly, 2’ # x and 2’ > C; — . Suppose to the
contrary that #’ € N¢, (u). Then {2/,u} =; G — N¢,(u). If Ng,(u) = 0, then
i(G) = 2 < k, a contradiction. Hence, N¢,(u) # (. But then 3 <i(G) =k <3
since Cy is complete. Thus k = 3. Clearly, d(2’,y’) > 3 where ¥’ € N¢,(u).
But this contradicts Lemma 2.2. Hence, 2’ € N¢, (u) — {2} as required. This
settles our claim.

(1) Let © € N¢g,(u) and y € V(Cs). Consider G 4+ zy. By Claim 1,
I, NV(Cy) = {2} for some 2/ € Ng,(u) — {z}. Clearly, 2’ > C; — z.
Now consider G + z'y. Again, by Claim 1, I, N V(Cy) = {z"} for some
" € Ng,(u) — {2’}. Since ' > C; — x, 2 = z by Lemma 2.1. Then
2 =x > Cy —a'. I |[Ng,(u)| = 2, we are done. So suppose |N¢, (u)| > 3.
Let w € N¢, (u) — {x,2'}. Consider G + wy. By Claim 1, L,, NV(Cy) = {w’}
for some w’ € N¢, (u) — {w}. By Lemma 2.1, w’ ¢ {x,2'} since w € Ng(z) N
Ng(a'). Clearly, w’ = C; —w. Now consider G + w'y. By similar arguments,
I,y NV(Cy) ={w} and w > Cy —w’. Continuing in this fashion, G[N¢, (u)]
is isomorphic to a complete graph without a perfect matching. Further, in
our argument, it is clear that each vertex of N¢, (u) dominates N¢, (u). This
proves (1).

Claim 2: For x € N¢,(u) and y € Ne,(u), I, N V(Cy) = {2’} where
2’ € N¢, (u) — {z} and L, N V(Co) = {y} .

By similar arguments as in the proof of Claim 1 and the fact that each
vertex of N¢, (u) dominates N¢, (u), by (1), our claim follows.

(2) By applying similar arguments as in the proof of (1) together with Claim
2 and the fact that each vertex of N¢, (u) dominates N ¢, (u), by (1), (2) follows.

(3) Clearly, u = N¢, (u) U Ng, (u) UW. We first suppose that N¢,(u) = 0.
Then V(Cy) C Ng(u) and thus i(G) = k = 3 since i(G[N¢, (u)]) = 2 by (2).
Hence, G is isomorphic to the graph in the class 4.

We now suppose that N¢,(u) # 0. Let y € Ng,(u). Then {u,y} =;
Ne, () UV(Ce) UW. Thus, by (2), 3 <i(G) =k < 4. By Lemma 2.2, k # 3.
Hence, k = 4 and |[W| = 1. We next show that [N¢,(u)| = 1. Suppose this
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is not the case. Let ¥’ € N¢,(u) — {y}. Consider G + uy’. By Lemma 2.1,
[Tuy'| = 3, [Tuy N{u,y'}| = 1. We first suppose that I,,y N {u,y'} = {u}. Then
I, NV (C3) = b since I,y N(Ng(u)UNg(y')) = 0 and Cs is complete. But then
no vertex of I, dominates y, a contradiction. Hence, I, N {u,y'} = {v'}.
Then I,,, "W = () by Lemma 2.1 since the only vertex of W is adjacent to
u. But then no vertex of I,,, dominates W, again a contradiction. Hence,
|INc,(u)] = 1. Tt follows by (1) and (2) that G is isomorphic to the graph in
the class ¢5. This completes the proof of our theorem. O

Theorem 4.5. For a positive integer k > 3, let G be a connected k-i-critical
graph with a cutvertex u where w(G —u) = k — 1. Suppose G — u contains
exactly one non-singleton component, say C. Then

1. G[N¢(u)] is (k — 1)-i-critical and (k — 1)-i-vertez-critical.

2. Nc(u) consists of two disjoint sets, say Y and Z, where each vertezx of
Y dominates Nco(u) and Z = Ng(u) — Y. Further, if Y # 0, then G[Y]
is 2-i-critical and if Z # (), then G[Z] is complete and for each vertex
2 € Z, there is exactly one vertex of Nc(u), say 2, such that z = C — 2.
Moreover, if k > 4, each vertex of Nc(u) is not adjacent to at least one
vertex of Z and thus Z # 0 and |Z| > |N¢c(u)|.

Proof. Let W be a set of all vertices in the singleton components of G — u.
Clearly, |W| = k —2 > 1 since w(G —u) = k — 1. Further, W C Ng(u)
since G is connected. Note that Ng(u) = W U Ng(u). It then follows that
Ne(u) # 0 since i(G) = k > 3. Put X = N¢(u). It is easy to see that
i(G[X]) > k — 1 > 2. Then the following claims follow by Lemma 2.1 and the
fact that Ng(u) = W U Ne(u).

Claim 1: Forv e X, u € I,, and I,, — {u} C X — {v}.
Claim 2 : Ifu € I, for some v,w € X, then I, — {u} C X.

Claim 3 : Ifu ¢ I,,, for some v,w € V(C), then either I, = {v} UW or
Iy ={wlUWw.

(1) Since i(G[X]) > k—1 > 2, there exist non-adjacent vertices x1,z2 € X.
We first show that G[X] is (k — 1)-i-critical. Consider G + z122. By Lemma
2.1, [Ipya,| =k — 1 and |1, N {z1,22}| = 1. We may assume without loss
of generality that I, ., N {x1,22} = {x1}. We first suppose that u ¢ I, ,,.
Then, by Claim 3, I,,, = {1} UW. This implies that x; > C' — z2 and thus
{z1, 22} »; G[X]. Consequently, k = 3 and G[X] is 2-i-critical.

We now suppose that u € I ,,. By our Claim 2, I, ., — {u} € X and
then I, ., — {u} =; X — {x2}. Hence, (I4,2, — {u}) U{z2} =; G[X] and thus
i(G[X]) = k — 1. Consequently, G is (k — 1)-i-critical.
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By the above argument, i(G[X]) = k—1. We next show that G[X] is (k—1)-
i-vertex-critical. Let z € X. Consider G + uz. By Lemma 2.1, [I,,| =k — 1
and by Claim 1, u € I, and I,,, —{u} € X —{z}. Then I,,, — {u} ~=; X — {z}.
Thus i(G[X — {z}]) < k—2. Ifi(G[X — {z}]) < k—2, then i(G[X]) <k—1, a
contradiction. Hence, G[X] is (k — 1)-i-vertex-critical as required. This proves

(1)

(2) We first suppose that Z # ). Let z € Z. Then there exists z € X such
that za ¢ E(G). Consider G+ zz. By Lemma 2.1, u ¢ I,,. By Claim 3, either
Ly={z}UWorl,={z}UW. If I, = {a} UW, then z > C — z and thus
z > X. But this contradicts (1) since k¥ > 3. Hence, I, = {z} UW. Then
z = C — z. Consequently, G[Z] is complete.

We next suppose Y # (). Note that each vertex of ¥ dominates Z U X.
If there is a vertex y € Y such that y > Y, then {y} UW >; G. But this
contradicts the fact that i(G) = k. Hence, for each vertex y € Y, there exists a
vertex ' € Y — {y} such that yy’ ¢ E(G). Consider G + yy'. By Lemma 2.1,
u ¢ I,,,. We may assume by Claim 3 that I, = {y} UW. Then y > C — ¢/
and thus y = Y —¢'. Hence, {y,y'} =; G[Y] and y > G[Y] + yy'. Therefore,
G[Y] is 2-i-critical.

We now suppose that & > 4. By the definition of Y, each vertex of X is
adjacent to every vertex of Y. Suppose to the contrary that there exists a ver-
tex z € X such that x is adjacent to every vertex of Z. Then x > Y U Z. Let
w € W. Consider G+zw. By Lemma 2.1, |[I,,| = k—1, | LN {z,w}| = 1 and
L, N{u}UuYUZ)=0. Since W C Ng(u), W —{w} C I, — {z,w}. Because
|W| =k—2and |, N{z,w}| =1, it follows that |I,, — ({z,w}UW)| = 1. Put
{a} = Ljw — ({z,w} UW). Clearly, a € X — {z}. Consequently, {a,z} > X.
But this contradicts the fact that i(G[X]) = k — 1 > 3. Hence, each vertex of
X is not adjacent to at least one vertex of Z. It then follows that |Z] > | X].
This proves (2) and completes the proof of our theorem. O

We are now ready to establish our characterizations.

Theorem 4.6. For a positive integer k > 4, if G is a connected k-i-critical
graph with a cutvertexr u where w(G —u) =k — 1, then G € % U% U %;.

Proof. By Lemma 4.1(1), G — u contains at least one non-singleton and
at most two non-singleton components. If G — u contains exactly two non-
singleton components, then k£ = 4 and G is isomorphic to a graph in the class
% by Theorem 4.4(3). We now suppose that G — u contains C' as the only
non-singleton component. Let Y and Z be defined as in Theorem 4.5. Then
Z # () and G[Z] is complete. It is easy to see that, by Theorem 4.5, if Y = (),
then G is isomorphic to a graph in the class % and if Y # (), then G is iso-
morphic to a graph in the class ¢4;. This completes the proof of our theorem [

We now consider connected 3-i-critical graphs. Let Z and X be defined
as in Theorem 4.5. Note that a graph in the class % shows that Z is empty.
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Further, a graph in the class 43 U ¢, shows that there might exist a vertex
of X which is adjacent to every vertex of Z. Our next theorem provides a
characterization of connected 3-i-critical graphs containing a cutvertex.

Theorem 4.7. If G is a connected 3-i-critical graph containing a cutvertex,
then G € 9;, defined in Section 3, for some 1 < i < 4.

Proof. Let u be a cutvertex of G. By Lemma 4.1, G — u contains exactly two
components, at least one of them is non-singleton. If both components of G —u
are non-singleton, then G is isomorphic to a graph in the class 4 by Theorem
4.4(3). We may now suppose that G — u contains exactly one non-singleton
component. Let C; and Cy be the components of G —u where |[V(Cy)| = 1 and
|V(Cq)| > 2. Clearly, N¢,(u) # 0. Put V(Cy) = {c} and X = N¢,(u). Then,
by Lemma 2.3(2) and Theorem 4.5(1), G[X] is isomorphic to a complete graph
without a perfect matching.

By Theorem 4.5(2), N¢, (u) consists of two disjoint sets, say ¥ and Z, where
each vertex of Y dominates X and Z = N¢,(u) — Y. Further if Y # (), then
G[Y] is 2-i-critical and if Z # 0, then G[Z] is complete and for each vertex
z € Z, there is exactly one vertex of X, say 2/, such that z = Cy — 2’. Conse-
quently, Ng[z] = V(G) — {¢, '}

Claim 1: Let x1,29 € X where x1x2 ¢ E(G). If 1 = Z, then x93 = Z.

By the definition of Y, 7 = ZUY = Ng,(u). Then Ng[z1] = V(C3) —{x2}
since G[X] is isomorphic to a complete graph without a perfect matching. Con-
sider G + cx1. Let {2} = I.y; — {c,21}. Then {c, 21,7} is independent by
Lemma 2.1. Thus z = 25 since Ng|c] = {c,u} and Ng[x1] = V(Cq) — {a2}. If
I, = {x1, 22}, then no vertex of I.,, is adjacent to u, a contradiction. Hence,
I.p, = {¢,z2}. Since ¢ is not adjacent to any vertex of Cy, xo = Cy — .
Hence, z2 = Z. This settles our claim.

Claim 2: If z € Z and zx ¢ E(G) for some x € X, then the only non-
neighbor of x in X is not adjacent to some vertex of Z — {z}.

This claim follows by Claim 1 and the fact that for each vertex z € Z, there
is exactly one vertex of X, say 2/, Ng[z] = V(G) — {c,2'}.

Let X7 = {x € X|zz ¢ E(G) for some z € Z}. It is easy to see that, by
the definition of Z, if Z # 0, then X; # (). Now put X, = X — X;. Then the
following claims follow by Claims 1 and 2.

Claim 3: For x1,z9 € X where z129 ¢ E(G), if x1 € X; for 1 <i <2,
then xo € X;. Consequently, | X1| and | X2| are both even.

Claim 4: If Z # (), then 2 < |X;| < |Z|.

By Lemma 2.3, G[Y] is isomorphic to K, — Uézl K, for some positive
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integers m, [ and r;. Clearly, m =1+ 22:1 r; and m > 21 > 2. It is now easy
to see that if Y # () but Z = (), then G is isomorphic to a graph in the class
%, and if Z # () but Y = @, then G is isomorphic to a graph in the class %;.
Finally, if Y # 0 and Z # (), then G is isomorphic to a graph in the class %;.
This completes the proof of our theorem. O

We conclude our paper by pointing out that Ao, in [4], gave a theorem de-
scribed 3-i-critical graphs with a cutvertex but his/her theorem does not depict
how such graphs exactly look like while our Theorem 4.7 provides the explicit
structure. Moreover, our proof is much more easier and shorter.
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A subset S of V(G) is an independent dominating set for G if S is
independent and each vertex of G is either in S or adjacent to some vertex of
S. Let i(G) denote the minimum cardinality of an independent dominating
set for G. Graph G is k-i-critical if i(G) = k, but i(G + wv) < k for any
pair of non-adjacent vertices u and v of G. In this paper, we establish that
if G is connected 3-i-critical and S is a vertex cutset of G, then w(G — 5) <
|S| — 2 for |S| > 6 and w(G — S) < 3 if |S| < 5. Further, if |S| > 3,
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provide a characterization of connected 3-i-critical graph G that attains the
maximum number of w(G — S) when S is a minimum cutset of size 2 or 3.
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2 N. ANANCHUEN AND W. ANANCHUEN

1. INTRODUCTION

Let G denote a finite simple undirected graph with vertex set V(G) and edge set
E(G). The complete graph of order n is denoted by K,. A star is a complete
bipartite graph K ,. For S C V(G), the subgraph of G induced by S is denoted
by G[S]. S is independent if no two vertices of S are adjacent. The number of
components of G is denoted by w(G). A vertex subset S of V(G) is a cutset
of G if w(G —8S) > w(G). For a vertex v € V(G), the neighborhood of v in
G, denoted by Ng(v), is the set of all vertices of V(G) which are adjacent to
v. Ng[v] denotes the closed neighborhood of v, i.e., Ng[v] = Ng(v) U{v}. The
non-neighborhood of v in G denoted by Ng(v) is V(G) — Ng[v]. For S C V(G),
Ng(v) NS, Nglv]N'S, Ng(v) NS and Ng[v] NS are denoted by Ng(v), Ng[v],
Ns(v) and Ng[v], respectively. Further, Ng(S) denotes Uses Na(z) and Ng[S]
denotes |J,cg Ng[z]. For simplicity, if S is a subgraph of G, then we also denote
Na(v)NV(S), Nev]NV(S), Ng(v)NS and Ng[v]NS by Ng(v), Ns[v], Ng(v)
and N g[v], respectively.

For subsets S and T of V(G), we say that S dominates 7', denoted by S > T,
if T'C Ng[S]. If S = T where S = {s}, then we write s > T instead of {s} > T
Further, if ' = V(H) where H is a subgraph of G, then we write S > H instead of
S = V(H) and we say that S is a dominating set for H. Thus S is a dominating
set for G if each vertex of V(G) is either in S or adjacent to some vertex of S. The
minimum cardinality of a dominating set for G is called the domination number
of G and denoted by v(G).

For a subgraph H of G, if S = H and S is independent, then we say that
S is an independent dominating set for H and denoted by S »=; H. Thus S is
an independent dominating set for G if S >; G. The minimum cardinality of an
independent dominating set for GG is called the independent domination number
of G and denoted by i(G). Observe that for any graph G, v(G) < i(G) and if
v(G) =1, then i(G) = 1.

In 1994, Ao [3] introduced the concept of “independent domination critical”.
A graph G is k-i-critical if i(G) = k, but i(G+uv) < k for any pair of non-adjacent
vertices u and v of G. In [3], Ao established some properties of 3-i-critical graphs
including diameter and a sufficient condition for such graphs to be hamiltonian.
He/she also showed that if G is a connected 3-i-critical graph and S is a vertex
cutset of G, then w(G — S) < |S|+ 1. We found that the upper bound of this
result can be improved if |[S| > 2. In fact, in this paper, we shall prove the
following two main theorems in Section 2.

Theorem 1. Let G be a connected 3-i-critical graph and S a vertex cutset of G.
Then
‘S‘_Qv fOT“S‘EG,

W(G_S)S{ 3, for |S| < 5.
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Theorem 2. Let G be a connected 3-i-critical graph and S a vertex cutset of G.
14++/8|S|+1 .
If |S] > 3, then w(G — S) < —Y5——. Further, the bound is sharp.

In studying the concept of critical graphs, we always seek for a characteri-
zation of graphs. This also applies to connected k-i-critical graphs. It is easy
to see that K, where n is a positive integer, is the only 1-i-critical graph. Ao
[3] showed that G is 2-i-critical if and only if the complement of G is a union of
stars. For k > 3, it is not possible to characterize connected k-i-critical graphs
unless some addition hypothesis is added. In [1], the authors proved that if G is a
connected k-i-critical graph, for k£ > 3, with a cutvertex u, then w(G—u) < k—1.
Further, a characterization of such graph G with w(G —u) = k — 1 was given. So
the characterization of connected 3-i-critical graphs with a cutvertex is known.
According to Theorem 1, if G is a connected 3-i-critical graph with a cutset S of
size at most five, then w(G — S) is at most three. A problem that arises is that
of characterizing such graphs. In Section 3, we establish that if G is connected
3-i-critical with a minimum cutset S of size 2 or 3 and w(G — S) = 3, then G
must be in one of six classes. In [2], a characterization of connected 3-i-critical
graph G with a minimum cutset S of size 2 and w(G — S) = 2 is given. We then
conclude this section by posing the following remaining cases.

1. Characterize connected 3-i-critical graph G with a minimum cutset S of
size 3 and w(G — S) = 2.

2. Characterize connected 3-i-critical graph G with a minimum cutset S of
size 4 or 5 and w(G — S) = k where k € {2,3}.

2. 'THE PROOF OF THEOREMS 1 AND 2

We begin this section with some terminology and preliminary results that we
make use of in establishing our main results. For a pair of non-adjacent vertices
u and v of G, I, denotes a minimum independent dominating set for G + wuwv.
Our first two results follow immediately from the definition of k-i-critical graphs.

Lemma 3. Let G be a connected k-i-critical graph and let u and v be non-adjacent
vertices of G. Then |Iy,| =k — 1 and |I,, N {u,v}| = 1.

Lemma 4. Let G be a connected 3-i-critical graph and let u and v be non-adjacent
vertices of G. Then

1. Ly = {u,w} or I, = {v,w} for some w € V(G) — {u,v}.
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2. If {fw} = L,y — {u,v}, then {u,v,w} is independent.
Our next result is a useful tool for establishing our main results.

Lemma 5. Let G be a connected 3-i-critical graph and let uw and v be non-adjacent
vertices of G. If I, = {u,w} for some w € V(G) — {u,v}, then I, — {u,w} =
{v}, d.e., Iy = {u,v} or Ly, = {w,v}.

Proof. By Lemma 4(2), {u,v,w} is independent. Let z € V(G) — {u,v,w}.
Then zu € E(G) or zw € E(QG) since I, = {u,w}. Then = ¢ I,,, by Lemma
4(2). Thus I — {u,w} = {v} as required. This proves our lemma. |

The next result proved by Ao [3]. Before stating this result, we need to
introduce another notation introduced by Ao. If x, y and z are vertices of G
where {z,y} >=; G — z, then we write [z,y]—z

7

Lemma 6. [3] Let G be a connected 3-i-critical graph and let S be an independent
set of G with size at least n > 4. Then the vertices in S may be ordered as
UL, U2, . . ., Uy N Such a way that there exists a path x1xs...xp—1 in G — S with
[ui,xi]—?uiﬂ fOT‘ 1 S ) S n—1.

We are now ready to prove Theorems 1 and 2.

The proof of Theorem 1

Proof. Suppose G — S contains n components. If n < 3, then we are done. So
we may suppose that n > 4. Let C1,Cy,...,C, be components of G — S. For
1 <i < mn, choose a; € V(C;). Then A = {ay,as,...,a,} is an independent set of
size at least 4. By Lemma 6, the vertices in A may be ordered as uy,us, ..., uy
in such a way that there exists a path z12z2...x,_1 such that [u;, x;]— w41 for
1 <i < n—1. Without loss of generality, we may renumber the Coméonents of
G — S in such a way that u; € V (C;) for 1 <i < n. Since n > 4, x; € S. Thus
{z1,22,..., 21} € S. Note also that z; = J;_; V(Cj) — (V(C;) U {uj+1}) and
{wi, z;, u;iy1} is independent by Lemma 4(2). Consequently, x; does not dominate
either C; or Cjyq.

Now consider G+ uju,_x where k € {0,1}. Let {2z} = Iy u, , — {1, Un—k}-
Then {u1,un—, 25} is independent by Lemma 4(2) and z; = UUj_, V(Cj) —
V(Cp—). Thus, for k € {0,1}, zx € S since n > 4. Further, zg # 2;. But
zi & {r1,22,...,2n_1} since, for 1 < i < n — 1, z; does not dominate either C;
or Ciy1. Hence, {z1,22,...,2n-1, 20,21} C S. Therefore, |[S| > n + 1.

Suppose that |S| = n+ 1. Then S = {z1,22,...,2n-1,20,21}. We next
consider G + uguy. Let {w} = I,u, — {u2,u,}. Then w € S since n > 4 and
w = Ui V(C)) — (V(Ca) UV(Cy)). Clearly, w ¢ {x1,22,...,25-1} since z;
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does not dominate either C; or Cjq for 1 < i < n — 1. Further, w ¢ {zp,21}
since zru; ¢ E(G) for 0 < k < 1. Hence, w ¢ S, a contradiction. Therefore,
|S| # n + 1 and hence |S| > n + 2. This proves our theorem. ]

The proof of Theorem 2

Proof. By Theorem 1, it is easy to see that our result holds for 3 < |S| < 6. So
we may now assume that |S| > 7. Put t = w(G — S). Suppose to the contrary

that t > w + 1. Then t > 5 since |S| > 7.

For 1 < i <t, let C; be a component of G —S. Choose v; € V(C;). Consider
G + vivj where 1 < i # j < t. Put {z;} = L,; — {vi,v;}. Because t > 5,
zij € S. Tt is easy to see that z;; = ,_, V(Cx) — (V(C;) UV(C})). By Lemma
4(2), {vi,vj,2;} is independent. Consequently, z;; # 2, if {i,j} # {l,m} for
1 <4,4,l,m <t. Since there are (é) subsets of size 2 of {1,...,t}, we can choose

(;) pair of vertices v; € V(C;) and vj € V(Cj) where 1 < i # j < t. It then
follows that |S| > (1) = Y52 Then |§] > LSS 4y /8ISy

$(8[S| +44/8[S[+ 1+ 4) > |S| + 4 since |S] > 7, a contradiction. Hence, ¢ <
14+4/8S|+1
2

as required.

We next show that our bound is sharp. Let U = {uj,ug,...,u;} be an
independent set of vertices of size t. Put U = {u;;| the (unordered) pair {7, j}(i #
j) ranges over all (;) subsets of size 2 of {1,...,¢}}. Now let H be a graph with
V(H) = UUU and E(H) = {ugum{i,j} # {l,m}} U{uyli ¢ {l,j}}. Tt
is easy to see that, in fact, H[U] = tK; and H[U| = K.4-1 . Further, for u; €

2
U, NH(uZ) = U—{ﬂlj‘i € {l,]}} and, for ui; € U, NH(HZ]) = (UUU)—{EU, ui,uj}.
Clearly, i(H) = 3, {w;, w;j} >i H +uju; and {u;,w;;} =i H + wju;;. Hence, H is
3-i-critical where (U] = (}) = @ and w(H —U) = |U| = % = t. This
completes the proof of our theorem. [ |

3. THE CHARACTERIZATION OF CONNECTED 3-7-CRITICAL GRAPHS HAVING
MINIMUM CUTSET OF SIZE 2 AND 3

In this section, we establish the characterization of connected 3-i-critical graph
G having a minimum cutset S of size 2 or 3 with w(G — S) = 3. We begin our
section by providing six classes of connected 3-i-critical graphs having a mini-
mum cutset of size 2 and 3. The last two theorems in this section show that if
G is a connected 3-i-critical graph having a minimum cutset of size 2 or 3 with
w(G — S5) = 3, then G must belong to one of these six classes.
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a
b n>2
2K,
Figure 1. The structure of a graph in the Figure 2. The structure of a graph in the
class 74 class J%

I. The class 74

For positive integers m and n > 2, define a graph G € J#4 of order n+m+4
as follows. Set V(G) = {a,b,u,v} UX UY where |X| = n and |Y| = m. The
edges of G are defined as follows. G[X| = K,, and G[Y] = K,,. Further, join
u and v to every vertex of {a,b} U X. Finally, join each vertex of X to every
vertex of Y. This defines the class J#. Figure 1 illustrates our construction. It
is not difficult to show that a graph G € J4 is 3-i-critical containing {u,v} as a
minimum cutset. Note that in our diagram a “double line” denotes the join.

II. The class %4

For positive integer n > 3, define a graph G € 74 of order n + 6 as follows.
Set V(G) = {a,b,u1,u2,u3, v} UX where |X| =n. The edges of G are defined as
follows. G[X] = K,, join each vertex of {u1,ug,us} to every vertex of {a,b}UX.
Further, join v to every vertex of X. Finally, add the edge ujus. This defines the
class J%. Figure 2 illustrates our construction. It is not difficult to show that a
graph G € 4% is 3-i-critical containing {1, us,us} as a minimum cutset.

ITI. The class 7%

For positive integers n, m; and msg, define a graph G € 4 of order n +
my + mg + 5 as follows. Set V(G) = {a,b,u1,uz,us} U X UY; UY, where
|X| = n, |Y1|] = my and |Ya] = mgo. The edges of G are defined as follows.
G[X UY1 UYs] = Kpymy+ms, join each vertex of {uj,us,us} to every vertex of
{a,b} U X. Further, for 1 <i <2, join u; to every vertex of Y;. Finally, add the
edge ujus. This defines the class J73. Figure 3 illustrates our construction. It is
not difficult to show that a graph G € J#3 is 3-i-critical containing {u1, ua, us}
as a minimum cutset.

IV. The class 77

For a positive integer n, define a graph G € 7 of order n + 5 as follows.
Set V(G) = {a,b,u1,uz,us} U X where |X| = n. The edges of G are defined
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Figure 3. The structure of a graph in the Figure 4. The structure of a graph in the
class %4 class 77,
as follows. G[X] = K,, and join each vertex of {u1,us,us} to every vertex of

{a,b} U X. This defines the class .7#;. Figure 4 illustrates our construction. It
is easy to see that a graph G € J# is 3-i-critical containing {uj,us,us} as a
minimum cutset.

V. The class 773

For positive integers n > 2 and m, define a graph G € J2% of order n+m+5
as follows. Set V(G) = {a,b,u1,uz,uz} UX UY where | X| = n and Y| = m.
The edges of G are defined as follows. G[X UY] = K4+, join each vertex of
{u1,u2,uz} to every vertex of {a,b} U X. Finally, join u; to every vertex of Y.
This defines the class 2. Figure 5 illustrates our construction. It is not difficult
to see that a graph G € J# is 3-i-critical containing {u;, u2,us} as a minimum
cutset.

VI. The class 77

For non-negative integer n and positive integers my, mo and ms, define
a graph G € J% of order n + m; + ma + m3 + 5 as follows. Set V(G) =
{a,b,ut,ug,us} UX UY; UYyUY3 where | X| =n and |Y;| = m,; for 1 <i < 3.
The edges of G are defined as follows. G[X UY; UY2UY3] = Kytm;+mytms, join
each vertex of {ui,ug,us} to every vertex of {a,b} U X. Finally, for 1 < i < 3,
join wu; to every vertex of Y;. This defines the class 4. Figure 6 illustrates our
construction. It is easy to see that a graph G € J# is 3-i-critical containing
{u1,u2,us} as a minimum cutset.

Before establishing our main results in this section, we need a following result.

Lemma 7. Let G be a connected 3-i-critical graph and S a minimum cutset
where 2 < |S| < 5. Suppose w(G — S) = 3. Then

1. There is a vertex of G — S, say x, such that x > S.
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Kn+m1 +my+ms

Figure 5. The structure of a graph in the Figure 6. The structure of a graph in the
class 7% class 7%

2. At least two components of G — S are singleton.

3. Each component of G — S is complete.

Proof. Let C7, Cy and C3 be the components of G — S.

(1) Suppose to the contrary that no vertex of G — S dominates S. Since
S is a minimum cutset, |[V(C;)| > 2 for 1 < i < 3. Further, for each s € 5,
Ne,(s) # 0. Let uj, ug € S. For 1 <i < 3, let x; € N, (u1) and y; € Ng, (u2).
Consider G + x;y; where 1 < i # j < 3. Put {z4,49,} = lu;y; — {7i,95}. By
Lemma 4(2), {z;,yj, 2z;y;} is independent and thus z,,, ¢ {ui,u2}. Since
V(Ci)| > 2 for 1 < i <3, 24, € 5. Further, z;,,, > C where 1 < k <3
and {i,7,k} = {1,2,3}. It then follows that {2z ys, Zzoyss 221y }| = 3. Since
|S| < 5, 8 = {u1,u2, 2p,ys, Zaoyss Zarys ) Consequently, zy 2, = 2z, otherwise
no vertex of I, ,, dominates Co. Hence, {x1,y1,23,y3} N Ng(2g,y,) = 0. If
Iy ys = {®1, 22,4, }, then no vertex of I, dominates x3, a contradiction. Hence,
I ys = {Y3, 221ys }. But then no vertex of I,,,, dominates y;, again a contradic-
tion. This proves (1).

(2) By (1), we may assume that x € V(C1). Choose y € V(C3). Consider
G+ zy. Let {2} = I, — {z,y}. By Lemma 4(2), z ¢ S. Then z € V(C3). We
first suppose that I, = {z,z}. Then V(C>) = {y}. Now consider G + zz. Then,
by Lemma 5, I, = {z,y} or I, = {z,y}. If I, = {x,y}, then |V(C3)| = 1.
If I, = {z,y}, then |[V(Cy)] = 1. Hence, G contains at least two singleton
components as required.

We now suppose that I, = {y, z}. By similar arguments, G contains at least
two singleton components. This proves (2).

(3) By (2), we may assume without loss of generality that |V (C1)| = |V (C2)| =
1. Put {z} = V(Cy) and {y} = V(C3). Since S is a minimum cutset, x = S
and y > S. Suppose to the contrary that C3 is not complete. Then there exist
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a,b € V(Cs) where ab ¢ E(G). Consider G+xa. Let {z} = I,, —{x,a}. Because
no vertex of {x,a} is adjacent to a vertex of {y,b}, z = {y,b}. Then z € S since
y € V(Cs) and b € V(C3). But this contradicts Lemma 4(2) since x > S. This
proves (3) and completes the proof of our lemma. [ |

Theorem 8. Let G be a connected 3-i-critical graph and S a minimum cutset of
size 2. If G — S contains exactly three components, then G € J4.

Proof. Let Cy,C5 and C3 be the components of G — S. By Lemma 7(2) we may
assume that |V (C1)| =1 and |[V(Cy)| = 1. Put {a} = V(Cy), {b} = V(C2) and

= {u,v}. Since S is a minimum cutset, Ng(a) = Ng(b) = {u,v}. Further,
if [V(C3)| = 1, then it is easy to see that i(G) < 2, a contradiction. Hence,
|[V(C3)] > 2. By Lemma 7(3), C3 is complete. Note that Ne,(u) # 0 and
Ne, (v) # 0 since S is a minimum cutset. If there is a vertex y € Ny, (u) — Ny (v),
then {y,v} =; G, a contradiction. Similarly, if there is a vertex y € N¢,(v) —
Nc,(u), then {y,u} >; G, again a contradiction. Hence, N¢,(u) U Ngy,(v) =
Ney(u)NNeg (v). It is easy to see that [Ney (u)UNey (v)| = [Ny (w) NNy (v)| > 2
since S is a minimum cutset of size 2. Because i(G) = 3, |V(C3) — (Ngy(u) U
Necy(v))] > 1. Further, wv ¢ E(G). Therefore, G € J# as required. This
completes the proof of our theorem. [ |

Theorem 9. Let G be a connected 3-i-critical graph and S a minimum cutset of
size 3. If G — S contains exactly three components, then G € €, for 2 < i < 6.

Proof. Let Cy,Cs and C3 be the components of G — S. By Lemma 7(2) we may
assume that |V (Cy)| =1 and |[V(Cy)| = 1. Put {a} = V(Cy), {b} = V(C2) and
S = {u1,u2,us}. Since S is a minimum cutset, Ng(a) = Ng(b) = {u1, ua, us}.
Further, if |V(C3)| = 1, then S must be independent since i(G) = 3 and thus
G € ;. So we may suppose that |V (C3)| > 2. Note that C3 is complete by
Lemma 7(3). Further, Ny (u;) # 0 for 1 <4 < 3 since S is a minimum cutset.

Claim 1: G[S] contains at most one edge.

Suppose to the contrary that G[S] contains at least two edges. Then there ex-
ists i € {1,2, 3} such that w;u; € E(G) for 1 <i # j < 3. Clearly, u; = SU{a,b}.
It is easy to see that i(G) < 2 since C3 is complete. But this contradicts the fact
that i(G) = 3. This settles our claim.

We now distinguish two cases according to the number of edges in G[S5].

Case 1: G[S] contains exactly one edge.
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We may assume without loss of generality that ujus € F(G). Then ujug ¢
E(G) and ugug ¢ E(G).

Claim 2: N¢,(u3) = Ny (u1) N Neg (ug).

It is easy to see that if there exists x € N¢,(us) but & ¢ Ney(u1) N Ney (uz),
then {z,u;} »; G for 1 < j <2, a contradiction. Hence, N¢,(u3) C Ngy(ur) N
Ney(u2). On the other hand, if x € Ney(u1) N Ney(ug) but © ¢ Ney(us), then
{z,u3} >; G, again a contradiction. Hence, N, (u1) N Ney(u2) € Ney(usz). This
settles our claim.

Now put Y = V(C3) — N, (us). It is easy to see that Y # () since i(G) = 3.

Claim 3: Each vertex of Y is adjacent to at most one vertex of {uy,ua}.
Clearly, if there exists y € Y such that yu; € E(G) and yuy € E(G), then
{y,us} >=; G, a contradiction. This settles our claim.

Case 1.1: |Y| = 1.

Put {v} =Y. Ifvu; € E(G) forsome 1 < j < 2, then {u;,us} >; G, a contra-
diction. Hence, vu; ¢ E(G) for 1 < j < 2. Consequently, Ng(v) = V(C3) — {v}.
Because S is a minimum cutset, |V (C3) — {v}| > 3. Therefore, G € 4.

Case 1.2: |Y| > 2.

Claim 4: Each vertex of Y is adjacent to exactly one vertex of {uj,ua}.
Further, [Ny (u1)| > 1 and |Ny (ug2)| > 1.

We first suppose to the contrary that there is a vertex y € Y such that
yur ¢ E(G) and yus ¢ E(G). Thus Ng(y) = (0. Since |Y| > 2, there is y; €
Y — {y}. Consider G + usyi. Let {z1} = Ly, — {us,y1}. By Lemma 4(2),
z1 ¢ V(Cs)U{a, b} since Cs is complete and {a, b} C Ng(us). Then z; € {uy,uz}.
If Iyysy, = {us3, 21}, then no vertex of I,,,,, is adjacent to y, a contradiction. Hence,
Luzy, = {1, 21}. We may assume that z; = uy. Then u1y1 ¢ E(G). Now consider
G+uyy. Let {20} = I,,,, —{u1,y}. By Lemma 4(2), 22 ¢ V(C3)U{a,b, uz} since
Cs3 is complete and {a,b,u2} € Ng(u1). Thus 29 = ug. If I,y = {u1,us}, then
no vertex of I, is adjacent to yi, a contradiction. Hence, I,,,, = {y,u3}. But
then no vertex of I, is adjacent to uo, again a contradiction. This proves that
each vertex of Y is adjacent to at least one vertex of {uj,us}. It then follows by
Claim 3 that each vertex of Y is adjacent to exactly one vertex of {uy,us}.

We next show that Ny (uj) # (). Suppose this is not the case. Then u; is not
adjacent to any vertex of Y. Then each vertex of Y is adjacent to us by above
argument. Consequently, {u2,us} >; G, a contradiction. Hence, Ny (u;) # 0.
Similarly, Ny (ug) # (. This settles our claim.
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Put Y1 = Ny (u1) and Yo = Ny (ug). It follows by Claim 4 that Y1 NYs =0
and hence G € J4.

Case 2: G[S5] is independent.

Claim 5: For each x € V(Cj3), either x is adjacent to every vertex of
{u1,ug,us} or x is adjacent to exactly one vertex of {uy,uz,us}.

We first suppose to the contrary that there is a vertex z; € V(C3) such
that x1 is not adjacent to any vertex of {uj,uz,us}. Consider G + xju;. Let
{z} = I;;u, — {z1,u1}. By Lemma 4(2) and the fact that C3 is complete and
{a,b} C Ng(u1), it follows that z € {ug,uz}. Consequently, usus € E(G), a
contradiction. Hence, each vertex of V(C3) is adjacent to at least one vertex of
{u1,ug,us}.

We now suppose that there is a vertex zo € V(C3) such that xs is adjacent
to u; and u; where 1 < i # j < 3. If zouy, ¢ E(G) where k € {1,2,3} — {3, j},
then {z2,ur} >; G, a contradiction. This settles our claim.

For 1 <i<3,letY; ={y € V(Cs)|lyu; € E(G) but yu; ¢ E(G) for 1 < i #
Jj <3}. By Claim 5, V;NY; =0 for 1 <i# j <3. Put X =V (C3)—(Y1UY2UY53).
Then each vertex of X is adjacent to every vertex of {u1,uz,us}.

Claim 6: For 1 <i < 3,if Y; # ), then either Y; # 0 for all 1 < i # j <3
orY;=0foralll<izj<3.

Assume that Y; # ) for some 1 < i < 3. Suppose to the contrary that Y; # ()
but Yy, = 0 where {j,k} = {1,2,3} — {i}. Then V(C3) =Y; UY; UX. Consider
G +wujuj. Let {z} = Lyu; — {ui, u;}. By Lemma 4(2), z ¢ V(C3) U {a,b}. Then
z = up. If Lyu; = {us, up}, then no vertex of Iy, is adjacent to a vertex of Y},
a contradiction. Hence, I,,u; = {uj, ur}. But then no vertex of I, is adjacent
to a vertex of Y;, again a contradiction. This settles our claim.

We now distinguish two subcases.

Subcase 2.1: For 1 <i<3,Y; =0.
It is easy to see that V(C3) = X and thus G € J4;.

Subcase 2.2: Y; # () for some 1 <17 < 3.

We first suppose that Y; = 0 for all 1 < ¢ # j < 3. If X = (), then u; becomes
a cutvertex of G, contradicting the fact that S = {u;, u2,us} is a minimum cutset.
Hence, X # (). Note that {u;} U X is a vertex cutset of G. Since the minimum
cardinality of a vertex cutset in G is 3, | X| > 2. It is easy to see that G € J4.
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We now suppose that Y; # 0 for all 1 < ¢ # j < 3. Then G € . This
completes the proof of our theorem. [ |

Our last result follows immediately from Theorems 8 and 9.

Corollary 10. Let G be a connected 3-i-critical graph and S a minimum cutset
where 2 < |S| < 3. If w(G — S) = 3, then the minimum degree of G is |S|.
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1 Introduction

Let G denote a finite simple undirected graph with vertex set V(G) and edge set E(G).
The complement of G is denoted by G. For graphs G; and G, we say that G; and G
are disjoint if V(G1) N V(Gs) = 0. A complete graph of order n is denoted by K, and a
complete bipartite graph with bipartitioning sets of order n and m is denoted by K, ,,.
K, is also called a star. For vertices v and v of G, d(u,v) denotes the distance between
u and v. The diameter of G is the maximum distance between a pair of vertices of G.

For S C V(G), the subgraph of G induced by S is denoted by G[S]. S is independent
if no two vertices of S are adjacent. The number of components of G is denoted by w(G).
A vertex subset S of V(G) is a cutset of G if w(G — S) > w(G). For a vertex v € V(G),
the neighborhood of v in G, denoted by N¢(v), is the set of all vertices of V(G) which
are adjacent to v. Ng[v] denotes the closed neighborhood of v, i.e., Ng[v] = Ng(v) U {v}.
The non-neighborhood of v in G denoted by Ng(v) is V(G) — Ng[v]. For S C V(G),
Ne(v)NS, Ng[v]NS, Ng(v)NS and Ng[v] NS are denoted by Ng(v), Ng[v], Ng(v) and
Ng[v], respectively. Further, Ng(S) denotes |, s Ne(z) and Ng[S] denotes |, g Ne[z].
For simplicity, if S is a subgraph of G, then we also denote Ng(v) NV (S), Nglv] NV (S),
Ng(v)N S and Ng[v] NS by Ng(v), Ns[v], Ng(v) and Ng[v], respectively.

For subsets S and T of V(G), we say that S dominates T, denoted by S > T, if
T C Ng[S]. If {s} = T and S = V(H) where H is a subgraph of GG, then we shall write,
for simplicity, s = T and S > H, respectively. We say that S is a dominating set for G if
S > G. Thus S is a dominating set for G if each vertex of V(G) is either in S or adjacent
to some vertex of S. The minimum cardinality of a dominating set for GG is called the
domination number of G and denoted by 7(G).

For a subgraph H of G, if S > H and S is independent, then we say that S is an
independent dominating set for H and denoted by S >; H. Thus S is an independent
dominating set for G if S >; G. The minimum cardinality of an independent dominating
set for G is called the independent domination number of G and denoted by (G). Observe
that for any graph G, 7(G) < i(G) and if v(G) = 1, then i(G) = 1.

In 1994, Ao [3] introduced the concept of “independent domination critical”. A graph
G is k-i-critical if i(G) = k, but i(G 4+ uv) < k for any pair of non-adjacent vertices u
and v of G. In [1], Ananchuen and Ananchuen proved that if G is a connected k-i-critical
graph, for k£ > 3 with a cutvertex u, then w(G — u) < k — 1. Further, a characterization
of such graph G with w(G — u) = k — 1 was given. Later, in [2], they established that if
G is a connected 3-i-critical graph and S is a vertex cutset of G, then w(G —S) < [S|—2
if |[S| > 6 and w(G — S) < 3 if |S| < 5. Further, they also gave a characterization of
connected 3-i-critical graph G containing a minimum cutset .S of size 2 with w(G—.5) = 3.
The problem that arises is that of characterizing such graph with w(G — S) = 2. Our
results in Section 4 resolve this problem and then provide a complete characterization of
connected 3-i-critical graph G containing a minimum cutset S of size 2.



2  Preliminary results

We begin this section with some terminology. For a pair of non-adjacent vertices u and
v of G, I, denotes a minimum independent dominating set for G + wv. Our first two
results follow immediately from the definition of k-i-critical graphs.

Lemma 2.1. Let G be a connected k-i-critical graph and let u and v be non-adjacent
vertices of G. Then |I,,| =k —1 and |1, N{u,v}| = 1. O

Lemma 2.2. Let G be a connected 3-i-critical graph and let u and v be non-adjacent
vertices of G. Then

1. L, =A{u,w} or L, = {v,w} for some w € V(G) — {u,v}.
2. If {w} = I, — {u, v}, then {u,v,w} is independent. O
Our next result is a useful tool for establishing our main results.

Lemma 2.3. [2] Let G be a connected 3-i-critical graph and let u and v be non-adjacent
vertices of G. If 1, = {u,w} for some w € V(G) — {u, v}, then L, —{u,w} = {v}, i.e.,
Lw = {u, v} or L, = {w,v}. O

Our last two results in this section were proved by Ao [3].

Lemma 2.4. [3] The diameter of a connected 3-i-critical graph is at most 3. [

Lemma 2.5. [3] A graph G is 2-i-critical if and only if G = U}, K1, for some positive
integers r; and n. [

3 Classes of connected 3-i-critical graphs with a min-
imum cutset of size 2

In this section, we provide classes of connected 3-i-critical graphs with a minimum cutset
of size 2 where if GG is a graph in such classes and S is a minimum cutset of size 2, then
G — S contains exactly two components.

I. The class &

For 1 <17 <4, let n; be a positive integer where if n; > 2, then ny = n3 = 1. Define a
graph G € @ of order n; +ng+ns+2n,s+2 as follows. Set V(G) = {u, U}LJUf:1 X, where
| X;| =mn; for 1 <i < 3and|Xy| =2ny4. Then, set G[X;] = K,,,, G[X2UX3] = K,y 40, and
G[X,4] is a complete graph without a perfect matching. Further, join u to every vertex of
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{v}UX,UX, and join v to every vertex of X3UX}. Finally, join each vertex of X to every
vertex of X,. Figure 1 illustrates our construction. Note that in our diagrams a “double
line” denotes the join and for simplicity, a “double dash line” denotes the adjacency of
{u,v} and vertices in our diagram where the star vertices are joined to both w and v,
the triangle vertices are only joined to u, the square vertices are only joined to v and the
diamond vertices are neither joined to u nor v.

Figure 1: A structure of a graph in @/

II. The graph H; and the class <,

For 1 < i < 6, let n; be a positive integer where ng > 2, define the graph H; of
order 370, 2n,; 4 ng + 3 as follows. Set V(H,) = {u,v, 2} U, X; where for 1 <i <5,
| Xi| = 2n; and | Xg| = ng > 2. Put X5 = X! U X! where H;[X!| = H,[X!] = K,,.
Now for 1 < i < 5, set H,[X;] to be a complete graph without a perfect matching and
Hi[Xs] = K. Then for each x € X}, there is a unique vertex T € X! such that
2T ¢ E(H;). Further, join u to every vertex of {v} U Xy U X3 U X} U X, join v to every
vertex of Xy U Xy U XY U Xg and join z to every vertex of Xg. Finally, join each vertex
of X; to every vertex of X; where 1 <1 # j <5.

Figure 2: A structure of the graph H

We now define a new class of connected 3-i-critical graphs obtained from an induced



subgraph of H;. The class 7 consists of G1, G, ..., G7 where, for 1 <1i¢ < 7, (G, is obtained
from an induced subgraph of H; as follows.

Put Gy = Hi[{u,v} U X3 U X, U Xg], Go = Hi[{u,v} U Xy U X3U X4 U Xg|, G3 =
Hl[{u,v,z} U X2 U X5 U Xﬁ] if |X5| == 2, G4 - Hl[{u,v} U X1 U X2 U Xﬁ] 3 G5 -
Hl[{u,v} U X1 U X2 U X3 U Xd, GG = Hl[{U,U} U X1 U X3 U X4 U XG] and G7 =
Hl[{u,v} U X1 U XQ U X3 U X4 U XG]

III. The class .@7;

For 1 <1 < 3, let n; be a positive integer where ny > 2, define a graph G € o as
follows. Set V(G) = {u,v} UX; UXoU X3 where for 1 <i <2, |X;| =n; and | X3| = 2ns.
Now set G[X;] = K,,,, G[X3] = K,,, and G[X3] to be a complete graph without a perfect
matching. Finally, join v and v to every vertex of X5 U X3 and join each vertex of X; to
every of vertex Xs. This defines a graph G € ;. Figure 3 illustrates our construction.

Z N
e

X5 X3

® oee O

X
Figure 3: A structure of a graph in 7

IV. The graph H, and the class ./,

For 1 <17 <6, let n; be a positive integer where ny; = ns and ng > 2, define the graph
Hy of order ny + 15 + ng + 2(ng 4+ n3 4+ na) + 2 as follows. Set V(Hy) = {u, v} U, X;
where |X;| = n; for i € {1,5,6} and |X;| = 2n,; for i € {2,3,4}. Now, for 2 < ¢ < 4,
set Hy[X;] and Hs[X; U X5] to be complete graphs without a perfect matching where
Hy[X4] = Ho[X5] = K,,, = K,,, and Hy[Xs] = K,,. Further, join u to every vertex of
XoU X3U X5U Xg, join v to every vertex of Xo U Xy U X5U Xg. Finally, join each vertex
of X; to every vertex of X; for i € {2,3,4} and j € {1,2,3,4,5} where i # j. Figure 4
illustrates our construction.

We now define a new class of connected 3-i-critical graphs obtained from the graph
Hj and an induced subgraph H,. The class o7 consists of Hy, Ha[{u,v} U X; U X5 U X§]
if |X5| = |X1| > 2, HQ[{U,U} UXjuUuX,uXsU XG] where ¢ € {2, 3,4}, HQ[{U,U} UX;uU
X; UX; UX5U Xg| where i,j € {2,3,4} and ¢ # j.

Before we define new classes, we need to set up some termonology. For a graph H
and a positive integer n, let X; a subgraph of H where 1 < i < n, we denote the induced
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subgraph of H

1<i#j<n
E(X,Y) deno

For positiv

respectively. A

":’;)‘u vc ;
Yoo X PR MY ke
X6 #e- -)'Xz e X3 .~ X4 S XS
s 0': -o'l
X

Figure 4: A structure of the graph Hy

[ by HX1~~-Xn where V(HXl...Xn) = U?:l V(XZ) and V(XZ) N V(Xj) = @ {q
Further, if X and Y are subsets of vertices of H where X NY = (), the
res set of all edges xy where z € X and y € Y.

e integers m, n and r, let a, b and ¢ be a center vertex of K ,,, K, and K,
\ double star DS(m.n) is a graph obtained from K ,, and K, by addin

—

b

g

the edge ab and a triple star T'S(m,n,r) is a graph obtained from K, ,,, K1, and K;, by

adding the ed
vertices while
and end cente

For 1 <1
where p;, m},
Ks; - Ujs;l K]
T=FKy—U

integer.

ges ab and be. In what follows, a and b in DS(m,n) are called the center
the vertices b and a,c in T'S(m,n,r) are called the middle center vertex
I vertices, respectively. Figure 5 illustrates DS(m.n) and T'S(m,n,r).

a b a b c

| TS(m, n, r)

DS(m, n)
Figure 5: Graphs DS(m,n) and T'S(m,n,r)

< 3, let P = Ky, — a perfect matching and D; = Ky — U;ii:l DS(m, nj
* are positive integers and dj ijl(mz + n +2). Further, let S;
i« where q;'-, s; are positive integers and s, = ijl(q; + 1). Finally, I

l,q]
Zt

_, T'S(m;,n;,r;) where t' i1

(m; +n; +r; +3) and ¢ is a positiy

V. The grap|

h H; and the class <7

Let Hs b

1 1 4 b 1 D D VA VR Q fal Q 1 1 b L h
a graplir optalned ITonr 11, 19, DT, 172, 01, 02, 03 WIIEIE eacll palr ol suc

graphs is disjoint and V (Hs) = |J2_, V(P)UU, V(D) UL, V(S:), E(Hs) = U7, E(P)
U U?Zl E(Di)UU?:1 E(SHUE(V(X),V(Y)) where X #Y and {X,Y} C {Py, P», D1, Do,
S1,52,83}. For 1 < j < sy, let 0 # R; be a subset of {z|z is an end vertex of KLT?
in S,}. Put R = UjZ, Rj. Clearly, |R| > so. We now define a graph G € % where

G is obtained

from Hj by adding three new vertices, say u,v,w, and F(H;) C E(G) as

6



follows. Set V(G) = V(H3)U{u,v,w} and E(G) = E(H3) U{vw,vw}UE({u,v}, V(S;)U
(V(Ss) — R)U{z|x is an end vertex of a double star in D;U D5 or an end vertex of a star in
SsHUE({u}, V(P)U{x|x is a center vertex of a double star in D })UE({v}, V(P)U{xz|x
is a center vertex of a double star in D,}). Figure 6 illustrates our construction. Recall
that, in our diagrams, a “double dash line ” denotes the adjacency of {u, v} and vertices
in our diagram where the star vertices are joined to both u and v, the triangle vertices
are only joined to u, the square vertices are only joined to v and the diamond vertices are
neither joined to w nor v.

[
A 7\ ee
’ \ ’ \

L e-T-e E :\f.\y 2 ;.)'l: DA RV 2 Fovehr Foeeh f.‘)rli

__________________________________

___________________________

Figure 6: The structure of a graph in the class o

VI. The class 7

For G € o, let G' = G[{u, v, w}UV (S2)UV(S3)], G" = G[{u, v, w} UV (Sy)] if S5 con-
tains exactly one star and there are at least two end vertices of the star which are not in R
and G = G[{u,v,w} UV (Ss)] if S5 contains at least two stars. For 1 <i <n <5, let X;
be a graph in { Py, P», D1, Dy, S1}. We now let G% . be an induced subgraph of G where
V<G§(1...Xn) = {u, v, UV (Sy)UV(S5)UlU;_, V(X;) and for 2 < j < 3, let Gﬂ(lan be an
induced subgraph of G where V(Gg(l...xn) = {u,v,w}UV(S;)U;_, V(X;). Figure 7 shows
a structure of G”,G", G and G%, p,. For G € o, let o = {G",G",G",G%, |1 <
j<3and1<n <5}

VII. The graph H, and the class .o

Let H4 be a graph obtained from P, Py, P3, D1, Do, D3, S; and T where each pair of
such graphs is disjoint and V(H,) = ., V(P,) U UL, V(D;) UV (S)) UV(T), E(H,) =
U, E(P) UL, E(D;) UE(S))UE(T)UE(V(X),V(Y)) where X #Y and {X,Y} C
{Py, Py, P3, Dy, Dy, D3, S1,T}. We now define a graph G € % where G is obtained
from H, by adding three new vertices, say u,v,w and E(H;) C E(G) as follows. Set
V(G) =V (Hy) U{u,v,w} and E(G) = E(Hy) U {uv,uw,vw} U E({u,v}, V(S;) U{z|z is
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Figure 7: Some graphs in the class o7

an end vertex of a double star in | J?_, D; or a triple star in T}) U E({u}, V(P) U {z|z is
a center vertex of a double star in D; }) U {z|z is one of end center vertices of a triple star
in T} U E({v}, V(P,) U {z|z is a center of a double star in Dy} U {z|z is the end center
vertex of a triple star in 7" that is not adjacent to u}). Figure 8 illustrates our construction.

VIII. The class %

For G € o, let Ry = G[{u,v,w}UV(P)UV(PR,)], R = G{u,v,w} UV (P)UV(Dy)],
Rs = G[{u,v,w} U V(D) UV(Dg)]. For 1 < i < n < 4, let X; be a graph in
{R1, R, R3, S1} and denote the induced subgrraph of G € <% by Gx,.. x,. We now define
= {GR17GR27GR3’GR1D17 GR151a GR2D17 GRQSI’ GR3517 GR1D1D2> GR1D151’ GR2D1517
GRr,D,D,s, }- Figure 9 illustrates our construction of Gg, p,p,s,-

IX. The class

For G € o, let W, = G{u,v,w} UV (P)], Wy = G{u,v,w} UV (D3)], W3 =
GH{u,v,w}uV(T)], Wy = G[{u,v,w}UV (Ps)UV(D3)], Ws = G[{u,v,w}uV (P;)UV(T)],
Ws = G{u,v,w} UV (D3) UV (T)] and Wy = G[{u,v,w} UV (P3) UV (D3) UV (T)]. Fur-
ther. let Q1 = G[{u,v,w} UV (D3)] if D3 contains either at least two double stars or
exactly one double star DS(m,n) where m > 2n > 2. For 1 <1i <5, let F; be a graph in
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Figure 9: The structure of Gg,p,p,s, in the class 7
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4 The main reSul\:c"s

minimum cutset S of size 2 with that for a pair of non-adjacent
vertices x and y of G, I, denotes a minimum mdependent dominating set for G + zy.
We begin with the following lemma.

Lemma 4.1. Let G be a connected 3-i-critical graph and S a minimum cutset of size 2
where S = {u,v} and w(G — S) = 2. Further, let Cy and Cy be the components of G — S.



Then
1. Ezactly one of Cy or Cs is complete.

2. Suppose Cy is complete. Then no vertex of N¢,(u)U Ne,(v) dominates Cy. Further,
i(Cy) < 2.

Proof. Since S is a minimum cutset, for 1 < i < 2, N¢,(u) # () and Ng, (v) # 0.

Claim 1: If x € V(C) and y € V(Cy) where x does not dominate Cy and y does not
dominate Cy, then I, NS # 0.

It is easy to see that if I,, NS = (), then either x > C or y = C4 since |I,,| = 2 and
Ly OV {z, y}| = 1.

(1) Suppose to the contrary that neither C; nor Cy is complete. Then there exist
x1,y1 € V(Cy) and z9,y5 € V(Cy) such that z1y; ¢ F(G) and zoy2 ¢ E(G). By Claim 1,
we may suppose without loss of generality that I,,,, = {z1,u}. Then uy;,uy, € E(G).
Thus u ¢ I,,,, and u ¢ I, ,, by Lemma 2.2(2). It follows by Claim 1 that v € I, and
v € Iyyy,. Since v € Iy, vr; € E(G) and since v € I,,,, vr1 ¢ E(G) by Lemma 2.2(2),
a contradiction. Hence, C; or Cy is complete. Since S is a minimum cutset, N¢, (u) # ()
and Ng,(v) # 0. If C; and Cy are complete, then {uj,v1} =; G where u; € N¢, (u) and
v1 € Ng,(v), a contradiction. Hence, exactly one of Cy or Cy is complete. This proves

(1).
(2) By (1), Cy is not complete.

Claim 2: No vertex of N¢,(u) U N¢, (v) dominates Cs.

Suppose to the contrary that there is a vertex x € Ng,(u) such that x > Cy. Let
y € Ng,(v). Then {x,y} =; G since Cy is complete, a contradiction. This settles our
claim.

By Claim 2, it is easy to see that |V (Cy)| > 2. Let 2 € N¢,(u) and y € N¢,(v). Now
consider G + zy. By Lemma 2.2(2). I, N{u,v} = 0. Let {z} = I, — {x,y}. Then either
I, = {z,z} or I, = {y,z}. We first suppose that I,, = {z,z}. Then 2 € V(C5) since
[V(Cs)| > 2. Clearly, z = V(Cs) —{y} and thus {z,y} >=; Cy. Hence, i(Cs) < 2. We now
suppose that I, = {y, z}. By Lemma 2.2(2) and the fact that C; is complete, z ¢ V(C1).
Thus z € V(Cy). Hence, {y,z} »; Cy. This proves that i(Cy) < 2 and completes the
proof of our lemma. O

Theorem 4.2. Let G and S be defined as in Lemma 4.1. Further, let Cy and Cs be the
components of G — S where Cy is complete. If i(Cy) =1, then G € <.

Proof. Let A = V(Cy) — (Ng,(u) U Ne,(v)). Since i(Cy) = 1, there exists a € V(Cy)
where a = Cy. By Lemma 4.1(2), a € A.
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Claim 1: N¢,(u) N Ney(v) = 0. Further, V(Cy) = Ne, (u) U Ng, (v).

If there is a vertex © € N¢,(u) N N¢, (v), then {z,a} >; G, a contradiction. Hence,
Ne, (u) N Ne, (v) = 0. If there is a vertex y € V(Cy) — (N¢, (u) U Ng, (v)), then d(y,a) > 3.
But this contradicts Lemma 2.4. This settles our claim.

Since S is a minimum cutset, Ng,(u) # 0 and Ng,(v) # 0. Thus, by Claim 1,
[V(C)] = |Ney (u)] + [New (v)] = 2.

Claim 2: wv € E(G).

Suppose this is not the case. Consider G 4+ uv. We may assume without loss of gen-
erality that I, = {u,z} for some z € V(G) — {u,v}. Thus z € V(C;) U V(Cy) and
z > N, (v) U (V(Cy) — Ng(u)). But this is not possible. Hence, uv € E(G) as required.

Claim 3: N¢,(u) N Ney(v) = Ney(u) U Ny (v).

Suppose there is a vertex y € Ng,(u) — Ney(v). Consider G + yv. By Lemma
2.2(2) and the fact that a = Cs, {u,a} NI, = 0. Put {z} = [, — {y,v}. Clearly,
z e V(Cy)uV(Cy). If 1, = {v, 2z}, then z > N¢,(u) U A which is not possible. Hence,
I, = {y,z}. Since y € V(Cy), z € V(C}). Then y > C,. But this contradicts Lemma,
4.1(2) since y € Ng,(u). Hence, N¢,(u) — Ng,(v) = 0. Similarly, Ng,(v) — Ng,(u) = 0.
This settles our claim.

Claim 4: G' = G[N¢,(u) U Ng, (v)] = Kaopm— a perfect matching.

Let © € Ng,(u) U Ng,(v). Choose w € N¢,(u). Consider G 4+ zw. By Claim 3 and
Lemma 2.2(2), I, N {u,v} = 0. Because C is complete and |V (Cy)| > 2, it follows
that w € I,. Put {z} = L, — {w}. Then z € V(Cy) and thus z = V(Cy) — {z}.
Since wv ¢ E(G) by Claim 1, z € Ng,(v). Clearly, {x,z} »=; G'. Hence, i(G') = 2 by
Lemma 4.1(2). It also follows that z = G’ + xz. Hence, G’ is 2-i-critical. By Lemma 2.5,
G' = K, —U;_, K1, for some positive integers m,r; and s.

We next show that r;, = 1 for 1 < i < s. Suppose this is not the case. Then G
contains K 1,r; S an induced subgraph where r; > 2 for some 1 < 5 < s. Let  and y; and
y2 be the center and the end vertices of Ki,, in G, respectively. Choose w; € Ng, (u).
By Claim 1, wyv ¢ E(G). Consider G +wyy;. Put {21} = I,,,, —{w1, 11 }. Lemma 2.2(2)
together with Claim 3 and the fact that C} is complete implies that z; ¢ {u,v} UV (C}).
If I,y = {w1, 21}, then z; = 2 in order to dominate v. But then no vertex of I,,,, is
adjacent to ys, a contradiction. Hence, I, = {y1,21}. Then z; € V(C5) and thus no
vertex of I,,,,, is adjacent to a vertex of N¢, (v), again a contradiction. This proves that
rj=1for1 <j<s.

Claim 5: For each x € A, x > Cs.

Suppose to the contrary that there are b € A and ¢ € V(Cy)—{b} such that bc ¢ E(G).
Clearly, b # a since a > Cy. Consider G + ub. Let {z} = I, — {u,b}. Then 2z ¢ {a,v} by
Lemma 2.2(2), Claim 2 and the fact that a = Cy. If I, = {u, 2}, then z = N¢, (v) U {a}
which is not possible since a € A =V (Cy) — (Ng(u) U Ng(v)). Hence, I, = {b, z}. Then
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z = {c} UV(Cy) and thus z = v since ¢ € V(Cy). But this contradicts the fact that
z ¢ {a,v}. This settles our claim.

We now distinguish into two cases.

Case 1: |A| = 1.
Clearly, A = {a}. By Claims 1-5, G € 4.

Case 2: |A| > 2.

By Claims 1-5, we need only to show that |Ng, (u)| = |Ng,(v)] = 1. Let x € A and
y € N¢, (u). Consider G+zy. By Lemma 2.2(2), (I, —{z,y})N(V(C)UV(Cy)U{u}) =10
since z > V(C3) and y = V(Cy) U {u}. Then I, — {z,y} = {v}. If I,, = {y,v}, then
no vertex of I, is adjacent to vertices of A — {z}, a contradiction. Hence, I,, = {z,v}.
It follows by Claim 1 that N¢,(u) = {y}. Thus |N¢, (u)| = 1. By similar arguments,
|Nc, (v)| = 1. Hence, G € @/ where ny > 2 and ny = ng = 1. This completes the proof of
our theorem. O

Theorem 4.3. Let G,S,Cy and Cy be defined as in Theorem 4.2. If i(Cy) = 2 and
V(Cy)| > 2, then G € UL, <.

Proof. We begin with the following claims.

Claim 1: If N¢,(u) — Ng,(v) # 0, then, for each y € Ng,(v), there exists a unique
vertex y' € Ng,(v) — {y} such that y = Co —y' and y' = Cy — y.

Let © € Ng,(u) — Ng,(v). Choose y € Ng,(v). Consider G + xy. By Lemma
2.2(2) and the fact that C is complete, (I, — {z,y}) N ({u,v} UV(C})) = 0. Put
{z} = I, — {x,y}. Then z € V(C,). If I,, = {y, 2}, then no vertex of I,, is adjacent to
vertices of V(Cy) — {z}, a contradiction. Hence, I,, = {z,z}. Thus z > Cy — {y} and
zv € E(G) since zv ¢ E(G). Now consider G + zz. By Lemma 2.3, either [, = {z,y}
or I, = {z,y}. By similar arguments as above, I,, = {z,y} and thus y > Cy — z and
yv € E(G). Continuing in this fashion, if there is w € V(Cy) — {y, z}, then there exists
w' € V(Cy) —{y, z,w} such that w' = Cy —w, w'v € E(G) and w = Cy —w', wv € E(G).
This settles our claim.

By similars arguments as in the proof of Claim 1, Claim 2 follows.

Claim 2: If N¢,(v) — Ne,(u) # 0, then for each y € Ne,(u), there exists a unique
vertez v € Ng,(u) — {y} such thaty = Cy —y' and y/ = Cy — y.

Claim 3: N¢,(u) U N¢, (v) = N, (u) N Ne, (v).

Suppose to the contrary that there exists x € Ng,(u) — Ney(v). If v = Cy, then
{z,v} »; G since C is complete, a contradiction. Choose y € V(Cs) — N¢,(v). Consider
G+ zy. Let {z} = I, — {z,y}. By Lemma 2.2(2), z ¢ V(Cy) U {u}. Further, z > {v}
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since z and y are not adjacent to v. We first suppose that I, = {z,z}. If z € V(Cy) —{y},
then z € N¢,(v) and thus zy € E(G) by Claim 1. But this contradicts Lemma 2.2(2).
Hence, z = v and thus V(Cy) — N¢,(v) = {y}. It then follows by Claim 1 that y > Cj.
But this contradicts our hypothesis that i(Cy) = 2. Hence, I, = {y,z}. Then z = v
since |[V(Cy)| > 2 and z ¢ V(Cy) U {u}. Thus y > V(Cs) — Ng,(v). By Claim 1, y = Cs,
again a contradiction. Hence, N¢, (u) — N¢, (v) = 0. By Claim 2 and similar arguments,
N¢, (v) — Ng, (u) = (0. This settles our claim.

Claim 4: G[Cs] = Ksy—a perfect matching for some positive integer m.

Let © € N¢,(u) and y € V(Cy). Thus x € N¢, (v) by Claim 1. Consider G + zy. By
Lemma 2.2(2) together with the fact that Cy is complete and [V(C1)| > 2, (I, —{x,y}) N
({u,v}UV(C1)) = 0. By applying similar arguments as in the proof of Claim 1 our claim
follows.

Now put A = V(Cy) — (Ng,(u) U N,y (v)). We now distinguish two cases.
Case 1: A =1.
Then each vertex of V(Cy) is adjacent to u or v.

Claim 5: Suppose x and y are vertices of Cy where xy ¢ E(G). If v € Ne,(u)NNe, (v),
then y € N¢,(u) N Ng, (v).

Note that, by Claim 4, Ng[z] = (V(C2) — {y}) U{u,v} and (V(C3) — {z}) C Nglyl.
Suppose to the contrary that yu ¢ E(G). Since A = 0, Ngly] = (V(Cy) — {z}) U {v}.
Consider G + uy. Put {z} = I, — {u,y}. Then, by Lemma 2.2(2), z € V(C}) — N¢, (u).
Thus zu ¢ E(G). By Claim 3, zv ¢ E(G). Now consider G + zz. Lemma 2.2(2) together
with the fact that C} is complete implies that I., — {z,2} = {y}. If L., = {z,y}, then
no vertex of I, is adjacent to u, contradiction. Hence, I,, = {x,y}. But then no vertex
of I., dominates Cy — z, contradicting the fact that |V (C})| > 2. Hence, yu € E(G). By
similar arguments, yv € E(G). This settles our claim.

By Claim 4, it is easy to see that for each z € V(C5) there exists only one vertex of
Cy, say y, such that zy ¢ F(G). Let
X = {z € N¢,(u)NNg,(v)| the only non-neighbour of = in Cy belongs to Ne, (u)N

NCQ (U>}7
Y = {z € N¢,(u)— N, (v)| the only non-neighbour of = in Cs belongs to N, (u) —

Ne,(0)},
Z = {x € N¢,(v)—Ng,(u)] the only non-neighbour of = in Cy belongs to (N¢, (v)—
Ne,(u))}
and
= {2 € Ng,(u) — Ng,(v)}| the only non-neighbour of = in Cy belongs to
NC2(v) Ne,(u)} U {x € N¢,(v) — Ne,(u)| the only non-neighbour of x in Cy belongs to

Ne,(u) = Ne,(0)}-
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It follows by Claim 5 that XY, Z and W form a partition set of N¢,(u) U N, (v).
Further, G[X], G[Y], G|Z] and G[W] are complete without a perfect matching.

Claim 6: If Y # 0 (Z # 0), then Ng,(u) N Ng, (v) = V(CY), ww € E(G) and Z # ()
(Y #0).

Let z1,29 € Y where x129 ¢ E(G). Then vz, vze ¢ E(G). Consider G + vx;. Put
{2} = Ly, — {v,21}. If Ly, = {1, 2}, then z = {22} UV(C}) and thus z = u. But this
contradicts Lemma 2.2(2). Hence, I,,, = {v, z}. Since x5 is the only non-neighbour of x;
in Cy and vy ¢ E(G), it follows that z = x5. Thus v > C;. By Claim 3, u > C;. Hence,
Ne, (u) N Ne, (v) = V(Ch) as required.

We now suppose to the contrary that Z = (). Tt then follows that uv € E(G) otherwise
{u,v} »=; G since A = (. If W = (), then u > G, a contradiction. Hence, W # (). Let
wy, we € W where wywy ¢ E(G), wy € Ng,(u) — Ny (v) and we € Ne, (v) — Ne, (u). But
then {u,ws} =; G, again a contradiction. Hence, Z # (). This settles our claim.

It follows by Claim 6 that Y = () if and only if Z = ().

Claim 7: If W # 0, then Y = 0,|W| = 2, |V(Cy) — (Ng,(u) N Ny (v))] = 1 and
w € E(G).

Let wy, wy € W where wywe ¢ E(G), wy € Ng,(u)— Ne,(v) and we € Ne, (v) —Ne, (u).
Consider G +wvw;. By similar arguments as in the proof of Claim 6, 1,,,, = {v, z} for some
z € V(G) — {v,w;}. Since wy is the only non-neighbour of w; in Cy and vws € E(G), it
follows that z € V(C}) — N¢, (v). Clearly, v = Cy —w;. Thus Y = 0 and |W| = 2, as
required.

By Claim 3, z € V(C}) — (N¢, (u) N N¢, (v)). Consider G + vz. By Lemma 2.3, either
I,, ={v,wi} or I, = {z,wi}. If I,, = {z,w;}, then no vertex of I,, is adjacent to wy, a
contradiction. Thus I,,, = {v,w; }. Hence, V(C) — (N¢,(u) N Ne, (v)) = {2z} as required.

We now show that wv € E(G). Suppose this is not the case. Consider G + uv. Let
{z1} = L — {u,v} for some z; € V(G) — {u,v}. If I, = {u,z}, then z; = {z,wo}.
But this is not possible since z € V(C) — (N¢, (u) N N, (v)) and wy € Ne, (v) — Ne, (u).
Hence, I, = {v,2z1}. But then z; > {z,w;} which is not possible either. Therefore,
uv € E(G). This settles our claim.

We now distinguish three subcases.

Subcase 1.1: Y # (.

By Claim 7, W = () and by Claim 6, N¢, (u) N N¢, (v) = V(C}), uv € E(G) and Z # 0.
Then N¢,(u)UNg,(v) =Y UXUZ. Then G is isomorphic to the graph G € o if X = ()
and G is isomorphic to the graph Gy € o4 if X # ().

Subcase 1.2: W # ().
By Claim 7, Y =0, |W| =2, |V(C}) — (N¢,(u) U N¢, (v))| = 1 and uwv € E(G). Then
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Z =) by Claim 6 and thus V(Cy) = W U X. It is easy to see that X # () otherwise u
or v becomes a cutvertex contradicting our hypothesis that {u, v} is a minimum cutset.
Further, |N¢, (u) N Ng, (v)| > 2. Hence, G is isomorphic to the graph Gs € .

Subcase 1.3: Y = () and W = ().

By Claim 6, Z = () and thus N¢,(u) U Ng,(v) = X. Then u > Cy and v = Cy. It is
easy to see that if uv € E(G), i(G) < 2 since (' is complete. Hence, uv ¢ E(G). Further,
Ne, (u) U Ng, (v) # V(Ch). Since {u,v} is a minimum cutset, |N¢, (u) U N¢, (v)] > 2. Tt
is easy to see that G is isomorphic to a graph in 7.

Case 2: A # 0.
By Lemma 2.4 and Claim 3, V(C}) = N¢, (u) U N¢, (v) = Ng, (u) N Ney (v).

Claim 8: Suppose there exists a pair of non-adjacent vertices wy,ws of Cy where
{wy,we} € A. Then uwv € E(G). Further, for a pair of non-adjacent vertices x and
y of V(Cy) — {wy,ws}, if x € A, then y € A.

Consider G + vw;. Let {z} = I, — {u,w1}. By Lemma 2.2(2) and Claim 4, z €
{v,wa}. If Iy, = {wy, 2}, then z > {wy} UV(C}) which is not possible since d(ws, ¢) > 2
for each ¢ € V(C1). Hence, L., = {u, z}. It follows that z = ws since z > {ws}. Hence,
wv € E(G) as required.

We now suppose to the contrary that y ¢ A. Assume that y € Ng(u). Consider
G + ux. Since u = V(Cy) U {v,y} and =z = V(Cy) — {y} by Claim 4, it follows that
Iz — {u,x} € Ng(u) U Ng(x). But this contradicts Lemma 2.2(2). Hence, y € A. This
settles our claim.

Claim 9: Let x and y be a pair of non-adjacent vertices of Cy. If © € Ne¢,(u) N Ne, (v),
then y € Ne,(u) N Ney(v) ory € A.

Suppose this is not the case. Then we may assume that y € Ng,(u) — Ng,(v). Con-
sider G + vy. Since v = V(Cy) U {z} and y > (V(Cs) — {z}) U {u}, it then follows that
I, —{v,y} € Ng(v)UNg(y). But this contradicts Lemma 2.2(2). This settles our claim.

Claim 10: Let x and y be a pair of non-adjacent vertices of Cy. If x € N, (u) — N, (v)
(Ney(v) — Ney(w), then y € Ney(u) — Noy(0) (Noy(v) — Noy(w).

Clearly, y ¢ N¢,(u) N Ng,(v) by Claim 9 since x € Ng,(u) — N¢,(v). Suppose to the
contrary that y € A. Consider G + vz. Since v = V(C}) and = = (V(Cy) — {y}) U {u}
by Claim 4, it follows by Lemma 2.2(2) that either I, = {v,y} or I,, = {z,y}. If
I,. = {x,y}, then no vertex of I,, dominates C, a contradiction. Hence, I, = {v,y}.
Thus vu € E(G) since yu ¢ E(G). Now consider G + uy. Because u > V(C}) U {z,v}
and y > V(Cs) —{z}, Ly, — {u,y} € Ng(u)UNg(y). But this contradicts Lemma 2.2(2).
Hence, y ¢ A. Then y € N¢,(u) — Ney(v) or y € Ne,(v) — Ny (u).

Suppose y ¢ N¢,(u) — Ne,(v). Then y € Ng,(v) — Ne,(u). Consider G + zv. Since
z = (V(C2) —{y}) U{u} and v = V(Cy) U {y}, it follows that I,, C Ng(z) U Ng(v). But
this contradicts Lemma 2.2(2). Hence, y € N¢,(u) — Ne,(v). This settles our claim.
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Claim 11: Let x and y be a pair of non-adjacent vertices of Cy. If x € A and y ¢ A,
then y € Ng,(u) N Ney(v) and uwv ¢ E(G).

It follows by Claim 8 that y ¢ (Ng,(u) — Ney(v)) U (Ney(v) — Ney(u)). Thus y €
Ne,(u) N Ney(v). Consider G + uzx. Since u = V(Cy) U{y} and = = V(Cs) — {y}, it
follows by Lemma 2.2(2) that [, — {u,z} = {v}. Thus uv ¢ E(G) by Lemma 2.2(2) as
required.

Recall that V(C1) = N¢, (u) NN, (v) and A # 0. Further, Ng,(u) # 0 and Ng, (v) # 0

since {u, v} is a minimum cutset. We now distinguish two subcases.

Subcase 2.1: There exists a pair of non-adjacent vertices wy, ws of Cy where {wy, wy} C
A.

By Claim 8, uv € E(G) and for each pair of non-adjacent vertices x and y of
V(Cy) — {wy,ws}, if x € A, then y € A. It then follows by Claims 3, 8, 9 and 10
that G is isomorphic to a graph G; € % where i € {4,5,6,7}.

Subcase 2.2: For each pair of non-adjacent vertices of Cy, say = and y, x ¢ A or
y ¢ A

Since A # (), there exists t; € A. Let ¢, be the non-neighbour of #; in C,. By our
hypothesis and Claim 11, t5 € N¢,(u) N Ng,(v). Further, uv ¢ E(G). It is easy to see
that if [V(Cy) — A| = 1, then |A] = 1 and V(C3) — A = N¢,(u) N Neg,(v) and thus
G is disconnected. Consequently, |V (Cy) — A| > 2. It follows by Claims 9 and 10 that
G is isomorphic to a graph in @7;. This completes the proof of Case 2 and our theorem. [

In what follows, for subsets W and L of V(G) where WNL = (), W(~ L) denotes the

set of all vertices of W which are not adjacent to some vertex of L.

Theorem 4.4. Let G,S,C and Cy be defined as in Theorem 4.2. If i(Cy) = 2 and
V(Cy)| =1, then G € U)_, .

Proof. Let {w} = V(C;). Then Ng(w) = {u,v} by the fact that S is a minimum
cutset. Put B = Ng,(u), C = N¢,(v) and A = V(Cy) — (BUC). By our hypothesis that
i(Cy) = 2, we have following observation.

Observation 1: No vertex of V(Cy) dominates Cs.

Claim 1: Suppose xy ¢ E(G) where either x € B—C andy € C — B or x ory belongs
to BNC. Then I, — {z,y} = {w} and thus either x = Cy —y ory > Cy — x. Further,
ifre BNC andy € (B—C)U(C — B), then I,, = {x,w} and thus x > Cy — y.

By Lemma 2.2(2), I, N {u,v} = 0. Since Ng(w) = {u,v}, L,y — {z,y} = {w}. If
I, = {z,w}, then x = Cy —y. Similarly, if I,, = {y,w}, then y > Cy — 2. We now
suppose that r € BNC andy € (B—-C)U(C - B). If I,, = {y,w}, theny = Cy — x
and thus either {v,y} =; G or {u,y} =; G, a contradiction. This settles our claim.
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By similar arguments as in the proof of Claim 1, Claim 2 follows.

Claim 2: Ifr € BNC andy € AU(BNC) where xy ¢ E(G), then either x = Cy —y
ory = Cy —x and thus {z,y} =; G — w.

Claim 3: For x € B — C, there exists a unique vertex T € AU (B — C) where
x=(AU(B-C))—{Z} and T - (AU (B — C)) — {z}. Further, if uv ¢ E(G), then
T € B—C, each vertex of B— C dominates A and G[B — C] = Ks,— a perfect matching
for some positive integer n.

Consider G + zv. By Lemma 2.2(2), I, N ({u,w} U (BN C)U (C — B)) = 0 since
zu,vw € F(G) and C C Ng(v). Because Ng(w) = {u,v}, v € I,. Thus I, = {v, T}
for some 7 € (AU (B — C)) — {z}. Clearly, T > (AU (B — C)) — {z}. Now consider
G + Tv. By similar arguments, Iz, = {v,a} since T = (AU (B — C)) — {z}. Thus
z = (AU (B —C(C))— {T} as required.

We now suppose that wv ¢ FE(G). Since I, = {v,ZT}, T dominates u and thus
T € (B—C)—{z}. By above argument, z > (AU(B—C))—{Z} and T > (AU(B-C))—{z}.
If |B—C| = 2, we are done. So suppose there exists z; € (B — C) — {z,7}. Con-
sider G + xjv. By the above arguments, there exists 7; € (B — C) — {z1} such that
= (AU(B—-0C)) — {71} and 73 » (AU (B —C)) — {z1}. By Lemma 2.2(2),
{z1,71} N {z,7} = . Continuing in this fashion, G[B — C] is isomorphic to a com-
plete graph without a perfect matching. Further, each vertex of B — C' dominates A.
This settles our claim.

By the same arguments, Claim 4 follows.

Claim 4: For x € C — B, there exists a unique vertex T € AU (C — B) where
x = (AU(C—-B))—{Z} and T - (AU (C — B)) — {z}. Further, if uv ¢ E(G), then
T € C'— B, each vertex of C — B dominates A and G|C — B] = Ky, — a perfect matching
for some positive integer m.

For the rest of our proof, for z € B—C(C — B), we shall denote the only non-neighbour
ofzin AU(B—-C)(AU(C — B)) by T.

Claim 5: If x € B—C and y € C — B, then xzy € E(G). Thus each vertex of
B — C(C — B) dominates C — B(B — C).

By Claims 3 and 4, there exist 7 € AU (B — C) and § € AU (C — B) such that
xT,yy ¢ E(G). Suppose to the contrary that zy ¢ F(G). Consider G + xy. By Claim 1,
either x > Cy —y or y = Cy — x. But this is not possible since zZ,yy ¢ E(G). Hence,
xy € E(G). This settles our claim.

Now put A; = {z € Alz > A} and Ay = A — A
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Claim 6: G|As)] is isomorphic to a complete graph without a perfect matching and for
each pair of non-adjacent vertices 1 and xo of As, x; = (B—C)U(C — B)U (A —{z;})
where 1 < i # j < 2. Further, if uv ¢ E(G), then Ay = () and thus G[A] is complete.

Let x € As. Then there exists y € Ay such that zy ¢ E(G). Consider G + xy. Put
{z} = L., —{z,y}. Then z € {u,v,w} since Ng(w) = {u,v}. We may assume without loss
of generality that I, = {z, z}. Clearly, x = A — {y} since z is not adjacent to any vertex
of A. Now consider G + zz. By Lemma 2.3, I, = {z,y} or I, = {z,y}. If I,, = {z,y},
then no vertex of I, is adjacent to vertices of {u,v,w} — {z}, a contradiction. Hence,
I.. = {z,y} and thus y = A — {z}. If |A2| = 2, then we are done. So suppose that
|Ay| > 3. By applying similar arguments as above and as in the proof of Claim 3, G[As]
is isomorphic to a complete graph without a perfect matching.

Now let x1,29 € Ay where x129 ¢ E(G). It follows by Claims 3 and 4 that, z; >
(B—C)U(C —B) for 1 <i < 2. Since G[A,] is a complete graph without a perfect
matching, z; = (B — C)U (C — B) U (A — {x;}). where 1 <1i # j < 2 as required.

We now suppose that uv ¢ E(G) and Ay # (0. Since G[A,] is a complete graph without
a perfect matching, there exist y;,y2 € Ay where 1192 ¢ E(G). Consider G + uy;. Put
{z1} = Ly, — {u,y1}. We first suppose that I, = {u,2}. Since uv,uy, ¢ E(G), =z
dominates {v,y,}. It follows that z; € C' — B by Lemma 2.2(2) and z; > C' — B. But
this contradicts Claim 3. Hence, I,,, = {y1,21}. Since y1y2, 1w ¢ E(G), z; dominates
{y2,w}. But this is not possible since d(y, w) = 3. Hence, Ay = () as required. This
settles our claim.

Let
Xi={xeBnClzy ¢ E
Xo={reBnClzy¢ E
Xs={reBnClzy¢ E
Xe={xeBnClrzy ¢ E

(G) for some y € B —C'}
(G) for some y € C' — B}
(G) for some y € BN C'}
(G) for some y € A}.

By Observation 1, BNC' = X;UX,UX3UX,. The following claim follows immediately
by Claims 1, 3 and 4.

Claim 7: If v € X1(X3), then there exists a unique vertexy € B — C(C — B) such
that Nglz]) = V(G) — {y, w}.

Claim 8: Fori € {1,2} and j € {1,2,3,4} — {i}, X;NX; = 0. Further, if w € E(G),
XsNX,=0.

It follows by Claim 7 that X; N X; = () for i € {1,2} and j € {1,2,3,4} — {i}. We
now assume that uv € E(G). Suppose to the contrary that there exists z € X3 N Xj.
Let y; € BN C and y; € A where zy;, 2y, ¢ E(G). By Claim 1, either x > Cy — y5 or
yo = Cy — x. Since xy; ¢ E(G), yo = Cy — x. But then {y2,u} =; G, a contradiction.
Hence, X3 N X, = () as required.

By the definition of X3 and X, together with Claims 7 and 8, we have the following
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claim.

Claim 9: If x € X3 U Xy, then z = (B —C)U (C — B)U X1 U Xy. Further, suppose
w € E(G). Then if x € X3, thenx = AU(B—-C)U(C —B)U X, UXyU X, and if
ZL’GX4, th@nl’}(B—C)U(C—B)UX1UX2UX3

For x € B — C(C — B), by Claim 3 (Claim 4) there is a unique vertex T of AU (B —
C)(AU (C — B)) which is not adjacent to x. Let
Yi={xe(B-C)(~ X))t e B-C}
Yo={x € (B-C)(~ X))|T € A}
Zy={x € (C—-B)(~Xy)|z€eC— B}

Observation 2: X1 # 0 if and only if Y1UY3 # 0 and Xo # 0 if and only if Z,UZy # 0.
Observation 3: If v € Yo U Zy, then T € Ay and uwv € E(G).

Claim 10: If y € Y1, theny € Y7.

Since y € Y7, there is a vertex x € X such that xy ¢ E(G). Suppose to the contrary
that 7 > X;. By Claims 7 and 9, § = BN C and thus § >~ C3y — y by Claims 3 and 5.
Consider G + wy. By Lemma 2.2(2) and the fact that Ng(w) = {u,v}, it follows that
Iy —{w,y} = {y}. If I, ={w,y}, then no vertex of I, dominates x, a contradiction.
Hence, I, = {7, y}. But then no vertex of I,; dominates v, again a contradiction. Hence,
there exists a vertex z; € X; such that yz; ¢ E(G). This settles our claim.

By similar arguments as in the proof of Claim 10, Claim 11 follows.
Claim 11: If z € Zy, then Z € Z.

Claim 12: If Yy # 0, then each component of G[Y; U (X1(~ Y1))] is a double star
DS(m,n), in Cy, for some positive integers m and n where the center and the end vertices
of DS(m,n) are in Yy and X1(~ Y1), respectively.

Let y € ;. Then yx; ¢ E(G) for some z; € X;. By Claim 10, 7 € Y] and thus there
exists xo € X such that gzo ¢ E(G). By Claim 7, x; # 25 and Ng[z1] = V(G) — {y, w}
and Ng[zo] = V(G)—{y,w}. Further, by Claims 3, 5, 7and 9, V(Cy)— ({7}UX;) C Ng(y]
and V(Cy)—({y}UX,) C Ng[y]. Tt then follows by Claim 7 that G[{y, ¥, z1, z2 }UN x, (y)U
Nx, ()] is a component in C, and forms a double star D.S(m, n) where m = |[Nx, (y)| > 1
andn = |Nx, ()| > 1. Further, y and 7 are center vertices and vertices of N x, (y)UN x, (7)
are end vertices of DS(m,n) in Cy. This settles our claim.

By similar arguments as in the proof of Claim 12, Claim 13 follows.

Claim 13: If Zy # 0, then each component of G[Z; U Xy(~ Z1)] is a double star
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DS(m,n), in Csy, for some positive integers m and n where the center and the end ver-
tices of DS(m,n) are in Z; and Xo(~ Z), respectively.

We now distinguish two cases according to uwv.

Case 1: wv ¢ E(G).

Then A # () otherwise i(G)) = 2 and thus G[A] is complete by Claim 6. Further, by
Claims 3 and 4, G|B — C] and G|C — B] are complete without a perfect matching and
thus Yo = Z = (). Tt follows that X;(~ Y;) = X; and X3(~ Z;) = X,. Since a vertex of
A dominates AU(B—C)U(C—B)UX;UX,U(X3— Xy) by the definitions of X3 and X4
and Claims 3, 4, 6 and 7, X, # () otherwise i(G) = 2. Consequently, i(G[AUX3UX,]) > 2.

Claim 14: Each component of G[AU X3U Xy, in Cy, is a star K, for some positive
integer r Further, for each pair of non-adjacent vertices x andy, [{x,y}NA| <1, {z,y} =;
G — w and if x is the center and y is an end vertex of K1, in G[AU X3 U X,], then
{y,w} = G — .

Claims 1, 3, 4, 7, 8 and 9 together with the definitions of X3 and X, imply that if
z € X3 U Xy, then N¢,(2) € X3U X, U A. Further, if z € A, then N¢,(2) € X4. Now
let z,y € AU X3 U X, where zy ¢ E(G). By Claim 6, [{z,y} N A] < 1. We may suppose
without loss of generality that x ¢ A. Then z € X3U X, C BN C. Consider G + zy. By
Claim 1, either x = Cy —y or y > Cy — z. Hence, i(G[AU X3U X4] + zy) = 1. Therefore,
i(G[AU X3 U Xy]) = 2 and G[A U X3 U Xy)| is 2-i-critical. Thus, by Lemma 2.5, each
component of G[AU X3 U X,] is a star Ki,., in Cs.

Since x € BN C and either z > Cy —y or y = Cy — x, it follows that {z,y} =; G —w
and thus {z,w} =; G —y or {y,w} =; G — x by Lemma 2.3. It is easy to see that if z is
a center and y is an end vertex of K ., in Cy, then {y,w} =; G —xz. This settles our claim.

Now let Sy = {K1, € GIAUX3UX,]|V(K1,)NA =0}, Sy = {K1, € GIAUK3U K|
some end vertices of K, belongs to A} and S3 = {K;, € G[AU X3 U X,]| the center of

K7, belongs to A}. Clearly, GJAU X3 U X,] = 51 U Sy U S3 and X3 N Xy = 0 if and only
if all end vertices of stars in Sy belong to A.

Claim 15: For 1 <i+#j <3,5,NS; =10

Let xzy be an edge of K, € @[A U X3 U Xy4] where x is the center and y is an end
vertex of K ,. By Claim 6, [{z,y} N A| < 1. It is easy to see that if |[{z,y} N A| = 0, then
{z,y} C Xj3. If there exists an end y; # y of K, where y; € A, then K, € Sy otherwise
K, € S;. We now suppose that [{z,y} N A| = 1. If {z,y} N A = {z}, then K;, € S;
and if {z,y} N A = {y}, K1, € S,. This settles our claim.

Claim 16: Suppose @[AUX;), UX4| = K, for some positive integer r. Then K;, € Sy
or K1, € Ss . Further, if Ky, € Ss, then |B—C| > 2 or |C — B| > 2 and if K, € S,
then either at least two end vertices of Ky, belong to X5 or |B—C|>2 or |C — B| > 2.
Since A # 0, and X, # 0, it follows that K;, ¢ S;. Thus K, € Sy or Ky, € Ss.
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Let x,y1,¥2, ...,y be the center and end vertices of K, ,, respectively. We first suppose
that K, € S;. Then x € A and thus {yi,y,...,y,} = X4. Because G is connected
and {u,v} is a minimum cutset of G, it follows that there exist at least two vertices of
V(Cy) — (AU Xy), joining to x. Thus B —C or C' — B is not empty by Observation 2 and
the fact that G[B — C] and G[C — B| are complete graphs without a perfect matching.
Clearly, |[B—C|>2or |C — B| > 2.

We now suppose that K;, € S;. Assume that y; € A. Thus 2 € X4. By similar
arguments as above, if [{y1,y2, ...,y } — A| < 1, then B —C or C'— B is not empty. So we
suppose that [{y1,y2, ..., yr } — A| > 2. Thus x € X3U X, and thus {y1, 92, ..., 4.} — A C X3
as required. This settles our claim.

We are now ready to characterize graphs in this case. Recall that Y5 = Z, = (). Let F
be a component of Cy and x € V(F). We first suppose that = € (B—C)-Y, ((C B)—-7,).
By Claims 3(4), 5, 7 and 9, there exists a unique vertex T € (B —C) — ((C B)—7y)
where Ng,[z] = V(Cy) — {Z} and Ng,[z] = V(Cy) — {x}. Thus V(F) = {z,7} and F is
a Ky, in Cy, by Claim 3(4).

We next suppose that z € Y1 U Xi(~ Y1) = Y1 U X;. Clearly, V(F)N X; # 0 and
V(F)NY; # 0. We may assume that z € V(F)N X;. Let y € V(F)NY;. By Claim
7, Nglz] = V(G) — {y,w} and thus Ng,[z] = V(Cy) — {y}. By Claim 10, there exists a
unique vertex ¥ € Y; where V(Cy) — ({7} UX1) C Ne,[y] and V(Cy) — ({y}UX;) € N, [7]
by Claim 3, 5, 7 and 9. It then follows that V(F') C Y; U X;. By Claim 12, F' is a double
star, in Cy, where y and 7 are center vertices and vertices of Ny, (y) U Nx,(7) are end
vertices.

By similar arguments, if z € Z; U (Xa(~ Z1)) = Z; U Xy, then V(F) C Z; U X, and
F is a double star in C,.

Finally, we may suppose that © € AU X3U X,. It is easy to see that if V(F)NA =0,
then V(F') C X3 by Claim 9 and thus F' is a star by Claim 14. So we may now suppose
that V(F)N A # () and © € V(F) N A. Then there exists y € V(F) N X4 such that
xy ¢ E(G). By Claim 9, V(F) C AU X3 U X4 and thus F' is a star by Claim 14.

We may conclude here that a component F' of C5 is a K5 or a star or a double star.

Recall that A # 0 and X, # (. We first suppose that B—C = C — B = (). By
Observation 2, X; = Xy = () and thus V(G) = {u,v,w} U AU X3 U X4. It follows by
Claim 16 that G[A U X3 U X,] contains either at least two stars or exactly one star with
the center of the star belongs to X,, A is a subset of the set of end vertices of the star
and at least two end Vertices of the star are in X3. Therefore, G is isomorphic to a graph
in {G/ elyeld G517 517 }C .

We next suppose that B C # 0 but C — B = (). Then, by Obervation 2, X, = ()
and thus V(G) = {u,v,w} U (B —-C)U AU X; UX;3UX,. Then G is isomorphic to
a graph in {G}, G5, G s Ghss Gpss Grps,} © 9 where 1 < j < 3. By
similar arguments, if C' — B # () but B — C' = (), then G is isomorphic to a graph in
(G, Gh,y Gopyy Gosis Gosis Gppis,} © % where 1 < j < 3. Finally, we sup-
pose that B — C # () and C — B # (). Then G is isomorphic to a graph in {GP1P27

J J J J J J
GP1D2’ GP1P2D2’ GP1P25'1’ GP1D251’ GP1P2D2S1’ GD1P2 GD1D27 GD1P2D2’ GD1P25'1’ GDlDzsl’
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J J J J J J J
Gp.ppsy Gripypy Gipipys GPipipany GDiDarisi> Goipipyss GPipipapys, b S s Where
1 < 7 < 3. This proves Case 1.

Case 2: wv € E(G).

Before we characterize this case, we need to establish some more claims. By Claim
8, X3N Xy = (. By the definition of X3, i(G[X3]) > 2. By applying similar ar-
guments as in the proof of Claim 14 together with the fact that for each x € Xj,
r>=AU(B-C)U(C—B)UX;UXyUX, by Claim 9, Claim 17 follows.

Claim 17: Each component of G[X3] is a star K, for some positive integer . Fur-
ther, if x,y € X3 where xy ¢ E(G), then {z,y} = G — {w}.

Claim 18: Suppose x,y € Ay where xy ¢ E(G). If x is not adjacent to some vertex
x1 € Xy, then y is not adjacent to some vertex y; € X4 — {x1}.

By applying similar arguments as in the proof of Claim 10 together with the definition
of X3 and Claims 1, 6, 7 and 9, our claim follows.

Claim 19: If As(~ X4) # 0, then each component of G[(Xy(~ Az)) U (Aa(~ Xy))] is
a double star DS(m,n) for some positive integers m and n where the center and the end
vertices of D(m,n) are in Ay(~ X4) and X4(~ Ay), respectively.

By applying similar arguments as in the proof of Claim 12 together with Claims 2, 6,
7 and 18, our claim follows.

Claim 20: Forx € Ay, there existy; € B—C and y, € C— B such that xy,, xys ¢ E(G)
and z = (AU (B—-C)U(C = B)) —{y1,92} and y; = (AU (B—-C)U(C — B)) — {z}
for 1 <1 < 2. Further, there exist three distinct vertices of BN C', say ay, as, b such that
y1a1, Yaaz, vb & E(Q).

It is easy to see that if x = B — C, then {z,v} >; G since uv € E(G), a contradiction.
Hence, there exists y; € B — C such that xy; ¢ E(G). Similarly, there exists yo € C' — B
such that xy, ¢ E(G). By the definition of A; together with Claims 3 and 4, z > (AU(B—
CYU(C —B))—A{y1,y2}. Further, by Claims 3, 4 and 5, y; = (AU(B—-C)U(C —B))—{xz}
for 1 <¢<2.

Suppose to the contrary that y; = BN C. Then y; = Cy — 2. Consider G + wy;. Put
{z} = Ly, — {w,y1}. Then z = = by Lemma 2.2(2) since y; > Cy — x and Ng(w) =
{u,v}. If I,,, = {w,x}, then no vertex of I, is adjacent to y,, a contradiction. Hence,
Ly, = {v1,x}. But then no vertex of I, is adjacent to v, again a contradiction. Hence,
there exists a; € B N C such that yya; ¢ E(G). Similarly, there exists as € B N C such
that yaas ¢ E(G).

We next show that x does not dominate B N C. Suppose this is not the case. Then
x = BNC and thus z > Cy — {y1,y2}. Consider G + wz. Put {z} = I,, — {w,z}. By
Lemma 2.2(2), z1 € {y1,y2} since x = Co—{y1, 92} and Ng(w) = {u,v}. If I, = {w, 21},
then no vertex of I, is adjacent to either a; or as, a contradiction. Hence, I, = {x, z1}.
Then no vertex of I, is adjacent to either v or u, again a contradiction. Hence, there
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exists b € BN C such that zb ¢ E(G). By Claims 1 and 2, a1, a2 and b are all distinct.
This settles our claim.

Claim 21: Suppose Ay # (). Then each component of G[A; U Yy U Zy U (X1(~ Y3)) U
(Xa(~ Z3))U(Xa(~ Ay))] is a triple star TD(m,n,r) for some positive integers m,n and
r where the middle center vertex is in Ay one of the end center vertices is in Yo and the
another end center vertices is in Zy while all the end vertices are in (X1(~ Ys)) U (Xa(~
Z:)) U (Xi(~ Ay)).

Let z € A;. By Claim 20, there exist y; € B — C and y, € C' — B such that
zy,xys ¢ E(G) and x > (AU (B —C)U (C — B)) — {y1,92} and for 1 < i < 2,
yi = (AU (B - C)U (C — B)) — {z}. Further, there exist aj,as,b € B N C where
y1a1, Yaag, xb ¢ E(G). Clearly, a; € Xi(~ Y3),a2 € Xo(~ Zy) and b € Xy(~ A;). By
Claims 1, 2, 5, 7, 9 and 20, N¢, () C {y1, 92} U (Xa(~ A1), Ne,(11) C {2} U (X (~ V3))
and N, (y2) C {7} U (Xa(~ Z2)). Further, for ¢ € {y1, 92,2}, if &1 € Ney(c) — {1, vo, 7},
then ¢; = Cy—c. Hence, G[{z,y1,y2} UN ¢, () UN ¢, (y1) UN ¢, (y2)] is a component in C'y
and forms a triple star 7'S(m, n,7) where m = |N¢, (y1)|, n = [Ne,(7)| and 7 = [N¢, (12))-
Clearly, m,n and r are positive integers. Further, x is the middle center vertex, y; and
Yo are the end center vertices and each vertex of N¢, () U N¢,(y1) U Ng, (y2) is an end
vertex of T'S(m,n,r) as required. This settles our claim.

Let F be a component of Cy and # € V(F). By the same arguments as in the proof
of Case 1, ifz € (B—C)— (Y1 UYs)((C—B)—(Z1UZ)), Fis Ky. If x € Y1 U (X;(~
Y1))(Z1 U (Xa(~ Zy))), F is a double star. We now suppose that z € X3. By Claim 9,
V(F) C X3 and thus F' is a star by Claim 17.

We next suppose that © € Xy(~ A;). Then there exists 1 € A; such that xz; ¢
E(G). By Claim 20, there exist aj,a2,b € BN C,y; € B— C,ys € C — B where
T1Y1, T1Y2, Y141, Yoas, x10 ¢ E(G). (Note that b and z might not be different). Then
{z,21,y1,Y2, a1, a2,b} T V(F). By similar arguments as in the proof of Claim 21, V(F') C
(Xy(~ A1) U(Xq(~ Y2)) U (Xa(~ Z3)) U{x1,91,y2}. By Claim 21, F is a triple star.

Finally, we assume that z € Xy(~ As). Then there exists w; € Ay such that
zw; ¢ E(G). By Claim 6, there exists a unique vertex ws € As — {w;} such that
w; = (B—C)U(C —B)U (A —{w;}) for 1 <1 # j <2. By Claim 18, there exists
¢ € BNC such that woe ¢ F(G). By Claim 2, = Cy —w; and ¢ > Cy — wq. Further, by
Claims 7 and 9, w; = X; U Xo U X3 for 1 <14 < 2. Thus V(F) C (X4(~ A2)) U {w,ws}.
Hence, F'is a double star by Claim 19.

We are now ready to characterize this case by distinguishing three cases.

Case 2.1: A, = Ay, = 0.

Since uv € E(G), u = V(G) — (C — B) and v = V(G) — (B—C). Then B—C # ()
and C' — B # () otherwise u = G or v = G. Note that X, = () and X, X,, X3 are partition
sets of BN C by Claim 8. It then follows that Y5 = Z, = () and thus X;(~ Y;) = X; and
Xo(~ Zp) = Xy. If X1 = Xy = X3 =0, then G is isomorphic to Gg, € @%. We now sup-
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pose that X3 = (). If exactly one of { X7, X5} is not empty, then G is isomorphic to a graph
in {Gg,p,,Gr,} C % and if both of X; and X, are not empty, then G is isomorphic to
a graph in {Gr,, Gr,p,, Gr,D,D,} C @%. We next suppose that Xz # (). If X; = Xy = (),
then G is isomorphic to Gg,s, € <% and if at least one of {X;, Xy} is not empty, then
G is iSOIIlOI‘phiC to a graph in {GR1D151)GR2517GR3517GR2D1517GR1D1D251} Q 5278 This
proves Case 2.1.

Case 2.2: A; = () but Ay # 0.

Then, by Claim 6, G[A] = G[As] is a complete graph without a perfect matching and
each vertex of Ay = A dominates (B — C) U (C' — B). It then follows by Claims 3 and 4
that G[B — C] and G[C' — B] are complete graphs without a perfect matching. Further,
Y, = Zy = (). By Claim 5, each vertex of B — C' (C' — B) dominates C' — B(B — C). We
now distinguish three subcases.

Case 2.2.1: BNC = 0.
Then B — C # () and C — B # () otherwise v or u becomes a cutvertex, contradicting
the fact that {u,v} is a minimum cutset. It is easy to see that G = Gy, p,p, € %%.

Case 2.2.2: X, =0 but X; U X, U X3 # 0.

Then Ay(~ X,) = 0. By Claims 12, 13 and 17, G is isomorphic to a graph in {Gw, p,,
GW1D1P17 GW1D1P1P2a GW15'17 GW15'1P17 GW151P1P2} Q % if exactly one of Xl,XQ and X3
is not empty. If exactly two of X, Xy and X3 are not empty, then G is isomorphic to a
graph in {Gw,p,p,» Gwyp1D>P1; GWiDyDoP Py, GWiDysy, Gwipisip, Gwipisipip, ) © .
Finally, if none of X, X5 and X3 is empty, then G is isomorphic to a graph in {Gw, p, s, p,,
GW1D15'1D2P17 GW1D151P1P2} - %

Case 2.2.3: X, # ().

By Claim 19, G[(X4(~ Ag)) U (Ax(~ X,))] = U;lzl DS(mj,n;). Note that if d = 1,
then either m > 2 and n > 2, or Ay — (As(~ Xy)) # D or (B—C)U(C — B) # 0 or
X3 # () otherwise an end vertex of the double star becomes a cutvertex, contradicting the
fact that {u,v} is a minimum cutset of G. For this case, G is isomorphic to a graph in
{GQlaGw47GW2F1 77777 FnaGW4F1...Fn} - ,,Q{g where F; € {Pl,Dl,Pg,Dg,Sl} and F; 7é }Fj for
1<i#75<n<5h.

Case 2.3: A; # () (Ay may be empty).

By Claim 21, each component of G[A;UY,UZyU( X (~ Y2))U(Xa(~ Z3))U(Xa(~ A}))]
is a triple star T'D(m, n,r) for some positive integers m,n and r where the middle center
vertex is in Aq, one of the end center vertices is in Y5 and the another end center is in Z,
while all the end vertices are in X;(~ Ys) U Xo(~ Z3) U Xy(~ A;). By Claims 3, 4, 5, 6,
12, 13 and 17, G is isomorphic to a graph in {Gw,, Gw,r,..F,} C @ where i € {3,5,6,7},
F, € {P,, Dy, P5,D5,S} and F; # Fj for 1 <i# j <mn < 5. This completes the proof of
Case 2 and our theorem. O]
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As a consequence of Lemma 4.1 and Theorems 4.2 - 4.4, we have:

Theorem 4.5. Let G be a connected 3-i-critical graph and S a minimum cutset of size
2 where w(G — S) = 2. Then G € U,_, . Further, §(G) = 2 or G contains K, 3 as an
induced subgraph [
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1 Introduction

Let G denote a finite simple undirected graph with vertex set V(G) and edge set E(G).
The complement of G is denoted by G. For S C V(G), S is independent if no two vertices
of S are adjacent. The number of components of G and the number of odd components
of G are denoted by w(G) and wy(G), respectively. For a vertex v of G, the neighbour
of v in G, denoted by Ng(v), is {u € V(G)|u is adjacent to v} and degg(v) = |Ng(v)].
The minimum degree of G, denoted by 0(G), is min {degg(v)|v € V(G)}. For S C V(G),
Ng(v) NS is denoted by Ng(v). For a positive integer k, a graph G is said to be k-
connected if |V (G)| > k and G — X is connected for every X C V(G) if | X| < k. Further,
a graph G is k-factor-critical if for every S C V(G) with |S| = k, G — S has a perfect
matching. 1-factor-critical and 2-factor-critical graphs are also called factor-critical and
bicritical, respectively.

For S C V(G), S is a dominating set for G if each vertex of G either belongs to S
or is adjacent to a vertex of S. A dominating set which is also independent is called
independent dominating set. The minimum cardinality of an independent dominating set
for G is called the independent domination number of G and denoted by i(G).

In 1994, Ao [7] introduced the concept of “independent domination critical”. For a
positive integer t, a graph G is t-i-critical if i(G) = ¢, but (G + wv) < t for any pair
of non-adjacent vertices u and v of G. It is easy to see that the only 1-i-critical graphs
are K, for some positive integer n. Ao [7] proved that G is 2-i-critical if and only if
G = Ui, K1, for some positive integers r; and n. For t > 3, there are very few known
results concerning connected t-i-critical graphs. Some properties of connected 3-i-critical
graphs were established by Ao [7], Ananchuen and Ananchuen [1, 2] and Ananchuen
etc.[3]. However, none of them concerns k-factor-critical property. In this paper, we
provide sufficient conditions for connected 3-i-critical graphs to be k-factor-critical, for a
positive integer k, in terms of the connectivity and minimum degree. In fact, we prove
the following theorem in Section 3.

Theorem 1.1. For a positive integer r, let G be a t-connected 3-i-critical graph of order
n where n = r(mod 2) and
t—{ r+1, for1 <r <12,

L%J , forr > 13.

Further, for 1 <r <12, 6(G) > r+2. Then G is r-factor-critical. O

We conclude this section by pointing out that sufficient conditions for critical graphs
with respect to ordinary domination (see [4] and [5]) and connected domination (see [6])
to be k-factor-critical were investigated. All of these results concern only 1 < k£ < 3.

2  Preliminary results

In this section, we state some results that we make use of in establishing our main results.
We begin with some terminology. For a pair of non-adjacent vertices u and v of G, I,



denotes a minimum independent dominating set for G + wv. Our first two results follow
immediately from the definition of k-i-critical graphs.

Lemma 2.1. Let G be a connected k-i-critical graph and let u and v be non-adjacent
vertices of G. Then |I,,| =k —1 and |1, N{u,v}| = 1. n

Lemma 2.2. Let G be a connected 3-i-critical graph and let v and v be non-adjacent
vertices of G. Then

1. L, = {u,w} or I,, = {v,w} for some w € V(G) — {u,v}.
2. If {w} = L, — {u,v}, then {u,v,w} is independent. O

The next two results provide necessary and sufficient condition for a graph to contain
a perfect matching and to be k-factor-critical.

Theorem 2.3. (Tutte’s Theorem)(see Page 76 in [8]) A nontrivial graph G has a perfect
matching if and only if, for every proper subset S of V(G), wo(G — S) < |9]. O

Theorem 2.4. [9] A graph G is k-factor-critical if and only if wo(G — S) < |S| — k, for
every S C V(G) and |S| > k. O

Our last three results concern the number of components in connected 3-i-critical
graphs in terms of the size of their cutsets.

Lemma 2.5. [1] For a positive integer k > 3, let G be a connected k-i-critical graph
containing u as a cutvertex. Then w(G —u) <k — 1. O

Theorem 2.6. [2] Let G be a connected 3-i-critical graph and S a vertex cutset. Then

T 1812 jor|s| >,
w(G=5) = { 3, for |S] < 5. -

Lemma 2.7. [2] Let G be a connected 3-i-critical graph and S a minimum cutset where

2< 5 <3, Ifw(G — S) =3, then §(G) = |95]. O

3 The main results

In this section, we establish the proof of Theorem 1.1. We begin with some lemmas. Our
first result follows immediately from Lemma 2.5, Theorems 2.3 and 2.6.

Lemma 3.1. If G is a connected 3-i-critical graph of even order, then G has a perfect
matching. O

Lemma 3.2. Let G be a 3-connected 3-edge-i-critical graph of even order. If 6(G) > 4,
then G 1is bicritical.



Proof. Suppose to the contrary that G is not bicritical. By Theorem 2.4, there exists
S C V(G) where |S| > 2 and wo(G — S) > |S| — 2. Theorem 2.3 and Lemma 3.1 together
with the fact that G is of even order implies that wo(G — S) = |S|. Consequently,
|S| < 3 by Theorem 2.6. Then, by the connectivity of G, |S| = 3 and thus w(G — S) =
wo(G — S) = |S| = 3. By Lemma 2.7, §(G) = 3, contradicting the minimum degree of G.
This completes the proof of our lemma. O

Lemma 3.3. Let G be a connected 3-i-critical graph and S a cutset of G. Let x1, T2, Yy1, Y2
be four distinct vertices of G — S where x;y; ¢ E(G) for 1 <i <2 and these four vertices
belong to at least two different components of G — S. Further, let {2} = L., — {zi, v},
1 <i<2. Ifeither w(G—S) = 3 but no components of G— S is singleton or w(G—S) > 4,
then {z1, 20} C S and z; # 2.

Proof. By our hypothesis, it is easy to see that, for 1 < i < 2, there are at least
two components of G — (S U {z;,y;}) which are dominated by z;. Then z; € S and
thus {21, 22} C S as required. Let C' be a component of G — S containing ;. We first
suppose that y; € V(C) — {x1}. Then x5 ¢ V(C) or yo ¢ V(C) and thus zjxs € E(G)
or 2192 € E(G) since {z1} = Iy, — {z1,y1}. Hence, 21 # 25 because {z2,ys, 22} is
independent by Lemma 2.2(2).

We now assume that y; ¢ V(C). Since {xq,y2} C V(G) — S, it follows that | Ng(z2) N
{z1,y1}| < 1 and |Ng(y2) N {z1,y1}| < 1. Thus 27 € Ng(zg) or y; € Ng(z2) since
{2} = Ly, — {2,y2}. Consequently, z; # 2z, because {x1,91,21} is independent by
Lemma 2.2(2). This completes the proof of our lemma. O

Lemma 3.4. Let G be a connected 3-i-critical graph and S a cutset of G. Let x1, x5 and
xg be three distinct vertices of G — S and no any two vertices of {1, xa,x3} belong to the
same component of G—S. Further, let {z1} = L 0, — {1, 22} and {20} = L 2, — {71, 3}
If either w(G — S) = 3 but no components of G — S is singleton or w(G — S) > 4, then
{z1,20} C S and z # 2.

Proof. By similar arguments as in the proof of Lemma 3.3, {z1,2:} € S. By Lemma
2.2(2), {x1, x9, 21} and {x1, x5, 22} are independent. Since x3 does not belong to the same
component containing x; or xs, z1x3 € E(G) because {z1} = I, — {z1,22}. By Lemma
2.2(2), z1 # z5. This completes the proof of our lemma. O

Theorem 3.5. For a positive integer k, let G be a t-connected 3-i-critical graph of even

order where
| 2k +1, for 1 <k <6,

=07, fork>T.
Further, for 1 <k <6, 0(G) > 2k + 2. Then G is 2k-factor-critical.

Proof. We shall prove by mathematical induction. Clearly, our result holds for £ =1
by Lemma 3.2. We now suppose that our result holds for £k — 1 where k£ > 2. Suppose to
the contrary that G satisfies our hypothesis but G is not 2k-factor-critical. By Theorem
2.4, there is a vertex cutset S where |S| > 2k and wo(G — S) > |S| — 2k. By our
induction hypothesis, G is 2(k — 1)-factor-critical and thus, by Theorem 2.4, wo(G — ) <
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|S|—2(k—1). Since G is of even order, wy(G—95) = |S|—2k+2 > 2. Then |S| >t > 2k+1
and thus wy(G — S) > 3. Because §(G) > 2k + 2, if wo(G — S) = 3 (that is |[S| =2k + 1),
then no components of G — S is singleton.

For 1 <i <|S| =2k + 2, let C; be an odd component of G — S. Choose z; € V(C;).
Then, for 1 < i # j < |S| — 2k + 2, the only vertex of I,,,, — {2;,z;} must be in S
by Lemmas 3.3 and 3.4. Thus |S| > (|S|_§k+2). It also follows by Lemma 2.2(2) that
z; is not adjacent to the only vertex of I,,,, — {z;, z;} which is in S. Then |[Ng(z;)| <
|S|—(]S|—2k+1) = 2k—1. Since §(G) > 2k+2, 2k+2 < dega(x;) < ([V(C;)|—1)+|Ng(x;)|
< |V(C;)| + 2k — 2. Hence, for 1 <i < |S| =2k + 2, |V(C;)| > 5 because C; is odd.

For 1 <m #n <|S|—2k+2, let 2y, - ,xm, € V(Cpp) and xp,, -+ ,x,, € V(C,)
where z,,, # xmj and x,, # T,, for 1 < i # j < 5. Consider G + Ty, Ty, for 1 < i < 5.
Put {me g } = I — —{xm,, n,}. Then, by Lemmas 3.3 and 3.4, T,,,,, = {Zwmizni <
i <5} C S, |Thn| =5 and for 1 <m # n,m' #n' <|S|—2k+2,if {m,n} # {m/ ,n'},
then T,,,, N Ty = 0. Consequently, |S| > 5(|S|72k+2) = 3(1S| — 2k + 2)(|S| — 2k + 1).
Hence, 5|S|% + (13 — 20k)|S| +5(4k* — 6k +2) < 0. Consequently, | S| < 20E=131vE0k=31

We next show that % VE0k=3L 9k 4+ 1 for 1 < k < 6 and 2%= 134{6 SOk

— 1 for k > 7. We first assume that 1 < k < 6. Suppose to the contrary that

MBJ;—O VB80k=3L > 9k + 1 Then v/80k — 31 > 23 and thus k > 7, a contradiction. Hence,
20]‘“_13“80"“_31 < 2k+1for 1 <k <6 as required. We now assume that k£ > 7. Again,

suppose to the contrary that 2% 13+V 80k=31 ~ 7’“ —1. Then 3v/80k — 31 > 10k+9 and thus
0 > 100k? — 540k —|— 360 = (10k — 27) — 369 > 1480 since k > 7, a contradiction. Hence,
20k—13+vEOk=31 — 1 for k > 7. Therefore, |S| < t, contradicting the connectivity of G.
Hence G is 2k- factor critical as required. This completes the proof of our theorem. [

We now turn our attention to connected 3-i-critical graphs of odd order.

Lemma 3.6. Let G be a 2-connected 3-i-critical graph of odd order. If 6(G) > 3, then G
1s factor-critical.

Proof. Suppose to the contrary that G is not factor-critical. By Theorem 2.4, there
exists S C V(@) where |S| > 1 and wo(G — S) > |S| — 1. Since G is of odd order,
wo(G —S) > |S| + 1. This implies by Theorem 2.6 that 1 < |S| < 2. Then, by the
hypothesis that G is 2-connected, |S| = 2 and thus w(G —5) = we(G—S5) = 3. By Lemma
2.7, 0(G) = 2, contradicting the minimum degree requirement of G. This completes the
proof of our lemma. n

By applying similar arguments as in the proof of Theorem 3.5, we have the following
results.

Theorem 3.7. For a positive integer k, let G be a t-connected 3-i-critical graph of odd
order where

‘o 2k, for1 <k <6,
o L%J , fork >T1.
Further, for 1 <k <6, 6(G) > 2k + 1. Then G is (2k — 1)-factor-critical. O
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As a consequence of Theorems 3.5 and 3.7, Theorem 1.1 follows.

We conclude our paper by pointing out that the bound on minimum degree hypothesis
in Theorem 1.1 is best possible. The graph G in Figure 1 is 2-connected 3-i-critical graph
with minimum degree 2. Clearly, GG is not factor-critical. For positive integers r > 2 and
n>2r+2,let G be (2K; UK,_1)V (2K, U K,,_,_3). It is not difficult to see that G is
(r + 1)-connected 3 -i-critical with minimum degree r 4+ 1. But G is not r-factor-critical.

Figure 1: A 2-connected 3-i-critical graph with minimum degree 2
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Extendability of the complementary prism of 2-regular
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Abstract

Let G be a simple graph. The complementary prism of G, denoted by GG, is
the graph formed from the disjoint union of G and G, the complement of G, by
adding the edges of a perfect matching between the corresponding vertices of G
and G. A connected graph G of order at least 2k + 2 is k-extendable if for every
matching M of size k in G, there is a perfect matching in G containing all edges of
M. The problem that arises is that of investigating the extendability of GG. In this
paper, we investigate the extendability of GG where G contains G1,..., G as its
components and the extendability of G;G; is known for 1 < i < I. We then apply
this result to establish the extendability of GG when G is 2-regular.

2010 Mathematics Subject Classification: 05C70

Keywords: extendable, complementary prism, reqular graph

1 Introduction

Let G denote a finite simple undirected graph with vertex set V(G) and edge set E(G).
The complement of G is denoted by G. For a vertex v of G, dega(v) and Ng(v) denote
the degree and the neighbour set of v. Further, the closed neighbour set of v, denoted by
Ng[v], is Ng(v) U {v}. For disjoint graphs G; and Gs, the join of G and G5 is denoted
by GV G,. For positive integers m and n > 3, K,, and C,, denote a complete graph of
order m and a cycle of order n, respectively. For S C V(G), the induced subgraph of S
in G is denoted by G[S]. A graph G is said to be H-free if G does not contain H as an
induced subgraph. A subset M of E(G) is called a matching in G if no two edges of M
have a common end vertex. M is a maximum matching in G if there is no matching M’

*Worked supported by the Thailand Research Fund grant # BRG5480014



in G such that |[M'| > |M]. A vertex v of G is said to be M-saturated if v is an end vertex
of some edge in a matching M; otherwise, v is M-unsaturated. If each vertex of G is
M-saturated, then M is called a perfect matching. Note that if M is a perfect matching
of G, then |M| = m

In 1980, Plummer [5] introduced a concept of k-extendable. For a positive integer k,
a connected graph G of order at least 2k+-2 is said to be k-extendable if for every matching
Mof size k in GG, there is a perfect matching in G containing all edges of M. It is easy to
see that K, is k-extendable for 1 < k < mn — 1 and a cycle of even order is 1-extendable
but not 2-extendable. Since 1980 the concept of k-extendable graphs was investigated
by several researchers. For excellence surveys in this topic, a reader is directed to ([7],[8]
and [9]). A closely concept to k-extendable graphs is k-factor-critical graphs introduced
by Favaron [2]. A graph G is said to be k-factor-critical if for every subset S C V(G)
with |S| = k, G — S has a perfect matching. Favaron also pointed out some relationship
between extendable graphs and factor-critical graphs as we shall see in Theorem 2.5.

Haynes et al. [4] introduced the concept of complementary prism of a graph. For
a simple graph G, the complementary prism of G, denoted by GG, is the graph formed
from the disjoint union of G and G by adding the edges of a perfect matching between
the corresponding vertices of G and G. Examples of the complementary prism of graphs
are shown in Figures 1 and 2. Note that the graph C5C in Figure 1 is isomorphic to the
Petersen graph. One might ask what property that a graph G should have so that GG is
k-extendable for some k. A problem that arises is that of investigating the extendability of
GG. In this paper, we first consider the extendability of GG where G contains Gy, ..., G
as its components and the extendability of G;G; is known for 1 < i < [. In fact, we prove
the following theorem:

Theorem 1.1. For positive integers i and | where 1 <1 <1, let G1,...,G; be components
of G. If G;G; is k-extendable of order p; > 2k + 2 for some positive integer k, then GG
15 k-extendable. [

We then apply Theorem 1.1 to establish the extendability of 2-regular graphs. We
show that:

Theorem 1.2. Let G be a 2-regular H-free graph where H € {Cs3,Cy, Cs}. Then GG is
2-extendable. O

The condition of H-free and the extendability of GG stated in Theorem 1.2 are all
best possible. For positive integers n > 8 and 3 < ¢ < 5, let H; = C; U C),,_;. Then the
graph H;H;, shown in Figure 2, is not 2-extendable since there is no perfect matching
containing the edge x1x5 and y;y2. Note that “a double line” in our diagram denotes the
join between corresponding graphs. Hence, the hypothesis H-free where H € {Cj3,Cy, Cs}



in Theorem 1.2 cannot be dropped. Finally, the extendability of GG in Theorem 1.2 is
best possible by Theorem 2.2(2) and the fact that the minimum degree of GG is 3.
The proof of Theorems 1.1 and 1.2 are in Sections 3 and 4, respectively.

- -, \

e ~

( A
"\,. CI’!-S /|_H5

Figure 2: The graph H;H;, i € {3,4,5}

2  Preliminary results

In this section, we provide results that we make use of in establishing our results in the
next two sections. We begin with a result on an existence of a perfect matching in a
graph.

Theorem 2.1. (see [1] on page 76) A graph G has a perfect matching if and only if for
a subset S of V(G), the number of odd components of G — S is at most |S|. O



The next three theorems proved by Plummer concern some properties of extendable
graphs.

Theorem 2.2. [5] For positive integers k and p, let G be a graph of order p > 2k + 2. If
G is k-extendable, then

1. G is (k — 1)-extendable, and

2. G is (k+ 1)-connected. O

Theorem 2.3. [5] If G is 2-extendable non-bipartite graph of order p > 6, then G is
2-factor-critical. ]

Theorem 2.4. [6] Let k > 1 be an integer and let G be a (2k+1)-connected K 3-free
graph with an even number of vertices. Then G is k-extendable. 0

Our next result provides a relationship between extendable graphs and factor-critical
graphs proved by Favaron.

Theorem 2.5. [2] If G is a 2k-extendable non-bipartite graph for 2k > 2, then G is a
2k-factor-critical graph. [

We conclude this section with our results proved in [3].

Lemma 2.6. [3] Let G be a k-extendable non-bipartite graph and M a matching of G
with |M| < k—1. Then G—V (M) is a (k— |M|)-extendable non-bipartite graph. Further,
if k —|M| is even, then G — V(M) is (k — | M|)-factor critical. O

Lemma 2.7. [3] Let G be a k-extendable graph for some integer k > 2 and let S C V(QG)
be a cutset of G. If G[S] contains t < k — 1 independent edges, then |S| > k+t+ 1. O

3 Fundamental results

In this section, we provide the proof of Theorem 1.1. We first establish a useful lemma.
For a matching M, we simply denote the set of end vertices of edges in M by V(M).

Lemma 3.1. LeiG@ be a k-extendable graph for some positive integer k. Suppose M is
a matching in GG and S C V(G) where V(M) NS =0 and |M|+ |S| < k. Then

1. If |S| is even, then there is a perfect matching in GG — (V(M)U S).
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2. If |S| is odd, then there is a vertexy € V(G) — (V(M)US) such that GG — (V(M)U
SU{y}) contains a perfect matching.

Proof. Observe that GG is non-bipartite.

(1) Tt is easy to see that if S = (), then, by Theorem 2.2(1), GG — (V(M) U S) =
GG — V(M) contains a perfect matching since GG is k-extendable. So we may now as-
sume that S # (). Then 2 < |S| < |M|+|S| < k. Thus |M| < k — 2. By Lemma 2.6 and
the fact that GG is non-bipartite, GG — V(M) is (k — |M|)-extendable non-bipartite.
Since |S| < k — |M|, GG — V(M) is |S|-extendable non-bipartite by Theorem 2.2(1).
Hence, GG — V(M) is |S|-factor-critical by Theorem 2.5 and the fact that |S| is even.
Therefore, GG — (V(M) U S) contains a perfect matching. This proves (1).

(2) Since |S| is odd, |S| > 1 and thus |M| < k —|S| < k—1. We first show that there
are a vertex 4 € S and a vertex v € V(G) — (V(M) U S) such that av € E(G). Suppose
this is not the case. Let @y € S. Then N g[ug] C S UV (M) U {up} where ug is the only
vertex in G which is adjacent to @y. Put S" = (S — {ug}) U {ug}. Clearly, @y becomes an
isolated vertex in GG — (V(M)US") and |[V(M)US'| = 2|M|+|S'| = 2|M|+|S| < k+|M].
So V(M) U S is a cutset of GG. But this contradicts Lemma 2.7 since GG[V (M) U ']
contains a matching of size at least [M| and at most [M] + 3|5"| < [M]+ |S| < k and

|[V(M)US’| < k+|M|. Hence, there are a vertex u € S and a vertex v € V(G)—(V(M)US)
such that wv € E(G) as required.

Now let 7 € S and a vertex i € V(G) — (V(M) U S) such that zy € E(G). Consider
M U {zy}. Clearly, [M U {zy}| < k. We first suppose that |M U {Zg}| = k. Because
M| < k—|S|, |S| =1 and thus S = {Z}. Since GG is k-extendable, GG — (V (M) U{zy})
= GG — (V(M)U S U{y}) contains a perfect matching as required. So we now suppose
that |[M U {zy}| < k — 1. By Lemma 2.6 and the fact that GG is non-bipartite, GG —
(V(M)u{zy}) is (k — (|M| + 1))-extendable non-bipartite. Since k — |[M|—1>|S|—1
and |S| — 1 is even, it then follows by Theorems 2.2(1) and 2.5 that GG — (V (M) U {zy})
is (|S| — 1)-factor-critical. Hence, GG — (V (M) U SU{gy}) contains a perfect matching as
required. This proves (2) and completes the proof of our lemma. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1

Proof. Clearly, our result holds for [ = 1. So we now suppose [ > 2. For simplicity, the
induced subgraphs GG[V (G;)], GGV (G;)] and GG[V (G;G;)] are denoted by Gy, G; and
G,G;, respectively.

Let M be a matching of size k in GG. For 1 < i < [, let M; = M N E(G;G,)
and S; = {r € V(G;G))|lry € M and y ¢ V(G;G;)}. Observe that S; C V(G;) and
E(G@[Uizl Si]) =M — Uizl M;. We first suppose that |S;| is even for 1 < ¢ < [. Then,
by Lemma 3.1(1), there is a perfect matching F; in G;G; — (V(M;) U S;) for 1 < i < 1.
Hence, (Ui.:1 F;) U M is a perfect matching in GG containing M as required.



We now suppose that |S;| is odd for some i. Let [, be the number of components G; of
G in which |S;| is odd. We may now renumber the components of G in such a way that for
the first {y components of G, |S;| is odd for 1 <1 <, and for the last I — [y components
of G, || is even. Since 307, |Si| = 2(|M — Ui_, My|)— -, Si] is even, I, is even. By
Lemma 3.1(2), there is 3; € V(G;) — (V/(M;) U S;) such that G;G; — (V(M;) U S; U {%:})
contains a perfect matching, say F}, for 1 < i < I,. Clearly, GG[{#1,¥a;- .-, 1, }] is a
complete graph of even order. So there is a perfect matching in GG[{#1, ¥2, - - - , Ui, }], 2y
F'. By Lemma 3.1(1), if [ < [, then there is a perfect matching F/ in G;G; — (V/(M;)US;)
for [,+1 < ¢ < [. Therefore, U»li:1 F!UF'UM is a perfect matching in GG containing M
as required. Hence, GG is k-extendable. This completes the proof of our theorem. O

Our next result follows immediately from Theorems 1.1 and 2.2(1).

Corollary 3.2. For positive integers i and l where 1 < i <1, let Gy,...,G; be components
of G. If G;G; is k;-extendable of order p; > 2k; + 2 for some positive integer k;, then GG
is ko-extendable where kg = min{ky, ks, ... Kk }. O

4 The extendability of 2-regular graphs

According to Theorem 1.1, it is enough to establish the following theorem in order to
prove Theorem 1.2.

Theorem 4.1. Let G be a connected 2-reqular graph of order n > 6. Then GG is 2-
extendable. [

In order to establish Theorem 4.1, we need to set up some lemmas. For simplicity, we
now assume that G is a connected 2-regular graph and put V(G) = {vy,vs,...,v,} and
E(G) = {vvis1|1 <i < n} where the subscript is read modulo n. Observe that G = C,,
G = K, — {vviy1]1 <i < n} and thus G is (n — 3)-regular of order n. In what follows,
the symbols G, G, V(G), E(G), n and v, for 1 < k < n are referred to these set up.
Further, all subscripts are read modulo n. Our first lemma follows immediately from the
fact that if x is a vertex of C}, where p > 3, then C, — « is a path of order p — 1.

Lemma 4.2. 1. If n is even and e is an edge of G, then there is a perfect matching
in G containing the edge e.

2. If n is odd, then, for each 1 < k < n, G — v, contains a maximum match-

ing of size ";1. In fact, a maximum matching of size Tl 18 {Uk+1Vk42, Vk+3Vk14,

ey Uktn—2Uktn—1} Which is also a perfect matching in G — vg. O

n—

Lemma 4.3. For an integer n > 5, G is (n — 3)-connected.
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Proof. Let S be a minimum cutset of G. For a positive integer k > 2, let Hy, ..., H;, be
components of G — S. Since G is (n — 3)-regular, |V (H;)| > n—2—|S|. Then n = |V (G)|
=S V(H)|+1S] > 2(n—2—15]) +]S] = 2n— 4 —|S| and thus |S| > n — 4. Suppose
S| = n —4. Tt is easy to see that |V(H;)| = 2 and k = 2. Thus n > 7 since G is
(n — 3)-regular. It follows that G = 2K, V H where H is (n — 7)-regular of order n — 4.
Thus G contains C; as an induced subgraph. But this contradicts the fact that G = C,
where n > 5. Hence, |S| > n — 3 and then G is (n — 3)-connected. This completes the
proof of our lemma. O

Lemma 4.4. For an integer n > 6, if n is even, then G is (”T_‘l)—extendable and if n is
odd, then, for 1 <k <n, G — vy is (”7_5)-extendable.

Proof. Observe that G is K, s3-free otherwise GG contains C5 as an induced subgraph
which contradicts the fact that G = C), and n > 6. By Theorem 2.4 and Lemma 4.3, G
is (TLT_‘l)—extendable if n is even. We now suppose that n is odd. Then n > 7 and G — vy,
is (n — 4)-connected by Lemma 4.3. Hence, by Theorem 2.4, G — vy is (%52)-extendable.
This proves our lemma. O]

As a consequence of Theorem 2.2(1) and Lemma 4.4, we have the following corollaries.

Corollary 4.5. For an integer n, if n > 8 is even, then G is 2-extendable and if n > 9
1s odd, then, for 1 <k <n, G — vy is 2-extendable. O

Corollary 4.6. For an integer n, if n > 6 is even, then G is 1-extendable and if n > 7
is odd, then, for 1 <k <n, G — vy is 1l-extendable. O

Corollary 4.7. For an integer n > 6, let v;,vj, vy, be three distinct vertices of G where
1 <i,j,k <n, then G — {v;,v;} has a perfect matching if n is even and G — {v;,v;, vg }
has a perfect matching if n is odd.

Proof. Our result follows from Theorems 2.2(1) and 2.3 together with Lemma 4.4 if
n > 8. For 6 < n <7, our result follows from Theorem 2.1, Lemma 4.3 and the fact that
G is Ky z-free. O

We are now ready to prove Theorem 4.1. For simplicity, put V(G) = {uy,...,u,}
where u; € V(G) corresponds to v; € V(G). Then V(GG) = {vy,...,v,} U {uy,... u,}
and BE(GG) = E(G) U E(G) U {vu)l <i <n}.

Proof of Theorem 4.1
Proof. Let T = {ej,es} be a matching of size 2 in GG. It is easy to see that if
{e1,ea} C {vus|l < i < n}, then {v;u;|l < i < n} is a perfect matching in GG con-

taining the edges e; and es. So we may now assume without loss of generality that e; ¢
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{viu;|1 <i < n}. For simplicity, the set of end vertices of the edge e; is denoted by V (e;)
for 1 <4 < 2. To show that there is a perfect matching in GG containing the edges e;
and ey, we distinguish five cases according to the edges e; and es.

Case 1: {e1,e5} C E(G).

By Corollary 4.5 and the fact that G = C,,, it is easy to see that there is a perfect
matching in GG containing the edges e; and e, if n > 8 is even. For n = 6, it is not
difficult to show that there is a perfect matching in GG containing the edges e; and e, as
well.

So we now suppose that n > 9 is odd. Choose a vertex u; € V(G) — (V(e1) UV (eq)).
Then, by Corollary 4.5, there is a perfect matching M, in G — uj, containing the edges
e; and ey. By Lemma 4.2(2), there is a perfect matching M, in G —v;. Hence, M; UM; U
{v;ju;} is a perfect matching in GG containing the edges e; and es.

We now consider n = 7. Observe that V(G) —(V(e1) U V(ez)) contains an edge, say
es, otherwise G contains Cs as an induced subgraph. Put {u;} = V(G) — ., V(e;). By
Lemma 4.2(2), there is a perfect matching M, in G — v;,. Thus My U {ey, es, €3, vjruj } is
a perfect matching in GG containing the edges e; and e,. This proves Case 1.

Case 2: ¢; € E(G),e; € E(G).

Suppose e; = v;v;41 and ey = uguy where 1 < j k k' < n and k # k. By Lemma
4.2(1) and Corollary 4.6, it is easy to see that there is a perfect matching containing the
edges e; and ey if n is even. So we now suppose that n is odd.

We first suppose that j + 2 ¢ {k,k’}. Then a maximum matching M;, in G —
vj42, containing the edge e; = wv;v;4; is a matching of size "T’l Thus M; is a perfect
matching in G —v;,5 by Lemma 4.2(2). By Corollary 4.6, G — ;5 has a perfect matching
M, containing the edge e;. Then M; U M, U {vj42u 42} is a perfect matching in GG
containing the edges e; and es.

By similar arguments, if j — 1 ¢ {k, k'}, then there is a perfect matching in GG con-
taining the edges e; and e;. We may now assume that {j — 1,5 + 2} = {k,k’}. Then
€3 = Uplp = Uj_1Uj42. Now consider G — vjqq. Sincen > 7, j+4 ¢ {j — 1,5+ 2}. Then
a maximum matching Ms, in G — vj4, of size ”T_l must contain the edge e; = v;v;41. By
Lemma 4.2(2), M, is a perfect matching in G — vj,4. By Corollary 4.6, G — u;,4 has a
perfect matching M, containing the edge e;. Then M, U My U {vjtau;ra} is a perfect
matching in GG containing the edges e; and e,.

Case 3: e € E(G),es € {vju;]1 <i < n}.

Let es = viuy, for some 1 < k < n. Consider G — v;,. Observe that G — vy, is a path of
order n — 1. Let M; and M, be matchings in G — vy, where E(G — v) = M; U M, and
M; N My = (). We may assume that |M;| > |Mz|. We first suppose that n is odd. Then

n—1 n—3

|M,| = "5= and [M,| = “%=. Further, vy and vi41 are My-unsaturated. By Lemma

4.2(2), My is a perfect matching in G — vy If ey € M, then M; U M U {vpug} is a
perfect matching in GG containing the edges e; and ez where M is a perfect matching,
in G — u,. Note that M, exists by Corollary 4.6. We now suppose that e; € M,. By



Corollary 4.7, there is a perfect matching M, in G — {u_1,ug, ugs1}. Hence, My U M,
U {vg_1ug_1, VxUk, Vg+1Ug 1 ;18 & perfect matching in GG containing the edges e; and es.

We now suppose that n is even. Then |M;| = |M;y| = ”T’z Then either v;,_; or
Ugy1 18 M'-unsaturated where M’ € {M;, M,}. Suppose without loss of generality that
e; € My and vi_; is Mi-unsaturated. By Corollary 4.7, there is a perfect matching M,
in G — {up_1,ux}. Hence, My U M3 U {vp_1up_1,vpus} is a perfect matching in GG
containing the edges e; and ey. This proves Case 3.

Case 4: e; € E(G), ey € {vuy]l <i<n}.

Let e; = ujuj and ey = vguy for some 1 < 7,5,k < n. Clearly, k ¢ {j,5'}. We first
suppose that n is odd. By Lemma 4.2(2), G — v, contains M; as a perfect matching. By
Corollary 4.6, G — uy, has a perfect matching containing the edge e;, say M;. Thus M; U
M, U {vpu} is a perfect matching in GG containing the edges e; and e,.

We now suppose that n > 8 is even. Let My and M3 be perfect matchings in G con-
taining the vjvp41 and vy_1vy, respectively. Observe that if S C V(G) with |S| = 4, then
G[S] contains a matching of size two since G is (n — 3)-regular and G does not contain
C3 as an induced subgraph. We first suppose that £ + 1 ¢ {j,5'}. By Corollary 4.5,
G — {uj, uj, up, upyq } contains My as a perfect matching. Then (Ma — {vpvp1}) U My
U {ujujr, vgug, vg1ug+1 b is a perfect matching in GG containing the edges e; and e;. By
similar arguments, if k—1 ¢ {4, j'}, then (M3 — {vg_1vx}) U M3 U {ujuj, vp_1up_1, vt}
is a perfect matching in GG containing the edges e, and e, where M3 is a perfect matching
in G — {uj,uj,up_1,us}. Finally, we suppose that {j,j'} = {k — 1,k + 1}. By Corol-
lary 4.5 and the observation that G[S] contains a matching of size two if S C V(G)
with |S| = 4, G — {up_1, U, Urs1, Urr3} contains M, as a perfect matching. Then
(My — {%Uk+1,vk+2vk+3}) U My U {ujuj, Uptk, Ugt1Vk42, UktsUkss ) 1s a perfect match-
ing in GG containing the edges e; and e;. For n = 6, it is routine to show that there is a
perfect matching in GG containing the edges e; and e,. This proves Case 4.

Case 5: {e1,e2} C E(G).

Let M be a maximum matching in G containing the edge e;. Clearly, M is a perfect
matching if n is even and if n is odd, then there is exactly one M-unsaturated vertex, say
vj, for some 1 < j < n. We first suppose that eo € M. Then there is a perfect matching
F containing the edges e; and ey where F = M U M if n is even and F = M U M; U
{vju;} if n is odd where M and M, are perfect matchings in G and G — uj, respectively.
Such M and M, exist by Lemma 4.4.

We now suppose that es ¢ M. Put es = vgvp1 where 1 < k < n. We first assume
that n is even. Then {vx_1vg, Vgpy10ks2} © M — {e1} since {ey, es} is a matching, M is a
perfect matching and G = C,,. Clearly, {vg_1,vr12} NV (ey) = 0. By Corollary 4.7, there
exists a perfect matching in My in G — {ug_1,ups2}. Then (M — {vp_ 10k, Vpy1Vkso}) U
My U {UpVks1, Vp—1Uk_1, UppoUrso} is a perfect matching in GG containing the edges e;
and e,.

We now suppose that n is odd. Recall that v; is the only M-unsaturated of G. If

{vg, v } N {v;} = {vi}, then {vpvpie} € M — {e;} and thus (M — {vp1vpe2}) U M3



U {Uk,ka, UksoUpyo} is a perfect matching in GG containing the edges e; and ey where
M3 is a perfect matching in G — uy42. Note that Ms exists by Corollary 4.6. Similarly,
if {vg, ver1} N {U]} = {vp1}, then M — {vp_qvp} U My U {vpvpy1, vg_1up_1} is a perfect
matching in GG containing the edges e; and e, where M is a perfect matching in G —uy_1.
We now consider the case that {vg, vg11}N{v;} = 0. Observe that j ¢ {k—1,k+2} since
es ¢ M and v; is M-unsaturated. Then {v,_1vg, Vkt10k42} € M —{e1}. By Corollary 4.7,
there exists a perfect matching M in G'— {u;, w1, ugy2}. Then (M —{vp_ 10k, Vp11Vk12})
U M; U {UkVk41, Vk—1Uk—1, Upp2Ukt2, Vju; } is a perfect matching in GG containing the
edges e; and ey. This proves Case 5 and completes the proof of our theorem O]

Note that the bound on n in Theorem 4.1 is sharp since the graph C;C5 in Figure 1
is not 2-extendable because there is no perfect matching containing the edges viu; and
V3U4.

Corollary 4.8. Let G be a connected 2-reqular graph of order n > 4. Then GG is
1-extendable.

Proof. Our result follows from Theorems 2.2(1) and 4.1 if n > 6. It is not difficult to
show that the result is true for 4 < n <5. O
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Abstract : Let G denote the complement of a simple graph G. The complemen-
tary prism of G denoted by GG can be obtained by taking a copy of G' and a copy
of G and then joining corresponding vertices by an edge. A connected graph G of
order at least 2k 4 2 is k-extendable if for every matching M of size k in G, there
is a perfect matching in GG containing all edges of M. In this paper, we establish
some sufficient conditions for the complementary prism of regular graphs to be
2-extendable.

Keywords : matching; extendable; complementsry prism; regular graph.
2000 Mathematics Subject Classification : 05C70

1 Introduction

All graphs considered in this paper are finite, undirected and simple. Let G
be a graph with vertex set V(G) and edge set E(G). The complement of G is
denoted by G. For S C V(G), G[S] denotes the induced subgraph of G by S. A
neighbor set of a vertex v in G is denoted by Ng(v) = {u € V(G)|uw € E(G)}.
For v € V(G) and T C V(G), a neighbor set of a vertex v in T is denoted by
Nr(v) = {u € Tlww € E(G)} and if X C V(G), Ng(X) denotes J,cx Na(v).
The number of components of GG, the number of odd and even components of G
are denoted by ¢(G), co(G) and c.(G), respectively. A complete graph of order r
is denoted by K,. For graphs H and G, G is called H-free if G does not contain

*Worked supported by the Thailand Research Fund grant # BRG5480014.



H as an induced subgraph. A subgraph H is called a clique if H = K., for some
r. A set M C E(G) is called a matching if no two edges of M have common end
vertex. A vertex u is saturated by M if there is an edge in M incident with w.
For simplicity, the set of all vertices saturated by M is denoted by V(M). M is
called a maximum matching in G if there is no matching N in G of size greater
than |[M|. A perfect matching in G is a matching that saturates all vertices of G.
A connected graph G of order at least 2k + 2 is k-extendable if for every matching
M of size k in G, there is a perfect matching in G containing all edges of M. A
graph G is k-factor-critical if, for every set S C V(G) with |S| = k, the graph
G — S contains a perfect matching. For k£ = 1 and k = 2, k-factor-critical graph is
also called factor-critical and bicritical, respectively.

The concept of k-extendable graphs was introduced, in 1980, by Plummer
[9]. He gave a sufficient condition for a graph to be k-extendable in terms of
minimum degree. A fundamental theorem (see Theorem 2.2) that mainly used in
studying matching extension was established. He also proved that 2-extendable
non-bipartite graphs are bicritical. Some sufficient conditions for special classes
of graphs to be k-extendable were established (see [8, 10, 14]). For survey of this
topic, a reader is directed to Plummer [11, 12, 13].

The concept of k-factor-critical graphs was introduced, in 1996, by Favaron [6].
She gave a necessary and sufficient condition for a graph to be k-factor-critical and
also provided a relationship between n-extendable graphs and k-factor - critical
graphs.

A complementary prism of G, denoted by GG, is the graph obtained by taking
a copy of G and a copy of its complement G and then joining corresponding vertices
by an edge. A complementary prism is a specific case of complementary product of
graphs introduced by Haynes et al.[3] in 2007. Haynes et al. ([3, 4, 5]) studied some
parameters of complementary prism of graphs such as the vertex independence
number, the chromatic number and the domination number.

According to the definition of the complementary prism of G, it is easy to see
that GG contains a perfect matching. A problem that arises is that of investigating
properties of G so that GG is k-extendable for some k. In [7], Janseana etc.
established that if G is a 2-regular H-free graph where H € {C3,Cy4,C5}, then
GG is 2-extendable. In this paper, we concentrate on connected r-regular graphs
for r > 3. In fact, we prove that for a connected graph G of order p, if G is
either 3-regular F-free where p > 8 or rg-regular where p > 2rg + 1 > 9, then
GG is 2-extendable where the graph F is shown in Figure 1. We further extend
this result to disconnected graphs. We show that if each component G; of G is
3-regular F-free of order at least 8 or rg-regular of order at least 2rg+1 > 9, then
GG is 2-extendable. These results are in Section 3.



v

Figure 1: the graph F

2 Preliminary results

In this section, we state some results which are used in establishing our results in
Section 3. Our first result is a well known theorem for studying an existence of a
perfect matching in graphs established by Tutte.

Theorem 2.1. [2] (Tutte’s Theorem) A graph G has a perfect matching if and
only if for any S CV(G), ¢o(G —5) <|S5]. O

In 1980, Plummer [9] established a fundamental theorem on k-extendable
graphs as following.

Theorem 2.2. [9] Let G be a graph of order p > 2k + 2 and k > 1. If G is
k-extendable, then

(a) G is (k — 1)-extendable, and

(b) G is (k + 1)-connected. O

Ananchuen and Caccetta [1] gave a necessary condition for a neighbor set of a
vertex having minimum degree in extendable graphs. They showed that:

Theorem 2.3. [1] If G is a k-extendable graph on p > 2k + 2 wvertices with
0G)=k+t, 1 <t<k<p. Ifdg(u) = (G), then the induced subgraph G[N¢g(u)]
has at most t — 1 independent edges. ]

A neccessary and sufficient condition for a graph to be k-extendable and to be
k-factor-critical were provided by Yu [15] and Favaron [6], respectively.

Theorem 2.4. [15] A graph G is k-extendable (k > 1) if and only if for any
SCV(a),

(a) co(G = S) < |S| and

(b) co(G—S) =15 —2t,(0 <t <k—1) implies that F(S) <t, where F(S) is
the size of a mazimum matching in G[S]. O



Theorem 2.5. [6] A graph G is k-factor-critical if and only if |V(G)| = k (mod
2) and for any S C V(G) with |S| > k,co(G — S) < |S| — k. O

We now turn our attention to some results concerning complementary prism
of graphs.

Theorem 2.6. [7] For positive integers | and i where 1 < i <1, let G1,...,G; be
components of G. If G;G; is k-extendable of order p; > 2k + 2 for some positive
integer k, then GG is k-extendable. O

Theorem 2.7. [7] Let G be a 2-regular H-free graph where H € {C3,C4,C5},
then GG is 2-extendable. ]

3 Main results

We begin this section by establishing some lemmas concerning complementary
prism of graphs and of regular graphs. These results are essential for establishing
Theorem 3.10, the main result of our paper. To simplify our discussion of comple-
mentary prisms, G and G are referred to subgraph copies of G and G, respectively,
in GG. For a vertex v of G, there is exactly one vertex of G which is adjacent to v
in GG. This vertex is denoted by ©. That is {v} = Ng(v). Conversely, v is the only
vertex of G which is adjacent to T. Similarly, for ¢ # X = {x1,z2,...,2x} C V(G),
{Z1,%2,...,7,} € V(G) is denoted by X and vice versa. Clearly, | X| = |X]|.

Lemma 3.1. Let G be a graph. Then GG is even and connected.

Proof. Clearly, GG is even. Let u,v € V(GG). It is easy to see that if u,v €
V(G)(V(Q)), then either uv € E(G) or uiivv is a u— v path. We may now assume
that u € V(G) and v € V(G). Clearly, uv € E(GQ) if v = 4. So suppose that
v = w for some w € V(G) — {u}. Then either utw or vww is a u — v path. This

proves that GG is connected and completes the proof of our lemma. O

For a graph G, it is easy to see that GG has a perfect matching. It then
follows by Theorem 2.1 that for a cutset S C V(GG), ¢,(GG — S) < |S|. The next
lemma provides a relationship of a cutset and the number of odd components in a
complementary prism.

Lemma 3.2. Let GG be a complementary prism and let S = AU B be a cutset of
GG, where A C V(G) and B C V(G). Then

a) co(GG — S) = |S| — 2t, for some t > 0.

) (GG — S) = || + |B| - 2t < co(GIB — A]) + ¢o(GIA— B]) < |A] + | B| -
2|AN B|. Consequently, |AN B| <t.

c) If co(G[B — A)) + ¢o(G[A — B]) = |A| +|B| —2|AN B|, then each component
of G|B — A] and G[A — B] is singleton and hence G[A — B] is a clique.



Proof. a) Since GG contains a perfect matching and is of even order, it follows by
Theorem 2.1 that there is a non-negative integer ¢ such that c,(GG —S) = | S| —2t,
for any cutset S C V(GG).

We first observe that |B— A|+|A—B| = |B— A|+|A—B| = |A|+|B|-2|ANB)|
since |[A] =|A—B|+|ANB| and |B|=|B— A|+ |AN B|.

b) Let C = V(G)—(AUB). By Lemma 3.1, if C # ¢, then GG[CUC] is even and
connected. Thus c,(GG—S) < ¢,(GG—(SUCUC)) = co(G[B—A])+co(G[A-B]) <
|B — A| +|A — B| = |A] + |B| — 2|]A N B| as required.

c) follows by the fact that |B — A| 4+ |A — B| = |A| + |B| — 2|AN B|. O

For an induced subgraph H of G, Comp denotes the set of all components in
H. If X C V(G), then we use Comx for Comgx). For a cutset S of GG, put
A=8SNV(G),B=SNV(G)and C = V(G)— (AUB). Thus S = AUB. Further,
let Tg_4 = {F|F is an odd component of G[B — A] and Ng(u) —V(F) C A for all
u € V(F)}. T5_5 = {F|F is an odd component of G{A—B] and Ng(2)—V (F) C B
forallw € V(F)}. Finally, let L = LgULg, where Lg = {F|F is an odd component
in G[B — A] and N g(V(F))NC # ¢} and Lz = {F|F is an odd component in
G[A - B] and Ng(V(F))NC # ¢}. Note that if C' = ¢, then L = ¢. Clearly,
Tp-aNLg=¢and T5_5 N Lz = ¢. It is easy to see that, if G is connected and
G[B — A] contains only odd components, then Comp_4 = Tp_4 U L. Similarly,
if G is connected and G[A — B] contains only odd components, then Comy 5 =
T;_5U Lg. In what follows, the symbols Compy, S, A, B, C, Tg_4, T3 5 L, Lg
and Lg are referred to these set up.

The next lemma follows from our set up.

Lemma 3.3. Let G be an r-reqular connected graph of order p > 2r + 1 and GG
a complementary prism. If |A| <r, then Tp_a contains no singleton components.
Similarly, if |B| < p —r —1, then T;_5 contains no singleton components. ]

Lemma 3.4. Forr > 3, let G be a connected r-regular graph of order p > 2r + 1.
Let A, B, Tp_4,T5_5 be defined as above. Then

a) If G[A] = K., then each component of Tp_4 is of order at least 3.

b) If |[ANB| =1 and G[A— B] = K,, then the number of singleton components
m Tr_a 18 at most 1.

¢) If|[ANB| =1 and G[A—B] = K,_1, then the number of singleton components
in Tp_A is at most 2.

Proof. a) It follows by the fact that G is connected r-regular of order p > 2r + 1.
b) Suppose to the contrary that Tp_ 4 contains two singleton components, say
Fy and F» where V(Fy) = {y1} and V(Fy) = {y2}. Because |[ANB| =1, y
and ya are adjacent to at least » — 1 vertices of A — B. Since G[A — B] = K,
and r > 3, it follows that there exists a vertex of A — B, say w3, such that
{y1,y2} U (A — B) C N¢(y3). Thus dg(ys) > r + 1, a contradiction
¢) By applying similar arguments as in the proof of (b), (c¢) follows. O



Let x be a real number, |z|. is denoted a greatest even integer less than or
equal to x, that is, |z|. = 2|x/2|. Note that if x is an integer and |z]. = k then
r=korx=Fk+1.

Lemma 3.5. Let GG be a complementary prism and L = Lg U L be defined as

above. Then CO(G§:S)5 co(G[B — A]) + co(G[A — B]) — ||L]|]e- Consequently

co(G[B — A]) + ¢o(G[A— B]) — ¢o(GG — S) < |L| < ¢o(G[B — A]) +co(G[A—B]) —
co(GG — S) + 1.

Proof. If C' = ¢, then |L| = 0 and thus ¢,(GG — S) = c,(G[B — A]) + ¢,(G[A —
B]) as required. We now suppose that C' # ¢. By Lemmas 3.2(a) and (b),
co(GG — ) < ¢o(G[B — A]) + ¢o(G[A — B]). By Lemma 3.1, GG[C U (] is even
and connected. So it must be contained in some component of GG — S, say F.
If x € V(F)— (CUC), then x is in some component of G[B — A] U G[A — B],
say M. So V(M) C V(F). If M is odd, then M € L. Note that each odd
component of L is a subgraph of F. Hence, |V (F')| has the same parity with |L|
and ¢,(GG — S) = ¢,(G[B — A]UG[A — B]) — |L| + ¢, where € = 1 if |L| is odd
and € = 0 if |L| is even. So ¢,(GG — S) = ¢o(G[B — AJUG[A — B]) — ||L|Je. Thus
||L||e = co(G[B — A]UG[A — B]) — ¢o,(GG — S). By properties of |z, our result
follows. This proves our lemma. O

Lemma 3.6. If G is an r-reqular graph of order p > 2r + 1, then G is connected.

Proof. Note that G is (p — r — 1)-regular graph of order p. Suppose G is discon-
nected. Then each component must have order at least p —r. So p > 2(p —r) and
thus p < 2r, a contradiction. This proves our lemma. ]

Lemma 3.7. Let G be a connected r-reqular graph of order p > 2r 4+ 1. Let S be
a cutset of GG. Then SNV (G) # ¢ and SNV (G) # ¢.

Proof. By Lemma 3.6, G is connected. Hence, G and G are connected. Suppose
without loss of generality that SNV (G) = ¢. So S C V(G). Since G = GG—-V (Q)
is connected and each vertex u of V(G) — S is adjacent to a vertex u in G, it follows
that GG — S is connected, a contradiction. Hence, SN V(G) # ¢. By similar

arguments, S N V(G) # ¢. This proves our lemma. O

Theorem 3.8. Let G be a connected r-regular graph of order p > 2r+1, for some
r > 2. Then GG is bicritical. Consequently, GG is 1-extendable.

Proof. Suppose GG is not bicritical. By Theorem 2.5, there is a cutset S C V(GG),
where |S| > 2 such that ¢,(GG — S) > |S| — 2. It follows by Lemmas 3.2(a) that
co(GG — S) = |S] for |S| > 2. Note that, by Lemma 3.7, A = SN V(G) and
B = SN V(G) are not empty. Thus A and B are not empty. By Lemma 3.2
(b), AN B = ¢ and thus c,(G[B — A]) + co(G[A — B]) = ¢,(G[B]) + c,(G[A])) =
co(GG — S) = |S| = |B| + |A]. By Lemma 3.2(c), each component of G[B] and
G[A] is singleton. Hence, G[A] = K|4. Since G is r-regular of order p > 2r + 1,
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Al < r+ 1. If |A] = r + 1, then G[A] = K,4; is a disconnected component in
G, a contradiction. So 1 < |A| < r. By Lemmas 3.3 and 3.4(a), no singleton
component in G[B] belongs to Ts_4. Since each component of G[B] is singleton,
Tp_a = ¢. Because ¢,(GG — S) = c,(G[A]) + ¢,(G[B]), it follows by Lemma 3.5
that 0 < |L| < 1. Since B # ¢ and G[B] contains only singleton components, it
follows that 1 < |B| = |T—a| + |Lg| < 1. Hence, |B| = |Lg| = 1. Therefore,
|B|=1<r<p—r—1. By Lemma 3.3, T;_5 contains no singleton components.
Hence, Ty 5 = ¢. Since each component of G[A] is singleton, it is contained in
Lg. So |Lg| = |A| = |A] > 1. Therefore, |L| = |Lg| + |Lg| > 2, a contradiction.
Hence, GG is bicritical. It then follows that GG is 1-extendable. This proves our
theorem. O

The next lemma follows by Theorem 2.3.

Lemma 3.9. Let G be a connected r-reqular graph of order p > 2r + 1, for some
r > 2. If G contains a triangle, then GG is not r-extendable. O

By Lemma 3.9, if G is a 3-regular graph of order p > 8 containing a triangle,
then GG is not 3-extendable. The next theorem provides a sufficient condition
for a connected r-regular graph G which GG is 2-extendable, for » > 4. In case
r = 3, if G contains the graph F in Figure 1 as an induced subgraph, then {yz, wz}
cannot be extended to a perfect matching in GG. Hence, GG is not 2-extendable.
We next show that the complementary prism of connected 3-regular F-free graphs
and connected r-regular graphs for r > 4 are 2-extendable.

Theorem 3.10. Suppose G is a connected graph of order p. If G is either 3-
reqular F-free where p > 8 and F is the graph in Figure 1 or ro-regular where
p>2rg+12>9, then GG is 2-extendable.

Proof. Observe that G is (p — r — 1)-regular where r € {3,709} and p — 7 — 1 > 4.
By Theorem 3.8, GG is bicritical. Suppose to the contrary that GG is not 2-
extendable. Then there is a matching M C E(GG) of size two such that GG —
V(M) contains no perfect matching. By Theorem 2.1, there is a cutset 7' C
V(GG)—V (M) such that c,(GG— (V(M)UT)) > |T|. Let S = TUV(M). Clearly,
|S| > 4. Thus ¢,(GG — S) > |S| — 4. Because GG is bicritical, by Theorem 2.5,
co(GG — S) < |S| — 2. Tt follows by parity that c,(GG — S) = |S| — 2 and GG/[S]
contains a matching of size at least two. Let A = SNV(G) and B = SNV (G).
By Lemma 3.2 (b), |AN B| < 1. Further, by Lemma 3.7, A # ¢ and B # ¢. So
A # ¢ and B # ¢. We distinguish 2 cases according to |A N B].

Case 1: |[ANB| = 1. Put {u} = AN B. By Lemma 3.2(b) ¢,(GG — S) =
co(G[B—A])+co(G[A—B]) = |S|—2. By Lemma 3.5, |L| < 1. Further, by Lemma
3.2(c), each component of G[A — B] U G[B — A] is singleton. Thus, G[A — B] is a
clique, |Comz_g| = |A— B| and |Comp_a| = |B — A|. Since G is connected, it is
easy to see that if |[A — B| > r + 1, then G[A — B] = K|4_p| contains a vertex of



degree greater than r or G = K, is a graph of order less than p, a contradiction.
Hence, |A — B| <.

We first show that |Tp_4| > 2. Suppose to the contrary that |Tp_4| < 1.
Since G[B — A] contains only singleton components and |Lg| < |L| < 1, it follows
that |B — A| = |Comp_a| = |Tg_a|l + |Lg| < 2. Thus |B| = |B| = |B — A +
IBNA <3 <4< p—-r—1 By Lemma 3.3, Ty 5 contains no singleton
components. Thus T3 5 = ¢. Consequently, Comz 5 = T 53U Lz = Lg.
Therefore, |A— B| = |Lg| < 1 since G[A — B] contains only singleton components.
So |A| =|A =|A—-B|+|ANB| <2 < r. By Lemma 3.3, Tp_4 contains no
singleton components. So Tp_4 = ¢. Since T;_5 = ¢ and Tg_4 = ¢, it follows
that every odd component of G[A — B] U G[B — A] is in L. Because |L| < 1
and G[A — B] U G|B — A] contains only singleton components, it follows that
|A— B|+ |B — A] < 1. Hence, |S|=|A—B|+|ANB|+|ANB|+|B—-A] =
|A—B|+2|ANB|+|B—A| < 3 < 4, contradicting the fact that |S| > 4. Therefore,
[ Tp—al > 2.

Let D1,Dy € Tp_4. Since G[B — A] contains only singleton components,
D; = K, for1 <i<2. Put{v;} = V(D;). By Lemma 3.3, |A| > r. Consequently,
|A— B| >r—1. Because |[A—B| <r,r—1<|A—B| <r. Since G[A — B] is
clique, |[ANB| =1 and |T_4| > 2, it follows by Lemmas 3.4 (b) and (c) that
|A— Bl =r—1and |Tg_a| = 2. Thus |A| = |A— B|+ |AN B| = r. Because
r—1= ‘A—B‘ = ’Z—E‘ = |CO7’I’LZ?§| = ‘T27§|+|L§| < |T27§’—|—1, it follows that
|T5_5| > r—2 > 1. Thus T;_5 contains a singleton component. By Lemma 3.3,
|B| > p—r—1 > 4. Therefore, |B—A| = |B|—|BNA| > p—r—2 > 3. On the other
hand, |B—A| = |[Comp_a| = |Tp—a|+|Lg| < 3. Then |B—A| = |B—A| = 3. Thus
3= |Tp_a|+|Lag| =2+ |Lg|. It follows that L = Lg = {K;} and consequently
Lz = ¢. Since |A| = r, deggvi = deggvz = r and Ng(v1) = Ng(v2) C A, it
follows that Ng(v1) = Ng(vg) = A.

We now put {w} = V(K1) where K| € T;_5. Clearly, Ng(w) C B — {v1,09}
since v; and vy are adjacent to every vertex in A. Because |B| = |[B—A|+|ANB| =
341 =4, |Ng(w)| < |B| — [{t1,02}] = 2 thus G is t-regular where ¢ < 2. This
contradicts the fact that G is (p — r — 1)-regular where p —r — 1 > 4. Therefore,
Case 1 cannot occur.

Case 2: |[AN B| = 0. By Lemmas 3.2(a) and (b), |S| — 2 = ¢,(GG — S) <
¢o(G[A)) + co(G[B)) < [4] + |B| = |S|. By parity, ¢o(G[A]) + co(G[B]) = |S] or

co(GlA]) + ¢o(G[B]) = |S| — 2. We distinguish 2 cases.

Case 2.1 : ¢,(G[A]) + ¢o(G[B]) = |S| = |A| + |B|. Clearly, each component
of G[A]UG[B] is singleton. So G[A] = K|4). It is easy to see that if |A| > r +1,
then G[A] contains a vertex of degree greater than r or G[4] is a disconnected
component in G, a contradiction. Hence, |A| < r. By Lemmas 3.3 and 3.4(a),
Tp_ 4 contains no singleton components. Therefore, Tg_4 = ¢. Thus |Lg| = |B|.
Because ¢,(G[B]) + ¢,(G[A]) — co(GG — S) = |S| — (|S| — 2) = 2, by Lemma 3.5,
2 < |L| < 3. Since B # ¢ and |B| = |Lg| < |L|, it follows that 1 < |B| < 3.
Because |B| = |B| < 3 <4 < p—r —1, by Lemma 3.3, T; 5 contains no



singleton components. Thus Ty 5 = ¢. Hence, |Lg| = |A] = |A]. Therefore,
|L| = |Lg| + |Lg| = |B| + |A] = |S] and thus 2 < [S| < 3 since 2 < |L| < 3,
contradicting the fact that |S| > 4. Hence, Case 2.1 cannot occur.

Case 2.2 : ¢,(G[A]) + co(G[B]) = |S| —2 = |A| + |B| — 2. Put s = |S]. Tt is
easy to see that G[A] U G[B] contains all singleton components except exactly one
non-singleton component which is of order 2 or 3. Hence, G[A]UG|B] is isomorphic
to a graph in {(s —2)K; U Ko, (s —3)K1 U Ps, (s —3)K1 U K3}. If [A| > r+2 > 5,
then G[A] must contain a singleton component, say F, where V(F) = {u}. It
follows that degou > 7 + 1, a contradiction. Hence, |A| = [A] < r + 1. Since
co(G[A]) + ¢o(G[B]) — co(GG — S) = (]S] —2) — (|S| — 2) = 0, by Lemma 3.5,
|L| < 1. We distinguish 2 subcases according to the non-singleton component.

Subcase 2.2.1 : The only non-singleton component in G[A]JUG[B] is contained
in G[B]. So G[A] = |A|K; and G[A] = Kz = Kja). Clearly, |[A| < r otherwise
G[A] is a disconnected component in G. By Lemmas 3.3 and 3.4(a), Tp_4 contains
no singleton components. So every singleton component in G[B] is contained in
Lq. Since |Lg| < |L| <1, G[B] contains at most 1 singleton component. We first
show that T;_7 = ¢. Suppose this is not the case. Then there is K1 € T;_5 since
G[A] contains only singleton components. By Lemma 3.3, |B| = |B| > p—r—1 > 4.
Because G[B] contains a non-singleton component of order either 2 or 3 and at
most 1 singleton component, it follows that G[B] is isomorphic to a graph in
{Kl UP;, KqU Kg}. Thus ’B| = 4 and either Tg_4 = {Pg} or Tgp_4 = {Kg},
and Lg = {K;1}. Thus Lz = ¢. So Comy = Tz 5 U Lz = T;_ 5. Therefore,
each vertex of A is adjacent to every vertex of B since G is (p —r — 1)-regular and
p—r—12>4. It follows that there is no edge joining vertices of A and B. But
this contradicts the fact that Tg_4 # ¢. Hence, T;_5 = ¢ as required.

Therefore, Comz = Lg. Since |Lg| < |L| < 1 and [A] = |A| # 0, it follows
that [Com| = |Lg| = 1. Further, Lg = ¢ and G[A] = K. Thus Comp = Tp_4.
Because |A| = |A] = 1 < r < 3, by Lemma 3.3, Tp_4 contains no singleton
components. So G[B] contains no singleton components and G[B] is isomorphic to
a graph in {Ps, K3} since |B| = |S|—|A| > 3. Then GG[S] = G[A]UG|B] contains
a matching of size less than two, contradicting the fact that GG[S] contains a
matching of size at least two. Hence, Subcase 2.2.1 cannot occur.

Subcase 2.2.2 : The only non-singleton component in G[A]JUG[B] is contained
in G[A]. So G[B] = |B|K;. We first show that T_4 # ¢. Suppose this is
not the case. Then Tp_4 = ¢ and thus Comp = Tg_a U Lg = Lg. Since
B # ¢ and |Lg| + |Lg| = |L| < 1, it follows that |Lg| = 1 and |[Lg| = 0.
Consequently, |B| = 1 since G[B] = |B|K;. Because |B| = |B| =1<7r, T4 3
contains no singleton components by Lemma 3.3. Hence, G[A] contains exactly
one non-singleton component of order 2 or 3. Thus |A| = |A] < 3. Tt is easy
to see that GG[S] = G[A] U G[B] contains a matching of size at most one since
|B| = 1. This contradicts the fact that GG[S] contains a matching of size at least
two. Hence, Tp_4 # ¢. Further, |Tp_4| > |B| — 1 since |Lg| < |L| < 1 and
T4l +|Lol = |B:



Because G[B] = |B|K1, there exists K; € Tp_4. By Lemma 3.3, |[A| > r.
Sor < |A| < r+ 1. We first suppose that |A| = r + 1. Let F; be the non-
singleton component of order ¢ in G[A] and let Ay = V(F};). Then 2 < ¢ < 3 and
G[A] & (r+1—t)K; U Fy. Tt is easy to see that G[A] contains 7 + 1 — ¢ vertices
of degree r and each vertex of A; = Aj has degree, in G[A], at least r + 1 — ¢
and at most r — 1. Let {w} = V(K;) where Ky € Tp_4, then Ng(w) C Ay and
thus 3 < r = degg(w) <t < 3. It then follows that Ng(w) = Ay and t = r = 3.
Thus w is not adjacent to any vertex of A; and é[ﬂ] &~ K7 U F3. Further, each
vertex of A; has degree at least |Tp_a|+ 1= |B| — |Lg|+ 1 > |B] since |Lg| < 1.
Thus |B| < 3 since G is now 3-regular. Because G is (p — r — 1)-regular where
p—r—1> 4 and each vertex of V(F3) = A; has degree at most 3 in G[AU B] since
it must be adjacent to at most one vertex in B, it follows that F3 € L. Since
|Lz| < |L| < 1, the only singleton component, K1, of G[A] must be in T 5. By
Lemma 3.3, |B| > p—r — 1> 4. But this contradicts the fact that |B| = |B| < 3.
Therefore, |A| = r.

Consequently, for each w € V(K) where K1 € Tp_4, Ng(w) = A. Now let v €
A. Then degg(v) < |B|—|Tp-4a| = |B|—|Tp-a| = |Lg| < 1. Further, deg+(v) < 2
since each component of G[A] has order at most 3. Because G is (p—r — 1)-regular
where p — r — 1 > 4, v is adjacent to some vertex of C. Consequently, each odd
component of G[A] is contained in L. Because |[A| = |A| =r > 3, G[A] contains
a non-singleton component of order either 2 or 3 and |Lg| < |L| < 1, it follows
that ¢,(G[A]) = 1. Therefore, G[A] is isomorphic to a graph in {K; U Ky, P3, K3}.
Hence, r = |A| = 3, |L| = |Lg| = 1, Comp = Tp_4 = {|B|K1}. Further, for
r € B,y € A, Ng(z) = A and degg(y) =r =3 > |B| =|B|.

We first suppose that G[A] = K3. Then G[A] is independent and thus G|[B]
must contain a matching of size at least two since GG[S] contains a matching of size
at least two. So |B| = |B| > 4. But this contradicts the fact that |B| = |B| < 3.
Hence, G[A] # K. Therefore, G[A] is isomorphic to a graph in {P3, K1 U Ks}.
In either case, G[A] contains a maximum matching of size one. Then 2 < |B| < 3
since GG[A U B] contains a matching of size at least two.

We now suppose that G[A] = K; U K. Then G[A] = P; and then the vertex
of degree two in P53 has degree, in G, greater than r = 3, again a contradiction.
Hence, G[A] # K; U Ky. Consequently, G[A] = P3 and then G[A] & K; U K».
Clearly, |B| # 3 otherwise G[A] contains a vertex of degree greater than r = 3.
So |B| = 2 and thus G[A U B] contains the graph F' in Figure 1 as an induced
subgraph. But this contradicts our hypothesis that G is 3-regular F-free graph.
This completes the proof of our theorem. O

It is clear that a connected 3-regular graph containing F', in Figure 1, as an
induced subgraph contains v as a cut vertex. So 2-connected 3-regular graphs are
F-free. The next corollary follows by this fact and Theorem 3.10.

Corollary 3.11. If G is a 2-connected r-regular graph of order p > 2r + 1, for
r >3, then GG is 2-extendable. [l
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According to Theorems 2.6 and 3.10, we have the following theorem.

Theorem 3.12. If each component G; of G is 3-reqular F'-free of order at least 8
where F is the graph in Figure 1 or ro-regular of order at least 2ro +1 > 9, then
GG is 2-extendable.

We conclude our paper by posing following problem.

Problem : Establish sufficient condition for a complementary prism of r-
regular graphs to be k-extendable for r > k > 3.
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