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Abstract 
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We  propose another proof of  the homogenization study of  a quasilinear  

elliptic boundary value problem by Bellieud and Bouchitte, and the homogenization 

study of a linear elliptic boundary valued problem by Bellieud and Gruais.  Both 

problems are setting in a cylindrical domain with periodic structure of fiber in which the 

data takes high value. By studying the variational convergence of the energy functional 

in both two problems, we expect that this technique can be treated in a more general 

geometrical and physical cases. The energy functional is applied in a suitable Sobolev 

spaces which is related to distribution theory. In distribution frame work, We finally 

calculate a particular composition of distributions of delta functional using neutrix 

calculus.  

 
Keywords: homogenization, variational convergence, distribution, neutrix 
 



สารบัญ

1 Executive Summary 1

1.1 Rationale . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.3 Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.4 Discussion and Conclusion . . . . . . . . . . . . . . . . . . . . . . . 2

2 Research Content 5

2.1 Homogenization of Quasilinear Elliptic Problem (Scalar Case) . . . 5

2.1.1 An Alternative Strategy . . . . . . . . . . . . . . . . . . . . 8

2.1.2 Proof of Proposition 2.1.3 . . . . . . . . . . . . . . . . . . . 13

2.1.3 The Final Result . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Homogenization of Linear Elliptic Problem (Vector Case) . . . . . . 15

2.2.1 An Alternative Strategy . . . . . . . . . . . . . . . . . . . . 17

2.2.2 Proof of Proposition 2.2.3 . . . . . . . . . . . . . . . . . . . 21

2.3 Neutrix Composition on Delta Functional . . . . . . . . . . . . . . . 24

3 Output of the Project 35

4 Appendix 37

Paper Published 41



ii สารบัญ



บทที่ 1

Executive Summary

1.1 Rationale

Looking at new matials such as smart materials and nano materials being used
in current technology, we find that sometimes it is difficult to explained such
materials under the classical Cauchy continuum frame work. Therefore, there
is an attempt to interpret them with an introduction of generalized continuum
medium. However, theories to support a new medium is still in the research
level. In our work, we are interested in a composite material with Cacuhy
continuum medium but with a structure leading to a generalized continuum
under homogenization. We investigate the work of Bellieud and Bouchitté
in quasilinear elliptic boundary value problem (scalar case), and the work of
Bellieud and Gruais in linear elliptic boundary valued problem (vector case). We
reprove their results using a variational convergence technique. This technique
is used to investigate a sequence of functional in a suitable Sobolev space which
is supported by a distribution theory. We finally compute a certain distribution
composition of delta functional by neutrix calculus.

1.2 Objective

The objectives of this project are as follows:

1. To use a mathematical technique to prove an existence of generalized
continuum.
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2. To propose a different proof of Bellieud and Bouchitté using a technique
of variational convergence.

3. To propose a different proof of Bellieud and Gruais using a technique of
variational convergence.

4. To calculate a certain distribution composition of delta functional.

1.3 Result

1. We propose another proof of results using a variational convergence.
(See chapter 2.1).

2. We propose another proof of results using a variational convergence.
(See chapter 2.2).

3. We investigate a certain composition of distribution on delta functional. If
we let F be a distribution in D′ and let f be a locally summable function.
The composition F (f(x)) of F and f is said to exist and be equal to the
distribution h(x) if the neutrix limit of the sequence {Fn(f(x))} is equal to
h(x), where Fn(x) = F (x) ∗ δn(x) for n = 1, 2, . . . and {δn(x)} is a certain
regular sequence converging to the Dirac delta functional. We prove that
the neutrix composition δ(s)[lnr(1 + x

1/r
+ )] exists and

δ(s)[lnr(1+x1/r
+ )] =

s∑
k=0

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)(r+1)k+r+s+i−1s!(i+ 1)sr+r−1

2(sr + r − 1)!k!
δ(k)(x)

for s = 0, 1, 2, . . . and r = 1, 2, . . . . Further results are also proved (See
chapter 2.3).

1.4 Discussion and Conclusion

1. The analysis in chapter 2.1 can be easily extended to the case when φp

is replaced by any strictly convex function which satisfies

∃M > 0, ∃ r ∈ (1, p) ; |W (ξ)− φp(ξ)| ≤M |ξ|r ∀ ξ ∈ R3,

(1.4.1)
the density function associated with Φ(u, v) becomes

W (∇u) + 2πγ|v − u|p +W

(
∂v

∂x3

)
.
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Indeed, (1.4.1) and Hölder inequality imply∣∣∣∣∫
Bε

W (∇uε) dx−
∫

Bε

φp(∇uε) dx
∣∣∣∣ ≤M |Bε|1−

r
p

∫
Ω

|∇uε|p dx,

while our arguments and those of [7] to derive the upper bound and lower
bound respectively are valid when φp is replaced by any convex function
satisfying a growth condition like

∃α, β > 0 ; α(|ξ|p − 1) ≤W (ξ) ≤ β(1 + |ξ|p) ∀ ξ ∈ R3,

which is an obvious consequence of (1.4.1).

Eventually, the key arguments of our analysis are the identification of γ, θε

in terms of the solution of capacitary problems and the use of the p-positive
homogeneity and convexity of φp and of the fact that φp(ξ) ≥ φp(ξ̂). Thus,
it is easy to guess what could be Φ(u, v), when φp is replaced by any
strictly convex function and when the cross sections of the fibers are
smooth star-shaped domains of R2. We hope that our proposed strategy
will be able to reduce and overcome the involved technical difficulties.

2. Here was presented another proof of a result of [4] concerning the
homogenization of a cylindrical fibered structure. Instead of passing to
the limit on a formulation of the problem in terms of variational equality
through appropriate sequence of oscillating test fields, we study the
variational convergence of the energy functional. Hence, the ingredients
in the construction of the appropriate oscillating test fields are clearly
justified as providing the “best" upper bound. Thus, it seems possible
to consider a more general cross section for the fibers (say rε4 with
∂4 smooth enough) and a more general quadratic bulk energy density
WM for the matrix in the extent where the solutions θα

ε of the involved
capacitary problems

min


∫

(−ε,ε)2
WM (e(ϕ)) dx̂

∣∣∣∣∣∣∣∣
ϕ ∈ H1((−ε, ε)2,R3),

ϕ(x̂) = eα on rε4,
ϕ(x̂) = 0 on (−ε, ε)2 \D(0, Rε).


are such that

i) ∃wcapM ∈ S3 such that (wcapM )αβ = limε→0 ε
−2
∫
(−ε,ε)2

wM (e(θα
ε ), e(θβ

ε )) dx̂,

ii) limε→0

∫
εi+rε∂4W

′
M (e(θα

ε )) ·(uε− ¯̄uε) dl = limε→0

∫
∂Di

Rε

W ′
M (e(θα

ε )) ·
(uε − ūε) dl = 0.
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3. In the theory of distributions, many arguments show that no meaning can
be generally given to expressions of the form F (f(x)), where F is a
distribution and f is a locally summable function. Using the concepts of a
neutrix and neutrix limit due to van der Corput [8], Fisher gave a general
principle for the discarding of unwanted infinite quantities from asymptotic
expansions. This has been exploited in the context of distributions,
particularly in connection with the composition of distributions, see [9, 10].
With Fisher’s definition, we are able to obtain one particular composition
of distribution involving delta functional which is of crucial in applications.
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Research Content

2.1 Homogenization of Quasilinear Elliptic Problem
(Scalar Case)

Let p ∈ (1,+∞), we consider the homogenization of the elliptic problem

−div σε = f, σε = aε |∇uε|p−2∇uε on Ω

uε = u0 on Γ0

σε · n = g on Γ1

(2.1.1)

where Ω := ω × (0, L) with L > 0 and ω is a bounded domain of R2 with
smooth boundary and containing the origin of coordinates. The homogenization
study of (2.1.1) consists in examining the behavior of the sequence of the
solution (uε) as ε tends to zero. The conductivity coefficient aε is ε-periodic
and satisfies a uniform lower bound, Γ0 is an open subset of ∂Ω with Hausdorff
measure H2(Γ0) strictly positive, Γ1 = ∂Ω\Γ0, and n is the unit exterior normal
on ∂Ω. The boundary data u0 is Lipschitz, while (f, g) ∈ Lp′(Ω) × Lp′(Γ1),
p′ = p/(p− 1).

The problem (2.1.1) is related to the minimization problem

(Pε) min
{
Fε(w)− L(w) : w ∈W 1,p

Γ0
(Ω)
}
,
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where

W 1,p
Γ0

(Ω) :=
{
w ∈W 1,p(Ω) : w = u0 on Γ0

}
,

Fε(w) :=
∫

Ω

aεφp(∇w) dx,

φp(ξ) :=
1
p
|ξ|p, ∀ ξ ∈ Rn, n = 1, 2, 3,

L(w) :=
∫

Ω

fw dx+
∫

Γ1

gw dH2. (2.1.2)

We are interested in the asymptotic behavior of (Pε) as ε→ 0. We present
another proof of a study of Bellieud and Bouchitté [7] that we expect to be more
suitable to treat more general geometrical and physical cases.

The bases of the cylindrical domain Ω are denoted by ω0 = ω × {0} and
ωL = ω × {L}. For each ε, we consider a periodic distribution of cells (Y i

ε )i∈Iε

such that Y i
ε := (εi1, εi2) + (−ε/2, ε/2)2, and Iε :=

{
i ∈ Z2 : Y i

ε ⊂ ω
}
. Let

(Di
rε

)i∈Iε
be the family of disks of R2 centered at x̂i

ε := (εi1, εi2) of radius
rε � ε, T i

ε := Di
rε
×(0, L) and Tε := ∪i∈Iε

T i
ε . The set of thin parallel cylinders Tε

represents the fibers (see Figure 2.1 and Figure 2). The conductivity coefficient
aε is

aε(x) =

{
1 if x ∈ Ω\Tε,

λε otherwise.
We make the assumptions

rε → 0,
rε
ε
→ 0, λε → +∞, kε := λε

r2ε
ε2
→ k, k ≥ 0 as ε→ 0.

(2.1.3)

In [7], it was shown that the asymptotic limit of (Pε) is

min
{
Φ(u, v)− L(u) : (u, v) ∈ (Lp(Ω))2

}
,

where

Φ(u, v) =



∫
Ω
φp(∇u) dx+ kπ

p

∫
Ω

∣∣∣ ∂v
∂x3

∣∣∣p dx+ 2πγ
p

∫
Ω
|v − u|p dx,

if

(u, v) ∈W 1,p
Γ0

(Ω)× Lp(ω,W 1,p(0, L)),

v = u0 on Γ0 ∩ (ω0 ∪ ωL),

+∞ otherwise,
(2.1.4)

and

[0,+∞] 3 γ =

 lim
ε→0

ε−2| log rε|−1 if p = 2,

lim
ε→0

∣∣∣ 2−p
p−1

∣∣∣p−1

r2−p
ε ε−2 if p 6= 2.

(2.1.5)
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Ω

HH
HHHY

ω0

6

?

L

�
����

ωL
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���*

HH
HHH

HHj

Tε

รูปที่ 2.1: the domain Ω = ω × (0, L) occupied by a composite material

� ε -

&%
'$

&%
'$

&%
'$

Di
rε

Y i
ε

?

rε

รูปที่ 2.2: the circular cross section of the fiber, Y i
ε ⊂ ω

Here, the boundary data u0 is assumed to be Lipschitz in order to ensure that
the infimum value of problem (Pε) remains finite as ε → 0. In case k = +∞,
we add further assumption

kεrε → 0, as ε→ 0. (2.1.6)

The conditions

k > 0 and { γ > 0 or ω0 ⊂ Γ0 or ωL ⊂ Γ0 } (2.1.7)

guarantee that the functional Φ is coercive in W 1,p(Ω)× Lp(ω,W 1,p(0, L).

We are concerned with the extension of this result to more general cross
sections of the fibers and more general energy density than φp. The aim of this
paper is therefore to provide another proof that we expect to be more suitable
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to treat such general cases. The steps of the proof in [7] are to successively
establish:

(i) a compactness property of the sequence (uε) such that Fε(uε) < C,

(ii) a lower bound inequality of the sequence (Fε(uε)),

(iii) an upper bound inequality of the sequence (Fε(uε)).

Here we replace the steps (ii) and (iii) by

(ii′) an upper equality of the sequence (Fε(uε)),

(iii′) a lower bound inequality of the sequence (Fε(uε)) which essentially uses
a subdiffenrential inequality.

2.1.1 An Alternative Strategy

It consists, under (2.1.3), (2.1.5), (2.1.6) and (2.1.7), in proving the following
three propositions. In the sequel, the symbols →, ⇀ and ∗

⇀ stand for the
strong convergence, the weak convergence and the weak star convergence,
respectively. As usual, the letter C denotes various constants and for all
ξ = (ξ1, ξ2, ξ3) in R3, ξ̂ stands for (ξ1, ξ2).

Proposition 2.1.1 (compactness property). Let (uε) be a sequence such that
supFε(uε) is finite. Then (uε) is strongly relatively compact in Lp(Ω) and (vε),
given by vε := |Ω|

|Tε|1Tε
uε, is bounded in L1(Ω) and, up to a subsequence, (vε)

weakly* converges in the space of bounded measures Mb(Ω) to an element v of
Lp(Ω).

Proposition 2.1.2 (upper bound equality). For all (u, v) in (Lp(Ω))2, such that
Φ(u, v) < +∞, there exists a sequence (uε) such that uε → u in Lp(Ω), vε

∗
⇀ v

in Mb(Ω) and
lim
ε→0

Fε(uε) = Φ(u, v).

Proposition 2.1.3 (lower bound inequality). For all u in Lp(Ω) and for all se-
quences (uε) such that uε → u in Lp(Ω), vε

∗
⇀ v in Mb(Ω), one has:

lim inf
ε→0

Fε(uε) ≥ Φ(u, v).

The proofs of these propositions are presented in the following sections.
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Proof of Proposition 2.1.1

Compactness property was already proved in [7].

Proof of Proposition 2.1.2

Our sole contribution is to prove that we can replace inequality by equality,
for that we use the same approximation u′ε of u as in [7]

u′ε = (1− θε)u+ θεwε.

The function θε is first defined on the closure of ωε := ∪i∈Iε
Y i

ε as a (−ε/2, ε/2)2-
periodic continuous function which satisfies 0 ≤ θε ≤ 1, θε = 1 on Dε :=
∪i∈IεD

i
rε
, θε = 0 on ωε\ ∪i∈Iε D

i
Rε
, where Di

Rε
is the disk of R2 centered at x̂i

ε

of radius Rε such that rε � Rε � ε. Next θε is assumed to vanish on ω\ωε and

wε(x̂, x3) =
∑
i∈Iε

(
1

|Di
rε
|

∫
Di

rε

v(ŷ, x3) dŷ

)
1Y i

ε
(x̂).

The approximation u′ε does not satisfy the boundary condition on Γ0 ∩ (ω0 ∪ωL)
so that, as in [7], we introduce a sharper approximation

u#
ε := uϕε + u′ε(1− ϕε).

Here ϕε is a C∞(Ω) function which satisfies ϕε = 1 on Γ0, ϕε = 0 on Ω\Σε,
|∇ϕε| ≤ C/rε on Ω where Σε := {x ∈ Ω : dist(x,Γ0) < rε} . We assume that u
and v are Lipschitz on Ω and there exists L > 0 such that∣∣∣∣ ∂v∂x3

(x̂′, x3)−
∂v

∂x3
(x̂′′, x3)

∣∣∣∣ < L|x̂′ − x̂′′| ∀ (x̂′, x3), (x̂′′, x3) ∈ Ω. (2.1.8)

Letting Ψ be any continuous function on Ω such that 0 ≤ Ψ ≤ 1, we introduce
FΨ

ε , ΦΨ defined by similar formulae as the ones of Fε and Φ but with Ψ dx in
place of dx. We will prove the lemma:

Lemma 2.1.4.
lim
ε→0

FΨ
ε (u′ε) = ΦΨ(u, v).

If Lemma 2.1.4 is proved, then, by a classical approximation process, we
can deduce

lim
ε→0

Fε(u′ε) = Φ(u, v). (2.1.9)

Finally, we complete the proof of (2.1.9) for any (u, v) such that Φ(u, v) < +∞
by approximation and diagonalization arguments.
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Proof. We split FΨ
ε (u′ε) in three parts

FΨ
ε (u′ε) = FΨ1

ε (u′ε) + FΨ2
ε (u′ε) + FΨ3

ε (u′ε). (2.1.10)

First, we consider

FΨ1
ε (u′ε) :=

∫
Ω\Bε∪Tε

φp(∇u′ε)Ψ dx =
∫

Ω\Bε∪Tε

φp(∇u)Ψ dx,

where Bε := ∪i∈εIεD
i
Rε
\Di

rε
× (0, L). Hence, the assumption Rε � ε yields

limε→0 |Bε ∪ Tε| = 0 and, consequently,

lim
ε→0

FΨ1
ε (u′ε) =

∫
Ω

φp(∇u)Ψ dx.

Next, we pay attention to

FΨ2
ε (u′ε) :=

∫
Bε

φp(∇u′ε)Ψ dx.

Writing
zε := (v − u)∇̂θε, (2.1.11)

we obtain
∇u′ε = zε + (wε − v)∇θε + (1− θε)∇u+ θε∇wε.

Let us show
lim
ε→0

∫
Bε

(φp(∇u′ε)− φp(zε))Ψ dx = 0. (2.1.12)

The function φp, being convex and positively homogeneous of degree p, satisfies

∀ ξ, η ∈ Rn, n = 1, 2, 3, |φp(ξ)− φp(η)| ≤ C|ξ − η|(|ξ|p−1 + |η|p−1). (2.1.13)

Therefore, Hölder inequality yields∣∣∣∣∫
Bε

(φp(∇u′ε)− φp(zε))Ψ dx

∣∣∣∣ ≤ C

(∫
Bε

|∇u′ε − zε|p dx
) 1

p
(∫

Bε

|∇u′ε|p dx+
∫

Bε

|zε|p dx
) 1

p′

.

The smoothness of (u, v) implies

u′ε = u on Ω\(Bε ∪ Tε), |u′ε| ≤ C on Ω, |∇wε| ≤ C on Bε,

u′ε = wε on Tε, |wε − v| ≤ CRε on Bε,

}
(2.1.14)

so that ∫
Bε

|∇u′ε|p dx+
∫

Bε

|zε|p dx ≤ Cε−2

∫
D(rε,Rε)

φp(∇̂θε) dx̂,
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∫
Bε

|∇u′ε − zε|p dx ≤ CRp
εε
−2

∫
D(rε,Rε)

φp(∇̂θε) dx̂,

where D(rε, Rε) =
{
x̂ ∈ R2 : rε < |x̂| < Rε

}
. Hence, if we choose θε such that

∃M > 0 ; ε−2

∫
D(rε,Rε)

φp(∇̂θε) dx̂ ≤M ∀ ε > 0, (2.1.15)

then (2.1.12) is true. We finally have

lim
ε→0

FΨ2
ε (u′ε)

= lim
ε→0

∫
Bε

φp(zε)Ψ dx

= lim
ε→0

∫
Bε

|v − u|pφp(∇̂θε)Ψ dx

= lim
ε→0

∫
D(rε,Rε)

φp(∇̂θε) dx̂
∫ L

0

∑
i∈Iε

|v − u|p(ŷi
ε, x3)Ψ(ŷi

ε, x3) dx3 (with ŷi
ε ∈ Y i

ε )

= lim
ε→0

ε−2

∫
D(rε,Rε)

φp(∇̂θε) dx̂
∫ L

0

∑
i∈Iε

|Y i
ε ||v − u|p(ŷi

ε, x3)Ψ(ŷi
ε, x3) dx3.

Observe that limε→0

∫ L

0

∑
i∈Iε

|Y i
ε ||v−u|p(ŷi

ε, x3)Ψ(ŷi
ε, x3) dx3 =

∫
Ω
|v−u|pΨ dx.

To get the lowest upper bound in Proposition 2.1.2, it is clear that θε has to be
the solution of the capacitary problem

(Pcap
ε ) min


∫

D(rε,Rε)

φp(∇̂ϕ) dx̂ :
ϕ ∈W 1,p(D(rε, Rε)),
ϕ(x̂) = 1 on |x̂| = rε,

ϕ(x̂) = 0 on |x̂| = Rε.


As observed in [7], we have

θε =

{
log Rε−log |x̂|
log Rε−log rε

if p = 2,
Rs

ε−|x̂|
s

Rs
ε−rs

ε
if p 6= 2 (s = p−2

p−1 )

and ∫
D(rε,Rε)

φp(∇̂θε) dx̂ =
2π
p

Γp(rε, Rε),

where Γp(rε, Rε) :=

{
1

log Rε−log rε
if p = 2,

( s
Rs

ε−rs
ε
)p−1 if p 6= 2 (s = p−2

p−1 ).
Note that

lim
ε→0

ε−2Γp(rε, Rε) = γ.

If γ < +∞, then (2.1.15) is satisfied and

lim
ε→0

FΨ2
ε (u′ε) =

2πγ
p

∫
Ω

|v − u|pΨ dx.
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When γ = +∞, it suffices to prove that limε→0 F
Ψ2
ε (u′ε) = 0. Due to (2.1.14), the

result is a consequence of FΨ2
ε (u′ε) ≤ CRp

εε
−2Γp(rε, Rε), which tends to zero.

Now, we consider the remaining part

FΨ3
ε (u′ε) :=

∫
Tε

λεφp(∇wε)Ψ dx.

Recalling the assumption (2.1.8) on v and using the local Lipschitz property
(2.1.13), we deduce

lim
ε→0

FΨ3
ε (u′ε) = lim

ε→0

1
|Tε|

∫
Tε

λεφp

(
∂v

∂x3

)
Ψ dx

=
kπ

p

∫
Ω

∣∣∣∣ ∂v∂x3

∣∣∣∣p Ψ dx,

as shown in [7].

Now, we will prove the upper bound equality by using the sharper approxi-
mation (u#

ε ). We start with

Fε(u#
ε ) =

∫
Σε

aεφp(∇u#
ε ) dx+

∫
Ω\Σε

aεφp(∇u′ε) dx. (2.1.16)

Conditions (2.1.14) imply |u′ε − u| ≤ C(rε1Tε
+Rε1Bε

). Hence∫
Σε

aεφp(∇u#
ε ) dx ≤ C

(
|Σε|+

∫
Σε

aε(x)|∇u′ε|p dx+ λε|Tε ∩ Σε|+
(
Rε

rε

)p

|Σε|
)
.

Lemma 2.1.4 implies that for every Ψ ∈ C0(Ω, [0, 1]), such that Ψ = 1 on a
small neighborhood of Γ0 ∩ (ω0 ∪ ωL),

lim sup
ε→0

∫
Σε

aεφp(∇u#
ε ) dx ≤ lim sup

ε→0

∫
Ω

aεφp(∇u′ε)Ψ dx

=
∫

Ω

(
φp(∇u) +

kπ

p

∣∣∣∣ ∂v∂x3

∣∣∣∣p +
2πγ
p
|v − u|p

)
Ψ dx.

Thus, by letting Ψ tend to zero, we deduce

lim
ε→0

∫
Σε

aεφp(∇u#
ε ) dx = lim

ε→0

∫
Σε

aεφp(∇u′ε) dx = 0,

and

lim
ε→0

∫
Ω\Σε

aεφp(∇u′ε) dx = lim
ε→0

(∫
Ω

aεφp(∇u′ε) dx−
∫

Σε

aεφp(∇u′ε) dx
)

=
∫

Ω

φp(∇u) +
kπ

p

∣∣∣∣ ∂v∂x3

∣∣∣∣p +
2πγ
p
|v − u|p dx,

which proves the result for (u, v) smooth. We complete the proof by a standard
approximation of (u, v) and a diagonalization argument [6].
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2.1.2 Proof of Proposition 2.1.3

It is enough to consider lim infε Fε(uε) < +∞. Due to the compactness
property, (u, v) is in (Lp(Ω))2. We first consider the term F 2

ε (uε). Let (uη, vη)
be Lipschitz on Ω such that limη→0 ‖uη−u‖Lp(Ω) +‖vη−v‖Lp(Ω) = 0.We define
(vη − uη)ε :=

∑
i∈Iε

(vη − uη)(x̂i
ε, x3)1Y i

ε
and zηε := (vη − uη)ε∇̂θε. Because of

the local Lipschitz property (2.1.13) of φp and (u, v) ∈ (Lp(Ω))2, Hölder inequality
implies

lim
ε→0

∫
Bε

φp(zηε)− φp(zε) dx = 0.

The proof of the upper bound equality allows us to write

lim
ε→0

φp(zηε) =
2πγ
p

∫
Ω

|vη − uη|p dx.

The convexity of φp and the fact that φp(∇uε) ≥ φp(∇̂uε) yield

lim inf
ε→0

F 2
ε (uε) ≥ lim inf

ε→0

∫
Bε

φp(∇̂uε) dx

≥ lim inf
ε→0

∫
Bε

φp(zηε) dx

+ lim inf
ε→0

∫
Bε

φ′p(zηε) · (∇̂uε − zηε) dx. (2.1.17)

The very definition of φp implies

φ′p(ξ) = |ξ|p−2ξ ∀ ξ ∈ Rn, n = 1, 2, 3,

φ′p(tξ) = φ′p(t)φ
′
p(ξ) ∀ (t, ξ) ∈ R× Rn, n = 1, 2, 3,

φ′p(ξ) · ξ = pφp(ξ) ∀ ξ ∈ Rn, n = 1, 2, 3.

Hence

lim
ε→0

∫
Bε

φ′p(zηε) · zηε dx = 2πγ
∫

Ω

|vη − uη|p dx. (2.1.18)

For the other term of (2.1.17), we have

∫
Bε

φ′p(zηε)·∇̂uε dx =
∑
i∈Iε

∫ L

0

φ′p(vη−uη)(x̂i
ε, x3)

∫
Di(rε,Rε)

φ′p(∇̂θε)·∇̂uε dx̂ dx3,



14 Research Content

where Di(rε, Rε) = Di
Rε
\Di

rε
. Let ν be the outer normal on ∂Di(rε, Rε), the

very definition of θε as a solution of (Pcapε ) yields∫
Di(rε,Rε)

φ′p(∇̂θε) · ∇̂uε dx̂ =
∫

∂Di(rε,Rε)

(φ′p(∇̂θε) · ν)uε dl

=
∫

∂Di
Rε

(φ′p(∇̂θε) · ν)uε dl +
∫

∂Di
rε

(φ′p(∇̂θε) · ν)uε dl

= −ũi
ε

∫
∂Di

rε

(φ′p(∇̂θε) · ν) dl + ṽi
ε

∫
∂Di

rε

(φ′p(∇̂θε) · ν)uε dl

where ũi
ε :=

R
∂Di

Rε

(φ′p(b∇θε)·ν)uε dlR
∂Di

rε
(φ′p(b∇θε)·ν) dl

= 1
2πRε

∫
∂Di

Rε

(φ′p(∇̂θε)·ν)uε dl, ũε :=
∑

i∈Iε
ũi

ε1Y i
ε
,

ṽi
ε :=

R
∂Di

rε
(φ′p(b∇θε)·ν)vε dlR

∂Di
rε

(φ′p(b∇θε)·ν) dl
= 1

2πrε

∫
∂Di

rε

(φ′p(∇̂θε) · ν)vε dl, ṽε :=
∑

i∈Iε
ṽi

ε1Y i
ε
.

Thus, ∫
Di(rε,Rε)

φ′p(∇̂θε) · ∇̂uε dx̂ = (ṽi
ε − ũi

ε)
∫

∂Di
rε

(φ′p(∇̂θε) · ν) dl

= (ṽi
ε − ũi

ε)
∫

Di(rε,Rε)

φ′p(∇̂θε) · ∇̂θε dx̂

= 2πΓp(rε, Rε)(ṽi
ε − ũi

ε),

and ∫
Bε

φ′p(zηε) · ∇̂uε dx = 2πΓp(rε, Rε)
∫

Ω

φ′p((vη − uη)ε)(ṽε − ũε) dx.

It was shown in [7] that (ṽε − ũε) ⇀ (v − u) in Lp(Ω). On the other hand,
(vη−uη) being smooth and φ′p being continuous from Lp(Ω) to Lp′(Ω), we have
φ′p((vη − uη)ε) → φ′p(vη − uη) in Lp′(Ω). Hence,

lim
ε→0

∫
Bε

φ′p(zηε) · ∇̂uε dx = 2πγ
∫

Ω

φ′p(vη − uη)(v − u) dx. (2.1.19)

Therefore, (2.1.17), (2.1.18) and (2.1.19) imply

lim inf
ε→0

F 2
ε (uε) ≥ 2πγ

p

∫
Ω

|vη − uη|p dx

+2πγ
[∫

Ω

|vη − uη|p dx−
∫

Ω

φ′p(vη − uη)(v − u) dx
]
.

The expected lower bound for F 2
ε (uε) is obtained by letting η tend to zero.

To complete the proof it suffices to use the arguments of [7] concerning the
lower bounds for F 1

ε (uε), F 3
ε (uε) and the fact that v belongs to Lp(ω,W 1,p(0, L)).
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2.1.3 The Final Result

The following theorem, a convergence result for the minimizer of (Pε), is
a standard consequence of the previous three propositions.

Theorem 2.1.5. Let the assumptions (2.1.3) and (2.1.5) hold with (k, γ) ∈ (0,+∞).
Then the unique solution uε of (Pε) converges weakly in W 1,p(Ω) to the unique
solution u of the problem

min {min {Φ(u, v)− L(u) : v ∈ Lp(Ω)} : u ∈ Lp(Ω)} ,

where Φ and L are defined by (2.1.4) and (2.1.2) respectively.

Proof. The proof of this theorem is the same as that in [7].

2.2 Homogenization of Linear Elliptic Problem (Vec-
tor Case)

We intend to study the macroscopic behavior of a cylindrical micro-fibered
structure made of a linearly isotropic elastic matrix surrounding a periodic
distribution of very thin linearly isotropic elastic fibers of very high stiffness. As
usual, we make no difference between the real physical space and R3 whose an
orthonormal basis is denoted by {eα} and, for all ξ = (ξ1, ξ2, ξ3) of R3, ξ̂ stands
for (ξ1, ξ2). Let ω a bounded domain of R2, containing the origin, with a Lipschitz
continuous boundary ∂ω and L a positive number so that Ω := ω × (0, L) is a
reference configuration of the fibered structure.

For each ε > 0, (Y i
ε ) ∈ Iε, where Y i

ε := (εi1, εi2) + (−ε/2, ε/2)2 and Iε :={
i ∈ Z2 | Y i

ε ⊂ ω
}
, denotes a periodic distribution of cells. Let (Di

rε
)i∈Iε

the family of disk of R2 centered at x̂i
ε := (εi1, εi2) of radius rε � ε, and

T i
ε := Di

rε
× (0, L). The set Tε := ∪i∈Iε

T i
ε of thin parallel cylinders is the domain

occupied by the fibers.

The Lamé coefficients λε and µε of the structure are such that

λε(x) =

λ0 > 0, if x ∈ Ω \ Tε

λε1, if x ∈ Tε

, µε(x) =

µ0 > 0, if x ∈ Ω \ Tε

µε1, if x ∈ Tε.

The structure is clamped on the part Γ0 := ω × {0, L} of the boundary ∂Ω of
Ω, subjected to body forces of density f and to surface forces of density g on
Γ1 := ∂Ω \ Γ0.
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The problem of finding the equilibrium configuration of the structure reads
as 

−div σε = f in Ω,

σε := λε tr e(uε)I + 2µεe(uε), e(uε) = (∇u)s := 1
2 (∇uε +∇uT

ε ),

uε = 0 on Γ0,

σεn = g on Γ1.

(2.2.1)
where uε, σε denote the displacement and stress fields and n is the unit outward
normal. It is well-known that if λε1, µε1 > 0, f ∈ L2(Ω,R3), g ∈ L2(Γ1,R3),
then the problem, which can also be written

(Pε) min
{
Fε(w)− L(w) | w ∈ H1

Γ0
(Ω,R3)

}
, (2.2.2)

where

Fε(w) :=
∫

Ω

Wε(e(w)) dx, L(w) :=
∫

Ω

f · w dx−
∫

Γ1

g · w ds,

and

Wε(e) :=
1
2
λε tr2 e+ µε|e|2, ∀e ∈ S3 the space of symmetric 3× 3 matrices,

H1
Γ0

(Ω,R3) = { v ∈ H1(Ω,R3) | v = 0 on Γ0 }

has a unique solution ūε.

To determine the macroscopic (or efficient) behavior of the micro-fibered
structure, we aim to study the asymptotic behavior of ūε when ε goes to zero.
Let

kε := µε1
|Tε|
|Ω|

, lε :=
λε1

µε1
,

and assume that, as ε→ 0,

rε → 0,
rε
ε
→ 0, λε1 → +∞, µε1 → +∞,

kε → k ∈ [0,+∞], r2εkε → κ ∈ [0,+∞], lε → l ∈ [0,+∞),

(ε2| ln rε|)−1 → γ ∈ [0,+∞).

(2.2.3)

Let 1Tε the characteristic function of Tε and Mb(Ω,R3) the space of bounded
R3-valued measures in Ω, it was proven in [4] that, as ε tends to zero, ūε weakly
converges in H1(Ω,R3) toward ū and v̄ε := |Ω|

|Tε| ūε1Tε
weakly* converges in

Mb(Ω,R3) toward an element v̄ of L2(Ω,R3) solving

(Phom) min
{
Φ(u, v)− L(u) | (u, v) ∈ L2(Ω,R3)2

}
,
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with

Φ(u, v) =



∫
Ω

W0(e(u)) dx

+ µ0πγ

∫
Ω

(v − u)T


χ+1

χ 0 0

0 χ+1
χ 0

0 0 1

 · (v − u) dx

+
1
2

3l + 2
2(l + 1)

k

∫
Ω

∣∣∣∣ ∂v3∂x3

∣∣∣∣2 dx
+

1
2

3l + 2
2(l + 1)

κ

4

∫
Ω

∣∣∣∣∂2v1
∂x2

3

∣∣∣∣2 +
∣∣∣∣∂2v2
∂x2

3

∣∣∣∣2 dx,

if (u, v) ∈ D,

+∞, otherwise,

and

W0(e(u)) :=
1
2
λ0 tr2 e(u) + µ0|e(u)|2, χ :=

λ0 + 3µ0

λ0 + µ0
,

D := H1
Γ0

(Ω,R3)×
{
v ∈ L2(ω,H2

0 (0, L; R3))
∣∣∣∣ ∂v1∂x3

=
∂v2
∂x3

= 0 on Γ0

}
.

Thus, the macroscopic behavior of the micro-fibered structure is the one of a
so-called generalized elastic continuum medium involving an additional state
variable and its first two derivatives. This additional state variable accounts for
the microstructure in the extent where it describes the asymptotic behavior of
a suitable scaling of the displacement field in the fibers. Our main concern
is to understand this result more deeply and in a more general setting e.g., a
different cross-section of the fibers, a more general behavior of the matrix or
the fibers. Nevertheless, here, we confine to give another proof of the result
of [4] by directly studying the variational convergence (as in the scalar case [5])
of Fε and shall divide our proof into three steps:

1. a compactness property for each sequence (uε) such that Fε(uε) is
bounded,

2. an upper bound equality for the sequence (Fε(uε)),

3. a lower bound inequality for the sequence (Fε(uε)).

2.2.1 An Alternative Strategy

Actually, the result of [4] is a standard consequence [3] of the following three
propositions:
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Proposition 2.2.1. (Compactness property) Let (uε) be a sequence such that
supε Fε(uε) is finite. Then (uε) is strongly relatively compact in L2(Ω,R3) and
(vε) is bounded in L1(Ω,R3) and, up to a subsequence, (vε) weakly* converges
in Mb(Ω,R3) to an element v of L2(Ω,R3).

Proposition 2.2.2. (Upper bound equality) For all (u, v) in L2(Ω,R3)2 with
Φ(u, v) < +∞, there exists a sequence (uε) such that uε → u in L2(Ω,R3),
vε

∗
⇀ v in Mb(Ω,R3) and

lim
ε→0

Fε(uε) = Φ(u, v).

Proposition 2.2.3. (Lower bound inequality) For all u in L2(Ω,R3) and for all
sequence (uε) such that uε → u in L2(Ω,R3), vε

∗
⇀ v in Mb(Ω,R3), one has:

lim inf
ε→0

Fε(uε) ≥ Φ(u, v).

The convergence symbols→,⇀ and ∗
⇀ are used for the strong convergence,

the weak convergence and the weak* convergence, respectively. The proof
of these propositions are presented in the following subsections, where, as a
common practice, C denote various constants which may vary from line to line.

Proof of Proposition 2.2.1

A proof of this proposition can be found in [4].

Proof of Proposition 2.2.2

We split Fε into three parts:

F 1
ε (w) :=

∫
Ω\(Bε∪Tε)

Wε(e(w)) dx,

F 2
ε (w) :=

∫
Bε

Wε(e(w)) dx, F 3
ε (w) :=

∫
Tε

Wε(e(w)) dx,

where Bε := (DRε
\Drε

)× (0, L), Drε
:= ∪i∈Iε

Di
rε
, DRε

:= ∪i∈Iε
Di

Rε
, Di

Rε
is

the disk of R2 centered at x̂i
ε of radius Rε such that rε � Rε � ε.. We point

out that our proof is in the same spirit as that of [5], where the main ingredient
stems from [4] and essentially confine to the convergence of F 2

ε . We first
assume u and v to be smooth on Ω and construct an L2-approximation uε of u
by:

uε =
3∑

α=1

(
uα(eα − θα

ε ) + w̄εαθ
α
ε

)
. (2.2.4)
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Here, for each α ∈ {1, 2, 3}, the vector field θα
ε is first defined on the closure of

ωε := ∪i∈Iε
Y i

ε as a (−ε/2, ε/2)2-periodic element of H1(Ω,R3) which does not
depend on x3 and satisfies θα

ε = eα on Drε
, θα

ε = 0 on ωε \DRε
. Next θα

ε is
assumed to vanish on ω \ ωε and

w̄ε(x) = wε(x) + Vε(x) (2.2.5)

where

wε(x̂, x3) =
∑
i∈Iε

(
1

|Di
rε
|

∫
Di

rε

v(ŷ, x3) dŷ

)
1Y i

ε
(x̂),

and Vε stems from wε in such a way that F 3
ε (uε) converges. The true

expressions of Vε can be found in [4] (formula (5.16) and (5.52) with ψ and ϕ
in place of v and u).
As Rε � ε implies limε→0 |Bε ∪ Tε| = 0, we have

lim
ε→0

F 1
ε (uε) =

∫
Ω

W0(e(u)) dx.

To find the limit of F 2
ε (uε), we introduce

zε :=
3∑

α=1

(v − u)α e(θα
ε ), (2.2.6)

and compute the linearized strain of uε from (2.2.4):

e(uε) = zε + e(u) +
3∑

α=1

[(w̄εα − vα) e(θα
ε ) + (θα

ε ⊗∇(w̄ε − u)α)s] .

We claim that a good choice of θα
ε yields

lim
ε→0

(∫
Bε

W0(e(uε)) dx−
∫

Bε

W0(zε) dx
)

= 0.

Note that W0, being convex and positively homogeneous of degree 2, satisfies
(see [1]):

∀ ξ, η ∈ S3, |W0(ξ)−W0(η)| ≤ C|ξ − η|(|ξ|+ |η|) (2.2.7)

so that Cauchy-Schwarz inequality implies∣∣∣∣∫
Bε

W0(e(uε))−W0(zε) dx
∣∣∣∣

≤ C

(∫
Bε

|e(uε)− zε|2 dx
)1/2(∫

Bε

|e(uε)|2 dx+
∫

Bε

|zε|2 dx
)1/2

.
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Because u and v are smooth, we have

|∇w̄ε| ≤ C on Bε, |w̄ε − v| ≤ CRε on Bε,

consequently, ∫
Bε

|zε|2 dx ≤ Cε−2
3∑

α=1

∫
D(rε,Rε)

|e(θα
ε )|2 dx̂

with D(rε, Rε) = D(0, Rε) \D(0, rε), where for all R > 0, D(0, R) := {x̂ ∈ R2 |
|x̂| < R} and∫

Bε

|e(uε)− zε|2 dx

≤ CR2
εε
−2
(
1 +

3∑
α=1

R2
ε

∫
D(0,Rε)

|θα
ε |2 dx̂+

∫
D(0,Rε)

|e(θα
ε )|2 dx̂

)
≤ CR2

εε
−2
(
1 +

3∑
α=1

∫
D(0,Rε)

|e(θα
ε |2 dx̂

)
by due account of the Korn inequality in D(0, Rε). Therefore,∣∣∣∫

Bε

W0(e(uε)) dx−
∫

Bε

W0(zε) dx
∣∣∣

≤ CRεε
−1
(
1 +

3∑
α=1

∫
D(0,Rε)

|e(θα
ε )|2 dx̂

)1/2

· ε−1
( 3∑

α=1

∫
D(0,Rε)

|e(θα
ε |2 dx̂

)1/2

,

thus, assuming that θα
ε satisfies∫

D(0,Rε)

|e(θα
ε )|2 dx̂ ≤ C

| ln rε|
, ∀α = {1, 2, 3}, (2.2.8)

it suffices to study the asymptotic behavior of
∫

Bε
W0(zε) dx . Let us denote

the bilinear form associated with the quadratic form W0 by w0:

w0(e, e′) =
1
2
λ0(tr e)(tr e′) + µ0e · e′, ∀e, e′ ∈ S3.

Note that∫
Bε

W0(zε) dx =
3∑

α,β=1

∫
Bε

(v − u)α(v − u)βw0

(
e(θα

ε ), e(θβ
ε )
)
dx

= ε−2
3∑

α,β=1

(∫
D(rε,Rε)

w0

(
(e(θα

ε ), e(θβ
ε )
)
dx̂

∫ L

0

∑
i∈Iε

|Y i
ε |(v − u)α(x̂i

ε, x3)(v − u)β(x̂i
ε, x3) dx3

)
+O(ε).
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Here, it clearly appears that in order to get the lowest upper bound for F 2
ε ,

θα
ε has to be the unique solution of the capacitary problem

(Pcap, αε ) min


∫

D(rε,Rε)

Wε(e(ϕ)) dx̂

∣∣∣∣∣∣∣∣
ϕ ∈ H1((−ε, ε)2,R3),

ϕ(x̂) = eα on D(0, rε) = { |x̂| < rε },

ϕ(x̂) = 0 on (−ε, ε)2 \D(0, Rε).


It is shown in [4] (see Appendix) that

i) inequality (2.2.8) is true,
ii) ∃wcap0 ∈ S3 such that

lim
ε→0

ε−2

∫
D(rε,Rε)

w0

(
(e(θα

ε ), e(θβ
ε )
)
dx̂ = (wcap0 )αβ ∀α, β ∈ {1, 2, 3}.


(2.2.9)

Therefore,

lim
ε→0

∫
Bε

W0(zε) dx =
∫

Ω

wcap0 (v − u) · (v − u) dx,

with (see Appendix)

wcap0 = πγµ0


χ+1

χ 0 0
0 χ+1

χ 0
0 0 1

 .

We complete the proof of the convergence of F 1
ε (uε) and F 2

ε (uε) for any
(u, v) such that Φ(u, v) <∞ by approximation and diagonalization arguments.
Eventually, as mentioned earlier, Vε is chosen in such a way that a tedious
computation shows that F 3

ε (uε) has the expected limit.

2.2.2 Proof of Proposition 2.2.3

We assume here that lim infε Fε(uε) < +∞. Compactness property yields that
(u, v) belongs to L2(Ω,R3)2.

We begin with the term F 2
ε (uε). Let (uη, vη) be Lipschitz on Ω with

the property limη→0 ‖uη − u‖L2(Ω,R3) + ‖vη − v‖L2(Ω,R3) = 0. Next we define
an approximation (vη − uη)ε :=

∑
i∈Iε

(vη − uη)(x̂i
ε, x3)1Y i

ε
of (vη − uη), and

associate zηε to (uη, vη) by (2.2.6). Let z̃ηε :=
∑3

α=1(vη − uη)εαe(θα
ε ). Because

of local Lipschitz property (2.2.7) ofW0 and (u, v) ∈ L2(Ω,R3)2, Cauchy-Schwarz
inequality implies

lim
ε→0

(∫
Bε

W0(z̃ηε) dx−
∫

Bε

W0(zηε) dx
)

= 0.
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The proof of upper bound equality shows

lim
ε→0

∫
Bε

W0(zηε) dx =
∫

Ω

wcap0 (vη − uη) · (vη − uη) dx.

Therefore, W0, being convex and 2-positively homogeneous, the subdifferential
inequality gives:

lim inf
ε→0

∫
Bε

W0(e(uε)) dx

≥ lim inf
ε→0

∫
Bε

W0(z̃ηε) dx+ lim inf
ε→0

∫
Bε

W ′
0(z̃ηε) · (e(uε)− z̃ηε) dx

= −
∫

Ω

wcap0 (vη − uη) · (vη − uη) dx+ lim inf
ε→0

∫
Bε

W ′
0(z̃ηε) · e(uε) dx

(2.2.10)
Letting Di(rε, Rε) := Di

Rε
\Di

rε
, we have:∫

Bε

W ′
0(z̃ηε)·e(uε) dx =

∑
i∈Iε

3∑
α=1

∫ L

0

(vη−uη)α(x̂i
ε, x3)

(∫
Di(rε,Rε)

W ′
0(e(θ

α
ε )) · e(uε) dx̂

)
dx3.

If ν denotes the outer normal along to both ∂Di
rε
and ∂Di

Rε
. The very definition

of θα
ε as a solution of (Pcap,αε ) and Green formula imply:∫

Di(rε,Rε)

W ′
0(e(θ

α
ε )) · e(uε) dx̂

= −
∫

∂Di
rε

W ′
0(e(θ

α
ε ))ν · uε dl +

∫
∂Di

Rε

W ′
0(e(θ

α
ε ))ν · uε dl

= −
∫

∂Di
rε

W ′
0(e(θ

α
ε ))ν · (uε − ¯̄uε) dl +

∫
∂Di

Rε

W ′
0(e(θ

α
ε ))ν · (uε − ūε) dl

+
∫

∂Di
rε

W ′
0(e(θ

α
ε ))ν · (¯̄uε − ūε) dl

= −
∫

∂Di
rε

W ′
0(e(θ

α
ε ))ν · (uε − ¯̄uε) dl +

∫
∂Di

Rε

W ′
0(e(θ

α
ε ))ν · (uε − ūε) dl

+ 2
3∑

β=1

(¯̄uε − ūε)i
β

∫
D(rε,Rε)

w0(e(θα
ε ), e(θβ

ε )) dx̂,

where

(¯̄uε)i(x3) =
1

|∂Di
rε
|

∫
∂Di

rε

uε(x̂, x3) dl, ¯̄uε(x) =
∑
i∈Iε

(¯̄uε)i(x3)1Y i
ε
(x̂),

(ūε)i(x3) =
1

|∂Di
Rε
|

∫
∂Di

Rε

uε(x̂, x3) dl, ūε(x) =
∑
i∈Iε

(ūε)i(x3)1Y i
ε
(x̂),
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uε(·, x3) being, by Fubini’s theorem, well defined in H1(ω,R3) for a.e. x3 ∈
(0, L).
Actually, the standard estimates∫ L

0

∫
∂Di

rε

|uε − ¯̄ui
ε| dl dx3 ≤ rε

{∫
T i

ε

|∇uε|2 dx

}1/2

,

∫ L

0

∫
∂Di

Rε

|uε − ūi
ε| dl dx3 ≤ Rε

{∫
Di

Rε
×(0,L)

|∇uε|2 dx

}1/2

and the estimates (see Appendix)

|W ′
0(e(θ

α
ε ))ν|L∞(∂D(0,rε)) ≤

C

rε| ln rε|
, |W ′

0(e(θ
α
ε ))ν|L∞(∂D(0,Rε)) ≤

C

Rε| ln rε|

for α = 1, 2, 3 imply that∣∣∣∣∣∑
i∈Iε

3∑
α=1

∫ L

0

(vη − uη)α(x̂i
ε, x3)

(∫
∂Di

rε

W ′
0(e(θ

α
ε ))ν · (uε − ¯̄uε) dl

)
dx3

∣∣∣∣∣
≤ C

| ln rε|
∑
i∈Iε

{∫
T i

ε

|∇uε|2 dx

}1/2

≤ Cε

ε2| ln rε|

{∫
Ω

|∇uε|2 dx
}1/2

≤ Cε

and∣∣∣∣∣∑
i∈Iε

3∑
α=1

∫ L

0

(vη − uη)α(x̂i
ε, x3)

(∫
∂Di

Rε

W ′
0(e(θ

α
ε ))ν · (uε − ūε) dl

)
dx3

∣∣∣∣∣
≤ C

| ln rε|
∑
i∈Iε

{∫
T i

ε

|∇uε|2 dx

}1/2

≤ Cε

ε2| ln rε|

{∫
Ω

|∇uε|2 dx
}1/2

≤ Cε.

Thus,

lim
ε→0

∫
Bε

W ′
0(z̃ηε) · e(uε) dx

= 2
∑
i∈Iε

3∑
α,β=1

∫ L

0

(vη − uη)α(x̂i
ε, x3)

(∫
D(rε,Rε)

w0(e(θα
ε ), e(θβ

ε )) dx̂

)
(¯̄uε − ūε)i

β(x3) dx3

= 2
∫

Ω

wcap0 (vη − uη) · (v − u) dx,

by due account of (2.2.9) and of the weak convergence in L2(Ω,R3) of (¯̄u, ū)
toward (v, u) (see [4] P.68). Hence, letting η tends to zero, yields

lim inf
ε→0

F 2
ε (uε) ≥

∫
Ω

wcap0 (v − u) · (v − u) dx.
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Because |Bε ∪Tε| tends to zero, a classical semi-continuity argument taking
into account the convexity of W0 yields

lim inf
ε→0

F 1
ε (uε) ≥

∫
Ω

W0(e(u)) dx.

For the third term F 3
ε (uε), we may extend the strategy of [2] to all cases

of relative behaviors of the parameters by due account of the function Vε

introduced by [4].

2.3 Neutrix Composition on Delta Functional

In the following, we let D be the space of infinitely differentiable functions with
compact support, let D[a, b] be the space of infinitely differentiable functions with
support contained in the interval [a, b] and let D′ be the space of distributions
defined on D.

Now let ρ(x) be a function in D having the following properties:

(i) ρ(x) = 0 for |x| ≥ 1,

(ii) ρ(x) ≥ 0,

(iii) ρ(x) = ρ(−x),

(iv)
∫ 1

−1

ρ(x) dx = 1.

Putting δn(x) = nρ(nx) for n = 1, 2, . . . , it follows that {δn(x)} is a regular
sequence of infinitely differentiable functions converging to the Dirac delta-
function δ(x). Further, if F is an arbitrary distribution in D′ and Fn(x) =
F (x) ∗ δn(x) = 〈F (x− t), ϕ(t)〉, then {Fn(x)} is a regular sequence converging
to F (x).

If f is an infinitely differentiable function having a single simple zero at the
point x = x0, then the distribution δ(r)(f(x)) is defined by

δ(r)(f(x)) =
1

|f ′(x0)|

[ 1
|f ′(x)|

d

dx

]r
δ(x− x0) (2.3.1)

for r = 0, 1, 2, . . . , see [14].

Fisher generalized equation (2.3.1) in [9] as follows:

Definition 2.3.1. Let f be an infinitely differentiable function. We say that the
neutrix composition δ(r)(f(x)) exists and is equal to h on the open interval (a, b),
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with −∞ < a < b <∞, if

N−lim
n→∞

∫ ∞

−∞
δ(r)n (f(x))ϕ(x)dx = 〈h(x), ϕ(x)〉

for all ϕ in D[a, b], where N is the neutrix, see [8], having domain N ′ the
positive and range N ′′ the real numbers, with negligible functions which are finite
linear sums of the functions

nλ lnr−1 n, lnr n : λ > 0, r = 1, 2, . . .

and all functions which converge to zero in the usual sense as n tends to infinity.

Note that taking the neutrix limit of a function f(n) is equivalent to taking
the usual limit of Hadamard’s finite part of f(n).

Definition 2.3.1 was later generalized with the following definition in [10] and
was originally called the neutrix composition of distributions.

Definition 2.3.2. Let F be a distribution in D′ and let f be a locally summable
function. We say that the neutrix composition F (f(x)) exists and is equal to h

on the open interval (a, b), with −∞ < a < b <∞, if

N−lim
n→∞

∫ ∞

−∞
Fn(f(x))ϕ(x)dx = 〈h(x), ϕ(x)〉

for all ϕ in D[a, b], where Fn(x) = F (x) ∗ δn(x) for n = 1, 2, . . . . In particular,
we say that the composition F (f(x)) exists and is equal to h on the open interval
(a, b) if

lim
n→∞

∫ ∞

−∞
Fn(f(x))ϕ(x)dx = 〈h(x), ϕ(x)〉

for all ϕ in D[a, b].

We now prove the following theorem.

Theorem 2.3.3. The neutrix composition δ(s)[lnr(1 + x
1/r
+ )] exists and

δ(s)[lnr(1+x1/r
+ )] =

s∑
k=0

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)(r+1)k+r+s+i−1s!(i+ 1)sr+r−1

2(sr + r − 1)!k!
δ(k)(x)

(2.3.2)
for s = 0, 1, 2, . . . and r = 1, 2, . . . .

Proof. To prove equation (2.3.2), we will first of all evaluate

N−lim
n→∞

〈δ(s)n [lnr(1 + x
1/r
+ )], ϕ(x)〉,
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for an arbitrary function ϕ(x) in D[a, 1], where a < 0.

By Taylor’s Theorem, we have

ϕ(x) =
s∑

k=0

ϕ(k)(0)
k!

xk +
xs+1

(s+ 1)!
ϕ(s+1)(ξx),

where 0 < ξ < 1. Then if ϕ(x) in D[a, 1], we have

N−lim
n→∞

〈δ(s)n [lnr(1 + x
1/r
+ )], ϕ(x)〉 = N−lim

n→∞

s∑
k=0

ϕ(k)(0)
k!

∫ 1

a

δ(s)n [lnr(1 + x
1/r
+ )]xk dx

+N−lim
n→∞

1
(s+ 1)!

∫ 1

a

δ(s)n [lnr(1 + x
1/r
+ )]xs+1ϕ(s+1)(ξx) dx. (2.3.3)

For large enough n, we have∫ 1

a

δ(s)n [lnr(1 + x
1/r
+ )]xk dx = ns+1

∫ 1

a

ρ(s)[n lnr(1 + x
1/r
+ )]xk dx

= ns+1

∫ 0

a

ρ(s)[n lnr(1 + x
1/r
+ )xk dx+ ns+1

∫ 1

0

ρ(s)[n lnr(1 + x
1/r
+ )]xk dx

= ns+1ρ(s)(0)
∫ 0

a

xk dx+ ns+1

∫ 1

0

ρ(s)[n lnr(1 + x1/r)]xk dx

= −n
s+1ak+1ρ(s)(0)

k + 1
+ ns+1

∫ 1

0

ρ(s)[n lnr(1 + x1/r)]xk dx

= E1 + E2. (2.3.4)

It follows immediately that

N−lim
n→∞

E1 = 0. (2.3.5)

Making the substitution t = n lnr(1 + x1/r), we have

E2 = ns+1

∫ 1

0

ρ(s)[n lnr(1 + x1/r)]xk dx

= ns+1−1/r

∫ 1

0

t1/r−1{exp[(t/n)1/r]− 1}kr+r−1 exp[(t/n)1/r]ρ(s)(t) dt

= ns+1−1/r
kr+r−1∑

i=0

(
kr + r − 1

i

)
(−1)kr+r+i−1

×
∫ 1

0

t1/r−1 exp[(i+ 1)(t/n)1/r]ρ(s)(t) dt, (2.3.6)
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where

ns+1−1/r

∫ 1

0

t1/r−1 exp[(i+ 1)(t/n)1/r]ρ(s)(t) dt

=
sr+r−2∑

j=0

∫ 1

0

(i+ 1)jt(j+1)/r−1

j!n(j+1)/r−s−1
ρ(s)(t) dt

+
1

(sr + r − 1)!

∫ 1

0

(i+ 1)sr+r−1tsρ(s)(t) +O(n−1/r).

It follows that

N−lim
n→∞

ns+1−1/r

∫ 1

0

t1/r−1 exp[(i+ 1)(t/n)1/r]ρ(s)(t) dt =
(−1)ss!(i+ 1)sr+r−1

2(sr + r − 1)!
(2.3.7)

for i = 0, 1, 2, . . . , kr+r−1 and it now follows from equations (2.3.6) and (2.3.7)
that

N−lim
n→∞

E2 =
kr+r−1∑

i=0

(
kr + r − 1

i

)
(−1)kr+r+s+i−1s!(i+ 1)sr+r−1

2(sr + r − 1)!
.(2.3.8)

Then using equations(2.3.4), (2.3.5) and (2.3.8), we see that

N−lim
n→∞

∫ 1

a

δ(s)n [lnr(1 + x
1/r
+ )]xk dx

=
kr+r−1∑

i=0

(
kr + r − 1

i

)
(−1)kr+r+s+i−1s!(i+ 1)sr+r−1

2(sr + r − 1)!
,(2.3.9)

for k = 0, 1, 2, . . . , s.

When k = s+ 1, we have∫ 1

0

∣∣∣δ(s)n [lnr(1 + x
1/r
+ )]xs+1

∣∣∣ dx
≤ ns+1−1/r

∫ 1

0

t1/r−1{exp[(t/n)1/r]− 1}sr+2r−1 exp[(t/n)1/r]|ρ(s)(t)| dt

= ns+1−1/r

∫ 1

0

t1/r−1[(t/n)1/r +O(n−2/r)]sr+2r−1[1 +O(n−1/r)]|ρ(s)(t)| dt

= ns+1−1/r

∫ 1

0

t1/r−1[(t/n)s+2−1/r +O(n−(s+2))]|ρ(s)(t)| dt

= O(n−1) (2.3.10)

and so if ψ is an arbitrary function in D[a, 1], we have

lim
n→∞

∫ 1

0

∣∣∣δ(s)n [lnr(1 + x
1/r
+ )]xs+1ψ(x)

∣∣∣ dx = 0. (2.3.11)
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It then follows from equations (2.3.3), (2.3.9) and (2.3.11) that

N−lim
n→∞

〈δ(s)n [lnr(1 + x
1/r
+ )], ϕ(x)〉

=
s∑

k=0

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)kr+r+s+i−1s!(i+ 1)sr+r−1ϕ(k)(0)

2(sr + r − 1)!k!
+ 0

=
s∑

k=0

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)(r+1)k+r+s+i−1s!(i+ 1)sr+r−1

2(sr + r − 1)!k!
〈δ(k)(x), ϕ(x)〉,

proving equation (2.3.2) on the interval [a, 1].

Since δ(s)n [lnr(1 + x
1/r
+ )] = 0 for x > 0, it follows that equation (2.3.2) holds

for x > a and since a < 0 is arbitrary, it follows that equation (2.3.2) holds on
the real line, completing the proof of the theorem.

Theorem 2.3.4. The neutrix composition δ(s)[lnr(1 + |x|1/r)] exists and

δ(s)[lnr(1 + |x|1/r)]

=
s∑

k=0

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)r+s+k+i−1[1 + (−1)k]s!(i+ 1)sr+r−1

2(sr + r − 1)!k!
δ(k)(x),

(2.3.12)

for s = 0, 1, 2, . . . and r = 1, 2, . . . .

Proof. To prove equation (2.3.12), we now have to evaluate

N−lim
n→∞

〈δ(s)n [lnr(1 + |x|1/r)], ϕ(x)〉,

for an arbitrary function ϕ(x) in D[−1, 1]. By Taylor’s Theorem, we have

ϕ(x) =
s∑

k=0

ϕ(k)(0)
k!

xk +
xs+1

(s+ 1)!
ϕ(s+1)(ξx),

where 0 < ξ < 1. Then if ϕ is in D[−1, 1], we have

N−lim
n→∞

〈δ(s)n [lnr(1 + |x|1/r)], ϕ(x)〉 = N−lim
n→∞

s∑
k=0

ϕ(k)(0)
k!

∫ 1

−1

δ(s)n [lnr(1 + x1/r)]xk dx

+N−lim
n→∞

1
(s+ 1)!

∫ 1

−1

δ(s)n [lnr(1 + |x|1/r]xs+1ϕ(s+1)(ξx) dx. (2.3.13)
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Since ∫ 0

−1

δ(s)n [lnr(1 + |x|1/r)]xk dx (2.3.14)

= (−1)k

∫ 1

0

δ(s)n [lnr(1 + |x|1/r)]xk dx

= (−1)kns+1

∫ 1

0

ρ(s)[n lnr(1 + x1/r)]xk dx, (2.3.15)

it follows from equations(2.3.6) and (2.3.8) that

N−lim
n→∞

∫ 1

−1

δ(s)n [lnr(1 + |x|1/r)]xk dx

=
[1 + (−1)k]

2

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)r+s+i−1s!(i+ 1)sr+r−1

(sr + r − 1)!
(2.3.16)

for k = 0, 1, 2, . . . , s.

When k = s+ 1, we have as in the proof of equation (2.3.11),

lim
n→∞

∫ 1

−1

∣∣∣δ(s)n [lnr(1 + |x|1/r)]xs+1ψ(x)
∣∣∣ dx = 0, (2.3.17)

for an arbitrary continuous function ψ. It then follows from equations(2.3.13), (2.3.16)
and (2.3.17) that

N−lim
n→∞

〈δ(s)n [lnr(1 + x1/r)], ϕ(x)〉 = N−lim
n→∞

s∑
k=0

ϕ(k)(0)
k!

∫ 1

−1

δ(s)n [lnr(1 + |x|1/r)]xk dx

+ lim
n→∞

1
(s+ 1)!

∫ 1

−1

δ(s)n [lnr(1 + |x|1/r)]xs+1ϕ(s+1)(ξx) dx

=
s∑

k=0

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)r+s+i−1[1 + (−1)k]s!(i+ 1)sr+r−1ϕ(k)(0)

2(sr + r − 1)!k!

=
s∑

k=0

kr+r−1∑
i=0

(
kr + r − 1

i

)
(−1)r+s+k+i−1[1 + (−1)k]s!(i+ 1)sr+r−1

2(sr + r − 1)!k!
〈δ(k)(x), ϕ(x)〉,

proving equation(2.3.12) on the interval [−1, 1]. However, it is clear that δ(s)n [lnr(1+
|x|1/r)] = 0 outside this interval and so equation (2.3.12) is proved on the real
line.
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Theorem 2.3.5. The neutrix composition δ(r
s−1)[ln1/r(1 + |x|)] exists and

δ(r
s−1)[ln1/r(1 + |x|)]

=
rs−1−1∑

k=0

k∑
i=0

(
k

i

)
(−1)rs−i−1[1 + (−1)k]r(rs − 1)!(i+ 1)rs−1−1

2(rs−1 − 1)!k!
δ(k)(x)

(2.3.18)

for s = 1, 2, . . . and r = 2, 3, . . . .

Proof. This time we must evaluate

N−lim
n→∞

〈δ(r
s−1)

n [ln1/r(1 + |x|)], ϕ(x)〉,

for an arbitrary function ϕ(x) in D[−1, 1].

By Taylor’s Theorem, we have

ϕ(x) =
rs−1−1∑

k=0

ϕ(k)(0)
k!

xk +
xrs−1

(rs−1)!
ϕ(rs−1)(ξx),

where 0 < ξ < 1. Then if ϕ(x) in D[−1, 1], we have

N−lim
n→∞

〈δ(r
s−1)

n [ln1/r(1 + |x|)], ϕ(x)〉

= N−lim
n→∞

rs−1−1∑
k=0

ϕ(k)(0)
k!

∫ 1

−1

δ(r
s−1)

n [ln1/r(1 + |x|)]xk dx

+ N−lim
n→∞

1
(rs−1)!

∫ 1

−1

δ(r
s−1)

n [ln1/r(1 + |x|)]xrs−1
ϕ(rs−1)(ξx) dx. (2.3.19)

For large enough n, we have∫ 1

−1

δ(r
s−1)

n [ln1/r(1 + |x|)]xk dx = nrs

∫ 1

−1

ρ(rs−1)[n ln1/r(1 + |x|)]xk dx

= nrs

[1 + (−1)k]
∫ 1

0

ρ(rs−1)[n ln1/r(1 + x)]xk dx.(2.3.20)

Making the substitution t = n ln1/r(1 + x), we have

nrs

∫ 1

0

ρ(rs−1)[n ln1/r(1 + x)]xk dx

= rnrs−r

∫ 1

0

tr−1{exp[(t/n)r]− 1}k exp[(t/n)r]ρ(rs−1)(t) dt

= rnrs−r
k∑

i=0

(
k

i

)
(−1)k−i

∫ 1

0

tr−1 exp[(i+ 1)(t/n)r]ρ(rs−1)(t) dt,
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where

rnrs−r

∫ 1

0

tr−1 exp[(i+ 1)(t/n)r]ρ(rs−1)(t) dt

=
∞∑

j=0

∫ 1

0

r(i+ 1)jtr(j+1)−1

j!nr(j+1)−rs ρ(rs−1)(t) dt.

It follows that

N−lim
n→∞

rnrs−r

∫ 1

0

tr−1 exp[(i+ 1)(t/n)r]ρ(rs−1)(t) dt

=
∫ 1

0

r(i+ 1)rs−1−1tr
s−1

(rs−1 − 1)!
ρ(rs−1)(t) dt

=
(−1)rs−1r(rs − 1)!(i+ 1)rs−1−1

2(rs−1 − 1)!
(2.3.21)

for i = 0, 1, 2, . . . , k and so

N−lim
n→∞

nrs

∫ 1

0

ρ(rs−1)[n ln1/r(1 + x)]xk dx

=
k∑

i=0

(
k

i

)
(−1)rs+k−i−1r(rs − 1)!(i+ 1)rs−1−1

2(rs−1 − 1)!
. (2.3.22)

It now follows from equations(2.3.20) and(2.3.22) that

N−lim
n→∞

∫ 1

−1

δ(r
s−1)

n [ln1/r(1 + |x|)]xk dx

= [1 + (−1)k]
k∑

i=0

(
k

i

)
(−1)rs+k−i−1r(rs − 1)!(i+ 1)rs−1−1

2(rs−1 − 1)!
,(2.3.23)

for k = 0, 1, 2, . . . , rs−1 − 1.

When k = rs−1, we have∫ 1

0

∣∣∣δ(rs−1)
n [ln1/r(1 + x))]xrs−1

∣∣∣ dx
≤ rnrs−r

∫ 1

0

tr−1{exp[(t/n)r]− 1}rs−1
exp[(t/n)r]|ρ(rs−1)(t)| dt

= rnrs−r

∫ 1

0

tr−1[(t/n)r +O(n−2r)]r
s−1

[1 +O(n−r)]|ρ(rs−1)(t)| dt

= rnrs−r

∫ 1

0

tr−1[(t/n)rs

+O(n−(rs+r))]|ρ(rs−1)(t)| dt

= O(n−r)
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and so if ψ is an arbitrary function in D[a, 1], we have

lim
n→∞

∫ 1

0

∣∣∣δ(rs−1)
n [ln1/r(1 + x)]xrs−1

ψ(x)
∣∣∣ dx = 0.

Then if ϕ is an arbitrary function in D[−1, 1], we have

lim
n→∞

∫ 1

−1

∣∣∣δ(rs−1)
n [ln1/r(1 + |x|)]xrs−1

ϕrs−1
(ξx)

∣∣∣ dx = 0 (2.3.24)

and it follows from equations(2.3.19), (2.3.23) and (2.3.24) that

N−lim
n→∞

〈δ(r
s−1)

n [ln1/r(1 + |x|)]xk, ϕ(x)〉

=
rs−1−1∑

k=0

[1 + (−1)k]
k∑

i=0

(
k

i

)
(−1)rs+k−i−1r(rs − 1)!(i+ 1)rs−1−1ϕ(k)(0)

2(rs−1 − 1)!k!

=
rs−1−1∑

k=0

[1 + (−1)k]
k∑

i=0

(
k

i

)
(−1)rs−i−1(rs − 1)!(i+ 1)rs−1−1

2(rs−1 − 1)!k!
〈δ(k)(x), ϕ(x)〉,

proving equation(2.3.18) on the interval [−1, 1]. However, it is clear that δ(r
s−1)

n [ln1/r(1+
|x|)] = 0 outside this interval and so equation (2.3.18) is proved.

Finally we have

Theorem 2.3.6. The neutrix composition δ(r
s−1)(ln1/r |1 + x|) exists and

δ(r
s−1)(ln1/r |1 + x|)

=
rs−1−1∑

k=0

k∑
i=0

(
k

i

)
(−1)ir(rs − 1)!(i+ 1)rs−1−1

(rs−1 − 1)!k!
δ(k)(x) (2.3.25)

for s = 1, 2, . . . and r = 1, 3, 5, . . . .

Proof. This time we must evaluate

N−lim
n→∞

〈δ(r
s−1)

n (ln1/r |1 + x|), ϕ(x)〉,

for an arbitrary function ϕ(x) in D[−1, 1].

For large enough n, we have on making the substitution t = n ln1/r(1 + x),∫ 1

−1

δ(r
s−1)

n (ln1/r |1 + x|)xk dx =
∫ 1

−1

δ(r
s−1)

n [ln1/r(1 + x)]xk dx

= rnrs−r

∫ 1

−1

tr−1{exp[(t/n)r]− 1}k exp[(t/n)r]ρ(rs−1)(t) dt

= rnrs−r
k∑

i=0

(
k

i

)
(−1)k−i

∫ 1

−1

tr−1 exp[(i+ 1)(t/n)r]ρ(rs−1)(t) dt,
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where

rnrs−r

∫ 1

−1

tr−1 exp[(i+ 1)(t/n)r]ρ(rs−1)(t) dt

=
∞∑

j=0

∫ 1

−1

r(i+ 1)jtr(j+1)−1

j!nr(j+1)−rs ρ(rs−1)(t) dt.

Noting that rs − 1 is an even integer when r is an odd integer, and using
equation (2.3.21), it follows that

N−lim
n→∞

rnrs−r

∫ 1

−1

tr−1 exp[(i+ 1)(t/n)r]ρ(rs−1)(t) dt

=
∫ 1

−1

r(i+ 1)rs−1−1tr
s−1

(rs−1 − 1)!
ρ(rs−1)(t) dt

=
r(rs − 1)!(i+ 1)rs−1−1

(rs−1 − 1)!

for i = 0, 1, 2, . . . , k and so

N−lim
n→∞

nrs−r

∫ 1

−1

ρ(rs−1)[n ln1/r(1 + x)]xk dx

=
k∑

i=0

(
k

i

)
(−1)k−i(rs − 1)!(i+ 1)rs−1−1

(rs−1 − 1)!
.

Thus

N−lim
n→∞

∫ 1

−1

δ(r
s−1)

n [ln1/r |1 + x|]xk dx

=
k∑

i=0

(
k

i

)
(−1)k−i(rs − 1)!(i+ 1)rs−1−1

(rs−1 − 1)!
, (2.3.26)

for k = 0, 1, 2, . . . , rs−1 − 1.

When k = rs−1, it follows as above that∫ 1

−1

∣∣∣δ(rs−1)
n [ln1/r(|1 + x|)]xrs−1

∣∣∣ = O(n−r)

and so if ϕ is an arbitrary function in D[−1, 1], then

lim
n→∞

∫ 1

−1

∣∣∣δ(rs−1)
n [ln1/r(|1 + x|)]xrs−1

ϕ(rs−1)(x)
∣∣∣ dx = 0. (2.3.27)

Now let ϕ be an arbitrary function in D[−1, 1]. By Taylor’s Theorem, we
have

ϕ(x) =
rs−1−1∑

k=0

ϕ(k)(0)
k!

xk +
xrs−1

(rs−1)!
ϕ(rs−1)(ξx),
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where 0 < ξ < 1. Then if ϕ is in D[−1, 1] and using equations (2.3.26)
and (2.3.27), we have

N−lim
n→∞

〈δ(r
s−1−1)

n (ln1/r |1 + x|), ϕ(x)〉

= N−lim
n→∞

rs−1−1∑
k=0

ϕ(k)(0)
k!

∫ 1

−1

δ(r
s−1)

n [ln1/r |1 + x|]xk dx

+ N−lim
n→∞

1
(rs−1)!

∫ 1

−1

δ(r
s−1)

n (ln1/r(|1 + x|)xrs

ϕ(rs−1)(ξx) dx

=
rs−1−1∑

k=0

k∑
i=0

(
k

i

)
(−1)k−ir(rs − 1)!(i+ 1)rs−1−1ϕ(k)(0)

(rs−1 − 1)!k!

=
rs−1−1∑

k=0

k∑
i=0

(
k

i

)
(−1)i(rs − 1)!(i+ 1)rs−1−1

(rs−1 − 1)!k!
〈δ(k)(x), ϕ(x)〉,

proving equation (2.3.25) on the interval [−1, 1]. However, it is clear that
δ
(rs−1)
n [ln1/r(|1 + x|)] = 0 outside this interval and so equation (2.3.25) is proved

on the real line.
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บทที่ 4

Appendix

The Vector Capacitary Problem

Taking advantage of the cylindrical geometry, Bellieud and Gruais [4] showed
that θα

ε and σα
ε := W ′

0(e(θ
α
ε )) are such that

θ1ε(x1, x2) = θ2ε(x2, x1), θ1ε3 = θ2ε3 = 0,

θ3ε =
ln(Rε/r)
ln(Rε/rε)

e3 in D(rε, Rε), r = |x̂|,

(θ1ε1 + iθ1ε2)(x̂) =
A

2µ0

(
χ(ln z + ln z) +

z2

r2ε +R2
ε

− z

z̄
− 2zz̄
χ(r2ε +R2

ε)

+
2χ(r2ε lnRε −R2

ε ln rε)
R2

ε − r2ε
+

r2εR
2
ε

(r2ε +R2
ε)z̄2

)
+

R2
ε

R2
ε − r2ε

,

with

χ :=
λ0 + 3µ0

λ0 + µ0
, A :=

µ0

R2
ε−r2

ε

χ(r2
ε+R2

ε) − χ ln Rε

rε

, z the complex number x1 + ix2,

and

σ1
εν =

µ0(χ+ 1)(1 + o(1))
χrε| ln rε|

e1 on ∂D(0, rε),

σ1
εν =

µ0(1 + o(1))
χRε| ln rε|

[
4(1 +

1
χ

cos2 θ − (1 + χ+
2
χ

))
]
e1 + 2(1 +

1
χ

) sin 2θe2 on ∂D(0, Rε),

σ3
εν =

−µ
r lnRε/rε

e3 on the circle of radius r.

Thus, for each α, β = 1, 2, 3,
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i)

|σα
ε ν|L∞(∂D(0,rε)) ≤

C

rε| ln rε|
, |σα

ε ν|L∞(∂D(0,Rε)) ≤
C

Rε| ln rε|
,

ii) ∫
D(0,Rε)

|e(θα
ε )|2 dx̂ ≤ C

∫
D(0,Rε)

W0(e(θα
ε )) dx̂ ≤ C

2

∫
∂D(0,Rε)

(σα
ε ν)α dl ≤

C

| ln rε|
,

iii)

(wcap0 )αβ := lim
ε→0

ε−2

∫
D(rε,Rε)

w0

(
(e(θα

ε ), e(θβ
ε )
)
dx̂

= lim
ε→0

ε−2

2

∫
∂D(0,rε)

(σα
ε ν)β dl,

satisfies

wcap0 = πγµ0


χ+1

χ 0 0
0 χ+1

χ 0
0 0 1

 .
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Abstract : We present another proof of a study of Bellieud and Bouchitté that we
expect to be more suitable to treat more general geometrical and physical cases.
We consider the homogenization of the quasi-linear elliptic problem

− div σε = f, σε = aε |∇uε|p−2∇uε on Ω
uε = u0 on Γ0

σε · n = g on Γ1

where Ω is a bounded cylindrical open subset of R3 and 1 < p < +∞. The
fibers occupy a set of thin parallel cylinders periodically distributed in Ω. The
conductivity coefficient aε is ε-periodic and takes very high values in the fibers.

Keywords : Variational convergence, Homogenization

1 Introduction

Let p ∈ (1, +∞), we consider the homogenization of the elliptic problem

− div σε = f, σε = aε |∇uε|p−2∇uε on Ω
uε = u0 on Γ0

σε · n = g on Γ1

(1.1)

where Ω := ω × (0, L) with L > 0 and ω is a bounded domain of R2 with smooth
boundary and containing the origin of coordinates. The homogenization study of
(1.1) consists in examining the behavior of the sequence of the solution (uε) as ε
tends to zero. The conductivity coefficient aε is ε-periodic and satisfies a uniform
lower bound, Γ0 is an open subset of ∂Ω with Hausdorff measure H2(Γ0) strictly
positive, Γ1 = ∂Ω\Γ0, and n is the unit exterior normal on ∂Ω. The boundary
data u0 is Lipschitz, while (f, g) ∈ Lp′(Ω)× Lp′(Γ1), p′ = p/(p− 1).

2Corresponding author: aoon mu@hotmail.com
0Copyright c© 2003-2008 by the Thai J. Math. All rights reserved.
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The problem (1.1) is related to the minimization problem

(Pε) min
{

Fε(w)− L(w) : w ∈ W 1,p
Γ0

(Ω)
}

,

where

W 1,p
Γ0

(Ω) :=
{

w ∈ W 1,p(Ω) : w = u0 on Γ0

}
,

Fε(w) :=
∫

Ω

aεφp(∇w) dx,

φp(ξ) :=
1
p
|ξ|p, ∀ ξ ∈ Rn, n = 1, 2, 3,

L(w) :=
∫

Ω

fw dx +
∫

Γ1

gw dH2. (1.2)

We are interested in the asymptotic behavior of (Pε) as ε → 0. We present
another proof of a study of Bellieud and Bouchitté [2] that we expect to be more
suitable to treat more general geometrical and physical cases.

The bases of the cylindrical domain Ω are denoted by ω0 = ω×{0} and ωL =
ω×{L}. For each ε, we consider a periodic distribution of cells (Y i

ε )i∈Iε such that
Y i

ε := (εi1, εi2)+(−ε/2, ε/2)2, and Iε :=
{
i ∈ Z2 : Y i

ε ⊂ ω
}

. Let (Di
rε

)i∈Iε be the
family of disks of R2 centered at x̂i

ε := (εi1, εi2) of radius rε ¿ ε, T i
ε := Di

rε
×(0, L)

and Tε := ∪i∈IεT
i
ε . The set of thin parallel cylinders Tε represents the fibers (see

Figure 1 and Figure 2). The conductivity coefficient aε is

aε(x) =
{

1 if x ∈ Ω\Tε,
λε otherwise.

We make the assumptions

rε → 0,
rε

ε
→ 0, λε → +∞, kε := λε

r2
ε

ε2
→ k, k ≥ 0 as ε → 0. (1.3)

In [2], it was shown that the asymptotic limit of (Pε) is

min
{
Φ(u, v)− L(u) : (u, v) ∈ (Lp(Ω))2

}
,

where

Φ(u, v) =





∫
Ω

φp(∇u) dx + kπ
p

∫
Ω

∣∣∣ ∂v
∂x3

∣∣∣
p

dx + 2πγ
p

∫
Ω
|v − u|p dx,

if

{
(u, v) ∈ W 1,p

Γ0
(Ω)× Lp(ω,W 1,p(0, L)),

v = u0 on Γ0 ∩ (ω0 ∪ ωL),
+∞ otherwise,

(1.4)

and

[0, +∞] 3 γ =





lim
ε→0

ε−2| log rε|−1 if p = 2,

lim
ε→0

∣∣∣ 2−p
p−1

∣∣∣
p−1

r2−p
ε ε−2 if p 6= 2.

(1.5)
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Figure 1: the domain Ω = ω × (0, L) occupied by a composite material
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Figure 2: the circular cross section of the fiber, Y i
ε ⊂ ω

Here, the boundary data u0 is assumed to be Lipschitz in order to ensure that the
infimum value of problem (Pε) remains finite as ε → 0. In case k = +∞, we add
further assumption

kεrε → 0, as ε → 0. (1.6)

The conditions

k > 0 and { γ > 0 or ω0 ⊂ Γ0 or ωL ⊂ Γ0 } (1.7)

guarantee that the functional Φ is coercive in W 1,p(Ω)× Lp(ω, W 1,p(0, L).
We are concerned with the extension of this result to more general cross sec-

tions of the fibers and more general energy density than φp. The aim of this paper
is therefore to provide another proof that we expect to be more suitable to treat
such general cases. The steps of the proof in [2] are to successively establish:

(i) a compactness property of the sequence (uε) such that Fε(uε) < C,
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(ii) a lower bound inequality of the sequence (Fε(uε)),

(iii) an upper bound inequality of the sequence (Fε(uε)).

Here we replace the steps (ii) and (iii) by

(ii′) an upper equality of the sequence (Fε(uε)),

(iii′) a lower bound inequality of the sequence (Fε(uε)) which essentially uses a
subdiffenrential inequality.
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2 An Alternative Strategy

It consists, under (1.3), (1.5), (1.6) and (1.7), in proving the following three
propositions. In the sequel, the symbols →, ⇀ and ∗

⇀ stand for the strong con-
vergence, the weak convergence and the weak star convergence, respectively. As
usual, the letter C denotes various constants and for all ξ = (ξ1, ξ2, ξ3) in R3, ξ̂
stands for (ξ1, ξ2).

Proposition 2.1 (compactness property). Let (uε) be a sequence such that supFε(uε)
is finite. Then (uε) is strongly relatively compact in Lp(Ω) and (vε), given by
vε := |Ω|

|Tε|1Tε
uε, is bounded in L1(Ω) and, up to a subsequence, (vε) weakly* con-

verges in the space of bounded measures Mb(Ω) to an element v of Lp(Ω).

Proposition 2.2 (upper bound equality). For all (u, v) in (Lp(Ω))2, such that
Φ(u, v) < +∞, there exists a sequence (uε) such that uε → u in Lp(Ω), vε

∗
⇀ v in

Mb(Ω) and
lim
ε→0

Fε(uε) = Φ(u, v).

Proposition 2.3 (lower bound inequality). For all u in Lp(Ω) and for all se-
quences (uε) such that uε → u in Lp(Ω), vε

∗
⇀ v in Mb(Ω), one has:

lim inf
ε→0

Fε(uε) ≥ Φ(u, v).

The proofs of these propositions are presented in the following sections.

2.1 Proof of Proposition 2.1

Compactness property was already proved in [2].

2.2 Proof of Proposition 2.2

Our sole contribution is to prove that we can replace inequality by equality,
for that we use the same approximation u′ε of u as in [2]

u′ε = (1− θε)u + θεwε.

The function θε is first defined on the closure of ωε := ∪i∈IεY
i
ε as a (−ε/2, ε/2)2-

periodic continuous function which satisfies 0 ≤ θε ≤ 1, θε = 1 on Dε :=
∪i∈IεD

i
rε

, θε = 0 on ωε\ ∪i∈Iε Di
Rε

, where Di
Rε

is the disk of R2 centered at
x̂i

ε of radius Rε such that rε ¿ Rε ¿ ε. Next θε is assumed to vanish on ω\ωε and

wε(x̂, x3) =
∑

i∈Iε

(
1

|Di
rε
|
∫

Di
rε

v(ŷ, x3) dŷ

)
1Y i

ε
(x̂).

The approximation u′ε does not satisfy the boundary condition on Γ0 ∩ (ω0 ∪ ωL)
so that, as in [2], we introduce a sharper approximation

u#
ε := uϕε + u′ε(1− ϕε).
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Here ϕε is a C∞(Ω) function which satisfies ϕε = 1 on Γ0, ϕε = 0 on Ω\Σε,
|∇ϕε| ≤ C/rε on Ω where Σε := {x ∈ Ω : dist(x, Γ0) < rε} . We assume that u and
v are Lipschitz on Ω and there exists L > 0 such that

∣∣∣∣
∂v

∂x3
(x̂′, x3)− ∂v

∂x3
(x̂′′, x3)

∣∣∣∣ < L|x̂′ − x̂′′| ∀ (x̂′, x3), (x̂′′, x3) ∈ Ω. (2.1)

Letting Ψ be any continuous function on Ω such that 0 ≤ Ψ ≤ 1, we introduce
FΨ

ε , ΦΨ defined by similar formulae as the ones of Fε and Φ but with Ψ dx in
place of dx. We will prove the lemma:

Lemma 2.4.
lim
ε→0

FΨ
ε (u′ε) = ΦΨ(u, v).

If Lemma 2.4 is proved, then, by a classical approximation process, we can
deduce

lim
ε→0

Fε(u′ε) = Φ(u, v). (2.2)

Finally, we complete the proof of (2.2) for any (u, v) such that Φ(u, v) < +∞ by
approximation and diagonalization arguments.

Proof of Lemma 2.4. We split FΨ
ε (u′ε) in three parts

FΨ
ε (u′ε) = FΨ1

ε (u′ε) + FΨ2
ε (u′ε) + FΨ3

ε (u′ε). (2.3)

First, we consider

FΨ1
ε (u′ε) :=

∫

Ω\Bε∪Tε

φp(∇u′ε)Ψ dx =
∫

Ω\Bε∪Tε

φp(∇u)Ψ dx,

where Bε := ∪i∈εIεD
i
Rε
\Di

rε
× (0, L). Hence, the assumption Rε ¿ ε yields

limε→0 |Bε ∪ Tε| = 0 and, consequently,

lim
ε→0

FΨ1
ε (u′ε) =

∫

Ω

φp(∇u)Ψ dx.

Next, we pay attention to

FΨ2
ε (u′ε) :=

∫

Bε

φp(∇u′ε)Ψ dx.

Writing
zε := (v − u)∇̂θε, (2.4)

we obtain
∇u′ε = zε + (wε − v)∇θε + (1− θε)∇u + θε∇wε.

Let us show
lim
ε→0

∫

Bε

(φp(∇u′ε)− φp(zε))Ψ dx = 0. (2.5)
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The function φp, being convex and positively homogeneous of degree p, satisfies

∀ ξ, η ∈ Rn, n = 1, 2, 3, |φp(ξ)− φp(η)| ≤ C|ξ − η|(|ξ|p−1 + |η|p−1). (2.6)

Therefore, Hölder inequality yields

∣∣∣∣
∫

Bε

(φp(∇u′ε)− φp(zε))Ψ dx

∣∣∣∣ ≤ C

(∫

Bε

|∇u′ε − zε|p dx

) 1
p

(∫

Bε

|∇u′ε|p dx +
∫

Bε

|zε|p dx

) 1
p′

.

The smoothness of (u, v) implies

u′ε = u on Ω\(Bε ∪ Tε), |u′ε| ≤ C on Ω, |∇wε| ≤ C on Bε,
u′ε = wε on Tε, |wε − v| ≤ CRε on Bε,

}
(2.7)

so that ∫

Bε

|∇u′ε|p dx +
∫

Bε

|zε|p dx ≤ Cε−2

∫

D(rε,Rε)

φp(∇̂θε) dx̂,

∫

Bε

|∇u′ε − zε|p dx ≤ CRp
εε
−2

∫

D(rε,Rε)

φp(∇̂θε) dx̂,

where D(rε, Rε) =
{
x̂ ∈ R2 : rε < |x̂| < Rε

}
. Hence, if we choose θε such that

∃M > 0 ; ε−2

∫

D(rε,Rε)

φp(∇̂θε) dx̂ ≤ M ∀ ε > 0, (2.8)

then (2.5) is true. We finally have

lim
ε→0

FΨ2
ε (u′ε)

= lim
ε→0

∫

Bε

φp(zε)Ψ dx

= lim
ε→0

∫

Bε

|v − u|pφp(∇̂θε)Ψ dx

= lim
ε→0

∫

D(rε,Rε)

φp(∇̂θε) dx̂

∫ L

0

∑

i∈Iε

|v − u|p(ŷi
ε, x3)Ψ(ŷi

ε, x3) dx3 (with ŷi
ε ∈ Y i

ε )

= lim
ε→0

ε−2

∫

D(rε,Rε)

φp(∇̂θε) dx̂

∫ L

0

∑

i∈Iε

|Y i
ε ||v − u|p(ŷi

ε, x3)Ψ(ŷi
ε, x3) dx3.

Observe that limε→0

∫ L

0

∑
i∈Iε

|Y i
ε ||v − u|p(ŷi

ε, x3)Ψ(ŷi
ε, x3) dx3 =

∫
Ω
|v − u|pΨ dx.

To get the lowest upper bound in Proposition 2.2, it is clear that θε has to be the
solution of the capacitary problem

(Pcap
ε ) min





∫

D(rε,Rε)

φp(∇̂ϕ) dx̂ :
ϕ ∈ W 1,p(D(rε, Rε)),
ϕ(x̂) = 1 on |x̂| = rε,
ϕ(x̂) = 0 on |x̂| = Rε.




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As observed in [2], we have

θε =

{
log Rε−log |x̂|
log Rε−log rε

if p = 2,
Rs

ε−|x̂|s
Rs

ε−rs
ε

if p 6= 2 (s = p−2
p−1 )

and ∫

D(rε,Rε)

φp(∇̂θε) dx̂ =
2π

p
Γp(rε, Rε),

where Γp(rε, Rε) :=

{
1

log Rε−log rε
if p = 2,

( s
Rs

ε−rs
ε
)p−1 if p 6= 2 (s = p−2

p−1 ).
Note that

lim
ε→0

ε−2Γp(rε, Rε) = γ.

If γ < +∞, then (2.8) is satisfied and

lim
ε→0

FΨ2
ε (u′ε) =

2πγ

p

∫

Ω

|v − u|pΨ dx.

When γ = +∞, it suffices to prove that limε→0 FΨ2
ε (u′ε) = 0. Due to (2.7), the

result is a consequence of FΨ2
ε (u′ε) ≤ CRp

εε
−2Γp(rε, Rε), which tends to zero.

Now, we consider the remaining part

FΨ3
ε (u′ε) :=

∫

Tε

λεφp(∇wε)Ψ dx.

Recalling the assumption (2.1) on v and using the local Lipschitz property (2.6),
we deduce

lim
ε→0

FΨ3
ε (u′ε) = lim

ε→0

1
|Tε|

∫

Tε

λεφp

(
∂v

∂x3

)
Ψ dx

=
kπ

p

∫

Ω

∣∣∣∣
∂v

∂x3

∣∣∣∣
p

Ψ dx,

as shown in [2].
Now, we will prove the upper bound equality by using the sharper approxima-

tion (u#
ε ). We start with

Fε(u#
ε ) =

∫

Σε

aεφp(∇u#
ε ) dx +

∫

Ω\Σε

aεφp(∇u′ε) dx. (2.9)

Conditions (2.7) imply |u′ε − u| ≤ C(rε1Tε + Rε1Bε). Hence

∫

Σε

aεφp(∇u#
ε ) dx ≤ C

(
|Σε|+

∫

Σε

aε(x)|∇u′ε|p dx + λε|Tε ∩ Σε|+
(

Rε

rε

)p

|Σε|
)

.
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Lemma 2.4 implies that for every Ψ ∈ C0(Ω, [0, 1]), such that Ψ = 1 on a small
neighborhood of Γ0 ∩ (ω0 ∪ ωL),

lim sup
ε→0

∫

Σε

aεφp(∇u#
ε ) dx ≤ lim sup

ε→0

∫

Ω

aεφp(∇u′ε)Ψ dx

=
∫

Ω

(
φp(∇u) +

kπ

p

∣∣∣∣
∂v

∂x3

∣∣∣∣
p

+
2πγ

p
|v − u|p

)
Ψ dx.

Thus, by letting Ψ tend to zero, we deduce

lim
ε→0

∫

Σε

aεφp(∇u#
ε ) dx = lim

ε→0

∫

Σε

aεφp(∇u′ε) dx = 0,

and

lim
ε→0

∫

Ω\Σε

aεφp(∇u′ε) dx = lim
ε→0

(∫

Ω

aεφp(∇u′ε) dx−
∫

Σε

aεφp(∇u′ε) dx

)

=
∫

Ω

φp(∇u) +
kπ

p

∣∣∣∣
∂v

∂x3

∣∣∣∣
p

+
2πγ

p
|v − u|p dx,

which proves the result for (u, v) smooth. We complete the proof by a standard
approximation of (u, v) and a diagonalization argument [1].

2.3 Proof of Proposition 2.3

It is enough to consider lim infε Fε(uε) < +∞. Due to the compactness prop-
erty, (u, v) is in (Lp(Ω))2. We first consider the term F 2

ε (uε). Let (uη, vη) be
Lipschitz on Ω such that limη→0 ‖uη − u‖Lp(Ω) + ‖vη − v‖Lp(Ω) = 0. We define
(vη − uη)ε :=

∑
i∈Iε

(vη − uη)(x̂i
ε, x3)1Y i

ε
and zηε := (vη − uη)ε∇̂θε. Because of

the local Lipschitz property (2.6) of φp and (u, v) ∈ (Lp(Ω))2, Hölder inequality
implies

lim
ε→0

∫

Bε

φp(zηε)− φp(zε) dx = 0.

The proof of the upper bound equality allows us to write

lim
ε→0

φp(zηε) =
2πγ

p

∫

Ω

|vη − uη|p dx.

The convexity of φp and the fact that φp(∇uε) ≥ φp(∇̂uε) yield

lim inf
ε→0

F 2
ε (uε) ≥ lim inf

ε→0

∫

Bε

φp(∇̂uε) dx

≥ lim inf
ε→0

∫

Bε

φp(zηε) dx

+ lim inf
ε→0

∫

Bε

φ′p(zηε) · (∇̂uε − zηε) dx. (2.10)
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The very definition of φp implies

φ′p(ξ) = |ξ|p−2ξ ∀ ξ ∈ Rn, n = 1, 2, 3,

φ′p(tξ) = φ′p(t)φ
′
p(ξ) ∀ (t, ξ) ∈ R× Rn, n = 1, 2, 3,

φ′p(ξ) · ξ = pφp(ξ) ∀ ξ ∈ Rn, n = 1, 2, 3.

Hence
lim
ε→0

∫

Bε

φ′p(zηε) · zηε dx = 2πγ

∫

Ω

|vη − uη|p dx. (2.11)

For the other term of (2.10), we have
∫

Bε

φ′p(zηε) · ∇̂uε dx =
∑

i∈Iε

∫ L

0

φ′p(vη − uη)(x̂i
ε, x3)

∫

Di(rε,Rε)

φ′p(∇̂θε) · ∇̂uε dx̂ dx3,

where Di(rε, Rε) = Di
Rε
\Di

rε
. Let ν be the outer normal on ∂Di(rε, Rε), the very

definition of θε as a solution of (Pcap
ε ) yields

∫

Di(rε,Rε)

φ′p(∇̂θε) · ∇̂uε dx̂ =
∫

∂Di(rε,Rε)

(φ′p(∇̂θε) · ν)uε dl

=
∫

∂Di
Rε

(φ′p(∇̂θε) · ν)uε dl +
∫

∂Di
rε

(φ′p(∇̂θε) · ν)uε dl

= −ũi
ε

∫

∂Di
rε

(φ′p(∇̂θε) · ν) dl + ṽi
ε

∫

∂Di
rε

(φ′p(∇̂θε) · ν)uε dl

where ũi
ε :=

R
∂Di

Rε

(φ′p(b∇θε)·ν)uε dl
R

∂Di
rε

(φ′p(b∇θε)·ν) dl
= 1

2πRε

∫
∂Di

Rε

(φ′p(∇̂θε)·ν)uε dl, ũε :=
∑

i∈Iε
ũi

ε1Y i
ε
,

ṽi
ε :=

R
∂Di

rε
(φ′p(b∇θε)·ν)vε dl

R
∂Di

rε
(φ′p(b∇θε)·ν) dl

= 1
2πrε

∫
∂Di

rε

(φ′p(∇̂θε) · ν)vε dl, ṽε :=
∑

i∈Iε
ṽi

ε1Y i
ε
. Thus,

∫

Di(rε,Rε)

φ′p(∇̂θε) · ∇̂uε dx̂ = (ṽi
ε − ũi

ε)
∫

∂Di
rε

(φ′p(∇̂θε) · ν) dl

= (ṽi
ε − ũi

ε)
∫

Di(rε,Rε)

φ′p(∇̂θε) · ∇̂θε dx̂

= 2πΓp(rε, Rε)(ṽi
ε − ũi

ε),

and ∫

Bε

φ′p(zηε) · ∇̂uε dx = 2πΓp(rε, Rε)
∫

Ω

φ′p((vη − uη)ε)(ṽε − ũε) dx.

It was shown in [2] that (ṽε − ũε) ⇀ (v − u) in Lp(Ω). On the other hand,
(vη − uη) being smooth and φ′p being continuous from Lp(Ω) to Lp′(Ω), we have
φ′p((vη − uη)ε) → φ′p(vη − uη) in Lp′(Ω). Hence,

lim
ε→0

∫

Bε

φ′p(zηε) · ∇̂uε dx = 2πγ

∫

Ω

φ′p(vη − uη)(v − u) dx. (2.12)
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Therefore, (2.10), (2.11) and (2.12) imply

lim inf
ε→0

F 2
ε (uε) ≥ 2πγ

p

∫

Ω

|vη − uη|p dx

+2πγ

[∫

Ω

|vη − uη|p dx−
∫

Ω

φ′p(vη − uη)(v − u) dx

]
.

The expected lower bound for F 2
ε (uε) is obtained by letting η tend to zero.

To complete the proof it suffices to use the arguments of [2] concerning the
lower bounds for F 1

ε (uε), F 3
ε (uε) and the fact that v belongs to Lp(ω,W 1,p(0, L)).

2.4 The Final Result

The following theorem, a convergence result for the minimizer of (Pε), is a
standard consequence of the previous three propositions.

Theorem 2.5. Let the assumptions (1.3) and (1.5) hold with (k, γ) ∈ (0,+∞).
Then the unique solution uε of (Pε) converges weakly in W 1,p(Ω) to the unique
solution u of the problem

min {min {Φ(u, v)− L(u) : v ∈ Lp(Ω)} : u ∈ Lp(Ω)} ,

where Φ and L are defined by (1.4) and (1.2) respectively.

Proof. The proof of this theorem is the same as that in [2].
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3 Conclusions and Remarks

The previous analysis can be easily extended to the case when φp is replaced
by any strictly convex function which satisfies

∃M > 0, ∃ r ∈ (1, p) ; |W (ξ)− φp(ξ)| ≤ M |ξ|r ∀ ξ ∈ R3, (3.1)

the density function associated with Φ(u, v) becomes

W (∇u) + 2πγ|v − u|p + W

(
∂v

∂x3

)
.

Indeed, (3.1) and Hölder inequality imply
∣∣∣∣
∫

Bε

W (∇uε) dx−
∫

Bε

φp(∇uε) dx

∣∣∣∣ ≤ M |Bε|1−
r
p

∫

Ω

|∇uε|p dx,

while our arguments and those of [2] to derive the upper bound and lower bound
respectively are valid when φp is replaced by any convex function satisfying a
growth condition like

∃α, β > 0 ; α(|ξ|p − 1) ≤ W (ξ) ≤ β(1 + |ξ|p) ∀ ξ ∈ R3,

which is an obvious consequence of (3.1).
Eventually, the key arguments of our analysis are the identification of γ, θε

in terms of the solution of capacitary problems and the use of the p-positive ho-
mogeneity and convexity of φp and of the fact that φp(ξ) ≥ φp(ξ̂). Thus, it is
easy to guess what could be Φ(u, v), when φp is replaced by any strictly convex
function and when the cross sections of the fibers are smooth star-shaped domains
of R2. We hope that our proposed strategy will be able to reduce and overcome
the involved technical difficulties.
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