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Abstract

Project Code: MRG5080422
Project Title: Influence of Various Geometrical and Mechanical Parameters on
Effective Properties of a matrix Reinforced by Fibers
Investigator: Dr. Somsak Orankitjaroen, Mahidol University
Mentor: Prof. Christian Licht, University Montpellier Il
Prof. Amnuoy Kananthai, Chiang Mai University
E-mail Address: scsok@mahidol.ac.th
Project Period: July 2, 2007 — July 1, 2009
We propose another proof of the homogenization study of a quasilinear
elliptic boundary value problem by Bellieud and Bouchitte, and the homogenization
study of a linear elliptic boundary valued problem by Bellieud and Gruais. Both
problems are setting in a cylindrical domain with periodic structure of fiber in which the
data takes high value. By studying the variational convergence of the energy functional
in both two problems, we expect that this technique can be treated in a more general
geometrical and physical cases. The energy functional is applied in a suitable Sobolev
spaces which is related to distribution theory. In distribution frame work, We finally
calculate a particular composition of distributions of delta functional using neutrix

calculus.

Keywords: homogenization, variational convergence, distribution, neutrix
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Executive Summary

1.1 Rationale

Looking at new matials such as smart materials and nano materials being used
in current technology, we find that sometimes it is difficult to explained such
materials under the classical Cauchy continuum frame work. Therefore, there
is an attempt to interpret them with an introduction of generalized continuum
medium. However, theories to support a new medium is still in the research
level. In our work, we are interested in a composite material with Cacuhy
continuum medium but with a structure leading to a generalized continuum
under homogenization. We investigate the work of Bellieud and Bouchitté
in quasilinear elliptic boundary value problem (scalar case), and the work of
Bellieud and Gruais in linear elliptic boundary valued problem (vector case). We
reprove their results using a variational convergence technique. This technique
is used to investigate a sequence of functional in a suitable Sobolev space which
is supported by a distribution theory. We finally compute a certain distribution
composition of delta functional by neutrix calculus.

1.2 Objective

The objectives of this project are as follows:

1. To use a mathematical technique to prove an existence of generalized
continuum.



2 Executive Summary

2. To propose a different proof of Bellieud and Bouchitté using a technique
of variational convergence.

3. To propose a different proof of Bellieud and Gruais using a technique of
variational convergence.

4. To calculate a certain distribution composition of delta functional.

1.3 Result

1. We propose another proof of results using a variational convergence.
(See chapter 2.1).

2. We propose another proof of results using a variational convergence.
(See chapter 2.2).

3. We investigate a certain composition of distribution on delta functional. If
we let F' be a distribution in D’ and let f be a locally summable function.
The composition F(f(x)) of F and f is said to exist and be equal to the
distribution h(z) if the neutrix limit of the sequence {F,(f(z))} is equal to
h(z), where F,(z) = F(x)*d,(x) forn =1,2,... and {J,(x)} is a certain
regular sequence converging to the Dirac delta functional. We prove that
the neutrix composition ¢(*)[In" (1 + xl/r)] exists and

s kr+r—1 . ;- . T
br o= 1) (SRR 1o
SO I (1+22")] E E 5
(v = 2(sr+1r—1)k! (z)

for s =0,1,2,... and r = 1,2,.... Further results are also proved (See
chapter 2.3).

1.4 Discussion and Conclusion

1. The analysis in chapter 2.1 can be easily extended to the case when ¢,
is replaced by any strictly convex function which satisfies

IM >0, 3r e (1,p) ; (W(E) — ¢p(E)] < MIEI Ve eR?,
(1.4.1)
the density function associated with ®(u,v) becomes

v
— p
W (Vu) +2mylv —ulf + W (6x3>
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Indeed, (1.4.1) and Holder inequality imply

W (Vu,)dx —/ ¢p(Vue) do
B.

< M|B€|1—%/ |V, [P d,
B. Q
while our arguments and those of [7] to derive the upper bound and lower
bound respectively are valid when ¢, is replaced by any convex function
satisfying a growth condition like

Ja,3>0; a([§)F —1) < W(E) < B(L+[¢]7) VEeR?,

which is an obvious consequence of (1.4.1).

Eventually, the key arguments of our analysis are the identification of v, 6.
in terms of the solution of capacitary problems and the use of the p-positive
homogeneity and convexity of ¢, and of the fact that ¢, (&) > qbp(é). Thus,
it is easy to guess what could be ®(u,v), when ¢, is replaced by any
strictly convex function and when the cross sections of the fibers are
smooth star-shaped domains of R2. We hope that our proposed strategy

will be able to reduce and overcome the involved technical difficulties.

2. Here was presented another proof of a result of [4] concerning the
homogenization of a cylindrical fibered structure. Instead of passing to
the limit on a formulation of the problem in terms of variational equality
through appropriate sequence of oscillating test fields, we study the
variational convergence of the energy functional. Hence, the ingredients
in the construction of the appropriate oscillating test fields are clearly
justified as providing the “best" upper bound. Thus, it seems possible
to consider a more general cross section for the fibers (say r.A with
0/ smooth enough) and a more general quadratic bulk energy density
W for the matrix in the extent where the solutions 62 of the involved
capacitary problems

m

2 Hl((_€7€)27R3)a
min / . Wir(e(p)) di | o(2) = e® on 1A,
7o (&) = 0 on (—z,£)2\ D(0, R.).

are such that
i) JwiP € S3suchthat (wiF)as = lime_e~? f(_w)z war(e(02),e(09)) di,

ii) lim. .o j;:i+’l’g(9A W]/M (6(9?)) : (ue *as) dl = lim. o f(?D},-i WJIVI(B(ag)) '
(ue — 1) dl = 0.
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3. In the theory of distributions, many arguments show that no meaning can
be generally given to expressions of the form F(f(x)), where F is a
distribution and f is a locally summable function. Using the concepts of a
neutrix and neutrix limit due to van der Corput [8], Fisher gave a general
principle for the discarding of unwanted infinite quantities from asymptotic
expansions. This has been exploited in the context of distributions,
particularly in connection with the composition of distributions, see [9, 10].
With Fisher’s definition, we are able to obtain one particular composition
of distribution involving delta functional which is of crucial in applications.
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2.1 Homogenization of Quasilinear Elliptic Problem
(Scalar Case)

Let p € (1, 400), we consider the homogenization of the elliptic problem

—dive, = f, 0. = a. |Vu€|p72 Vu. onQ
Us = Ug on FO (211)

o:"n=4g onIy

where Q := w x (0,L) with L > 0 and w is a bounded domain of R? with
smooth boundary and containing the origin of coordinates. The homogenization
study of (2.1.1) consists in examining the behavior of the sequence of the
solution (u.) as ¢ tends to zero. The conductivity coefficient a. is e-periodic
and satisfies a uniform lower bound, I'y is an open subset of 92 with Hausdorff
measure H?(Ty) strictly positive, I'; = 9Q\I'g, and n is the unit exterior normal
on 9. The boundary data ug is Lipschitz, while (f,g) € L' (Q) x L? ('),
P =p/lp—1).
The problem (2.1.1) is related to the minimization problem

(P.) min {Fs(w) “L(w):we ng(Q)} :
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where
WP (Q) = {weW"P(Q):w=uonTy},
F.(w):= / a:¢p(Vw) dz,
Q

bp(E) = %I&Ip, VECR" =123,
L(w) := d dH?. 2.1.2
W)= [ fwds+ [ o (2.1.2)

We are interested in the asymptotic behavior of (P.) as ¢ — 0. We present
another proof of a study of Bellieud and Bouchitté [7] that we expect to be more
suitable to treat more general geometrical and physical cases.

The bases of the cylindrical domain 2 are denoted by wy = w x {0} and
wr, =w x {L}. For each ¢, we consider a periodic distribution of cells (Y.!);cr.
such that Y := (ciy,eiz) + (—¢/2,¢/2)%, and I. := {i € Z* : Y} Cw}. Let
(D:._)ic1. be the family of disks of R? centered at i’ := (ci1,eiz) of radius
re e, Ti:=Di_x(0,L)and T. := U;c;, T?. The set of thin parallel cylinders 7.
represents the fibers (see Figure 2.1 and Figure 2). The conductivity coefficient

a. is
1 if O\T.
G/E(.'If) — L 6 \ (58]
A otherwise.

We make the assumptions

2
re — 0, %—>0, Ae — 400, ks::)\52—;—>k7k20 ase— 0.
(2.1.3)
In [7], it was shown that the asymptotic limit of (P.) is
min {®(u,v) — L(u) : (u,v) € (LP(Q))*},
where
p
Jo &p(Vu) dz + %’r Jo (%”3 dr + 277 Jo lv —ul? dx,
WEP(Q) x LP(w, WHP(0, L
‘I’(u,v) — if (’U,, U) € To ( ) X (w7 ( ’ ))7
v =1ug on I'oN (wyUuwrp),
400 otherwise,
(2.1.4)
and
hrr%)s 2| logre |7t if p=2,
[0,400] 2y=1¢ —1 (2.1.5)
lirr%) 2-p | r2Pe=2 ifp#£2
E—
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N N Y
wo
Q

(OrI2A1: the domain © = w x (0, L) occupied by a composite material

>

N
Y'Ei

(OIM212: the circular cross section of the fiber, Y C w
Here, the boundary data u( is assumed to be Lipschitz in order to ensure that

the infimum value of problem (P.) remains finite as ¢ — 0. In case k = +oo0,
we add further assumption

ker. — 0, ase—0. (2.1.6)
The conditions
k>0 and {y>0 or wyCIy or wpCTly} (2.1.7)

guarantee that the functional ® is coercive in W1P(Q) x LP(w, WP(0, L).

We are concerned with the extension of this result to more general cross
sections of the fibers and more general energy density than ¢,. The aim of this
paper is therefore to provide another proof that we expect to be more suitable
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to treat such general cases. The steps of the proof in [7] are to successively
establish:

(i) a compactness property of the sequence (u.) such that F.(u.) < C,
(i) a lower bound inequality of the sequence (F.(u.)),

(iii) an upper bound inequality of the sequence (F.(u.)).
Here we replace the steps (ii) and (iii) by
(i") an upper equality of the sequence (F-(u.)),

(ii") a lower bound inequality of the sequence (F.(u.)) which essentially uses
a subdiffenrential inequality.

2.1.1 An Alternative Strategy

It consists, under (2.1.3), (2.1.5), (2.1.6) and (2.1.7), in proving the following
three propositions. In the sequel, the symbols —, — and = stand for the
strong convergence, the weak convergence and the weak star convergence,
respectively. As usual, the letter C' denotes various constants and for all

€= (&,6,6) in R?, € stands for (&, &).

Proposition 2.1.1 (compactness property). Let (u.) be a sequence such that
sup F(u.) is finite. Then (u.) is strongly relatively compact in LP(2) and (v.),
given by v, := %1@%, is bounded in L'(Q2) and, up to a subsequence, (v.)
weakly* converges in the space of bounded measures M,;(€2) to an element v of

LP(Q).

Proposition 2.1.2 (upper bound equality). For all (u,v) in (LP(©))?, such that
®(u,v) < 400, there exists a sequence (u.) such that u. — u in LP(), v, SN
in Mp(€2) and

lim Fe (ue) = @ (u, v).

Proposition 2.1.3 (lower bound inequality). For all » in LP(€2) and for all se-
quences (u.) such that u, — w in LP(Q), v, Xpin M,(2), one has:

limiélf F.(ue) > @(u,v).
£—

The proofs of these propositions are presented in the following sections.
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Proof of Proposition 2.1.1

Compactness property was already proved in [7].

Proof of Proposition 2.1.2

Our sole contribution is to prove that we can replace inequality by equality,
for that we use the same approximation . of u as in [7]

ul = (1 —0:)u+ b.w..

The function 6. is first defined on the closure of w, := U, Y. as a (—¢/2,¢/2)3-
periodic continuous function which satisfies 0 < 6. <1, 6. =1 on D, :=
Uier. D}, 6 = 0 on W\ Ujer, D}, where D7, is the disk of R? centered at 2!
of radius R, such that . < R. < e. Next 6. is assumed to vanish on @\w. and

N 1 N X .
we(&, x3) = Z <|Dl|/ v U(%l’?))dy) ly:(2).
i€l Te Di‘e

The approximation . does not satisfy the boundary condition on 'y N (wp Uwrp,)
so that, as in [7], we introduce a sharper approximation

uf = up. +ul(l - po).

Here . is a C>°(Q) function which satisfies ¢. = 1 on 'y, ¢. = 0 on Q\X,
V.| < C/r. on Q where X, := {z € Q: dist(x,T) < r.} . We assume that u
and v are Lipschitz on © and there exists L > 0 such that

ov ,_, ov

87(33 ,T3) — 87(33",3:3) < L|2' —3"| V(& x3),(2",23) €Q. (2.1.8)
3 3

Letting ¥ be any continuous function on ©Q such that 0 < ¥ < 1, we introduce
FY, @Y defined by similar formulae as the ones of F. and ® but with ¥ dz in
place of dz. We will prove the lemma:

Lemma 2.1.4.
lim F¥ (ul) = ¥ (u,v).

e—0

If Lemma 2.1.4 is proved, then, by a classical approximation process, we
can deduce
liH(l) F.(ul) = ®(u,v). (2.1.9)

Finally, we complete the proof of (2.1.9) for any (u,v) such that ®(u,v) < 400
by approximation and diagonalization arguments.
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Proof. We split FY(ul) in three parts

FY(ul) = F¥Y(ul) + FX2(ul) + F23(ul). (2.1.10)

€

First, we consider
FP(ul) ::/ qsp(vu;)wx:/ ¢p(Vu) ¥ dz,
Q\BEUTE Q\BEUTE

where B. = Ujecr. D \Di_ x (0,L). Hence, the assumption R. < e yields
lim._, |B: UT.| = 0 and, consequently,

lim F¥ (u / ¢p(Vu)¥ dz.

e—0

Next, we pay attention to

F¥%(u / ¢p(Vul) W dz.
Writing
2o = (v — u) VL, (2.1.11)
we obtain
Vaul =z + (we —v)VO: + (1 — 0.)Vu + 0-Vw..

Let us show

lim (6p(Vul) — ¢p(22))¥ dx = 0. (2.1.12)

e— B.

The function ¢,, being convex and positively homogeneous of degree p, satisfies
VENER", n=123 [6,(€) — p(n) < CI&—nl(|EF~" + 7). (2.1.13)

Therefore, Holder inequality yields

§C’</ |Vu/€zspdx)p</ |Vu/€|pdx+/ |z€|pdx>

The smoothness of (u,v) implies

1
o7

/ (6p(Vil) — p(22)) ¥ dx

€

(2.1.14)

/
€
li
€

ul.=wuon QO\(B:UT,), [u]<ConQ, |Vw]<C on B,
ul. =w. on Ty, |w. —v| < CR. on B,

/ |Vu’5|pdz+/
B. B

2P da < 05*2/ ,(V0,) d,
D(rs,Re)

=
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/ V! — z|P do < CRPe? / ¢, (V0.) di
B, D(TExRE)

where D(r., R.) = {a: eER?:r. < |2 < RE}. Hence, if we choose 6. such that
IM >0 ; 5*2/ ¢p(VO.)d2 <M Ve >0, (2.1.15)
D(re,R.)

then (2.1.12) is true. We finally have

lim FY?(ul)
e—0

= lim/ Op(2e) ¥ dx
e—0

= hm |v—u\p¢p(V9 YU dx

= lim Op (V6.) dx/ Z lv — ulP (9L, 23) U (9L, x3) drs  (with g2 € YY)
e—0 D(’I”E,RE) 7,6[

= met [ @0 / S Villo — P (5, w5) W (5, 5) ds.
=% JD(re.Re) it

Observe that lim. .o fOL i [Yellv—ulP (9L, x3)0(§L, x3) deg = [o |[v—ulPV dz.
To get the lowest upper bound in Proposition 2.1.2, it is clear that 6. has to be
the solution of the capacitary problem

(PZ)  min / ép(Vp)dz : () =1 on
D(rc,Re)

As observed in [7], we have

log R.—log || _
0. = logl%‘grlogr if p= 2’
= < . _9
Ri—7s If p 7é 2 (8 = %)

and 5
/ 6,(V0.)di = ~“T,(rz, Re),
D(re,Re p

1 ifp=2
L log R-—log - ?
e = { ST O
2—re =

Note that

Il
=

lin}) 2Ty (re, Re)
E—
If v < 400, then (2.1.15) is satisfied and

2
lim FY?(ul) = ﬂ/ [v — u|PW dx.
P Ja

e—0
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When v = +o0, it sulcds to prove that lim. .o F¥2(u.) = 0. Due to (2.1.14), the
result is a consequence of F¥2(u.) < CRPe—T(r., R.), which tends to zero.

Now, we consider the remaining part
F‘I’3 / Aedp(Vwe) ¥ dx.

Recalling the assumption (2.1.8) on v and using the local Lipschitz property
(2.1.13), we deduce

w3 _ :
Ry P () = sﬂom v (g ) v

81}

o|0z3

\Ilda:,

as shown in [7].

Now, we will prove the upper bound equality by using the sharper approxi-
mation (u?). We start with
F.(uff) = / acdp(Vul) da —|—/ a:0p(Vul) da. (2.1.16)
. Q\X.

Conditions (2.1.14) imply |u. — u| < C(relr. + R:1p.). Hence

R p
/ a5¢p(Vuf)dz§C(|Eg|+/ @)Vl do + AT N 5 |+(r ) b |>
€ EE

g

Lemma 2.1.4 implies that for every ¥ € C°(,[0,1]), such that ¥ = 1 on a
small neighborhood of Ty N (wg Uwy,),

e—0 e—0

limsup/ asqﬁp(Vuf)dz < limsup/asqﬁp(Vu;)\Ildx
Q

€

kx| ov|P 271y »
= — = — v — vd
/Q <¢,,(Vu) + D25 ’ |v — ul > x
Thus, by letting ¥ tend to zero, we deduce
lim [ a.p,(Vu?)de =lim [ a.¢,(Vul)dx =0,
e—0 b e—0 .
and
lim azpp(Vul)dz = lim </ a:¢p(Vul) dz —/ a:pp(Vul) dx)
=0 Jo\s. e=0 \Ja 2.
B v 2my »
= (Z)p(Vu) —|— ) 5303 — v — ul? dz,

which proves the result for (u, v) smooth. We complete the proof by a standard
approximation of (u,v) and a diagonalization argument [6].
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2.1.2 Proof of Proposition 2.1.3

It is enough to consider liminf, F.(u.) < 4+00. Due to the compactness
property, (u,v) is in (LP(2))%. We first consider the term F2(u.). Let (u,,v,)
be Lipschitz on Q such that lim, ¢ ||u, —u|| Lr (o) + vy — v £r (@) = 0. We define
(v = un)e =D ieq (Vg — uy)(2L, 23)1y: and z,. = (v, — u,). V.. Because of
the local Lipschitz property (2.1.13) of ¢, and (u,v) € (L?(92))?, Holder inequality
implies

e—0

lim /B by (2n) — dy(22) dax = 0,

The proof of the upper bound equality allows us to write
2
hm qbp Zne) = il / |y — uy|P da.
The convexity of ¢, and the fact that ¢, (Vu.) > ¢,(Vu.) yield

lim inf F2(u.)

v

hmlnf/ op( VUE

Y

hmlnf/ bp(2ne) d

e—0

+11m1nf/ ¢y, (2ne) (Vue Zpe)dx.  (2.1.17)

The very definition of ¢, implies

¢p(€) = €772 VEER", n=1,23,
D (t6) = ¢ (t)d,,(8) V(t,€) ERxR"n=1,2,3,
¢p(£)£:p¢p(§) v£€Rn7 n= 13273~
Hence
lim /BE b (2ne) - 2pe da = 2777/9 vy — uy|P da. (2.1.18)

For the other term of (2.1.17), we have

/ qb Zne) Vugda:—Z/ ¢ Uy —Uy) $8,$3)/ QS;,(@HE)-@uEdi‘dxg,

bl Di(r.,R.)
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where Di(r., R.) = D% \ Di_. Let v be the outer normal on 0D (r, R.), the
very definition of 6. as a solution of (P2%P) yields

/. ¢;(V9e)-Vu5da§:/ | (,(V0.) - v)u. dl
Di(re,Re) 9D (rs,R:)
=/ v (¢;(@95)~V)usdl+/ (6,,(V0.) - v)u. dl
8D§25 6D3’-a
= —i! / (6,,(V6.) - v)dl + 5 / (6,,(V0.) - v)u. di
BD;ZS BDL
~i faDi (¢;}(695)~V)u5dl e B L
where u; := faZ: (¢,(V0)v) dl = 27r1RE f(‘)D%E <¢;(ve€)y)u6 dl, . := Eie[s uelY;‘y
. Jops (¢,,(V0.)-v)v. dl R ] )
Ve := faDj (¢,,(V8e)-v)dl = ﬁfa[)gs ((JS;)(V@E) cV)vedl, Ve = Zielg Uelysi.
Thus, :

/ ¢(V0.) - Vu. di = (0! —ag)/ (6,(V6.) - v)dl
Di(re,R.) aD;}._

— @) [ (6. 96.di
Di(re,Re)
=27, (re, Ro) (0L — al),
and

/ O (2ne) - e d = 20T (e, Re) | (g — )2 (6o — ) di.
B. Q

It was shown in [7] that (0. — @) — (v —w) in LP(2). On the other hand,
(vy —u,) being smooth and ¢;, being continuous from L?(Q) to L' (), we have

O ((vy = up)e) — ¢y, (vy — uy) in L7 (). Hence,

lim /B ¢y, (2ne) - Vue dz = 27r’y/Q oy, (vy — up) (v — u) d. (2.1.19)

e—0

Therefore, (2.1.17), (2.1.18) and (2.1.19) imply

27y
.. 2 N . p
11£I1_}(I)1f F2(us) > e /Q |y — up|P dz

+27y [/Qvn—un|pd$—/9q§;(v,,—un)(v—u)dx :

The expected lower bound for F2(u.) is obtained by letting 7 tend to zero.

To complete the proof it suffices to use the arguments of [7] concerning the
lower bounds for F (u.), F2(u.) and the fact that v belongs to L? (w, WP (0, L)).



2.2 Homogenization of Linear Elliptic Problem (Vector Case) 15

2.1.3 The Final Result

The following theorem, a convergence result for the minimizer of (P.), is
a standard consequence of the previous three propositions.

Theorem 2.1.5. Let the assumptions (2.1.3) and (2.1.5) hold with (k,v) € (0, +o0).
Then the unique solution . of (P.) converges weakly in W1P(Q) to the unique
solution @ of the problem

min {min {®(u,v) — L(u) : v € LP(Q)} : w € LP(Q)},
where ® and L are defined by (2.1.4) and (2.1.2) respectively.

Proof. The proof of this theorem is the same as that in [7].

2.2 Homogenization of Linear Elliptic Problem (Vec-
tor Case)

We intend to study the macroscopic behavior of a cylindrical micro-fibered
structure made of a linearly isotropic elastic matrix surrounding a periodic
distribution of very thin linearly isotropic elastic fibers of very high stiffness. As
usual, we make no difference between the real physical space and R? whose an
orthonormal basis is denoted by {e¢®} and, for all £ = (&1, &5, &3) of R?, € stands
for (&1,&5). Letw a bounded domain of R2, containing the origin, with a Lipschitz
continuous boundary dw and L a positive number so that 2 :=w x (0,L) is a
reference configuration of the fibered structure.

For each ¢ > 0, (Y!) € I., where Y := (eiy,cis) + (—¢/2,¢/2)? and I. :=
{i€Z? Y} Cw}, denotes a periodic distribution of cells. Let (Di )ics.
the family of disk of R? centered at i := (eiy,eiz) of radius r. < ¢, and
T?:= D;_x(0,L). The set T := U;c;, T of thin parallel cylinders is the domain
occupied by the fibers.

The Lamé coefficients \. and p. of the structure are such that

A >0, ifzeQ\T: o >0, ifzeQ\T
Ae(z) = . ) pe(z) = )
Aet, if z €T, Lel, if z €T..

The structure is clamped on the part Iy := w x {0, L} of the boundary 9 of
), subjected to body forces of density f and to surface forces of density g on
Fl = 0N \ Fo.
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The problem of finding the equilibrium configuration of the structure reads
as

—dive. = f in Q,

oe = A tre(us)I + 2uce(u.), e(ue) = (Vu)s := 3(Vu. + Vul),
ue =0 on Iy,

on=g onTI}.

(2.2.1)
where u,, 0. denote the displacement and stress fields and n is the unit outward
normal. It is well-known that if A1, pe; > 0, f € L2(Q,R3), g € L?(I'1,R3),
then the problem, which can also be written

(P.)  min{F.(w) — L(w) | w € HE (L, R*)}, (2.2.2)
where

F.(w):= QI/Vg(e(w))d:c, L(w) :z/Qf-wda:—/F g-wds,

and

1
We(e) := A tr? e + pclel?, Ve € S* the space of symmetric 3 x 3 matrices,
H} (Q,R*) ={ve H' (QLR*) [v=00nTy}

has a unique solution ..

To determine the macroscopic (or efficient) behavior of the micro-fibered
structure, we aim to study the asymptotic behavior of 4. when e goes to zero.
Let

|T5| >\51
ke := per—, o= ,
€ € |Q| € ILLEI
and assume that, as ¢ — 0,
re — 0, e — 0, A1 — Fo00, el — 100,
€

k. — k € [0, +o0], T?ks — Kk € [0, +o0], I. - 1€]0,+00), (2.2.3)
(€3 lnr.|)~ — v € [0, +00).

Let 17. the characteristic function of 7. and M;(£2, R?) the space of bounded
R3-valued measures in , it was proven in [4] that, as ¢ tends to zero, . weakly
converges in H'(Q,R?®) toward @ and . := %ﬂaln weakly* converges in

M,(Q,R?) toward an element o of L?(Q, R3) solving

(PM°™)  min {q)(u,v) — L(u) | (u,v) € LQ(Q,R?’)Q} ;
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with
/ Wole(u)) dz
Q
0 0
X
+uo7r'y/(v—u)T 0 XTH 0] -(v—u)de
Q
0 0o 1 if (u,v) € D,
b(u,v) = ) (u:0)
1 3l + 2 31)3
- k — d
T /Q 9zs|
+1 31+ 2 E/ 621112 82v22dx
22(1+1)4 Jo | 022 D2 ’
+o0, otherwise,
and
1 Ao +3
Wole(u)) := Ao tr% e(u) + pole()?,  x = AUOT:OO
E 81)1 81)2
D := H} (Q,R?) x {v € L*(w, H2(0, L; R?)) s = O 0on Ty } .

Thus, the macroscopic behavior of the micro-fibered structure is the one of a
so-called generalized elastic continuum medium involving an additional state
variable and its first two derivatives. This additional state variable accounts for
the microstructure in the extent where it describes the asymptotic behavior of
a suitable scaling of the displacement field in the fibers. Our main concern
is to understand this result more deeply and in a more general setting e.g., a
different cross-section of the fibers, a more general behavior of the matrix or
the fibers. Nevertheless, here, we confine to give another proof of the result
of [4] by directly studying the variational convergence (as in the scalar case [5])
of F. and shall divide our proof into three steps:

1. a compactness property for each sequence (u.) such that F.(u.) is
bounded,

2. an upper bound equality for the sequence (F:(u.)),

3. a lower bound inequality for the sequence (F;(u.)).

2.2.1 An Alternative Strategy

Actually, the result of [4] is a standard consequence [3] of the following three
propositions:
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Proposition 2.2.1. (Compactness property) Let (u.) be a sequence such that
sup, F.(u.) is finite. Then (u.) is strongly relatively compact in L?(2,R?) and
(ve) is bounded in L'(Q,R?) and, up to a subsequence, (v.) weakly* converges
in My(Q,R?) to an element v of L?(Q,R3).

Proposition 2.2.2. (Upper bound equality) For all (u,v) in L?(Q,R3)? with

®(u,v) < +oo, there exists a sequence (u.) such that u. — u in L2(2,R3),
ve = v in My(Q,R3) and

lin(1) F.(u:) = ®(u,v).

Proposition 2.2.3. (Lower bound inequality) For all » in L?(,R3) and for all
sequence (u.) such that u. — u in L2(Q,R3), v. = v in M,(Q,R?), one has:

lim iélf F.(ue) > @(u,v).
E—

The convergence symbols —, — and = are used for the strong convergence,
the weak convergence and the weak* convergence, respectively. The proof
of these propositions are presented in the following subsections, where, as a
common practice, C' denote various constants which may vary from line to line.

Proof of Proposition 2.2.1

A proof of this proposition can be found in [4].

Proof of Proposition 2.2.2

We split F. into three parts:

F(w) := /Q\(BEUTE) We(e(w)) dz,
F2(w) = /B Wo(e(w))dz, F3w) = /T W (e(w)) da,

where B, := (Dg_\ D,.) x (0,L), D,_ := Uier. D)., Dg, := Uz'eIEsz57 D}ég is
the disk of R? centered at 2% of radius R. such that r. < R. < .. We point
out that our proof is in the same spirit as that of [5], where the main ingredient
stems from [4] and essentially confine to the convergence of FZ2. We first
assume u and v to be smooth on Q and construct an L2-approximation u, of u

by: .
ue =Y (ta(e™ = 02) + w0 2). (2.2.4)

a=1
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Here, for each « € {1, 2,3}, the vector field §¢ is first defined on the closure of
we := Ujer. Y? as a (—¢/2,¢/2)%-periodic element of H' (2, R?) which does not
depend on z3 and satisfies ¢ = ¢® on D,_, 62 =0 on w. \ Dg_. Next 6% is
assumed to vanish on @ \ w. and

() = we(z) + Vi(x) (2:25)

where

wE(i"x?)) = Z ( ! ’U(?ng)d:lj) 1Y5i(j:)a

eyl |DL_| Di.

and V. stems from w. in such a way that F3(u.) converges. The true
expressions of V. can be found in [4] (formula (5.16) and (5.52) with ¢) and ¢
in place of v and u).

As R. < ¢ implies lim._,¢ |B: UT.| = 0, we have

lim F () = / Wo(e(u)) da.
e—0 Q
To find the limit of F2(u.), we introduce
3
ze =) (0 —u)q e(62), (2.2.6)
a=1
and compute the linearized strain of u. from (2.2.4):
3
e(ue) = ze +e(u) + Z [(Wea —va) e(65) + (62 @ V(We — u)a)s] -
a=1
We claim that a good choice of 6 yields

lim (/B Wo(e(u.)) d — /B Wo(ze)dx) —0.

Note that W, being convex and positively homogeneous of degree 2, satisfies
(see [1]):

VEneS®,  [Wo(€) — Woln)| < Cle —nl(lg] + In) (2.2.7)

so that Cauchy-Schwarz inequality implies

/ Wole(u.)) — Wo(z2) da
B,

<c (/B e(ue) - z5|2dx)1/2 (/B etw ot [

1/2
|zg2dx) .

€
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Because u and v are smooth, we have
|Vw.| < C on B, |we —v] < CR. on B,

consequently,

/ |2e|? da:<C’62Z/ > di

(TER)

with D(r., R.) = D(0, R.) \ D(0,7.), where for all R > 0, D(0, R) := {# € R? |
|#] < R} and

/ le(ue) — ze|* dx
B.

3
<CR%*2(1+ Rg/ |9§\2d£+/ le(09)|? di
( Z D(0,R.) D(0,R.) )

< CR% —2 1+Z/

by due account of the Korn inequality in D(0, R.). Therefore,

/WO e(ue) da:—/ Wo(ze) dx

< CR.e™ ! / 02 2d : / e(02*d 27
< CR.c (H; D(O,RJH )| x Z o | m)

thus, assuming that 0& satisfies

le(62 d:z:)
D(0,R. )

C
02)|? di < Vo = {1,2,3}, (2.2.8)
/D(OR)( ) [Inre|’ { )

it suffices to study the asymptotic behavior of | p. Wo(ze)dx . Let us denote
the bilinear form associated with the quadratic form Wy by wy:

1
wol(e, e') = 5)\0(‘51“ e)(tre)) + upe-€/, Ve, €S>

Note that
WO (ze)dx = Z / v —u) v—u)ﬂwo( (02), (95))dz
a,f=1
e? e(62),e(62)) di
aﬁzl / (re, R

/ S ¥ (0= u)a <w5,w3><v—u>g<mg,xs>dm)+0<)

i€l
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Here, it clearly appears that in order to get the lowest upper bound for F?2,
0% has to be the unique solution of the capacitary problem

p € H' ((—¢,e)% R?),
(Pee) wmind [ Wile()) di | o(@) = e on DO = {Ja] < 1.},
plrefie) o(3) = 0 on (—e,2)2\ D(0, R.).
It is shown in [4] (see Appendix) that
i) inequality (2.2.8) is true,
i) Jwg™® € S* such that
lim 2 /D( ) )wo((e(ﬁg),e(ﬁf))di‘: (WS)y Va8 € {1,2,3).

e—0
(2.2.9)
Therefore,

E—

lim Wo(ze) dx = / weP (v —u) - (v — u) dz,
Be. Q

with (see Appendix)

x+1 0 0
X

wo =mymo | 0 X0
0 0 1

We complete the proof of the convergence of F!(u.) and F2(u.) for any
(u,v) such that ®(u,v) < co by approximation and diagonalization arguments.
Eventually, as mentioned earlier, V. is chosen in such a way that a tedious
computation shows that F3(u.) has the expected limit.

2.2.2 Proof of Proposition 2.2.3

We assume here that lim inf. F.(u.) < +00. Compactness property yields that
(u,v) belongs to L?(£, R3)2.

We begin with the term F2(u.). Let (u,,v,) be Lipschitz on Q with
the property lim, o [lu; — ullz2(r3) + |vy — vlz2(Q,r3) = 0. Next we define
an approximation (v, — up)e == > _;c; (vy — up)(2%, 23)1y: of (v, —uy), and
associate z,. to (u,,v,) by (2.2.6). Let Z,. := 32 _ (v, — uy)-ae(6%). Because
of local Lipschitz property (2.2.7) of W and (u, v) € L?(Q, R?)2, Cauchy-Schwarz
inequality implies

lm / Wo (2. dar — / Wo(ze) d) = 0.
e—0 B. B.
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The proof of upper bound equality shows

e—0

lim/ Wo(zpe) do = / w® (v — uy) - (v — uy) da.
. Q

Therefore, W, being convex and 2-positively homogeneous, the subdifferential
inequality gives:

hmlnf/ Wol(e(ue)) dx
>hm1nf/ Wo(Zne dx—i—hmlnf/ Wo(Zne) - (e(ue) — Zpe) dx

= / we (v — uy) - (vy — uy) do + hm 1nf/ Wi (Zne) - e(ue) dz
Q
(2.2.10)
Letting D'(r., R.) := D%_\ Di_, we have:

/BE Wi (Zpe)-e(uz) de = ZZ/ Uy =ty )a (2, T3) </D(TE}RE)W5(6(9§¥)) .e(us)(ﬁ) ds.

i€l a=1

If v denotes the outer normal along to both 8Dig and 8D3%E- The very definition
of #2 as a solution of (PZ-*) and Green formula imply:

/ O We(8%) - e(ue) di
Di(re,Re)

= - Wi (e(@9))v - ue dl + Wi(e(02))v - ue di
oD;_ oD},

=— Wi (e(@))v - (ue — e) dl + Wi(e(@))v - (ue — e) dl
oD;_ oD,

+ Wi(e(0)v - (e — te) dl

oD

— [ W ey di s [ WO (e — )
oD _ aDi,.

+2 -1 / wo(e(0%), e(62)) dz,
Z 6 Dire.R) 0((5) (s))

where
= i 1 N = . - N
(0'(a5) = i |, vel@rca)d “E(x)_iezf(uf) (23) Ly (2),
() (z3) = ue(#,23) dI, a5<x>=z<us> (23) 1y (7),

[0D%. | Jopi,
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u.(-,z3) being, by Fubini's theorem, well defined in H!(w,R?) for a.e. z3 €
(0,L).
Actually, the standard estimates

I 1/2
/ / lue — ut|dl dzs < 7. / |Vue|? dz )
o Jopi T:
I 1/2
/ / lue — ut|dl dzs < R. / |Vu|? do
o Jopi,_ Diy_x(0,L)

and the estimates (see Appendix)

[Wo(e(02))v|L=(D(0,r.)) < [Wo(e(02))v|L@D0,R.)) <

re|Inre|’ R.|Inr.|

for « = 1,2,3 imply that

3 L
P <vn—un>a<@;x3>(

icl. a=1 oD},
1/2 1/2
< ¢ Z /|Vu5\2dx Sﬁ /\Vu5|2dx < Ce
[Inre| = i e?llnr:| | Ja
and
3 L )
>y <vn—un>a<5c;m3>< | W(;(e(e:))w(us—ug)dz) dzy
icl. a=1"0 OD%_
1/ 1/2
< © 3 Vu2de b < CF Vu2dz ! < Ce
[In7re| =\ e2llnre| | Ja
Thus,
lim Wo(Zne) - e(ue) dx
e—0 B.
3 L . ‘
=23 Y [ - watitim) ( / wo<e<es>7e<05>>doe) (i — 1)) (ws) doy
i€l a,f=1 0 D(re,Re)

- 2/ wo(vy — uy) - (v —u)dz,
Q

by due account of (2.2.9) and of the weak convergence in L?(2,R?) of (i, u)
toward (v, u) (see [4] P.68). Hence, letting 7 tends to zero, yields

ligii(r)lfFf(ug) > /ngap(v —u) - (v—u)dz.
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Because |B. UT,| tends to zero, a classical semi-continuity argument taking
into account the convexity of W yields

ligniélstl(uE) > / Wo(e(u)) de.
- Q

For the third term F3(u.), we may extend the strategy of [2] to all cases
of relative behaviors of the parameters by due account of the function V.
introduced by [4].

2.3 Neutrix Composition on Delta Functional

In the following, we let D be the space of infinitely differentiable functions with
compact support, let D[a, b] be the space of infinitely differentiable functions with
support contained in the interval [a,b] and let D’ be the space of distributions
defined on D.
Now let p(x) be a function in D having the following properties:
(i) p(z)=0for|z| >1,
(i) p(z) =0,
(i) p(z) = p(—2),
-1
(iv) / p(x)dx = 1.
-1
Putting d,,(z) = np(nx) for n = 1,2,..., it follows that {d,,(z)} is a regular
sequence of infinitely differentiable functions converging to the Dirac delta-
function §(z). Further, if F is an arbitrary distribution in D’ and F,(z) =
F(z)*p(x) = (F(xz —1t),(t)), then {F,(x)} is a regular sequence converging
to F(x).
If f is an infinitely differentiable function having a single simple zero at the
point z = x, then the distribution 6(")(f(z)) is defined by
1 1 dar
SO(f(@) = | = | Sw—= 231
) = ey () o =) @39
forr=0,1,2,..., see [14].

Fisher generalized equation (2.3.1) in [9] as follows:

Definition 2.3.1. Let f be an infinitely dilerentiable function. We say that the
neutrix composition (") (f(x)) exists and is equal to h on the open interval (a,b),
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with —co < a < b < oo, if

Notim [ 60 (F@)p(@)de = (h(x), o))

n— o0 oo

for all ¢ in Dla,b], where N is the neutrix, see [8], having domain N’ the
positive and range N' the real numbers, with negligible functions which are finite
linear sums of the functions

Am"'n, In"n: A>0, r=1,2,...

)

n

and all functions which converge to zero in the usual sense as n tends to infinity.

Note that taking the neutrix limit of a function f(n) is equivalent to taking
the usual limit of Hadamard’s finite part of f(n).

Definition 2.3.1 was later generalized with the following definition in [10] and
was originally called the neutrix composition of distributions.

Definition 2.3.2. Let F' be a distribution in D" and let f be a locally summable
function. We say that the neutrix composition F'(f(x)) exists and is equal to h
on the open interval (a,b), with —oco < a < b < oo, if

N-tim [ Fu(f(@)e(e)de = (h(w), ¢(2))
for all ¢ in Dla,b], where F,(z) = F(z) * §,(z) for n =1,2,.... In particular,

we say that the composition F'(f(x)) exists and is equal to h on the open interval
(a,b) if

Jim - . (f(@))e(z)de = (h(z), p(r))
for all ¢ in Dla,b].
We now prove the following theorem.
Theorem 2.3.3. The neutrix composition 3(*)[In" (1 + z/™)] exists and

s krtr—1 _ _1\(r+D)k+r4s+i—1o1(, 1)sr+r—1
(s) 1/r k?”—l—?“ (=1 sl(i+1) (k)
5% [In" (1+a Z Z < 2(sr +1r—1)k! (@)

(2.3.2)
for s=0,1,2,...and r =1,2,....

Proof. To prove equation (2.3.2), we will first of all evaluate

N —1lim(6{)[In" (1+$1/T)]7<P(5U)>7

n—oo
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for an arbitrary function ¢(x) in Dla, 1], where a < 0.

By Taylor’s Theorem, we have

S (k) 0 sl
o(z) = Z ¥ k;!( )xk: + o 1)!¢(s+1)(€x),
k=0

where 0 < ¢ < 1. Then if ¢(z) in Dla, 1], we have

n—oo n—o0

() T 1/r Ntk (U . 1/ryik
N—lim (0, [In"(1 4+ 2z ")], ¢(x)) = N—hmZT 6, [In" (1 +2/")]2" d
k=0 @

1
+N—-lim ﬁ / 5%5) [In" (1 + JCi_/T)}x5+1@(S+1) (éx) dx.

n—oo

For large enough n, we have

(2.3.3)

1 1
/ S In" (1 + xi/r)]xk de = ntt / P nin" (1 + xi/r)]xk dx
a 0 a 1
_ ns+1/ p(s)[nlnr(l _i_xi/r)xk dx+ns+l/ p(s) [nlnT(l +$_1,_/T)]J$k dx
a 0
0 1
_ ns+1p(s) (0)/ 2* de + ns—H/ p(s) [n lnr(l + $1/T)}xk dx
a 0

s+1,k+1 (s) 1
= 7nak)—p(0) + st / P nin" (1 4 2V/7)]z* da
+1 0

= FE; + Es.

It follows immediately that

N-limE, = O.

n—oo

Making the substitution ¢ = nIn"(1 + /"), we have

1
E, = ns+1/ P nIn"(1 4 2V/7)]zk da
0

o | I epl(a/m) 7] — T expl(t/m) o) (1) e
0

kr+r—1
; k -1 )
ns-‘rl—l/r Z ( 7’+T )(_1)kr+r+z—1

< 7
=0

x / LA expl(i + 1) (t/m) 1 8 di,
0

(2.3.4)

(2.3.5)

(2.3.6)
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where

1
n”l*l/r/ /7 exp[(i 4 1)(t/n) /7)) (¢) dt
0
sr+r—2
(i 4 1)7tG+1/r=1 (s)
Z / jinG+1)/r—s—1 p(t)dt

1
- sr+r—1ys (s) —1/r
+(sr+r—1)./0(z+1) t*p(t) + O~ ").

It follows that

(=1)%s!l(@ +1)** I

2(sr4+r—1)! @3.7)

1
N-—lim n5+1_1/T/ /7L exp[(i 4 1)(t/n) ") (t) dt =
0

n—oo

for i =0,1,2,...,kr+r—1 and it now follows from equations (2.3.6) and (2.3.7)
that

krtr—1 kr+r+s+i—1 ; sr+r—1
. kr+r—1\ (-1) sli+1)
N-limE;, = (2.3.8
oo 2 ; ( i ) 2(sr+r—1)! 238)
Then using equations(2.3.4), (2.3.5) and (2.3.8), we see that
1
N—lim [ 6@ [n"(1+ xl/T)]zk dx
n—oo a
= kriil b = 1) (Dl ) g
N i 2(sr 4+ r —1)! o

i=0
for k=0,1,2,...,s.
When k& = s+ 1, we have

/01‘5,9) " (1 + 2y ") | da
< peti-lr /01 7" expl(t/n) /7] — 112 Lexp[(t/n) /7] |p ) (¢)| dt
s t1-1/r /O1 (/)Y + O 4+ O(n V)] |p) ()| dt
= et / (1) 4 O ) 1)
_ oY ’ (2.3.10)

and so if ¢ is an arbitrary function in DJa, 1], we have

1
lim / 600 (1 4+ 2" () dr = 0. (2311)

n—oo 0
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It then follows from equations (2.3.3), (2.3.9) and (2.3.11) that

N—lm (5 [In" (1 + 2%/")], o(x))

n—oo

S Sl (e [ R RS SRR
B = = 2(sr+r—1)k!
s kr+r— i . _
Er 47— 1\ (—1)rtDktrtstizlg) iy 1ysrtr—1
= 5(F)
,; g < i ) 2(sr +r — 1)Ik! (07 (@), (@),

proving equation (2.3.2) on the interval [a,1].

Since 657 [In" (1 +a:1/r)} =0 for x > 0, it follows that equation (2.3.2) holds
for z > a and since a < 0 is arbitrary, it follows that equation (2.3.2) holds on
the real line, completing the proof of the theorem.

Theorem 2.3.4. The neutrix composition 6(*)[In" (1 + |z|'/")] exists and

6 " (1 + [ /7))

s kr4+r—1 kr+r _1)rstkti-lyy 4 sl(i+ 1)sr+r—1
—Z Z ( >( | 2(£r+5~_)1)]'k'( ) ),

(2.3.12)
for s =0,1,2,...and r=1,2,....
Proof. To prove equation (2.3.12), we now have to evaluate

N—Hm(5( [In" (1 + |z[*™)], ¢(x)),

n—oo

for an arbitrary function ¢(z) in D[—1,1]. By Taylor’s Theorem, we have

_ (s+1)
<p(af)—k:0 PR Py D (ex),

where 0 < £ < 1. Then if ¢ is in D[—1,1], we have

—Hm (0 [In" (1 + |2['/7)], ¢(x)) = N-lim Z

n—oo n—oo

/ O n"(1 + 2¥/")]a* da

1
Jerirn(_il)'/ 51(15)[1n’"(1 + |x‘1/r]x8+1¢(s+1)(§x) dx. (2.3.13)
s L -

n—oo
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Since

W " (1 + |z[*7))2* da (2.3.14)

[

1
= (1) / 5O I (1 + | V/7)]e* da
0

1
= (—l)knsH/ PP nn"(1 4+ 27|z da, (2.3.15)
0
it follows from equations(2.3.6) and (2.3.8) that

1
N—lim [ 6&[In"(1 + |z|*/")|2" da
-1

n—oo

_ (DY Z <k +r - 1) (LU L

2 — i (sr+r—1)!

for k=0,1,2,...,s
When k£ = s+ 1, we have as in the proof of equation (2.3.11),

1
lim / 600" (1 + fa] V7Y () e = 0, (2:317)

n—oo [ 4
for an arbitrary continuous function 4. It then follows from equations(2.3.13), (2.3.16)

and (2.3.17) that

(k) 1
N—Im (6O [In"(1 + 21/7)], o (x)) Z a / S " (1 + V72 da

n— oo 1

1 ! S T r s s
T I e )

nms6o (

SN kr 7 = 1) (ZD)™ L+ (D)4l + 1) e(0)
Z Z ( ) 2(sr + 71— 1)lk!

kr+r kr _|_ r—1 (_1)r+s+k+i71[1 4 (—l)k]S'(Z + 1)5r+7«71
z:; ( > 2(sr+r—1)k! <6(k)(x)’ (),

I
I Mm I

proving equation(2.3.12) on the interval [—1,1]. However, it is clear that 625)[11{(14-
|z|*/™)] = 0 outside this interval and so equation (2.3.12) is proved on the real
line.
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Theorem 2.3.5. The neutrix composition 6"~ [In'/"(1 + |z|)] exists and
5D (1 Ja])]

Uy (k) (O 4 G — DM+ S
=0 !

= 2(rs=1 —1)1k!

(2.3.18)
for s=1,2,...and r=2,3,....
Proof. This time we must evaluate

N—Lm(s¢" =D [n/" (1 + |z|)], o(z)),

for an arbitrary function ¢(z) in D[-1,1].
By Taylor’s Theorem, we have

s—1

s—1
T -1 r

(k) xr s—1
o) = 5 E ek T )
2 |

where 0 < & < 1. Then if ¢(z) in D[—1, 1], we have

N—1lim (8¢ Y[/ (1 + |z[)], o (z))

s—1_q
" (k) o
= N—-lim Z @T'(O) / S D" (1 + |z]))2® da
n—oo k-:0 . —1

1 v , o1 gan
+N—limm/ ST (1 + |a)]a” TV (¢x) de. (2.3.19)
n—oo . -1

For large enough n, we have
1 s s 1 s
/ UMY (1 + |a))aF de = n” / P D I n " (1 + |2)))2® da
-1 -1

=" [L+ (—1)¥] /0 PV (1 4 2))2* da(2.3.20)

Making the substitution ¢ = nIn'/"(1 + z), we have

1
n" / P D YT (1 + 2)]2” da
0

T / 7= {expl(t/n)] — 1} expl(t/m)")o"" D (t) dt

k

irnrsfr k _1\k—1 ! ™1 axpl(s n)" (r°—1)
= (V) [ el D/l V0,

. (3
=0
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where

e / £ expl(i 4+ 1)(¢/n)"]o D (¢) dt

o0

1,.(s jr(G+1)—1
_ P
o jlnrGrD-r '

Jj=0

It follows that
s 1 s
lim " / t“lexp[(i—kl)(t/n)r]p(’" “0(1) dt
0

1 R P
1 t S
/ rit L0 dt
0

(rs=1 —1)!
- & Sl 2((T5 11)_'(;;r S (2.3.21)

for i =0,1,2,...,k and so
s 1 s
N—limn" / P D " (1 + 2)]2" da
0

B r Stk—i—1 (TS _ 1)'(Z+ 1)7”571—1
Z ( ) T . (2322

It now follows from equations(2.3.20) and(2.3.22) that

1
N—lim [ 60 D' (1 + |z|)]z" da

n— 00 —1

k _1\r? k—i=1pn(pns _ 1)1(4 rs1_1
e o3 (F) U )
=0

for k=0,1,2,...,757 1 — 1.

When k& = r5—1, we have

/O1 ‘5;“-1) "7 (1 4 2)))""" ’ dz
<’ / £ Hexpl(t/n)7] — 137 expl(t/n)" )" D ()] di
=’ / 4 nY + O (L Ol D (1) i

B /1 tril[(t/n)rs + O(n*(r“rr))”p(rsfl)(t” dt
0
=0(n™")
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and so if ¢ is an arbitrary function in D|a, 1], we have

1
lim / )55;5—1>[1n1/”(1+x)]x’“s’1
0

n—o0

1/)(33)) dx = 0.

Then if ¢ is an arbitrary function in D[—1, 1], we have

1
lim / |5£f571)[ln1/r(1+ E
—1

n—oo

and it follows from equations(2.3.19), (2.3.23) and (2.3.24) that

(§x)‘ dz =0 (2.3.24)

N—1lim (8" =D/ (1 4 |z|)]2*, p(2))

-1 k _ 'rs+k7i71r rs — I\ relo1 (k)

- Z [1+(1)k]2(];>( 2 é(,,s_f)_l(l;kp 20
k=0 =0
-1 k r®—i—1 s — i reto1

= S 3 (S DT ), ),
= —\i 2(r 1)!k!

proving equation(2.3.18) on the interval [—1, 1]. However, it is clear that 55{’5_1)[1n1/r(1+
|z|)] = 0 outside this interval and so equation (2.3.18) is proved.

Finally we have

Theorem 2.3.6. The neutrix composition 6"~ (In'/" |1 + z|) exists and

s D (I 1+ )
ook

_ k (_l)i’l"(’l“s _ 1)'(l + 1)7”571_1
- kZ:o ; (Z) (rs=1 — 1)1k! oM (z) (2.3.25)

for s=1,2,...and r=1,3,5,....

Proof. This time we must evaluate

N—lim (8" =D (" |1 + 2|), o(z)),

for an arbitrary function ¢(z) in D[-1,1].

For large enough n, we have on making the substitution ¢t = nlnl/’"(l + z),

i 1
/ 0 I (I (1 4 af)ak de = / oy V(1 + )]t de
—1 -1

1
— 7 / T expl(t /)] — 13 exp(/m) 1ot (1)

k

1
=rn” Y (’“) (—1)h / 7 espl(i 1)/ T 00

. 1
=0
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where
1
= [ expl(i+ Dt/ D 0

-1
R N R O L AR e
SrG D

(t) dt.

j=0""1

Noting that »°* — 1 is an even integer when r is an odd integer, and using
equation (2.3.21), it follows that

1
N—limrn™ " / =V espl(i + 1)(t/n)"]pt" D (¢) dt

n—oo —1
1 . 571_1 s_1
r(i4+1)" " (r—1)
:/_1 BN OL

R SLICA S
N (rs=1 —1)!

for i =0,1,2,...,k and so

1
N—lim n’“tr/ P [nIn" (1 + z)]2" da

n—o0 -1

&R (DE s — D)+ 1)
()

Thus
1
N—lim [ 6 =DY" 1 + z||2* do
n—oo -1
MOk (SD)Ei s — DI+ 1)7
=3 () e : (2.3.26)
—\i (rs=1 —1)!

for k=0,1,2,...,77 1 —1.

When k = r*~1, it follows as above that
1
st s el | = 0
-1
and so if ¢ is an arbitrary function in D[—1, 1], then

1
lim / 50" DIt (1 4+ e et (@) de = 0, (2:327)
1

n—oo

Now let » be an arbitrary function in D[—1,1]. By Taylor’s Theorem, we
have

s—l_l

r k) o o
play=Y % k!(o)x’“+ (rs_l)!sﬁ(’" (&),
k=0

o1
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where 0 < ¢ < 1. Then if ¢ is in D[-1,1] and using equations (2.3.26)
and (2.3.27), we have

N—lim(6{" ~D(In'/" |1+ 2|), p(x))

" w(“ Dyl
= N-lim Z / 60 V" |1 + 2]z da

1 Yo . e
+N-lim ——— /55{ DY (1 + z))z" " ) (€x) da

n—00 (TS 1)

rsTlo1 K k i 1.1 (k
_ r(r =D+ 1" ™ (0)
- kZOZO<) (rs=1 = 1)lk!

rsTlo1 &k -1_4
= > 3 () e,

proving equation (2.3.25) on the interval [—1,1]. However, it is clear that
&(fs_l)[lnl/r(u + z|)] = 0 outside this interval and so equation (2.3.25) is proved
on the real line.
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Appendix

The Vector Capacitary Problem

Taking advantage of the cylindrical geometry, Bellieud and Gruais [4] showed
that 62 and o2 := W(e(62)) are such that

0L (1, x2) = 02(x2,21), 0Ly =02 =0,
In(R:/7) 5. A
3= =L 73 in D =
> ln(Ra/rE)e i (re, Re), r =z,
A [ 22 z 22z
1 sl \iay
(02, +1025)(2) —2—% (x(lnz +1Inz)+ 21 R -3 NCEY )
+2)((7’? InR. — R2Inr,) r2R? ) R?
RZ -2 GRS HEVAN R
with
X = W’ A= s ol 7 # the complex number z; + iz,
o+ ba e — XIn 7
and
1)(1 1
0_511/: M()(X‘f' )( +0( )) 1 on 8D(O,r5),
X7e|Inre]
1 1 1 2 1
1, o) g gyt 2)] et 4204 Lysin28e?  on 0D(0, R.),
XR:|Inre| X X X
3 —H 3 ; i
= on the circle of radius r.

olv rlnRE/rge i ius r

Thus, for each o, 5 =1, 2, 3,
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i)
|7 oo < — Yoo < -
lo2v| LoD (0,r.)) < PRIETAE |02 V| L (aD(0,R.)) < R
ii)
C C
/ le(02))?di < C Wo(e(02))dz < 7/ (02V)q dl <
D(0,R.) D(0,R.) 2 dD(0,R:) |Inr.|
ii)
e —— / wo((e(62), €(6%)) di
e=0 D(re,R.)
(020)
= lim —/ oc%v)gdl,
=0 2 Jopos) 7
satisfies
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Mathematical Modeling of Fiber Reinforced
Structures by Homogenization

Somsak Orankitjaroen', Nuttawat Sontichai® ,
Christian Licht?, Amnuay Kananthai

Abstract : We present another proof of a study of Bellieud and Bouchitté that we
expect to be more suitable to treat more general geometrical and physical cases.
We consider the homogenization of the quasi-linear elliptic problem

. —2
—divo. = f, 0. = a. |Vu.|"" " Vu. onQ
Us = Ug on Iy

e N=4g on I'y

where € is a bounded cylindrical open subset of R? and 1 < p < 4oo. The
fibers occupy a set of thin parallel cylinders periodically distributed in €2. The
conductivity coefficient a. is e-periodic and takes very high values in the fibers.

Keywords : Variational convergence, Homogenization

1 Introduction
Let p € (1,400), we consider the homogenization of the elliptic problem

—dive. = f, 0. = a. \Vu5|p_2 Vu. on )
Ue = Ug on I'y (1.1)

O nN=4g on I'y

where Q :=w x (0,L) with L > 0 and w is a bounded domain of R? with smooth
boundary and containing the origin of coordinates. The homogenization study of
(L.1) consists in examining the behavior of the sequence of the solution (u.) as ¢
tends to zero. The conductivity coefficient a. is e-periodic and satisfies a uniform
lower bound, Ty is an open subset of 9Q with Hausdorff measure H?(I'g) strictly
positive, T'y = 9Q\I'g, and n is the unit exterior normal on 9. The boundary
data ug is Lipschitz, while (f,g) € LPI(Q) x LP' T1),p =p/(p-1).

2Corresponding author: acon_mu@hotmail.com
(’Copyright (© 2003-2008 by the Thai J. Math. All rights reserved.
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The problem (1.1)) is related to the minimization problem
(P.) min {Fs(w) —L(w):w€ W;OP(Q)} ,
where
W#OP(Q) ={weW"(Q):w=uyonTly},
F.(w):= /Qaggﬁp(Vw) dx,

1
Pp(£) = 5\€|p7 VEeR" n=1,23,

L(w) ;:/wadwr/rl gw dH?. (1.2)

We are interested in the asymptotic behavior of (P.) as ¢ — 0. We present
another proof of a study of Bellieud and Bouchitté [2] that we expect to be more
suitable to treat more general geometrical and physical cases.

The bases of the cylindrical domain 2 are denoted by wg = w x {0} and wy, =
w x {L}. For each €, we consider a perlodlc distribution of cells (Yl)le 1. such that
YE = (eiy, eiz) +(—¢/2,¢/2)?, and I, := ={ie?Z® : Y} Cw}.Let (D: _Jier. be the
family of disks of R? centered at &% (511, gig) of radius r. < ¢, TZ = Di._x(0,L)
and T; := U;er. TY. The set of thin parallel cylinders T. represents the fibers (see
Figure [Il and Figure 2). The conductivity coeflicient a. is

(1 ifzeO\TL,
as(x) = { Ae otherwise.

We make the assumptions

<
NN

re — 0, %6—%), Ae = +o0, kei=A—< —k, k>0 ase—0. (1.3)

e

In [2], it was shown that the asymptotic limit of (P;) is
min {®(u,v) — L(u) : (u,v) € (LP(Q))?},

where
P
Jo #p(Vu) dx + km O 5;”3 dzr + 2”77 Jo lv —ulP du,
®(u,v) = ¢ (u,v) € WF(’JP(Q) X LP(w, WLP(0, L)), (1.4)
v =1ug on Iy N (wy Uwrp),
400  otherwise,
and

1111(1)6 2| logr. |t if p=2,
0,+00]2y=1¢ ° p—1 1.5
[ 157 liH(l) i_T’l’ r27Pe=2 ifp£2 (1:5)
£—
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wL

Q

Figure 1: the domain Q2 = w x (0, L) occupied by a composite material

475%

I
Y'si

Figure 2: the circular cross section of the fiber, Y C w

Here, the boundary data ug is assumed to be Lipschitz in order to ensure that the
infimum value of problem (P.) remains finite as ¢ — 0. In case k = 400, we add
further assumption

kere — 0, ase — 0. (1.6)

The conditions
E>0 and {y>0 or wyCTy or wypCTy} (1.7)

guarantee that the functional @ is coercive in WP (Q) x LP(w, WP(0, L).

We are concerned with the extension of this result to more general cross sec-
tions of the fibers and more general energy density than ¢,. The aim of this paper
is therefore to provide another proof that we expect to be more suitable to treat
such general cases. The steps of the proof in [2] are to successively establish:

(i) a compactness property of the sequence (u.) such that F;(u.) < C,
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(ii) a lower bound inequality of the sequence (Fy(u.)),
(iii) an upper bound inequality of the sequence (F:(ue)).
Here we replace the steps (ii) and (iii) by

(ii") an upper equality of the sequence (Fy(u.)),

(iii’) a lower bound inequality of the sequence (F.(u.)) which essentially uses a
subdiffenrential inequality.
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2 An Alternative Strategy

It consists, under (1.3), (1.5), (1.6) and (1.7), in proving the following three
propositions. In the sequel, the symbols —, — and = stand for the strong con-
vergence, the weak convergence and the weak star convergence, respectively. As
usual, the letter C' denotes various constants and for all £ = (&1, &2,&3) in R3, é
stands for (&1, &2).

Proposition 2.1 (compactness property). Let (u.) be a sequence such that sup Fe(u.)
is finite. Then (u.) is strongly relatively compact in LP(Q) and (ve), given by
Ve 1= %1%“67 is bounded in L*(Q)) and, up to a subsequence, (v.) weakly* con-
verges in the space of bounded measures My(Q) to an element v of LP(Q).
Proposition 2.2 (upper bound equality). For all (u,v) in (LP(Q))?, such that
®(u,v) < 400, there exists a sequence (uz) such that u. — u in LP(Q), v. — v in

My() and
liH(l) F.(ue) = ®(u,v).

Proposition 2.3 (lower bound inequality). For all u in LP(Q) and for all se-
quences (ug) such that ue — u in LP(Q), v — v in My(2), one has:

lim igf F.(us) > ®(u,v).

The proofs of these propositions are presented in the following sections.

2.1 Proof of Proposition 2.1

Compactness property was already proved in [2].

2.2 Proof of Proposition 2.2

Our sole contribution is to prove that we can replace inequality by equality,
for that we use the same approximation . of u as in [2]

ul = (1 —60:)u+ O-w..

The function 6, is first defined on the closure of w, 1= U;e; Y7 as a (—g/2,e/2)%
periodic continuous function which satisfies 0 < 6, < 1, 6. = 1 on D, :=
UieIEDiE, 0. = 0 on W\ User. D}éa, where Dﬁa is the disk of R? centered at
#% of radius R, such that r. < R. < e. Next 6. is assumed to vanish on @\w. and

we (T, x3) = Z ( L v(g, x3) d;ﬁ) ly:i(%).

icl. D5 s,

The approximation u. does not satisfy the boundary condition on I'y N (wg U wy,)
so that, as in [2], we introduce a sharper approximation

ul = up. +ul(l—¢.).
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Here ¢, is a C"OLQ) function which satisfies 9. = 1 on Ty, . = 0 on Q\%,,
V| < C/re on Q where ¥, := {2 € Q: dist(x,Tg) < 7.} . We assume that u and
v are Lipschitz on 2 and there exists L > 0 such that

v, ., ov

7, ,T3) — a—%(i",xg) < L|3' — 2" V(3 23),@", x3) € Q. (2.1)

Letting ¥ be any continuous function on Q such that 0 < ¥ < 1, we introduce
FY ®Y defined by similar formulae as the ones of F. and ® but with ¥dx in
place of dx. We will prove the lemma:

Lemma 2.4.
lim F¥ (ul) = ¥ (u,v).

e—0

If Lemma [2.4] is proved, then, by a classical approximation process, we can
deduce
lir% F.(ul) = ®(u,v). (2.2)
E—

Finally, we complete the proof of (2.2)) for any (u,v) such that ®(u,v) < +oo by
approximation and diagonalization arguments.

Proof of Lemma 2.4. We split F.¥ (u.) in three parts
FY (uf) = FX'(ul) + FX?(ul) + F(ul). (2:3)

First, we consider
F' ) = / Gp(Vul)W dz = / ¢p(Vu) ¥ dz,
Q\B.UT: Q\B.UT-

where B := Ujccr, D \Di_ x (0,L). Hence, the assumption R, < e yields
lim._,¢ |B: UT:| = 0 and, consequently,

lir%FE‘I’l(u’E):/gbp(Vu)\I!dx.
E— Q

Next, we pay attention to
F¥2(ul) ::/ ¢p(Vul)¥ dz.
B,

Writing

~

ze := (v —u)Vo,, (2.4)
we obtain
Vul =z + (we — v)V0e + (1 = 0.)Vu + 0 V.
Let us show

lim [ (@p(Vi) = dp(z)) W do = 0. (2.5)
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The function ¢,, being convex and positively homogeneous of degree p, satisfies

VENER", n=1,2,3, [6,(€) = dp(n)| < CIE—nl(lEl"" +nP~).  (2:6)

Therefore, Holder inequality yields

<C (/ |Vul — zs|pd:v> ’ (/ |Vul|P dx +/ |zs|pdx)
BE BE BE

The smoothness of (u,v) implies

/ (6p(Val) — p(22)) ¥ dx

e

u. =uwon Q\(B:UT.), |u|]<ConQ, |Vw]<Con B, (2.7)
u. =w. on Ty, |we.—v| <CR. on B, ’
so that
|Vul|P der/ |2 |P da < 05*2/ 6p(V0.) dz,
BE £ D(TE)RE)
/ |Vu! — z|P dz < CRPe? / 6, (V0.) dz,
B. D(re,Re)

where D(r., R.) = {:i eER?:r. < |2 < Rs} . Hence, if we choose 6. such that
IM >0; 5—2/ $,(VO)di <M  Ve>0, (2.8)
D(re,Rc)

then (2.5) is true. We finally have

lim ¥ (1)

= hm/ ¢p(2ze)Udx
B.

e—0

= lim [ |v—ulP¢,(VO.)Vdx
e—0 B.

L
= lm 0u(F0) i [ o= (g 00) UG ns) o (with g € Y2
=0 /D (r.,R,) 0 icr

L
_ lim5_2/ (;sp(ves)dg:«/ SO0 — ul? (3, 25) W (5, w5) das.
D(re,Re) 0

=0 icl.
Observe that lim._g fOL Yier Y2 = ulP (9L, 23)O(JL, x3) dxg = [, [v — u[PU da.

To get the lowest upper bound in Proposition 2.2), it is clear that 6. has to be the
solution of the capacitary problem

(PS*P)  min / bp(Vo)di: ¢(Z)=1on|z
D(re,Re) |

=

P
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As observed in [2], we have

log Re—log|&] ¢ = __
I s
ng—rg lfp7é2 (S:%)
and
S . 2T
/ ¢p(VOe) d = —Tp(re, Re),
D(rayRa) p
where T (7, R) : m ifp=2,
) = - . L
p\Te, LT (Riir;‘)p 1 1fp7é2 (s:gj)
Note that

lim e 2T, (re, R.) =

e—0

2

If v < 400, then (2.8) is satisfied and

2
lim FY2(ul) = ﬂ/ |[v — ulPWU dx.
P Ja

e—0

When v = +o0, it suffices to prove that lim. o F¥2(u’) = 0. Due to (2.7), the
result is a consequence of F¥2(u.) < CRPe~2T,(r., Rc), which tends to zero.
Now, we consider the remaining part

FY3(ul) ::/ Aepp(Vw, )V de.
.

€

Recalling the assumption (2.1) on v and using the local Lipschitz property (2.6),
we deduce

1 ov
: w3/, ./ _ :
lim F7(ue) = il—I{}J|Tg|/TE)\E¢p <6x3>\1/dz
k p
_ hm v U dz,
p Jo|Ox3

as shown in [2]. m
Now, we will prove the upper bound equality by using the sharper approxima-
tion (u?). We start with

F.(uf) = / actp(Vul) da + / a:¢p(Vul) dz. (2.9)
€ Q\Zs
Conditions (2.7) imply |u. —u| < C(r.1r. + R.1p.). Hence

Te

P
/ asqﬁp(Vuf) de < C (|Es| +/ ac(2)|VullP doe + X\ |T. N S| + <R€> EE|) )

€ €
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Lemma 2.4 implies that for every ¥ € C%(€,[0,1]), such that ¥ = 1 on a small
neighborhood of T'g N (wo Uwy),

limsup/ as(bp(Vuf)dx < limsup/agfbp(Vu’E)\I/dx
e Q

e—0 e—0

/ (%(W) LA

Thus, by letting ¥ tend to zero, we deduce

p

ov

8$3

27y

v— u|p> U dz.

lim [ a.¢,(Vu?)de = lim, ac¢p(Vul)dr =0,
€ e EE

e—0 J»

and

lim/ aspp(Vu.) dz lim (/ aspp(Vul) dz f/ aspp(Vul) dm)
e—0 \Z. e—0 R
_ /¢p (Vu) + 81}

which proves the result for (u,v) smooth. We complete the proof by a standard
approximation of (u,v) and a diagonalization argument [1].

2
ﬂh} — ulP dx,

2.3 Proof of Proposition 2.3

It is enough to consider liminf, F.(u.) < +00. Due to the compactness prop-
erty, (u,v) is in (LP(2))?. We first consider the term F?(u.). Let (u,,v,) be
Lipschitz on € such that lim, .o [|u, — ul|zrQ) + vy — v|[zr(@) = 0. We define
(vn = up)e = Diep, (Vg — uy)(@L, 3) 1y and 2y = (v, — un)5§9€. Because of
the local Lipschitz property (2.6) of ¢, and (u,v) € (LP(2))?, Holder inequality
implies

hm/ Op(2ne) — dp(2e)dx = 0.

The proof of the upper bound equality allows us to write
. 27y
gl_{% Pp(2ne) = 'y /Q vy — uy|” da.
The convexity of ¢, and the fact that ¢,(Vu.) > gbp(@ue) yield

liminf F2(u.) > liminf (;Sp(@ug) dx
e—0 0 B.

£—

> liminf/ Op(2ne) do
Be

e—0

~

+lim iglf Op(2ne) - (Vue — zpe) dax. (2.10)
E— B

€
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The very definition of ¢, implies

() = lEP72¢ VEER", n=1,23,
¢, (&) = ¢, ()9, (€) V(t,§) eRxR™n=1,2,3,
¢p(&) - € = pop(§) VEER™, n=1,2,3.
Hence
lim /BE O (2ne) - 2ye d = 27r’y/Q vy, — uy|? d. (2.11)

For the other term of (2.10), we have

L
O (2ne) - Ve do = Z/ qs;,(vrun)(fcg,xg)/ ¢, (V0.) - Vue di: das,
B. 0 D

i€l i("'saRs)

where Di(r., R.) = D}és \Difns Let v be the outer normal on dD*(r., R.), the very
definition of 6. as a solution of (P2P) yields

/ ¢ (V0.) - Vu. di = / (6,(V0.) - v)u. dl
Di(re,R.) 0D (re,Re)

:/ (¢;(@95)'V)usdl+/ (6,(V0.) - v)u. dl
oD:

}{E 8D;€s

= ORI [ @0 v a

aD;
€

R
_; BD% (¢;(b9€)'l’)ua dl 1 ;S ~ ~y
where Ug = RaDj (¢;7(b95),,/) 4 2nR. f@D%E ((Zsp(vaE)‘V)uE dl, ue 1= Zie]s us]'Ygia

R
opi_ (6, (¥0:)-v)ve dl

e e T faDig (0,(V0e) - v)ve dl, e = ey, Velys. Thus,
[ @0 Fudi =@l -a) [ (600 v
Di(re,Re) oD,
= (0L — at) / ¢,(V0.) - V0. di
Di(re,Re)
=27 (re, Ro) (0L — al),
and

/ ¢ (2ne) - Ve do = 2Ty (re, RS)/ ¢y, ((vy — uy)e) (Ve — Ue) da.
B. Q

It was shown in [2] that (9. — @.) — (v —u) in LP(Q2). On the other hand,
(v — uy) being smooth and ¢, being continuous from LP(Q2) to L¥(Q), we have
O ((vy — up)e) — &y (vy — uy) in L (). Hence,

lim /B &y (2e) - Vue do = 27r7/Q O (v — up) (v — u) da. (2.12)

e—0
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Therefore, (2.10), (2.11) and (2.12) imply

27y
.. 2 > _ p
hgn l(I)lf FZ(us) > e /Q vy — uy|P dz

+27y {/Q |v,,—un|pdx—/9¢;(vn—un)(v—u)dx :

The expected lower bound for F2(u.) is obtained by letting 7 tend to zero.

To complete the proof it suffices to use the arguments of [2] concerning the
lower bounds for F!(u.), F3(u.) and the fact that v belongs to LP(w, W1?(0, L)).
2.4 The Final Result

The following theorem, a convergence result for the minimizer of (P;), is a
standard consequence of the previous three propositions.

Theorem 2.5. Let the assumptions (1.3) and (1.5) hold with (k,v) € (0,+c0).
Then the unique solution . of (P.) converges weakly in W1P(Q) to the unique
solution w of the problem

min {min {®(u,v) — L(u) : v € LP(Q)} : uw € LP(N)},
where ® and L are defined by (1.4) and (1.2) respectively.

Proof. The proof of this theorem is the same as that in [2]. m
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3 Conclusions and Remarks

The previous analysis can be easily extended to the case when ¢, is replaced
by any strictly convex function which satisfies

AM >0, 3re(,p); W) -6 < Mg]"  VEER?, (3.1)
the density function associated with ®(u,v) becomes

W(Vu) +2mylv —ulP + W <8U> .
8333

Indeed, (3.1) and Hoélder inequality imply

W(Vu.)dx — ép(Vue) dz
Be B.

§M|BE|1_§/ |Vue|P de,
Q

while our arguments and those of [2] to derive the upper bound and lower bound
respectively are valid when ¢, is replaced by any convex function satisfying a
growth condition like

Ja,8>0;  alEl 1) <W(E) <pBA+[EP)  VEER,

which is an obvious consequence of (3.1)).

Eventually, the key arguments of our analysis are the identification of ~, 6.
in terms of the solution of capacitary problems and the use of the p-positive ho-
mogeneity and convexity of ¢, and of the fact that ¢,(§) > qﬁp(é). Thus, it is
easy to guess what could be ®(u,v), when ¢, is replaced by any strictly convex
function and when the cross sections of the fibers are smooth star-shaped domains
of R2. We hope that our proposed strategy will be able to reduce and overcome

the involved technical difficulties.
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