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Abstract

As new classes of generalized open sets and generalized continuous functions, the notions of L-open sets, L*-open sets,
L-continuous functions, L*-continuous functions and weakly L*-continuous functions are introduced and investigated. It is proved
that L-open sets form a topology and decomposition of continuity is obtained.
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1. Introduction

Let (X,t) be a topological space and let Ac X.
Denote the set of all countable (resp. Lindelof, compact)
subsets of X by w(X, 1) (resp. L(X, 1), C(X,7)). A pointx € X
is called a condensation point of A if for each U € T with x €
U, the set U N 4 is uncountable. In 1982, Hdeib defined w-
closed sets and w-open sets as follows: A is called w-closed
(Hdeib, 1982) if it contains all its condensation points. The
complement of an w-closed set is called w-open. Denote the set
of all w-open sets in (X,7) by 7,. Al-Zoubi & Al-Nashef
(2003), proved that (X, t,,) is a topological space, T < 7, and
{U-C:U etand C € w(X,1)} forms a base for 7, . A is
called co-compact open (notation: coc-open set) (Al Ghour &
Samarah, 2012) if for every x € A, there exists an open set U €
Xand K € C(X,7) suchthatx € U — K < A. Denote the set of
all coc-open sets in (X, 1) by 7. Al Ghour & Samarah (2012)
investigated coc-open sets, and proved that (X,7g) is a
topological space, tS1x and {U—-K:U €t and K €
C(X,7)} forms a base for tx and gave a decomposition
theorem of continuity. It is not difficult to give an example to
show that w-open sets are not coc-open sets and vice versa, in
general. The first main goal of this research is to introduce and
investigate L-open sets as a new class of sets that is strictly
containing both w-open sets and coc-open sets. The second
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main goal of this research is to introduce and study L*-open sets
as a new class of sets that is containing strictly the open sets
and give with the L-open sets a decomposition of open sets. The
third main goal of this paper is to define three new classes of
continuous functions via L-open and L*-open sets.

Throughout this paper, R, and Q denote the set of
real numbers and the set of rational numbers, respectively. For
a subset A of a topological space (X, 1), Cl,(A) and Int.(A4)
will denote the closure of A and the interior of A, respectively.
Also, we write 7, to denote the relative topology on A when A
is nonempty. For a nonempty set X, we will denote the discrete
topology on X and the indiscrete topology on X by t,4;s. and
Tina, respectively. Finally, t,, will denote the usual topology on
R.

2. L-Open Sets

Definition 2.1. Let (X, 7) be a topological spaceand A € X. A
point x in X is in L-closure of A (x € Cl,(A)) if (U—-H)n
A+@foranyUetand HE L(X,t) withx eU—-H. A is
called L-closed if Cl; (A) = A. The complement of an L-closed
set is called an L-open set. Denote the family of all L-open
subsets of (X, 1) by T;.

The next result follows directly from Definition 2.1:

Proposition 2.2. A subset A of a topological space (X, ) is L-
open if and only if for every x € A, there exists an openset U ©
XandH € L(X,t)suchthatx € U — H < A.

For atopological space (X, t) denote the family of
L-opensets{U —H:U €tandH € L(X,7)}by B, (7).
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Theorem 2.3. Let (X,t) be a topological space. Then the
collection t; forms a topology on X.

Proof. By the definition one has directly that @ € t;. To see
that X et;, letx € X, takeU=Xand H=@. Thenx € U —
HCcX.

Let U;,U, €t and let x € Uy N U,. For each i =
1,2, we find an openset V; and H; € L(X,7) suchthat x € V; —
H;cU;. Take V=V,nV, and H=H;UH,. Then V is
open, H € L(X,7), andx €V — H € U, n U,. It follows that
U; N U, is L-open.

Let {U,: a € A} be a collection of L-open subsets of
(X,7) and x € Ugea Uy - Then there exists a, € 4 such that
x € Uy . Since U, is L-open, then there exists an open set V
and H € L(X,7), such that x € V — H S U, . Therefore, we
have x eV —H S U, S UgeaUy . Hence, UgeaUq is L -
open.

Remark 2.4. Let (X, 7) be a topological space. Then

(2) The collection B, (t) forms a base for ;.

(b) The collectiont U {X — H:H € L(X, )} forms a
subbase for t;.

©) 1y, Utk C 15

Remark 2.5. The inclusion in Remark 2.4 (c) is not equality in
general, to see this, let X = Rand t = t,. Then {1} € T, —
(to Utg)andso t, Uty # T4

The following is an example of a topological space
(X,t) such that t,, = T, and T # T;:

Example 2.6.Let X = Rand 7 = {X} U {U € X:1 & U}. Then
CX,1)={KcSX:1eK}U{K S X:1¢ K and K is finite}
and
LX,T) ={HSX:1€eK}U{HCX:1
¢ H and H is countable}.
Thus, Ty =tU{U € X:1 € Uand X — U is finite} and
1, =tU{U € X:1€UandX — U is countable}.
Clearly, t,, = 1, and t¢ # 1.

Definition 2.7. (Mukherji & Sarkar, 1979) A topological space
(X, 7) is called an LC space if each Lindelof subset is closed.

Theorem 2.8. Let (X,7) be a topological space. Then the
following are equivalent:

(@ (X, ) is LC.

(b) T = B.(7).

©Tt=1, =15

Proof. (a) = (b) T € B,(r) is obvious. Let U—H €
B, (r) where U € Tand H € L(X, 7). Since (X, ) is LC, then
H is closed and hence U — H € 7. It follows that B, (1) € t.

(b) = (c) By Remark 2.4 (c), it is sufficient to see that
T, € 7. By Remark 2.4 (a), B, () is a base for t,. Thus by (b),
T, ET.

(c) = (@) If H e L(X,7), then X — H € 1, and by
(c), X — H € 1. Therefore, H is closed in X.

Proposition 2.9. For any topological space (X, 1), (X,t.) is
LC.

Proof. Let H € L(X,t;). Since t €1, then L(X,1,) S
L(X,7) and so H € L(X, 7). Thus, we have X — H € t;, and
hence H is closed in (X, t,).

Corollary 2.10. For any topological space (X, 1), (1,), = 1.

Proof. This is an immediate consequence of Theorem 2.8 and
Proposition 2.9.

As defined in Cameron (1971), a topological space
(X, 7) is maximal Lindelof if (X, 7) is Lindelof and there exists
no strictly finer Lindelof topology on X.

Theorem 2.11. (Cameron, 1971) A Lindelof topological space
is maximal Lindelof if and only if it is LC.

Corollary 2.12. Let (X, 7) be a topological space. Then (X, ;)
is maximal Lindelof if and only if (X, t;) is Lindelof.

Proof. This is an immediate consequence of Proposition 2.9
and Theorem 2.11.

Corollary 2.13. A Lindelof topological space (X,7) is
maximal Lindelof if and only if there is a topology ¢ on X such
thato, = 7.

Proposition 2.14. If (X, t) is hereditarily Lindelof, then T, =

Tdisc-

Proof. Forevery x € X, X — {x} is Lindelofand so {x} = X —
(X — {x}) € B.(7v) S 7,. It follows that T, = T45c-

As a conclusion of Proposition 2.14, for any second
countable topological space (X, 1), T, = Tgisc-

The following is an example a nondiscrete topo-
logical space which shows that the converse of Proposition 2.14
is not true in general:

Example 2.15. Let X =Randt={p}U{U S R:Q c U}. It
is not difficult to see that L(X,7) ={H<S X:H—-Q is
countable}. For every x € X, take H=Q and U = QU {x}.
Then H € C(X,7),U € t and {x} = U — H. This shows that
T, = Tgisc- ON the other hand, it is clear that (X, t) is not
hereditarily Lindelof.

Theorem 2.16. Let (X, 1) be a topological space and A be a
nonempty subset of X. Then (74), € TLige

Proof. Let B € (14), and x € B. Then there exists V € 74
and a Lindelof set H € A such that x € V — H € B. Choose
Uet such that V=UnNA Now U-—-HET
implies that (U —H)NA € 7.,,-Hence,B € 7y .

Question 2.17. Let (X, 1) be a topological space and A be a
nonempty subset of X. Is it true that (7)4), = 1,7

The following result is a partial answer for Question
2.17:

Theorem 2.18. Let (X, t) be a topological space and A be a
nonempty closed set in (X, ). Then (14), = TLye
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Proof. By Theorem 2.16, (7)), € 7, ,- Conversely, let B €
TLy and x € B. Choose C € 1, such that B = C n A. Choose
Uetand H € L(X,7) such that x e U — H < C. Thus, we
have xe UNA)—(HNA)SBUNA€T, and HNAE
L(A,1)). It follows that B € (1)4);.

Theorem 2.19. If f:(X,7) - (Y,0) is injective, open, and
continuous, then f: (X, t;) = (Y,a;) is open.

Proof. Let G =U —H where Uet and H € L(X,t) be a
basic element for 7, . Since f is injective, f(G) = f(U) —
f(H). Since f: (X,t) = (Y,0) is open, f(U) € o. And since
f:(X,7) = (Y,0) is continuous, f(H) € L(Y,o). This ends
the proof.

In Theorem 2.19, the condition 'continuous' cannot be
dropped as the following example shows:

Example 2.20. Consider f: (R, 7;4) = (R, 7), where T as in
Example 2.6 and f is the identity function. Then f is bijective
and open. On the other hand, since (R, 7;,4) is hereditarily
Lindelof, we have (ti,4); = Taisc- Since by Example 2.6 7, #
Taiser [+ (R, (Ting) 1) = (R, 1) is not open.

3. L*-Open Sets

For any topological space (X,7) and A< X, it is
clear that Cl,(4) = Cl;, (A). For simplicity, from now on we
will use only Cl;, (A). Also, it is clear that Cl; (A) € Cl.(4).
The following example shows that Cl.(A) # Cl; (A) in
general.

Example 3.1. Consider (X,7) = (R,7,). By Proposition
2.14, 1, = 145 - Therefore, Cl;, (A)(Q) = Qbut CI,(R) =
R.

The following definition is reasonable:

Definition 3.2. Let (X, ) be a topological space and A € X.
(a) A is called L*-closed if Cl.(A) = Cl, (A).
(b) A is called L*-open if X — A is L*-closed.

Theorem 3.3. For a topological space (X,t), we have the
following

(a) @ and X are L*-closed sets in (X, 7).

(b) Every closed set in (X, 1) is L*-closed set.

(c) Every finite union of L*-closed sets in (X, t) is L*-
closed set in (X, 7).
Proof. (a) Itisobvious.
(b) Let A be closed in (X,7). Then Cl; (4) €
Cl(A) = A. It follows that Cl;, (A) = Cl,(A) = A and hence
Aisan L*-closed set in (X, 7).

(c) Suppose {4; € X:1 <i <n}is a finite collec-
tion of L*-closed sets. Then for every 1 <i <n, Cl.(4;) =
Cly, (A). Thus,

ClT(LnJAi) = LnJClr(Ai)
i=1 i1

- | Jet@o
i=1
n
= cte, | 0.
i=1

It follows that UL, 4; is L*-closed.

Corollary 3.4. For a topological space (X,t), we have the
following

(@) @, X are L*-open sets in (X, 7).

(b) Every open set in (X, T) is L*-open set.

(c) Every finite intersection of L*-open sets in (X, 7)
is L*-open in (X, 7).

The following theorem characterizes L*-open sets:

Proposition 3.5. A subset A of a topological space (X, t) is L*-
open if and only if Int.(A) = Int;, (A).

Proof. A is L*-openifand only if X — A is L*-closed if and only
if
Cly(X —A) =Cl; (X —A4) if and only if X — CL.(X — A) =
X — Cl; (X — A) ifand only if Ext (X — A) = Ext,, (X —
A) if and only if Int.(4) = Int,, (4).

The union of two L*-open sets one of them is open
need not to be L*-open in general, as the following example
shows:

Example 3.6. Consider the topological space as in Example
2.6. Let A= (0,00) and B = (—0,0). Then A is open, also
since Int;(B) = Int;, (B) = B — {1}, then B is L*-open. On
the other hand, Int,(AU B) = R —{0,1} but Int; (AU B) =
R — {0} which implies that A U B is not L*-open

Example 3.6 shows also that the converse of
Corollary 3.4 (b) is not true in general.

Let (X, t) be a topological space. Denote the family
of all L*-open sets in (X, 7) by B,,.. By Corollary 3.4 (b), Tt €
By,.- According to Example 3.6, B, does not form a topology
on X in general. By Corollary 3.4, By, . forms a base for some
topology on X. Denote the topology on X which has B, . as a
base by Tt;-.

Definition 3.7. (Henriksen & Woods, 1988) A topological
space (X,t) is called anti-locally Lindelof if any Lindelof
subset of X has empty interior.

If S is the Sorgenfrey line and (X, 7) is the Cartesian
product topological space S x S, then (X,t) is anti-locally
Lindelof (see Corollary 2.4 of (Henriksen & Woods, 1988)).

Theorem 3.8. Open sets in an anti-locally Lindelof topological
space are L*-closed sets.

Proof. Let (X, 7) be a topological space and A € 7. Suppose on
the contrary that there is x € Cl.(4) — Cl;,(A). Since x &
Cl;,(A), there exists B € 7, such thatx e Band BnA = 9.
Choose U et and H € L(X,t) such that xeU—-HCB.
Thus we have U n A € H. Since x € CL.(A),thenUNA + @
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and hence Int,.(H) # @. This contradicts the assumption that
(X, 7) is anti-locally Lindelof.

Recall that a topological space (X,t) is locally
indiscrete if every open set in (X, 7) is closed.

Corollary 3.9. If (X,7) is anti-locally Lindelof such that
By,. = 7, then (X, 7) is locally indiscrete.
Proof. Let A be an open set in (X, 7). Then by Theorem 3.8, A
is L*-closed. So X — A is L*-open and by assumption, X — A is
open. Thus, A is closed.

In Theorem 3.8 the condition ‘anti-locally Lindelof'
cannot be dropped as we can see by the following example:

Example 3.10. Consider (X,7) = (R, t,) as in Example 3.1.
Take A = (0,1), then Cl;, (A) = Abut Cl.(4) = [0,1].

The following example shows that the converse of
Corollary 3.4 (b) is not true in general, even if we add the
condition ‘anti-locally Lindelof' on the topological space:

Example 3.11. Let (X, t) be the Cartesian product topological
space S xS where S is the Sorgenfrey line, then as we
mentioned above (X, 7) is anti-locally Lindelof. If every L*-
open set in (X,t) is open, then by Corollary 3.9, (X,7) is
locally indiscrete. We are going to show that (X,7) is not
locally indiscrete. Let A = (0,0) X R. Then A € 7, on the
other hand, if A is closed, then X — A = (—,0] X R € T and
so there exist a, b, ¢, d € R such that (0,0) € [a,b) X [c,d) S
(—o0,0] x R which implies that b >0 and ((b/2),0) €
(—o0,0] x R, which is not true. It follows that (X, 7) is not
locally indiscrete.

The following is a decomposition theorem of open-
ness in terms of L-openness and L*-openness:

Theorem 3.12. For any topological space (X,7), T=1,N
B

Tpx*

Proof. By Proposition 2.4 (c), T < 7, < 7;, and by Corollary
3.4 (b), T € By,.. Itfollowsthat 7 < 7, N B,,.. Conversely, let

A €7, N By,.. Since A is L*-open, then Int.(4) = Int;, (4).
Also, since A is L-open then Int;, (A) = A. It follows that
Int.(A) = A and hence A € 7. It follows that 7, N B,. ST

Corollary 3.13. For any topological space (X, 1), = 7, N T

Corollary 3.14. If (X, 7) is a hereditarily Lindelof topological
space, then By, =T

Proof. By Proposition 2.16, 7, = 74;5.. Theorem 3.12 ends the
proof.

Corollary 3.15. If (X, ) is a second countable topological
space, then B, =T

Proposition 3.16. If (X, ) is an LC topological space, then
B‘EL* = Tdisc-

Proof. Let A < X. By Theorem 2.8, we have Int,(4) =
Int, (A) and hence A is L*-open.

Corollary 3.17. For any topological space (X,1), (1) - =

Tdisc-

Proof. By Proposition 2.9, (X,7;) is LC. So by Proposition
3.16, we must have (1) 1 = Tgisc-

4. L-Continuity and L*-Continuity

Definition 4.1. A function f:(X,t) = (Y,0) is called L-
continuous (resp. L*-continuous, weakly L*-continuous) at a
point x € X, if for every V € o with f(x) € V there isU € t;,
(resp. U € B, U €tyr) such thatx e Uand f(U) S V. Iff
is L-continuous (resp. L*-continuous, weakly L*-continuous) at
each point of X, then f is said to be L-continuous (resp. L*-
continuous, weakly L*-continuous).

The following result follows immediately and its
proof is left to the reader:

Proposition 4.2. A function f: (X,7) = (Y,0) is

(@) L-continuous if and only if f: (X,7;) - (Y,0) is
continuous.

(b) L* -continuous if and only if for each V €
o, f1(V)is L*-open.

(c) Weakly L*-continuous if and only if f: (X, t;+) —
(Y, o) is continuous.

Corollary 4.3. Every L*-continuous function is weakly L*-
continuous

Proof. The proof follows directly from parts (b) and (c) of
Proposition 4.2.

The following example shows that Corollary 4.3 is
not reversible in general. It is also an example of an L -
continuous function that is not L*-continuous.

Example 4.4. Let (X, 1), A and B be the topological space and
the sets as in Example 3.6. Let Y = {a,b}and o = {@, Y, {b}}.
Define f:(X,7) > (Y,0) by f(0)=a and f(x)=b
otherwise. As it can be seen from Example 3.6, AU B € t;- —
By, . Since f'({b}) =AUB €1, —B. , then f is
weakly L*-continuous that is not L*-continuous. Also, since
fr({b}) = AU B € 1, then f is L-continuous.

The following example shows that L-continuity does
not imply even weakly L*-continuity in general:

Example 4.5. Let (X,7) = (R, 7,) and (Y,0) = (R, T4isc)-
Since (R, t,) is second countable, then by Proposition 2.14
X,71) = (R, 74i5c) and by Corollary 3.15, B, ., = 7. So the
identity function I: (X, t) = (Y, o) is an L-continuous function
that is not weakly L*-continuous.

The following is an example of an L*-continuous
function that is not L-continuous:

Example 4.6. Let (X, 7) be the topological space as in Example
26, Y={a,b} and o={0,Y,{a}} . Define f:(X,7) >
(Y,0) by f(1)=a and f(x)=>b otherwise. Since
Int.({1}) = Int;,({1}) = @, then f*({a}) = {1} € B,,. and
hence f is L*-continuous. On the other hand, since f~*({a}) =
{1} ¢ 7., then f is not L-continuous.
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In the following result we list two decomposition
theorems for continuity:

Proposition 4.7. Let f: (X,7) = (Y, o) be a function. Then the
following are equivalent:

(a) f is continuous.

(b) f is both L-continuous and L*-continuous.

(c) f is both L-continuous and weakly L*-conti-
nuous.

Proof. (a) & (b) The Proof follows immediately from Theorem
3.12 and Proposition 4.2.
(a) & (c) The Proof follows directly from Corollary 3.13 and
Proposition 4.2.

As defined in (Hdeib, 1989), a function f: (X, 1) —
(Y, 0) is w-continuous if the inverse image of each open set is
w-open.

Any o -continuous function is L -continuous,
however, the function I in Example 4.5 is L-continuous but not
w-continuous.

Remark 4.8. Let f: (X,t) — (Y,0) be a function for which
(X, t) is LC. Then the following are equivalent:

(a) f is continuous.

(b) f is w-continuous.

(c) f is L-continuous.

Proof. This is an immediate consequence of Theorem 2.8.

Remark 4.9. If f:(X,7) = (Y,0) is any function for which
(X, 1) is LC, then f is L*-continuous.

Proof. This is an immediate consequence of Proposition 3.16.

Remark 4.10. Let f: (X,7) = (Y, o) be a function with (X, t)
is hereditarily Lindelof (in particular, (X,t) is second
countable). Then the following are equivalent:

(a) f is continuous.

(b) f is L*-continuous.

Proof. This follows from Corollary 3.14.

Theorem 4.11. (a) If f: (X,7) = (Y,0) is L-continuous and
g:(Y,0) = (Z,p) is continuous, thengo f : (X,7) = (Z,p)
is L-continuous.

(b) If f:(X,7) > (Y,0) is L* -continuous and
g:(Y,0) = (Z,p) is continuous, then go f : (X, 1) = (Z, 1)
is L*-continuous.

©) If f: (X,7) = (Y,0) isweakly L*-continuousand
g:(Y,0) = (Z,p) is continuous, then g o f : (X,7) = (Z,1)
is weakly L*-continuous.

Proof. (a) Since f:(X,t) — (Y, o) is L-continuous, then by
Proposition 4.2 (a), f:(X,t;) = (Y,o) is continuous.
Therefore, go f: (X,7,) = (Z,u) is continuous. Again by
Proposition 4.2 (a), it follows that g o f : (X,7) = (Z,p) is L-
continuous.

(b) Let Weu . Since g:(Y,0)—> (Z,n) is
continuous, then g~*(W) € a. Since f: (X, 1) — (Y,0) is L*-
continuous, then f~*(g™'(W)) € B,,. . Therefore, (g

W) = (g W)) € By,..

(c)Similar to that used in (a)

The following Example shows in Theorem 4.11 (a)
that the continuity condition on g cannot be replaced by L-
continuity:

Example 4.12. Let X = R,Y ={a,b,c},Z = {m,n},T be asin
Example 2.6, o ={0,Y,{b},{b,c}}, and u=1{0,Z {m}}.
Define the function f:(X,7) » (Y,0) by f(x) =a if x €
{0,1} and f(x) = c otherwise, and define the function
g:(Y,0) > (Z,uw) by g(a) = g(b) =mand g(c) =n. Then
f and g are L -continuous functions, but go f is not L -
continuous since (g o )~ *({m}) = {0,1} ¢ ;.

Questions 4.13. Is it true that the composition of two L*-
continuous (resp. weakly L*-continuous) functions is L*-
continuous (resp. weakly L*-continuous)?

Theorem 4.14. Let {f, : (X,7) = (Y, 0,): @ € A} be a family
of functions. Then the function f: (X, 7) = (IlaeaYa » Tproa)
defined by f(x) = (fz(x)),, is L -continuous (resp. L’ -
continuous, weakly L*-continuous) if and only if for each a €

4, f, is L-continuous (resp. L*-continuous, weakly L* -
continuous).

Proof. Only we prove it for L*-continuous, the others are
similar. Suppose that f is L*-continuous and let 8 € A. Then
flg =Tpgo f where mg: (l_[ClEA Ya'Tprad) d (Yﬁ,aﬁ) is the
projection function on Y. Since mp is continuous, then by
Theorem 4.11 (b), fz is L*-continuous. Conversely, suppose
for each a € 4, f, is L*-continuous. Let A be any subbasic
openset of ([[qea Yo » Tproa) SAY A = n; (U) forsome g € 4

Then  f1(4) = £ (my (W) = (75
f)_l(U) = fE(U). Since by assumption fz is L*-continuous,

then we have fE(U) € By,.. By Proposition 4.2 (b), it follows
that f is L*-continuous.

and U €Eoap

Corollary 4.15. A function f: (X,7) — (Y, o) is L-continuous
(resp. L*-continuous, weakly L*-continuous) if and only if the
graph function h: (X, 1) > (X XY, Tpr0q), given by h(x) =
(x,f(x)) for every x € X is L -continuous (resp. L* -
continuous, weakly L*-continuous).

Theorem 4.16. The restriction of an L-continuous function on
a nonempty closed set is L-continuous.

Proof. Let f:(X,t) -» (Y,0) be L -continuous and A be a
nonempty closed set. Let U € . Then f~1(U) € t,. So by
Theorem 2.18, we have (fi, )71(U) = f~Y(U) N A € (t4),-
It follows that the restriction function fi,:(4,74) =
(Y, 0) is L-continuous.

Question 4.17. Is it true that the restriction of an L*-continuous
(resp. weakly L*-continuous) function on a nonempty closed
set is L*-continuous (resp. weakly L*-continuous)?

Proposition 4.18. Let (X, 1) be a topological space and let A
and B be two L-closed sets in (X,7) with X=AUB. If
f:(X,7) = (Y,0) is a function such that fi,: (4,74) =
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(Y,0) and fip : (B,715) = (Y, 0) are L-continuous functions,
then f is L-continuous.

Proof. It is similar to that used in Theorem 4.8 of (Al Ghour &
Samarah, 2012) and left to the reader.

Corollary 4.19. Let (X, t) be a topological space, A and B be
two closed sets in (X,t) with X=AUB and f:(X,7) -
(Y,0) be a function. Then f: (X,t) — (Y, 0) is L-continuous
iff fia:(A71,)— (Y,0) and fip: (A1) = (Y,0) are L -
continuous

Proof. This is an immediate consequence of Theorem 4.16 and
Proposition 4.18.

Theorem 4.20. Let f: (X,t) = (Y, 0) be a function. If there is
A € 7, containing x € X such that the restriction of f to 4,
fia: (A,74) = (Y,0) is L-continuous at x, then f is L -
continuous at x.

Proof. LetV € o with f(x) € V. Since fj, is L-continuous at
x, there is U € (1)4), such that x € U and (fi,)(U) = f(U) €
V. By Theorem 2.16, (1,4),, S Ty and so U € Ty Since

A € 17, then U € ;. This ends the proof.

Corollary 4.21. Let f: (X,7) = (Y, 0) be a function. If Bis a
cover of X which consists of nonempty L-open sets such that
for each A € B, f4 : (A, 114) = (Y, 0) is L-continuous, then f
is L-continuous.

Proof. Let x € X. Choose A, € B such that x € A,.. Then by
Theorem 4.20, f is L-continuous at x.
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