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Abstract

The main objective of this work is to modified two hybrid projection algo-
rithm. First, we prove the srtongly convergence to common fixed points of a se-
quence {xn} with generated by hybrid projection algorithm of two asymptotically
nonexpansive mappings, second, we prove strongly convergence of a sequence
{xn} with generated by hybrid projection algorithm of two asymptotically nonex-
pansive semigroups. Our main results extended and improved the results of I.
Inchan and S. Plubtieng [4] and Q. L. Dong, S. He and Y. J. Cho [1].
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CHAPTER I
INTRODUCTION

Let H be a real Hilbert Space, C a nonempty closed convex subset of H and
T : C → C a mapping. Recall that a self mapping f of C is a contraction if ∥f(x)−
f(y)∥ ≤ α∥x− y∥ for some α ∈ (0, 1) and T is a nonexpansive if ∥Tx− Ty∥ ≤ ∥x− y∥

for all x, y ∈ C, and T is asymptotically nonexpansive [2] if there exists a sequence
{kn} with kn ≥ 1 for all n and limn→∞ kn = 1 and such that ∥T nx− T ny∥ ≤ kn∥x− y∥

for all n ≥ 1 and x, y ∈ C. A point x ∈ C is a fixed point of T provided Tx = x.
Denote by Fix(T ) the set of fixed points of T ; that is, Fix(T ) = {x ∈ C : Tx = x}.

Recall also that a one-parameter family T = {T (t)|0 ≤ t < ∞} of self-mappings
of a nonempty closed convex subset C of a Hilbert space H is said to be a (con-
tinuous) Lipschitian semigroup on C (see, e. g., [13]) if the following conditions are
satisfied:

(i) T (0)x = x, x ∈ C

(ii) T (s+ t)(x) = T (s)T (t), s, t ≥ 0, x ∈ C

(iii) for each x ∈ C, the maps t 7→ T (t)x is continuous on [0,∞)

(iv) there exists a bounded measurable function L : [0,∞) → [0,∞) such that,
for each t > 0

∥T (t)x− T (t)y∥ ≤ Lt∥x− y∥, x, y ∈ C.

A Lipschitzian semigroup T is called nonexpansive (or a contraction semi-



group) if Lt = 1 for all t > 0, and asymptotically nonexpansive semigroup if
lim supt→∞ Lt ≤ 1, respectively. We use Fix(T ) to denote the common fixed point
set of the semigroup; that is Fix(T ) = {x ∈ C : T (t)x = x, t > 0}.

Fixed point iteration processes for nonexpansive mappings and asymptoti-
cally nonexpansive mappings in Hilbert spaces and Banach spaces including Mann
and Ishikawa iteration processes have been studied extensively by many authors
to solve nonlinear operator equations as well as variational inequalities: see
[3, 7, 9, 10, 11]. However, Mann and Ishikawa iterations processes have only
weak convergence even in Hilbert space: see [5, 11].

Very recently, Takahashi, Takeuchi and Kubota [12] prove the following strong
convergence theorems by hybrid method foe nonexpansive mappings and non-
expansive semigroup in Hilbert space.

Theorem 1.1.1. [12] Let H be a Hilbert space and C be a nonempty closed
convex subset of H. Let T be a nonexpansive mapping of C into H such that
F (T ) ̸= ∅ and let x0 ∈ H . For C1 = C and u1 = PC1x0, define a sequence {un} of C
as follows: 

yn = αnun + (1− αn)Tun,

Cn+1 = {z ∈ Cn : ∥yn − z∥ ≤ ∥un − z∥},

un+1 = PCn+1x0, n ∈ N,

(1.1)

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then {un} converges strongly to z0 = PF (T )x0.

Theorem 1.1.2. [12] Let H be a Hilbert space and C be a nonempty closed
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convex subset of H. Let T = {T (s) : 0 ≤ s < ∞} be a one-parameter nonexpansive
mapping semigroup on C such that F (T ) ̸= ∅ and let x0 ∈ H. For C1 = C and
u1 = PC1x0, define a sequence {un} of C as follows:

yn = αnun + (1− αn)
1
λn

∫ λn

0
T (s)unds,

Cn+1 = {z ∈ Cn : ∥yn − z∥ ≤ ∥un − z∥,

un+1 = PCn+1x0, n ∈ N,

(1.2)

where 0 ≤ αn ≤ a < 1, 0 < λn < ∞ for all n ∈ N and λn → ∞. Then {un} converges
strongly to z0 = PF (T )x0.

In 2008, Inchan and Plubtieng [4] modified Ishikawa iteration process for two
asymptotically nonexpansive mappings, for C is a nonempty closed convex subset
of a Hilbert space H, let x0 ∈ C. For C1 = C and x1 = PC1 , define {xn} as follows
way: 

yn = αnxn + (1− αn)T
nzn

zn = βnxn + (1− βn)S
nxn

Cn+1 = {z ∈ Cn : ∥yn − z∥2 ≤ ∥xn − z∥2 + θn}

xn+1 = PCn+1x0, n ∈ N,

(1.3)

where θn = (1− αn)[(t
2
n − 1) + (1− βn)t

2
n(s

2
n − 1)](diamC)2 → 0 as n → ∞ and 0 ≤ αn ≤

a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N.

The second modificstion Ishikawa iteration process for two asymptotically
nonexpansive semigroups. for C is a nonempty closed convex subset of a Hilbert
space H, T = {T (t) : 0 ≤ t < ∞} and S = {S(t) : 0 ≤ t < ∞} be two asymptotically
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nonexpansive semigroups on C such that F = F (T )∩ F (S) ̸= ∅ and let x0 ∈ C. For
C1 = C and x1 = PC1 , define {xn} as follows way:

yn = αnxn + (1− αn)
1
tn

∫ tn
0

T (t)zndt

zn = βnxn + (1− βn)
1
tn

∫ tn
0

S(t)xndt

Cn+1 = {z ∈ Cn : ∥yn − z∥2 ≤ ∥xn − z∥2 + θ̃n}

xn+1 = PCn+1x0, n ∈ N,

(1.4)

where θ̃n = (1 − αn)[(t̃
2
n − 1) + (1 − βn)t̃

2
n(s̃

2
n − 1)](diamC)2 → 0(here t̃n = 1

tn

∫ tn
0

LT
t dt

and s̃n
1
sn

∫ sn
0

LS
t dt and 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N and

t̃n → ∞, s̃n → ∞.

Then, prove that both iteration converges strongly to common fixed points
of two asymptotically nonexpansive mappings and asymptotically nonexpansive
semigroups, respectively.

In 2015, Dong, He and Cho [1], introduce a hybrid algorithm. Let T and S be
two nonexpansive mappings into itselt such that F (T ) ∩ F (S) ̸= ∅, the sequence
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generated as follows:

x0 ∈ C

yn = αnxn + (1− αn)Txn,

zn = βn[γnyn + (1− γn)xn] + (1− βn)Syn,

Cn = {z ∈ C : σ∥zn − z∥2 + (1− σ)∥yn − z∥2 ≤ ∥xn − z∥2},

Qn = {z ∈ C : ⟨xn − z, xn − x0⟩ ≤ 0},

xn+1 = PCn∩Qnx0, n ≥ 0,

(1.5)

for each n ≥ 0, where αn, βn ∈ [0, 1], δ ∈ [0, ), γn ∈ [0, ], σ ∈ (0, 1). Then prove that
{xn} converge in norm to PF (T )∩F (S)x0.

Next, we studies some examples for relationship between a nonexpansive
semigroup and an asymptotically nonexpansive semigroup for motivation of this
work.

Example 1.1.3. Let H1 = H2 = R and let T := {T (s) : 0 ≤ s < ∞}, where T (s)x =

1
1+2s

x,∀x ∈ R. We see that for any x, y ∈ R

∥T (s)x− T (s)y∥ = ∥( 1

1 + 2s
)x− (

1

1 + 2s
)y∥ = (

1

1 + 2s
)∥x− y∥,

then we have T is nonexpansive semigroup. If Ls = 1 we have lim sups→∞ Ls = 1

then T is asymptotically nonexpansive semigroup.

Example 1.1.4. Let H1 = H2 = R and let T := {T (s) : 0 ≤ s < ∞}, where T (s)x =

2+2s
1+2s

x,∀x ∈ R. We see that for any x, y ∈ R

∥T (s)x− T (s)y∥ = ∥(2 + 2s

1 + 2s
)x− (

2 + 2s

1 + 2s
)y∥ = (

2 + 2s

1 + 2s
)∥x− y∥,
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put Ls = (2+2s
1+2s

) we have lim sups→∞ Ls = lim sups→∞(2+2s
1+2s

) = 1 then T is asymptoti-
cally nonexpansive semigroup. If we let s = 1 we have 2+2s

1+2s
= 4

3
̸< 1, then T is not

necessary nonexpansive semigroup.

From above example we see that a mapping T is a nonexpansive semigroup
then T is asymptotically nonexpansive semigroup. But T is an asymptotically
nonexpansive semigroup is not necessary nonexpansive semigroup.

Inspired and motivate by above, the purpose of this paper to introduce two
algorithms. The first of this work we extend the results of Dong, He and Cho [1]
for S and T are two asymptotically nonexpansive mappings then we consider

x0 ∈ C = C1, x1 = PC1x0,

yn = αnxn + (1− αn)T
nxn,

zn = βn[γnyn + (1− γn)xn] + (1− βn)S
nyn,

Cn+1 = {z ∈ Cn : ∥zn − z∥2 + ∥yn − z∥2 ≤ 2∥xn − z∥2 + θn},

xn+1 = PCn+1x0, n ≥ 0,

(1.6)

where αn, βn, γn ∈ [0, 1] and θn = [(1 − βn)(s
2
n − 1) + (1 − αn)(t

2
n − 1) + (1 − βn)s

2
n(1 −

αn)(t
2
n − 1)](diamC)2 → 0 as n → ∞(here tn → 1 and sn → 1 as n → ∞).

The second of this work we extend the results of Dong, He and Cho [1] for
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T is an asymptotically nonexpansive semigroup then we consider

x0 ∈ C = C1, x1 = PC1x0

yn = αnxn + (1− αn)
1
tn

∫ tn
0

T (t)zndt

zn = βn[γnyn + (1− γn)xn] + (1− βn)
1
sn

∫ sn
0

S(t)xndt

Cn+1 = {z ∈ Cn : ∥zn − z∥2 + ∥yn − z∥2 ≤ 2∥xn − z∥2 + θ̃n}

xn+1 = PCn+1x0, n ≥ 0,

(1.7)

where αn, βn, γn ∈ [0, 1] and θ̃n = [(1 − βn)(s̃
2
n − 1) + (1 − αn)(t̃

2
n − 1) + (1 − βn)s̃

2
n(1 −

αn)(t̃
2
n − 1)](diamC)2 → 0 as n → ∞(here t̃n = 1

tn

∫ tn
0

LT
t dt → 1 and s̃n

1
sn

∫ sn
0

LS
t dt → 1 as

n → ∞).
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CHAPTER II
BASIC RESEARCH

2.1 Usefull Lemmas

In this section, we collect and give some useful lemmas that will be used for
our main result in the next section.

Definition 2.1.1. A point x ∈ C is a fixed point of T provided Tx = x. Denote by
Fix(T ) the set of fixed points of T ; that is, Fix(T ) = {x ∈ C : Tx = x}.

Definition 2.1.2. Let H be a real Hilbert Space, C a nonempty closed convex
subset of H and T : C → C a mapping. Recall that a self mapping T of C is a
contraction if

∥T (x)− Tf(y)∥ ≤ α∥x− y∥

for some α ∈ (0, 1) and T is a nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥

for all x, y ∈ C, and T is asymptotically nonexpansive [2] if there exists a sequence
{kn} with kn ≥ 1 for all n and limn→∞ kn = 1 and such that

∥T nx− T ny∥ ≤ kn∥x− y∥

for all n ≥ 1 and x, y ∈ C.

Definition 2.1.3. A one-parameter family T = {T (t)|0 ≤ t < ∞} of self-mappings of
a nonempty closed convex subset C of a Hilbert space H is said to be a (contin-



uous) Lipschitian semigroup on C (see, e. g., [13]) if the following conditions are
satisfied:

(i) T (0)x = x, x ∈ C

(ii) T (s+ t)(x) = T (s)T (t), s, t ≥ 0, x ∈ C

(iii) for each x ∈ C, the maps t 7→ T (t)x is continuous on [0,∞)

(iv) there exists a bounded measurable function L : [0,∞) → [0,∞) such that,
for each t > 0

∥T (t)x− T (t)y∥ ≤ Lt∥x− y∥, x, y ∈ C.

A Lipschitzian semigroup T is called nonexpansive (or a contraction semi-
group) if Lt = 1 for all t > 0, and asymptotically nonexpansive semigroup if
lim supt→∞ Lt ≤ 1, respectively. We use Fix(T ) to denote the common fixed point
set of the semigroup; that is Fix(T ) = {x ∈ C : T (t)x = x, t > 0}.

Lemma 2.1.4. Let H be a real Hilbert space, then the following hold:

(i) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, (x+ y)⟩, ∀x, y ∈ H;

(ii) ∥tx+ (1− t)y∥2 = t∥x∥2 + (1− t)∥y∥2 − t(1− t)∥x− y∥2, t ∈ [0, 1], ∀x, y ∈ H.

Lemma 2.1.5. [5] Let C be a nonempty bounded closed convex subset of real
Hilbert space H and let T := {T (s) : 0 ≤ s < ∞} an asymptotically nonexpansive
semigroup on C, If {xn} is a sequence in C satisfying the properties:

(i) xn ⇀ z; and
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(ii) lim supt→∞ lim supn→∞ ∥T (t)xn − xn∥ = 0,
then z ∈ Fix(T ).

Lemma 2.1.6. [5] Let C be a nonempty bounded closed convex subset of real
Hilbert space H and let T := {T (s) : 0 ≤ s < ∞} an asymptotically nonexpansive
semigroup on C, then for any u ≥ 0,

lim sup
u→∞

lim sup
t→∞

sup
x∈C

∥1
t

∫ t

0

T (s)xds− T (u)(
1

t

∫ t

0

T (s)xds)∥ = 0.

Lemma 2.1.7. [6] Let T be an asymptotically nonexpansive mapping defined on
a bounded convex subset C of a Hilbert space H. If {xn} is a sequence in C such
that xn ⇀ x and Txn − xn → 0, then x ∈ F (T ).

Lemma 2.1.8. [8] Let C be a nonempty closed convex subset of H. Let {xn} be
a sequence in H and u ∈ H. Let q = PCu. If {xn} is such that ωw(xn) ⊂ C and
satisfies the condition

∥xn − u∥ ≤ ∥u− q∥

for all n ≥ 1, then xn → q.

Lemma 2.1.9. [5] Let C be a nonempty bounded closed convex subset of a
Hilbert space H and T = {T (t) : 0 ≤ t < ∞} be an asymptotically nonexpansive
semigroups on C. If {xn} is a sequence in C satisfying the properties

1. xn ⇀ z,

2. lim supt→∞ lim supn→∞ ∥T (t)xn − xn∥,

then z ∈ F (T).
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CHAPTER III
MAIN RESULTS

In this section we introduce two theorems, first Theorem we prove the strong
convergence theorem of the algorithm (3.8) into PF (T )∩F (S)x0. The second Theorem
we prove the strong convergence of modified hybrid iterative method (3.20) into
Pℑx0.

3.1 Convergence theorem for asymptotically nonexpansive map-
pings

The first of this work we extend the results of Dong, He and Cho [1] for S and
T are two asymptotically nonexpansive mappings then we consider

x0 ∈ C = C1, x1 = PC1x0

yn = αnxn + (1− αn)T
nxn

zn+1 = βn[γnyn + (1− γn)xn] + (1− βn)S
nyn

Cn+1 = {z ∈ Cn : ∥zn − z∥2 + ∥yn − z∥2 ≤ 2∥xn − z∥2 + θn}

xn+1 = PCn+1x0, n ≥ 0,

(3.8)

where αn, βn, γn ∈ [0, 1] and θn = [(1 − βn)(s
2
n − 1) + (1 − αn)(t

2
n − 1) + (1 − βn)s

2
n(1 −

αn)(t
2
n − 1)](diamC)2 → 0 as n → ∞(here tn → 1 and sn → 1 as n → ∞).

Theorem 3.1.1. Let C be a nonempty closed convex subset of a Hilbert space
H and T, S : C → C be two asymptotically nonexpansive mappings with the



sequences {tn} and {sn}, respectively, such that F (T ) ∩ F (S) ̸= ∅. Assume that
{αn}, {βn} and {γn} are the sequences in [0, 1] such that αn, βn ≤ 1− δ for some δ ∈

(0, 1]. Then the sequence {xn} generated by (3.8) converges in norm to PF (T )∩F (S)x0.

Proof. Putting t∞ sup{tn : n ≥ 1} < ∞ and s∞ sup{sn : n ≥ 1} < ∞. We first show by
induction that F (T ) ∩ F (S) ⊆ Cn for all n ∈ N. It obvious that F (T ) ∩ F (S) ⊆ C1.
Suppose that F (T )∩F (S) ⊆ Ck for each k ∈ N. Let u ∈ F (T )∩F (S) ⊆ Ck, then from
Lemma 2.1.4, we have

∥yk − u∥2 = ∥αkxk + (1− αk)T
kxk − u∥2

= ∥αk(xk − u) + (1− αk)(T
kxk − u)∥2

= αk∥xk − u∥2 + (1− αk)∥T kxk − u∥2 − αk(1− αk)∥xk − T kxk∥2

≤ αk∥xk − u∥2 + (1− αk)∥T kxk − u∥2

≤ αk∥xk − u∥2 + (1− αk)t
2
k∥xk − u∥2

= ∥xk − u∥2 − ∥xk − u∥2 + αk∥xk − u∥2 + (1− αk)t
2
k∥xk − u∥2

= ∥xk − u∥2 − (1− αk)∥xk − u∥2 + (1− αk)t
2
k∥xk − u∥2

= ∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2. (3.9)
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Simolarly, we note that from Lemma 2.1.4 and (3.9), we have

∥zk − u∥2 = ∥βk[γkyk + (1− γk)xk] + (1− βk)S
kyk − u∥2

= ∥βk([γkyk + (1− γk)xk]− u) + (1− βk)(S
kyk − u)∥2

= βk∥[γkyk + (1− γk)xk]− u∥2 + (1− βk)∥Skyk − u∥2

≤ βk[γk∥yk − u∥2 + (1− γk)∥xk − u∥2] + (1− βk)∥Skyk − u∥2

≤ βkγk∥yk − u∥2 + βk(1− γk)∥xk − u∥2 + (1− βk)s
2
k∥yk − u∥2

≤ βkγk[∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2] + βk(1− γk)∥xk − u∥2

+(1− βk)s
2
k[∥xk − u∥2 + (1− αk)(t

2
k − 1)∥xk − u∥2]

≤ βk∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2 + (1− βk)s

2
k∥xk − u∥2

= ∥xk − u∥2 − (1− βk)∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2

+(1− βk)s
2
k∥xk − u∥2 + (1− βk)s

2
k(1− αk)(t

2
k − 1)∥xk − u∥2

= ∥xk − u∥2 + (1− βk)(s
2
k − 1)∥xk − u∥2 + (1− αk)(t

2
k − 1)∥xk − u∥2

+(1− βk)s
2
k(1− αk)(t

2
k − 1)∥xk − u∥2 (3.10)

From (3.9) and (3.10), we obtain that

∥zk − u∥2 + ∥yk − u∥2 ≤ ∥xk − u∥2 + (1− βk)(s
2
k − 1)∥xk − u∥2

+(1− αk)(t
2
k − 1)∥xk − u∥2 + (1− αk)(t

2
k − 1)∥xk − u∥2

+∥xk − u∥2 + (1− βk)s
2
k(1− αk)(t

2
k − 1)∥xk − u∥2

≤ 2∥xk − u∥2 + [(1− βk)(s
2
k − 1) + 2(1− αk)(t

2
k − 1)

+(1− βk)s
2
k(1− αk)](diamC)2

= 2∥xk − u∥2 + θk (3.11)
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where θk = [(1−βk)(s
2
k−1)+2(1−αk)(t

2
k−1)+(1−βk)s

2
k(1−αk)](diamC)2 → 0 as n → ∞.

It follows that u ∈ Ck+1 and then F (T )∩F (S) ⊆ Cn for all n ∈ N. Next, we show that
Cn is closed and convex foe all n ∈ N. It obvious that C1 = C is closed and convex.
Suppose that Ck is closed and convex for each k ∈ N. Let {zm}∞m=1 ⊆ Ck+1 ⊆ Ck

with zm → z as m → ∞. Since Ck is closed and zm ∈ Ck+1, we have zm ∈ Ck and
∥zk − zm∥2 + ∥yk − zm∥2 ≤ 2∥zm − xk∥2 + θk. From Lemma 2.1.4, we have

∥zk − z∥2 + ∥yk − z∥2 = ∥zk − zm + zm − z∥2 + ∥yk − zm + zm − z∥2

≤ [∥zk − zm∥2 + ∥zm − z∥2 + 2⟨zk − zm, zm − z⟩]

+[∥yk − zm∥2 + ∥zm − z∥2 + 2⟨yk − zm, zm − z⟩]

= ∥zk − zm∥2 + ∥yk − zm∥2 + 2∥zm − z∥2

+2(∥zk − zm∥∥zm − z∥+ ∥yk − zm∥∥zm − z∥)

≤ 2∥xk − zm∥2 + θk

+2(∥zm − z∥2 + ∥zk − zm∥∥zm − z∥+ ∥yk − zm∥∥zm − z∥).

Taking m → ∞, it follows that

∥zk − z∥2 + ∥yk − z∥2 ≤ 2∥xk − z∥2 + θk.

Then z ∈ Ck+1 and hence Ck+1 is closed. Let x, y ∈ Ck+1 ⊆ Ck with z = αx+ (1− α)y

where α ∈ [0, 1]. Since Ck is convex, z ∈ Ck. Thus, we have ∥zk − x∥2 + ∥yk − x∥2 ≤
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2∥xk − x∥2 + θk and ∥zk − y∥2 + ∥yk − y∥2 ≤ 2∥xk − y∥2 + θk. Hence

∥zk − z∥2 + ∥yk − z∥2 = ∥zk − (αx+ (1− α)y)∥2 + ∥yk − (αx+ (1− α)y)∥2

= ∥α(zk − x) + (1− α)(zk − y)∥2 + ∥α(yk − x) + (1− α)(yk − y)∥2

= α∥zk − x∥2 + (1− α)∥zk − y∥2 − α(1− α)∥x− y∥2

+α∥yk − x∥2 + (1− α)∥yk − y∥2 − α(1− α)∥x− y∥2

= α(∥zk − x∥2 + ∥yk − x∥2) + (1− α)(∥zk − y∥2 + ∥yk − y∥2)

−2α(1− α)∥x− y∥2

≤ α(2∥xk − x∥2 + θk) + (1− α)(2∥xk − y∥2 + θk)− 2α(1− α)∥x− y∥2

= 2[α∥xk − x∥2 + (1− α)∥xk − y∥2 − α(1− α)∥x− y∥2]

+αθk + (1− α)θk

= 2∥α(xk − x) + (1− α)(xk − y)∥2 + θk

= 2∥xk − (αx+ (1− α)y)∥2

= 2∥xk − z∥2 + θk.

It follows that z ∈ Ck+1 and hence Ck+1 is convex. Therefore, Cn is closed and
convex for all n ∈ N. This implies that {xn} is well-defined. Since xn = PCnx0, it
follows that

⟨x0 − xn, xn − y⟩ ≥ 0 (3.12)

for all y ∈ F (T ) ∩ F (S) and ∀n ∈ N. So u ∈ F (T ) ∩ F (S), we have

0 ≤ ⟨x0 − xn, xn − u⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − u⟩

≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − u∥.
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This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − u∥

and hence
∥x0 − xn∥ ≤ ∥x0 − u∥ (3.13)

for all u ∈ `(T )∩F (S) and ∀n ∈ N. From xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊆ Cn,
we obtain that

⟨x0 − xn, xn − xn+1⟩ ≥ 0 (3.14)

for all n ∈ N. So, for all xn+1 ∈ Cn+1, for n ∈ N, we have

0 ≤ ⟨x0 − xn, xn − xn+1⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − xn+1⟩

≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − xn+1∥.

This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − xn+1∥,

and hence
∥x0 − xn∥ ≤ ∥x0 − xn+1∥,

for all n ∈ N. Since {∥x0 − xn∥} is bounded, limn→∞ ∥xn − x0∥ exists. Next, we claim
that limn→∞ ∥xn − xn+1∥ = 0. From (3.14), we have

∥xn − xn+1∥2 = ∥(xn − x0) + (x0 − xn+1)∥2

= ∥xn − x0∥2 + 2⟨xn − x0, x0 − xn+1⟩+ ∥x0 − xn+1∥2

= ∥xn − x0∥2 − 2⟨x0 − xn, x0 − xn⟩ − 2⟨x0 − xn, xn − xn+1⟩+ ∥x0 − xn+1∥2

≤ ∥xn − x0∥2 − 2∥xn − x0∥2 + ∥x0 − xn+1∥2

= −∥xn − x0∥2 + ∥x0 − xn+1∥2.
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Since, limn→∞ ∥xn − x0∥ exists, we have limn→∞ ∥xn − xn+1∥ = 0. Next, we now claim
that limn→∞ ∥Txn − xn∥ = 0 = limn→∞ ∥Sxn − xn∥. Since xn+1 ∈ Cn, we have

∥zn − xn+1∥2 + ∥yn − xn+1∥2 ≤ 2∥xn − xn+1∥2 + θn.

From limn→∞ ∥xn − xn+1∥ = 0 and θn → 0 as n → ∞, it follows that

lim
n→∞

∥zn − xn+1∥ = 0 = lim
n→∞

∥yn − xn+1∥, (3.15)

which yields

∥zn − xn∥ ≤ ∥zn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞, (3.16)

and then we have

∥yn − xn∥ ≤ ∥yn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞.

By definition of yn, we have yn − xn = (1− αn)(T
nxn − xn), we obtain

∥T nxn − xn∥ =
1

1− αn

∥yn − xn∥.

Since αn ≤ 1− δ, then we have

∥T nxn − xn∥ → 0, (3.17)

as n → ∞. From zn = βn[γnyn + (1− γn)xn] + (1− βn)S
nyn, we have

∥Snyn − zn∥ =
βn

1− βn

∥γn(yn − zn) + (1− γn)(xn − zn)∥ (3.18)

≤ 1

1− βn

(γn∥yn − zn∥+ (1− γn)∥xn − zn∥), (3.19)

which yields
∥Snyn − zn∥ → 0 as n → ∞,
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as n → ∞ and so

∥Txn − xn∥ ≤ ∥Txn − T n+1xn∥+ ∥T n+1xn − T n+1xn+1∥+ ∥T n+1xn+1 − xn+1∥+ ∥xn+1 − xn∥

≤ t∞∥xn − T nxn∥+ ∥T n+1xn+1 − xn+1∥+ (1 + t∞)∥xn − xn+1∥

→ 0 as n → ∞.

Similarly, we have
∥Sxn − xn∥ → 0 as n → ∞.

By Lemma 2.1.7, and boundedness of {xn}, we have ∅ ̸= ωw(xn) ⊂ F (T ) ∩ F (S).
Since z0 = PF (T )∩F (S)x0, z0 ∈ F (T ) ∩ F (S) ⊂ C and Lemma 2.1.8, guarantees the
strong convergence of {xn} to PF (T )∩F (S)x0. This completes the proof.

3.2 Convergence theorem for asymptotically nonexpansive semi-
groups

The second of this work we extend the results of Dong, He and Cho [1] for T
is an asymptotically nonexpansive semigroup then we consider

x0 ∈ C = C1, x1 = PC1x0

yn = αnxn + (1− αn)
1
tn

∫ tn
0

T (t)zndt

zn = βn[γnyn + (1− γn)xn] + (1− βn)
1
sn

∫ sn
0

S(t)xndt

Cn+1 = {z ∈ Cn : ∥zn − z∥2 + ∥yn − z∥2 ≤ 2∥xn − z∥2 + θ̃n}

xn+1 = PCn+1x0, n ≥ 0,

(3.20)
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where αn, βn, γn ∈ [0, 1] and θ̃n = [(1 − βn)(ŝ
2
n − 1) + (1 − αn)(t̂

2
n − 1) + (1 − βn)ŝ

2
n(1 −

αn)(t̂
2
n − 1)](diamC)2 → 0 as n → ∞(here t̂n = 1

tn

∫ tn
0

LT
t dt → 1 and ŝn

1
sn

∫ sn
0

LS
t dt → 1 as

n → ∞).

We prove strongly convergence of a sequence {xn} with generated by hy-
brid projection algorithm of two asymptotically nonexpansive semigroups with
converge to common fixed points PF (T )∩F (S).

Theorem 3.2.1. Let H be a Hilbert space and let C be a nonempty colsed
bounded subset of H. Let T = {T (t) : 0 ≤ t < ∞} and S = {S(t) : 0 ≤ t < ∞} be
two asymptotically nonexpansive semigroups on C such that F = F (T)∩F (S) ̸= ∅

and let x0 ∈ C. Let C1 = C, x1 = PC1x0 and {xn} be a sequence generated by
(3.20) with satisfies αn, βn, γn ∈ [0, 1], 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all
n ∈ N ∪ {0} and tn → ∞, sn → ∞. Then {xn} converges strongly to z0 = PFx0.

Proof. First observe that F ⊆ Cn for all n ∈ N. For F ⊂ C = C1 is obvious. Suppose
that F ⊂ Ck for each k ∈ N. Let u ∈ F ⊂ Ck. Then we have

∥yk − u∥2 = ∥αkxk + (1− αk)
1

tk

∫ tk

0

T (t)xkdt− u∥2

= ∥αk(xk − u) + (1− αk)(
1

tk

∫ tk

0

T (t)xkdt− u)∥2

≤ αk∥xk − u∥2 + (1− αk)∥
1

tk

∫ tk

0

T (t)xkdt− u∥2

≤ αk∥xk − u∥2 + (1− αk)(
1

tk

∫ tk

0

∥T (t)xk − u∥dt)2

≤ αk∥xk − u∥2 + (1− αk)(
1

tk

∫ tk

0

LT
t ∥xk − u∥dt)2

≤ αk∥xk − u∥2 + (1− αk)(
1

tk

∫ tk

0

LT
t dt)

2∥xk − u∥2

= ∥xk − u∥2 + (1− αk)(t̃k
2 − 1)∥xk − u∥2. (3.21)
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By Lemma 2.1.4 again, we have

∥zk − u∥2 = ∥βk[γkyk + (1− γk)xk] + (1− βk)
1

sk

∫ sk

0

S(t)ykdt− u∥2

= ∥βk([γkyk + (1− γk)xk]− u) + (1− βk)(
1

sk

∫ sk

0

S(t)ykdt− u)∥2

≤ βk∥[γkyk + (1− γk)xk]− u∥2 + (1− βk)∥
1

sk

∫ sk

0

S(t)ykdt− u∥2

≤ βk∥γk(yk − u) + (1− γk)(xk − u)∥2 + (1− βk)(
1

sk

∫ sk

0

∥S(t)yk − u∥dt)2

≤ βkγk∥yk − u∥2 + βk(1− γk)∥xk − u∥2 + (1− βk)(
1

sk

∫ sk

0

LS
t ∥yk − u∥dt)2

≤ βkγk∥yk − u∥2 + βk(1− γk)∥xk − u∥2 + (1− βk)(
1

sk

∫ sk

0

LS
t dt)

2∥yk − u∥2

≤ βkγk[∥xk − u∥2 + (1− αk)(t̃k
2 − 1)∥xk − u∥2] + βk(1− γk)∥xk − u∥2

+(1− βk)s̃k
2[∥xk − u∥2 + (1− αk)(t̃k

2 − 1)∥xk − u∥2]

≤ βk∥xk − u∥2 + (1− αk)(t̃k
2 − 1)∥xk − u∥2 + (1− βk)s̃k

2∥xk − u∥2

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)∥xk − u∥2

= ∥xk − u∥2 + (1− βk)(s̃k
2 − 1)∥xk − u∥2 + (1− αk)(t̃k

2 − 1)∥xk − u∥2

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)∥xk − u∥2 (3.22)
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From (3.21) and (3.22), we obtain that

∥zk − u∥2 + ∥yk − u∥2 ≤ ∥xk − u∥2 + (1− βk)(s̃k
2 − 1)∥xk − u∥2

+(1− αk)(t̃k
2 − 1)∥xk − u∥2

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)∥xk − u∥2 + ∥xk − u∥2

+(1− αk)(t̃k
2 − 1)∥xk − u∥2.

+(1− βk)s
2
k(1− αk)(t

2
k − 1)∥xk − u∥2 + ∥xk − u∥2

+(1− αk)(t
2
k − 1)∥xk − u∥2

≤ 2∥xk − u∥2 + [(1− βk)(s̃k
2 − 1) + 2(1− αk)(t̃k

2 − 1)

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)](diamC)2

= 2∥xk − u∥2 + θ̃k,

where θ̃k = [(1− βk)(s̃
2
k − 1) + 2(1−αk)(t̂

2
k − 1) + (1− βk)s̃

2
k(1−αk)(t̃

2
k − 1)](diamC)2 → 0

as n → ∞(here t̃k = 1
tk

∫ tk
0

LT
t dt → 1 and s̃k

1
sk

∫ sk
0

LS
t dt → 1 as k → ∞). It follows

that u ∈ Ck+1 and then F (T ) ∩ F (S) ⊆ Cn for all n ∈ N. Again, by using the same
argument in the proof in Theorem 3.1.1, we can show that Cn is closed and convex
foe all n ∈ N. It obvious that C1 = C is closed and convex. Suppose that Ck is
closed and convex for each k ∈ N. Let {zm}∞m=1 ⊆ Ck+1 ⊆ Ck with zm → z as m → ∞.
Since Ck is closed and zm ∈ Ck+1, we have z ∈ Ck and ∥zk − zm∥2 ≤ ∥zm − xk∥2 + θ̃k.
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From Lemma 2.1.4, we have

∥zk − z∥2 + ∥yk − z∥2 = ∥zk − zm + zm − z∥2 + ∥yk − zm + zm − z∥2

≤ [∥zk − zm∥2 + ∥zm − z∥2 + 2⟨zk − zm, zm − z⟩]

+[∥yk − zm∥2 + ∥zm − z∥2 + 2⟨yk − zm, zm − z⟩]

= ∥zk − zm∥2 + ∥yk − zm∥2 + 2∥zm − z∥2

+2(∥zk − zm∥∥zm − z∥+ ∥yk − zm∥∥zm − z∥)

≤ 2∥xk − zm∥2 + θ̃k

+2(∥zm − z∥2 + ∥zk − zm∥∥zm − z∥+ ∥yk − zm∥∥zm − z∥).

Taking m → ∞, it follows that

∥zk − z∥2 + ∥yk − z∥2 ≤ 2∥xk − z∥2 + θ̃k.

Then z ∈ Ck+1 and hence Ck+1 is closed. Let x, y ∈ Ck+1 ⊆ Ck with z = αx+ (1− α)y

where α ∈ [0, 1]. Since Ck is convex, z ∈ Ck. Thus, we have ∥zk − x∥2 + ∥yk − x∥2 ≤

2∥xk − x∥2 + θ̃k and ∥zk − y∥2 + ∥yk − y∥2 ≤ 2∥xk − y∥2 + θ̃k. Hence
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∥zk − z∥2 + ∥yk − z∥2 = ∥zk − (αx+ (1− α)y)∥2 + ∥yk − (αx+ (1− α)y)∥2

= ∥α(zk − x) + (1− α)(zk − y)∥2 + ∥α(yk − x) + (1− α)(yk − y)∥2

= α∥zk − x∥2 + (1− α)∥zk − y∥2 − α(1− α)∥x− y∥2

+α∥yk − x∥2 + (1− α)∥yk − y∥2 − α(1− α)∥x− y∥2

= α(∥zk − x∥2 + ∥yk − x∥2) + (1− α)(∥zk − y∥2 + ∥yk − y∥2)

−2α(1− α)∥x− y∥2

≤ α(2∥xk − x∥2 + θ̃k) + (1− α)(2∥xk − y∥2 + θ̃k)

−2α(1− α)∥x− y∥2

= 2[α∥xk − x∥2 + (1− α)∥xk − y∥2 − α(1− α)∥x− y∥2] + αθ̃k

+(1− α)θ̃k

= 2∥α(xk − x) + (1− α)(xk − y)∥2 + θ̃k

= 2∥xk − (αx+ (1− α)y)∥2

= 2∥xk − z∥2 + θ̃k.

It follows that z ∈ Ck+1 and hence Ck+1 is convex. Therefore, Cn is closed and
convex for all n ∈ N. This implies that {xn} is well-defined. Since xn = PCnx0, it
follows that

⟨x0 − xn, xn − y⟩ ≥ 0 (3.23)

for all y ∈ F (T ) ∩ F (S) and ∀n ∈ N. So u ∈ F (T ) ∩ F (S), we have

0 ≤ ⟨x0 − xn, xn − u⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − u⟩

≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − u∥.
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This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − u∥

and hence
∥x0 − xn∥ ≤ ∥x0 − u∥ (3.24)

for all u ∈ `(T )∩F (S) and ∀n ∈ N. From xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊆ Cn,
we obtain that

⟨x0 − xn, xn − xn+1⟩ ≥ 0 (3.25)

for all n ∈ N. So, for all xn+1 ∈ Cn+1, for n ∈ N, we have

0 ≤ ⟨x0 − xn, xn − xn+1⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − xn+1⟩

≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − xn+1∥.

This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − xn+1∥,

and hence
∥x0 − xn∥ ≤ ∥x0 − xn+1∥,

for all n ∈ N. Since {∥x0 − xn∥} is bounded, limn→∞ ∥xn − x0∥ exists. Next, we claim
that limn→∞ ∥xn − xn+1∥ = 0. From (3.25), we have

∥xn − xn+1∥2 = ∥(xn − x0) + (x0 − xn+1)∥2

= ∥xn − x0∥2 + 2⟨xn − x0, x0 − xn+1⟩+ ∥x0 − xn+1∥2

= ∥xn − x0∥2 − 2⟨x0 − xn, x0 − xn⟩ − 2⟨x0 − xn, xn − xn+1⟩+ ∥x0 − xn+1∥2

≤ ∥xn − x0∥2 − 2∥xn − x0∥2 + ∥x0 − xn+1∥2

= −∥xn − x0∥2 + ∥x0 − xn+1∥2.
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Since, limn→∞ ∥xn − x0∥ exists, we have limn→∞ ∥xn − xn+1∥ = 0. Since xn+1 ∈ Cn, we
have

∥zn − xn+1∥2 + ∥yn − xn+1∥2 ≤ 2∥xn − xn+1∥2 + θ̃n.

From limn→∞ ∥xn − xn+1∥ = 0 and θn → 0 as n → ∞, it follows that

lim
n→∞

∥zn − xn+1∥ = 0 = lim
n→∞

∥yn − xn+1∥, (3.26)

which yields

∥zn − xn∥ ≤ ∥zn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞, (3.27)

and then we have

∥yn − xn∥ ≤ ∥yn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞.

We now claim that

lim sup
r→∞

lim sup
n→∞

∥T (r)xn − xn∥ = 0 = lim sup
r→∞

lim sup
n→∞

∥S(r)xn − xn∥.

Indeed, by definition of yn and xn+1 ⊂ Cn we have

∥ 1

tn

∫ tn

0

T (t)xndt− xn∥ =
1

1− αn

∥yn − xn∥ → 0 as n → ∞. (3.28)

From zn = βn[γnyn + (1− γn)xn] + (1− βn)
1
sn

∫ sn
0

S(t)xndt, we have

∥ 1

sn

∫ sn

0

S(t)yndt− zn∥ =
βn

1− βn

∥γn(yn − zn) + (1− γn)(xn − zn∥

≤ βn

1− βn

(γn∥yn − zn∥+ (1− γn)∥xn − zn∥)

→ 0 as n → ∞.
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It follows that

∥ 1

sn

∫ sn

0

S(t)xndt− xn∥ ≤ ∥ 1

sn

∫ sn

0

S(t)xndt−
1

sn

∫ sn

0

S(t)yndt∥

+∥ 1

sn

∫ sn

0

S(t)yndt− zn∥+ ∥zn − xn∥

≤ 1

sn

∫ sn

0

∥S(t)xn − S(t)yn∥dt+ ∥ 1

sn

∫ sn

0

S(t)yndt− zn∥

+∥zn − xn∥

≤ 1

sn

∫ sn

0

LS
t dt∥xn − yn∥+ ∥ 1

sn

∫ sn

0

S(t)yndt− zn∥+ ∥zn − xn∥

≤ s̃n∥xn − yn∥+ ∥ 1

sn

∫ sn

0

S(t)yndt− zn∥+ ∥zn − xn∥

→ 0 as n → ∞.

For all 0 ≤ r < ∞, we note that

∥S(r)xn − xn∥ ≤ ∥S(r)xn − S(r)(
1

sn

∫ sn

0

S(t)xndt)∥

+∥S(r)( 1
sn

∫ sn

0

S(t)xndt)−
1

sn

∫ sn

0

S(t)xndt∥

+∥ 1

sn

∫ sn

0

S(t)xndt− xn∥

≤ (L∞ + 1)∥ 1

sn

∫ sn

0

S(t)xndt− xn∥

+∥S(r)( 1
sn

∫ sn

0

S(t)xndt)−
1

sn

∫ sn

0

S(t)xndt∥

:= (L∞ + 1)AS
n(r) + BS

n (r),

where AS
n := ∥ 1

sn

∫ sn
0

S(t)xndt− xn∥ and BS
n := ∥S(r)( 1

sn

∫ sn
0

S(t)xndt)− 1
sn

∫ sn
0

S(t)xndt∥.
By Lemma 2.1.6, we have lim supn→∞ AS

n(r) = 0 = lim supn→∞ BS
n (r). We can deduce
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that for all 0 ≤ r < ∞,

∥T (r)xn − xn∥ ≤ ∥T (r)xn − T (r)(
1

tn

∫ tn

0

T (t)xndt)∥

+∥T (r)( 1
tn

∫ tn

0

T (t)xndt)−
1

tn

∫ tn

0

T (t)xndt∥

+∥ 1

tn

∫ tn

0

T (t)xndt− xn∥

≤ (L∞ + 1)∥ 1

tn

∫ tn

0

T (t)xndt− xn∥

+∥T (r)( 1
tn

∫ tn

0

T (t)xndt)−
1

tn

∫ tn

0

T (t)xndt∥

:= (L∞ + 1)AT
n (r) +BT

n (r),

where AT
n (r) := ∥ 1

tn

∫ tn
0

T (t)xndt−xn∥ and BT
n (r) := ∥T (r)( 1

tn

∫ tn
0

T (t)xndt)− 1
tn

∫ tn
0

T (t)xndt∥.
By Lemma 2.1.6, we have lim supn→∞AT

n (r) = 0 = lim supn→∞ BT
n (r). Then we obtain

lim sup
r→∞

lim sup
n→∞

∥T (r)xn − xn∥ = 0 = lim sup
r→∞

lim sup
n→∞

∥S(r)xn − xn∥.

We note by Lemma ??, that every weak limit of {xn} is a member of F. From
xn ⇀ z ∈ PFx0, we have x0−xn ⇀ x0− z0, from H satisfies the Kadec-Klee property,
it follows that

x0 − xn → x0 − z0.

So, we have

∥xn − z0∥ = ∥xn − x0 − (z0 − z0)∥ → 0 as n → ∞.

Hence, xn → z0. This complete the proof.
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CHAPTER IV
CONCLUSIONS

From chapter 3 we have 4 theorems for submitted to thai journals of math-
ematics.

4.1 Outputs Results

Theorem 4.1.1. Let C be a nonempty closed convex subset of a Hilbert space
H and T, S : C → C be two asymptotically nonexpansive mappings with the
sequences {tn} and {sn}, respectively, such that F (T ) ∩ F (S) ̸= ∅. Assume that
{αn}, {βn} and {γn} are the sequences in [0, 1] such that αn, βn ≤ 1− δ for some δ ∈

(0, 1]. Then the sequence {xn} generated by (3.8) converges in norm to PF (T )∩F (S)x0.

Theorem 4.1.2. Let H be a Hilbert space and let C be a nonempty colsed
bounded subset of H. Let T = {T (t) : 0 ≤ t < ∞} and S = {S(t) : 0 ≤ t < ∞} be
two asymptotically nonexpansive semigroups on C such that F = F (T)∩F (S) ̸= ∅

and let x0 ∈ C. Let C1 = C, x1 = PC1x0 and {xn} be a sequence generated by
(3.20) with satisfies αn, βn, γn ∈ [0, 1], 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all
n ∈ N ∪ {0} and tn → ∞, sn → ∞. Then {xn} converges strongly to z0 = PFx0.



4.2 Output 1 paper

1. Hybrid iterative method for two asymptotically nonexpansive semigroup in
Hilbert spaces, Submitted to Thai Journal of Mathematics.
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Abstract : The main objective of this work is to modified two hybrid projection
algorithm. First, we prove the srtongly convergence to common fixed points of a
sequence {xn} with generated by hybrid projection algorithm of two asymptoti-
cally nonexpansive mappings, second, we prove strongly convergence of a sequence
{xn} with generated by hybrid projection algorithm of two asymptotically non-
expansive semigroups. Our main results extended and improved the results of I.
Inchan and S. Plubtieng [4] and Q. L. Dong, S. He and Y. J. Cho [1].
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1 Introduction

Let H be a real Hilbert Space, C a nonempty closed convex subset of H
and T : C → C a mapping. Recall that a self mapping f of C is a contraction
if ∥f(x) − f(y)∥ ≤ α∥x − y∥ for some α ∈ (0, 1) and T is a nonexpansive if
∥Tx− Ty∥ ≤ ∥x− y∥ for all x, y ∈ C, and T is asymptotically nonexpansive [2] if
there exists a sequence {kn} with kn ≥ 1 for all n and limn→∞ kn = 1 and such
that ∥Tnx − Tny∥ ≤ kn∥x − y∥ for all n ≥ 1 and x, y ∈ C. A point x ∈ C is a
fixed point of T provided Tx = x. Denote by Fix(T ) the set of fixed points of T ;
that is, Fix(T ) = {x ∈ C : Tx = x}.

Recall also that a one-parameter family T = {T (t)|0 ≤ t < ∞} of self-
mappings of a nonempty closed convex subset C of a Hilbert space H is said

1This research was supported by Uttaradit Rajabhat University

Copyright c⃝ 2012 by the Mathematical Association of Thailand.
All rights reserved.
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to be a (continuous) Lipschitian semigroup on C (see, e. g., [13]) if the following
conditions are satisfied:

(i) T (0)x = x, x ∈ C
(ii) T (s+ t)(x) = T (s)T (t), s, t ≥ 0, x ∈ C
(iii) for each x ∈ C, the maps t 7→ T (t)x is continuous on [0,∞)
(iv) there exists a bounded measurable function L : [0,∞) → [0,∞) such that,

for each t > 0

∥T (t)x− T (t)y∥ ≤ Lt∥x− y∥, x, y ∈ C.

A Lipschitzian semigroup T is called nonexpansive (or a contraction semi-
group) if Lt = 1 for all t > 0, and asymptotically nonexpansive semigroup if
lim supt→∞ Lt ≤ 1, respectively. We use Fix(T ) to denote the common fixed
point set of the semigroup; that is Fix(T ) = {x ∈ C : T (t)x = x, t > 0}.

Fixed point iteration processes for nonexpansive mappings and asymptotically
nonexpansive mappings in Hilbert spaces and Banach spaces including Mann and
Ishikawa iteration processes have been studied extensively by many authors to
solve nonlinear operator equations as well as variational inequalities: see [3, 7, 9,
10, 11]. However, Mann and Ishikawa iterations processes have only weak conver-
gence even in Hilbert space: see [5, 11].

Very recently, Takahashi, Takeuchi and Kubota [12] prove the following strong
convergence theorems by hybrid method foe nonexpansive mappings and nonex-
pansive semigroup in Hilbert space.

Theorem 1.1. [12] Let H be a Hilbert space and C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C into H such that F (T ) ̸= ∅
and let x0 ∈ H. For C1 = C and u1 = PC1x0, define a sequence {un} of C as
follows: 

yn = αnun + (1− αn)Tun,

Cn+1 = {z ∈ Cn : ∥yn − z∥ ≤ ∥un − z∥,
un+1 = PCn+1

x0, n ∈ N,
(1.1)

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then {un} converges strongly to z0 =
PF (T )x0.

Theorem 1.2. [12] Let H be a Hilbert space and C be a nonempty closed convex
subset of H. Let T = {T (s) : 0 ≤ s < ∞} be a one-parameter nonexpansive
mapping semigroup on C such that F (T ) ̸= ∅ and let x0 ∈ H. For C1 = C and
u1 = PC1x0, define a sequence {un} of C as follows:

yn = αnun + (1− αn)
1
λn

∫ λn

0
T (s)unds,

Cn+1 = {z ∈ Cn : ∥yn − z∥ ≤ ∥un − z∥,
un+1 = PCn+1x0, n ∈ N,

(1.2)

where 0 ≤ αn ≤ a < 1, 0 < λn < ∞ for all n ∈ N and λn → ∞. Then {un}
converges strongly to z0 = PF (T )x0.
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In 2008, Inchan and Plubtieng [4] modified Ishikawa iteration process for two
asymptotically nonexpansive mappings, for C is a nonempty closed convex subset
of a Hilbert space H, let x0 ∈ C. For C1 = C and x1 = PC1 , define {xn} as follows
way: 

yn = αnxn + (1− αn)T
nzn

zn = βnxn + (1− βn)S
nxn

Cn+1 = {z ∈ Cn : ∥yn − z∥2 ≤ ∥xn − z∥2 + θn}
xn+1 = PCn+1x0, n ∈ N,

(1.3)

where θn = (1 − αn)[(t
2
n − 1) + (1 − βn)t

2
n(s

2
n − 1)](diamC)2 → 0 as n → ∞ and

0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all n ∈ N.
The second modificstion Ishikawa iteration process for two asymptotically non-

expansive semigroups. for C is a nonempty closed convex subset of a Hilbert space
H, T = {T (t) : 0 ≤ t < ∞} and S = {S(t) : 0 ≤ t < ∞} be two asymptotically
nonexpansive semigroups on C such that F = F (T ) ∩ F (S) ̸= ∅ and let x0 ∈ C.
For C1 = C and x1 = PC1 , define {xn} as follows way:

yn = αnxn + (1− αn)
1
tn

∫ tn
0

T (t)zndt

zn = βnxn + (1− βn)
1
tn

∫ tn
0

S(t)xndt

Cn+1 = {z ∈ Cn : ∥yn − z∥2 ≤ ∥xn − z∥2 + θ̃n}
xn+1 = PCn+1x0, n ∈ N,

(1.4)

where θ̃n = (1 − αn)[(t̃
2
n − 1) + (1 − βn)t̃

2
n(s̃

2
n − 1)](diamC)2 → 0(here t̃n =

1
tn

∫ tn
0

LT
t dt and s̃n

1
sn

∫ sn
0

LS
t dt and 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for

all n ∈ N and t̃n → ∞, s̃n → ∞.
Then, prove that both iteration converges strongly to common fixed points

of two asymptotically nonexpansive mappings and asymptotically nonexpansive
semigroups, respectively.

In 2015, Dong, He and Cho [1], introduce a hybrid algorithm. Let T and S be
two nonexpansive mappings into itselt such that F (T ) ∩ F (S) ̸= ∅, the sequence
generated as follows:

x0 ∈ C

yn = αnxn + (1− αn)Txn,

zn = βn[γnyn + (1− γn)xn] + (1− βn)Syn,

Cn = {z ∈ C : σ∥zn − z∥2 + (1− σ)∥yn − z∥2 ≤ ∥xn − z∥2},
Qn = {z ∈ C : ⟨xn − z, xn − x0⟩ ≤ 0},
xn+1 = PCn∩Qnx0, n ≥ 0,

(1.5)

for each n ≥ 0, where αn, βn ∈ [0, 1], δ ∈ [0, ), γn ∈ [0, ], σ ∈ (0, 1). Then prove
that {xn} converge in norm to PF (T )∩F (S)x0.

Next, we studies some examples for relationship between a nonexpansive semi-
group and an asymptotically nonexpansive semigroup for motivation of this work.
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Example 1.3. Let H1 = H2 = R and let T := {T (s) : 0 ≤ s < ∞}, where
T (s)x = 1

1+2sx,∀x ∈ R. We see that for any x, y ∈ R

∥T (s)x− T (s)y∥ = ∥( 1

1 + 2s
)x− (

1

1 + 2s
)y∥ = (

1

1 + 2s
)∥x− y∥,

then we have T is nonexpansive semigroup. If Ls = 1 we have lim sups→∞ Ls = 1
then T is asymptotically nonexpansive semigroup.

Example 1.4. Let H1 = H2 = R and let T := {T (s) : 0 ≤ s < ∞}, where
T (s)x = 2+2s

1+2sx,∀x ∈ R. We see that for any x, y ∈ R

∥T (s)x− T (s)y∥ = ∥(2 + 2s

1 + 2s
)x− (

2 + 2s

1 + 2s
)y∥ = (

2 + 2s

1 + 2s
)∥x− y∥,

put Ls = ( 2+2s
1+2s ) we have lim sups→∞ Ls = lim sups→∞( 2+2s

1+2s ) = 1 then T is

asymptotically nonexpansive semigroup. If we let s = 1 we have 2+2s
1+2s = 4

3 ̸< 1,
then T is not necessary nonexpansive semigroup.

From above example we see that a mapping T is a nonexpansive semigroup
then T is asymptotically nonexpansive semigroup. But T is an asymptotically
nonexpansive semigroup is not necessary nonexpansive semigroup.

Inspired and motivate by above, the purpose of this paper to introduce two
algorithms. The first of this work we extend the results of Dong, He and Cho [1]
for S and T are two asymptotically nonexpansive mappings then we consider

x0 ∈ C = C1, x1 = PC1
x0,

yn = αnxn + (1− αn)T
nxn,

zn = βn[γnyn + (1− γn)xn] + (1− βn)S
nyn,

Cn+1 = {z ∈ Cn : ∥zn − z∥2 + ∥yn − z∥2 ≤ 2∥xn − z∥2 + θn},
xn+1 = PCn+1x0, n ≥ 0,

(1.6)

where αn, βn, γn ∈ [0, 1] and θn = [(1 − βn)(s
2
n − 1) + (1 − αn)(t

2
n − 1) + (1 −

βn)s
2
n(1 − ℵn)(t

2
n − 1)](diamC)2 → 0 as n → ∞(here tn → 1 and sn → 1 as

n → ∞).
The second of this work we extend the results of Dong, He and Cho [1] for T

is an asymptotically nonexpansive semigroup then we consider

x0 ∈ C = C1, x1 = PC1x0

yn = αnxn + (1− αn)
1
tn

∫ tn
0

T (t)zndt

zn = βn[γnyn + (1− γn)xn] + (1− βn)
1
sn

∫ sn
0

S(t)xndt

Cn+1 = {z ∈ Cn : ∥zn − z∥2 + ∥yn − z∥2 ≤ 2∥xn − z∥2 + θ̃n}
xn+1 = PCn+1x0, n ≥ 0,

(1.7)

where αn, βn, γn ∈ [0, 1] and θ̃n = [(1 − βn)(s̃
2
n − 1) + (1 − αn)(t̃

2
n − 1) + (1 −

βn)s̃
2
n(1 − αn)(t̃

2
n − 1)](diamC)2 → 0 as n → ∞(here t̃n = 1

tn

∫ tn
0

LT
t dt → 1 and

s̃n
1
sn

∫ sn
0

LS
t dt → 1 as n → ∞).
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2 Preliminaries

In this section, we collect and give some useful lemmas that will be used for
our main result in the next section.

Lemma 2.1. Let H be a real Hilbert space, then the following hold:
(i) ∥x+ y∥2 ≤ ∥x∥2 + 2⟨x, y⟩+ ∥y∥2,∀x, y ∈ H;
(ii) ∥tx+(1−t)y∥2 = t∥x∥2+(1−t)∥y∥2−t(1−t)∥x−y∥2, t ∈ [0, 1], ∀x, y ∈ H.

Lemma 2.2. [5] Let C be a nonempty bounded closed convex subset of real Hilbert
space H and let T := {T (s) : 0 ≤ s < ∞} an asymptotically nonexpansive semi-
group on C, If {xn} is a sequence in C satisfying the properties:

(i) xn ⇀ z; and
(ii) lim supt→∞ lim supn→∞ ∥T (t)xn − xn∥ = 0,

then z ∈ Fix(T ).

Lemma 2.3. [5] Let C be a nonempty bounded closed convex subset of real Hilbert
space H and let T := {T (s) : 0 ≤ s < ∞} an asymptotically nonexpansive semi-
group on C, then for any u ≥ 0,

lim sup
u→∞

lim sup
t→∞

sup
x∈C

∥1
t

∫ t

0

T (s)xds− T (u)(
1

t

∫ t

0

T (s)xds)∥ = 0.

Lemma 2.4. [6] Let T be an asymptotically nonexpansive mapping defined on a
bounded convex subset C of a Hilbert space H. If {xn} is a sequence in C such
that xn ⇀ x and Txn − xn → 0, then x ∈ F (T ).

Lemma 2.5. [8] Let C be a nonempty closed convex subset of H. Let {xn} be a
sequence in H and u ∈ H. Let q = PCu. If {xn} is such that ωw(xn) ⊂ C and
satisfies the condition

∥xn − u∥ ≤ ∥u− q∥

for all n ≥ 1, then xn → q.

3 Main Results

In this section we introduce two theorems, first Theorem we prove the strong
convergence theorem of the algorithm (1.6) into PF (T )∩F (S)x0. The second The-
orem we prove the strong convergence of modified hybrid iterative method (1.7)
into Pℑx0.

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H
and T, S : C → C be two asymptotically nonexpansive mappings with the sequences
{tn} and {sn}, respectively, such that F (T ) ∩ F (S) ̸= ∅. Assume that {αn}, {βn}
and {γn} are the sequences in [0, 1] such that αn, βn ≤ 1 − δ for some δ ∈ (0, 1].
Then the sequence {xn} generated by (1.6) converges in norm to PF (T )∩F (S)x0.
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Proof. Putting t∞ sup{tn : n ≥ 1} < ∞ and s∞ sup{sn : n ≥ 1} < ∞. We
first show by induction that F (T ) ∩ F (S) ⊆ Cn for all n ∈ N. It obvious that
F (T ) ∩ F (S) ⊆ C1. Suppose that F (T ) ∩ F (S) ⊆ Ck for each k ∈ N. Let
u ∈ F (T ) ∩ F (S) ⊆ Ck, then from Lemma 2.1, we have

∥yk − u∥2 = ∥αkxk + (1− αk)T
kxk − u∥2

= ∥αk(xk − u) + (1− αk)(T
kxk − u)∥2

= αk∥xk − u∥2 + (1− αk)∥T kxk − u∥2 − αk(1− αk)∥xk − T kxk∥2

≤ αk∥xk − u∥2 + (1− αk)∥T kxk − u∥2

≤ αk∥xk − u∥2 + (1− αk)t
2
k∥xk − u∥2

= ∥xk − u∥2 − ∥xk − u∥2 + αk∥xk − u∥2 + (1− αk)t
2
k∥xk − u∥2

= ∥xk − u∥2 − (1− αk)∥xk − u∥2 + (1− αk)t
2
k∥xk − u∥2

= ∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2. (3.1)

Simolarly, we note that from Lemma 2.1 and (3.1), we have

∥zk − u∥2 = ∥βk[γkyk + (1− γk)xk] + (1− βk)S
kyk − u∥2

= ∥βk([γkyk + (1− γk)xk]− u) + (1− βk)(S
kyk − u)∥2

= βk∥[γkyk + (1− γk)xk]− u∥2 + (1− βk)∥Skyk − u∥2

≤ βk[γk∥yk − u∥2 + (1− γk)∥xk − u∥2] + (1− βk)∥Skyk − u∥2

≤ βkγk∥yk − u∥2 + βk(1− γk)∥xk − u∥2 + (1− βk)s
2
k∥yk − u∥2

≤ βkγk[∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2] + βk(1− γk)∥xk − u∥2

+(1− βk)s
2
k[∥xk − u∥2 + (1− αk)(t

2
k − 1)∥xk − u∥2]

≤ βk∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2 + (1− βk)s

2
k∥xk − u∥2

= ∥xk − u∥2 − (1− βk)∥xk − u∥2 + (1− αk)(t
2
k − 1)∥xk − u∥2

+(1− βk)s
2
k∥xk − u∥2 + (1− βk)s

2
k(1− αk)(t

2
k − 1)∥xk − u∥2

= ∥xk − u∥2 + (1− βk)(s
2
k − 1)∥xk − u∥2 + (1− αk)(t

2
k − 1)∥xk − u∥2

+(1− βk)s
2
k(1− αk)(t

2
k − 1)∥xk − u∥2 (3.2)

From (3.1) and (3.2), we obtain that

∥zk − u∥2 + ∥yk − u∥2 ≤ ∥xk − u∥2 + (1− βk)(s
2
k − 1)∥xk − u∥2

+(1− αk)(t
2
k − 1)∥xk − u∥2

+(1− βk)s
2
k(1− αk)(t

2
k − 1)∥xk − u∥2 + ∥xk − u∥2

+(1− αk)(t
2
k − 1)∥xk − u∥2

≤ 2∥xk − u∥2 + [(1− βk)(s
2
k − 1) + 2(1− αk)(t

2
k − 1)

+(1− βk)s
2
k(1− αk)](diamC)2

= 2∥xk − u∥2 + θk (3.3)

where θk = [(1− βk)(s
2
k − 1)+ 2(1−αk)(t

2
k − 1)+ (1− βk)s

2
k(1−αk)](diamC)2 →

0 as n → ∞. It follows that u ∈ Ck+1 and then F (T ) ∩ F (S) ⊆ Cn for all n ∈ N.
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Next, we show that Cn is closed and convex foe all n ∈ N. It obvious that C1 = C
is closed and convex. Suppose that Ck is closed and convex for each k ∈ N.
Let {zm}∞m=1 ⊆ Ck+1 ⊆ Ck with zm → z as m → ∞. Since Ck is closed and
zm ∈ Ck+1, we have zm ∈ Ck and ∥zk − zm∥2 + ∥yk − zm∥2 ≤ 2∥zm − xk∥2 + θk.
From Lemma 2.1, we have

∥zk − z∥2 + ∥yk − z∥2 = ∥zk − zm + zm − z∥2 + ∥yk − zm + zm − z∥2

≤ [∥zk − zm∥2 + ∥zm − z∥2 + 2⟨zk − zm, zm − z⟩]
+[∥yk − zm∥2 + ∥zm − z∥2 + 2⟨yk − zm, zm − z⟩]

= ∥zk − zm∥2 + ∥yk − zm∥2 + 2∥zm − z∥2

+2(∥zk − zm∥∥zm − z∥+ ∥yk − zm∥∥zm − z∥)
≤ 2∥xk − zm∥2 + θk + 2(∥zm − z∥2 + ∥zk − zm∥∥zm − z∥

+∥yk − zm∥∥zm − z∥).

Taking m → ∞, it follows that

∥zk − z∥2 + ∥yk − z∥2 ≤ 2∥xk − z∥2 + θk.

Then z ∈ Ck+1 and hence Ck+1 is closed. Let x, y ∈ Ck+1 ⊆ Ck with z =
αx + (1 − α)y where α ∈ [0, 1]. Since Ck is convex, z ∈ Ck. Thus, we have
∥zk−x∥2+∥yk−x∥2 ≤ 2∥xk−x∥2+θk and ∥zk−y∥2+∥yk−y∥2 ≤ 2∥xk−y∥2+θk.
Hence

∥zk − z∥2 + ∥yk − z∥2 = ∥zk − (αx+ (1− α)y)∥2 + ∥yk − (αx+ (1− α)y)∥2

= ∥α(zk − x) + (1− α)(zk − y)∥2

+∥α(yk − x) + (1− α)(yk − y)∥2

= α∥zk − x∥2 + (1− α)∥zk − y∥2 − α(1− α)∥x− y∥2

+α∥yk − x∥2 + (1− α)∥yk − y∥2 − α(1− α)∥x− y∥2

= α(∥zk − x∥2 + ∥yk − x∥2) + (1− α)(∥zk − y∥2 + ∥yk − y∥2)
−2α(1− α)∥x− y∥2

≤ α(2∥xk − x∥2 + θk) + (1− α)(2∥xk − y∥2 + θk)

−2α(1− α)∥x− y∥2

= 2[α∥xk − x∥2 + (1− α)∥xk − y∥2 − α(1− α)∥x− y∥2]
+αθk + (1− α)θk

= 2∥α(xk − x) + (1− α)(xk − y)∥2 + θk

= 2∥xk − (αx+ (1− α)y)∥2

= 2∥xk − z∥2 + θk.

It follows that z ∈ Ck+1 and hence Ck+1 is convex. Therefore, Cn is closed and
convex for all n ∈ N. This implies that {xn} is well-defined. Since xn = PCnx0, it
follows that

⟨x0 − xn, xn − y⟩ ≥ 0 (3.4)
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for all y ∈ F (T ) ∩ F (S) and ∀n ∈ N. So u ∈ F (T ) ∩ F (S), we have

0 ≤ ⟨x0 − xn, xn − u⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − u⟩
≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − u∥.

This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − u∥

and hence
∥x0 − xn∥ ≤ ∥x0 − u∥ (3.5)

for all u ∈ `(T ) ∩ F (S) and ∀n ∈ N. From xn = PCnx0 and xn+1 = PCn+1x0 ∈
Cn+1 ⊆ Cn, we obtain that

⟨x0 − xn, xn − xn+1⟩ ≥ 0 (3.6)

for all n ∈ N. So, for all xn+1 ∈ Cn+1, for n ∈ N, we have

0 ≤ ⟨x0 − xn, xn − xn+1⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − xn+1⟩
≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − xn+1∥.

This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − xn+1∥,

and hence
∥x0 − xn∥ ≤ ∥x0 − xn+1∥,

for all n ∈ N. Since {∥x0 − xn∥} is bounded, limn→∞ ∥xn − x0∥ exists. Next, we
claim that limn→∞ ∥xn − xn+1∥ = 0. From (3.6), we have

∥xn − xn+1∥2 = ∥(xn − x0) + (x0 − xn+1)∥2

= ∥xn − x0∥2 + 2⟨xn − x0, x0 − xn+1⟩+ ∥x0 − xn+1∥2

= ∥xn − x0∥2 − 2⟨x0 − xn, x0 − xn⟩ − 2⟨x0 − xn, xn − xn+1⟩
+∥x0 − xn+1∥2

≤ ∥xn − x0∥2 − 2∥xn − x0∥2 + ∥x0 − xn+1∥2

= −∥xn − x0∥2 + ∥x0 − xn+1∥2.

Since, limn→∞ ∥xn − x0∥ exists, we have limn→∞ ∥xn − xn+1∥ = 0. Next, we now
claim that limn→∞ ∥Txn − xn∥ = 0 = limn→∞ ∥Sxn − xn∥. Since xn+1 ∈ Cn, we
have

∥zn − xn+1∥2 + ∥yn − xn+1∥2 ≤ 2∥xn − xn+1∥2 + θn.

From limn→∞ ∥xn − xn+1∥ = 0 and θn → 0 as n → ∞, it follows that

lim
n→∞

∥zn − xn+1∥ = 0 = lim
n→∞

∥yn − xn+1∥, (3.7)

which yields

∥zn − xn∥ ≤ ∥zn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞, (3.8)
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and then we have

∥yn − xn∥ ≤ ∥yn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞.

By definition of yn, we have yn − xn = (1− αn)(T
nxn − xn), we obtain

∥Tnxn − xn∥ =
1

1− αn
∥yn − xn∥.

Since αn ≤ 1− δ, then we have

∥Tnxn − xn∥ → 0, (3.9)

as n → ∞. From zn = βn[γnyn + (1− γn)xn] + (1− βn)S
nyn, we have

∥Snyn − zn∥ =
βn

1− βn
∥γn(yn − zn) + (1− γn)(xn − zn)∥ (3.10)

≤ 1

1− βn
(γn∥yn − zn∥+ (1− γn)∥xn − zn∥), (3.11)

which yields
∥Snyn − zn∥ → 0 as n → ∞,

as n → ∞ and so

∥Txn − xn∥ ≤ ∥Txn − Tn+1xn∥+ ∥Tn+1xn − Tn+1xn+1∥
+∥Tn+1xn+1 − xn+1∥+ ∥xn+1 − xn∥

≤ t∞∥xn − Tnxn∥+ ∥Tn+1xn+1 − xn+1∥+ (1 + t∞)∥xn − xn+1∥
→ 0 as n → ∞.

Similarly, we have
∥Sxn − xn∥ → 0 as n → ∞.

By Lemma 2.4, and boundedness of {xn}, we have ∅ ̸= ωw(xn) ⊂ F (T ) ∩ F (S).
Since z0 = PF (T )∩F (S)x0, z0 ∈ F (T ) ∩ F (S) ⊂ C and Lemma 2.5, guarantees the
strong convergence of {xn} to PF (T )∩F (S)x0. This completes the proof.

Next Theorem we prove strongly convergence of a sequence {xn} with gen-
erated by hybrid projection algorithm of two asymptotically nonexpansive semi-
groups with converge to common fixed points PF (T )∩F (S).

Theorem 3.2. Let H be a Hilbert space and let C be a nonempty colsed bounded
subset of H. Let T = {T (t) : 0 ≤ t < ∞} and S = {S(t) : 0 ≤ t < ∞} be two
asymptotically nonexpansive semigroups on C such that F = F (T)∩F (S) ̸= ∅ and
let x0 ∈ C. Let C1 = C, x1 = PC1x0 and {xn} be a sequence generated by (1.7)
with satisfies αn, βn, γn ∈ [0, 1], 0 ≤ αn ≤ a < 1 and 0 < b ≤ βn ≤ c < 1 for all
n ∈ N ∪ {0} and tn → ∞, sn → ∞. Then {xn} converges strongly to z0 = PFx0.
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Proof. First observe that F ⊆ Cn for all n ∈ N. For F ⊂ C = C1 is obvious.
Suppose that F ⊂ Ck for each k ∈ N. Let u ∈ F ⊂ Ck. Then we have

∥yk − u∥2 = ∥αkxk + (1− αk)
1

tk

∫ tk

0

T (t)xkdt− u∥2

= ∥αk(xk − u) + (1− αk)(
1

tk

∫ tk

0

T (t)xkdt− u)∥2

≤ αk∥xk − u∥2 + (1− αk)∥
1

tk

∫ tk

0

T (t)xkdt− u∥2

≤ αk∥xk − u∥2 + (1− αk)(
1

tk

∫ tk

0

∥T (t)xk − u∥dt)2

≤ αk∥xk − u∥2 + (1− αk)(
1

tk

∫ tk

0

LT
t ∥xk − u∥dt)2

≤ αk∥xk − u∥2 + (1− αk)(
1

tk

∫ tk

0

LT
t dt)

2∥xk − u∥2

= ∥xk − u∥2 + (1− αk)(t̃k
2 − 1)∥xk − u∥2. (3.12)

By Lemma 2.1 again, we have

∥zk − u∥2 = ∥βk[γkyk + (1− γk)xk] + (1− βk)
1

sk

∫ sk

0

S(t)ykdt− u∥2

= ∥βk([γkyk + (1− γk)xk]− u) + (1− βk)(
1

sk

∫ sk

0

S(t)ykdt− u)∥2

≤ βk∥[γkyk + (1− γk)xk]− u∥2 + (1− βk)∥
1

sk

∫ sk

0

S(t)ykdt− u∥2

≤ βk∥γk(yk − u) + (1− γk)(xk − u)∥2 + (1− βk)(
1

sk

∫ sk

0

∥S(t)yk − u∥dt)2

≤ βkγk∥yk − u∥2 + βk(1− γk)∥xk − u∥2 + (1− βk)(
1

sk

∫ sk

0

LS
t ∥yk − u∥dt)2

≤ βkγk∥yk − u∥2 + βk(1− γk)∥xk − u∥2 + (1− βk)(
1

sk

∫ sk

0

LS
t dt)

2∥yk − u∥2

≤ βkγk[∥xk − u∥2 + (1− αk)(t̃k
2 − 1)∥xk − u∥2] + βk(1− γk)∥xk − u∥2

+(1− βk)s̃k
2[∥xk − u∥2 + (1− αk)(t̃k

2 − 1)∥xk − u∥2]

≤ βk∥xk − u∥2 + (1− αk)(t̃k
2 − 1)∥xk − u∥2 + (1− βk)s̃k

2∥xk − u∥2

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)∥xk − u∥2

= ∥xk − u∥2 + (1− βk)(s̃k
2 − 1)∥xk − u∥2 + (1− αk)(t̃k

2 − 1)∥xk − u∥2

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)∥xk − u∥2 (3.13)
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From (3.12) and (3.13), we obtain that

∥zk − u∥2 + ∥yk − u∥2 ≤ ∥xk − u∥2 + (1− βk)(s̃k
2 − 1)∥xk − u∥2

+(1− αk)(t̃k
2 − 1)∥xk − u∥2

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)∥xk − u∥2 + ∥xk − u∥2

+(1− αk)(t̃k
2 − 1)∥xk − u∥2.

+(1− βk)s
2
k(1− αk)(t

2
k − 1)∥xk − u∥2 + ∥xk − u∥2

+(1− αk)(t
2
k − 1)∥xk − u∥2

≤ 2∥xk − u∥2 + [(1− βk)(s̃k
2 − 1) + 2(1− αk)(t̃k

2 − 1)

+(1− βk)s̃k
2(1− αk)(t̃k

2 − 1)](diamC)2

= 2∥xk − u∥2 + θ̃k,

where θ̃k = [(1 − βk)(s̃
2
k − 1) + 2(1 − αk)(t̂

2
k − 1) + (1 − βk)s̃

2
k(1 − αk)(t̃

2
k −

1)](diamC)2 → 0 as n → ∞(here t̃k = 1
tk

∫ tk
0

LT
t dt → 1 and s̃k

1
sk

∫ sk
0

LS
t dt → 1

as k → ∞). It follows that u ∈ Ck+1 and then F (T ) ∩ F (S) ⊆ Cn for all n ∈ N.
Again, by using the same argument in the proof in Theorem 3.1, we can show that
Cn is closed and convex foe all n ∈ N. It obvious that C1 = C is closed and convex.
Suppose that Ck is closed and convex for each k ∈ N. Let {zm}∞m=1 ⊆ Ck+1 ⊆ Ck

with zm → z as m → ∞. Since Ck is closed and zm ∈ Ck+1, we have z ∈ Ck and

∥zk − zm∥2 ≤ ∥zm − xk∥2 + θ̃k. From Lemma 2.1, we have

∥zk − z∥2 + ∥yk − z∥2 = ∥zk − zm + zm − z∥2 + ∥yk − zm + zm − z∥2

≤ [∥zk − zm∥2 + ∥zm − z∥2 + 2⟨zk − zm, zm − z⟩]
+[∥yk − zm∥2 + ∥zm − z∥2 + 2⟨yk − zm, zm − z⟩]

= ∥zk − zm∥2 + ∥yk − zm∥2 + 2∥zm − z∥2

+2(∥zk − zm∥∥zm − z∥+ ∥yk − zm∥∥zm − z∥)
≤ 2∥xk − zm∥2 + θ̃k + 2(∥zm − z∥2 + ∥zk − zm∥∥zm − z∥

+∥yk − zm∥∥zm − z∥).

Taking m → ∞, it follows that

∥zk − z∥2 + ∥yk − z∥2 ≤ 2∥xk − z∥2 + θ̃k.

Then z ∈ Ck+1 and hence Ck+1 is closed. Let x, y ∈ Ck+1 ⊆ Ck with z =
αx + (1 − α)y where α ∈ [0, 1]. Since Ck is convex, z ∈ Ck. Thus, we have

∥zk−x∥2+∥yk−x∥2 ≤ 2∥xk−x∥2+ θ̃k and ∥zk−y∥2+∥yk−y∥2 ≤ 2∥xk−y∥2+ θ̃k.
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Hence

∥zk − z∥2 + ∥yk − z∥2 = ∥zk − (αx+ (1− α)y)∥2 + ∥yk − (αx+ (1− α)y)∥2

= ∥α(zk − x) + (1− α)(zk − y)∥2 + ∥α(yk − x)

+(1− α)(yk − y)∥2

= α∥zk − x∥2 + (1− α)∥zk − y∥2 − α(1− α)∥x− y∥2

+α∥yk − x∥2 + (1− α)∥yk − y∥2 − α(1− α)∥x− y∥2

= α(∥zk − x∥2 + ∥yk − x∥2)
+(1− α)(∥zk − y∥2 + ∥yk − y∥2)− 2α(1− α)∥x− y∥2

≤ α(2∥xk − x∥2 + θ̃k) + (1− α)(2∥xk − y∥2 + θ̃k)

−2α(1− α)∥x− y∥2

= 2[α∥xk − x∥2 + (1− α)∥xk − y∥2 − α(1− α)∥x− y∥2]
+αθ̃k + (1− α)θ̃k

= 2∥α(xk − x) + (1− α)(xk − y)∥2 + θ̃k

= 2∥xk − (αx+ (1− α)y)∥2

= 2∥xk − z∥2 + θ̃k.

It follows that z ∈ Ck+1 and hence Ck+1 is convex. Therefore, Cn is closed and
convex for all n ∈ N. This implies that {xn} is well-defined. Since xn = PCnx0, it
follows that

⟨x0 − xn, xn − y⟩ ≥ 0 (3.14)

for all y ∈ F (T ) ∩ F (S) and ∀n ∈ N. So u ∈ F (T ) ∩ F (S), we have

0 ≤ ⟨x0 − xn, xn − u⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − u⟩
≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − u∥.

This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − u∥

and hence
∥x0 − xn∥ ≤ ∥x0 − u∥ (3.15)

for all u ∈ `(T ) ∩ F (S) and ∀n ∈ N. From xn = PCnx0 and xn+1 = PCn+1x0 ∈
Cn+1 ⊆ Cn, we obtain that

⟨x0 − xn, xn − xn+1⟩ ≥ 0 (3.16)

for all n ∈ N. So, for all xn+1 ∈ Cn+1, for n ∈ N, we have

0 ≤ ⟨x0 − xn, xn − xn+1⟩ = −⟨xn − x0, xn − x0⟩+ ⟨x0 − xn, x0 − xn+1⟩
≤ −∥xn − x0∥2 + ∥x0 − xn∥∥x0 − xn+1∥.

This implies that
∥x0 − xn∥2 ≤ ∥x0 − xn∥∥x0 − xn+1∥,
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and hence
∥x0 − xn∥ ≤ ∥x0 − xn+1∥,

for all n ∈ N. Since {∥x0 − xn∥} is bounded, limn→∞ ∥xn − x0∥ exists. Next, we
claim that limn→∞ ∥xn − xn+1∥ = 0. From (3.16), we have

∥xn − xn+1∥2 = ∥(xn − x0) + (x0 − xn+1)∥2

= ∥xn − x0∥2 + 2⟨xn − x0, x0 − xn+1⟩+ ∥x0 − xn+1∥2

= ∥xn − x0∥2 − 2⟨x0 − xn, x0 − xn⟩ − 2⟨x0 − xn, xn − xn+1⟩
+∥x0 − xn+1∥2

≤ ∥xn − x0∥2 − 2∥xn − x0∥2 + ∥x0 − xn+1∥2

= −∥xn − x0∥2 + ∥x0 − xn+1∥2.

Since, limn→∞ ∥xn − x0∥ exists, we have limn→∞ ∥xn − xn+1∥ = 0. Since xn+1 ∈
Cn, we have

∥zn − xn+1∥2 + ∥yn − xn+1∥2 ≤ 2∥xn − xn+1∥2 + θ̃n.

From limn→∞ ∥xn − xn+1∥ = 0 and θn → 0 as n → ∞, it follows that

lim
n→∞

∥zn − xn+1∥ = 0 = lim
n→∞

∥yn − xn+1∥, (3.17)

which yields

∥zn − xn∥ ≤ ∥zn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞, (3.18)

and then we have

∥yn − xn∥ ≤ ∥yn − xn+1∥+ ∥xn+1 − xn∥ → 0 as n → ∞.

We now claim that

lim sup
r→∞

lim sup
n→∞

∥T (r)xn − xn∥ = 0 = lim sup
r→∞

lim sup
n→∞

∥S(r)xn − xn∥.

Indeed, by definition of yn and xn+1 ⊂ Cn we have

∥ 1

tn

∫ tn

0

T (t)xndt− xn∥ =
1

1− αn
∥yn − xn∥ → 0 as n → ∞. (3.19)

From zn = βn[γnyn + (1− γn)xn] + (1− βn)
1
sn

∫ sn
0

S(t)xndt, we have

∥ 1

sn

∫ sn

0

S(t)yndt− zn∥ =
βn

1− βn
∥γn(yn − zn) + (1− γn)(xn − zn∥

≤ βn

1− βn
(γn∥yn − zn∥+ (1− γn)∥xn − zn∥)

→ 0 as n → ∞.
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It follows that

∥ 1

sn

∫ sn

0

S(t)xndt− xn∥ ≤ ∥ 1

sn

∫ sn

0

S(t)xndt−
1

sn

∫ sn

0

S(t)yndt∥

+∥ 1

sn

∫ sn

0

S(t)yndt− zn∥+ ∥zn − xn∥

≤ 1

sn

∫ sn

0

∥S(t)xn − S(t)yn∥dt

+∥ 1

sn

∫ sn

0

S(t)yndt− zn∥+ ∥zn − xn∥

≤ 1

sn

∫ sn

0

LS
t dt∥xn − yn∥

+∥ 1

sn

∫ sn

0

S(t)yndt− zn∥+ ∥zn − xn∥

≤ s̃n∥xn − yn∥+ ∥ 1

sn

∫ sn

0

S(t)yndt− zn∥+ ∥zn − xn∥

→ 0 as n → ∞.

For all 0 ≤ r < ∞, we note that

∥S(r)xn − xn∥ ≤ ∥S(r)xn − S(r)(
1

sn

∫ sn

0

S(t)xndt)∥

+∥S(r)( 1

sn

∫ sn

0

S(t)xndt)−
1

sn

∫ sn

0

S(t)xndt∥

+∥ 1

sn

∫ sn

0

S(t)xndt− xn∥

≤ (L∞ + 1)∥ 1

sn

∫ sn

0

S(t)xndt− xn∥

+∥S(r)( 1

sn

∫ sn

0

S(t)xndt)−
1

sn

∫ sn

0

S(t)xndt∥

:= (L∞ + 1)AS
n(r) +BS

n (r),

whereAS
n := ∥ 1

sn

∫ sn
0

S(t)xndt−xn∥ andBS
n := ∥S(r)( 1

sn

∫ sn
0

S(t)xndt)− 1
sn

∫ sn
0

S(t)xndt∥.
By Lemma 2.3, we have lim supn→∞ AS

n(r) = 0 = lim supn→∞ BS
n (r). We can de-
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duce that for all 0 ≤ r < ∞,

∥T (r)xn − xn∥ ≤ ∥T (r)xn − T (r)(
1

tn

∫ tn

0

T (t)xndt)∥

+∥T (r)( 1
tn

∫ tn

0

T (t)xndt)−
1

tn

∫ tn

0

T (t)xndt∥

+∥ 1

tn

∫ tn

0

T (t)xndt− xn∥

≤ (L∞ + 1)∥ 1

tn

∫ tn

0

T (t)xndt− xn∥

+∥T (r)( 1
tn

∫ tn

0

T (t)xndt)−
1

tn

∫ tn

0

T (t)xndt∥

:= (L∞ + 1)AT
n (r) +BT

n (r),

where AT
n (r) := ∥ 1

tn

∫ tn
0

T (t)xndt − xn∥ and BT
n (r) := ∥T (r)( 1

tn

∫ tn
0

T (t)xndt) −
1
tn

∫ tn
0

T (t)xndt∥. By Lemma 2.3, we have lim supn→∞ AT
n (r) = 0 = lim supn→∞ BT

n (r).
Then we obtain

lim sup
r→∞

lim sup
n→∞

∥T (r)xn − xn∥ = 0 = lim sup
r→∞

lim sup
n→∞

∥S(r)xn − xn∥.

We note by Lemma 2.2, that every weak limit of {xn} is a member of F. From
xn ⇀ z ∈ PFx0, we have x0 − xn ⇀ x0 − z0, from H satisfies the Kadec-Klee
property, it follows that

x0 − xn → x0 − z0.

So, we have

∥xn − z0∥ = ∥xn − x0 − (z0 − z0)∥ → 0 as n → ∞.

Hence, xn → z0. This complete the proof.
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