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Abstract

The main objective of this work is to modified two hybrid projection algo-
rithm. First, we prove the srtongly convergence to common fixed points of a se-
quence {z,} with generated by hybrid projection algorithm of two asymptotically
nonexpansive mappings, second, we prove strongly convergence of a sequence
{x,} with generated by hybrid projection algorithm of two asymptotically nonex-
pansive semigroups. Our-main results-extended and improved the results of |.

Inchan and S. Plubtieng [4]'and Q. L. Dong, S. He-and Y. J. Cho [1].
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CHAPTER |
INTRODUCTION

Let H be a real Hilbert Space, C a nonempty closed convex subset of H and
T :C — C a mapping. Recall that a self mapping f of C'is a contraction if || f(z) —
fW)| < allz —y| for some « € (0,1) and T is a nonexpansive if | Tz — Ty|| < ||z — y|
forall z,y € C, and T is asymptotically nonexpansive [7] if there exists a sequence
{k,} with k, > 1 for all n and lim, ;. k, = 1 and such that ||T"z — T"y|| < kn|lz — y||
foralln > 1and z,y € C. Apoint z € C is a fixed point of T provided Tz = =.

Denote by Fiz(T) the set of fixed points of T'; that is, Fix(T) = {zx € C: Tz = x}.

Recall also that a one-parameter family 7 = {T'(t)|0 < t < oo} of self-mappings
of a nonempty closed convex subset € of a Hilbert space H is said to be a (con-
tinuous) Lipschitian semigroup on C (see, e. g, [13]) if the following conditions are

satisfied:
(i) T(0)x = z,2 € C
(ii) T(s +t)(z) = T(s)T(t),s,t > 0,z € C
(4i1) for each x € C, the maps t + T(t)z is continuous on [0, co)

(iv) there exists a bounded measurable function L : [0,00) — [0, 00) such that,
foreach ¢t > 0

1Tz =Tyl < Lillz = yll, 2,y € C.

A Lipschitzian semigroup T is called nonexpansive (or a contraction semi-



group) if L; = 1 for all + > 0, and asymptotically nonexpansive semigroup if
limsup,_,., L; < 1, respectively. We use Fixz(T) to denote the common fixed point

set of the semigroup; that is Fiz(T) ={z € C : T(t)x = z,t > 0}.

Fixed point iteration processes for nonexpansive mappings and asymptoti-
cally nonexpansive mappings in Hilbert spaces and Banach spaces including Mann
and Ishikawa iteration processes have been studied extensively by many authors
to solve nonlinear operator-equations as well as variational inequalities: see
[3, 7, 9, 10, 11]. However, Mann and Ishikawa iterations processes have only

weak convergence even in Hilbert space: see [5, 11].

Very recently, Takahashi, Takeuchiand Kubota [1 2] prove the following strong
convergence theorems by hybrid method foe nonexpansive mappings and non-

expansive semigroup in Hilbert space.

Theorem 1.1.1. [1”] Let H be a Hilbert space and C be a nonempty closed
convex subset of H. Let T be a nonexpansive mapping of C into H such that
F(T) # 0 and let xy € H. For C, = C-and u; = Pc,xq, define a sequence {u,} of C
as follows:

;

Yn = Qplp + (1 i Oén)TU,m
Cot1={2€Cyt |lyn — 2|| < ||un — 2]}, (1.1)

unt1 = Po, o, n €N,

n+1

where 0 < a,, < a <1 for all n € N. Then {u,} converges strongly to zy = Pr)zo.

Theorem 1.1.2. [12] Let H be a Hilbert space and C be a nonempty closed



convex subset of H. Let T = {T'(s) : 0 < s < oo} be a one-parameter nonexpansive
mapping semigroup on C such that F(T) # 0 and let o € H. For C; = C and

u; = Pg,xq, define a sequence {u,} of C as follows:
(

Yn = Qplly + (1 — an)ﬁ fOA" T(s)undS,

Co1 = {2 € Co 1 lyn — 2| < [Jup — 2], (1.2)

Uns1 = Po, oy €N,
\
where 0 < a,, <a <1, 0< X, <ooforallneNand X, — co. Then {u,} converges

strongly to zy = Pp(r)xo.

In 2008, Inchan and Plubtieng [4] modified Ishikawa iteration process for two
asymptotically nonexpansive mappings, for C'is a nonempty closed convex subset
of a Hilbert space H, let zy € C. For €, = C and z; = Pg,, define {z,} as follows
way:

;

Yn = QnTy A (1 > O[n)Tmzn
Zn = /67an + (1 ] Bn)smxn
Crnir =42 €Cp ||y — 2“2 < llzn — ZHQ + 0}

Tp41 = PC’,,,+1I07 nc N7

\

where 6, = (1 —«,,)[(t2 — 1) + (1 — B,)t2(s2 — 1)](diamC)? - 0 asn — oo and 0 < o, <

a<land0<b<p,<c<1foralneN.

The second modificstion Ishikawa iteration process for two asymptotically
nonexpansive semigroups. for C'is a nonempty closed convex subset of a Hilbert
space H, T ={T(t): 0 <t < oo} and §={S(t): 0 <t < oo} be two asymptotically
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nonexpansive semigroups on C such that 7= F(T)N F(S) # 0 and let x5 € C. For

C, = C and z; = P, define {z,} as follows way:

Un = Ty + (1 — ay) L f(f" T(t)z,dt

tn
Coss = (2 € C o — 2P < s — < + 61}

Tnr1 = Po, ,@o,n € N,

\

n+1

where 6, = (1 — a,))[(2 = 1) 4 (L= B,)2(52 — D)(diamC)? — O(here &, = ;- [i* LTdt
and%’ni JrLidt and 00 < ap <a<land 0 <b < g, <c<1forall n e N and

t, — 00,5, — 00.

Then, prove that both iteration converges strongly to common fixed points
of two asymptotically nonexpansive mappings and asymptotically nonexpansive

semigroups, respectively.

In 2015, Dong, He and Cho [!], introduce a hybrid algorithm. Let T"and S be

two nonexpansive mappings. into itselt such that F(7T)n F(S) # 0, the sequence



generated as follows:

;

xg € C

Yn = Qpp + (1 — )Ty,

Zn = Pulntn + (1= ) 2] + (1 = Bn) Syn,
Co={z€C:ollza — 2 + (1 = 0)llyn — 2I* < |lzn — 27},
Qn={2€C:{(r, =22, —x) <0},

Tnt1 = Po,@,%osn 20,

\

for each n > 0, where a,,, 8, € [0,1], § € [0,),7. € [0,],0 € (0,1). Then prove that

{zn} converge in norm to Pprjnm(s)to.

Next, we studies some examples for relationship between a nonexpansive

semigroup and an asymptotically nonexpansive semigroup for motivation of this

work.

Example 1.1.3. Let H, = H, = R and let T := {T(s) : 0 < s < oo}, Where T(s)z =

1

5%, Vo € R. We see that for any x;y € R

e =l

T -T =
I7(s)w — T(s)u]l = I 172 = (5

then we have T is nonexpansive semigroup. If L, =1 we have limsup,_,., L, = 1

then T is asymptotically nonexpansive semigroup.

Example 1.1.4. Let Hy = Hy, =R and let T := {T(s) : 0 < s < oo}, Where T(s)z =

220, Vo € R. We see that for any =,y € R

24 2s 24 2s 2+ 2s
)Jr — ( Jyll = (
1+ 2s 1+ 2s 14+ 2s

1T (s)z = T(s)yll = ll( )z =yl
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put L, = (3%32) we have limsup, ., L, = limsup,_, (32) = 1 then T is asymptoti-

cally nonexpansive semigroup. If we let s =1 we have %22 = 2 £ 1, then T is not

necessary ﬂOﬂQXpOﬂSiVQ semigroup.

From above example we see that a mapping 7 is a nonexpansive semigroup
then 7T is asymptotically nonexpansive semigroup. But 7 is an asymptotically

nonexpansive semigroup is Not necessary-nonexpansive semigroup.

Inspired and motivate by above, the purpose of this paper to introduce two
algorithms. The first of this work we extend the results of Dong, He and Cho [1]

for S and T are two asymptotically. nonexpansive mappings then we consider
(

zo € C'= Cy, 1= Pe, 7o,
Zn =B BT A n et Lo SR T (1.6)

Cri1 = {2.€ Gy : 2 — 2l £ flyn = 2|17 S 2/ —2]1* + 0.},

Tpt+1 = PC7L+1£L’0,?’L Z 07
\

where au, B, 1m € [0,1] and 6, = [(T =82 = 1) + (1= an)(t2 — 1) + (1 — B,)s2(1 —

an)(t2 — 1)](diamC)?* — 0 as n — oothere t, — 1-and s, — 1 as n — oo).

The second of this work we extend the results of Dong, He and Cho [1] for



T is an asymptotically nonexpansive semigroup then we consider

Xg € C = Cl,fEl = PCI-/EO
Yn = py + (1 — an)i fot" T(t)z,dt
Zn = Bl + (1= 70)za] + (1= Bo) = [ S(t)zadt (1.7)

Crs1 = {2 € Cnt ||z — 211 + llyn — 2]1* < 2llwn — 2* + 60}

Tpy1 = PCW,+1IOa n.> 0,

\

where a,, Bn, 7 € [0,1] and 6, = (1 = 8,)(3 — 1)+ (1 — &) — 1) + (1 — 8,)32

n

(1-
) (82 = 1)](diamC)? = 0-as n — oolhere £, = £ [" LTdt =1 and 5,2 [ LYdt — 1 as

n — 0o).



CHAPTER I
BASIC RESEARCH

2.1 Usefull Lemmas

In this section, we collect and give some useful lemmas that will be used for

our main result in the next section.

Definition 2.1.1. A point z € C is a fixed point of T provided Tz = z. Denote by

Fiz(T) the set of fixed points of T that is, Fiz(T) = {z € C.: Tx = x}.

Definition 2.1.2. Let H be a real Hilbert Space, ¢ a nonempty closed convex
subset of H and T+ ¢ — €. a mapping. Recall that a self mapping T of C is a

contraction if
IT(x) = Tf(y)ll < aflz— |
for some a € (0,1) and T is a nonexpansive if

T2 = Tyl < o'y

forall z,y € C, and T is asymptotically nonexpansive [7] if there exists a sequence

{k,} with k, > 1 for all n and lim—, k, = 1 and-such that
[Tz — T"y|| < knllz =y
foralln>1and z,y € C.

Definition 2.1.3. A one-parameter family 7 = {T'(#)|0 < t < oo} of self-mappings of

a nonempty closed convex subset C of a Hilbert space H is said to be a (contin-



uous) Lipschitian semigroup on C (see, e. ¢., [13]) if the following conditions are

satisfied:
(1) T(0)x =2,z € C
(i5) T(s + t)(x) = T(s)T(t),8,t > 0,2 € C
(4i1) for each z € C, the maps t — T(t)z is continuous on [0, co)

(iv) there exists a bounded measurable function L : [0,00) — [0, 00) such that,
foreach ¢t >0

IZ()x =Tyl < Lellz — yl, x:y € C.

A Lipschitzian semigroup. T is called nonexpansive (or a contraction semi-
group) if L; = 1 for all + > 0, and asymptotically nonexpansive semigroup if
limsup,_,., L; < 1, respectively. We use Fixz(T) to denote the common fixed point

set of the semigroup; that is Fiz(T) ={r e C.: T(t)x = x,t > 0}.
Lemma 2.1.4. Let H be a real Hilbert space, then the following hold:
() llz +ylI* < ll2l*+ 24y, (2 42)), Y2,y € H;
(i) l[tw + (1 — t)y||2 = |2+ (L 0yl = 60 = Ol — y|12, ¢ € [0,1),Va,y € .

Lemma 2.1.5. [5] Let C be a nonempty bounded closed convex subset of real
Hilbert space H and let T := {T(s) : 0 < s < oo} an asymptotically nonexpansive

semigroup on C, If {x,} is a sequence in C satisfying the properties:

(i) z,, — 2, and



(i) lim sup,_, . limsup,,_, . [|T(#)z, — | = 0,

then z € Fix(T).

Lemma 2.1.6. [5] Let C be a nonempty bounded closed convex subset of real
Hilbert space H and let T := {T(s) : 0 < s < oo} an asymptotically nonexpansive
semigroup on C, then for any u > 0,

1t 1 [
lim sup lim sup sup HE / T(s)zds — T(u)(; / T(s)xds)|| = 0.
0 0

U—»00 t—oo zxzeC

Lemma 2.1.7. [6] Let T be an asymptotically honexpansive mapping defined on
a bounded convex subset C of a Hilbert space H. If {x,}is a sequence in C such

that z, — x and Tz, —x, — 0, then x € F(T).

Lemma 2.1.8. [5] Let C be a nonempty closed convex subset of H. Let {z,} be
a sequence in H and u € H. Let ¢ = Pou. If {x,} is such that w,(z,) Cc C and
satisfies the condlition

Hzn—ul-< |lu=1q]
forall n>1, then z, — q.

Lemma 2.1.9. [5] Let ' be a nonempty bounded closed convex subset of a
Hilbert space H and T ={T(t) : 0 <t < oo} be an asymptotically nonexpansive

semigroups on C. If {z,} is a sequence in C-satisfying the properties
1.z, — =z
2. limsup,_, limsup,,_, . [|T(t)z, — z,]|,

then z € F(%).
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CHAPTER lI
MAIN RESULTS

In this section we introduce two theorems, first Theorem we prove the strong
convergence theorem of the algorithm (3.8) into Prrynr(s)z0. The second Theorem
we prove the strong convergence of modified hybrid iterative method (3.20) into

Pgﬁo.

3.1 Convergence theorem for asymptotically nonexpansive map-

pings

The first of this work we extend the results of Dong, He and Cho [1] for S and

T are two asymptotically nonexpansive mappings then we consider

(
Xo € C= Cl,ffl = P(jll'o
Yn = Opdy + (1 . Oén)Tnxn

Cot1 = {2 € O Jlzai=2|f - llynr—2[12 <2(z — 2[° + 05}

Tny1 = Po, ;0,0 >0,

n—+1
\

where a,, Bu, 7 € [0,1] and 6, = [(1 — Bu)(s2 — 1) + (1 — an)(£2 — 1) + (1 — B,)s2(1 —

an) (2 — 1))(diamC)? — 0 as n — oolhere ¢, — 1 and s, — 1 as n — oo).

Theorem 3.1.1. Let C be a nonempty closed convex subset of a Hilbert space

Hand T,S : C — C be two asymptotically nonexpansive mappings with the



sequences {t,} and {s,}, respectively, such that F(T)n F(S) # 0. Assume that
{an}, {B,} and {v,} are the sequences in [0,1] such that a,, 3, < 1—6 for some ¢ €

(0,1]. Then the sequence {z,} generated by (3.8) converges in norm to Prr)nr(s)Zo.

Proof. Putting t,, sup{t, : n > 1} < oo and s, sup{s, : n > 1} < co. We first show by
induction that F(T) N F(S) C C, for all n € N. It obvious that F(T)n F(S) C C.
Suppose that F(T)NF(S) C Gy for each ke N. Let u e F(T)NF(S) C Cy, then from

Lemma 2.1.4, we have

lye —ull® = [lewas + (1= ap)Thay — ul?
= lewlar — )+ (1 = ) (T2 — w)?
= egllzr —ul? + (T= )| T - ul? — (1= ap)llag — Tra|)?
< opller— ull? H (@ = o) [Tz =l
< allo =l 4 (1 = o)t oy = wl®
= ok = wllF=lzg —ull® Forllzy —ull® +(1 = o) tillze — ul?
= ww = ul® = (1 —ag)llzr —ulf® + (L~ ap)tillor — ul®

= o< ol + (L o) (=Dl — ul” (3.9)

12



Simolarly, we note that from Lemma 2.1.4 and (3.9), we have

2w —ull® = ||Belye + (1= ye)ze] + (1 — Be) S ye — ul)?
= 11Be(lmye + (1 — ye)z] — ) + (1 = B) (S*ye — )|

= Bullluys + (1 =)o) —ull® + (1 = B[ S™yw — ull?

IN

Brlmllye — ull* + (1 = )l — wll’] + (1 = Be)l S ye — ull?

IN

Bevellyr — ull? + 81 = ve)lze=ul® + (1 — Be)sillyr — ul?

VAN

Buvilllzie— ull? + (E=an )t =1)llz — ul’] + Br(1 — i) o — ul

(L= Be)silllon —ull® £€1 — ew)(ti= Tl 5 ull?]

IN

Billr — wl* 4. (1 = @)t = Dllze= ull® + (1 —B)sillor — ull®
= lww—ull® = (1= Belllze = wlP + (1 = ow) (B = Dllze — ull®
+(1 = Bu)sillzn —ull* + (1= B sp(b=ap )t — 1)l — ull”
= llze —ull> £ (=B (sg = Dllww = ull* +(1 — o)t — 1l — ul®

L= B~ a1y - a? (3.10)
From (3.9) and (3.10), we obtain that

1z = ull® + llye — ull® - < Jlow = ull*+0= By)(si — Dllaw —ul?
+(1 — ap)(tr—Dllze — ul® + (1 — aw) (G — Dllze — ull®

Hlaw —ull® + (1= Br)sp(L — aw) (t; — 1)l — ulf?

IN

20| — ull® + [(1 = Bi)(si — 1) +2(1 — ap) (t — 1)
+(1 = Br)si(1 — ap)](diamC)?
= 2l|ay — ul]* + 0, (3.11)
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where 0y, = [(1—8k)(s2 —1)+2(1—ay,) (1 — 1)+ (1= By) sz (1 — ay)] (diamC')? — 0 as n — oo.
It follows that u € Cy;1 and then F(T)NF(S) C C, for all n € N. Next, we show that
C,, is closed and convex foe all n € N. It obvious that C; = C'is closed and convex.
Suppose that Cy is closed and convex for each k € N. Let {z,}>_, € Cr1 C Gy
with z,, — z as m — oo. Since O, is closed and z,, € Cy1, we have z,, € C, and

2k — Zml12 + Uk — 2mll? < 2||2m — 2|2 + 6. From Lemma 2.1.4, we have

2k = 21* + llye — 21° = [l — 2m Hzm — 2P A llye= 2m + 200 — 2|

< A=zl Hll2m — 2 200 2, 2m — 2)]

+H|yk i ! Zm||2 == HZm I ZH2 + 2<yk — Pmy Am — Z>]
= [z 2l e —2nl” # 2)em — 2]

2002 = 2wl 2w = 2l k= Zallll2m = 21))

IN

Qka ) Zm||2 + Qk

2z~ 2 e 2w Mz 21+ [k — 2|l 2m = 21).
Taking m — oo, it follows that
2 = 21* +fgie=2*<2lwr, —2||” # 0.

Then z € Cy4; and hence Cyy, isclosed. Let @,y € C .y C Cp, With 2 = ax + (1 — a)y

where a € [0,1]. Since Cy is convex, z € Cy. Thus, we have ||z — z||*> + ||yx — z||* <

14



2l|lz — 2)1* + 0 and [z — ylI* + [lyx — ylI* < 2[lzx — y||* + 0, Hence

12 = 2* + [ly — 21

Iz — (az + (1 = a)y)|I* + [lyx — (az + (1 — a)y)|?

lac(zr — 2) + (1 = @) (2 — I + ey — ) + (1 = )y — »)|I”
allzy —f* + (1= )|z, =yl — a(l — a)lla - y|?

+alye —* + (1 = a)lye =yl — a(l = &)z — y|”

a(llar — 2l llyk —21F)+ (1 = a)(llzr = ylI* + llye — ylI?)
7201 a)lz=yl*

a2flzr — 2+ 0) + (1 —a)2llax — y|* + ) — 2a(1 — a)l|lz - y]f?
2laflzr— 2l = (L=a)lfzp= y|* = a(l = )|z — y*]

+aby + (1 — )by

2| oz = 2 A (L) (i =92+ B

2]z~ (oz + (1= a)y)l|*

It follows that z € Oy, and hence Cy41 is convex. Therefore, C, is closed and

convex for all n € N. This implies that {z,} is well-defined. Since z, = Pg,z, it

follows that

<J§'0 — Tp,Tn — y> Z 0 (312)

forally e F(T)N F(S) and Vn e N. So w € F(T)N F(S), we have

0 < (xo—Tn,Tn —u) = —(x, — To,Tp, — To) + (To — Tp, To — W)

VAN

—llzn = @oll* + llzo — zullllzo — ull-

15



This implies that
lzo = all* < [lzo — 2allllzo — ul|
and hence
[0 = @l < [l — ull (3.13)

forall uw € (T)NF(S) and Vn € N. From z,, = P, x9 and z,,,.1 = Pc

n+1

ZTo € Cn—l—l g Cn’
we obtain that

<$0 —Tp, Tn — xn—l—1> 2 0 (314)

for all n € N. So, for all z,4; € @, 141, for n € N, we have

0 < (T0 —fTnpZn /7 BT (T =20, Tt/ — Zond{LoATn, To — Tnt1)

< —llzn — zoll* + Nwo = @ulfliro = 7o |-

This implies that
2o =2al” < l|z0 + @70 = @,
and hence
120 = @l <20 — Tnaa s

for all n € N. Since {||z¢ = ,,||} is bounded, lim,, s ||z, = 0| exists. Next, we claim

that lim, o ||7n — 2p41]] = 0. From (3.14), we have

20 = Zngrll® = (20 — 20) + (20 — 2ng1)]?
= |l = zol® + 2(zn — 0, 70 — Tpp1) + |20 — Tpga [
= lzn = @oll* = 2(z0 — T, 20 — n) — 2(x0 — Tn, Tn — Tny1) + [0 — Tnpa [1?
<l = 2oll* = 2)|zn — xol* + l|lwo — Taga |12

= —llon — @ol* + 120 — znsall*.
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Since, lim,, o |7, — 70| €Xists, we have lim,_, ||z, — z,41]| = 0. Next, we now claim

that lim, o || T2, — 2, = 0 = lim,, o || Sz, — z,]]. SiNCE 2,41 € C,,, We have

||Zn - xn+1||2 + ||yn - xn+1||2 S 2||xn - xn+1||2 + Qn
From lim, e ||Zn — Zny1]| = 0 @and 6, — 0 @s n — oo, it follows that

lim [|z, = 2| = 0= lim {jgn = zpp ],
n—00 n—oo

which yields

Izn = @nll < |20 = Tasall 112011 — Zafl = 0138 7 — o0,

and then we have

Hyn - xn“ < Hyn b anH = ||xn+1 . an — 0 as n — oo.
By definition of g, we have vy, — x, =

1
X “yn o xn”'

n

T2 — ol =

Since o, <1 -6, then we have

N Eaz =50,

as n — oo. From z, = B, [Vayn + (=) 2, + (L=0,)S"y,, we have

I8 = ll = T2l = 2+ (= ) = 2]

1
< 13 (alltm = zall + (1 = )| 20 — 20]),

which yields

1Sy, — zn]| = 0 @S 1 — o0,

17

= (1 — o) (T"x, —=,), we obtain

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



as n — oo and so

[T =2l < Ty = T || + 1T 2y = T | + 1T 2 — 2o || + 2001 — 2]
< toollwn = T + 1T apgn — || + (14 too) |2 — 2o

— 0 as n — oo.

Similarly, we have

|S@n — x,]| — 0 @as n— oo.

By Lemma 2.1.7, and boundedness of {z,}, we have 0 # w,(z,) C F(T)N F(S).
Since zy = Ppirnrs)®o,20 € F(T) N F(S)y ¢ ¢ and Lemma 2.1.8, guarantees the

strong convergence of {z,} tO Pryar)zo. This completes the proof. ]

3.2 Convergence theorem for asymptotically nonexpansive semi-

groups

The second of this work we extend the results of Dong, He and Cho [1] for T

is an asymptotically nonexpansive semigroup then we consider

xg € C =Ch,21 =Po,xp

Un = @ + (1 — o) [0" T(t) 2t

20 = Balytin + (1= 7)2a] + (1= B [ S(t)x,dt (3.20)
Cor = {2 € Co: ||zn = 2l + [l — 2|1* < 2w — 2[I> + 6.}

Tp+1 = Pe, ., xo,m >0,

n+1

\

18



where anaﬁn7’7n S [07 1] and é;z = [(1 - /Bn)(/s?z - 1) + (1 - an)(%?z - 1) + (1 - 671)/8\?1,(1 -
a,)(#2 — 1)])(diamC)? — 0 as n — oo(here t, = = [i" LTdt — 1 and §,L [" Lidt — 1 as

n — 0o).

We prove strongly convergence of a sequence {x,} with generated by hy-
brid projection algorithm of two asymptotically nonexpansive semigroups with

converge to common fixed points Prrynr(s)-

Theorem 3.2.1. Let H be a Hilbert space and let ¢ be a nonempty colsed
bounded subset of H. Let T ={T(t): 0 <t <oo}and & = {S(t): 0 <t < oo} be
two asymptotically nonexpansive semigroups on C'such that § = F(T)NF(S) # 0
and let zy € C. Let C, = C,r, = Pc,xo and {z,} be a sequence generated by
(3.20) with satisfies a,, By, v € [0,1, 0 < a, <a<land0<b< B, <c<1forall

n € NU{0} and t,, — 09,s, —oc. Then {z,} converges strongly to z, = Pzxy.

Proof. First observe that § ¢ ¢, forall ne N. For § ¢ C = is obvious. Suppose

that § c ¢ for each ke N. Let u € § ¢ C4. Then we have

Porf ok
e — ull? "= ||akxk+<1ak>tk/ Tt)asds 5/ ul
0

_ ||ak(xk—u)+(l—ozk)(%/OkT(t)xkdt—u)|2

I

< akuxk—u||2+<1—ak>|tk/ T ()t — ul?
0

2 1 b 2

< ol —ul?+ (- e [ 170z~ uldr)
k Jo

2 L™ p 2

< aullee — ull + (1 - ) [ I e~ wla
k Jo
1 [t

< ol —ul?+ (- a( [ LR ul?
k Jo

— k=l + (1 — o) (B — 1)[|zx — ul|. (3.21)
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By Lemma 2.1.4 again, we have

1 Sk
b —ull? = 1Belewe + (1= ve)e) + (1 — B~ / St yadt — ul]?
Sk- 0

= k(b + (1= ] = ) + (1= B / " Syt — )|

IN

By + (1 — i) z) — ul|* + (1 — ﬁk)HSik/o ) S(t)yrdt — ul?

IN

Brllve (e — u) + (1 =) (@ — w)lI* + (1 — Bk)(i /Ok 1S )y, — ulldt)®

IN

1 [
Bl — ulP + A= lle=ul? + (1= B [ L~ ulde?
0

IN

1 [
Bl — P 4 L=l 0= [ L8 e —
0

Binelllzr = w2 (1 = an)li = Vllax = ull?] + Be(1 — ) |z — ul?

IN

(U= B3l en— w20 =) @ — Dilex — ull?]

~9 ~
Billoes ull® (1 = aw)(ts” = Dl = ull? + (1 = Bi)si’||lox — ull®

IN

H1 = B)a (L= a(te = Dllan = ulf?
= |l —ulP FE= B EE = D) on = ul’ =1 ) (ln — 1)l — ull®

+(1 = B)s (1= ap) (B = Dfjer = ulf? (3.22)
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From (3.21) and (3.22), we obtain that

o —ull® + llye —ull? < llow —ull® + (1= Be) (&2 — Dllax — ull?
(1= a)(f — Dllax — ul?
(1= G52 (1 — aw) (B — V)l — ul® + [lz, — ul?
(1 — ag)(B — 1) — ul®
+ (1= B)s2 (1 =) (12 — 1)llax — ull® + |lzx — ull?
4 (L=t =1)]ex > ul]

oz — P (1 Be) (2= 1) 2(1 — an) (B — 1)

IA

+(1% B)si2 @~ an)d. D] (diamC)*

= wr=ul®+ 0

where f, = [(1 — 3)(3 — 1) % 201+ a)(@ = 1)+ (1 = B - ) (2 — 1)](diamC)? — 0
as n — oo(here fy = L [(“LTdt — 1 and 5k [* Iydt — 1as k — oo). It follows
that u € G,y and then F(T) 0 F(S) € C, for all n. € N. Again, by using the same
areument in the proof in Theorem 3.1.1, we can show that C,, is closed and convex
foe all n € N. It obvious that ¢y = C is closed and convex. Suppose that Cj, is
closed and convex for each 'k € N. Let {2}y € Cri1 € Cr With z,, — 2 as m — oo.

Since Cy is closed and z,, € Cy.1, we have z € ), and ||z, — 22 < ||l2m — &2 + br.
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From Lemma 2.1.4, we have

lze = 217+ lly = 21 = llzr = 2z + 20— 21° + g — 200 + 200 — 2
<l = 2ll® + ll2m — 211 + 202k — 2o, 2m — 2)]
Hllye = 2ml® + ll2m — 2l1* + 2(n — 20, 2 — 2)]
= llzr — zmll® + Iy — 2l® + 2ll20 — 2|°
2| ze=Zml[l2m =2l e = 2l 2m = 21])

2l|$k . Zm”2 == 514,

N

+2(/kem = 2Rk = 2l = 20t 1y = 2zmllll2m = 21).
Taking m — oo, it follows that
2= 2174 fye =22 < 2l = 2II” + B

Then z € Cy1; and hence Cyy, is closed. Let 2,9 € Cpy € Cp, with 2z = ax + (1 —a)y
where a € [0,1]. Since Oy is convex, z € Ci.  Thus, we have ||z — z||> + ||lyx — z||* <

2|z, — 2|2 + 0 and Yz = yl]2 + llow — ylI> < 2l — il + ;. Hence
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Iz = 2l + lye — 217 = Iz = (e + (1 = )y)|I* + lye — (az + (1 = )y)|?
= (s —2) + (1 = a)(z = yI* + llalye — 2) + (1 — ) (g —y)|1?
_ 2 2 2
= allz —zF+ (1 = a)llze —ylI" — (1l = a)[lz — y||
+ally — =* + (1 = ) llys — yl? — a(1 = )|z — y|I”
= alllar — 2| Flye=2zl?) + (1 — ) (|2 — ylI* + llyx — yII*)
—2a(1.=a)l|lz =yl

ol 2l|zk — al|* + Bx) + (1 — ) 2llzx —yll* + 6r)

IA

~2a(1 —a)llz=yl
= 2fo|zr = 22+ (E=a)]los ~ yl® = ol o)z — y||*] + by
+(L="a)d;
=\ 2lfatr = ) . (2 o) (TH P Oy,
= 2llrp=(ar+ L=yl
= 2l —2|7 + Ok
It follows that » € ¢,y and hence Cy,, is convex. Therefore, C, is closed and
convex for all n € N. This implies that {z,} is well-defined. Since z, = Pg, o, it

follows that

(g — Tpyxn —y) >0 (3.23)
forally e F(T)N F(S) and Vn e N. So w € F(T)Nn F(S), we have

0 < (ro—Tn,Tn —u) = —(x, — To, Ty, — To) + (To — Tp, To — W)

IN

—llzn = @oll* + llzo — zullllzo — ull-
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This implies that
lzo = 2ol < llzo — @nllllzo — ul
and hence
|lzo — x| < |0 — vl (3.24)

forall uw € (T)NF(S) and Vn € N. From z,, = P, x9 and z,,,.1 = Pc

n+1

ZTo € Cn—l—l g Cn’
we obtain that

<$0 —Tp, Tn — xn—l—1> 2 0 (325)

for all n € N. So, for all z,4; € @, 141, for n € N, we have

0 < (T0 —fTnpZn /7 BT (T =20, Tt/ — Zond{LoATn, To — Tnt1)

< —llzn — zoll* + Nwo = @ulfliro = 7o |-

This implies that
2o =2al” < l|z0 + @70 = @,
and hence
120 = @l <20 — Tnaa s

for all n € N. Since {||z¢ = ,,||} is bounded, lim,, s ||z, = 0| exists. Next, we claim

that lim, o ||7n — 2n41]] = 0. From (3.25), we have

20 = Zngrll® = (20 — 20) + (20 — 2ng1)]?
= |l = zol® + 2(zn — 0, 70 — Tpp1) + |20 — Tpga [
= lzn = @oll* = 2(z0 — T, 20 — n) — 2(x0 — Tn, Tn — Tny1) + [0 — Tnpa [1?
<l = 2oll* = 2)|zn — xol* + l|lwo — Taga |12

= —llon — @ol* + 120 — znsall*.
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Since, lim,_,o |7, — 20| exists, we have lim,_,o ||z, — 2n41|| = 0. Since z,4, € C,, we

have

|20 — xn+1H2 + [|yn — xn+1||2 < 2|z, — xn+1H2 + gn
From lim,, .o |20 — Zpy1]| = 0 @and 6, — 0 as n — oo, it follows that
lim Hzn - -Tn-i-l” = 0= lim Hyn - wn-i-le
— 00 n—o0
which yields
Hzn - xn” S Hzn i xn+1|| + ||$n+1 - xn” —0asn— 0,
and then we have
|y % $n” < llyn = Dyl T — 0 | — 01@5 ™R — oo.
We now claim that
lim sup limsup || 7'(r)z,, — || = 0 = limsup lim sup ||S(r)x,, — x,]|.
T—00 n—ro0 =00 n— oo

Indeed, by definition of y, and z,,; C C,, we have

I L
1= / Tt - 7o
tn 0 1_

lyn, — 2n]| = 0 @S n — oo.

n

From z, = Buvnyn + (1 — yn)xs] + (1= ﬁn)i fOS" S(t)z,dt, we have

L[ B
L o B . )
I [ SOmat =l = (= 20+ (1 =) = ]
Bn
< - h— —_—
< 7= g Onllvn =zl + (U= )l = zl)

— 0 as n — oo.
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It follows that

1 sn 1 sn
||—/ S(t)r,dt — x| < ||—/ S(t)z,dt — —/ (t)yndt||
sn Jo sn Jo

1
- [ St =zl + 0 = 2]
0

n

1 Sn 1 Sn
< L IW@%—S®%WHW—/TS®%ﬁ—%H
Sn 0 Sn 0
+||zn - xn”
1 Sn S 1 Sn
< L msaE el = [ S)yadt — 2l + n — 2l
Sn_Jo Sn Jo
2 i F
< Sl sl Bt — 2+ [ - 2
n JO

—0asn— oo.

For all 0 < r < oo, we note that

1S — ol <. WS /’S Jadt)|

+[|S(7) / A e, xndt——/ S(t)xadt||

+H~/ S(O)xadt = 2,
0

7L

1 Sn
@m+nw—/ He)wdt - 2]
0

Sn

+HS(T)(i /OSHS(t)xndt)—Si/osnsu)xndtn

IN

n

= (Ls + DAS() + B (1),

where AS := ||L [** S(t)x,dt — x| and BS = [|S(r)(L [ S(t)aadt) —

0 " S(t)w,dt].

0

By Lemma 2.1.6, we have limsup,, .., AS(r) =0 = limsup,,_,., B> (r). We can deduce
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that forall 0 < r < o0,

L [ A / CT(t)a,d)|
+||T<r><% / Tt ndt) tl / " Tyt
H [Tt -z,

n J0

I
Lo+ Dl [ Ot ]
0

n

—H|T(r)(t1n /0 Pt zadt) — tl /O " Tl)wndt]

n

IA

= el AR BT,

where AZ(r) == ||£ [[" T(H)andt—2,|| and BE(r) == || T(n)(E fi" T(O)andt)— £ [i" T(t)aadt]].

By Lemma 2.1.6, we have limsup,, ., AL (r) = 0 = limsup,_,.. BI(r). Then we obtain

lim sup lim sup |7 (r)zn — @, || = 0 = limsup limsup || S(r)x, — z,]|.

T—00 n—0oQ T—00 n—o0

We note by Lemma 77, that every weak limit of {z,} is a member of §. From
T, — 2 € Pyxo, we have zy =, — g — 2, from H satisfies the Kadec-Klee property,

it follows that

o — Ty —> Ty — 2.

So, we have
T — 20| = [|2n — 20 — (20 — 20)|| = 0 @S n — 0.

Hence, z,, — 2. This complete the proof. ]
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CHAPTER IV
CONCLUSIONS

From chapter 3 we have 4 theorems for submitted to thai journals of math-

ematics.

4.1 Outputs Results

Theorem 4.1.1. Let C be a nonempty closed convex subset of a Hilbert space
Hand T,S : C — C be two asymptotically nonexpansive mappings with the
sequences {t,} and {s,}, respectively, such that F(T')N F(S) # 0. Assume that
{a,},{B.} and {v,} are the sequences in [0, 1] such that a,,, 3, < 1—46 for some § €

(0,1]. Then the sequence {x,} generated by (3.8) converges in norm to Prr)nr(s)Zo.

Theorem 4.1.2. Let H be a Hilbert space and let ' be  a nonempty colsed
bounded subset of H. Let T = {T(t): 0 <t < oo} and &= {S(t): 0<t < oo} be
two asymptotically nonexpansive semigroups on C such that § = F(T)NF (&) # 0
and let xy € C. Let C, = C,z; = Pg,xy and {z,} be a sequence generated by
(3.20) with satisfies oy, Bp, v €40,1, 0 < a, <a<land 0 <b < B, <c< 1 forall

n € NU{0} and t,, — oo, s, — oo. Then {z,} converges strongly to zy = Pzxy.



4.2 Output 1 paper

1. Hybrid iterative method for two asymptotically nonexpansive semigroup in

Hilbert spaces, Submitted to Thai Journal of Mathematics.
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Abstract : The main objective of this work is to modified two hybrid projection
algorithm. First, we prove the srtongly convergence to common fixed points of a
sequence {z,} with generated by hybrid projection algorithm of two asymptoti-
cally nonexpansive mappings, second, we prove strongly convergence of a sequence
{z,} with generated by hybrid projection algorithm of two asymptotically non-
expansive semigroups. Our main results extended and improved the results of 1.
Inchan and S. Plubtieng [d] and Q. L. Dong, S. He and Y. J. Cho [f].
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1 Introduction

Let H be a real Hilbert Space, C' a nonempty closed convex subset of H
and T : C — C a mapping. Recall that a self mapping f of C is a contraction
if [|f(z) — fy)| < «a|z — y|| for some @ € (0,1) and T is a nonexpansive if
1Tz — Ty|| < ||z —yl for all z,y € C, and T is asymptotically nonexpansive [2] if
there exists a sequence {k,} with k, > 1 for all n and lim,, s~ k, = 1 and such
that |77z — T"y| < k|l — y|| for all n > 1 and z,y € C. A point x € C'is a
fixed point of T" provided Tz = x. Denote by Fiz(T') the set of fixed points of T
that is, Fiz(T) ={z € C : Tx = x}.

Recall also that a one-parameter family 7 = {T(¢)|0 < ¢ < oo} of self-
mappings of a nonempty closed convex subset C of a Hilbert space H is said

!This research was supported by Uttaradit Rajabhat University

Copyright (© 2012 by the Mathematical Association of Thailand.
All rights reserved.
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to be a (continuous) Lipschitian semigroup on C' (see, e. g., [I3]) if the following
conditions are satisfied:

(i) TO)x =z,2€C

(1) T(s+t)(z) =T(s)T(t),s,t >0,z € C

(i4i) for each x € C, the maps ¢t — T'(t)z is continuous on [0, o)

(iv) there exists a bounded measurable function L : [0, 00) — [0, o) such that,
for each t > 0

IT()x — Tyl < Lele—yfiesy € C.

A Lipschitzian semigroup 7 is called nonexpansive (or a contraction semi-
group) if L; = 1 for all ¢ > 0, and asymptotically nonexpansive semigroup if
limsup,_, o, L+ < 1, respectively. We use Fiz(T) to denote the common fixed
point set of the semigroup; that is Fiz(7) = {x € C : T(t)z = x,t > 0}.

Fixed point iteration processes for nonexpansive mappings and asymptotically
nonexpansive mappings in Hilbert spaces and Banach spaces including Mann and
Ishikawa iteration processes have been studied extensively by many authors to
solve nonlinear operator equations as well as variational inequalities: see [3, 1, @,
[0, 7). However, Mann and Ishikawa iterations processes have only weak conver-
gence even in Hilbert space: see [, [].

Very recently, Takahashi, Takeuchi and Kubota [IZ] prove the following strong
convergence theorems by hybrid method foe nonexpansive mappings and nonex-
pansive semigroup in Hilbert space.

Theorem 1.1. [I3] Let H be a Hilbert space and C' be a nonempty closed convex
subset of H. Let T be a monexpansive mapping of C into H such that F(T) # ()
and let xg € H. For Cy = C anduy = Pc,xo, define a sequence {u,} of C as
follows:

Yn = Qnln + (1 — ap)Tuy,

Crpr ={2.€ O || §n—=l-<Hln — 21 (1.1)

Unt1= Pgyy, o, n N,

where 0 < «a,, < a < 1 forall n € N. Then {u,} converges strongly to zq =
PF(T)QT().

Theorem 1.2. [T3] Let H be a Hilbert space and C' be a nonempty closed convex
subset of H. Let T = {T'(s) : 0 <.s < oo} be a one-parameter nonerpansive
mapping semigroup on C such that F(T) # 0-andlet xg € H. For C; = C and
u1 = Pe,xo, define a sequence {u,} of C as follows:

An
Yn = iy + (1 — an)i fo T(s)unds,
Cry1={2€Cp :[lyn — 2[| < [Jun — 2], (1.2)
Un+1 = Pcn+1$07n € N7

where 0 < ap, <a<1,0< A\, < oo foralln € N and A\, — oco. Then {u,}
converges strongly to zg = Pr1yo.
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In 2008, Inchan and Plubtieng [d] modified Ishikawa iteration process for two
asymptotically nonexpansive mappings, for C' is a nonempty closed convex subset
of a Hilbert space H, let 2y € C. For C; = C and x1 = Pg,, define {z,} as follows
way:

Yn = @y + (1 — )T 2,

Zn = BnTn + (]— - ﬂn)snwn
Cny1={2€Cn:llyn — 2| < llzn — 2[* + 6.}
Tni1 = Po,, To,n €N,

(1.3)

where 0,, = (1 — a,,)[(t2 — 1) + (I — Bu)t2(s2 = 1)](diamC)? — 0.as n — oo and
0<a,<a<land0<b<p,<c<l1forallneN.

The second modificstion Ishikawa iteration process for two asymptotically non-
expansive semigroups. for C' is-a nonempty closed convex subset of a Hilbert space
H, T={T(t):0<t<ootand § ={S(t) : 0 <t < o0} be two asymptotically
nonexpansive semigroups on C' such that F = F(T) N F(S) # 0 and let 2o € C.
For Cy = C and =1 = P¢,, define {x,} as follows way:

Yn = QT+ (L — ap) 7= fO” 1) zpdt

Zn = Bun + (1 =Bn) & fO" (t)wpdt

Cra1 = {2 € Cp.: Wln=2|1> <illam— 2|2+ 0,, 1
zo,n € N,

(1.4)

Tn41 = PCnJrl

where 0, = (1 — a)[(2 = 1)+ (1 = )2 (32 = 1)](diamC)2_= O(here &, =
L fr L¥dt and 5,1 [" L¥dtand 0 < ap S a<land 0 <b< B, <c <1 for
all n € N and #,, — 00,3, — 00.

Then, prove that both iteration converges strongly to common fixed points
of two asymptotically nonexpansive mappings and asymptotically nonexpansive
semigroups, respectively.

In 2015, Dong, He and Cho [0, introduce a hybrid algorithm. Let T and S be
two nonexpansive mappings into itselt such that F(T) N F(S) # 0, the sequence
generated as follows:

xg € C

Yn = nZpn + (1 — )Ty,

Zn = ﬂnhnyn + (1 - 'Yn)l'n] + (1 - Bn)syn»
w={2€C:0llzn— 2>+ (1 =)y — 2[I° < |lzn — 2]*},
n=1{2€C:{(x, — 2z, —x0) <0},

Tnt1 = Po,n,o,n 2> 0,

(1.5)

for each n > 0, where ay,, 3, € [0,1], 6 € [0,),7, € [0,],0 € (0,1). Then prove
that {z,} converge in norm to Pp(1)nr(s)To-

Next, we studies some examples for relationship between a nonexpansive semi-
group and an asymptotically nonexpansive semigroup for motivation of this work.
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Example 1.3. Let H; = Hy = R and let T := {T(s) : 0 < s < oo}, where
T(s)x = Tl%x,Va: € R. We see that for any z,y € R
1

IT() = T(s)yll = (5

)z —( Jyll = ( )z —=yll,
then we have T is nonexpansive semigroup. If Ly =1 we have limsup,_, Ls =1

then T is asymptotically nonerpansive semigroup.

Example 1.4. Let Hi = Hy = R and let T := {T(s) : 0 < s < oo}, where
T(s)x = 2252, Vo € R. We see that for any z,y € R

1+ 2s 1+ 2s

14+2s
2+ 2s 2428 2 42s
T =T = — — —
70~ Tl =N = CEE e B2 iy,
put Ly = (3532) we have limsup, . Ls = limsup, , J(FE32) = 1'then T is

asymptotically nonexpansive semigroup. If we let s = 1 we have %igz L % <1,
then T is not necessary nonerpansive SEMigroup.

From above example we see that a mapping 7 is a nonexpansive semigroup
then 7 is asymptotically nonexpansive semigroup. But 7 is an asymptotically
nonexpansive semigroup is not necessary nonexpansive semigroup.

Inspired and motivate by above, the purpose of this paper to introduce two
algorithms. The first of this work we extend the results of Dong, He and Cho (]
for S and T are two asymptotically nonexpansive mappings then we consider

zg € C = Ch, 21 = Pgy o,

Yn = QnTp + (1 — @) T 2y,

Zn = Bn[')/nyn +(1k% ’Yn)xn] i (1 ' Bn) S Un (1.6)
Cry1 = {2 € Cr: |l = 2|24 llyn — 2113 <2(za = 2] +0n},

ZTnt1 = Po, 70,1 >0,

where ay, Bn, 7 € [0,1] and 6, = [(1 = Bp)(s2 = 1)+ (1 —ay,)(#2 — 1) + (1 —
Bn)s2(1 — R,)(t2 — 1)](diamC)* = 0 as n = oo(here t,, — 1 and s, — 1 as
n — 00).

The second of this work we extend the results of Dong, He and Cho [1] for 7
is an asymptotically nonexpansive semigroup then we consider

rg € C = Cl,l‘l = Pclxo

Yn = QpTy + (1 — an)% fot” T(t)z,dt

Zn = Bulynyn + (1= yn)zn] + (1= Bu)5 Jo" S()andt (1.7)
Cop1 ={2€Cp: |lzn — 22 + llyn — 2[1* < 2lxn — 2]|* + 6}

Tny1 = Po, 1 10,m >0,

where an, B, 7 € [0,1] and 0, = [(1 — £,)(32 — 1) + (1 — ) (@ — 1) + (1 —
Bn)32(1 — o) (12 — 1)](diamC)? — 0 as n — oo(here t,, = = fot LTdt — 1 and

n

S [om LYdt — 1 as n — oo).

s, JO
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2 Preliminaries

In this section, we collect and give some useful lemmas that will be used for
our main result in the next section.

Lemma 2.1. Let H be a real Hilbert space, then the following hold:
(i) |z +yl? < llz||* + 2{z, y) + llyl|*, Yo,y € H;
(i) [tz + (1= t)y|* = tllz|?+ A -1)y|* -t -t) |z —y|*,t € [0,1],Yz,y € H.

Lemma 2.2. [i] Let C' be a nonempty bounded closed convex subset of real Hilbert
space H and let T := {T'(s) : 0 < s < oo} an asymptotically nonexpansive semi-
group on C, If {x,} is a sequence in C satisfying the properties:

(i) xp, — z; and

(”) lim SUP¢ 00 lim SUP;, 00 HT(t)l’n 1 xn” - 0’
then z € Fiz(T).

Lemma 2.3. [/ Let C be a nonempty bounded closed convex subset of real Hilbert
space H and let T := {T(s) : 0 < s < oo} an asymptotically nonexpansive semi-
group on C, then for any u >0,

L. T
lim sup lim sup sup ||¥/ T(s)xds = T(u)(= / T(s)zds)|| = 0.
0 0

U—00 t—oo zeC t

Lemma 2.4. [d] Let T be an asymptotically nonexpansive mapping defined on a
bounded convex subset C of a Hilbert space H. If {x,} is a sequence in C such
that ©, — « and Tx, =z, — 0, then x € F(T).

Lemma 2.5. [8] Let C' be a nonempty closed convex subset of H. Let {x,} be a
sequence in H and v € H. Let ¢ = Pou. If {z,} is such that w,(x,) C C and
satisfies the condition

[0, = ull < lu = qf

for alln > 1, then x, — q.

3 Main Results

In this section we introduce two theorems, first Theorem we prove the strong
convergence theorem of the algorithm () into Pp(rynp(s)To. The second The-
orem we prove the strong convergence of modified hybrid iterative method (=)
into Pgxg.

Theorem 3.1. Let C' be a nonempty closed convexr subset of a Hilbert space H
andT,S : C'— C be two asymptotically nonexpansive mappings with the sequences
{tn} and {s,}, respectively, such that F(T)NF(S) # 0. Assume that {a,},{0n}
and {vn} are the sequences in [0,1] such that oy, B, < 1 — 0 for some § € (0,1].
Then the sequence {x,} generated by () converges in norm to Pp(rynp(s)To-
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Proof. Putting teo sup{t, : n > 1} < oo and s sup{s, : n > 1} < co. We
first show by induction that F(T) N F(S) C C,, for all n € N. It obvious that
F(T)N F(S) € C;. Suppose that F(T) N F(S) C Cy for each k € N. Let
u € F(T)NF(S) C Cy, then from Lemma 2, we have

lyw — ull?

IA A

lokzr + (1 — ak)Tkwk — ul?

lak(ze —u) + (1 — ap) (T z) — u)||?

agllzk — ull® + (1 — el P rr=wl® = (1 — ax) |z — T ||
agllze — ull® + (= o) | T = wl?

agllzr — |24 (1= o)t illaw—ul)?

e — ull® = log = wll® + a2, —ull> (1= ap)til|zr — ul?
ek — ull® = (1 =)z~ ull>+ (1 = ar)tpllze —ul?

ok = ull?+ (L= ap)(t; — Dllwe — ul. (3.1)

Simolarly, we note that from Lemma PCI and (BZ), we have

I —ul* =

IAINCIA

1Bk [y + (1 =) 3] + (1= Br) Sy — ul|?

18 (Meyr + (T= k)] =w)+ (1 =Be) (SFyr ~ u)|[?

Belllveyn -1 — Y)ze) = ulf + (1= B S ux —ull

Brlvellyn —ul* += (0= llox = all?} 4+ (1 = Bi) [|S* vk — ul?
Brvellyn =l * £ Bl =) llog — ull + (1= Br)sillys — u®
Bevelllzr —ullPH (= an) (t7 = 1) ok —ull®l+Br(1 = i) ok — ull®
+(1=B)spllze=ull? (P —en) (i} = 1)|lz =u|?]

Brller = ull® 4 (L—ap) (@ = Dlfag = ul>+ (1= Bi)s; |lew —ul?
lew —ul? = (V= Bi)llze = ull®+ (1L=ar) (@i Dilzx = ul?

+(1 = Br)sillew— ul® + (T =Be)si (1 — ax)(tf = 1)z — u?

ek —ull® 4+ (T Br) (sp=D)llaw—al> + (1 —an) (85— 1)]lax — ul®
+(1 = Br)si(l — au)(t; — Dl = ul (3.2)

From (B) and (BX), we obtain that

lzk = ull® + llye —ull® < o= ul®*+ @4 Be)(sg = Dllaw— ul®

+(1 = ap)(ty = 1)||zg = ulf?

(1= Br)si (1 — an)(t; — Ve — u|? + [l —ul?
(1 = ag) (tf = 1)l|zp — ull?

20|k — ul® + [(1 = Br) (s — 1) +2(1 — ) (17 — 1)
+(1 = Br)s2(1 — ag)](diamC)?

= 2|z — ul]® + 0 (3.3)

IN

where 0, = [(1 — Be)(s7 — 1) +2(1 — o) (12 — 1) + (1 — Br) sz (1 — ag)|(diamC)? —
0 as m — oo. It follows that u € Cx4q and then F(T)N F(S) C C, for all n € N.
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Next, we show that C), is closed and convex foe all n € N. It obvious that C; = C
is closed and convex. Suppose that Cj is closed and convex for each k € N.
Let {zm}3%_ 1 C Ciy1 C Cy with z,, — z as m — oo. Since Cy is closed and
Zm € Cri1, we have z,, € Cj, and ||z — 2|2 + |lyr — 2ml|? < 2||2m — zk||* + Ok
From Lemma P, we have

120 = 2m + 2m = 217 + Iy = 2m + 2m — 2]

Iz = 201 + llyw — 2II?

<z = zmll? + llzmemel ok 22k — 2 2m — 2)]
+[llyrk — ZmH2 + || 2 2”2 + 2(Jk= 2m, 2m — 2)]
= |z ‘Zm||2+ v *Zm||2+2||szzu2
+2(|| 2%~ Zm””Zm — 2|l 5 lye= Z’rn”Ilzm =2l
< 2| @e— Zm||2 + Ok + 2(||2m — Z||2 2k = 2wl 2m — 2|l

Fllyw= zmll | 2m — 210
Taking m — oo, it follows that
Iz — 2113 w2l S 2wn—2l*+ 65

Then z € Cjy1 and hence Cyyq is closed. Let z,y € Ciry1 C Cj with z =
azr 4+ (1 — a)y where a € [0,1]. Since Cf is convex, z € Cj. Thus, we have
|2k —||? +llyx — 2|2 < 2||zg = ][> +0k-and |2 =yll*+[lys—yl* <2[@r—yl*+6k.
Hence
lze = 20 + [y — 21> = er="Taa+ @ ~ )P + |y~ (az+ (1 = a)y)|?
= Jla(zr =)+ @ =)z =yl
oy =)+ 0 <)y — 9
= alla— 2P + (1= o)z — gl = all — )|z —y|?
+alye —a® + (T =)y — ylI> =a(l = a)|lz = y|?
= alllze=2l® Hlge=al?) 1 - ) (2 =yll® + lye —yl?)
—2a(1 =a)llx - yl*
a2z — 2|2 F-85) + (T =a)@flzr, ~yl|> + 6k)
—2a(1 - a)lz —y|*
= 2aller =a|® + (1 =)z —y[I> =l - o)z - y|*]
+aby + (1 — a)by
= 2z — x) + (1 — a)(@x — y)||* + Ok
= 2flzy, — (ez + (1 - a)y)|?
= 2llzg — 2|* + O%.

IN

It follows that z € Ck41 and hence Cyyq is convex. Therefore, C), is closed and
convex for all n € N. This implies that {z,} is well-defined. Since xz,, = Pg, xo, it
follows that

(o — Tpy Ty —y) >0 (3.4)
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for all y € F(T)N F(S) and Vn € N. So uw € F(T) N F(S), we have

0 (T — T, Ty — u) = — (T, — X0, Ty, — To) + (To — T, To — W)

<
< =llwn = 2ol + llwo — walllzo — ul.

This implies that
lzo = zn|* < llzo — all[lzo — ull

and hence
lzo =@nll < ||zo = ull (3.5)
for all w € 4(T) N F(S) and ¥n € N. From z, = Pc,x and Tpy1 = Po,,, %o €
Ch+1 C C,,, we obtain that
<I0 = T, Ty — x71,+1> >0 (36)
for all n € N. So, for all 2,11 € C,, 11, for n € Ny-we have
0 < <1'O_xn7xn _xn+1> = —<$n—$0,$n—$0>+<$0 —!ﬁn,l'o—ib'nﬂ)

IN

—llzn < zoll* +llwo —zn 20 =Tns1ll
This implies that
20— 2a|* < Hlzo = Zallizo = Bnall,
and hence
o= znl| < |20 — @niall;
for all n € N. Since {||lxg — z,[|} is bounded, lim, s ||, = 2ol exists. Next, we
claim that lim,, o ||2n — Zp41] = 0. From (BM), we have

20 = znsall® = [Man's 20) (20~ @)

=1 [lzn — 330\\2 N A AT et | o, 96’n+1||2

= Wza= zoll2 £ 2(x0 & Tn, To — Tah— 2(ToTn T = Tpi1)
|20~ zaya?
|z zol|2 —2Map = zol|® 4 ||zo-mttn’i1 ||

— |z = 2o |1* + || 26 =Zrzrlf:

Since, limy, o0 |2, — 20| exists, we have lim,,_, oo [|25n — Tpi1] = 0. Next, we now
claim that lim, o0 |72, — 2| = 0 = im0 ||Szp — @ ||. Since z,41 € Cp, we
have

ll2n — $n+1H2 +|yn — mn+1H2 < 2[x, — wn+1||2 +0n.

From lim, o ||Zn — Znt1]| = 0 and 6,, — 0 as n — oo, it follows that
Jim |[zn = 2pal = 0= lim [y — 201, (3.7)

which yields

lzn — 2ol < ll2n = Togall + |01 — 20| = 0 as n — oo, (3.8)
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and then we have
[yn — Znll < llyn — Tnall + [[Tnt1 — zn| — 0 as 1 — co.

By definition of y,,, we have y, — x,, = (1 — @, )(T"x, — x,), we obtain

1
1—a,

Since o, <1 — 0, then we have
T "z, — 2, | = 0, (3.9)

as n — o0o. From z, = Bn[ymyn + (1 =n)xn] + (L — 5,)S"yn, we have

15™yn = 2all f="2 fn/} a(yn|— 260 — )z S 2l | (3.10)
1
< 11— By (Wllyn = zall £ X =2 2= 2all), (3.11)

which yields
[1S" Yy — 2zn]| = 0 as n = oo,

as n — oo and so

|1Tzn —2all < T2 — TR = 20 md 20|
+||Tn+1xn+1 i Hl'n-irl = an
< todlon = K|l ||Tn+1xn+1 TP Teteo ) ([, =Tt |

— 0 asn — oo.

Similarly, we have
1Sz, — &y || — 0-as n.— 0.

By Lemma B4, and boundedness of {x,}, we have 0 # wy(x,) C F(T) N F(S).
Since 2o = Pp(r)nr(s)To, 20 € L(T) N F(S) € C and Lemma I3, guarantees the
strong convergence of {z,,} to Pp(r)nr(s)To. This completes the proof. ]

Next Theorem we prove strongly convergence of a sequence {x,} with gen-
erated by hybrid projection algorithm of two asymptotically nonexpansive semi-
groups with converge to common fixed points Pp(1)nr(s)-

Theorem 3.2. Let H be a Hilbert space and let C' be a nonempty colsed bounded
subset of H. Let ¥ = {T'(t) : 0 <t < oo} and & = {S(¢) : 0 < t < oo} be two
asymptotically nonezpansive semigroups on C such that § = F(T)NF(S) # 0 and
let zg € C. Let Cy = C,xqy = Po,xo and {x,} be a sequence generated by (1)
with satisfies ap, By € (0,1, 0 < ap, <a<1land 0<b< B, <c<1 forall
n € NU{0} and t,, = 00, s, = 0o. Then {z,} converges strongly to zy = Pzxo.
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Proof. First observe that § C C, for all n € N. For § C C' = ( is obvious.
Suppose that § C Cj, for each k € N. Let u € § C Ck. Then we have

I
I =l = fosa+ (1= o) [ T(Omide —ul?
0

= |lag(zr —u)+ (1 — ak)(%/o ) T(t)zpdt — u)|?

1 [tr
< anllon =l (1 @) / T({)oudt — ul?
c JO
2 1 o, 2
< ot +<1«ak><5/ N 1)k — )
JO
2 ) 2
< aulle = uld+ (L ~en [ L o ufar
0
Y
< auflee— iR H A= aG | a2 ul?
0

=0 [lzn —u)|? (L= =Dy = ull?. (3.12)

By Lemma I again, we have

2 — ul|?

IN

IN

IN

IN

IN

IN

18x[veyr + (T=avk) 2] + (1.~ ﬂk)i /Sk S(t)yrdt — ul|?
Sk 0
184 (B (1 =) = ) 4 = B SBde— )
Sk-Jo ,
Belllyeyr 4 (V- An)ze] —ull? +(1= ﬁk)ui / S(t)yrdt — ul|?

Bl (e ot) 45— (=2 (1 — m)(i / S — ullde)?

1 Sk
Brvellye — wl® + Br(1 — vedllme —ul®+ (1 — @c)(g;/ LY |lyx — ul|dt)?
0
1 5k
Brvellye — ull® + Be— y) |z — ull® +. (1= 5k)(§/ LY dt)* |y, — ul|?
c JO

Bevelllze — ull® + (1 — aw) (B = Dk — ull?] + B (1 — ) lx — ull?

+(1 = Bo)F 2 llex — ull® + (1 - a) (@ — Dl — ul)?)

Beller —ull> + (1 — a)(E” — Dllar, — ull® + (1~ Bo) &2 e — ull?

+(1 = B)&A(1 — o)l — 1|, — ull?

g — ull + (1= Bi) (512 = Dl — ull® + (1 — ax) (@ = 1)l|zx — ulf?
(1= B)&2(1 — ap) (@ = Dy — ul? (3.13)
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From (B12) and (B13), we obtain that

o —ull? + e =l < ek —wl® + (1 Bi) (5 — Dllae — ul]®
(1 —a)(f — 1) — ul?
+(1 - Br) a —a)(B” = Dllzx — ull® + lg — ul?
(1 — o)l =Dl
+(1 - BSE (1= aw) (8 = Dllaw =a|l® + [z — ul)®
+(1 )63+ 1)z —ul?
< 2ap a2 10— B (57 = D420 — a) (G — 1)

FA = B)5H2 (A = ai)En — 1)) (diamC)?
= 2flmp — ull? + 6,

where 0, = [(1 — B4)(32 — 1) +2(1' = o) = 1) + (1~ Be)53 (1 — o) (B —
D))(diamC)? — 0 as n_— oo(here t = ! Ot"" Frdi—=land 5. & [(\L3dH — 1
as k — 00). It follows that w € Cjyq and then F(T) N F(S) C €, for all n € N.
Again, by using the same argument in the proof in Theorem B, we can show that
C,, is closed and convex foe all n € N. It obvious that C; = C'is closed and convex.
Suppose that Cj, is closed and convex for each k € N. Let {2, }5°., € Cy1+1 C Cy,
with z,, = z as m — oo. Since Oy is closed and z,, € Cy41, we have z € C} and
2k = Zm |2 < ||l zm — zxlf? + Op- From Lemma EZI, we have

lze = 21 + llyw — 2112 =" [l == 2= 2P o oz 212

B z7n|[2 + e — 2”2 +2(2k=2ms2m — 2)]
Hllgsazml® fllem — 2lPA42(ye —2ats 2= 2)]

|2 — Zm||2 + [lyk= Zm||2 +2[ 2 ZH2

20z — 2mllllzm—2lt -y ="2m ||| 2m — 2]))

225, — zm |+ Ok +202m — 201+ |25~ zmllll2m — 2
Hlyr —2m |l lzm = 2])-

IN

IN

Taking m — oo, it follows that
2 = 21 + llgr — 211> < 2l — 2]1* + By

Then z € Ciy1 and hence Ciyq is closed. Let z,y € Ciry1 C Cp with z =
az + (1 — a)y where a € [0,1]. Since Cj is convex, z € Cy. Thus, we have
2k =l +llye —2]|* < 2l|lzx —]|*+0) and [|ze —y 1> +lye —ylI* < 2llze =y +0%-
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Hence

lzk =212+ llye = 217 = llzr = (a2 + (1 = )y)||* + [lyx — (az + (1 = a)y)||?
= ez —2) + (1 - a)(z — y)|I* + lalyr — )
+(1—a)(yx —)|?
= alz —2[* + (1= a)llze —yl? — a(l — )|z —y]?
+allys — 2|? + (L= a)|lyx — yl* — a(l — a)llz — |
= alllzx =+ |lye — =)
+(1 = )z = >+l —9l?) =201 — @)z — y|?
< saQ2lfzn — s+ ) + (=) ]zx — vl|> + 6x)
“2a(l=a)|z = ylf?
=i 2afar = =l H (L =)z —ylI* =l @)z —y|]
+ab; + (1 = )y
= 2la(zr— o) d(I=a)(zy - P|I® + 0,
=/ 2|ze= (ez (T =)yl
= 2|z — 2||>+ Og.
It follows that z € Cj41 and hence Cy4q is convex. Therefore, C), is closed and
convex for all n € N. This implies that {z,} is well-defined. Since z, = Pc, o, it

follows that
(g —Tpy T, —y) =0 (3.14)

for all y € F(T)NF(S) and Vn € N. So u € F(T) N F(S), we have

0 < (%o % Terrokk u= A frf i egt=mrtt &h— % fo S)
<

—llzn = zoll* 4 |20 —xnlllwe=ull

This implies that
1z~ zall? < llzo=Znlllzo= ull

and hence
2o — an | < lzo = ull (3.15)
for all w € 4(T") N F(S) and Vn € N." From x,, = Pc, %o and =, 11 = Pc,,, %o €
Ch+1 C C,,, we obtain that
<I0 — Tn, Tpn — 51771,+1> >0 (316)
for all n € N. So, for all 11 € Cp41, for n € N, we have
0 < <JC0 — TnyLp — Jcn—i—1> = 7<xn — 0, Tpn — $0> + <'T0 — Tn, Lo — mn+1>

IN

—lln = zoll* + lzo — znlllwo — Zntall.

This implies that
lzo = 2nl® < llzo — zalllzo — znsll;
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and hence
2o — 2l < [|xo — Zn4all,

for all n € N. Since {||zg — x|} is bounded, lim, _, ||, — 2o exists. Next, we
claim that lim, o ||2n — Zpn41]| = 0. From (BIME), we have

|l2n — xn+1||2 = |[(zn — x0) + (w0 — $n+1)||2

= ||xn—x0||2+2<xn—x0,x0 — ZTnt1) + ||lzo —$n+1H2

= |lzn — 20]|? — 2(x0="Tn, To — Tn) — &g — Tpn, Ty — Try1)
+lzo — Tngall®

< lzn _5130”2 <2/, _xUHQ"" on_mn+1“2

= —llzns zoll*+ ll@0 7 zag1 2.

Since, limy, 00 ||2n — @o|| exists, we have lim, oo |2 — Zp4a] = 0. Since 2,41 €
C,,, we have

l|zn — m7l+1||2 H |y — xn+1||2 e $n+1||2 + gn

From lim,, o ||z, — 2pa1|| = 0 and 0,, — 0 as n — oo, it follows that

'n,h—{%o I2n = #na| =0'= nlgrolo o = Zng1ll; (3.17)
which yields
2 — zn |l Sll2n|— znd]l+ lTpsi s 2n ] > 0788 n.—o0; (3.18)

and then we have
||yn - x’n,” < ”yn B xn,+1“ b ||l'n+1 == ZIInH — 0 asn — oo.
We now claim that

lim sup lim sup || T(r)a, = 2, | = 0 = lim sup lim sup ||S(r) 2z, — =,
T—00 n— 00 7—00 n—>00

Indeed, by definition of v,, and z,,1 C C,, we have

1
1—a,

1 [
||7/ T(t)andt — o e 50 a8 1 — 00, (3.19)
n JO

From z, = Bu[Yayn + (1 = )zn] + (1= Ba) 3= [o" S(t)zndt, we have

Lo B
o [ 8@t =zl = 725 v = 20) + (1= 30) e —
n JO n
B
_ 1— _
< T2l = 2l + (1= ) = 20l

— 0 asn— oo.
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IN

IA

IA

IN
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IHM?Sxm——/‘S%M

+||:/0 S(B)yndt — zull + ll2n — zal
1 /sn
o 1S zn = SE)yn||dt
i I
o= SOddt= Zll 2 ol

1 [°
- Lfdtuxn = Ul

Sn Jo

1 %R
+||S_/ S yndt — zn || + 1120 = znl|
n JO

. 1 Sn
Solltn Sl 5000~ 2 o

— 0as n— 00.

For all 0 < r < oo, we note that

1S(r)an — 2|

where A := 5 L[5 S(t)xpdt—zy| and BS = ||S(r )(
By Lemma B3, we have limsup,, ., A3 (r) =0 = lim supn_mo

IN

+|S(r)

Hﬂﬂ%—SwNL/%SWMﬁM

—w—/’sw%ﬁ—%n

(Lo +1) ||—

+|S(r)

/ S(t)xndt —x,|
57l

0

/ S(t)andt) —i S(t)mndtH
0 0

/ S(t xndt——/ S(t)z,dt||

(Loo +1)AS ) + B3 (r),

)" S () rndt)— -

Sn
0 S

(t)zpdt].

B3 (r). We can de-
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duce that for all 0 < r < oo,

IT()an —al < IT()00 - T() (- / " T(),dt)|

tn

+||T(r)(% /O ’ T(t)xndt)—ti /0 " D)zt

n

1 [t
+||— / T(t)xpdt— x|
tn JO

1=1/%1
< (L D [ T 2 )
W i
iz 6 / T(t)zdt) - [ O]
n Jo
= (Dog + DA, () + BL (1),
where AT( ) = |1 fo" T(t)wmdt — || and BI (r)-= (T()(E [0 T(t)andt) —
fo (t)z,dt||. By LemmaB3, we have limsup,, ., AL (r) =0 = limsup,, ., BL(r).
Then we obtain
lim sup lim sup ||T'(r)@, =, || =0 = limsup imsup {[S(r)z, — |-
r—00  M—o0 r—00 Mm—00

We note by Lemma P32, that every weak limit of {x,,} is a member of §. From
Tn — 2 € Psxo, we have o — &, — ®o — 2o, from H satisfies the Kadec-Klee
property, it follows that

L=, F RO %0

So, we have
|z — 20l = ||xn =xo'= (20 — 20)|| = 0 as n — 0.

Hence, z,, — 2z9. This complete the proof. ]
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