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ABSTRACT

The purpose of this dissertation is to investigate new contraction map-
pings in metric spaces and b-metric spaces endowed with binary relations. The
main results of this dissertation are divided into two parts. In the first part, we
improve the notion of a Z-contraction mapping with respect to a b-simulation func-
tion and also prove fixed point results on b-metric spaces endowed with only a tran-
sitive relation. Our results can reduce to several important results in the past. We
also introduce the concept of an (F,v)gp-contraction mapping, which is improved
from weaker conditions on F'-contraction mappings in metric spaces endowed with
a binary relation. We prove fixed point results for (F,v)g-contraction mappings
and also furnish some examples to demonstrate the benefit of our main results.
Furthermore, we introduce the new contraction namely (¢, ®,R)-contraction and
prove the fixed point theorem for relation-theoretic (1, ¢, R)-contractions in a met-
ric space endowed with a T-orbital transitivity. We also give an example to show

the benefit of our theorems. In the last part, we extend and generalize Ran and
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(2)

Reurings’s results to prove nonlinear matrix equations by giving new notions con-
cerning b-simulation functions via Ky Fan norms. Also, we apply fixed point results
for (F,~)gp-contraction mappings and (¢, ¢, R)-contraction mappings to prove the
existence and uniqueness of a solution of some nonlinear matrix equations and we

give some numerical examples to support some results of our applications.

Keywords: b-Simulation function, Lower semicontinuous, Right upper semicon-

tinuous, Thompson metric, Ky Fan norm.
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CHAPTER 1

INTRODUCTION

Nonlinear matrix equations occur in several problems in stability anal-
ysis, control theory, system theory, and dynamic programming. Many years
ago, several authors used various methods to investigate the existence of solu-
tions of nonlinear matrix equations. One of these methods is to use the fixed
point theory. The most well known fixed point theorem is the Banach contrac-
tion principle, which is due to Banach [1]. Many generalizations of the Banach
contraction mapping principle to partially ordered metric spaces are appeared in

[2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16].

In 2004, Ran and Reuring [17] solved the existence of a solution of a

nonlinear matrix equation
m
X =Q+) AjG(X)A;,
1=1

where Aj, As, ..., A, are arbitrary n x n matrices, () is a Hermitian positive defi-
nite matrix and G is a continuous order-preserving mapping which maps from the
set of all n x n Hermitian matrices into the set of all n x n positive definite matrices
such that G(0) =0, using the Ky Fan norm and analogous result of the Banach
contraction principle for partially ordered metric spaces. After that, Sawangsup
et. al. [18, 19, 20] used the Ky Fan norm to solve the same nonlinear matrix equa-
tion and analogous results of fixed point results for contractions concerning some
control functions in the setting spaces endowed with a binary relation. In [21],
Lim used the Thompson metric and the fixed point method to solve the existence

and uniqueness of a positive definite solution of a nonlinear matrix equation

m
X =S MX%MF=Q,0< 8] <1,

i=1
where () is an n X n positive semidefinite matrix and M7, Mo, ..., M,, are n X n non-
singular matrices or () is an n X n positive semidefinite matrix and My, Mo, ..., M,,

are arbitrary n x n matrices. Several techniques involving fixed point theory are
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more suitable in solving the existence and uniqueness of several nonlinear matrix

equations.

Based on many applications of the existence results in the fixed point
theory, many mathematicians introduced and investigated new fixed point results
for various generalized contraction mappings. For instance, the interesting fixed
point results of a new contraction namely Z-contraction with respect to a simula-
tion function introduced by Khojasteha et al. [22]. In the same way, Argoubi et al.
[23] considered a pair of nonlinear mappings satisfying a contractive condition in-
volving a simulation function in metric spaces endowed with a partial order, which
is a generalization of the fixed point theorem for Z-contractions with respect to
simulation functions in metric spaces. In [24], Demma et al. introduced the notion
of a b-simulation function in the setting of b-metric spaces, which is a modifying of
the concept of a simulation function, and also proved fixed point results by deal-
ing with such contraction in b-metric spaces. Also, fixed point theorems for a new
kind of contractions called F-contractions, are shown by Wardowski [26]. After

that, many authors generalized and improved F-contraction in different ways.
The main results of this study consist of three topics as follows:

The first topic, we introduce the notion of the Z-contraction mapping
with respect to b-simulation functions under an arbitrary binary relation namely
Z%—contraction mappings. We also introduce the concept of (F,~)g-contraction
mappings which improve the concept of F-contraction mappings in metric spaces
endowed with a binary relation and the notion of (¢, ¢, R)-contraction mappings,
where 1) is not a weak altering distance function, and ¢ is not continuous. Next,
we investigate the existence and uniqueness of a fixed point for Zg@e—contraction
mappings in complete b-metric spaces endowed with a transitive relation and give
fixed point results for (F,~)g-contraction mappings in complete metric spaces
endowed with a transitive relation. Moreover, we establish the fixed point theorem
for relation-theoretic (1, ¢, R)-contractions in a metric space endowed with a T-
orbital transitivity. After that, we give some examples to show the benefit of our

theorems.

Ref. code: 25615909320441WJZ



The second topic, we prove the existence and uniqueness of a solution
of the nonlinear matrix equation
m
X=Q+> AjG(X)A4;,
i=1
where Ay, As, ..., Ay, are arbitrary n x n matrices, () is a Hermitian positive defi-
nite matrix and G is a continuous order-preserving mapping which maps from the
set of all n x n Hermitian matrices into the set of all n x n positive definite matri-
ces such that G(0) =0 by using fixed point results for Z&—contraction mappings
via Ky Fan norms. Also, we confirm the existence and uniqueness of a definite

positive solution of a nonlinear matrix equation by giving numerical examples,

which approximate by MATLAB.

The last topic, we apply fixed point results for (F,~)g-contraction map-
pings and (¢, ¢, R)-contraction mappings via Thompson metrics to solve the non-

linear matrix equation

ML= O SVATGIEX)A;,

i=1
where r > 1, Ay, As,..., A, are n X n nonsingular matrices, ¢ is a Hermitian
positive definite matrix and Gi,Go,...,G,, are continuous order preserving self-

mappings on the set of all n x n positive definite matrices. We also give some

numerical examples to confirm the correctness of our applications.
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The following diagram shows the motivation and the overall of our

main result.

m
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CHAPTER 2

PRELIMINARIES

Throughout this dissertation, we denote by C, R, R™, R, , Q, Z, N and
Ny the set of complex numbers, real numbers, positive real numbers, non-negative
real numbers, rational numbers, integers, positive integers, non-negative integers,
respectively. Henceforth, let n be a positive integer, X will denote a nonempty

set, and R™ will denote the product set R xR x ... xR.

n—terms

2.1 Fixed points
Definition 2.1.1. Let X be a nonempty set and let 7" be a self-mapping on X.
A point x € X is called a fized point of T if and only if Tz = x.
Example 2.1.2. Let X =R and 7": X — X be defined by
s et 1
for all x € X. Then —1 is a fixed point of 7T'.
Example 2.1.3. Let X =R and 7": X — X be defined by
Tx = —x24 5z
for all z € X. Then 0 and 4 are fixed points of 7.
Example 2.1.4. Let X =[0,00) and T': X — X be defined by
Tr = ;ln(:p2 +1)
for all z € X. Then 0 is a fixed point of T'.
Example 2.1.5. Let X =0,1] and 7": X — X be defined by
T 2 1 3

=z "+ -z
3

for all x € X. Then 0 is a fixed point of T'.
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Example 2.1.6. Let X =[0,4] and 7": X — X be defined by
Tr=e¢ "+2x
for all x € X. Then f has no a fixed point.

Example 2.1.7. Let X =R and T": X x X — X x X be defined by

T(x,y) = <§+2,Z+2>

for all (x,y) € X x X. Then (3, %) is a fixed point of T

Example 2.1.8. Let X be the set of 2 x 2 matrices and T': X — X be defined by

I a7 ) b 1 T2 | 10
T3 T4 T3 X4 Gl
1
r1 X2 b} ’ .
for all € X. Then is a fixed point of T,
T3 X4 0 5

2

Example 2.1.9. Let X be the set of 2 x 2 matrices and T': X — X be defined by

Zr I 1 T 6 0
T 1 % __9 1 2 it
T3 T4 T3 T4 a9
r1 I 280 . .
for all € X. Then is a fixed point of T'.
T3 T4 1 3
2.2 Fields

Definition 2.2.1. A field is a set F together with two binary operations + and -,
which are called addition and multiplication, respectively, satisfying the following

axioms. For all a,b,c € F,
(F1) a+b€F and a-b € TF;
(F2) a+b=0b+aand a-b="b-a;

(F3) (a+b)+c=a+(b+c)and (a-b)-c=a-(b-c);
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(F4) there exists an element in F, called additive identity element and denoted

by O, such that for all a € F, a+ 0 = a;

(F5) there exists an element in F, called multiplicative identity element and de-

noted by 1, such that for all a € F, a- 1 = a;
(F6) for each a € F, there exists an element —a € F such that a+ (—a) = Op;

(F7) for each a € F with a # O, there exists an element a~! € F such that a-

(a™') = 1r;

(F8) the left distributive law, a-(b+c) =a-b+a-c and the right distributive law,
(b+c)-a=b-a+c-a hold.

This field is denoted by (F,+,-).

Example 2.2.2. (C,+,-), (R,+,-) and (Q, +, -) are fields under the usual addition
and usual multiplication but (Z,+,-) is not a field because 2 has no multiplicative

inverse.

2.3 Vector spaces

Definition 2.3.1. A nonempty set V' is said to be a wvector space over a field
(F,+,-) if the vector addition operation +: V' x V — V and the scalar multiplica-
tion operation - : F x V — V satisfy the following properties: for all z,y,z € V and
a,bel,

(V1) (z+y)+z=2+(y+2);

(V2) x+y=y+ua;

(V3) there is an element 0 € V such that x40 = x;

(V4) for each z € V, there exists an element (—z) € V such that x+ (—x) =0;

(V5) (ab)x = a(bx);
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(V6) a(x+vy) = ax + ay;

(V7) (a+b)x = ax+ bzx;

(V8) lpx ==.

Also, this vector space is denoted as (V,+,-).

Example 2.3.2. Let X be an arbitrary set and F be any field, and let F'(X,F)
be the set of all function from X into F. The set F'(X,F) is a vector space with
the two algebraic operations defined for f,g € F/(X,F) and k € F by

(f+9)@) = F(t) +9(t),
(f)(t) =k f(t).

Then (F(X,F),+,-) is a vector space over a field F.

Example 2.3.3. Let x = (21,29,...,2,) and y = (y1,v2,-..,yn) be vectors in R™.

The sum of these two vectors is defined as the vector
T+y=(T1+Yy1,72+Y2, -, Tn+Yn)-
For a scalar k£ € R, define scalar multiplications, as the vector
ar=s(aiiens; . . S0k
Then (R™,+,) is a vector space over a field R.

Example 2.3.4. The set of m x n matrices with entries from a field IF is a vector
space, which we denote by M, xn(F), under the following operations of addition

and scalar multiplication: For A = (aij)mxn, B = (bij)mxn € Mmxn(F) and c € F,
A+ B = (aij +bij)mxn and cA=(caij)mxn-

Remark 2.3.5. A real vector space is a vector space whose field of scalars is the

field of real numbers.

Remark 2.3.6. A complex vector space is a vector space whose field of scalars is

the complex numbers.
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2.4 Normed spaces

Definition 2.4.1. Let X be a real (or a complex) vector space. A norm on X is
a function || - || : X — R satisfying the following properties for all z,y € X and for
all scalar a:

(N1) ||z|]| =0 if and only if u = 0;

(N2) o] = |af[|ull;

(N3) llz+yll < |zl +ly]l-

Also, the ordered pair (X, || -||) is called a normed space.
Remark 2.4.2. In a normed space (X, ||-||), we get ||z|| >0 for all z € X.

Example 2.4.3. Let X = R? and a function ||- || : X — R be defined by
2]l = 1] + |22]

for all 2 = (z1,22) € R%. Then (R?,||-||) is a normed space, and it is called a tazicab

normed space.

Example 2.4.4. Let X =R" and a function |- || : X — R be defined by

n
=l = y| > lil?
i=1

for all © = (z1,x9,...2y,) € R™. Then (R",||-||) is a normed space, and it is called

an Fuclidean space on R".

Definition 2.4.5. Let X be a normed space and {x,} be a sequence of element
of X. The sequence {x,} converges to x € X denoted by nh_{{)lo Tp =T O Ty, — &
as n— oo if lim |x —2p] =0, i.e., for every € > 0, there exists a natural number

N such that ||z — x| <e for all n > N.

Definition 2.4.6. Let X be a normed space and {x,} be a sequence of element
of X. The sequence {x,} is called a Cauchy sequence if Jim |zm — 2zl =0, ie.,
for every € > 0, there exists a natural number N such that ||z, —z,| < e for all

m,n > N.
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Definition 2.4.7. Let X be a normed space. If every Cauchy sequence is conver-

gent in X, then X is called a complete normed space or Banach space.

Example 2.4.8. The Euclidean space R™ is a Banach space.

2.5 Metric spaces

Definition 2.5.1. Let X be a nonempty set. A function d: X x X — R is called
a metric on X (or a distance function on X) if the following conditions hold for

all z,y,z € X:

(M1) d(z,y) =0 if and only if z = y;

(M2) d(z,y) = d(y,z);

(M3) d(x,z) <d(z,y)+d(y,z) .

Remark 2.5.2. In a metric space (X,d), we get d(z,y) >0 for all z,y € X.

Remark 2.5.3. Let (X,]|-]|) be a normed space. The mapping d: X x X — R
given by

d(z,y) = [lz =y
for all x,y € X defines a metric on X. This metric is called the metric induced by

norm.

Definition 2.5.4. A nonempty set X equipped with a metric d on X, denoted
by (X,d), is called a metric space. The elements of metric space (X,d) are called
points. For fixed z,y € X, we called the nonnegative number d(x,y) that distance

from x to y.

Example 2.5.5. Let X =R and d: X x X — R be defined by

d(z,y) = |z -yl
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for all z,y € X. The first two conditions in Definition 2.5.1 are obviously satisfied,

and the third follows from the ordinary triangle inequality for real numbers:

d(z,y) = |z—y|
= [(z—2)+(z—y)|
< |lz—z|+|z—y

= d(z,z)+d(z,y).

Then d is a metric on R and it is called a usual metric on R. Thus (R,d) is a

metric space called a usual metric space.

Example 2.5.6. Let X be a nonempty set and define d: X x X — R by

0 ifz =y,
d(z,y) =
L1 EeT £
Then d is a metric on X and it is called that a discrete metric on X. Also, the

pair (X,d) is called a discrete metric space.

Example 2.5.7. Let X =R", where n € N, and define d: X x X — R by

n
d(z,y) = | D (zi —y:)?
i=1
for all x = (x1,x2,...,2,),y = (Y1,¥2,...,yn) € R™. Then d is a metric on R and it

is called a Euclidian metric on R™. Also, the pair (X,d) is called an n-dimensional

FEuclidian metric space.

Example 2.5.8. Let X =C", where n € N, and define d: X x X — R by

d(z,y) = | D |zi —yil?
Ji—l

for all x = (z1,22,...,2),y = (Y1,Y2,---,yn) € R™. Then d is a metric on C" and it
is called a Euclidian metric on C". Also, the pair (X,d) is called an n-dimensional

unitary metric space.
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Example 2.5.9. Let X =R? and define d: X x X — R by
d(z,y) = [x1 —y1| + |22 — y2

for all = (z1,22),y = (y1,72) € R?. Then d is a metric on R? and it is called a

taxicab metric on R?. Thus, (X,d) is a tazicab metric space.

Example 2.5.10. Let X = R? and define d: X x X — R by

d(l‘,y) = maX{|I1 _y1|7 |.I’2 _y2|}

for all x = (x1,72),y = (y1,42) € R%. Then d is a metric on R?. Thus, (X,d) is a

metric space.

Example 2.5.11. Let (X,d) be a metric space, k be a positive real number, and
define d’ : X x X — R by
d(z, y) = kd(z;9):

Then d’ is a metric on X. This is called a dilotion metric on X, and (X,d’) is

called a dilotion metric space.

Example 2.5.12. Let X =c:={{z,,} CR (or C):{z,} is a convergent sequence}
and define d.: X x X — R by

dc(m,y) = sup |xn F— yn|
neN

for all z ={z,},y ={zn} € X. Then (X,d.) is a metric space.

Example 2.5.13. Let X = /(> :={{z,,} CR(or C): {z,} is a bounded sequence}
and define dy : X X X — R by

dw(-r?y) = sup ’$n - yn‘
neN

for all z = {zp},y ={zn} € X. Then (X,d) is a metric space.

Example 2.5.14. Let [a,b] be a closed interval on R and X = Bla,b] := {x :
la,b] — R : z is a bounded function} and define d : X x X — R by

doo(z,y) = sup |z(t) —y(t)|
t€la,b]

for all z,y € X. Then (X,d) is a metric space.
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Example 2.5.15. Let [a,b] be a closed interval on R and X = C[a,b] := {z :

[a,b] — R : x is a continuous function} and define do : X x X — R by

doo(,y) = sup |z(t) —y(t)]
tela,b]

for all x,y € X. Then (X,ds) is a metric space.

Definition 2.5.16. Let (X, d) be a metric space, x € X and € > 0. We now define
a set

BE(‘I> o {y e X d(l’,y) < 6}7
which is called an open ball of radius € with center z.

Definition 2.5.17. Let (X,d) be a metric space. A sequence {z,} in X converges

to x € X, written x,, - ¢ as n — oo or

lim z, ==«
n—oo" " ’

if for every € > 0 there exists N € N such that
n > N implies that d(x,,x) <e.

That is, z, — z if d(zp,z) — 0 as n — oo. Equivalently, z,, — = as n — oo if for

every open ball Be(z) there exists N € N such that z,, € Be(z) for all n > N.

Definition 2.5.18. Let (X,dx) and (Y,dy) be metric spaces. We say that the
mapping f: X — Y is continuous at a point xo € X, if for every e >0 and x € X

there is a 6 > 0 such that dy (fz, fzog) < € whenever dx (z,x9) <.

Theorem 2.5.19. A mapping T from a metric space (X,dx) into a metric space

(Y,dy) is continuous at a point zo € X if and only if
d dy
Tp =Sz = Tz, — Txo.

Definition 2.5.20. Let (X,d) be a metric space. The sequence {z,} in X is
called a Cauchy sequence if it holds that, for all € > 0, there exists N € N such

that d(zp,x,) < € for m,n > N.
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Lemma 2.5.21. Let (X,d) be a metric space, {x,,} be a sequence in X. Then

{zn} is a Cauchy sequence if and only if d(xy,xm) — 0 when n,m — co.

The following lemma will be useful later.

Lemma 2.5.22 ([27]). Let (X,d) be a metric space and {x,} a sequence in X
such that nli_)rrolod(xn,xnﬂ) =0. If {z,} is not Cauchy in X, then there exist € >0
and two subsequences {xy, )} and {x )} of {zn} such that n(k) >m(k) >k such
that

Hm d(@m k), Tagr)) = Hm (@i (k) Tnry1) = HW d(Zi(r) -1 ey 1)
> kliﬂgod(xm(k)—hxn(k)ﬂ) ; klggo AT (k)41 Tn(k)+1) = €

Definition 2.5.23. Let (X,d) be a metric space. If every Cauchy sequence is

convergent in X, then X is called a complete metric space.

Example 2.5.24. The usual metric space R is a complete metric space.
Example 2.5.25. The Euclidean metric space R" is a complete metric space.
Example 2.5.26. The unitary metric space C" is a complete metric space.
Example 2.5.27. The sequence space (£*°,d) is a complete metric space.
Example 2.5.28. The sequence space (c,d.) is a complete metric space.

Example 2.5.29. The function space (Cf[a,b],d) is a complete metric space.

2.6 D-Metric spaces
In 1989, Bakhtin [28] introduced the concept of a b-metric space as

follows:

Definition 2.6.1 ([28, 29]). Let X be a nonempty set and b > 1 be a given real
number. A mapping d: X x X — [0,00) is said to be a b-metric on X if the

following conditions hold for all z,y,z € X:
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(b1) d(x,y) =0 if and only if x =y;
(b2) d(z,y) = d(y,x);
(b3) d(x,z) < bld(x,y) +d(y,2)].
Also, the triplet (X,d,b) is called a b-metric space with the coefficient b > 1.

It is clear that the definition of a b-metric space is an extension of a

standard metric space. The following are some examples of b-metric spaces.

Example 2.6.2. The set of real numbers endowed with the mapping d: R xR —
[0,00) defined by
d(z,y) = |z -y’

for all x,y € R, where p > 1 is a real number, is a b-metric space with the coefficient

b=2r"1

Example 2.6.3 ([30]). The set IP(R) := {{zn} € R: X202 |z, |’ <1}, where 0 <
p < 1, together with the mapping d : IP(R) x [P(R) — [0,00) defined by

d(x,y) = (S22 |@n —yn|P)?,

where z = {z,},y = {yn} € IP(R), is a b-metric space with the coefficient b= 21/ >
1.

1
Example 2.6.4 ([30]). The set L,[0,1] :={z:[0,1] = R :/O |z(t)|Pdt < 1}, where
0 <p < 1, together with the mapping d : L,[0,1] x L,[0,1] — [0,00) defined by

1/p
da)= ([ et -stopar)

where x,y € L,[0,1], is a b-metric space with the coefficient b = 21/P > 1.

Example 2.6.5 ([30]). The set X = {0,1,2} with the mapping d: X x X — [0,00)
defined by
d(0,0) = d(1,1) = d(2,2) = 0

d(1,0) =d(0,1) = d(2,1) =d(1,2) =1
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and

d(2,0) = d(0,2) = ¢

where c is given real number such that ¢ > 2. is a b-metric space with the coefficient

b=5>1.

Example 2.6.6 ([31]). Let (X,d) be a metric space. The mapping d: X x X —
[0,00) defined by

plx,y) = (d(z,y))",
where p > 1 is a real number, is a b-metric on X with the coefficient b=2P"1 > 1.
Next, we recall the following basic knowledge in b-metric spaces.

Definition 2.6.7 ([32]). Let (X,d) be a b-metric space. The sequence {z,} in X

is called:

(a) aconvergent sequence if and only if there exists © € X such that d(x,,z) — 0

as n — 00. In this case, we write x,, — x as n — o0;
(b) a Cauchy sequence if and only if d(zy, ) — 0 as n,m — oco.

Remark 2.6.8. In a b-metric space (X,d), the following assertions hold:

(a) a convergent sequence has a unique limit;
(b) each convergent sequence is Cauchys;
(¢) in general, a b-metric is not continuous.

Definition 2.6.9 ([32]). The b-metric space (X,d) is complete if every Cauchy

sequence in X is convergent in X.

2.7 Binary relations

Definition 2.7.1. Let X be a nonempty set. A subset R of X x X is called a

binary relation on X.
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Remark 2.7.2. Let R be a binary relation on a nonempty set X. Note that for

each pair z,y € X, one of the following conditions holds:

(a) (z,y) € R, which amounts to saying that “x is R-related to y” or “z relates

to y under R Sometimes, we write 2Ry instead of (z,y) € R;

(b) (z,y) ¢ R which means that “z is not R-related to y” or “x does not relate
to y under R

In this dissertation, for a binary relation on a nonempty set X and

x,y € X, we write xR"y whenever xRy and x # y.

Definition 2.7.3. Let R be a binary relation defined on a nonempty set X and
x,y € X. We say that x and y are R-comparative if either (z,y) € R or (y,z) € R.
We denote it by [z,y] € R.

Definition 2.7.4 ([33]). Let X be a nonempty set and 7" a self-mapping on X.
A binary relation R defined on X is said to be T'-closed if for any z,y € X,

(z,y) e R=> (Tz,Ty) e R.

Example 2.7.5. Let X = [0,00) and T': X — X be defined by Tz = 22 for all
x € X. Define a relation R by

R={(z,y) e X x X :z <y}
Then R is T-closed.

Definition 2.7.6 ([33]). Let X be a nonempty set and R a binary relation on a

nonempty set X. A sequence {x,} C X is said to be R-preserving if
for all n € N.

Example 2.7.7. Let X =R and {z,,} = {n}. Define a relation R by
R={(z,y) e X x X 12z <y}

Then {z,} is R-preserving since (xy,xn+1) = (n,n+1) € R.
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Example 2.7.8. Let X =R and {z,,} = {2% ‘ne N}. Define a relation R by
1 1 1
K= {(070)7 <07 27L> ) <2n’ 2n+1>} :
Then {z,} is R-preserving since (&, Tp41) = (%, Qn%) e

Definition 2.7.9 ([33]). Let (X,d) be a metric space. A binary relation R defined

on X is said to be d-self-closed if whenever {z,} is an R-preserving sequence and
d
Tp —> T as N — 00,
then there exists a subsequence {z,, } of {x,} with [z,,,z] € R for all k € N.

Example 2.7.10. A relation R in Example 2.7.8 is d-self-closed with the usual

metric d.

Definition 2.7.11 ([34]). Let X be a nonempty set and R a binary relation on
X. A subset E of X is said to be R-directed if for each x,y € E, there exists z € X
such that (z,z) € R and (y,2) € R.

Definition 2.7.12 ([35]). Let X be a nonempty set and R a binary relation on
X.

a) The inverse, transpose or dual relation of R denoted by R, is defined b
P Y Yy

RI={(z,9) e X x X : (y,2) e R}.

(b) The symmetric closure of R, denoted by R°, is defined to be the set RUR™!
(ie., R :=RNRUR!). Indeed, R* is the smallest symmetric relation on X

containing R.

Proposition 2.7.13 ([33]). For a binary relation R defined on a nonempty set
X, we have

(z,y) e R =[x,y €N

Definition 2.7.14 ([36]). Let X be a nonempty set and R a binary relation on
X. For z,y € X, a path of length k (where k is a natural number) in £ from = to

y is a finite sequence {zg, 21,22, ..., 2t } € X satisfying the following conditions:
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(a) zo=x and z =y,
(b) (zi,2i+1) €Rforall i =0,1,2,... k—1.
Note that a path of length k involves £+ 1 elements of X, although they are not

necessarily distinct. We denote by Y(z,y,R) the family of all paths in R from x
to y.

Definition 2.7.15 ([37]). Let R be a binary relation on a nonempty set X. A
subset Z C X is said to be R-connected if for each x,y € Z, there exists a path in

R from z to y.

Definition 2.7.16 ([38]). Let R be a binary relation on a nonempty set X. A
sequence {z,} C X is said to be: R-nondecreasing if x,Rxp4q for all n € N; R-

increasing if x,R"x, 1 for all n € N.

Remark 2.7.17. Note that the notion R is T-closed is equivalent to say that T

is R-nondecreasing.

Definition 2.7.18 ([39]). A binary relation R defined on a nonempty set X is
said to be

(a) reflexive if (x,xz) € R for all x € X,

(b) idrreflexive if (x,z) ¢ R for all x € X,

(c) symmetric if (x,y) € R implies (y,z) € R,

(d) antisymmetric if (x,y) € R and (y,x) € R implies x =y,

(e) transitive if (z,y) € R and (y,z) € R implies (z,2) € R,

(f) complete, connected or dichotomous if [z,y] € R for all z,y € X.

Definition 2.7.19. A partially ordered set is a set X together with a partial
odering (also called partial order), that is, a binary relation which is written =<

and satisfies the following conditions for any x,y,z € X:
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(a) v 2 (Reflexive);
(b) xSy and y Xz, then z =y (Antisymmetric);
(¢)  <=yand y <Xz, then z < 2 (Transitive).

Also, the ordered pair (X, =) is called a partially ordered set.

Remark 2.7.20. Note that we can write a partial ordering > on a set X as
follows:

Yy =y.

for all z,y € X.

Definition 2.7.21 ([40]). Let T be a self-mapping on a nonempty set X. A binary

relation R on X is said to be

(a) T-transitive if it is transitive on T'X;

b) T-orbitally transitive if it is transitive on the orbit O(z) = {z,Tx,T?z,...
( ) y ) b )

of x under 7T for all x € X.

Remark 2.7.22. Note that the following implication are obvious and the converse

is not true in general.

Transitivity = 7T-transitivity == 7T-orbitally transitivity

Example 2.7.23 ([40]). Let X = {0, z, 2%, r } and a relation R be defined by

&E:{(:v,y)€X><X::v>y>0}u{(0,0),(0,jl>,<0,21n> :7124}.

Define T: X — X by Tx = %x for all x € X. Then R is T-orbitally transitive
which is not T-transitive since (O, i) , (i, %) € R but (0, %) ¢ R.

Definition 2.7.24 ([40]). Let R be a binary relation on a nonempty set X and
T:X — X be a given mapping. A sequence {z,,} on X is said to be: a (T;R)-
Picard sequence if it is a Picard sequence, that is, 41 =Tz, =T"z for alln € N
and xq is a given point in X, and x, Rz for all n € N; a (T';R)-increasing-Picard

sequence if it is a Picard sequence and z, 1"z, for all n € N.
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Proposition 2.7.25 ([40]). Let (X,d) be a metric space endowed with a binary
relation | and T be a self-mapping on X. Suppose that the following conditions
hold:

(i) R is T-closed;
(7i) there exists xg € X such that xoRT zg.

Then there ezists a (T,R)— Picard sequence based at the initial point x.

Definition 2.7.26 ([41]). Let (X,d) be a metric space. A self-mapping 7" on X
is said to be an orbitally continuous if for each x,z € X and any sequence {n;} of

positive integers with lim 7"z = z € X, we have lim TT"x =Tz.
1— 00 1—00

Definition 2.7.27 ([42]). Let (X,d) be a metric space endowed with a binary
relation . A self-mapping T on X is said to be R-continuous if Tz, — Tz for all

sequence {z,} C X such that z,, — = and x, Rz, for all n,m with n < m.

Definition 2.7.28 ([40]). Let (X,d) be a metric space endowed with a binary
relation |. A self-mapping 7" on X is said to be orbitally R-continuous if for

all z,z € X and any sequence {n;} of positive integers, we have T™z — z and

TrigRT™+1z (for all ¢ € N) imply TT™z — T'z.

The following implications show that the concept of orbitally R—continuity

is weaker than R-continuity, orbitally continuity and continuity.

Continuity = Orbitally continuity

Y U
R-continuity =- Orbitally R-continuity

Definition 2.7.29 ([42]). Let (X,d) be a metric space equipped with a binary
relation . A subset B C X is said to be (R,d)-increasingly reqular if for every
R—increasing sequence {z,} C X such that x,, = 2 € X as n — 0o, we have z,Rx

for all n.

Definition 2.7.30 ([38]). Let (X,d) be a metric space. A subset G C X is said

to be precomplete if each Cauchy sequence {z,} C G converges to some z € X.
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Definition 2.7.31 ([38]). Let (X,d) be a metric space endowed with a binary
relation . A subset G C X is said to be (R,d)-increasingly precomplete if each

R-increasing Cauchy sequence {x,} C G converges to some = € X.

Note that every precomplete subset of X is (R, d)-increasingly precom-

plete whatever the binary relation ¥.

2.8 Contraction mappings and generalized contraction mappings

2.8.1 Banach contraction mappings

In 1922, Banach [1] introduced a contraction mapping known as the

Banach contraction mapping as follows:

Definition 2.8.1 ([1]). Let (X,d) be a metric space. A mapping T': X — X is

said to be contraction mapping if there exists k € [0,1) such that
b d () (2.8.1)
for all z,y € X. The constant k is called Banach constant.

Example 2.8.2. Let X =R with the usual metric d. Define a mapping T': X — X
by
1

Tr=—x
2

for all x € X. Then T is a contraction mapping with the Banach constant k = %

Example 2.8.3. Let X = [0,1] with the usual metric d. Define a mapping T :
X — X by

Txr=cx

for all z € X, where c € [O, %) Then T is a contraction mapping with the Banach

constant k£ = 2c.

Example 2.8.4. Let X =R with the usual metric d. Define a mapping T": X — X
by

Tz = cos(cosx)

for all x € X. Then T is a contraction mapping with the Banach constant k =sin1.
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The author also established a remarkable fixed point theorem known

as Banach contraction principle as follows:

Theorem 2.8.5 ([1]). Let (X,d) be a complete metric space. If T : X — X is a
contraction mapping, then T has a unique fized point w € X, and for each v € X,
we have

lim T"z = w.
n—o0

Moreover, for each x € X, we have

n

d@r ¥y = -

d(Tz,x)
for all mn € N.

Example 2.8.6. Let X =R with the usual metric d. Define a mapping T': X — X

by Tx = %x for all x € X. Then T is a contraction mapping with the Banach

constant k = % It follows from Banach contraction principle that 7" has a unique

fixed point. In this case, a point 0 is a unique fixed point of 7.

2.8.2 Z-Contraction mappings

In 2015, Khojasteh et al. [22] introduced the definition of a simulation

function as follows.

Definition 2.8.7 ([22]). A mapping ¢ : [0,00) x [0,00) — R is called a simulation

function if it satisfies the following conditions:

(¢€1) ¢(0,0) =0;

(€2) ((t,s) <s—tforallts>0;

(¢3) if {tn}, {sn} are sequences in (0,00) such that dim ¢, = lim s, >0, then

limsup {(tn,sn) < 0.

n—oo

We denote the set of all simulation functions by Z.
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Example 2.8.8 ([22]). Let (1,(2,(3,: [0,00) x [0,00) — R be defined by the fol-

lowing rules:

1. Ci(t,s) = ¥(s) — o(t) for all t,s € [0,00), where ¢,7 : [0,00) — [0,00) are
two continuous functions such that ¢ (t) = ¢(¢) = 0 if and only if t =0 and
Y(t) <t < ¢(t) for all t > 0;

2. (o(t,s) =s— gg;gt for all ¢,s € [0,00), where f,g:[0,00) — [0,00) are two

continuous functions with respect to each variable such that f(t,s) > g(t,s)

for all t,s > 0;
3. (3(t,s) =s—(s)—t for all t,s € [0,00), where ¢ :[0,00) — [0,00) is a con-

tinuous function such that ¢(t) =0 if and only if ¢ = 0.

Then (; is a simulation function for all 1 =1,2,3.

Definition 2.8.9 ([22]). Let (X,d) be a metric space, T : X — X be a mapping
and ( € Z. Then T is called a Z-contraction mapping with respect to ¢ if the

following condition is satisfied
(d(Tz, Ty),d(x,y)) >0 (2.8.2)
for all x,y € X.

Remark 2.8.10 ([22]). Note that ((¢,s) <0 for all ¢,s > 0. Therefore, if T" is a

Z-contraction mapping with respect to ( € Z then
d(Tx,Ty) < d(x,y) (2.8.3)

for all distinct x,y € X. This means that every Z-contraction mapping is contrac-

tive, and therefore T is continuous.

Theorem 2.8.11 ([22]). Let (X,d) be a complete metric space and T : X — X be
a Z-contraction with respect to (. Then T has a unique fixed point u in X and for

every xg € X the Picard sequence {x,}, where x, = Txp_1 for alln € N, converges

to the fixed point of T'.

Ref. code: 25615909320441WJZ



25
The following example supports the Theorem 2.8.11.

Example 2.8.12 ([22]). Let X =[0,1] and d: X x X — R be defined by d(z,y) =
|z —y| for all z,y € X. Then (X,d) is a complete metric space. Define a mapping
T:X — X asTaw= ;7 forall z € X. Then T is not a Banach contraction, but

is a Z-contraction with respect to ( € Z, where

C(t,S) =

s
s+1

for all t,s € [0,00). Indeed, if z,y € X, then

d(z,y)
ATz, Ty).d el R
C(d(Tz,Ty),d(z,y)) T d(z.y) (T, Ty)
Bl a
= e | LAk e
27 v iy A Ty
1+ |z—1y (x+1)(y+1)
)

Note that, all the conditions of Theorem 2.8.11 are satisfied and so T" has a unique

fixed point. In this case, a point 0 is a fixed point of T'.

Next year, Demma et al. [24] gave the definition of a b-simulation

function as follows:

Definition 2.8.13 ([24]). Let b > 1 be a given real number. A mapping & :
[0,00) x [0,00) — R is called a b-simulation function if it satisfies the following

conditions:

(&1) &(t,s) <s—t for all t,s > 0;
(&) if {tn}, {sn} are sequences in (0,00) such that

. < T <1 <b 1
0< nh_}rrolotn < lhrglo%fsn < llerrLsO%pSn < bnh—>nolotn < 00,

then

limsup&(bty, sp) < 0.

n—oo
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We denote the set of all b-simulation functions by Z°.

Remark 2.8.14. Note that every simulation function is a b-simulation function

with b= 1.

We give an example of a b-simulation function as follows:

Example 2.8.15. Let b>1 and ¢ : [0,00) x [0,00) — R be defined by {t,s) =
W(s) — @(t), where ¢,1): [0,00) — [0,00) are functions such that ¢ (t) <t < ¢(t) for
all ¢ > 0 and v is continuous and nondecreasing. Then ¢ satisfies conditions (£1)

and (&2) in the Definition 2.8.13 as follows:

(&) Let s,t > 0. Then
E(t,s) =9(s)— () <s—t.

(&2) Let {t,}, {sn} are sequences in (0,00) such that

. el <1; <l
0< nlgrgotn < hnrglo%fsn < hrrlrisolépsn < brggrgotn < 00.

Then

limsup{(btp,s,) = limsup[i(s,)— o(bty,)]

n—oo n—oo

< limsupi(sy) —liminf (bty)

n—oo

IN

() (li};li> sup sn> — hnrg iorcl)f bty

< 11121: So%p Sp — hnrg lo%f bt,,

IA

0.

Therefore, £ is a b-simulation function.

Definition 2.8.16 ([24]). Let (X,d,b) be a b-metric space, T : X — X be a map-
ping and ¢ € Z°. Then T is called a Z-contraction mapping with respect to a

b-simulation functions & if
§(bd(T'x, Ty),d(x,y)) = 0 (2.8.4)

for all z,y € X.
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Theorem 2.8.17 ([24]). Let (X,d,b) be a complete b-metric space and let T : X —
X be a mapping. If T is a Z-contraction mapping with respect to a b-simulation

function &. Then T has a unique fixed point.

2.8.3 F-Contraction mappings

In 2012, Wardowski [26] introduced the concept of an F-contraction

mapping as follows:

Definition 2.8.18 ([26]). Let (X,d) be a metric space and T : X — X be a
mapping. Then T is called an F'-contraction mapping if there exists 7 > 0 such

that

Ve,ye X [d(Tz,Ty)>0=7+F(d(Tz,Ty)) < F(d(z,y))], (2.8.5)
where F': RT — R is a mapping satisfying:
(F1) F is strictly increasing, i.e. for all a, 8 € RT such that a < 3, F(a) < F(8);
(F2) for each sequence {a,} CRT, Jim oy, =0 if and only if lim F(ay) = —o0;
(F3) there exists k € (0,1) such that lim o*F(a)=0;

a—0t

Example 2.8.19 ([26]). Let I, F5, F3,: RT™ — R be defined by the following rules:

1. Fi(a)=Ina for all « € RT;
2. Fh(a) =a+Ina for all « € RT;

3. F3(a) = \’/—é for all « € RT.

Then F; is a function satisfying the conditions (F'1) — (£'3) for all i = 1,2,3.

Remark 2.8.20 ([26]). From (F'1) and 2.8.5 it is easy to conclude that every

F-contraction 7' is a contractive mapping, i.e.
d(Tz, Ty) < d(x,y), (2.8.6)

for all x,y € X with T'x # Ty. Thus every F-contraction is a continuous mapping.
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Moreover, Wardowski used concept of an F-contraction mapping to
consider the existence and uniqueness of fixed point in complete metric spaces

and given an example as follows:

Theorem 2.8.21 ([26]). Let (X,d) be a complete metric space and let T : X — X
be an F-contraction mapping. Then T has a unique fized point in z* € X and for

every * € X the sequence {T™x} converges to x*.

Example 2.8.22 ([26]). Consider the sequence {S,} as follows:

n(n+1)

Sp=1+2++n=——

forallneN. Let X ={S,,:ne€N}and d: X x X — R be defined by d(z,y) = |z —y|
for all z,y € X. Then (X,d) is a complete metric space. Define the mapping
T:X — X by

S mn= Sinan dWIFESs =5, qmiofiallied > 1.

The mapping 7" is not the Banach contraction mapping. Indeed, we get

. d(T(Sn), T(51)) ..
im (S, 51) = lim S —1

Sl [Fy

On the other side taking F(a) = a+Ina for all a € Rt we obtain that T is
an F-contraction mapping with 7 = 1. To see this, let us consider the following

calculations: First, observe that
Vm,n € N[T(Sp,) #T(Sp) < (m>2An=1)V(m>n>1)).

For every m € N, m > 2 we have

d(T(Sm), T(S1) a(r($m),T(S)d(Sm.81) _ Sm=1=1 5, s,

d(Sm,S1) Sy —1
_ m2—m—26_m
m2+m—2
< e ™
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For every m,n € N;m >n > 1 the following holds

A(T(Sm), T(Sn)) _a(T(Sm) T(Sn))—d(Sm,Sn) Sm—1=5n—1_§, 5, 1+Sm—1-5m

(S Sn) ¢ T S5n—5,
_ m—l—n—len_m
m+n-+1

< VM=l

Clearly Sy is a fixed point of T

In 2014, Piri and Kumam [43] used the following condition instead of
the conditions (£'2) and (£'3) in Definition 2.8.18:

(F2') inf F = —o0;

(F3') F is continuous on (0,00).

We denote by § the set of all functions satisfying the conditions (F'1), (F2’) and
(F3).

Example 2.8.23 ([43]). Let Iy, Fy, F3,: R — R be defined by the following rules:
1. Fi(a)=—21 for all « € RY;
2. Fy(a)=—1+aforall a e RT;

3. F3(a) = ﬁ for all « € RT.

Then F; is a function satisfying the conditions (F'1), (F2') and (F'3') for all i =
1,2,3.

Theorem 2.8.24 ([43]). Let (X,d) be a complete metric space and let T : X — X

be a mapping. Suppose F' € § and there exists T >0 such that
Ve,ye X [d(Tz,Ty)>0=7+F(d(Tz,Ty)) < F(d(x,y))]. (2.8.7)

Then T has a unique fived point in x* € X and for every x* € X the sequence

{T"x} converges to z*.
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2.8.4 Contraction mappings concerning weak altering distance func-

tions

We recall the definition of an altering distance function, which was

introduced by Khan et al. [25].

Definition 2.8.25. A function v : [0,00) — [0,00) is said to be altering distance

function if it satisfies the following conditions:

(1) 4 is continuous and nondecreasing;
(¢2) ¥(t) =0 if and only if t =0.

Example 2.8.26. Define 1, 19,13,14 : [0,00) — [0,00) by

P1(t) =12, ho(t) =t, Y3(t) = tel, wu(t) =In(1 +1)

for all ¢ > 0. Then ; is a function satisfying the conditions (¢'1) and (¢2) for all
i=1,2,3,4.

In 2012, Yan et al. [44] discussed some results on the existence and
uniqueness of a fixed point in partially ordered metric spaces by using the concept

of an altering distance function as follows.

Theorem 2.8.27 ([44]). Let (X,=X) be a partially ordered set and suppose that
there ezists a metric d in X such that (X,d) is a complete metric space. Suppose

that T : X — X is a continuous and nondecreasing mapping such that

W(d(Tx,Ty)) < o(d(z,y)),

for all z,y € X with x > y,where ¢ is an altering distance function and ¢ : [0,00) —
[0,00) is continuous function with the condition: ¥ (t) > ¢(t) for allt > 0. If there

exists xg € X such that xo < Txq, then T has a fized point.

Later, Sawangsup and Sintunavarat [19] introduced the following con-

trol functions which is a weaker version of altering distance functions.
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Definition 2.8.28 ([19]). A function % : [0,00) — [0,00) is said to be a weak

altering distance function if it satisfies the following conditions:

(11") ) is lower semicontinuous and nondecreasing;
(¢2) ¥ (t) =0 if and only if t =0.

Example 2.8.29 ([19]). Define ¢1,v2,13 : [0,00) — [0,00) by

In(14+¢) ift<1

() = ,
t ift>1

i) 2 ift<1
2 t) = 3

et—1 ift>1

=T 1l

P3(t) = :

2 ift>1

Then 11,19 and 13 are weak altering distance functions because 11,12 and 3 are
lower semicontinuous and nondecreasing. Moreover, 1;(t) = 0 if and only if t =0

forall e =1,2,3.

The authors in [19] also used this concept to prove the following fixed
point results in metric spaces endowed with a transitive relation, which is a gen-

eralization of fixed point results of Yan et.al. [44].

Theorem 2.8.30 ([19]). Let (X,d) be a complete metric space and R be a tran-
sitive relation on X. Suppose that T : X — X is a continuous mappings and R is

T-closed such that
Y(d(Tz,Ty)) < ¢(d(z,y)), (2.8.8)

for all z,y € X with (x,y) € R ,where ¢ is a weak altering distance function and
¢ :]0,00) = [0,00) is a right upper semicontinuous function such that ¥ (t) > ¢(t)
forallt>0. If X(T;R) :={x € X : (x,Tx) € R} is a nonempty set, then T has a
fixed point.
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2.9 Positive definite matrices and positive semidefinite matrices

In this dissertation, we will use the following matrix notations: M (n)
denotes the set of all n x n complex matrices, C"*! is a set of all n x 1 vectors.

The entry in the i** row and j** column of the matrix A is denoted by, a;j or [Alj.

Definition 2.9.1. The transpose of m x n matrix A is defined to be the n xm
matrix A7 obtained by interchanging rows and columns in A. More precisely, if

A= [CLZ‘J’], then [AT]Z'J' = aj;. For example,

T
Lyt
e 3 ¥ 5
3 4 =
2 46
5 6

Definition 2.9.2. For A = [a;;], the conjugate matrix is defined to be 4 = [a;;] ,
and the conjugate transpose of A is defined to be A" = AT. From now on, A" will
be denoted by A*, so [A*];; =@j;. Sometimes the matrix A* is called the adjoint

of A. For example,

1 — A SEFAEL 2
3 2+17 0

Definition 2.9.3. A matrix A € M (n) is said to be a Hermitian matriz whenever

A= A"
Now, we let H(n) denote the set of Hermitian matrices.
2 242
Example 2.9.4. A= is a Hermitian matrix because
2—2i 4
_ 2 2—2i - 2 242
A= and so A* = AT = =
2421 4 2—2i 4
114

Example 2.9.5. A= is a Hermitian matrix because

11z 0
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_ 8§ —11z _ 8 11z
A= and so A* = AT = = A.
112 0 —11z 0
Definition 2.9.6. For an n x n matrix A, scalars A and vectors z,x1 # 0 satisfying

Ax = Ax are called eigenvalues and eigenvectors of A, respectively.

Theorem 2.9.7. If A€ M(n) is a Hermitian matriz, then all eigenvalues of A
are real numbers.

2 144
Example 2.9.8. Let A= . Since A= A*, we get A is a Hermitian

.
matrix. It is easy to see that 1 and 4 are eigenvalues of A.

1%

Example 2.9.9. Let A = . Since A = A*, we get A is a Hermitian
11

matrix. It is easy to see that 0 and 2 are eigenvalues of A.

Lemma 2.9.10. For an m xn complex matriz A, the nonzero eigenvalues of A*A

and AA* are equal and positive.

) 0
7 W2 TS
Example 2.9.11. Let A= . Then A*=1| 2447 1 and so
0 3 —3i
3 3

1 1—-2¢ —3
and A*A=| 142 6 3—31
31 3+ 31 18

1] Pl ré)
Wity MU0

AA”

Therefore, eigenvalues of AA* are 5 and 20 and eigenvalues of A*A are 0, 5 and

20. Note that all nonzero eigenvalues of A*A and AA* are equal and positive.
Definition 2.9.12. Hermitian matrix A is called a positive definite matriz if
¥ Ax >0
for every nonzero x € C™*1,
Definition 2.9.13. Hermitian matrix A is called a positive semidefinite matriz if
¥ Ax >0

for every x € C™*1.
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Theorem 2.9.14. For a Hermitian matriz A, the following statements are equiv-

alent:

(a) A is positive definite;
(b) all eigenvalues of A are positive;
(c) A= B*B for some nonsingular' matriz B;

(d) A= B? for some positive definite B. Such a B is unique. We write B = Ab
and call it the (positive definite) square root of A.

Let denote P(n) by the set of all positive definite matrices.

Example 2.9.15. From Example 2.9.8, we see that A is a Hermitian and eigen-

values of A are 1,4, which are positive. Therefore, A is a positive definite matrix.

Theorem 2.9.16. For a Hermitian matriz A, the following statements are equiv-

alent:

(a) A is positive semidefinite;
(b) all eigenvalues of A are nonnegative;
(¢) A= B*B for some matriz B;

(d) A= B2 for some positive semidefinite B. Such a B is unique. We write

B =A? and call it the (positive semidefinite) square root of A.

Let denote Ht(n) by the set of all positive definite matrices.

Example 2.9.17. From Example 2.9.9, we see that A is a Hermitian matrix
and eigenvalues of A are 0,2, which are nonnegative. Therefore, A is a positive

semidefinite matrix.

LAn n x n matrix A is called nonsingular or invertible if there exists an n x n matrix B such

that
AB =1, = BA.

Any matrix B with the above property is called an inverse of A and it is denoted by A~L.
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Corollary 2.9.18. If A€ M(n) is a positive semidefinite matriz, then so is each
AF k=12, ...

Proposition 2.9.19. The sum of positive semidefinite matrices is a positive semidef-
inite matriz. Also, if A is a positive semidefinite matriz and a > 0, then aA is

also a positive semi-definite matriz.

2 0 0 1 00
Example 2.9.20. Let A= 0 3 — |and B=] 0 2 0 |. Since A= A*

0 ¢ 3 00 2
and B = B*, we get A and B are Hermitian matrices. Moreover, eigenvalues of A

are 2,2 4 and eigenvalues of B are 1,2,2. Therefore, A and B are positive definite

matrices. Since

30 0
A+B=10 5 —i |,
7 5
which A+ B = (A+ B)* and eigenvalues of A+ B are 3,4,6. Therefore, A+ B is

a positive semidefinite matrix. If a = 2, then

4 0 0
2A=(0 6 -2
0 22 6
Note that 2A = (2A)* and eigenvalues of 2A are 4,4,8. Therefore, 24 is also

positive semidefinite matrix.

Theorem 2.9.21. If A€ M(n) is a positive semidefinite matriz, and S is any

n X m matriz, then S*AS is a positive semidefinite matriz.

1 — 11
Example 2.9.22. Let A = and S = . Now, we have A is a
11 2 0

positive semidefinite matrix and so

S AS 1 2 1 — 11 ) 1+2:
10 1 2 0 1—-2: 1

Since S*AS = (S*AS)*, we get S*AS is a Hermitian matrix. That is, eigenvalues

of S*AS are 0 and 6. This means that S*AS is a positive semidefinite matrix.
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Notation 2.9.23. Let A,B € H(n). We write
e 0 <A if A is a positive semidefinite matriz;
o 0 <A if A is a positive definite matrix.
o A=< B if B— A is a positive semidefinite matriz;
e A< B if B—A is a positive definite matriz.

Note that (H(n),=) is a partially ordered set.

Theorem 2.9.24. Let A, B € H(n) and let S be an n xm matriz. If A= B, then

S*AS = S*BS.
12 123 5 b
Example 2.9.25. Let A = and B = . Then, A and
—12¢ 12 -5 5
B are Hermitian matrices and so
7 T
A—B= \
AT & T

which eigenvalues of A— B are 0 and 14. Thus, A — B are positive semidefinite.

—21 3
This means that A > B. If S = , then
4 143
28 14
S*AS —S*BS =
14 7

which eigenvalues of S*AS —S*BS are 0 and 35. Therefore, S*AS —S*BS is also
positive semidefinite. This means that S*AS > S*BS.

2.10 Ky Fan norms and Thompson metrics

Definition 2.10.1. For m x n complex matrix A, the nonzero singular values of

A are the positive square roots of the nonzero eigenvalues of A*A (and AA*).

Example 2.10.2. From Example 2.9.11, the nonzero eigenvalues of A*A (and
AA*) are 5 and 20. Therefore, the nonzero singular values of A are v/5 and 2+/5.
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Proposition 2.10.3. If A is a Hermitian matriz, then its singular values are the

absolute values of its nonzero eigenvalues.
Example 2.10.4. From the Hermitian matrix A in Example 2.9.8, we get

6 5+51
5—951 11

A"A=

and so nonzero eigenvalues of A* A are 1 and 16. Therefore, nonzero singular values
of A are v/1=1 and v/16 = 4, which are absolute values of nonzero eigenvalues of
A (|]1] =1 and |4| =4).

n
Proposition 2.10.5. Let A be an n xn matriz, then »  \; = tr(A), where \; are

=1
eigenvalues of A.

2 141
Example 2.10.6. Let A= . From Example 2.9.8, we know that
1—¢ 3
2
eigenvalues of A are 1 and 4. That is, \; =1, Ao = 4. Therefore, Z)\Z‘ =14+4=

=1
5=2+3=tr(A).

18—
Example 2.10.7. Let A= . From Example 2.9.9, we know that eigen-
. |
2
values of A are 0 and 2. Assume that A\ =0, Ay = 2. Therefore, Z)‘i =0+4+2=

i=1
2=14+1=tr(A).

Definition 2.10.8. 1. The spectral norm || - || : My, xn(C) — R is defined by

[Al =/ A+ (A*A)
for all A € My, (C), where AT (A*A) is the largest eigenvalue of A*A.

2. The Ky Fan norm (or trace norm) || -||¢ : M(n) — R is defined by

1AL =3 5;(A)

j=1

for all A€ M(n), where sj(A),j =1,2,...,n are the singular values of A.

Ref. code: 25615909320441WJZ



38

Remark 2.10.9 ([17]). The set H(n) endowed with the trace norm is a complete

metric space.

Lemma 2.10.10 ([17]). Let A> 0 and B = 0 be n xn matrices. Then
0 <tr(AB) <||Al|tr(B),

where || Al| is the spectral norm of a matriz A.

3 3 4 4
Example 2.10.11. Let A= and B = . It is easy to see
—3i 3 —4i 4

that A > 0 and B = 0 and tr(B) = 8. Since

3 3 3 3 18  1&
AA* = 4 ,
=5 W) —3:_3 — iRy 13
which eigenvalues of AA* are 0 and 36. Thus, ||A|| =/AT(A*A) =+1/36 =6. Since

3 4 43 24 243
AB = =
=3 a3 —4i 4 —241 24

we get tr(AB) = 244 24 = 48. Therefore,
0 <48 =tr(AB)=(6)(8) = ||A||tr(B).

Lemma 2.10.12 ([46]). If A€ H(n) satisfies A < I, then ||A|| < 1.

05 01RO 1 00
Example 2.10.13. Let A = 0 02 0 and /=1 0 1 0 |. Since A=
0O 0 0.3 0 01

A*, we have A € H(n). Moreover,

05 0 0
I-A=1 0 08 0 |,
0 0 07

which eigenvalues of I — A are 0.5, 0.8 and 0.7. This implies that A < I. Consider

025 0 0
0 0 0.09

Ref. code: 25615909320441WJZ



39

which eigenvalues of I — A are 0.04, 0.09 and 0.25. Therefore,

JA]| = /AF(A*A) = V0.25 = 0.5 < 1.

Definition 2.10.14 ([21]). We use dr(,) as the Thompson metric on P(n), which
is defined by
dr(A, B) = log{max{«,3}}, (2.10.1)

where a =inf{0: A<{B} = )\+(B_%AB_%), the maximum eigenvalue of B~2 AB~2
and 8 =inf{0: A < B} =A\*(A"2 BA~?), the maximum eigenvalue of A~2 BA~2.

Remark 2.10.15 ([21]). The set P(n) is complete with respect to Thompson

metric dp.

The following properties of the Thompson metric for positive definite

Hermitian matrices in the form of a lemma will be useful later.

Lemma 2.10.16 ([47]). Let dp be the Thompson metric on P(n). Then the

following assertions hold:

(i) dr(A,B) = dp(A~Y, B™Y) = dp(MAM*, MBM*) for all A,B € P(n) and

nonsingular matriz M ;
(i7) dp(A",B") <|r|dp(A,B) for all A,B € P(n) and r € [-1,1];

(i#i) dr(A+ B,C+ D) < max{dr(A,C),dr(B,D)} for all A,B,C,D € P(n). In
particular, dp(A+ B,C+ D) <dp(B,D).

Lemma 2.10.17 ([48]). Let A, Be€ H(n). IF A>B >0 (or A= B> 0), then
A%~ BY>0 (or A*>B*>0) foralla €[0,1) and 0 < A* < B* (or0 < A* < B%)
or all a € [-1,0).
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CHAPTER 3

FIXED POINT RESULTS

In this chapter, the existence and uniqueness of a fixed point of new
contraction mappings in the setting of metric spaces and b-metric spaces endowed

with binary relations are given. Our investigation will be divided to three sections.

3.1 Fixed point results for Z%-contraction mappings

According to the concept of Z-contraction mappings with respect to
b-simulation functions, we will improve such mappings under an arbitrary binary
relation | namely Zglc’e—contraction mappings and investigate the existence and
uniqueness of a fixed point of Z&’E—contraction mappings in b-metric spaces. Now,

we first give the definition of a b-d-self-closed as follows:

Definition 3.1.1. Let (X,d,b) be a b-metric space. A binary relation R defined
on X is called b-d-self-closed if whenever {x,} is an R-preserving sequence and

Tp, — T as n— 00, then there exists a subsequence {xy, } of {z,} with [z, , 2] € R

for all £ € N.

Let us denote Z° by the set of all b-simulation functions. Now we
introduce the concept of a Z-contraction mapping with respect to b-simulation

functions under an arbitrary binary relation R as follows:

Definition 3.1.2. Let (X,d,b) be a b-metric space, T': X — X be a mapping and
¢ € Zb. If the following condition holds:

E(bd(Tx,Ty),d(z,y)) >0 forall z,ye X with (z,y) € R, (3.1.1)

then T is called a Z-contraction mapping with respect to b-simulation functions &
under an arbitrary binary relation RN. But for the sake of simplicity, we call only

Z§lf% -contraction mapping.

Ref. code: 25615909320441WJZ



41

First, we give the following useful proposition concerning the contrac-

tive condition of Z%—contraction mappings.

Proposition 3.1.3. Let (X,b,d) be a b-metric space, R be a binary relation on X,
T be a self-mapping on X and & € Z°. Then the following contractive conditions

are equivalent:

(i) £(bd(Tz,Ty),d(z,y)) >0, Vr,y€ X with (z,y) € R,

(i7) £d(Tx,Ty),d(z,y)) >0, Vr,ye X with [z,y] € R.

Proof. The implication (i7) = (i) is trivial. Conversely, assume that (i) holds.
Take z,y € X with [z,y] € R. If (x,y) € R, then (ii) directly follows from (7).
Now, suppose that (y,z) € R, then using the symmetry of d and (i), we get

§(bd(Tz, Ty),d(x,y)) = §(bd(Ty, Tx), d(y, ) = 0.
This shows that (i) = (i7). This completes the proof. O

The following lemma is needed to establish the fixed point result en-

dowed with a transitive relation.

Lemma 3.1.4. Let (X,b,d) be a b-metric space, R be a transitive relation on X,

T be a self-mapping on X. Suppose that the following conditions hold:
(1) X(T;R) is nonempty;
(1) R is T-closed;

(i3i) there is a & € Z° such that T is a Zgb%—contmction mapping with respect to
£ e zb.

If {x,} is a Picard sequence defined by x, = Txn—1 for all n € N, where xy €
X(T;R) and xp—1 # xy for all n € N, then the following assertions holds:

(a) nlggod(xnaxn-&-l) =0;
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(b) {zn} is a bounded sequence;

(¢) {zn} is a Cauchy sequence.

Proof. Since (zg,Tx¢) € R, using the T-closedness of R, we get
(Txo, T%x0), (T2, T3x0), ..., (T"x0, T" 20), ... € R (3.1.2)
and so (2, rp41) € R for all n € Ny. By the condition (iii) and (&1), we have
0 < &bd(T o, T" ao),d(T" 20, T"0))
< d(T" lzg, TMzq) — bd(T"zo, T" o),
for all n € N. The above inequality show that for each n € N
b\ it 1 ol (L, 1€ T

which implies that {d(z,,zn+1)} is @ monotonically decreasing sequence of positive

real numbers. So, there exists some ¢ > 0 such that

lina 7 (@0 2P0 4} =2t (3.1.3)

n—oo

Assume that ¢ > 0. Setting s, := d(zp—1,%y), and t,, := d(zy,xn41) for all n € N,

by the assumption (i77) and (£2), we get

0< hmsuPé(bd(xnamn+1)ad<xnflaxn)) <0,

n—oo

which is a contraction. Therefore, ¢ = 0. This implies that

lim d(zp,zp41) =0. (3.1.4)

n—oo

Next, we show that the conclusion (b) holds. Suppose that {x,} is not a bounded
sequence. Then there exists a subsequence {x,,, } of {z,} such that ny =1 and for

each k € N, ni 1 is the minimum integer such that
d(wp,, Tny, ) > 1 (3.1.5)

and

d(zp,,,xm) <1 (3.1.6)
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for n, <m <mnpy1—1. By the inequalities (3.1.5), (3.1.6), and the triangle in-
equality of a b-metric space, we have
1 < d(:z:nk,xnkﬂ)
< bd(xnk7xnk+1_l) + bd<xnk+1—1=xnk+1)
< b+bd(Tny -1, Tn, ) (3.1.7)

Letting k — oo in (3.1.7) and using the fact in (a), we get

1 <liminfd(xp,, oy, ) < limsupd(zn,,p,,,) < 0. (3.1.8)
k—o0 k—00

Again, from the assumption (7i7) together with (£1) and the triangle inequality of

a b-metric space, we have

IN

bd(xnk7xnk+1) d<x”k_1’xnk+1—1)

IN

bd(xnkfl ) xnk) N bd(xnk ) xnk—&-l*l)

SROA(TH | T ). (3.1.9)

Letting k& — oo in the inequality (3.1.9) and using (3.1.8), we obtain that there

exists
klggod(x”k’ﬁnkﬂ) =1 (3.1.10)
and
kli_{lgod(xnk—l»xnkﬂ—l) (i) (3.1.11)

Putting ty =: d(xp,, 7y, ,) and s; := d(2n,—1,%n, 1) in the condition ({2), we
get
0 <limsup&(bd(zn,, vny., ), d(Tn),—1,Tn,.1-1)) <0, (3.1.12)

k— o0

which is contradict. Therefore, {z,,} is a bounded sequence.

Finally, we show that {x,} is a Cauchy sequence. Denote
Cy, = sup{d(z;,z;) :4,j > n} (3.1.13)

for all n € N. It follows from the fact that {x,} is a bounded sequence. Then
Cp < oo for all n € N. Since {C,} is a positive decreasing sequence, there exists
some C' > 0 such that

nh—>Holo Cn=_C. (3.1.14)
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If C' >0, then for every k € N, there exist ny, my such that m; > ng > k and

1
Cr — T < d(xp,,Tm,) < Ck.

Therefore,

lim d(zp,,Tm,) = C. (3.1.15)

n—oo

Since R is a transitive relation, we get (25, —1,%m,—1) € #. This implies that

E(bd(zny,, Tm,, ), d(Tn),—1,Tme—1)) > 0. (3.1.16)
From (&;) and (3.1.13), we obtain
bd[Gn NG, ) GG, — i P SFC e N (3.1.17)
Letting k — oo in the inequality (3.1.17) and using (3.1.15), we get
bC < liminfd(xn,—1,%m,—1) < limsupd(zp,—1,Tm,—1) < C. (3.1.18)

k—o0 k—oo

If b> 1, the inequality (3.1.18) implies that C'= 0. Suppose that b =1. Putting

ty :=d(zn,, Tm,,) and si := d(zp,—1,2m,—1) in the condition (£2), we get
Ui supEbdiGsy. Frmand e, 150 W) <0 (3.1.19)
k—o0
which is contradict. Therefore, C'=0 and so for each b > 1, we obtain
nli_}rgo (=10,

Hence, {z,} is a Cauchy sequence. This completes the proof. O

Now we establish the fixed point theorem of foe—contraction mappings

as follows:

Theorem 3.1.5. Let (X,b,d) be a complete b-metric space, R be a transitive
relation on X and T be a self-mapping on X. Suppose that the following conditions
hold:

(1) X(T;R) is nonempty;
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(1) R is T-closed;

(i3i) there is a & € Z° such that T is a fot-contmction mapping with respect to
£ezb;

(iv) T s continuous.

Then T has a fized point. Moreover, for each xg € X(T;R), the Picard sequence
{zp} in X defined by xp, =Txn—1 for all n € N, converges to a fized point of T.

Proof. Let zp be an arbitrary point in X (7;R). Put x, = Txp—1 = T"xq for all
n € Nog. If xp« = xp+y1 for some n* € Ny, then x,+ is a fixed point of T. Thus
we will assume that z,, # z,41 for all n € Ng. By Lemma 3.1.4, we have {z,} is
a Cauchy sequence. From the completeness of X, there exists x* € X such that
Tn — ¥ as n — co. By condition (iv), we have Tz, — Tx* as n — oo. This

implies that, Tx* = 2*. This completes the proof. ]

Theorem 3.1.6. Theorem 3.1.5 also holds if we replace hypothesis (iii) by the

following one
(v) R is b-d-self-closed.

Proof. The arguments of the proof of theorem 3.1.5 prove that there exists x* € X

such that x,, — 2* as n — oo. Then there exists a subsequence {x, } of {z,} with
(2,77 € R (3.1.20)

for all k£ € N. Suppose by contradiction that x* is not a fixed point of 7. That is,
x* # Tx* and so d(«*,Tz*) > 0. Since z,, — x* as k — oo, there is k1 € N such
that

d(xn,,x") < d(z*,Tz") (3.1.21)

for all k > k1. In particular, z,, # T'z* for all k> k1. So

d(Txy,,Tr") = d(xn,+1,T2*) >0 (3.1.22)
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for all £ > k;. Since x,, # xp41 for all n € N, it is impossible the condition that
there exists kg € N such that x,, = 2" for all £ > ks. So there exists a subsequence
{Zng k)t of {n, } such that x,, () # 2" for all k € N. Next, let k3 € N such that
o(k3) > k1. By (3.1.21) and (3.1.22), we get

d(xna(k),il?*) >0 (3.1.23)

and

(T, 1, T") > 0. (3.1.24)
for all k£ > k3. Using (&), and Proposition 3.1.3, we get
0 < E(bd(Txp, (1), Tx"), d(Tp, (1), ) < d(Tpy (i), ) — bd(TTy, (1), TT).
for all £ > k3. This implies that
bd(Ty,, (1), Tx*) < d(Ty, (1), 7")

for all £ > k3. Using the triangle inequality and the symmetry of b-metric d, we

have

d(Tz*,z%) < bd(Tz", 2, (k)11) +0d(Tp, (1) 41,2")
= bd<xng(k)+17Tx*)+bd(xno'(k‘)+17x*>

< Ay 1,2") + b 1, 57) (3.1.25)

for all k > k3. Letting k — oo in the inequality (3.1.25), we get d(Tx*,x*) = 0.
That is, Tx* = x*. This completes the proof. m

Remark 3.1.7. Note that the transitivity of R is sufficient to guarantee the

existence of a fixed point of Zglfe—contraction mappings in b-metric space.

The following theorem guarantees the uniqueness of the fixed point in

Theorems 3.1.5 (resp. Theorem 3.1.6).

Theorem 3.1.8. In addition to the hypothesis of Theorem 3.1.5 (resp. Theorem

3.1.6), suppose that the following condition holds:
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(u) Y(z,y,R) is nonempty for allx,y € Fix(T):={z € X : z is a fized point of T}.
Then T has a unique fixed point.

Proof. To prove uniqueness, assume z*,y* are two fixed points of 1" such that
x* # y*. Since Y(z,y,R) is nonempty, for all x,y € X, there exists a path (say

{20,21,22,..., 21 }) of some finite length k£ in R from = to y so that
2=, zL=9y", (zi,zi41) ER foreach i=0,1,2,....k—1.

As R is transitive, we have

(ZO>Z]€) eh

forall=0,1,2,...,k—1 and for all n € N. Therefore,
0 < {(bd(Tz0,Tz1),d(z0,2;)) < d(z0,2;) — bd(Tz0,Tz1) = d(z*,y") —bd(z*,y").

That is,
bl iy (IR ) ol (G5 )
which is a contradiction. This implies that 7" has a unique fixed point. O

Remark 3.1.9. Note that we use the result in Theorem 3.1.8 to derive a criterion
for the existence of fixed points in some cases wherein several results in [24, 28]

cannot be guaranteed the existence of fixed points.

3.2 Fixed point results for (F,vy)p-contraction mappings

In this section, we prove the existence and uniqueness of a fixed point
of (F,vy)gp-contraction mappings in metric spaces. We start our consideration by

giving the important concepts of two new control functions.

Definition 3.2.1. Let F be the set of all functions F': RT — R satisfying the

following conditions:

(Fy) for each sequence {ay}nen of positive numbers, nlgrolo ap, =0 if and only if

A, £ (an) = —oo;
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(Fy) F' is lower semicontinuous.

Example 3.2.2. Define a mapping F': RT™ — R by

=L ifa<3

1. Fla)= :

—Lo ifa>3

(a+1)
“ta ifa<28
2 F(Oé): )
20—3 ifa>28
il .

= if o <2
3. Fla)=4{ """ .
In(a—1) if a>2

Definition 3.2.3. Let ' be the set of all functions v : RT — R satisfying the

following conditions:

(v1) for each sequence {ay}pen of positive numbers, nh—>Holo ay, = 0 if and only if

L Y@n) = —oo;

(72) < is right upper semicontinuous.

Example 3.2.4. Define a mapping v: RT — R by

=L ifa<46

1. y(a) = )
cosa if «>4.6
In(%+sina) if a<3.2

3

2. y(a) = ( ) )
sin o if a>3.2
In o if <b

3. () = :
In(a+cosa) ifa>5

Note that every continuous function is lower semicontinuous and right
upper semicontinuous and so families F and I" are larger than the family of func-

tions of Imdad et. al. in [49].
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Now, we introduce a new contraction mapping concerning control func-

tions in F and I' in metric spaces endowed with a binary relation as follows:
Definition 3.2.5. Given a metric space (X,d) and a binary relation # on X, let
A={(z,y) e R:d(Tz,Ty) >0}.

A self-mapping T on X is said to be (F,v)y-contraction mapping if there exists
FeF,vel and 7 > 0 such that

r+ P(d(T7,Ty)) < 7(d(x,9)) (3.2.1)

for all (z,y) € A.

The following theorem shows the existence and uniqueness of a fixed

point for (F,v)gp-contraction mappings.

Theorem 3.2.6. Let (X,d) be a complete metric space, let R be a transitive
relation on X and let T be a self-mapping on X. Suppose that the following

conditions hold:
(a) X(T;R) is nonempty;
(b) R is T-closed;
(¢) T is continuous;

(d) T is an (F,7y)gn-contraction mapping with F(a) > y(a) for all o > 0.

Then T has a fized point. Moreover, for each xg € X(T;R), the Picard sequence
{T"x0} is convergent to the fixed point of T.

Proof. Let xg be an arbitrary point in X (7;R) and x,, = Tx,—1 = T"xq for all
n € Ng. If z,x = xp+41 for some n* € Ny, then x,+ is a fixed point of T" and the

proof is completed. So we assume that

Ty F Tptl (3.2.2)
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for all n € Ny and so d(Txy,Tzp41) > 0 for all n € Ny. Since (z9,7z¢) € R, using
that R is T-closed, we get
(Tn,Tny1) ER (3.2.3)

for all n € Ng. Thus (z,,xp+1) € A for all n € Ny. Since T is an (F,~y)gp-contraction

mapping, we have
F(d(zp,2n41)) = F(d(Txp—1,Txy)) < vy(d(xp—1,24)) — T (3.2.4)
for all n € N. Denote a,, = d(zy,,z,+1) for all n € Ng. From (3.2.4), we obtain
F(an) <7y(an—1) —7 < F(an-1) =7 <~v(ap—2) =27 <--- <~v(ap) —nt (3.2.5)

for all n € N. From (3.2.5), we obtain Jim_ F(a,) = —oo, which together with
(F»), we have

Jim a, = 0. (3.2.6)

From (3.2.2) and (3.2.6), we get x,, # xy, for all n,m € Ny with n # m. Now, we
will show that {x,} is a Cauchy sequence in X. Suppose by contradiction that
{zy} is not a Cauchy sequence. By Lemma 2.5.22 and (3.2.6), there exist € >0
and two subsequences {z, )} and {z,,)} of {x,} such that n(k) >m(k) >k,
such that

Jim (ks Tm(e) = Hm d(@n()—1, Ty -1) = €

Since  is transitive, we have (z,,(4)—1,Zpk)—1) € R. Applying the condition (d),
we have

T+F(d(xn(k)7xm(k:))) < ﬁ)/(d(xn(k)—lﬂxm(k)—ﬁ)

and so

7+ lminf F(d(z, ), 2m))) < Hminfy(d(zn )1, Tmw)-1))

k—o00

< lim sup’y(d(l'n(k)_1 ) Sﬁ'm(k)—l)>-

k—o0

Thus,
T+ F(e) <(e) < F(e),

which is a contradiction. Hence, {x,} is a Cauchy sequence. By the completeness

of X, there exists #* € X such that z, — x* as n — co. So it follows from the
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continuity of the mapping T" that x,11 =Tz, — Tx* as n — co. This implies that

Tx* =x*, that is, x* is a fixed point of T". This completes the proof. n

Now, we give an example to illustrate the utility of Theorem 3.2.6.

Example 3.2.7. Let X =[0,00) and d: X x X — [0,00) be the Euclidean metric
defined by d(z,y) = |z —y| for all z,y € X. Thus (X,d) is a complete metric space.

Consider the sequence {ay, }nen defined as
an:gOHdﬂn+® for all n € N
Define a binary relation ® on X by
R={1,1)}U{(1,04): i € N}U{(0y,0j) :i < j for all 4,j € N}.

So R is transitive relation. Define a mapping 7 : X — X by

T if0<x<1,
[Inz] if1<z<ay,
TH=
(&) +1 if o <z <ay,
an_1(an2i;ﬁﬁ;:n(w—an) if <z < a;qq foralln e N—{1,2}.

It is easy to see that T is continuous and R is T-closed. Now we show that T is
an (F,7)g-contraction mapping with 7 =2 and F,7: R" — R which are defined
by

“lidy ifa<ll, =tia ifa<6.b,
Fla)= and (o) =
Lta ifa>11, Z2+a  ifa>65.

Let (z,y) € A={(z,y) € R:d(Tx,Ty) > 0}. So we have to consider
into four cases.
Case I: if =1 and y = ay. Then d(x,y) =7 and d(Tx,Ty) =1 and

SO

1 4

24 F(d(Tx,Ty) =2~ o+ -
+F(d(Tz,Ty) ATz Ty) 5

2
iey) +d(z,y) =y(d(z,y)).
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Case II: if x =1 and y = «; for all i > 2. Then d(z,y) = |1 — ;| > 19
and d(Tz,Ty) = |1 —a;—1| > 7 for all i > 2 and so

2|1—04i_1|—|1—oz¢| < 2|1—Ozi_1’
< |1—OziH1—Oéi,1|

< |1—Ozi||1—0zi_1|(|1—ai|—|1—Ozi_1|—2)

= 2 — <I|1—oy|—|1—o_

+|1_a1’ |1—Oéi_ | —| a’L| | Q 1|

L | P

— a1 < — — .

|1—Ozi,1| o |1—Oé¢| ‘

That is,
2+ F(d(T,Ty) = 2 — ——— 4 d(Tz,Ty) < ———— +d(z,9) = (d(z,9))
x =4 — xr — g5 = X .
) y d(Tx7Ty) 7 y —_ d(x7y) 7y ’7 7y

Case III: if v = aq and y = ag. Then d(x,y) =6 and d(Tx,Ty) =1

and so

1 4 1 1

m + 5d(TJ},Ty) < _d($,y) + *d(m,y) = 7(d(gp7y))_

24+ F(d(Tz,Ty) =2— 3

Case IV: if v = oy and y = o for all 4,7 € N with i < j where (7,j) #
(1,2). Then d(z,y) = |o; — oj| > 12 and d(T'z, Ty) = |aj—1 — j—1| > 6. So

20ai-1 —aj-1| =lei—aj] < 2lai1—aj-]
< lai—ajllai-1 —aj-1]

< o —ajllai—1 — 1| (o — | = a1 — 1] = 2)

2 1
= 2+ - <o — o] — |ai—1 — a1
|ozi—ozj| |Ozi_1—ozj_1|
1
= 2——+|y—1—oj_1| < ——— + | —
Qi1 —aj1| | — o
That is,
24 F(d(Tx, Ty) =2 L A(Te Ty) < ——2— T d(z,y) = ~(d(z.y))
x =2 x — x,y) = z,1)).
LY d(Tx,Ty) yAY) > d(x,y) 'Y Y Y
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From Case I, Case II, Case III, and Case IV, we can show that
2+ F(d(Tz,Ty) < y(d(z,y))

for all (x,y) € A.

This yields that 7" is an (F,~y)g-contraction with 7 = 2. Moreover,
there exists g =1 € X such that (xg,Tz) € R. This shows that X(T;R) is a
nonempty set. Therefore, all the conditions of Theorem 3.2.6 are satisfied and so

there exists a fixed point of 7'. In this case, 7" has infinite fixed points (see Figure

3.1).

18 [[=——=Tu ‘/‘ B
w— -

0 2 4 B g 10 12 14 16 18 20

Figure 3.1: Graphs of y =x and y =Tz in Example 3.2.7.

Remark 3.2.8. Note that fixed point theorems concerning F-contraction map-

pings in [49] can not be used to solve this example since F' and 7 are not continuous

and F'(a) # v(«) for all a > 0.

In the following result, we omit the continuity of 7" from Theorem 3.2.6.

Theorem 3.2.9. Theorem 3.2.6 also holds if we replace the hypothesis (c) by the

following one:
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() (X,d) is R-nondecreasing-regular.

Proof. From the proof of Theorem 3.2.6, there exists * € X such that x,, — z* as
n — oo. Since (ry,7p+1) € R, it follows from (¢') that (z,,z*) € R for all n € N.

Now we consider two case depending on L ={n € N: Tz, =Tx*}.

Case I: If L is finite, there exist ng € N such that Tz, # Tx* for all
n > ng. So we consider x,, # x*, d(zy,2*) > 0 and d(Tz,, Tx*) > 0 for all n > ny.

Since T is (F,v)g-contraction, we have
T+ F(d(T'zn, Tz")) < y(d(zn, 7))

for all n > ng. Since d(x,,x*) — 0 as n — oo, we have y(d(xy,z*)) — 00 as n — oo
and so F(d(Txy,Tz*)) — 0o as n — co. By (Fh), we have d(Tzp,Tz*) — 0 as

n — oo. This implies that T'z* = 2* and so z* is a fixed point of T.

Case II: If L is infinite, then x,41 =Tz, =Tx* for all n € L. Taking

n — 0o, we get * = Tz* and so x* is a fixed point of 7.

Therefore, T" has a fixed point. This completes the proof. n

The following theorem guarantees the uniqueness of the fixed point in

Theorems 3.2.6 and 3.2.9.

Theorem 3.2.10. In addition to the hypothesis of Theorem 3.2.6 (respectively,
Theorem 3.2.9), Y(x,y,R) is nonempty, for all x,y € Fix(T'). Then T has a unique
fixed point.

Proof. Suppose that x and y are two distinct fixed points of 7. Then d(Tz,Ty) =
d(x,y) > 0. Since T(z,y,R) is nonempty, there is a path (say {zo,21,22,..., 2% }) of
some finite length &k in R from z to y, so that

o=z, zp=vY, (2i,2i+1)€R foreach i=0,1,2,....k—1.
By the transitivity of &, we get

(x,21) €ER, (21,22) €R,..., (zr_1,y) ER = (x,y) €N
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The contractivity condition (3.2.1) implies that
T+ F(d(z,y)) = 7+ F(d(Tz,Ty)) <~(d(z,y)),
Since F'(«) > v(a) for all a > 0, it follows that
T+ F(d(z,y)) < F(d(x,y)),

which is a contradiction because 7 > 0. Thus T has a unique fixed point. O

3.3 Fixed point results for (¢, ¢, R)-contraction mappings

In this section, we discuss the existence and uniqueness of fixed point

of (1, ¢, R)-contraction mappings. So we introduce the following notations.

U= {1 :[0,00) — [0,00) : ¢ is lower semicontinuous and nondecreasing},

and

O :={¢:[0,00) = [0,00) : ¢ is right upper semicontinuous}.

Here, it can be pointed out that every continuous function is lower
semicontinuous and right upper semicontinuous. So the class VU is larger than the
family of all weak altering distance functions and the family of all altering distance
functions. Now we give some examples of functions including the class of ¥ and

the class ®, respectively.

Example 3.3.1. Define 11,192,135 : [0,00) — [0,00) by

In(l1+s)+1 ifs<1
¢1(S): )
s+1 if s>1

52 ifs<1
¢2(5) = )

eS—1 ifs>1
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es+1 ifs<l1
wg(s) = .
3s+1 ifs>1

We see that ¢1,192,13 € U. (The graphs of functions 1,19 and 3 are shown in
Figure 3.2).

—In(1+s)+1 — 241
_ 6 e =05
2.5
5
Z 9 5 4
5 g
e - /
i 3 //
1.5 o e
4 o
1
0 0.5 1 1.5 2 06 08 1 12 14 16 18 2
S S
7
—e’+1
6 —3s+1
—~ 9
3)
0 0.5 1 1.5 2

Figure 3.2: Graphs of 11,112,153 in Example 3.3.1.

Example 3.3.2. Define ¢1,¢2,¢3 : [0,00) — [0,00) by

52 ifs<1
¢1(8): )
es—1 ifs>1
In(14+s) ifs<1
¢2(8): )
s ifs>1
% ifs<l1
P3(s) =
2 ifs>1

We see that ¢1,¢p2,03 € ®. (The graphs of functions ¢1,¢2 and ¢3 are shown in
Figure 3.3).
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6 — s —In(1+5s)

S

—e* =1 4

Pa(s)
P1(s)

o
1
0 / 0
0 0.5 1 1.5 2 0 1 2 3 4 5
s s
2
5 5
782
6
2) //
e
o«
0

Figure 3.3: Graphs of ¢1,¢2,¢3 in Example 3.3.2.

Based on the classes U and ®, we introduce the notion of a (i, ¢,R)-

contraction as follows:

Definition 3.3.3. Let (X,d) be a metric space. A self-mapping 7" on X is said
to be a (1, ¢, R)-contraction mapping if there exist ¢ € ¥ and ¢ € ¢ such that

(d(Tz,Ty)) < ¢(d(z,y))) (3.3.1)

for all x,y € X with zR"y and TzR"Ty.

Now we give a useful proposition which immediate due to the sym-

metricity of d.

Proposition 3.3.4. Let (X,d) be a metric space, R be a binary relation on X, T :
X — X be a mapping, ¥ € ¥ and ¢ € O, then the following contractivity conditions

are equivalent:

(i) v(d(Tz,Ty)) < ¢(d(z,y)), Vz,y€ X with (z,y) € R,

(i1) Y(d(Tz,Ty)) < d(d(x,y)), Vr,y€ X with [x,y] € R.
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Proposition 3.3.5. Let (X,d) be a metric space endowed with a binary relation

R and T be a self-mapping on X. Suppose that the following conditions hold:

(1) T is a (¥,¢,R)-contraction with (t) > ¢(t) for all t > 0;
(13) R is T-orbitally transitive;
(i13) X is (R,d)-increasing reqular.
Then T is orbitally R"-continuous.

Proof. Let z,u € X and {n;} be a increasing sequence of positive integers. Suppose

that T™x — u and T xR"T"i+1x for all j € N. Since R is T-orbitally transitive,

we get
T i e Lo
for all j € N. Using the condition (7), we have
Y(d(TT 2, Tu)) < p(d(T™ x,u)) < P(d(T™ x,u)) (3.3.2)
for all 5 € N. By the properties of ¥, we have
d(TT" x, Tu) <d(T" z,u))

for all 7 € N. So the sequence {d(TT"xz,Tu)} is decreasing and bounded below.
Then there exists ¢ > 0 such that d(TT™ x,Tu) — c as j — co. By (3.3.2), property

of ¥ and ¢, taking 7 — co we get

Y(c) < liminf(d(TT" z,Tu))
j—00

IA

limsup ¢ (d(TT" x,Tu))
j—00

< limsupo(d(TT" x,Tu))

Jj—o0

¢(c).

IN

Since ¥(t) > ¢(t) for all t > 0, we have ¢ =0. That is, lim d(TT"z,Tu) = 0.

J]—00

Therefore, T' is orbitally R"-continuous. O
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Proposition 3.3.6. Let (X,d) be a metric space endowed with a binary relation

R and T be a self-mapping on X . If the following conditions hold:

(1) T is a (¥,¢,R)-contraction with (t) > ¢(t) for all t > 0;

(i7) 0 # Fix(T) is R-connected.
Then T has a unique fixed point.

Proof. Suppose by contradiction that there exist z,y € Fiz(T) such that = # y.

Then there exists a path in ° of some finite length m from z to y such that
Uy = Bulllgt— U Jir,

and [uj,uiy1] € R for all i € {0,1,...,m—1}. Since u; € Fiz(T), we have Tu; = u;

for all i € {0,1,...,m}. By the assumption (i), we have

Y(d(uisuit1)) = Y(d(Tui, Tuivr)) < ¢(d(uisuir)) < (d(ug,uiv1))

for all i € {0,1,...,m — 1}, which is a contradiction. Hence, T" has a unique fixed

point. ]

Theorem 3.3.7. Let (X,d) be a metric space endowed with a binary relation R
and T be a self-mapping on X . Suppose that the following conditions hold:

(1) R is T-orbitally transitive;
(77) there exists a (T,R)-Picard sequence;
(23i) TX is (R,d)-increasing precomplete;
() T is a (¥, ¢, R)-contraction with ¥ (t) > ¢(t) for all t > 0;

(v) T is orbitally R"-continuous.

Then T has a fized point. Moreover, if {x,} is any (T,R)- Picard sequence, then

either {xy} contains a fized point of T or {x,} converges to a fixed point of T.
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Proof. 1t follows from (i) that there exists a sequence {x,} C X such that 2,41 =
Tx, and x,Rx, 41 for all n € N. If there exists n* € Ny such that x,» = T'xy,+, then
T+ is a fixed point of T. So we assume that z,, # x,4+1 for all n € N and then
d(xp,xpy1) >0 for all n € N. This implies that {x,} is R-increasing sequence.

From the contractive condition, we have
Y(d(xn, Tny1)) = V(d(Ten-1,Tan)) < ¢(d(@n-1,20)) <U(d(Tn-1,20)) (3.3.3)
for all n € N. Since 9 is a nondecreasing function, we have
d(zn, tnt1) < d(zn-1,2n)

for all n € N. So, the sequence {d(zn,zn+1)} is decreasing and bounded below.
Then there exists p > 0 such that d(x,,zn4+1) = p as n — co. By (3.3.3), property

of ¥ and ¢, taking n — oo we have

Y(p)

IN

liminf ¢ (d(wn, p41))

IN

limsup ¥(d(zn, Tn+1))

n—oo

limsup ¢(d(zp—1,2n))

n—oo

o(p)-

IN

IN

Since 1(t) > ¢(t) for all t > 0, we have p =0. That is,

lim d(zn, zpi1) = 0. (3.3.4)

n—

Now, we will show that {x,} is a Cauchy sequence. Assume that {x,}
is not a Cauchy sequence. By 3.3.4 and Lemma 2.5.22, there exist ¢g > 0 and two
sequences {x, )} and {z,,)} of {zn} such that k <n(k) <m(k),

Ay (k) Tim(k)—1) < €0 < A(T(k) Tm(r)) VE € No
and

0 (@), Tmii)) = i, dTn (k)1 Tmii)-1) = €o.

Since R is T-orbitally transitive, we have

T (k)10 T (k)1 And Ty gy AR T (1) 1
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It follows form (3.3.1), we get
V(AT )1, TTmr)-1)) < (A Tn (k) -1, Tm(k)—1))-

Tanking k — oo and using the property of ¢ and ¢ we get

Pleg) < liminfz/;(d(Txn(k)_pTSEm(k;)—l))
< limsup(d(Tp )1, Tom(r) 1))
k—o00
< limsup ¢(d(@p k) -1, Tm(k)—1))
k—o0
< #(eo)-

It follows that ey = 0, which is a contradiction. So {z,} is a Cauchy sequence and
it is also an R-increasing. By the R-increasingly precompleteness of T X, there

exists z € X such that z,, — z as n — 0.

Since TMazoR T, it follows from orbitally J-continuity of T' we
get xpy1 — Tz as n — oo. Therefore, Tz = z, that is 2 is a fixed point of 7. This

completes the proof. O

In the following result, we avoid the orbitally R"-continuity of T

Theorem 3.3.8. Theorem 3.3.7 also holds if we replace hypothesis (v) by the

following one
(iv) X is (R,d)-increasing regular.

Proof. 1t follows from Proposition 3.3.5 and Theorem 3.3.7 that 7" has a fixed

point. O

The following theorem guarantees the uniqueness of the fixed point in

Theorem 3.3.7 (respectively, Theorem 3.3.8).

Theorem 3.3.9. In addition to the hypothesis of Theorem 3.3.7 (respectively,
Theorem 3.3.8), assume that Fix(T) is R*-connected, then the fized point of T' is

unique.
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Proof. From Theorem 3.3.7 (respectively, Theorem 3.3.8), we get Fix(T) # (). So

we can conclude from 3.3.6 that T has a unique fixed point. O

Now, we give an example to illustrate the utility of Theorem 3.3.9.

Example 3.3.10. Let X = (0,00) and d: X x X — [0,00) be the Euclidean metric
defined by d(z,y) = |x —y]| for all x,y € X. Consider the sequence {a,,} defined
as

~n(n+1)

Qn=——5— for all n € N.

Define a binary relation  on X by

R:={(a1,00)}U{(2,9) : 0 <z <y <2}U{(as,0541) : i € N\ {1} }.

We now define a mapping 7': X — X by

ag(x—2 5
a1+(() if 2<z<ao,
_ asg
Tz= Qit2 Q4]
Gyl Q; Q; p .
o i+ 4+ i+3 1+2 ($—Oéi—|—1) lfOéH_lSZBSO%—FQ;Z:LQJ?’P'”
42 Aj4+2 — Q]

It is easy to see that T is orbitally "-continuous and T'X is R-increasingly precom-
plete. Moreover, there exists (7', R)-Picard sequence since zg = a1 € X such that
xoRTxo and R is T-closed. Next, we will show that T is a (¢, ¢, R)-contraction
with ¢(s) > ¢(s) for all s >0 and 1, ¢ which are defined by

In(1+s)+1 ifs<l1
W(s) = :
s+1 if s>1

and

In(1+s) ifs<1
¢(8) - )

s ifs>1

We see that 1 € U and ¢ € ® with ¥(s) > ¢(s) for all s >0. Next, we will show that
T is an (¢, ¢, R)-contraction. Let xRy and TaxR"T'y. This implies that x = «; and
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y = a4 for some i € N\{1}. Then d(x,y) > d(az,a3) =3 and 0 < d(Tz,Ty) < 1.
It follows that
In(d(Tz,Ty)+1)+1 < d(z,y) (3.3.5)
That is,
(d(Tz,Ty)) < ¢(d(z,y)). (3.3.6)
This yields that 7" is an (¢, ¢, R)-contraction. Furthermore, it easy to show that

Fix(T) is R’-connected. Therefore, all the conditions of Theorem 3.3.9 are satis-

fied and so T" has a unique fixed point, namely = =1 (see Figure 3.4).

»,‘
9l —y:Tx ,\"
‘‘‘‘‘ y=x (‘/\
’
8r K
\,\
7L ’
\"
Rd
6r Ka
’
X 5 Ka
’
— e
4r o
«"
5
3r o
\,‘
L 2
2 5
% TR
1 =
\,\
O \’ I 1 L
0 2 4 6 8 10

Figure 3.4: Graphs of y =2 and y = Tx in Example 3.3.10.

Remark 3.3.11. From the Example 3.3.10, ¢ is not an altering distance function
and ¢ is not continuous. So fixed point result of Yan et al. in [44] are not
applicable. Moreover, a binary relation is not a transitive, so fixed point result
of Sawangsup et al. [19] are not applicable. It also can be pointed that the fixed
point results in [44, 50, 51, 52] are not applicable.
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CHAPTER 4

APPLICATIONS TO NONLINEAR MATRIX
EQUATIONS AND NUMERICAL EXPERIMENTS

In this chapter, we will show that how to use our fixed point results
in Chapter 3 for solving the existence and uniqueness of a solution of nonlinear

matrix equations.

4.1 Solutions of a nonlinear matrix equation arising from Z%-contraction

mappings via Ky Fan norms

On the basis of the fixed point theorems in Section 3.1, we study the

nonlinear matrix equation

m
X=Q+> AjG(X)A;, (4.1.1)
i=1
where Aq, As,..., Ay, are arbitrary n x n matrices, () is a Hermitian positive defi-

nite matrix and G is a continuous order preserving maps from the set of all n xn
Hermitian matrices H(n) into the set of all n x n positive definite matrices P(n)
such that G(0) =0. In this process, we consider the nonlinear matrix equation
(4.1.1) in a complete b-metric space (H(n),Dy-) with the coefficient b = 2P~1,
where p > 1 is a real number, such that the b-metric Dy, induced by the Ky Fan
norm is defined by

Dy (X,Y) = (X = Yfer)

for all z,y € H(n).

Studying the existence and uniqueness of a solution of the nonlinear

matrix equation (4.1.1), we define a self-mapping K on H(n) by

m
K(X)=Q+Y AjG(X)A; (4.1.2)
=1
for all X € H(n), where A, As,..., Ay, are arbitrary n X n matrices, () is a Hermi-

tian positive definite matrix and G is a continuous order preserving maps from the
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set of all n x n Hermitian matrices H(n) into the set of all n x n positive definite

matrices P(n) such that G(0) = 0.

Applying fixed point theorems for Zé%—contraction mappings, we will
show that K has a unique fixed point and then the nonlinear matrix equation
(4.1.1) has a unique solution. The following theorems guarantee the existence and

uniqueness of solution of the nonlinear matrix equation (4.1.1).

Theorem 4.1.1. Consider the matriz equation (4.1.1). Suppose that there exist

positive real numbers M and p > 1 such that

(1) for every X,Y € H(n) such that (X,Y) €=, the following inequality hold:

\W@OU—QXDWSAS [(ler (Y = X)P)], (4.1.3)
br M

where b= 2P~1 and ¢ : [0,00) — [0,00) is a function such that 1(t) <t for
all t > 0;

m m
(i) S AAL < MI, and 3 AXG(Q)A; > 0.
=1 =1

Then the matriz equation (4.1.1) has a solution. Moreover, the iteration

Xj=Q+) AiG(X;-1)A (4.1.4)
=

m

for all j € N, where X € H(n) such that Xo < Q+>_ A;G(Xo)A;, converges in
i=1

the sense of b-metric Dy, to the solution of matriz equation (4.1.1).

Proof. Let a mapping K : H(n) — H(n) be defined by
K(X)=Q+> A;G(X)A; forall X e H(n). (4.1.5)
=1

Then K is well defined and < on H(n) is K-closed. Clearly, a fixed point of K is
a solution of the equation (4.1.1). Now, we will show that there is a b-simulation

function £ so that K is Zg—contraction mapping with respect to &.
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Let X,Y € H(n) such that (X,Y) €=<. This means that X <Y and
thus G(X) 2 G(Y). Therefore,

b(IKY) =KX er)" = bltr(K(Y) = K(X))
= b|tr(Q_AT(G(Y) - G(X))A)

=1

b tr(ANG(Y) ~ (X)) Ay
Ls=1

= B[S tr(AANG(Y) — G(X)))

Li=1

= o]ir(( )60 - 9(x)]

i=1

IA
SH

HilAiA;“H] (160) -G,

(1SS A A*(| 1P
IZE A (e - 20107)]

< $((Ir =X)))

IN

b

and then
0< ((IY = X)ler)”) =KX = K(X) )P (4.1.6)

Putting £(t,s) = 1(s) —t for all s,t > 0, obviously ¢ is a b-simulation function.
From the inequality (4.1.6), we have

0 < ¢ (b)) =K a), (IY = Xler)?) - (4.1.7)

Therefore, K is a Z%—contraction mapping.

m
From > A7G(Q)A; = 0, we have Q < K(Q) and hence H(n)(K; =) # 0.

i=1
This means that @ € H(n)(K;=<). Now from Theorem 3.1.5, there exists Z € H(n)
such that IC(Z) = Z, that is, the matrix equation (4.1.1) has a solution. O

Theorem 4.1.2. Under the assumptions of Theorem 4.1.1, the equation (4.1.1)

has a unique solution Z € H(n).

Proof. Since for every X,Y € H(n) there is a greatest lower bound and a least

upper bound, we obtain that Y(x,y,R) is nonempty for each x,y € H(n). Thus, it
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follows from Theorem 3.1.8 that K has a unique fixed point in H(n). This implies
that Equation (4.1.1) has a unique solution in H(n). O

Next, we give a numerical example to show the correctness of Theorem

4.1.1.

Example 4.1.3. Let

7300 _0.0558 0.0064 0  —0.2069
EEREX | —0.0006 —0.0021 0 0
Al 0 01201 |
0037 01212 03131 0.0003 0.0424
0 00121 0.0666 0.1301
| 0.0341 00141 01201 0.2004
| 0001 0 00011 |
0.0114 0.0541 0.1111 0.0511
0.0014 0.0021 —0.0421 —0.1158
a_| 0 omm -owsm oom

0.0125 0.1214 0.01142 0.2999
0.1254 —-0.1010 0.1241 0
Define ¢ : [0,00) — [0,00) by 9(t) = L. We consider Equation (4.1.1) with G(X) =
X that is
X =Q+A(X)A; +A5(X) Ay + A3(X)As. (4.1.8)

All the hypotheses of Theorem 4.1.2 are satisfied with M = ﬁ and p=2. We

will consider the iteration
X]- :Q—i—Aika,lAl—|—A§Xj,1A2—|—A§Xj,1A3 (4.1.9)

for all j € N, where X = @, and the error E; := (|| X; — X;_1[|¢)? for all j € N.

After 6 iterations, we can approximate a solution X of Equation (4.1.8) by

Ref. code: 25615909320441WJZ



68

7.3321 3.3284 0.1998 0.4277
. | 33284 82894 2.9635 0.5570
0.1998 2.9635 7.5132 3.5935
0.4277 0.5570 3.5935 8.9026
with Fg = 9.3708e — 005.

~

value of [X_~X__||
n n-1"r

= N ©
- o IS} o w o

o
n

0 5 10 15
number of iteration

Figure 4.1: The error of the iteration process (4.1.9) for the Equation (4.1.8) given

in Example 4.1.3.

4.2 Solutions of a nonlinear matrix equation arising from (F,y)p-contraction

mappings via Thompson metrics

In this section, we apply fixed point results for (F,v)g-contraction

mappings via Thompson metrics to solve the nonlinear matrix equation

m
XTZQ—FZA:(QZ(X)AZ, (4.2.1)

i=1
where r > 1, Ay, As,..., A, are n X n nonsingular matrices, () is a Hermitian
positive definite matrix and Gi,Go,...,G,, are continuous order preserving self-

mappings on P(n).

Studying the existence and uniqueness of a solution of the nonlinear
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matrix equation (4.2.1), we define a self-mapping K on P(n) by

m ¥
K(X) = <Q+ZA2‘Q¢(X)AZ~> (4.2.2)
i=1
for all X € P(n), where r > 1, Ay, As,..., Ay, are n X n nonsingular matrices, @
is a Hermitian positive definite matrix, and G1,Go,...,G,, are continuous order

preserving self-mappings on P(n).

Applying fixed point theorems for (F,v)gp-contraction mappings, we
will show that K has a unique fixed point and then the nonlinear matrix equation
(4.2.1) has a unique positive definite solution. The following theorems guarantee
the existence and uniqueness of positive definite solution of the nonlinear matrix

equation (4.2.1).

Theorem 4.2.1. Consider the matriz equation (4.2.1). Let @ € P(n) and for
each i=1,2,....m G; : P(n) — P(n) be a continuous order-preserving mapping.
Suppose that there are positive number T and r > 1 such that for every X,Y € P(n)
such that (X,Y) €=, we have

07 (Gi(X),Gi(Y)) < rdy (X, Y) e TFareem " (42.3)

for all i=1,2,...,m. Then the matriz equation (4.2.1) has a unique positive

solution. Moreover, the iteration

T

Xj= <Q+§:Afgi(Xj1)Ai> (4.2.4)
i=1

m ¥

for all j € N, where Xy € P(n) satisfies Xo < (Q—l— ZA;‘QZ'(XO)Ai> , converges
i=1

in the sense of the Thompson metric dr to a unique solution of the matrix equation

(4.2.1).

Proof. From a self-mapping K on P(n) defined as the equation (4.2.2), it fol-
lows that K is well-defined, < on P(n) is K-closed, and a fixed point of K is
a positive solution of the matrix equation (4.2.1). Now we show that K is an

(F,~)g-contraction mapping with 7 > 0 and the mapping F,v: Rt — R by
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F(o)=Ina and ~v(a)=Ina-— ﬁ

Let (X,)Y)e A={(X,Y)e=:Gi(X)#Gi(Y)Vi=1,2,....,m}. Then X #Y and
(Gi(X),G;(Y)) €= since Gj is an order preserving mapping. Then

dr (K(X). (YY) = dT<<Q+§Afgi(X)Ai>}”7<Q+Z§;Afgi(Y)Ai>}»)

1 mn i
< dr <Q+ZA;‘Qi(X)Ai,QJrZAE‘Qi(Y)Ai)
=1 1=1
1 UL AL
P (zA;ﬂng)Ai,zA:ng)Ai)
1=1 =1
1
= ;ie{{nﬁe}im}dT G ).61)
< dp(X,Y)e TR,
Thus,
In (dp (K(X),K(Y)))) < In <dT (X,Y)e“*dTMT)
1
= ln(dT(va))_ Ll‘i‘dT(XaY)J -7
and so

I

7+1n(dr (K(X),K(Y)))) <In(dr (X,Y)) - TR

Therefore, K is an (F,v)g-contraction mapping with 7 > 0. Moreover, there exists

Qr € P(n) such that

3=

Q* < (@+§31Az‘g¢<cgi>Ai)i k(7).

This implies that Q7 € P(n)(K,=). Using Theorem 3.2.6, we conclude that there
exists X* € P(n) such that K(X*)= X*. That is, X* is a positive definite solution
of the Equation (4.2.1).

Finally, since for every X,Y € P(n) there is a greatest lower bound
and a least upper bound, we have T(X,Y,R) is nonempty for each X,Y € P(n).
Thus, it follows from Theorem 3.2.10 that I has a unique fixed point in P(n).

This implies that Equation (4.2.1) has a unique solution in P(n). O
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The method in Theorem 4.2.1 for finding the solution of Equation
(4.2.1) is detailed in the following steps.

Step 1. Check that (4.2.3) holds for all : =1,2,...,m.

m G
Step 2. Initialize the starting point Xo € P(n) satisfying Xy < (Q +> Afgi(Xo)Ai> :
i=1

Step 3. Set up E and e as the tolerances for the stopping criteria in the algorithm.

Step 4. Calculate a unique positive definite solution X of the matrix equation (4.2.1)

from the iteration (4.2.4).

Based on the various techniques for approximating the root of matrices,
we have many choices for constructing the method for finding the solution of
Equation (4.2.1) by using the above steps. For instance, the algorithm for finding
the solution of Equation (4.2.1) by using our step with the Newton’s method [53]

is as follows.
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Algorithm for finding the solution of Equation (4.2.1)

1. Check that (4.2.3) holds for all i =1,2,...,m.

Initialize:

S =

m
2. Set the starting point Xy € P(n) satisfying X¢ < <Q+ ZA;‘Qi(Xo)Ai>
i=1

3. Set the F > 0 and e > 0 as the tolerances for the stopping criteria.

4. Set the iteration step j :=1.

do
m
5. Calculate Bj = Q+ Y AjGi(X;_1)A;.
i=1
6. Set Y7 := B;.
7. Set the iteration step k:= 1.
do

8. Calculate Y 4q =1 [(T’ —1)Y% +Bjyklir}‘
9. Update k:=k+1.
while dp(Yy,Yi_1) > FE
end while
10. X =Y}
11. Update j:=j+1.
while dr(X;_1,X;_2) > e
end while

12. Obtain the solution X := XE 1}
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We can summarize the suggested algorithm as in the flowchart in Fig.

‘ Start ‘

e

X07E76

|

<1
1

m

Bj+Q+Y_ AiGi(X;-1)A;

i=1

!
Y1+ Bj,k<1

|

Vi1 + % {("‘ — )Y+ BV "

|

k+—k+1

é%

yes
X i Vs

g =gl

é&

yes
X = X]‘,l

N

‘ Stop ‘

no

Figure 4.2: The flowchart of the algorithm for finding the solution of Equation

(4.2.1).
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4.3 Solutions of a nonlinear matrix equation arising from (¢,¢,R)-

contraction mappings via Thompson metrics

In this section, we apply fixed point results for (¢, ¢, R)-contraction

mappings via Thompson metrics to solve the nonlinear matrix equation

m
X" = Q4 AIGi(X) A, (4.3.1)

i=1
where r > 1, Ay, As,..., Ay are n X n nonsingular matrices, () is a Hermitian
positive definite matrix and Gi,Go,...,G,, are continuous order preserving self-

mappings on P(n).

Studying the existence and uniqueness of a solution of the nonlinear

matrix equation (4.3.1), we define a self-mapping K on P(n) by

m ¥
() = (@+ZA;*QZ-<X>AZ-) (132)
i=1
for all X € P(n), where r > 1, Ay, Ao,..., Ay, are n X n nonsingular matrices, @
is a Hermitian positive definite matrix and G1,Go,...,G,, are continuous order

preserving self-mappings on P(n).

Applying fixed point theorems for (¢, ¢, R)-contraction mappings, we
will show that K defined as (4.3.2) has a unique fixed point and then the nonlinear
matrix equation (4.3.1) has a unique positive definite solution. The following
theorems guarantee the existence and uniqueness of positive definite solution of

the nonlinear matrix equation (4.3.1).

Theorem 4.3.1. Consider the matriz equation (4.3.1). Let Q) € P(n) and for
eachi=1,2,...,m, G;: P(n) — P(n) be continuous order preserving mappings. If
for every X, Y € P(n) such that X XY with G;(X) # Gi(Y) there exists 1) € U and
¢ € O with Y(t) > ¢(t) for all t >0 such that

0 (Ld0(Gi(0).Gi(Y))) £ 6(dr(X.Y)) (4.3.3)

for all i =1,2,...,n, where r € [1,00). Then the matriz equation (4.3.1) has a
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solution. Moreover, the iteration

Xj= <Q+ iAfgi(Xj—l)Ai> ' (4.3.4)
i=1

m v

for all j € N, where Xo € P(n) satisfies Xo = (Q—i— ZA?QZ'(XO)AZ) , converges
=1

in the sense of the Thompson metric dr to a unique solution of the matrix equation

(4.3.1).

Proof. We define the mapping K : P(n) — P(n) by

m 7

K(X)= (Q + ZA;‘gi(X)Ai> for all X € P(n). (4.3.5)

i=1
Then K is well defined, < on P(n) is K-closed and a fixed point of K is a solution of
equation (4.3.1). Now we show that K is a (¢, ¢, R)-contraction. Let XY € P(n)
such that X <Y with G;(X) # G;(Y). This implies that X <Y. Since G; are
order preserving mapping, we obtain that G;(X) < G;(Y"). Thus,

w(dTUC(X)v,C(Y))) =2 1) (dT ((Q"‘iA;kgz(X)Al)r 7 <Q+§:A:QZ(Y)AZ>7))
r i=1

< w( dT<Q+ZZIA*gZ A"’Q+§A;gi(ym>>
7 <1dT (Z A;.‘gl-(X)Ai,i;Afgi(Y)Ai>>

< o (mpedr (6:0).6.))

< ¢(dr(X,)Y)).

So K is a (¢, ¢, R)-contraction. Moreover, there exists Q% € P(n) such that Q% =
K (Q%) By Proposition 2.7.25, there exists (K <)-Picard sequence in P(n). From
Theorem 3.3.7, K™ (Q%) converges to a solution Z of the matrix equation (4.3.1)
in P(n). O

Similarly, we obtain the following theorems.

Theorem 4.3.2. Consider the matriz equation (4.3.1). Let @ € P(n) and for

eachi=1,2,...,m, G;: P(n) — P(n) be continuous order preserving mappings. If

Ref. code: 25615909320441WJZ



76

for every X, Y € P(n) such that X =Y with G;(X) # Gi(Y) there exists 1) € U and
¢ € D with Y(t) > ¢(t) for all t >0 such that
1
v (54r(Gi(X),Gi(Y))) < o (dr(X.Y) (1.36)

1
=

for alli=1,2,...,n, where r € [1,00) and there exists Xo = K(Xo) and K(Q ) is

3=

m
convergent in (P(n),dr), where the mapping K is denoted by X — (Q + ZA?QZ‘(X)A,)
i=1
Then the matriz equation (4.3.1) has a solution. Moreover, the iteration
1

T

m
Xj = <Q+2Afgi(xj—1)z4i> (4.3.7)
o=l
for all j € N, converges in the sense of the Thompson metric dr to a unique

solution of the matriz equation (4.3.1).

Theorem 4.3.3. In addition to the hypothesis of Theorem 4.3.1, the equation
(4.3.1) has a unique solution Z € P(n).

Proof. From Theorem 4.3.1, we have Fixz(K) # (). Since for every X,Y € P(n)
there is a greatest lower bound and a least upper bound, we have Fiz(K) is <*-
connected. It follows from Theorem 3.3.9 that K has a unique fixed point in P(n).
This implies that Equation (4.3.1) has a unique solution in P(n). O

Next, we give a numerical example to show the correctness of Theorem

4.3.3.

Example 4.3.4. Let

0.0450 0.0225 0 0 0.0254 0.0214 0.1026 0.0146

0= 0.0225 0.0450 0.0225 0 oA 0.0189 0.9141 0.3231 0.1069 7
0 0.0225 0.0450 0.0225 0.0129 0.2254 0.3125 0.4412
0 0 0.0225 0.0450 0.9073 0.0264 0.0114 0.2034

0.0321 0.5002 0.1407 0.7034
0.5011 0.9402 0.3102 0.1471
0.1761 0.2543 0.5001 0.7441
0.3147 0.2241 0.6105 0.1646

2:
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Define G : P(n) — P(n) by G1(X) = G2(X) = X2. Consider Equation (4.3.1) with

G1(X) =Ga(X) X7 and r =1 that is

X =Q+AIX7A +A}X7 A, (4.3.8)

Define functions 1, ¢ : [0,00) — [0,00) by 9 (t) =2t and ¢(t) =t for all [0,00). Let
X,Y € P(n) such that X =Y with G;(X) # G;(Y). We see that G; are continuous
order preserving for all i =1,2. Then X > Y and G;(X) = G;(Y) for all i = 1,2

and

=
ol

dr(Gi(X),Go(Y)) = dp (X3, 7)< ;dT(X,Y). (4.3.9)

It follows that
¥ (dr(Gi(X),Gi(Y))) < ¢(dr(X,Y)) (4.3.10)

for all i =1,2. Moreover, there exists Xo = 1614 such that 1614 > K(1614) and
(K™(Q)) is convergent. All the hypotheses of Theorem 4.3.3, we can conclude that

the Equation 4.3.8 has a unique solution X in P(n). We will consider the iteration
1 1
X;j=Q+A1X] A1+ A3X7 4 Ay, (4.3.11)

for all j € N, where X¢ = 1614, and the error E; := dp(X;,X;_1) for all j € N.

After 18 iterations, we can approximate a solution X of Equation (4.3.8) by

2.4090 3.1286 2.1331 2.1313
. | 31286 6.3328 3.9076 3.7938
2.1331 3.9076 2.8996 2.7232
2.1313 3.7938 2.7232 3.0994
with E1g =5.0751e — 06.

In addition, we can use another method involving Theorem 4.3.3 to
find the solution of Equation (4.3.1) by setting tolerances E and e as the following
steps.

Step 1. Check that (4.3.3) (or (4.3.6)) holds for all i = 1,2,...,m.
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value of dT(Xn,XM)
o o
o e
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Figure 4.3: The error of the iteration process (4.3.11) for the Equation (4.3.8)
given in Example 4.3.4.

1
m r
Step 2. Initialize the starting point X € P(n) satisfying Xo = <Q +> A;FQZ-(XO)AZ)
=1
(or set the starting point Xg = Q% € P(n)).

Step 3. Set up F and e as the tolerances for the stopping criteria in the algorithm.

Step 4. Calculate a unique positive definite solution X of the matrix equation (4.3.1)
1

m T
from the iteration X; = (Q = ZA;‘gi(Xj_l)Ai> ;
i=1
Based on the various techniques for approximating the root of matrices,
we have many choices for constructing the method for finding the solution of
Equation (4.3.1) by using the above steps. For instance, the algorithm for finding
the solution of Equation (4.3.1) by using our step with the Newton’s method [53]

is as follows.
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Algorithm for finding the solution of Equation (4.3.1)

1. Check that (4.3.3) (or (4.3.6)) holds for all i =1,2,...,m.

Initialize:
1
T

m
2. Set the starting point Xo € P(n) satistying X < <Q+ ZA;»‘gi(Xo)Ai>

i=1

(or set the starting point Xy = Qe P(n)).

3. Set the £ >0 and e > 0 as the tolerances for the stopping criteria.
4. Set the iteration step j:=1.

do

5. Calculate Bj = Q+ Y _ A7Gi(X;-1)A;.
i=1

6. Set Y7 := Bj.
7. Set the iteration step k:=1.
do

8. Calculate Yy4q =1 [(7«_ 1)Y: +Bij1_T]~
9. Update k:=k+1.
while dp(Yy,Yr_1) > FE
end while
10. X;:=Y%
11. Update j:=j+1.
while dp(X;_1,X;_2) > e
end while

12. Obtain the solution X := X1
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We can summarize the suggested algorithm as in the flowchart in Fig.

‘ Start ‘

e

X07E76

|

<1
1

m

Bj+Q+Y_ AiGi(X;-1)A;

i=1

!
Y1+ Bj,k<1

|

Vi1 + % {("‘ — )Y+ BV "

|

k+—k+1

é%

yes
X i Vs

g =gl

é&

yes
X = X]‘,l

N

‘ Stop ‘

no

Figure 4.4: The flowchart of the algorithm for finding the solution of Equation

(4.3.1).
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

5.1 Conclusions

In this dissertation, we improved and generalized fixed point results in
the past and applied our obtained fixed point results to guarantee the existence
and uniqueness of a solution of nonlinear matrix equations. So we consider our
fixed point results in Chapter 3 and investigate our applications in Chapter 4,

respectively.

In Chapter 3, we improved several control functions and defined new
contraction mappings in terms of some control functions in the setting of metric

and b-metric spaces endowed with a binary relation.

In Section 3.1, we introduced the concept of Z&—contraction mappings,

which are the extension from concepts of other previous known mappings as fol-

lows:

Z- Banach Zy-
contraction contraction ——— contraction
mappings mapping mappings

Zyp-
contraction -_—

. Z%—contraction mappings
mappings

We also established fixed point results for foe—contraction mappings in complete
b-metric spaces endowed with a binary relation, which is more general than other

fixed point results in the literature.

In Section 3.2, we introduced the concept of (F,~v)g-contraction map-
pings, which are the extension from concepts of other previous known mappings

as follows:
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F-
F-
Banach ) contraction
. contraction modified .
contraction — ——— mapping

mapping

mapping (Piri and
(Wardowski) / iy )
umam

(F,~)g-contraction mappings

Moreover, we established fixed point results for (F,v)gp-contraction mappings in
complete metric spaces endowed with a binary relation and also gave an example
to illustrate the utility of our fixed point results such that other previous fixed

point results are not applicable.

In Section 3.3, we introduced the concept of (1, ¢, i)-contraction map-

pings, which are the extension from concepts of other previous mappings as follows:

Contraction Contraction
mapping mapping
Banach
. concerning concerning
contraction I
r altering weak altering
mapping
distance distance
function function

(1, ¢, R)-contraction mappings

Furthermore, we established fixed point results for (¢, ¢, R)-contraction
mappings in complete metric spaces endowed with with a T-orbital transitivity
and also give an example to show the benefit of our fixed point results such that

other previous fixed point results are not applicable.

In Chapter 4, we applied our fixed point results to consider the exis-

tence and uniqueness of solution of nonlinear matrix equations as follows:
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apply via Ky Fan norms

Theorem 3.1.8 Nonlinear matrix equation 4.1.1
apply via Thompson metrics . ) .

Theorem 3.2.10 Nonlinear matrix equation 4.2.1
apply via Thompson metrics . ) )

Theorem 3.3.9 Nonlinear matrix equation 4.3.1

5.2 Recommendations

The advantages of our fixed point results in this dissertation are to
solve problems that some fixed point results in the past cannot be applied (see
Example 3.2.7 and Example 3.3.10). Indeed, the new contractive conditions in
our main results of this dissertation hold for each two elements which are related

under the weak condition with many conditions in this part.

However, our fixed point results in this dissertation cannot solve ev-
ery problems in the world. The development of several fixed point results are

necessary. So we pose the following open problems for further investigations.

e (Can some conditions of b-simulation functions be reduced to weaker condi-

tions?

e Can the fixed point results for (F,v)g-contraction mappings and (¢, ¢, R)-
contraction mappings be extended to b-metric spaces endowed with a binary

relation?

e Can the fixed point results for other contractions be applied to a nonlinear

matrix equation (4.1.1) and a nonlinear matrix equation (4.2.1)?
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