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# # 5570492421 : MAJOR COMPUTER ENGINEERING
KEYWORDS : INTERVAL ARITHMETIC / AFFINE ARITHMETIC / CHEBYSHEV
APPROXIMATION / LINEAR POLYNOMIAL APPROXIMATION / MINIMAX
APPROXIMATION
PRAPEEPAT UEWICHITRAPOCHANA : MONOTONICALLY AFFINE
FUNCTION GENERALIZATION. ADVISOR : ASST.PROF. ATHASIT

SURARERKS, Ph.D., 47 pp.

Interval arithmetic is one branch of the researches in the field of automatic
result verification, the system that can keep track of the overflow and round-off error
along the computational chamns. The interval arithmetic has the dependency problem;
the computational result gets wider than the actual range. This effect sometimes causes
false alarm when being used. Therefore, the extension of interval arithmetic was
proposed, an affine arithmetic as a model without dependency problem but error
explosion still occurs.

One major cause of the error explosion in the affine arithmetic is the
overestimation of a non-affine function introducing a new noise symbol term with non-
minimum coefficient. This thesis proposes theorems and its proofs to construct the best
univariate atfine approximation to a non-affine function in the exception case, Signed-
symmetric function, that the existing theorem is not sufficient to determine the
optimum one. We propose a novel theorem that describes the best univanate affine
approximation to a signed-symmetric function together with an algorithm. As our
result, it shows the use by evaluating the power function and approximating sine

function.

Department : Computer Engineering Student’s Signature

Field of Study :  Computer Engineering Advisor’s Signature

Academic Year: 2012
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X:1=77617; y:=33096;
# evaluate in floating point
f:=333.75%y " 6+x 2% (11*x " 2%y 2-y"6-121*y~4-2)+5. 5%y "B+x/(2*y) ;
f := 1.172603840
# evaluate in exact rational arithmetic
f:=33375/100%y "6+x" 2% (1 1*x " 2%y~ 2=y " 6-121%y"4=2) +b5/10*y " 8+4x / (2*y ) ;

54767
f = - m———
66192
# show decimal equivalent
evalf(f,10);
—-.8273860599
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Characteristic of the best affine approximation.
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=m(a) —mc+m(u_) —mc
= h{(a) + h(u_)
fla) = h(a) = h(u-) + f(uy) (11)

o

AannAAaNLRtesATuAT N uaNIRTLE 1N

fluy) = —f(u)

an (11) el

fla) —h(a) = h(u-) — f(u-) (12)

a1 (10) uaz (12)az1A
fla) = h(a) = h{u_) — f(u_) = f(uy) — h(uy)

Aatllddn anisauan a, u_ uaz u, 1fluaningnaesiAd g Aagilii g

u, b

o



f1viua 1

m = [f(u-) — f(b)]/(u- —b)

= { W
W b fludunsendssunmisdsu £

h(x)=mx+{, (ER

fu) = fb) = 2T —by+¢—¢
= [m(u-) +¢] — [m(b) +4]
= h(u_) — h(b)
fu) —h(u) = f(b) ~ h(b)
fu) = f(b) = T2 b
= m(u_=b)
MRVl uTyy n
= m(2c —u, — b)
= —m(u,) + mc — m(b) + mc
= —h(u,) - h(b)
fu) +hw) = £(b) - h(b)

AnnAnAaNLRvwATUA analHInsie IEdn

Fuy) = —fu)
an (14) wldan
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(14)
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h(uy) —f(uy) = f(b) — h(b) (15)

an (13) uaz (15)azld

fu) —h(u) = h(u,) - f(uy) = f(b) — h(b)

Auastlddn apvivanuan u_, uy uaz b duasdngpuesieddis g Asguii o

i or = d ox o o ol i
517 10 dedgainguainmsiszainailantuanniaan Tunsaim 3

m = [f(a) - f(b)]/(a— D)
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flu)y=m

Auaninga Uy MnAaNTRuesTNAduA I aNNIns s 1Edn

fluy) = —f(u)
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a<u_<b<u,
AaerglIdn
fxX)y=zr(x)VFlx) <r(x),vx € [a, b]

Wr Lﬂwﬁ’umqﬁﬁﬂmﬂ@ﬂ (a,f(a)), (b,f(b))

r(x)=mx+d,deR

d = [af(b) — bf (a)]/(a — D)

W A fludunsafdssnaitaddu £

h(x)=mx+{, (ER

s 7 Y = = 1 1 -~
LFIEMUTTDATUIDUWIU ( llﬂﬁ]’]ﬂﬂﬁdﬂudmaﬂwﬁm’lﬁxﬂ?’l{l f e v “I/'Iﬁ;ﬂ Uu_

R L O (16)

flay—fb) =L9TB g _pyr¢—¢

(a—b)
= [m(a) +{] — [m(d) + {]
= h(a) — h(b)

fla) = h(a) = f(b) — h(b) (17)

fla)+ flus) =2 F (@) + f(u)

_ af(a)—bf(a)+[af(b)—af(b)]_F‘f(lt )

o a—b

=B a + f(u) + [af ) - bf @] /(a—b)

(a—b)

=ma+fu_)+d
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=m(u_+a)+ fu_)+r(u_) —2mu_

1 (16)
= (m(u- + a} + 2)
= [m(u_) +{] + [m(a) + ¢]
= h(u_) + h(a)
fla)—h(a) = h(u_) — f(u-) (18)

an (17) uaz (18)azld

fla) —h(a) = h(u_) — f(u_) = f(b) — h(b)

a1 apivanuan a, u_ uaz b ifluasinamuasilandis g Fa3ui 1o

u b

i o = d s o as al i
511 11 Medngainguonnsilszainailanduaniidan Tun sam 4

m = [f(a) — f(b)]/(a— b)
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AUIUVIA U, 910
frluy) =m
Aty u_ nnanuantifvesisidudnnunnaniingslaon
fluy) = —f(u-)
(5IM91U
u_<a<u,<»hb
AaerglIdn
fx)=2r(x)Vf(x) <r(x),Vx € [a, b]
Wr Lﬂwﬁ’umqﬁﬁﬂmﬂ@ﬂ (a,f(a)), (b,f(b))
r(x)=mx+d,deR
d = [af(b) — bf(a)]/(a — D)
1 hfludunsafidsznailadau £
h(x)=mx+{, (ER

] L4 9 = = 1 1 oy
LITEMUTIDATUIUWI Y ( llﬂﬁ]']ﬂﬂﬁﬂﬂuﬂm@ﬂﬂﬁ@qﬂﬁgﬂﬂqﬂ f Hag ¥ s Uy

{ — f(u.l_);—?"(u.;_) _ mu+ (19)

flay—fp)y =LY g _pyy¢—¢

~ (a-b)
= [m{a) + {] — [m(b) +{]
= h{a) — h(b)

f(a) — h(a) = f(b) — h(b) (20)
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fla)+ fQuy) = = f (@) + fuy)

af(a)+bf(a)+[af(b)—af(b)]
= + f(uy)

o a—b

f<?) T 4+ fuy) + [af(B) — bf(@)]/(a — b)

=ma+ f(u,)+d

=m(u, +a)+ fluy)+r(uy) —2mu,

i (19)
= (m(uy +a) + 24)
= [m(uy) +{] + [m(a) + (]
= h(u,) + h(a)
f(a) — h(a) = h(uy) — f(uy) (21)

an (20) uaz (21)az14

fla) = h(a) = h(us) — f(uy) = f(b) — h(D)
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d
p = JAPRX
SrunD

¥ ¢ o as L ¥ =; o
5.1.1 mailszanamienFusnmasnnngusiiegeimvua
Tumslszanawsntisvhinsdszualasnsfivuasildunssndiuau 4 51 wiou
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Aiungldunsin X = 1 4 5&; Faunua [—4,6] vazmayydiduiu 5

L = e di’ o =, 3 9 -] o 3 =
donoiAumpuAugudutumgu 4 o33 ldwadusnnmsgal 4 afuiu

Zrynp = (£)° = 1 + 25 + 25&, + 175853 + 1075¢, + 6475¢5

3 a wr o ¥ 1 = 1 | ar =
FagiFunssnmadusiunusaia [-7774,7776] uazamnmiamdounindanosaunis

dﬂ.’ o A
ﬂmwugmmmﬁammm‘lﬂﬂa

a

Srunp = 25+ 175 + 1075 4 6475 = 7750

1 o = = |l el o 7 LY
ﬁqu@ﬁﬂaﬁcﬂﬂﬂ7ﬁﬂﬁgﬂjmﬂTWﬂWQW AIUI50A I WIUAIAF LT UN 590151 52 018 h

4T
h(x) = 872.9250x+ 0
Taafimmaiandeuannnsdss

5APRX — 2538450

ar

aa v 2w o g ey o o 9o et
G]NNaaW‘ﬁgﬂﬁmmiﬂmﬂ@aﬂaiwwmiﬂ'ixmmmﬂwqmmmmmmmllﬂ U

Zaprx = MX) + Gaprx&
— 872.9250(1 + 5¢;) + 0 + 2538.450¢,

= 872.9250 + 4364.625¢; + 2538.450¢,

Faunuria [-6030.15, 7776] nazdasiau R ennsadiuiade
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2538450

7750
w o ] o 1 = ar z:!g.,
TparadnEINN1sA 1WA naTo LAl

0.3275420

= =4 ° d o o ar 3 0 r ' a
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Fundamental result Approximation result
Input affine form Function
range range
X=1+4+5¢ x> [-7774, 7776] [-6030.150, 7776]
X=05+2¢ +15g x* [-255.875, 256] [-109.538, 256]
£=-5+05¢+15¢ | x° [-343,93] [-343, 33.26434]
X=15+4+25¢ x> [-1008.8125, 1024] [-619.9920, 1024 ]
Input affine form Function bo) FUND bo) APRX R
£=1+5¢ x> 7750.000 2538.450 0.3275420
X =05+2¢ + 1.5g x4 254.1875 95.26890 0.3747977
X =-54+0.5¢ +1.5¢ x3 68 30.13217 0.4431202
X =15+ 25¢ x> 953.125 309.4960 0.3247172
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Affine x ->[a, b]

Convex Function

Even degree \‘ Odd degree
..r'r: \"

i

: . Si ned—s mmetric
Convex Function & Y .
Function
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Condition of coefficient of €; Number of € Mean value of R
—-01=x =01 4 0.468359
-01=x=<01 11 0.436956

—0.01 = x; < 0.01 4 0.494488
—0.01 = x; < 0.01 11 0.487393
—0.001 = x; < 0.001 1 0.499201
—0.001 = x; < 0.001 11 0.498075




41

uazuonainanmaeuod R fAldoinnisdszuinud e lddanadanis 'l

C1)

Y= o

— ' A R v 4 v |
iAsunagvosmnaianiou 5FUND Anadudiodisena IiFaauanund19vo9e997n

£)

a fj 1 o ar o o a o ar
sildfunIIMUToraTIuTar IR TNy salvosdul sz dninthdynsalsunaunmalugidu
=g 3 ci’ 1 = o [ -4 = ar =
Wﬁﬁﬂmﬂlﬁﬂumiﬂ T UL LmLﬂaEmﬁ]mauﬁigﬂﬁmi‘ummmxLwnmu’lﬂmmﬁnﬂizﬁw‘ﬁ
Yodyn Al INILLNL
= ¥ = 1 ar o 9} 3 ~ b
FaTmeargd anunhauazgaiinaguessakadus i ldannm s Zeyyp A
a = e T ¥t ¥ = 1 w
@ﬁﬂ@iﬂﬂlﬁﬂﬁ)g113Jl,ﬂﬂf]ullﬂﬁ\“l ﬁ']ﬂﬂﬂllﬂ‘ﬂj\cl mmmwlmzﬁ;ﬂmﬂmwawwmﬂgﬂﬁil“wa‘iﬂ

-=il L -]
Al lunsdunn

= '
5.1.3 Innzdnazasduanisilszanm

o
=1

A o o o w9 = el
F\lﬁﬂ’lﬁﬂ33NTMLW@ﬂTH’JmEWQﬂGHuEIﬂﬂ’mﬂﬂ’JEJ’J‘ﬁﬂ’]'ﬁﬂ'ﬁ%ﬂﬂmuﬁg’]‘ﬁﬂ’lﬁﬂUMWUE’]u

11@Wﬂ“l/’lﬁ'ﬂJL“HWﬁ"JJWﬁlu@ﬂﬁ]?ﬂ@ﬂﬂ@ﬁﬂﬂﬂﬁ@ﬂlﬂu@ﬁﬂ@ﬁ“l/’lllii&ﬂ? 7152 3ﬂm1ﬂl1 EIG]“JJuﬁ Uiy

1 @ i as oW I ar ~ 91 = o ar & w g
w330 Fawaant lugddunssad ez fugddunssanldmunuhaadimsoilsdduduau

a W ~ 1 o 1t ° A Ay oy v W P 1
ﬁ]ﬁdﬁ’mﬂ’imEl’JLLﬁzGD”NWﬂTHuﬂ ﬁ]x11?.Llllﬂ1’iﬂWM’Jm’E]LmllﬂNﬁﬁW”ﬁiugﬂﬁMWiﬁﬂmmUﬂ’ﬂ
I 3
A1

ABassz ol ﬂmﬂﬁﬂumau ga1lse caafifolaned aﬂﬁzﬁmﬁmwmmmﬁﬂmwugm

= =

ﬂ?ﬂiﬂﬂJﬂ“ﬂl‘!ﬂTﬁﬂ?lﬂmcwﬂﬂ%uﬂﬂﬂTﬂﬂLﬂJ@mﬂUﬂUﬂﬁ ﬁ'ﬂ

q

! o o ar o = ar =
wan3lszanalddoersdi msduuisiduenidinumandndunsin 3190w
o

ﬁugm u@]ﬁ'lﬁ"J‘L!m@iﬂﬂﬂﬁTﬂ!ﬂﬁ@umﬁﬂ!ﬂuZLWWSU’E)\“I’J‘ﬁﬂﬁﬂi fmm ﬁ'ﬂ

q

5.2 myinnaeaanslugddunssnoinlaniunsTnodia lani

=

o o ) o
wonanilefduensidaudi defsua Tnauid lvdd i ud afledsufisiaansa 14

nedunlumsdszananiledduidfagalugldunssald 1913918% 315z laens

k1)

o o 1 ds: o A ar =1 ar = 9}
NvUAR DU memmmmaawaawﬂugﬂﬁmuiﬁﬂm"lﬂ



o ¥ [ d L ¥ c; o
5.2.1 ﬂ]ﬁﬂ'lH’Jﬂ!ﬂ1ﬁ\1ﬂ°ﬂﬂulcﬂu‘i]1ﬂﬂq3lﬂjﬂﬂ1\‘iﬂﬂ1ﬁuﬂ

= o d or = =5 & o s 1 a
115719 3 Nﬂﬂ1§ﬂ1H'Jﬂ!ﬁ\']ﬂalfuﬂﬁiﬂﬂ!uﬂulcﬂuﬁﬂfﬂ”ﬁﬂ’lf‘]ﬂ]qnﬂ']ﬁuﬂ

42

Actual result

Approximation result

Input affine form 6A PRX
range range
o« _DPrn Pn
X = ? + 781 [-0.5,1] [-0.5, 1.38443] 0.442217
- _ Pn  DPrm
X=——7—+—7& [-0.5, 0.866025] [-0.50001, 0.955359] 0.0446670
12 4
o Pr  DPrn Pr
X=——F+—&5+-—=& [-1,-0.5] [-1.1163, -0.49999] 0.0581585
3 9 18
3
X = % + % &+ Zp_z £y [0.707106, 1] [0.707106, 1.070377] 0.0351888%
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