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CHAPTER I

Sy,

In many sc1entmre of‘ con

e problem of estimating
aerical integration tech-
niques, Monte Carlo mgf ! e€placially - pgtitive for high-dimensional
integration. .

Letf:[O,ld i v 2 ancti . is B0 stimate

This is equivale 16ce X is a random vector

uniformly distribug 0 onte Carlo method is to

draw X1, Xo,...X,, indgPenc Aid-uniformly distribu ed fom [0,1]¢ and to use

as an estimator of p. Theg{ IS ‘ ays to select the point X;’s. For
examples, latticggamp ttersor sampting(see, Owen[15]),
the orthogon ray-_sampline(see, Lohf10l-Owen{t61-Tans2H)« sefambled net sam-
pling(see, Owé .;\J;L a¥ array sampling.
Let d,n,q ari' t be pos ve Pand g > 2. :@n orthogonal array
of strength ¢ with index A (A > 1) is an n x d matrix of n rows and d columns with

elements_taken fromﬁl“ {0,1,...,q—1} sucluat in any n x t submatrix, each of

- uﬂ% mm ‘iﬂﬂﬂ i

LoM1996) considered the class OA{n, 3, q,2) when n = ¢ and constructed the sam—
i1,i2,i3,) be uni orm random variables w ere 11,12,13 € Oﬂ =1}, 7

{1 2,3}; and



(¢) Uiy insis,;'s and m’s be all stochastically independent.

An orthogonal array-based sample of size ¢2, {X1, X, ..., X2}, is defined to be

{ X (m1(ai1), ma(

3)) 11 <i< g%},

where, for each iy, 19,13 € {

X (iy, i

Xj (’Ll i-ﬂ.'-*"

and a; ; is the (i, ) g oth

So the estimator. .

Assume that Var

Note that

From now on, we let X be a Q. 1]° and ® the standard normal
distribution approximation of W in
Theorem 1.1

ﬁﬁﬁﬁ NINYINS...

heorem 1.2 and they also 1nvest1gated a non-uniform concentration 1nequahty

in Theorem

mmmmummma 4

sup{‘PW<z —oo<z<oo} Oqé, as q — Q.



Theorem 1.3. Assume that E(f o X)* < co. Then, there exists a constant C such that

CM\ 1 1
< < <
P(Z_W_z—i—)\)_l z+_ T (—\/a)7 as q¢ — 0o,

ﬁ of f o X in Theorem 1.2 to
&se are our main results.

E(foX)* < 0o and int nd of The

for any nonnegative real number.

In this work, we rel

Theorem 1.4. (AW "
fo 7,

as q — Q.

Assume that E(f, o Jf Tl ere 7 : i that

q — 090,

We organize our ghesi — ] i@ cive some basic concepts in
l'-:f! |
-

probability theory, background=£=S% 6l some useful properties of Stein’s

solution. In chapter 3 we giy’ life pal approximation of randomized
orthogonal a@a ' 4 ' tration inequality

for randomiz

NOSONal arrayv _Salfpling

ﬂﬂﬂ’mﬂﬂ‘iwmﬂﬁ
qmmnmummmaﬂ



CHAPTER 11

%

sic c‘eptsmhlch will be used in our

In this chapter,
work. The proof is

2.1 Proba ‘ 1li

< ' ements are called points

or elementary ev . Mengber of 22 ;,ﬁ Jled ‘."., s _ . any event A, the value
: { = \ .
P(A) is called the probfbil of ,;ﬁ

-.-‘*_

[
variable if for every Borglfset B
Ebre i
@ t B
X~ 1 :-ﬂ-ﬂr;

w-cO-Xl@he B}« F.

Let (Q,F, P) be & rq iliy D68 A fmetion X h‘n\ —R is said to be a random

J o L
A random vector X = "J:' X E Bfman dom variables X1, Xo,..., Xy
where X; : Q @
We shall usuab/ | /g(w) € B}). In the

case where B = (fﬁo, (X@a) or Pla < X <b),
respectively. W J :

Let X be a rand‘l iable. A function F' : O 1] which is defined by

is cal|e e dlstrﬂtlon functloﬂ | I 8 q I I i

Let X be a random variable Wlt@he distribution f ion F. X is said to

qRIRI ﬁmﬁfi m;m NYI§Y

*ofsthe random vector.




for some nonnegative integrable function f on R. In this case, we say that f is the

probability function of X.

X ~ N(p,c?), if its probabili

Moreover, if X W . ; e-a.stomdard-mormal random variable.

we say that X is T
We say that X = )" JEC ALt : fintious random vector if and only if
there are measurablo unf bn f @ 10,20) an .I'»1 distribution function F of

X satisfying
tn)dtydty...dty

' ﬁ?lity function of
-

F(.’L‘l,l‘Q,

for all (271,1‘2@
X. ‘ |

2.2 Indepmdence
: maizmi ET%%’W A
ﬂm NIUARIINYIA

ility ‘space and
{5 | € A} is independent if and only if {0(&,)|a € A} is independent where o(&,)

N

«



the smallest o-algebra generated by &,.
We say that the set of random variables { X,| @ € A} is independent if {o(X,)| @ €
A} is independent, where o(X) = {X~!(B) | B is a Borel subset of R}. We say that

X1, Xo, ..., X,, are independent i

Theorem 2.1. Random » 14 /ﬁendent if and only if for any

Borel sets By, Bs, ..., B

is independent.

Proposition 2.2 il i , :_  e 4 Spemdent and fi :R™ SR

are measurable, thegy

2.3 Expectaf y _anie '_ abhExpectation

Let X be any randoi
If/ IX|dP < oo,

Proposition 2.3.

1. If X is gﬁscre ¢

‘ff '7‘;

i "-Lf'l y L

ﬂ,

‘ |

2. If X isaco nuous random variable with probabzl@ty functid f and ]w\f x)dr < o0,
then

ﬂUU’JVlEWﬁ“NEI'mﬁ

1on 2.4. Let X andY be random variables such that E(|X|) < oo and E( |Y <00
and a, b € R. Then we have the follozﬁgs

AN UN1ANBIAY

2. If X <Y , then E(X



3. [BE(X)| < E(1X]).

Let X be a random variable which E(|X |k) < c0. Then E(|X|¥) is called the k-th
) is called the k-th moment of X

moment of X about the origin and

about the mean.
We call the second
by Var(X). Then

We note that
1. Var(X)
2. If X ~ N
Proposition 2.5 ( I e 1 ,V 1t Gk "B ol ri=1,2,...,n, then
# J w i A

2. Var(a1 X1+ -+ Xp) for any real number

A1y euey Qp.

The following inequalities are {efutsn ‘-*i-- v

1. Holder’s inequality : P 1"7787"
(7
q <

i

|

where 0 < p, q

2. Chebyshev’s inequality :

YHINUNINYING

Let X be a finite expected value ‘ndom variable on Bwobablhty space (€2,

where




and sign-measure Qx : D — R by

QX(E):/XdP for all E € D.
E

Then, by definition of the integr

and there exists a unique m

Theorem 2.6. Lg#*X bg ! ] robabudity Spage (0, F, P) such that

1. If X is rawfom ugiab ( : TR [Pp],

3. If o(X) and Dy .[Pp].

Theorem 2.7. Let X andW be rama fat he Sgihe probability space (0, F, P)

such that E(|X|) and E(|Y]) f.:—‘_;f,::—_"_i&f. WPsub o-algebra D of F the followings

hold. y ﬂ“j "W
1. IfX < K ¥

2. ED(aXt

-]
et

Theorem 2.8. L* andY be ra n the same prgbgbility space (2, F, P)
such that E(|XY) E(|Y]) are finite and Dl,Dg any sub o-algebra of F. If X is a

mﬁﬁﬂﬁﬂﬂﬂﬁWBﬂﬂﬁ

= EP2(XEP(Y)) a. ? [Pp,].

q WT ASATRINEIINYIE Y

P(A|D) = EP(1,)




where 1[4 is defined by

2.4 Stein’s Meth

The Stein’s method& i e error in the normal ap-
proximation for de@ i g : - PEPIn 1972, Stein’s technique
is free of Fourier ds ghttd, i ) Bt differential equation.
Stein’s method has et ' ' 5t R o f normal approxima-
tion. This method was ag##pted apl Appliec g W, Mpreximation by Chen(1974,
1975). There arg i castgfhred afp ache '. ) c en the limit distri-
bution is normal, i.e. confen : 407 Ve _ 2 ' aductive approach and a
coupling approa _ _ ' _ A 9 ;
In this section we giv badil f'e" 11ts on \ i ! ' its solution.

Let Z be a stan ard o1 d¥et Cpgq be the set of con-

tinuous and piecewise nt,{ flot stitiglpf unctionshy IR R with E|g'(Z)| <oo.
For g € Cpq and any redll valuedifiinction ) E|s(@) < b0, the equation
(2.1)
is called Stein’s equati
If s(w) :
(2.2)

Hence

‘NW

-AUBINEININGING

\/27re2<I> if w<z

[Ny

q mm
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Proposition 2.9. ([1], [20]) For all real numbers w,u, v, z, we have

1 |gz(w)] <1,

V2r 1
4 ’|

2. 0< g(w) < min(——

AuEINENineng
AT AM TN



CHAPTER III

In this chapter,

random function pr &

Mj(ij)— Z Hk,l(ik’il)}’

1<k<iI<3

pre (i, 1) ﬂi} [11(21, 725
ﬂmﬁﬂummmm

Q/

W""Wﬂﬁm ANIINYIAH
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Neammanee and Laipaporn ([11]) improved the rate of convergence of Theorem 3.1 to

be O(-L) in Theorem 3.2.

q2

Theorem 3.2. Suppose that E(f o

sup {|P(W < 2) =20(q"2), as q— oo.

In this chapter, we rela’%n orihe /-&X from E(f o X)® < oo to
E(foX)'< oo as@ﬂeres our %

Theorem 3.3. Supiﬂ‘

sup{!P_(W i GO, » N s q — 00.

To prove Theorem 3. ? followi | A _ the notations. For each ¢, j
and k € {0,1, ..., gre 1gt i i is hibutedkrandom variables on

q—l,i;ék:}. Let

where
q—1
S1 =Y (I,j, etk
j=0 = ':J :w >‘;
q—1 - g“'{;" i 7

Note that (VV, i l

W<aW<b W<bW<a

dzﬁeﬁmﬂﬂm NI NN

E ‘g (W +1t) dtﬂg

qma{ﬁmummmaﬂ

|Ag < — Eg
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where

and I is the indicator functz \\\ v /
Lemma 3.5. ([8] for som : integer r, then

i) < mr” .
e - "4 /
Lemma 3.6 £ ger 1, then
q—1qg—1qg—1
i=0 j=0 k=0

—AW?  (3.3)

For convenien

;3%

we have -

i, jk?nd by Lemma 3.6
i ‘. ‘

<22
11,71 12,72 13,73 ©4,J4

wﬁmwiwmm)

EIY (i, 4, px(i,5))|

R IANMINGAE

Y (i1, 1) |E|Y (i2, j2)| EY (i3, j3) | E|Y (i, ja

IN
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where we have used the weighted A.M.-G.M. inequality,

ey gt <wixy 4 weky 4 - 4 Wedy

where w1y, wo, ... .,y > 0, in the second

inequality.
IAW3| < | EY ( (2, 7))
<
<

and
Thus et

N | I
Hence EW* = OM and the proof is complete. ! [
Proof will prove our main result by using Stein’s method Let z be any real number
We replace a function ¢ in equatlon ) with the functl from(2.4) which i 1

qmmmmumqwmaﬂ

P(W < 2) Eg.(W) — EW g, (W
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Thus, it suffices to bound

instead of

By (3.1) we have,

(3.4)
and
(3.5)
where we have u rop s: Jrqf' 9(2 (_,.
Thus, from (3.4), (3 L andy " Posditon ’ﬁr -.
i F/ J 7 ;;_p"_ A
pv < - aff) o o)\

OQuss " ul.
- \'*" (v A

+‘1—E/ Mt dt’—l—O

"ﬂwwymwmnﬁ
ARIBINIUUMINGAY
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Hence, by (3.6)-(3.8)

|P(W < 2) — +|E/ {gL(W) — gL(W + t)} M (t)dt|. (3.9)

\/_

From Lemma 3.5, we note that

(3.10)

(3.11)

|| M (t)dt

,,,,,,,

(3.12)

‘PW<z

ﬂuﬂqﬂawﬁﬂﬂwnﬁ
AT AM TN



CHAPTER IV

lity of W defined in
chapter 3 and write Cd = Boditive § -. it PO >: Mdificrent values in different
places. First of all we, | | n—uniform concentration
inequalities as fol

Let X be a rand I ‘_ > R which defined by

L

2 y . l|' \ ,
is called a unifor EVF) ¢ ratios i N the function

Qx : R x [O,oo)—i>]Rw Ch.‘: ]

is called a non-unifor

The upper.boundsgof ' 1 and ation functions are called

uniform andyg -.), ———————————————————————————— sct] -
Neamman& J inequality for W

in Theorem 4.1. m"

Theorem 4.1. ssume that E(f 1< 0. Then, there eq:zsts a constant C', such that

.| ugﬁmmﬁm g1NT

chapter we improve the bo d in Theorem 4.1. Here is our main result

QW’T@STII?

for any nonnegative real numbers z, \.
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To prove Theorem 4.2, we need the following lemmas and some notations. For each

i,7 and k € {0,1,...,¢— 1}, and z > 0, we let I and K be uniformly distributed random
variables on {0, 1,...,¢—1}, (I, K) uniformly distributed on{ i, k)i, k=0,1,....q—1,i #
k}. Let "/
Z’J’
and
where V(K j, p (K, J)),
7]7:07!'(-[’]))
Lemma 4.3. ([9] e thi. it s0 itive even integer r. Then
L EY-Y| <

o
2. For any positive imtege ,'.’" 'E c b even number and

n+t<r — ‘
" g-lg-1q-d fﬁ‘ 75
N

tiable function, t@
(1]

(V + o fll)dt + Ag(Y

wﬂﬂﬂ?ﬂﬂﬂﬁﬂﬂﬂﬂﬁ

Y Y ]1‘!<t<Y Y—]K Y<t<0

qmmn:mgypmmaﬂ

Y. (4,4, k

i=0 j=0 k=0
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~ o~ 4 1
Lemma 4.5. ([8]) If E(f o X)? < oo, then E(Y —Y)? = - + O(—Q), as q — oo.

Lemma 4.6. ([7]) If E(fo X)* < oo, then

v, =3 | ~ Yak, g pa(i )}
i#£k  j=0
xmin (7, )| Vel palis i)} )
i#k
Then

1. EU, > 3¢+ O(1),}¢

2. Var(U,) < 720(q2),

Proof. (1.) B@e 3

‘d
. .!
-1 U |

ﬂﬂ&%ﬁﬂ%ﬂﬁﬂﬁ

By Lemma 4.5 we have

QRANATUNNIINYINY

=3¢+ 0(1
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(2.) For each i,k € {0,1,...,¢ — 1} and random permutations 3, on {0,1,...,¢ — 1} we
let

and

We note that Var(U,) : »
By equations (2.24),(2.25) 2 26=an 7 of [9] we have

prz =Y p g S (1 9p (m, DIT,  (4.2)

i#k l#£m

“ﬁﬁﬂﬁpawﬁyﬂwnﬁ

QRIANTUANIINGIAY
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Lemma 4.8. If E(f o X)* < 0o, then EY* = O(1).

Proof. First we note that

1:7j
Note that

where ' »
. =Py
:ZE}I;(Z:LPZ’J "'-':YJE' ¥
AT
By=) ) G RINE

RIS
EY? (i1, Mrpattnai))Ye
11,71 12,J2

oanding AN

11,01 iz,jzi Iv | 13,73
(i2,72)7 (i) (i3,73)7(i1.71)
13,J3)7é(127]z)

‘7 ﬁ27j2))}{2(i37j37 Pw(i37j3))7
|

g
(’LQ 2 1,
,J4 75(23,33
EY (i1, 31, pr (i1, J1)) Yz (42, 2, pa ( Zzﬁ 2 (43, 73, pr (i3, ] > (14, Ja, pr(i4, Ja))

mmnmum'mmaﬂ
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By Lemma 4.3(2) we have
1

|Bi| < -~ ZE!Y4ZJk)|— 0( = O

0,5,k

),

E|Y.(i2, jo, k2)]

1+z

ﬂH’J ﬂﬁmﬁ AEINT -

qmasm‘smum'mmaﬂ

Proof. Note that P(z<W <z+ A\ <PW #Y)+P
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and by Lemma 3.6,

POW #¥) = P( 30 U(Y (g pa(ini)) > 1+2) 2 1)

1

If we can show that -(O(——=). Then we have
( \/6)

Theorem 4.2. y .
Let v be defined as in I
Case 1 (1+ 2)%y >

By Lemma 4.8 and the

1+z (1+2)

ﬂuquﬂﬂiwﬂwnﬁ

1

By Holder s inequality and Lemma 4 ‘1 E |Y Y < 3— Then v = 7_”

Ll AINIUAMI TN Y
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Case 2 (14 2)%y < 1.
Let f: R — R be defined by

t<z-—7,

FO) =19 1+t +on A 7<t<z+/\+%

)\~|—7

. Ddt
[t] <

+A)|Y — Y| min(y, \17 —~Y))

<Y< <z+ ) —]Iz<Y<z+/\U <q

fudl Wamwmm 45

Pz<Y <w) +PU <q)

W’]Nﬁ%ﬁ%md ’nﬂﬁl’]ﬂﬂ

S\Af )|+ P(EU, — Uy, > 3¢+ O(1
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s+ 29)BIY]|(1+7)% + V3

<L
-1+

2 20(¢%). (4.6)

From, Lemma 4.6

AfY)| =

M)\-I-Q’y)(l-l-’y) Y.(i, 4, k)| ?j]

kO 10]0
g—1q¢—1q—-1 g—1g—1q—1

ﬂﬂﬂfﬁﬂgﬁﬁwmﬂ?‘

.‘ < C(A+ 29)( 1+73E‘ ZY zypwz]
=0 5=0

R AINTUEMINYIAY
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