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Abstract

We introduce the Tracy-Singh sum for operators on a Hilbert space, generalizing both the Tracy-Singh sum for
matrices and the tensor sum for operators. The Tracy-Singh sum is shown to be compatible with algebraic operations and order
relations. Then we establish a binomial theorem involving Tracy-Singh sums, and its consequences. We also investigate
continuity, convergence, and norm bounds for Tracy-Singh sums. Moreover, we derive operator identities involving Tracy-Singh

sums and certain operator functions defined by power series.
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1. Introduction

It is well known that the Kronecker product and the
Tracy-Singh product for matrices possess pleasing properties
in algebraic, order, and analytic viewpoints. Such matrix
products have applications in various fields, including
quantum physics, thermodynamics, control and system theory,
signal processing, image compression, computer science,
statistics. See, e.g., Steeb and Hardy (2011) for an excellent
source on this subject.

Let M, denote the set of n-by-n complex matrices

for each natural number n. Forany Ae M and Be M, , the
Kronecker product of A and B is given by

A®B =[a;B] 1)

ij
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This matrix product was generalized to the Tracy-Singh
product of partitioned matrices in Tracy and Singh (1972). Let

Az[AijJ be partitioned with A; of order mxm; as the
(i, j) th submatrix and let B=|B,, | be a partitioned matrix
with B, of order n xn, as the (k,I)th submatrix, where

r S .
zizlmi =m and Zk:lnk =n. The Tracy-Singh product of
A and B is defined by
AXB = [Ai ®B, ]kl } . @)
ij

Tracy-Singh products for matrices have been developed by
many authors in both theory and applications, see e.g., Tracy
and Singh (1972), Tracy and Jinadasa (1989), Shuangzhe
(1999). The Tracy-Singh sum, introduced by Al Zhour and
Kilicman (2006), is defined for each Ae M, and Be M, by

AHB = AXI,+1,XB, ©)
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where I, and I, are block identity matrices of order mxm

and nxn, respectively. If both A and B consist of only one
block, then (3) reduces to the Kronecker sum.

The notion of Kronecker product (sum) for matrices
was then generalized to tensor product (sum) of bounded
linear operators on a Hilbert space. Let H and K be Hilbert
spaces. The tensor product of two bounded linear operators
A:H—>H and B:K— K is the unique bounded linear
operator from H ® K into itself such that

(A®B)(x®Yy) = Ax®By 4)

for all xe’®H and ye K . The theory of tensor product for

operators was focused by many authors from the past until
nowadays, see e.g. Zanni and Kubrusly (2015), Kubrusly and
Levan (2011). The tensor sum for operators was investigated
in Kubrusly and Levan (2011).

Recently, the notion of Tracy-Singh product for
matrices was generalized to Tracy-Singh product for Hilbert
space operators; see Ploymukda, Chansangiam, and Lewkee
ratiyutkul (2018a). To define the Tracy-Singh product, we
apply the projection theorem for Hilbert spaces to decompose

H:_C-T-)H and Kz(-nBIq

where all H;’s and K, ’s are Hilbert spaces. Thus every
bounded linear operator AeB(#) and BeB(K)can be
expressed uniquely as operator matrices

nn

mm
=1 k,1=1

A= [AJ]., and B = [B,]

where A; e B(H;, ) and By € B(K;, k) for each i, j, k,I.

Definition 1. According to the above notations, the Tracy-

Singh product of A and B is defined to be the operator
matrix

ARB = [[A,- ® BK,JH]” , 5)

]

which is a bounded linear operator from @, H, ® K, into

itself. Note that when m = n = 1, the Tracy-Singh product
AKX B reduces to the tensor product A& B. Algebraic,
order, and analytic properties of the Tracy-Singh product of
operators were investigated in Ploymukda, Chansangiam, and
Lewkeeratiyutkul (2018a) and (2018b).

In this paper, we generalize the notions of Tracy-
Singh sum for matrices and the tensor sum of operators to the
Tracy-Singh sum for operators. This kind of operator sum
turns out to be compatible with certain algebraic operations
and operator orderings. Binomial theorem involving Tracy-
Singh sums and its consequences are then established.
Moreover, we investigate continuity, convergence, and norm
bounds for Tracy-Singh sums of operators. Finally, we derive

operator identities concerning Tracy-Singh sums and certain
operator functions defined by power series.

This paper is organized as follows. In Section 2, we
provide preliminaries on the Tracy-Singh product for
operators. We introduce the Tracy-Singh sum for operators in
Section 3 and then investigate its algebraic and order
properties. In Section 4, we prove the binomial theorem
involving Tracy-Singh sums and deduce some consequences.
Analytic properties of Tracy-Singh sums are presented in
Section 5.

2. Preliminaries on Tracy-Singh Products for
Operators

Throughout this paper, let H and K be complex
Hilbert spaces. When X and ) are Hilbert spaces, denote by
IB%(X,)J) the Banach space of bounded linear operators from

X into Y, and abbreviate B(X,X) to B(X). Unless

otherwise stated, capital letters mean operators on a Hilbert
space. In particular, | stands for the identity operator. The
positive-semidefinite  ordering between two Hermitian

operators A and B in B(7{) is defined as follows: A<B
means that B - A is a positive operator.

Fundamental properties of the Tracy-Singh product
for operators are summarized here; see Ploymukda,
Chansangiam, and Lewkeeratiyutkul (2018a, 2018b). Recall
that each AeM_ corresponds to a bounded linear

operator L, : C" —>C™, x> Ax.

Lemma 2. For complex matrices Ae M and BeM, , we
have

Lal{lg = Lge- ®)

Proposition 3. Let Az[Aj]eIB%(H) and BeB(K) be
operator matrices. Then

A, XB A, ®B

ANB = [A XB] =

A, XB A, XB

Lemma 4. The following properties hold, provided that all
operators are compatible.

(ARB) = A'RB", )
(aA)&B = OL(A&B) = AX(OLB), 8)
AX(B+C) = AXB+AKXC, ©9)
(B+C)XA = BRA+CXA, (10)
(AXB)(CXD) = ACKBD. (11)

Lemma 5. Let AeB(H) and BeB(K). If AB>0, then
AXB20.
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The next lemma asserts the continuity of the map
(A B) > AXB.

Lemma 6. Let AeB(H) and BeB(K) be operator

matrices, and let (A.)”, and (B, )", be sequencesin B(7)
and IB(IC) , respectively. If A, > A and B, > B, then
A KB, > AXB.

m,m
Lemma 7. For any operator A:[Aj]i iﬂeIB%(H) and

B=[By |, <B(K), we have

1
—lAllel < [a=B| < mnAljg]. (12)

The next lemma is a direct consequence of Lemma 7.

Lemma 8. Let AeB(#) and BeB(K). Then AKB=0 if
and only if A=0or B=0.

Lemma 9. Let Ae B(H).

(i) If f isan analytic function on a region containing the
spectraof A and | KA, then f(1XA)=1KTf(A).

(i) If f isan analytic function on a region containing the
spectraof A and AKX, then f(AXI)= f(A)XI.

3. Algebraic and Order Properties of Tracy-Singh
Sums for Operators

In this section, we define the Tracy-Singh sum for
Hilbert space operators and investigate its algebraic and order
properties. It turns out that the Tracy-Singh sum is compatible
with the adjoint operation, the scalar multiplication, the
ordinary sum and commutators. Moreover, positivity and
positive-semidefinite ordering of operators are preserved by
Tracy-Singh sums.

Definition 10. Let A=[Aijr£leB(H) and B =

[Buli1s € B(K). We define the Tracy-Singh sum of A

and B as follows:

AHBB = AXI+1,, XB, (13)

which belongs to ]B%(@:n;il?-ﬁ ®ICJ-).

Note that if both A and B are 1 X 1 block operator matrices
i.e.m=n=1, their Tracy-Singh sum AHB is known as the

tensor sum (Kubrusly & Levan, 2011)

A®B = A®I,+1,, ®B.

The next result asserts that the Tracy-Singh sum of
two linear maps induced by matrices is just the linear map
induced by the Tracy-Singh sum of those matrices.

Proposition 11. Let Az[A”-]eMn((C) and let B=

[By]€M,,(C) be complex partitioned matrices. Then

LaBLlg = Ly - (14)

It follows that if £ is a standard ordered basis of M ., , then
[LyBLg]s = AHB.

Proof. We know that the linear map induced by the identity
matrix is the identity operator. By applying Lemma 2, we get

LBl = LEI+IRL = LKL +L, HL,
= Ly thee = Lagioias
= Lasg -

Proposition 11 says that the matrix representation of the
Tracy-Singh sum of linear maps induced by two matrices with
respect to the standard ordered basis is just the Tracy-Singh
sum of these matrices.

Proposition 12. Let & and ﬂ be complex scalars. Then for
any A CeB(H) and B,DeB(K), we have

(ABB) = A'BB", (15)
a(ABB) = (aA)B(aB), (16)
(a+B)(AEB) = cABSB+SAEAB,  (17)
(A+C)@(B+D) = ABB+CHD. (18)

We call (18) the mixed sum property.

Proof. Using Lemma 4, we obtain (15)-(17). By applying
properties (9) and (10) of Lemma 4, we get

(A+C)H(B+D) = (A+C)XI+I1X(B+D)
= AKI+CXI+IXB+IXD
= (AR +1RB)+(CRI+1KD)

= AEHB+CHD.

It follows from (15) that if A and B are Hermitian (skew-
Hermitian), then so is AE B . The mixed sum property (18)

implies that if A =X;+iY;, and A, =X, +1Y,
Cartesian decompositions of A, and A, , respectively, then
A B A, = X, BX,+i(Y, BY,) isthe Cartesian decomposi-
tion of A B A,.

are the
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Lemma 13. Let A,A eB(H) and B,B,eB(K) be
nonzero operators. Then A ®B, =A,®B, if and only if
there exists & € C\{0} such that A =aA, and B =a'B, .

Proof. See Proposition 2.1 of Stochel (1996).

Theorem 14. Let AeB() and BeB(K). Then ABHB =0

if and only if there exists a € C\{0} such that A=al and
B=—cal .

Proof. If A=al and B=-al ,then AEBB=0 by Lemma
4. Now, suppose that AEHB =0 . Then by Lemma 3,

A HB A,XI A, X1
X1 HB X1
0= amp = | M A fan
Ag®1l AR - A, BB
For any i, je{1,...,m} such that i = j, since A X1 =0, by
Lemma 8 we can deduce A;=0. Let ie{l,...,m} and
consider
Ai®By 1®By 1 ®B,,
|®B, A ®B, |®B,, | _
I® Bnl I® BnZ Aii @ Bnn
Lemma 8 implies that B, =0 for anyk=Il. For
ke{l,...,n}, we have A;®B,=0 if and only if

Ai®EEDN=1®B,. If A ®(-I1)=1®B,, then | ®B,
=0 and hence By, =0 for all k=1,...,n by Lemma 8. It

follows that B=0 and AXII = AEHB=0. Thus A=0 by
Lemma 8. Assume that A; =0 foralli=1,...,m. By Lemma

13, there exists ¢« € C\{0} such that A;=al
and-I = aij(lBkk . For any fixed i, we have A; =« for all
k=1,...,n. Hence, aj; =, =...=a;, = ;. For any fixed
ke{l,...,n}, we have By =-g;l for alli=1,....m. This
implies thatey =a, =...=a, =a. Thus A;=«al for all
i=1,...m and Bkk —al for all k=1,...,n. Therefore

A=qal and B=—al .
The next result provides formulas for the inverses of
AH B interms of Tracy-Singh products.

Proposition 15. Let AeB(H) and BeB(K) be invertible
operators. If ABB and A*EB™ are invertible, then

(ABB)*! = (A*l|)(A*1EEB*1)71(|®B*1), (19)

(AEB)! = (I&B‘l)(A‘lEEB‘l)fl(A‘lI), (20)

(AEB)! = (A‘l © B‘l)fl(A‘l X B‘l). (21)
Proof. Applying Lemma 4, we have

(AEB)™" = (ARI+1®B)"

e |®B+A®|)(A*1®|)Tl

Al A ®B+I®I}

Al +|@B‘1J (lB‘l)
ATRI)(AtE

= (

= (A

= (arm)
(Alﬁl)[HZB’l A*1®B+|x|)r(|®sfl)
= (Atmi)[Atml

= (wm)(arme ) (1m87)

Similarly, we obtain the properties (20) and (21).
Recall that the commutator and the anticommutator of

A,B eB(H) are defined respectively by

[AB] = AB-BA

[AB], = AB+BA.
Proposition 16. Let A,C e B(7{) and B,D eB(K). Then

[ABB,CED] = [AC]H[B,D]. 22)

Proof. This follows directly from Lemma 4.
Recall that an operator AeB() is said to be
normal if [A*, A} =0. It follows from Propositions 12 and 16

that if AeB(H) and BeB(K) are normal, then so is

AHB . The next result shows that the Tracy-Singh sum
preserves positivity and order.

Proposition 17. Let A/A,A, e B(H) and B,B,,B, € B(K).
(i) If A0andB>0,then AEHB>0.
(i) If A=A, and B 2B, ,then A BB >A, HB,.

Proof. This follows directly from Lemma 5 and Proposition
12.

Proposition 18. Let ACeB(H) and B,D e B(K) be posi-

tive operators. Then
(AEB)(CHD) > ACHBD. (23)

Proof. Applying Lemma 4, we have



A. Ploymukda & P. Chansangiam / Songklanakarin J. Sci. Technol. 41 (4), 727-733, 2019 731

(AEB)(CHED) = ACEBD+AKD+CXB.
Since AKID+C X B is positive, we get the result.

Corollary 19. Let A,CeB(H) and B,D e B(K) be positive
operators. Then

[AEB,CED], > [AC] #[B,D],. (24)

Proof. This follows directly from Propositions 12 and 18.

4. Binomial Theorem Involving Tracy-Singh Sums
and its Consequences

In this section, we prove an operator version of the
binomial theorem in which the sum and the product are
replaced by the Tracy-Singh sum and the Tracy-Singh
product, respectively. Consequently, we obtain certain
operator inequalities, including a Bernoulli-type inequality.
Binomial theorem is also used to treat the nilpotency of the
Tracy-Singh sum of two operators.

Theorem 20. Let AcB(H) and BeB(K) be compatible
operator matrices. Then for any integer r > 2,

(AEB) = A’EB’+§(U(AH®B*). (25)

Proof. By using Lemma 4, we have

(ABB)’

(AR +1XB)(AKI +1XB)
AKX +2AK B+ | X B?
A’EHB? +2AXB.

This show that (25) is true for r = 2. Suppose that (25) holds
for an integer r >2 . Then, by Lemma 4,

(ABa B)r+1

(AEB) (AEB)

(A’ BB +£§_ID(A’“ ® Bk))(AEB B)
(

r-1

A BB )(AH B)+(Z(U(A’“ B“)J(ABH B)

k=1

= (AR1)(ARI)+(AR1)(1298)+(12B")(AXI)
+(12B7)(I B)+i(|:j(A'k ®B')(ARI)
+§[3(A” ®B")(12B)

= A'XI+A XB+AXB +IXB™

+rj (U(A’k“ RB*)+ i(;j(A’k B

k=1 k=1

k=1

: r (r+1)-k Kk
+§[k_J(A [B")
_ r+l r+l o(r+l (r+1)-k k
= AV EB +z( ) j(A [B").

_ r+1 r+l o r (r+1)—k Kk
= AV EB +Z(k)(A [B")

k=1

Corollary 21. Let A>0 and B>0 be compatibly operator
matrices. Then

(AEB) > A" @B' (26)
forany r e N .

Proof. This follows immediately from Theorem 20 and
Lemma 5.

The next result is a Bernoulli type inequality
concerning Tracy-Singh sums.

Corollary 22. Let A be a positive operator. Then for
anyreN,

(1BA) = 1 B(rA). (27)

Proof. Since A>0, we have | HA" > 1 X1 . By Theorem 21,
we obtain

(18A) = IEEA’+§[:;)(I X AY)

k=1

1B A +r(] &A)+”(U(| 5 A¥)

k=2
> 1BA +r(1KA)
> IR +1K(rA)
= LE(rA).

Corollary 23. Let AcB(H) andBeB(K). If A and B are
nilpotent, then AHE B is also nilpotent.

Proof. Suppose A" =0 and B° =0 for some r,seN . From
Theorem 20, we get

(AEBB)HS — E[r;S](AHsk&BK)

k=0

- i[r;SJ(A”” B )+ rH(PI(“SJ(A”” ®B").

k=0 k=s

If k>s,then B¥=0.If k<s,then r+s—k >r and hence
A*=0. Now,
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(AEB)™ = i[rzsj(ox Bk)+§[r:5](Af“kz}o)

k=0 k=s

- S omey T oamoy

k=0 k=s

= 0.
This means that AEH B is nilpotent.

5. Analytic Properties of Tracy-Singh Sums

In this section, we investigate continuity, conver-
gence, and norm bounds for Tracy-Singh sums of operators.
We also discuss the relationship between Tracy-Singh sums
and certain functions of operators defined by power series.

Proposition 24. Let AeB(H) and B eB(K) be operator
matrices, and let (A )

r=1
and B(K), respectively. If A > A and B, - B, then
A BB, — ABB.

and (B, ), be sequences in B(H)

Proof. By Lemma 6, we have A XI—>AKI and
IKB, > 1 XB. Thus AXI+IXB —AXI+IXB, ie.
A BB, —» ABB.

Proposition 24 asserts that the Tracy-Singh sum is
(jointly) continuous with respect to the operator-norm
topology. The next result is a triangle-like inequality for
Tracy-Singh sums.

Proposition 25. For any A= [Aﬂ ]Im:l eB(H) and

B=[By]; 1 € B(K), we have

1
—ABB] < [[A[l+[|B]. (28)
mn

Proof. This follows from the norm estimate in Lemma 7.

In the rest of paper, we shall establish operator
identities involving Tracy-Singh sums and functions of
operators defined by power series. Recall that for any
T e B(H), we define

e’ = ;%Tk, (29)
sin(T) = g(z(;i)kl)!ﬂm‘ (30)
cos(T) = ;E;);T (31)
Sinh(T) :Z T (32)

cosh(T) = i L ra

& (2K)!

The series on the right hand sides of (29)-(33)
converge in the norm topology of B(*#) . If T is positive and

invertible, we define logT to be the operator X such that

(33)

e* =T. The following facts are well-known.

Lemma 26.
have

For any S,T e B(H) satisfying ST =TS, we

eS+T - ESET

sin(S+T) = sinScosT +cosSsinT,

cos(S+T) = cosScosT —sinSsinT,

sinh(S+T) = sinhScoshT +coshSsinhT,

cosh(S+T) = coshScoshT —sinhSsinhT.

If S and T are invertible positive operators such
that ST =TS, then

logST = logS +logT.
Theorem 27. Let Ae B(H) and B e B(K). Then

M = " e®, (34)

sin(AEB) = sinAXcosB+cos AXsinB,  (35)

cos(AHB) = cosAXcosB-sinAKsinB, (36)

sinh(AEBB) = sinh AR cosh B +cosh ARsinh B, (37)

cosh(AHEB) = cosh ARIcosh B —sinh ARIsinhB. (38)
If A and B are invertible positive operators, then

log(AXB) = log AHlogB. (39)

Proof. By property (11) in Lemma 4, we have (AX I)(1 X B)
=(IXB)(AX ). It follows that

AHB AXI+1XB AXI L I1KB

e =e =e"e (by Lemma 26)

(eAﬁl)(l @eB) (by Lemma 9)

e’ Ke® (by Lemma 4, property (11)).

Similarly, we get the identities (35)-(39).
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Our results in this paper suggest that the Tracy-
Singh sum is a “sum”, while the Tracy-Singh product is a
“product” for operators.
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