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CHAPTER I
INTRODUCTION

In many problems multi-dimensional integrals occur, which have to be evaluated numer-

ically. We consider an integral over the d-dimensional hypercube [0, 1]%;

u:/[o,l]d f(z)dz.

This is equivalent to finding E(f(X)), where the random vector X has a uniform distri-
bution on the unit hypercube [0, 1]%.

Among numerical integration techniques, Monte Carlo methods are especially useful
and competitive for high-dimensional integration. The Monte Carlo estimate for the

integral p = E(f(X)) = f[O,l]d f(x)dx is given by
1 n
i=1

where X1, ..., X, is a random sampling on [0, 1}d. There are various alternative ways
to select the points X/s. For examples, simple random sampling, lattice sampling(see
Patterson[22]), Latin hypercube sampling(see McKay, Beckman, Conover[16], Owen[18],
Loh[14]), the orthogonal arrays(see Loh[13], Owen[20], Tang[28], Laipaporn and Neamma-
nee[12]) and scrambled net(see Owen[21], and [19]).

In 1979, McKay, Beckman and Conover[16] proposed Latin hypercube sampling(LHS)
as an attractive alternative to generate X, ..., X,;. The main feature of Latin hypercube
sampling is that, in contrast to simple random sampling, it simultaneously stratifies on
all input dimensions. More precisely, let:

1. g, 1 < k < d be random permutations of {1,...,n} each uniformly distributed over
all the n! possible permutations;

2. Uiy, igj 1 <in,.yig <mn, 1 <j<d, be[0,1] uniform random variables;

3. the Uj, . ;,;’s and n;’s all be stochastically independent.

A Latin hypercube sample of size n (taken from the d-dimensional hypercube [0, 1]%)
is defined to be {X (n1(7),n2(7),...,n4(7)) : 1 < i < n}, where for all 1 < iy,...,iq < n,



Xj(ila '”7id) = (ij - UZ‘L---JEJ)/”?
and X(il, veey ’id) = (Xl(il, ceey id), ceey Xd(’il, ceny Zd))

Hence the estimator for p that based on a Latin hypercube sampling is

_ %Z FX O (k). ma(k), ... na(k))).
k=1

Then fi,, is an unbiased estimator for p.
Assume that Var(g,) > 0, we define
e
Var(fin,)
In 1996, Loh[14] used Stein’s method to show that the distribution of L can be approx-

(1.1)

imated by normal distribution and gave a uniform bound on this approximation. The

following is his result.

Theorem 1.1. For 1 <iy,...,iqg <n, let
p(is, -.sia) = E(f(X (117---7id)))7
1

JFk =1

and

M=

. . 1
V(Zlﬂ""zd) = n\/m

Then there exists a positive constant Cy which depends only on d such that for sufficiently

[f(X (1, 50a) = > p—g(ig) + (d — D)p].

k=1

large n,

sup |[P(L < z) — ®(2)] < Cyf3s
zeR

where ® is the standard normal distribution, and

fy= ey D0 D BV G, i)

i1=1  ig=1

The following is an immediate corollary.
Corollary 1.2. If E|f(X)|? < oo, then

Sup |P(L < z)—®(2)] < N



In this work, we give a constant C; by using a concentration inequality approach
of Stein’s method and give a non-uniform bound of this approximation. These are our

results.

Theorem 1.3. (A uniform bound for LHS) For 1 <y, ...,iqg < n, let
p(in, .y ia) = E(f (X (i1, ..., 1)),

N G O
g (i1, ey ig) = e Z Z Z (l1, .y lg

1<i1<ge<...<jp<d gqj; =1  qj,

where

qp Zf p:jh'":jkv

I, =
ip otherwise,

and

Vi, i L (X1, mia) + 3 et e ia) + (—1) %],

Then for n > 6 + 3,

11.946  1.037 5.014d
sup |P(L < z) — ®(2)] < + \[ﬁ‘* +8.314d3 B, + 11.7653, + 7@1
z€R \/ﬁ ns ns
3
2V2m3)
+ ==
ns

where

By = d_fz ZE|V@1,..., )2,

n 211 ’Ldl

Corollary 1.4. If E|f(X)[* < oo, then

1
28.72 1. .314d+ .014
sup|P(L§Z)_q)(z)|§Cd(87 5+ 1.037V/d + 8.314d% + 5.0 d)
z€R \/ﬁ

d—1
where Cg = 1)3 Z ( ) E|f(X for some constant C.
k=1

Theorem 1.5. (A non-uniform bound for LHS) Let z € R. Then there exists a positive
constant C which does not depend on z such that

1
C B

1
+ =+
1+ 2] | nis Ps

|P(L <z)—®(2)| <




where
1

= D > BV i)l

i1=1  ig=1

Og =

nd
Corollary 1.6. If E|f(X)|® < oo, then
C
P(LL2z)—®(2)| £ —F———F.
P2 =26 <

In order to prove Theorem 1.3 and Theorem 1.5, we shall first show that
L=> Y(i,m(i), .., ma1(i)) (1.2)
i=1

where Y (i1, ...,14), 1 < i1,...,iq < n, are random variables and 1, ..., 741 are random
permutations of {1,...,n} such that Y (i1, ...,74)’s and 7’s are stochastically independent.
In the case of d = 1, a theorem which has been proved under various conditions by
Hoeffding([10]), Matoo([15]) and other authors states that the summation on the right-
hand side of (1.2) is approximately standard normally distributed. This theorem is
always called a combinatorial central limit theorem(CCLT). Thus from (1.2), it suffices
to find a uniform bound and a non-uniform bound on normal approximation for the
generalization of CCLT, the summation in the case of an arbitary d. These are our

theorems.

Theorem 1.7. (A uniform bound for the generalization of a CCLT)
Let d be a positive integer and let:
1. m, 1 <k <d, be random permutations of {1,...,n} each uniformly distributed over
all the n! possible permutations;
2. Y(i1,.rigr1), 1 <i1,...,igr1 < m, be random variables;

3. the Y (i1, ...,iq+1)’s and 7 ’s all be stochastically independent.

We define
W = Y (i,m(i), .., ma(i)) (1.3)
=1
Suppose that
EW =0 and VarW =1, (1.4)

and
n

Z A(ity .oeyigr1) =0 for every je{1,...d+1}

ij=1



where fi(i1,...,i441) = EY (i1, ...,iq41). Then for n > 641 4+ 3,

1

11.94 1. d+ 164

sup [P(W < 2) — (z)] < 11240 10STVd + 19,
z€R \/ﬁ

+5.014(d + 1)

+8.314(d + 1)16, + 11.7658,

8
2\/ 27r(54

nS

?ow‘ﬂkmw 3

where

nd—3 Z Z E[Y (i1, -y igs)[ "

11=1 igy1=1
Furthermore, if 64 ~ n~'/2, then

1
28.725 +1.037v/d + 1+ 8.314(d + 1)z + 5.014(d + 1
sup [P(W < 2) — B(2)| < + +1+8314(d+ 1)1 +5.014(d+1)
zeR \/ﬁ
Note that in the special case of d = 1, Neammanee and Suntornchost[17] yields the

bound % while Theorem 1.7 gave a constant C' = 50.106.

(1.5)

Theorem 1.8. (A non-uniform bound for the generalization of a CCLT) Let z € R.
With the notation and assumptions of Theorem 1.7, there exists a positive constant C

which does not depend on z such that

where

Furthermore, if 6g ~ n~'/2,

o
(1 +lz)vn

We observe that Corollary 1.4 and Corollary 1.6 are examples of (1.5) and (1.6),

P(W < 2) - 0(2)| < (L6)

respectively.

In this thesis, we organize as follows. In chapter 2, we give some definitions in ele-
mentary probability theory, a background of Stein’s method and some useful properties
of Stein’s solution. A proof of Theorem 1.5 is in chapter 3 while a proof of Theorem 1.6
is stated in chapter 4. A uniform bound and non-uniform bound for Latin hypercube

sampling are proved in chapter 5 by applying Theorem 1.5 and Theorem 1.6 respectively.



CHAPTER 11
PRELIMINARIES

In this chapter, we give some basic concepts in probability which will be used in our
work and the idea of Stein’s method. The proof is omited but can be found in [[1], [2],
23], [26]].

2.1 Probability Space and Random Variables

A probability space is a measure space (2, F, P) for which P(€2) = 1. The measure P
is called a probability measure. The set (2 will be referred as a sample space and
its elements are called points or elementary events. The elements of F are called
events. For any event A, the value P(A) is called the probability of A.

Let (Q,F, P) be a probability space. A function X : Q@ — R is called a random
variable if for every Borel set B in R, X ~!(B) belongs to F. We shall use the notation
P(X € B) in place of P{w € Q | X(w) € B}). In the case where B = (—00,a| or
[a,b], P(X € B) is denoted by P(X < a) or P(a < X <), respectively.

Let X be a random variable. A function F': R — [0, 1] which is defined by

F(z)=P(X <z

is called the distribution function of X.
Let X be a random variable with the distribution function F. Then X is said to be a
discrete random variable if the image of X is countable and X is called a continuous

random variable if ' can be written in the form

Fla) = /_ F(t)dt

for some nonnegative integrable function f on R. In this case, we say that f is the
probability density function of X.

Now we will give some examples of random variables.



We say that X is a normal random variable with parameter y and o2, written as
X ~ N(u,o?), if its probability function is defined by
1

f@%=¢£m2mp(—mﬂ@—uf)

Moreover, if X ~ N(0,1) then X is said to be a standard normal random variable.

We say that X is a uniform random variable with parameter n if there exist
1

x1,2, ..., Ty such that P(X = x;) = — for any ¢ = 1,2, ...,n and denoted by X ~ U(n).
n

Furthermore, we say that 7 is a random permutation if 7 is a permutation-valued

random variable.

2.2 Independence

Let (2, F, P) be a probability space and F, a sub o-algebra of F for each « € A. We
say that {F,|a € A} is independent if and only if for any subset J = {1,2,...,k} of A,

k k
P(() Am) = [] P(Am)
m=1 m=1

where A,, € Fp, for m=1,... k.
Let & C F for all @« € A. We say that {&, | @ € A} is independent if and only
if {o(€,) | @ € A} is independent where o(&,,) is the smallest o-algebra with &, C o(&,) .
We say that the set of random variables { X, | o € A} isindependent if {c(X,) | a €
A} is independent, where o(X) = {X~1(B) | B is a Borel subset of R}.

Theorem 2.1. Random variables X1, Xo, ..., X;, are independent if for any Borel sets

Bi, Bo, ..., B, we have

n

P(({X: € Bi}) = ﬁP(Xi € B;).

i=1 i=1
Proposition 2.2. If X;; ;i =1,2,...,n, j = 1,2,....m; are independent and f; : R™" —
R are measurable, then {fi(Xi1, Xi2, ..., Xim;) | # = 1,2, ...,n} is independent.

2.3 Expectation, Variance and Conditional Expectation

Let X be any random variable on a probability space (2, F, P).
If / | X |dP < oo, then we define its expected value to be
Q

E(X) = /Q XdP.



Proposition 2.3.

1. If X is a discrete random variable, then E(X) = Z zP(X = x).
zelmX

2. If X is a continuous random variable with probability function f, then
EX) = / xf(z)dz.
R

Proposition 2.4. Let X andY be random variables such that E(|X|) < oo and E(|Y|) <
oo and a,b € R. Then we have the followings:

1. E(aX +bY)=aE(X)+bE(Y).

2. If X <Y , then E(X) < E(Y).

3. [BE(X)| < E(1X]).

4. If X and Y are independent , then E(XY) = E(X)E(Y).

Let X be a random variable which E(|X|¥) < co. Then E(|X|¥) is called the k-th
moment of X about the origin and call E[(X — E(X))*] the k-th moment of X about
the mean.

We call the second moment of X about the mean, the variance of X, denoted by
Var(X). Then

Var(X) = E[X — E(X)]2

We note that
1. Var(X) = E(X?) — E*(X).
2. If X ~ N(u,0?) then E(X) =y and Var(X) = o2

Proposition 2.5. If X1, ..., X,, are independent and E|X;| < oo fori=1,2,...,n, then
1. E(X1 X9 Xn) = B(X1)E(X2)...E(X,),

2. Var(a1 X1 + -+ anXy) = a2Var(Xy) + -+ a2Var(X,) for any real number

A1y --ey Qp.

Theorem 2.6. Let (X,,) be an increasing sequence of randon variables on a probability

space (2, F, P) to [0,00) and lim X,, = X a.s. Then lim E(X,)= EX.
n—00 n—0o0



The following inequalities are useful in our work.
1. Holder’s inequality :
E(IXY]) < Ev(IX]")E1(Y )
1 1
where 0 < p,g <1, —4+ - =1and E(|XP) < 00,E(|Y|?) < 0.
P q

2. Chebyshev’s inequality :

Var(X)

P{IX -E(X)|2¢e}) < —F

forall e >0

where F(X?) < oo.
Let X be a random variable with finite expected value on a probability space (€2, F, P)
and D a sub o-algebra of F. Define a probability measure Pp : D — [0, 1] by

and a signed measure Qx : D — R by

Ox(E) = [E XdP.

Then, by Radon-Nikodym theorem we have Qx <« Pp and there exists a unique mea-
surable function EP(X) on (Q, F, P) such that

/ EP(X)dPp = Qx(E) = / XdP for any E € D.
E E

We will say that EP(X) is the conditional expectation of X with respect to D.
Moreover, for any random variables X and Y on the same probability space (2, F, P)

such that E(]X|) < oo, we will denote E2Y)(X) by EY (X).

Theorem 2.7. Let X be a random variable on a probability space (0, F, P) such that
E(|X|) < oo, then the followings hold for any sub o-algebra D of F.

1. If X is a random variable on (2, D, Pp), then EP(X) = X a.s.[Pp].
2. B¥(X) = X a.s.[P].

3. If o(X) and D are independent, then EP(X) = E(X) a.s.[Pp)].
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Theorem 2.8. Let X andY be random variables on the same probability space (2, F, P)
such that E(|X|) and E(|Y|) are finite. Then for any sub o-algebra D of F the followings
hold.

1. If X <Y, then EP(X) < EP(Y) a.s. [Pp].
2. EP(aX +bY) = aEP(X) +bEP(X) a.s. [Pp] for any a, b € R.
3. |[EP(X)| < EP(|X|) a.s. [Pp).

Theorem 2.9. Let X andY be random variables on the same probability space (Q, F, P)
such that E(|XY|) and E(|Y|) are finite and D1,Dsy be any sub o-algebras of F. If X

1s a random variable with respect to Dy, then
1. EPY(XY) = XEP'(Y) a.s. [Pp,],
2. EP2(XY) = EP2(XEP1(Y)) a.s. [Pp,).

Theorem 2.10. Let (X,,) are increasing sequence of mnon-negative random variables
on the same probability space (Q,F,P). If X, — X a.s. and E|X| < oo, then 0 <
lim EPX, = EPX a.s. [Pp] for any sub o-algebra of F.

Theorem 2.11. Let X be a random variable on the probability space (0, F, P) such that
E(|X|) is finite and D1, Dy be any sub o-algebra of F. If o{X, D1} is independent of
Do, then

EoPrPl (X)) = EPY(X) a.s. [P).

2.4 Conditional Independence

Let (2, F, P) be a probability space and D a sub o-algebra of F. For any event A on
F, we define the conditional probability of A given D by

P(A|D) = EPI(A)

where [(A) is an indicator function.

Let X,Y and Z be discrete random variables on a probability space (2, F, P). If
PX<z,Y<y|Z=2)=PX<z|Z=2)PY <y|Z=2z2)forall z,y,z € R such
that P(Z = z) > 0, then we say that X and Y are conditionally independent given
Z.
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Proposition 2.12. Let X,Y and Z be discrete random variables on a probability space
(Q, F, P) such that X andY are conditionally independent given Z. Then the followings
hold.

1. XT and YT are conditionally independent given Z,
2. XT and Y~ are conditionally independent given Z,
3. X~ and YT are conditionally independent given Z,
4. X7 and Y~ are conditionally independent given Z

where for any f: Q — [—o00, 00|, we defined the positive part of f by f = max{f,0}
and the negative part of f by f~ = —min{f,0}.

Proof. Assume that X and Y are conditionally independent given Z. Let x,y,z € R be
such that P(Z = z) > 0.

case 1. Yw € Q, X (w) > 0 or Yw € Q,Y (w) > 0.

WLOG, we assume that Yw € Q, X (w) > 0. If y < 0, then

PXT<a,YT<y|Z=2)=0=PXT<z2|Z=2)PYT<y|Z=2).
Let y > 0. We observe that

PXT <2, YT <y|Z=2)=P(X<2,Y<yl|Z=2)

PX<z|Z=z)P(Y <y|Z=z2)
=PXT<z|Z=2)PYt<y|Z=2).

case 2. FJw €, X(w)<0and Jw € Q,Y(w) <0.
Ifz <0ory<0,

PXT<2,YT<y|Z=2)=0=PXT<2|Z=2)PYT<y|Z=2).
If £ >0 and y > 0, then

PXT <z, YT <y|Z=2))=P(X<2,Y<yl|Z=2)
=P X<z|Z=2PY<y|Z=x)
=PXT<z|Z=2)PYt<y|Z=2).

Thus, we prove 1. Similarly, we have 2,3 and 4. O
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Proposition 2.13. Let X,Y and Z be discrete random variables on a probability space

(Q, F, P) such that X and Y are conditionally independent given Z. Then
EXY = E(E?XE?Y).

Proof. Assume that X and Y are conditionally independent given Z.

Step 1. X and Y are non-negative simple functions.

n m
Let X = ) ol(E;) and Y = > BI(F;) where {Ey, By, ..., Ep} and {Fy, Fy, ..., Fp}
i=1 j=1

n m

are partitions of 2. Thus XY = ZZaiﬁjH(Ei N F;) and {E; N Fj,|i = 1,2,...,n and
i=1 j=1

j=1,2,...,m} is a partition of Q. Since X and Y are conditionally independent given

Z,PX=2,Y=y|Z=2)=PX=z|Z=2)PY=y|Z=z2)foral z,y,z € R
such that P(Z < z) > 0. This implies

P(E;NFj|Z)= )  P(ENF;|Z=kLZ=k)
kelmZ

= > PX=0,Y=0|Z=kIZ=k)
kelmZ

= Y PX=ow|Z=kPY =p;|Z=kI(Z=k)
kelmZ

=1 ) PX=a|Z=KUZ=kK)] )Y PY=012=0DUZ=1)

kelImZ lelmZz

— P(E/|2)P(F}|2)

foreveryi=1,2,....,nand j =1,2,...,m.

Then

n m
EXY =) ) B,EE’I(E; N Fy)
i=1 j=1

=> ) B EP(E;NF}|Z)

i=1 j=1

— Z ZO&iﬂjEP(EZ'|Z)P(Fj|Z)

i=1 j=1
= B()_ e B2U(E)) (Y 5, EZI(Fy))
i=1 Jj=1

= E(E?XE?Y).
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Step 2. X and Y are non-negative random variables.
Let (X,) and (Y},) are increasing sequences of non-negative simple fuctions such that

X, — X and Y,, — Y. From step 1, Theorem 2.6 and Theorem 2.10, we have

EXY = lim E(X,Y,) = lim E(E?X,E?Y,)= E(E*XE?Y).

n—oo n—oo
Step 3. X and Y are random variables.

It follows from Proposition 2.12 and step 2 that
E(XTY ") =E(E’XTE?YT), E(XTY")=FEE?XTE?Y™)
EX YY" =EE?X"FE*Y"), E(X'Y")=EE*X"E*Y").
Thus

EXY =E[(XT - X)) (YT -Y7)]
=EX'YT - XTY - X YT+ XY
= E(E?XYE?Y ) - E(E?XYE?Y ") - E(EX E?Y ')+ E(E?X E?Y")
= E[EZ(XT - X )E?(YT —Y7)]
= E(E?XE?Y).

2.5 Stein’s Method for Normal Approximation

In 1972, Stein[25] introduced a powerful and general method for obtaining an explicit
bound for the error in the normal approximation to the distribution of a sum of dependent
random variables. The technique used was novel. Stein’s technique is free of Fourier
methods and relied instead on the elementary differential equation. This method was
adapted and applied to the Poisson approximation by Chen in 1975[5]. Since then,
Stein’s method has stimulated an area of intensive research in combinatorics, probability
and statistics.

There are at least three approaches to use Stein’s method when the limit distribution
is normal, i.e., namely a concentration inequality approach(see, for examples, Ho and
Chenl[9], and Chen and Shao[6]), an inductive approach (see, for example, Bolthausen[3]),
and a coupling approach (see, for example, Stein[26]). In this work, we use the concen-

tration inequality approach.
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In this section we give basic results on the Stein’s equation and its solution.

Let Z be a standard normal distributed random variable and let Cpy be the set of
continuous and piecewise continuously differentiable finctions g : R — R with E|¢'(Z)| <
00.

For g € Cpy and any real valued function I with E|I(Z)| < oo, the equation
g (w) = wg(w) = I(w) — BI(Z) (2.1)
is called Stein’s equation. The Stein’s equation for normal distribution function is
g (w) — wg(w) = I(w < 2) - B(2), (2.2)

for z € R, where I is an indicator function.

Hence
E(¢/(W)) — EWg(W) = P(W < 2) — ®(2) (2.3)
for any random variable W and the solution g, of (2.2) is given by

\/%ew;@w 1—®(2)] ,if w<z,
gz(w) = .2 wl = (2.4)
V2re 2 @(2)[1 — ®(w)] ,if w > 2.

Thus, it suffices to find a bound for
E(g.(W)) — EWg.(W)

instead of

P(W < z)—®(2).



CHAPTER III
A UNIFORM BOUND FOR THE GENERALIZATION
OF A COMBINATORIAL CENTRAL LIMIT THEOREM

Let d be a positive integer and let:
1. m, 1 <k <d, be random permutations of {1,...,n} each uniformly distributed over
all the n! possible permutations;
2. Y(i1,.yige1), 1 <i1,...,ig41 < n, be random variables;
3. the Y (i1, ...,74+1)’s and m’s all be stochastically independent.
We define

W = Y (i,m(i), ..., ma(i)). (3.1)
=1

This chapter is concerned with the normal approximation to the distribution of W. In
the special case of d = 1, this is called a combinatorial central limit theorem(see, for
examples, Wald and Walfowitz[29], Hoeffding[10], Matoo[15], Hajek[7], Robinson[24],
Kolchin and Chistyakov[11], Von Bahr[30], Ho and Chen[9], Bolthausen [3], Bolthausen
and Gotze[4] and Neammanee and Suntornchost[17]). In this chapter, we establish a
uniform bound for W in the case of an arbitary d by using technique from Ho and

Chen[9] and Neammanee and Suntornchost[17]. This is our main result.

Theorem 3.1. Suppose that
EW =0 and VarW =1, (3.2)

and
n

Z A(it, .ooyige1) =0 for every j € {1,..,d+1} (3.3)

ij=1
where

fi(is e iaer) = EY (i1, oo iasn).
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Then for n > 6ld+l) 3,

1
11.94 1.037v/ 10,
sup [P(W < z) — ®(z)| < )10 + 037 d+ 0

1
< +8.314(d + 1)4d4 + 11.7656
z€R \/ﬁ ( ) 4 4

g
2\/ 27T(54

’I’LS

+5.014(d + 1)

i\w‘ﬂkmw 3

where

I LSS BV G ial

11=1 igy1=1
Furthermore, if 64 ~ n~'/2, then

1

28.72 1. d+1 314(d+ 1) 014(d+1

cup [P < 2)— ()| < BT+ 1OV +8} (d+1)7 +5.014(d+ 1)
z€R n

Note that in the special case of d = 1, Neammanee and Suntornchost[17] yields the

(3.4)

bound 216 while Theorem 3.1 gave a constant C' = 50.106.
We re?nark that no generality is lost in this work by assuming conditions (3.2) and
(3.3). In the case of d = 1, this is showed by Neammanee and Suntornchost[17] as follow.
Let (X(4,7)) be an n x n matrix of independent random variables and 7 be a
random permutation of {1,...,n}, such that = and X(¢,7)’s are independent. Their

work is concerned with the normal approximation to the distribution function of W,, =
n
> X(i (@)
i_
For each 4,5 € {1,2,...,n}, let p;; and o : be the mean and variance of X;;, respec-

tively and

1 1 1
:EZ/W, N.j:ﬁZNija M..ZEZMU
j % 2y

1 1
d2:7( 1 D (g — i = pj +p)? and 0® == " of.
n—1) i e

’

From Ho and Chen[9], VarW,, = d* + o2. Then

satisfies the conditions (3.2) and (3.3) where

1

Y(i,j) = W(X(@j) — i — g+ )
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(see[17],pp-560).

Next, we shall generalize this argument to the case of an arbitary d. Let X (i1, ...,74+1),
1 <41,..., %941 < n, be random variables and 7, 1 < k < d, be random permutations of
{1,...,n} each uniformly distributed over all the n! possible permutations such that the

X (i1,...,79+1)’s and 7p’s all are stochastically independent.

Assume that o2 := Var(z X (i,m1(4),...,mq(3))) > 0. We define

i=1
W =Y Y (i,m(i), .., ma(i)) (3.5)
i=1
where
1 d n
Y (i1, s dgr1) = E[X(ih ey Bdy1) + ;Mk(ih ey bdy1) + (—1)(d+1);]7
o (—1)* _
/J,k(117...,ld+1) = nk Z Z"'ZM(ZI7“'7ld+1)7
1<j1<g2<...<jrp<d+1 g, a3y,
qp lf p:jlv"‘ujka
I, = (3.6)
ip otherwise,
it iarr) = EX (i1, vias)
and p=>Y EX(i,m (i), .., mq(i)).

i=1
Then W satisfies conditions (3.2) and (3.3). The proofs are shown in the following

proposition.
Proposition 3.2.
1L.LEW =0 and VarW =1

n
2. Z EY (i1,...;ig41) =0 for every j=1,..,d+ 1.

ij=1
Proof. 1. Note that
1 & -
u = E Z . Z M(Zl7 "')Zd+1)‘
i1=1  digy1=1

By the fact that, for fixed 1,



where 1 = j1 < jo < ... < jr <d+1 and

dp if D= ]->j2’ "'7jk’

l, =
mp(i) otherwise

is equal to

nd-i—l k Z Z (kv -..s kar1)

Ei=1  kgii=1
and the fact that, for fixed 1,

Z Z (L1, s lgg)
i

where 1 < 71 < j2 < ... < jr <d+1 and
1 if p=1,

lp — Y49 if p :jl7j2a "'ajk?

mp(i) otherwise

is equal to
1 n n
d—k Z Z Z k27"‘7kd+1)7
ko=1 kgy1=
we have
p (2, m1.(2), ..., Ta(8)) = il > o Yk, s Eag)

1=j1<je<..<Jp<d+1lki=1 kqy1=1

—1)k ~
—+ ( n%i) Z Z Z [L(i,kg,...,kd+1).

Notice that

Zzuk i, 1), ooy mali)) + (~1) D

=1 k=1

L (—1)k
= — > Z Z (ks .oy kger)
k=

1 1=51<j2<...<jp<d+1 k;=1 kgy1=1

d 1\k n n n
*Z(nld) S S > ke kag) + (-1
k=

1 1<j1<jo<..<jp<d+1i=1 ka=1 kgp1=1

d d
=) (-1 > pt ) (-1 > ot (=)@ g

k=1 1=71<j2<...<jp<d+1 k=1 1<j1<ge<...<jp <d+1

18
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d
DD wr ()
k=1 1<j1 <jo <...<jp<d+1
d

> ("5 )u o
) d+1(_1)k (d;fr 1>’u

=1 - —1]u

S
Thus
n n d
W = 2000 Xm0 ma0) + 30 3 el () e a0) + (1)
=1 i=1 k=1
= %[ZX(%TH( ) ,Fd(l)) ,u,]
i=1

Hence EW =0 and VarW = 1.

2. We shall first proof in the case of j = 1. Let py(i1,...,iq+1) and Iy, ..., {441 be defined
as in (3.6) and g, ...,i44+1 € {1,...,n}. We observe that

Z Zuk i1y ey Gd41)

11=1 k=1
-~y (D
550 31= D SRR o¥ 3 A
11=1k=1 1< <je<...<jp<d+1 qj; 9,
d
(D o b ]
B SL=U D SR 5 St 3 RN
k=1 1:j1<j2<‘..<jk§d—|—1 q1 G55 q]'k
d
1 & -
3= SED DD D% S IR
d
~ (—D* _
= - /"L(Q1)227"‘7/Ld+1)+z ’I’Lkil Z ZZ"'ZN’(qlvl?a”wld-i-l)
q1=1 k=2 1=j1<jo<...<jp<d+1 q1 @qj, a5,
d— 1 L n
—1) .
- nk Z Z -ZM(11712,~--7ld+1)
k=1 i1=11<j1<j2<...<J <d+1 gj; %y,
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(1) & "
+ 2 ZZ”'ZM(Zl’QQ"”7Qd+1)

i1=1 q2 qd+1

n _1\k
= — Z ﬂ(ql,ig, ...,id+1) —+ Z (nkl)l Z ZZ ...Zﬂ(ql,lg, ...,ld+1)

=1 k=2 1=j1<jo<...<jp<d+1 q1 @qj, 95y

d  1\k-1 n
+Z(n?—1 3 SoD e D indy L) + (<)
k=2

1<j1<je<...<Jp—1<d+141=1 gj; i

d

n
= (_1)d/"6 - Z ﬂ(Q17i27 "'7id+1)'
=1
Thus
n
EY (i1, ...yig41)
i1=1
1 n d "
== > EB[X (i1, iga) + Y (it igpr) + (_1)(d+1)5]
i1=1 k=1
1 n n d
= g[z ﬂ(ila --'7id+1) + Z Z/.Lk(@l, ceny id+1) + (—1)(d+1)/_1,]
11=1 i1=1k=1
=0.
For j =2,...,d + 1, we can prove this by using the same argument. O

3.1 Auxiliary results

In this section, we give auxiliary results for proving our main theorem(Theorem 3.1).
We shall first construct the following system which generalizes the result from Ho

and Chen[9] naturally by extending to d-dimensions. Let I, K, Ly, ..., Lg, M1, ..., My be

uniformly distributed random variables on {1,2,...,n} and p1, ..., p4, 71, ..., Tq are random

permutations of {1,2,...,n}. Assume that

{I,K,L,...;Lg, My, .... Mg, p1, ..., pd, T1, ..., Tq} is independent of

Y(il, ceey id+1)’s, (37)
(I,K), (L1, M),...,(Lg, Mg) are uniformly distributed on
{(i,k)|i,k=1,2,....,n and i # k}, (3.8)

(I,K),(L1,M),....(Lg, My) and 7i,...,74 are mutually independent, (3.9)
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(I,K) and pi,...,pq are mutually independent, and (3.10)

(

Ti(a) if « 7é I7K7 Tiil(L’i)vTiil(Mi)
L; if a=1I,
pile) =< M; if a=K, (3.11)

TZ(I) if a:T»_l(Li)

where p;(p; ' (a)) = p; 1(pi(a)) = a, for i = 1,...,d. In the case of d = 1, Ho[8] gave an
example of random vectors I, K, L, M, 7, p,7 and Y (i,7),4,j = 1,2,...,n, which satisfy
the conditions (3.7)-(3.11). It easy to generalize his example naturally by extending to

d-dimensions. Let

S(p) = Zn;Y(i’m(i), wer pa(i)) (3.12)
and _
S(p) = S(p) — S1 — Ss + S5 + Sy
where

S1 = Y(I7p1<I)7 "‘7pd(I))7 So = Y(K7 Pl(K)77Pd(K))
S3 = Y(Iapl(K)7 "vpd(K))a Sy = Y(Kv pl(I)a "'apd(l))'

Clearly S; and S have the same distribution and so do S3 and S4. We observe that

1 n n
P($1 <a)= > ) P(Y(ir,.igp1) <a) = P(S3<a) forall acR.

i1=1  igpi=1

Thus Si,S52,S53,S; are identically distributed. (3.13)

Lemma 3.3. Let g : R — R be a continuous and piecewise continuously differentiable

function. Then

ES(p)g(S5(p)) = E/Oo g'(S(p) +t)M(t)dt — Ag(S(p)) (3.14)

and

Ag(S(p))] < ——[Eg*(S(p)])'?, (3.15)
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where

M(t) = =(S(p) = S(){I(0 < t < S(p) — S(p)) = I(S(p) — S(p) <t <0)}

n
4
and 1 is an indicator function.

Proof. Let A be the o-algebra generated by

By the same argument as in Neammanee and Suntornchost([17],pp.565), we have

2B{g(S(p)) EA(S(p) — S(p))} + E(S(p) — S(p)[g(S(p)) — 9(S(p))] =0.  (3.16)
We observe that for i # k and C € A,
LYt pati)ap

Y(Zu j17 7jd)dP
(k)=j1;--,pa(k)=ja}NC

Il
[M]=
o

<
=
I
_
o
By
I
—

Il
[+
)=

S~

)~<
=
.

=
.

S8
N—
=]
—~
—_-
<
=
=

Il
.

=
>

IsH
—~

w
N—

Il
.

ISH
-

D

Q
S—

Y

N

<
=

Il

—_
.
Sy

Il

—_

I
[
[

S|

h<
—~
.
<.

—
<.
S8
N—

=

—~
—~
)

=
—~

&y
S~—

I
<.

=
>

U
~~

&y
N—

I
.

QU
-~

D)

Q
~

<
=
Il
-
<.
<
Il
—

Il
[~]=
[~]=
=
—
\.N
<.
=
<.
Y
N—
s
—~~
—~
A~
—
—
NA
S~—
Il
<.
=
B
<
—~
By
S~—
Il
.
Y
—
D
Q
SN—

<
=
Il
—
.
By
Il
i

Il
(7=
(7=
=
=
<.
=
<.
&Y
SN—
=
—
—
)
[y
=
Il
Q.
=
B
Y
—
NA
N~—
Il
.
Y
—
)
a
SH
v

<
=

I

_
.
Iy

I

—

e ja)dP

b}
Y
=
I
<.
e
-
]
Q
=
—~
=
<
=

ja=1 /A1 (k)=j1,s

(i, pr(R), - pa(k))dP.

o

=
I
—

I

Il
S~

c

Thus

EAY (i, pr(K), ..., pa(k)) = EAf(i, p1(K), ..., pa(k)) for any i # k. (3.17)
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By this fact, we have
EA(5(p) = 5(p) = EA[=51 — S2 + 53+ 4]

= —BAY (1, p1(1), ... pa(I)) = EAY (K, p1(K), ..., pa(K))
+ BAY (1, p1(K), ., pa(K)) + EAY (K, pi(I), ..., pa(1))

k#i
== S(0) + e B DAYl 1 () aE)
=1 k=1
— (i, p1(2), - pali)) }
= 2500 4~ BASYS il pr (K)o palR))
n n(n —1) =
e D 10, ) (3.18)
=1
We note from (3.3) that
(i, pr (k) s pa(k)) = 0
i=1 k=1

This implies the second term on the right-hand side of (3.18) is zero.

Hence

BA(S(0) = S(0)) = =28(0) = ety B S g epuli)). (319)
=1

We conclude from (3.16) and (3.19) that

2

0= 25{g(S(P)) =S (0) = s B4 D i pr (i) oo pa0)])
=1

n(n

+E(S(p) = S(p)g(S(p)) — 9(S(p)))-
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This implies

ES(p)g(S(p)) = %E(S(p) — S(p)[g(S(p)) — g(S(p))]

1
n—1

Elg(S(0)E Y i, p1(i), -wes pa(i))]

=1

= %E(g(p) = S(p))a(S(p)) = 9(S(p))] = Ag(S(p))

where

BIS i, 1 (8) o pali))
i=1

= ZE//J (Z,pl(z) -~-an(Z)) +ZZEM(Z pl(z) apd(l))ﬂ(],pl(]) 7pd(]))
i=1 =1 5

J1
NFN Jap1Fid+1
n n n n
(_l)d—i—l

= % Z Z /:L2(’L'1’ ...,id+1) + m Z Z /~L2(i1, m»id—l—l)

’i1:1 id-‘rl:l

< % Z Z EY?2(iy, ... ige1) + m Z Z 7211, g

i1=1  igii=1

n
- % YD EYP(in, i)

i1=1  igpi=1

> EY(inyeiga) Y o Y, EY (1, jag)
i

i1=1 id+1:1 ) . ) jd+}
NFN jap1Fids1

7,1:1 Z’d+1:1

1

IR




= EY?(i, p1(i), ..., pali +ZZEsz1 )y Pa(0)Y (3, p1(5), -
=1

=1 .j‘
J#i

= B[ Y (i pr(0), - pa())

Hence, by Holder’s inequality and (3.20),

n

8g(S(p)| < 5 B (S(NHED il p1 (0, i)}

[SIE

25

»pd(J))

(3.20)

O]

Lemma 3.4. Let S(p) be defined as in (3.12). Then in the special case of d =1 and

n > 39, we have
ES*(p) < 4.678/nd,.
Proof. Note that
ESY(p) = Ay + Ag + Az + Ay + As

where

Ay =) EY* i, pi(i))
i=1

Ay = Z Z EY3(iq, p1(i1))Y (i2, p1(i2))
i1=1 2

12711

A3 = Z Z Eyz(ilvpl(h))yz(i%pl(h))
i1=1 o

12711

Ay = Z > Z EY? (i1, p1(i1))Y (i2, p1(i2))Y (is, p1(is))

i1=1 g
o741 23?&11,22

(3.21)

%—ZXIZ ZAWmmMWMMW%MMWWM»

i1=1 9o
o741 237511,12 147511,@2,13



By the fact that n > 39 and (3.3), we have
_ 1 zn:zn:EY4(z’ j) = LR 025v/ndy
[ 7 v
and

n n
Ay = EY*®(iy, j1) EY (i, j2)
n — 1

’Ll 1]1:1 Z2
12741 Jz#h

n n
=0 D > EY3(ir, j1)EY (i1, j1)
11 151=1
n n
4
< L BYYd)
=1 j=1
~ Vn(n—1)

< 0.0006y/ndy.

We observe that

26

(3.22)

(3.23)

SN B2 ) <0 S S BV <n? S0 S BV ) = n’Vnds. (3.24)

i=1 j=1 i=1 j=1 i=1 j=1

By this fact,

A3 = ——r n(n—1) ZZEY i1, J1) Z ZEY i2, j2)

1= 1]1 1 12
12741 327931

2
S DI L)
i=1 j=1
< n\f
- 1
§1.026\/ﬁ<54.

Next, we will bound A4. Note that

ZZEY i1,71) Z ZEY (12, j2) Z Z EY (i3, j3)

i1=171=1 2
ia#i1 Jz;ﬁﬁ ls#llﬂz 137'5]1,]2

consists of a sum of 4 terms each of the form

Z ZEY i1, 41) Y Z EY (ig, jo)EY (k,1)

i1=171=1 12
2701 327531

(3.25)

(3.26)
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where k = i; or i3 and [ = j; or jo. By (3.3), for fixed i1, ji1,

2 Z EY (i, j2) BY (k. 1) < ZZ EY (i, 5)) SZH:ZR:EW(M).
Z272%1 Jain =15=1 =1 j=1

This implies

n n
DO EYEing) Y ZEYZZ,]Q Z Z EY (i3, j3) <4ZZEY2@]

i1=1j1=1 ia i=1j=1
21 32#1 23#%1712 337&31712

From this fact, (3.24) and n > 39, we have

Ay = (n—l D) ZZEY i) Y ZEYzm Z Z EY (i3, j3)

1= 1]1 1 9
2711 32#31 137511712 Jssﬁjm
< EY?(
< <n_1 D) >3 BY¥ig)
=1 j=1
< 4dn/n 54
(n—1)(n—2)
1
=4 _ 1)
(n — 1>(n — 2)\/5 4
< 0.11y/néy. (3.27)

It remains to bound As. Similarly to (3.26),

ZZEle ZZEYM Z Z EY (i3, j3) Z Z

Zl 1 ]1 1 ’62
i2Fi1 12;&]1 23#%17%2 ]3¢JI7J2 147%1,%27%3 J4¢J17J27]3

EY (i4,j4)

consists of a sum of 9 terms each of the form

ZZEYZl,jl > ZEYZMQ Z Z EY (i3, j3)EY (k1)

i1=171=1 12
o711 327@1 %3#1 i2 J375J1 J2

where k € {iy1,49,i3} and [ € {j1, jo, j3}.
case 1. (k,l) = (i1, 1)
Note that
B(i1,j1) < A5+ As2+ As3 + Asa



where

Asi = (EY(i1,51))* Y Y EY(ia,j2),

=1 ji=1 iy gy
2711 jaFj1

Asp =Y Y (EY(i1,51) Y Y EY(ia, j2) EY (i1, j2),

i1=1751=1 ) i2' ]2
12711 joA 1

Asg = > (EY(i,50)* Y > EY(is, j2) EY (in, ju),

=1j1=1 iy 2
270 j2 751

and Asa=Y Y (EY(i,50)° > Y (BEY (i, j2)*

=1j1=1 Cia 2
271 joA )1

By (3.3),

Asi =) Y (BY (i, )" < v/nds,
i=1 j=1

Asa == Y (EY(i1,51))* > (BY (i1, 52))* <0,

i1=1j1=1 ) j;Z )
J27]1

and by (3.24),
A574 S [ZZEY2(Z,j)]2 S n2\/ﬁ<54.

i=1 j=1
Thus
B(i1, j1) < V/nbs + n’v/nds.
case 2. (k,l) = (i2,j2)
We observe that
B(ia, j2) = Asu + As 5+ As 6 + As 7

where

As5 =D D BY(ijn) 3 ) (BY (i.j2))BY (i, 2)

i=1j1=1 iy s
12711 jaF£J1

28
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As = Z Z EY (i1, /1) Y Z EY (i2, j2))*EY (i2, j1),

i1=1751=1 i2
ig7l1 Jz#h

and As7= Z Z EY (i1, j1) Z Z (EY (i2,j2))

1= 1]1 1 12
i2 711 stﬁjl

By (3.3),
Asp = Z Z EY (i1, j1) Z EY (i1, j2) Z(Ey(i2,j2))2
’L1 1]1 1 12 1
J#h
n n
- Z Z EY (i1, j1) Z (EY (i1, j2))
i1=171=1 J2
J2#i1
n n n n
=Y > EY(i1,51) Y EY(i1,j2) Y (EY (ia, j2))?
i1=1j1=1 ja=1 ir=1
n n n
- Z Z(Ey(il,jl))Q Z(EY i2,j1)) Z Z EY (i1, j1) Z(EY(Z'17J2))3
i1=1j1=1 ir=1 i1=1j1=1 Ja=1
n n
+ Z Z(Ey(ilajl))
i1=1j1=1
n n
<> > EY(iy, )
i1=1j1=1
= \/5(547
n
Ase = Z Z EY (i1, j1) Z EY (i2, j1) Z(EY(ZQ,]’Q))Q
11=171=1 jo=1
127'511
n n
= > > EY(ir,51) Y (EY (g, 1))’
i1=1j1=1 iz
irin
n n n n
=D D BY(in,j1) Y} EY(ia 1) Y (EY (2, j2))*
i1=1j1=1 ir=1 =1
n n n
=Y ) (EY (i, 41)* D (BY (i1, j2))?
=1j1=1 J2=1

n n n
3 ST BY (i) Y (BY (2, 1)* + Z Z EY (i1, j1))

i1=1j1=1 io=1 i1=1j1=1
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< Z Z EY (i1, j1)

i1=1j1=1
= V/ndy
and
A7 = Z Z EY (i1, j1) Z Z EY (i2,j2))” — Z Z EY (i1, 51) Z (EY (g, j1))’
i1=1j1=1 Ci2 2=l i1=1j1=1 2
127101 i9#i1
n n n
==Y EY(i1,j1) Y _(BEY (i2,51))* + Z Z EY (i1, 51))
i1=1j1=1 iz=1 i1=1j1=1
n n
<Y > EY(in, )
i1=1j1=1
= /ndy.
Thus

B(ia, jo) < 3v/ndy + n*v/ndy.

case 3. (k,l) = (i3, j3)
We note that

B(iz, j3s) = Asq + As7+ Asg + As 9 + As10 + As11 + As 12 + As 13 + As 14

where

n n
Asg =Y > EY(i,51) Y Z EY (iz, j2) Z Z EY (i, j3))",

i1=1751=1 12 i3=1j3=1
2741 Jﬁh

Asg = — Z Z EY (i1, j1) Z Z EY (i2, jo) Z(Ey(il,ja))27

11=17j1=1 12 Ja=1
Sy J27’5]1

As 10 = — Z Z EY (i1, j1) Z Z EY (i2, j2) Z(EY(Z'%J'?;))Qa

i1=171=1 12 J3=1
21 Jz;éjl

As 11 = — Z Z EY (i1,71) Z Z EY (i, jo) Z(EY(Z'?,,J&))Q,

i1=171=1 i2 i3=1
2741 327&]1

Aspo =Y > EY(i,51) > > EY(ig, j2)(EY (i2,51))?,

=1 j1=1 iy e
2711 jaFj1



By

A5713 = — Z Z EY(il,jl Z Z EY Zg,jg Z(EY(ig,jz))Q, and

i1=1751=1 12 i3=1
2711 327&]1

n n
Asaa =YY EY(ir, 1) > > EY(ig, j2)(EY (i1, j2))*.
in=1j1=1 Ci2 g2
12711 jo# )1

(3.3) and (3.24),

Asg =D Y (EY(i1,51))* Y Y (EY(is, j3))

i1=1j,=1 ig=1 ja=1
<D EYR(i5)
i=1 j=1
< n2\/ﬁ54,
Aso ==Y (EY(i1,j1))* > (EY(i1,]3))*
u=15n=1 Ja=1
<0,
Asi0="Y_ > EY(i,j) Y > (EY(is, j3))*EY (ig, 1)
i1=1j1=1 Ci2 ja=1
i2#i1
=D Y EY(in51) Y Y (EY(i2,j3)° EY (i, 1)
i1=17j1=1 12=1j3=1
=3 (EBY (1.51)* Y (EY (in, js))?
11=171=1 Js=1
<0,
Asii ==Y EY(ir,j1) D > EY(ig,j2) Y (EY(iz,j1))*
11=17j1=1 L2 j2=1 i3=1
21
+ Z Z EY (i1, j1) Z EY (iz, j1) Z(EY(i3,j1))2
11=171=1 13=1
127&1
=YY EY(i1, ) Z EY (ig, j1) Y _(EY (i3, j1))?
i1=1j1=1 iz=1 ig=1
=0 D (BEY(i,51))* Y (BY (is,71))
i1=1j1=1 iz=1

<0,
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Asaz =Y > EY(in,ji) D > EYl(is,j2)(EY (ia, j1))*

11=17j1=1 iy j2=1
2711
n n
- Z Z EY (i1, j1) Z (EY (i2, 51))
i1=17j1=1 12
i9#£11
n n n n n
S B i) DBVl 3 3 BV )
i1=1j1=1 iz=1 i1=1j1=1
< \/’77154a
n n n n
Asiz=—> Y EY(i,j1) Y Y EY(iz,ja) Y (EY (i3, j2))*
i1=1j1=1 iy ja=1 ig=1
izl
+ Z Z EY (i1, j1) Z EY (iz, j1 Z(Ey(i&jl))Q
i1=171=1 ig=1
127511
n n n
=Y > EY(i1,5) Z EY (ig, 1) > (EY (i3, 1))
i1=1751=1 i9=1 i3=1
n n n
= > D (B (i1,51))° > (BY (i5, 1))
i1=1j1=1 iz=1
<0, and
n n n
Asia=Y Y EY(ij1) Y Y EY(ig, j2)(EY (i1, j2))’
i1=171=1 12 Jo=1
izl
n n
- Z Z(Ey(ibjl Z EY (i2, j1)
i1=1j1=1
12;£z1

n n

== > D (BEY(i1, 1)) Z EY (ig, 1) + Y > (EY (i1, 1))

i1=1j1=1 =1 i1=1j1=1

< \/néy.

Thus
B(is, j3) < n®v/nds + 4v/ndy.
case 4. (k,l) = (i1, j2)
We note that
B(i1,j2) = As2+ Ass + As 14 + As 15

32



where

As 15 = Z Z EY (i1, j1) Z Z EY (i, j2)EY (i1, jo) EY (i2, j1).

i1=131=1 ey
2741 joFj1

Using the fact that 2ab < a’® + b2,

33

a5 < 5 30 S BVl Y EIY (i il (EY (i1, G2) + BY (i, 1))

i=1ji=1 iz g
2711 jaFj1

< S BV Y S BV (i) Y D BV s, )

i1=141=1 io=1 jo=1 i3=1jz=1

:gzgpmmwzjﬁwuﬁ

=1 j=1 =1 j=1
< TL2 " EY2 .2
i=1 j=1
4 n n
<Y Y EY(L)
i=1 j=1
B n4\/ﬁ5
=50
Thus A
B(’il,jg) < Qﬁé4 + n 2\/554

case 5. (k,l) = (i1,J3)
We note that

B(i1,j3) = Asq + As3+ Ass + As 9 + As 14 + As 16

where

Asis=—)_ > EY(i,51) ) Y EY(is,j2) Y EY(io, j3)EY (i1, js).

i1=17j1=1 12 J2 ja=1

12711 jaF£ 1

4
n \/7154. Thus

By the same argument as (3.28), A5 16 < 5

n*y/n

B(i1,j3) < 3v/ndy +

case 6. (k,1) = (i2,J1)
Note that

Blig, j1) < As3 + As g + As 12 + As15 < 2/nds +

4.

n*y/n
2

4.

(3.28)



case 7. (k,l) = (i2,j3)
Note that

o n*y/n
Blig, j3) < As3+ Ass + As 7+ As 10 + As 12 + As 16 < 3v/nds + 5 4.

case 8. (k,1) = (i3, j1)
We observe that

Bl(is,j1) = As1+ As2 + As6 + As 11 + As 12 + As17

where

Asir ==Y EY(i,j1) > > EY(ip,j2) > EY (i3, j1)EY (i3, ja).

i1=171=1 Ci2 o J2 i3=1
12741 joF£d1

4
We can use the same argument of (3.28), As 17 < i 2\/77(54. Thus

4
Blis, j1) < 3v/nds + n 2\/7754

case 9. (k,1) = (i3, j2)
Note that

n*y/n

Blis, j2) = As2+ As6 + As 7+ As 13 + As 14 + As 17 < 3v/ndy + 4.

It follows from cases 1-9 and n > 39 that

A5:n(n_1)( ZZEY“’JI ZZEY’LQ,]Q Z Z

Zl 1]1 1 2

in i1 127531 13#1,@2 33#11 J2
Y (i3, j3) Z Z EY (i4, ja)
u#n,m,zs 34#1,]2 J3
:n(n—l)( ;;Bﬂm]l)
_ (24y/nés + 3n2\/554 + 3nt\/né,)
- n(n—1)(n —2)(n — 3)
= Vs + 3 () ()
= n
nin—1)(n—2)(n—3) 4 n—1"n—-2"n-3 4
n n n
30— (- —5)(—5)Vnds

34

< 3.517v/ndy. (3.29)
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Now, we conclude from (3.21), (3.22), (3.23), (3.25), (3.27) and (3.29) that

ES*(p) < 4.678v/néy.

O
Lemma 3.5. Let S(p) be defined as in (3.12). Then for n > 6(4+1) 43,
ES*(p) < 4.678/nd,.
Proof. From Lemma 3.4, it suffices to proof the lemma in case of d > 2. Note that
ESYp) = A1 + Ay + Az + Ay + A (3.30)
where
Ay =Y EY*(j, p1(4), - pald))
j=1
A2 - Z ZEY?’(J’ pl(.j)a 7pd<j))Y(k7p1(k)7 :Pd(k»
Tk
A3 = Z ZEY2(3’ pl(])a 7Pd<]))Y2(k7P1(k)a 7pd(k))
Tk
A =S5 ST BY2G (), e pal))Y (s pr (), s )
=k 1w
X Y<l7:01(l)7 7pd(l))
A5 =333 3" EY(p1()s s pa(d)Y (K, pr(R), ..., palk))
=1 k 1 m
k#j 15,k m#5:kl
X Y(l7 Pl(l)> ) pd(l))y(ma pl(m)7 ) Pd(m)) (331)

We observe that




36

d 1 d
<l4+-— 4= _ 7y
- +(n—1)+22(n—1)
r=2
<1.03 (3.32)
h h dthftthtd< d <1'thlt’ lity. B
ere we have use e fac a — 1in the last inequality.
W Wi Vi n_1= 6@ 12 = 50 q Y y

(3.32) and the fact that n > 6(¢*1)) 4+ 3 > 219, we can follow argument of Lemma 3.4 to
show that

A < 0.004v/nds, Ag < 0.000002v/7184, As < 1.03v/ndy, As <1.09v/nds.  (3.33)

Hence we need to bound only As. Note that on expansion,

Y. ZEyjjl,.,szz DETNNT) DD DI

j=15=1 jg=1
k‘#] k17’£]1 kd#]d 13&] k ll#]hkl ld#]d kq
Y (1,1, ...,1 Z Z v > EY(m,ma,..,mg)
mgq
m¢37k75m1¢317k1,l1 ma#jd,ka,ld
consists of a sum of 391 terms each of the form

Blqi, - qav1) dHZ Z Z EY (j1, 42, Jar1) D Z >

J1=1j2=1  jgp1=1 k1 kai1
k1#1 k27é.72 kd+1#]d+1

Y(ky ko kar) Y Y >

h la lg+1
h#juky la#jake g 1#jar1.katt

Y(ll,l2...,ld+1)EY(Q1,QQ...,Qd+1)
where ¢; € {ji, ki, l;} fori=1,...,d+ 1.
case 1. Vi € {1,....,d+ 1}, ¢ = ;.

In this case, we have

B(l1,....la41)
< (XSS B Gz da))? DS S (BY (I by lain))?
J1=1j2=1  jgy1=1 li=1le=1 lg41=1

< 1 Z Z Z EYQ(j1,j2---,jd+1))2

J1i=1j2=1  jgq1=1

< p2ld+D) Z Z Z EY*(j1, ja--uy jat1)

J1=1j2=1  jgr1=1

341 /s,
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case 2. Ji € {1,...,d+ 1}, ¢ # ;.

It suffices to prove only case ¢1 = li,...,qs = ls,qs+1 # ls+1,---,qd+1 7# lg+1 for some
s €40,...,d}.

We observe that

B(q1, s qa+1) dHZ Z Z EY (j1,J2, - Jat1) Z Z Z
ko

J1=1lj2=1  jat1=1 ki ) ka1
k17#j1 ka#j2 kd+17éjd+1

Y(k:l,kQ,...,kd+1 Z Z EY lla"' SaQS+1a-~'an+1)

1175]1,’61 ls #Jsvks

> > EY (I1,lg, oo lgg1).

ls41 laya
lst17ds+1,ks+1  lat1Fda+1.kd+1

Note that for fixed jl,jg, "'7jd+1a kl,kQ, "'7kd+17

Z Z EY (1, .., sy Qsi1s oo Q1)

ll?’é]l,kl ls #Jé, s

> > EY (1,12, ... lap1)

s+1 la+1
lst+17#Js+1,ks+1  lar17#Ja+1,Kd+1

consists of a sum of 2975t terms each of the form

C(Ts+17 ---ﬂ“d+1> d st Z Z

1175]17161 ls 7’5]5, 5

Y(lh (X3} lsv Qs+15 -y Qd—i-l)EY(lla ceey lSaTS+1’ ceey 7ﬁd—l—l)

where r; € {j;, k;i} for i =s+1,...,d+ 1, and

\C(Ts+17--- Tdt1)

Z Z {EY l17" 57q$+17'-7Qd+1)+EYQ(lla---7ls,7“s+17-‘-77“d+1)}

I 7591,161 lsséjs,ks

< Z Z EY2(Z1,...,ld+1).

l1:1 ld+1:1
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By this fact and s > 0,

n n n
B(q17"'7qd+1) g 2d_s+1 Z Z b Z E|Y(]17]27"'7]d+1)|

J1=1lj2=1  jgp1=1

Z Z Z E|Y (k1, k2, ..., kat1)|

ki ko kaq1
ki#j1 k2#d2  kgr1#a

ZZ Z EY%(l1,la, ..., l41)

Lh=llp=1 lg41=1

n n n
< 2d—s+1( Z Z Z E’Y(j17j2,~7jd+1)|)2

J1=1j2=1  jgr1=1

SN D EYP(h b lan)

Lh=llp=1 lg4,=1

n n n
< 2d+1nd+1( Z Z Z EY?(j1,j2,--,jd+1))2

Ji=1j2=1  jgp1=1

< 2d+1n2d+2 zn: Zn: i EY4(j17j23"7jd+1)

J1=1j2=1  jg1=1

— 2d+1n3d+1 \/,554

It follows from case 1. and case 2. that

3d+12d+1n3d+1\/ﬁ
A= G~ D - 2D)(n — 7))
- 6d+1(n i l)d(n ﬁ 2)d(n ﬁ 3) (n —13)d1 Vs
< 1.075/ndy (3.34)

where we have used (3.32) and the fact that n > 6(d+1) 1 3 > 219 in the last inequality.
Now we conclude from (3.30), (3.33) and (3.34) that, for d > 2,

ESY(p) < 3.199v/nds < 4.678v/ndy.

Lemma 3.6. Let
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Then S(t) and G*1(A) are conditionally independent given 71, ...,74 where

A={n() # Liy,7(K) # M;,7;(I) # M, 7;(K) # L; : i =1,2,...,d}
and

G= Y(I, My, ...,Md) + Y(K,Ll, ...,Ld) — Y(I, Ly, ...,Ld) — Y(K, My, ...,Md>.

Proof. We shall first prove lemma in case of d = 1. Let a be a permutation of {1,2,...,n}

and x,y € R. We observe from (3.7) that

P(Z Y(j,1(j) <2, G*L(A) <y, 11 = a)
= P(Z Y(j,71(j)) < 2,G*I(4) <y, 71 = o, I(4) = 0)

+ POV (i mG) € 2,G71(A) < yom1 = o, I(A) = 1)

J=1
n

:P(ZY(J}H(J‘)) <z,0<ymn=a(n(l)=1L)VnK)=MV(n)=M)

V (r(K) = L)) + P( ZY . < [YUI,M)+Y(K,L)—Y(I,L)

~Y(K,M)?<y,mn=an()#Ln(K)#Mm(I)#Mm(K)#L)
= P(ZY(j,a(j)) <z,0<yn=o(n{)=L)V(n(K)=M)V(rn()=M)
j=1

+ZZZZPZYJ7 2, [Y (i,m) + Y (k,1)

i=1 k =1 M
k#i m#l

—Y(@,1) =Y (k,m)? <y, =a,a0) £ alk) #m,a() #m,alk) #1,1 =1,
K=kL=1M=m)

ZY (Jya(j) <x){PO<y,mn=a,(n(I)=L)V(n(K)=M)V(ri(l)=M)

A +ZZZZP (i,m) + Y (k1) = Y(i,1) = Y(k,m)]* <y,
=1 k [=1 ™
ki m#£l

1 =a,a(i) #alk) #m,a() #m,alk) #1L,I =i, K=k L=1,M=m)}
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n

ZY (J,a(h) <x){PO<yn=a,(n(l)=L)V(n(K)=M)V(n({l)=M)

V(rn(K)=L)+P(Y(I,M)+Y(K,L)-Y(I,L) - Y(K,M)> <y, 7 = o,
(1) # L, 7 (K) # M,n(I) # M, 7 (K) # L)}

ZY (j,a(j)) < 2){P(G*(A) <y, 11 = a,I(A) = 0)

- P = a>P(; Y(j,a(j) < 2,71 = a)P(GAI(A) < g, 7 = a)
=P _Y(,n() <21 =a)P(G’I(A) < yln = a)
j=1

j=1
- P(ﬁl: a)P(; Y (j,m(4)) <2,G*I(A) <y,m = )
— = POS Y (in(0) £ 2. = )P(GIA) <yl = )

j=1

= P(Y_Y(j,n(j) < 2ln = )P(G?I(A) < y|n = a).
j=1

By the same argument, we can prove lemma in the case of an arbitary d.
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3.2 Proof of Theorem 3.1

Proof. We shall prove Theorem 3.1 by using Stein’s method. Note from (2.3) and Lemma

3.3 that
|[P(W < z) — @(2)| = |Eg.(W) — EWg.(W)|
= |Eg.(S(1)) — ES(p)g-(S(p))|
— |E.(S(r)) — E / 6.(S (1)dt + Dg.(S(p)|
< |Eg.(S / Mt dt—E/ g(8 (t)dt|
+ 1B (S( E/ M(t)dt — Eg.(S / M(t)d]
+IBG(S(r) - E(S(NE [ Moy
+[Ag:(S(p))]
= |Th| + 12| + | T3] + T4 (3.35)
where
= Eg.(S(7)) /OOMtdt—E/OOg;S + t)M (t)dt,
Ty = Eg.(S( E/ M(t)dt — Eg.(S / Mi(t
Ty = Bgl(S(r)) — Eg.(S E/ Mt
and Ty = Ag:(S(p))-

By the fact that

1 if wt+u<z,w+v>z,
go(w +u) = gh(w +v) < 9 (Jw| + 25 (|u] + [v]) it u>w, (3.36)
0 ortherwise
(see, [6],pp.247), we have
-8 [ (s S(p) + 1M (1)

/ [9.(S(p) + AS) — g-(S(p) + t)|M(t)dt where AS = S(r)— S(p)
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2
<E M(t)dt + E/ (15(0)] + Y2TY(IAS] + o)) M ()dt
S(p)+AS<z +— AS<0 4
S(p)+t>z =
= M + M>
where
My=E [ ) as< M(t)dt
S(p)+t>z
2
and M= [ () + ST AS| + )Mo
t—AS<0

For each § > 0 and a,b € R which is a < b, define a function fs by

fs(t) =1 —

(b—a)—9¢ if t<a-—79,

NI—= D=

(b+a)+t if a—d<t<b+3,

(b—a)+6 if b+ <t.

N[

It is easy to see that

lfs()] < =(b—a)+d forevery teR, (3.37)

N

and

B[ BsG0M@a =B [ 586+ 0
e =

w<s(py<s M)t
1115

=E I(a < S(p) < b)M(t)dt. (3.38)
[t]<6

By Lemma 3.3 and (3.38),

E/ I(a < S(p) <b)M(t)dt < E/Oo f5(S(p) +t)M (t)dt
[t|<é —co

N[

< BS()f(S(0) + < [ERSE)E (3:39)

We note that if [t| > |S(p) — S(p)|,



Thus we conclude from (3.37) and (3.39) that
My = E/ I(z—t < S(p) < 2 — AS)M (t)dt
AS>0

SE/OO I(z—t<S(p) <z—AS)M(t)dt

=F ~ I(z—t<S(p) <z—AS)M(t)dt
[t1<|S(p)—S(p)I

<B[  1—180) - Sl < S(p) < 2 — AS)M(B)dt
[t1<|S(p)—S(p)I

< BS(0)fi50) s (S(0) + < [EF% g (SN

43

AS

< BIS(0)[215(0) ~ 5(0)] - % + B8 — S0 - TPy
< SBIS()18(0) ~ S()| + LEIASS(0)]
+ L {9E[S(p) - S(p))? + E(AS)2}E.

Va(n—1)
By Lemma 3.3, when g(w) = w, we have

~ , 4 00
EIS(p) = S(pIF =B | M(t)dt

< HBS() + < (BS())
4
n—1

Since ES?(p) = 1 and (3.41),

EIS(0)15(p) — $(0)| < \/EI5(p) - 2

Let

§y = d+2 Z Z E|Y (i1, ... ig1)]?.

i1=1  igpi=1

Since E|AS|¥ is a sum of 4(d + 1) terms each of the form E|Y (I, p1(1), ...

4(d 4 1)6
k=1
n 2

E|AS|F <

for k£ = 2,4. By this fact

1
2
E|AS|IS(0)] < v/EIASE < 2Y4H 105
n4

(3.40)

(3.41)

(3.42)

7pd(I))’k7

(3.43)

(3.44)
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From (3.40)-(3.44),

1 1
3 Vd+ 163 1 36 4(d+ 1) | 2
My < +—2+ { e Ch) 2}
vVn—1 ni V2(n—1) Iln—1 NLD
1
< 3.202 n 1.037vd + 165
VD ni
where we have used the fact that n > 39 in the last inequality. In order to bound Ma,
we need to bound E|S(p) — S(p)|F, k =3,4.
Let

1 n n
b3=— Y .. E|Y (i1, ..., igi1)]>.
3 nd Z Z ‘ (Z17 72d+1)|

i1=1  dgp1=1

We note that for k = 3, 4,

E\Sl\’“:WZZ...Z Y (i, i1, ..., i) [ = —g (3.45)

i=1i1=1 i4=1

which implies

~ 4k
E|S(p) — S(p)|F = E[S1 + 82 — 83 — Sa|F < 4"E|Si|F = —= (3.46)

n 2

where we have used the fact that S, .59, S3 and S4 have the same distribution in the first
inequlity. By Lemma 3.5, (3.43) and (3.46),

B [ IS@Iasip = JEISEASI() - S()?
R
< L{BS*(0)(AS)}H{EIS(p) - S(p)|'}2

< {ES (0)}1{E(AS)}3{EIS(p) - S(p)I'}?

n 1 4(d+1)04,1 25604, 1
< —1{4. 1 1 2
= 8.314(d + 1)76;. (3.47)

Hence by Lemma 3.5, (3.43), (3.46) and (3.47),
My < B [ IS@lASIM@d+ B [ I8V
R R

LV [ 1asiaroya + Vo, [ intyas
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< 8.314(d + 1) 361 + L E|S(p)[|S(p) — S(p)P
2mn 2mn
16 32

< 8.314(d + )36, + L{ES(0)} 1 {EIS(p) - S(pI"}

L Vo

{BIASPYH{EIS(p) = S()|'}? + S22 EIS(p) = S(p)| '}

3
11 2\/276)
< 8.314(d + 1)304 + 11.7650, + 5.014(d + 1)62 52 + \/7;54

E|AS|(S(p) = S(p))* + E|S(p) - S(p)|*

2mn
16

ns

which implies that

1
3202 1OBTVd+10;
1

11
Ty < +8.314(d + 1)164 + 11.76564 + 5.014(d + 1)63 57
\/ﬁ n4
3
2210}
+ T (3.48)
ns

By the same argument as in (3.48), by using the fact that
-1 if w+u>zw+v<z,
golw +u) = go(w +v) > § —(lw| + 25 (|u] + |v]) if u <o,
0 ortherwise

(see[6],pp.247) instead of (3.36), we can show that

1
3.202 1.037v/d + 1522
Tl 2 - - 1
\/ﬁ n4
3
2V27o,

1 .
ns

11
—8.314(d + 1)164 — 11.7658, — 5.014(d + 1)62 52

Hence, we have

1
3202 1.OBTVd+ 165
1

1 1
Ty < NG 7 +8.314(d + 1)304 + 11.76564 + 5.014(d + 1)52 62
n4
3
2y/275 ]
+ YT (3.49)
ns

Next, we shall bound T5 by using the technique from Lemma 4.10 of Ho and Chen([9],pp.245).
Let A and G be defined as in Lemma 3.6, i.e.,

A= {Ti(I) # LiaTi(K) 7= MiaTi(I) # MZ',Ti(K) #£L;:i1=1,2, ,d}
and

G=Y(,M,...My)+Y(K,L1,...Lq) — Y (I, L1, ..., Lq) — Y (K, M, ..., My).
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Note that EG? = E™7G? by independence of 7q,...7y and G. From this fact and

(3.11),

o] = ZIBg.(S(r)E(S(p) — 5(p))* = Bg.(S(r))(S(p) — S(p))”]
= Z|Bg.(S(r)EG” — Eg.(S(r)C?|
= ZIBgL(S()E™T1G? — Egl(S(r))G?
< 7|BgL(S(r) BT GPI(A) — Egl(S(r)GPI(A)|
+ S BgL(S(m) BT T GPI(AY) — Bl (S(7)GPL(AY).

By Lemma 3.6 and Proposition 2.13,

Elg,(S()G1(4)] = E{[E™ g (S(r)][E" "G 1(A)]}
= BB T (S(7)) B T4G1(A)]
= Elg,(5(7)) B "G1(4)].

This implies the first term on the right-hand side of (3.50) is zero. Hence
ITo| < 1BgL(S(r) BT GPI(A%) — Egl(S(7)GP1(A°)|
Let B be the o-algebra generated by
{I,K,Ly,...;Lg, M1, ...; Mg, Y (i1, ...,igs1) : 1 < d1,.yiger < n}.
Note from Theorem 2.11 that
EBI(A) = B b LaMie Mag( 4,
By this fact,

EPI(A°) = 1 — EBI(A)

=1 — LKL, La, M, 7Md]I(A)

(n—=2)(n = 3)[(n - 2)]!

=1-4 n! }d
4 6 —4n .,
=1-1 n(n—l)]

Si() o)

(3.50)

(3.51)
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< ;‘de: <f) (3.52)

d
d
From (3.52) and the fact that g ( > < v/n for n > 641 4 3 we have
T

r=1

<2
= \/ﬁ'
By replacing g(WW) by W in Lemma 3.3 we have

EBI(A°) (3.53)

1

n—1

\E/oo M)t —1] < (3.54)

Thus, we conclude from the fact that
g2 (w)| <1 (3.55)

(see[26],pp.23), (3.51), (3.53) and (3.54),

| < %[ 9L (S(P)I[E™ T GPI(A)| + Elg.(S(r)||G1(A%)]]

n

< §E[G2]I(AC)]
= gE[G2EB]I(AC)]
< 2y/nEG?
_ \%E /_ Z M(b)dt
8.416
G
where we have used the fact that n > 39 in the last inequality. Next, we will find a
bound for T3 and Ty. From (3.54) and (3.55),

(3.56)

1
T3 < .
35S (3.57)
and, from the fact that 0 < g,(w) < 1(see[26],pp.23) and (3.15),
1
Ty < (3.58)

n—1
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Hence we conclude from (3.35), (3.49), (3.56), (3.57) and (3.58) that

1
11.946 N 1.037v/d + 163
vn ni

3
11 2\/276)
4 5.014(d + 1)87 87 + 2Y=T%

|P(W < z) —a(2)| < +8.314(d + 1)36, + 11.7658,

ns
1
11946 | 1037Vd+15]

1
8.314(d + 1)164 + 11.7658
NG + (d+1)104 + 4

n§
3
SE2¢/2 64
4+ 5.014(d +1)2 4 2V2T
ns ns

where we have used the fact that

1 n n . '
5% é W Z Z EY4(21,...,Zd+1) =

i1=1  igpi=1

(3.59)

sl

in the last inequality. O



CHAPTER IV
A NON-UNIFORM BOUND FOR THE
GENERALIZATION OF A COMBINATORIAL
CENTRAL LIMIT THEOREM

In this chapter, we use the same notation as in the previous chapter. In chapter 3, we give
a uniform bound on the generalization of a combinotorial central limit theorem(Theorem

3.1). In this chapter, we give a non-uniform bound for the approximation of W by ®.

Theorem 4.1. Let z € R. With the notation and assumptions of Theorem 3.1, there

exists a positive constant C which does not depend on z such that

|P(W < 2) = ®(z)] <

where

b= S S Bty e ian)

5
nt2

i1=1  igpi=1

Furthermore, if 6g ~ n~'/2,

C
|P(W < z) — ®(z)] < EREN
This chapter is organized as follows. Auxiliary results are in section 4.1 while the
proof of main result is given in section 4.2.
From now on, C stands for a positive constant with possibly different values in

different places.

4.1 Auxiliary Results

In this section, we shall give auxiliary results for proving our main theorem(Theorem

A1),



20

Lemma 4.2. For each iy, ...,iq41 € {1,....,n} and z > 0, let

}fz(ily ...,Z'd+1) = Y(il, ...,id+1)H(‘Y(i1, ...,id+1)‘ >1+ Z),

and  Ya(i1, . iger) = Y (i, oy iage) LY (i1, oonyiger)| < 1+ 2).
Then
n n N s 1
B Y Yi(i, pr(k), ... pa(k)))? < CnisZ + Cns3.
=1 k=1

Proof. We observe from (3.3) that

Z > EY(i,pr(k), ... pa(k)Y (I, pr(m), ..., pa(m))

3

£33 BY (k) pal)Y (i pr (), palm)

:( d T Z Z EY kl,...,derl) Z Z EY(mlw

Mg 41)
ki=1 kgi1=1 mi mg41
e miF#kL mgi#ka
-~-7kd+1) E EY(Z,/{:g,...,kCHl)
klzl derl:l

1
Ik,

+( n—1))d-1 Z Z EY (1, ..., kat1) Z Z EY (ki,ma,.

e Mg41)
kl 1 kd+1 1

ma Mat1
maF#ks  mgi1#ka

k1))
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Thus

3
3
3
3

E[. Y (i, pr(K), ..., pa(k))]* < ' EY?(i, pr(K), ..., pa(k)) + Cnv/ndy

@
Il
—_
e
Il
—
.
I
e
Il
—_

|

HM3

Z Y2(i1, ...y ig41) + Cny/nds

= Cn\/ﬁég (4.1)

Note that

E[Y™ (i1, ooy iger) Y (i1, ooy g

Y2 (i1, -y tag1)] yr

< EY™(11, ooy iqg1) Y (01 oey tg11)| T s

E|Y (i1, ..y igyq)|T0H"
= (T+2)

(4.2)

for any integers m,n and r which m > 0,n,7 > 0. Using the fact that 2ab < a? 4 b? and
(4.2), we have

Z Z EYz(i’pl(k)ﬂ"'>pd(k))}/z(l7pl(m)7"'7pd(m))
a mﬁ;”( o

:( n—l a—1 Z Z EY, (k1 ... kay1) Z Z EY,(my,....,mgs1)

ki=1 kar1=1 mi mq41
i miFkL mgii#ka

+%Z > EYi(k, . kar) Y EVa(l kg, s kara)

k1=1 k‘d+1=1 l;ﬁlk
1
+( n—l -1 Z Z EY: (b, kaa) Z > EYi(kima,.mai)
kl 1 kd+1 1 md+1

mae 7““2 mat17kat1

—= nzd 12(d—1) Z Z E|Y ki, ... kd-i—l)”

k1=1 de 1

1
+ 5t S S SUEYE(hts o hart) + BY2( Koy ki)
]{?1:1 k’d+1:1 l?élk
1

< n2d D Z Z EY:(k1, o kas1) [ + —5 Z > EYA(k1, .o kas)

k!l 1 kd+1 1 k’l 1 kd+1 =1
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n n
EY4(ky, ..., kdﬂ BY4(ky, ... ka1)
—WUZ D iy OIS (ESSE
kl 1 kd+1 1 kl 1 kd+1 1

Thus

n

3

ZY; i pl 7 "apd(k))]2 < ZEYZ2(Zap1(k)7 ,Pd(k)) + CWSE + Cn\/ﬁ&l
’L=1 k=1 i=1 k=1

L Z Z EY Zl,.. ,idﬂ)—i—Cnéf

11=1  ig41=1

+ CTZ\/E(M
< C{ny/ndy + nd2 4+ ny/né,}. (4.3)

Now, we conclude from (4.1) and (4.3) that

B[y Y Yolispr(k), ey pa(k)))

=1 k=1
= E[Z Z Y(L pl(k)’ s pd(k)) - Z Z Yz(i’ pl(k)’ s Pd(k))]2
=1 k=1 =1 k=1
<2B Y Y (i, p1(k), s palk) +2E0) Y Vali, pr(K), s pa(k)))?
1=1 k=1 =1 k=1
< C{ny/ndy + nd; +ny/nds}
< C{ni67 +nb? + n/nss) (4.4)

where we have used the fact that 63 < —4(see eq.(3.59)) in the last inequality. We

observe that

1
in case of ni@f <1, and
s 1 4 1
nyndy < (n1f j)(niéj)?’ = n262,
1
in case of ni@f > 1. Thus
1
ny/ndy < nis: + n®s3. (4.5)

By this fact and (4.4),
n n R l

S Vipr(K), oo pa(R))]2 < C{n67 + 023}

z:lk 1
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Let I, K, p1, ..., pq be defined as in previous chapter. We define
T (o) = 3V (0 ) (1.6)
and
Y(p) =Y (p) — 1z — oo+ S + Si (4.7)

where
VoL, p1(I), e, pa(D)), Sz = Ya(K, pi1(K), ..., pa(K))

S Y.(K, p1(I), ..., pa(I)).

§1,z:
§3 :i/\;;(lvpl(K)?“vpd( )) S

Similarly to (3.13) S, fori=1 2,3,4 are identically distributed

Lemma 4.3. Let g be a continuous and piecewise continuously differential function

Then
BV (0)aT () = E [ K(@ydt + Ag(T () (48)
and
Ag(F ()] < C {n 64} [BP(T ()} (4.9)
where
K(t) = "1V (p) - D)0 < £ < V() ~ V() ~U(T(p) ~ T (p) <1 < 0).
Proof. Let C be the o-algebra generated by
(920 p1(0) s pal@)) : 1 < i < .

(4.10)

(D)} +EV(p) ~ V() g(¥V)(0) — (¥ (p))] = 0

Similarly to (3.16)
Y(p

2E{g(Y (0)) E°(Y (p) —



Note that

E°[Y (p) = Y (p)]

= 23 Telis ) e pali) + n<n2_ B 22 Ve (k) palk)
i=1 ‘

= —%A( ECZ{ZY { Pl a' 7Pd(k))
=1 k=1
—?Z(i,pl(l) oy pa(i))}
9 9 n on_
T 1Y(p) + n(n — 1)Ec =1 k=1 V18l

_n- 1E<s7(p> - ?<p>>[g<?<p>>

—9(Y (p)] + Ag(Y (p))

el .~ TO-T0)
_ 1E(Y() Y())/O ’ pg’

(Y(p) +t)dt + Ag(Y (p))

4
/ t)dt + Ag(Y (p))

where

Ag(F(p) = - Bg(T(p) 2 " Valiopr

i=1 k=1
By Lemma 4.2,

Ag(Y(p))| < {Eg }{EZ Y. (i,

ns

<cC {5 + 54} {Eg(Y (p))}2.

Lemma 4.4.

)s - (k).

E}A/4(P) < C{V/nds + nd3}.

o4



Proof. We observe that
E(>_Y.(i, p1(i), ... pa(i)* = My + My + Ms + My + M;
where

= Z EYZ4(2, Pl(i)7 ) pd@'))?
=1

= 30 S BVl i) paliDYE G p1(3)s s pal))
= j;fi
Mz =N " EY2(i, p1(i), ooy i) Y2(, 91(3), s pa(),
i=1 j
J#i

M, = ZZ Z EY2(i, p1(i), .oy pa(0) Yz (3, p1(); s ()

=1 J
jF#i k#%]

Ya(k, pr(k), ... pa(k)) and

ZZ Z Z EY, (i, p1(2), ..., pa(8)Y2(4, p1(3), s pa(d))

j#’b k¢2 .7 l#%]v
sz(kv pl(k)’ S pd(k))Y;:(l’ 1 (l)7 X Pd(l))

We note that

‘Mﬂ_ dz Z EY Zl,.. Zd+1)

7,1 1 Zd+1 1

§§4

It follows from (4.2) that

C n n . ' n n ' )
|M2| < @ Z Z E|}/2(7’17"'71d+1)| Z Z E‘YZ(jla"w]d-l-l)‘g

1=l igy1=1 a=l jap1=1

SV DR S ORI

i1=1  igyi=1
2

_ Cd;

=

25



C < g .
\nggﬁz... > EY2(iy, ..

11=1

C
W[Z

11=1

IN

o
’]’L )

IN

| My

IA

= Cn?s3.

Thus

E(>_Yu(i, p1(i), ... pa(i)* =
=1

where we have used the fact that §5 <

Lemma 3.5,

EY*(p) = EQ_ Y (i, p1(i), ..., pali)

C n
= >
11=1

C n
W Z e
11=1

= C\/nb,62
C
|Ms| < W[Z

11=1

C
< W[Z'"

i1=1

tg+1=1

En: EY*4(iy, ...

tg+1=1

i EY2(iy, ...

igp1=1

i EY*4(iy, ...

tg+1=1

and

n

> EYi(in, ..

tg+1=1

Zn: EY?2(iy, ...

tg+1=1

n

i=1

n
vidr1) D e D BY2(jis e jast)

J1=1  jay1=1

7id+1)]2

Viap)[D

n

J1=1 jd+1:1

viar)[Y ) o

n

Ji=1l  jg41=1

vigen)]]!

vige1)]!

IN

3

C

IN

B

04

NG

n

b
— \/;% — 4+ C\/né43 + Cn2sy

A

~—

52

n

2
01 +%+5§+n5§}

+ néi}

n

04

n

=1

< CEW*+ CE()_Y.(i, p1(i), ..., pa(i)))*
i=1

< C{v/nds + néi}.

S EY.(i1, e das )P

Z EY (j1, s jas1)])?

=Y Ya(i, pr(d), ..., pali))*

26

in the first inequality. By this fact and
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Lemma 4.5.
~ ~ 4
EY (o) - V(o) = = +A

1 3
2 4
9

1 n/no s

where |A| < C ¢ —= +
n4

Proof. Let

SLZ - Y;'(val(l)v "'7pd(I))7 S2,z - 1/z(l(’pl([{)v "'7pd(K))a
S3,z = Y;:(LPI(K), ---ypd(K))7 S4,z = }/Z(K7 pl(I)v "'apd(I))'

By the same argument as in (3.13), S, 52z, 53,2, S4,. have the same distribution. We

observe that

E‘}A}(p) - i}(p)‘Q = E(_Sl,z - SQ,Z + SS,z + 514,z)2
= E(—(S1 — S1..) — (S2 — S2..) + (S3 — S3..) + (Sg — S4..))?
4
=Y ES{+ 14 (4.11)
k=1

where

4 n n
A< ) |ESS; I +4> ESE 4+ ) E|S:S,.|

1<i<j<4 i=1 i=1 j=1

and from (3.2) and (3.3),
1 n
E 2:72 EY?2(i, p1(4), ..., pa(i
Sl n < (val(z% 7pd(z))

= B = 3 ST BV G pa(i)s s pal)Y (15 a(5))]

=1
J#
1 1 - .
= g—mz Z Z Z EY(il,...,’id+1)EY(j1,...,jd+1)
i1=1 ig+1=1 j1 Jd+1
AN Jap17Fiar1
1 (_1)d+1 n n

= T ) SN BY (s igen)] (4.12)
i1=1  igpi=1

By (4.11), (4.12) and the fact that S7, Sa, 53,54 have the same distribution,

BV (p) - V(o) = +A
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where

4 n o n
IA| < Co S ESS|+4Y ESL 43> EISS;.| (4.13)
=1

ny/n
Vin 1<i<j<4 i=1 j=1

To prove the lemma, it suffices to find appropriate bounds for the terms on the right-hand

side of (4.13). Note from (3.3) that

|[ES1S2| = \EY(I p1(1), -, pa(1)Y (K, p1(K), ..., pa(K))|

n_ 1 § Z pl )a 7pd( )) (k Pl(k), apd(k))‘
=1 k
ki

:\( n—l d+1z Z EY (i1, yiar1) D oo > EY (ki kagn)|

ig41=1 ki kat1
kiin kgp1#ia

n

:|WZ... S (BY (it i)’
i1=1

id+1:1
Céa
< .
~ n?/n
By the same argument, we can show that
Cda
for 1 <1i < j < 4. We note from (4.2) that
1 n
EST, = - > EY2(i, p1(i), ., pali))
1 n n
= > Y EYZ2(ir,ian)
i1=1  igyq=1
C n n
< > oY) EYin, ian)
i1=1  igyi=1
Coy

By (3.45) and (4.15),

2 2
E|SiS;.| < {ES?}3{ES2.}? < 05n5 (4.16)
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for i,5 =1,2,3,4. Now we conclude from (4.13)-(4.16) that

0.
where we have used the fact that 5% < “L in the last inequality. ]

NG

= Z?z(i,’ﬁ(i), ey 74(17)).
i=1

Lemma 4.6. Let z > 0 and g, be defined as in (2.4). Then

We define

BV ()E [ " K(t)dt — E,(V(r))

Proof. Let
G=Y.(I,Mi,...,Mg)+Y.(K,Lt,....Lq) — Yo(I, Ly, ..., Lg) — Yo(K, My, ..., My)
and A be defined as in Lemma 3.6.i.e.,

A={n(l) # Li,7i(K) # M, 7i(I) # M, 7i(K) # Li, @ i=1,2,...,d}.

By the same argument as (3.51),

BV / Kt~ Elg-(V(r)) [ Z K(t)df]| < My + My (4.17)
where
My = "B P T(r) < Dl -mERAY) - (A
and My = "B (VT (r) > 2)[E™TG(A%) — GU(A%)]|

To bound M-, we observe that for w < g

g5 (w)] = 11 = ®(2)][1 + V2rwe" d(w))|

zZ 2
<+ vVar(E)ev o))
z 2 2
_ 22 _ 322
<€ 2 +\/27T€ 8
-z 2
< ¢ (4.18)
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)

z

2

where we have used the fact that 1 — ®(z) < c for z > 0(see[l], pp.11) in the first

inequality. Let B be defined as in chapter 3. By (3.52) and the fact that

4
N . . o)
ElY(p) =Y (p)lF <CY EIS;.I" < == (4.19)
i=1 n 2
for k = 2,4, 8, we have
E[G?1(A%)] = E[G?EPI(A°)]
~2
- CEG
n ~ o~
_CEY(p) - Y (p)?
n
Cdy
< . 4.2
<om (4.20)
Then (4.18) and (4.20) yield
Cn ~ ~ CTL -~ C’(S
< L, T (92 c\y A2 e\ < 2 e\ < 2 ) )
M, < —1+ZE]E G2I(A°) — G21(A°)| < 1+ZE[G I(A%)] < T v (4.21)

To bound M,, we note that

EY*(r) = B[} Yo(i,71(i), ... 7a(0))]?
=1

n

=ED _Y(i,71(0), . 7ali)) = Y Ya(i, 71(0), ..., 7a(i))]?
i=1

i=1

< 2B Y (i,71(0), o0, 7)) + 2B Y2 (6, 71(3), ooy 7a(0))]?

i=1 =1

<2EW?+2n)  EY2(i,71(i), .., Tali))
=1

:C+%Z... > EYZ(iy, ..yiat)

ilzl i:1d+1

I

nd-1 ) ‘
21:1 Z:1d+1

= C{1 + v/nby}. (4.22)

n

EY*(iy,...,iq:1)
(14 2)?
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From this fact, (3.55) and Chebyshev’s inequality, we have

M, < CnEL(Y (1) > §)|E“’“'Td@2]1(Ac) — G21(A°)]

4EY()

< Onf{ V2 {BIETTIGP(AY) — GPL(A%)2 )2

STy {o+o\f 04} {BIET TGP A%) — GP1(A%)%)3.

To finish the proof, we need to bound E[E”""WGQ]I(AC) - CA;Q]I(AC)P. We observe from
(3.52) and (4.19) that

E[E™ T GPI(A) — GPL(A))? < 2E[E™ T G2I(A%))? + 2E[G?1(A%))?
= 2EET T [GPI(AC) ET T GRI(AC)] + 2EGAI(A)
< 2EGPI(AC)E™T4G? + 2EGUI(A°)
= 2EG’I(A°)EG? + 2EG'I(A°)
= 2EG?EPI(A°)EG? + 2EG*EPI(A°)
CEG*
<
n

_CEY(p)-Y(p)|*

n

< Coy
= n2\/ﬁ'

So,

C (52

Now, we conclude from (4.17), (4.21) and (4.23) that

1
C 09 52
Eq.(Y NE K — E4. K < 2L 44

1
C 82
< -+
1+2 | p2
2 54 ) . .
where we have used the fact that 65 < N in the last inequality. O]
n

Lemma 4.7. Let z > 0 and let

h(w) = (wg=(w))".



62

Then

BI(AT | +[7(p) - V()] < 5) [

00 AY N
/ T () + w) K (£)dudt
oo Jt
7
C {(5 68
<
T l4+z |,

+ 81}
ni6

Proof. Since E\A}Af\k is a finite sum of terms each of the form E]SA/Z(I, p1(D), ..., pa(D)|F,

Q0 0|0

=

where AY =Y (1) — Y (p).

Cég,
k—1
n 2

E|AY|F < (4.24)

for k = 2,4. This implies

E(/Z /tA‘? K (t)dudt)®

< B( / (AP + |t) K (t)d)*

n—1 ~

= (— ) E(AY|Y (p) = Y ()P + [V (p) = Y (p)[*)*

< On*{E|AY FIY (p) — Y (p)** + E|Y (p) — Y (p)**}

< Cn*{B|AY |} {E[Y (p) — Y (p)|*}2 + CnM{E|Y (p) — Y (p)|*}3

1 1 3
62,072 5
< O{ R+ iy } (4.25)

n 2 n s

for k =1,2. By (4.25) and the fact that
C(1+2) if §<w<z,
h(w) < C
m if w S % orw >z

(see[12], pp.2357), we have

. _ =N P 0o AY .
PUAY|+ V() =V <) [ [ 1)+ K @dude

~

00 AY N N
< E/_ /t h(Y(p) +u) KLY (p)+u<=orY(p)+u>z)dudt

~

. _ . [eS) AY . Py
+EIIAT|+ V(o) - V()| < ) / / WP (p) + ) K (I < () +u < 2)duds
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3
C L1 45k
< 252 4 24
< oy e
+C(1+ 2)EI(AT| + [T (p) - V(o)) < = // KUV () +u > ).

(4.26)

It remains to bound the second term on the right hand side of (4.1). By Lemma 4.4,
(4.25) and the fact that K (t) = 0 for [t| > [Y(p) — Y(p)|,

. _ =N P o9 AY .
E]I(|AY|+|Y(p)—Y(p)|<)/ / KUY (p) +u > 2)dudt

N AY
< BI(AY |+ [V(p) = V(o) < 2 // KMV (p) + |AY]

+1Y(p) = Y(p)| > )dudt

00 AY . p
:E/ / K@U (p) > 5)dudt

< {P(Y(p) }{E/ /AYthudt 213

2
EY4() 1) Cojog Cog
<
_C{ 24 }2{\/5+n2}
3 1 258
<g 0, 0g + h 5 —I—n45454—|—n1654(58 (4.27)

— 22 n16

By (4.1) and (4.27),

R . N oo AY N
EI(|AY]+Y(p) =Y (p)| < ) /t WY (p) +u) K (t)du dt

3
C 11 44 C 3 1 42 15 1 3 3
<= {8262 4+ 4L 0o 16404 160408
_(1+Z)2 24+né}+1+2{48+n116 —|—n448+n1648
)

3 7
C o3 N 3
< T+ 5 +-T
14+2z | pe nie nie
s . . .
—— in the last inequality. By

where we have used the fact that 62 < \/—% and 63 < NG

5 3 7
o3 o3 8
the same argument as (4.5), we can show that —5 < —& 4+ —8-. Thus, we have the
n16 n 16 ni
O

lemma.
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4.2 Proof of Theorem 4.1

Proof. To bound |P(W < z) — ®(z)|, it suffices to consider z > 0 as we have used the
fact that ®(z) = 1 — ®(—z) and apply the result to —W when z < 0. So, from now on,

we assume z > 0.

Let
Zi} (1, m1(3), ..., g (7).

Note that

[P(W < 2) = @(2)| < P(W #Y) +[P(Y < 2) - 0(2)]. (4.28)

We observe that

PW #£Y) = ZI”Y““ ma(i))] > 14 2) > 1)

< ZEﬂ(ly(i,m(i s (D)) > 1+ 2)

n

1 < ' ‘
ol Z Z P(Y (i1, s ig1)| > 14 2)
=1 igpi=1
1\ "N E|Y (i1, ey iayr)|*
w2 2 T
0
T (1+2)tm

Next, we will bound the second term on the right hand side of (4.28). By the same

IN

(4.29)

argument as previous chapter, we can show that

PV < 2) - 8(2)] < |Eg.(V /’K dt E/ LV (p) + OE(b)dt)
+|EgL(Y( E/ K(t)dt — EqL(Y / K(t)dt]
+|Eg.(P(r)) — Egl(¥ E/ K (t)dt

+18g.(Y (0))|

= |T0| + [T2] + | T3] + |14] (4.30)
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where
HZEQWVD/WK@ﬁ—E/Wéﬁ )+
Ty = Eg.(Y( E/ K(t)dt — EgL(Y /
(7))~ BT r)E [~ K

Ty = Ag.(Y(p)).

1)K (t)dt
K(t

"<>

T3 Egz(

V2r 1
By the fact that 0 < g.(w) < min(Tﬂ, —‘)(See[G],pp.246) and (4.9),
z

11<{C“f+c@}{E£6%m»%<lfz{54+@} (431)

ns ns

Next, we will bound 73. By the same argument as Chen and Shao([6],pp.248), we can

show that E|gé(?(7‘))| < m(l +v/ndy), for z > 0. From this fact and Lemma 4.5,
z

we have
1 < BT - £ [ K
< S v - BT () - P
(14 2)2 4
1 3 3
C 1 Cé&; O§F Coy  C57 7 3
< + 3+ =+ — + C08ins + 6
SRS FOR B SV B
53 6
C 1 z :
< S8+ 5+ S +0; (4.32)
(1+2) ni ns
1
04 62 T3 0f i
where we have used the fact that —, —=-,d/ns < —- + 67 in the last inequality. By
\/ﬁ n4 ni

Lemma 4.6, (4.31) and (4.32),

1 3 1

c | 1 6 6
To| + |Ts| + |Ty| < A4+ +E+24+9
\2\+\3\+\4\_1+Z ni+4+n+n% n% 1

53

¢ JL, 4

< — ) 4.33

=142 n g f4 ( )
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1 3 1
55 51 51

where we have used the fact that —+, -4 §; < —43 + \/ﬁéz in the last inequality. To
n4 ns ns

finish the proof of Theorem 4.1, it remains to bound 77. By the fact that
g (w+u) — gL (w+v) — /“ hw 4+ w)du| < I(z — max(u,v) < w < z — min(u, v))
(see[6],pp.250), we have
1= 8 [T () - (T ) + 0] 0

5 [T + A7) - (T (o) + DK D

=T+ Ti2 + 113 (4.34)
where
~ ~ ~ z
T = EI(JAY |+ Y (p) =Y (p)| < )
/ I(z — maz(AV ) < V(p) < = — min(AV, ) K (¢)dt,

=D

. _ oo AY .
Ty = BU(AT| + [T () - V(o) < 5) [ BT (p) + w) K (t)du dt,

Ty = EI(|AY | +[Y(p) = Y(p)| = 7) /OO [9L(Y (p) + AY) = gL(Y (p) + )] K (¢)dt.

First, we consider T1;. For § = |AY |+ [Y(p) — Y (p)|, we used the idea from Chen and
Shao([2],pp.243) to define f5: R — R by

0 ift <2z—29,
fs) =S A +t+08)(t—2+20) ifz—20<t<z+26,

46(1 +t+90) if t >z + 26.
Note that

|f5(t)] < 40|11+t + 0| for every t € R (4.35)

and

1+2—06 itz—20<t<z+429,
f5(t) > (4.36)

0 otherwise.
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By Lemma 4.3,

B / [P (o) + DE ()t = EY (o) f5(V (p)) — Afs(V (). (4.37)

We conclude from Lemma 4.4, (4.19), (4.22), (4.24) and (4.35) that

EY (p)£5(Y (p))

<4E[Y (p)[0]1 + Y (p) + ]

= C{EY*(p)}:{[E|AY P2 + [E]Y (p) - Y (p)]2)2} + [E|AY 4]
+[EIY (p) = Y (p)')2 + CLEY4(0)] 2 {[E|AY )2 + [EY (p) — Y (p)[?)2}

1

+ 2[BY2(p)| AY P2 [E[Y (p) - ¥ (p) )2

1 1 1 1 1 3
803 62 11§ 16282 636}
<C{21+4+52255+ Lopnis0f + A2 4 24}

NG ns ns

5% 1 .3
<CQ -4 +nséf o (4.38)
ns
(4.3

By the same technique of 8), we can use Lemma 4.4, (4.9), (4.19), (4.22), (4.24) and

(4.35) to show that

Afs(V(p)) < {05
(4.36), (437), (

n ns n4
Thus, by (4.34), (4.36), (4.37), (4.38) and (4.39),
Th<E[  I6<3)Iz—(AY|+[t]) < V(p) < z+ (|AY| + [t]) K (t)dt
<1V (9)—Y ()] 4
<E[| 16 <3I(z-0<Y(p) < z+0)K(t)dt
<1V (9)—Y ()] 4
< © E/ TG < (=025 < V() < 2+ OK (1)t
L4z Ju<v (o) -7 (o)l 4
C ~
< Yp / BT () + DK (1)t
Ltz Ju<iv (o)~ (o)l
C R
<
< BV (0)5(V () = ASs(Y (o))
o |4 51 o3
< O oy dsi 04 o Od
— 142z {’I’Lg +n864 +n% +n411}

(4.40)

INA
—_
+1Q
N
—
i\w‘“&bb—'
+
i\»ﬂ"&%\m
——
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By the fact that |¢,(w) — gL (v)| < 1(see[6],pp.246), (4.19), and (4.24),

/ K(t

(AY[+]Y(p) = Y (p)| = )EIY() Y(p)?

Tis < EI(JAY |+ Y (p) -

rh\l\z

[N

< (IAY[+[Y(p) = V(p)| = DIHE(T () - Y ()"}
gcn{E[IA?l2+|;<p>—?<p>| Y f},

- 1?252;54%

- 1$zi4 (4.41)

Thus, by Lemma 4.7, (4.40) and (4.41),

1 5 3 3 7
c |ei 52 3 55 s
Ty < {43+4+4+85 81}
ns

1+ 2 ni n% n16 nie
C (5%
5
< 8 151 . .
1+z{m76+n858} (4.42)
So, by (4 28) (4 29) (4.30) (4 33) and (4.42)
C 1) 5% ‘11
4 8 1
P <z)—® < — 54 1)
PO < 2) <z>1+z{ﬁ+nfﬁ T 3+f4}

Now, we prove the main theorem. O



CHAPTER V
BOUNDS ON NORMAL APPROXIMATION FOR
LATIN HYPERCUBE SAMPLING

In many problems, we are interested in estimating an integral over the d-dimensional

hypercube [0, 1]%;
p= / f(z)dz.
[0,1]¢

This is equivalent to finding E(f(X)), where X is a random vector uniformly distributed
on [0, 1]%.
Among numerical integration techniques, Monte Carlo methods are especially useful

and competitive for high-dimensional integration. The Monte Carlo estimate for the

integral u = E(f(X)) = f[O,l]d f(z)dx is given by
- _1¢
Hn = n Z f(Xi)
i=1

where X1, ..., X, is a random sampling on [0, 1]¢.

In 1979, McKay, Beckman and Conover[16] proposed Latin hypercube sampling(LHS)
as an attractive alternative to generating X1, ..., X,,. Let
1. ng, 1 <k < d be random permutations of {1,...,n} each uniformly distributed over
all the n! possible permutations;
2. Uiy,igg 1 <i1,...,ig <n, 1 < j <d, be [0,1] uniform random variables;
3. the U;, .. i,;'s and n;’s all be stochastically independent.

A Latin hypercube sample of size n (taken from the d-dimensional hypercube [0, 1]¢)
is defined to be { X (n1(7),n2(2), ...,na(7)) : 1 <i < n}, where for all 1 <iy,...,ig <n, 1 <
J<d,

Xj(il, ...,’id) = (ij — Ui1 77777 id,j)/n,
and X(il, ...,Z'd) = (Xl(il,...,id), ...,Xd(il,...,id)).
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Hence the estimator for p that based on a Latin hypercube sampling is

- % > FoX(m(k),m2k), ..., na(k)).
k=1

Then fi,, is an unbiased estimator for u.
Assume that Var(fi,) > 0, we define
Tt
Var(jin)

Loh[14] used Stein’s method to show that the distribution of L can be approximated by

(5.1)

C
normal distribution but he yield the convergence rate 7 under the finiteness of third
n
moments without the value of C'. In this chapter, we give a constant C' by using Stein’s
method. Furthermore, we give a non-uniform bound of this approximation. These are

our main results.

Theorem 5.1. (A uniform bound for LHS) For 1 <iy,....,iq <n, let
(it yiqg) = Ef(X (i1, ...y 1q)),

(=P
pg (i1, ey ig) = e Z Z Z (l1, .y lg

1< <ge<...<jp<d q;; =1 g,

where
q, Zf p:jh“':jkv
=4 " (5.2)
ip otherwise,
and
1 d—1
V(it, i) = ——[F(X (i1, rria)) + > pialin, ooeria) + (—=1)%p]. (5.3)

n/var(fin) P

Then for n > 6% + 3,

11.946 1. d 5.014d
sup |[P(L < z) — ®(2)| < 946 + 037(54 +8.314d1 B4 + 11.7655; + 7[34
z€R \/7Z ns ns
3
+ 2\/27; .
ns

where

ﬁ4 d,, Z Z E|V 21,..., | .

n 11=1 tg=1
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Corollary 5.2. If E|f(X)|* < oo, then

1
28.725 + 1.037\/d + 8.314d% + 5.014d
sup|P(L < 2) — @()] < 2428725+ 1.037Vd + 8. 314d1 + 5.014d)
z€R \/ﬁ

d—1
d
where Cy = %[2 +(d—1)3 <k>}E\f(X)]4 for some constant C'.
k=1

Theorem 5.3. (A non-uniform bound for LHS) Let z € R. Then there exists a positive

constant C which does not depend on z such that

1
C B3 1
P(L<z)—®(2) < 28 4L -y

where

&:;g§:m§:mvmpﬂmﬁ

n i1=1 ig=1

Corollary 5.4. If E|f(X)|® < oo, then

C
\nga—éwﬂga:Emﬁ.

5.1 Proof of Main Results

5.1.1 Proof of 5.1 and Theorem 5.3

We shall prove Theorem 5.1 and Theorem 5.3 by appling Theorem 3.1 and Theorem 4.1,
respectively. Note from (5.1) that EL = 0 and VarL = 1. Hence (3.2) holds. In order
to apply Theorem 3.1 and Theorem 4.1, we need to prove the following:

a)
L = Z V(lv 7-‘-1(7:)7 ceey ﬂ-d—l(i))
=1

where V (i1, ...,i4) is defined by (5.3) and 7y, ..., m4_1 are random permutations of {1,...,n}
such that V (i1, ...,44)’s and 7;’s are stochastically independent.

b)
Z}W@Wn@:m
ij

for every j € {1,...,d}. There are proved in Lemma 5.5 and Lemma 5.6.
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Lemma 5.5. There are random permutations 7y, ..., mq—1 of {1,...,n} such that V (i1, ...,iq)’s
and m’s are stochastically independent and

n

L= V(i,m(i), ... ma-1(i)).

i=1
Proof. Let S, be the set of all permutations of {1,2,...,n}. For j € {1,...,d — 1}, we
define
mj(w) = njs1(w)(m(w) ).

Since 71, ..., 1q are independent,

P(rj =) = P{wn;j+1(w) = y(m(w))})
= P(Uaes, {w[nj+1(w) = y(m(w)), m(w) = a})
= > P =(e),m =a)

a€ESy

=Y Pt =v(@)P(m = a)
aESy

1
n!

for any j € {1,...,d — 1} and v € S,,. Hence 71, ..., mq_1 are random permutations. We

observe that for ~q,...,74_1 € Sy,

P(T1 =1, 0y Td—1 = Yd—1)

= P({w | n2(w) = y(m(w)), ..., na(w) = va-1(m(w)))

= P(Uges, {w | m2(w) = vi(m(w)), ..., na(w) = va—1(m(w)), m(w) = a})
= > P{{n2=(a),....na = ya-1(c),m = a})

) OLESI

= T

== P(7T1 = ’yl)...P(ﬂd,l = ’ydfl).

So, m;’s are independent. It’s easy to see that V' (i1, ...,iq)’s and 7;’s are independent.

By the fact that, for fixed 1,

Z Z w(ly, . lg)
ijlzl ijkzl
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where 1 < 71 < j2 < ... < jir < d and

ip if p:jlu'"ajk)
l, =
np(i) otherwise

is equal to
e 3 3 blhk
1
and
1 n n
p=Epm=—3 > .y plkr, s ka), (5.4)
Ei=1 k=1
we have

i (). o) = TS Z Z b k)

1<j1<je <. <jr<d k1=

e G ) A

1< 1 <jo <. <d

= (-1 <Z>u~

So,
_ W Zf D, oornali))) + (1 - 1) - 1))
n i=1
Zf Deonal) 415 1)k(d)>
= cees N\ 2 -
\/Var =1 k
n d—1
- Zf ...,nd<z'>>>+%Zzﬂkm(z’),u.,w(i»+<—1>du>
=1 k=1
Z a' 777d )) (55)

By this fact and the fact that

et (1) (w) = (s (w)) (@) = (a1 (w) (01 (w) ™)) () = (me(w)) () = 7k () (w)
for (m(w))(i) =j and k = 1,...d — 1, we have

L= ZV(m(i), s na(i)) = ZV(J} T1(j)s s Ta—1(7))-
i=1
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Lemma 5.6. Let V(iy,...,iq) be defined as in (5.3). Then
> EV(iy,...;iq) =0,
i

for every j € {1,...,d}.

Proof. First, we shall proof in the case of j = 1. For arbitary j, it follows from the same

way. Let pg(i1,...,iq) and [y, ...,l; be defined as in (5.2). Then We observe that

n d—1
Z Hk(7'17 7/Ld)
i1=1k=1
d—1
- (—1D)*
=22 >y Z (b sl
i1=1 k=1 1<j1<g2<...<jp <d g5, =1  qj,
d—1
Sy l
=D e 2 >y Z e, bo-
k=1 I=j1<je<..<jr<d q1=1gqj,=1 g,
d—l k n
I3 S DR Pt oS
k=1 11=12<j1<.. <]k<dq]1—1 9
n _
. ) (—1)k
= - /’L(q17227"'77/d)+z nk_l Z Z Z Z q17127"'7 )
q1=1 k=2 1=j1<je<...<jp<d 1=1¢gjp,=1  gqj,,
d72 k n
+an2 > oy Z (1,2, -, La)
k=1 1=12<51<.. <]k<qu1—1 '
( 1

ZZ Z p(it, g2..., qa)

i1=1q2=1 qq=1

n . ‘ d—1 (_1)k
= — Z u(ql,zg, ...,Zd) + o Z Z Z Z ql,lg, ey )

q1=1 k=2 1=j1<ja<...<jr<d 1=1¢qj,=1  qj,
§- (D a1
+ T Z Z Z Z p(in, lo, o lg) + (1) "np
k=2 2<j1<.. <j(k 1)<d21 1gj;=1 Qj(k 1 =1
n
1(q1, i, oy ig) + (=) tnp.
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Hence for fixed is,...,iq € {1,...,n},

Z EV(Zla i27 "'7,L.d)

E[f o X (i1, ig) + Y plin, .oryia) + (—1)p
=1 n\/Var (fin) izl _
n d—1
- {Z 7’17 "'7Z.d) + Z Z/’Lk;(lla "'aid) + (_1)dnu]
ny/Var(jin) ir=1 i1=1 k=1
=0.

5.1.2 Proof of Corollary 5.2 and Corollary 5.4

Proof. Let ug(i1,...,iq) and Iy, ..., l4 be defined as in (5.2). From Stein[27], Var(fi,) > %

for some constant C'. Thus

E|V (i1, ...,iq)|*
1 d—1
< e B (X (i, .. ia)) + > plin, ceyia) + (—1)7p)*
= d—1
< 202[E’f( (217""id))’4+E( Mk<i17“'7id))4+u4}
qu:l
< 2CQ[E!f( )I4+(d—1)3k 1Eui(i1,..-,id)+E|f(X)4]

— S PEFCOP @Y B Y Y Y el

k=1 1<51 <2< <y <d @4y %y,
d-1
27 1 d
< g PEIFCO + (@ =00 Y ()l
k=1
d—1
27 S (d "
= 02 ? kzl<k) IEIFEOF-
-1
So, B4 < \fc? 1)3 < ) |E|f(X)|*. By the same argument,
k=1

2187 2 raN®
o< e+ @173 () W0

Corollary 5.2 and Corollary 5.4 are proved by applying this fact to Theorem 5.1 and
Theorem 5.3, respectively. O
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