CHAPTER IV

A POSTERIORI ERROR ESTIMATES

In this Chapter, we derived the upper and local lower bounds for the errors using the
standard residual technique. The upper bound gives the bound of the global error in
term of the estimator to ensure that the finite element solution is acceptable. The
local lower bound gives the relation between the local errors and their estimators with
some other quantities.

To obtain a posteriori error estimates, we employed the standard residual tech-
nique. We used area-based residual on element K € M™ and edge-based residual on
edge e on the element K to estimate the error on the element K.

We defined the area-based residual for element K € M" at fixed ¢t = t" by

Ur — Un—l
R*:=fr——-t b _ 4 V.(aVU})

Tn

and the edge-based residual for interior side e € B" by

JI' = (aVUR |k, — aVU}|k,) - le, where e = 0K; N OK,.

Note 4.1. Since U} is a piecewise linear function, so AU} = 0 and
V - (aVUR) = Va - VU} + oAU = Va - VUL.

Note that, we need Va(z) to be well defined, i.e., a(z) is differentiable in K, for each
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K € My, thus we need to assume in additional that a(z) is piecewise differentiable
on ), i.e., a|, is differentiable for all K € M,,.

We define the local error indicator ny for any K € M" by

1

Mk = <hf<HR"||§,K+ Zhelli,?llg,e> : (41)

eCOK

For each element K € M", we use n} as an indicator for refinement or coarsening. To
check the error of the approximation on {2 to ensure that the finite element solution

is acceptable, we defined the global error estimator on the space for fixed t = t® by

Pl > M),

Kemn

We use 15, as a stopping criteria of the current loop of discrete system at time t = ¢".
To start the next discrete system at time t = t**!, we need to find the suitable time
step size that is not too large or too small. So we defined error estimators 77, to
control time step size by

(Mime)* = MUR = UR~H|2.

Wl

This nf;,,,. is used for finding a suitable 7,,.

4.1 Upper Bound

To analyze the upper bound, we measured the error by the energy norm in space and
L?—norm in time. First, we estimated the error at a fixed time ¢ = t", and then

combined for all time in (0,7).

Note 4.2. Since a constant C in each inequalities can change from line to line, we



will use the same C to indicate a constant for convenience.

Lemma 4.3. For any integer n > 1,
(P52, )0 + bu — UR, )
=(f-fr, ¥+ Z /R” —v)dr+z JMp —v)ds

Kemn ecBn Ve

for all p € HY(Q), v e V.

Proof. Let ¥ E H}(Q2) and v € VJ'. From the discrete weak form (3.4)

(%—“—"—i o+ b(UR, )
= (I )+ b(UE, @) + (700 — (B2, w)o = b(UF, v)
= (@l = (e = vl + (B2 o — ) + (U7, 0~ v)
We apply Green’s theorem to term b(U}}, ¢ — v), on each element K € M",

b(Uy, — v) Z/v (aVU;) ——vdz—Z/J" — v)

KeMn eeB™

Substituting the above equality to get
(Uﬂ — ) 90)0 +b(U;LL’ 4,0)

Tn

un Un-—l
,p—V)o+ (—“—;“—,90—0)0

fh7 fh
- Z/ (aVUR)( —v)dw—z JMp —v)ds

KeMmn eeBn V¢
= (R E /R” - v)dx — E /J" - )
KemMn eenn

We subtract the weak form (3.2) by the above equation to complete the proof.

Lemma 4.4. For anyn > 1,

b(u = Up,u—Un) =5 (lu = URI? + llu = Unll® = IUx = URIP).

17

a
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= blu-Ulu-Up)=bu-Ur,U,-Up)
= Jlu—URI? = b(Un = UR, Up = UR) + b(Un = u, Up = UR)
= Jlu=URI? = N0 = URI* + b(Un = w, Un = u)

=b(Up — u, U} — u)

= Ju=URI? + v = Unll? = 1Un = URI? = b(u — Uf,u — Un)

Thus, b(u — Uf,u = Un) = § (lu = URI® + flu = Unll® = U = URI?) - O

Now, we use 2 above Lemmas to bound the error at time ¢ = t" in the following

Lemma.

Lemma 4.5. For fized time t = t", if e"2CpL)* ||y — Up||2 4s an increasing function
of t then there exists a constant Cy > 0 such that
d

o 2 1 n n n
(€ u — Ul[5) + 5w = URI* < Ci(nfpace)” + WU = UE I?,

where L is the Lipschitz constant of the function f(u) in (3.1).

Proof. By Clement’s approximations, there exists the interpolation function ZI" :
H}(Q) — V7 satisfying Clement’s inequalities (2.1) and (2.2).

Applying the Cauchy-Schwarz inequality to Lemma 4.3 and set v = Z™¢, we get

O(u—Uy n
( atU’)’(P)O_’_b(u—UhvSO)

< f = fElollello + D 1R loklle = T @llo,x
Kemn

+ D 12 loelle = T¢lloe.

CEB"
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By the Lipschitz continuity of f and Clement’s approximations (2.1) and (2.2),
(HE5E, 0)o + bu — U, )
< Lilu—=Ugllollello

1
+ > Chicl| R lo.xcl|Veollogy + Y Ch 12 loel IVl loz

Kemn eEB"1

L{lu = Uillollello + C ( ) (77}2)2) IVello

KemMn

IN

= LHU o U}?HOH@HO T C’??paceIHWIH
where the second inequality follows from Cauchy-Schwarz inequality.

Set ¢ = u — Uy, then use the Lemma 4.4, we get

aillu = Unl8 + (lu = UFI? + Ju - U ) (42)

< 2Ll = URllo - llu = Unllo+  Crigeellu = Unll + |Us — U2
By the Young’s inequality, namely, for any a,b > 0

ats " eb?
b <m__me Y 0
a__28+2 o0

we separate terms 2L||u — Up|lo from |Ju — UP||o and the terms lu — Up|l from 57

space)
by
n C2 n 2 2
Cnspacemu - Uh Hl S _4—(nspace) + m“ - Uhm ) (43)
n 2 2 ““_Ug”(z)
2L{lu = Utllo - [lu = Unllo < 2(CpL)?||lu — U2 + ST R (4.4)
P
Note, in (4.3), we used € = 2 and in (4.4) we used ¢ = 2
p
By Lemma 3.2, so "“;gf”g < M”_;j’?mz.

Substituting them in main inequality and cancelling the term llu—Ur|? in both sides,
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d 1 n n n
e = Ull§ + 5llu = U < 2(CpL)*||u - Unllg + C1(Mipace)” + WU — UR I

Since 0 < %(e'Q(C”L)thU — Usnl[) and

w 2
£ (e~ 2Lt |y — Uy|[2)

IN

L (A = U3 2)

= gllu=Unll§ = 2(CoL)?||u — Unll3,

then we obtain the result

d o K 2 1 n n n
riC O ju = Unl[g) + 3l = URI® < Cu(tpace)” + IUA = U I
O
1
Corollary 4.6. If L < Jicz then
d 2 1 n||2 n 2 ny2
= Ul + 31l ~ ORI < Calia)? + WUn = U7
Proof. From the inequality (4.2) in the proof of Lemma (4.5), we have
aillu = Unlld + (hu = UFI? + llu = Unll?)
< 2Lfju=Upllo - 1w = Unllo + Crifpacellu — Unll + WUn = UEI2.
We apply Young’s inequality to the first 2 terms on the right side by
L2
2Ll = Uilllo - |lu = Urllo < Ellu = Unll + 2e1]lu = UR|IG, (4.5)
n C n € ()
Cnspuce "Iu - Uhl” = % (nspace)Q + 22 mu — Us |||2 (46)
2

where we choose £, and e, such that (—E-}E-L;ﬁ + (—252 < 1. This implies that we have to
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choose
(i
"y ( 12 )
By (4.5), (4.6) and Lemma 3.2 we get,
d 2 n|2 2 ny 2 C n 2 n| 2
21w = Unllo + lu = URI® < 2Cperflu — UR|I* + gg;(mpace) + U = Ul

. CpL)? ]
Since L < 7,;5, SO (—-22—)- < ;1%,3—, and by choosing &; = @, then
P

d 1 n n n
I = Unllg + Sl = UIP S Callyuee + 10 = U P

O

Theorem 4.7. (Upper Bound) For any integer 1 < m < N, under the assumption
of Lemma 4.5, there exists a constant Cy > 0 depending only on the shape constant

k of meshes M™, the coefficient a(z), Lipschitz constant L and domain Q such that

the following error estimate holds

m tn
- 2ym
G — U+ [ e - UplPe
: n=17t""

m m
< ”U() i U}?H(Z) + ZTn(n;me)z + ClZTn(ngpace)z'
n=1

n=1

Proof. From the Lemma 4.5, we combined the errors from time ¢ = 0 to time t = ¢".

Integrating to collect the error from ¢t = 0 to t = t™, we get

m tn

- 2ym

G um ~ Ul 43 [ Ju- UpiP
n=1Yt""

m tn m
< luo = URIG+ / MU= URPdt + O (e

n=1 n=1
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tn

t'ﬂ
Note that / IV — Uplds = / (L VRYUF - Up=J2dt = () 0
tn—1 tn-1 &

Corollary 4.8. If we assume L < 72167’ we obtain a sharper estimate, (without the
P

assumption of Lemma 4.5)

1 m tn 3 m m .
= Up1R+ 5 [ Fu=UFIPat < o ~UBIE + 3 5+ Co e
n=1Yt"" n=1 n=1

Proof. We integrate Corollary 4.6 from ¢t = 0 to t = t™ to get the result. O

4.2 Local Lower Bound

The local lower bound is used for improving the finite element solutions at the fixed
time ¢ = ¢", with the given initial data as the solution from the previous time step
Up~' € Vg, To compare the error, we consider U € H(Q), a solution of the
auxiliary problem

n-1
U:L = Uh

Tn

( vSO)O = b(U:L7<p) = ( 1“@)0 V(p S H&(Q)7 (47)

where f7 := f(UD).

Note 4.9. The equation in (4.7) is the corresponding weak form for the discrete

problem (3.4) where Hg(Q) is approximated by V.

Again, we measured the local error U}' — U} using the L2%-norm. Since error
indicators 7% consist of 2 parts, the area-based and edge-based residuals, to bound
the error indicators, we estimated the two residuals using the idea of element and

edge bubble functions.
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For convenience, we denote the square of error on element K € M" by

_ RNIUT = URIIS &

+ U = Ul k-

Lemma 4.10. (Error Representation) For any ¢ € H}(Q),

U:L = UTL n n
b(UR = Ul ) = (f* - fF, )0—(——7——- /R <,0dI+Z Jods
n KeMn ecBn Ve

Proof. Let ¢ € H}(Q).
b(U:L - Uf?a 90)

- [( f,sc»)o—(ﬂ-—b— )+ ¥ [ v @vppds
Kemn

/J”(p ds
ecBn V€

U=~ ER o+ 3 [ Rrodes Y

/ “pds
Kemn ecBn Ve

Il

4.2.1 Estimate of R"

First, let Px : L*(K) — P;(K) be a L?-projection to a space of polynomials of degree

<lon K.

Lemma 4.11. Forn > 1 and K € M™, we have the estimate, there exist constants

c1,¢2 > 0 such that

h%(HPKR"H(z),K < a(hk||PkR" - R[% ¢ + hk||fR - f:ng,K)
+ cperr2(K).
Proof. Let K € M™ and vk be the element bubble function for the element K.

Define w = 9k - Pg R". Note that w € P;(K) since ¢x and PxR" are polynomials.
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By proposition of bubble function, so
- n|2 1 2
CTNIPkRlo ke < WEPx Rl = (PxR", w)ox.

Since w|y, = 0, we can extend w to the full domain Q by letting w = 0 outside
element K, so that w € H}(Q).
Thus, (PKR", UJ)() = (’PKRH, w)o’K.

By the Lemma 4.10, we set ¢ = w, so

Ur - up

Tn

(R, w)ox = (fi = fi's w)oxe + ( yWok + (aV(U} = Uy), Vw)o,x

and
(PKRna w)O,K

= (PxR"— R" w)ok + (R™ w)o i

(PxR™ — R™w)ox + (ff = fI,w)ox

+ (ZZ w)ok + (@V(UD = UP), Vw)ox

Ta |9

Thus, we get the inequality

CUPkR§x < (PR = R*w)ox + (ff = [ w)ox

+(B2E w)o i + (@V(UF = UR), Vw)ox

™n !

Then we apply Cauchy-Schwarz inequality to the above inequality.
By proposition of the bubble function and w € Py, so ||[Vw||o,x < chi'||w]||o.x and
lwllo,e < [Pk R lo,xc-

Apply Cauchy-Schwarz and get

[P R™lox < C(||PkR* = Rox + [|If7 = f2lo.x)

+C (12 o, + b UT = Ul i)
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We multiply the inequality by hx and get

hl|[PeR™"|oxk < C(hg||PxR" = R™|jo,x + hk||ff = FMlox)

+C (Rl o + U7 = Up )

From the fact, if a,b,c > 0 and a < b+ ¢ then a? < 2(b% + ¢?). We square the

both sides of the inequality to get

RilPe R G < C (hilIPrcR™ = RN i + hilIfR = f2115.x)

+C (% ||UP - UpIB g + U7 - Ul ) -
Now, by definition of err2(K'), we complete the proof. O

Lemma 4.12. Forn > 1 and K € M", we have the estimate, there exist constants

c3,cq > 0 such that

hllRMB < cs(RkIIPR™ = B3 & + hkIIfR = 710G )
+cqerr?(K).

Proof. By triangle inequality,
IR lo,ic = [Pk R"™ + (R™ = P R")lloxx < |IPxR"|loxc + [|IR* = Prc R Jo,x-
We multiply the inequality by hx and square on both side to get
il |G & < 2(h5||PxRMIG & + Wkl |R™ — P R™M[§ ).

Apply the Lemma 4.11 and complete the proof. O
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4.2.2 Estimate of J

Let P, : L%(e) — Pj(e) be a L2-projection onto the space of polynomials on e of

degree < [.

Lemma 4.13. For anyn > 1 and e € B", the h||P.J}||3, can be bounded by

heHPngH%,e < cshel|Pedst = J2loe + cs Z erra(K')

K'Cwe

+cr Z (W IRMIG s + R fR = 218 k) -

K'Cwe
Proof. Let e € B™ and 1, be the bubble function for the edge e.
Since J7 is a function define on the edge e, we can extend J7' constantly along the
normal of e to we.
Define w = v, - P.JI'. Since supp w = w,, we can extend w by w = 0 outside w,
so that w € Hg(Q). Note that w € Pj(w,) since ¢, and P.J" are both polynomials.
By proposition of bubble function for the edge e,

1
CTHIPI o < N1E Pl = (Pei w)oe

By the Lemma 4.10, we set ¢ = w, so

(ngw)(),e = (f;1 == f}?)w)(),we a7 (Rn, w)(),we

(2 w)o, ~ @V(UF = Up), Vir)o,
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SO

C'_IH'PCJ:H%,C < (Pedl w)oe
= (Pe‘]g —.Jg’w>0,e+ (J:,w)o,e
= (,PngL - J:a ’U))o,e g (f*n - f}?,w)o,we + (anw)o,we

~(F5E, w)ow, = @V(UF = UR), Vw)ow,

™

We apply Cauchy-Schwarz inequality and proposition of bubble function such that

IN

[[Vwl|o,x chi||lwllo,x

N

1
llwllog < ché||Pedlloe

lwlloe < |Pediloses
then

b
IP.I2lloe < ClPIE = Jlloe+C D ki (17 = frllog + IR lox)

K'Cwe

1 n_gm —
+G Z (hf«HU'_T,th“HO,K’ + he * |URTS Ufﬂx,K/) :

K'Cwe

1
We multiply the above inequality by hé and get

1 1Y
h2||Ped?lloe < ChZ||Pedi = JPloe +C Y b (I1F2 = fillos + IR o.xcr)

- K'Cwe
+C 3 (hK,|

vl-up n n
Tn HO,K' + lU* e Uh. |11K/ 9
K'Cwe

Square the both sides of inequality and get

helPeJP|B, < Che|lPedp = J2R.+C D bk (I1F7 = 1k + IR 1)
K'Cwe

2
+C Y (BIUr - Ul + U7 - Upl i)

K'Cwe

By definition of err2(K’), we complete the proof. O
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Lemma 4.14. For anyn > 1 and e € B, the h||J?||2, can be bounded by

hellJ2I3e < cshellPeds = JP|loe +ca Y err2(K)

K'Cwe

+e0 > (BRl|BMIZ ko + BRollfE = fRI2 )
K'Cwe

Proof. By triangle inequality, so
HJZLHO,e = ”,Per:1 i (J: - PeJ:)HO,e £ ”Pe']:HO,e 51 ||J: a1 7DeJQHO,e-
1
We multiply the inequality by k¢ and square on both sides to get

hellJ2NIoe < 2(hel P25 i + hell T = PeZII5 s)-

Apply the Lemma 4.13 and complete the proof. O

4.2.3 Estimate of the error indicator 7}

Define an oscillation on K € M™ by

0s¢?(K) = hi||PR™ = R™M|[3 s + D> hel|PJr — J2|I2,

eCOK

and

Theorem 4.15. (Local Lower Bound) There exist constants C‘l, & >0 depending on

Lipschitz constant L, such that for any K € M™, the following estimate holds

(k)? < Crosc*(wi) +Co Y err?(K')

K'Cwy
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Proof. By definition of n}% in (4.1) and Lemma 4.14, we get

(m%)? < RklIRMBx +C Z {heHPeJQ — S5
eCOK

+ D [P (17 - 2‘|I§,K/+HR"II§,K/)+6T‘T§(K’)}}

K'Cwe

Since wyg = U Wi
eCOK

(%) < C D WllR B +C Y hellPedy = J2|B,

K'Cwy eCOK
+C Y RE|fT = fRlR e+ C Y err3(K)
K'Cwg K'Cwg

By Lemma 4.12 and Lipschitz condition of function f, we get

(k)? < CL* 3 WU = URl3 o
K'Cwg
+Cr0sc(wk) + Cs Z err?(K’) .
K'Cwg
Cros(wi) + C; Z err2(K')

K'Cwg

IN





