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Abstract. Spin correlations are carefully investigated in elastic ete™ scattering in QED, for initially polar-
ized as well as unpolarized particles, with emphasis placed on energy or speed of the underlying particles
involved in the process. An explicit expression is derived for the corresponding transition probabilities in
closed form to the leading order. These expressions differ from those obtained from simply combining the
spins of the relevant particles, which are of kinematic nature. It is remarkable that these explicit results
obtained from quantum field theory show a clear violation of Bell’s inequality at all energies, in support of
quantum theory in the relativistic regime. We hope that our explicit expression will lead to experiments,
of the type described in the bulk of this paper, that monitor speed.

PACS. 12.20.Ds Specific calculations ~ 12.20.Fv Experimental tests — 12.20.-m Quantum electrodynamics

1 Introduction

In recent years, we have been interested in studying
joint polarization correlations of fundamental processes in
quantum electrodynamics (QED) and in the electro-weak
theory [1-4], for initially polarized and unpolarized parti-
cles. Our main conclusion, based on explicit computations
n quantum field theory, is that the mere fact that particles
emerging from a process have non-zero speeds upon reach-
ing the detectors, implies, in general, that their spin polar-
ization correlation probabilities depend on speed [1-4] and
may also depend on the underlying couplings [4]. The ex-
plicit expressions of polarization correlations follow from
these dynamical computations, and are non-speculative,
involving no arbitrary input assumptions, and are seen to
depend on speed, and possibly on the couplings as well.
These are unlike those from the rather naive method of
simply combining the spins of the particles in question,
which are of kinematical nature. Such a method is, in gen-
eral, not applicable to relativistic particles, and the reg-
ularly used formal arguments (based on combining spins
only) completely fail. In the limit of low energies, our ear-
lier expressions [1-4] for the polarization correlations were
shown to be reduced to the naive ones just mentioned by
simply combining spins. In our previous investigation [4],
in which a process for the creation of a p*u™ pair (from
¢"e” scattering, for example) was considered under the
electro-weak theory, it was noted that, due to the thresh-
old needed to create such a pair, the zero-energy limit
may not be taken, and that the study of polarization cor-
relations by simply combining spins (without recourse to

a
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quantum field theory) has no meaning. The focus of this
paper is the derivation of the ezplicit polarization corre-
lation probabilities in elastic ete™ scattering in QED, for
initially polarized as well as unpolarized particles, with
emphasis put on the energy available in the process so
that a detailed study can be carried out in the relativistic
regime as well. The reasons for our present investigation
are twofold. Firstly, several experiments on ete™ — ete™
have been carried out over the years [5~9], and it is ex-
pected that our explicit new expression for the polariza-
tion correlations, depending on speeds, may lead to new
experiments on polarization correlations that monitor the
speed of the underlying particles. Secondly, such a study
may be relevant to experiments in the light of Bell’s the-
orem (monitoring speed), as discussed below.

The relevant quantity of interest here in testing Bell’s
inequality [10,11] is, in a standard notation,

_ Pi2(a1,02)  pia(ar,a3) | pra(ay, @) | piz(ey, ap)
 p1a(00,00)  pra(oc,00)  pra(oe,0¢) T prz(oo, o)
_ P12(a3,0)  pia(o0, a2) (1)

P12(00,00)  p12(00,00)

as is computed from QED. Here a3, a2 (a},a}) spec-
ify directions along which the polarizations of two par-
ticles are measured, with pi(a1,az2)/p12(00,00) denot-
ing the joint probability, and p2(a;, 00)/p12(oc, 00) and
P12(00, a2)/p12(oc, 00) denoting the probabilities when the
polarization of only one of the particles is measured
(P12(00, 00) is normalization factor). The corresponding
probabilities, as computed from QED, will be denoted by
P[x1,x2), Plx1, -], and P[—, x2], with x; and x2 denoting
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Fig. 1. The figure depicts ete™ scattering, with the electron
and positron initially moving the y-axis, while the emerging
electron and positron moving along the z-axis. The angle xi,
measured relative to the z-axis, denotes the orientation of spin
of the emerging electron.

angles specifying directions along which spin measure-
ments are carried out with respect to certain axes spelled
out in the bulk of the paper. To show that the QED pro-
cess is in violation with Bell’s inequality of local hidden
variables (LHV), it is sufficient to find one set of angles
X1» X2, X1. and x5, such that S, as computed in QED,
has a value outside of the interval [—1,0]. In this work,
it is implicitly assumed that the polarization parameters
in the particle states are directly observable and may be
used for Bell-type measurements (as discussed). We show
a clear violation of Bell’s inequality for all speeds, in sup-
port of quantum theory in the relativistic regime, i.e. of
quantum field theory.

2 Spin correlations; initially polarized particles
We consider the process ete™ — ete™ in the center of
mass frame (see Fig. 1), with an electron-positron pair
initially polarized with one spin up (along z-axis) and one
spin down. With p; = ymg3(0,1,0) = —p, denoting the
momenta of initial electron and positron, respectively, and
v = 1/4/1 — 32, we consider the momenta of the emerging
electron and positron as

ki = ymp(0,0.1) = —ko. (2)

For four-spinors of the initial electron and positron, re-
spectively, we have

u(z)l)fv(ijl) and B(p2) ~ (ip 11 = 11)  (3)

8 I

Y+1 14 /11— 32

(4)

p=

where 1= (é) is a spin up, |= ((1)) is a spin down,

1= (1 0) is a transpose matrix of spin up, and |t= (01)
is a transpose matrix of spin down. For four-spinors of the
emerging electron and positron, respectively, we have

T2) ~ (¢ posc]) and ofl) ~ (P24) (9
8 B

T+l 14/1-p2

where the two-spinors (;, (2 will be specified later.

The well-known expression for the amplitude of the
process is [12,13]

p= (6)

1
(p1 + p2)?

= (k1) u(p1)v(p2)vuv(ks)

M o B(p2) v u(pr )@k )vv(ke)

1
(p1—k1)*

Given the amplitude of the process above, we compute the
conditional joint probability of spin measurements of e*,
e~ along directions specified by the angles x; and 2, as
shown in Figure 1. We then have two-spinors as follows:

1 [e—m1/2 1 [e—ix2/2
=2\ or ) onda=— ( gixa/2 ) - (8

Here we have considered only the single state (cf. [2,4]).
Using the four-spinors of initial and emerging e*, e~, and
the two-spinors in term of the angles x; and y2 to cal-
culate the invariant amplitude of the process in Figure 1,
gives

M x [A(ﬂ) cos (E_g—ﬁ) + B(3) sin (Y : X2)]
4—i[cxﬁ)snl(32_g;ﬁi) (ﬁ)cog< . x2>] (9)

(7)

where
AB) =1-p*(1 - p)+28%(1 - p*)?
B(8) = p(1+ p) +86%p°
C(B) =1+ p*(1 - p) +26(1 - p*)
D(8) = p(1 + p).

Using the notation F[x1, x2| for the absolute value square
of the right-hand side of (9), the conditional joint probabil-
ity distribution of spin measurements along the directions
specified by angles x; and y» is given by

Flex, xz)
N(3)

The normalization factor N(3) is obtained by summing
over all the polarizations of the emerging particles. This is

Plx1:xz2] = (10)
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equivalent to the summing of F[y1, x2] over the pairs of

angles
(xi,x2),  (x1,x2), (xa+7,x2),  (x1,x2+7) (11)
which leads to
N(B) = Flx1, x2) + Fx1 + 7. x2]
+F[x1,x2 + 7] + Plx1 + m, x2 + 7
=2[A%(3) + B%(B) + C*(8) + D*(3)] (12)
giving
Plyns x| = LA €08 (X522) 4 B(B) sim (x1522))°
XXl = S T B 79 + D (A)
[C(B) sin (X1EX2) 4 D(p3) cos (2“—_2@-)] (13)

2[A%(8) + B*(B) + C2(8) + D*(8)]

If only one of the spins is measured, say, corresponding to
X1, the probability can be written as

P[x1,=] = P[x1. x2] + Plx1. x2 + 7]
L _20ABB() + CEDH]sin xy
2[A2(3) + B2(3) + C2(3) + Dz(ﬂ)]'
(14)

Similarly, if only one of the spins is measured correspond-
ing to x2, the probability can be written as

Pl=,x2] = Plx1, x2] + P[x1 + 7, x2]

_ 1 2[CB)D(B) — A(B)B(B)]sin xa

=27 3A%(p) + B2(5) + C2(8) + DAB)]
(15)

For all 0 < 3 < 1, angles x1, x2, X} and x5 are readily

found to lead to a violation of Bell’s inequality of LHV

theories. For e‘(ample for 8 = 0.9, x1 = 0°, x2 = 45°,

X1 = 69°, and x5, = 200°, S = —1.311, v1olat1ng the
inequality from below.

3 Spin correlations;

initially unpolarized particles

For the process ete™ — ete™, in the center of mass
(c.m.), with initially unpolarized spins, with momenta

p1 = vym3(0,1,0) = —p,, we take for the final electron
and positron
ky =ymp3(1,0,0) = — (16)

and for the four-spinors

K +m\? g —icosx1/2

(17)

] K% +m k’ Tt d —1C08x2/2
- (52 (#59). o= ().
(18)
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Fig. 2. The figure depicts ete™ scattering, with e, e~ mov-
ing along the y-axis, and the emerging electron and positron
moving along the z-axis. The angle x1, measured relative to the
z-axis, denotes the orientation of spin of the emerging electron.

The absolute value square of the right-hand side of (9),
with initially unpolarized electrons and positron, leads to

Prob
Tr [+ (yp2 +m)y* (=vp1 + m)] Tk )y, v(k2)0 (ko) Yo ulks)
(m1+p2)t
_ Tr[(ypa +m)yM(—vp1 +m)v7) B(ka ) vou(ky )a(k1 ) y,0 (k2)
(p1+p2)% (1 —k1)?
_ Ty (vp1+m)y? (ype +m) Tk ) yv(ka) 0 (k) vou(ks)
(P1+p2)?(p1—k1)?
a(k1)y" (= yp1+m) ¥ u(k1)0(k2)vs (Yp2+m)vuv(k2)
(p1—Fk1)*

+

(19)

which, after simplification and collecting terms, reduces to

Prob o [28*(1 + 248%) — 3(1 + %)] sin® ()(1 e )

+(1+ 8% +28*) cos? (3—1%) +5(1 - %)

= Flx1: x2] (20)

where we have used the expressions for the spinors in (17)
and (18).

Given that the process has occurred, the conditional
probability that the spins of the emerging electron and
positron make angles x; and xo, respectively, with the
z-axis is obtained directly from (20) as

Flx1,x2]
—c
The normalization constant C is obtained by summing
over the polarizations of the emerging electrons. This is

Plx1, x2] = (21)
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equivalent to the summing of F[xi, x2] over the pairs of
angles in (11) for any arbitrarily chosen fixed x; and xa,
corresponding to the orthonormal spinors

—icosy;/2 —icos(x; +m)/2\ _ (isiny;/2
siny;/2 )’ sin(x; +m)/2 )~ \ cosx;/2
(22)
providing a complete set, for each j = 1,2, in reference
to (17) and (18). This is,
C = Flx1, x2] + Flxa + 7, x2]
+Fx1. x2 + 7 + Flxa + 7, x2 + 7]
= 8[2 - 38% + 8% + 39 (23)
which as expected is independent of x; and x3. This gives
[28%(1 +28%) — 3(1 + B8?)] sin® (X5X2)
82 — 352 + B* + 9]
[1+ 5% + 284 cos? (X:£3x2) +5(1 - 82)

Plx1,x2) =

8[2 — 332 + 34 + 39] )
By summing over
X X2 kT (25)
for any arbitrarily fixed xo, we obtain
Pl -] =3 (26)
and similarly,
Pl—,x2] = 3 (27)

for the probabilities when only one of the photons polar-
izations is measured.

A clear violation of Bell’s inequality of LHV theories
was obtained for all 0 < 8 < 1. For example, for g = 0.8,
with x; = 0°, xo = 45°, x] = 210°, and x5 = 15°, S =
—1.167, violating the inequality from below.

4 Conclusion

A critical study of polarization correlation probabilities
in elastic ete™ scattering was carried out for initially
polarized as well as unpolarized particles, emphasizing
their dependence on speed, and an explicit expression
was obtained for them in QED. The necessity of such
a study within the realm of quantum field theory can-
not be overemphasized, as estimates of such correlations
from simply combining spins (as is often done), have no
meaning, as they do not involve dynamical considerations.
The relevant dynamics is, of course, dictated directly from
quantum field theory. The explicit expression for the po-
larization correlation obtained is interesting in its own
right, but may also lead to experiments that investigate

such correlations by monitoring speed, not only for ini-
tially polarized particles, but also for unpolarized ones.
Our results may also be relevant in the realm of Bell’s in-
equality with emphasis put on relativistic aspects of quant!
um theory, that is, of quantum field theory. Our expres-
sions have shown clear violations of Bell’s inequality of
LHV theories, in support of quantum theory in the rela-
tivistic regime. In recent years, several experiments have
been already performed (cf. [14-18]) on particles’ polar-
ization correlations. It is expected that the novel prop-
erties recorded here by explicit calculations following di-
rectly from field theory (which is based on the principle
of relativity and quantum theory) will lead to new exper-
iments on polarization correlations monitoring speed in
the light of Bell’s Theorem. We hope that these computa-
tions, within the general setting of quantum field theory,
will also be useful in areas of physics such as quantum
teleportation and quantum information.
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knowledge with thanks both the Thailand Research Fund for
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Abstract Spin correlations of ete™ pair productions of two colliding photons
are investigated and explicit expressions for their corresponding probabilities
are derived and found to be energy (speed) dependent, for initially linearly
and circularly polarized photons, difference from those obtained by simply
combining the spins of the relevant particles, for initially polarized photons.
These expressions also depend on the angles of spin of e* (and/or of e~), for
initially linearly polarized photons, but not for circularly polarized photons, as
a function of the energy. It is remarkable that these explicit results obtained
from quantum field theory show a clear violation of Bell’s inequality of Local
Hidden Variables theories at all energies beyond that of the threshold one
for particle production, in support of quantum field theory in the relativistic
regime. We hope that our explicit expression will lead to experiments, of the
type described in the bulk of this paper, which can monitor energy (and speed)
in polarization correlation experiments.
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1 INTRODUCTION

There have been many investigations over the years of particles’s polariza-
tions correlations [1-5] in the light of Bell’s inequality, and Bell-like exper-
iments have been proposed recently in high energy physics context [6-12].
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We have been interested in studying joint polarization correlation probabil-
ities of particles produced by initially polarized as well as unpolarized par-
ticles in fundamental processes of quantum electrodynamics (QED) and the
electro-weak theory [13-17]. Such studies, based on explicit computations in
quantum field theory, show that the mere fact that particles emerging from
a process have non-zero speeds upon reaching the detectors, imply, in gen-
eral, that their polarization correlations depend on speed [13-17] and may
also depend on the underlying couplings [17]. The explicit expressions of po-
larization correlations based on dynamical computations following from field
theory, are non-speculative, involving no arbitrary input assumptions, and de-
pend on speed, and possibly on the couplings as well. These are unlike formal
arguments based simply on combining the spins of the particles in question,
which are of kinematical nature. In the limit of low energies, our earlier ex-
pressions [13-17] for the polarization correlations were shown to be reduced
to the simple method just mentioned by combining spins. In one of our previ-
ous investigations [17], in which x4~ pair production in e*e™ scattering was
considered in the electro-weak theory. It was noted that, due to the threshold
needed to create such a pair, the zero-energy limit may not be taken, and that
the study of polarization correlations by simply combining spins (without re-
course to quantum field theory) has no meaning. The focus of this paper is the
derivation of the explicit polarization correlation probabilities of simultaneous
measurements of spin of e*e~ pair production of two colliding photons, as
well as the corresponding probabilities when only one of the polarization of
emerging e (or e~) is measured, in QED, for initially linearly polarized as
well as circularly polarized photons, and particulary with initially unpolarized
photons, with emphasis put on the energy available in the process so that
a detailed study can be carried out in the relativistic regime as well. Since
the production of e*e™ pair by the collision of two photons (yy — ete”)
was orilginally proposed by Breit and Wheeler [18], is so called “Breit- Wheeler
process”. In the present paper, in the spirit of Bell type experiments, we are
interested in joint conditional probability distributions of spin measurements
rather than of cross sections [19]. Conditional in the sense that given such a
process has occurred, then we ask as to what is the probability distribution
of spin measurements correlations. It has still not being directly observed be-
cause of a relatively high energy threshold which is about 1.022 MeV. With the
continuous effort of the experimental verification on Earth-based experiments,
using the technology based on free electron X-ray laser and its numerous ap-
plications, some first indications of its possible verification, have been reached.
it also is one of most relevant elementary processes in high-energy astrophysics
as well as in cosmology [20]. The QED calculations have been performed in
stimulated Breit-Wheeler cross section [21,22] as well. The reasons for our
present investigation are two fold. First several theoretical [23-25] and ex-
periments on vy — e*e™ have been carried out over the years [26], and it
is expected that our explicit new expression for the polarization correlations
obtained, depending on energies, may lead to new experiments on spin corre-
lations which monitor the energy (speed) of the underlying particles. Second,
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such a study may be relevant to experiments in the light of Bell’s theorem
(monitoring speed) as mentioned above and discussed below.

The relevant quantity of interest here in testing Bell’s inequality [6,7] is,
in a standard notation,

g P2(a1,02)  pra(a1,03) | pra(ay,02) | paa(ad, ap)
P12(00,00)  p12(00,00)  p12(00,00)  p12(00, 00)

. p12(aj, o) _ p12(00, a2)
p12(OO,OO) p12(007oo)

(1)

as is computed from QED. Here a1, az (af, a}) specify directions along which
the polarizations of two particles are measured, with p12(a1, az)/p12(00, c0) de-
noting the joint probability, and p2(a1,00)/p12(00, 00), p12(00, az)/p12(c0, 00)
denoting the probabilities when the polarization of only one of the particles is
measured. [p12(0o,00) is normalization factor.] The corresponding probabili-
ties as computed from QED will be denoted by P[x1,x2], Plx1, -], P[—,Xx2]
with x1, x2 denoting angles specifying directions along which spin measure-
ments are carried out with respect to certain axes spelled out in the bulk of
the paper. To show that the QED process is in violation with Bell’s inequality
of LHV, it is sufficient to find one set of angles x1, x2, X1, X%, such that S,
as computed in QED, leads to a value of .S outside the interval [-1,0]. In this
work, it is implicitly assumed that the polarization parameters in the particle
states are directly observable and may be used for Bell-type measurements
as discussed. We show a clear violating of Bell’s inequality for all speeds in
support of quantum theory in the relativistic regime, i.e., of quantum field
theory.

We consider the process of ete~ pair production of the collision of two
photons, y(k1)y(k2) — et (p1)e™ (p2), in the center of mass frame of the process
(see Fig. 1), given by the amplitude of the process is well known[27], up to an
overall multiplicative factor irrelevant for the problem at hand.

BV VrykoyH LoV VoK
AO(ﬁ( )7’717 VYR2Y TP, Y
2p1k1 2pik2 pikr pike

v(p1)efey (2)

where ef = (0,e1), e = (0,—e2) are the polarizations of two photons k;
and ks, respectively. It is convenient to compute the amplitude of the process
above, be rewritten as (j = 1, 2)

1) (2 (3
ejE(e;),eg),eg-)) (3)

and these polarizations will be specified later. For the four momenta of the
initially photons and the emerging et (e™), respectively, given by

k; =w(0,0,1) = ko (4)

pr=wy/1- (2)'(1,0,0) = p2 5



where w is the energy of the photons, m. denote the mass of an electron and
positron. The measurement of the spin projection of the positron is taken
along an axis making an angle x; with the z-axis and lying in parallel to the
T — z plane, as shown in Fig 1,

po1&1 €2
v(p) = /= and u(p) = [ = (6)

Whe &1 —pa1é2

where

p= Y (melt) @
V14 (me/w)

and the direction of the spin of the electron makes an angle x2 with the z-axis.
For the two-spinors, we have

—icosx;/2 —icos x2/2
&= and & = (8)
sin x1 /2 sin x2/2

A straightforward computation gives the matrix elements as follows:
@ (vY'7"Y) v ~ 2piciklEl oo &) 9)
@y'v ~ (1= ) [efon&al6™ + (1 + p?)[efaa]67
+ (1 + p?)[edoagi)6® (10)
7 ('yi'ym'yj) v w(—émjdil— gmigit +5ji(5"”)(1 —p2)[££01£1]
+ (- 8™ 67— 676924 57 5™ )1+ p? b o)
+ (=896 5™ 5734 §716™3) (14 p e 0361

—i(1 = pPemilelen] (11)

where k = 1,2,3. The matrix element above and Eq. (3) give the amplitude
A in Eq. (2) as

Ao —i(1 = p?)k - (e x ep)[€}é1]

/ me\ 2
+ (1 = p2) 1- (7}—) (egl)egl) + egl)egl)) [550151]
mMe\ 2
(1407 /1 5 (7) (632)6(21) +e(22)e(11)) [5302&] (12)

which depends on the specification of the polarization of the initial photons in
the process.
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Fig. 1 The figure depicts ete™ pair production by two-photons, with the initially photons
moving along the 2-axis, while the emerging electron and positron moving along the z-
axis. The angle x1 measured relative to the z-axis, denotes the orientation of spin of one
of the emerging positron may make. The unit vectors e (1) and e(?) are in z- and y-axis,
respectively.

In Sec. 2, the amplitude in Eq. (12) is applied to compute exact joint prob-
abilities of simultaneous measurement of spins of ete™ pair productions of
two colliding linear and circular polarized, as well as unpolarized photons. It
is also applied to compute of the corresponding probabilities of one of spin of
et (or e7). We then simulated our computation to show violation of Bell’s
inequality of LHV theories, which may lead to new experiments on spin corre-
lations which monitor the energy (speed) of the underlying particles in Sec. 3.
Finally, we conclude our results in Sec. 4.

2 POLARIZATION CORRELATIONS IN BREIT-WHEELER
PROCESS
2.1 initially linearly polarized photons

Now we consider the process, vy — e*e~, with linear polarization of initial
photons. The photon polarization vector e; is given by (j = 1,2)

e; = cospjeD) 4+ singpje® (13)
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where e(1) and e are unit vectors in the plane of interaction and perpen-

dicular to it, respectively. These photon linear polarization vectors are given
by

e® = (1,0,0) and e® = (0,1,0) ()

and ¢ is the angle between e and the e(!) axis, as shown in Fig. 1. In this
case, the planes of photon polarization at an angle of ¢; and ¢ are equal to
m/4 with z-axis, then Eq. (13) gives the polarization of the initial photons
as e = %2.(1, 1,0) = —e,. By substituting the polarization state of initial
photons in Eq. (12), we have the amplitude of the process of the initial linear
polarized photons, given by

ime . x1— X2 1 . (x1+Xx2
Alinear X — sin ( ) - —sin ( ) (15)
w1+ (%)) 2 [t )] 2

Using notation F[x1, x2] for the absolute value square of the right-hand side of
Eq. (15), the conditional joint probability distribution of spin measurements
along the directions specified by angle x;, x2 is given by

Plx1,x2] = ﬂ;\;—zgﬂ (16)

The normalization factor N(w) is obtained by summing over all the polariza-
tions of the emerging particles. This is equivalent to summing of F[x1, x2] over
the pairs of angles

(Xl,X2)7 (Xl +7T,X2), (X11X2+7T)7 (Xl +7T7 X2+ﬂ') (17)
This leads to

N(w) = Flx1,x2] + F[x1 + 7, x2] + F[x1, x2 + 7] + P[x1 + 7, x2 + 7]

= (18)
m 2
[1+ (%))
giving
m2 .2 X1— X2 1 .o X1+ X2
P[Xl,Xz] = —'E—‘-Slnz( )+ sin ( )
22 1+ (2e)’] 2 2[1+ ()] &

(19)
If only one of the spins is measured corresponding to x1, the probability can
be written as

Plx1, -] = Plx1,x2] + Plx1, x2 + 7]

1
3 (20)



Similarly, if only one of the spins is measured corresponding to x2, the prob-
ability can be written as

P[—,x2] = P[x1,x2] + Plxa + 7, x2]

1
3 (21)

2.2 initially circularly polarized photons

Here we turn to consider the production of two initially photons k; and ks in
the process, with the right-handed and left-handed circular polarization, are
specified by the vectors

g 1 (1

V2 Vet
respectively, producing e*e™ pairs, and place detectors for the latter at oppo-
site end of the z-axis, as in Fig. 1, this gives

! X1 =X L e\ o X e
Ac,rocwcos<———-2 >+11 (w)sm<—2 ) (23)

By using notations in Egs. (16)—(18) to compute the joint probability of spin
correlations of ete~ produced by two circularly polarized photons, this gives

e (1,1,0) and ez = —1,0) (22)

(- - ]

Plxi, xe| =

[x1, X2l 2[2w2+ [(1_w2)_(%)2]] (24)
Pla--1=5 (25)
Pl-xal = 3 (26)

2.3 initially unpolarized photons

Finally, we consider the process vy — e*e™, in the c.m., with initially unpo-
larized photons with some over all polarization of the photons

ebed = 69 — nind 27
2€1 2T
pol

where n = k/|k| and i,j = 1,2, using the identity Y k- (e; x ez) = 0, this
pol

Aunpol o E}€1 {<(1’)2 01), + (2)2 (1 0)1} (28)

gives
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(see Fig. 1), generating an energy independent (normalized) entangled state

for e*e~ given by
a0 Q0]

Therefore the joint probability of spin correlations of e*e™ is given by

Plx1,x2) = lledea)1?

= -;-sin2 (5-1——%—)9> (30)
and
Pha, -] = a2 = 5 (31)
Pl=,xal = Il = 5 (32)
P[x1, -] is also equivalently obtained by summing P[x1, x2] over
X1, X2+T7 (33)

for any arbitrarily chosen X2, i.e., as in Eq. (20) and similarly for P[—, x2]. As
the result of our calculation, we found that the joint polarization correlation
probabilities of the initial unpolarized photons are independent of energy, as
in the combining spin of the kinematic considerable.

3 SIMULATIONS AND DISCUSSIONS

In this section, we simulate the joint polarization correlation probabilities of
ete™ pair productions of two colliding photons, for initially linearly and cir-
cularly polarized photons, computed in the previous section to show a clear
violation of the relevant Bell-like inequality as a function of the energy of
initially photons. We note the important statical property that

Plx1,xz2) # Plx1, —1P[-, x2] (34)

in general, showing obvious correlations occurring between the two spins. The
indicator S in Eq. (1) computed according to the probabilities of simultaneous
measurement of the spins of e*e™ P[x1, x2] in Egs. (19), (24), (30), and the
corresponding probabilities when only one of the spins of e* (or e™) P[x1, —] in
Egs. (20), (25), (31), as well as P[—, x2] in Egs. (21), (26), (32), may be readily
evaluated. To show violation of Bell’s inequality of LHV theories, it is sufficient
to find four angles x1, X2, X1, X2 at accessible energies, for which S falls
outside the interval [—1,0]. We perform such a simulation fitting, presenting
our results, and discussing their physical implications.



Table 1 The indicator S computed according to the probabilities of spin correlations of
ete™ pair productions of two-colliding linearly polarized photons are simulated. For exam-
ple, the four angles x1 = 0°, and x2, X}, x4 are shown in a following table. R, B, G and O
denotes Red, Blue, Green and Orange, respectively.

line w(MeV) x2(degree)  x](degree)  x%(degree) S
- 1.05 45 15 180 -1.37576
R 1.05 45 30 140 -1.36279
B 1.05 45 30 153.5 -1.35814
G 1.05 45 67 213 -1.30592
O 1.05 45 90 270 -1.03585
- 5.00 45 15 180 -1.39234
- 10.00 45 15 180 -1.39304
- 35.00 45 15 180 -1.39326

46.60 x 10° 45 15 180 -1.39328

As shown in Table 1, we found that the deriving probabilities in Sec. 2.1,
for initially linearly polarized photons, give .S outside the interval [—1, 0] from
below for four angles x1, x2, X1, x5 at accessible energies. The plotting in
Fig. 2 show that the probability P[x}, x5] in Eq. (19) is a varying function of
the energy of initial photons. These probabilities, for the set of angles (180° <
X1 < 360°, 0° < x5 < 360°) and (0° < xj < 360° 180° < xb < 360°),
are rapidly increasing, w <3.5 MeV, after that they are slightly increasing
with energy of the initially photons. On the other hand, for the set of angles
(0° < x} < 180°,0° < x5 < 360°) and (0° < x} < 360°,0° < x5 < 180°), they
are slightly decreasing with energy of the initially photons. However, we found
that S are varying functions of the set of angles x}, x5 when angles x; = 0°,
X2 = 45° and the energy are fixed which can see are decreasing functions of the
energy of the initially photons when the angles are fixed (as shown in Fig. 4).
Such the results as the probabilities and the indicator S depend on the angles
of spin of ete™ and the energy of initially photons in processes.

As shown in Table 2 we found that the deriving probabilities in Sec. 2.2,
for initially circularly polarized photons, gives S outside the interval [—1,0]
from below for four angles x1, x2, X1, x5 at accessible energies. The plotting
in Fig. 3 show that the probability P[x}, x5] in Eq. (24) is a varying function
of the energy of initially photons. These probabilities, for four set of angles x}
and x5 (see in Table 2), are rapidly increasing , w <5 MeV, after that they are
slightly increasing with the energy of the initially photons. These plotting lies
on the same line, even though the set of angles x} and x5 were changed. We
also found that S are varying functions of angles x}, x5 when angles x; = 0°,
X2 = 155° and the energy are fixed. These S are a rapidly decreasing with
the increasing energy of initially photons when angles x; = 0°, xo = 155°,
X1 = 15° and x5 = 50° are fixed as shown in Table 3, and plotted in Fig. 4.
Such the results as the indicator S depend on the angles of the measurement
of spin of e*e™ and the energy of initially photons, but the probabilities only
depend on the energy of initially photons in processes.
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Fig. 2 The probabilities of simultaneous measurement of spin correlations of ete~ pair
productions of two-colliding linearly polarized photons, P[x}, x5}, as a function of the en-
ergies of photons. The dashed-dotted line (O) is for the set of angles X1 = 67°, x5 = 213°.
The solid line (G) is for the set of angles x| = 90°, x} = 270°. The dotted line (R) is for
the set of angles xj = 30°, x5 = 140°. The dashed line (B) is for the set of angles X} = 30°,

X5 = 153.5°.

Table 2 The indicator S computed according to the probabilities of spin correlations of
ete™ pair productions of two-colliding circularly polarized photons are simulated. For ex-
ample, the four angles x; = 0°, and x2, X1» X5 are shown in a following table. R, B, G and
O denotes Red, Blue, Green and Orange, respectively.

line  w(MeV) xa(degree) x](degree) x5 (degree) S

R 1.05 155 15 50 -1.32878
G 1.05 155 45 10 -1.30828
B 1.05 155 85 50 -1.05177
(0] 1.05 155 90 55 -1.01432

Table 3 The indicator S computed according to the probabilities of spin correlations of
ete” pair productions of two-colliding circularly polarized photons are simulated. For ex-
ample, the four angles x1 = 0°, and x2 = 155°, x} = 15°, X5 = 50° and varying photon
energies are shown in a following table.

w(MeV) S
1.05 ~1.328 784 959 959 7406
5.00 -1.328 784 959 960 4962
10.00 -1.328 784 959 960 5301
35.00 -1.328 784 959 960 5410
46.60 x 103 -1.328 784 959 960 5420
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Fig. 3 The probabilities of simultaneous measurement of spin correlations of ete™ pair
productions of two-colliding circularly polarized photons, P[x},x5], as a function of the
energies of photons. We have taken the angles as in Table 2.

Table 4 The value of the probabilities of spin correlations of ete™ pair productions of
two-colliding circularly polarized photons are shown in Fig. 3.

variables Probabilities
o 0.454 788 011 072 0782
20 0.454 788 011 072 1606
30 0.454 788 011 072 2077
40 0.454 788 011 072 2416

Table 5 The indicator S computed according to the probabilities of spin correlations of
ete™ pair productions of two-colliding unpolarized photons are simulated. For example, the
four angles x1 = 0°, and x2, X}, X5 are shown in a following table.

w(MeV) x2(degree)  x/(degree)  xi(degree) 5]
independent 85 25 181 -1.14675
independent 67 55 181 -1.34218
independent 23 45 180 -1.46192

In Table 4 we found that the deriving probabilities in Sec. 2.3, for initially
unpolarized photons, also give S outside the [-1,0] from below for four angles
X1, X2> X1> X5, and independent on energies (shown in Table 5). These S are
plotted in Fig. 4 as well. The indicator S and the probability P(x1,X2] =
(1/2) sin?[(x1 — x2)/2] are independent of the energy of initially photons, but
they only depend on the angles 1, x2 of the measurement of ete™ spins
respectively. Finally, we have plotted the indicator S as a functions of the
energy of initially photons, for four set of angles x1, x2, X1, X2, as shown in
Fig. 4. Such the result as the indicator S for initially linearly polarized photons
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Fig. 4 The plotting of the indicator S as a functions of the energy of initially photons,
for four set of angles x1 = 0°, x2 = 45°, x| = 15°, x4 = 140° of spin of ete" for initially
linearly polarized photon, as well as for four set of angles x; = 140°, x2 = 155°, X} = 15°,
x4 = 50° of spin of e*e~ for initially circularly polarized photon. In particular for four set
of angles x31 = 140°, x2 = 23°, x| = 67°, x5 = 132° of spin of e*e~ for initially unpolarized
photon.

Table 6 The value of the probabilities of spin correlations of ete~ pair productions of
two-colliding circularly polarized photons are shown in Fig. 4.

variables The indicator (S)
A -1.328 784 959 960 5240
24 -1.328 784 959 960 4287
3A -1.328 784 959 960 3334
4A -1.328 784 959 960 2382
540 -1.328 784 959 960 1430

is faster decreasing with the energy than that of initially circularly polarized
photons when set of angles is fixed.

4 CONCLUSIONS

We have investigated and derived, in detail, the explicit polarization corre-
lation probabilities of simultaneous measurement of spins of e*e~ pair pro-
ductions by two colliding photons for initially linearly and circularly polarized
photons, emphasizing their dependence on energy for initially polarized pho-
tons. The expressions were obtained in the (relativistic) QED setting. The
necessity of such a study within the realm of quantum field theory cannot be
overemphasized, as estimates of such correlations from simply combining spins
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(as is often done), have no meaning, as they do not involve dynamical consid-
erations. The relevant dynamics is, of course, dictated directly from quantum
field theory. The explicit expression for the polarization correlation obtained
is interesting in its own right, and they may also lead to experiments that in-
vestigate such correlations by monitoring energy (speed), for initially linearly
and circularly polarized photons, but not for unpolarized ones. The simula-
tion study carried out in Sec. 3, shows that these expressions also depend on
the angles of spin of et (and/or e~), for initially linearly polarized photons,
but not for circularly polarized photons, as a function of the energy. Our re-
sults may also be relevant in the realm of Bell’s inequality with emphasis on
relativistic aspects of quantum theory, that is, of quantum field theory. Our
expressions have shown clear violations of Bell’s inequality of LHV theories, in
support of quantum theory in the relativistic regime. In recent years, several
experiments have been already performed (cf. [8-12]) on particles’ polariza-
tion correlations. It is expected that the novel properties recorded here by
explicit calculations following directly from field theory (which is based on the
principle of relativity and quantum theory) will lead to new experiments on
polarization correlations for monitoring speed in the light of Bell’s theorem.
We hope that these computations, within the general setting of quantum field
theory, will also be useful in areas of physics such as quantum teleportation
and quantum information.
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