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Abstract

In this investigation we studied fuzzy quasi-prime, weakly fuzzy quasi-prime, fuzzy completely prime and weakly

fuzzy completely prime ideals in nLA-rings. Some characterizations of fuzzy quasi-prime and weakly fuzzy quasi-prime ideals

were obtained. Moreover, we investigated relationships between fuzzy completely prime (weakly fuzzy completely prime) and

fuzzy quasi-prime (weakly fuzzy quasi-prime) ideals in nLA-rings.
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1. Introduction

Let N be a non-empty set. A fuzzy subset of N is,
by definition, an arbitrary mapping f :N —[0,1], Where [0,1]
is the usual interval of real numbers. In 1965, Zadeh (Zadeh,
1965) introduced the concept of fuzzy subset. Abou-Zaid
(Abou Zaid, 1991) introduced the notion of a fuzzy subnear-
ring, and studied fuzzy left (right) ideals of a near-ring, and
gave some properties of fuzzy prime ideals of a near-ring.
Birkenmeier and Heatherly (Birkenmeier & Heatherly, 1990)
showed that 3-prime (3-semiprime) ideals in an LSD or RSD
near-ring are also completely prime (completely semi-prime).
In (Birkenmeier & Heatherly, 1989), these authors proved that
3-prime ideals in a medial near-ring are also completely

prime.
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Yusuf in (Yusuf, 2006) introduced the concept of a
left almost ring (LA-ring) . A non-empty set R with two
binary operations “+” and “* ” is called a left almost ring, if
(R,+) is an LA-group, (R,.) is an LA-semigroup and distri-
buting “* ” over “+” holds. Further in (Shah, Ali, & Rehman,
2011a) Shah and Rehman generalize the notion of a com-
mutative semigroup rings into LA-rings, and also generalized
the notion of an LA-ring into a near left almost ring. A near
left almost ring N is a LA-group under “+ ”, an LA-semi-
group under “*” and has left distributive property of “ -~
over “+ 7. Shah et al. (2011b) asserted that a commutative

ring (R,+,-) we can always generate an LA-ring (R,®,-) by
de-fining, for a,b e R,a®b=b—a and ab asin thering. In
2017, the authors introduced the concept of fuzzy subsets in
nLA-rings.

In this study we followed the lines adopted in (Abou
Zaid, 1991; Shah et al., 2011) and established the notion of
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fuzzy subsets of nLA-rings. Specifically, we characterize the
fuzzy quasi-prime, fuzzy completely prime and weakly fuzzy
quasi-prime ideals in nLA-rings. Moreover, we investigated
relationships between fuzzy completely prime and weakly

fuzzy quasi-prime ideals in nLA-rings.

2. Preliminaries

This section lists some basic definitions and con-
cepts of nLA-rings that are also used with fuzzy subsets in this
article. They are as follows:

Definition 2.1 (Kazim & Naseeruddin, 1978) A groupoid S
is called a left almost semigroup (simply an LA-semigroup) if
it satisfies the left invertive law: (ab)c =(cb)a, for all
a,b,ceS.

Example 2.2 (Mushtaq & Yusuf, 1978) Define a mapping
ZxZ—>Z by a-b=b—a, forall 3 pez where“ —"isa

usual subtraction of integers. Then (z,) is an LA-semigroup.

Definition 2.3 (Mushtag & Kamran, 1996) An LA-semigroup
(G,+) is called a left almost group (simply an LA-group), if
there exists left identity 0eG (thatis 0+a=a,forall aeG),
and for all aeG there exists -aeG such that
a+(-a)=0=-a+a.

Definition 2.4 (Shah et al., 2011b) Let (N,+) be an LA-
group. Then N is said to be a near left almost ring (or simply
an nLA-ring) , if there exists a mapping NxN — N (the
image of (x,y) is denoted by xy) satisfying the following
conditions;

1. x(y+2z) =xy+xz;

2. (xy)z=(zy)x, forall x,y,zeN.

Example 2.5 (Shah et al., 2011b) Let (|:‘+,.) be a field. Then
(F.®) is an nLA-ring on defining the binary operations as:
for x,yeF,x®y=y-—x and

0 iXx=0o0ry=0
X-y= 4
yX

; otherwise.

Let N be an nLA-ring. If S is a non-empty subset
of N and S is itself an nLA-ring under the binary operation
induced by N, then S is called an nLA-subring of N (Shah
etal., 2011b). An LA-subring | of N is called a left ideal of
N if NI I and | is called a right ideal of N if for all
m,neN and iel such that (i+m)n—mnel and | is
called an ideal of N if | isboth a left and a right ideal of N
(Shah et al., 2011b). A left ideal P of an nLA-ring N is said
to be quasi-prime ideal of N if and only if ABc P implies
either Ac P or Bc P for any left ideals A/B of N and

left ideal P is called weakly quasi-prime if {0}¢ABgP
implies either Ac P or B P for any left ideals A B of

N. A left ideal P is called completely quasi-prime if

a,beN,abeP implies either acP or beP and left

ideal P is called weakly completely quasi-prime if

a,beN,0=abeP implies either ae P or beP. It can be

easily seen that a completely quasi-prime (weakly completely
quasi-prime) ideal of an nLA-ring with left identity N is
quasi-prime (weakly quasi-prime).

A function f from N to the unit interval [0,1] is a
fuzzy subset of N (Zadeh, 1965). A nLA-ring N itself is a
fuzzy subset of N such that N(x)=1, for all xeN,

denoted also by N. Let f and g be two fuzzy subsets of N
(‘'Yairayong, 2017). Then the inclusion relation f — g is
defined f(x)<g(x), forall xeN. f ~g and fug are
fuzzy subsets of N defined by

(f Ng)(X)=min{f (x), g(¥)}, (f L g)(x) =max{f (x), g(x)}

for all x e N. More generally, if {fa :aeﬂ} is a family of

fuzzy subsets of N, then Nf and Ut are defined as

aef aef
follows:
(ﬂ faj(x) =) f.)=inf {f,(x):aep},
aef aef

(U faJ(X)= U f.0)=sup{f,(x):aepB}

aef asf}



P.Yiarayong / Songklanakarin J. Sci. Technol. 41 (2), 471-482, 2019 473

and will be the intersection and union of the family {fa ‘a 6/3} of fuzzy subset of N ('Yairayong, 2017). The product f g
(Yairayong, 2017) is defined as follows;

U min{f(y),9(z)} ;3y.zeN,such that x=yz

(fog)(¥)=1s7

0 ;otherwise
A fuzzy subset f of N is called a fuzzy nLA-subring of N if f(x_y)Zmin{f(x)’ f(y)} and f(xy)Zmin{f(x), f(y)}, for
all x,y e N (Yairayong, 2017). A fuzzy nLA-subring f of an nLA-ring N is called a fuzzy left ideal of N if f(xy)> f(y)
for all x,yeN. A fuzzy right ideal of N is a fuzzy nLA-subring f of N such that f((x+y)z—yz)> f(x), for all
X, ¥,2 € N. Afuzzy ideal of N is a fuzzy nLA-subring f of N suchthat f(xy)> f(y) and f((x+y)z—yz)= f(x), for

all X,y,ze N (Yairayong, 2017).

Lemma 2.6 (Yairayong, 2017) Let N be an nLA-ring. If t g n are fuzzy subsets of N, then (f og)oh=(hog)o f.

Lemma 2.7 (Yairayong, 2017) For any fuzzy subsets f g h and k of an nLA-ring with left identity N, the following
statements are true.

1. fo(goh)y=go(foh).

2. (fog)o(hok)=(koh)o(go f).

3. (fog)o(hok)=(foh)o(gok).

4. NoN =N.
Lemma 2.8 (Yairayong, 2017) Let { be a fuzzy subset of an nLA-ring N. Then the following properties hold.

1 f0)= f(x) forall xe N.

2. f isafuzzy nLA-subringof N ifandonlyif fof < f and f(x—y)zmin{f(x), f(y)} forall x,y e N.

3. f isafuzzy leftideal of N ifand onlyif No f < f.

Lemma 2.9 (Yairayong, 2017) Let | be a non empty subset of an nLA-ring N,t < (0,1] and let '[f, be a fuzzy set of N such

that
t ;xel
tf, (x) = { -

0 ;otherwise.

Then the following properties hold.
1. 1 isan nLA-subring of N ifand only if tf, is a fuzzy nLA-subring of N.

2. | isaleft ideal (right ideal, ideal) of N if and only if tf, is a fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of N.

Definition 2.10 Let N be an nLA-ring, Xxe N and t e (0,1]. A fuzzy point X, of N is defined by the rule that

X=Yy
;otherwise.

t
x[(y)={0
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Itis accepted that X; is a mapping from N into [0,1] then a fuzzy point of N is a fuzzy subset of N. For any fuzzy

subset f of N, we also denote x c f by x e f in sequel. Clearly, tf, =X

Lemma 2.11 Let A B be any non empty subset of an nLA-ring N. Then for any t < (0,1] the following statements are true.

1. tf, off, =tf,,.

2.1, =Ja.

acA

Proof. Straightforward.

3. Fuzzy quasi-prime ideals of nLA-rings

The following theorems seem to play important roles in the study fuzzy completely prime and fuzzy quasi-prime ideals
in nLA-rings; they will be used frequently, and normally we shall make no reference to these definitions.

Definition 3.1 A fuzzy subset f of an nLA-ring of N is called fuzzy completely prime if max{ f(x), f(y)} > f(x—y) and

max{ f (x), f (y)} > f (xy), where x,y e N.

Example 3.2 Let N = {0, e, a} be a set with two binary operations as follows:

+

o
@D

0 e a
0 0 0 0
e 0 e a
a 0 a e

By Definition 2.4, N is an nLA-ring. We define a fuzzy subset f : N —[0,1] by f(x)=0, for all x e N. By Definition 3.1,

f is afuzzy completely prime ideal of N.

Theorem 3.3 Let N be an nLA-ring. Then f is a fuzzy nLA-subring of N if and only if 1— f is fuzzy completely prime of
N.

Proof. (=) Clearly, f(xy) > min{f(x), f(y)} and f(x—y)> min{f(x), f(y)}, for all  x,yeN. Then
1-f(y)<l-min{f(x), f(y)} and 1-f(x-y)<il-min{f(x), f(y)}, for all xyeN. If f(x)<f(y), then
1- f(x) =1— f(y). Consider
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max {1— f (x),1— f (y)} = 1-f(x)
z 1-f(xy)
and
max {1 f (x),1- f (y)} = 1-1(x)
> 1-f(x-y).

By Definition 3.1, 1 £ is fuzzy completely prime subset of N. If f(x)> f(y)' then

max{1— f (x),1- f (y)} = 1-1(y)
= 1-f(xy)
and
max{1- f (x),1- f (y)} = 1-1(y)
> 1-f(x-y).

Hence 1— f is fuzzy completely prime subset of N.

(<) Assume that 1_ f is fuzzy completely prime ideal of N. Then max{]__f(x),]__f(y)}zl_f(x_y) and
max{1- f (x),1- f (y)} =1 f (xy) forall x, y € N. Clearly, 1—max{1- f (x),1- f (y)} <1-(1- f (x—y)) = f(x—y) and
1-max{1- f (x),1- f (y)} <1-(— f(xy)) = f(xy), forall X,y € N. If 1— f (x) <1— f(y), then
f(X)=1-(1—f(x)=1-(A-f(y))=f(y). Forall x,yeN,

f(xy) 1-max{1- f(x),1- f(y)} = min{f(x), f(y)}

v

and

v

f(x-y) > 1-max{l-f(x),1-f(y)}
min{ f (x), f (y)}
If1—f (x)>1— f (y) then f(x):]__(]__ f (x))<1—(1— f (y)): f (y) This implies that

f(xy)

\Y%

1-max{1-f (x),1- f (y)}

min{f(x), f (y)}

and
f(x=y) > 1-max{l-f(x),1- f(y)}
= min{f(x), f(y)}

forall x,y e N. Consequently f isa fuzzy nLA-subring of N.

Definition 3.4 A fuzzy subset f of an nLA-ring of N is called weakly fuzzy completely prime if for each x, y e N with

Xy # 0, itholds that max { f (x), f ()} > f (x—y) and max{f (x), f (y)}> f (xy).
Remark. If f isa fuzzy completely prime subset of N, then f isa weakly fuzzy completely prime subset of N.

Example 3.5 Let N ={0,e,a,b,c,d} be a set with two binary operations as follows:
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+ 0 e a b c d
0 0 e a b c d
e d 0 e a b c
a c d 0 e a b
b b c d 0 e a
c a b c d 0 e
d e a b c d 0

0 e a b c d
0 0 0 0 0 0 0
e 0 e a b c d
a 0 a c 0 a c
b 0 b 0 b 0 b
c 0 c a 0 c a
d 0 d c b a e

By Definition 2.4, N is an nLA-ring. We define a fuzzy subset f : N —>[0,1] by

f(x):{l x=0

0 ;otherwise.
It is easy to see that f is a weakly fuzzy completely prime subset of N. But f is not a fuzzy completely prime subset of N,

since max{ f (c), f (b)} =max{0,0} =0, while f (c-b)=f (0)=1.

Corollary 3.6 Let f be a fuzzy left ideal of an nLA-ring N. Then f is fuzzy completely prime (weakly fuzzy completely

prime) subset of N if and only if max{f(x), f(y)}: f (xy) and max{f(x), f(y)}z f(x-vy), forall x,ye N(xy;tO).

Proof. Obvious.

Theorem 3.7 If f, are fuzzy completely prime (weakly fuzzy completely prime) ideals of an nLA-ring N, then U § Is fuzzy

iel

completely prime (weakly fuzzy completely prime) subset of N.

Proof. Forall iel and x,y e N, f,(x—y)<max{f,(x), f,(y)}, forall i € I. Clearly, fi(X—y)SmaX{U £00.U fi(Y)} Therefore

iel iel

U fi(x—y)SmaX{U fi(x)’U fi(Y)}' Similarly, U fi(xy)gmaX{U 100U f.(Y)}- Consequently U f is a fuzzy completely prime

iel iel iel iel iel iel iel

subset of N.

Theorem 3.8 Let P be a left ideal of an nLA-ring N. Then P is a completely prime (weakly completely prime) ideal of N if

and only if tfp is a fuzzy completely prime (weakly fuzzy completely prime) subset of N.
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Proof. (=) By Lemma 2.11, tf, is a fuzzy left ideal of N. Let X,y € N. If xy ¢ P, then tfp(xy):Ogmax{tfp(x),tfp(y)}.

If xy e P, then xe P or y e P. Thus tf,(x) =t or tf,(y) =t. Thus tfp(xy)=t=max{tfp(x),tfp(y)}. Therefore f, is afuzzy

completely prime subset of N.

(o) Let X,y € N such that xy € P. Then tf_(xy) =t. Since tf, is a fuzzy completely prime ideal of N, we have

tfp(xy)gmax{tfp(x),tfp(y)}. Clearly, tf,(x) =t or tf,(y)=1. Thus xe P or y e P. Therefore P is a completely prime ideal

of N.

Definition 3.9 Let N be an nLA-ring and t € (0,1]. A fuzzy leftideal f of N is said to be a fuzzy quasi-prime if

tg,otg,  f implies tg,cf ortgyc f and for the left ideals A and B in N.

Example 3.10 Let N ={0,e,a,b,c} be a set with two binary operations as follows:

+ 0 e a b c
0 0 e a b c
e e 0 e a b
a a e 0 e a
b b a e 0 e
c c a e 0
0 e a b c
o|j0o o o0 o0 O
e 0 e a b c
a 0 c e c a
b |0 a ¢ e b
c 0 c b a e

By Definition 2.4, N is an nLA-ring. We define a fuzzy subset f : N —>[0,1] by f (x)=0, for all x € N. By Definition 3.9,

f is a fuzzy quasi-prime ideal of N.

Example 3.11 Let N :{0, e,a,b,c,d,x, y} be a set with two binary operations as follows:

+ (0 e a b ¢ d x vy
0 |0 e a b c d x y
e a o0 b e X c y d
a |e b 0 a d y c X
b b a e 0 vy X d c
c c d X y 0 e a b
d X c y d a o0 b e
X d vy c X e b 0 a
y y d c b a e
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0 e a b ¢ d x vy
o0 o 0 O O 0 0 O
e |0 ¢c ¢ 0 0 ¢ c¢c O
al0O c ¢ 0 0 ¢ c¢c O
b|0O 0 0 0 0 0O O O
c |0 b b 0 O b b 0
d |0 vy y 0 0 y vy O

0y y 0 0 y y ©
y |0 b b 0 0 b b 0

By Definition 2.4, N is an nLA-ring. We define a fuzzy subset f : N —[0,1] by

1 ;xe{0}
f(x)=409 ;xe{c}
0 ;otherwise.

By Theorem 3.3, 1_ f is a fuzzy completely prime subset of N. But 1_ f is not a fuzzy quasi-prime ideal of N, since

1-f(ee)=1-f(c)=1-0.9=0.1 while 1 f (e)=1-0=1.

Definition 3.12 Let N be an nLA-ring and t e (0,1]. A fuzzy leftideal f of N is said to be a weakly fuzzy quasi-prime if

tg, #tg,otg, = f implies tg, < f or tg, c f and for the left ideals A and B in N.

Remark. If f is a fuzzy quasi-prime ideal of N, then f is a weakly fuzzy quasi-prime ideal of N.

Theorem 3.13 Let § be a fuzzy left ideal of an nLA-ring with left identity N. Then the following conditions are equivalent:
1. g is a fuzzy quasi-prime ideal of N.
2.Forany x,yeN and t €(0,1] if x o(Noy)cg, then x eg or y, € g.
3.Forany x,yeN and t (0,1] if tf otf — g, then x eg Or y, eg.

4.1f A and B are left ideals of N such that tf, otf, = g, then tf,cg Or tf, = g.

Proof. (1=2) Let x,yeN and te 0,11 such that xo(Noy)cag. By Lemma 2.6, 2.7 and 2.11, it follows that
tfen o e = (tf o N)o(tf,oN)
= ((tf, otf,) o (tf otf)) o (N o N)
= ((tf, otf ) o (tf, otf,)) o (N o N)
= (tf,, o(tf, otf,))o(NoN)
= No(tf, off,)

= Xto(Noyt)

c g
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Thus by hypothesis, it follows that x, =tf, :tf(ee)X :tf(xe)e (;tf(xe)N cg ory, :tfy :tf(ee)y :tf(ye)e gtf(ye)N < g. Conse-

quently x eg or y, eg.

(2=3) Let x,y e N,t €(0,1] such that tf, otfy c g. By Lemmas 2.7 and 2.8,

XtO(NOyt)

N

tf, o (N otf,)
< Nog
c g
Thus, by hypothesis X e€goryeg.
(3= 4) Let A and B be two left ideals of N. Then, by Lemma 2.9, we get tf, and tf, are fuzzy left ideals of N.
Suppose that tf, otf, < g and tf, ¢ g. Then there exists y e B such that y, ¢ g. Forany x e A by Lemma 2.11,
tf,otf, = tf,
= ftf,otf,

c g

Since y, &9, we have tf < g. Clearly, X €g. By Lemma 2.11, 4 _UXt cg
X = A Y.

xeA

(4=1) Obvious.
Corollary 3.14 Let g be a fuzzy left ideal of an nLA-ring with left identity N. Then the following conditions are equivalent:
1. g is aweakly fuzzy quasi-prime ideal of N.
2.Forany x,yeN and te(0,1] if 0, #x o(Noy)cg, then x, eg or y, eg.
3.Forany x yeNand t €(0,1] if 0, = tf otf g, then x eg Or y, eqg.
4. 1f A and Bare left ideals of N such that 0, #tf,otf, = g, then th cgortf, cg.

Proof. Similar to the proof of Theorem 3.13.

Corollary 3.15 Let g be a fuzzy left ideal of an nLA-ring with left identity N. Then the following statements are equivalent:
1. g is a fuzzy quasi-prime (weakly fuzzy quasi-prime) ideal of N.
2.Forany x,yeN and te(0,1] if x oy, €g(0, #x oy, €g), then x eg or y, eg.

Proof. Straightforward by Theorem 3.13.

Example 3.16 Let N :{0, e,a,b,c,d,x, y} be a set with two binary operations as follows:

+ |0 e a b d 5 x 'y
0 |0 e a b c d 6 vy
e a o0 b e X c y d
a |e b 0 a d y c X
b b a e 0 vy X d c
c c d X y 0 e a b
d X c y d a o0 b e
X d vy c X e b 0 a
y y d c b a e
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0 e a b ¢ d x vy
o000 0o 0 O O O 0 O
e |0 ¢c ¢ 0 O ¢ ¢ O
al0O c ¢ 0 0 ¢ c¢c O
b0 0 0 0 O O O O

0 b b 0 0 b b 0
d |0 vy y 0 0 vy y O
x |0 vy y 0 0 y y O
y |0 b b 0 0 b b O

By Definition 2.4, N is an nLA-ring. We define a fuzzy subset f : N —>[0,1] by

1 ;xe{0}
f(x)=105 ;xe{c}
0 ;otherwise.

By Definition 3.12, f is a weakly fuzzy quasi-prime ideal of N. But f is not a fuzzy quasi-prime ideal of N, since d, ob, e f

while d ¢ f and b ¢ f.

Theorem 3.17 If f is a fuzzy quasi-prime ideal of an nLA-ring with left identity N, then juf {f(aZ(sz))}zmaX{f(aZL f(bz)}

forall a,b e N.

Proof. Suppose that jpf {f(aZ(NDZ))}imax{f(aZ)’ f(bZ)}. Since f is fuzzy leftideal of N, we have f(a?(rb?))> f(rb?)> f (b?)
and f (a*(rb*)) = f ((rb*)a®) > f (a’), for all re N. Clearly, inf { f(a’(Nb%)} > max{f (a®), f (b*)}. L€t inf {f(aZ(sz))}:t.

By Lemma 2. 9, and tg(bze)N are two fuzzy left ideals of N. |If tg(aze)N Otg(bze)N(X):t’ then

tg(aze) N

i 2 2 —
t:Umin{tg(aze)N(y)’tg(bze)N(Z)}' Then there exist ue(a’e)N and ve(b’)N such that uv=X. Clearly,

u = (a%)m,v = (b%)n for some m,n e N. Consider
f(x) f (uv)
= f(((@’e)m)((b’e)n))
= f((nm)((b%)(a’%)))
> f((b%)(a’))
= f((b%a’)(ee))
> inf {f (a?(ND%)}

=t
Th By Definition 3.9, r This impli h 2y _ 2 —t or
us tg(aze)N otg(er)N c f. By Definition 3.9 9,0 cf O tg(bze)N c f. This implies that tg(aze)N(a )*tg(azem((a e)e)=t O

tg(bze)N(bz):tg(bze)N((bZe)e):t' But from tgmax{f(az)‘f(bz)}<inf{f(a2(Nb2)}:t. This is a contradiction. Hence

inf { f (a(Nb?))} = max{ f (&), f (")}, where a,b e N.
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Theorem 3.18 If f is a fuzzy quasi-prime ideal of an nLA-ring with left identity N, then max{f(x), f(y)}z f (xy), Where

X,y eN.

Proof. Let x,y e N. If f(Xy)>maX{f(X)’ f(y)}, then there exists t e (0,1) such that

f (xy) >t >max{f(x), f(y)}. By Lemma 2.7,
X o(Ney,) =Ne(xey,)

< Nof

forall x,y e N. By Theorem 3.13, x, eP ory eP. This is a contradiction. Consequently max{f(x)' f(y)} > P(xy), where

X,y eN.

Theorem 3.19 Let f be a fuzzy left ideal of an nLA-ring with left identity N. Then f

is a fuzzy quasi-prime (weakly fuzzy

quasi-prime) ideal of N ifand only if f is a fuzzy completely prime (weakly fuzzy completely prime) subset of N.

Proof. Straightforward by Theorem 3.18.

4, Conclusions

Many new classes of nLA-rings have been dis-
covered recently. All these have attracted detailed investiga-
tions of these newly discovered classes. This article investi-
gated the fuzzy quasi-prime, weakly fuzzy quasi-prime, fuzzy
completely prime and weakly fuzzy completely prime ideals
in nLA-rings. Some characterizations of fuzzy quasi-prime
and weakly fuzzy quasi-prime ideals were obtained. More-
over, we investigated the relationships between fuzzy com-
pletely prime and fuzzy quasi-prime ideals in an nLA-ring.
Finally, we obtained necessary and sufficient conditions for a
fuzzy completely prime subset to be a fuzzy quasi-prime ideal

in an nLA-ring.
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