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ABSTRACTS

Now we known that many authors studied and introduce the result of nonconvex variational
inequalities. By relying on the prox-rcgularity notion, we introduce and establish the convergence of
modified algorithm of system of strongly nonlinear nonconvex variational inequalities problems. Then

we obtain as a particular case some known results in this field.
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CHAPTER 1

INTRODUCTION

The theory of variational inequalities be first introduce by Stampacchia [2], provides
simple and unified framwork to study a large number of problem arising in finance, economics,
transportation, network and structural analysis, elasticity and optimization. Many research
papers have been written lately, both on the theory and applications of this field, see for
example (4, 7, N] and the references cited therein.

The existence and iterative scheme of variational inequalities have been investigated over
convex sets, and that is due to the fact that all techniques are mainly based on the properties
of the projection operator are convex sets. Recently, the concept of convex sets has been
generalized in many differnt ways. It is known that the uniformly prox-regular sets are an
immediate consequence of the generalization of convex sets, these sets are nonconvex and

include convex sets as a particular case.

In 2003, Bounkhel [ ‘], 2004 Noor [:¢:], Moudafi ('] and 2007 Pang et al. [ ~]. considered
the variational inequality probelm over these nonconvex sets. They suggested and analyzed
some projection type iterative algorithms by using the prox-regular technique and auxiliary
principle technique.

Recently, in 2009, Noor [ ] introduce and studied some new classes of variational
and the Wiener-Hiof equations and established the equivalent between the general nonconvex
variational inequalities and the fixed point problems as well as the Wiener-Hopf equation, by
using the projection technique. Noor also present some new projection iterative methods for
solving the nonconvex variational inequalities and prove the convergence of iterative method

under suitable conditions.

In the same year, Moudafi ["'], introduce the convergence of two-step projection methods
for a system of nonconvex variational inequalities problems for a mapping T is v-strongly

monotone and L-Lipschitz continuous.

Very recently, in 2013, Al-Shemas [!], introduce the strongly nonlinear general noncon-
vex variational inequalities which prove the convergence of the predictor-corrector method only
requires pseudomonotonicity, which is weaker condition than monotonicity.

Motivated by [*] and [ ], we introduced and studied the convergence of modified al-

gorithm for the system of strongly nonlinear nonconvex variational inequalities problems for



CHAPTER II

PRELIMINARIES

In this chapter, we let C be a closed subset of a real Hilbert space H with inner product
(.-} and norm || - || respectively. Let us recall the following well-known definitions and some

auxiliary results of nonlinear convex analysis and nonsmooth analysis.

Definition 2.0.1. Let u € H be a point not lying in C. A point ¢ € C is called a closest point
or a projection of u onto C if de(u) = |lu — v|] when de is a usual distance. The set of all
such closest points is denoted by Pe(n); that is,

Pe(u) = {r € C : de(n) = |lu - »]||}. 2.1)
Definition 2.0.2. Let (' be a subset of H. The proximal normal cone to C at x is given by

NE(@)={zeH : 3p>0re Pe(r + pz)}. (2.2)

The following characterization of Ng () can be found in [3).

Lemma 2.0.3. Let C be a closed subset of a Hilbert space H. Then

z € NE(x) if and only if 30 > 0, (z,y — ) < ally — x|), vyeC. (2.3)

Clark et al. [0] and Poliquin et al. [i!] have introduced and atudied a new class of
nonconvex sets, which are called uniformly prox-regular sets. This class or uniformly prox-
regular sets has played an important part in many nonconvex applications such as optimization,

dynamic systems, and differential inclusions.

Definition 2.0.4. For a given r € (0, +0oc], a subset C of H is said to be uniformly r-prox-
regular with respect to r if, for all ¥ € C and for all 0 # € N£Z(z), one has

4 1 n
— -7 < —lla -Z||°. VeeCl. 2.4)
e =~ @ = gl

It is well known that a closed subset of a Hilbert space is convex if and only if it is
proximally smooth of radius » > 0. Thus. in Definition 2.0.4, in the case of » = oo, the uniform
r-prox-regularity C is equivalent to convexity of C. Then. it is clear that the class of uniformly

prox-regular sets is sufficiently large to include the class p-convex sets, C'! submanifolds




(possibly with boundary) of H, the images under a C''"! diffeomorphism of convex sets, and
many other nonconvex sets; see [, |1].

In this work let C' be a closed subset of a real Hilbert space H with is uniformly 7-
prox-regular(nonconvex), set C, := {x € H : d(z,C) < r}. For given nonlinear mappings
1. T; : C. — H, we consider the problem of finding z*, y* € C. such that

Phy +2' =y - Y+ Mz -2’2 {4y, - 2").Y2 € C,p >0
(nhx" +y - y—yy+ My - vlIP > (Ar .y -y )Yy € Crp > 0, (2.5)
which is called the system of strongly nonlinear nonconvex variational inequalities(SSNNVI).

If A(z*) =0, A(y") =0and T, = T = T then the problem (2.5) is equivalent to finding
z*,y" € C, such that

WTy' +0" =y v =Y+ Mae=-2"°>20VreCrp>0

$>0.vyeCny>0. 2.6)

Ta +y" ="y —y )+ My - vl

which is called the system of nonconvex variational inequalities(SNVI). We known that the

inequalities (2.0) is equivalent as follows:
y -t - pTy € N(';"a.", 2.7
-y -nTz" € NEy.

Which is introduce by Moudafi [*].

If A(z*)=0,A(y*)=0,Ty =T, =T and XA =0, then the problem (2.5) is equivalent
to finding z*.y" € C, such that

PTy +2" -y ,z—-2")20Vr€Cr.p>0
Tz +y —2",y—-y)20V¥yeCr.y>0 (2.8)
Which is called system of variational inequalities(SVI), introduced by Verma [10)].

T, =T,=T,2"=y" and p =1 =1, then the problem (2.5) is equivalent to finding
z* € C, such that

(Tr*,x =2y + Ma=2"|2 2 (Ar*,x — "), Vr € C; (2.9)

which is known as the strongly nonlinear nonconvex variational inequality and studied by Noor

[17].



In inequalities (2.9) if we let A(x") =0, we have to finding x* € C, such that
(Ta"x -2+ Alr =z > 0.Vz € C,, (2.10)

which is called the nonconvex variational inequalities(NVI), introduced and studied by Bounkhel
et. al.[3] and Noor [0, ii].

It is worth mentioning that if C, = C is convex set, then problem (2.10) is equivalent to
finding =" € C such that

(T .k — <) 2 0.Ve € C, 2.11)
which is known as variational inequalities, introduced and studied by Stamphacia [2].

Now, if C, is a nonconvex(uniform r-prox regular) set, then problem (2.5) is equivalent
to finding x*. y* € C, such that

Oephy +a" —y - Ay + NL». (2.12)
DenTor +y —ax" — Ar” + N("f'z ",

which is Ng' u denote the normal cone of C, at u. The problem (2.12) is called the the system

of nonconvex variational inclusion problem associated with nonconvex variational inequalities.

Let H be a real Hilbert space. A mapping T : H — H is called v - strongly nonotone

if there exists a constant v > 0 such that
(Ta = Ty, — y) 2 vllr =yl (2.13)

for all x,y € H. A mapping T is called j — Lipschitz it there exists a constant g > 0 such

that
I Tx - Tyl < pllx - yll. (2.14)

forall v,y € H.

Lemma 2.0.5. In a real Hilbert space H. there holds the inequality

L iz + g2 < lzli? + 2,z +y) =y € Hand Iz - yl® = |lzll* - 2z, 9) + [IylI%,
2. [l + (1 — &)yll? = thell? + (L= Dllgll? - t(1 = B)llx = yl*, vt € [0, 1),

Lemma 2.0.6. Let C' be a nonempty closed subset of /. 7 € (0.+oc] and set Ci= {z € H :
d(z,C) < r}. If C is uniform r-uniformly prox-regular, then the following hold:



(1) for all z € C,, Po(z) +# 0,

(2} for all s € (0,7), P is Lipschitz, continuous with constant ¢, = L

-

(3) the proximal normal cone is closed as a set-valued mapping.

on C,,




CHAPTER 11
MAIN RESULTS

3.1

Convergence Theorems of system of strongly nonlinear Nonconvex variational Inequali-
ties

In this section we introduce and establish the convergence of modified algorithm of

system of strongly nonlinear nonconvex variational inequalities problems. Then we obtain as a
particular case some known results in this field.

Lemma 3.1.1. For given r*,y* € C. are solution of system of strongly nonlinear general
nonconvex variational inequalities (2.5). if and only if

xt = Py — pTiy" + Ay’),
¥ = Pe,[a” — 0T + Az7). (3.15)

where Pg, = (1 + NE)~! is the projection of H onto the uniformly prox-regular set C,.

ﬁQ‘-I‘li. Let z*,y" € C, be a solution of (2.5), for a constant p > (), we have

(pThy" + 2" =yt o = o)+ Mo = 2|2 > (Ay* .2 — 2*)

if and only if
(Ay” — pThy' — 2" +y"x— 2"y < Mla — a*|)

Then,
Ay — pTyy — @ +y" € NEu*

it implies that
0 € pTy' +a" —y — Ay +NE2" = (1 + NE)z* = (v — pThy” + Ay’)
& (U+NE)y =W -ohy +4y)
& ' =Pely - Ty + Ay
where we have used the well-known fact that Pe, = (/ + NEY-L

Similarly, we obtain
y* = Pe|v = nTx” + Axl.

This prove our assertions.
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Algorithm 3.1.2. For arbitrarily chosen initial points zo € C,, the sequence {z,} and {yn} in
the following way:
Yn = Fe.[zn — 0Tz, + Azalin > 0
Tnyp = (1 — ()1, + an Pe, [yn — Ty + Ayﬂ]‘ p >0, (3.16)

where {an} is a sequence in [0, 1].

Now, we suggest and analyze the following explicit projection method (3.1.2) for solving
the system of nonconvex variational inequalities (2.6).

Theorem 3.1.3. Let C' be a uniformly r-prox-regular closed subset of a Hilbert space H, and
let T;,72,A: C — H be such that T} is a ur-Lipschitz continuous and v,-strongly monotone
mapping, T3 is a po-Lipschitz continuous and va-strongly monotone mapping and A is a -
Lipschitz continuous. If there exists constant p,7 > 0 such that

taps(t, +t.3 -1
= 2y < YOI =t s-1) G3.17)
11 batid
LTI A =1
iy — 22| < Y02t — bl + 05— 1) (3.18)
l ts1i

which /1 + /3 —,l < ;b where t, = I for some s € (0,7). If the sequence of positive
real number «, € [0,1} with 7%, = 0, then the sequences {r,} and {y.} obtained from

Algorithm 3.1.2 converge to a solution of the system of nonconvex variational inequalities (2.6).

wmu Let 2*,y* € C, be a solution of (2.6) and from Lemma 3.1.1, we have

[ (1 = a,)x, + anPelys — pThya + Ay, — 27|

N1 = an)(ry = ) + ou(Pelyn = pThyn + Aun) = Pely” = pThy" + Ay')l

< (1 =an)llrn = 27| + ontill(yn = pTayn + Ayn) = (v° = pThy™ + Ay°)|

= (1 —an)llz, — 2| + ant iy = ¥°) — 2(Tayn — Thy") + (Aya — AY°)l

< (1= ap)llen = £ + ant[l(ga = y") = p(Tayn = Tiy" )|l + | Ayn — Ay’ l]
< (1= an)llen = 2|l + antull(yn = y°) = p(T1ya — Tiy* )l + Bllyn — y"[B.19)

Since T are both y,-Lipschitz continuous and v,-strongly monotone mapping and from Lemma
2.0.5, we consider .
Iy = y") = 2Ty — Ty g = I = 20(w — v" . Thg = Thy") + PN Thwa = Thy°|1?
< Myn = 51 = 20millyn = ' P + P*0illyn — I

(1 = 2p%1 + p2d)llym — 711



It follows that

(¥ = ¥) = 2(Thym ~ Ty < \/1 =2m + PP1dllyn — ¥°lL- (3.20)

Replace (3.20) into (3.19), we have

lanss =37 < (1= an)llan = a7l + cutul B+ /1= 20m + i)l = v7l. - B2D)

On the other hand, we can compute that

"y" - y." ”P("[l'n - ’7T2-Tn + A-I?n] - U.“

W FPele, = nTon, + Ax,) = Polr™ = nTax” + Az°)||

S ts"(;l'” - 77T2.'E,, + A:L‘n) - (-'L" - 77T22L" + Al")"
< tfl(an = ) = (T = Toa")|| + [ Ay — Az”|]]
< i (wn = 27) = 9(Taw, = Toa™)|| + Bl — 27||). (3.22)

Similarly, from T3 are both ji;-Lipschitz continuous and <y,-strongly monotone mapping, we
have

N(xn = 2*) = Tz, — Tox™)|I? ln = 27|12 = 202y, — 2°. Toan — Tox*) + 92| Toxn — Tox*||?

< lrw = 7N = 2l = P+ Pk, =
= (1 =29 + 42) |, — 27|
It follows that
(zn —x*) = n(T2x, — Toz")|| < \/1 - 2072 + 2udlla, — 27 (3.23)

Replace (3.23) into (3.22), we have

gm = y°ll < (8 + /1 = 2% + 1) ea — (3.24)

Moreover, from (3.21) and (3.24) we put 8, = #,(8 + /1 =2pm + %), 0 = 4(6 +
V1 =207 + n2u3), it follows that

”;vn-l-l - 11"'” S (1 - a'n.)":l"n - 3"'" + 0'n9192||-'"n- - "L‘.”

= (1 -(1- 6’102)("11)"51'11 - .7."”

I - (1= 6i2)e)llro = 21 (3.25)

1={)

IA
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Since L7250, = 0o and (3.29), we obtain

n

lim TT(1 = (1 - 6165)0,) = 0. (3.26)

N =40
=0

It follows from (3.26) and (3.25), we have

7}1_1}1 |z, — z7|| = 0. (3.27)
From (3.24) and (3.27), we have
Jim iy, —y*ll = 0. (3.28)

Which is z*,y* € C, satisfying the system of nonconvex variational inequalities (2.6). This
completes the proof. O

Corollary 3.1.4. Let C' be a uniformly »-prox-regular closed subset of a Hilbert space A, and let
T :C — H be such that T are both p-Lipschitz continuous and y-strongly monotone mapping.
If there exists constant p,n > (0 such that

S ERVA i L ) v, VY- - 1)
22 1242 << 1242 1242
S §

/B 1< % (3.29)

(0. 7). If the sequence of positive real number a5, € [0, 1] with
2 o, = 0, then the sequences {x,} and {y~} generated by for arbitrarily chosen initial points
To.yo € Cr

Yn = P(:{-lf,, — T[TJ.',‘],TI =0
Tarr = (1= an)¥n +anFelyn = pTynl.p >0, (3.30)

converge to a solution of the system of nonconvex variational inequalities (2.8).

figash, From Theorem 3.1.3. if T, = Tp = T and A(«) = 0. we have a result =

Corollary 3.1.5. Let ¢’ be a uniformly r-prox-regular closed subset of a Hilbert space H, and let
T:C — H be such that T are both ji-Lipschitz continuous and 7y-strongly monotone mapping.

If there exists constant p,n > 0 such that

— {2 ' .
y Ao 0 T fctte = 1) -y r._g-1<i, (3.31)

2 2 2,2
t?ﬁﬁ t21e2 tee ton
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where ¢, = = for some s € (0,r). Then the sequences {x,} and {y,} generated by for

arbitrarily chosen initial points To, Yo € C,
Un = FPelen = nTw,),n>0
Tarr = Pelyy = pTya),p > 0, (3.32)

converge to a solution of the system of nonconvex variational inequalities (2.8).

o L4
Wgau. From Theorem 3.1.3, if T, = T,=T.and A(x) =0 and o, = 1 for any n > 1, we
have a result, O

3.2 Application of Convergence Theorems of system ot strongly nonlinear Nonconvex vari-
ational Inequalities

In this section, we can applied Theorem 3.1.3 to the system of general nonconvex vari-
ational inequalities, for given nonlinear mappings T.g : C,. — H. we consider the problem of
finding ", y* € C, such that

(pThg(y") + 9(z*) — g(y). & — g(a™)) + Mz — g(z")|* > (Ag(y").x — g(z")).Vz € C,,p > 0

(nTag(z*) + g(y™) — g(x™).y — 9(y*)) + My — 9y M = (Ag(z"),y — 9(y")), Yy € Cr, 1 > (B.33)

which is called the system of general strongly nonlinear nonconvex variational inequali-
ties(SGSNNVT),

If A(x*) =0, A(y*) = 0 and A = 0, then the problem (3.33) is equivalent to finding
x*,y" € C, such that
(pTig(y’) + g(z") — gy’ ) v —g(z’')) 20,V € Cr.p >0
(nTag(x*) + g(y’) — g(x")x — g(y")) 2 0.VT € Cry > 0, (3.34)
which is called the system of general nonconvex variational inequalities.
If A(z*) =0, A(y") =0, A=0and Ty =T, =T, then the problem (3.33) is equivalent
to finding z*.y* € C; such that

(WToy) + g(z”) — g(y’).v — g(z*)) 2 0.YVr € Cr,p > 0
nTg(x") + 9(y*) — g(z"), v = gly")) 2 0.Vr € Cr.p > 0. (3.35)

Now, similarly of the proof of Lemma J3.1.1, we have the result.
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Lemma 3.2.1. For given z*, y" € C. is a solution of system of nonconvex variational inequalities
(3.33), if and only if

9(x*) = Pe,[g(y™) — pThig(y™) + Ag(y™)),
9(y") = Pe,[9(2”) — 1Tag(z") + Ag(z")], (3.36)

where Pe, = (I + N )~ is the projection of H onto the uniformly prox-regular set C..

Theorem 3.2.2. Let C be a uniformly r-prox-regular closed subset of a Hilbert space H, and
let 71,72, A: C — H be such that T is a s1,-Lipschitz continuous and v,-strongly monotone
mapping, T3 is a pp-Lipschitz continuous and 7,-strongly monotone mapping and A is a §-

Lipschitz continuous and let ¢ be injective mapping. If there exists constant p,n > 0 such
that

% - / + 1, #-1
n =251 < VAN ), (3.37)
Hi \/”
2 s f +t.3 -1
Iy — 22 < V3~ sl + 18— 1) (3.38)
/"'2 lsti3

which /1+ 8 — ;‘- < ;& where t, = ;= for some s € (0,7). If the sequence of positive real
number a, € [0,1] with 72,0, = 0, then the sequences {r,} and {y,} is generated by for
Ty, Yo € Cr,

g{(yn) Pe,[9(xa) — nTag(rn) + Ag(x,)}.n > 0
g(mn+l) = (1 - ("n)g(:"n) + o, P, [g(!/n) - /’Tlg(yn) + Ag(?/rv)]a.n >0, (3.39)

where {a,} is a sequence in {0, 1] strongly converge to a solution of the system of nonconvex

variational inequalities (3.33).

ﬁﬂ‘lﬁ Similar the proof in Theorem 3.1.3. let x*,y" € C, be a solution of (3.34) and from

Lemma 3.2.[, we can compute that

lg(xnss) — gla)I < T = (1 - 6:182)a)llg(x0) = gl (3.40)

=0

where 8; = t,(8 + /1= 2p1 + pP?u3). 0 = t(B+ V1 =212 + 7 2;:2). From £ ., = 00

and conditions (3.37), we obtain

lim TT(1 = (1= 6162)0:) =0. (3.41)

L =0
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It follows from (3.40) and (3.41), we h

ave
Jim lg(zn) = g(=")[| = 0. (3.42)
And we can compute that
lgC) = 9y < Ballg(rn) — g(z)]), (3.43)

it follows that

lim [ig(yn) — gyl = 0. (3.44)
From ¢ is injective mapping, we have liin, o len — 2*|l = 0 and limageo llya — y*l = 0

satisfying the system of general nonconvex variational inequalities (3.34). This complete the
proof. a

Corollary 3.2.3. Let C be a uniformly r-prox-regular closed subset of a Hilbert space H, and let
T :C — H be such that T are both p-Lipschitz continuous and v-strongly monotone mapping.
If there exists constant p,7 > 0 such that

v VRS2 -T) v, VY -2 - 1)

— < p,n<
t2p? t2u? PSS B 1au?

/1< 1, (345)
i

where t, = === for some s € (0,7). Then the sequence {x.} and {y.} is generated by for
x09 .UO E Cr‘

glyn) = FPelglen) —nTg(xn)l.n >0
g(ras1) = Pelglyn) = Tyl 0 > 0, (3.46)

strongly converge to a solution of the system of nonconvex variational inequalities (3.35).

#iaait. From Theorem 3.2.2,if Ty = To = T and a, =1 for any n > 0, we have a result. O

ey



CHAPTER IV
CONCLUSIONS

4.1 Outputs 1 paper (Supported by Uttaradit Rajabhat University)

I. Convergence Theorems of Iterative Methods for System of Strongly Nonlinear Nonconvex
Variational Inequalities. Submitted to Thai Journal of Mathematics.
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Abstract

Now we kuown that mauy authors studied and introduce the result of nonconvex variational inequalities.
By relving on the prox-regularity notion. we introduce and establish the convergence of modified algorithm
of system of strongly nonlinear nonconvex variational inequalities problems. Then we abtain as a particular
case some known results in this field.

1 Introduction

The theory of variational incqualitics be first introduce by Stampacchia | ]. provides simple and unified
framwork to study a large number of problem arising in finance, cconomics. transportation, network and struc-
tural analysis. elasticity and optimization. Mauy research papers have been written lately, both on the theory
and applications of this field, see for example [, . -] and the references cited therein,

The existence and iterative scheme of variational inequalities have been investigated over convex sets, and
that is due to the fact that all techniques are mainly based on the properties of the projection operator are
convex sets. Recently, the concept of convex scts has been generalized in many differnt ways. It is known that
the uniformly prox-regular scts arc an immediate consequence of the generalization of convex scts, these scts are

nonconvex and include convex sets as a particular case.

In 2003. Bounkhel [, 2004 Noor [!]. Mondafi [] and 2007 Pang ct al. [! ], consi.dcrf:cl the va!'iatior.\al
incquality probelm over these nonconvex scts. They suggested and analy‘{,cd some projection type iterative
algorithms by using the prox-regular technique and auxiliary principle technique.
and studied some new classes of variational and the Wicner-Hiof
¢ general nonconvex variational inequalitics and the fixed
by using the projection technique. Noor also present some
varjational inequalities and prove the convergence of

Recently, in 2009, Noor [i'] introduce
cquations and established the equivalent between th
point problems as well as the Wiener-Hopf equation.
new projection iterative methods for svlving the nonconvex
iterative method under suitable conditions.
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In the same year, Moudafi [], introduce the convergence of two-step projection methods for a system of
uonconvex variational inequalities problems for a mapping T is v-strongly monotone and L-Lipschitz continuous.

Ye.!ry recsently, in 2013, Al-Shemas [t], introduce the strongly nonlinear general nonconvex variativnal in-
equ‘allt‘les which prove the convergence of the predictor-corrector method only requires pseudomonotonicity,
which is weaker condition than monotouicity.

Motivated .by [} and [i], we introduced and studied the convergence of modified algorithm for the system
of strqngly nonlincar nonconvex variational incqualitics problems for two mappings satisfying strongly monotone
and Lipschitz continuous. This work extended and improve sonie known results.

2 Preliminaries

Lot € be a closed subset of a real Hilbert space H with inmer product (.-} and norm || - || respectively.
Let us recall the following well-known definitions and some auxiliary results of noulinear convex analysis and
nonsmooth analysis.

Deﬁnitio'n 2.1. Let v € H be a point not lying in €. A point v € C is called a closest point or a projection of
1 onto C if de(u) = |Ju — v|| when de is a usual distance. The sct of all such closest points is denoted by Po(u);
that is.

Pe(u) = {ve C:de(u) = |lu-vll}. (2.1)
Definition 2.2. Let C be a subset of H. The proximal normal cone to C at £ is given by
Ng(w) ={z€ H:3p>0,x€ P.lc+pz)}. (2.2)

The following characterization of NE(r) can be found in {7].
Lemma 2.3. Let C be u clused subset of « Hilbert spuce H. Then
z € NEGr) of and only if 30 > 0, (z.y =) S ally - 2. vyecC. (2.3)

Clark et al. [1/] and Poliquin et al. 7] have introduced and atudied a new class of nonconvex sets, which
arc called uniformly prox-regular scts. This class or uniformly prox-regnlar sets has played an important part in
many nonconvex applications such as optimnization. dynamic systans. and differcutial inclusions.

Definition 2.4. For a given r € (0. +0c]. a subset C of H is said to be wniformly r-prox-regular with respect to
rif, for all T € C and for all 0 # z € NE(:x). one has

(-I-If—“..:: - < 517—_”.1: 7% veel. (2.4)

It is well known that a closed subset of a Hilbert space is convex if and only il it is proximally smooth of
radius # > 0. Thus, in Definition 2.4, in the case of ¥ = 0, the uniform r-prox-regularity C is cauivalent to
l : : the class of uniformly prox-regular sets is sufficiently large to include the

convexity of ¢". Then, it is clear that . Ll g is
class p-c}(;uvex sets, C1! submanifolds (possibly with boundary) of H. the images under a C'*! diffeomorphism

of convex sets, and many other nonconvex sets; see [0, ¢ ]

a real Hilbert space H with is uniforinly r-prox-regular(nonconvex),

In this work let C' e a closed subset of s 7).T2: Cr = H, we consider the problem of

set C, := {zv € H : d(z,C) < r}. For given noulinear mapping
finding *,y* € C, such that
e aT A = P 2 Ay ) V€ Cop>0

Crat -y
Why +o ~¥ 22 (A" y - y") Yy € Crin >0, (2.5)

Tz +y — "4~ gy + My -yl
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which is called the system of strongly nonhincar nonconver variational mequalities(SSNNVI),

hat IfA(z*) =0, A(y*) = 0and T) = T, = T then the problem (2.5) is equivalent to finding =°, y* € C, such
hat.

Ty +z° -y x-2 Y+ Mz -2’ >0Vz e Cr.p>0
(T +y =2 y=-y Y+ Mly-g' P 20.¥y € C..iy > 0, (2.6)

which is called the system of nonconver variational incqualitics(SNVI). We known that the incqualities (2.6) is
equivalent as follows:
y -t =-pTy € 1\’5' z°, (2.7)
-y -yTx" € Ng_y°.
Which is introduce by Moudafi [].
A )=0,A(y*)=0.Ty =To =T and A = 0, then the problem (2.9) is cquivalent to finding °, 3" € C»
such that
Ty +2" =y . r=Y20VreC.p>U
Tre +y -3 y—y )20y eCuny>0. (2.8)
Which is called system of variational inequalities(SVI). introduced by Verma {:-].
T =T =T, 2" =y and p =7 = 1. then the problem (2.3) is equivalent to finding #° € C, such that
(Tz*,z = ") + Mz —&"|I° > {Az” & — 2"), Ve € C, (2.9)
whicli is known as the strongly noulinear nonconvex variational inequality and studied by Noor [! ].
In incqualitics (2.9) if we let A(r®) = 0, we have to finding =7 € C,. such that
(Tz*,z —2") + Alx -z 2 0,¥z € C,. (2.10)
whicl: is called the nonconver variational inequalities(NVI), introduced and studied by Bounkhel ct. al.] and
Noor [IH‘ ! l].
It is worth mentioning that if C, = C is convex set, then problem (2 10) is equivalent to finding =* € C

such that
Te v —r')y >0 Vrel. (2.11)

which is known as variational inequalitres, introduced and studied by Stamphacia [].

Now, if C, is a nonconvex(uniform r-prox regular) sct. then problem (2 5) is cquivalent to Anding «°, y° € C,

such that

Oephy +2° -y - Ay + NE z, (2.12)
0enTor” +y —a" = Ar® + NC-Pry'.
of €. at w. The problem (2.12) is called the the system of nonconver

which is N£ u denote the normal cone : . c
. ariational incqualilies,

variational inclusion problem associated with nonconver v

Let H be a real Hilbert space. A mapping T : H — H is called v = strongly monotone if there exists a

constant v > 0 such that (2.13)

(T = T, — ) 2 e = 2l
for all 7.y € H. A mapping T is called y - Lipsehitz if there exists a constant po> 0 such that
ITe - Tyll < ulle =yl (2.14)

forall .y € H.
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Lemma 2.5. In a real Hilbert space H, there holds the inequality

Lollz+yl® < lz? + 2pz+y) 2y € H and [z - yl? = ll® - 2. g3 + Il
2 it + (1 = )yl = tllali® + (1 - )yl - ¢(1 - e - P Ve € [0.1].

I..,emt‘na 2.6. Let C be a nonempty closed subset of H. r € (0,+) und set Coi= {x € H : d(x,C) < r}. If C
is uniform r-uniformly prox-regular, then the following hold:

(1) for all x € C,. Pc(x) # 0.
(2) for all s € (0,7), Pc is Lipschilz continuous with constant t, = == on C,

(3) the prozimel normal cone is closed as a set-valued mapping.

3 Main Results

In this section we first establish the eyuivalent hetween the system of nonconvex variational inequalities
(2.6) with the projection technique.
Lemma 3.1. For given i&°.y" € C, wre solulion of system of strongly nontincur general nonconves variational
incqualities (2 .3), if and only if

x” = Pe ly” - oy + Ay°)

y" = Pc [t~ yTou” + A7), (3.1)
where Po, = (I + NE)7! is the projection of I onto the uniformly proz-regular set C'.
Proof. Let «*,y* € C, be a solution of (2.5), for a constant p > 0, we have
(Why +a" —y e -y + Mo -2 IP 2 (Ay" e = &7)
if and only if 2
(Ay* = pThy" — 2" +y" 2 =27) < Mz - z7lI%
Then, o .
Ay  -pThy —-a" +y € Ne &
it implics that
0 € phy +a" -y — Ay + ."Vc":r.lf' =({l+ N(‘f-’r).c' - (y" - pThy + Ay")
e (I+NE)e = —pTiy + Ay’
& 1 =Pely - Ty + AV
Py-1
where we have used the well-known fact that Pe, = (I +Ng)
Similarly, we obtain ) .
y = Pc;r[w' -y’ + Ar ]
0

This prove our assertions. |
the sequence {ir,} and { Y} in the follounng way:

Algorithm 3.2. For arbitrarily chosen imtial pornls ro € Ce.
Pe,[&u = T2 + Al 1 >0
(] - ﬂ’,,).'!f,, + vy, Fc. [}],, - PT| Yo + A.’/u]-p >0, (32)

Yo

La+

where {o,} is a sequence in [0, 1].



Convergence Theorems of systemn of strongly noulinear Nouconvex variational Inequalities 5

Now, we suggest and analyze the following explicit projection method (33.2) for solving the system of non-
convex variational inequalities (2.6).

Theorem 3.3, 'Lr:!. C be a uniformly r-proz-regular closed subset of a Hilbert spnce H, and let Ty, T, A: C > H
be such that Ty is a p,-Lipschilz continuous and Y1-strongly monotone mapping, Ts is a ya-Lipschitz conlinuous
and ya-strongly monotone mapping and A is o B3-Lipschitz continuous. If there exists constant p,y > 0 such that

M, Vi - Ll + 18 =T)

Io ,ﬁl ro? , (3.3)
Y2 Y42 — tui(t, + 1,8 — 1

In - __2| < v sl-t:(l%a sB )' (3.4)

wl.u‘ch. s\ 1+8- % < %:— where t, = L= for some s € (0.7). If the sequence of positive real number o, € [0,1)
with £32 00, = 0, then the sequences {x,) and {yu} oblained from Algorithm .. ! converge to ¢ solution of the
systern of nonconver variational incqualitics (.. ).

Proof. Let =*,y° € C, be a solution of (2.G) and from Lemma 3.1, we have

(1 - o) + o Pelyn = pTig, + Aya) - £°1l
(1 = aa)(ry = ") + 00l Pelyn — pThym + Ayal = Pely” = pThy" + Ay’))]|

”'z:n-f-l - -L""

S U =allew =o'l + antlliyn = pTiyn + Aya) = (" - pThy" + 4y°)

= (1 =a)llen =27+ antdi(yn =y ) = p(Tiya = Thy") + (Ayn - Ay™)||

< (d=wMles =&l + aut[llgn = 7)) = Ty = Tig ) + Ay, = Ay°ll)

< (T =allen = 27|l + ants{liyn = ¢°) = 2Ty = Tig" M + Bllyw - ¥° I1)- (3.5)

Since T are both p;-Lipschitz continuous and v;-strongly monotone mapping and frotn Lemma 2.5, we consider
yn = ¥ I12 = 2000 = y" . Tiy — Tvy™) + 221 Thwa = Toy" I
LAY ‘. LAY 2 .2
g = o112 = 200ully — 0" 12 + 2P llyn — 4"l
(1= 2om =+ P2y - w117

It follows that
I(wa =) = o(Togn — Taa' Ml S /1 = 20m + P21y = ¥l (3.6)

Replace (i3.6) into (13.3), we have
lawsr =271l < (1 = a@u)lltn = &7l + et B + /1 = 20m + 22y = ¥°ll- (3.7)

On the other hand, we can compute that

I

Wyn = ¥°) = p(Tiyn - Ty )P

IA

| Pelra = nTar, + Ar] ="l

|Peforn = nTorn + Arn] = Polr® = nTyr™ + Arlil
< toll(en = nT2n + An) = (& = yTax" + Az

< tlll(@n = 27) = fTezw = Toz")l| + Az - Az]
< tulll(@n = 27) = 0(Tazn = Toz* )l + Bllza - 2°l]-

”.'/u - .7/. ”

(3.8)

Similarly, from T2 are both pp-Lipschitz continuous and 4p-strougly monotone mapping, we have
" - o 2 e - e g 2
i — 2% = 20(en = @, Tazn = Toz") + 0°lT2n = Tox”|
. o2 2,200, — |12
”-L’n - J"‘";' - 27/'72"-‘:" -l > + n N’ZII'L" + "

n “on?
(1 = 2yy2 + el — 2|1

l(zn ~ z°) = HTozn = Toz)I> =
<

1l
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W(wn — 2%} = n(Town — Tow" ) < /1 = 20v0 + 022y — 27|, (3.9)

Replace (3.9) into (38). we have
N = 07l < 108 + V1= 2m0 + ), - . (3.10)
Moreover, from (3.7) and (3.10) we put ¢, = te(B4+1 =207 + p21id). 02 = LB+ /1 = 2172 + n2122). it follows

that

It follows that

lensy —2°|| < (1 = an)llan — 2| + a8y Ba|ary — 2"
= (1 - (l - 9102)0n)”$n - :C.II

”n

< T4 - -682)a)ln - 5. (3.11)
=0
Since 3% garn = 0o and (3.173), we obtain
n
Jim ]_'[0(1 - (1 = 9162)a,) = 0. (3.12)
It follows from (3.12) and (3.11), we have
"ll_mo lww = 2" = 0. (3.13)
From (:.10) and (33.13). we have
il = w7l =0, (3.14)

Which is #°,y* € C, satisfying the system of nonconvex variational incaqualitics (2.6).  This completes the
prool. (m]
Corollary 3.4. Let C be e uniformly r-prox-regular closed subset of a Hilhert space H, and let T : C = H be
such that T are both ji-Lipschilz continnouns and y-strongly monotone mapping. If there exisis constant p,1 > 0

such that

p ENEITE A2 2,242 —
Y _ \/'72—t:/l (t.‘ ]) Y \/!- f"/l (fs 1)‘ ’s‘/’_&:—:_l‘< z. (3‘15)

< = + TR
t2u? 1212 </ 122 1242 i

where t, = == for some s € (0.v). If the sequence of positive real number ., € [0, 1] with £} g, =0, then the
v r—y . L g ’
sequences {zn} and {yn} generated by for arbitrarily chosen nitial pomnts xo.yo € C'

Yn = P(j[;l‘,, - 17T.T,,]. > 0
Ty +1 = (I —(1,,)1‘“ +0;.P('[]/u —/)Ty“]'/’ > 0‘ (310)
converge to a solution of the system of nonconver variatronal mequalities (! ~).
o

Proof. From Theorem 33, if T} = Tz = T and A(x) =0, we have a result.

sudur closed subsct of o Hilbert space H, and let T : C — H be

C L uns. ly r-prox-re !
orollary 3.5, Let C be a uniformly r-p by momnolone mapping. If there exists constent p,q > 0

such that T are both p-Lipschitz confinuous and vy-strony

such that
. CWTTY 2 — (22t - 1) 24
¥ /2 - 1) <pn< T, NG G L/Eo1< 2, (3.17)

t2u? = 1242 2% 212 1
L4 £
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where ty = = for some s o Seauenens | .
Soints ;o’ yl;_é, é ’ € (0,7). Then the scquences {en} and {3} generated by for arbitrarily chosen initial

Yn = Pelz, —nT2,),n>0
L+ = Pc:[y,, - pTy,,]‘p > 0. (3.18)

converge to a solution of the system of nonconvez variational mequolities (2 5).

Proof. From Theorem 3.3, if =T =T. and Au)=0and a, = 1 for any n > 1. we have a result. O

4 Applications

) In t};{s scction, we can applied Theorem 3.3 to the system of general nonconvex variational incqualitics, for
given nonlinear mappings 7, g : C,. — H. we consider the problem of finding x*,y° € C, such that

pTag(y™) + 9(z°) = 9(y™).z = g(z")) + Al = g(x* )% > (Ag(y"). = = g(a")),Vz € Crip > 0
(1T2g(x") + 9(y°) = 9(z™).y ~ 9(y")) + Mly - gy 2 (Aglz™).y - gly")). ¥y € Cr > 0. (4.1)
which is called the system of generul strongly nonlincar nonconver varictional incqualities(SGSNNVI).
If A(x*) =0, A(y*) =0 and A = 0, then the problem (1.1) is equivalent to finding *, y* € C, such that

(PTig(y") + 9(z") = g(¥" ).z - g(a")) 20.Vz € C.p > 0
(Tog(a") + g(u7) — y(a"). = g(y")) 20V € C, .y > 0, (4.2)

which is called the system of general nonconvex variational inequalities.

HA(r)=0,A(y")=0.A=0and T) = T, = T. then the problem (1.1) is equivalent to finding .y € C,
such that

(pTg(y") + 9(2") —g(y").z - g(z")) 20.Vz € C..p >0
(WTg(x") + g(y™) = g(x"). 2 - g(y")) 20.Vz € Ci..p > 0. (4.3)

Now, similarly of the prool of Lemuua 3.1, we have the result.

Lemma 4.1. For given x*,y> € (. is a solution of system of nonconver rarational mequalitics (§.1), if and

only if

g(e™) = Pe, [y(y”) — pTigly”) + Agly”)).

aln’) = Pe (™) = yTag(r™) + An(r’)). (44)

where Fe, = (I + Ng )= is the projection of H onto the wniformiy prog-regalar set C, .

subset of u Hilber! spuce H. oandlet T\ T0.A:C > H

T» is a pp-Lipschitz continuous
be impective mapping. If there

Theorem 4.2. Let C be a uniformly r-pros-regular clused A
be such that T\ is a py-Lipschitz contmuous und 3y -strongly monotone mapping.
and yy-strongly monotone mapping and A 1s a B-Lipschitz contmuous and let ¢
exists constant p,n > 0 such that

- 21 VHE = bty + i = 1) (4.5)
P Ilf I_.//f
i - L VaZ = i3ty + 1B — )‘ (4.6)

i3 ENE:
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hi ; . by . — .
w.zch 1:; JV1+8 < ;% where t, = =~ for some s € (0, 7). If the sequence of positive real number a, € [0,1]
with T g, = 0, then the sequences {ir,} and {un} is generated by Jor ey € G,

g(yn) = PCr [g(:"'n) - nT2g(l'u) + Ag(:C..)]. n>0
Hzns1) (1- g, + a,, Fe, [g(y,,) - oTyly,) + Ay(y,,.)].p >0, 4.7

:_;’1_’;‘3"9(/{ C;;a} is a sequence in [V, 1] strongly converge to a solution of the systen of nonconvex variational tnequal-
ities (4. 1),

Proof. Similar the proof in Theorem 4.3, let z°.y" € C, be a sulution of (1.2) and from Lemma 1.1. we can
compute that

l9(zn+1) = gl ) < TT(1 = (1 = 8182)a ) g(xo) — glz*)]- (4.8)
r=0

where 8y = t,(3+ /1 = 2y + p%i3), 02 = t (B + /T = 2yv2 + 9%p3). From Z7% 4ev,, = oo and conditions (1.7).

we obtain

n

i 11(1 - (1 = 0162)w,) = 0. (4.9)
=0
It follows from (4.8) and (.4.9), we have
,.]HL': “.‘}(-Un) - U(JJ')” =0. (4-10)
And we can compute that .
Ho(ra) = a(um)l € BallgCra) = o)l (4.11)
it follows that
lim llg(y.) = gly™ M = 0. (4.12)
o

— y° il = 0 satisfving the system of
O

From g is injective mapping. we have lim,, .o Lo, — 27| = 0 and lin, o g
general nonconvex variational inequalities ( 1.2). This complete the proof.

Corollary 4.3. Let C be a uniformly r-proz-regular closed subsct of o Hithert space H, and let T : C = H be
such that T are both p-Lipschitz continuous und v-strongly monotone wmapping. If there crists constent p.q >0

such that

v VRS

2 12,,2(12 —
r VR = 12212 1). /i —1< X (4.13)
122 £ "

p.uy< f.f/lz f'.gll'r

where t, = L for some s € (0,r). Then the sequence {w,} und {yn} is generated by for Lo, yo € Cr,

g(yn) = Pc[_(](.'(.',,) - ﬂTg(.’L',,)]. n > )

Pelg(ya) = #Tg(y.)). 0 > 0. (4.14)

g(-ru 41 )

nariation TITL ities {1 ).
strongly converge to a solution of the systemn of nonconrea variational inequaliti ()

0

. ] e have a result.
Proof. From Theorem 1.2, if T, = Ta = T and a,, = 1 for any n > 0. we have a res
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