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ABSTRACTS

The main objective of this paper is to introduced a general method for a split variationalinclusion and
asymptotically nonexpansive semigroups in Hilbert space. We prove that the sequence generate by the iterative scheme
converge strongly to a common solution of the set of solution of a split variational inclusion and the set of common

fixed points of one-parameter asymptotically nonexpansive semigroups. The results presented in this paper extend and

improvement of previously known results in this research area.
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- CHAPTER 1
Introduction

Let H be a real Hilbert Space, C' a nonemply closed convex subset of H and T : C — C a
mapping. Recall that T is nonexpansive if |[Tx—Ty| < ||z—y| for all =,y € C, and T is asymptotically
nonexpansive [ (] if there exists a sequence {k,} with k, > 1 for all 7 and limp—qo kn = 1 and such
that |77z — T"y|| < kallz —y|| for all n > 1 and z,y € C. A point z € C is a fixed point of T
provided Tx = x. Denote by Fiz(T) the set of fixed points of T; that is, Fiz(T) = {z € C|Tzr = z}.
Let A: Hy — H; be a mapping then A* : H» — H, is an adjoint operator of A if and only if
(4'y,x) = (y. Azx) for x € H),y € Ho.

Recall also that a one-parameter family T = {T'(t)|0 < ¢t < x} of self-mappings of a nonempty
closed convex subset C of a Hilbert space H is said to be a (continuous) Lipschitian semigroup on C

(see, e. g., [-]) if the following conditions are satistied:
()TOQr=x,xceC
(i) T(s + t)(x) =T(s)T(t).5,t 20,2 € C
(i) for each x € C, the maps ¢+ T(t)x is continuous on [0, oc)

(iv) there exists a bounded measurable function L : {0,00) — [0, 00) such that, for each ¢ > 0

1T()x = T@yll < Le{w - yll. 2.y € C.

A Lipschitzian semigroup 7 is called nonexpansive (or a contraction semigroup) if Ly =1 for all
¢ > 0, and asymptotically nonexpansive semigroup if limsup,_ . L¢ < 1, respectively. We use Fir(7T)
to denote the common fixed point set of the semigroup; that is Fia(T) = {a € C|T(t)x = x.t > 0}.

Fixed point iteration processes for noncxpansive mappings and asymptotically nonexpansive
mappings in Hilbert spaces and Banach spaces including Mann and Ishikawa iteration processes have
been studied extensively by many authors to solve nonlinear operator equations as well as variational
inequalities: see [, , -, *, ]. However, Mann and Ishikawa iterations processes have only weak

convergence even in Hilbert space: see [*, ‘]

The theory of variational inequalities is a branch of the mathematical sciences dealing with
general equilibrium problems. It has a wide range of applications in economics, operations research,
industry, physical, and engineering sciences. Many research papers have been written lately, both on
the theory and applications of this field. Tmportant connection with main areas of pure and applied

science have been made, see for example [, . -, ' -] and the references cited therein,

Variational inequalities theory, which was introduce by Stampacchia [ ‘], provides us with a
simple, natural general and unified framework to study a wide class of problems arising in pure and
applied science. The development of variational inequality theory can be viewed as the simultancous

pursuit of two different lines of research. On the one hand, it reveals the fundamental facts on the



qualitative aspects of the solutions to important classes of problems. On the other hand, it also enables
us to develop highly efficient and powerful new numerical methods for solving, for example, obstacle,
unilateral, free, moving, and complex equilibrium problems.

In 2006, Marino and Xu [!*1], introduced the following general iterative methods to approximate
a fixed point of a nonexpansive mapping;

Ln41 = 0¥ f(&n) + (I — anB)Tkp, (1.1}

where {a,} C [0,1] satisfies certain conditions, f is a contraction of H into itself, and B is a
strongly positive bounded linear operator on H. Moreover, they prove that {xn} converges strongly to

x* € Fir(T), the unique solution of the following variational inequality:
((B = vf)a*,a* —w) £0.Yw € Fix(T). (1.2)
which is also the optimality condition of the minimization problem.

Recall also that a multi-valued mapping M : H; — 21 is called monotone if, for all .y €

Hi,u € Mzx and v € Afy such that
(x—yu—1)20. (1.3
A monotone mapping M is maximal if the Graph(M) is not property contained in the graph of any

other monotone mapping. It is well known that a monotone mapping M is maximal if and only if for

(z,u) € Hy x Hy,{z —y,u—v) = 0 for every (y,v) € Graph(M) implies that u € M.

From a monotone mapping M the resolvent mapping J{' : Hy — H) associated with A is
defined by
JM(x) := (I + AM)™ (&), Va € Hy, (1.4)

for some A > 0, where 7 is the identity mapping on Hj. Note that for all A > 0 the resolvent operator

J 3\\4 is single-valued, nonexpansive and firmly nonexpansive.

In 2011, Moudafi [ ] introduce the split monotone variational inclusion problem: find 2* € H,
such that '

{ 0 € fila®) + Bi(z*),
y* = Az* € Hy: 0 € fa(y*) + Ba(y*).

where By : Hy — 21 and By : Hy — 2H2 4re multi-valued maximal monotone mappings.

In 2015 Wen and Chen [ ] introduce a modified general iterative method for a split variational

inclusion and nonexpansive semigroups, which is defined tn the following way:
1 [ ,
Tn+1 = anvf(zn) + (1 — anB)i—/ T(S)Jf' [zn + cA'(Jf‘ — IAzy,)ds. (1.5)
n JO

where 4 € (0,1) and {a,} € [0,1], B is a strongly positive bounded linear operator on H).

Next, we studies some examples for relationship between a nonexpansive semigroup and an

asymptotically nonexpansive semigroup for motivation of this work.



Example 1.0.1. Let Hy = Hy =R and let T := {T(s): 0 < s < o}, where T(s)x =
We see that for any .y € R

H_ZS.L Ve eR.

IT(s)z — T(s)yll = li(

1+2) (1+2 )y""(1+2 M =yl

then we have T is nonexpansive semigroup. If L, = 1 we have limsup,_,, L, = 1 then ¥ is
asymptotically nonexpansive semigroup.

Example 1.0.2. Let H, = Ho =R and let T := {T'(s) : 0 £ s < o}, where T(s)x = fig:d Vo € R.
We see that for any z,y € R

IT()z - T(s)ll = N2y - B2y = (22212 -y,

1425 1425 1425
put L, = (?l‘igz) we have limsup,_,,, Ly = lim sups_,.,o(fi—gi = 1 then T is asymplotically nonex-
pansive semigroup. If we let s = 1 we have ?ig: = ii £ 1, then T is not necessary nonexpansive

semigroup.

From above example we see that a mapping T is a nonexpansive semigroup then T is asymp-
totically nonexpansive semigroup. But T is an asymptotically nonexpansive semigroup is not necessary
nonexpansive semigroup.

In this work we extend the results of Wen and Chen [ ] for T is an asymptotically nonexpansive
semigroup then we consider

t'l
Tna1 = anvf(xn) + (L - uz,,B)ti /0 T(s)Jf‘ [wn + €A% (Jy? — I)Awn)ds, (1.6)
n .

where v € [0.1] and {a,} € [0,1), B is a strongly positive bounded linear operator on H).



CHAPTER II

Preliminaries

In this chapter, we give some defnitions, notations, and some useful results that will be used in
the later chapters.

2.1 Useful lemmas.

In this section, we collect and give some useful lemmas that will be used for our main result in the
next section.

Let H be a real Hilbert space with inner product (-,-)} and norm || - || respectively. Let C be a
closed convex subset of H, let P be the matric projection of H onto C' i.e. for x € H. Pcx satisfies
the property

llz — Pezll = minyecllz = yll-
It is know that Pe is nonexpansive. Further, for z € H and z € C
:=Por o {r—z,z-y)20VyeC.
Lemma 2.1.1. Let H be a real Hilbert space, then the following hold:
@ lz + ylI® < hxll® + 2{y, (x + y)),Vz,y € H:
i) it + (1 = t)yl? = thell® + (1 - )yl = t1 = lle - gl t € [0.1].Va, y € H.

Lemma 2.1.2. [ ] Let C be a nonempty bounded closed convex subset of real Hilbert space H and let
T := {T(s) : 0 < 5 < 00} an asymptotically nonexpansive semigroup on C, If {z,} is a sequence in
C satisfying the properties:

(i) @n — z; and

(i1) limsup,_, limsup,_qoc 1T (¢)tn — 2ol = 0,
then z € Fiz(T).

Lemma 2.1.3. [ ] Let C be a nonempty bounded closed convex subset of real Hilbert space H and let
T := {T(s) : 0 < s < o0} an asymptotically nonexpansive semigroup on C, then for any = 2> 0,
lim sup lim sup sup ||l /.‘ T(s)zds — 7"(u)(1 /L T(s)zds)|| = 0.
u—o0 t—=x xeC t 0 t 0
Lemma 2.1.4. [ ] Let B be a strongly positive linear bounded operator on a Hilbert space H with a
coefficient ¥ > 0 and 0 < ¢ < ||B||~}. Then ||I — ¢B|| £ 1 - ¢7.

Lemma 2.1.5. [i'] Let C be a nonempty closed convex subset of a Hilbert space f/. Assume that
f:C — C is a contraction with a coefficient p € (0,1) and B is a strongly positive bounded linear

operator with a coefficient ¥ > 0. Then for 0 <9 < 1

P
(x—y.(B=vf)x—(B=~f)y) 2 (F—o)lx - yll*>,Vz.y € H.

That is B — vf is strongly monotone with coefficient 7 — yp.



Lemma 2.1.6. [1''] Let {un}s2; be a sequence of nonnegative real numbers such that

tnt1 < (1 = m)an + Yabn + 00,
where {7,}52) C (0.1) and {bn}32,, {0}, are sequence in R such that
(i) limynp¥n = 0 and T3 9, = 60;
(ii) limsup,, .. bn < 0;

(iii) o4 2 0 and XL 0, < 00.
Then lim,, .o a,, = 0.

Lemma 2.1.7. [1©, ‘] Let S:H — H be averaged and T : H — H be nonexpansive have:
(i) W = (1 —a)S + oT is averaged, where o € (0,1).
(ii) The composite of finitely many averaged mapping is averaged.

Theorem 2.1.8. [! "] Let H; and Hy be two real Hilbert spaces and A : H; — H; be a bounded linear
operator. Let f: Hy — H, be a contraction mapping with constant p € (0,1) and T : H, — H, be a
nonexpansive mapping such that Q@ = Fiz(T)NT # 0. For a given xo € M arbitrary, let the iterative
sequences {u,} and {z,} be generated by

{ ttn = JP o + €A™ (IB2 — 1) Aia), 2.7)

Znt1 = anf(Zn) + (1 — an)Tzn.
where A > 0 and € € (0,1/L), L is the spectral radius of the operator A*A, and A" is the adjoint of

A; {an,} is a sequence in (U,1) such that limg—.oc o = 0, 2%, 0, = o0, and B3 |an — an-1| < x.

Then the sequens {u,} and {z,} both convergence strongly to = € {1, where = = Po(=2).

Lemma 2.1.9. [ '] .The split variational inclusion problem (2.7) is equivalent to finding x* € Hy such
that y* = A € Hy:a* = Jf‘ and y* = Jy*(y") for some A > 0.



CHAPTER III
Main Results

3.1 SYSTEM OF NONCONVEX VARIATIONAL INEQUALITIES

In the first Theorem in this section we prove the unique fixed point by Bunach contraction
principle of ®. The second Theorem we prove the strong convergence of modified general iterative
method for a split variational inclusion and asymptotically nonexpansive semigroups lo ¢ € §2 which is
the unique solution of the following variational inequality:

{(B=7f)g.q - w) <0,Vwe .

Theorem 3.1.1. Let H; and Hz be two Hilbert space, let A: Hy — Hs be a bounded linear operator
and B be a strongly positive bounded linear operator on Hy with constant ¥ > 0. Let B, : H; — 2
be maximal monotone mapping and 7 := {T(s) : 0 < s < oc} be a one-operator asymptotically
nonexpansive semigroup on H, such the Fix(T)N§ # 0. Assume that f: Hy — H) is a contraction

mapping with constant p € (0,1). For any « € (0, 1), define the mapping ¢ on H; by
L
o(z) =avf(z)+ (I - aB)%/ T'(s)Jfl [z + EA‘(Jf:’ — I)Az|ds.
0

where ¢ > 0, v € (0, ;‘:',), and € € (0, {-), L .is spectral radius of the operator A*A, and A* is the adjoint
of Aand 1 < j(; Lyds < a < %’%ﬂ Then the mapping ® is a contraction and has a unique fixed

point.

ﬁgvu’. Since J f‘ and J f’ are firmly nonexpansive, they are averaged. For ¢ € (0, %), the mapping

I+ eA*(JY® — A is averaged; see e.g.[i7). Tt follows from LemmaZ2.1.3 (i) that the mapping
Jf‘ (I +eA*(Jf” — I)A) is averaged and hence nonexpansive. By Lemma2.1.4, for any x.y € H), we

have
1 ¢
I2(<) - W)l = llarflz) + (U —aB); /0 T(s)J2 [z + e A*(JP?2 — 1) Az)ds

¢
—avfly)+ I - ch)% /0 T(s)J2 [y + eA*(JP2 - I) Ayds||

IA

ot
f) = S + (1= 0Dl [ TP+ A = 1 Arlas

t
—% / T(s)J2 [y + e A*(J22 - ) Ay)ds|l
- JO

IN

1! .
oylle -yl + (1 - uﬁ)(? /0 Lsd.s)ll.]f’ [t +eA (Jf2 - Az

—JBiy + eA™ (I - DAY

1
< e =yll+ (1= [ Ladslle —
= awlls - yll + (1 - oTalle - o
< le-a(Fe—)llz -yl
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i _l_ ‘Lo . 1—
From 4 € (0. 7) and 1 < 7- [j" Leds < a < Toof, we have [a — «(Fa —yp)] < 1. It follows that & is

a contraction mapping. By the Banach contraction principle, &(x) has a unique fixed point z,, that is
—a 1 B
To = avf(za) + (I - QB)? T(s)Jy o + eA™(Jy? — I)Az,)ds.
0
O

Next Theorem we modified general . iterative method for a split variational inclusion and asymp-
totically nonexpansive semigroups and prove the strong convergence of iterative to ¢ € Q which is the

unique solution of the following variational inequality: {({B —f)g.q — w) < 0,Yw € Q.

Theorem 3.1.2. Let A, and H; be two Hilbert space, let A: H; — Hs be a bounded linear operator
and B be a strongly positive bounded linear operator on H; with constant 5 > 0. Let By : Hy — 2,
B, : Hy — 212 be maximal monotone mapping and 7 := {T(s) : 0 £ s < oo} be a one-operator
asymptotically nonexpansive semigroup on H; such the Q = Fix(T)NF # 0. Assume that f : Hy — H,
is a contraction mapping with constant p € (0.1), v € (0, :;1), and ¢ € (0, %), L is spectral radius of
the operator A*A, and A* is the adjoint of A. For a given x| € Hy, and suppose that the sequence
{an} €0,1).{ta} € (0.00) and I < & [ Lods < an < 25212 satisfy:

1=, %

(i) limpy—so an = 0,55 1ap = 00, and L, |an — An-1| < 203
(ii) limp—oo tn = 00 and lim, 5 “—";'—‘;‘nil =0.
1]

Then the sequence {it,} generated by (1.6) converge strongly to ¢ € (), which is the unique solution
of the following variational inequality:

(B—=~f)g.9—w) £0,Yw € {1

ﬁgmu’. Let p € Q, we have p = Jf’p, Jf"(Ap) = Ap and T(s)p = p. From (1.6),
let u, = Jf‘ [xr + eA"(Jf2 — I)Axy), and Lemma 2.1.9, we have

B (2 + €A* (JE2 = I)Azy) - T pII?
< lxn + €A (I = 1) Az, — pI?
< N — plI? + 2¢(z — p, AT(IP2 = DAY + EJAT (I - DAz, |2 (3.8)

lun - Pl

By the definition of A and A®, we obtain

At (JP2 - D) Az, |)? (A" (JB - Az, A*(JP - 1 Az,)
((J52 — D Ar,. AA* (1 = 1) Ary)
LE((J2 = 1Ay, (J32 = 1) Asp)

L|(JP2 - 1Az, (3.9

AN ||



And we have

2e(xa — p, A*(JP? = ) Axy,)

12

2e(A(xn — p). (JI{B2 - A}

2¢(A(z, — p) + (J22 ~ Az, — (JP? - 1Az, (JP2 - I)Az,))
2¢(A(xn — p) + (JP2 = 1) Ay, (J52 - ) Ax,)

~((J? = D Aza, (J = 1) An)

2e[(J22 Az, — Ap, (B — IAz,) - (U2 - 1Az, |?)
231922 ~ DAzl - 10U = 1) Az, )

—ell(J 32 ~ Az, |2 (3.10)

From (3.8), (3.9), (3.10) and ¢ € (0, 1), it follows that

lw —plI* < Nzw = pl® + e(Le = DIJY? = DAz < flew = plf*. @G.11)

Next, we set wy, = t—i— jg" T(s)unds for 1 > 0, since 1 < i Jo" Lsds < an < %ﬁ and from

(3.11), we have

1 [
o =2l = Nz [ Tjunds = T(spol
n
1 ty
< {_ IIT(s)u,‘ - T(b)p”d5
nw JO
1 [
< — Lyds|luy — Pl
“ ta Jo
1 (M
< I Lyds|lxn — pll
n JQ
S a"xn - P”: (3.]2)

where @ = sup,>;{a.}. It follows from (1.6), (3.12) and Lemma 2.1.4, that

1 "ty .
lrass =2l = llowrSom) + (1 = anB) [ T(MI e +eA (1 = 1) Aralds =
‘n

IA A A

1 "u .
lowtr ) = B) + (1 = ouB)- [ (T(s)I e + A" ~ DAz = Ts)ples

callyften) = Bol + (1 = o) [ 17(6)un = Tl

an(7f(rn) = vf I + 17 f(p) = Bpll) + (1 - anF)allan - pl

un¥pllen = pll + anllv S () = Bpll + (1 — en¥)allen — pll

(1 = a(Fa = ))lizn = pll + anlvf(») — Bull. (3.13)

Since 1 < a < ',"#’_L’ and 5 € (0. Z), we have Fa — vp > 0. By a simple induction, we have

—ny

llz = pll < max{|zo — pll.

1
ya —p

v (p) — Bpll}. (.19
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Therefor, {«n} is bounded, and so are {u,} and {wn}. Next, we show that liniy—co [ln+1 — &nl| =
From (1.6), we have

“:'f'n+1 — &n "

"an’)’f(wn) + (I - on B)w, ~ un¥f(tn=1) + (I - tn—1B)wn ||
= Ilan')'[f(flf,l) - f('v—l)] + (an - an—l)'Yf(:vn—l) + ([ - an.B)('wu - wn—l)

— (v = ap=1) B ||

< anVlf(en) = flao)) + lan — anallly f (wen-2)
+(1 - anﬁ)"wu - wu—l" + Ian - a‘u—ll"Bwn—l"
< apaplirn — 7l + (1 = an¥)teq = wn—ll

+an = ana| [ (@) + | Bun-all]. (3.15)

Since % _]'O‘" T(s)pds = ,' l ]é“ ' T(s)pds, we consider

lwn — wn_1 "

IA

IA

tn n-t
ll—/ T(s)upds — tL T(s)ttn-1ds||

t" n—-1 J0O
'ty l tn 1 vt l vty -1
||— T(s)upds — — T(s)un-1ds + — T(shp-1ds + — / T(s)un-1ds
tn tu 0 tn 0
b1 1 to-1 1 tn-1 tn-1
-— / T(s)uy—1ds — —/ T(s)pds + — [ T(s)pds — ———/ T(s)pds
tn 0 tn 1] tn 0
1 tr—1 1 fn-1
+— T(s)pds — — T(s)u,—1ds||
t‘u 1 tu—l 0
1 h 1 [
= [ T(s)unds —— | T(s)un-1ds)
tu 0 t’n 0
1 ty—1 1 [ 1 L=t
+(— / T(s)u,-1ds — —/ T(s)pds — — T{s)uy—1ds
tu tn [}] "n-l JO
1 [ 299 i brie1
+ f T(s)pds) + (—/ T(s)u,—1ds
tn.—l 1) f-n 4]
1 [}] 1 Lymy 1 [}]
+— T(s)u,—1ds) — ( f T(s)pds + — T(s)pds)|
tn Ji, tn tn l,,_
'ln
1L [T tn = T(sYumarlds + (= — —) / (T($)itn-1 — T(s)plds
fn 0 fn fn 1
1 [l 1 [l
+— T(s)up-1ds — — T(s)pdsl|
din—1 t dinay
l rtn 1 1 rln -1 d
I [T = Thtbts + G = =) [ (T 6)imes = Tl
tn 0 tn tn—l 0
1 &)
+t— [T(s)ta-1 = T(s)plds||
g ln 1
il g
L7 T = Tl + 12 = =1 [ WG ams = TOo)plds
w JO =1 0
1 [t
+— 1T (s)tn—1 ~ T(s)pllds]l
t" byt
ln _ _t 1 =1
1 Lyds||tn = tn-1f + M—/ Lyds|lun-1 = pll
tn tn n-l U
L
+t_ L dsl|lu,.-1 — pll.

tn-t
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Now, we taking linis_.oc Ly = 1, it fol at L e .
o« lows that 7 [ Lyds — & Ju" ds, and hence

w,;, — 4 — — 2|t’!—l ~t
” " wl. l" S ”‘uru u"_l“ + 'T"—Illun—l _p". (3.]6)

From ¢ € (0, 1) and mapping .]fl I + eA*(J5: - nA|

1s averaged and hence nonexpansive, then we
have

- = Bl * B"’ * 2
lun = tn-alt = XM+ €A (I3 ~ 1) Al = JBV [T 4 €A*(IB2 1) Aty | < 1 = 2 l]. (Bu1T)

From (3.15), (3.16) und (3.17). we have

[&ne1 —anll £ anyplle, - rogll+ (1 - ) [len ~ ana | + ‘_2—|t,,_1 ~ tal

r ”“n—l - P"]
‘T
Flow, = auma [V f (-1l + | By |l

2|tn—l - tnl
th

where m = max{suppen[v||/{x.=1)| + | Bwy-1ll], supnenllu,—1 — pl|}. It follows from condition
() — (i) and Lemma 2.1.6, hence

S [ =aalF =10z = 2naill + (Jan — anoy| + M. (3.18)

lim |lcher — znll = 0. (3.19)
n—oc
Consider,

lzn — wall < llTn = Zasill + |2+ — wall
lzn — o1l + lloeny f(za) + (I = anB)wa — wal|
< len = Tt I} + cn I7f(€n) + Bwn Il. (3.20)

From condition (i) and (3.19), we have

lim |lzn — wa|l = 0. (3.21)
H—ac

and that 1 e
lim Ill'u - t_,/ T(s)u,,dsll =0. (3'22)
1 JU

=00

For any u > 0, we have

{,“ 1 'u
1 i _1_ T ds — T{u —/ T(s)u,ds||
“.'L'n - T(U)Iu" < ”J:n - E /U T(S)u"ds" + “ i, /(; (S)'U,, ( )f.,, ) !

1 t" o .
+||T(u)a /(; T (s)tnds — T(u)rnll

tn ot , L .
s — 1 T(s)unds| + lla/n T(s)unds — T(”)tn /0 T(s)unds|

n JO

IA

1 e 3 -
+Lu”t— : T(8)ttuds — Zull-
"

. ave
From (3.22), Lemma 2.1.2 and lim SUPy—oc Lu 1, we ha

lim || = T(2)Tall = 0. (3:23)
n—
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By the definition of x,, (3.10), (3.11) and Lemma 2.1.1, we have

Iz = 2I? < ey f(2a) + (1 - o, BYee,, pli?
= |(wn = p) + en(vf(a) - Bun)|?
< llwn = pI? + 200 (vf(2n) = Bion, &nsr — p)
< Ml = Pl + 200 (7S () — By, st — )
< llzn = plI? + e(Le = DI|(JE2 - 1) Az, |?]
+2an{yf(xn) = By Tay) — p)
S e = plP = e = LN ~ 1) A | + 200, M2, (3.24)

where Ay = max{sup,en [17f(2n) — Buwall. sup,.ep s — pll} and € € (0. 1), it implies that

B -
e(l - Lf)"(JA 2 - ])A“:n"2 < lzw - P"Z = llzs1 - P"2 + 2Ctn.}\f§

< MNepsr - -'Cn”("-vn - ]')” + [[ensr = pll) + 2“1111/[22- (3.25)
From (3.19), we obtain
lim ||(J,\ *—I)Azx,|| =0. {3.26)
=0

From (3.8), (3.10) and ¢ € (0, £), that

e =PI = 1SR [ + €A™ = D Aze] - IP 5P
< (tn —pizn+ eA"(Jf’ - DAz, - p)
= %{mh,—pn2+|hm-+eA%sz—IJAxu—lmQ
—Nttn = p = [&n + €A (J2 = 1) Az, - PlII*}
< %{Il'u»,. = pI? + lhew = pIP + e(Le = DICIZ2 = DA
Nm = & — €A (JBT = I) Ao |2}
< G lllun = oI + lizw = pI? = lew = 2l + H1A° (2 = DAz,

—2¢{1y — Tn. A*(Jf"' — I)Axy)]}
< %{Hu,, — I + Yz =PI = e = 2all? + 2l Al = @) MR = DAzul}.

which implies that
"un - pllz < lan — }l“2 - "un - -‘1’11“2 + 2€"A(UH — &)l "('].\ ? = Ayl (3.27)

Tt follows from (3.24) and (3.27) that

2 ‘ 2
lzns1 "P”2 < lua = pll° + 200 M )
e, — P"z - lun — 5511"2 + 2¢l| Awen = )Ty - DAz, || + 20, M;.

A

that is
: . ‘ 72
— P + 2ellAQun — £)IIN2 = DAzl + 200713

len = call® < llen = 2I* = lleass ) \
— 1)”) + 26“44(“,, - xn)"”(*],\ e I)Ailf,, " + 20’1:11/]2-

”1177, - m‘ll+l||(“m” - ])" + "a‘"+l

N



From (3.19), (3.27) and condition (), it follows that

nli—l-{:lc [ttr, = xp|| = 0. (3.28)

Since {2n} and {un} are bounded, there exists weak limit w of {xn}. Without loss of generality, we

may assume that subsequence {z.;} of {x,} which is z,; = w. From (3.28), we have subsequence

{tn,} of {u.}, which is w,, — w. Moreover, Uy, = J2 [T, + €A*(J2 = ) Az, with

(Tn, —un,) + f.A‘(Jf" = Az,
A
By taking limit j — oo, and (3.26), (3.28) and the fact that the graph of a maximal monotone
operator is weakly-strongly closed, we obtain 0 € B)(w). Furthermore, since {xn} and {u,} have
the same asymptotical behavior, Axn, — Aw. From (3.26) and the the fact that the resolvent Jf’ is
nonexpansive, we obtain Aw € By(Aw). It follows from Lemma 2.1.9 that w: € 7.

€ Byuy, (3.29)

Next, we show that limsup,_, (v f(g) — Bg,z, — q) < 0, where g = Py(f — B + ~f)q. From
the sequence .r,, , — w and

limsup(vf(q) — Bq.x, — q) = lim (vf(q) — Bq,x., — ). (3.30)
n—>0 J—

Assume that 1w # T(u)w. From (3.22) and Opial’s property, we have

liminf |le,, —wl| < liminfilz,, = T(u)wl|
j—x j—oc
< lminf(lzn, - T(w)an, Il + 1Tz, - Twwl)
j=ne :
< liminf(lle,, - T(w)z,, | + Lallz,, — wll)
J—0%
< liminf Ly|lx,, - w-

J—0oc

If we letting u — oo, we have limsup, ., L, < 1, it follows that
liminf Jjz,, — wll < liminf [z, - wll.
J—oo Jmx

This is a contradiction. Then « € Fiz(T). Consequently, w € 2 = Fix(7)N§. It follows from

(3.30) that
limsup{yf(q) = Bq,%» — @) = (1 flq) - Bq.w - @ <0 @3.3D

n—00
On the other hand, we shall show that the uniqueness of a solution of the variational inequality

(B - 7f)w,z —w) SO.Vw € L. (3.32)

Suppose that ¢, 7 € 2 are solution to (3.32), then

((B-71N),¢— @ <0, (3.33)

and
(B-+/)3.G—a) 0. (3.34)
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From (3.33) and (3.34), we have

(B=vf)g=(B-~flgq-g <0. (3.35)

a 9 .
By Lemma 2.1.5, the strong monotone of B — +f, we obtain ¢ = ¢. Finally, we show that {5}
converges strongly to ¢ as 7 — oc. From (1.6), (3.11) and Lemma 2.1.1, we have

lznr1 = ql? = (n¥f(@n) + (I = taB)wn — ¢, Tns1 — q)

oan(7f(@n) — Bq, Tns1 — ) + {{(I = 0n B){wn — @), Tns1 — )

< an(vf(an = (@) Tnt1 — @) + an(7f(q) — Bg.xns1 — q)
+(1 — an¥)lwn — qll||lxn+1 = qll
< onv0lzn — gllllza+r = gl + an{vf(q) — Bg.Tns1 — @)
+(1 = cMlwn = glillza+s - gl
= [1- un(j = oM2n = qlillensr = qll + an(vf(q) — Bq.tns1 — )
< 1 lTm90) (o, gl o s — al) + 0u(370) — Ba, s = 9
< 1z -70) Q“(; e[ VP I %llm,,ﬂ = qll® + an(vf(g) = Bg. Tus1r — q).

it follows that

1-— an(ﬁ 4

st —qll® < 5 ) lzn = ql|® + a7 f(q) ~ Bg.Tus1 — q)- (3.36)

From 0 < v < -7;, condition (i) and (3.31), from Lemma 2.1.6, we obtain that lim,— ||z, —¢|| = 0 and

then {z,} converges strongly to ¢, which is the unique solution of the following variational inequality:
(B=7f)g-g—w) £0,Vwe

This completes the proof. a

Theorem 3.1.3. [ ] Let H; and H2 be two Hilbert space, let A : H,; — H; be a bounded linear operator
and B be a strongly positive bounded linear operator on H, with constant ¥ > 0. Let By : Hy — ot
By : Hy — 2H2 be maximal monotone mapping and 7 := {T(s) : 0 < s < oc} be a one-operator
nonexpansive semigroup on H, such the @ = Fix(T YNF # 0. Assume that f: H) — Hyis a
contraction mapping with constant p € (0,1), v € {0, 7—,), and € € (0, %), L is spectral radius of the
operator A*A, and A" is the adjoint of A. For a given a1 € H;, and suppose that the sequence
{a,} € (0,1), {t..} € (0,00) satisfy:
() limy oo @ = 0. X720 = 00, and =, |an = an-1| < 0

Itu"tn-ll — 0

(“) limvv.~oo t"ll =0 and linln-ax ﬁntn
Then the sequence {z,} generated by (1.0) converge strongly 1o ¢ € (), which is the unique solution

of the following variational inequality:

((B-1f)g.q—w)<0.Vwe Q.



18

Proof. From .
. examples 1.0.1 and 1.0.2, we see that a nonexpansive semigroups is an asymptoti-
cally nonexpansive semigroups then from Theorem 3.1.2 cun be prove this theorem. o

Theorem 3.1.4. Let H, and H, be two Hilbert space, let A: Hy — Ho be a bounded linear operator.
Let By : Hy — 211, By - Hy — 22 be maximal monotone mapping and 7 := {T'(s) : 0 < s < o0}
be a one-operator nonexpansive semigroup on H; such the §} = Fix(T)Nn§ # 0. Assume that
f+ Hi — Hy is a contraction mapping with constant p€(0,1), ye (0,%), and e € (0. ), L is
spectral radius of the operator A*A, and A* is the adjoint of A. For a given =, € Hj, and suppose

that the sequence {an} C (0,1), {2} C (0, 00), define {z,} in the following manner:
1 M
T+l = Qp¥f(zn) + (1 - a,,)f—/ T(s)Jfl [z, + 6.4*(.]’\82 - I)Az,)ds. 3.37)
o Jo
and satisfies the following conditions:

v _ o
(i) limp_og €ty = 0, 5% |0y = 00, and X, oy — trn-1] < 203

(i) liMy—oo tn = 00 and lim,_ ,, Keztamil _ g

anln
Then the sequence {x,} generated by (3.37) converge strongly to ¢ = Py(y), which is the unique
solution of the following variational inequality:

(I - f)g.q—w) <0.VYw e

Proof. Putting v = 1 and B = I, iterative scheme (1.6) reduces to (3.37). The desired conclusion
follows immediately from Theorem 3.1.2. This complete the proof. m]

Next, we give some examples and numerical results to illustrate our algorithm and main result

of this paper.
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CHAPTER IV

CONCLUSIONS

From chapter 3 we have 2 theorems for submitted to thai journals of mathematics.

4.1 Outputs Results.

Theorem 4.1.1. Let H; and Hs be two Hilbert space, let A: Hy — Ha be a bounded linear operator
and B be a strongly positive bounded linear operator on H; with constant 5 > 0. Let B, : H; — 2
be maximal monotone mapping and 7 := {T(s) : 0 < s < oo} be a one-operator asymptotically
nonexpansive semigroup on H; such the Fiz(7T)NF # 0. Assume that f: Hy — Hj is a contraction
mapping with constant p € (0,1). For any a € (0,1), define the maupping ® on H; by

Oz) =avfla)+ (T - ch)% /l T(s).]ft (¥ + eA*(JP2 = I)Axlds.
u

where £ > 0, v € (0, %), and ¢ € (0, %), L .is speciral radius of the operator A*A, and A* is the adjoint
of Aand 1 < %Jo' Lds < a< IT'_"%L’ Then the mapping ® is a contraction and has a unique fixed

point.

Theorem 4.1.2. Let H, and H; be two Hilbert space, let A: Hy, — Hy be a bounded linear operator
and B be a strongly positive bounded linear operator on H, with constant ¥ > 0. Let B, : H; — 2t
By : Hy — 242 be maximal monotone mapping and 7 := {T(s) : 0 < s < oo} be a one-operator
asymptotically nonexpansive semigroup on H; such the @ = Fix(T)NF # 0. Assume that f : Hy — H,
is a contraction mapping with constant p € (0.1), v € (0, ;,i). and ¢ € (0, %), L is spectral radius of
the operator A*A, and A* is the adjoint of A. For a given z) € H), and suppose that the sequence
{an} € (0,1),{t.} € (0.00) and 1 < ;"—‘ Jo© Lsds < un < '1;_';‘%’.1.3 satisfy:
(i) limp—oo ¢ty = 0, B, a0y = 00, and T |an — ana| < x5
. notuet] _
(i) littln—no tn = o and limg, 5o o] T = .

Then the sequence {r,} generated by (1.6) converge strongly to g € €2, which is the unique solution

of the following variational inequality:

(B -1f)g.q—w) <0,Vw € .

4.2 OQutputs 1 paper.
1. Split variational inclusion and fixed point problem for asymptotically nonexpansive semigroup in

Hilbert spaces. Submitted to Thai Journal of Mathematics.
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Split variational inclusion and fixed point problem for asymptotically
lonexpansive semigroup in Hilbert spaces*

Issara Inchan®!
a
Departrmens of Aathematics, Uttaradit Rajablat Unwwersity. Uttarmdit, THAILAND

Abstract

The main objective of this paper is to introduced a general method for a split variational inclusion and
asymptutically nonexpaansive semigroups in Hilbert space. We prove that the sequence generate by the
iterative scheme converge strongly to a common solution of the sct of solution of a split variational inclusion
and the set of common fixed points of one-parameter asvmplotically nonexpansive semigroups. The results
presented in this paper extend and improvement of previously known results in this research area.

1 Introduction

Let H be a real Hilbert Space, (" a nonempty closed convex subset of H and T : ' — C a mapping.
Recall that a self mapping f of C is a contraction if ||f{r) - Fl <€ allr =yl for some n € (q. 1) and T is a
nonexpansive if | Te = T yil < o — yll for all £,y € C, and T is usviuptotically nonexpunsive [ ] if there exists a
sequence {k,} with k, = 1 for all n and lin,—~ kp = 1 and such that ||[T"x - I‘"y“ < kol - yll f({l"all n 2 l
and x,y € C. A point = € C is a fixed point of T provided Te = .¢. Denf)te by F c.:;ET) the set of. (.ned‘ pic_m.lt:s
of T: that is, Fiz(T) = {x € C' : Tz = z}. Let 4: H — H; be a mapping then A* . Hy — Hj is an adjuint
operator of A if and only if (A%y. x) = (y, Ar) for € Hy,y € Ha.

Recall also that o oue-parameter family T = {T()V < < oo} of selt-mappings of u1nouempt.\.f clo:;e}lf
cunvex subset C of u Hilbert space H is said to be a (continuous) Lipschitian semigroup on C(see. e g, [P
the following conditions are satisfied:

OTOe=r.reC
(i) T(s + t)(z) = T()T(L).8.42 0.xeC
(iif) for each r € (. the mAaps t — T(t)x is continuous on [0, )

. . : - . - eat” (
(iv) there exists a 1,ounded measurable funetion L : [0. %) — [0. ~) such that, for eacl £ >0
') there exists

1T (= = Ty < Lelle - yll. £y € C.
—_

, o o atton: 46C05, 47D03, 47H0Y, 47H10, 4TH20.
zoo.t')r ,;ﬁ:g:::mauﬁs bub]ectpf:fi;,{]’ y Utturadit Raujabhat University
search was sup ‘
'Corresponding author
Email addregses: peissara @y
Keywords: asymptotically PV™

4 ac.th. (1. Inchan} ) _ ) ;
u(-xpansivc semigroup: fixed point: Split variational inclusion
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I. Inchan

A Lipschitzian semigroup 7 is called nonexpansive (
and asymptotically nonexpansive semigroup if lim sup,
commuon fixed point set of the semigroup: that is Fir(T

or a contraction semigroup) if Ly = 1 for all # > 0,
= L1 < 1, respectively. We use Fix(7) to denote the
)={reC:T()xr=at>0}

Fixed point iteration processes for nonexpansive wappings and asymptotically nonexpansive wappings in
Hilbert spaces and Banach spaces including Mann and Ishikawa iteration processes fuwu been studiced extensively
hy many authors to solve nonlinear operator equations ax well as variational inequalities: see [, . ., |
Huwever. Mann and Ishikawa iterations processes have unly weak convergenee even in Hilbert spact": see | ,’ ]

The theory of variational incqualitics is & branch of the mathematical sciences dealing with general cqui-
librium problews. It has a wide range of applications in economnics, operations research, industry, physical, and
engineering sciences. Many rescarch papers have been written lately, both on the theory and applications of
this field. Important connection with main areas of pure and applied science have been made, see for example
[, , ]and the references cited therein.

Variativnal incqualitics theory, which was introduce by Stampacchia | ], provides us with a simple, nutural
general and unified framework to study a wide class of problems arising in pure and applied science. The
development of variational incquality theory can be viewed as the simultancous pursuit of two different lines
of research. On the one hand, it reveals the fundamental facts on the (ualitative aspects of the solutions to
important classes of problems. On the other hand, it also enables us to develop highly cfficient and powerful
new numerical methods for solving. for example. obstacle, unilateral. free, moving. and complex equilibrium
problems.

In 2006, Marino and Xu [ ], introduced the following general iterative methods to approximate a fixed
point of & nonexpansive mappiug:

Foar = anm frn) + (I = 0, B) T, (1.1)

where {n,} C [0.1] satisfies certain conditions. f ix a contraction of H intu itself. al B is a strongly pusitive
bounded linear operator on H. Moreover, they prove that {r.} converges strongly to r* € Fir(T), the unique
solution of the following variational inequality:

(B =~f)z*.x* — w) < 0.Vw € Fix(T). (1.2)

which is also the optimality condition of the minimization problem.

Recall also that a multi-valued mapping A : Hy — 21 is called monotone if, for all r.y € Hy,u € Mr and
v € My such that ‘
! (t—yu—v)20 (1.3)

A monotone mapping A is maximal if the Graph(M) is not property cunta.ined m the grapl} ‘u‘f any other
monoton¢ mapping. It is well known that a monotonc mapping M is maximal if and only if for (z,u) €
Hy x Hy. {r = y,u—v) > 0 for every (v.v) € Graph(M) implies that « € M.

Fromn a monotone mapping A the resolvent nappiug .J M Hy — Hy associated with M is defiued Ly

JM(r) = (1 + AM) ™ () Yo € HL (1.4)

. Mo
for some A > 0, where I is the identity mapping on H,. Note that for all A > 0 the resulvent vperator J{' is

single-valued, nonexpansive and firmly nonexpansive.

In 2011, Moudati [ ] introduce the split monotone variational inclusion problent: find ¥ € Hy such that

0€ fi(z*) + Bilr*): .
{ Y= lAw € Hy: 0 € faly") + B2y,

where B, : H, — 28 and By : Ha — 2H: are mmiti-valued maximal monotone mappings.
114 ‘



Existence Theorems fur Nonconvex 3
In 2015 Wen and Chen [] introduce a modified

i . h general iterative metho o el o .
and nonexpansive semigroups, which is defined tn the 1 for a split variational inclusion

following way:
t

. 1 "
an =Qy " - Q —_ Wil - p
Ty+1 t 7.’(1’ ) + (1 O.uB)t" Jo T(b)J\ [.1‘" + A (J/\Dz _ I)A.If,,](ls, (15)

where 7 € [0.1] and {c.} € [0.1]. B is a strougly positive bounded linear operator on H,
Next, we studics sume examples for relativnship betwee

) : 1pics ! N a nunexpansive semigroup and an asvmptotically
nonexpansive semigroup for motivation of this work. .

Example 1-1- Let Hl = H2 = R (l"ll l“‘f T = {T(.\i) M 0 S 5 < XX }. “'I“‘,'T'f' T(-‘l’),’l‘

= —L_r.vreR. We see that
fm‘ any z,ye R 142

IT(s)r = Tl = (=)t — (—m gl = (—— 1 — .

1+ 2s 1+ 2s 14+ 2s
ther we have T is nonezpansive semigroup. If L, = 1 we have lim sup,_. L., = 1 then T s asymplotically
nonezpansive semigroup.
Example 1.2. Let Hy = Hy =R and let T := {T(s) : 0 < s < oc}, where T(s)r = f—_t—g—:a‘.‘v’r € R. We see that
Joranyz,y € R - -
+ 25 + 25 2+ 25
T(s)x = T(s)yll = I — = (—)]Ix - vyl
IT()x = Tl = HTge)e — (sl = (o)l = 3l
put Ly = (3322) we have limsup,_, L; = lim s, o, (322) = 1 then T is asymptlotically nonezpansive semi-
2424

group. If we let s = 1 we have

T = % £ 1, then T is nol necessary nonerpansive semigroup.

From abuve example we see that a mapping 7 is a nonexpansive semigroup then T is asymptotically
nonexpansive semigroup. But 7 is an asvinptotically nonexpansive semigronp is not necessary honexpaunsive
semigroup.

In this work we extend the results of Wen and Chen [ ] for 7 is an asymptotically nonexpausive semigroup
then we consider

.I fo . 17 . ;
Tner = oy flra) + (1 — (‘r,,B)E‘/U T(s).lf [t + AT (S0 = DA w)ds. (1.6)

where v € [0.1] and {a,} € [0.1]. B is a strongly positive honnded linear operator on Hy.

2 Preliminaries

i i »d f in result in the next
In this scction, we collect and give some uscful lemmas that will be used for our mail

section.
Lemma 2.1. Let H be a real Hilbert space. then the following hold:
() | + ylI? < Nlelf? + 2{y. (& + y)). Y.y € H: ;
2 Vr.y € A.
(i) iz + (1 = Oyl = tl=n? + (1 = llyl® = 11 = Dllz = yl2.t € [0, 1]. Y.y

Lemma 2.2. { ] Let C' be @ nonemply hounded c;loscd con
0< s < oo} an asymptotically nonexpansive SCmIGroup on

ilhert space Lt T := {T(s):
ot subsel of real Hilbert space H ant .
i pquence im C' satisfying the properties:

C. U.{-rn} a8

(i) &n = 2; and

(ii) limsup, .. lim sup,, — NT(£)£0 — Lull = 0-
then 2 € Fin(T).
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Lemma 2.3. [/ Let C be a nonempty bounded closed conver subset

\ . of real Hilbert space H and let T := {T(s) :
0 < 5 < oo} an asymplotically nonerpansive semagroup on C,

then for any u > 0,

. N 1 " 1 H
limsupl = Needs = Tla 2 N rds)| =
“n_‘;p nusups;lelg “, /o T(s)wds T(“)(, _/0 T(s)eds)|| = 0.

b

Lemma 2.4. [ | Let B be a strongly positive lineur bounded o

peratar on a Hilbert spuce H with o coefficient
5>0and0< o< |BI™". Then |I - Bl <1~ o7.

Lemma 2.5. [ ] Let C be a nonempty closed conver subset of @ Hilbert spuce H. Assume that f : C — C is
e contraction with a cocfficient p € (0,1) and B is a strongly positive bounded lincar operator with a coefficient
5>0. Then for 0 <y < 1.
(=g B = e =(B-2)y) = (T - 1p)le — y|l*.Ve.y € H.
That is B — 1 f is strongly monotonce with cocflicient § — yp.
Lemma 2.6. [ ] Lel {a,}7_, be a sequence of nonnegative real numbers such that
@ue1 < (1 =)o, + .0, + 04,

where {1a}3%, € (0,1) and {by} L, {on})c, are sequence in R such that

(i) limgp oo ¥n =0 and T3 70 = o0;

(i) limsup,, . b, £ 0:

(i) a, >0 and T7L,0, < .
Then limgy— a,, = 0.

Lemma 2.7. [ -, [LetS:H — H he averaged and T : H — H be nonerpansive have:
(i) W=(1—-a)S +aT is averaged, where o € (0,1).

(i) The composite of finitely muany averaged mapping is woeruged.

Theorem 2.8. [ [ Let Hy and Hy be two real Hilbert spaces and A : Hy — Ha be o buunded lirx(ffLV' upzmls:‘.
Letf:H - H be a contraction mapping with constant p € (V. 1) and T:H - Hy bea "07."’Ipa""w""{l‘rm}) hz
uc t" tlQ ;‘-i:(T) AT # 0. For a given ro € Hy arlbidrry. Tt the iterative sequences {u,} wod {oq} be
St UL = o . S A "

generated by

= I e + AT IS - DAz @.1)
{ Tyy1 = an f(xn) + (1 - o )Titn.

A , < s the adjoint of A; {an} is
. ectral vadius of the operator A* A, and A7 15 the udj

‘ nd 1/L). L is the spectral vadius of - i )
Zy}:;v;c)\n:c (:nu(:gl 1()63152;; t{zazvlim,,—x o = 0.5 0., = oc, and T35 o — @n-1| < o0. Then the sequens {un}
and {z,} both convergence strongly to z € €Y, where = = Pa(z).

. . ; ing r* H, such that
Lemma 2.9. [ | The split variational inclusion problemn (2.1) is equivalent to finding 1 € Hy

V' =As* € Hy:a® = J2 and y* = JE:(y*) Jor some A > 0.

3 Main Result

. unique lixed point by Banach contraction pl:incip_lc ::;l' P,
Q f modified general iterative wethod for a split vanatmfnal
ot € 2 which is the unigue solution of the following

In the first Theorem in this section we prove tle
: - rgenc
The secoud Theorem we prove the stroug u)uvelgrerxoup5 o
" inclusion and asymptotically nunexpansive semig

variational inequality: (B - IS g.g—w) < 0, v € §2.
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Theorem 31 Let Hy an..d Ha be two Hilbert space, let A : H, — Hj be a bounded linear operator and B be

strongly positive bounded linear operator on Hy with constant ¥ > 0. Let By Hy — 2 pe maﬁmal monoto;zz

mnp(lg-f;?_] r%n;lé 'zj’ :j {T(s) u:,) st <H x} b;; @ one-operator asymptotically nonerpansive semigroup on H, s'u;-hl e

Fiz . Assume that f - Hy — H\ is a contraction mapping with constant ' <01
; : 4 € (0,1). F

define the mapping ® on H, by P € (U,1). For anya € (0,1).

t
b(x) = avyf(z) + (I - aB)% / T(s)J2 [+ + €A (JP* = [)Ax)ds.
1}

where t > 0, v € (U, ';’;), and ¢ € (0, {-), L is spectral radius of the operator A” A. and A® is the adjoint of A de
rt 1—«r . i
1<} Jo L+ds < a < =2E. Then the mepping ® is a contraction and has « unique fived point,

Proof. Since Jf‘ and Jf’ arce firmly nonexpansive. they are averaged. Fur e € (0, ,l). the mapping / +fA'(J{72 -
DA is averaged: see e.g.| |. It follows from Lemma2.3 (ii) that the mapping Jf HI+eA*(J \B ? —~1)A) is averaged
and hence nonexpansive. By Lemna2.{, for any r,y € H;, we have

[4
12 (x) — (e e ) + (1 - uB)% / T(s)J2 & + eA"(JB2 — D) Au)ds
0

t
—enf(y)+ (I - uB)% ( T(s)J5 [y + A (JB - 1) Aglds|)
]

17t :
< allfle) = S+ (1 - uFr)H;/o T(s)J 2 o + A" (I — D Axlds
t
=3 [ TP+ A - Daglas]
0
1/t vy oD
< ayplle - gll+(1 = u"y')(—{-/ Lods)||[ 2 [w + cA (JP* - I)As]
0
—JD [y + eA"(J 7 — DAYl
] 4
< ayplle—yll + (1 - (l':f)(? / L.ds)||le =yl
40

avplle — yll + (1 = el = yll
< [le=aFa-y)llx -yl

From~ € (0.1) and 1 < '—‘- '(:" Lds<a< %“—%’3, we have [u—a(Fa—yp)] < 1. It follows that @ is & contraction
o’ " . N N t e . . . -,
mapping. By the Banach contraction principle, ®() has a unique fixed point .r,, that is

o
= floa) + (I~ (!B)-:' / T(a').lf' [ra + r.A'(.If’ ~ I)Aryds.
S0

i

0

Next Theorem we modified general iterative method for a split variational ilfclu:.siun an(l'asymptut'lcal])l:
nouexpansive semigroups and prove the strong couvergence of iterative to ¢ € © which is the unique solution o

the following variational incquality: {((B —2f)e.q = w) < 0,Yw € .

Theorem 3.2. Let Hy and Hp be two Hilbert spuce, let A: Hy = Hp e a borunded lim«n}" :;paémturf;rml 32 hl;:*
2. Let n, : - ' n . 4B b
a strongly positive bounded lincar operalor on H, with constant ¥ > 0. Let By - Hy 2 '. By : Hy o
be mazimal monotone mapping end T := {T(s): 0 s < oc} be a one-operator (lasy'/nzptotma'lly nonerpens (
semigroup on Hy such the { = F iz(T)NE # 0. Assume that f : Hy = Hyisa conlmcittqn mapping with Zon;::ﬂna
pe€(0.1). y€ (0, ;) and ¢ € (0. }). L is spectral radius of the operator A*A. and A” 13 the adjoint of A.
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qen £y € Hy. and suppose that the sequence {a,} C(0.1) {ta} € (0.%) and | <

L, .
- SO g s < 0y < Yo
satisfy:

(‘) limn—::o o, = 0.8,0,<=1a" =n. and 23‘=l|0“ —_ a“—ll < 0

tu=t,
(1) liMg~oc tn = o and lima_ s, u =0.

Then the sequence {wx,} generated by (1. (J) converge strongly to

¢ € Q, which is the unique solution of the
Jollowing variationel incquality:

{(B-~f)g.q — w) <0V € Q.

Proof. Let p € 2, we have p = Jf'p. Jf?(Ap) = Ap and T(s)p =

p. From (1.6), let u, = Jf'[-‘f‘n " fA‘(JfJ _
NAz,). and Lemma 2.9, we have

[l — Pl W2 (k0 + €A (U3 = D AL,] = J 2|7
< |lrn + €A (I - DAz, - p)?
< Mra = pl? + 260y = po AT(TE2 = DAw,) + ANAT(TE - DAz, )2 (3.1)

By the definitiun of A and 4*, we obtain

(2"‘4*(']’?-, = Drall® (2(-‘4'('1.\82 —DAr, A (JB — nNAry)
(I = 1) A, AA (I = 1) Aca)
Ltg((«-’f? - NAe,. (J"\J'-‘ — ) As,)

LEJIE - DA )P (3.2)

N

And we have

%, - p A(JB = DAz, = 2e(A(z, - p)-(JZ* - DAz,) ]
= 2(A(x, —p) + (Jy* = DAz, - (J}? - NAac,. (JV? = DAx,)
= 2e(A(xy — p) + (J&2 = DA, (J5? = DAza) - ((JB2 = DAz, (J - 1) Axy)
= 2[(JE Ar, = Ap. (JP? = DAT,) — IUY® - NAr, %

.y 2
< 2LNIE — DATI = I = DA -
= —€l(J5 = DAz ‘
From (:3.1). (3.2), (3.:3) and ¢ € (0. 1), it follows tl}ﬂt

: 2 4. B _ DAz € e — 2l (3.4)
e = pI? < llww =PI + e(Le = DI = DAzl” <

j —"—‘*—"—E and from (3. 1), we have
9 231" .‘_. <, <
Next, we set w,, = ,L ;" T(s)u,ds for 1 2 0. since 1< ¢ .!n L.ds n

1 '™ ‘
shunds = T(s)pll
flun = pll ”’-n-r/u T(s)unds (s)

ol
—L/ "T(s)”n - T(s)p"ds
tn Jo

<
1 [
< L / Lds|litn ~ pl
- tn 1]
1 "'II
< - Lyds|lrn = 2l
- tﬂ )] (35)
< allra = Pl



Existence Theorems for Nonconvex

7
where @ = sub,> 1 {an}. Tt follows from (1.6). (4.5) and Lemma 2.1, that
Iusr =P = Mowvf(zn) + (7 - a..B)::‘ " T(s)J 3 (e + €A (I P2 = YAz, )ds - p|
= llaw(vf(2a) - Bp) + (I — a,.B)ti" /0 t"(T(s)Jf' [ + €A*(JD2 = N Aw,] = T(s)p)ds]
< stz - Bl + 0= amt [ 1T - T
< oIV (ze) = 1@ + v/ (R) = Bpl) + (1 - anFellz. - pll
< apvpllen — pll + anlly f(p) = Bpll + (1 = axFallz, — pll
= [1 = an(Fa =)l - pll + cnllr f(p) — Bpll. (3.6)
Smcel < e ll__—‘;"%’e and v € (0. Z). we have Ju — vp > (. By a simple incluction, we have
I = ol < mexllco = pll. ==/ p) = Bl (37)

Therefor, {x} is bonnded. and so are {u,} and {wn}. Next, we show that lin, [l:tn41 = 2all = 0. From
(16}, we have

lraer —amll = lanrflon) + (I — By, — (l;,’)f(.]‘,,_]) + (I — a1 Bl
"au":‘[f(:tu) - f(chl)] + (an — (y —fl)')f(rn‘l) + (1 - &y, B)(IL',, - uy,. I) - (a'n - (k,,-])B‘lL',,~1“

< Qn'”'f(-lfyl) - f(-l-'-l)“ + |(tn - u'""l“l?f("r"_l)“
+(1 = an D) llwn — waoill + v = [l Bl , (3.8)
< (.Yn-ypll-b'n hant -L'—-l” + (1 - Uuﬁ)”(l'n - '(L'u—~|" + |(.ln — Xy 1|['7“./(-"'“ |)" + “Bw"_]"]‘ .

Since ;- f‘; T(s)pds = 7= J," ' T(s)pds, we cunsider

it -1
_— )ty =1l
lem = twm_tf] = ||_/ T(s‘)u,,ds-— T/, T(5)ttn 145l ) e
n 1 [ X [ Psyen_rds + — T(s)uu_1ds
- ||_ Tlshunds = o [ T@uunds 70 | TN @G, ln .
(' n ! N "=
- ) - T(s)pds
——1_ -1 T(8)utn_1ds — — / T(s)pds+ — / T(s)pds .
tTl « t t" '
- / T eds - o [ Tl
th—1 Jo

_ "(i/ (q)q,,,d‘:—"‘/ T( s}y, —105) l
fn [¢]
notds + —
+(—1- /""” T(‘F)iln 1(19_ —/ T( )])(l‘;_ _/ (S)“ 1 tn-1
tn Jo

t

. 1 ¢
- T( ypds)ll
. _ds) - (__/ T(s)pds+ s )
+(tl / l T(s)tun-1ds + E/; T(s)ttn-1d5) o t
0

" - T(s)ttn-1 — T(s)plds
tn tn- l)/ [ ¢ l

" T(s)pds)

= “21; /n!" [T(s)un — T(s)un-1]ds +(

ty
" L T(s)pdsll
+.f_1_ T(S)"n—ldh - Ln o ( (39)

n fh -1



1 t.
+= [T(s)un-1 — T(s)pds|
h S, o
i tn 1 1 te_1
s T "T(S)U,, - T(s)ll“_luds <+ l_ -— _‘
LI . | S 9
1 Lo
tin ) TG = Tlplids)
n Jt, .,
[ P P U Y AR
< Leds|lu, = |l + Mo =t 1 / Lods|lu._1 - pl|
tu JO ('u t'n—l 40
1 [t
+— Lyds||ltg -1 = pll-
f'n tuan

1 [t
= “f—::/u (T(s)1n — T($)ttnor)ds + (tL -

I. Inchan

" !n—l

Now, we taking limy—.oc L = 1, it follows that ,L jnl' Lyds — :L ][: ds. and lhence

N = ol < s — gl +

. .y 7B: o ausive. then we have
From ¢ € (0, 1) and mapping ST + €A (72 = I)A] is averaged and henee nonexpansive, then we have
. Y -
s = | = W2 [ + €A™ (I = DALen - D1+ AT (JP = DAJey )l € Nlew = €l

From (2.%), (3.10) and (3.11), we have

Iznsr — 2ol € auapllen =2 I+ (1= adllen = Lo all+

2|fn-l - rnI

n

frn-1 — ril-

2|ln -1~

"

+lat = a1l GEne I + I Bl

< ll - L\'u(‘—i - 'Yp)]”xu - In—-l“ + (laﬂ - (t"'ll +

where m = max{supnenli NS (-1 + | Betr -1}, supnenltn-s

Lemma 2.6, hence

Consider,

Lo — wall

From condition (i) and (3.13). we have

and that

A

IA

"

lim s — £all = 0-
n—c

. — will
e = €rerll + et " o
"-7'11 - -'l'u-l-l” + Hnu'ff("rn) + (l - n“B)" H " "
”-Uu - J;u-i-l" + u"”"f(":”) + B'l('""-

lim ".T" - lL'““ = 0.
H—

1 /l" T(s)tndsll =0
nl-l-ll;c "'Ln B tn 0

th-1
)_/;J (T(s)tp_y — T(s)p)ds

T (s, oy — T(s)pllds

L
‘I ”'ll,,gl - p”]

2”"—1 - ’ul )1\“1.

(3.10)

(3.11)

(3.12)

-} It follows [rom condition (&) - (&d) and

(3.13)

(3.14)

(3.15)

(3.16)
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For any # 2 0, we have
< 1 - 1 tn 1 1 39
lon = T@zall < Now = = | T(s)undsll + = /o Tlshuds = () [ T(syuadsl
" n Jo
1 [
+“T(“)I_ T(s)u,ds = T(u)z,||
n S0
1 o . 1 ta 1 Lo,
< |l = l_ T(s)u,ds|| + || — / T(s)u,ds — T(u)— / T(s)undsl|
“ o t”~0 tu.O
1 [t
+Lull— T(s)unds — x,].
tu 40
From (3.16), Lemma 2.2 and limsup, .. Ly <1, we have
lin e = T(u)eafl = 0. (3.17)
N =2
By the definition of Z,.. (3.3), (3.1) and Lemma 2.1, we have
lTn+1 = P"2 < Mawyfe,) + (1 - a, B)w, — P"2
= "('wn - P) + an('?.f(""n) - Bu'n)||2
< s - IR + 20 (v f(2n) — Bup, 2 — »
< "un - l)"2 + 2a,, ('Tf(-‘:n) - Bw,. £,41 — P)
< llen = pI? + e(Le = DIE = DNAraIP)
+20, (v flen) — Buwy iy = ») . '
<l — P = €1 = LT - DA + 20, M3, (3.18)
. . _ .13, it implies that
where My = max{sup,,en 7S (4n) = Beewll. supen Ntwsr — pll} and ¢ € (0. 7). it imp
2 I £ = plI2 = Nlewsr = P2+ 20,03
(1 = LON(IE2 = DAz, € Mew =pI° = llens L (
' < st = Tull{llira = pll + lrwser = ) + 20aMs. (3.19)
From (31.13), we obtain , (3.20)
( ) lim "(J'\B2 - ])A-En " =0.

"H—oc

From (3.1), (3.3) and ¢ € (0, ), that

11 2
Bumpl = [J2 (2, + €A*(I2* = DAz = P
< {u, - ot + €A (JP2 = D AT, = D) 2
S (u ! A . | 2 _ I -p- [‘L,” +tA'(J,e"' _ I)A.E,L —P]" }
= '];{"u" - P"z + “-l'n + CA'(‘].\ t = I)A-Lu - p" l e "}
. 2 — o — €AY (JB = D AzA®
< ﬁwt—mP+m»—mF+dLv—me’—UAmH—Hw T (Jx
< il

' g AT (TP = DAL
- 2 2 - [l —u|P+6WATJ5%-HALMZ—&QM—¢WA(A )Aea)l}
< §{“U,,, -pll© + flen = [1“ - n — En

. B: _ NYAr.l}s
. p . — 7 2 2 A Up — J-'n)”"('j,\ i
S %{"un _ pnl + IIJ," - plll -— "U" Jn" + f“ (

which implics that I 182 _ ) Awnll. (3.21)
it = pI2 < Nl =PI = Il =l + 21 AL = LU
Up — P < fjdn —

It follows from (3.18) and (3.21) that
: 2
< v — pllz + 2a,M;

< llrn—pl = llwa = n

: : Yan M3,
lewsr — 1)”2 _ ',,.n)"“(,jfz — ) Awa| + 200, M3

I + 26l Ao
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that is
2 T T 4
e =&l S M =PI = lheaer = I + 2el A, = )12 = 1yl + 200,022
< M|, - x - o w2
S Mo = Tz = 2+ Uaer ~ pl) + 20 AC0 = £ )W — DAz + 20, M2,
From (3.13), (3.21) and condition (7). it follows that

lim - =
Ho—e—e "‘“1! .r“” - 0. (3‘22)

Since {&n} and {rn} are homuled, there exists weak linit w of {zn}. Without loss of generality. we may assume
') . e S, . SF V. ay O8s
that subscquence {z,,, } of {.lfl;,} which is 2, — w. From (3.22), we have subsequence {r.,} of {u,}, which is
‘ ] o _ o g " "wyn
lta, = . Moreover, wy,, = J{ [y, + f.-‘l‘(.lf’ — I)Ar, | with ’
K r

(Tn, —uy,) + eA'(Jf‘ - NAc,,
S € Byu,, (3.23)

By taking limit j — o<, and (4.20), (3.22) and the fact that the graph of a maximal monotone operator is weakly-
strongly closed. we obtain 0 € B, (w). Furthermore, since {x,} and {u,} have the same asymptotical heluwic;r,
Az, = Aw. From (3.20) and the the fact that the resolvent JB* is nonexpansive, we obtain Aw € Bp(Aw). It
follows from Lemma 2.9 that w € 7.

Next, we show that limsup,, _ .. {vf(¢9) — Bg.xrn — q) € 0. where g = Pa(f — B + vf)q. From the sequence
., = w and
imsup{n f(q) — Bq.w, — q) = Jim (vflg) = By,rn, —q). (3.24)

o

Assume that w # T(u)w. From (3.16) and Opial’s property, we have

liminf |j£,,, = wll < liminf 2w, = T(u)wll
40 -0
< liminf(||xs, = T(u)ra || + I T(u)en, = T(u)u)
J—
< liminf(llra, = Tehva, | + Lullra, — @l
X
< liminf Ly, |lz., — .

11—
If we letting « — 0. we have limsup, ., L. < 1. it follows that

]i‘rt_l_il;lf“.l:,,l —w| < llﬂ}:i fl£., — wll-

This is a contradiction. Then w € Fiz(7T). Conscquently, w € ) = Fiz(T)NF. It follows from (3.21) that

limsup(~ f(g) = Bg. € = q) = (flg) - Bg.w— q) <0. (3.25)
"w—x
On the other hand, we shall show that the uniquencss of a solution of the variational incquality
(B =~ f)mr = w) SOV €L (3.26)
Suppose that ¢, 7 € 2 are solution to (:3.20), then
. 3.27)
(B-1g9-9 <0 (
and ' 3.28
(B - Nii- 1 S0 (3.28)
From (3.27) and (3.23). we have (3.29)

((B-')f)q—(B—wf)Fi-q-ﬁ) <o
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By Lemma 2.5, the strong monotone of B —~ f. we obtain ¢ = 7. Finally

to g as 7 — 00. From (1.6}, (3.1) and Lemma 2.1, we have we show that {iry } converges strongly

[liese1 = qllg = {2 flen) + (1 - o, Byw, - G Lper — )
Qn(')f(-rn) -Bq.repg — Q) + ((1 - ﬂnB)("’n - @) rps - q)

< ar:(’)‘f(-'u" - ."(Q)--'cn-i-l - Q) +a, (’7.’(Q) - Bq.&, 4 — @+ (1- @, ¥)|lw, — 0||||’C - "
< o pllrn = alllEnes = gl + an (3 () = Bq.wyer — q) + (1 = agF)llwn = gl | "+—I ‘||q
= [1-au(T—v0)lllxn = qlillzrsy - qll + e..{~f(q) - Bq. Zytl — ) A
< l—a(3=930) 0. 12 2
S ———Uwa =gl + llxusr = al®) + 0 (1 f(g) = Bg. 011 ~ q)

1 —-a,(F =-qp .
< .——"(2‘) 1) len = q”z + %“-Cn+l - (1"2 +an{tflg) — By.tnsr — ),

it follows that
2 1—a.(5 -1p) :
2
lant = gl € =22z, = I + qn(15(0) = Ba-2nss - ) (330)
From0 <1 < %, condition .(i) ;}n(i (:4.25), from Lemma 2.6, we obtain that lim,_ ., |lr, - gl = 0 and then {r,}
converges strongly to ¢, which is the unique solution of the following variational inequality:

(B=7f)dg—w) S0,V e
This completes the proof. a

Theorem 3.3. [ | Let Hy and Ha be two Hilbert space. let A: Hy — Has be a bounded lincar operator and B
be @ strongly positive bounded linear operator on H, wnth constant 3 > 0. Let By . Hy — 2Hi By Hy — 2H:
be mazimal monotone mapping and T := {T(5) : U € s < x} be a one-operator noncrpansive semigroup on H,
such the @ = Fir(T)N§ # 0. Assume that f : Hy — Hy is o contraction mapping with constant p € (0.1).
T € (0,-;';). and ¢ € (0. -,’:) L is spectral radius of the operator A" A. and A° is the edjoint of A. For a given
71 € Hy. and suppose that the sequence {0y} € (0. 1), {tn} € (0.) satisfy:
(i) itlp—ng 1y = 0. E2_ vy = o, and L3 lan — -] < 200
(1) liany e £y = o el linn,— e LflT’—'l =0.
Then the sequence {x,} generated by (! ) converge strongly to g
following variationul inequality:

€ §). which is the unique solution of the

(B -~ f)gq—w) <OVwe

Proof. From cxamples |.1 and 1.2, we sce that a NONCXPANSIve SCMigroups 1s an asymptotically noncxpznlij-

sive semigroups then from Theorem 3.2 can be prove this theurem.

Theorem 3.4, Let H, and Hy be two Hilbert spuce, let A: Hy — Hy bea bounded linear operator. Lel
ing and T := {T(s):0<s< 0} be a one-operator

By :H, - 281 B, : Hy — 2H? be mazimal monotonc mappt is ¢ conlructior
nonespansive semigroup on Hy such the S = Fie(T)NGF # 0. Assumne thyl f:H — His o cont ;u;;LU(z
mapping with constant p € (0,1), ¥ € {0, ;L) and ¢ € (0, '1,;), L is spectral radius of the operator A*A, an ‘ s
the adjoint of A. For a given &1 € Hy. and suppose thal the sequence {cn} € (0.1 4t} € (0.00), define {€u}
n the following manner:

1 s 1B . 3.31
L+l = Llyt')f(xu) + (l - (‘u)t—— / T(s)-l,?l [-L'n + €A (J,\ ‘- I)A‘L"]ds' (5 )

n Ju
and satisfies the following conditions:

(l) [i]'"n__ﬁu Op = 0. 2’3‘:](}'" = nC. and Zz‘f__lkln - n’n-ll < 200
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(n) lim,._.oc {‘u = and Iimu—)o ""u-:—:'—l' = (.
Then the sequence {2n} generated by (1.¢1) converge strongly to q = P, ich i - )
following variationel inequality: yrod ola). which is the unique solution of the
((I = Nagg —w) <0V € Q.

Proof. Putting v =1 and B = I, iterative scheme (1.6) reduces to (it.31 i
,  (1.6) reduces to (3.31). The desired ¢ i 5
immediately from Theorem 3.2, This complete the proof. ) eoired conclusion fOllO“S

Next. we give some examples and numerical results to illustrate our algorithm and main result of this paper

Acknowledgements.. The author woull like to thauk Uttaradit Rajabhat University for fiuancial support
Moreover. we would like to thank Prof. Dr. Somyot Plubiteng for providing valuable suggestions. w

References

[1] K.Goubel, W.A. Kirk, A fixed puint theorem for asymptotically nonexpansive mappings. Proc. Amer. Math.
Soc. 35 (1972) 171-174.

2] S. Ishikawa, Fixed point theorems for asymptotically nonexpansive mappiugs, Proc. Amer. Math. Soc. 44
(1974) 147-150.

[3] T.H. Kim, H.K. Xu, Strong convergence of modified Mann iterations for asymptotically nonexpansive map-
pings and semigroups, Nonlinear. Anal. G4 (2006) 1140-1152.

[4] W.A. Mann, Mcan valuce methods in iteration, Proc. Amer. Math. Sue. 4 (1953) 506-510.

[5] Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive mappings. Bull.
Amer. Math. Soc. 73 (1967) 591-597.

[6] J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive mappings. Bull. Amer,
Math. Soc. 43 (1991) 153-159.

[7] W. Takahashi. Y. Takeuchi. R. Kubuta. Strong convergence theorems by hvbrid methods for families of
nonexpansive mappings in Hilbert spacces. J. Math. Anal. Appl. (in press).

[8] HK. Xu, strong asymptotic behavior of almost-urbits of nonlinear sermigroups. Nonlincar. Anal. 46 (2001)
135-151.

. - . it i dasion & 3 int problem of
[9) D. J. Wen and Y. A. Chen. Iterative imethods for split variational inclusion and hxc;guflagl)ng glil{s ;4 e

nunexpansive scmigroup in Hilbert spaces, Journal of Incqualitics and Applications
10.1186/513660-014-0528-9.
[10] G. Marino and H. Xu, A general iterative mmethod for nonexpansive mappings in Hilbert spaces. J. Math.
Anal. Appl. 318, 43-52 (2006).
ory Appl. 150, 275-283 (2011).

[11) A. Moudafi, Split monutone variational inclusions. J. Optim. The
Cuntrol et en Stoclastigues,

[12] A. Bensoussan and J. L. Lions, Application des Ineguations Varintionelles en

Dunod, Paris (1978). N
omoeres. s Rendus de 1Acadenmic
13) G. Stampacchin, Formes bilincaires cocreitives sur les ensembles convexes Comptes

des Sciences, vol. 258, pp. 44134416. 1964.

erator-splitting Methods in Control Theory,

(14} R. Glowinski and P. Letallee, Augmented Kargrangin and Op
SPl'illger-Verlag, New York. (1939).



Existence Theorems for Nonconvex
(15] P. T. Harker andl J. S. Pang, Fimte-dimensional variational mequality and nonlinear complementarity prob-
lems: A survey of theory, algorithm and applications, Math. Program. 8. 161 - 220, 1990).

[16] Y. Shehu, An iterative method for nonerpansive semigroups. variationel inclusions and generalized cquilib-
rivm problems. Math. Comput. Model. 55. 1301-1314 (2012).

(17} KR. Kazrni, SH. Rizvi, An iterative method for split variational inclusion problem and fived point problem
Jor a noncxpansive mapping. Optim. Lett. (2013). dui:10.1007/511590-013-0629-2.

(18] Bauschke, HH, Combcttes, PL Conver Analysis and Monotone Operator Theory in Hilbert Spaces Springer,
New York (2011).

[19] Xu. HK fterative alyorithin for nonbineur operators 1. Lond. Math. Soc. 66(2). 1-17 (2002).

13





