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In this research, we study the singular perturbation of impulsive equations on Banach 

space. We suggest some approximate solution of the perturbed system. Moreover, we show 

the regularity of the approximate solution.  
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CHAPTER I 

INTRODUCTION 

  

 The mathematical models of many real world problems can be described by impulsive 

differential equations. They have been studied quite extensively [2-25 and reference therein] 

because they have advantage over the traditional initial value problems. They can be used to 

model other phenomena that cannot be modeled by the traditional initial value, such as the 

dynamics of the systemic arterial pressure, the dynamics of populations subjected to abrupt 

changes (harvesting, diseases, etc.). However, some time the systems maybe have perturbed 

with some small parameters that it seems as a complex problem but views as an interesting 

problem. In the present, there are many papers done on this problem but in this document we 

only list some papers as these followings. 

 In 1989, D. D. Bainov, V. Lakshmikantham, and P. S. Simeonov wrote “Theory of 

Impulsive Differential Equations”. This book is an important book in this field. Many 

researchers have cited in their papers. In 1992, G.K. Kulev has studied Uniform asymptotic 

stability in impulsive perturbed systems of differential equations. In 1996, D.D. Bainov, A.B. 

Dishlievb and I.M. Stamovac have investigated the uniform asymptotic stability in impulsive 

perturbed systems of differential equations. In 2007, Wei Zhua, Daoyi Xub,Chunde Yanga 

have investigated the exponential stability of singularly perturbed impulsive delay differential 

equations. In 2009, W.Witayakiatilerd & A.Chonwerayuth have proved the regularity of 

piecewise continuous almost periodic solutions for nonlinear impulsive systems.  These 

researches motivate our research.  

For this article, we study the abstract Cauchy Problem (ACP) of the singular 

perturbation of nonlinear-retarded functional impulsive differential equations on a Banach X  

 

( )( ) ( ) ( ( ), (, ), )x t t fA x x t y tt  , kt t  (1.1a) 

 ( ) ( )
1

( ) ,( ( ), ( ), )y t t gB x t ty t y 



, 

kt t  (1.1b) 

( ) ( ), ) ( )(k kk kt t tx I x y 
,

( ) ( ), ) ( )(k kk kt t ty J x y 
 

 (1.1c) 

0 00 ,( ) ( )0x y yx   
 (1.1d) 

 

where 0 1  , 
1 20 ... n Tt t t      , 0 [0, ]T , ( ) : ( ( )) ( ( ))A X D A R A X      

and ( ) : ( ( )) ( ( ))B X D B R B X       are given continuous operators in  , 

( ) ( ) ( )k k kx t x t x t    and ( ) ( ) ( )k k ky t y t y t    denote the jump of state x  and y  at time kt  
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with the magnitude of jump kI  and kJ  , 1,2,...k  ,respectively. If ( , , , )f     and ( , , , )g     are 

globally Lipschitz and uniformly bounded in , then y  will be of order 
1


 faster than x . 

Consequently, we call x the slow variable and y the fast variable of the system.    

In this paper we suggest form of the system (1.1)  as follows: 

 

( ) ( ) ( ( ), (( ) ), ),x f x yt A x t t t t  , kt t  (1.2a) 

(( ) ( ) ( ( ), )) ( ),,y gt B y t t t tx y    , kt t  (1.2b) 

( ) ( ) ( )( , ) k k k kx t I x t y t 
,

( ) ( ( ), ( )) k k k ky t J x t y t 
 

 (1.2c) 

0 00 ,( ) ( )0x y yx  . 
 (1.2d) 

 

 We suggest some approximate solution of  the perturbed system. Moreover, we show 

the regularity of the approximate solution.  

 

 1.1 The objective of the research project 

 

1.1.1) To  study the definitions and theories associated with the nonlinear impulsive systems 
on Banach. 
 

1.1.2) To  study the definitions and theories associated with the singular perturbation of 

nonlinear impulsive systems on Banach. 
 

1.1.3) To define some estimate solutions of the singular perturbation of nonlinear impulsive 

systems on Banach. 

 
1.1.4) To prove regularity of some approximate solution of singular perturbation to 

impulsive differential equations on Banach. 

 

 1.2 The scope of the research project 

 

 We study the abstract Cauchy Problem of the singular perturbation of nonlinear-

retarded functional impulsive differential equations on a Banach X . Then we investigate 

some approximate solution of  the perturbed system and prove the regularity of the  

approximate solution. 

 



 

 

CHAPTER II 

PRELIMINARIES 
 

 

 In this chapter, we will state the definitions and theories that use in the research such 

as some definitions and theories on Banach space, fixed-point theory and fractional calculus 

theory etc. 

  2.1 Some definitions and theorems on Banach space 

 Functional analysis plays a central role in this reseach. In this section, Some of 

definitions and theories those are required in subsequent chapters, with appropriate references 

given wherever necessary. 

  Let X  be a Banach space with norm || || . Let Y  be another Banach space with norm 

|| ||Y .A linear transformation from X  into Y  is bounded on a domain of T , ( )D T  if there 

exist a constant c  such that || || || ||YTx c x  for all ( )x D T .The linear space of all bounded 

linear operators from X  into Y  , denoted by ( , )X Y  and denote ( , )X X  by ( )X . 

Definition 2.1  A sequence 
nx  in  X  is said to be a strongly convergent to an element x  in 

X  if || || 0nx x   as n . We denote by s

nx x .  

Theorem 2.2(Uniform Boundedness Principle). Let {  |  }T   be a family of operators 

from ( , )X Y . If for each x X  there is a constant 
xc  such thatsup{||  |  ||} xT c   , then 

the operator { }T  are uniformly bounded.  

 Let X  be a Banach and *X  is its dual. Element of *X  can be used to generate a new 

topology for X  called weak topology. Note that the norm topology on X  was called strong 

topology. So the new topology is weaker than the strong (norm) topology. Particularly, the 

linear functional on X  that are continues in the weak topology are precisely the functional in 
*X . The concept of open (closed) sets, compactness, convergence, etc., are topological, hence 

they must be qualified by referring to the topology involved. In the case of norm linear spaces, 

when one speaks of open (closed) sets, compactness, convergence, etc., one refer to strong 

(norm) topology, while, with reference to its weak topology, they are called weakly open 

(weakly closed) sets, weak compactness, weak convergence, etc. Thus a sequence { }nx  in X  

is said to converge weakly to an element x  in X  if, for every * *x X , * *( ) ( )nx x x x , 

written by w

nx x . Every weakly convergent sequence is bound. Every strongly convergent 

sequence is weakly convergent, but the converse is not true. 
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2.2 Fixed-point Theorems 

 Fixed-point theorem on Banach spaces or contraction mapping is an advantage tool 

that is not difficult applying proving the existence and the uniqueness of equations.  

 Consider a function :   and suppose that we require solving the equation

( ) 0x  . This is equivalent to solving the equation ( )x x   where ( ) ( )x x x    for all

x .  

 Thus x  is a zero of    if and only if x  is a fixed point of  , i.e. a point which is left 

unaltered after the application of  . More generally, many problems are equivalent to solving 

Af f  where : ( ) ( )A D A R A  is an operator (not necessarily linear), acting in some 

normed vector spaces , ( )D A  and ( )R A  are domain and range of A  in X  respectively i.e. we 

seek a fixed point ( )f D A  of the operator A (for simplicity, we write Af  rather than ( )A f ). 

  There are many fixed-point theorems, which guarantee existence and/or uniqueness of 

fixed points. We state here what is used in this thesis. 

Definition 2.3 Let X  be a normed vector space and let : ( ) ( )A D A R A  be an operator (not 

necessarily linear). Then 

 1) A  is a contraction if there exists a constant c   with 0 1c   such that 

1 2 1 2|| || || ||Af Af f f     for all  
1 2, ( )f f D A                       (1) 

     2) A  is strictly contraction if there exists a constant c  with 0 1c   such that (1) 

holds. 

 

Theorem 2.4 (The contraction mapping theorem; Banach fixed point theorem) Let X  be a 

Banach space and let :A X X  be a strictly contraction. Then the equation Af f  has a 

unique solution in X .i.e. A  has a unique fixed point f . 

 The result of this theorem can easily generalize as follows: 

Theorem 2.5 Let 
0X  be a closed subset of the Banach space X  and assume that the operator 

A  map 
0X  into itself and a strictly contraction on 

0X . Then the equation Af f has a 

unique solution
0f X . 

2.3 Semigroup of linear operators 

 Consider a dynamic system, the state of which is evolving with time according 

to some law. For example, we may be interested in the temperature distribution along a rod 

which is being heated at one end. Suppose the initial state of the system is
0x ; in this case 

0( )x z  would measure the initial temperature at the point z  of the rod. At a subsequent time

0t  , the state of the system will be given by ( , )x z t ; this state would measure the 

temperature at the point x  at time t . Since, for each 0t  , the state ( , )x z t  is an element of a 
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Banach space X .We shall use the symbol ( )u t  to indicate such a state, i.e. ( )( ) ( , )x t z x z t . 

The state ( )x t  will be related to the original state 
0x  by some transition operator ( )T t  so that 

0( ) ( )x t T t x ,   for all 0t   

 We shall thus obtain a family 
0{ ( )}tT t 
 of such operators. It is natural to ask what 

properties this family should have. 

 Firstly, each operator ( )T t  acts in a set of "state 
0x ", where the states can typically 

represented by functions. Hence the domain of ( )T t  will be a subspaces of function. 

 Next, it is clear that (0)T  must be I , the identity operator on X  since at 0t   there is 

no transition. Further, for any , 0s t   we should require that
0 0( ) ( ) ( )T s t x T s T t x  . Indeed, 

the left hand side describes the evolution over a time interval of length s t . The right hand 

side effectively say that the system evolves from 
0x  to 

0( )T t x  in t  units of time and then 

continues to evolve from 
0( )T t x  to 

0( )[ ( ) ]T s T t x  in a subsequent time interval of length s , 

from t  to s t . The net effect should be the same as going nonstop from 0  to s t , without 

taking a snapshot at time t . 

 Thus, we led to the two conditions 

(0) ,    ( ) ( ) ( )    T I T s T t T s t    for all , 0s t    

 Finally, it is natural to expect that if s  is close to t , and then 
0( )T s x  should be close to 

0( )T t x  in some sense. This is concept to define a family of transition operator say “semigroup 

of operators”. We are now ready to make the following formal definition. Throughout this 

section X  be a Banach space. 

Definition 2.6  A one-parameter family 
0{ ( )}tT t 
 of bounded linear operators from X  into X  

is a semigroup of bounded linear operators on X  if 

     1) (0)T I , ( I  is the identity operator on X ) ; 

  2) ( ) ( ) ( )T t s T t T s   for every , 0t s   (the semigroup property). 

A semigroup of bounded linear operators 
0

{ ( )}tT t  is uniformly continuous if 

( )
0

lim || ( ) || 0.L X
t

T t I


   

The linear operator A defined by 
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0

( )
( ) { | lim   exists}

t

T t x x
D A x X

t


   

and   

0
0

( ) ( )
lim |t
t

T t x x d T t x
Ax

t dt







              for all  ( )x D A  

is called the infinitesimal generator of semigroup 
0{ ( )}tT t 
, ( )D A  is the domain of A . 

Definition 2.7 A one-parameter family { ( )}tT t 
 of bounded linear operators from X  into X  

is a group of bounded linear operators on X  if 

      1) (0)T I , ( I  is the identity operator on X ) ; 

  2) ( ) ( ) ( )T t s T t T s   for every ,t s  (the semigroup property). 

  3) 
0

lim ( )
t

T t x x


   

Definition 2.8 The infinitesimal generator A  of a group { ( )}tT t 
 is defined by  

0
0

( ) ( )
lim |t
t

T t x x dT t x
Ax

t dt





              for all  ( )x D A  

where 
0

( )
( ) { | lim   exists}

t

T t x x
D A x X

t


  . 

 From definition 2.6, we have a semigroup 
0{ ( )}tT t 
 with a unique infinitesimal 

generator. If ( )T t  is uniformly continuous, its infinitesimal generator is a bounded operator. 

On the other hand, every bounded linear operator A  is the infinitesimal generator of a 

uniformly continuous semigroup 
0{ ( )}tT t 
 and this semigroup is unique. 

Definition 2.9 A semigroup 
0{ ( )}tT t 
 of a bounded linear operator on X  is a strongly 

continuous semigroup of bounded linear operators if 
0

lim ( )
t

T t x x


  for all x X . 

 A strongly continuous semigroup of bounded linear operators on X will be called a 

semigroup of a 
0C   semigroup. 
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Theorem 2.9 Let A  be an infinitesimal generator of the 

0C semigroup  
0{ ( )}tT t 
.Then 

 a) for all x X , 
0

1
lim ( ) ( )

t h

th
T s xds T t x

h




 ;                

 b) for all 
0

,  ( ) ( )
t

x X T s xds D A   and 
0

( ) ( )
t

A T s xds x T t x   ;                                           

 c) for all ( )x D A  ,  ( ) ( )T t x D A  and ( ) ( ) ( )
d

T t x AT t x T t Ax
dt

     ;                                         

 d) for all ( )x D A ,  ( ) ( ) ( ) ( )
t t

s s
T s x T t x T Axd AT xd       .    

 Theorem 2.9 has some simple consequences that we now state. 

Theorem 2.10 If A  is the infinitesimal generator of a  
0C  semigroup 

0{ ( )}tT t 
 then ( )D A  is 

dense in X  and A  is a closed linear operator. 



 

 

CHAPTER III 

 

REGULARITY OF SOME APPROXIMATE SOLUTION OF  

SINGULAR PERTURBATION TO IMPULSIVE DIFFERENTIAL 

EQUATIONS ON BANACH SPACE 

 

In section, we study the abstract Cauchy Problem (ACP) of the singular perturbation of 

nonlinear-retarded functional impulsive differential equations on a Banach X  

 

( )( ) ( ) ( ( ), (, ), )x t t fA x x t y tt  , kt t  (3.1a) 

 ( ) ( )
1

( ) ,( ( ), ( ), )y t t gB x t ty t y 



, 

kt t  (3.1b) 

( ) ( ), ) ( )(k kk kt t tx I x y 
,

( ) ( ), ) ( )(k kk kt t ty J x y 
 

 (3.1c) 

0 00 ,( ) ( )0x y yx   
 (3.1d) 

 

where 0 1  , 
1 20 ... n Tt t t      , 0 [0, ]T , ( ) : ( ( )) ( ( ))A X D A R A X      

and ( ) : ( ( )) ( ( ))B X D B R B X       are given continuous operators in  , 

( ) ( ) ( )k k kx t x t x t    and ( ) ( ) ( )k k ky t y t y t    denote the jump of state x  and y  at time kt  

with the magnitude of jump kI  and kJ  , 1,2,...k  ,respectively. If ( , , , )f     and ( , , , )g     are 

globally Lipschitz and uniformly bounded in , then y  will be of order 
1


 faster than x . 

Consequently, we call x the slow variable and y the fast variable of the system.    

A suggestive form of the system (3.1) is as follows: 

 

( ) ( ) ( ( ), (( ) ), ),x f x yt A x t t t t  , kt t  (3.2a) 

(( ) ( ) ( ( ), )) ( ),,y gt B y t t t tx y    , kt t  (3.2b) 

( ) ( ) ( )( , ) k k k kx t I x t y t 
,

( ) ( ( ), ( )) k k k ky t J x t y t 
 

 (3.2c) 

0 00 ,( ) ( )0x y yx   
 (3.2d) 

 

3.1 Approximate solution 

Suppose that 0 0( , )x y  is arbitrary initial value. Then we can choose an initial 0 0( , )x y  

such that the fast equation becomes stationary, i.e. 
0( ; ) 0y t y  . This implies that  

( ) ,( , , ) 0g xB y yt   .    (3.3) 
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Accordingly, for small enough , it seem reasonable to substitute (3.2) with the 

differential algebraic equation 

 

( ) ( ( ) ), , ( )Ax t tx F x yt t , kt t  (3.4a) 

0 ,( ) ( ( ), ( ))G x yBy t t t t  , kt t  (3.4b) 

( ) ( ) ( )( , ) k k k kx t I x t y t 
,

( ) ( ) ( )( , ) k k k ky t J x t y t 
 

 (3.4c) 

0 00 ,( ) ( )0x y yx   
 (3.4d) 

 

where (0)A A , (0)B B , ( ( ), ( )) ( ( ), ( ) ), , ,0F x y ft t t t t tx y   and 

( ( ), ( )) ( ( ), ( ) ), , ,0G x y gt t t t t tx y . Suppose that (( ) ( ) )), (y t h t x t D B X    solve the system   

 

0 ,( ) ( ( ), ( ))G x yBy t t t t  , kt t  (3.5a) 

( ) ( ) ( )( , ) k k k ky t J x t y t 
 

 (3.5b) 

0(0)y y  
 (3.5c) 

 

Therefore, by substituting ( ) ( , ( ))y t h t x t  into (3.4), we have  

 

,( ) ( ) ( ( ), (( )) ),x t t F xAx t h t xt t , kt t  (3.6a) 

( ) ( ( ), ( , ( ))) k k k k kx t I x t h t x t 
 

 (3.6c) 

0(0)x x  
 (3.6d) 

 

In other words, we can approximate the slow equation by the inhomogeneous ACP (3.6). 

First we need to be solve semilinear ACP, 

 

,( ) ( ) ( ( ), (( )) ),x t t F xAx t h t xt t , 0t t    (3.7a) 

0

0( )x t x
 

 (3.7b) 

  

Definition 3.1 A mild solution on 
0[ , ]t   of the semilinear ACP (3.7) is a continuous function 

0:[ , ]x t X   such that  ( )x t  satisfies the integral equation 

0

0

0( ) ( ) ( ) ( , ( ), ( , ( ))
t

t
x t S t t x S t s F s x s h s x s ds       (3.8) 

where  
0

( )
t

S t


 is the 
0C   semigroup generated by the operator A . 

 

 We start with the following classical result which assure the existence and uniqueness 

of mild solutions of (3.7) for Lipschitz continuous function h and F . 
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Theorem 3.2 Let

0:[ , ]h t X X   , 
0:[ , ]F t X X X     be continuous in t  on 

0[ , ]t   and 

uniformly Lipschitz continuous (with constant 
hL  and

FL )  on X . If A  is infinitesimal 

generator of a 
0C -semigroup  

0
( )

t
S t


on X , then for every 

0x X  the semilinear ACP (3.7) 

has a unique mild solution 
0([ , ], )x C t X . Moreover, the mapping 

0x x  is Lipchitz 

continuous from X  into  
0([ , ], )C t X .   

Proof. For a given 
0x X . Define a mapping 

0 0: ([ , ], ) ([ , ], )Q C t X C t X   by 

0

0

0( )( ) ( ) ( ) ( , ( ), ( , ( ))
t

t
Qx t S t t x S t s F s x s h s x s ds    ,  for all 

0[ , ]t t  . (3.9) 

Denoting by || ||x 
 the norm of x  as an element of  

0([ , ], )C t X  it follows from the definition 

of Q  and the uniformly Lipschitz continuous of h  and F  that  

  
0

1 2 1 2 1 2( )( ) ( )( ) ( ) ( ) ( , ( ) ( , ( )
t

F
t

Qx t Qx t ML x s x s h s x s h s x s ds      

                                     0 1 21F hML L t t x x


                 (3.10) 

where M  is a bound of || ( ) ||S t  on 
0[ , ]t  . Using (1.9) and (1.10) and induction on n , we 

have  

   0

1 2 1 2

1
( )( ) ( )( )

!

n

F hn n
ML L t t

Q x t Q x t x x
n 

 
   .   (3.11) 

This implies that 

  
1 2 1 2

1

!

n

F hn n
ML L

Q x Q x x x
n





   .    (3.12) 

For n  sufficiently large, 
  1

1
!

n

F hML L

n


  and by a well-known extension the contraction 

mapping principle, there is a unique  
0([ , ], )x C t X  such that 

( )x t 
0

0

0( )( ) ( ) ( ) ( , ( ), ( , ( ))
t

t
Qx t S t t x S t s F s x s h s x s ds      (3.13) 

Therefore, the semilinear ACP (3.7) has a unique mild solution
0([ , ], )x C t X . 

The Lipchitz continuity of the mapping 
0x x is consequences of the following 

argument. Let 
1x  and 

2x  be the mild solutions of (3.7) with the initial value 0

1x  and 0

2x , 

respectively. Then it follows from the definition of mild solution and the uniformly Lipschitz 

continuous of h  and F  that 

0

0 0

1 2 1 2 1 2|| ( ) ( ) || (1 ) ( ) ( )
t

F h
t

x t x t M x x ML L x s x s ds      . (3.14) 

By using Granwall’s Lemma, it implies that 

   0 0

1 2 1 2|| ( ) ( ) || exp (1 )F hx t x t M ML L x x    .   (3.15) 
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Thus,  

   0 0

1 2 1 2exp (1 )F hx x M ML L x x


        (3.16) 

which yields the Lipchitz continuity of the mapping 
0x x .     

   

Corollary 3.3 Under the conditions of Theorem 3.2, for every  0[ , ],C t X   the integral 

equation 

( )u t 
0

( ) ( ) ( , ( ), ( , ( ))
t

t
t S t s F s u s h s u s ds       (3.17) 

has a unique solution u  0[ , ],C t X . 

Proof. The proof is similar to the proof of Theorem 1.2 by defining   

0

( )( ) ( ) ( ) ( , ( ), ( , ( ))
t

t
Qx t t S t s F s x s h s x s ds   , for all [0, ]t  . (3.18) 

 

3.2 Regularity of the system without impulses 

 

Definition 1.4 A classical solution of the inhomogeneous ACP (3.7) is a function 

 0[ , ],x C t X such that 

 (i)   x  is continuously differentiable on 
0( , )t   

 (ii)  ( ) ( )x t D A  for all 
0[ , ]t t   

(iii)  x  satisfies the semilinear ACP (1.7). 

 

Theorem 1.5 (Regularity)Let A  be the infinitesimal generator of a 
0C -group  ( )S t on a 

Banach space X  If 
0:[ , ]h t X X   , 

0:[ , ]F t X X X     are continuously differentiable  

on 
0[ , ]t X   and 

0[ , ]t X X   , respectively, then the mild solution 
0([ , ], )x C t X  of (3.7) 

with 0 ( )x D A  is  a classical solution of the semilinear ACP (3.7).  

Proof. Let x  be the solution 
0([ , ], )x C t X  of (3.7) with 0 ( )x D A . Set  

( , ( )) ( , ( ), ( , ( ))H t x t F t x t h t x t . The continuity differentiable of h  and F implies the 

continuity differentiable of H . Define a function  by 

  
0

0

0 0 0 0( ) ( ) ( , ( )) ( ) ( ) ( , ( ))
t

t
t S t t H t x t AS t t x S t s H s x s ds

s



     

 . (3.18) 

It follows from the assumptions that 
0([ , ], )C t X   and that the function 

 ( , ) ,t x H t x x
x


 

  
 

 is continuous in t  on 
0[ , ]t   and uniformly Lipschitz in x . 

Corollary 3.3 assures that the integral equation 

0

( ) ( ) ( ) ( , ( ))
t

t
u t t S t s s u s ds    .   (3.19) 
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has a unique solution 

0([ , ], )u C t X . 

Moreover, from our assumption, we obtain  

   , ( ) , ( )H t x t H t x t     , ( ) ( ) ( )H t x t x t x t
x




  


( , )t    (3.20) 

and  

                        , ( ) , ( )H t x t H t x t        , ( )H t x t
t

 


  


( , )t            (3.21) 

This implies that  

   , ( ) , ( )H t x t H t x t         , ( ) ( ) ( ) , ( )H t x t x t x t H t x t
x t

  
 

     
 

( , )t   

         (3.22) 

 

where ( , )t   denote a little-o notation and 1 || ( , ) || 0t     as 0   uniformly on [0, ] . 

We will show that ( )x t  is differentiable on [0, ]  by regarding the convergence of   

 1( ) ( ) ( ) ( )v t x t x t u t       as 0   in norm || || . It follows from the definition of x

,(3.18), (3.19), 3.20 and (3.21), we get  

    1( ) ( ) ( ) ( )v t x t x t u t       

              
0 0

1 0 0( ) ( ) ( , ( )) ( ) ( ) ( , ( ))
t t

t t
S t x S t s H s x s S t x S t s H s x s



  


          

              
0

0

0 0 0 0( ) ( , ( )) ( ) ( ) ( , ( ))
t

t
S t t H t x t AS t t x S t s H s x s ds

s


     

            

               
0

( ) , ( ) ( )
t

t
S t s H t x s u s ds

x

 
   

 
  

             0 0 01

0 0 0( ( ( )) )S t x S t xt xt S t tA         
 

       

                   
0

0

1

0 0 0( ) (, ( ) , ( ))

t

t

S t H s x s t H t x ts t sS d


  


                                                        

                    
0

1 , ( ) , (( ))
t

t

H s x s H s xS t ss ds        

                  
0 0

( ) ( , ( )) ( ) , ( ) ( )
t t

t t
S t s H s x s ds S t s H t x s u s ds

s x

  
     

  
   

            0 0 01

0 0 0( ( ( )) )S t x S t xt xt S t tA         
 

       

                   
0

0

1

0 0, ( ) ,( ) ) ( )(

t

t

S t s S tH s x s H t x t ds


  



                                                       
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                    
0

1 , ( ) ( ) ( ) , ( ) ( , )( )
t

t

H s x s x s x s H s x s s ds
x s

S t s       
        

  
  

                  
0 0

( ) ( , ( )) ( ) , ( ) ( )
t t

t t
S t s H s x s ds S t s H t x s u s ds

s x

  
     

  
   

              0 0 01

0 0 0( )( )) (S t x S t x AS t xt t t       





       

                   
0

0

1

0 0 0( ) (, ( ) , ( ))

t

t

S t H s x s t H t x ts t sS d


  


                                                        

                  
0 0

1 1, ( ) ( ) (( ) ) (( ) , )

t t

t t

H s x s x s x sS t dss S t s ds s
x

     
     


  


   

                  
0

( ) , ( ) ( )
t

t
S t s H t x s u s ds

x

 
   

 
  

     0 0 01

0 0 0( ( ( )) )S t x S t xt xt S t tA         
 

       

                   
0

0

1

0 0 0( ) (, ( ) , ( ))

t

t

S t H s x s t H t x ts t sS d


  


                                                        

                    1

0

, ( )( ( ) ) () ( )

t

H s x s x s x s u sS
x

s st d  
     

 


1

0

( ) ( , )

t

st s dsS     

              0

01

0

0

0

0( () ) ( )S t x S t x ASt t tt x               

                   
0

0

1

0 0 0( ) (, ( ) , ( ))

t

t

S t H s x s t H t x ts t sS d


  


        

                

0

1 ) ( , )(

t

t

S t s s ds     
0

, ( ) (( ) )
t

t

H s x s dt v s
x

S ss 





            (3.23) 

Since  0 01

0 0 0

0) )( ( ( 0)S t x St t x S t xt tA         ,

0

1 ( ( , 0) )

t

t

s dsS t s      and 

   
0

0

1

0 0( ) (, ( ) ) , ( ) 0

t

t

H s x s H t x t dsS t s S t


  



       as 0  , so 

  0 01

0 0 0

0( ( ( )) )S t x S t x AS tt t t x        

0

1 () )( ,

t

t

s dsS t s   

   
0

1

0 0 0, ( ) , ( )( ) )) ( (

t

S t s S tH s x s t H t x t ds


    



                               (3.24) 

for some nonnegative function ( ) 0    as 0  .  
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Therefore we have 

( )v t

0

( ) ( )

t

t

M v s ds         (3.25) 

where   
0

( )sup , ( )
t s

M H sS t x ss
x 

 
  





.  

By applying Gronwall Lemma to (3.25) , we have 

( )v t  ( )exp M   .     (3.26) 

Thus   1( ) ( ) ( ) ( ) 0v t x t x t u t        as 0  . This implies that ( )x t  is 

differentiable on 
0[ , ]t   and its derivative is ( )u t   which is an element in

0([ , ], )C t X . 

Consequently, ( )x t  is continuously differentiable on 
0[ , ]t  . 

Next, we will show that ( )x t  satisfies the semilinear ACP (3.7). Since ( )x t  is differentiable on 

0[ , ]t   and  ( )S t  is 
0C  group, 

0

0
( ) ( ) ( ) ( , ( ), ( , ( ))

td d
x t S t x S t s F s x s h s x s ds

dt dt
     

        0

0
( ) ( ) ( ) ( , ( ), ( , ( ))

td
AS t x S t S s F s x s h s x s ds

dt
    

        
0

0
( ) ( ) ( ) ( , ( ), ( , ( )) ( ) ( ) ( , ( ), ( , ( ))

t

AS t x S t S t F t x t h t x t AS t S s F s x s h s x s ds      

         0

0
( ) ( ) ( ) ( , ( ), ( , ( )) ( , ( ), ( , ( ))

t

A S t x S t S s F s x s h s x s ds F t x t h t x t     

        ( ) ( , ( ), ( , ( ))Ax t F t x t h t x t                  (3.27) 

 

Hence  ( )x t  satisfies the semilinear ACP (3.7). Finally, we show that ( )x t ( )D A  for all 

0[ , ]t t  . It follows from (3.27) and 0 ( )x D A that  ( ) ( ) ( , ( ), ( , ( ))Ax t x t F t x t h t x t  .  Using 

the assumption of F  and h , and the continuity of  x , we obtain that  ( )Ax t  is continuous . 

This implies that ( )x t ( )D A  for all 
0[ , ]t t  .          

 

3.3 System with impulses  

 

Next, we will prove the existence of solution of the impulsive system (3.6). 

Throughout this section, we denote  ([0, ], )PC T X the all type I-piecewise continuous function 

from [0, ]T  to X  such that discontinuous at , 1,...,it i n  . 
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Definition 3.6 A mild solution on [0, ]T  of the semilinear impulsive ACP (3.6) is a function 

([0, ], )x PC T X  such that  ( )x t  satisfies the integral equation 

0

0

0

( ) ( ) ( ) ( , ( ), ( , ( )) ( ) ( ( ), ( , ( ))) 
k

t

k k k k k

t t

x t S t x S t s F s x s h s x s ds S t t I x t h t x t
 

       (3.28) 

where  
0

( )
t

S t


 is the 
0C   semigroup generated by the operator A . 

 

Definition 3.7 A classical solution of the inhomogeneous ACP (3.6) is a function 

([0, ], )x PC T X such that 

 (i)   x  is continuously differentiable on 
1(0, )t , 

1( , )k kt t
 and ( , )nt T  for all 1,2,...,k n   

 (ii)  ( ) ( )x t D A  for all [0, ]t T  

(iii)  x  satisfies the semilinear ACP (1.6). 

 

Theorem 3.8 Let A  be the infinitesimal generator of a 
0C -group  ( )S t on a Banach space X  

If 
0:[ , ]h t X X   is continuously differentiable  on 

1(0, )t X , 
1( , )k kt t X   and ( , )nt T X   

for all 1,2,...,k n   and 
0:[ , ]F t X X X     is continuously differentiable  on 

1(0, )t X X  , 
1( , )k kt t X X    and ( , )nt T X X    for all 1,2,...,k n , then the mild 

solution ([0, ], )x PC T X  of (3.7) with 0 , ( ( ), ( , ( ))) ( )k k k kx I x t h t x t D A  for all 1,2,...,k n , is  

a classical solution of the semilinear ACP (3.7).  

Proof. Let us consider the system, 

 

,( ) ( ) ( ( ), (( )) ),x t t F xAx t h t xt t , 10 t t   (3.29a) 

0(0)x x  
 (3.29b) 

 

Theorem 3.2 and Theorem 3.5 imply that System (3.29) has a unique mild solution 

1([0, ], )x C t X  such that 

0

0
( ) ( ) ( ) ( , ( ), ( , ( ))

t

x t S t x S t s F s x s h s x s ds   . 

and the mild solution ( )x t  is a classical solution on  
1[0, ]t . 

So  
10

1 1 1
0

( ) ( ) ( ) ( , ( ), ( , ( ))
t

x t S t x S t s F s x s h s x s ds    
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Next, we consider the system,  

 

,( ) ( ) ( ( ), (( )) ),x t t F xAx t h t xt t , 1 2t t t 

 

      (3.30a) 

1

1
0

0

1 1 1 1 1 1( ) ( ) ( , ( ), ( , ( )) ( ( ), ( , ( ))) ( )
t

x t S t x S t s F s x s h s x s ds I x t h t x t    . 

 (3.30b) 

 

By applying  Theorem 3.2 and Theorem 3.5, we have  

10

1 1 1 11
0

1 1( ) ( ) ( ) ( ) ( , ( ), ( , ( )) ( ( ), ( , ( ))) 
t

x t S t t S t x S t s F s x s h s x s ds I x t h t x t     
    

           
1

( ) ( , ( ), ( , ( ))
t

t

S t s F s x s h s x s ds   

       
10

1 1 1 1 1 1 1
0

1 1( ) ( ) ( ) ( ) ( , ( ), ( , ( )) ( ) ( ( ), ( , ( ))) 
t

S t t S t x S t t S t s F s x s h s x s ds S t t I x t h t x t        

           
1

( ) ( , ( ), ( , ( ))
t

t

S t s F s x s h s x s ds   

       
1

1
0

0

1 1 1 1( ) ( ) ( , ( ), ( , ( )) ( ) ( ( ), ( , ( ))) 
t

S t x S t s F s x s h s x s ds S t t I x t h t x t      

           
1

( ) ( , ( ), ( , ( ))
t

t

S t s F s x s h s x s ds   

        1
0

0

1 1 1 1( ) ( ) ( , ( ), ( , ( )) ( ) ( ( ), ( , ( ))) 
t

S t x S t s F s x s h s x s ds S t t I x t h t x t      

That is,    

( )x t 1
0

0

1 1 1 1( ) ( ) ( , ( ), ( , ( )) ( ) ( ( ), ( , ( ))) 
t

S t x S t s F s x s h s x s ds S t t I x t h t x t      

is the classical solution on   1 2[ , ]t t . 

We continues these processes, we have 

0

0

0

( ) ( ) ( ) ( , ( ), ( , ( )) ( ) ( ( ), ( , ( ))) 
k

t

k k k k k

t t

x t S t x S t s F s x s h s x s ds S t t I x t h t x t
 

      

is the classical solution on   [0, ]T .                        

 



 

CHAPTER IV 

 

CONCLUSION 
 

 

 In this research, we considered the impulsive differential with singular perturbation, 

when A  is the infinitesimal generator of a 
0C   semigroup 

0{ ( )}tS t 
. We defined an 

approximate solution of this problem. Moreover, we investigated the regularity of the 

approximate solution. 

 Finally yet importantly, we should be interested in developing this method and use 

weakly assumptions to prove the existence and uniqueness of PC-mild solution a little further. 

Moreover, we should be interested in studying the others the solution behaviors for example; 

the stable property. Even though it seems likely that efforts in this direction can be successful, 

there no guarantee for that. Therefore, we can only hope for the best, but have to expect the 

worst. 
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