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For a finite set A, let f be a unary operation on A and let A(f) denote the

least non-negative integer with Im f *(") = Im f *("** "we call A(f) the pre-period of f .
Denecke and Wismath [3] have characterized all unary operations f on a finite set A with
A(f)=| A]|-1 and have proved that A(f)=| A|-1 if and only if there exists a d € A
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Chapter 1

Introduction

An algebra is a pair consisting of a nonempty set A of objects and a set F’
of operations defined on A which are called fundamental operations. An alge-
bra is finite if A is a finite set and every fundamental operation is finitary. Finite
algebras are important in many branches where finiteness plays a crucial role; for
instance, in computer science (computer can work only with finite set of data).
An importance area of activity has been tried to classify all finite algebras; for
example, classification of all finite groups is a longstanding but to now unsolved
mathematical problem.

At the beginning of the eighties, R.McKenzie and D.Hobby [8] developed
a new theory, called “ Tame Congruence Theory ” which offers a structure theory
for finite algebras.

For a fixed finite set A, let n := |A| > 2 denote the cardinality of A.
Let denote by Hy4 the set of all unary operations (transformations) defined on
A and by Sy, the set of all permutations defined on A. If f : A — A is not
a permutation, then |A| > |Imf| and there is a least natural number A(f) with
ImM) = Im D+ For f € Hy, let Imf := {f(a)|a € A} be the image of f and
let A(f) be the least non-negative integer m such that Imf™ = Imf™"!. The
number A(f) is called the pre-period of f, sometimes also the stabilizer of f.
Denecke and Wismath [3] proved the followings:-

() 0 < A(f) < |Imf| and A(f) <n—1,
(ii) A(f) = 0 if and only if f is a permutation on A,
(iii) A(f) =n — 1 if and only if there exists an element d € A such that

A={d, f(d). f*(d), ... "' (d)} where f"}(d) = f"(d).

Note that Condition (iii) shows a characterization of all longest pre-periods f.

It is well-known that the congruence lattice of an algebra is uniquely de-
termined by the unary polynomial operations of the algebra.

Let A be a finite set with |[A| = n and let f be a unary operation on A. We
call (A; f) a finite unary algebra and if [Imf| = |A| or [Imf| =1, then (A4; f) is
called a permutation algebra. Permutation algebras play an important role in
tame congruence theory. C. Ratanaprasert and K. Denecke [9] have characterized



all unary operations f on a finite set A with A(f) = n — 2 for n > 3 and they
also have characterized all equivalence relations on A which are invariant under a
unary operation f with A(f) =n —1 for n > 2 and A(f) =n — 2 for n > 3. For
applications, they showed that every finite group which has a unary polynomial
operation with one of these properties is simple or has only normal subgroup of
index 2. The results convince us that those pre-period of unary functions defined
on a finite set will be a kind of notions for classifications of finite algebras.

In the thesis, we are interested in formulating a characterization of all unary
operations defined on a finite set A with pre-period A(f) = 0 and A(f) = 1.

In chapter 2, we collect some important basic concepts which will be used
in the sequel.

In chapter 3, we study those results from C. Ratanaprasert and K. De-
necke [9] which have characterized all unary operations f on a finite set A with
A f) =n—1forn > 2and A(f) = n—2 for n > 3 and they have also characterized
all equivalence relations on A which are invariant under such unary operations.

In chapter 4 and 5, we define a symmetric algebra and a near-symmetric
algebra to be a unary algebra (A; f) with A(f) = 0 and A(f) = 1, respectively;
and then we prove necessary and sufficient conditions of f whose symmetric and
near-symmetric algebra are congruence distributive and congruence modular. We
characterize all congruence modular symmetric and near-symmetric algebras by
proving that:

1. a symmetric algebra (A; f) is congruence modular if and only if the
lattice of all congruence relations on (A; f) is either a product of chains or a linear
sum of a product of chains with one element chain or a M;3-head lattice.

2. A near-symmetric algebra is congruence modular if and only if the lat-
tice of all congruence relations on (A; f) is one of the following forms:

2x P or 2x(P®1) or 2x L

or
My x P or Msx (P@®1) or M3x L

where P is a product of chains and L is a M;3-head lattice.



Chapter 2

Basic Concepts

In this chapter, we study related topics which will be referred in sequel.
All theorems are stated without proofs.

2.1 Basic Concepts in Universal Algebras

In this section, we will give some important concepts in algebra which will be
referred in the sequel.

Definition 2.1. Let A be a set. A partition (O of A is a system not containing
0, satisfying the property that: every a € A is an element of exactly one B € §.
The members of € are called blocks of the partition §.

Definition 2.2. Let A be a set. For a positive integer n, an n-ary relation r on
A is defined as a subset of A™.

Definition 2.3. A binary relation 6 on a set A is called an equivalence relation
on A if the following three conditions hold for all a,b,c € A:

(i) aba, (reflexivity)
(i) afb implies bba, (symmetry)
(iii) afb and bOc imply abe. (transitivity)

Lemma 2.4. Let A be a finite set.

(i) If E is an equivalence relation on A, then the set AJ/E of all equivalence classes
with respect to E is a partition of A.

(ii) If g is a partition of A, then the relation Ep= {(z,y) € A x A|z,y €
P for some Pe} is an equivalence relation on A.

Definition 2.5. Let A be a set and n be a non-negative integer. An n-ary oper-
ation on the set A is a mapping f from A™ into A. If f is a mapping from A into
A we called f o unary operation on A. Moreover, f is called a permutation
on A if f is bijective.

Remark 2.6. [3] Any n-ary operation f on A can be regarded as an (n+1)-ary re-
lation defined on A, called graph of f. This relation is defined by {(aq, ..., an41) €

A flay, ... an) = Gpy1}-



Definition 2.7. Let A be a non-empty set. Let I be some non-empty index set, and
let (f1)ic1 be a function which assigns to every element of I an n;-ary operation

f# defined on A. Then the pair A = (A; (f)ic1) is called an (indexed) algebra
(indexed by set I). The set A is called the base or carrier set or universe of A,
and (f)ier is called the sequence of fundamental operations of A. For each
i € I the natural number n; is called the arity of f#*. The sequence T := (n;)icr of

all the arities is called the type of the algebra A.

An algebra A = (4; f) of type 7 = (1) with one unary operation is called
a unary algebra.

Definition 2.8. Let B = (B; (fP)ic1) be an algebra of type 7. Then an algebra
A is called a subalgebra of B, written as A C B, if the following conditions are
satisfied:

(1) A = (4 (fA)icr) is an algebra of type 7,

(ii) A C B,

(iii) for each i € I, the graph of f is a subset of the graph of fF.

Remark 2.9. [3] Condition (iii) of the Definition refers to the graph of an opera-
tion, as defined in Remark 2.6. This condition means that the graph of f is the
restriction of the graph fP to A" C B". We write f = fB|an: for alli € 1,
using f£|an:, or just fB|4 to denote the restriction of f8 to A™.

Definition 2.10. Let A be a set, let § C Ax A be an equivalence relation on A, and
let f be an n-ary operation on A. Then f is said to be compatible with 0, or to

preserve 6 or 6 is invariant with respect to f, if for all ay,...,a,,b1,...,b, €
A,

(a1,b1) € 0,...,(an, by) € 0 implies (f(a,...,a,), f(b1,...,b,)) € 6.

Definition 2.11. Let A = (A; (f?)ic1) be an algebra of type 7. An equivalence
relation 6 on A is called a congruence relation on A if all fundamental oper-
ations f{* are compatible with 6. We denote by Con A the set of all congruence
relations of the algebra A.

For every algebra A = (A; (f{*)ie1), the trivial equivalence relations

Ay :={(a,a)|]aec A} and V4:=Ax A
are congruence relations.

Theorem 2.12. [3] The intersection ) N 6y of two congruence relations on an
algebra A = (A; (f)ic1) is again a congruence relation on A.

Remark 2.13. [3] Theorem 2.12 is also satisfied for arbitrary families of congru-
ence relations on A. But in general, the union of two congruence relations of an
algebra A is not a congruence relation, since this does not hold even for equiva-
lence relations, as the following example shows. Let A = {1,2,3}. Define

0, ={(1,1),(2,2),(3,3),(1,2),(2, 1)} and 0, = {(1,1),(2,2),(3,3),(2,3),(3,2)}.



The relations 6, and 0y are equivalence relations, but

0, U0, ={(1,1),(2,2),(3,3),(1,2),(2,1),(2,3),(3,2)}

s mot an equivalence relation on A since it is not transitive:

(1,2) € 01 U 92 and (2,3) € 91 U 92 but (1,3) ¢ 91 U 92.

But although the union of two congruence relations #; and 65 need not be
a congruence relation, as in the subalgebra case we can use intersections of con-
gruences to define a smallest congruence generated by the union. This motivates
the following definition.

Definition 2.14. Let A be an algebra and let 6 be a binary relation on A. We
define the congruence relation <‘9>Qonﬁ on A generated by 0 to be the intersection
of all congruence relations 8’ on A which contain 0:

(0) ey 1 :=1{0 |0 € Con A and 0 C 6'}.

2.2 Number Theory

In this section, we introduce and present some basic properties of a number theory.

Theorem 2.15. [4] The Division Algorithm
Let a be an integer and b a positive integer. Then there exist unique integers q
and r such that

a=>bg+r

where 0 < r < b.
In particular, if » = 0 then a = bq.

Definition 2.16. Let d and n be integers where d # 0. We say that d divides n
if there is an integer k such that n = dk and denoted by d|n.

Definition 2.17. Let a,b and m be integers with m > 0. We say that a is
congruence to b modulo m, and we write a = b (mod m), if m divides the
difference a — b; that is, m|(a —b). The number m is called the modulus of the
congruence.

In particular, a = 0 (mod m) if and only if m|a. Hence, a = b (mod m) if
and only if a —b =0 (mod m).
If mt (a—b) we write a # b (mod m)) and say that a and b are incongruent mod
m.

Theorem 2.18. [4] Let a and b be integers and let m and d be positive integers.
If a=b (mod m) and dlm, then a =b (mod d).



Theorem 2.19. [4] Congruence is an equivalence relation on the set of all integers.
That is, we have

(i) a = a (mod m), (reflexivity)
(ii) a = b (mod m) implies b = a (mod m), (symmetry)
(iii) a = b (mod m) and b = ¢ (mod m) imply a = ¢ (mod m). (transitivity)

Theorem 2.20. [4] For arbitrary integers a and b, a = b (mod m) if and only if
a and b leave the same non-negative remainder when divided by m.

Definition 2.21. Let m be a positive integer. If ab=1 (mod m) then both a and
b are relatively prime to m; that is, gcd(a,m) =1 and ged(b,m) = 1.

Definition 2.22. Let m be a positive integer. For each integer a we define
la| ={z|z=a (mod m)}.

In other words, |a] is the set of all integers that are congruent to a modulo m. We
call [a] residue class of a modulo m. Some people call [a] the congruence class
or equivalence class of a modulo m.

Theorem 2.23. [4] For m > 0 we have
la] ={mq+alqeZ}

The following properties of residue classes are easy consequences of the
definition.

Theorem 2.24. [4] For a given modulus m > 0, we have:

(i) [a] = [b] if and only if a = b (mod m).

(ii) Two integers x and y are in the same residue class if and only if v = y
(mod m).

(i

iii) There are exactly m distinct residue classes modulo m, namely
Moreover, their union is the set of all integers.

Remark 2.25. [4] Theorem 2.24 (iii) shows that {[0],[1],[2],...,[m — 1]} is a

partition of integer, Z.
Definition 2.26. We define
T ={la] | a € Z},

that is, Z,, is the set of all residue classes modulo m.



From Theorem 2.24 (iii), we have

Ly, = {[O]v [1]7 [2]7 R [m - 1]}

and since no two of the residue classes [0], [1], [2], ..., [m — 1] are equal we see that
Z, has exactly m elements. If we choose

ag € [0],a; € [1],...,[m — 1]
then
[ao] = (0], [a1] = [1], ..., [am—1] = [m —1].
So, we have
L = {laco, [a1], - - -, [am-1]}-

Definition 2.27. A set of m integers

{ao,&l, c. ,am,l}

is called a complete residue system modulo m if
Lo, = {lao], [a1], - . -, [am—1]}-
Example 1. For m > 0, the set
{0,1,2...,m —1}
15 a complete residue system modulo m.

Theorem 2.28. [4] Let a and b be integers and let m be a positive integer. Then
a=b (mod m) if and only if a and b have the same least residue modulo m.

2.3 Ordered Sets

In this section, we introduce and present some basic properties of an ordered set.

Definition 2.29. Let P be a nonempty set. An order (or partial order) on
P is a binary relation < on P satisfying the following three conditions for all
x,y,z2 € P,

(i) z < =z, (reflexivity)
(i) x <y and y < x imply x =y, (anti-symmetry)
(i) z <y and y < z imply = < z. (transitivity)

A set P equipped with an order relation < is said to be an ordered set (or
partially ordered set) and denoted by (P; <). Some authors use the shorthand
poset.

Example 2. The set of all non-negative integers Ng with division form an ordered
set which denoted by (No;]).



Definition 2.30. Let P be an ordered set. Then P is a chain if for all x,y €
P, either x < y ory < x (that is, if any two elements of P are comparable).
Alternative names for a chain are linearly ordered set and totally ordered
set. At the opposite extreme from a chain is an anti-chain. The ordered set P is
an anti-chain if <y in P only if x = y.

Let P be the n-element set {0,1,2,...,n — 1}. We write n to denote the
chain obtained by giving P the order in which 0 <1 <2< ... <n —1 and n for
P regarded as an anti-chain.

.

3 n

=
NS)

chains anti-chains

Figure 1. Chains and anti-chains

Definition 2.31. Let P and Q) be ordered sets. A map ¢ : P — Q) is said to be
(i) order-preserving (or, alternatively, monotone) if x < y in P implies p(z) <
e(y) in Q;

(ii) an order-embedding if x <y in P if and only if p(z) < p(y) in Q;

(iii) an order-isomorphism if it is an order-embedding mapping P onto Q.

Whenever ¢ : P — (@ is an order-embedding we will write ¢ : P — Q.
And if there exists an order-isomorphism from P to (), we say that P and () are
order-isomorphic and denote by P = Q.

Definition 2.32. Let P be an ordered set and let p : P — P be a map. We say
that x € P is a fixed point of ¢ if p(x) = x.

Remark 2.33. [2] (i) An order-embedding is automatically a one-to-one mapping.
(ii) An order-isomorphism is bijective.

(iii) Ordered sets P and Q are order-isomorphic if and only if there exist order-
preserving maps ¢ : P — Q and ¢ : Q — P such that ¢ o) = idg and
o = idp (where ids : S — S denotes the identity map on S given by
ids(x) =x for allxz € S).

Definition 2.34. Let P be an ordered set and () C P.

(i) @ is a down-set (alternative terms include decreasing set or order ideal)
if, whenever x € Q,y € P and y < x, we have y € Q.

(ii) Dually, @ is an up-set (alternative terms are increasing set or order filter)
if, whenever x € QQ,y € P and y > =, we have y € Q).



Given an arbitrary subset ) of P and = € P, we define
1Q={yePl(FreQy<z}and T Q={y€ P|(3x € Q)y >z},
lz={yePly<z}andTa={yePly=>uz}

These are read “ down @) 7, etc. It is easily checked that | () is the smallest
down-set containing () and that @) is a down-set if and only if @ =] @, and dually

for T Q. Clearly, | {z} =] «.

Definition 2.35. Let P be an ordered set and (Q C P. Then

(i) a € @ is a maximal element of Q if a < x € Q) implies a = x;

(i) a € Q is the greatest (or maximum) element of Q if a > x for every x € @,
and in this case we write a = max().

Definition 2.36. Let P and () be ordered sets. The linear sum P & () is defined
by taking the following order relation on PUQ : x <y if and only if

(i) z,y € P and x <y in P,

(ii) z,y € Q and x <y in Q,

(iii) x € Py € Q.

A diagram for P ® @ is obtained by placing a diagram for P directly below
a diagram for () and then adding a line segment from each maximal element of P
to each minimal element of (). The lifting construction is a special case of a linear
sum 1 & P. Similarly, P & 1 represents P with a (new) top element added.

M, M; My & Ms;

M;o 1 1@ M3

Figure 2. Linear sum
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Definition 2.37. Let P, P, ..., P, be ordered sets. The cartesian product
Py x Py x...x P, can be made into an ordered set by imposing the coordinatewise
order defined by

(21,22, ) < (Y1, Y2,y Yn) <= 2; <y; in P, forall i€ {1,2,... n}.

Given an ordered set P, the notation P, is used as shorthand for the n-fold
product P x P x ... x P.

2 3 2x3

Figure 3. Some cartesian products

2.4 Lattices

It is a fundamental property of the real numbers, R, that if I is a closed and
bounded interval in R, then every subset of I has both a least upper bound(or
supremum) and a greatest lower bound(or infimum) in /. These concepts pertain
to any ordered set.

Definition 2.38. Let P be an ordered set and let S C P. An element x € P is
an upper bound of S if s < x for all s € S. A lower bound is defined dually.
The set of all upper bounds of S is denoted by S*(read as ‘S upper’) and the set
of all lower bounds of S is denoted by S'(read as ‘S lower’):

S*={x e P|(Vs€ S)s<x} and S'={x € P|(Vs € 5) s > x}.

If S* has a least element, x, then x is called the least upper bound of S
and is denoted by supS. Equivalently, = is the least upper bound of S if
(i) x is an upper bound of S, and
(ii) « <y for all upper bound y of S.

Dually, if S! has a largest element, z, then x is called the greatest lower
bound of S or the infimum of S and is denoted by infS.
Notation: We write VS instead of supS whenever supS exists, similarly we write
AS instead of infS whenever infS exists.
Notation: We write z V y (read as ‘@ joint y’) in place of sup{z,y} when it exists
and z Ay (read as ‘x meet 3’) in place of inf{x,y} when it exists.
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Definition 2.39. Let P be a non-empty ordered set.
(i) If zVy and x Ay exist for all z,y € P, then P is called a lattice.
(i) If V.S and NS ezist for all S C P, then P is called a complete lattice.

If P is a lattice, then V and A can be considered as binary operations on
P and we have an algebraic structure (P;V,A).
Recall that k is the greatest common divisor of m and n if
(i) k divides both m and n (that is, k|m and k|n),
(ii) if I divides both m and n, then [ divides k (that is, I|k for all k € {m,n}!).
Thus the greatest common divisor of m and n is precisely the meet of m and n
in (Ng;| ). Dually, the join of m and n in (Ng;| ) is given by their least common
multiple. These statement remain valid when m or n equals 0. Thus (Ng;| ) is a
lattice in which

mVn=Ilem{m,n} and m An = ged{m,n}.
Example 3. Consider the ordered set (No;| ) of non-negative integers ordered by
division.

Theorem 2.40. [3] For every algebra A, the structure (Con A; A, V) with
A:Con A x Con A — Con A define by (01,0,) — 01 N 0y,

V:Con A x Con A— Con A define by (61,02) — (61 Ub) e, i

is a lattice, called the congruence lattice Con(A) of A.

Definition 2.41. Let L be a lattice and ) # M C L. Then M is a sublattice of
L ifa,be M impliesaNVbe M andaNbe M.

Definition 2.42. Let L and K be lattices. Define V and N coordinatewise on
L x K, as follows:

(ly, k1) V (lo, ko) = (14 Vo, ky V ko),

(ll, k'l) VAN (lg, kg) - (ll VAN l2, kl VAN kg)
It is routine to check that L x K is a lattice. Also

(ll, kl) V (lg, k’z) = (lg, kg) <~ L Vig=1l; and ki V ks = ks
<:>l1§lg and k1§k2
< (l1, k1) V (Lo, k2), with respect to order on L x K.

Definition 2.43. Let L be a lattice with the greatest element 1 and let c € L. We
say that ¢ is a co-atom of L if no elements x € L such that c < x < 1.

Theorem 2.44. Let L be a finite lattice. Then for each element x € L, there
exist a co-atom a € L such that z < a.

Definition 2.45. Let L and K be lattices. A map f : L — K is said to be a
homomorphism (or, for emphasis, lattice homomorphism) if for all a,b € L,

flavb) = fla) v f(b) and f(a ND) = f(a) AV f(b).

A bijective homomorphism is a (lattice-)isomorphism.
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Definition 2.46. Let L be a lattice.
(i) L is said to be distributive if it satisfies the distributive law,

aN(bVe)=(aAb)V(aNc) forall a,byc€ L.
(ii) L is said to be modular if it satisfies the modular law,
a>c=aNbVec)=(aNb)Vc forall a,b,cé€ L.

Theorem 2.47. [2] The M3 — N5 Theorem.

Let L be a lattice and let M3 and N5 be lattices as shown in Figure 4. Then

(i) L is distributive if and only if L has no sublattices isomorphic to both N5 and
Ms.

(ii) L is modular if and only if L has no sublattices isomorphic to Nj.

N5

Figure 4. The M3 — Nj

Lemma 2.48. [2] Every chain is distributive.
Theorem 2.49. [2] If L is a distributive lattice, then L is a modular lattice.

Proposition 2.50. [2]

(i) If L is a modular (distributive) lattice, then every sublattice of L is modular
(distributive).

(i) If L is a modular (distributive) lattice and K is a lattice isomorphic to the
lattice L, then K is modular (distributive).

(iii) If L and K are modular (distributive) lattices, then L x K is modular (dis-
tributive ).

(iv) If L is a lattice isomorphic to a sublattice of a product of modular (distribu-
tive) lattice, then L is modular (distributive).

(v) If L is a modular (distributive) lattice and K is the image of L under a homo-
morphism, then K is modular (distributive).

Definition 2.51. Let A be an algebra.

(i) A is called congruence-distributive if its congruence lattice Con(A) is dis-
tributive.

(ii) A is called congruence-modular if its congruence lattice Con(A) is modular.
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Proposition 2.52. [2] For cach n € N, let n = p§' ph* .. pfr where the p; are
pairwise distinct primes. Then

In=Zkel)x (kdl)x...x (kal).



Chapter 3

Unary Algebras with Long Pre-periods

In 2002, K. Denecke and S.L. Wismath[3] have characterized all unary op-
erations f on a finite set A with A\(f) = |A| — 1 and in 2007, C. Ratanaprasert
and K. Denecke[9] have characterized all unary operations f on a finite set A
with A(f) = |A|] — 2 and they have also characterized all equivalence relations
on A which are invariant under a unary operation f with A\(f) = |A| — 1 and
A(f) = |A] — 2 which shown in the chapter.

3.1 Unary Operations with Long Pre-periods

In the section, we consider unary operations f on n - element set A with A(f) =
n — 1 and A(f) = n — 2 and study some elementary properties.

Definition 3.1. Let A be a finite set and let f be a unary operation on A. Then
pre-period (or the stabilizer) of f is denoted by \(f), is the least non-negative
integer such that ImfA) = Im fADF where 0 = idy,.

Example 4. Let A =1{0,1,2,3,4,5} and let f : A — A be defined on A by the
following table:

a [01 2 3 45
fla)|1 2 3 4 2 4
Then, we have
forr
oj1r 2 3
112 3 4
213 4 2
314 2 3
412 3 4
514 2 3

So, Imf? ={2,3,4} = Imf3. It follows that the pre-period \(f) = 2.

14
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Lemma 3.2. [9] Let A be a finite set with |A| = n > 2 and let f be a unary
operation on A. Then

(i) Imf*tL C Imf* for all integer k > 0,

(i) 0 < A(f) < [Imf] and M(f) <n—1,

(iii) A(f) = 0 if and only if f is the permutation on A,

(iv) A(f) =n — 1 if and only if there exists an element d € A such that

A= {d, f(d), f*(d), ..., f" (d) bwheref" " (d) = f"(d).

Proof. (i) Let k be a non-negative integer and f° = idy. We will show that
Imfrtt C mf Let y € Imf*'. Then there is a + € A such that y =
f¥(z) = f*(f(x)). Since f is a function from A into A and z € A, we have
f(x) € Imf C A, it follows that y € Imf*. Hence Imf**! C Imf* for all integer
k> 0.

(ii) Since A(f) is the least natural number such that Im f /) = Im fA()+1
and by part (i), we have Imf*tt C Imf* for all k € {0,1,...,A(f) — 1} and
0 < A(f) <|Imf|. If Imf = A, then A\(f) =0 <n — 1. Assume that Imf C A.
Then |[Imf| < |A| =n. Thus [Imf| <n —1, and so, A(f) <n —1.

(iii) Assume that A(f) = 0. Then A = Imidy = Imf° = Imfot! = Imf,
which implies that f is surjective; and so, it is injective since A is finite. Hence f
is bijective.

Conversely, assume that f is a permutation on A. Since f is onto, Imf =
A = Imidy = Imf°. Tt follows that A(f) = 0.

(iv) Assume that A(f) = n — 1. Then n — 1 is the least natural num-
ber such that Imf"~! = Imf". By the part (i), we have Imf*t C Imf*
for k € {0,1,2,...}. If Imf**! = Imf* for some k, then by definition of pre-
period of f we have n —1 < k. Thus for k < n — 1, we have Imf**! c Imf*.
Since Imf C A, there is a d € A such that d ¢ Imf and f%(d) € Imf* for
k € {1,2,...,n — 1}. Therefore, {d, f(d), f*(d),..., " '(d)} € A. Next, we
want to show that d, f(d), f3(d),..., f"~'(d) are different. Suppose that there
are integer i and j with 0 < ¢ < j < n — 1 such that f(d) = f/(d). Then
Imft = {fi(d), fi*(d),..., f77Y(d)} = Imf™ which contradicts to the fact
that A(f) = n — 1. Therefore, d, f(d), f*(d),..., f" *(d) are different. Since
1, £d), £2(d), -, ()} = n = JA], we have {d, £(d), f2(d), .., f~'(d)} =
A. Also, since Imf"t = Imf™, we get f"~1(d) = f*(d).

Conversely, assume that A = {d, f(d), f*(d), ..., f*}(d)} where f*~(d) =
f*(d). Then Imf™ 1 = {f*1d)} = {f*(d)} = Imf". It remain to show that
n — 1 is the least natural number such that Imf"' = Imf". Suppose that
there exists an integer m < n — 1 such that Imf™ = Imf™"!. Since A =
{d, £(d), £2(d), .., {1 (d)}, we get Imf™ = {f™(d), f™(d),..., f*(d)} and
Imfmtt = {fml(ad), fm2(d), ..., f*71(d)}. Also, since Imf™ = Imf™, we get



16

f™(d) = f*(d) for some integer k with m+1 < k < n—1, which is a contradiction.
Therefore, n — 1 is the least natural number such that Imf"~! = Imf". Hence,

AMf)=n—1.
[

Definition 3.3. A unary operation f : A — A with |A| =n > 2 and A\(f) =n—1
15 called a long-tailed function, for short, LT-function.

Note that Lemma 3.2 (iv) give a characterization of LT-functions.

Example 5. Let A = {1,2,3,4,5} and let g : A — A be a unary operation
defined by:

Then, we have

)
[N
Q
o
<
S
Q
ot

Ot = W DN =
UL = W N
Ut UL U = W
Tt Ot Ot U i~
ot Ot Ot Ot Ot
Ot Ot Ot Ot Ot

5

So, Img* = {5} = Img®. It follows that the pre-period \(g) = 4 = 5 — 1.
Therefore, g is a LT-function. By Lemma 8.2 (iv), there is 1 € A such that

A={1,9(1),4°(1),4°(1), 4" (1)}.

Definition 3.4. Let A be a finite set with |A| =n > 3. Then a unary operation
f defined on A with A\(f) =n — 2 is said to be LT;-function.

The following lemma shows some properties of LT}-function.

Lemma 3.5. [9] Let A be a finite set with |A| =n > 3 and let f be a LT -function
on A. Then the following properties are satisfied :

i) ADImf>Imf?>...D>Imfr 2,

(ii) [Imf* = [Imf* 1 +1 fork=1,...,n— 3,

(iii) [Imf"=2| =1 or |[Imf" 2| =2,

(iv) of [Imf"=2| =1, then |A| = |Imf| + 2,

(v) if [Imf"72 =2, then |A| = [Imf] + 1.

Proof. (i) By Lemma 3.2(i), we have A D Imf 2 Imf? 2 ... 2 Imf" 2. 1If
Imf*t = Imf* for some k € {0,1,...,n — 2}, then the pre-period of f implies
that k = n — 2. Therefore, A D Imf D Imf?> ... D> Imfn2.

(ii) By part (i), we have [Imf*1| < [Imf*| —1 for all 0 < k < n—2. Thus
|[Imf* + 1 < [Imf*¥| for all 0 < k < n — 2. Suppose that there is an integer k
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with 1 < k < n—2 such that [Imf*| > [Imf*|+1. Then [Imf*| > [Imf*1]|+2.
So, there are a # b and ¢ # d in Imf* such that f(a) = f(b) and f(c) = f(d)
in Imf**!. Since a,b,c,d € Imf* with a # b and ¢ # d, there are x # y and
u # v in A such that a = f*(z),b = f*(y),c = f*(u) and d = f*(v). Thus
ffx) =a# b= f*y) and f*(u) = ¢ # d = f¥(v) in A with f(a) = f(b) and
f(c) = f(d) in Imf. Hence |A| > [Imf|+ 2.
Therefore,
Al > [Imf|+2> |Imf? [ +2+1>...> |[Imf*| +k+1

> [Imf* +2+k+1

> | Imf 2+ k+2+2> > [ Imf" 2 4+ (n—2) +2

>14+n—2+42

=n+1

>,

which is a contradiction. Thus [Imf*™| +1 > [Imf*| for all 1 < k < n — 2,
Hence, [Imf*| = [Imf* +1forall 1 <k <n-—2.

(iii) Suppose that [Imf"~2| > 3. Since Imf C A and by part (ii), we have

Al > [Imf| +1=|Imf?+2=...=|Imf 2|+ (n—2)
>3+(n—2)=n+1>n,
which is a contradiction. Therefore, [Imf" 2| < 2; that is, [Imf" 2 = 1 or
|[Imfr2 = 2.

(iv) Assume that [Imf" 2| = 1. Let Imf™" 2 = {a}. By part (i) and part
(i), we get [Im f*| = [Imf*|+1 and Imf* C Imf* forallk € {1,2,...,n—3}.
We claim that there are distinct elements ai,ao, ..., a;—1 such that Imf"7 =
{ai,a9,...,a;_1} for all j =2,3,...,n—1. If j = 2, then Imf" 2 = {a}. Let
m be a positive integer such that m > 2 and assume that there are distinct ele-
ments ap, as, ..., ay,_1 such that Imf*" ™ = {ay,ay,...,anm_1}. Since Imf*~™ C
Imfr=(m+D there is a a,, € Imf"~ ™+ such that a,, ¢ Imf" ™. Also, since
Imfr™ ={ay,as,...,an_1}, it follows that Imf*~ ") = {a;, ay, ..., Gpm_1,am}
where ay,as, ..., Gm_1,an are distinct elements of Im "~ ™+, Hence by mathe-
matical induction, there are distinct elements ay, as, . .., a;_; such that Imf"7 =
{ay,a9,...,a;1} for all j = 2,3,...,n — 1. Therefore, Imf = Imfr—n"Y =
{a1,as,...,a,_2} where ay,as,...,a, o are distinct elements of A; so, [Imf| =
n —2=|A| — 2. Hence, |A| = [Imf]| + 2.

(v) Assume that [Imf" 2| = 2. By part (i), we have |[Imf| < |A|. Then
[Imf| < |A| — 1; that is, [Imf| + 1 < |A|. Next, we claim that |Imf"~*| > k for
k=2,3,...,n—1. For k = 2, we have |Imf"~2| = 2. Let m be a positive integer
such that m > 2. Assume that [Im f"~™| > m. Then [Imf*=(™+D| > [Imfr—™|+



18

1 = m+1. Hence, by mathematical induction, |Imf"%| > kfork =2,3,...,n—1.
So |[Imf| = [Imf"~®™ Y| > n —1 = |A| — 1; that is, [Imf| +1 > |A|. Hence
|A| = |Imf| + 1.

m

Remark 3.6. [9] Let A be a finite set with |A] =n > 3 and let f be a LT -function
on A with |[Imf" 2| = 1. Then

(i) |A| = [Imf| +2; so, there are distinct elements a,b,c,d € A such that

fla)= f(b) =s and f(c) = f(d) =t in Imf.

(ii) if n =3 or s =t then c = d and f(a) = f(b) = f(c) = s; and if n > 4 then
¢ # d if and only if s # t.

(iil) there are different elements u,v € A such that f(t') ¢ {u,v} for allt € A;
hence, the function f|a\{apear : A\{a,b,c,d} — A\{s,t,u,v} is a bijection.

(iv) if n =3, then f is a constant function.

Lemma 3.7. [9] Let A be a finite set with |A| = n > 4. Assume that f is a
unary operation on A with f(a) = f(b) = s, f(c) = f(d) =t where a,b,c,d € A
and |A| = |Imf| + 2. If s,t ¢ {a,b,c,d} and either f(s) ¢ {a,b,c,d} or f(t) ¢
{a,b,c,d} then |Imf*| > 2 for all k > 1.

Proof. Suppose that s,t ¢ {a,b,c,d} and f(s) ¢ {a,b,c,d}. Since |A| = |Imf|+2,
there are two different elements u,v € A such that u,v ¢ Imf. Thus f]| Afabed
A\{a,b,c,d} — A\{s,t,u,v} is bijective. And since s,t ¢ {a,b,c,d}, we get
f(s) & {s,t,u,v}. Thus f(s) # s and {s = f°(s), f(s)} is a two-element subset of
Imf. Inductively, assume that {f*~1(s), f¥(s)} is a two-element subset of I'mf*.
We consider the following cases:

Case 1: f*(s) ¢ {a,b,c,d} and f*~1(s) & {a,b,c,d}. Then by the injectiv-
ity of fla\(apear and f*H(s) # f5(s), we get f5(s) # f*H(s).

Case 2: f*(s) ¢ {a,b,c,d} and f*'(s) € {a,b,c,d}. Then fk(s) =
F(f*71(s)) € {s,t} and f**(s) = f(f*(s)) & {s,t}. Therefore, f*(s) # f*F'(s).

Case 3: f*(s) € {a,b,c,d}. Then f*1(s) € {s,t}. Since s,t & {a,b,c,d},
we have f*(s) ¢ {s,t}. Thus f*(s) # fF1(s).
It follows that {f*(s), f**1(s)} C Imf**! for all kK > 1. Therefore, |Imf*| > 2
for all £ > 1.
O

Lemma 3.8. [9] Let A be a finite set with |A| = n > 3 and let f be a unary
operation on A with f(a) = f(b) = s and f(c) = f(d) = t where a,b,c,d € A.
Assume that \(f) =n — 2 and [Imf"2| = 1. Then

(i) if s,t & {a,b,c,d}, then either f(s) ¢ {a,b,c,d} or f(t) & {a,b,c,d},

(i) s € {a,b,c,d} ort € {a,b,c,d},

(ili) if s € {a,b} and s # t, there exists a positive integer m such that f™(c) €
{a,b}\{s} and {c,d} N {u,v} # O where u,v € A\Imf,

(iv) if |A| > 4 and s =t = a, then {u,v} # {b,c} and {u,v} N{b,c} # 0.
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Proof. (i) Suppose that s,t ¢ {a,b,c,d} and f(s) € {a,b,c,d}. Then f(s), f(t) ¢
{s,t}. If f(s) € {a,b} or f(t) € {c,d}, then f2(s) = s or f%(t) = t. That is
s € Imfr2ort e Imfr= Thus f(s) #s € Imfr 2 or f(t) #t € Imf 2.
Therefore [Imf"~2| > 2, a contradiction. Hence f(s) € {a,b} and f(t) ¢ {c,d}.

If f(s) € {c,d} and f(t) € {a,b}, then f%*(s) =t and f2(t) = s. Thus f(f?(c)) =
f?(a) and f(f%*(a)) = f*(c). Therefore f?(a) and f?(c) are two elements of A
which are mapped to each other and thus they belong to Imf* for all k > 1.
Since f(s) # f(t), we have |[Imf"2| > 2, a contradiction. That is f(s) ¢ {c,d}

or f(t) ¢ {a,b}. Therefore f(s) ¢ {a,b,c,d} or f(t) ¢ {a,b,c,d}.

(ii) Suppose that s ¢ {a,b,c,d} and t ¢ {a,b,c,d}. By part (i), we get
either f(s) ¢ {a,b,c,d} or f(t) ¢ {a,b,c,d}. Thus by Lemma 3.7, we have
|[Imf*| > 2 for all k > 1. It follows that |[Imf" 2| > 2, which is a contradiction.
Therefore s € {a,b,c,d} or t € {a,b,c,d}.

(iii) Assume that s € {a,b} and s # t. Since ¢ € A and |[Imf™" 2% = 1, we

have f""2(c) € Imf" 2 and f"%(c) = s. Let r be the least positive integer such
that f7(c)=s. Thenl <r<n—2. Thus 1 <r—1<n—2and f"!(c) € {a,b}
(if f77'(c) ¢ {a,b}, then |[Imf| < |A| — 3, a contradiction). Since 7 is the least
positive integer such that f"(c) = s, we have f"1(c) € {a,b}\{s} withr —1 > 1.
So, there exists a positive integer m = r — 1 such that f™(c) € {a,b}\{s}.
Next, let u,v € A\Imf and assume that {c,d} N {u,v} = 0. Then {c,d} C Imf.
Therefore, there are p,q € A such that f(p) = ¢ and f(q) = d. Since a,b,c,d €
Imf with f(a) = f(b) and f(c) = f(d), it implies that [Imf?| < [Imf|— 2. This
is a contradiction. Hence {c,d} N {u,v} # 0.

(iv) Assume that |A| > 4 and s = ¢ = a. We want to show that {u,v} #
{b,c} and {u,v} N {b,c} # 0. Suppose that {u,v} = {b,c} or {u,v} N{b,c} = 0.

Case 1: {u,v} = {b,c}. Then A\{s,u,v} = A\{a,b,c} and f|a\(ape}
is permutation on A\{a,b,c}. Since |A| > 4, we have |[A\{a,b,c}| > 1 and
0 # A\{a,b,c} C Imf* for k > 1. Since a € Imf" 2, we have [Imf"?| > 2,
which is a contradiction.

Case 2: {u,v} N{b,c} = 0. Then {b,c} C Imf. Thus there are elements
p,q € A such that f(p) = b # ¢ = f(q), which implies that {f(a) = a, f(p) =
b, f(q) = c} is a subset of Imf. Since f(a) = f(b) = s, we get f*(a) = f(a) = s
and f?(p) = f(b) = s and since f(c) =t and s =t, we have f?(q) = f(c) =t = s.
Therefore f2(a) = f%(p) = f*(¢) = s € Imf?, which implies that [Imf?| <
|[Imf|—2 < |Imf|— 1, a contradiction.
Hence, {u,v} # {b,c} and {u,v} N {b,c} # 0.
[

Theorem 3.9. 9] Let A be a finite set with |A| =n > 3 and let f be an operation
on A. Then f is a LTi-function with |[Imf"~2| = 1 if and only if there are distinct
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elements u,v € A such that A = {u,v, f(v),..., f"2(v)} and there is an integer k
with 0 < k < n—2 such that f(u) = f**1(v) and a number m with m +k = n — 2
such that f™(u) = f™(u).

Proof. Assume that f is a LTj-function with [Imf"~?| = 1. Then Lemma 3.5 (iv)
implies that |A| = [Imf| 4+ 2. Thus there are two distinct elements u,v € A such
that u,v ¢ Imf. Let g be the restriction function of f on the (n — 2)-element set
Imf(ie. g= flims: Imf — A) such that [Im(f|pms)" 3| = |/"*(Imf)| =
[Imf"2| = 1. Thus AN(flims) = Mf) =1 = (n—2)—1 = |[Imf| — 1. Hence
flimg is a LT-function. Then by Lemma 3.2 (iv), there is an element d € Imf
such that Imf = {d,g(d),...,g" 3(d)} = {d, flims(d),- .., (flrms)" 3(d)} with
g"3(d) = ¢"2(d) and d & Im(f|rms) = Imf? Since d € Imf, there is an el-
ement g € A such that d = f(q). If ¢ € Imf, then d € Imf?, a contradiction.
So, ¢ ¢ Imf which implies that ¢ = v or ¢ = u. Without loss of generality, let
q = v. Since u,v ¢ Imf, we get u cannot be mapped to u or v. Thus u is mapped
to one of the elements d, g(d),...,g" 3(d). Let f(u) = ¢*(d) for some k where
0 <k<n-—3. Sinced= f(q) and ¢ = v, we have d = f(v). Thus ¢*(d) =
(Flimf)Hd) = F5(d) = f5(f(0)) = **'(v). Thercfore, f(u) = g*(d) = F*+(v).
Then A = {u,v, f(v),..., " 2()} = {v, f(v),..., fF)} U {u, f(u),..., f™(u)}
with m + k = n — 2. Since |Imf" 2| =1, we have f™(u) = f™"!(u).

Conversely, assume that there are difference elements u,v € A such that
A= {u,v, f(v),..., f"%(v)} and there is an exponent k with 0 < k < n — 2 such
that f(u) = f*!(v) and a number m with m +k = n — 2 such that f™(u) =
f™(u). Then we can write A = {u, f(u),..., f™(u)}U{v, f(v),..., fF(v)} where
m+k=n-2 flu) = fF(v) and fm(u) = f™(u). Since m +k = n — 2,
all elements u, v, f(u),..., f™(u), f(v),..., f¥(v) are distinct. Thus, we have a =
F7() # F ) = band e = fH(0) £ . So fla) = F™(u) = f™(u) = £(B) and
f(c) = f¥1(v) = f(u). Therefore |A| = |Imf|+2. Thus A D Imf. And, by part
(i) of Lemma 3.2, we have A D Imf 2D Imf?2> ... 2> Imfr 2
We claim that Imf! D Imft* forall 1 <t <n — 2.

Case 1: m=1and k > 0. Then A = {u, f(u)} U {v, f(v),..., f*(v)}.
If k=0, then A={v,u, f(u)} and Imf ={f(u)} C A withn—-2=1.
If k > 0, then f¥(v) € Imf® for all 1 < s < k with n —2 = k + 1. Thus, for
all 1 <t <n—2 fi(v) € Imft but fi(v) & Imft. So, Imfttt C Imf! for all
1<t<n—2.

Case 2: m > 1 and k > 0. Then f*1(v) = f(u). Thus fm™l(u) =
FrA(f () = frA () = frHE (o) = f173(v) € Imfn R Since Imf0 C
Imft for all 1 <t < mn—3, we have f™" Yu) € Imft forall 1 <t < n— 2.
Now, f™ Y u) # f™(u) in Imf* whereas f(f™ Y(u)) = f(f™(u)) in Imft* for
all 1 <t < n—2. It follows that Imft D Imft*™ for all 1 <t < n — 2, which
complete the proof of the claim.

Therefore, [Imft| > [Imf| +1forall 1 <t <n—2. Since f™(u) = f"%(u) €
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Imfn=2, we have [Im "2 > 1. If |[Imf"2| > 2, then we have

|A| > |Imf|+2> [Imf2|+14+2>...> [Imf" 2|+ (n—3) +2
>24+(n—3)+2
=n+1
> n,

which is a contradiction. Thus [Imf" % < 1. So, |Imf™ 2| = 1 which implies

that Imf"=2 = Imfm2* for all t > 1. Thus n — 2 is the least positive integer

such that Im "2 = Imf"!; that is, A(f) = n — 2. Hence, f is a LT;-function.
O

Theorem 3.10. [9] Let A be a finite set with |A| =n > 3 and let f be an operation
on A. Then f is a LTy -function with |Imf"~2| = 2 if and only if there are different
elements u,v € A such that either

(i) A={v,u, f(u),..., ["2(w)} withv= f(v) and f*"}(u) = f*"*(u),

or

(i) A = {u, f(u), f2(u),...,v = f*2(u), [~ (u)} where v = f2(u) = f~2(u).

Proof. Assume that f is a LTj-function with [Im f"~?| = 2. By Lemma 3.5 (v), we
have |A| = |[Imf| 4 1. Thus there are exactly two distinct elements a,b € A such
that f(a) = f(b) = s € Imf and there is an element y € A such that y ¢ Imf.
Then the mapping f|a\(ap : A\{a,b} — A\{s,y} is bijective. We consider two
cases s € {a,b} and s ¢ {a,b}.

Case 1: s € {a,b}. Without loss of generality, we may assume that s = a.
Then f(s) = f(a) = s € Imf™" 2 Now we consider two subcases y € {a,b} and

yé {a> b}

Subcase 1.1: y € {a,b}. Since y # s, we have y = b, and so, {a,b} =
{s,y}. Thus fla(ap} is a permutation, and so, |[A\{a,b}| = [Imf|a\jep}| =
[Im(f|avtapy)" 2| Since f|a\fap} is @ permutation and s ¢ I'mf|a (a3, We have
s & Im(flagapy)" 2 Since s ¢ Im(flaopy)" > and s € Imf" 2, we have
[Im(f|aviapy)” 2 < [Imf"?|. Also, since [Imf" 2| = 2, we have [A\{a,b}| =
\Imflagapy] = Im(flagam)” 2] < [Imf"2| = 2; that is |A\{a,b}| < 1. And,
since |A| > 3, we get |[A\{a,b}| > 1. Thus |A\{a,b}| = 1. So, |A| = 3 and there
exists ¢ € A\{a, b} such that f(c) = c. Therefore, A = {c,y, f(y)} where f(c) =c
and f2(y) = f(y). This corresponds to (i).

Subcase 1.2: y ¢ {a,b}. Then y # b. Since s = a and a # b, we get
s # b. Thus b € A\{s,y}. By the surjectivity of f|a\ (e onto A\{s,y} and the
finiteness of A, we can choose ¢ — 1 pairwise distinct elements x1, 29, ..., 241 €
A\{a,b,y} and z, = y such that f(x;) = z;,_1 for 1 < i < ¢ with f(z;) = b.
Let X = {z, = vy, f(z),...,[U(z,) = b, f1"(z,) = a}. Then X C A. If
X = A, then this give (i). Assume that X # A. Thus A\X # 0. It follows
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that [A\X| > 1. Since f|a\{ap} is @ bijection, f|a\x is a permutation. Thus
IA\X| = [Imflax] = [Im(flax)" % < [Imf"?|. Since s € Imf" and s ¢
Im(flax)" 2, we get [Im(f]ax)" 2| < |Imf"2|. Also, since |[Imf" 2| = 2, we
have |A\X| = [Imf|ax| = [Im(flax)"? < |[Imf"?| = 2; that is [A\X] < 1.
Thus |A\X| = 1. So, there exists ¢ € A\X such that f(c) = ¢. Since | X| = q+ 2
and |A\X| = 1, we have |A| = ¢+ 3. It follows that A = {c,y, f(v),..., [ (y)}
where ¢ € A\X, f(c) = c and fi2(y) = f?!(y). This corresponds to (i).

Case 2: s ¢ {a,b}. If f(s) = s, then f(a) = f(b) = f(s) = s, which implies
that |A| > [Imf| — 2, a contradiction. Thus f(s) # s. We consider two subcases
f(s) ¢ {a,b} and f(s) € {a,b}.

Subcase 2.1: f(s) ¢ {a,b}. Since s ¢ {a,b} and f(s) ¢ {a,b},we have
{s, f(s)} € A\{a,b}. For a positive integer k > 1, assume that {s, f(s),..., f*(s)}
is a subset of A\{a, b} of distinct elements. If f**1(s) = fi(s) for some 1 <t < k,
then by the injectivity of f|a\{ap}, we have f¥(s) = f*=!(s) for some 0 <t —1 <
k — 1, a contradiction. Thus f**1(s) # fi(s) for all integer ¢t with 1 < t < k.
And, if f*(s) = s, then f*(s) € {a,b}, a contradiction. Thus f**!(s) # s.
Next, we assume that f**1(s) € {a,b}. Without loss of generality we may assume
that f**1(s) = a. If b = gy, then |A] > k+ 3 and Imf = A\{b} = Imf2. It
follows that A(f) = 1. Since A(f) = n —2 = |A| — 2 and |A| > k + 3, we have
Af) > (k+3)—2=Fk+1>1+1 =2, acontradiction. If b # y, then b € A\{s, y}.
By the surjectivity of f|a\(ep} onto A\{s,y}, there is a z; € A\{a, b} such that
f(z1) =b. If 21 = s, then f(s) = b, a contradiction. Thus z; # s. If x; =y, then
f(y) =b. Thus |A] > k+4 and Imf? = A\{b,y} = Imf3. So, A\(f) = 2. Since
A(f) =n—2=|A|—2and |A| > k+4, we have A\(f) > (k+4)—2 = k+2 > 1+2 = 3,
a contradiction. Therefore, x; # y. It follows that z; € A\{s,y}. By the surjec-
tivity of f|a\jap) onto A\{s,y}, there exists a xo € A\{a, b} such that f(z2) = z;.
If 2o = s, then f(s) = f(x2) = z;, which implies that f%(s) = f(z;) = b, a
contradiction. Thus xy # s. If 23 = y, then f(y) = x;. So, |A] > k+ 5 and
Imf3 = A\{b,y,z1} = Imf*. Therefore, A\(f) = 3. Since \(f) =n—2=|A] —2
and |[A| > k+ 5, we have A\(f) > (k+5) -2 =k+3 > 1+3 =4, a
contradiction. Thus xs # y. So, x2 € A\{s,y}. Continuing in this way,
since A is finite, there is integer ¢ with 1 < ¢ < n — 2 such that y = z, and
T, T, ..., Te—1 € A\{a,b,y} where f(x;) =z, for all 1 <i < g and f(x;) = b.
Thus |A| > k+ g+ 3 and Imfi*! = {a,s, f(s),..., f5(s)} = Imf?2, which
implies that A(f) = ¢+ 1. Since A\(f) =n —2 = |[A| —2 and |A| > k+ ¢ + 3,
we have A\(f) > (k+q+3)—2=k+qg+1>1+(¢g+1), a contradiction.
So, fA1(s) & {a,b}. Therefore, X = {s, f(s),..., f¥(s), f**1(s)...} is a infinite
subset of A\{a,b}, which contradicts to the fact that A is finite.

Subcase 2.2: f(s) € {a,b}. Without loss of generality, we may assume
that f(s) = a. Since f(a) = s and f(s) = a, we have a,s € Imf" 2. Also, since
|A| = |Imf| + 1, we get f(t) ¢ {a,s} for all t ¢ {a,b,s}.
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If y = b, then A\{a,b,s} = A\{a,y,s}. Thus f|a\(op,s is @ permutation, which
implies that |A\{a,b, s}| = [Imf]agapsi] = Im(flagaps)" 2| < [Imf 2] = 2.
Since a,s € Imf"? and a,s ¢ A\{a,b,s}, we have |A\{a,b,s}| = 0. Thus
A= {a,b s} ={b, f(b) = s, f(b) = a} where f3(b) = f(f*(D)) = f(a) = s = f(b),
this corresponds to (ii).

If y # b, then b € A\{y, s}. By the surjectivity of f|a\(ap} onto A\{y, s} and the
finiteness of A, we may choose ¢ — 1 pairwise distinct elements x1,z3,..., 2,1 €
A\{y, s,a,b} and x, = y such that f(z;) = z;,_1 for 1 < i < ¢ with f(z1) = b.
Therefore, X = {z,, f(x,),..., fi(x,) = b, fT(x,) = s, f1T2(z,) = a} C A.
Since f|a\fap) s @ bijection, f|a\x is a permutation. Thus [A\X| = [Imf|a\ x| =
Im(flax)" % < [Imf" 2| = 2. Since a,s ¢ A\X but a,s € Imf" 2, we get
|A\X| = 0. Therefore, A= X and n = |A| = |X| = ¢+ 3; that is, g = n — 3. Let
u=x, Then A= {u, f(u),..., " (u)} with f"(u) = f*2(u). This corresponds
to (ii).

Conversely, let A be a finite set with |A| = n > 3 and let f be a unary
operation on A satisfying either (i) or (ii).
In case (i), we have f"~2(u) # f"7*(u) but f(f"*(u)) = f"(u) = ["7*(u) =
f(f"3(u)) and in case (ii), we have f"1(u) # f*3(u) but f(f" *(u)) = f"(u) =
[ %(u) = f(f"3(u)). Thus in either cases, we have A D I'mf.

If n = 3, then either A = {v,u, f(u)} where f(v) = v and f*(u) = f(u)
in case (i) or A = {u,v = f(u), f2(u)} where v = f(u) = f3(u) in case (ii).
Thus in case (i), we have Imf = {v, f(u)} = Imf? and in case (ii), we have
Imf ={f(u), f*(v)} = Imf?. So, in either cases, A\(f) =1=3—2 and |[Imf| =
2. Therefore, we may assume that n > 4. Now, we want to show that A D
Imf > Imf* > ... D Imf*2 By Lemma 3.2 part (i) and A D Imf, we
have A D Imf 2O Imf? D ... D Imf™ 2 1In case (i), we have " 3(u) and
f"2(u) are distinct elements in I'm f! which have the same image in I'm f‘*! for
all 1 <t < n— 3. Similarly, in case (ii), we have f"3(u) and f" '(u) are distinct
elements in Imf! having the same image in Imfi*! for all 1 <t < n —3. It
follows that [Imft| > [Imf*!] + 1 which implies that Imf* > Imf'*! for all
1 <t <n—3. Next, we want to show that [Imf" 2| = 2.

In case (i), v and f"~2(u) are distinct elements in Imf"~2. So, [Imf" 2| >
2. We want to show that |[Imf" 2| < 2. Assume that |[Imf" 2| > 3. Then
|A| > [Imf|+1>...> |[Imf" %+ (n—2) >3+n—2=n+1, a contradiction.
Thus |[Imf"2| < 2. Hence, [Imf" 2| = 2.

In case (ii), f* *(u) and f"2(u) are distinct elements in Im f"~2.
So, [Imf"~2| > 2. Similar to case (i), we have |Imf"?| = 2.
Finally, we want to show that Imf"~2 = Imf" 1.
In case (i), we have v and f"2(u) are the only two elements in Imf" 2 with
v = f(v) and f"'(u) = f"2(u). Thus v and f"2(u) are both in Imf* for all
t > n — 2. Similarly, in case (ii), we have f"!(u) and f"2(u) are the only two
elements in Im "2 with f*(u) = f*2(u). Thus f**(u) and f"2(u) are both in
Imft for all t > n —2. So, Imf" 2 = Imfm . It follows that n — 2 is the least
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positive integer such that Im f"2 = Imf"~ 1. Therefore, A(f) = n — 2; that is f
is a LTj-function.
O

3.2 Invariant Equivalence Relation

Definition 3.11. Let 8 C A x A be an equivalence relation on the finite set A
with |A| = n > 2 and let f be an arbitrary unary operation defined on A. Then

we say, f preserves 0 or 6 is invariant with respect to f if for each a,b € A
such that (a,b) € 0, then (f(a), f(b)) € 6.

Let pol™ be the set of all functions defined on A which preserve 6. Now
we have the following question: which equivalence relations are invariant with
respect to LT or LTi-function?

For LT-function the answer is given by the following theorem.

Theorem 3.12. [9] Let A be a finite set with |A] = n > 2 and let 6 be a non-
trivial equivalence relation defined on A. Then there exists a LT-function f which
preserves 0 if and only if there is only one block with respect to 6 which has more
than one element.

Proof. Assume that f: A — A is a LT-function which preserves 6. Then A\(f) =
n — 1. By Lemma 3.2 (iv), there exists an element d € A such that

A={d. f(d),f*(d),.... f""(d)} and f""}(d) = f"(d).

Since # is a non-trivial equivalence relation, there exist x # y € A such that
(x,y) € 0. Thus there exist integers i, € {0,1,...,n—1} with i < j such that z =
Fi(d) and y = fi(d). So, (fi(d), f#(d)) € 6. Since f € polV0 and (£(d), f(d)) €
0, we have (f(f(d)), ( I(d))) € 0; that is (f"(d), fj“(d)) € 6. It follows that
(f**(d), f7**(d)) € 0 for all integer k > 0. So, (fHU=0(d) = fi(d), fFTU=)(d)) €
0. Since (f*(d), f7(d)) € 0 and (f7(d), {770~ Z)(d)) € 0, by transitivity of 6, we have
(f(d), fHU=0(d)) € 0. Tf (j —1) > (n—1) —j, then j+(j —1) > j+(n—1)—j =
n — 1, which implies that fiT0=)(d) = f*~(d). Thus (f'(d), f"~'(d)) € 0. If
(j—1) < (n—1)—7, then there is an integer ¢ such that ¢(j —i) > (n—1)—j. Thus
j+t(j—i) > j+(n—1)—j = n—1, which implies that f/+*0- Z)(d e 1( ). Since
(fi(d), f1*U=9(d)) € 6 and f preserves 0, we get (f””” I(d), fImIDG=(d)) €
0 for all integers m > 1. Thus (f7+mU=0(q), M0G0 (q)) € @ for all integers
m > 0. And, since 6 is transitive, (f(d), fITm+DU=0(d)) € 0§ for all integers
m > 0. Thus (fi(d), f7+0=0(d)) € 6. Since f7HU=9(d) = f*~(d), we have
(fi(d), f*"Y(d)) € 0. For a positive integer k > 4, assume that (f*(d), f*~1(d)) € 6.
Since f preserves § and f"(d) = f*(d), we get (f*T1(d), f*~(d)) € 6. Hence,
by Mathematical Induction, we have (f*(d), f*~1(d)) € 0 for all s > i. Thus
{fi(d), f7H(d), ..., f~71(d)} is a block with respect to § which has more than one
element. Let B = {f'(d), f*'(d),..., f"'(d)}. If i is the least non-negative in-
teger such that f'(d) € B, then for each element of {d, f(d), f*(d),..., f"}(d)}
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form singleton blocks and B is the only block with respect to 8 which has more
than one element. If 7 is not the least non-negative integer such that f(d) € B,
then there exists an integer p with p < ¢ such that fP(d) € B. Thus there is an
integer ¢ € {i,1+1,...,n — 1} such that (f?(d), f9(d)) € 6, which implies that
{fP(d), fPr(d), ..., f~~1(d)} is a block with respect to § which has more than one
element. Let C' = {f?(d), f**'(d),..., f**(d)}. If p is the least non-negative inte-
ger such that fP(d) € C, then for each element of {d, f(d), f*(d),..., fP~'(d)} form
singleton blocks and C' is the only block with respect to € which has more than
one element. If p is not the least non-negative integer such that f?(d) € C, then
continuing in this way, we have the least non-negative integer r € {0,1,...,n—1}
such that {f"(d), f(d),..., f**(d)} is the only block with respect to 6 which
has more than one element and for each element of {d, f(d), f*(d),..., f"1(d)}
form singleton blocks.

Conversely, let 6 be a non-trivial equivalence relation defined on A. Assume
that there is only one block with respect to # which has more than one element.
Since A is finite, there is an integer n such that A = {ag,ay,...,a,_1}. We may
assume that {a;, a;41,...,a,-1}, where 0 <i <n — 1, is the only one block with
respect to 6 which has more than one element. Then we define the operation f :
A — Aby f(a;) =ajiq for 0 < j <n—1and f(an—1) = ap—1. Now, we will show
that f preserves #. Let a,b € A such that (a,b) € 0. If a = b, then f(a) = f(b).
Since 6 is reflexive, (f(a), f(b)) € 8. If a # b, then there are integers [ and k with
i <l <k <n-—1suchthat a = q; and b = a. Thus f(a) = f(a;) = a;41 and
f(b) = flax) = a1 itk #n—T1and f(b) = f(ax) = flan-1) = a1 ifk=n—1.
So, f(a) and f(b) belong to the set {a;,ajt1...,a,_1}. Thus (f(a), f(b)) € 6.
Therefore, f preserves 6; that is, f € polV0. Since A = {ag,a1,...,a,_1} and
by definition of f, we have A = {ayo, f(ao), f*(ap),..., " (ao)} and f"(ag) =
an—1 = f"(ap). By Lemma 3.2 (iv), we have A(f) = n — 1. Hence, f is a LT-
function.

]

Proposition 3.13. [9] Let A be a finite set with |A| =n > 3 and let § be a non-
trivial equivalence relation on A. Then there is a LTy -function f with |[Imf" 2| =
1 which preserves 0 if and only if either

(1) there exists only one block B with respect to 6 which has more than one element,
or

(i) there are exactly two blocks B and C with respect to 6 which have more than
one element and one of them consists of exactly two elements.

Proof. Assume that f is a LTi-function with [Imf" 2| = 1. By Theorem 3.9,
there are distinct elements u,v € A such that A = {u,v, f(v),..., f"%*(v)} and
there is an exponent k with 0 < k < n—2 such that f(u) = f*"1(v) and a number
m with m+k = n—2 such that f™(u) = f™(u). Thus A = {v, f(v),..., f¥(v)}U
{u, f(u), ... f™(u)} where f*!(v) = f(u) and f™*!(u) = f™(u).

Let € be a non-trivial equivalence relation defined on A which is invariant with
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respect to f. Let X = {v, f(v),..., " %(v)} and Y = {u, f(u),..., f™(u)}. Since
|A] =n > 3, we have | X| > 2 and |Y| > 2. Next, we will show that f|x and f|y
are LT-functions. Note that f|x(a) = f(a) for all a € X and f|y(b) = f(b) for all
beY. Thus X = {v, flx(v),..., (f|x)"*(v)} where (f|x)"~'(v) = (f|x)"*(v)
and Y = {u, fly(u),..., (fly)"(u)} where (f|y)"*'(u) = (f|y)"(u). By Lemma
3.2 (iv), we have A\(f|lx) =n—-2=(n—-1)—1=|X| -1 and A(fly) = m =
(m+1) =1 = |Y| — 1. Therefore, f|x and f|y are LT-functions. Now, let
0 = 0|xxx and 0 = 0|y.y. We claim that f|x preserves § and f|y preserves 6.
Let a,b € X such that (a,b) € . Then there are r,s € {0,1,...,n — 2} such
that a = f"(v), b = f*(v) and (a,b) € 6. Thus f(a) = f(f"(v)) = f(v) and
f(b) = f(f*(v)) = f**(v) are in X. Since f preserves 6 and (a,b) € 0, we have
(f(a), f(b)) € 6. Since f(a) and f(b) are in X, we get (f|x(a), f|x(b)) € 6. Hence
flx preserves 0. Similarly, f|y preserves §. By Theorem 4.6, there is only one
block with respect to § which has more than one element and there is only one
block with respect to § which has more than one element. Consider the following
cases:

Case 1: If the block of u with respect to 6 consists only of one element,
then 6 = 6 U {(u,u)}. Thus there exists only one block with respect to 6 which
has more than one element, this corresponds to (i).

Case 2: (u, f'(v)) € 6 for some 0 < t < k.
If t =0, then (u,v) € 6. Since f preserves 0, we have (f(u), f(v)) € 6. Since
f(u) = fF(w), we get (f*1(v), f(v)) € 0. Tt follows that (f*+!(v), fE-Dr+1(y))
€ 0 for all t > 1, and since f is transitive, (f**1(v), f(v)) € 6 for all t > 1.
We claim that (f**™(v), fi(v)) € 6 for all i > 1.
Ifk>m—-—1,then2k+1=(k+1)+k>Fk+1)+(m—-1) = k+ m.
Thus f#*(v) = f*™(v). Since (f*(v), f(v)) € 0 for all t > 1, we have
(f?*(v), f(v)) € 0. And, since f*T1(v) = fF™(v), we get (f*™(v), f(v)) € 6.
Assume that £ < m — 1. Then there is a positive integer s such that sk > m — 1.
Thus (k+1)+sk>(k+1)+ (m—1) =k+m; that is (s+ Dk +1 > k + m,
which implies that fE+HVF1(y) = fAm (). Since (f**+1(v), f(v)) € O forall t > 1,
we have (fGeHVR1(v), f(v)) € 6. And, since fETVF1(y) = fH™(y), we have
(f¥™(v), f(v)) € 6. For a positive integer j > 1, assume that (f*™(v), fi(v)) €
0. Since f preserves § and f*mt(v) = fEm(v), we get (fF™(v), fiT(v)) € 0.
Hence, by Mathematical Induction, we have (f*™(v), f{(v)) € 6 for all integers
i > 1. So, {f(v),...,f™*()} = X\{v} is a subset of the block C' of the ele-
ment f(v) with respect to @ = 0|x,x and also with respect to 6. If u € C, then
6 = A x A, a contradiction since 6 is a non-trivial. Thus u ¢ C. It follows that
B = {u,v} and C' = X\{v} are the only two blocks with respect to § which have
more than one element. Since k£ > 0, this gives (ii).
Ift > 0then k > 0and f(u) # f5(v). So, {f1(v),... fF*1(v) = f(u),..., f™*(v)}
is a subset of the block C of the element f(u) with respect to § (and also with
respect to #) containing f*(v) and f(u), hence |C| > 1. If u € C, then C is the
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only block with respect to 6 with cardinality greater than 1, this corresponds to
(i). And if u ¢ C, then {u, f'(u)} and C are the only blocks with respect to ¢
having cardinalities greater than 1 and |{u, f*(v)}| = 2, this corresponds to (ii).

Case 3: (u, fi(u)) € 0 for some 0 < ¢t < m and (u, f*(v)) ¢ 6 for all
0 < s < k. Then Y is a block with respect to # and the block of each f*(v) for
0 < s < k is singleton. Therefore, Y is the only block with respect to 6 with
|Y| > 2, this corresponds to (i).

Case 4: (u, f¥(v)) € 0. If (c,d) & 0 for all ¢ # d in A\{u, f*(v)}, then
{u, f¥(v)} is the only block with respect to § having more than one element. We
consider the case that there are ¢ # d in A\{u, f*(v)} such that (c,d) € 6. If c or
d belongs to X\Y, then {c,d, f*(v)} is a subset of the only block C' with respect
to # (also with respect to #) with |C| > 1 and so, C' U {u} is the only block with
respect to § which has more than one element. But, if ¢ and d both are in Y\ {u},
then they are in the only block C' with respect to @ (also with respect to ) with
|C| > 1, so, in this case, C' and {u, f*(v)} are the only blocks having more than
one element and one of them has cardinality 2.

Conversely, let A be a set with |[A|] = n > 3 and let 6 be a non-trivial
equivalence relation on A satisfy either (i) or (ii). We may assume that A =
{ag,a1,...,a,—1} and either B = {a;,a;11,...,a,_1} for some 0 < i <n —1in
case (i) or B = {ag,a;} and C = {a;41,...,a,_1} for some 0 < i < n — 1 in case
(i) are the blocks with respect to #. In either case, we define f : A — A by
fla;) = a4 if j ¢ {0,n — 1}, f(ag) = @41 and f(an—1) = a,—1. In both cases, f
preserves 0. Further, we have f(a;) = a;41 = f(ao) and f(an—2) = ap_1 = f(an_1)
for a; # ag and a,,_s # a,_1 and there are no other elements ¢ # d in A such that
f(e) = f(d). Thus |Imf| = |A| — 2. Since a, 1 # an_» and a,_1,a, > € Imf*
for all 1 < k < n—2and f(a, 1) = f(an_2), we have Imf* > Imf* for
all 1 < k < n — 2. Together with |A| = |[Imf| + 2, we get [Imf"? < 1.
Since a,_; € Imf" 2, we have [Imf" 2% > 1. Thus |[Imf" 2| = 1, and so,
Imf"=2 = Imf"'. Hence, \(f) =n — 2; that is f is a LT}-function.

[



Chapter 4

All Congruence-modular Symmetric Algebras

In chapter 3, we studied a characterization of all unary operations f on a
finite set A with long pre-period; that is, A(f) =n—1forn > 2 and A(f) =n—2
for n > 3. In contrary, we are interested in studying a unary operation f on a finite
set A with A(f) € {0, 1} which we will call a unary operation with short pre-period.

In this chapter, we characterize all unary operations f on a finite set A
with A(f) = 0 such that the unary algebra (A; f) is congruence-distributive or
congruence-modular.

Note that A\(f) = 0 if and only if f is a permutation on A. In the theory of
groups, the set of all permutations on a set A together with composition is called
a symmetric group. And it is known that every permutation can be decomposed
into simple parts called cycles.

Let A be a finite set and let f be a permutation on A. Then the algebra
(A; f) is called a symmetric algebra.

If A is a singleton or a two-element set, the congruence lattice of (A; f) is
also singleton chain {A4} or two-element chain {A4, A x A}, respectively. So,
(A; f) is congruence-distributive ( see Figure 5 ). We are interested in the case
that the cardinality of A is more than two.

Ax A

[ )
Ay Ay
Figure 5. The singleton chain and two-element chain

We begin by considering necessary conditions for a permutation f on A
whose (A; f) is congruence-distributive.

28
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Proposition 4.1. Let (A; f) be a symmetric algebra with |A| > 3. If (A;f) is
congruence-distributive, then either

(i) f is a cycle having at most one fized point, or

(ii) f has no fized points and f is a product of two disjoint cycles whose lengths
are relatively prime.

Proof. We will prove by the contrapositive. Suppose that (i) and (ii) are not true.
Then f is a product of at least three disjoint cycles. Let f = ajas...a, where
r > 3 and all a; are cycles (can be of length 1) and «; and «; are disjoint for
each 1 < i # j <r. Foreach 1 <i < r, let oy = (a1 Gj2...Giy,) and define
B; = {ai1, a2, ...,y } for some non-negative integer m;. Then B; N B; = () for
all 1 <i#j<r.

Because r > 3, we let o = (123) and define ; C A x A for each j € {1,2,3} by

0; = AaU{(z,y)| {z,y} C Bj U By or {x,y} C B2y}

Since f(z) € B; for all x € B; and for all i € {1,2,3}, we have that 6; is invariant
under f for each i € {1,2,3}.

3

Let ¢ := AU (U {(z,y)| z,y € Bg}). By cyclically of o and B; N B; = () for all
k=1

1 <i# 35 <3, wehave §; A b,;) = ¢ for each j € {1,2,3}.

Let 6 := Ay U{(z,y)| z,y € Bi UByU Bs}. Then 0; C 6 for all j € {1,2,3}.
Thus 6; U 0,y € 0 for all j € {1,2,3} which implies that 0; v 0, C 6 for all
j €{1,2,3}. On the other hand, let (a,b) € 6. Then a =b or a,b € B; U By U Bs.
If @ = b, then (a,b) € 6; U0, for all j € {1,2,3}. So, § C 6; V b, for all
J € {1,2,3}. In other cases, if a,b € By U By U B3 then {a,b} C B; U By,(; for
some j € {1,2,3} which implies that (a,b) € 0; U 0,(;). So, 8 C 6; V 6,(;). Hence,
Qj V (90(]-) =4.
So, {01,0,,03,,0} is a sublattice of the congruence lattice of (A; f) which is
isomorphic to Mj ( see Figure 6 ). Hence, M3 — N5 Theorem implies that the
congruence lattice of the symmetric algebra (A; f) is not distributive.

]

01 05

¢

Figure 6. A sublattice of the congruence lattice of (A; f) which is isomorphic to
M3
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Remark 4.2. From Proposition 4.1, the congruence lattice of (A; f) is not dis-
tributive if f is an identity on a set A whose cardinality is more than two. More-
over, if the cardinality of A is three, the congruence lattice of (A; f) is the modular
lattice Ms.

Lemma 4.3. Let (B; fB) be a subalgebra of (A; f4).

(i) If 6 € Con(A; f4), then the restriction 0|z of @ onto B is a congruence relation
on (B; f7).

(ii) If 6 € Con(B; fB), then the relation 0U{(x, x)|x € A} is a congruence relation
on (A; f4).

The proofs of Lemma 4.3 are straight forward. We will denote the relations 6|z
and 0 U {(z, )| x € A} in Lemma 4.3 by p and 64, respectively.

Lemma 4.4. Let A := (A; f) be a symmetric algebra and let (a f(a)... fP~(a))
and (b f(b)... f71(b)) be cycles in a product of f for some positive integers p and
q. Let 6 € Con(A).

(i) If (a, fr(a)) € 0 for some 0 < r < p— 1, then (a, f*(a)) € 0 for all non-
negative integer k.

(i) If there exists integer 0 < r < p — 1 such that (a, f"(a)) € 0 and r is not a
factor of p, then {a, f(a),..., fP~1(a)} is a subset of a block of A/6.

(i) If (p,q) = 1 and (a,b) € 0, then {a, f(a),..., [P (a),b, f(b),..., fT1(D)} is
a subset of a block of A/6.

Proof. (i) Assume that (a, f"(a)) € 6 for some 0 < r < p—1. If & = 0 then
(a, f%(a)) = (a,a) € §. We assume that k # 0. Then (i) follows by taking f" to
(a, f7(a)) for k times for all non-negative integer k and by the transitivity of 6.

(ii) Assume that there exists integer 0 < r < p — 1 such that (a, f"(a)) € 0
and r is not a factor of p. Then the division algorithm implies that there are
integers t; and 0 < s; < r such that p = rt; + s1. Since (a, f"(a)) € 6 and by (i),
we have (a, f"*(a)) € 0. Let r; =r — s;. Then 0 < r; < r. After applying f”
to (a, f"(a)) for t; times, we will get (f™*(a), f™(a)) € 0; hence, the transitivity
of 0 implies that (a, f"(a)) € 6. By repeating the same process, we will get a
decreasing sequence of non-negative integers 0 < ... < r; < r < p such that
(a, fri(a)) € 0 for all integers i > 1. Hence, the process will be stop after finite
steps; that is, there is a positive integer k such that r, > 0 and r.; = 0.

It is easily see that r, # 1 implies the continuation of the process; so, r, = 1.
Hence, (a, f(a)) € 6 which implies by applying f and the transitivity of 6 that
(a, f'(a)) € forall 0 <t <p-—1.

(iii) Assume that (p,q) = 1 and (a,b) € 6. Without loss of generality,
we may assume that p < ¢. By the division algorithm and (p,q) = 1, we have
q = pk + r for some integers k and r where 0 < r < p. Then (f"(a),b) =
(f%(a), f1(b)) € 0. Since (a,b) € 0, the transitivity of § implies that (a, f"(a)) € 0
for some 0 < r < p. By part(ii), (a, f'(a)) € 6 for all 0 < ¢ < p—1. Since (a,b) € 0
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and by the transitivity of 8, we have (b, fi(a)) € 6 for all 0 <t < p — 1. After
applying f to (b, f'(a)) for all 0 <t < p — 1, we can get (f*(a), f5(b)) € 6 for all
0<t<p—land0<s<qg-—1.

[

In the following proposition, we will show that the converse of Proposition
4.1 is also true by showing that the congruence lattice of (A; f) is a product of
chains; or, a linear sum of a product of chains and a one-element chain.

Recall that a linear sum of an ordered set P with a one-element chain 1 is an
ordered set P @ 1 which can represent P with a new top element added.

Proposition 4.5. If f satisfies (i) or (ii) of Proposition 4.1, then the congruence
lattice of (A; f) is a product of chains; or, a linear sum of a product of chains P
with a one-element chain 1.

Proof. Assume that f is a cycle having no fixed point. Let a € A. Then, we may
consider f = (a f(a)... " (a)).

We will prove that Con(A; f) is dually isomorphic to | n.

Let m €] n. Then 0 < m < n; hence, there exists an integer ¢,, such that n =
mcy,. By Remark 2.25, Z can be partitioned into the set Z,, = {[0], [1], [2],..., [m—
1]} of all residue classes modulo m where [j] is the class of integers which is con-
gruence to j modulo m for all j € {0,1,2,...,m — 1}; that is, [j] = {z|z = j
(mod m)} for all j € {0,1,2,...,m — 1}. We define fllm(a) := {f*(a)|s = j
(mod m) for some integer s}. Then (9, = {fV(a) | j € {0,1,2,...,m — 1}}
is a partition of A. It is clear that {,, corresponds to the congruence modulo
m restriction to A which will be denoted by 6,,. Hence, 0,, = {(x,y)|z,y €
fllm(a) for some j € {0,1,2,...,m — 1}}.

Note that: (i) if m = 1, then ¢; = n. Thus p; = {A} and so, 6; = A x A and
(ii) if m = n, then ¢, = 1. Thus p, = {{1},{2},...,{n}} and so, 8, = A 4.

Now, we define a : | n — Con (A4; f) by a(m) = 6,, for all m €] n.

Let u,v €| n be such that u|v and let (z,y) € 6,. Then there exists j €
{0,1,...,v — 1} such that z,y € fUl(a). Thus there are integers s and ¢ with
s =7 (mod v) and t = j (mod v) such that x = f5(a) and y = f*(a). Since ulv,
Theorem 2.18 implies that s = j (mod ) and ¢ = j (mod u). Thus z,y € fUl(a)
for some 5 € {0,1,...,u — 1}; and so, (z,y) € 0,. Conversely, let u,v €] n be
such that 0, C 6,. Then the partition A/6, is finer than A/6, which means
u=1A/0, <|A/0,] = v. If u = v, then clearly, ulv. We assume that u < v.
Since v|v, we have v = 0 (mod v). So, f*(a) € fl*(a). Since f°(a) € fll*(a), we
have (f%(a), f%(a)) € 0, C 0,. So, f°(a) € fl°(a) implies that f'(a) € fl(a).
Therefore, v =0 (mod u); hence, ulv. Thus « is an order-embedding.

It remains to show that « is onto.

Let 6 € Con (A; f). If 6 is an identity relation on A, then 6 = 6y = 6,,. We
consider the case that there exist x # y € A such that (z,y) € 6. Since f is
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a cycle of length n, we can write f = (x f(z)...f" !(z)); hence, there exists
0 <r <n—1such that y = f"(x). If r is not a factor of n, Lemma 4.4(¢7) implies
that 6 = A x A = 6,. But, if r is a factor of n, Lemma 4.4(:) and the transitivity
of 6 implies that (f*(x), f*(x)) € 0 if and only if s =¢ (mod r); hence, § = 6,. In
either cases, there exists 0 < r < n — 1 such that § = 6,. Thus, a(r) =6, = 0.
Therefore, « is onto.

Hence, Con(A; f) is dually isomorphic to | n which is a product of chains. So,
the congruence lattice of (A; f) is a product of chains.

Now, we assume that f is a cycle with one fixed point or f satisfies (ii) of
Proposition 4.1. In either cases, we may assume that f = ajas where oy and as
are disjoint cycles whose lengths are relatively prime whenever both of them are
of lengths more than one. Let B; be a subset of A whose elements are in «; for
each i € {1,2}. Then, f|p, is a cycle on B, for all i € {1,2}. By condition (i), the
congruence lattice of (B;; f|p,) is a product of chains for all ¢ € {1, 2}.

For each 0; € Con(B;; f|p,) for i € {1,2}, we define 6 := 0, U {(z,2)| z €
A} for each i € {1,2}. Then 67 is a congruence relation on (4; f) for all i € {1,2}.

Now, we define 3 : Con(By; fl,) x Con(Ba; fls,) —» Con(4; ) by A(6,65) =
0 v 05 for each 0; € Con(B;; f|p,) and for all i € {1,2}.

Let 0; and ¢; be congruence relations on (B;; f|p,) for each ¢ € {1,2}. Since
BiN By, =0 and B; U By, = A, we have 0 U 83 and ¢ U ¢3! are congruence
relations on (A; f). It is clear that 0 v 62 = 6:' U 05 and ¢t v ¢3t = o1t U @2
Thus

(01,602) C (¢1, o) <= 0; C ¢; for each i € {1,2},
— 02 C ¢ for eachi € {1,2},
=01 U0 C ot Uy,
=00 V0 C oV gy,

<= [(01,02) C B(1, d2).

So, (3 is an order-embedding.

Therefore, Con(By; f|p,) X Con(Bs; f|p,) can be embedded as a sublattice of
Con(A; f).

Now, we will show that 0{' v 05" # A x A for each ; € Con(B;; f
ie{1,2}.

Let 0; € Con(B;; f|p,) fori € {1,2}. Since BiNBy = (), we have (z,y) ¢ 0:'v63 for
eachx € By andy € By. Since B; # () fori € {1,2}, it is clear that §:'v03 C Ax A.
It follows that Img C Con(A; f)\{Ax A}. Let 6 € Con(A; f)\{Ax A}. Then 0p,
is a congruence relation on (B;; f|p,) such that 5 C 6 for each i € {1,2}. Since
BiN By =0 and f(B;) = B; for all i € {1,2}, we have 5 U 64, is a congruence
relation on (A; f); so, le \% 9;‘2 = Qél U QfB‘Q C 0. Conversely, let (a,b) € . We

B,) and for all
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suppose that a € By and b € By. Since the lengths of oy and «y are relatively
prime, Lemma 4.4(7i7) implies that B; U By is a subset of a block of A/f. Since
By UBy; = A, we have § = A x A, a contradiction. Thus {a,b} C B; for some
i € {1,2}. So, (a,b) € 05, C 05, C 05, Ubg . Therefore, 6 = 04 V 03 ; that is,
0 = B(0p,,05,). So, 8 € Imf3. Therefore, Con(A; f)\{A x A} C Img.

Hence, Imf = Con(A; f)\{A x A}.

Therefore, Con(By; f|g,) xCon(Ba; f|B,) = Con(A; f)\{AxA}. Since Con(B;; f|s,)
is a product of chains for each i € {1, 2}, we have that Con(By; f|p,) xCon(By; f|s,)
is a product of chains which implies that Con(A; f)\{Ax A} is a product of chains.
Hence, the congruence lattice of (A; f) is a linear sum of a product of chains P
and a one-element chain 1. O

N
X
N
S

X

&
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Figure 7. The congruence lattices of some symmetric algebras whose the
permutation operation is a cycle having no fixed point.
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Figure 8. The congruence lattices of some symmetric algebras whose the per-
mutation operation is a product of atmost two disjoint cycles whose lengths are
relatively prime and one of them can be of length 1.

The following theorem shows a characterization of all symmetric algebras
which are congruence-distributive and the proof of the theorem is followed directly
by Proposition 4.1 and Proposition 4.5.

Theorem 4.6. Let A := (A; f) be a symmetric algebra. Then the followings are
equivalent:

(i) A is congruence-distributive.

(ii) Conditions (i) or (ii) of Proposition 4.1 are satisfied.

(iii) Con(A) is either a product of chains or a linear sum of a product of chains
with a one-element chain 1.
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Now, we are looking for conditions on f whose symmetric algebra (A; f) is
congruence-modular. It is known that if A is singleton or a two-element set then
(A; f) is congruence-distributive and so, (A; f) is congruence-modular. In the case
A having cardinality 3, if f is an identity on A then the congruence lattice of (A; f)
is modular and if f is not an identity then Theorem 4.6 implies that the congru-
ence lattice of (A4; f) is distributive which implies that it is congruence-modular.
Therefore, we will study the case that the cardinality of A is more than three.

In the following proposition, we will prove necessary conditions for a per-
mutation f on A which (A; f) is congruence-modular.

Proposition 4.7. Let (A; f) be a symmetric algebra with |A| > 4. If (A; f) is
congruence-modular, then f is either one of the followings:

(i) f is a cycle having at most two fized points, or

(ii) f has at most one fixed point and f is a product of two disjoint cycles whose
lengths are relatively prime, or

(iii) f has no fixed point and f is a product of three disjoint cycles whose lengths
are relatively prime.

Proof. We will prove by the contrapositive. Suppose that (i), (ii) and (iii) are not
true. Then f is a product of at least four disjoint cycles. Let f = ajas ...«
where r > 4 and all o; are cycles (can be of length 1) and «; and «; are disjoint
for each 1 <1 #£ j <r. Let B; be a subset of A whose elements are in «; for each
i€ {l,2,...,r}. Because r >4, let o = (1234) and let i € {1,2,3,4}.

Now, let define ; C A x A for each j € {1,2,3} as follows:

01 = AaU{(z,y){z,y} € B; U Bygiy or {z,y} C Bozgy or {z,y} C Bys(iy},

0y = Ay U{(z,y){x,y} € B; U By or {z,y} C Bo2) U Bys(;)}, and

03 = Ay U{(z,y){x,y} C B; U By or {x,y} € By U Bysgiy )

Then 6; is invariant under f for each i € {1,2,3}. Thus 6; C 0, and

4
01 A O3 = AU (| {(z,9)| 2.y € Bi}) = 02 A 05,

k=1

Now, we will show that 0, V 03 = 0, V 05.

It is clearly, 6, V 63 C 05 V 05.

Let (a,b) € 63V 03. There are a = qo,q1,-..,q = b € A such that (qx,qrs1) €
Oy U B3 for all 0 < k <t — 1. Without loss of generality, we may assume that
(a,q1) € 6y. Since {a = qo,q1,...,q = b} is finite, there is the greatest element
a € {a = qo,q,-..,q = b} such that (¢;_1,¢q;) € 65 for each 1 < i < k but
(G, qrs+1) € 03, and so, the transitivity of 6, implies that (a, gx) € 0s.

If (g;,qj+1) € 03 for each k < j <t —1, the transitivity of #; implies that (g, b) €
03. Since (a, qi) € 02, we have {a, gy} C B; U B, or {a,qr} € By2(y U Bos(y).

If {a,qx} € B; U By, then (a,q) € 61, and since (gz,b) € 05, we have (a,b) €
Ql vV 93.
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Thus, we assume that {a, g, } € By2() U Bos().

If {a,qr} € By or {a,qx} € Bos(;), then (a,qr) € 03 and since (qx,b) € 05, we
have (a,b) € 05 C 6, V 05.

Without loss of generality, we may assume that a € By2;) and g € Bys(;y. Since
(qr,b) € 03 and g, € B,s(;), we have b € By(;) or b € Bgs(;). Since a € Byz2(;) and by
definition of 3, we have (a, k) € 63 for all k € B;. Since B; # (), there is a x € B;
such that (a,x) € 03. Since € B; and by the definition of 6, we have (z,[) € 6,
for all [ € B,(;). Since B,y # 0, there is a s € B,(; such that (x,s) € 6;. Since
s € By(;y and by the definition of 83, we have (s, m) € 03 for all m € B,s;. Since
qx € Bys(iy, we have (s,q,) € 3. Thus a 05 x 6, s 03 g 05 b which implies that
(CL, b) €0,V 93. SO7 0y VvV 03 co,v 93.

Next, we assume that (g;,qj+1) ¢ 65 for each & < j < t — 1. The finitary
of {a = qo,q1,...,¢ = b} implies that there is a greatest element ¢. € {a =
qo, q1s - - -, q¢ = b} such that (g._1,q.) € 03 for each k+1 < ¢ < r but (¢, gr11) € 02,
and so, the transitivity of f3 implies that (qx,g.) € 6s.

Now, we have (a, qx) € 02 and (qx, ¢,) € 63. The proof above implies that (a, q,) €
01V 05. Since (g, gr-+1) € 02, we can prove by continuing in this process, and so,
OV 03 C 01V 03.

Hence, 0, V 03 = 0, V 05.

So, {61,0s,03,6, A 05,0, V 05} is a sublattice of the congruence lattice of (A; f)
which is isomorphic to N5 ( see Figure 9 ). Hence, by M3 — N5 Theorem, the
congruence lattice of (A; f) is not modular.

[]

01V O

05
01

01 N\ 03

Figure 9. A sublattice of the congruence lattice of (A; f) which is isomorphic to
Ns

We note from Proposition 4.7 that the congruence lattice of (A; f) is not modular
if the cardinality of A is more than three and f is an identity on A.

We will now prove sufficient conditions for a permutation f on A whose
the congruence lattice of (A; f) is modular which is not distributive.
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Proposition 4.8. Let (A; f) be a symmetric algebra with |A| > 4. If f is a
product of three disjoint cycles (can be of length 1) and each pair of them are of
relatively prime lengths, then the congruence lattice of (A; f) is modular which is
not distributive.

Proof. Assume that f is a product of three disjoint cycles ajasas where one or
two of them can be of length 1 and each pair of o;; and «a; with 1 <4 # j < 3
are relatively prime lengths. Let B; be a subset of A whose elements are in «; for
each i € {1,2,3}. Then, f|g, is a cycle on B; for all i € {1,2,3}. Proposition
4.5 implies that the congruence lattice of (B;; f|p,) is a product of chains for each
i € {1,2,3}. Since the lengths of a; and «; for 1 < i # j < 3 are relatively prime,
Proposition 4.5 implies that the congruence lattice of (B; U Bj; f|p,up,) is a linear
sum of a product of chains P with a one-element chain 1.

Claim 1: If § € Con(A; f)\{A x A}, then 6 is one of the following forms:
0= U:f:l&Bi or 0 = eBiqu U HBk.

Assume that § € Con(A; f)\{A x A}. Then 6, C 0 for all i € {1,2,3}. If
0 = Ay, then 0, = Ap, for all i € {1,2,3}. Since A = B; U By U Bs, we
have Ay = U} Ap, = U, 0p,. We will consider § € Con(A; f)\{A4, A x A} and
0 # U>_,0p,. Since 0, C 0 for alli € {1,2,3} and Op,up, C O forall1 <i#j <3,
we have 0p,p, U0p, C 0.

Now, let (x,y) € 0. Since 0§ # U}_,0p,, {z,y} € B; for all i € {1,2,3}. Since
A = By U By U Bg, there are 1 < i # j < 3 such that € B; and y € B;. Since
B;nN Bj = @, we have (l’,y) S GBiuB]. - eBiqu U HBk' SO7 0 C QBiqu U QBk.

Hence, 6 = 0p,up; U 0p,.

Claim 2: For each 1 < ¢ # j < 3 and k ¢ {i,j}, Con(B; U By; f
Con(By; f|g,) can be embedded as a sublattice of Con(A; f).

We define 3 : Con(B; U By; f|g,us,) X Con(By; f|p,) — Con(A; f) by
(0,9) — OV ¢ where § = 0 U Ap, and ¢ = ¢ U Ap,p, for all § € Con(B; U
Bj; flpus,) and ¢ € Con(By; f|p,)-

Let 0, € Con(B; U By; f|p,up,) and ¢, € Con(By; f|p,) for each t € {1,2}. Since
B;NB; =0 for all i € {1,2,3} and B; U By U B3 = A, we have 0, U ¢, = 0, V ¢,
for each ¢t € {1,2}. Thus

BiUBj ) X

(01,01) C (02, 02) <= 01 C 0 and ¢1 C ¢
0, C 0y and ¢ C @
< 0, U C U oo,
01V o1 C OV o,
< B(01,¢1) C B(02, p2).

So, (3 is an order-embedding.
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For each i € {1,2,3}, let C; be a sublattice of Con(A; f) which is isomor-
phic to Con(B; U Bygiy; f BiUBo-(i)) x Con(Bgya(; f|362(i)) and let m; be the greatest
element of C;.

Claim 3: m;, my and m3 are the only co-atoms of Con(A; f).

First of all, we will show that m; # A x A for each i € {1,2,3}.

Let i € {1,2,3}. Since |A| > 4 and {By, Bs, B3} is a partition of A, there are
r € B;and y € B,2(;). Therefore, (z,y) ¢ m;. So, m; # Ax Aforeachi € {1,2,3}.
Next, let i € {1,2,3} and let § € Con(A; f) such that m; C § C A x A. Then
there exist a,b € A such that (a,b) € 0 but (a,b) ¢ m;. Thus {a,b} € B; U B,
and {a,b} € By2(;). Since {By, By, B3} is a partition of A, we may assume that
a € B; and b € B,2(;y. Now, let z,y € A. If {z,y} C B; U B, or {x,y} C B2
then (z,y) € m; for some i € {1,2,3}. If {z,y} € B; U By and {z,y} € B2,
we may assume that x € B; U B,(;) and y € B,2(;). Then x,a € B;U B,(;); and so,
(x,a) € m; C 6 and (b,y) € m; C 0. Since (a,b) € 6 and by the transitivity of 6,
we have (z,y) € 6. So, § = A x A.

Hence, m; is a co-atom of Con(A; f) for each i € {1,2,3}.

Finally, let 8 € Con(4; f) be such that § ¢ m; for each i € {1,2,3}. Then for
each ¢ € {1,2,3}, there are a,b,c,d,p,q € A such that (a,b) € 0, (¢,d) € 6 and
(p.q) € 0 but (a,b) & m;, (c,d) &€ Mo and (p,q) & my2(;). Hence, by the defini-
tion of m;, my(;) and mg2(;, we have

a € Bl U Bo-(i) and b€ BJZ(i),
¢ € By(iy U By2;) and d € By,
pE BU2(i) U Bz and qc Bo‘(i)-

If a € B;, the cyclically of f and (a,b) € 6 implies that (z,y) € 6 for all
r,y € BiUB,2(;). From (p,q) € 6, we have either (s,t) € 0 for all s,t € By;UBs2(;
or (s,t) € 0 for all B; U B,;).
In any cases, the transitivity of 6 implies that (s,t) € 0 for all s,t € A. Hence,
0=AxA.
We can also prove similarly for the case a € B,(;) that = A x A.
Therefore, my, my and mg are the only co-atoms of Con(A; f).
It is clearly, m; V m,u = A x A | for each i € {1,2,3}.

3
Let m be the greatest element of the sublattice C' := [ C; of Con(A4; f).

i=1
Claim 4: m = m; A my(;), for each i € {1,2,3}.
Let i € {1,2,3}. It is clearly, m is a lower bound of {m;, ms,ms}. So, m C
my; A mg(i).
Let 6 is a lower bound of {m;, m,)}. Then § C m; and 0 C my(;). Thus 6 € C;
and 0 € C,(;y. So, 6 € C; N Cy;y which implies that 0 C m.
Therefore, m = m; A mg(; for each i € {1,2,3}.
From Claim 3 and Claim 4, we have that {m, my, ms, m3, A x A} is a sublattice of
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) which is isomorphic to M3. Therefore, M3 — N5 Theorem implies that

Con(A;
A; f) is not distributive.

Con(

<

I

Now, we will show that Con(A; f) has no sublattice which is isomorphic to Ns.
Note that: if 6, ¢ € Con(A; f) such that ¢ C 6 then 6, ¢ € C; for some i € {1,2,3}.
Let 0, ¢, € Con(A; f) such that ¢ C 0, ¢ || 6 and ¢ || ¢. Then there exists a
1 <i < 3suchthat 8,0 € C;. If ¢ € C; then 0, ¢, ¢ € C; and so, the distributivity
of C; imply that oA # 0Ny and ¢V ¢ # 0V . We consider the case ¢ € C; for
some 1 < j # 1 < 3. If p € C then the distributivity of C; imply that ¢ Ay # A
and ¢ V ¢ # 0V ¢. We consider the case ¢ € C;\C.

If0 e C\Cand ¢ € C,thendVyp=AxAand ¢V =m;. Thus ¢V C V.
If0,¢ € C;\C, by claim 1, § = 0.0, UQBU%_) and ¢ = pp;up,;, U PB,a - Thus
ONp= (eBiUBo(i) U eBaz(i)) N (@BjUBg(j) U (10302(]-))

- <¢BiUB U ¢302(i)) N (QOBJ‘UBU(]-) U (pBgzm)

=0 A .

o (i)

Therefore, there are no sublattices of Con(A; f) which are isomorphic to Ns.
Hence, Con(A; f) is modular.
m

Corollary 4.9. If (A; f) is a symmetric algebra with |A| > 4 then there exist
co-atoms my, my and ms of Con(A; f) which satisfy the following conditions:
(i) for each i € {1,2,3}, | m; is a lattice of one of the following forms:

P or P&l or (P®1l)xQ
where P and Q) are product of chains.

(ii) The set {m,my, mo, m3, AX A} is a sublattice of Con(A; f) which is isomorphic

3
to M3 where m is the greatest element of a sublattice (| | m; of Con(A, f).
i=1

The proof of Corollary 4.9 is followed by Proposition 4.7 and Proposition 4.8.

Definition 4.10. Let L be a lattice with the greatest element 1. We say that L is
a Ms-head lattice if L satisfies the following conditions:
(i) L contains exactly three co-atoms my, my and ms which | m; satisfy the Con-
dition (1) of Corollary 4.9 for each i € {1,2,3}, and
(ii) The set {m,my, ma, mg,1} forms a sublattice of L which is isomorphic to Ms
3
where m 1is the greatest element of (| | m,.
i=1

Proposition 4.11. Mj-head lattice is a modular which is not distributive.

We can prove Proposition 4.11 similarly of the proof of Proposition 4.8.
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Figure 10. The congruence lattices of some symmetric algebras whose the permu-
tation is a product of three disjoint cycles whose lengths are relatively prime; and,
one or two of them can be of length 1.

Theorem 4.12 shows a characterization of a permutation f on a finite set
A whose (A4; f) is congruence-modular and the proof of the theorem is followed
directly by Proposition 4.7, Proposition 4.8, Corollary 4.9 and Proposition 4.11.
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Theorem 4.12. Let A := (A; f) be a symmetric algebra. Then the followings are
equivalent:

(i) A is a congruence-modular,

(ii) Conditions (i), (ii) or (iii) of Proposition 4.7 are satisfied,

(iii) Con(A) is either a product of chains or a linear sum of a product of chains
with one-element chain or a Ms-head lattice.



Chapter 5

All Congruence-modular Near-symmetric

Algebras

In chapter 4, we characterize all unary operations f on a finite set A with
A(f) = 0 whose algebra is congruence-distributive or congruence-modular. In this
chapter, we will study in a similar way for characterizations of all unary opera-
tions f on a finite set A with A(f) = 1 whose algebra is congruence-distributive
or congruence-modular.

Let A be a finite set and let f be a unary operation on A with A(f) = 1.
Then we call (4; f) a near-symmetric algebra.
Recall that A\(f) = 1 if and only if Imf = Imf2.

The following proposition proves a characterization of a unary operation f
on a finite set A with A\(f) = 1.

Proposition 5.1. Let A be a finite set with |A| > 2 and let f be a unary operation
on A. Then the followings are equivalent:

L) =1,

2. thereis a ) # B C A such that BN Imf =0 and f|a\p is a permutation,

3. Imf C A and f|rmys is a permutation, and

4. Imf C A and BN Imf is a one-element set for all B € Ay, ..

Proof. (1) = (2) Assume that A\(f) = 1. Then Imf C A. Therefore, there is a
0 # B C A such that A = BUImf is a disjoint union and f|,, s is a permuta-
tion. Since A(f) =1 and Imf = A — B, we have f|4\ p is a permutation.

(2) = (3) Assume that there is a ) # B C A such that BN Imf = 0
and f|a\p is a permutation. Then, clearly, Imf C A. Now, we will show that
A\B = Imf. Clearly, Imf C A\B. Let x € A\B. Since f|\p is a permutation,
x € Imf|ap, and so, x € Imf, that is A\B C Imf. So, A\B = Imf. Hence,
flimyg is a permutation.

42
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(3) = (4) Assume that Imf C A and f|p,s is a permutation. Let
B € Ay, Then for each b € B, there is a ¢ € A such that f(b) = ¢, that
is f(B) = {c}. Since f|rms is a permutation, B N Imf is singleton.

(4) = (1) From (4), we have f|s,s is a permutation; and together with
Imf C A, we have A(f) = 1.
0

Note that: the congruence lattice of any two-element algebra (A; f) is the two-
element chain {A4, V4}. We will consider the case that the cardinality of A is
more than two.

The following proposition provides some necessary conditions of a near-
symmetric algebra which is congruence-distributive and congruence-modular.

Proposition 5.2. Let (A; f) be a near-symmetric algebra with |A] =n > 3.

1. If (A f) is congruence-modular, then A/yers contains only one block whose
cardinality more than one.

2. If (A f) is congruence-distributive, then |Imf| =n — 1.

Proof. (1) Assume that (A ; f) is congruence-modular. Since A(f) = 1, we have
A/kerf = {B1,Ba, ..., B} for some integers t > 1. By Proposition 5.1, we may
assume that there are 1 < s < t such that By, B, ..., B, are the blocks which
have more than one-element and B; N Imf is a one-element set for all 1 < <t
and f|p,s is a permutation. Let f|p,s := ayas...q, for some r > 2 where
Qaq, o, ..., q. are disjoint cycles.

Suppose that s > 2. Then |B;| > 1 and |Bs| > 1. Let f(B;) = {b1} and
f(By) = {ba}. Then by # by. Since B; N Imf is singleton for all 1 < i < ¢ and
|By| > 1 and |By| > 1, there are u € By and v € By such that u,v ¢ Imf and
there are a; # ay such that a; € B; N Imf for all i € {1,2}. So, a; and b; are in
the same cycle «; for each ¢ € {1,2} and for some 1 < j <.

Let C be the union of cycles containing b and by and define 6; := A U{(z, y)|z,y €
C} and 6y := 0, U{(u,v), (v,u)}. Then 0; and 0, are invariant under f and Ay C
0y C 0,. Since (u,v) ¢ kerf and B;NImf is a one-element set for each i € {1, 2},
we have 0y Nkerf = Ay =0y Nkerf. Since u kerf ay 61 by 01 by 01 as ker f v, we
have (u,v) € 0;Vkerf. So, 0;Vkerf = 0;Vkerf. Therefore, {Aq, 61,0q, kerf, 0,V
kerf} is a sublattice of the congruence lattice of (A; f) which is isomorphic to Nj;
a contradiction. So, s = 1.

(2) Assume that (A; f) is congruence-distributive. Then, it is congruence-
modular. By part (1), A/k.-s contain exactly one block B such that |B| > 2.
Now, we want to show that |B| = 2. Suppose that |B| > 2. Then there are z # y
such that x,y € B and there exists only one 2z € BN Imf.

Now, we define

0 = AaU{(2,9), (v, 2)},
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O = Ay U {(y> Z)’ (27 y>}’

and 03 = Ay U{(z,2), (z,2)}.

Since z,y, z are in the same block B of A/je s, all 61, 65 and 03 are invariant
under f. It is clear from the definitions of 6;, #; and 63 that 6; N6y = 6, N O3 =
02N6b3 = As. Now, 01V 0, 01V O3 and 0,V 03 are the least equivalence relations on
A containing {(z, y), (y,x), (y,2),(2,v), (z,2), (, 2) }; they are the same relations.
Hence, {Ay4,61,05,05,0, V 05} is a sublattice of the congruence lattice of (A; f)
which is isomorphic to Mj. Therefore, the congruence lattice of (A; f) is not

distributive; a contradiction. So, |B| = 2. Hence, |Imf| =n — 1.
[l

The next proposition shows the forms of the congruence lattice of a near-
symmetric algebra (A; f) with [Imf| =n — 1.

Proposition 5.3. Let (A; f) be a near-symmetric algebra with |A| = n > 4 and
|[Imf|=n—1. Then Con(A; f) is isomorphic to 2 x Con(Imf; f).

Proof. Let B be the only one block of A/, . with |B| = 2.

Let ue B—Imf and b€ BNImf. Then f(u) = f(b).

Assume that @ € Con(Imf; f). It is clear that 0 U {(u,u)} € Con(A; f). Now, we
define 0 := QU {(z,y)|z,y € [bloU{u}} and let (x,y) € 0 with x # y. If (z,y) € 0,
then (f(x), f(y)) € § C 6. We may assume that (z,y) = (u, c) for some c € [b]y.

Case 1. f(b) = b. Then (f(z),f(y)) = (f(u)vf( ) = (f(b), f(e)) =
(b, f(c)); so, b, f(c) € [blg which implies that (b, f(c)) € 6

Case 2: f(b) #b. Then b, ¢ € [blg implies that (b, c) € 6; so, (f(b), f(c)) € 6.

c) )
Sincg(f( w), f(€)) = (f(b), f(c)), wehave (f(z), f(y)) = (f(w), f(c) = (f(b), () €
cé.

In either cases, € is invariant under f.
We define g : 2 x Con(Imf; f) — Con(A; f) for each 8 € Con(Imf; f) by
9((0,0)) =0U{(u,u)} and ¢((1,0)) = 0U{(z,y)|z,y € [blgU{u}}. Then, clearly,
g is an order-embedding. Now, let § € C'o (A; f). If [u]g is singleton, then
0 =0—{(u,u)} € Con(Imf; f) with g((0,0)) = 6’ But, if [u]g is not singleton,
then f(u) and b are in the block [u]; since f(u) = f(b). Let B := [uls — {u}.
Then B # 0 and P := (A;, — {[uls}) U {B} is a partition of Imf. Let 6 be
the corresponding equivalence relation on Imf to P. Then, clearly, # is invariant
under f and g((1,0)) = 6. Therefore, g is an order-isomorphism.

O]

The following corollary is a consequent of Proposition 5.3.

Corollary 5.4. Let (A; f) be a near-symmetric algebra with |A| = n > 4 and
|[Imf| =n—1. Then Con(Imf; f) can be embedded as a sublattice of Con(A; f).
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Lemma 5.5. Let (A; f) be a near-symmetric algebra with |A] = n > 4 and
|[Imf| =n—1. If flims is an identity function, the congruence lattice of (A; f) is
not distributive.

Proof. Since |Imf| = n — 1, we have |[Imf| > 3. Remark 4.2 implies that the
congruence lattice of (Imf; f) is not distributive. So, by Corollary 5.4, the con-

gruence lattice of (A; f) is not distributive.
]

The following theorem shows some characterizations of a congruence-distributive
near-symmetric algebra.

Theorem 5.6. Let (A; f) be a near-symmetric algebra with |A| = n > 4. Then
the followings are equivalent:

1. (A; f) is congruence-distributive,

2. [Imf| =n—1 and (Imf; f) is congruence-distributive,

3. Imf|=n—1 and f|imy is one of (i) or (ii) of Proposition 4.1,

4. the congruence lattice of (A; f) is one of the followings:

2xP or 2x(P®l)

where P is a product of chains.

Proof. (1) = (2) Assume that (A; f) is congruence-distributive. Then, by part
(2) of Proposition 5.2, [Imf| =n — 1. Hence, Proposition 2.50 and Corollary 5.4
imply that (Imf; f) is congruence-distributive.

(2) = (3) Assume that [Imf| = n — 1 and (Imf; f) is congruence-
distributive. By Lemma 5.5, f|;m,s is not an identity function; so, Proposition
4.1 implies the conclusion.

(3) = (4) Assume that [Imf| = n — 1 and f|}, is one of conditions (i)
or (zi) of Proposition 4.1. If f|;,s is a cycle having no fixed point, Proposition
4.5 and Proposition 5.3 imply that Con(A; f) is of the form 2 x P where P is a
product of chains. If f|;, is a cycle with one fixed point or f|;, s satisfies (ii) of
Proposition 4.1 then Proposition 4.5 and Proposition 5.3 imply that Con(A; f) is
of the form 2 x (P & 1) where P is a product of chains.

(4) = (1) Lemma 2.48 and Proposition 2.50 imply that the lattice of the
forms 2 x P and 2 x (P & 1) where P is a product of chains are distributive.
O]



46

Figure 11. The congruence lattices of some congruence-distributive
near-symmetric algebras.

In the following proposition, we prove a necessary condition of a congruence-
modular near-symmetric algebra.

Proposition 5.7. Let (A; f) be a near-symmetric algebra with |A| = n > 4. If
(A; f) is congruence-modular, then |Imf|=n—1 or|[Imf| =n—2.

Proof. Assume that (A; f) is congruence-modular and [Imf| < n — 3. By Propo-
sition 5.2(1), there are a,b,c¢,d € A such that f(a) = f(b) = f(c) = f(d). Then
for each i € {1,2,3}, we define 6; C A x A as the follows:
0, = AaU{(a,b),(b,a)},
0y = 0, U{(c,d), (d,c)},
and 05 = Ay U{(a,c),(c,a),(b,d),(d,b)}.
Since f(a) = f(b) = f(c) = f(d), we have that 6; is invariant under f for each
1€ {1,2,3} Then 91 Q 02,€1ﬂ03 = AA = 02ﬂ93 and 01\/03 = AAU{(I',y”J),y €
{a,b,c,d}} =05V 03. So, {01, 605,05,A4,0, V 03} is a sublattice of the congruence
lattice of (A; f) which is isomorphic to N5. Hence, M3 — N5 Theorem implies that
the congruence lattice of (A; f) is not modular, a contradiction. So, [Imf| > n—2.
But, |[Imf| < |A| — 1 =n — 1 implies that |[Imf|=n —1 or |[Imf| =n — 2.

O

The next proposition shows the forms of the congruence lattice of a congruence-

modular algebra.

Proposition 5.8. Let (A; f) be a congruence-modular near-symmetric algebra
with |A] =n > 4.

(i) If [Imf| =n — 1, then Con(A; f) is isomorphic to 2 x Con(Imf; f),

(ii) If |[Imf| = n — 2, then Con(A; f) is isomorphic to Mz x Con(Imf; f).



47

Proof. (i) follows from Proposition 5.3.
(ii) Suppose that |Imf| = n — 2. Since Con(A; f) is modular, Proposition

5.2 implies that A/g.,s contains only one block whose cardinality is more than

one.

Let B be the only one block of A/, whose cardinality is more than one; that is,

|B| > 2. If |B| = 2, then |[Imf| =n — 1, a contradiction. Therefore, |B| > 3. We

will show that |B| < 3. Suppose that |B| > 4. Then there are distinct elements

x,y,u,v € A such that f(z) = f(y) = f(u) = f(v). We define

0 = AaU{(z,9), (y,2)},

0y = 6, U {(u,v), (v,u)},

and 03 = Ay U {(z,u), (u,x), (y,v), (v,y)}.

It is clearly, 6; is invariant under f for each i € {1,2,3}. Then 6; C 0,0, N O3 =

Ay = 0N and 6, VO3 = Ax U {(a,b)|a,b € {x,y,u,v}} = OV 03. So,

{61,04,03, A 4,0, V 05} is a sublattice of Con(A; f) which is isomorphic to N5. By

Mjz; — N5 Theorem, Con(A; f) is not modular, a contradiction. Thus |B| < 3.

Hence, |B| = 3.

Let B = {a,b,c}. Then f(a) = f(b) = f(c). By Proposition 5.1(4), we have

|IBNImf| = 1. Without loss of generality, we may assume that c € BNImf. Let

define ¢1, 9o, 93 C B x B by:

o1 =ApU {(av b)? (bv a’>}>

¢2=ApU {(CL, C)? (C, CL)},

and ¢3 = Ag U {(b,¢), (c,b)}.

Then, clearly, ¢1,®s and ¢3 are congruence relations on B such that ¢; N ¢y =

Ap=¢aN3=¢1Nesand ¢1V ¢y = AgU{(z,y)|z,y € B} = ¢V o3 = ¢1V ¢3.

So, {¢1, b2, ¥3, Ap, @1 V ¢o} form M.

Let denote {¢1,¢2,¢3,AB,¢1 \/¢Q} by Mg. B

We are going to prove that Con(A; f) is isomorphic to M3 x Con(Imf; f). Let

¢ € Con(B; f|p) and 0 € Con(Imf; f|imy)-

Define ¢ = ¢ U {(x,z)|x € Imf} and § = 0 U{(z,7)|]z € B}. Then ¢ and @ are in

Con(A; f).

Now, we define

a : Mz x Con(Imf; f) — Con(A; f) by a(¢,0) = ¢ Vv 0 for all (¢,0) € My x

Con(Imf; f).

and define

B: Con(A; f) — My x Con(Imf; f) by 3(0) = (0], 0|1my) for all § € Con(A; f).

We claim that a o 8 = idoon(a;p) and 8 o & = idyz, x con(imy:f)

Let 6 € OO?’L(A; f) Then Oé(ﬁ(@))_: Oé(_(9|B,9|[mf)> = ‘9|B V 9|Imf-

Now, we want to show that 8 = 0|5 V 8],y

Since 05 C 0 and 0|1,,,; C 6, we have 8|g U 0|1, C 6. Thus 0|5V 0|1ms C 0.

On the other hand, let (z,y) € . Then z,y € A = BUImf. If z,y € B, then
(a:,y) € 6_‘3 - 6_‘3 Ue_‘[mf and if T,y € Imf, then (:c,y) € é’[mf - 9_|B U9_|[mf.
Without loss of generality, we may assume that x € B and y € Imf. If x = v,
then x = c and y = c. Thus (z,y) € 0| U0|1ms. So, we assume that x # y. Then

we consider the following cases:
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Casel: x = c and y # ¢, then (z,y) € 0|1 C 05U 0|y

Case2: z # c and y = ¢, then (z,y) € 0| C 0|5 U 0|1y

Case3: x # c and y # ¢, then z € {a,b} and y € Imf\{c}.
Since (z,y) € 6, we have (z,c¢) € 0| and (z,¢) € O|1my, that is (z,¢), (c,y) €
8|BU9’[mf. Thus (I7y)€t9|B\/9’[mf. ~ B ~ ~
In either cases, we conclude that (z,y) € 0|g U 0|1ms C 0|5 V 0lrms. Thus
0 C 0|V 0|1y Hence, @ = 0|p V 0|1y, which implies that a0 3 = idcon(Af)-
Next, we will show that 0 o a = idyz,«con(imy:f)-
Let ¢ € M3 and 0 € Con(Imf; f).
Then B(a((6,0))) = 86V 0) = (6 Y 8)la: (3 D)limy).
Now, we want to show that ¢ = (¢ V 8)|g and 0 = (¢ V 0)| 1.
Since ¢ € Mz and § € Con(Imf; f), we have ¢ C (¢U0)|p C (0 U0)|5
and 0 C (¢ U0)|rmy C (U O)|1mg € (¢V 0)|tmy. Thus ¢ C (¢
0C(oVO)|ims
Let (x,y) € (¢ V0)|g. Then z,y € B and there are ¢y = x,¢1,¢2,...,¢, =y € A
such that (g;,¢i41)) € UG for all 0 < i < n—1. But, 2 € B. So, we consider
only two cases: z € {a,b} or z = c.

Case 1: x € {a,b}.

Since {qo = x,q1,¢2,...,q, = y} is finite, there is the greatest element, g, in
{90 = z,q1,¢2,...,¢, = y} such that (g_1,¢;) € ¢ for all 1 < j < k but
(qr, Q1) ¢ &, and so, the transitivity of ¢ implies that (x,qx) € ¢. Since
(r—1,qx) € ¢ and (qx,qrs1) ¢ &, we have g, = c and g1 € Imf\{c}. So,
(¢, qrs1) € 0. If qxo1 = y, then y = ¢, by the transitivity of 6, we have (¢, c) € 0,
and so, (¢,c) € ¢. Thus (z,y) € ¢. Now, assume that gxr1 # y. Then there
is an integer [ > k such that (¢;_1,q) € 0 for all k < ¢t <l but (¢, q1) ¢ 6.
By transitivity of 0, we have (g, q) € 0 and so, ¢ = ¢ and ¢ 11 € {a,b}. Thus
(c,c) € 0 and so, (¢, c) € ¢. Continuing in this process, we have (z,y) € ¢.

Case 2: x =c.
If ¢ € {a,b}, then (z,q1) € ¢, and by case 1, we have (q1,y) € ¢. So, the
transitivity of ¢ implies that (z,y) € ¢. We assume that ¢; € Imf\{c}. Then
(x,q1) € 0. Since {qo = =, q1, G2, - - -, gn = Y} 1s finite, there is the greatest element,
gs, in {qo = x,q1,q2,...,q, = y} such that (¢._1,q,) € 6 for all 1 < r < s and
(¢s,qs+1) ¢ 0. So, by transitivity of 6, we have (z,¢s) € 6, and so, ¢; = ¢ and
¢s+1 € {a,b}. Since x = ¢ and ¢s = ¢, we have (z,q,) € ¢. Since ¢,41 € {a,b}
and by case 1, we have (¢s11,y) € ¢. By the transitivity of ¢, we have (z,y) € ¢.
Hence, (¢ V 0)|5 C ¢
Similarly, (¢ V 0)|1my C 6. Thus (¢ V 0)|p = ¢ and (¢ V 0)|1ms = 0.
Hence « and (8 are bijections.
It remain to show that « is a homomorphism.
Let (s, 1) € Mz x Con(Imf; f) for each i € {1,2}. Then a((p1,%1)V (p2,2)) =
a(p1Vep2, V1Vihe) = 01 Vo Vibr V ihy = (@1V@2)V (1 Viha) = (91VUh1)V(92Vihe) =
a1, Y1) V a(pz, ¥2) and a((e1,91) A (02,02)) = alpr A 2, 1 Athe) = o1 Apa V
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U1 Ay = (1 A@2) V (01 Ada) = (@1 A1) A (2 Ada) = alr,1h1) A apa, tha).
L]

Lemma 5.9. Let (A4; f) be a near-symmetric algebra with |A| = n > 6 such that
[Imf| =n—1 or |Imf| =n — 2. If flpms is an identity function, Con(A; f) is
not modular.

Proof. Since [Imf| =n—1or |Imf| =n — 2, we have |[Imf| > 5 or |[Imf| > 4.
Remark 4.2 implies that Con(Imf; f) is not modular. So, by Proposition 5.8,
Con(A; f) is not modular.

O

The next theorem shows characterizations of a congruence-modular near-
symmetric algebra.

Theorem 5.10. Let (A; f) be a near-symmetric algebra with |A| =n > 4. Then
the followings are equivalent:

1. (A; f) is congruence-modular,

2. (Imf; f) is congruence-modular and either |Imf|=n—1 or |[Imf| =n —2,
3. flims ts one of (i) or (i) or (iit) of Proposition 4.7 and either [Imf| =n —1
or [Imf|=n -2,

4. Con(A; f) is one of the following lattices

2X P or 2x(P®1) or 2x L

or
Msx P or M3x (P®1) or Msx L

where P is a product of chains and L is a Ms-head lattice.

Proof. (1) = (2) Assume that (A4; f) is congruence-modular. Then, by Proposi-
tion 5.7, |[Imf| =n — 1 or [Imf| = n — 2 which implies by Proposition 5.8 that
Con(Imf; f) is modular.

(2) = (3) Assume that |[Imf| =n —1or [Imf| =n—2 and (Imf; f) is
congruence-modular. Lemma 5.5 implies that f|z,; is not an identity function;
80, f|rmys is one of (i) or (i7) or (iti) of Proposition 4.7.

(3) = (4) Assume that [Imf| =n—1or [Imf| =n—2 and f|;,y is one

of (i) or (ii) or (4i7) of Proposition 4.7. We consider the following cases:

Casel: [Imf| =n—1 and f|,s is one of (i) or (i7) or (zii) of Proposition
4.7.
If flimy is a cycle having no fixed point, Proposition 4.5 and Proposition 5.8(i)
imply that Con(A; f) is of the form 2 x P where P is a product of chains.
If flims is a cycle with one fixed point or « satisfies (ii) of Proposition 4.1
then Proposition 4.5 and Proposition 5.8(i) imply that Con(A; f) is of the form
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2 x (P @ 1) where P is a product of chains.
If f|rmys satisfies the condition of Proposition 4.8 then Proposition 5.8(i) implies
that Con(A; f) is of the form 2 x L where L is a Mj-head lattice.

Case2: [Imf| =n —2 and f|,s is one of (i) or (i7) or (zii) of Proposition
4.7.
If f|rms is a cycle having no fixed point, then Proposition 4.5 and Proposition
5.8(ii) imply that Con(A; f) is of the form Mj x P where P is a product of chains.
If f|rmy is a cycle with one fixed point or f satisfies (ii) of Proposition 4.1, Propo-
sition 4.5 and Proposition 5.8(ii) imply that Con(A; f) is of the form M;x (P&®1)
where P is a product of chains.
If f|rms satisfies the condition of Proposition 4.8, then Proposition 5.8(ii) implies
that Con(A; f) is of the form Mj x L where L is a M3-head lattice.

(4) = (1) If the congruence lattice of a near-symmetric algebra (A; f) is
one of the form in (4), then Lemma 2.48 and Proposition 2.50 imply that (A; f)
is a congruence-modular.

[]




o1

Figure 12. The congruence lattices of some congruence-modular near-symmetric

algebras.
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List of Symbols
set of all congruence relations on an algebra (A; f)
a linear sum of a product of chains with one-element chain 1
pre-period of a unary operation f

a lattice of a non-negative integer n
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