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Chapter 1

Introduction

An algebra is a pair consisting of a nonempty set A of objects and a set F
of operations defined on A which are called fundamental operations. An alge-
bra is finite if A is a finite set and every fundamental operation is finitary. Finite
algebras are important in many branches where finiteness plays a crucial role; for
instance, in computer science (computer can work only with finite set of data).
An importance area of activity has been tried to classify all finite algebras; for
example, classification of all finite groups is a longstanding but to now unsolved
mathematical problem.

At the beginning of the eighties, R.McKenzie and D.Hobby [8] developed
a new theory, called “ Tame Congruence Theory ” which offers a structure theory
for finite algebras.

For a fixed finite set A, let n := |A| ≥ 2 denote the cardinality of A.
Let denote by HA the set of all unary operations (transformations) defined on
A and by SA the set of all permutations defined on A. If f : A −→ A is not
a permutation, then |A| > |Imf | and there is a least natural number λ(f) with
Imλ(f) = Imλ(f)+1. For f ∈ HA, let Imf := {f(a)| a ∈ A} be the image of f and
let λ(f) be the least non-negative integer m such that Imfm = Imfm+1. The
number λ(f) is called the pre-period of f , sometimes also the stabilizer of f .
Denecke and Wismath [3] proved the followings:-
(i) 0 ≤ λ(f) ≤ |Imf | and λ(f) ≤ n− 1,
(ii) λ(f) = 0 if and only if f is a permutation on A,
(iii) λ(f) = n− 1 if and only if there exists an element d ∈ A such that

A = {d, f(d), f2(d), . . . , fn−1(d)} where fn−1(d) = fn(d).

Note that Condition (iii) shows a characterization of all longest pre-periods f .
It is well-known that the congruence lattice of an algebra is uniquely de-

termined by the unary polynomial operations of the algebra.
Let A be a finite set with |A| = n and let f be a unary operation on A. We

call (A; f) a finite unary algebra and if |Imf | = |A| or |Imf | = 1, then (A; f) is
called a permutation algebra. Permutation algebras play an important role in
tame congruence theory. C. Ratanaprasert and K. Denecke [9] have characterized
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all unary operations f on a finite set A with λ(f) = n − 2 for n ≥ 3 and they
also have characterized all equivalence relations on A which are invariant under a
unary operation f with λ(f) = n − 1 for n ≥ 2 and λ(f) = n − 2 for n ≥ 3. For
applications, they showed that every finite group which has a unary polynomial
operation with one of these properties is simple or has only normal subgroup of
index 2. The results convince us that those pre-period of unary functions defined
on a finite set will be a kind of notions for classifications of finite algebras.

In the thesis, we are interested in formulating a characterization of all unary
operations defined on a finite set A with pre-period λ(f) = 0 and λ(f) = 1.

In chapter 2, we collect some important basic concepts which will be used
in the sequel.

In chapter 3, we study those results from C. Ratanaprasert and K. De-
necke [9] which have characterized all unary operations f on a finite set A with
λ(f) = n−1 for n ≥ 2 and λ(f) = n−2 for n ≥ 3 and they have also characterized
all equivalence relations on A which are invariant under such unary operations.

In chapter 4 and 5, we define a symmetric algebra and a near-symmetric
algebra to be a unary algebra (A; f) with λ(f) = 0 and λ(f) = 1, respectively;
and then we prove necessary and sufficient conditions of f whose symmetric and
near-symmetric algebra are congruence distributive and congruence modular. We
characterize all congruence modular symmetric and near-symmetric algebras by
proving that:

1. a symmetric algebra (A; f) is congruence modular if and only if the
lattice of all congruence relations on (A; f) is either a product of chains or a linear
sum of a product of chains with one element chain or a M3-head lattice.

2. A near-symmetric algebra is congruence modular if and only if the lat-
tice of all congruence relations on (A; f) is one of the following forms:

2× P or 2× (P ⊕ 1) or 2× L

or
M3 × P or M3 × (P ⊕ 1) or M3 × L

where P is a product of chains and L is a M3-head lattice.



Chapter 2

Basic Concepts

In this chapter, we study related topics which will be referred in sequel.
All theorems are stated without proofs.

2.1 Basic Concepts in Universal Algebras

In this section, we will give some important concepts in algebra which will be
referred in the sequel.

Definition 2.1. Let A be a set. A partition ℘ of A is a system not containing
∅, satisfying the property that: every a ∈ A is an element of exactly one B ∈ ℘.
The members of ℘ are called blocks of the partition ℘.

Definition 2.2. Let A be a set. For a positive integer n, an n-ary relation r on
A is defined as a subset of An.

Definition 2.3. A binary relation θ on a set A is called an equivalence relation
on A if the following three conditions hold for all a, b, c ∈ A:
(i) aθa, (reflexivity)
(ii) aθb implies bθa, (symmetry)
(iii) aθb and bθc imply aθc. (transitivity)

Lemma 2.4. Let A be a finite set.
(i) If E is an equivalence relation on A, then the set A/E of all equivalence classes
with respect to E is a partition of A.
(ii) If ℘ is a partition of A, then the relation E℘= {(x, y) ∈ A × A| x, y ∈
P for some P ∈℘} is an equivalence relation on A.

Definition 2.5. Let A be a set and n be a non-negative integer. An n-ary oper-
ation on the set A is a mapping f from An into A. If f is a mapping from A into
A we called f a unary operation on A. Moreover, f is called a permutation
on A if f is bijective.

Remark 2.6. [3] Any n-ary operation f on A can be regarded as an (n+1)-ary re-
lation defined on A, called graph of f . This relation is defined by {(a1, . . . , an+1) ∈
An+1 | f(a1, . . . , an) = an+1}.

3
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Definition 2.7. Let A be a non-empty set. Let I be some non-empty index set, and
let (fA

i )i∈I be a function which assigns to every element of I an ni-ary operation
fA

i defined on A. Then the pair Ā = (A; (fA
i )i∈I) is called an (indexed) algebra

(indexed by set I). The set A is called the base or carrier set or universe of Ā,
and (fA

i )i∈I is called the sequence of fundamental operations of Ā. For each
i ∈ I the natural number ni is called the arity of fA

i . The sequence τ := (ni)i∈I of
all the arities is called the type of the algebra Ā.

An algebra Ā = (A; f) of type τ = (1) with one unary operation is called
a unary algebra.

Definition 2.8. Let B̄ = (B; (fB
i )i∈I) be an algebra of type τ . Then an algebra

Ā is called a subalgebra of B̄, written as Ā ⊆ B̄, if the following conditions are
satisfied:
(i) Ā = (A; (fA

i )i∈I) is an algebra of type τ ,
(ii) A ⊆ B,
(iii) for each i ∈ I, the graph of fA

i is a subset of the graph of fB
i .

Remark 2.9. [3] Condition (iii) of the Definition refers to the graph of an opera-
tion, as defined in Remark 2.6. This condition means that the graph of fA

i is the
restriction of the graph fB

i to Ani ⊆ Bni. We write fA
i = fB

i |Ani for all i ∈ I,
using fB

i |Ani , or just fB
i |A to denote the restriction of fB

i to Ani.

Definition 2.10. Let A be a set, let θ ⊆ A×A be an equivalence relation on A, and
let f be an n-ary operation on A. Then f is said to be compatible with θ, or to
preserve θ or θ is invariant with respect to f , if for all a1, . . . , an, b1, . . . , bn ∈
A,

(a1, b1) ∈ θ, . . . , (an, bn) ∈ θ implies (f(a1, . . . , an), f(b1, . . . , bn)) ∈ θ.

Definition 2.11. Let Ā = (A; (fA
i )i∈I) be an algebra of type τ . An equivalence

relation θ on A is called a congruence relation on Ā if all fundamental oper-
ations fA

i are compatible with θ. We denote by Con Ā the set of all congruence
relations of the algebra Ā.

For every algebra Ā = (A; (fA
i )i∈I), the trivial equivalence relations

∆A := {(a, a) | a ∈ A} and ∇A := A× A

are congruence relations.

Theorem 2.12. [3] The intersection θ1 ∩ θ2 of two congruence relations on an
algebra Ā = (A; (fA

i )i∈I) is again a congruence relation on Ā.

Remark 2.13. [3] Theorem 2.12 is also satisfied for arbitrary families of congru-
ence relations on Ā. But in general, the union of two congruence relations of an
algebra Ā is not a congruence relation, since this does not hold even for equiva-
lence relations, as the following example shows. Let A = {1, 2, 3}. Define

θ1 = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1)} and θ2 = {(1, 1), (2, 2), (3, 3), (2, 3), (3, 2)}.
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The relations θ1 and θ2 are equivalence relations, but

θ1 ∪ θ2 = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1), (2, 3), (3, 2)}

is not an equivalence relation on A since it is not transitive:

(1, 2) ∈ θ1 ∪ θ2 and (2, 3) ∈ θ1 ∪ θ2 but (1, 3) /∈ θ1 ∪ θ2.

But although the union of two congruence relations θ1 and θ2 need not be
a congruence relation, as in the subalgebra case we can use intersections of con-
gruences to define a smallest congruence generated by the union. This motivates
the following definition.

Definition 2.14. Let Ā be an algebra and let θ be a binary relation on A. We
define the congruence relation 〈θ〉Con Ā on Ā generated by θ to be the intersection
of all congruence relations θ′ on Ā which contain θ:

〈θ〉Con Ā := ∩{θ′ | θ′ ∈ Con Ā and θ ⊆ θ′}.

2.2 Number Theory

In this section, we introduce and present some basic properties of a number theory.

Theorem 2.15. [4] The Division Algorithm
Let a be an integer and b a positive integer. Then there exist unique integers q
and r such that

a = bq + r

where 0 ≤ r < b.

In particular, if r = 0 then a = bq.

Definition 2.16. Let d and n be integers where d 6= 0. We say that d divides n
if there is an integer k such that n = dk and denoted by d|n.

Definition 2.17. Let a, b and m be integers with m > 0. We say that a is
congruence to b modulo m, and we write a ≡ b (mod m), if m divides the
difference a− b; that is, m|(a− b). The number m is called the modulus of the
congruence.

In particular, a ≡ 0 (mod m) if and only if m|a. Hence, a ≡ b (mod m) if
and only if a− b ≡ 0 (mod m).
If m - (a− b) we write a 6≡ b (mod m)) and say that a and b are incongruent mod
m.

Theorem 2.18. [4] Let a and b be integers and let m and d be positive integers.
If a ≡ b (mod m) and d|m, then a ≡ b (mod d).
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Theorem 2.19. [4] Congruence is an equivalence relation on the set of all integers.
That is, we have
(i) a ≡ a (mod m), (reflexivity)
(ii) a ≡ b (mod m) implies b ≡ a (mod m), (symmetry)
(iii) a ≡ b (mod m) and b ≡ c (mod m) imply a ≡ c (mod m). (transitivity)

Theorem 2.20. [4] For arbitrary integers a and b, a ≡ b (mod m) if and only if
a and b leave the same non-negative remainder when divided by m.

Definition 2.21. Let m be a positive integer. If ab ≡ 1 (mod m) then both a and
b are relatively prime to m; that is, gcd(a,m) = 1 and gcd(b,m) = 1.

Definition 2.22. Let m be a positive integer. For each integer a we define

[a] = {x | x ≡ a (mod m)}.

In other words, [a] is the set of all integers that are congruent to a modulo m. We
call [a] residue class of a modulo m. Some people call [a] the congruence class
or equivalence class of a modulo m.

Theorem 2.23. [4] For m > 0 we have

[a] = {mq + a | q ∈ Z}.

The following properties of residue classes are easy consequences of the
definition.

Theorem 2.24. [4] For a given modulus m > 0, we have:
(i) [a] = [b] if and only if a ≡ b (mod m).
(ii) Two integers x and y are in the same residue class if and only if x ≡ y
(mod m).
(iii) There are exactly m distinct residue classes modulo m, namely

[0], [1], [2], . . . , [m− 1].

Moreover, their union is the set of all integers.

Remark 2.25. [4] Theorem 2.24 (iii) shows that {[0], [1], [2], . . . , [m − 1]} is a
partition of integer, Z.

Definition 2.26. We define

Zm = {[a] | a ∈ Z},

that is, Zm is the set of all residue classes modulo m.
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From Theorem 2.24 (iii), we have

Zm = {[0], [1], [2], . . . , [m− 1]}

and since no two of the residue classes [0], [1], [2], . . . , [m−1] are equal we see that
Zm has exactly m elements. If we choose

a0 ∈ [0], a1 ∈ [1], . . . , [m− 1]

then
[a0] = [0], [a1] = [1], . . . , [am−1] = [m− 1].

So, we have
Zm = {[a0], [a1], . . . , [am−1]}.

Definition 2.27. A set of m integers

{a0, a1, . . . , am−1}

is called a complete residue system modulo m if

Zm = {[a0], [a1], . . . , [am−1]}.

Example 1. For m > 0, the set

{0, 1, 2 . . . ,m− 1}

is a complete residue system modulo m.

Theorem 2.28. [4] Let a and b be integers and let m be a positive integer. Then
a ≡ b (mod m) if and only if a and b have the same least residue modulo m.

2.3 Ordered Sets

In this section, we introduce and present some basic properties of an ordered set.

Definition 2.29. Let P be a nonempty set. An order (or partial order) on
P is a binary relation ≤ on P satisfying the following three conditions for all
x, y, z ∈ P ,
(i) x ≤ x, (reflexivity)
(ii) x ≤ y and y ≤ x imply x = y, (anti-symmetry)
(iii) x ≤ y and y ≤ z imply x ≤ z. (transitivity)

A set P equipped with an order relation ≤ is said to be an ordered set (or
partially ordered set) and denoted by (P ;≤). Some authors use the shorthand
poset.

Example 2. The set of all non-negative integers N0 with division form an ordered
set which denoted by (N0;|).
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Definition 2.30. Let P be an ordered set. Then P is a chain if for all x, y ∈
P , either x ≤ y or y ≤ x (that is, if any two elements of P are comparable).
Alternative names for a chain are linearly ordered set and totally ordered
set. At the opposite extreme from a chain is an anti-chain. The ordered set P is
an anti-chain if x ≤ y in P only if x = y.

Let P be the n-element set {0, 1, 2, . . . , n − 1}. We write n to denote the
chain obtained by giving P the order in which 0 < 1 < 2 < . . . < n− 1 and n̄ for
P regarded as an anti-chain.

- - -q qq qq
q

qq
q
qq

q q q q
1 2 3 n

chains anti-chains

Figure 1. Chains and anti-chains

Definition 2.31. Let P and Q be ordered sets. A map ϕ : P −→ Q is said to be
(i) order-preserving (or, alternatively, monotone) if x ≤ y in P implies ϕ(x) ≤
ϕ(y) in Q;
(ii) an order-embedding if x ≤ y in P if and only if ϕ(x) ≤ ϕ(y) in Q;
(iii) an order-isomorphism if it is an order-embedding mapping P onto Q.

Whenever ϕ : P −→ Q is an order-embedding we will write ϕ : P ↪→ Q.
And if there exists an order-isomorphism from P to Q, we say that P and Q are
order-isomorphic and denote by P ∼= Q.

Definition 2.32. Let P be an ordered set and let ϕ : P −→ P be a map. We say
that x ∈ P is a fixed point of ϕ if ϕ(x) = x.

Remark 2.33. [2] (i) An order-embedding is automatically a one-to-one mapping.
(ii) An order-isomorphism is bijective.
(iii) Ordered sets P and Q are order-isomorphic if and only if there exist order-
preserving maps ϕ : P −→ Q and ψ : Q −→ P such that ϕ ◦ ψ = idQ and
ψ ◦ ϕ = idP (where idS : S −→ S denotes the identity map on S given by
idS(x) = x for all x ∈ S).

Definition 2.34. Let P be an ordered set and Q ⊆ P .
(i) Q is a down-set (alternative terms include decreasing set or order ideal)
if, whenever x ∈ Q, y ∈ P and y ≤ x, we have y ∈ Q.
(ii) Dually, Q is an up-set (alternative terms are increasing set or order filter)
if, whenever x ∈ Q, y ∈ P and y ≥ x, we have y ∈ Q.
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Given an arbitrary subset Q of P and x ∈ P , we define
↓ Q = {y ∈ P |(∃x ∈ Q)y ≤ x} and ↑ Q = {y ∈ P |(∃x ∈ Q)y ≥ x},
↓ x = {y ∈ P |y ≤ x} and ↑ x = {y ∈ P |y ≥ x}.
These are read “ down Q ”, etc. It is easily checked that ↓ Q is the smallest
down-set containing Q and that Q is a down-set if and only if Q =↓ Q, and dually
for ↑ Q. Clearly, ↓ {x} =↓ x.

Definition 2.35. Let P be an ordered set and Q ⊆ P . Then
(i) a ∈ Q is a maximal element of Q if a ≤ x ∈ Q implies a = x;
(ii) a ∈ Q is the greatest (or maximum) element of Q if a ≥ x for every x ∈ Q,
and in this case we write a = maxQ.

Definition 2.36. Let P and Q be ordered sets. The linear sum P ⊕Q is defined
by taking the following order relation on P ∪Q : x ≤ y if and only if
(i) x, y ∈ P and x ≤ y in P ,
(ii) x, y ∈ Q and x ≤ y in Q,
(iii) x ∈ P, y ∈ Q.

A diagram for P ⊕Q is obtained by placing a diagram for P directly below
a diagram for Q and then adding a line segment from each maximal element of P
to each minimal element of Q. The lifting construction is a special case of a linear
sum 1⊕ P . Similarly, P ⊕ 1 represents P with a (new) top element added.
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Figure 2. Linear sum
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Definition 2.37. Let P1, P2, . . . , Pn be ordered sets. The cartesian product
P1×P2× . . .×Pn can be made into an ordered set by imposing the coordinatewise
order defined by

(x1, x2, . . . , xn) ≤ (y1, y2, . . . , yn) ⇐⇒ xi ≤ yi in Pi for all i ∈ {1, 2, . . . , n}.

Given an ordered set P , the notation Pn is used as shorthand for the n-fold
product P × P × . . .× P .

× =
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2 3 2× 3

Figure 3. Some cartesian products

2.4 Lattices

It is a fundamental property of the real numbers, R, that if I is a closed and
bounded interval in R, then every subset of I has both a least upper bound(or
supremum) and a greatest lower bound(or infimum) in I. These concepts pertain
to any ordered set.

Definition 2.38. Let P be an ordered set and let S ⊆ P . An element x ∈ P is
an upper bound of S if s ≤ x for all s ∈ S. A lower bound is defined dually.
The set of all upper bounds of S is denoted by Su(read as ‘S upper’) and the set
of all lower bounds of S is denoted by Sl(read as ‘S lower’):

Su = {x ∈ P |(∀s ∈ S) s ≤ x} and Sl = {x ∈ P |(∀s ∈ S) s ≥ x}.

If Su has a least element, x, then x is called the least upper bound of S
and is denoted by supS. Equivalently, x is the least upper bound of S if
(i) x is an upper bound of S, and
(ii) x ≤ y for all upper bound y of S.

Dually, if Sl has a largest element, x, then x is called the greatest lower
bound of S or the infimum of S and is denoted by infS.
Notation: We write ∨S instead of supS whenever supS exists, similarly we write
∧S instead of infS whenever infS exists.
Notation: We write x ∨ y (read as ‘x joint y’) in place of sup{x, y} when it exists
and x ∧ y (read as ‘x meet y’) in place of inf{x, y} when it exists.
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Definition 2.39. Let P be a non-empty ordered set.
(i) If x ∨ y and x ∧ y exist for all x, y ∈ P , then P is called a lattice.
(ii) If ∨S and ∧S exist for all S ⊆ P , then P is called a complete lattice.

If P is a lattice, then ∨ and ∧ can be considered as binary operations on
P and we have an algebraic structure (P ;∨,∧).
Recall that k is the greatest common divisor of m and n if
(i) k divides both m and n (that is, k|m and k|n),
(ii) if l divides both m and n, then l divides k (that is, l|k for all k ∈ {m,n}l).
Thus the greatest common divisor of m and n is precisely the meet of m and n
in (N0;| ). Dually, the join of m and n in (N0;| ) is given by their least common
multiple. These statement remain valid when m or n equals 0. Thus (N0;| ) is a
lattice in which

m ∨ n = lcm{m,n} and m ∧ n = gcd{m,n}.

Example 3. Consider the ordered set (N0;| ) of non-negative integers ordered by
division.

Theorem 2.40. [3] For every algebra Ā, the structure (Con Ā; ∧,∨) with
∧ : Con Ā× Con Ā −→ Con Ā define by (θ1, θ2) 7−→ θ1 ∩ θ2,
∨ : Con Ā× Con Ā −→ Con Ā define by (θ1, θ2) 7−→ 〈θ1 ∪ θ2〉Con Ā

is a lattice, called the congruence lattice Con(Ā) of Ā.

Definition 2.41. Let L be a lattice and ∅ 6= M ⊆ L. Then M is a sublattice of
L if a, b ∈M implies a ∨ b ∈M and a ∧ b ∈M .

Definition 2.42. Let L and K be lattices. Define ∨ and ∧ coordinatewise on
L×K, as follows:

(l1, k1) ∨ (l2, k2) = (l1 ∨ l2, k1 ∨ k2),

(l1, k1) ∧ (l2, k2) = (l1 ∧ l2, k1 ∧ k2).

It is routine to check that L×K is a lattice. Also
(l1, k1) ∨ (l2, k2) = (l2, k2) ⇐⇒ l1 ∨ l2 = l2 and k1 ∨ k2 = k2

⇐⇒ l1 ≤ l2 and k1 ≤ k2

⇐⇒ (l1, k1)∨ (l2, k2), with respect to order on L×K.

Definition 2.43. Let L be a lattice with the greatest element 1 and let c ∈ L. We
say that c is a co-atom of L if no elements x ∈ L such that c < x < 1.

Theorem 2.44. Let L be a finite lattice. Then for each element x ∈ L, there
exist a co-atom a ∈ L such that x ≤ a.

Definition 2.45. Let L and K be lattices. A map f : L −→ K is said to be a
homomorphism (or, for emphasis, lattice homomorphism) if for all a, b ∈ L,

f(a ∨ b) = f(a) ∨ f(b) and f(a ∧ b) = f(a) ∧ ∨f(b).

A bijective homomorphism is a (lattice-)isomorphism.
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Definition 2.46. Let L be a lattice.
(i) L is said to be distributive if it satisfies the distributive law,

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c) for all a, b, c ∈ L.

(ii) L is said to be modular if it satisfies the modular law,

a ≥ c⇒ a ∧ (b ∨ c) = (a ∧ b) ∨ c for all a, b, c ∈ L.

Theorem 2.47. [2]The M3 −N5 Theorem.
Let L be a lattice and let M3 and N5 be lattices as shown in Figure 4. Then
(i) L is distributive if and only if L has no sublattices isomorphic to both N5 and
M3.
(ii) L is modular if and only if L has no sublattices isomorphic to N5.
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Figure 4. The M3 −N5

Lemma 2.48. [2] Every chain is distributive.

Theorem 2.49. [2] If L is a distributive lattice, then L is a modular lattice.

Proposition 2.50. [2]
(i) If L is a modular (distributive) lattice, then every sublattice of L is modular
(distributive).
(ii) If L is a modular (distributive) lattice and K is a lattice isomorphic to the
lattice L, then K is modular (distributive).
(iii) If L and K are modular (distributive) lattices, then L × K is modular (dis-
tributive).
(iv) If L is a lattice isomorphic to a sublattice of a product of modular (distribu-
tive) lattice, then L is modular (distributive).
(v) If L is a modular (distributive) lattice and K is the image of L under a homo-
morphism, then K is modular (distributive).

Definition 2.51. Let Ā be an algebra.
(i) Ā is called congruence-distributive if its congruence lattice Con(Ā) is dis-
tributive.
(ii) Ā is called congruence-modular if its congruence lattice Con(Ā) is modular.
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Proposition 2.52. [2] For each n ∈ N, let n = pk1
1 pk2

2 . . . pkr
r where the pi are

pairwise distinct primes. Then

↓ n ∼= (k1 ⊕ 1)× (k2 ⊕ 1)× . . .× (kr ⊕ 1).



Chapter 3

Unary Algebras with Long Pre-periods

In 2002, K. Denecke and S.L. Wismath[3] have characterized all unary op-
erations f on a finite set A with λ(f) = |A| − 1 and in 2007, C. Ratanaprasert
and K. Denecke[9] have characterized all unary operations f on a finite set A
with λ(f) = |A| − 2 and they have also characterized all equivalence relations
on A which are invariant under a unary operation f with λ(f) = |A| − 1 and
λ(f) = |A| − 2 which shown in the chapter.

3.1 Unary Operations with Long Pre-periods

In the section, we consider unary operations f on n - element set A with λ(f) =
n− 1 and λ(f) = n− 2 and study some elementary properties.

Definition 3.1. Let A be a finite set and let f be a unary operation on A. Then
pre-period (or the stabilizer) of f is denoted by λ(f), is the least non-negative
integer such that Imfλ(f) = Imfλ(f)+1 where f 0 = idA.

Example 4. Let A = {0, 1, 2, 3, 4, 5} and let f : A −→ A be defined on A by the
following table:

a 0 1 2 3 4 5
f(a) 1 2 3 4 2 4

Then, we have

f f 2 f 3

0 1 2 3
1 2 3 4
2 3 4 2
3 4 2 3
4 2 3 4
5 4 2 3

So, Imf 2 = {2, 3, 4} = Imf 3. It follows that the pre-period λ(f) = 2.

14
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Lemma 3.2. [9] Let A be a finite set with |A| = n ≥ 2 and let f be a unary
operation on A. Then
(i) Imfk+1 ⊆ Imfk for all integer k ≥ 0,
(ii) 0 ≤ λ(f) ≤ |Imf | and λ(f) ≤ n− 1,
(iii) λ(f) = 0 if and only if f is the permutation on A,
(iv) λ(f) = n− 1 if and only if there exists an element d ∈ A such that

A = {d, f(d), f2(d), . . . , fn−1(d)}wherefn−1(d) = fn(d).

Proof. (i) Let k be a non-negative integer and f 0 = idA. We will show that
Imfk+1 ⊆ Imfk. Let y ∈ Imfk+1. Then there is a x ∈ A such that y =
fk+1(x) = fk(f(x)). Since f is a function from A into A and x ∈ A, we have
f(x) ∈ Imf ⊆ A, it follows that y ∈ Imfk. Hence Imfk+1 ⊆ Imfk for all integer
k ≥ 0.

(ii) Since λ(f) is the least natural number such that Imfλ(f) = Imfλ(f)+1

and by part (i), we have Imfk+1 ⊂ Imfk for all k ∈ {0, 1, . . . , λ(f) − 1} and
0 ≤ λ(f) ≤ |Imf |. If Imf = A, then λ(f) = 0 < n− 1. Assume that Imf ⊂ A.
Then |Imf | < |A| = n. Thus |Imf | ≤ n− 1, and so, λ(f) ≤ n− 1.

(iii) Assume that λ(f) = 0. Then A = ImidA = Imf 0 = Imf 0+1 = Imf ,
which implies that f is surjective; and so, it is injective since A is finite. Hence f
is bijective.

Conversely, assume that f is a permutation on A. Since f is onto, Imf =
A = ImidA = Imf 0. It follows that λ(f) = 0.

(iv) Assume that λ(f) = n − 1. Then n − 1 is the least natural num-
ber such that Imfn−1 = Imfn. By the part (i), we have Imfk+1 ⊆ Imfk

for k ∈ {0, 1, 2, . . .}. If Imfk+1 = Imfk for some k, then by definition of pre-
period of f we have n − 1 ≤ k. Thus for k < n − 1, we have Imfk+1 ⊂ Imfk.
Since Imf ⊂ A, there is a d ∈ A such that d /∈ Imf and fk(d) ∈ Imfk for
k ∈ {1, 2, . . . , n − 1}. Therefore, {d, f(d), f2(d), . . . , fn−1(d)} ⊆ A. Next, we
want to show that d, f(d), f2(d), . . . , fn−1(d) are different. Suppose that there
are integer i and j with 0 ≤ i < j ≤ n − 1 such that f i(d) = f j(d). Then
Imf i = {f i(d), f i+1(d), . . . , f j−1(d)} = Imf i+1, which contradicts to the fact
that λ(f) = n − 1. Therefore, d, f(d), f2(d), . . . , fn−1(d) are different. Since
|{d, f(d), f2(d), . . . , fn−1(d)}| = n = |A|, we have {d, f(d), f2(d), . . . , fn−1(d)} =
A. Also, since Imfn−1 = Imfn, we get fn−1(d) = fn(d).

Conversely, assume that A = {d, f(d), f2(d), . . . , fn−1(d)} where fn−1(d) =
fn(d). Then Imfn−1 = {fn−1(d)} = {fn(d)} = Imfn. It remain to show that
n − 1 is the least natural number such that Imfn−1 = Imfn. Suppose that
there exists an integer m < n − 1 such that Imfm = Imfm+1. Since A =
{d, f(d), f2(d), . . . , fn−1(d)}, we get Imfm = {fm(d), fm+1(d), . . . , fn−1(d)} and
Imfm+1 = {fm+1(d), fm+2(d), . . . , fn−1(d)}. Also, since Imfm = Imfm+1, we get
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fm(d) = fk(d) for some integer k with m+1 ≤ k ≤ n−1, which is a contradiction.
Therefore, n − 1 is the least natural number such that Imfn−1 = Imfn. Hence,
λ(f) = n− 1.

Definition 3.3. A unary operation f : A −→ A with |A| = n ≥ 2 and λ(f) = n−1
is called a long-tailed function, for short, LT-function.

Note that Lemma 3.2 (iv) give a characterization of LT-functions.

Example 5. Let A = {1, 2, 3, 4, 5} and let g : A −→ A be a unary operation
defined by:

a 1 2 3 4 5
g(a) 2 3 4 5 5

Then, we have

g g2 g3 g4 g5

1 2 3 4 5 5
2 3 4 5 5 5
3 4 5 5 5 5
4 5 5 5 5 5
5 5 5 5 5 5

So, Img4 = {5} = Img5. It follows that the pre-period λ(g) = 4 = 5 − 1.
Therefore, g is a LT-function. By Lemma 3.2 (iv), there is 1 ∈ A such that

A = {1, g(1), g2(1), g3(1), g4(1)}.

Definition 3.4. Let A be a finite set with |A| = n ≥ 3. Then a unary operation
f defined on A with λ(f) = n− 2 is said to be LT1-function.

The following lemma shows some properties of LT1-function.

Lemma 3.5. [9] Let A be a finite set with |A| = n ≥ 3 and let f be a LT1-function
on A. Then the following properties are satisfied :
(i) A ⊃ Imf ⊃ Imf 2 ⊃ . . . ⊃ Imfn−2,
(ii) |Imfk| = |Imfk+1|+ 1 for k = 1, . . . , n− 3,
(iii) |Imfn−2| = 1 or |Imfn−2| = 2,
(iv) if |Imfn−2| = 1, then |A| = |Imf |+ 2,
(v) if |Imfn−2| = 2, then |A| = |Imf |+ 1.

Proof. (i) By Lemma 3.2(i), we have A ⊇ Imf ⊇ Imf 2 ⊇ . . . ⊇ Imfn−2. If
Imfk+1 = Imfk for some k ∈ {0, 1, . . . , n − 2}, then the pre-period of f implies
that k = n− 2. Therefore, A ⊃ Imf ⊃ Imf 2 ⊃ . . . ⊃ Imfn−2.

(ii) By part (i), we have |Imfk+1| ≤ |Imfk|−1 for all 0 ≤ k < n−2. Thus
|Imfk+1| + 1 ≤ |Imfk| for all 0 ≤ k < n − 2. Suppose that there is an integer k
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with 1 ≤ k < n−2 such that |Imfk| > |Imfk+1|+1. Then |Imfk| ≥ |Imfk+1|+2.
So, there are a 6= b and c 6= d in Imfk such that f(a) = f(b) and f(c) = f(d)
in Imfk+1. Since a, b, c, d ∈ Imfk with a 6= b and c 6= d, there are x 6= y and
u 6= v in A such that a = fk(x), b = fk(y), c = fk(u) and d = fk(v). Thus
fk(x) = a 6= b = fk(y) and fk(u) = c 6= d = fk(v) in A with f(a) = f(b) and
f(c) = f(d) in Imf . Hence |A| ≥ |Imf |+ 2.
Therefore,

|A| ≥ |Imf |+ 2 ≥ |Imf 2|+ 2 + 1 ≥ . . . ≥ |Imfk|+ k + 1

≥ |Imfk+1|+ 2 + k + 1

≥ |Imfk+2|+ k + 2 + 2 ≥ . . . ≥ |Imfn−2|+ (n− 2) + 2

≥ 1 + n− 2 + 2

= n+ 1

> n,

which is a contradiction. Thus |Imfk+1| + 1 ≥ |Imfk| for all 1 ≤ k < n − 2.
Hence, |Imfk| = |Imfk+1|+ 1 for all 1 ≤ k < n− 2.

(iii) Suppose that |Imfn−2| ≥ 3. Since Imf ⊂ A and by part (ii), we have

|A| ≥ |Imf |+ 1 = |Imf 2|+ 2 = . . . = |Imfn−2|+ (n− 2)

≥ 3 + (n− 2) = n+ 1 > n,

which is a contradiction. Therefore, |Imfn−2| ≤ 2; that is, |Imfn−2| = 1 or
|Imfn−2| = 2.

(iv) Assume that |Imfn−2| = 1. Let Imfn−2 = {a}. By part (i) and part
(ii), we get |Imfk| = |Imfk+1|+1 and Imfk+1 ⊂ Imfk for all k ∈ {1, 2, . . . , n−3}.
We claim that there are distinct elements a1, a2, . . . , aj−1 such that Imfn−j =
{a1, a2, . . . , aj−1} for all j = 2, 3, . . . , n − 1. If j = 2, then Imfn−2 = {a}. Let
m be a positive integer such that m ≥ 2 and assume that there are distinct ele-
ments a1, a2, . . . , am−1 such that Imfn−m = {a1, a2, . . . , am−1}. Since Imfn−m ⊂
Imfn−(m+1), there is a am ∈ Imfn−(m+1) such that am /∈ Imfn−m. Also, since
Imfn−m = {a1, a2, . . . , am−1}, it follows that Imfn−(m+1) = {a1, a2, . . . , am−1, am}
where a1, a2, . . . , am−1, am are distinct elements of Imfn−(m+1). Hence by mathe-
matical induction, there are distinct elements a1, a2, . . . , aj−1 such that Imfn−j =
{a1, a2, . . . , aj−1} for all j = 2, 3, . . . , n − 1. Therefore, Imf = Imfn−(n−1) =
{a1, a2, . . . , an−2} where a1, a2, . . . , an−2 are distinct elements of A; so, |Imf | =
n− 2 = |A| − 2. Hence, |A| = |Imf |+ 2.

(v) Assume that |Imfn−2| = 2. By part (i), we have |Imf | < |A|. Then
|Imf | ≤ |A| − 1; that is, |Imf | + 1 ≤ |A|. Next, we claim that |Imfn−k| ≥ k for
k = 2, 3, . . . , n− 1. For k = 2, we have |Imfn−2| = 2. Let m be a positive integer
such that m ≥ 2. Assume that |Imfn−m| ≥ m. Then |Imfn−(m+1)| ≥ |Imfn−m|+
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1 = m+1. Hence, by mathematical induction, |Imfn−k| ≥ k for k = 2, 3, . . . , n−1.
So |Imf | = |Imfn−(n−1)| ≥ n − 1 = |A| − 1; that is, |Imf | + 1 ≥ |A|. Hence
|A| = |Imf |+ 1.

Remark 3.6. [9] Let A be a finite set with |A| = n ≥ 3 and let f be a LT1-function
on A with |Imfn−2| = 1. Then
(i) |A| = |Imf |+ 2; so, there are distinct elements a, b, c, d ∈ A such that
f(a) = f(b) = s and f(c) = f(d) = t in Imf .
(ii) if n = 3 or s = t then c = d and f(a) = f(b) = f(c) = s; and if n ≥ 4 then
c 6= d if and only if s 6= t.
(iii) there are different elements u, v ∈ A such that f(t

′
) /∈ {u, v} for all t

′ ∈ A;
hence, the function f |A\{a,b,c,d} : A\{a, b, c, d} −→ A\{s, t, u, v} is a bijection.
(iv) if n = 3, then f is a constant function.

Lemma 3.7. [9] Let A be a finite set with |A| = n ≥ 4. Assume that f is a
unary operation on A with f(a) = f(b) = s, f(c) = f(d) = t where a, b, c, d ∈ A
and |A| = |Imf | + 2. If s, t /∈ {a, b, c, d} and either f(s) /∈ {a, b, c, d} or f(t) /∈
{a, b, c, d} then |Imfk| ≥ 2 for all k ≥ 1.

Proof. Suppose that s, t /∈ {a, b, c, d} and f(s) /∈ {a, b, c, d}. Since |A| = |Imf |+2,
there are two different elements u, v ∈ A such that u, v /∈ Imf . Thus f |A\{a,b,c,d} :
A\{a, b, c, d} −→ A\{s, t, u, v} is bijective. And since s, t /∈ {a, b, c, d}, we get
f(s) /∈ {s, t, u, v}. Thus f(s) 6= s and {s = f 0(s), f(s)} is a two-element subset of
Imf . Inductively, assume that {fk−1(s), fk(s)} is a two-element subset of Imfk.
We consider the following cases:

Case 1: fk(s) /∈ {a, b, c, d} and fk−1(s) /∈ {a, b, c, d}. Then by the injectiv-
ity of f |A\{a,b,c,d} and fk−1(s) 6= fk(s), we get fk(s) 6= fk+1(s).

Case 2: fk(s) /∈ {a, b, c, d} and fk−1(s) ∈ {a, b, c, d}. Then fk(s) =
f(fk−1(s)) ∈ {s, t} and fk+1(s) = f(fk(s)) /∈ {s, t}. Therefore, fk(s) 6= fk+1(s).

Case 3: fk(s) ∈ {a, b, c, d}. Then fk+1(s) ∈ {s, t}. Since s, t /∈ {a, b, c, d},
we have fk(s) /∈ {s, t}. Thus fk(s) 6= fk+1(s).
It follows that {fk(s), fk+1(s)} ⊆ Imfk+1 for all k ≥ 1. Therefore, |Imfk| ≥ 2
for all k ≥ 1.

Lemma 3.8. [9] Let A be a finite set with |A| = n ≥ 3 and let f be a unary
operation on A with f(a) = f(b) = s and f(c) = f(d) = t where a, b, c, d ∈ A.
Assume that λ(f) = n− 2 and |Imfn−2| = 1. Then
(i) if s, t /∈ {a, b, c, d}, then either f(s) /∈ {a, b, c, d} or f(t) /∈ {a, b, c, d},
(ii) s ∈ {a, b, c, d} or t ∈ {a, b, c, d},
(iii) if s ∈ {a, b} and s 6= t, there exists a positive integer m such that fm(c) ∈
{a, b}\{s} and {c, d} ∩ {u, v} 6= ∅ where u, v ∈ A\Imf ,
(iv) if |A| ≥ 4 and s = t = a, then {u, v} 6= {b, c} and {u, v} ∩ {b, c} 6= ∅.
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Proof. (i) Suppose that s, t /∈ {a, b, c, d} and f(s) ∈ {a, b, c, d}. Then f(s), f(t) /∈
{s, t}. If f(s) ∈ {a, b} or f(t) ∈ {c, d}, then f 2(s) = s or f 2(t) = t. That is
s ∈ Imfn−2 or t ∈ Imfn−2. Thus f(s) 6= s ∈ Imfn−2 or f(t) 6= t ∈ Imfn−2.
Therefore |Imfn−2| ≥ 2, a contradiction. Hence f(s) /∈ {a, b} and f(t) /∈ {c, d}.
If f(s) ∈ {c, d} and f(t) ∈ {a, b}, then f 2(s) = t and f 2(t) = s. Thus f(f 2(c)) =
f 2(a) and f(f 2(a)) = f 2(c). Therefore f 2(a) and f 2(c) are two elements of A
which are mapped to each other and thus they belong to Imfk for all k ≥ 1.
Since f(s) 6= f(t), we have |Imfn−2| ≥ 2, a contradiction. That is f(s) /∈ {c, d}
or f(t) /∈ {a, b}. Therefore f(s) /∈ {a, b, c, d} or f(t) /∈ {a, b, c, d}.

(ii) Suppose that s /∈ {a, b, c, d} and t /∈ {a, b, c, d}. By part (i), we get
either f(s) /∈ {a, b, c, d} or f(t) /∈ {a, b, c, d}. Thus by Lemma 3.7, we have
|Imfk| ≥ 2 for all k ≥ 1. It follows that |Imfn−2| ≥ 2, which is a contradiction.
Therefore s ∈ {a, b, c, d} or t ∈ {a, b, c, d}.

(iii) Assume that s ∈ {a, b} and s 6= t. Since c ∈ A and |Imfn−2| = 1, we
have fn−2(c) ∈ Imfn−2 and fn−2(c) = s. Let r be the least positive integer such
that f r(c) = s. Then 1 < r ≤ n− 2. Thus 1 ≤ r− 1 < n− 2 and f r−1(c) ∈ {a, b}
( if f r−1(c) /∈ {a, b}, then |Imf | ≤ |A| − 3, a contradiction). Since r is the least
positive integer such that f r(c) = s, we have f r−1(c) ∈ {a, b}\{s} with r− 1 ≥ 1.
So, there exists a positive integer m = r − 1 such that fm(c) ∈ {a, b}\{s}.
Next, let u, v ∈ A\Imf and assume that {c, d} ∩ {u, v} = ∅. Then {c, d} ⊆ Imf .
Therefore, there are p, q ∈ A such that f(p) = c and f(q) = d. Since a, b, c, d ∈
Imf with f(a) = f(b) and f(c) = f(d), it implies that |Imf 2| ≤ |Imf | − 2. This
is a contradiction. Hence {c, d} ∩ {u, v} 6= ∅.

(iv) Assume that |A| ≥ 4 and s = t = a. We want to show that {u, v} 6=
{b, c} and {u, v} ∩ {b, c} 6= ∅. Suppose that {u, v} = {b, c} or {u, v} ∩ {b, c} = ∅.

Case 1: {u, v} = {b, c}. Then A\{s, u, v} = A\{a, b, c} and f |A\{a,b,c}
is permutation on A\{a, b, c}. Since |A| ≥ 4, we have |A\{a, b, c}| ≥ 1 and
∅ 6= A\{a, b, c} ⊆ Imfk for k ≥ 1. Since a ∈ Imfn−2, we have |Imfn−2| ≥ 2,
which is a contradiction.

Case 2: {u, v} ∩ {b, c} = ∅. Then {b, c} ⊆ Imf . Thus there are elements
p, q ∈ A such that f(p) = b 6= c = f(q), which implies that {f(a) = a, f(p) =
b, f(q) = c} is a subset of Imf . Since f(a) = f(b) = s, we get f 2(a) = f(a) = s
and f 2(p) = f(b) = s and since f(c) = t and s = t, we have f 2(q) = f(c) = t = s.
Therefore f 2(a) = f 2(p) = f 2(q) = s ∈ Imf 2, which implies that |Imf 2| ≤
|Imf | − 2 < |Imf | − 1, a contradiction.
Hence, {u, v} 6= {b, c} and {u, v} ∩ {b, c} 6= ∅.

Theorem 3.9. [9] Let A be a finite set with |A| = n ≥ 3 and let f be an operation
on A. Then f is a LT1-function with |Imfn−2| = 1 if and only if there are distinct
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elements u, v ∈ A such that A = {u, v, f(v), . . . , fn−2(v)} and there is an integer k
with 0 ≤ k < n− 2 such that f(u) = fk+1(v) and a number m with m+ k = n− 2
such that fm+1(u) = fm(u).

Proof. Assume that f is a LT1-function with |Imfn−2| = 1. Then Lemma 3.5 (iv)
implies that |A| = |Imf |+ 2. Thus there are two distinct elements u, v ∈ A such
that u, v /∈ Imf . Let g be the restriction function of f on the (n− 2)-element set
Imf( i.e. g = f |Imf : Imf −→ A ) such that |Im(f |Imf )

n−3| = |fn−3(Imf)| =
|Imfn−2| = 1. Thus λ(f |Imf ) = λ(f) − 1 = (n − 2) − 1 = |Imf | − 1. Hence
f |Imf is a LT-function. Then by Lemma 3.2 (iv), there is an element d ∈ Imf
such that Imf = {d, g(d), . . . , gn−3(d)} = {d, f |Imf (d), . . . , (f |Imf )

n−3(d)} with
gn−3(d) = gn−2(d) and d /∈ Im(f |Imf ) = Imf 2. Since d ∈ Imf , there is an el-
ement q ∈ A such that d = f(q). If q ∈ Imf , then d ∈ Imf 2, a contradiction.
So, q /∈ Imf which implies that q = v or q = u. Without loss of generality, let
q = v. Since u, v /∈ Imf , we get u cannot be mapped to u or v. Thus u is mapped
to one of the elements d, g(d), . . . , gn−3(d). Let f(u) = gk(d) for some k where
0 ≤ k ≤ n − 3. Since d = f(q) and q = v, we have d = f(v). Thus gk(d) =
(f |Imf)k(d) = fk(d) = fk(f(v)) = fk+1(v). Therefore, f(u) = gk(d) = fk+1(v).
Then A = {u, v, f(v), . . . , fn−2(v)} = {v, f(v), . . . , fk(v)} ∪ {u, f(u), . . . , fm(u)}
with m+ k = n− 2. Since |Imfn−2| = 1, we have fm(u) = fm+1(u).

Conversely, assume that there are difference elements u, v ∈ A such that
A = {u, v, f(v), . . . , fn−2(v)} and there is an exponent k with 0 ≤ k < n− 2 such
that f(u) = fk+1(v) and a number m with m + k = n − 2 such that fm+1(u) =
fm(u). Then we can write A = {u, f(u), . . . , fm(u)} ∪ {v, f(v), . . . , fk(v)} where
m + k = n − 2, f(u) = fk+1(v) and fm+1(u) = fm(u). Since m + k = n − 2,
all elements u, v, f(u), . . . , fm(u), f(v), . . . , fk(v) are distinct. Thus, we have a =
fm(u) 6= fm−1(u) = b and c = fk(v) 6= u. So f(a) = fm+1(u) = fm(u) = f(b) and
f(c) = fk+1(v) = f(u). Therefore |A| = |Imf |+ 2. Thus A ⊃ Imf . And, by part
(i) of Lemma 3.2, we have A ⊃ Imf ⊇ Imf 2 ⊇ . . . ⊇ Imfn−2.
We claim that Imf t ⊃ Imf t+1 for all 1 ≤ t < n− 2.

Case 1: m = 1 and k ≥ 0. Then A = {u, f(u)} ∪ {v, f(v), . . . , fk(v)}.
If k = 0, then A = {v, u, f(u)} and Imf = {f(u)} ⊂ A with n− 2 = 1.
If k > 0, then fk(v) ∈ Imf s for all 1 ≤ s ≤ k with n − 2 = k + 1. Thus, for
all 1 ≤ t < n − 2, f t(v) ∈ Imf t but f t(v) /∈ Imf t+1. So, Imf t+1 ⊂ Imf t for all
1 ≤ t < n− 2.

Case 2: m > 1 and k ≥ 0. Then fk+1(v) = f(u). Thus fm−1(u) =
fm−2(f(u)) = fm−2(fk+1(v)) = fm+k−1(v) = fn−3(v) ∈ Imfn−3. Since Imfn−3 ⊆
Imf t for all 1 ≤ t ≤ n − 3, we have fm−1(u) ∈ Imf t for all 1 ≤ t < n − 2.
Now, fm−1(u) 6= fm(u) in Imf t whereas f(fm−1(u)) = f(fm(u)) in Imf t+1 for
all 1 ≤ t < n − 2. It follows that Imf t ⊃ Imf t+1 for all 1 ≤ t < n − 2, which
complete the proof of the claim.
Therefore, |Imf t| ≥ |Imf t+1|+ 1 for all 1 ≤ t < n− 2. Since fm(u) = fn−2(u) ∈
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Imfn−2, we have |Imfn−2| ≥ 1. If |Imfn−2| ≥ 2, then we have

|A| ≥ |Imf |+ 2 ≥ |Imf 2|+ 1 + 2 ≥ . . . ≥ |Imfn−2|+ (n− 3) + 2

≥ 2 + (n− 3) + 2

= n+ 1

> n,

which is a contradiction. Thus |Imfn−2| ≤ 1. So, |Imfn−2| = 1 which implies
that Imfn−2 = Imfn−2+t for all t ≥ 1. Thus n − 2 is the least positive integer
such that Imfn−2 = Imfn−1; that is, λ(f) = n− 2. Hence, f is a LT1-function.

Theorem 3.10. [9] Let A be a finite set with |A| = n ≥ 3 and let f be an operation
on A. Then f is a LT1-function with |Imfn−2| = 2 if and only if there are different
elements u, v ∈ A such that either
(i) A = {v, u, f(u), . . . , fn−2(u)} with v = f(v) and fn−1(u) = fn−2(u),
or
(ii) A = {u, f(u), f2(u), . . . , v = fn−2(u), fn−1(u)} where v = fn(u) = fn−2(u).

Proof. Assume that f is a LT1-function with |Imfn−2| = 2. By Lemma 3.5 (v), we
have |A| = |Imf |+ 1. Thus there are exactly two distinct elements a, b ∈ A such
that f(a) = f(b) = s ∈ Imf and there is an element y ∈ A such that y /∈ Imf .
Then the mapping f |A\{a,b} : A\{a, b} −→ A\{s, y} is bijective. We consider two
cases s ∈ {a, b} and s /∈ {a, b}.

Case 1: s ∈ {a, b}. Without loss of generality, we may assume that s = a.
Then f(s) = f(a) = s ∈ Imfn−2. Now we consider two subcases y ∈ {a, b} and
y /∈ {a, b}.

Subcase 1.1: y ∈ {a, b}. Since y 6= s, we have y = b, and so, {a, b} =
{s, y}. Thus f |A\{a,b} is a permutation, and so, |A\{a, b}| = |Imf |A\{a,b}| =
|Im(f |A\{a,b})

n−2|. Since f |A\{a,b} is a permutation and s /∈ Imf |A\{a,b}, we have
s /∈ Im(f |A\{a,b})

n−2. Since s /∈ Im(f |A\{a,b})
n−2 and s ∈ Imfn−2, we have

|Im(f |A\{a,b})
n−2| < |Imfn−2|. Also, since |Imfn−2| = 2, we have |A\{a, b}| =

|Imf |A\{a,b}| = |Im(f |A\{a,b})
n−2| < |Imfn−2| = 2; that is |A\{a, b}| ≤ 1. And,

since |A| ≥ 3, we get |A\{a, b}| ≥ 1. Thus |A\{a, b}| = 1. So, |A| = 3 and there
exists c ∈ A\{a, b} such that f(c) = c. Therefore, A = {c, y, f(y)} where f(c) = c
and f 2(y) = f(y). This corresponds to (i).

Subcase 1.2: y /∈ {a, b}. Then y 6= b. Since s = a and a 6= b, we get
s 6= b. Thus b ∈ A\{s, y}. By the surjectivity of f |A\{a,b} onto A\{s, y} and the
finiteness of A, we can choose q − 1 pairwise distinct elements x1, x2, . . . , xq−1 ∈
A\{a, b, y} and xq = y such that f(xi) = xi−1 for 1 < i ≤ q with f(x1) = b.
Let X = {xq = y, f(xq), . . . , f

q(xq) = b, f q+1(xq) = a}. Then X ⊆ A. If
X = A, then this give (i). Assume that X 6= A. Thus A\X 6= ∅. It follows
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that |A\X| ≥ 1. Since f |A\{a,b} is a bijection, f |A\X is a permutation. Thus
|A\X| = |Imf |A\X | = |Im(f |A\X)n−2| ≤ |Imfn−2|. Since s ∈ Imfn−2 and s /∈
Im(f |A\X)n−2, we get |Im(f |A\X)n−2| < |Imfn−2|. Also, since |Imfn−2| = 2, we
have |A\X| = |Imf |A\X | = |Im(f |A\X)n−2| < |Imfn−2| = 2; that is |A\X| ≤ 1.
Thus |A\X| = 1. So, there exists c ∈ A\X such that f(c) = c. Since |X| = q + 2
and |A\X| = 1, we have |A| = q + 3. It follows that A = {c, y, f(y), . . . , f q+1(y)}
where c ∈ A\X, f(c) = c and f q+2(y) = f q+1(y). This corresponds to (i).

Case 2: s /∈ {a, b}. If f(s) = s, then f(a) = f(b) = f(s) = s, which implies
that |A| ≥ |Imf | − 2, a contradiction. Thus f(s) 6= s. We consider two subcases
f(s) /∈ {a, b} and f(s) ∈ {a, b}.

Subcase 2.1: f(s) /∈ {a, b}. Since s /∈ {a, b} and f(s) /∈ {a, b},we have
{s, f(s)} ⊆ A\{a, b}. For a positive integer k ≥ 1, assume that {s, f(s), . . . , fk(s)}
is a subset of A\{a, b} of distinct elements. If fk+1(s) = f t(s) for some 1 ≤ t ≤ k,
then by the injectivity of f |A\{a,b}, we have fk(s) = f t−1(s) for some 0 ≤ t− 1 ≤
k − 1, a contradiction. Thus fk+1(s) 6= f t(s) for all integer t with 1 ≤ t ≤ k.
And, if fk+1(s) = s, then fk(s) ∈ {a, b}, a contradiction. Thus fk+1(s) 6= s.
Next, we assume that fk+1(s) ∈ {a, b}. Without loss of generality we may assume
that fk+1(s) = a. If b = y, then |A| ≥ k + 3 and Imf = A\{b} = Imf 2. It
follows that λ(f) = 1. Since λ(f) = n − 2 = |A| − 2 and |A| ≥ k + 3, we have
λ(f) ≥ (k+3)−2 = k+1 ≥ 1+1 = 2, a contradiction. If b 6= y, then b ∈ A\{s, y}.
By the surjectivity of f |A\{a,b} onto A\{s, y}, there is a x1 ∈ A\{a, b} such that
f(x1) = b. If x1 = s, then f(s) = b, a contradiction. Thus x1 6= s. If x1 = y, then
f(y) = b. Thus |A| ≥ k + 4 and Imf 2 = A\{b, y} = Imf 3. So, λ(f) = 2. Since
λ(f) = n−2 = |A|−2 and |A| ≥ k+4, we have λ(f) ≥ (k+4)−2 = k+2 ≥ 1+2 = 3,
a contradiction. Therefore, x1 6= y. It follows that x1 ∈ A\{s, y}. By the surjec-
tivity of f |A\{a,b} onto A\{s, y}, there exists a x2 ∈ A\{a, b} such that f(x2) = x1.
If x2 = s, then f(s) = f(x2) = x1, which implies that f 2(s) = f(x1) = b, a
contradiction. Thus x2 6= s. If x2 = y, then f(y) = x1. So, |A| ≥ k + 5 and
Imf 3 = A\{b, y, x1} = Imf 4. Therefore, λ(f) = 3. Since λ(f) = n− 2 = |A| − 2
and |A| ≥ k + 5, we have λ(f) ≥ (k + 5) − 2 = k + 3 ≥ 1 + 3 = 4, a
contradiction. Thus x2 6= y. So, x2 ∈ A\{s, y}. Continuing in this way,
since A is finite, there is integer q with 1 ≤ q ≤ n − 2 such that y = xq and
x1, x2, . . . , xq−1 ∈ A\{a, b, y} where f(xi) = xi−1 for all 1 < i ≤ q and f(x1) = b.
Thus |A| ≥ k + q + 3 and Imf q+1 = {a, s, f(s), . . . , fk(s)} = Imf q+2, which
implies that λ(f) = q + 1. Since λ(f) = n − 2 = |A| − 2 and |A| ≥ k + q + 3,
we have λ(f) ≥ (k + q + 3) − 2 = k + q + 1 > 1 + (q + 1), a contradiction.
So, fk+1(s) /∈ {a, b}. Therefore, X = {s, f(s), . . . , fk(s), fk+1(s) . . .} is a infinite
subset of A\{a, b}, which contradicts to the fact that A is finite.

Subcase 2.2: f(s) ∈ {a, b}. Without loss of generality, we may assume
that f(s) = a. Since f(a) = s and f(s) = a, we have a, s ∈ Imfn−2. Also, since
|A| = |Imf |+ 1, we get f(t) /∈ {a, s} for all t /∈ {a, b, s}.
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If y = b, then A\{a, b, s} = A\{a, y, s}. Thus f |A\{a,b,s} is a permutation, which
implies that |A\{a, b, s}| = |Imf |A\{a,b,s}| = |Im(f |A\{a,b,s})

n−2| ≤ |Imfn−2| = 2.
Since a, s ∈ Imfn−2 and a, s /∈ A\{a, b, s}, we have |A\{a, b, s}| = 0. Thus
A = {a, b, s} = {b, f(b) = s, f 2(b) = a} where f 3(b) = f(f 2(b)) = f(a) = s = f(b),
this corresponds to (ii).
If y 6= b, then b ∈ A\{y, s}. By the surjectivity of f |A\{a,b} onto A\{y, s} and the
finiteness of A, we may choose q − 1 pairwise distinct elements x1, x2, . . . , xq−1 ∈
A\{y, s, a, b} and xq = y such that f(xi) = xi−1 for 1 < i ≤ q with f(x1) = b.
Therefore, X = {xq, f(xq), . . . , f

q(xq) = b, f q+1(xq) = s, f q+2(xq) = a} ⊆ A.
Since f |A\{a,b} is a bijection, f |A\X is a permutation. Thus |A\X| = |Imf |A\X | =
|Im(f |A\X)n−2| ≤ |Imfn−2| = 2. Since a, s /∈ A\X but a, s ∈ Imfn−2, we get
|A\X| = 0. Therefore, A = X and n = |A| = |X| = q + 3; that is, q = n− 3. Let
u = xq. Then A = {u, f(u), . . . , fn−1(u)} with fn(u) = fn−2(u). This corresponds
to (ii).

Conversely, let A be a finite set with |A| = n ≥ 3 and let f be a unary
operation on A satisfying either (i) or (ii).
In case (i), we have fn−2(u) 6= fn−3(u) but f(fn−2(u)) = fn−1(u) = fn−2(u) =
f(fn−3(u)) and in case (ii), we have fn−1(u) 6= fn−3(u) but f(fn−1(u)) = fn(u) =
fn−2(u) = f(fn−3(u)). Thus in either cases, we have A ⊃ Imf .

If n = 3, then either A = {v, u, f(u)} where f(v) = v and f 2(u) = f(u)
in case (i) or A = {u, v = f(u), f2(u)} where v = f(u) = f 3(u) in case (ii).
Thus in case (i), we have Imf = {v, f(u)} = Imf 2 and in case (ii), we have
Imf = {f(u), f2(u)} = Imf 2. So, in either cases, λ(f) = 1 = 3− 2 and |Imf | =
2. Therefore, we may assume that n ≥ 4. Now, we want to show that A ⊃
Imf ⊃ Imf 2 ⊃ . . . ⊃ Imfn−2. By Lemma 3.2 part (i) and A ⊃ Imf , we
have A ⊃ Imf ⊇ Imf 2 ⊇ . . . ⊇ Imfn−2. In case (i), we have fn−3(u) and
fn−2(u) are distinct elements in Imf t which have the same image in Imf t+1 for
all 1 ≤ t ≤ n− 3. Similarly, in case (ii), we have fn−3(u) and fn−1(u) are distinct
elements in Imf t having the same image in Imf t+1 for all 1 ≤ t ≤ n − 3. It
follows that |Imf t| ≥ |Imf t+1| + 1 which implies that Imf t ⊃ Imf t+1 for all
1 ≤ t ≤ n− 3. Next, we want to show that |Imfn−2| = 2.

In case (i), v and fn−2(u) are distinct elements in Imfn−2. So, |Imfn−2| ≥
2. We want to show that |Imfn−2| ≤ 2. Assume that |Imfn−2| ≥ 3. Then
|A| ≥ |Imf |+ 1 ≥ . . . ≥ |Imfn−2|+ (n− 2) ≥ 3 + n− 2 = n+ 1, a contradiction.
Thus |Imfn−2| ≤ 2. Hence, |Imfn−2| = 2.

In case (ii), fn−1(u) and fn−2(u) are distinct elements in Imfn−2.
So, |Imfn−2| ≥ 2. Similar to case (i), we have |Imfn−2| = 2.
Finally, we want to show that Imfn−2 = Imfn−1.
In case (i), we have v and fn−2(u) are the only two elements in Imfn−2 with
v = f(v) and fn−1(u) = fn−2(u). Thus v and fn−2(u) are both in Imf t for all
t ≥ n − 2. Similarly, in case (ii), we have fn−1(u) and fn−2(u) are the only two
elements in Imfn−2 with fn(u) = fn−2(u). Thus fn−1(u) and fn−2(u) are both in
Imf t for all t ≥ n − 2. So, Imfn−2 = Imfn−1. It follows that n − 2 is the least
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positive integer such that Imfn−2 = Imfn−1. Therefore, λ(f) = n − 2; that is f
is a LT1-function.

3.2 Invariant Equivalence Relation

Definition 3.11. Let θ ⊆ A × A be an equivalence relation on the finite set A
with |A| = n ≥ 2 and let f be an arbitrary unary operation defined on A. Then
we say, f preserves θ or θ is invariant with respect to f if for each a, b ∈ A
such that (a, b) ∈ θ, then (f(a), f(b)) ∈ θ.

Let pol(1)θ be the set of all functions defined on A which preserve θ. Now
we have the following question: which equivalence relations are invariant with
respect to LT or LT1-function?

For LT-function the answer is given by the following theorem.

Theorem 3.12. [9] Let A be a finite set with |A| = n ≥ 2 and let θ be a non-
trivial equivalence relation defined on A. Then there exists a LT-function f which
preserves θ if and only if there is only one block with respect to θ which has more
than one element.

Proof. Assume that f : A −→ A is a LT-function which preserves θ. Then λ(f) =
n− 1. By Lemma 3.2 (iv), there exists an element d ∈ A such that

A = {d, f(d), f2(d), . . . , fn−1(d)} and fn−1(d) = fn(d).

Since θ is a non-trivial equivalence relation, there exist x 6= y ∈ A such that
(x, y) ∈ θ. Thus there exist integers i, j ∈ {0, 1, . . . , n−1} with i < j such that x =
f i(d) and y = f j(d). So, (f i(d), f j(d)) ∈ θ. Since f ∈ pol(1)θ and (f i(d), f j(d)) ∈
θ, we have (f(f i(d)), f(f j(d))) ∈ θ; that is (f i+1(d), f j+1(d)) ∈ θ. It follows that
(f i+k(d), f j+k(d)) ∈ θ for all integer k ≥ 0. So, (f i+(j−i)(d) = f j(d), f j+(j−i)(d)) ∈
θ. Since (f i(d), f j(d)) ∈ θ and (f j(d), f j+(j−i)(d)) ∈ θ, by transitivity of θ, we have
(f i(d), f j+(j−i)(d)) ∈ θ. If (j− i) > (n−1)− j, then j+(j− i) > j+(n−1)− j =
n − 1, which implies that f j+(j−i)(d) = fn−1(d). Thus (f i(d), fn−1(d)) ∈ θ. If
(j−i) < (n−1)−j, then there is an integer t such that t(j−i) ≥ (n−1)−j. Thus
j+t(j−i) ≥ j+(n−1)−j = n−1, which implies that f j+t(j−i)(d) = fn−1(d). Since
(f j(d), f j+(j−i)(d)) ∈ θ and f preserves θ, we get (f j+m(j−i)(d), f j+(m+1)(j−i)(d)) ∈
θ for all integers m ≥ 1. Thus (f j+m(j−i)(d), f j+(m+1)(j−i)(d)) ∈ θ for all integers
m ≥ 0. And, since θ is transitive, (f i(d), f j+(m+1)(j−i)(d)) ∈ θ for all integers
m ≥ 0. Thus (f i(d), f j+t(j−i)(d)) ∈ θ. Since f j+t(j−i)(d) = fn−1(d), we have
(f i(d), fn−1(d)) ∈ θ. For a positive integer k ≥ i, assume that (fk(d), fn−1(d)) ∈ θ.
Since f preserves θ and fn(d) = fn−1(d), we get (fk+1(d), fn−1(d)) ∈ θ. Hence,
by Mathematical Induction, we have (f s(d), fn−1(d)) ∈ θ for all s ≥ i. Thus
{f i(d), f i+1(d), . . . , fn−1(d)} is a block with respect to θ which has more than one
element. Let B = {f i(d), f i+1(d), . . . , fn−1(d)}. If i is the least non-negative in-
teger such that f i(d) ∈ B, then for each element of {d, f(d), f2(d), . . . , f i−1(d)}
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form singleton blocks and B is the only block with respect to θ which has more
than one element. If i is not the least non-negative integer such that f i(d) ∈ B,
then there exists an integer p with p < i such that fp(d) ∈ B. Thus there is an
integer q ∈ {i, i + 1, . . . , n − 1} such that (fp(d), f q(d)) ∈ θ, which implies that
{fp(d), fp+1(d), . . . , fn−1(d)} is a block with respect to θ which has more than one
element. Let C = {fp(d), fp+1(d), . . . , fn−1(d)}. If p is the least non-negative inte-
ger such that fp(d) ∈ C, then for each element of {d, f(d), f2(d), . . . , fp−1(d)} form
singleton blocks and C is the only block with respect to θ which has more than
one element. If p is not the least non-negative integer such that fp(d) ∈ C, then
continuing in this way, we have the least non-negative integer r ∈ {0, 1, . . . , n−1}
such that {f r(d), f r+1(d), . . . , fn−1(d)} is the only block with respect to θ which
has more than one element and for each element of {d, f(d), f2(d), . . . , f r−1(d)}
form singleton blocks.

Conversely, let θ be a non-trivial equivalence relation defined on A. Assume
that there is only one block with respect to θ which has more than one element.
Since A is finite, there is an integer n such that A = {a0, a1, . . . , an−1}. We may
assume that {ai, ai+1, . . . , an−1}, where 0 ≤ i ≤ n − 1, is the only one block with
respect to θ which has more than one element. Then we define the operation f :
A −→ A by f(aj) = aj+1 for 0 ≤ j < n−1 and f(an−1) = an−1. Now, we will show
that f preserves θ. Let a, b ∈ A such that (a, b) ∈ θ. If a = b, then f(a) = f(b).
Since θ is reflexive, (f(a), f(b)) ∈ θ. If a 6= b, then there are integers l and k with
i ≤ l < k ≤ n − 1 such that a = al and b = ak. Thus f(a) = f(al) = al+1 and
f(b) = f(ak) = ak+1 if k 6= n− 1 and f(b) = f(ak) = f(an−1) = an−1 if k = n− 1.
So, f(a) and f(b) belong to the set {ai, ai+1 . . . , an−1}. Thus (f(a), f(b)) ∈ θ.
Therefore, f preserves θ; that is, f ∈ pol(1)θ. Since A = {a0, a1, . . . , an−1} and
by definition of f , we have A = {a0, f(a0), f

2(a0), . . . , f
n−1(a0)} and fn−1(a0) =

an−1 = fn(a0). By Lemma 3.2 (iv), we have λ(f) = n − 1. Hence, f is a LT-
function.

Proposition 3.13. [9] Let A be a finite set with |A| = n ≥ 3 and let θ be a non-
trivial equivalence relation on A. Then there is a LT1-function f with |Imfn−2| =
1 which preserves θ if and only if either
(i) there exists only one block B with respect to θ which has more than one element,
or
(ii) there are exactly two blocks B and C with respect to θ which have more than
one element and one of them consists of exactly two elements.

Proof. Assume that f is a LT1-function with |Imfn−2| = 1. By Theorem 3.9,
there are distinct elements u, v ∈ A such that A = {u, v, f(v), . . . , fn−2(v)} and
there is an exponent k with 0 ≤ k < n−2 such that f(u) = fk+1(v) and a number
m with m+k = n−2 such that fm+1(u) = fm(u). Thus A = {v, f(v), . . . , fk(v)}∪
{u, f(u), . . . , fm(u)} where fk+1(v) = f(u) and fm+1(u) = fm(u).
Let θ be a non-trivial equivalence relation defined on A which is invariant with
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respect to f . Let X = {v, f(v), . . . , fn−2(v)} and Y = {u, f(u), . . . , fm(u)}. Since
|A| = n ≥ 3, we have |X| ≥ 2 and |Y | ≥ 2. Next, we will show that f |X and f |Y
are LT-functions. Note that f |X(a) = f(a) for all a ∈ X and f |Y (b) = f(b) for all
b ∈ Y . Thus X = {v, f |X(v), . . . , (f |X)n−2(v)} where (f |X)n−1(v) = (f |X)n−2(v)
and Y = {u, f |Y (u), . . . , (f |Y )m(u)} where (f |Y )m+1(u) = (f |Y )m(u). By Lemma
3.2 (iv), we have λ(f |X) = n − 2 = (n − 1) − 1 = |X| − 1 and λ(f |Y ) = m =
(m + 1) − 1 = |Y | − 1. Therefore, f |X and f |Y are LT-functions. Now, let

θ̄ = θ|X×X and ¯̄θ = θ|Y×Y . We claim that f |X preserves θ̄ and f |Y preserves ¯̄θ.
Let a, b ∈ X such that (a, b) ∈ θ̄. Then there are r, s ∈ {0, 1, . . . , n − 2} such
that a = f r(v), b = f s(v) and (a, b) ∈ θ. Thus f(a) = f(f r(v)) = f r+1(v) and
f(b) = f(f s(v)) = f s+1(v) are in X. Since f preserves θ and (a, b) ∈ θ, we have
(f(a), f(b)) ∈ θ. Since f(a) and f(b) are in X, we get (f |X(a), f |X(b)) ∈ θ̄. Hence

f |X preserves θ̄. Similarly, f |Y preserves ¯̄θ. By Theorem 4.6, there is only one
block with respect to θ̄ which has more than one element and there is only one
block with respect to ¯̄θ which has more than one element. Consider the following
cases:

Case 1: If the block of u with respect to θ consists only of one element,
then θ = θ̄ ∪ {(u, u)}. Thus there exists only one block with respect to θ which
has more than one element, this corresponds to (i).

Case 2: (u, f t(v)) ∈ θ for some 0 ≤ t < k.
If t = 0, then (u, v) ∈ θ. Since f preserves θ, we have (f(u), f(v)) ∈ θ. Since
f(u) = fk+1(v), we get (fk+1(v), f(v)) ∈ θ. It follows that (f tk+1(v), f (t−1)k+1(v))
∈ θ for all t ≥ 1, and since f is transitive, (f tk+1(v), f(v)) ∈ θ for all t ≥ 1.
We claim that (fk+m(v), f i(v)) ∈ θ for all i ≥ 1.
If k ≥ m − 1, then 2k + 1 = (k + 1) + k ≥ (k + 1) + (m − 1) = k + m.
Thus f 2k+1(v) = fk+m(v). Since (f tk+1(v), f(v)) ∈ θ for all t ≥ 1, we have
(f 2k+1(v), f(v)) ∈ θ. And, since f 2k+1(v) = fk+m(v), we get (fk+m(v), f(v)) ∈ θ.
Assume that k < m− 1. Then there is a positive integer s such that sk ≥ m− 1.
Thus (k + 1) + sk ≥ (k + 1) + (m − 1) = k + m; that is (s + 1)k + 1 ≥ k + m,
which implies that f (s+1)k+1(v) = fk+m(v). Since (f tk+1(v), f(v)) ∈ θ for all t ≥ 1,
we have (f (s+1)k+1(v), f(v)) ∈ θ. And, since f (s+1)k+1(v) = fk+m(v), we have
(fk+m(v), f(v)) ∈ θ. For a positive integer j ≥ 1, assume that (fk+m(v), f j(v)) ∈
θ. Since f preserves θ and fk+m+1(v) = fk+m(v), we get (fk+m(v), f j+1(v)) ∈ θ.
Hence, by Mathematical Induction, we have (fk+m(v), f i(v)) ∈ θ for all integers
i ≥ 1. So, {f(v), . . . , fm+k(v)} = X\{v} is a subset of the block C of the ele-
ment f(v) with respect to θ̄ = θ|X×X and also with respect to θ. If u ∈ C, then
θ = A × A, a contradiction since θ is a non-trivial. Thus u /∈ C. It follows that
B = {u, v} and C = X\{v} are the only two blocks with respect to θ which have
more than one element. Since k > 0, this gives (ii).
If t > 0 then k > 0 and f(u) 6= fk(v). So, {f t+1(v), . . . fk+1(v) = f(u), . . . , fm+k(v)}
is a subset of the block C of the element f(u) with respect to θ̄ (and also with
respect to θ) containing fk(v) and f(u), hence |C| > 1. If u ∈ C, then C is the
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only block with respect to θ with cardinality greater than 1, this corresponds to
(i). And if u /∈ C, then {u, f t(u)} and C are the only blocks with respect to θ
having cardinalities greater than 1 and |{u, f t(v)}| = 2, this corresponds to (ii).

Case 3: (u, f t(u)) ∈ θ for some 0 ≤ t ≤ m and (u, f s(v)) /∈ θ for all
0 ≤ s < k. Then Y is a block with respect to θ and the block of each f s(v) for
0 ≤ s < k is singleton. Therefore, Y is the only block with respect to θ with
|Y | ≥ 2, this corresponds to (i).

Case 4: (u, fk(v)) ∈ θ. If (c, d) /∈ θ for all c 6= d in A\{u, fk(v)}, then
{u, fk(v)} is the only block with respect to θ having more than one element. We
consider the case that there are c 6= d in A\{u, fk(v)} such that (c, d) ∈ θ. If c or
d belongs to X\Y , then {c, d, fk(v)} is a subset of the only block C with respect
to θ̄ (also with respect to θ) with |C| > 1 and so, C ∪ {u} is the only block with
respect to θ which has more than one element. But, if c and d both are in Y \{u},
then they are in the only block C with respect to ¯̄θ (also with respect to θ) with
|C| > 1, so, in this case, C and {u, fk(v)} are the only blocks having more than
one element and one of them has cardinality 2.

Conversely, let A be a set with |A| = n ≥ 3 and let θ be a non-trivial
equivalence relation on A satisfy either (i) or (ii). We may assume that A =
{a0, a1, . . . , an−1} and either B = {ai, ai+1, . . . , an−1} for some 0 < i < n − 1 in
case (i) or B = {a0, ai} and C = {ai+1, . . . , an−1} for some 0 < i < n − 1 in case
(ii) are the blocks with respect to θ. In either case, we define f : A −→ A by
f(aj) = aj+1 if j /∈ {0, n− 1}, f(a0) = ai+1 and f(an−1) = an−1. In both cases, f
preserves θ. Further, we have f(ai) = ai+1 = f(a0) and f(an−2) = an−1 = f(an−1)
for ai 6= a0 and an−2 6= an−1 and there are no other elements c 6= d in A such that
f(c) = f(d). Thus |Imf | = |A| − 2. Since an−1 6= an−2 and an−1, an−2 ∈ Imfk

for all 1 ≤ k < n − 2 and f(an−1) = f(an−2), we have Imfk ⊃ Imfk+1 for
all 1 ≤ k < n − 2. Together with |A| = |Imf | + 2, we get |Imfn−2| ≤ 1.
Since an−1 ∈ Imfn−2, we have |Imfn−2| ≥ 1. Thus |Imfn−2| = 1, and so,
Imfn−2 = Imfn−1. Hence, λ(f) = n− 2; that is f is a LT1-function.



Chapter 4

All Congruence-modular Symmetric Algebras

In chapter 3, we studied a characterization of all unary operations f on a
finite set A with long pre-period; that is, λ(f) = n− 1 for n ≥ 2 and λ(f) = n− 2
for n ≥ 3. In contrary, we are interested in studying a unary operation f on a finite
set A with λ(f) ∈ {0, 1} which we will call a unary operation with short pre-period.

In this chapter, we characterize all unary operations f on a finite set A
with λ(f) = 0 such that the unary algebra (A; f) is congruence-distributive or
congruence-modular.

Note that λ(f) = 0 if and only if f is a permutation on A. In the theory of
groups, the set of all permutations on a set A together with composition is called
a symmetric group. And it is known that every permutation can be decomposed
into simple parts called cycles.

Let A be a finite set and let f be a permutation on A. Then the algebra
(A; f) is called a symmetric algebra.

If A is a singleton or a two-element set, the congruence lattice of (A; f) is
also singleton chain {∆A} or two-element chain {∆A, A × A}, respectively. So,
(A; f) is congruence-distributive ( see Figure 5 ). We are interested in the case
that the cardinality of A is more than two.

s s
s

∆A ∆A

A× A

Figure 5. The singleton chain and two-element chain

We begin by considering necessary conditions for a permutation f on A
whose (A; f) is congruence-distributive.

28
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Proposition 4.1. Let (A; f) be a symmetric algebra with |A| ≥ 3. If (A; f) is
congruence-distributive, then either
(i) f is a cycle having at most one fixed point, or
(ii) f has no fixed points and f is a product of two disjoint cycles whose lengths
are relatively prime.

Proof. We will prove by the contrapositive. Suppose that (i) and (ii) are not true.
Then f is a product of at least three disjoint cycles. Let f = α1α2 . . . αr where
r ≥ 3 and all αi are cycles (can be of length 1) and αi and αj are disjoint for
each 1 ≤ i 6= j ≤ r. For each 1 ≤ i ≤ r, let αi = (ai1 ai2 . . . aimi

) and define
Bi = {ai1, ai2, . . . , aimi

} for some non-negative integer mi. Then Bi ∩ Bj = ∅ for
all 1 ≤ i 6= j ≤ r.
Because r ≥ 3, we let σ = (123) and define θj ⊆ A× A for each j ∈ {1, 2, 3} by

θj = ∆A ∪ {(x, y)| {x, y} ⊆ Bj ∪Bσ(j) or {x, y} ⊆ Bσ2(j)}.

Since f(x) ∈ Bi for all x ∈ Bi and for all i ∈ {1, 2, 3}, we have that θi is invariant
under f for each i ∈ {1, 2, 3}.

Let φ := ∆A ∪ (
3⋃

k=1

{(x, y)| x, y ∈ Bk}). By cyclically of σ and Bi ∩ Bj = ∅ for all

1 ≤ i 6= j ≤ 3, we have θj ∧ θσ(j) = φ for each j ∈ {1, 2, 3}.

Let θ := ∆A ∪ {(x, y)| x, y ∈ B1 ∪ B2 ∪ B3}. Then θj ⊆ θ for all j ∈ {1, 2, 3}.
Thus θj ∪ θσ(j) ⊆ θ for all j ∈ {1, 2, 3} which implies that θj ∨ θσ(j) ⊆ θ for all
j ∈ {1, 2, 3}. On the other hand, let (a, b) ∈ θ. Then a = b or a, b ∈ B1 ∪B2 ∪B3.
If a = b, then (a, b) ∈ θj ∪ θσ(j) for all j ∈ {1, 2, 3}. So, θ ⊆ θj ∨ θσ(j) for all
j ∈ {1, 2, 3}. In other cases, if a, b ∈ B1 ∪ B2 ∪ B3 then {a, b} ⊆ Bj ∪ Bσ(j) for
some j ∈ {1, 2, 3} which implies that (a, b) ∈ θj ∪ θσ(j). So, θ ⊆ θj ∨ θσ(j). Hence,
θj ∨ θσ(j) = θ.
So, {θ1, θ2, θ3, φ, θ} is a sublattice of the congruence lattice of (A; f) which is
isomorphic to M3 ( see Figure 6 ). Hence, M3 − N5 Theorem implies that the
congruence lattice of the symmetric algebra (A; f) is not distributive.
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Figure 6. A sublattice of the congruence lattice of (A; f) which is isomorphic to
M3



30

Remark 4.2. From Proposition 4.1, the congruence lattice of (A; f) is not dis-
tributive if f is an identity on a set A whose cardinality is more than two. More-
over, if the cardinality of A is three, the congruence lattice of (A; f) is the modular
lattice M3.

Lemma 4.3. Let (B; fB) be a subalgebra of (A; fA).
(i) If θ ∈ Con(A; fA), then the restriction θ|B of θ onto B is a congruence relation
on (B; fB).
(ii) If θ ∈ Con(B; fB), then the relation θ∪{(x, x)|x ∈ A} is a congruence relation
on (A; fA).

The proofs of Lemma 4.3 are straight forward. We will denote the relations θ|B
and θ ∪ {(x, x)| x ∈ A} in Lemma 4.3 by θB and θA, respectively.

Lemma 4.4. Let Ā := (A; f) be a symmetric algebra and let (a f(a) . . . fp−1(a))
and (b f(b) . . . f q−1(b)) be cycles in a product of f for some positive integers p and
q. Let θ ∈ Con(Ā).
(i) If (a, f r(a)) ∈ θ for some 0 < r ≤ p − 1, then (a, fkr(a)) ∈ θ for all non-
negative integer k.
(ii) If there exists integer 0 < r ≤ p − 1 such that (a, f r(a)) ∈ θ and r is not a
factor of p, then {a, f(a), . . . , fp−1(a)} is a subset of a block of A/θ.
(iii) If (p, q) = 1 and (a, b) ∈ θ, then {a, f(a), . . . , fp−1(a), b, f(b), . . . , f q−1(b)} is
a subset of a block of A/θ.

Proof. (i) Assume that (a, f r(a)) ∈ θ for some 0 < r ≤ p − 1. If k = 0 then
(a, f0(a)) = (a, a) ∈ θ. We assume that k 6= 0. Then (i) follows by taking f r to
(a, f r(a)) for k times for all non-negative integer k and by the transitivity of θ.

(ii) Assume that there exists integer 0 < r ≤ p− 1 such that (a, f r(a)) ∈ θ
and r is not a factor of p. Then the division algorithm implies that there are
integers t1 and 0 ≤ s1 < r such that p = rt1 + s1. Since (a, f r(a)) ∈ θ and by (i),
we have (a, f rt1(a)) ∈ θ. Let r1 = r − s1. Then 0 < r1 < r. After applying f r

to (a, f r(a)) for t1 times, we will get (f rt1(a), f r1(a)) ∈ θ; hence, the transitivity
of θ implies that (a, f r1(a)) ∈ θ. By repeating the same process, we will get a
decreasing sequence of non-negative integers 0 < . . . < r1 < r < p such that
(a, f ri(a)) ∈ θ for all integers i ≥ 1. Hence, the process will be stop after finite
steps; that is, there is a positive integer k such that rk > 0 and rk+1 = 0.
It is easily see that rk 6= 1 implies the continuation of the process; so, rk = 1.
Hence, (a, f(a)) ∈ θ which implies by applying f and the transitivity of θ that
(a, f t(a)) ∈ θ for all 0 ≤ t ≤ p− 1.

(iii) Assume that (p, q) = 1 and (a, b) ∈ θ. Without loss of generality,
we may assume that p < q. By the division algorithm and (p, q) = 1, we have
q = pk + r for some integers k and r where 0 < r < p. Then (f r(a), b) =
(f q(a), f q(b)) ∈ θ. Since (a, b) ∈ θ, the transitivity of θ implies that (a, f r(a)) ∈ θ
for some 0 < r < p. By part(ii), (a, f t(a)) ∈ θ for all 0 ≤ t ≤ p−1. Since (a, b) ∈ θ
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and by the transitivity of θ, we have (b, f t(a)) ∈ θ for all 0 ≤ t ≤ p − 1. After
applying f to (b, f t(a)) for all 0 ≤ t ≤ p − 1, we can get (f t(a), f s(b)) ∈ θ for all
0 ≤ t ≤ p− 1 and 0 ≤ s ≤ q − 1.

In the following proposition, we will show that the converse of Proposition
4.1 is also true by showing that the congruence lattice of (A; f) is a product of
chains; or, a linear sum of a product of chains and a one-element chain.

Recall that a linear sum of an ordered set P with a one-element chain 1 is an
ordered set P ⊕ 1 which can represent P with a new top element added.

Proposition 4.5. If f satisfies (i) or (ii) of Proposition 4.1, then the congruence
lattice of (A; f) is a product of chains; or, a linear sum of a product of chains P
with a one-element chain 1.

Proof. Assume that f is a cycle having no fixed point. Let a ∈ A. Then, we may
consider f = (a f(a) . . . fn−1(a)).
We will prove that Con(A; f) is dually isomorphic to ↓ n.
Let m ∈↓ n. Then 0 < m ≤ n; hence, there exists an integer cm such that n =
mcm. By Remark 2.25, Z can be partitioned into the set Zm = {[0], [1], [2], . . . , [m−
1]} of all residue classes modulo m where [j] is the class of integers which is con-
gruence to j modulo m for all j ∈ {0, 1, 2, . . . ,m − 1}; that is, [j] = {x| x ≡ j
(mod m)} for all j ∈ {0, 1, 2, . . . ,m − 1}. We define f [j]m(a) := {f s(a) | s ≡ j
(mod m) for some integer s}. Then ℘m := {f [j]m(a) | j ∈ {0, 1, 2, . . . ,m − 1}}
is a partition of A. It is clear that ℘m corresponds to the congruence modulo
m restriction to A which will be denoted by θm. Hence, θm = {(x, y)|x, y ∈
f [j]m(a) for some j ∈ {0, 1, 2, . . . ,m− 1}}.

Note that: (i) if m = 1, then c1 = n. Thus ℘1 = {A} and so, θ1 = A× A and
(ii) if m = n, then cn = 1. Thus ℘n = {{1}, {2}, . . . , {n}} and so, θn = ∆A.

Now, we define α : ↓ n −→ Con (A; f) by α(m) = θm for all m ∈↓ n.
Let u, v ∈↓ n be such that u|v and let (x, y) ∈ θv. Then there exists j ∈
{0, 1, . . . , v − 1} such that x, y ∈ f [j]v(a). Thus there are integers s and t with
s ≡ j (mod v) and t ≡ j (mod v) such that x = f s(a) and y = f t(a). Since u|v,
Theorem 2.18 implies that s ≡ j (mod u) and t ≡ j (mod u). Thus x, y ∈ f [j]u(a)
for some j ∈ {0, 1, . . . , u − 1}; and so, (x, y) ∈ θu. Conversely, let u, v ∈↓ n be
such that θv ⊆ θu. Then the partition A/θv is finer than A/θu which means
u = |A/θu| ≤ |A/θv| = v. If u = v, then clearly, u|v. We assume that u < v.
Since v|v, we have v ≡ 0 (mod v). So, f v(a) ∈ f [o]v(a). Since f 0(a) ∈ f [o]v(a), we
have (f v(a), f0(a)) ∈ θv ⊆ θu. So, f 0(a) ∈ f [o]u(a) implies that f v(a) ∈ f [o]u(a).
Therefore, v ≡ 0 (mod u); hence, u|v. Thus α is an order-embedding.
It remains to show that α is onto.
Let θ ∈ Con (A; f). If θ is an identity relation on A, then θ = θ0 = θn. We
consider the case that there exist x 6= y ∈ A such that (x, y) ∈ θ. Since f is
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a cycle of length n, we can write f = (x f(x) . . . fn−1(x)); hence, there exists
0 < r ≤ n− 1 such that y = f r(x). If r is not a factor of n, Lemma 4.4(ii) implies
that θ = A×A = θ1. But, if r is a factor of n, Lemma 4.4(i) and the transitivity
of θ implies that (f s(x), f t(x)) ∈ θ if and only if s ≡ t (mod r); hence, θ = θr. In
either cases, there exists 0 ≤ r ≤ n − 1 such that θ = θr. Thus, α(r) = θr = θ.
Therefore, α is onto.
Hence, Con(A; f) is dually isomorphic to ↓ n which is a product of chains. So,
the congruence lattice of (A; f) is a product of chains.

Now, we assume that f is a cycle with one fixed point or f satisfies (ii) of
Proposition 4.1. In either cases, we may assume that f = α1α2 where α1 and α2

are disjoint cycles whose lengths are relatively prime whenever both of them are
of lengths more than one. Let Bi be a subset of A whose elements are in αi for
each i ∈ {1, 2}. Then, f |Bi

is a cycle on Bi for all i ∈ {1, 2}. By condition (i), the
congruence lattice of (Bi; f |Bi

) is a product of chains for all i ∈ {1, 2}.

For each θi ∈ Con(Bi; f |Bi
) for i ∈ {1, 2}, we define θA

i := θi ∪ {(x, x)| x ∈
A} for each i ∈ {1, 2}. Then θA

i is a congruence relation on (A; f) for all i ∈ {1, 2}.

Now, we define β : Con(B1; f |B1) × Con(B2; f |B2) −→ Con(A; f) by β(θ1, θ2) =
θA
1 ∨ θA

2 for each θi ∈ Con(Bi; f |Bi
) and for all i ∈ {1, 2}.

Let θi and φi be congruence relations on (Bi; f |Bi
) for each i ∈ {1, 2}. Since

B1 ∩ B2 = ∅ and B1 ∪ B2 = A, we have θA
1 ∪ θA

2 and φA
1 ∪ φA

2 are congruence
relations on (A; f). It is clear that θA

1 ∨ θA
2 = θA

1 ∪ θA
2 and φA

1 ∨ φA
2 = φA

1 ∪ φA
2 .

Thus

(θ1, θ2) ⊆ (φ1, φ2) ⇐⇒ θi ⊆ φi for each i ∈ {1, 2},
⇐⇒ θA

i ⊆ φA
i for each i ∈ {1, 2},

⇐⇒ θA
1 ∪ θA

2 ⊆ φA
1 ∪ φA

2 ,

⇐⇒ θA
1 ∨ θA

2 ⊆ φA
1 ∨ φA

2 ,

⇐⇒ β(θ1, θ2) ⊆ β(φ1, φ2).

So, β is an order-embedding.
Therefore, Con(B1; f |B1) × Con(B2; f |B2) can be embedded as a sublattice of
Con(A; f).
Now, we will show that θA

1 ∨ θA
2 6= A × A for each θi ∈ Con(Bi; f |Bi

) and for all
i ∈ {1, 2}.
Let θi ∈ Con(Bi; f |Bi

) for i ∈ {1, 2}. Since B1∩B2 = ∅, we have (x, y) /∈ θA
1 ∨θA

2 for
each x ∈ B1 and y ∈ B2. Since Bi 6= ∅ for i ∈ {1, 2}, it is clear that θA

1 ∨θA
2 ⊂ A×A.

It follows that Imβ ⊆ Con(A; f)\{A×A}. Let θ ∈ Con(A; f)\{A×A}. Then θBi

is a congruence relation on (Bi; f |Bi
) such that θA

Bi
⊆ θ for each i ∈ {1, 2}. Since

B1 ∩ B2 = ∅ and f(Bi) = Bi for all i ∈ {1, 2}, we have θA
B1
∪ θA

B2
is a congruence

relation on (A; f); so, θA
B1
∨ θA

B2
= θA

B1
∪ θA

B2
⊆ θ. Conversely, let (a, b) ∈ θ. We
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suppose that a ∈ B1 and b ∈ B2. Since the lengths of α1 and α2 are relatively
prime, Lemma 4.4(iii) implies that B1 ∪ B2 is a subset of a block of A/θ. Since
B1 ∪ B2 = A, we have θ = A × A, a contradiction. Thus {a, b} ⊆ Bi for some
i ∈ {1, 2}. So, (a, b) ∈ θBi

⊆ θA
Bi
⊆ θA

B1
∪ θA

B2
. Therefore, θ = θA

B1
∨ θA

B2
; that is,

θ = β(θB1 , θB2). So, θ ∈ Imβ. Therefore, Con(A; f)\{A× A} ⊆ Imβ.
Hence, Imβ = Con(A; f)\{A× A}.
Therefore, Con(B1; f |B1)×Con(B2; f |B2)

∼= Con(A; f)\{A×A}. Since Con(Bi; f |Bi
)

is a product of chains for each i ∈ {1, 2}, we have that Con(B1; f |B1)×Con(B2; f |B2)
is a product of chains which implies that Con(A; f)\{A×A} is a product of chains.
Hence, the congruence lattice of (A; f) is a linear sum of a product of chains P
and a one-element chain 1.
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Figure 7. The congruence lattices of some symmetric algebras whose the
permutation operation is a cycle having no fixed point.
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Figure 8. The congruence lattices of some symmetric algebras whose the per-
mutation operation is a product of atmost two disjoint cycles whose lengths are
relatively prime and one of them can be of length 1.

The following theorem shows a characterization of all symmetric algebras
which are congruence-distributive and the proof of the theorem is followed directly
by Proposition 4.1 and Proposition 4.5.

Theorem 4.6. Let Ā := (A; f) be a symmetric algebra. Then the followings are
equivalent:
(i) Ā is congruence-distributive.
(ii) Conditions (i) or (ii) of Proposition 4.1 are satisfied.
(iii) Con(Ā) is either a product of chains or a linear sum of a product of chains
with a one-element chain 1.
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Now, we are looking for conditions on f whose symmetric algebra (A; f) is
congruence-modular. It is known that if A is singleton or a two-element set then
(A; f) is congruence-distributive and so, (A; f) is congruence-modular. In the case
A having cardinality 3, if f is an identity on A then the congruence lattice of (A; f)
is modular and if f is not an identity then Theorem 4.6 implies that the congru-
ence lattice of (A; f) is distributive which implies that it is congruence-modular.
Therefore, we will study the case that the cardinality of A is more than three.

In the following proposition, we will prove necessary conditions for a per-
mutation f on A which (A; f) is congruence-modular.

Proposition 4.7. Let (A; f) be a symmetric algebra with |A| ≥ 4. If (A; f) is
congruence-modular, then f is either one of the followings:
(i) f is a cycle having at most two fixed points, or
(ii) f has at most one fixed point and f is a product of two disjoint cycles whose
lengths are relatively prime, or
(iii) f has no fixed point and f is a product of three disjoint cycles whose lengths
are relatively prime.

Proof. We will prove by the contrapositive. Suppose that (i), (ii) and (iii) are not
true. Then f is a product of at least four disjoint cycles. Let f = α1α2 . . . αr

where r ≥ 4 and all αi are cycles (can be of length 1) and αi and αj are disjoint
for each 1 ≤ i 6= j ≤ r. Let Bi be a subset of A whose elements are in αi for each
i ∈ {1, 2, . . . , r}. Because r ≥ 4, let σ = (1234) and let i ∈ {1, 2, 3, 4}.
Now, let define θj ⊆ A× A for each j ∈ {1, 2, 3} as follows:
θ1 = ∆A ∪ {(x, y)|{x, y} ⊆ Bi ∪Bσ(i) or {x, y} ⊆ Bσ2(i) or {x, y} ⊆ Bσ3(i)},
θ2 = ∆A ∪ {(x, y)|{x, y} ⊆ Bi ∪Bσ(i) or {x, y} ⊆ Bσ2(i) ∪Bσ3(i)}, and
θ3 = ∆A ∪ {(x, y)|{x, y} ⊆ Bi ∪Bσ2(i) or {x, y} ⊆ Bσ(i) ∪Bσ3(i)}.
Then θi is invariant under f for each i ∈ {1, 2, 3}. Thus θ1 ⊂ θ2 and

θ1 ∧ θ3 = ∆A ∪ (
4⋃

k=1

{(x, y)| x, y ∈ Bk}) = θ2 ∧ θ3.

Now, we will show that θ1 ∨ θ3 = θ2 ∨ θ3.
It is clearly, θ1 ∨ θ3 ⊆ θ2 ∨ θ3.
Let (a, b) ∈ θ2 ∨ θ3. There are a = q0, q1, . . . , qt = b ∈ A such that (qk, qk+1) ∈
θ2 ∪ θ3 for all 0 ≤ k ≤ t − 1. Without loss of generality, we may assume that
(a, q1) ∈ θ2. Since {a = q0, q1, . . . , qt = b} is finite, there is the greatest element
qk ∈ {a = q0, q1, . . . , qt = b} such that (qi−1, qi) ∈ θ2 for each 1 ≤ i ≤ k but
(qk, qk+1) ∈ θ3, and so, the transitivity of θ2 implies that (a, qk) ∈ θ2.
If (qj, qj+1) ∈ θ3 for each k ≤ j ≤ t− 1, the transitivity of θ3 implies that (qk, b) ∈
θ3. Since (a, qk) ∈ θ2, we have {a, qk} ⊆ Bi ∪Bσ(i) or {a, qk} ⊆ Bσ2(i) ∪Bσ3(i).
If {a, qk} ⊆ Bi ∪ Bσ(i), then (a, qk) ∈ θ1, and since (qk, b) ∈ θ3, we have (a, b) ∈
θ1 ∨ θ3.
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Thus, we assume that {a, qk} ⊆ Bσ2(i) ∪Bσ3(i).
If {a, qk} ⊆ Bσ2(i) or {a, qk} ⊆ Bσ3(i), then (a, qk) ∈ θ3 and since (qk, b) ∈ θ3, we
have (a, b) ∈ θ3 ⊆ θ1 ∨ θ3.
Without loss of generality, we may assume that a ∈ Bσ2(i) and qk ∈ Bσ3(i). Since
(qk, b) ∈ θ3 and qk ∈ Bσ3(i), we have b ∈ Bσ(i) or b ∈ Bσ3(i). Since a ∈ Bσ2(i) and by
definition of θ3, we have (a, k) ∈ θ3 for all k ∈ Bi. Since Bi 6= ∅, there is a x ∈ Bi

such that (a, x) ∈ θ3. Since x ∈ Bi and by the definition of θ1, we have (x, l) ∈ θ1

for all l ∈ Bσ(i). Since Bσ(i) 6= ∅, there is a s ∈ Bσ(i) such that (x, s) ∈ θ1. Since
s ∈ Bσ(i) and by the definition of θ3, we have (s,m) ∈ θ3 for all m ∈ Bσ3(i). Since
qk ∈ Bσ3(i), we have (s, qk) ∈ θ3. Thus a θ3 x θ1 s θ3 qk θ3 b which implies that
(a, b) ∈ θ1 ∨ θ3. So, θ2 ∨ θ3 ⊆ θ1 ∨ θ3.
Next, we assume that (qj, qj+1) /∈ θ3 for each k ≤ j ≤ t − 1. The finitary
of {a = q0, q1, . . . , qt = b} implies that there is a greatest element qr ∈ {a =
q0, q1, . . . , qt = b} such that (qc−1, qc) ∈ θ3 for each k+1 ≤ c ≤ r but (qr, qr+1) ∈ θ2,
and so, the transitivity of θ3 implies that (qk, qr) ∈ θ3.
Now, we have (a, qk) ∈ θ2 and (qk, qr) ∈ θ3. The proof above implies that (a, qr) ∈
θ1 ∨ θ3. Since (qr, qr+1) ∈ θ2, we can prove by continuing in this process, and so,
θ2 ∨ θ3 ⊆ θ1 ∨ θ3.
Hence, θ1 ∨ θ3 = θ2 ∨ θ3.
So, {θ1, θ2, θ3, θ1 ∧ θ3, θ1 ∨ θ3} is a sublattice of the congruence lattice of (A; f)
which is isomorphic to N5 ( see Figure 9 ). Hence, by M3 − N5 Theorem, the
congruence lattice of (A; f) is not modular.
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Figure 9. A sublattice of the congruence lattice of (A; f) which is isomorphic to
N5

We note from Proposition 4.7 that the congruence lattice of (A; f) is not modular
if the cardinality of A is more than three and f is an identity on A.

We will now prove sufficient conditions for a permutation f on A whose
the congruence lattice of (A; f) is modular which is not distributive.
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Proposition 4.8. Let (A; f) be a symmetric algebra with |A| ≥ 4. If f is a
product of three disjoint cycles (can be of length 1) and each pair of them are of
relatively prime lengths, then the congruence lattice of (A; f) is modular which is
not distributive.

Proof. Assume that f is a product of three disjoint cycles α1α2α3 where one or
two of them can be of length 1 and each pair of αi and αj with 1 ≤ i 6= j ≤ 3
are relatively prime lengths. Let Bi be a subset of A whose elements are in αi for
each i ∈ {1, 2, 3}. Then, f |Bi

is a cycle on Bi for all i ∈ {1, 2, 3}. Proposition
4.5 implies that the congruence lattice of (Bi; f |Bi

) is a product of chains for each
i ∈ {1, 2, 3}. Since the lengths of αi and αj for 1 ≤ i 6= j ≤ 3 are relatively prime,
Proposition 4.5 implies that the congruence lattice of (Bi ∪Bj; f |Bi∪Bj

) is a linear
sum of a product of chains P with a one-element chain 1.

Claim 1: If θ ∈ Con(A; f)\{A× A}, then θ is one of the following forms:

θ = ∪3
i=1θBi

or θ = θBi∪Bj
∪ θBk

.

Assume that θ ∈ Con(A; f)\{A × A}. Then θBi
⊆ θ for all i ∈ {1, 2, 3}. If

θ = ∆A, then θBi
= ∆Bi

for all i ∈ {1, 2, 3}. Since A = B1 ∪ B2 ∪ B3, we
have ∆A = ∪3

i=1∆Bi
= ∪3

i=1θBi
. We will consider θ ∈ Con(A; f)\{∆A, A×A} and

θ 6= ∪3
i=1θBi

. Since θBi
⊆ θ for all i ∈ {1, 2, 3} and θBi∪Bj

⊆ θ for all 1 ≤ i 6= j ≤ 3,
we have θBi∪Bj

∪ θBk
⊆ θ.

Now, let (x, y) ∈ θ. Since θ 6= ∪3
i=1θBi

, {x, y} * Bi for all i ∈ {1, 2, 3}. Since
A = B1 ∪ B2 ∪ B3, there are 1 ≤ i 6= j ≤ 3 such that x ∈ Bi and y ∈ Bj. Since
Bi ∩Bj = ∅, we have (x, y) ∈ θBi∪Bj

⊆ θBi∪Bj
∪ θBk

. So, θ ⊆ θBi∪Bj
∪ θBk

.
Hence, θ = θBi∪Bj

∪ θBk
.

Claim 2: For each 1 ≤ i 6= j ≤ 3 and k /∈ {i, j}, Con(Bi ∪ Bj; f |Bi∪Bj
) ×

Con(Bk; f |Bk
) can be embedded as a sublattice of Con(A; f).

We define β : Con(Bi ∪Bj; f |Bi∪Bj
)× Con(Bk; f |Bk

) −→ Con(A; f) by
(θ, φ) 7−→ θ̄ ∨ φ̄ where θ̄ = θ ∪ ∆Bk

and φ̄ = φ ∪ ∆Bi∪Bj
for all θ ∈ Con(Bi ∪

Bj; f |Bi∪Bj
) and φ ∈ Con(Bk; f |Bk

).
Let θt ∈ Con(Bi ∪ Bj; f |Bi∪Bj

) and φt ∈ Con(Bk; f |Bk
) for each t ∈ {1, 2}. Since

Bi ∩ Bj = ∅ for all i ∈ {1, 2, 3} and B1 ∪ B2 ∪ B3 = A, we have θ̄t ∪ φ̄t = θ̄t ∨ φ̄t

for each t ∈ {1, 2}. Thus

(θ1, φ1) ⊆ (θ2, φ2) ⇐⇒ θ1 ⊆ θ2 and φ1 ⊆ φ2

⇐⇒ θ̄1 ⊆ θ̄2 and φ̄1 ⊆ φ̄2

⇐⇒ θ̄1 ∪ φ̄1 ⊆ θ̄2 ∪ φ̄2,

⇐⇒ θ̄1 ∨ φ̄1 ⊆ θ̄2 ∨ φ̄2,

⇐⇒ β(θ1, φ1) ⊆ β(θ2, φ2).

So, β is an order-embedding.
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For each i ∈ {1, 2, 3}, let Ci be a sublattice of Con(A; f) which is isomor-
phic to Con(Bi∪Bσ(i); f |Bi∪Bσ(i)

)×Con(Bσ2(i); f |Bσ2(i)
) and let mi be the greatest

element of Ci.

Claim 3: m1,m2 and m3 are the only co-atoms of Con(A; f).
First of all, we will show that mi 6= A× A for each i ∈ {1, 2, 3}.
Let i ∈ {1, 2, 3}. Since |A| ≥ 4 and {B1, B2, B3} is a partition of A, there are
x ∈ Bi and y ∈ Bσ2(i). Therefore, (x, y) /∈ mi. So, mi 6= A×A for each i ∈ {1, 2, 3}.
Next, let i ∈ {1, 2, 3} and let θ ∈ Con(A; f) such that mi ⊂ θ ⊆ A × A. Then
there exist a, b ∈ A such that (a, b) ∈ θ but (a, b) /∈ mi. Thus {a, b} * Bi ∪ Bσ(i)

and {a, b} * Bσ2(i). Since {B1, B2, B3} is a partition of A, we may assume that
a ∈ Bi and b ∈ Bσ2(i). Now, let x, y ∈ A. If {x, y} ⊆ Bi ∪ Bσ(i) or {x, y} ⊆ Bσ2(i)

then (x, y) ∈ mi for some i ∈ {1, 2, 3}. If {x, y} * Bi ∪ Bσ(i) and {x, y} * Bσ2(i),
we may assume that x ∈ Bi ∪Bσ(i) and y ∈ Bσ2(i). Then x, a ∈ Bi ∪Bσ(i); and so,
(x, a) ∈ mi ⊆ θ and (b, y) ∈ mi ⊆ θ. Since (a, b) ∈ θ and by the transitivity of θ,
we have (x, y) ∈ θ. So, θ = A× A.
Hence, mi is a co-atom of Con(A; f) for each i ∈ {1, 2, 3}.
Finally, let θ ∈ Con(A; f) be such that θ * mi for each i ∈ {1, 2, 3}. Then for
each i ∈ {1, 2, 3}, there are a, b, c, d, p, q ∈ A such that (a, b) ∈ θ, (c, d) ∈ θ and
(p, q) ∈ θ but (a, b) /∈ mi, (c, d) /∈ mσ(i) and (p, q) /∈ mσ2(i). Hence, by the defini-
tion of mi, mσ(i) and mσ2(i), we have

a ∈ Bi ∪Bσ(i) and b ∈ Bσ2(i),

c ∈ Bσ(i) ∪Bσ2(i) and d ∈ Bi,

p ∈ Bσ2(i) ∪Bi and q ∈ Bσ(i).

If a ∈ Bi, the cyclically of f and (a, b) ∈ θ implies that (x, y) ∈ θ for all
x, y ∈ Bi∪Bσ2(i). From (p, q) ∈ θ, we have either (s, t) ∈ θ for all s, t ∈ Bσ(i)∪Bσ2(i)

or (s, t) ∈ θ for all Bi ∪Bσ(i).
In any cases, the transitivity of θ implies that (s, t) ∈ θ for all s, t ∈ A. Hence,
θ = A× A.
We can also prove similarly for the case a ∈ Bσ(i) that θ = A× A.
Therefore, m1,m2 and m3 are the only co-atoms of Con(A; f).
It is clearly, mi ∨mσ(i) = A× A , for each i ∈ {1, 2, 3}.

Let m be the greatest element of the sublattice C :=
3⋂

i=1

Ci of Con(A; f).

Claim 4: m = mi ∧mσ(i), for each i ∈ {1, 2, 3}.
Let i ∈ {1, 2, 3}. It is clearly, m is a lower bound of {m1,m2,m3}. So, m ⊆
mi ∧mσ(i).
Let θ is a lower bound of {mi,mσ(i)}. Then θ ⊆ mi and θ ⊆ mσ(i). Thus θ ∈ Ci

and θ ∈ Cσ(i). So, θ ∈ Ci ∩ Cσ(i) which implies that θ ⊆ m.
Therefore, m = mi ∧mσ(i) for each i ∈ {1, 2, 3}.
From Claim 3 and Claim 4, we have that {m,m1,m2,m3, A×A} is a sublattice of
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Con(A; f) which is isomorphic to M3. Therefore, M3 −N5 Theorem implies that
Con(A; f) is not distributive.

Now, we will show that Con(A; f) has no sublattice which is isomorphic to N5.
Note that: if θ, φ ∈ Con(A; f) such that φ ⊆ θ then θ, φ ∈ Ci for some i ∈ {1, 2, 3}.
Let θ, φ, ϕ ∈ Con(A; f) such that φ ⊂ θ, ϕ || θ and ϕ || φ. Then there exists a
1 ≤ i ≤ 3 such that θ, φ ∈ Ci. If ϕ ∈ Ci then θ, φ, ϕ ∈ Ci and so, the distributivity
of Ci imply that φ∧ϕ 6= θ∧ϕ and φ∨ϕ 6= θ∨ϕ. We consider the case ϕ ∈ Cj for
some 1 ≤ j 6= i ≤ 3. If ϕ ∈ C then the distributivity of Ci imply that φ∧ϕ 6= θ∧ϕ
and φ ∨ ϕ 6= θ ∨ ϕ. We consider the case ϕ ∈ Cj\C.
If θ ∈ Ci\C and φ ∈ C, then θ ∨ϕ = A×A and φ∨ϕ = mj. Thus φ∨ϕ ⊂ θ ∨ϕ.
If θ, φ ∈ Ci\C, by claim 1, θ = θBi∪Bσ(i)

∪ θBσ2(i)
and ϕ = ϕBj∪Bσ(j)

∪ϕBσ2(j)
. Thus

θ ∧ ϕ = (θBi∪Bσ(i)
∪ θBσ2(i)

) ∩ (ϕBj∪Bσ(j)
∪ ϕBσ2(j)

)

⊃ (φ
Bi∪Bσ(i)

∪ φ
B

σ2(i)
) ∩ (ϕBj∪Bσ(j)

∪ ϕBσ2(j)
)

= φ ∧ ϕ.

Therefore, there are no sublattices of Con(A; f) which are isomorphic to N5.
Hence, Con(A; f) is modular.

Corollary 4.9. If (A; f) is a symmetric algebra with |A| ≥ 4 then there exist
co-atoms m1,m2 and m3 of Con(A; f) which satisfy the following conditions:
(i) for each i ∈ {1, 2, 3}, ↓ mi is a lattice of one of the following forms:

P or P ⊕ 1 or (P ⊕ 1)×Q

where P and Q are product of chains.
(ii) The set {m,m1,m2,m3, A×A} is a sublattice of Con(A; f) which is isomorphic

to M3 where m is the greatest element of a sublattice
3⋂

i=1

↓ mi of Con(A, f).

The proof of Corollary 4.9 is followed by Proposition 4.7 and Proposition 4.8.

Definition 4.10. Let L be a lattice with the greatest element 1. We say that L is
a M3-head lattice if L satisfies the following conditions:
(i) L contains exactly three co-atoms m1,m2 and m3 which ↓ mi satisfy the Con-
dition (i) of Corollary 4.9 for each i ∈ {1, 2, 3}, and
(ii) The set {m,m1,m2,m3, 1} forms a sublattice of L which is isomorphic to M3

where m is the greatest element of
3⋂

i=1

↓ mi.

Proposition 4.11. M3-head lattice is a modular which is not distributive.

We can prove Proposition 4.11 similarly of the proof of Proposition 4.8.
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Figure 10. The congruence lattices of some symmetric algebras whose the permu-
tation is a product of three disjoint cycles whose lengths are relatively prime; and,
one or two of them can be of length 1.

Theorem 4.12 shows a characterization of a permutation f on a finite set
A whose (A; f) is congruence-modular and the proof of the theorem is followed
directly by Proposition 4.7, Proposition 4.8, Corollary 4.9 and Proposition 4.11.
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Theorem 4.12. Let Ā := (A; f) be a symmetric algebra. Then the followings are
equivalent:
(i) Ā is a congruence-modular,
(ii) Conditions (i), (ii) or (iii) of Proposition 4.7 are satisfied,
(iii) Con(Ā) is either a product of chains or a linear sum of a product of chains
with one-element chain or a M3-head lattice.



Chapter 5

All Congruence-modular Near-symmetric

Algebras

In chapter 4, we characterize all unary operations f on a finite set A with
λ(f) = 0 whose algebra is congruence-distributive or congruence-modular. In this
chapter, we will study in a similar way for characterizations of all unary opera-
tions f on a finite set A with λ(f) = 1 whose algebra is congruence-distributive
or congruence-modular.

Let A be a finite set and let f be a unary operation on A with λ(f) = 1.
Then we call (A; f) a near-symmetric algebra.
Recall that λ(f) = 1 if and only if Imf = Imf 2.

The following proposition proves a characterization of a unary operation f
on a finite set A with λ(f) = 1.

Proposition 5.1. Let A be a finite set with |A| ≥ 2 and let f be a unary operation
on A. Then the followings are equivalent:
1. λ(f) = 1,
2. there is a ∅ 6= B ⊂ A such that B ∩ Imf = ∅ and f |A\B is a permutation,
3. Imf ⊂ A and f |Imf is a permutation, and
4. Imf ⊂ A and B ∩ Imf is a one-element set for all B ∈ A/kerf

.

Proof. (1) ⇒ (2) Assume that λ(f) = 1. Then Imf ⊂ A. Therefore, there is a
∅ 6= B ⊂ A such that A = B∪̇Imf is a disjoint union and f |Imfλ(f) is a permuta-
tion. Since λ(f) = 1 and Imf = A−B, we have f |A\B is a permutation.

(2) ⇒ (3) Assume that there is a ∅ 6= B ⊂ A such that B ∩ Imf = ∅
and f |A\B is a permutation. Then, clearly, Imf ⊂ A. Now, we will show that
A\B = Imf . Clearly, Imf ⊆ A\B. Let x ∈ A\B. Since f |A\B is a permutation,
x ∈ Imf |A\B, and so, x ∈ Imf , that is A\B ⊆ Imf . So, A\B = Imf . Hence,
f |Imf is a permutation.

42
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(3) ⇒ (4) Assume that Imf ⊂ A and f |Imf is a permutation. Let
B ∈ A/kerf

. Then for each b ∈ B, there is a c ∈ A such that f(b) = c, that
is f(B) = {c}. Since f |Imf is a permutation, B ∩ Imf is singleton.

(4) ⇒ (1) From (4), we have f |Imf is a permutation; and together with
Imf ⊂ A, we have λ(f) = 1.

Note that: the congruence lattice of any two-element algebra (A; f) is the two-
element chain {∆A,∇A}. We will consider the case that the cardinality of A is
more than two.

The following proposition provides some necessary conditions of a near-
symmetric algebra which is congruence-distributive and congruence-modular.

Proposition 5.2. Let (A ; f) be a near-symmetric algebra with |A| = n ≥ 3.
1. If (A ; f) is congruence-modular, then A/kerf contains only one block whose
cardinality more than one.
2. If (A ; f) is congruence-distributive, then |Imf | = n− 1.

Proof. (1) Assume that (A ; f) is congruence-modular. Since λ(f) = 1, we have
A/kerf = {B1, B2, . . . , Bt} for some integers t ≥ 1. By Proposition 5.1, we may
assume that there are 1 ≤ s ≤ t such that B1, B2, . . . , Bs are the blocks which
have more than one-element and Bi ∩ Imf is a one-element set for all 1 ≤ i ≤ t
and f |Imf is a permutation. Let f |Imf := α1α2 . . . αr for some r ≥ 2 where
α1, α2, . . . , αr are disjoint cycles.
Suppose that s ≥ 2. Then |B1| > 1 and |B2| > 1. Let f(B1) = {b1} and
f(B2) = {b2}. Then b1 6= b2. Since Bi ∩ Imf is singleton for all 1 ≤ i ≤ t and
|B1| > 1 and |B2| > 1, there are u ∈ B1 and v ∈ B2 such that u, v /∈ Imf and
there are a1 6= a2 such that ai ∈ Bi ∩ Imf for all i ∈ {1, 2}. So, ai and bi are in
the same cycle αj for each i ∈ {1, 2} and for some 1 ≤ j ≤ r.
Let C be the union of cycles containing b1 and b2 and define θ1 := ∆A∪{(x, y)|x, y ∈
C} and θ2 := θ1 ∪{(u, v), (v, u)}. Then θ1 and θ2 are invariant under f and ∆A ⊂
θ1 ⊂ θ2. Since (u, v) /∈ kerf and Bi ∩ Imf is a one-element set for each i ∈ {1, 2},
we have θ1 ∩ kerf = ∆A = θ2 ∩ kerf . Since u kerf a1 θ1 b1 θ1 b2 θ1 a2 kerf v, we
have (u, v) ∈ θ1∨kerf . So, θ1∨kerf = θ2∨kerf . Therefore, {∆A, θ1, θ2, kerf, θ1∨
kerf} is a sublattice of the congruence lattice of (A; f) which is isomorphic to N5;
a contradiction. So, s = 1.

(2) Assume that (A ; f) is congruence-distributive. Then, it is congruence-
modular. By part (1), A/kerf contain exactly one block B such that |B| ≥ 2.
Now, we want to show that |B| = 2. Suppose that |B| > 2. Then there are x 6= y
such that x, y ∈ B and there exists only one z ∈ B ∩ Imf .
Now, we define
θ1 = ∆A ∪ {(x, y), (y, x)},
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θ2 = ∆A ∪ {(y, z), (z, y)},
and θ3 = ∆A ∪ {(x, z), (z, x)}.
Since x, y, z are in the same block B of A/kerf , all θ1, θ2 and θ3 are invariant
under f . It is clear from the definitions of θ1, θ2 and θ3 that θ1 ∩ θ2 = θ1 ∩ θ3 =
θ2∩θ3 = ∆A. Now, θ1∨θ2, θ1∨θ3 and θ2∨θ3 are the least equivalence relations on
A containing {(x, y), (y, x), (y, z), (z, y), (z, x), (x, z)}; they are the same relations.
Hence, {∆A, θ1, θ2, θ3, θ1 ∨ θ3} is a sublattice of the congruence lattice of (A; f)
which is isomorphic to M3. Therefore, the congruence lattice of (A; f) is not
distributive; a contradiction. So, |B| = 2. Hence, |Imf | = n− 1.

The next proposition shows the forms of the congruence lattice of a near-
symmetric algebra (A; f) with |Imf | = n− 1.

Proposition 5.3. Let (A; f) be a near-symmetric algebra with |A| = n ≥ 4 and
|Imf | = n− 1. Then Con(A; f) is isomorphic to 2× Con(Imf ; f).

Proof. Let B be the only one block of A/kerf
with |B| = 2.

Let u ∈ B − Imf and b ∈ B ∩ Imf . Then f(u) = f(b).
Assume that θ ∈ Con(Imf ; f). It is clear that θ∪{(u, u)} ∈ Con(A; f). Now, we
define θ̄ := θ∪{(x, y)|x, y ∈ [b]θ ∪{u}} and let (x, y) ∈ θ̄ with x 6= y. If (x, y) ∈ θ,
then (f(x), f(y)) ∈ θ ⊆ θ̄. We may assume that (x, y) = (u, c) for some c ∈ [b]θ.

Case 1: f(b) = b. Then (f(x), f(y)) = (f(u), f(c)) = (f(b), f(c)) =
(b, f(c)); so, b, f(c) ∈ [b]θ which implies that (b, f(c)) ∈ θ̄.

Case 2: f(b) 6= b. Then b, c ∈ [b]θ implies that (b, c) ∈ θ; so, (f(b), f(c)) ∈ θ.
Since (f(u), f(c)) = (f(b), f(c)), we have (f(x), f(y)) = (f(u), f(c)) = (f(b), f(c)) ∈
θ ⊆ θ̄.

In either cases, θ̄ is invariant under f .
We define g : 2 × Con(Imf ; f) −→ Con(A; f) for each θ ∈ Con(Imf ; f) by
g((0, θ)) = θ ∪ {(u, u)} and g((1, θ)) = θ ∪ {(x, y)|x, y ∈ [b]θ ∪ {u}}. Then, clearly,
g is an order-embedding. Now, let θ̄ ∈ Con(A; f). If [u]θ̄ is singleton, then
θ = θ̄ − {(u, u)} ∈ Con(Imf ; f) with g((0, θ)) = θ̄. But, if [u]θ̄ is not singleton,
then f(u) and b are in the block [u]θ̄ since f(u) = f(b). Let B := [u]θ̄ − {u}.
Then B 6= ∅ and P := (A/θ̄

− {[u]θ̄}) ∪ {B} is a partition of Imf . Let θ be
the corresponding equivalence relation on Imf to P . Then, clearly, θ is invariant
under f and g((1, θ)) = θ̄. Therefore, g is an order-isomorphism.

The following corollary is a consequent of Proposition 5.3.

Corollary 5.4. Let (A; f) be a near-symmetric algebra with |A| = n ≥ 4 and
|Imf | = n− 1. Then Con(Imf ; f) can be embedded as a sublattice of Con(A; f).
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Lemma 5.5. Let (A; f) be a near-symmetric algebra with |A| = n ≥ 4 and
|Imf | = n− 1. If f |Imf is an identity function, the congruence lattice of (A; f) is
not distributive.

Proof. Since |Imf | = n − 1, we have |Imf | ≥ 3. Remark 4.2 implies that the
congruence lattice of (Imf ; f) is not distributive. So, by Corollary 5.4, the con-
gruence lattice of (A; f) is not distributive.

The following theorem shows some characterizations of a congruence-distributive
near-symmetric algebra.

Theorem 5.6. Let (A; f) be a near-symmetric algebra with |A| = n ≥ 4. Then
the followings are equivalent:
1. (A; f) is congruence-distributive,
2. |Imf | = n− 1 and (Imf ; f) is congruence-distributive,
3. |Imf | = n− 1 and f |Imf is one of (i) or (ii) of Proposition 4.1,
4. the congruence lattice of (A; f) is one of the followings:

2× P or 2× (P ⊕ 1)

where P is a product of chains.

Proof. (1) ⇒ (2) Assume that (A; f) is congruence-distributive. Then, by part
(2) of Proposition 5.2, |Imf | = n− 1. Hence, Proposition 2.50 and Corollary 5.4
imply that (Imf ; f) is congruence-distributive.

(2) ⇒ (3) Assume that |Imf | = n − 1 and (Imf ; f) is congruence-
distributive. By Lemma 5.5, f |Imf is not an identity function; so, Proposition
4.1 implies the conclusion.

(3) ⇒ (4) Assume that |Imf | = n − 1 and f |Imf is one of conditions (i)
or (ii) of Proposition 4.1. If f |Imf is a cycle having no fixed point, Proposition
4.5 and Proposition 5.3 imply that Con(A; f) is of the form 2 × P where P is a
product of chains. If f |Imf is a cycle with one fixed point or f |Imf satisfies (ii) of
Proposition 4.1 then Proposition 4.5 and Proposition 5.3 imply that Con(A; f) is
of the form 2× (P ⊕ 1) where P is a product of chains.

(4) ⇒ (1) Lemma 2.48 and Proposition 2.50 imply that the lattice of the
forms 2× P and 2× (P ⊕ 1) where P is a product of chains are distributive.
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Figure 11. The congruence lattices of some congruence-distributive
near-symmetric algebras.

In the following proposition, we prove a necessary condition of a congruence-
modular near-symmetric algebra.

Proposition 5.7. Let (A; f) be a near-symmetric algebra with |A| = n ≥ 4. If
(A; f) is congruence-modular, then |Imf | = n− 1 or |Imf | = n− 2.

Proof. Assume that (A; f) is congruence-modular and |Imf | ≤ n− 3. By Propo-
sition 5.2(1), there are a, b, c, d ∈ A such that f(a) = f(b) = f(c) = f(d). Then
for each i ∈ {1, 2, 3}, we define θi ⊆ A× A as the follows:
θ1 = ∆A ∪ {(a, b), (b, a)},
θ2 = θ1 ∪ {(c, d), (d, c)},
and θ3 = ∆A ∪ {(a, c), (c, a), (b, d), (d, b)}.
Since f(a) = f(b) = f(c) = f(d), we have that θi is invariant under f for each
i ∈ {1, 2, 3}. Then θ1 ⊆ θ2, θ1∩θ3 = ∆A = θ2∩θ3 and θ1∨θ3 = ∆A∪{(x, y)|x, y ∈
{a, b, c, d}} = θ2 ∨ θ3. So, {θ1, θ2, θ3,∆A, θ1 ∨ θ3} is a sublattice of the congruence
lattice of (A; f) which is isomorphic to N5. Hence, M3−N5 Theorem implies that
the congruence lattice of (A; f) is not modular, a contradiction. So, |Imf | ≥ n−2.
But, |Imf | ≤ |A| − 1 = n− 1 implies that |Imf | = n− 1 or |Imf | = n− 2.

The next proposition shows the forms of the congruence lattice of a congruence-
modular algebra.

Proposition 5.8. Let (A; f) be a congruence-modular near-symmetric algebra
with |A| = n ≥ 4.
(i) If |Imf | = n− 1, then Con(A; f) is isomorphic to 2× Con(Imf ; f),
(ii) If |Imf | = n− 2, then Con(A; f) is isomorphic to M3 × Con(Imf ; f).
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Proof. (i) follows from Proposition 5.3.
(ii) Suppose that |Imf | = n− 2. Since Con(A; f) is modular, Proposition

5.2 implies that A/kerf contains only one block whose cardinality is more than
one.
Let B be the only one block of A/kerf whose cardinality is more than one; that is,
|B| ≥ 2. If |B| = 2, then |Imf | = n− 1, a contradiction. Therefore, |B| ≥ 3. We
will show that |B| ≤ 3. Suppose that |B| ≥ 4. Then there are distinct elements
x, y, u, v ∈ A such that f(x) = f(y) = f(u) = f(v). We define
θ1 = ∆A ∪ {(x, y), (y, x)},
θ2 = θ1 ∪ {(u, v), (v, u)},
and θ3 = ∆A ∪ {(x, u), (u, x), (y, v), (v, y)}.
It is clearly, θi is invariant under f for each i ∈ {1, 2, 3}. Then θ1 ⊂ θ2, θ1 ∩ θ3 =
∆A = θ2 ∩ θ3 and θ1 ∨ θ3 = ∆A ∪ {(a, b)|a, b ∈ {x, y, u, v}} = θ2 ∨ θ3. So,
{θ1, θ2, θ3,∆A, θ1 ∨ θ3} is a sublattice of Con(A; f) which is isomorphic to N5. By
M3 − N5 Theorem, Con(A; f) is not modular, a contradiction. Thus |B| ≤ 3.
Hence, |B| = 3.
Let B = {a, b, c}. Then f(a) = f(b) = f(c). By Proposition 5.1(4), we have
|B ∩ Imf | = 1. Without loss of generality, we may assume that c ∈ B ∩ Imf . Let
define φ1, φ2, φ3 ⊆ B ×B by:
φ1 = ∆B ∪ {(a, b), (b, a)},
φ2 = ∆B ∪ {(a, c), (c, a)},
and φ3 = ∆B ∪ {(b, c), (c, b)}.
Then, clearly, φ1, φ2 and φ3 are congruence relations on B such that φ1 ∩ φ2 =
∆B = φ2 ∩φ3 = φ1 ∩φ3 and φ1 ∨φ2 = ∆B ∪{(x, y)|x, y ∈ B} = φ2 ∨φ3 = φ1 ∨φ3.
So, {φ1, φ2, φ3,∆B, φ1 ∨ φ2} form M3.
Let denote {φ1, φ2, φ3,∆B, φ1 ∨ φ2} by M̄3.
We are going to prove that Con(A; f) is isomorphic to M̄3 × Con(Imf ; f). Let
φ ∈ Con(B; f |B) and θ ∈ Con(Imf ; f |Imf ).
Define φ̄ = φ∪ {(x, x)|x ∈ Imf} and θ̄ = θ ∪ {(x, x)|x ∈ B}. Then φ̄ and θ̄ are in
Con(A; f).
Now, we define
α : M̄3 × Con(Imf ; f) −→ Con(A; f) by α(φ, θ) = φ̄ ∨ θ̄ for all (φ, θ) ∈ M̄3 ×
Con(Imf ; f).
and define
β : Con(A; f) −→ M̄3×Con(Imf ; f) by β(θ) = (θ|B, θ|Imf ) for all θ ∈ Con(A; f).
We claim that α ◦ β = idCon(A;f) and β ◦ α = idM̄3×Con(Imf ;f).
Let θ ∈ Con(A; f). Then α(β(θ)) = α((θ|B, θ|Imf )) = θ̄|B ∨ θ̄|Imf .
Now, we want to show that θ = θ̄|B ∨ θ̄|Imf .
Since θ̄|B ⊆ θ and θ̄|Imf ⊆ θ, we have θ̄|B ∪ θ̄|Imf ⊆ θ. Thus θ̄|B ∨ θ̄|Imf ⊆ θ.
On the other hand, let (x, y) ∈ θ. Then x, y ∈ A = B∪̇Imf . If x, y ∈ B, then
(x, y) ∈ θ̄|B ⊆ θ̄|B ∪ θ̄|Imf and if x, y ∈ Imf , then (x, y) ∈ θ̄|Imf ⊆ θ̄|B ∪ θ̄|Imf .
Without loss of generality, we may assume that x ∈ B and y ∈ Imf . If x = y,
then x = c and y = c. Thus (x, y) ∈ θ̄|B ∪ θ̄|Imf . So, we assume that x 6= y. Then
we consider the following cases:
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Case1: x = c and y 6= c, then (x, y) ∈ θ̄|Imf ⊆ θ̄|B ∪ θ̄|Imf .
Case2: x 6= c and y = c, then (x, y) ∈ θ̄|B ⊆ θ̄|B ∪ θ̄|Imf .
Case3: x 6= c and y 6= c, then x ∈ {a, b} and y ∈ Imf\{c}.

Since (x, y) ∈ θ, we have (x, c) ∈ θ|B and (x, c) ∈ θ|Imf , that is (x, c), (c, y) ∈
θ|B ∪ θ|Imf . Thus (x, y) ∈ θ̄|B ∨ θ̄|Imf .
In either cases, we conclude that (x, y) ∈ θ̄|B ∪ θ̄|Imf ⊆ θ̄|B ∨ θ̄|Imf . Thus
θ ⊆ θ̄|B ∨ θ̄|Imf . Hence, θ = θ̄|B ∨ θ̄|Imf , which implies that α ◦ β = idCon(A;f).
Next, we will show that β ◦ α = idM̄3×Con(Imf ;f).
Let φ ∈ M̄3 and θ ∈ Con(Imf ; f).
Then β(α((φ, θ))) = β(φ̄ ∨ θ̄) = ((φ̄ ∨ θ̄)|B, (φ̄ ∨ θ̄)|Imf ).
Now, we want to show that φ = (φ̄ ∨ θ̄)|B and θ = (φ̄ ∨ θ̄)|Imf .
Since φ ∈ M̄3 and θ ∈ Con(Imf ; f), we have φ ⊆ (φ∪θ)|B ⊆ (φ̄∪ θ̄)|B ⊆ (φ̄∨ θ̄)|B
and θ ⊆ (φ ∪ θ)|Imf ⊆ (φ̄ ∪ θ̄)|Imf ⊆ (φ̄ ∨ θ̄)|Imf . Thus φ ⊆ (φ̄ ∨ θ̄)|B and
θ ⊆ (φ̄ ∨ θ̄)|Imf .
Let (x, y) ∈ (φ̄ ∨ θ̄)|B. Then x, y ∈ B and there are q0 = x, q1, q2, . . . , qn = y ∈ A
such that (qi, qi+1)) ∈ φ̄ ∪ θ̄ for all 0 ≤ i ≤ n − 1. But, x ∈ B. So, we consider
only two cases: x ∈ {a, b} or x = c.

Case 1: x ∈ {a, b}.
Since {q0 = x, q1, q2, . . . , qn = y} is finite, there is the greatest element, qk, in
{q0 = x, q1, q2, . . . , qn = y} such that (qj−1, qj) ∈ φ for all 1 ≤ j ≤ k but
(qk, qk+1) /∈ φ, and so, the transitivity of φ implies that (x, qk) ∈ φ. Since
(qk−1, qk) ∈ φ and (qk, qk+1) /∈ φ, we have qk = c and qk+1 ∈ Imf\{c}. So,
(c, qk+1) ∈ θ. If qk+1 = y, then y = c, by the transitivity of θ, we have (c, c) ∈ θ,
and so, (c, c) ∈ φ. Thus (x, y) ∈ φ. Now, assume that qk+1 6= y. Then there
is an integer l > k such that (qt−1, qt) ∈ θ for all k ≤ t ≤ l but (ql, ql+1) /∈ θ.
By transitivity of θ, we have (qk, ql) ∈ θ and so, ql = c and ql+1 ∈ {a, b}. Thus
(c, c) ∈ θ and so, (c, c) ∈ φ. Continuing in this process, we have (x, y) ∈ φ.

Case 2: x = c.
If q1 ∈ {a, b}, then (x, q1) ∈ φ, and by case 1, we have (q1, y) ∈ φ. So, the
transitivity of φ implies that (x, y) ∈ φ. We assume that q1 ∈ Imf\{c}. Then
(x, q1) ∈ θ. Since {q0 = x, q1, q2, . . . , qn = y} is finite, there is the greatest element,
qs, in {q0 = x, q1, q2, . . . , qn = y} such that (qr−1, qr) ∈ θ for all 1 ≤ r ≤ s and
(qs, qs+1) /∈ θ. So, by transitivity of θ, we have (x, qs) ∈ θ, and so, qs = c and
qs+1 ∈ {a, b}. Since x = c and qs = c, we have (x, qs) ∈ φ. Since qs+1 ∈ {a, b}
and by case 1, we have (qs+1, y) ∈ φ. By the transitivity of φ, we have (x, y) ∈ φ.
Hence, (φ̄ ∨ θ̄)|B ⊆ φ
Similarly, (φ̄ ∨ θ̄)|Imf ⊆ θ. Thus (φ̄ ∨ θ̄)|B = φ and (φ̄ ∨ θ̄)|Imf = θ.
Hence α and β are bijections.
It remain to show that α is a homomorphism.
Let (ϕi, ψi) ∈ M̄3×Con(Imf ; f) for each i ∈ {1, 2}. Then α((ϕ1, ψ1)∨(ϕ2, ψ2)) =
α(ϕ1∨ϕ2, ψ1∨ψ2) = ϕ1 ∨ ϕ2∨ψ1 ∨ ψ2 = (ϕ̄1∨ϕ̄2)∨(ψ̄1∨ψ̄2) = (ϕ̄1∨ψ̄1)∨(ϕ̄2∨ψ̄2) =
α(ϕ1, ψ1)∨ α(ϕ2, ψ2) and α((ϕ1, ψ1)∧ (ϕ2, ψ2)) = α(ϕ1 ∧ϕ2, ψ1 ∧ψ2) = ϕ1 ∧ ϕ2 ∨
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ψ1 ∧ ψ2 = (ϕ̄1 ∧ ϕ̄2) ∨ (ψ̄1 ∧ ψ̄2) = (ϕ̄1 ∧ ψ̄1) ∧ (ϕ̄2 ∧ ψ̄2) = α(ϕ1, ψ1) ∧ α(ϕ2, ψ2).

Lemma 5.9. Let (A; f) be a near-symmetric algebra with |A| = n ≥ 6 such that
|Imf | = n − 1 or |Imf | = n − 2. If f |Imf is an identity function, Con(A; f) is
not modular.

Proof. Since |Imf | = n − 1 or |Imf | = n − 2, we have |Imf | ≥ 5 or |Imf | ≥ 4.
Remark 4.2 implies that Con(Imf ; f) is not modular. So, by Proposition 5.8,
Con(A; f) is not modular.

The next theorem shows characterizations of a congruence-modular near-
symmetric algebra.

Theorem 5.10. Let (A; f) be a near-symmetric algebra with |A| = n ≥ 4. Then
the followings are equivalent:
1. (A; f) is congruence-modular,
2. (Imf ; f) is congruence-modular and either |Imf | = n− 1 or |Imf | = n− 2,
3. f |Imf is one of (i) or (ii) or (iii) of Proposition 4.7 and either |Imf | = n− 1
or |Imf | = n− 2,
4. Con(A; f) is one of the following lattices

2× P or 2× (P ⊕ 1) or 2× L

or
M3 × P or M3 × (P ⊕ 1) or M3 × L

where P is a product of chains and L is a M3-head lattice.

Proof. (1) ⇒ (2) Assume that (A; f) is congruence-modular. Then, by Proposi-
tion 5.7, |Imf | = n − 1 or |Imf | = n − 2 which implies by Proposition 5.8 that
Con(Imf ; f) is modular.

(2) ⇒ (3) Assume that |Imf | = n − 1 or |Imf | = n − 2 and (Imf ; f) is
congruence-modular. Lemma 5.5 implies that f |Imf is not an identity function;
so, f |Imf is one of (i) or (ii) or (iii) of Proposition 4.7.

(3) ⇒ (4) Assume that |Imf | = n − 1 or |Imf | = n − 2 and f |Imf is one
of (i) or (ii) or (iii) of Proposition 4.7. We consider the following cases:

Case1: |Imf | = n− 1 and f |Imf is one of (i) or (ii) or (iii) of Proposition
4.7.
If f |Imf is a cycle having no fixed point, Proposition 4.5 and Proposition 5.8(i)
imply that Con(A; f) is of the form 2× P where P is a product of chains.
If f |Imf is a cycle with one fixed point or α satisfies (ii) of Proposition 4.1
then Proposition 4.5 and Proposition 5.8(i) imply that Con(A; f) is of the form
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2× (P ⊕ 1) where P is a product of chains.
If f |Imf satisfies the condition of Proposition 4.8 then Proposition 5.8(i) implies
that Con(A; f) is of the form 2× L where L is a M3-head lattice.

Case2: |Imf | = n− 2 and f |Imf is one of (i) or (ii) or (iii) of Proposition
4.7.
If f |Imf is a cycle having no fixed point, then Proposition 4.5 and Proposition
5.8(ii) imply that Con(A; f) is of the form M3×P where P is a product of chains.
If f |Imf is a cycle with one fixed point or f satisfies (ii) of Proposition 4.1, Propo-
sition 4.5 and Proposition 5.8(ii) imply that Con(A; f) is of the form M3× (P ⊕1)
where P is a product of chains.
If f |Imf satisfies the condition of Proposition 4.8, then Proposition 5.8(ii) implies
that Con(A; f) is of the form M3 × L where L is a M3-head lattice.

(4) ⇒ (1) If the congruence lattice of a near-symmetric algebra (A; f) is
one of the form in (4), then Lemma 2.48 and Proposition 2.50 imply that (A; f)
is a congruence-modular.
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Figure 12. The congruence lattices of some congruence-modular near-symmetric
algebras.
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List of Symbols

Con(A; f) set of all congruence relations on an algebra (A; f)

P ⊕ 1 a linear sum of a product of chains with one-element chain 1

λ(f) pre-period of a unary operation f

↓ n a lattice of a non-negative integer n
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