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Chapter 1

Introduction

Graph theory has emerged as an important and rapidly growing branch of
mathematics that is rich in theory and application. The reason for this growth
is that the very simple structure of a graph, a collection of points called ver-
tices connected by lines called edges, makes it a very useful tool in mathematical
modeling.

A graph G is an order triple (V(G), E(G),%¢) (see Bondy and Murty [5])
consisting of a non-empty set V(G) of vertices and a set F(G), disjoint from
V(G), of edges and an incidence function ¢ that assosiates with each edge of G
an unordered pair of (not necessarily distinct) vertices of G. If v and v are vertices
of a graph G identified with an edge e, that is 1)¢(e) = uw, then e is said to join
u and v and we write e = uv. The vertices u and v are called the ends of e. We
also say that the vertices u and v are incident with the edge e, and vice versa.
Further, u and v are adjacent.

A graph G is said to be finite if both V(G) and E(G) are finite sets. The
order of a graph G is the number of vertices of G. An edge with identical ends
is called a loop. Two or more edges joining the same pair of vertices are called
multiple edges. A graph with no loops and multiple edges is called a simple graph.
All graphs considered in this thesis are finite and simple.

A complete graph is a graph in which every pair of vertices are adjacent.
A complete graph of order n is denote by K,,. A graph G is bipartite if V/(G) can
be partitioned into two(non-empty) subset Vi and V3 such that every edge of G
joins a vertex of V] and a vertex of V5. Moreover, if every vertex of V; is joined to
every vertex of V5 in such graph, then G is called a complete bipartite graph. A
complete bipartite graph which the cardinality of at least one of partitioned vertex
set equals to one is called a star, denoted by K ,. A graph H = (V(H), E(H),¥x)
is a subgraph of G = (V(G), E(G),v¢q) if V(H) C V(G), E(H) C E(G), and g
is the restriction of ¢ to E(H). For a non-empty set S of V(G), the subgraph
of G induced by S, denoted by G[S], is a graph with vertex set S and E(G[S]) =
{uv € E(G)|u,v € S}. For a graph H, a graph G is called H—free if G does not
contain H as an induced subgraph.

A walk in a graph G is a finite, non-empty alternating sequence W = vgpe;



v1€3...e,U, of vertices and edges such that for 1 < i < n, the ends of edge ¢; are
v;—1 and v;. W is said to be a walk from v, to v,. A path is a walk with distinct
vertices. Two vertices u and v of G are connected if there is a path from u to v.
A graph G is connected if every pair of vertices of GG are connected otherwise G is
disconnected. A maximal connected subgraph of G is called a component of G. It
is odd or even depending on its order. We let w(G) and w,(G) denote the number
of components and odd components of G, respectively.

The neighberhood of a vertex v of G, denote by Ng(v), is {u € V(G)|uv €
E(G)}. A degree of v in G, denoted by degi(v), is [Ng(v)|. Ng(v) denotes either
Ne(v)NS'if Sis asubset of V(G) or Ng(v)NV(S) if S is a subgraph of G. A vertex
v is called an end vertex of G if degg(v) = 1. We denote the minimum degree
of a graph G by (G). The distance between vertices u and v of GG, denoted by
d(u,v), is the length of a shortest (u,v)—path in G. The diameter of GG, denoted
by diam(G), is the maximum distance between two vertices of G.

A vertex v of G is called a cut-vertex if the number of components of G —v
is more than the number of components of G. A block of a graph G is a maximal
connected subgraph with no cut-vertices. An end block of G is a block of G
containing exactly one cut-vertex of G. A set S C V(G) is called a cutset if the
number of components of G — S is more than the number of components of G.
The connectivity x(G) of graph G is the cardinality of minimum cutset of G. A
graph G is n—connected if kK(G) > n.

For M C E(G), M is a matching in G if no two edges of M have a
common end vertex. A matching M in G is maximum if G' has no matching M’
with [M’'| > |M|. For a matching M in G, a vertex v of G is called M —saturated
if v is incident with some edge of M; otherwise, v is M —unsaturated. If every
vertex of G is M —saturated, then M is called a perfect matching. A graph G has
a near perfect matching if there exists a vertex € V(@) such that G — z contains
a perfect matching. A graph G is k—factor critical if, for every set S C V(G) with
|S| = k, the graph G — S contains a perfect matching. For more specially, we say
that G is factor critical if £ = 1 and G is bicritical if k = 2.

A subset S of V(G) is a dominating set of G if every vertex of G either
belongs to S or is adjacent to a vertex of S. A dominating set S of G is a
connected dominating set of G if S dominates G and S is connected. We will
write S >. G if S is a connected dominating set of G. Further, if S = {u},
then we say that u dominates G rather than {u} dominates G. The minimum
cardinality of a dominating set of GG is called the domination number of G and is
denoted by v(G). Similarly, the minimum cardinality of a connected dominating
set of G is called the connected domination number of G and is denoted by ~.(G).
We say that S is a ~.set of G if S is a connected dominating set of G with
|S| = 7.(G). Note that v(G) < 7.(G) and only connected graphs can contain a
connected dominating set.

Graph G is said to be k-vy-critical if v(G) = k but v(G + uwv) < k for each
pair of non-adjacent vertices u and v of G. The concept of k-y-critical graphs
was introduced, in 1983, by Sumner and Blitch [15]. They gave a characterization



of 2-v-critical graphs and 3-~-critical disconnected graphs. They also established
some properties of connected 3-7-critical graphs. One of them is an existence of a
perfect matching in 3-vy-critical graphs of even order. Since then, the concept of
k-~-critical graphs have been received considerable attention. Most of the known
results concern 3-vy-critical graphs, see [3, 4, 8, 9, 10, 12, 17] for examples. Sumner
and Wojcicka [16] asked whether connected k-v-critical graphs of even order, for
k > 4, contain a perfect matching. To date, this problem is unresolved.

In 2004, Chen et al. [7] introduced the concept of connected domination
to k-7 -critical graphs. Graph G is said to be k-v.-critical graph if v.(G) = k
but 7.(G + uv) < k for each pair of non-adjacent vertices u and v of G. Chen et
al. [7] obtained some results on k-7.-critical graphs, most of them are analogous
to k-vy-critical graphs. One of them concerns an existence of a perfect matching
(see Theorem 2.3). Ananchuen [1] and Ananchuen et al. [2] further studied k-7,
critical graphs. Most of the known results concern 3-v.-critical graphs. Similar to
the problem concerning an existence of a perfect matching in k-~- critical graphs of
even order, for k > 4, posed by Sumner and Wojcicka [16], we might ask whether
k-v.-critical graphs of even order, for k > 4, contain a perfect matching.

We will show in Chapter 3 that a 4-v.-critical graph having connectivity
one contains a perfect matching if such graph is of even order and a near perfect
matching if such graph is of odd order. This partially responds to such a problem.
We also establish that 4-v.-critical graphs contain at most two cut-vertices. Fur-
ther, a characterization of 4-v.-critical graphs containing exactly two cut-vertices
is given. In Chapter 4, we establish that a 2—connected 4 — 7. —critical K; 4—free
graph of even order contains a perfect matching but it need not be bicritical and a
2—connected 4 — v.—critical K; 4—free graph of odd order contains a near perfect
matching but it need not be factor critical. Finally, we provide some examples to
show that 2—connected 4 — v.—critical K ,—free graphs of even order need not
be bicritical when 7 is 3 and 4 and 3—connected 4 — v.—critical K, —free graphs
of even order need not be bicritical when n is 4 and 5.



Chapter 2

Prelimminaries

In this chapter we state a number of results that we make use of in estab-
lishing our results.

Theorem 2.1. (see Chartrand and Oellermann [6] p. 24) Let G be a connected
graph with at least one cut-vertex. Then G has at least 2 end blocks.

The next result, first appeared in [7], follows immediately from the defini-
tion of k-v.-critical graphs.

Lemma 2.2. [7] Let G be a k-vy.-critical graph and let w and v be a pair of non-
adjacent vertices of G. Suppose S is a Y.-set of G+ uv. Then

(1) k=2<|S|<k—1,
(2) Sn{u, v} #0,
(3) Ifue S andv ¢ S, then Ng(v) N (S —{u}) = 0.

Chen et al. [7] established a result concerning an existence of a perfect
matching in 3-v.-critical graphs. More precisely, they proved that :

Theorem 2.3. [7] Let G be a 3-y.-critical graph. If G is a graph of even order,
then G has a perfect matching.

Theorem 2.4. [2] Let G be a 3-y.-critical graph. If G is a graph of odd order,
then G has a near perfect matching.

The two following results provide some properties of k-v.-critical graphs
with a cut-vertex.

Lemma 2.5. [1] For k > 3, let G be a k-y.-critical graph with a cut-vertex x.
Then

(1) G — x contains exactly two components.

(2) If Cy and Cy are the components of G — x, then G[N¢,(x)] and G[Ng,(z)]
are complete.



Lemma 2.6. [1] For k > 3, let G be a k-v.-critical graph with a cut-vertex x and
let C7 and Cy be the components of G — x. Suppose S is a v.-set of G. Then

(1) x €8S.

(2) If C' is a non-singleton component of G — x with v.(C) = k — 1, then C is
(k — 1)-y.-critical.

The next result provides a necessary and sufficient condition for a graph to
have a perfect matching.

Theorem 2.7. (Tutte’s Theorem) (see Chartrand and Oellermann [6] p. 188) A
nontrivial graph G has a perfect matching if and only if, for every proper subset
S of V(G), the number of odd components of G — S does not exceed |S|.

Theorem 2.8. (Whitney’s Theorem) (see Chartrand and Oellermann [6] p. 155)
Forn > 1, a graph G is n—connected if and only if every pair of vertices of G is
connected by at least n internally disjoint paths.

We conclude this chapter by establishing results concerning n-factor critical
graphs.

Theorem 2.9. [11] A graph G is n-factor critical if and only if w,(G—C) < |C|—n
for every C C V(G) with |C| > n.

Theorem 2.10. [11] If G is n-factor critical, then G is (n + 1)-edge-connected.



Chapter 3

4-~.~critical graphs of connectivity 1.

In this chapter, we establish that 4 — ~.—critical graphs contain at most 2
cut-vertices. The characterization of 4 — ~.—critical graphs having 2 cut-vertices
is provided. We also show that 4 — ~.—critical graphs of connectivity one contain
a perfect matching if such graphs are of even order and contain a near perfect
matching if such graphs are of odd order.

Our first result provides an upper bound on the diameter of k-v.-critical
graphs.

Lemma 3.1. If G is a k-y.-critical graph, then diam(G) < k.

Proof. Let G be a k-v.-critical graph. Suppose that diam(G) = m > k+1. Choose
x,y € V(G) such that d(z,y) = m. Consider G + zy. Let S be a ~y.set of G + zy.
By Lemmas 2.2(1) and 2.2(2), |S| < k — 1 and either x € S or y € S. We may
suppose without loss of generality that x € S. Let L; = {z € V(G)|d(z,z) = i} for
0 <i < m. Clearly, L; # (. Further, Ly = {z} and y € L,,. Let n be a maximum
integer in which SN L; # 0 for each 0 < i < n and G[U!,(S N L;)] is connected.
Since n+1 < |S| < k—1and m > k+1, it follows that n < m —3. Consider L, .
Clearly, no vertex of U (S N L;) dominates L, 5. Thus, SN (Lyy2U Lyy3) # 0.
Consequently, S N L; # 0 for each n+3 < j < m. Then y € S because S is
connected. Thus |UTL, .3 (SNLj)[ >m—(n+3)+1=m-n—-2>k+1-n-2=
k—n—1. Therefore [S| = [(UiL(SNL;))U(UIL,,3(SNL;))| > 14+n+(k—n—1) = k,
a contradiction. This completes the proof of our lemma. O]

Our next result gives an upper bound on a number of cut-vertices of 4-v,-
critical graphs.



Theorem 3.2. Let G be a 4-v.-critical graph. Then G has at most two cut-
vertices.

Proof. Let C be a set of all cut-vertices of G. Suppose to the contrary that |C| > 3.
By Theorem 2.1, G has at least two end blocks. Let B; be an end block of G with
V(By)NC = {c;1} for some ¢; € C. By Lemma 2.5(1), the only components of
G —cy are G|V (B;) —{c1}] and Gy = G]V(G) —V(By)]. Since By is an end block,
C — {1} CV(Gy). Thus G contains at least two cut-vertices. By Theorem 2.1,
(G1 has at least two end blocks. Let By be an end block of G in such a way that
B, is also an end block of G. Such B, exists as otherwise G contains exactly one
end block. Put {e;} = V(B2) N (C — {c1}). Let ¢3 € C — {c1,c2}. Note that
c3 is not adjacent to any vertex of (V(B;) U V(Bz)) — {c1,c2}. Further, G — ¢3
contains exactly two components, D; and D, say. Without loss of generality, we
may assume that V(By) C V(D;). Then V(By) C V(D) or V(By) C V(D).

Claim : For 1 <17 < 2, ¢; dominates B;.

Suppose to the contrary that ¢; does not dominate B;. Then there exists a vertex
x € V(By) — {1} such that xc; ¢ E(G). Since By is connected, there is an x — ¢;
path of length at least 2. Thus |V(By) — {c1,2}| > 1. Let 1 € V(By) — {c1, x}.
Choose y € V(Bz2) — {c2} and consider G + zy. Let S’ be a 7.set of G + xy.
Then |S’| < 3 by Lemma 2.2(1). Since z and y are not adjacent to ¢z, 1 <
|S” — {z,y}| < 2. Further, ¢; € S’ or ¢ € S because of connectedness of S’.
We first suppose that {z,y} C S’. Then S’ = {x,y, s} because of connectedness
of S. If V(By) C V(Dy), then no vertex of S’ is adjacent to a vertex of Dy, a
contradiction. Hence V(By) C V(D3). But then no vertex of S’ is adjacent to ¢,
because c3 is a cut-vertex, again a contradiction. This proves that |{z,y}NS’| = 1.
If {z,y} NS = {z}, then S = {z,a,¢,} for some a € V(B;) — {x,c1} since
xcp ¢ E(G). But then no vertex of S’ is adjacent to a vertex of Dy, a contradiction.
Hence, {z,y} NS’ # {x}. By Lemma 2.2(2), {z,y} NS’ = {y}. Then ¢, € S’ since
S’ is connected. Because z1 € V(By) —{c1, 2} and {y, ca} C V(By), x, is adjacent
to neither y nor co. It follows that S — {y,co} = {1} since {¢1} = V(By) N C.
Then c¢ic € E(G) and thus V(By) C V(D;). But then no vertex of S’ is adjacent
to a vertex of Dy, a contradiction. So 7.(G + xy) > 3, again a contradiction. This
proves that c¢; dominates By. By similar arguments, co dominates Bs.

Now let © € V(B;) — {c1} and y € V(By) — {c2}. Clearly, zy ¢ E(G). By
our claim, zc; € E(G) and ycy € E(G). We now distinguish two cases.

Case 1: V(By) C V(Dy).

Consider G + zy. Let S’ be a v.-set of G + xy. Then |S’'| < 3 by Lemma 2.2(1).
Since c¢3 is a cut-vertex of G + zy, ¢35 € S'. Because c3z ¢ E(G) and c3y ¢ E(G),
it follows that [S" N {z,y}| = 1 since S’ is connected. Without loss of generality,
we may assume that x € S'. Then S’ = {z,¢1,c3}. Thus ¢ie3 € E(G) and c3
dominates Dy. Further, {c;, c3} dominates V(D) —{y} by our claim and the fact
that x € By and Bj is an end block. Since S’ is a 7y.-set of G+zy and zcy ¢ E(G),
it follows that coc; € E(G) or cacs € E(G). But then {c1, ¢, c3} is a connected
dominating set of G, a contradiction. This proves that Case 1 cannot occur.

Case 2 : V(By) C V(D,).



By Lemma 3.1, d(z,y) < 4. Since B; and By are end blocks, d(cy,ce) < 2.
Because ¢; € V(D;) and ¢y € V(Ds), we have ¢ic3 € E(G) and cac3 € E(G).
Now consider G + ¢yco. Let S’ be a v.-set of G + ¢1¢ce. Then |S’| < 3 by Lemma
2.2(1). Since B; is an end block and V(B;) N C' = {¢;} for i = 1,2, it follows that
{c1,c0} C 8" If 8" = {cy, 2}, then {cy, ¢, c3} is a connected dominating set of G,
a contradiction. Hence, S’ # {ci, co}. Therefore, |S" — {c1, 2 }| = 1 since |S’| < 3.
Let {a} = 5" — {c1,¢}. Clearly, a # ¢3. Then a € V(Dy) or a € V(Dy).

Subcase 2.1 : a € V(Dy).
Thus ¢ dominates Dy and there is a vertex z € V(D;) such that zc; ¢ E(G) but
za € E(G). By our claim, z ¢ V(B;). Observe that no vertex of B; is adjacent to
z since By is an end block. Consider G + ¢1z. Let S” be a ~y.-set of G + ¢;z. By
Lemma 2.2(1), |S”| < 3. Because ¢ is a cut-vertex of G + ¢1z, ¢; € S”. Since S”
is connected and ¢; and ¢z are not adjacent to any vertex of By — {co} C V(Dy),
it follows that S” = {¢1, ca,¢c3}. Thus c32 ¢ E(G).

Recall that © € V(B;) —{c1} and y € V(Bz) — {c2}. Now consider G + zy.
Let S be a v.set of G + xy. Since zcs ¢ E(G) and yc3 ¢ E(G) together with
the fact that B; is an end block with V(B;) N C = {¢} for i = 1,2, we have
cp € S"orey eS8 S ={x,y,c1} or S” = {x,y,cs}, then no vertex of S”
is adjacent to z, a contradiction. Hence, |S” N {z,y}| = 1. We first suppose that
S"N{x,y} = {x}. Then S"” = {x, 1,3} since S is connected and = € B; where
By is an end block. But then no vertex of S” is adjacent to z, a contradiction.
Hence S” N{z,y} # {z} and therefore S N {x,y} = {y} by Lemma 2.2(2).
Clearly, S = {y,co,c3}. But then no vertex of S” is adjacent to z, again a
contradiction. Hence, 7.(G + xy) > 3. This contradicts the criticality of G. Thus
Subcase 2.1 cannot occur.

Subcase 2.2 : a € V(D).
By similar arguments as in the proof of Subcase 2.1, Subcase 2.2 cannot occur.
This proves that Case 2 cannot occur and completes the proof of our theorem. [

In what follows, we shall assume that | SNV (Cs)| < |SNV(C})| where S is
a 7.-set of a 4-v.-critical graph G with a cut-vertex ¢ and C; and Cy are the only
components of G—c (by Lemma 2.5 (1)). Note that, since ¢ € S by Lemma 2.6(1),
either |[SNV(Cy)| =0 and |SNV(Cy)| =3 or |SNV(Cy)| =1 and |[SNV(Ch)| = 2.

Our next result provides a structure of such graph with |[SNV(Cy)| =1
and |[SNV(CY)| = 2.

Theorem 3.3. Let G be a 4-.-critical graph with a cut-vertex ¢ and S a ~.-set
of G. Further, let Cy and Cy be the two components of G — ¢ and for 1 < i <2,
let X; = N¢,(c). Suppose |SNV(Cy)| =2 and |SNV(Cy)| =1. Then

(1) For1<i<2, X;#0 and G[X;] is complete.
(2) For each x € N¢,(c), |[Nx,(z)| = |X1| — 1.
(3) For each x € Xy, there is a vertex y € N¢,(c) such that xy € E(G).

(4) |Xo| = 1.



(5) If Xz = {0}, then dega(b) = |Nc, (0)].

Proof. (1) Clearly, for 1 < i < 2, X; # (), as otherwise 7.(G) < 4. We now
show that G[X|] is complete. Suppose to the contrary that there exist u,v € X;
such that wv ¢ FE(G). Let S’ be a ~.set of G + wv. By Lemmas 2.2(1) and
2.2(2), |S’| < 3 and either u € S" or v € S’. We may assume without loss of
generality that u € S’. Because S’ is connected and ¢ is a cut-vertex in G + v,
¢ € S'. Further, since uc ¢ E(G), there exists a € (S" — {u,c}) N V(C}) such
that ua,ac € E(G). Thus ' NV(Cy) = (. This implies that ¢ dominates Cs.
But this contradicts the fact that Xy # (). Hence, G[X;] is complete. By similar
arguments, G[X5] is complete. This settles (1).

(2) Suppose to the contrary that there exist a € N¢, (¢) and b,d € V(Cy) —
{a} such that ab,ad ¢ E(G). Lemma 2.5(2) implies that b,d € X;. Now consider
G + ab. Let S" be a v.-set of G + ab. Since c is a cut-vertex of G + ab, ¢ € 5'.
Then |S" N (V(Cy) UV(Cy))| < 2. If [S"'NV(Cy)| = 0, then ¢ dominates Cs.
But then X, = (), a contradiction. Hence, |[S’NV(Cy)| > 1. By Lemma 2.2(2),
0 # S N{a,b} CS'NV(CY). It follows that |S’NV(Cy)| =1 and |S'NV(Cy)| = 1.
Since b € X; and S’ is connected, it follows that S’ N {a,b} = {a}. But then no
vertex of S’ is adjacent to d, a contradiction. This proves that for each x € N, (¢),
|INx,(z)] > |X1] —1. We next suppose that there exists y € N¢,(c¢) such that
|INx,(y)| = |X1|. Let {z} = SN V(Cy). Then {y,c, z} is a connected dominating
set of size 3 of G, a contradiction. This completes the proof of (2).

(3) Let x € X;. Suppose to the contrary that = is not adjacent to any
vertex of Ng,(¢). Then d(x,¢) > 3. Since X5 # (), there exists z € X,. So
d(e,z) > 2. Because c is a cut-vertex of G, d(z,z) = d(z,c) + d(c,z) > 5. But
this contradicts Lemma 3.1 and completes the proof of (3).

(4) Suppose to the contrary that |Xs| > 1. Let b,d € X,. Now consider
G + cb. Let S’ be a v.-set of G + ¢b. Then |S’| < 3. Since ¢ is a cut-vertex of
G+ cb, c € 8. Because X1 # 0, [S'NV(Cy)| > 1. If |S"NV(CY)| = 1, then the
only vertex of S’NV(C}) is adjacent to ¢ and dominates X;. But this contradicts
(2). Hence, |S'NV(CY)| = 2 since |S’| < 3. Then no vertex of S’ is adjacent to d,
a contradiction. Thus |X3| = 1. This settles (4).

(5) Now let Xy = {b}. Suppose to the contrary that there exists d € N, (c)
such that db ¢ E(G). Now consider G + bd. Let S’ be a v.-set of G 4+ db. Then
|S’| < 3 by Lemma 2.2(1). Since ¢ is a cut-vertex of G + bd, ¢ € S’. By similar
arguments as in the proof of (4), |S" NV (Cy)| = 2. Thus S’ N {b,d} = O since
|1S"N({c}UV(CY))| = 3 and |S’| < 3. But this contradicts Lemma 2.2(2) and thus
(5) is proved, completing the proof of our theorem. O

Corollary 3.4. Let G, ¢, S, Cy, Cy, X1, Xo and b be defined as in Theorem 3.5.
Suppose |S NV (C1)| =2 and |[SNV(Cy)| = 1. Then |X1| > 2 and |N¢,(c)| > 2.
Further, if G contains an end vertex, then G has exactly one end vertex and the
only end vertex of G is b.

Proof. By Theorems 3.3(2) and 3.3(3) together with the fact that G is connected,
| X1| > 2 and |N¢,(¢)| > 2. Suppose x is an end vertex of G. Clearly, = ¢
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V(C1) U{c}. Thus x € V(Cy). Since Xy = {b} and Ng(b) = |N¢,(c)|, it follows
that © ¢ N¢,(c). Thus x € Xy = {b}. Therefore, z = b and |N¢,(c)| = 1. This
proves our corollary. O

Lemma 3.5. Let G be a 4-.-critical graph with a cut-vertex c and let Cy and Cy
be the two components of G — c. Let S be a v.-set of G. Suppose |SNV(Cy)| =2
and |SNV(Cy)| = 1. Then

(1) If G is of even order, then G has a perfect matching.
(2) If G is of odd order, then G has a near perfect matching.

Proof. For simplicity, let X; = N¢.(c) for 1 <i < 2. By Theorem 3.3(4), | X;| = 1.
Let | X1| = n, |N¢,(¢)] = m and |[Ng,(c)| = p. By Corollary 3.4, n > 2 and
m > 2. Now let Xy = {b}, X7 = {x;]1 < i < n}, Ng,(¢) = {yi|l <i < m} and
Ne,(c) = {21 <7 <p}. By Lemma 2.5(2) and Theorem 3.3(1), G[X1], G[N¢, (c)]
and G[N¢,(c)] are complete. Further, by Theorem 3.3(5), Ng(b) = N¢,(c).

(1) Suppose G is of even order. Since V(G) = X1UNg, (¢)U{c}UNg, (c)UX3,
n + m + p must be even. We distinguish 4 cases.

Case 1 : n,m,p are even.
Clearly, 7 = {zizip 2|1 <i < 3} U{yyirm[1 <@ < 2} is a perfect matching in
Cy. Since Ng,(¢) = Ng(b) and G[Ng,(c)] is complete, it follows that G[Ne,(c) —
{z1, 2142} is complete. Then Fy = {2;z;;2]2 <4 < B} U {c21,b2112} is a perfect
matching in G[V (C2) U{c}|. Thus F; UF,; is a perfect matching in G. This proves
Case 1.

Case 2 : n is even, m and p are odd.
Clearly, Fi = {z;x;1n|1 <4 < 3} is a perfect matching in G[X;]. Because m is
odd, F = {yiyiﬂ% 11 <i < [2]}U{ymc} is a perfect matching in G[N¢, (c)U{c}].
By a similar argument, F3 = {2z, 2] 11 <i<[E|}U{zb} is a perfect matching
in G[Ng,(c) U {b}]. Thus F; U F, U F3 is a perfect matching in G. This proves
Case 2.

Case 3 : n and p are odd, m is even.
By Theorem 3.3(3), there exists a vertex u € Ng,(c¢) such that z,u € E(G).
Without loss of generality, we may assume that « = y;. Since G[X;] and G[N¢, (¢)]
are complete, Fy = {%%ﬂgJ 1 <i < |3]}U{zay, cpiim U gy m]2 <i < 5}
is a perfect matching in G[V (Cy)U{c}]. Since G[N¢,(c)] is complete and N¢(b) =
Ne,(c), it follows that Fy = {Z"Zi+L§J |1 <4< |2} U{bz,} is a perfect matching
in Cy. Thus F} U F5 is a perfect matching in G. This proves Case 3.

Case 4 : n and m are odd, p is even.
By Theorem 3.3(3), there exists a vertex u € Ng,(c¢) such that z,u € E(G).
Without loss of generality, we may assume that v = y,,. Since G[X;]| and G[N¢, (¢)]
are complete, F; = {xszL%J 1<i< L%J}U{yiyiﬂ% 11 <i< |2 u{z,ym}isa
perfect matching in G[V(Cy)]. Since Ng(b) = Ng,(c) and G[Ng,(c)] is complete,
it follows that G[Nc,(c) — {21,2142}] is complete. Then Fy = {cz1,b212} U
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{zizipz|2 <4 < £} is a perfect matching in G[V/(C2) U {c}]. Thus F1 U F3 is a
perfect matching in GG. This proves Case 4 and completes the proof of (1).

(2) We now suppose G is of odd order. By similar arguements, it is not
difficult to show that G' has a near perfect matching. m

Theorem 3.6. Let G be a 4-v.-critical graph with a cut-vertex ¢ and let Cy and Cy
be the two components of G — c. Let S be a ~y.-set of G. Suppose |SNV(Cy)| =3
and |SNV(Cy)| =0. Then

(1) [V(Cy)| = 1.
(2) If G is of even order, then G has a perfect matching.
(3) If G is of odd order, then G has a near perfect matching.

Proof. Clearly, ¢ dominates Cy. Thus V(C3) C Ng(c). Note that |V(Cy)| > 4
since [SNV(Cy)| = 3.

(1) Choose a € V(Cy) and d € N¢,(c). Consider G+ ad. Let S’ be a v.-set
of G + ad. By Lemmas 2.2(1) and 2.2(2), |S’| < 3 and either a € S" or d € 5.
Suppose first that {a,d} C S’. Then |S'NV(C})| < 2. Clearly, S'NV(Cy) ». Cy.
But then (S’ NV(CY)) U{c} is a connected dominating set of G, a contradiction.
Hence, |S" N {a,d}| = 1. Since {a,d} C Ng(c), ¢ ¢ S" — {a,d} by Lemma
2.2(3). If " n{a,d} = {a}, then S C V(Cy) because of connectedness of S’.
But then no vertex of S’ is adjacent to a vertex of V(C}) — {d}, a contradiction.
Hence, S’ N {a,d} = {d}. Because of the connectedness of S’ and the fact that
c¢ S —{a,d}, it follows that S” C V(C}). Therefore, V(Cy) = {a}. This proves
(1).

Now let V/(Cy) = {a}. Then ac € E(G). We first show that 2 < ~.(Cy) < 3.
Since S is connected and ¢ € S, it follows that SN N¢, (c) # 0. Because G[N¢, (¢)]
is complete by Lemma 2.5(2), S NV (C}) =, Cy. Hence, 7.(C7) < 3. Note that
for each ~y.-set W of C} and for each x € N¢, (¢), WU {z,c} =, G. It follows that
|W| > 2 as otherwise 7.(G) < 3. Consequently, 7.(Cy) > 2. Before we establish
(2) and (3), we first show that if 7.(C}) = 2, then the following Claims 1 — 5 hold.

Suppose 7.(C1) = 2. Put X = N¢,(c). Let Y = {u € X|uzx € E(G) for
some x € N¢,(¢)} and Z =X — Y.

Claim 1 : If Z # (), then G[Z] is complete.
Suppose that G[Z] is not complete. Then there exist u, v € Z such that uv ¢ E(G).
Consider G + uv and let S” be a ~.set of G + wv. By Lemma 2.2(1), |5'| < 3.
Because c is a cut-vertex in G 4+ uv, ¢ € S’. Since |S’| < 3 and S’ is connected, it
follows that (G + uv)[S’] contains an u — ¢ path or v — ¢ path of length at most
2. But this is not possible since neither u nor v is adjacent to a vertex of N¢,(c).
Hence G[Z] is complete. This settles our claim.

Claim 2 : If D is a 7.-set of Cy, then D N N¢, (¢) = 0.
Suppose D = {x,y} where x € N¢,(c¢). Then {z,y,c} =. G, a contradiction. This
proves our claim.
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Claim 3 : If X has no perfect matching, then there is a maximum match-
ing M in X such that X — V(M) CY.
Let My be a maximum matching in X and let B = (X — V(My)) N Z. By
Claim 1 and the fact that X — V(M,) is an independent set, it follows that
0 <|B| <1.If |B| =0, then our claim follows. So we may suppose that |B| = 1.
Let {z} = B. Since d(z,a) < 4 by Lemma 3.1, there is a vertex v; € Y such
that zv, € E(G). If v is My-unsaturated, then My U {zv,} is a matching of X
with [MoU{zv,}| > | My|, contradicting the fact that M, is a maximum matching.
Hence, v, is My—saturated. Let vy € X such that vivy € M.

Now let
M= { (Mo — {vivs)) U{zv} if ey
(MO - {1111)2}) U {ZUZ} if vy € Z.

Clearly, M is a matching in X with X — V(M) C Y. This proves our claim.

Claim 4 : Let M be a maximum matching in X such that X —V (M) C Y.
If A=X—V(M) # 0 and |A| > 2, then there exists a vertex z € V(M) such
that {z} U A is an independent set.
Clearly, A is independent. Let D be a v.-set of Cy. Then |D N A| < 1 because of
connectedness of G[D]. By Claim 2, D C X = V(M)UA. Thus1 < |DNV(M)| <
2.

Case 4.1 :|[DNA|=1and |[DNV(M)| =1.
Let {z} = DN A and {y} = DN V(M). Note that zy € E(G). Since A is
independent, y dominates A. Let w € V(M) where yw € M. If wu € E(G) for
some u € A, then M; = (M — {yw}) U{wu,yv} where v € A — {u} is a matching
in X with |M;| > |M]|, a contradiction. Hence, wu ¢ E(G) for all u € A. Thus
{w} U A is an independent set as required. This settles Case 2.1.

Case 4.2 : |[DNV(M)| =2.
Let {z1,22} = DN V(M), Clearly, 29 € E(G) and A C Ng(z1) U Ng(z2). Put
A; ={a € Alaz, € E(G)} and Ay = {a € Alaz, € E(G)}. Note that A;UA; = A
and either A; # () or Ay # () since |A| > 2. We may suppose that A; # ().

We first suppose that zyz9 € M. If Ay # (), then, since |A| > 2, there is
a matching My = (M — {z122}) U {a121, aszs}, where a; € A; for 1 <i <2/ in
X with |Ms| > | M|, a contradiction. Hence, A = (). Consequently, A; = A and
{z2} U A is an independent set as required.

We may now suppose that z1z9 ¢ M. Let y;,yo € V(M) where x1y;, z2ys €
M. If A} = A, then y; is not adjacent to any vertex of A; as otherwise X contains
a matching M’ with |M’'| > |M| since |A| > 2. Consequently, A U {y;} is an
independent set. Similarly, if Ay = A, then AU {ys} is an independent set. So we
may now suppose that A; # A and A, # A. Since Ay # A, Ay # (. Observe that
yiu ¢ E(G) for all u € Ay and yov ¢ V(G) for all v € A;. Further, if |A;] > 2,
then yyu ¢ F(G) for all u € A; as otherwise X contains a matching M"” with
|M"| > |M|. Similarly, if |As| > 2, then you ¢ E(G) for all u € Ay. We now
distinguish two subcases.

Subcase 4.2.1 : |A]| > 3.
Then |A;| > 2 or |Ay] > 2. If |A;] > 2, then AU {y;} is an independent set and



13

if |As| > 2, then AU {y2} is an independent set. This settles Subcase 2.2.1.

Subcase 4.2.2 : |[A| = 2.
Recall that, for 1 < i < 2, A; # A and A; # 0. Thus |4;| = 1 and |Ay| = 1.
For 1 < i < 2/ let {a;} = A;. If aqyy € E(G) and agys € E(G), then M3 =
(M — {x1y1, x2y2}) U {a1y1, 2129, aoys } is a matching in X with |M;| > |M|, a
contradiction. Hence, either a;y; ¢ E(G) or asys ¢ E(G). Then either AU {y;}
or AU {ys} is an independent set. This proves Subcase 2.2.2 and then Case 2,
completing the proof of our Claim.

Claim 5 : Let B be an independent subset of X where |B| =n > 3. Then
the vertices of B can be ordered as by, ..., b, in such a way that, for 1 <i <n—1,
there exist vertices uy,...,u,—1 of Ng, (¢) where {b;,w;} =, Ci — b;11 and, for
1<i#7<n—1,u #u;.

Let u,v be a pair of non-adjacent vertices of B. Let S’ be a ~y.set of
G + uv. So |S'] < 3. Because ¢ is a cut-vertex of G + uv, ¢ € S’. By Lemma
2.2(2), {u,v} NS" # 0. Since {u,v} N Ng,(¢) = 0 and S’ is connected, it follows
that there exists © € N, (¢) NS, Then [{u,v} NS’ =1 and |S’| = 3. Hence,
{u,z,c} =, G+ wv or {v,z,c} =, G+ uv. Because G[N¢,(c)] is complete by
Lemma 2.5(2) and ¢ is not adjacent to any vertex of X, {z,u} >=. C; —v or
{z,v} =, C; — u. Now consider G[B]. Clearly, G[B] is complete. For a pair of
vertices u and v of B, we orient u to v in G[B] if there exists a vertex x € N, (c)
such that {x,u} =, C; —v. Let G* be a spanning subdigraph of G[B] where G*
is a tournament. Then G* contains P as a spanning directed path. Such a path
exists since every tournament contains a spanning directed path. We now label
the vertices of B as by, ..., b, where (b;,b;11) is an arc of P for i = 1,...,n — 1.
Hence, there exists u; such that {b;,u;} >=. C; — b1 for i = 1,...,n — 1. Since
{b1,...,b,} is independent, u;b, € E(G)for 1 <j<n-—1l,and 1 <k#j+1<n.
Thus u; # u,; for 1 <i # j <n — 1. This settles our claim.

We are now ready to prove (2) and (3).

(2) Suppose G is of even order. Recall that V(Cy) — {a} and ac € E(G).
Then |V (C))| = |V(G) — {a,c}| is even. If 7.(Cy) = 3, then C is 3 — ~.-critical
by Lemma 2.6(2). Then C' contains M as a perfect matching by Theorem 2.3. So
M U{ac} is a perfect matching in G.

We now assume that 7.(C;) = 2. Note that G[N¢,(c)] is complete by
Lemma 2.5(2). If X contains M as a perfect matching, then, M U F' U {ac} is
a perfect matching in G where F' is a perfect matching in G[N¢,(¢)]. We may
now suppose that X does not contain a perfect matching. By Claim 3, there is a
maximum matching M; in X such that X — V(M;) C Y. Put A =X — V(M,).
Clearly, |A| > 1. We first suppose that |A| = 1. Let A = {u}. Since A C Y,
there exists v € N¢, (c¢) such that wv € E(G). Then G[N¢,(c) — {v}] contains
F) as a perfect matching since G[N¢, (c)] is complete and |V(G)| is even. Thus
My, U Fy U {uv,ac} is a perfect matching in G.

We now consider |A| > 2. By Claim 4, there exists a vertex y € V(M)
such that {y} U A is an independent set. Put |{y} U A| = n. Note that n > 3. By
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Claim 5, the vertices of {y} U A can be ordered as by, ..., b, in such a way that for
1 < i < n —1 there exists u; € N¢,(¢) where {b;,u;} >=. C1 — b;11. By Lemma
2.2(3), ubis1 ¢ E(G) for 1 <i <n—1. Since {by,...,b,} is independent and for
1 <i<n-1, G[{b;,w;}] is connected, it follows that u;b; € E(G) for 1 <i <n—1
and 1 < j #i+1 <n. We may suppose that y = b, for some 1 < k < n. Now let
F; be a matching in € where

{ubi|ll <i#k<n-—1}U{ub,} if 1<k<n-—2,
FQZ {ulbngz§n—2}U{u1bn,un,1b1} Zf k:n—l,
{ub;|1 <i<n-—1} if k=n.

Note that X C V(M;UF3). Since G[N¢, (c)] is complete, G[N¢, (¢) —{u1, ..., un_1}]
contains Fj as a perfect matching. Then M; U Fy U F3U{ac} is a perfect matching
in G. This proves (2).

(3) We now suppose G is of odd order. By similar arguements as in (2)
together with Theorem 2.4, it is not difficult to show that G has a near perfect
matching. O]

Theorem 3.7. Let G be a 4-y.-critical graph of connectivity one.
(1) If G is of even order, then G has a perfect matching.
(2) If G is of odd order, then G has a near perfect matching.

Proof. Let ¢ be a cut-vertex of G and let (7 and C5 be the two components
of G — c¢. Further, let S be a v.-set of G. By Lemma 2.6(1), ¢ € S. Then
[V(Cy) N S|+ |V (Ce) NS| = 3. We may suppose without loss of generality that
V(Cy)N S| > [V(Cy)N S|

(1) If [V(Cy) N S| =3 and |V(Cy) N S| = 0, then G has a perfect matching
by Theorem 3.6. Further, if |V(C;) N S| =2 and |[V(Cy) N S| =1, then G has a
perfect matching by Lemma 4.3. This proves (1).

(2) We now suppose G is of odd order. By similar arguements, it is easy
to see that G has a near perfect matching. O

Our next result provides a construction of 4-v.-critical graphs having two
cut-vertices.

Lemma 3.8. Let Hy and Hy be complete graphs of order n > 2 and m > 2,
respectively. Let H be a graph with n + m + 3 distinct vertices where V(H) =
V(H)) UV (Hy)U{z,y,z}, E(H[V(Hy)U{x,y,z}]) = E(Hy)U{zy,yz} U{zala €
V(Hy)}, E(H[V(H)]) = E(Hs). Further H[V(H,) U V(H2)] has the following
properties

(1) For allu € V(Hy), |Np,(u)| = |V (H2)| — 1.

(i1) For all uw € V(Hy), there exists v € V(H;) such that uwv € E(H).

Then H is a 4-y.-critical graph containing x and y as cut-vertices.
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Proof. Clearly, x and y are cut-vertices of H. We first show that ~.(H) = 4.
Since z,y are cut-vertices of H, for each 7.set S of H, {z,y} C S. Note that
{z,y} dominates V(H;)U{x,y, z}. Suppose there exists a € V(H;) UV (Hz) such
that {z,y,a} =. H. Then a € V(H;) and a dominates Hy. But this contradicts
hypothesis (i). Thus v.(H) > 3. Choose p € V(H;) and ¢ € Ng,(p). Then
{p.q} =c H[V(H:) UV(Hs)]. So {p,q,2,y} =, H. Hence, 7.(H) = 4.

We next show that H is 4—~.-critical. Let v and v be a pair of non-adjacent
vertices of H. Consider H + uv. We distinguish 4 cases.

Case 1:z € {u,v}.
We may assume that z = u. Then v € {z} UV (H;) UV (Hs). We first suppose
that v = x. Choose a € V(H;) and b € Ny, (a). Then {v,a,b} =. G + uv. Now
suppose v € V(H;). Choose ¢ € Ny,(v). Then {v,c,z} ». G + uv. Finally,
suppose v € V' (Hy). By hypothesis (i7), there exists a vertex d € V(H;) such that
vd € E(H). Then {v,d,z} >. G + uv. This proves Case 1.

Case 2 : y € {u,v}.
We may assume that y = u. Then v € V(H;) UV (Hy). We first suppose that v €
V(H;). Choose a € Ny,(v). Then {u,v,a} >=. G + uv. Now suppose v € V(Hy).
By hypothesis (i), there exists a vertex b € V(H;) such that vb € E(G). Then
{u,v,b} >=. G + uv. This proves Case 2.

Case 3 : z € {u,v}.
We may assume that x = u. By Case 1, we need only to consider when v € V(H,).
Clearly, {u,v,y} >. G + wv. This proves Case 3.

Case 4 : {u,v} CV(H;)UV(Hy).
Since H; and H, are complete, we may assume that u € V(H;) and v € V(Hs).
By hypothesis (i), {u,z,y} =, G + uv. This proves Case 4 and completes the
proof of our theorem. O

We next establish a characterization of 4-v.-critical graphs with 2 cut-
vertices.

Theorem 3.9. Let G be a 4-vy.-critical graph with 2 cut-vertices ¢y and co. Then
G is isomorphic to the graph H defined in Lemma 3.8.

Proof. We first show that G has exactly 3 blocks. By Lemma 2.5(1), G—c¢; contains
exactly 2 components. Let A; and Ay be the two components of G — ¢;. We may
suppose without loss of generality that co € V(As). Then, by Theorem 3.2, By =
G[V(Ay) U{c1}] is a block of G. Similarly, G — ¢, contains exactly 2 components,
say A}, A,. We may suppose without loss of generality that ¢; € V(A)). Hence,
By = G[V(AL) U{ca}] is a block of G. Since G has only 2 cut-vertices, it follows
that By = G[V(G) — (V(A;) UV(A)))] is a block of G. Therefore, G contains
exactly 3 blocks By, By and Bs.

Let S be a 7.-set of G. Since ¢; and ¢y are cut-vertices of G, {¢1,c} € S
by Lemma 2.6(1).
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Claim 1 : |[(S —{c1,c}) NV (By)| =2 or |(S — {c1,ca}) NV (Bo)| = 2.
Suppose to the contrary that [(S — {c1,c2}) N V(By)| # 2 and |(S — {c1,¢2}) N
V(Bs)| # 2. We distinguish 4 cases.

Case 1 :|(S —{c1,c}) NV (By)|=1and |[(S —{c1,c2a}) NV(B2)| = L.
Let {a} = (S — {c1,c2}) NV (By) and {b} = (S — {c1,¢c2}) NV (Bs). Note that
acy,beg, c10o € E(G) since S is connected. Since 7.(G) = 4, there exists x €
V(B1) — {a,c1} such that za € E(G) but z¢; ¢ E(G). Similarly, there exists
y € V(By) — {b, o} such that yb € E(G) but yco ¢ E(G). So d(x,y) = d(x,c1) +
d(cy1,c9) + d(co,y) > 5 since ¢; and ¢y are cut-vertices, contradicting Lemma 3.1.
Then Case 1 cannot occur.

Case 2 : [(S — {c1,2}) NV (Bs)| = 2.

Then ¢; dominates By and ¢y dominates By. Thus |V (B3) — {c1,c2}| > 2. Choose
x € V(By) —{a} and y € V(By) — {c2}. Consider G + zy. Let S” be a ~.-set of
G+zy. By Lemmas 2.2(1) and 2.2(2), |.S’| < 3 and either z € S" or y € S’. We may
suppose without loss of generality that x € S’. We first show that y € S’. Suppose
y ¢ S'. Then ¢y ¢ 5" by Lemma 2.2(3). By a connectedness of S’, ¢; € S'. Since
|(S—{c1,e2})NV(B3)| = 2, {z,¢1} does not dominate Bs. Thus |S"—{x, ¢ }| = 1.
Let {d} = S"—{x,c1}. Then d € V(Bs) —{c1,¢c2} and {c1,d} =, (B2U Bs) — {y}.
Consequently, {c1,d,c2} =. G, a contradiction. Hence, y € S’ and therefore
{z,y} € 5. Since |5’ <3, |5" — {z,y}| < 1. Because |V (B3) — {c1,c2}| > 2 and
no vertex of {z,y} is adjacent to a vertex of V(B3) —{c1, c2}, it follows that either
S —A{x,y} = {ca1} or 8" — {x,y} = {ca} since S’ is connected. We may assume
that S" — {z,y} = {c1}. So ¢1 =, V(B3) — {c2}. Since Bs is a block, these exists
a vertex w € V(Bs) — {ca} such that wey € E(G). Then {c1,w, 2} >, G since
c1 . (V(B1) UV(Bs)) — {c2} and ¢y >, By. But this contradicts the fact that
7.(G) = 4. Hence, Case 2 cannot occur.

Case 3 : [(S —{c1,2}) NV (By)| =1 and |[(S — {c1,c}) NV (B3)| = 1.

Let {a} = (S—{c1,c2})NV(By) and {b} = (S—{c1,c2})NV(B3). Clearly, ¢g >, B
and ac; € E(G). Further, be; € E(G) or bey € E(G). Since SNV(By) = {a, 1},
there is a vertex x € V(B;) — {a,c1} such that z¢; ¢ E(G) but za € E(QG).
Choose a vertex y € V(By) — {c2}. Since ¢; and ¢y are cut-vertices of G, d(z,y) =
d(z,c1) + d(c1, ) + d(co,y) < 4 by Lemma 3.1. It follows that c¢ijco € E(G).
Because 7.(G) = 4, there exists d € V(B3) — {b, c1, ca} such that dcy,dcs ¢ E(G)
but bd € E(G). Now consider G + dy. Let S” be a 7.-set of G + dy. Note that
c1 is a cut-vertex of G + dy. Then ¢; € S’. Since c1d ¢ E(G) and c1y ¢ E(G),
there exists a vertex, w say, of S” —{cy, d, y} such that either {c;,w,d} =. G+ dy
or {c1,w,y} =, G+ dy. In either case w ¢ V(By). Thus ¢; >. B;. But this
contradicts the fact that zc¢; ¢ F(G). Hence, Case 3 cannot occur.

Case 4 : [(S —{c1,c}) NV (By)| =1, [(S —{c1,c2}) NV (B3)| = 1.
By similar arguments as in the proof of Case 3, Case 4 follows.
Claim 2 : If |(S — {c1,c2}) N V(By)| = 2, then |V (By)| = 2.
Since no vertex of (S — {¢1,¢2}) N V(By) is adjacent to a vertex of (V(By) U

V(B3)) — {c1}, {c1,c2} = B3 and ¢o =, By. It follows that for each z € Np,(c1),
there is a vertex 2/ € V(B;) — {c1, z} such that 2’z ¢ E(G) and 2'c; ¢ E(G).
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Hence, if D is a connected dominating set of size at most 2 of By, then ¢; ¢ D.
Choose = € V(Bs) — {c2} and consider G + xc;. Let S’ be a v.-set for G + zc;.
By Lemma 2.2(1), |S’| < 3. Since ¢ is a cut-vertex of G + xcy, ¢; € S’. Then
SNV (By)| > 3 because ' N V(By) ». By. Hence, |S"NV(B;)| = 3 and thus
x ¢ S'. Consequently, V(Bz) — {c2, 2} = (). This settles our claim.

Claim 3 : If |(S — {c1,c2}) N V(By)| = 2, then |V (By)| = 2.
By similar arguments as in the proof of Claim 2, our claim follows.

We may now assume that [(S — {c1,c2}) N V(By)| = 2. Thus {c1,c}
dominates By U Bs. By Claim 2, |V(Bg)| = 2. Let {z} = V(Bs) — {¢2}. Then
xey € E(G).

Claim 4 : V(B3) = {1, ¢}

Suppose to the contrary that there exists b € V(B3) — {¢1,c2}. Consider G + bx.
Let S’ be a v.-set of G+ bzx. By Lemma 2.2(1), |S’| < 3. Since ¢; is a cut-vertex of
G+ bl’, € S’ If |(S, N V(Bl)) — {Cl}| < 2, then ((S, N V(Bl)) — {Cl}> U {Cl, CQ}
is a connected dominating set of size at most 3 of GG, a contradiction. Hence,
|(S"NV(By)) —{c1}| > 2 and thus (S’ NV(By)) — {c1}| = 2 since |5'| < 3. It
follows that |S" N V(By)| = 3. Because S’ is a 7y.set of G + bz, S' N {b,x} # 0.
Then |S’| > 4, a contradiction. This proves our claim.

Recall that By = G[V(A;) U{ci}]. By Lemma 2.5(2), G[Ng,(c1)] =
G[Ny,(c1)] is complete. Since |S N V(A1) = [(S — {c1,e2}) NV (By)| = 2,
G[Np,(c1)] = G[N 4,(c1)] is complete by Theorem 3.3. Further,

(i) For all x € Np,(c1), |NN31(C1)($)| = |Np,(c1)| — 1.

(ii) For all y € N, (c1), there exists € Np, (c;) such that zy € E(G).
Therefore, G is isomorphic to the graph H defined in Lemma 3.8 as required. This
completes the proof of our theorem. n

We conclude this chapter by providing a necessary and sufficient for 4 —
~v.—critical graphs of odd order having connectivity one to be factor critical.

Theorem 3.10. Let G be a 4 — ~.—critical graph of odd order with a cut-vertex
c. Let S be a y.—set of G — c. Further, let Cy and Cy be the two components of
G — c. Suppose |SNV(Cy)| < [SNV(Cy)|. Then G is factor critical if and only
if |ISNV(CL)| =2 and |V (Cy)| > 4 is even.

Proof. Assume that G is factor critical. Since ¢ € S, [SNV(Cy)| =3 or [SN
V(Cy)| = 2. We first show that [S N V(Cy)| = 2. Suppose to the contrary that
|ISNV(Cy)| = 3. By Theorem 3.6(1), 6(G) = 1. But this contradicts Theorem
2.10. Hence, |SNV(C})| # 3. Then |SNV(Cy)| = 2. If |V(Cs)| is odd, then
wo(G — ¢) = 2 by Lemma 2.5(1), contradicting Theorem 2.9. Hence, |V (Cs)] is
even. Further, it follows by Theorems 2.9 and 3.3(4) that |V(Cy)| > 4. This
proves the necessity.

We now establish the sufficiency. Suppose |[S N V(C})| = 2 and |V(Cy)| is
even. Then |V(CY)| is even.

Claim 1 : G[V/(Cy)| contains a perfect matching.
By Lemma 2.5(2) and Theorem 3.3(1), G[N¢,(c)] and G[N¢,(c)] are complete.
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Then G[N¢,(c)] has a perfect matching or has a maximum matching M such
that |N¢,(c) — V(M)| = 1. If G[N¢,(c)] has a perfect matching, then G[N¢, (c)]
has a perfect matching. So we now suppose that [N¢,(c) — V(M)| = 1. Let z
be an M —unsaturated. Then, by Theorem 3.3(3), there is y € N¢,(¢) such that
zy € E(G). Because |V(C)] is even, |V(Cy)—(V(M)U{z,y})| = |Ne,(c) —{y}]| is
even. So G[Ng¢, (¢) —{y}] contains M; as a perfect matching. Thus G[C}] contains
M U M; U{zy} as a perfect matching.

Claim 2 : For each u € V(C}), G[(V(Cy) — {u}) U {c}] contains a perfect
matching.
Note that G[N¢,(c) U {c}] is complete. By similar arguements as in the proof
of Claim 1, it is not difficult to show that G[(V(Cy) — {u}) U {c}] has a perfect
matching.

Let v € V(G). We now show that G — v has a perfect matching.

Case 1 :v € V(Cy) U{c}.
By Lemma 2.5(2) and Theorem 3.3(5), G[V (Cs)] is complete. Then G[(V(Cy) —
{v})U{c}] is of order at least 4 and has a perfect matching. By Claim 1, G[V (C})]
has a perfect matching. Thus G — v has a perfect matching. This proves Case 1.

Case 2 : v € V().
By Claim 2, G[(V(C}) — {v}) U {c}] has a perfect matching. By Lemma 2.5(2)
and Theorem 3.3(5), G[V(Cs)] is complete. Since |V (Cy)| is even and at least 4,
G[V (Cy)] has a perfect matching. Then G — v contains a perfect matching. This
proves Case 2 and completes the proof of our Theorem. n



Chapter 4

2-connected 4-v.-critical graphs

In this chapter, we establish sufficient conditions for 2-connected 4-7.-
critical graphs of even order to contain a perfect matching and of odd order to
contain a near perfect matching in terms of Ki,-free. We also show that 2-
connected 4-v.-critical K ,-free graphs of even order need not be bicritical when
n is 3 and 4 and 3-connected 4-v.-critical K ,-free graphs of even order need not
be bicritical when n is 4 and 5.

We do not know whether 2—connected 4 — v.—critical graphs of even order
contain a perfect matching. Sumner [14] proved that, if G is an n—connected
K 41—free graph of even order, then G has a perfect matching. Then a 2— con-
nected K 3—free graph has a perfect matching. Note that 2—connected K 4—free
graphs need not contain a perfect matching. The graph in Figure 1 is a counter
example. We first show that a 2—connected 4 — v.—critical K; 4—free graph con-
tains a perfect matching if it is of even order and contains a near perfect matching
if it is of odd order. We begin with the following lemmas.

Lemma 4.1. Let G be a 2—connected 4 — ~.—critical K, 4—free graph with a
cutset C. Let Hy, H,, ..., H, be the components of G — C'. Suppose S is a vy.—set
of G + wu; where u; € V(H;), u; € V(H;), 1 <i# 35 <mn. Ifn > 5, then
|ISNC|=2.

Proof. By Lemma 2.2(2), S N {u;,u;} # 0. Then |SNC| < 2. Because S is
connected and n > 5, it follows that |S N C| > 1. Suppose |SNC| = 1. Let
{c} = SNC. So cis adjacent to some vertex in at least 4 different components of
G — C, contradicting the fact that G is K 4—free. Then |S N C| = 2. This proves
our lemma. O

19
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Figure 1 : A 2—connected K 4—free graph of even order without a perfect match-
ing.

Lemma 4.2. Let G be a 2—connected 4 — ~y.—critical K 4—free graph. Let C be
a cutset of G. Then w(G — C) < 6.

Proof. Let Hy, Hs, ..., H, be the components of G — C'. Suppose to the contrary
that n > 7. Let u; € V(H;) and us € V(Hy). Consider G + ujus. Let S be
a v.—set of G + ujus. By Lemma 4.1, [SNC| = 2. Let {c1,co} = SNC. So
[{u1,us}NS| =1 by Lemma 2.2(2). We may suppose without loss of generlity that
u; € S. Then {c1,c} = Ul 3H;. Because n > 7, ¢; together with ¢, is adjacent
to at least 5 components of U?_;H,. By a connectedness of .S, at least one vertex
of {c1,c2} is adjacent to uy, ¢; say. Since G is K 4—free, it follows that ¢; and
¢y are adjacent to at most 6 different components. Because {c;, ¢y} dominates
U,V (H;) U{u}, we have that n < 7. So n = 7. Without loss of generality
we may assume that co dominates Hs, Hg, H7 and ¢; dominates Hsz, Hy and {u4}.
So ¢ is not adjacent to any vertex in Hs, Hy and {u;}. By the connectedness of
S, c1ca € E(G). Then G contains K 4 centered at ¢; as an induced subgraph, a
contradiction. Then w(G — C') < 6, completing the proof of our lemma. O]

Lemma 4.3. If G is 2—connected 4 — ~.—critical Ky 4—free graph, then w,(G —
C)<|C]+1.

Proof. Let w,(G—C) = n and |C| = m. Suppose to the contrary that w,(G—C) >
|C'| + 2. Then, by Lemma 4.2, m+2 < n < 6. Then 2 < m < 4 since G
is 2—connected. Let Hi, Hs, ..., H, denote the odd components of G — C. We
distinguish 3 cases according to m.

Case 1 :m =2.
Then C'is a minimum cutset and n > 4. Thus for each vertex ¢ € C', Ny.(c) # ()
for all 1 <14 < n. This implies that G contains K; 4 as an induced subgraph, a
contradiction. This settles Case 1.

Case 2 : m = 3.
Then n > 5. Because G is 2 connected for 1 < i < n, there are at least two edges
joining vertices of H; to two different vertices of C. Since n > 5, there are at
least 10 edges joining vertices of U,V (H;) to vertices of C. Because |C| = 3,
there is a vertex ¢ € C such that ¢ is adjacent to some vertex in at least 4 different
components of G —C'. Thus G contains K 4 centered at ¢ as an induced subgraph,
a contradiction. This settles Case 2.
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Case 3 : m = 4.
By Lemma 4.2, n = 6 and thus G — C has no even components. We first establish
the following claim.

Claim For each z € C, No(x) # 0.

Suppose c¢ is a vertex of C' such that N¢(c) = (). Because G is K; 4—free and n = 6,
there are components Hj, and H; with Ny, (¢) = 0 and Ny, (c) = 0, for some 1 <
k#1<6. Let , € V(Hy) and x; € V(H,). Since G is 2—connected, by Theorem
2.8 there are at least two internally disjoint paths between x; and x;. Because
Np,(c) =0 and Ng,(c) = 0, ¢ cannot be an internally vertex of such paths. Since
|C'| = 4, there is a vertex of C, ¢; say, such that c;uy € E(G) and c;u; € E(G) for
some uy, € V(Hy) and u; € V(H;). Consider G 4 uyu;. Let S denote the v.—set of
G+uguy. It follows by Lemma 2.2(3) that ¢; ¢ S. By Lemma 4.1, |SNC| = 2. Thus
by Lemma 2.2(2), |S N {ug, w}| = 1. We may suppose without loss of generality
that S N {ug, w} = {ug}. Because Ng(c) N (V(Hy) UV (H) U (C —{c})) =0, if
c ¢ S, then no vertex of S is adjacent to ¢, a contradiction. Hence, ¢ € S. But
then S is disconnected since ¢ is adjacent to neither u; nor a vertex of C' — {c}.
This settles our claim.

Because G is 2—connected, for 1 < i < n, there are at least two edges
joining vertices of H; to two different vertices of C'. Then there are at least 12
edges joining vertices of US_, V' (H;) to vertices of C. Because G is K 4—free, each
vertex of C' is adjacent to some vertex in exactly 3 components of G — C. Let
c1 € C'. We may suppose without loss of generality that ¢; is adjacent to a vertex
of Hy, Hy and Hjz. Then c¢; is not adjacent to any vertex of US_, H;. Let us € V (Hj)
and ug € V(Hg). Consider G + usug. Let S be a v.—set of G + usug. By Lemmas
4.1 and 2.2(2), |[SNC| = 2 and thus [SN{us, u¢}| = 1. Let SNC = {x,y}. Without
loss of generality, we may assume that SN {us, us} = {us} and zus € E(G). Note
that x # ¢;. We distinguish 2 subcases.

Subcase 3.1 : |V (Hg)| > 1.
Then {z,y} dominates Uy_, sV (H;) — {us}. Thus  together with y is adjacent
to some vertex in 6 different components. So each vertex of {x,y} is adjacent to
some vertex in exactly 3 different components of G — C' by K; 4—free. Suppose y
dominates (H;UH,UH;)—{us} where 1 < j, k,l <6. Clearly, 5 ¢ {j, k,l}. Since G
is K 4—free and n = 6, x is not adjacent to any vertex of H;UH;UH,. Similarly, y
is not adjacent to any vertex of Ng(z)N (UL, V(H;)). Then yus ¢ E(G). Because
S is connected, xy € E(G). But then y is a center of K4, a contradiction. This
completes the proof of our subcase.

Subcase 3.2 : |V (Hg)| = 1.
Then V(Hg) = {ug}. By Lemma 2.2(2), zug ¢ E(G) and yug ¢ E(G). Since
G is 2—connected, ug is adjacent to every vertex of C' — {z,y}. It follows that
y = ¢1. Thus SN C = {c;,z}. Since cyus ¢ E(G), by the connectedness of S,
a1z € E(G). Now {c1,x} =, UL V(H;) U {us}. Because ¢; is not adjacent to any
vertex of Hy, x is adjacent to every vertex of Hy. By K, 4—free of G, z is adjacent
to some vertex in at most one component of Hy, Hy, H3. We may suppose without
loss of generality that x is not adjacent to any vertex of V(H;) U V(H,). Let
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vy € Ny, (c1),v9 € Np,(c1). Consider G+ v1v9. Let S’ be a y.—set of G+wvjvy. By
Lemma 4.1, |[S" N C| = 2. Because v, c1v9 € E(G), ¢1 ¢ S’, by Lemma 2.2(3).
We first show that « ¢ S’'NC. Suppose S’NC' = {x, co} where ¢y € C'—{c1,2}. By
the connectedness of S and xvy,xvy ¢ E(GQ), cox € E(G). So {ca,z} =. UL, H;.
Then {ci,co, 2} =, U H;. Since G — C has no even components and by our
claim, {c1,co,x} is a y.—set of size 3 of G, a contradiction. Hence, z ¢ S' N C.
Then S'NC = C —{c1,z}. Now let {c3,ca} =S’ NC. Then S" N {vy,ve} = {v1}
or 8" N {vy, v} = {va}. We first show that S’ N {vy,v2} = {v;}. Suppose to the
contrary that S’ N {vy,vo} = {ve}. Then {c3,cs} = US_sH;. Because c3 and ¢, are
adjacent to ug. By K 4—free, each vertex of {cs, ¢4} is adjacent to some vertex in
exactly 2 components of Hs, H3, Hy and Hs. So c3 and ¢4 is not adjacent to any
vertex of Hi. Because x is not adjacent to any vertex of Hjy, ¢; is the only one
vertex of C' which is adjacent to vertex of H;. So ¢; is a cut-vertex, a contradiction.
Then S' N {vy,v9} = {v1}. By similar arguements, S’ N {vy,vo} # {v1}. This
contradicts Lemma 2.2(2), completing the proof of Subcase 3.2 and the Case 3.
This completes the proof of our lemma. O

Theorem 4.4. Let G be 2—connected 4 — y.—critical Ky 4—free graph. Then
(1) If G is of even order, then G has a perfect matching.
(2) If G is of odd order, then G has a near perfect matching.

Proof. (1) Suppose to the contrary that G has no perfect matching. Then, by
Theorem 2.7, there exists a cutset C' such that w,(G —C) > |C|. Let |C| = m and
wo(G — C) = n. By Lemma 4.2 and parity, m + 2 < n < 6. Thus by Lemma 4.3,
n<m+1<m+2<n, acontradiction. Hence, G' has a perfect matching. This
complete the prove of (1).

(2) Let Gy be a graph obtained by adding a new vertex x to G and joining
x to each vertex of G. That is V(G1) = V(G)U{z} and E(G,) = E(G) U{zu|u €
V(G)}. Clearly, Gy is of even order. It is not difficult to show that G; has a
perfect matching if and only if G has a near perfect matching. So we only need
to show that G, has a perfect matching. Suppose to the contrary that G; has
no perfect matching. Then, by Theorem 2.7, there exists a cutset C} such that
wo(G1 — Cy) > |C]. By parity, |C1] +2 < w,(Gy — C}). Since zu € E(G) for all
u € V(Gy)—{z}, z € Cy. Thus C = C,—{x} is a cutset of G. Then |C|+1 = |C|
and w,(G — C) = w,(Gy; — C1). Thus (|C] +1)+2 = |C1| 4+ 2 < w,(G, — C)) =
wo(G—C'). Because G; —x = G is 2—connected 4 —~,.—critical K; 4—free, it follows
by Lemma 4.3 that |C|+3 < w,(G—C) < |C|+1, a contradiction. Thus G has a
perfect matching and Hence, G has a near perfect matching. This completes the
proof of (2) and our theorem. O

We might expect that a 2—connected 4 — ~,—critical K 4—free graph G is
factor critical if order of GG is odd and bicritical if order of G is even. But these
are not the cases. The graphs in Figure 2 and 3 are 2—connected 4 — ~y.—critical
K, 4—free. Observe that the graph in Figure 2 is of order 9 which is not factor
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critical and the graph in Figure 3 is of order 2(m + n) + 6, for some positive in-
teger m,n which is not bicritical. Note that in our diagram a double line denotes
the join between corresponding graphs. Although we strengthen the condition
K 4—free of G to K; 3—free, G need not be bicritical. One of them is shown in
Figure 4.

Figure 2 : A 2— connected 4 — ~,.—critical K; 4—free graph of odd order which is
not factor critical.

7
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Figure 3 : A 2—connected 4 — 7.—critical K;4—free graph of even order with
0(G) = 4 which is not bicritical.

We conclude this chapter by establishing that 3-connected 4-v.-critical
graphs of even order need not be bicritical. Some examples are graphs in Fig-
ures 5 and 6. Note that the graph in Figure 5 is K s-free while the graph in
Figure 6 is K 4-free. In fact, the graph in Figure 6, can be expand to the one
of larger order as follow. Choose a white vertex w;, for some 1 < i < 4. Then
replace the vertex w; with a complete graph K, (w;) where n > 2 and join every
vertex of K, (w;) to every vertex in the neighberhood of w;. The resulting graph is
3-connected 4-v.-critical K, 4-free graph. If we replace every vertex of {wy, ..., w4}
with K, (wy), K, (ws), Kpy(ws) and K, (ws) where n; > 3 is odd for 1 > i > 4,
then the minimum degree of the resulting graph is min{n;+2|1 < i < 4}. Note also
that this graph is not bicritical. Further, Plummer [13] proved that 3-connected
K s-free graphs are bicritical. So it is not possible to provide suffcient conditions
for 3-connected 4-v.-critical K ,-free graphs, for n > 4 to be bicritical.
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Figure 4 : A 2—connected 4 — v,—critical K 3—free graph with 6(G) = 4 which
is not bicritical.

Figure 5 : A 3—connected 4 — 7.—critical K;5—free graph of order 10 which is
not bicritical.
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Figure 6 : A 3—connected 4 — ~,.—critical K; 4—free graph of order 8 which is not
bicritical.
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