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Let y(G) denote the domination number of a graph G. A graph G is said to be k-
edge-critical if y(G) = k and for each pair of non-adjacent vertices u and v of G, y(G+uv) < k.

Let i(G) denote the independent domination number of a graph G. A graph G is
said to be k-edge-i-critical if i(G) = k and for each pair of non-adjacent vertices u and v of G,
i(G+uv) < k.

A graph G is said to be defect k-factor-critical if for any subset S of V(G) with |S|
= k, the graph G-S contains a near-perfect matching.

In this thesis, we provide some properties of defect k-factor-critical graphs. We
prove that a graph G with |[V(G)| = (k+1)(mod2) is defect k-factor-critical if and only if co(G-S)
< |S|-k+1 for every subset S of V(G) such that |S| = k where ¢o(G-S) denotes the n umber of
odd components of G-S. We also show that connected 3-edge-critical graphs of even order
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properties of 3-edge-i-critical graphs. We also concentrate on sufficient conditions for
connected 3-edge-i-critical graphs to be defect k-factor-critical for 1 < k < 4. Finally, we
provide some sufficient conditions for 3-edge-i-critical graphs to be factor-critical and bicritical.
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Chapter 1

Introduction

In this chapter, we introduce some definitions and notations used in this
thesis.

A graph is an order pair G = (V(G), E(G)), where V(G) is a finite (possi-
bly empty) set of vertices and F(G) is a set of unordered pairs of distinct vertices.
The elements of E(G) are called edges. If {u,v} € F(G), we denote {u,v} by uv
and we say that v and v are adjacent. For any wv € F(G), the vertices u and
v are called end vertices of uv. Two or more edges that join the same pair of
vertices are called parallel edges. An edge that joins itself is a loop. A graph
G is simple if GG has no loops and parallel edges.

A graph H is a subgraph of G if V(H) C V(G) and E(H) C E(G). H is
an induced subgraph of G, denoted by G[H], if, for every pair of u,v € V(H),
wv € E(H) if and only if wv € E(G). A graph G is called H-free if G does not
contain H as an induced subgraph. The neighborhood of a vertex v in a graph
G denoted by Ng(v) is {u € V(G)| uwv € E(G)}. A degree of v in G, denoted by
d(v), is |Ng(v)|. The minimum degree of all vertices in G is denoted by (G).
A vertex of degree 0 is called an isolated vertex and a vertex of degree 1 is called
an end vertex.

A complete graph is a graph in which every pair of vertices are adjacent.
A complete graph of order n is denoted by K,,. For k > 2, a graph G is a k-partite
graph if V(G) can be partitioned into k& nonempty subsets Vi, V5, ..., V. such that
no edge of GG joins vertices in the same set. The sets Vi, V5, ..., V. are called the
partite sets of G. If G is a k-partite graph having partite sets V;, Vs, ..., Vi such
that every vertex of V; is joined to every vertex of Vj, where 1 <14 < j <mn, then

G is called a complete k-partite graph. If |V;| = p;, for i = 1,2, ..., k, then we



denote G by K, o- Further, for 1 <4 <k, if |V;| = m, we denote K, ,, .,
by Kjmi. If G is a k-partite (complete k-partite) graph where k = 2, then G is

15025+

called bipartite (respectively, complete bipartite). A complete bipartite graph
which the cardinality of at least one of partitioned vertex set equals to one is called
a star, denoted by K;,. K3 is called a claw.

A walk in a graph G is a finite, non-empty alternating sequence W =
vpe1v16s...6,0, of vertices and edges such that for 1 < i < n, the ends of edge ¢;
are v;_; and v;. W is said to be a walk from v, to v,. A path is a walk with
distinct vertices. A cycle is a walk vy, vy, ..., v, in which n > 3, vy = v,, and the n
vertices vy, vy, ..., v, are distinct. A path that contains every vertex of G is called
a hamiltonian path of G; similarly, a hamiltonian cycle of G is a cycle that
contains every vertex of G. A graph is hamiltonian if it contains a hamiltonian
cycle. Two vertices u and v of G are connected if there is a path from v to v.
A graph G is connected if every pair of vertices of GG are connected otherwise G
is disconnected. A maximal connected subgraph of GG is called a component of
G. We denote the number of components (odd components) of graph G by ¢(G)
(respectively, co(G)).

A graph that can be drawn in the plane without any of its edges intersect-
ing is called a planar graph.

The distance between two vertices u, v, denoted by d(u,v), is the length
of a shortest (u,v)-path in G. The diameter of G, denoted by diam(G), is the
maximum distance between two vertices of G.

A vertex v of G is called a cutvertex if the number of components of
G — v is more than the number of components of G. A set S C V(G) is called a
vertex cutset if the number of components of G — S is more than the number of
components of G. The connectivity x(G) of a graph G is the minimum number
of vertices whose deletion from G produces a disconnected or trivial graph. The
edge-connectivity A\(G) of a graph G is the minimum cardinality of a set E of
edges of G such that G — F is disconnected.

For M C E(G), M is a matching in G if no two edges of M have common
end vertex. A perfect matching of a graph G is a matching covering all vertices
in G. A near-perfect matching of a graph G is a matching covering all but one
vertex in G. A graph G is k-factor-critical if for any set S C V(G) with |S| = k,
the graph G — S contains a perfect matching. Note that if G is k-factor-critical,
then |V(G)| = k(mod2). For more specifically, we say that G is factor-critical if



k =1 and G is bicritical if k£ = 2.

A graph G is said to be defect k-factor-critical if for any set S C V(G)
with |S| = k, the graph G — S contains a near-perfect matching. Note that if G
is defect k-factor-critical, then |V(G)| = (k + 1)(mod2).

A subset D of V(G) is said to dominate G if every vertex of G either
belongs to D or is adjacent to a vertex of D. Such a set D is called a dominating
set for G. The smallest cardinality of a dominating set for G is the domination
number of G, denoted by v(G).

A subset S of V(@) is said to be an independent set if no two vertices in
S are adjacent and the independence number «(G) is the maximum cardinality
of an independent set. A dominating set D of G is called an independent dom-
inating set if D is independent and the independent domination number
denoted by i(G) is the smallest cardinality of an independent dominating set for
G.

A graph G is said to be k-edge-critical if v(G) = k, but v(G + ¢e) < k for
each edge e ¢ E(G).

Let G be a 3-edge-critical graph and let u and v be a pair of non-adjacent
vertices of G. Then (G + uv) = 2. It is easy to see that exactly one of {u,v} be-
longs to a dominating set for G+ wuwv. Then there exists a vertex w € V(G) —{u, v}
such that either {u,w} or {v, w} is a dominating set for G +wuv. Clearly, if {u, w}
is a dominating set for G' 4+ wv, then {u,w} dominates G — v. In this case, we
write [u, w] — v. Similarly, if {v,w} is a dominating set for G + uv, then {v,w}
dominates G — u. In this case, we write [v, w] — u.

A graph G is said to be k-edge-i-critical if i(G) = k, but i(G +e) < k for
each edge e ¢ E(G).

Let G be a 3-edge-i-critical graph and let u and v be a pair of non-adjacent
vertices of G. Then (G + uv) = 2. It is easy to see that exactly one of {u,v}
belongs to an independent dominating set for G+ uv. Then there exists a vertex
w € V(G)—{u,v} such that either {u,w} or {v, w} is an independent dominating
set for G 4+ wv. In either case, {u, v, w} is an independent set. Clearly, if {u, w} is
an independent dominating set for G' + wwv, then {u, w} dominates G — v. In this
case, we write [u, w]T v. Similarly, if {v, w} is an independent dominating set for
G + uv, then {v,w} dominates G — u. In this case, we write [v, w]T u. Further-
more, there is a natural orientation induced on the edges of G, the complement of

G. If wv € E(G) and there exists w € V(G) such that [u, w]T v, we orient u to v



and if there exists w € V(G) such that [v, w]T u, we orient v to u. In particular,
we allow both (u,v) and (v,u) to be arcs in the orientation of G.

In what follows, our graphs are simple and finite.

Our next chapter provides some basic background and preliminaries con-

cerning our work. The main results are in Chapter 3 and Chapter 4.



Chapter 2

Literature Reviews

In this chapter we provide some background and results related to our
work. The first section concerns results on a perfect matching and k-factor-critical
graphs. Results on k-edge-critical graphs and k-edge-i-critical graphs are given in

Section 2.2 and Section 2.3, respectively.

2.1 A perfect matching and k-factor-critical graphs

The most well known and usuful result on a perfect matching provided by
Tutte.

Theorem 2.1.1. (Tutte’s Theorem)(see Page 76 in [5]) A nontrivial graph G has
a perfect matching if and only if, for every proper subset S of V(G), the number
of odd components of G — S does not exceed |S]|.

This result was also known as Tutte’s theorem on a perfect matching.

The concept of k-factor-critical graphs was introduced by Favaron [8]. In
8], she gave several properties of k-factor-critical graphs. We state some of them

which we used in establishing our results.

Theorem 2.1.2. [8/ A graph G is k-factor-critical if and only if co(G — S) <
|S| =k, for every S CV(G) and |S| > k.

In addition, she also established the following results.

Theorem 2.1.3. [§] For k > 2, any k-factor-critical graph of order n > k is
(k — 2)-factor-critical.



Theorem 2.1.4. [8] Every k-factor-critical graph of order n > k is k-connected

and this result s sharp.

Theorem 2.1.5. [§] For k > 1, every k-factor-critical graph G of order n > k is
(k + 1)-edge-connected.

2.2 k-edge-critical graphs

The concept of k-edge-critical graphs was first introduced in 1983 by Sum-
ner and Blitch [13]. In [13], the notation [u,w] — v introduced in Chapter 1 was
first used and they provided the following lemma for n > 4. The case n = 2 and
n = 3 were proved by Flandrin etc. in [10].

Lemma 2.2.1. [13,10] Let G be a 3-edge-critical graph and let S be an independent
set of n > 2 wvertices in V(QG).
(a) Then the vertices of S can be ordered as ay,as, ..., a, in such a way that there
exists a sequence of distinct vertices xy1,Zg,...,Tp_1 so that [a;,x;] — a1 for
1=1,2,...,n—1.
(b) If, in addition, n > 4, then the z;’s can be chosen so that x1,xs,...,x, is a
path and S N {xy, 29, ..., Tn_1} = .

This lemma becomes a very usuful tool in establishing other results on 3-
edge-critical graphs.

Sumner and Blitch [13] also gave a characterization of 2-edge-critical graphs
and disconnected 3-edge-critical graphs. They proved that:
Theorem 2.2.2. G is 2-edge-critical if and only if G = Ui, K1, wheren > 1.

Theorem 2.2.3. If G is 3-edge-critical and is not connected, then G is the disjoint

union of a 2-edge-critical graph and a complete graph.

Further, they established some properties of connected 3-edge-critical graphs

as follow.

Theorem 2.2.4. [153] Let G be a connected 3-edge-critical graph. Then if S is a

vertex cutset in G, then G — S has at most |S| + 1 components.
Theorem 2.2.5. [13] The diameter of 3-edge-critical graph is at most 3.

Most results on k-edge-critical graphs concern the case k = 3. Besides the
properies established by Sumner and Blitch, there are results related to hamilto-

nian paths and hamiltonian cycles. Wojcicka [17] showed that:



Theorem 2.2.6. [17] Every connected 3-edge-critical graph on more than six ver-

tices has a hamiltonian path.

Moreover, she conjectured in [17] that every connected 3-edge-critical graph
with §(G) > 2 has a hamiltonian cycle.

Xue and Chen [18] first attempted to prove this conjecture. They estab-
lished the following theorem.

Theorem 2.2.7. [18] If G is a connected 3-edge-critical graph with §(G) = 1,
then G — A has a hamiltonian cycle, where A ={v € V(G)|d(v) = 1}.

Hanson [11] also tried to solve this problem in sence of closure operator.

Theorem 2.2.8. [11] Let v be a vertex with d(v) > 3 in a 2-connected 3-edge-
critical graph G and let a and b be the non-adjacent vertices of G such that [a, b] —

v. Then G + ab has a hamiltonian cycle if and only if G has a hamiltonian cycle.

In addiion, there were several researchers (see [7,9,10,14]) who attempted to
solve Wojcicka’s conjecture which finally was proved as we can see in the following

theorem.

Theorem 2.2.9. [7] Let G be a connected 3-edge-critical graph with 6(G) > 2. If
a(G) = k(G) + 1, then G has a hamiltonian cycle.

Theorem 2.2.10. [7] Let G be a connected 3-edge-critical graph with §(G) > 2.
If a(G) = k(G) + 2, then G has a hamiltonian cycle.

Theorem 2.2.11. [9] If G is a connected 3-edge-critical graph, then a(G) <
(G) + 2.

Theorem 2.2.12. [9] Let G be a connected 3-edge-critical graph with §(G) > 2.
If a(G) < 0(G) + 1,then G has a hamiltonian cycle.

Theorem 2.2.13. [14] Let G be a connected 3-edge-critical graph with 6(G) > 2.
If a(G) < 6(G) + 2,then G has a hamiltonian cycle.

One of interesting properties on 3-edge-critical graphs is an existence of a

perfect matching proved by Sumner and Blitch [13].

Theorem 2.2.14. [13] If G is a connected 3-edge-critical graph of even order,
then G has a perfect matching.



Note that this result is a consequence of Theorem 2.2.4 and 2.1.1.

Related to an existence of a perfect matching is an being k-factor-critical.
Most results provide sufficient conditions for 3-edge-critical graphs to be k-factor-
critical for small k, see [2,3]. One of the usuful tools in establishing these results

is the following result proved by Ananchuen and Plummer [1].

Theorem 2.2.15. [1] Let G be a connected 3-edge-critical graph and let S be a
vertex cutset in G. Then

(a) if |S| >4, G—S has at most |S| — 1 components,

(b) if |S| = 3, then G — S contains at most |S| components, and if G — S has
exactly three components, then each component is complete and at least one is a
singleton,

(c) if |S| =2, then G — S has at most three components and if G — S has exactly
three components, then G must have the structure shown below in Figure 1,

(d) if |S| =1, then G — S has two components, exactly one of which is a single-
ton. Furthermore, G has exactly one or two cutvertices and if it has two, G is

isomorphic to a graph of the type shown in Figure 1.

K

Figure 1: A connected 3-edge-critical graph containing exactly two cutvertices.



Note that the above result is an extension of Theorem 2.2.4.

Ananchuen and Plummer [2,3] proved the following theorems.

Theorem 2.2.16. [2] Let G be a 3-edge-critical 2-connected graph having odd

order. Then G is factor-critical.

Theorem 2.2.17. [2] If G is a 3-edge-critical 3-connected graph with minimum

degree at least 4 and having even order, then G is bicritical.

Theorem 2.2.18. [2] Let G be a 3-edge-critical 2-connected claw-free graph of
even order. Then if §(G) > 3, G is bicritical.

Theorem 2.2.19. [3] Let G be a 3-edge-critical 3-connected claw-free graph of
odd order. Then if 6(G) > 4, G is 3-factor-critical.

2.3 k-edge-i-critical graphs

In 1994, Ao [4] introduced the concept of k-edge-i-critical graphs. He/She
gave a characterization of 2-edge-i-critical graphs. He/She also provided a char-
acterization of disconneced 3-edge-i-critical graphs and some structural properties

of connected 3-edge-i-critical graphs as following:

Theorem 2.3.1. A graph G is 2-edge-i-critical if and only if G = Uiy Ki,

where n > 1.

Theorem 2.3.2. if G is 3-edge-i-critical, then G has at most 3 components. Fur-
thermore,

(a) if G has exactly 3 components, then G = K,, U2K; for some n > 1;

(b) if G has ezactly 2 components, then either G = Ky U H, where H is 2-edge-i-
critical or G = K, U Ky, 2, where n > 1 and m > 2.

Theorem 2.3.3. [}/ Let G be a connected 3-edge-i-critical graph. If S is a vertex
cutset in G, then G — S has at most |S| + 1 components.

Theorem 2.3.4. [4] The diameter of a connected 3-edge-i-critical graph is at most
3.

Moreover, he/she also studied the hamiltonian properties of k-edge-i-critical

graphs.
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Theorem 2.3.5. [}] If G is connected 3-edge-i-critical graph with |V (G)| > 6,
then G has a hamiltonian path.

Theorem 2.3.6. [}/ If G is 2-connected and 3-edge-i-critical, then G is hamilto-

nian.

We conclude this chapter by pointing out that the concept of defect k-
factor-critical graphs has not yet been studied. In fact, it is first introduced in
this thesis. Further, the concept of k-factor-critical graphs was studied only in
3-edge-critical graphs. There are no results on k-factor-critical in 3-edge-i-critical
graphs. We provide the investigation of defect k-factor-critical graphs in Chapter
3. Chapter 4 contains sufficient conditions for 3-edge-i-critical graphs to be k-

factor-critical for £ = 1 and 2.



Chapter 3

Defect k-factor-critical in domination

critical graphs

In this chapter, we present some properties of defect k-factor-critical graphs.
In addition, we provide some sufficient conditions of 3-edge-critical graphs and 3-

edge-i-critical graphs to be defect k-factor-critical for small £.

3.1 Fundamental results on defect k-factor-critical

It is the purpose of this section to give some basic properties of defect

k-factor-critical graphs. We begin with the following lemma.

Lemma 3.1.1. A graph G has a near-perfect matching if and only if co (G — S) <
|S|+ 1 for every S C V (G).

Proof. Suppose that G has a near-perfect matching. Form a new graph G’ from G
by adding a new vertex x and joining = to every vertex of G. By our assumption
G’ has a perfect matching. Let S C V (G) and put §' = S U {z}. By Theorem
2.1.1, ¢o (G' = §") < |S'|. Hence, ¢o (G —S) =co (G —5") < |5 =|5]+ 1.

We now suppose to the contrary that G has no near-perfect matching. Form
a new graph G’ from G by adding a new vertex x and joining x to every vertex of
G. Then G’ does not contain a perfect matching. So, by Theorem 2.1.1, there is a
set S in G’ such that ¢y (G' — S") > |S’'| + 1. Since x is adjacent to every vertex of
G.reS. PutS=5—{x}. Thuscy(G—95)=c (G —=5)>|5+1=|5]|+2,
a contradiction. Hence, G has a near-perfect matching. This completes the proof
of our lemma.

]

11
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Theorem 3.1.2. Let k be a non-negative integer and let G be a graph with
|V (G)| = (k+1)(mod2). Then G is defect k-factor-critical if and only if co (G — S)
<|S| =k +1 for every S CV (G) such that |S| > k.

Proof. Suppose G is a defect k-factor-critical graph. Let S C V (G) such that
|S| > k. Let T C S with [T| = k. Put & =S —T and V' = V(G) — T.
Let G = G[V']. Then ¢y (G —S5) = ¢ (G'—5"). By our definition, G’ has
a near-perfect matching. Hence, by Lemma 3.1.1, ¢o(G' — S") < |S'| + 1. So
co(G—=8)=co(G'=95") < |5+ 1=|S|] —k+1 as required.

We now establish the sufficient condition. Let S C V' (G) such that |S| = k.
Suppose to the contrary that G — S has no near-perfect matching. By Lemma
3.1.1, there exists S C V(G — 5) such that ¢o((G — 5) —S5’") > |5'| +2. Then
co(G—(SUS)) >1|5+2=|SUS'| =k + 2, contradicting our assumption. So
GG — S contains a near-perfect matching. This completes the proof of our theorem.

O

Lemma 3.1.3. For k > 2, a defect k-factor-critical graph of order n > k + 3 is
defect (k — 2)-factor-critical.

Proof. Let G be a defect k-factor-critical graph of order n > k+3. Let S C V (G)
such that |S| = k — 2. Then [V (G—S)| =n— (k—2) > 5. Since G is defect
k-factor-critical , G — (S U {z,y}) has a near-perfect matching for every pair of
vertices z,y € V (G — 5). Hence, G — S contains an edge since |V (G — 95)| >
5 and G — (SU{z,y}) has a near-perfect matching for z,y € V(G —S). Let
ab e E(G—S). Since G — (S U {a,b}) has a near-perfect matching, say F, then
F U {ab} is a near-perfect matching of G — S. This completes the proof of our
lemma.

]

Lemma 3.1.4. If a graph G is defect k-factor-critical, then G=Y is defect (k — p)-
factor-critical for every integer p with 0 < p < k, p = (k + 1)(mod2) and every
set' Y of p vertices of G.

Proof. Let G be a defect k-factor-critical graph. Let Y C V (G) such that |Y| =p
where 0 < p < k. Pt SCV(G-Y) with |S|]=k—p. Then X =Y US is a
set of k vertices of G. Since G is defect k-factor-critical, G — X = (G—-Y) - S
has a near-perfect matching. Hence, G — Y is defect (k — p)-factor-critical. This
completes the proof of our lemma.

O]
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Our next result provides a property of defect 2-factor-critical graphs having

a cutvertex.

Theorem 3.1.5. Let G be a connected defect 2-factor-critical graph and let v be
a cutvertex of G.

(1) If H is an even component of G — v, H has a perfect matching.

(2) If H is an odd component of G — v, H has a near-perfect matching.

(3) If G — v has an odd component, ¢(G —v) = co(G —v) = 2.

Proof. (1) Suppose that H has no perfect matching. Then by Theorem 2.1.1, there
isaset S C V(H) such that ¢o(H—S) > |S|+1. Note that S # ¢. Let S" = SU{v}.
Then ¢o(G—S") = co(H—S) 4+ co(G—v) > |S|4+ 14 co(G—v) = |5+ co(G —v).
It follows that |S'| + co(G —v) < ¢o(G — 5') < |S’'| — 1 by Theorem 3.1.2, a con-

tradiction. Hence, H has a prefect matching.

(2) Suppose that H has no near-perfect matching. Then by Lemma 3.1.1,
there is a set S C V(H) such that ¢o(H — S) > |S| + 2. Note that S # ¢. Let
S" = SU{v}. Then ¢o(G—25") = co(H—S)+co(G—v)—1 > |S[+2+¢(G—v)—1 =
|S|4+1+co(G—v) = |S'|4+¢co(G—v). Tt follows that |S"|+co(G—v) < co(G—95") <
|S’] = 1 by Theorem 3.1.2, a contradiction. Thus H has a near-prefect matching.

(3) Suppose G — v has an odd component.

Claim 1: G — v has no even component.

Suppose this is not the case. Let C' be an even component of G — v. Since
|[V(G)| is odd, ¢o(G — v) is even. Let Hi, Hy be two odd components of G — v.
Choose a € V(C). Then Hy, Hy together with C' — a are odd components of
G — {a,v}. But this contradicts Theorem 3.1.2. Hence, G — v has no even com-

ponent.

We next show that ¢(G —v) = 2. Suppose that ¢(G —v) > 3. Since |V (G)|

is odd, ¢(G —v) = ¢o(G —v) is even by Claim 1. Since ¢(G —v) > 3, ¢o(G —v) > 4.

Let Hy, Hy, H3 be odd components of G — v. Choose a € V(H;). Then Hy and

Hj are odd components of G —{a,v}. But this contradicts Theorem 3.1.2. Hence,
¢(G —v) =2 and so by Claim 1 we have ¢o(G —v) = 2.

[
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Let G and H be disjoint graphs and let uw € V(G) and v € V(H). The
coalescense of G and H with respect to v and v is the graph G -, H defined to

have the vertex set
V(G w H) = (V(G) = {u}) U (V(H) — {v}) U{w},
where w ¢ V(G) UV (H), and edge set
E(G-wH)=EG—-u)UE(H —v)U{wz|uxr € E(G) or ve € E(H)}.

Informally, G -, H is the graph obtained from G U H by identifying v and v. If
the context is clear, or if the vertices v and v are not important, we write G - H
instead of G -, H.

We define Gy -Gy - ... -G tobe (G- Ga ... - Gyq) - Gy

For1 <i<n+1,let G; = K3 and let V(G;) = {u;, v, w;}. Let G = Gyyuy -
Gugus " Gugus * - - - Gupungr - Gng1- Figure 2 illustrates our graph G. It is easy to see
that G is defect 2-factor-critical with the vertex cutset {wjug, woug, ..., Wyty11}.

Hence, the size of vertex cutset of defect 2-factor-critical graph is unbounded.

U1 U2 Un41

(51 w1U2 waU3 WnUn+1 Wn+1

Figure 2: A defect 2-factor-critical graph with a cut vertex.

3.2 3-edge-critical graphs and defect k-factor-critical

In this section, we show that connected 3-edge-critical graphs having even
order are defect 1-factor-critical. Further, we also provide some sufficient condi-
tions of connected 3-edge-critical graphs to be defect k-factor-critical for 2 < k <
4.

Theorem 3.2.1. Let G be a connected 3-edge-critical graph. If G has even order,
then G 1is defect 1-factor-critical.
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Proof. Let x € V (G). Suppose that G —z has no near-perfect matching. Then, by
Lemma 3.1.1, there is a set S C V' (G — x) such that ¢o((G—{z})—S5) > |S|+2 =
|SU{z}| + 1. Since |[V(G)]) is even, by parity, co (G — (SU{z})) > [SU{z}|+2
which contradicts Theorem 2.2.4. Hence, G — x has a near-perfect matching.

O

Theorem 3.2.2. Let G be a connected 3-edge-critical graph of odd order. If
d(G) > 2, then G s defect 2-factor-critical.

Proof. Let S C V (G) such that |S| > 2. By Theorem 3.1.2, it suffices to show
that ¢o(G — S) < |S|— 1. By Theorem 2.2.15.(a), ¢o(G —S) < ¢(G—-S5) < |S]—1
if |S| > 4. So we only need to consider 2 < |S| < 3.

Case 1: |S| = 3.

Then G — S contains at most |S| components, by Theorem 2.2.15.(b). Then
co (G—=8) <|S]. Ifeg (G —S) =S|, then |V (G)| is even, a contradiction. Hence,
co (G —S) <|S| -1, as required.

Case 2: |S]| =2.

Suppose to the contrary that c¢o (G — S) > 2. By Theorem 2.24, G — S
contains at most |S| +1 = 2+ 1 = 3 components. Then either ¢y (G — 5) = 2
or ¢g(G—298)=3. Ilf ¢g(G—95)=2=|5|, then |V (G)| is even, a contradiction.
Hence ¢y (G —S) = 3. By Theorem 2.2.15.(c), G has the structure shown in
Figure 2.1. Thus §(G) = 1, a contradiction. Hence, ¢y (G —S) < 1. In fact,
co(G — 8) = 1 since |V(G)| is odd. Therefore, co(G — 5) < |S| — 1 as required.
This completes the proof of case 2 and thus our theorem.

[

Figure 3: A 3-edge-critical graph of odd order with §(G) = 1 which is not defcet

2-factor-critical.
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The bound on the minimum degree stated in the hypotheses of Theorem
3.2.2 is best possible since there is a 3-edge-critical graph with minimum degree 1
and having odd order, but is not defect 2-factor-critical. Such a graph G is shown

in Figure 3. Note that G — {a, b} has no near-perfect matching.

Theorem 3.2.3. Let G be a connected 3-edge-critical graph of even order. If
0 (G) >4, then G is defect 3-factor-critical.

Proof. Let S C V (G) such that |[S| > 3. By Theorem 3.1.2, it suffices to show that
co(G—S5) < |S|—3+1 = |S|—2. Suppose to the contrary that ¢y (G — S) > |S|—1.
If |[S| > 4, then ¢o(G — S) = ¢(G — S) = |S| — 1 by Theorem 2.2.15.(a). But then
|[V(G)| is odd, a contradiction. Hence, |S| < 3. It follows that |S| = 3 and
co(G—S) =2or ¢(G—S) =3 by Theorem 2.2.15.(b) . If ¢o (G —S5) = 2,
then |V (G)] is odd, a contradiction. Thus ¢y (G — 5) = 3. Let C}, Cy, C5 be the
odd components of G — S. Then, by Theorem 2.2.15.(b), at least one of them
is singleton. Without loss of generality, we may assume that V (C}) = {x;}.
Since |S| = 3,d(x1) < 3, a contradiction. Hence, ¢y (G —S) < |S| — 2 for every
S C V(G) with |S| > 3. So, by Theorem 3.1.2, G is defect 3-factor-critical, as
required. This completes the proof of our theorem.

]

a

v

Figure 4: A 3-edge-critical graph of even order with §(G) = 3 which is not defcet

3-factor-critical.

The bound on the minimum degree stated in the hypotheses of Theorem
3.2.3 is best possible since there is a 3-edge-critical graph with minimum degree 3
having even order which is not defect 3-factor-critical. Such a graph G is shown

in Figure 4. Note that G — {a, b, ¢} has no near-perfect matching.
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The following theorem shows that the minimum degree in the hypotheses

of Theorem 3.2.3 can be decreased by 1 when the assumption claw-free is added.

Theorem 3.2.4. Let G be a connected claw-free 3-edge-critical graph of even
order. If 6 (G) > 3, then G is defect 3-factor-critical.

Proof. Suppose that G is not defect 3-factor-critical. Then, by Theorem 3.1.2,
there is a set S C V(@) such that [S| > 3 and ¢o(G —S) > |S| —3+2=|5]| — L.
By Theorem 2.2.15.(a), if |S| > 4 then G — S has at most |S| — 1 components and
so ¢o(G — §) = |S| — 1 which implies that |V (G)| is odd, a contradiction. Hence,
|S| = 3. Thus ¢o(G — S) < |S| by Theorem 2.2.15.(b). Therefore, 2 = |S| — 1 <
co(G—95) <|S] =3. If cg(G—S) =2 then |V(G)| is odd, a contradiction. Hence,
co(G—S)=3.

Let Cy,C5, C3 be the odd components of G — S. For 1 < ¢ < 3, choose
w; € V(C;). Clearly W = {wy, ws, w3} in an independent set. By Lemma 2.2.1.(a),
the vertices in W may be ordered as uy,us,us in such a way that there exists a
sequence of distinct vertices xy, x9 such that |u;, z;] — u;4q for i = 1,2, Without
loss of generality, we may renumber the components of G — S in such a way that
u; € V(C;) for 1 < ¢ < 3. Since |S| = 3 and G — S contains exactly three
odd components, it follows that each component is complete and at least one
component is singleton by Theorem 2.2.15.(b).

Suppose that |[V(C1)| = 1. Then V(Cy) = {u1}. So u; is adjacent to every
vertex in S because §(G) > 3. Since [uy,x1] — ug, 1 € V(C3) U S. Suppose
that ;1 € V(C3). Then V(Cy) = {ua}. Thus uy is adjacent to every vertex in
S because 6(G) > 3. Since G is connected, there is a vertex v € V(C3) such
that v is adjacent to some vertex in S. Hence, there is a claw, a contradiction.
Thus x; € S and so x; dominates (V(C2) U V(C3)) — {ua}. Since d(uz) > 3 and
ruy ¢ E(G), it follows that [V (Cy)| > 3. Hence, there is a claw centered at z,
again a contradiction. Therefore |[V(Cy)| > 3. By similar arguments, |V(Cy)| > 3.
Thus |V(C3)| = 1. Then V(C5) = {ug}. Thus us is adjacent to every vertex in
S because §(G) > 3. Since [uy, x1] — ug and |V(Cy)| > 3, it follows that z; € S
and so x; dominates (V(Cy) U {us}) — {us}. Because [ug, 5] — ug, x5 ¢ S. So
x9 € V(C}) and x9 dominates V(Cy). Further, z129 € E(G) because x1us ¢ E(G).
Hence, there is a claw centered at x1, a contradiction. This completes the proof
of our theorem.

[
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Theorem 3.2.5. Let GG be a connected claw-free 3-edge-critical graph of odd order.
If 6 (G) > 4, then G is defect 4-factor-critical.

Proof. Suppose that G is not defect 4-factor-critical. Then, by Theorem 3.1.2,
there is a set S C V(@) such that [S| > 4 and ¢o(G — S) > |S| —4+2 =S| — 2.
By Theorem 2.2.15.(a), co(G—S) < |S|—1. Hence, [S]|—2 < ¢o(G—-S) <|S|-1. If
co(G—=2S5) = |S|—2, then |[V(G)] is even, a contradiction. Thus ¢o(G—S) = |S]|—1.
Suppose that |S| = n where n > 4 and let C, Cy, ..., C,,—1 be odd components of
G —S. For 1 <i<n-—1, choose w; € V(C;). Clearly, W = {wy,ws, ..., w, 1} is

an independent set.

Case 1: n > 5.

By Lemma 2.2.1.(b), the vertices in W may be ordered as a, as, ..., a,—1 in
such a way that there exists a path xyz5...2, o in G — W such that [a;, ;] — a;41
for 1 <i < n — 2. Without loss of generality, we may renumber the components
of G — S in such a way that a; € V (C;) for 1 <7 <n—1. Since for 1 <i <n-—1,
a; does not dominate vertices in C; for ¢ # j, it follows that x; must belong to S.
Hence, |S — {z1, 29, ..., xp_2}| = 2. Let {w, 2z} =85 — {x1,29,....,2p2}. Il n >6
then G[{x1, a3, a4,as}] is a claw centered at z1, a contradiction. Hence n = 5.

Since [a1, 1] — a2, x; dominates (V(Cy) U V(C3) U V(Cy)) — {az}. Be-
cause G is claw-free, V(Cy) = {as}. Hence, asxs,asrs, asw,asz € E(G) be-
cause 6(G) > 4. By similar arguments, V(C3) = {as} and V(Cy) = {a4} since
la;, x;] — a;41 for 1 < ¢ < 3. Furthermore, wasz € E(G) and way € E(G). But

then G[{w, as, as,as}] is a claw centered at w, a contradiction.

Case 2: n =4.

By Lemma 2.2.1.(a), the vertices in W may be ordered as ay, as, ag in such a
way that there exists a sequence of distinct vertices 1, x9 such that [a;, x;] — a;1q
for 1 <i < 2. Clearly, z;a;11 ¢ E(G). Without loss of generality, we may renum-
ber the components of G — S in such a way that a; € V (C;) for 1 < < 3.

Claim 1: |[V(C;)| > 3 for 1 <i < 3.

Suppose to the contrary that there is 1 < ¢ < 3 such that |V(C;)| = 1.
Suppose that i = 1. Then a,; is adjacent to every vertex in S. Since [a1, z1] — as,
x1 € V(C3) U S. Suppose that 1 € V(C3). Then V(Cy) = {as}. Thus ay is

adjacent to every vertex in S because 0(G) > 4. Since G is connected, there is a
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vertex v € V(Cj5) such that v is adjacent to some vertex in S. So there is a claw,
a contradiction. Hence, x; € S. Therefore x; dominates (V(Cy) UV (C3)) — {az}.
Since 0(G) > 4, |V(Cy)| > 3. Thus there is a claw centered at x;, a contradiction.
Hence, i # 1. By similar arguments, i # 2. Hence, i = 3 and thus V(C3) = {as}.
Then as is adjacent to every vertex in S because 6(G) > 4. Since [ay, z1] — as and
[V (Cy)| > 3, it follows that x; € S and so z; dominates (V(Cs) U {as}) — {az}.
Because [ag, x2] — a3, xo ¢ S. So x5 € V(C}) and x5 dominates V(C}). Further,
r1xy € E(G) because z1ay ¢ E(G). Hence, there is a claw centered at z, a

contradiction. This proves our claim .

By Claim 1 and the fact that for 1 < i < 2, [a;,2;] — a;41, it follows
that x; must belong to S. Further, z; dominates (V(Cs) U V(C3)) — {a2}. Be-
cause GG is claw-free, x; is not adjacent to any vertex of V(Ci). In addition,
G[V(Cy) — {as}] and G[V(C3)] are complete. Since [ag, x9] — a3, x2 dominates
(V(Cy) UV (C5)) — {as}. Thus z5 is not adjacent to any vertex of V(Cy) and
G[V(C})] is complete because G is claw-free.

We now consider G + ajas. Since y(G + ajaz) = 2, there is u € V(G) —
{a1, az} such that either [ay,u] — asz or [as,u] — a;. Clearly, in either case, u € S
and u dominates V' (Csy). Hence, u ¢ {x1, x2}.

Subcase 2.1: [a;,u] — as.

Hence, u € {w, z}. Without loss of generality, we may assume that u = w.
Then [a1, w] — a3. Thus w dominates (V(C2) UV (C5) U {x1}) — {as}. Since G
is claw-free, w is not adjacent to any vertex of V(Cy). Let a} € V(C3) — {as}.
We next consider G + asal. Since v(G + aqay) = 2, there is y € V(G) — {az, a4}
such that either [as,y| — af or [a},y] — as. In either case y € S. Suppose that
las,y] — aj. Since xiaf, xoal, way € E(G), y ¢ {x1,x2,w}. Hence, y = z. Then
lag, z] — afy which implies that z dominates (V(C)UV (Cs)U{x1, zo})—{as}. Thus
{w, z} dominates G, a contradiction. Therefore [a},y] — ay. Since way € E(G),
y # w. Because {aj, 1} does not dominate V' (C1), y # x;. Since {aj, x5} does not
dominate V' (Cs) — {as}, y # xo. Thus y = 2. Hence, [a}, 2] — a2 which implies
that z dominates (V(Cy) UV(Cy)) — {az}. Since G is claw-free, z is not adjacent
to any vertex of V(C3). We now consider G + aya}. Since v(G + a1a}) = 2, there
is v € V(G) — {a1, a4} such that either [a;,v] — af or [a},v] — a1. In either case

v € S. Suppose that [a;,v] — af. Since zya}, zoa}, waly € E(G), v & {x1,x2, w}.
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Because {ay, z} does not dominate V' (C5), v # z. Hence, v ¢ S, a contradiction.
Thus [a}, v] — ay. Since x9aq, za; € E(G), v ¢ {x9, z}. Because {a},x;} does not
dominate V(Cy) — {a1}, v # 1. Furthermore, v # w because {a}, w} does not

dominate V(C}). Hence, v ¢ S, again a contradiction.

Subcase 2.2: [a3, 2] — a;.
By similar arguments as in the proof of Subcase 2.1, we get a contradiction.

]

3.3 3-edge-i-critical graphs and defect k-factor-critical

In this section, we focus on the study of 3-edge-i-critical graphs. We es-
tablish some properties of connected 3-edge-i-critical graphs and show that some
properties in [1] for connected 3-edge-critical graphs are also true for connected
3-edge-i-critical graphs. After that, we concentrate on sufficient conditions of con-
nected 3-edge-i-critical graphs to be defect k-factor-critical for 1 < k& < 4. We
begin with an infintely family of 3-edge-i-critical graphs Jj ,, », as follow.

For positive integers k,n; and ng, define a graph Jj,, ,, of order 2k +
ny + ng + 2 as follows. Put V(Jipm,) = UUY UW U {a,b} where U =
{uy, ug, ..., ug, v1,va, ..., v }. The edges of Jy ,, n, are defined as follows. Jy ,, n,[U] =
{ww; | i # 7}, Ty Y UW] = K, 1n,. Further, join each vertex of Y U {a, b} to
every vertex of U. Figure 5 illustrates our construction. It is not difficult to show

that Ji pn, n, is 3-edge-i-critical graph.

ol U 0%

‘Ul ‘UQ

Jk,n1 —+no :

Km +ng2

Figure 5: A graph Jj », n,-
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Lemma 3.3.1. Let G be a connected 3-edge-i-critical graph and let uw and v be
non-adjacent vertices of G. If x is a vertex of G such that [u, x}T v or [v,x]7 u

then {u,v,z} is independent.

Proof. Assume that [u, z]— v. Suppose that zv € F (G). Then u and x dominate
G, contradicting the assumption that i (G) = 3. Similarly, if [v, x]T u then zu ¢
E (G). This completes the proof of our lemma.

[

Lemma 3.3.2. Let G be a connected 3-edge-i-critical graph and let S be an inde-
pendent set of n > 3 wvertices in V(G). Then the vertices of S can be ordered as
a1, as, ..., ay N such a way that there exist distinct vertices xy1,xs...,x,_1 so that
[ai,xi]7ai+1 fori=1,2,...,n—1. If {a1,aq,...,a,} N{x1, 29, ..., 21} = @, then
zjxj1 € E(G) for1 <j<mn-—2.
Proof. The result was proved by Ao [4] for n > 4. So we only consider n = 3.
Since S is independent in G, G [S] is a complete graph. By canonical orientation,
we have a tournament G [S]. Since every tournament has a Hamiltonian path, we
may label vertices in S as aq, as, ag such that for each ¢+ = 1,2 | there is an arc
a;a;4, in G. Hence, for each i = 1,2, there is 2; € V(G) such that [a;, :L‘i]7 Uiyl
Thus zia3 € E(G) but zaa3 ¢ E(G). So x; # w9, as required. We now may
assume that {a,as, a3} N {x1, 22} = ¢. Since [ag,x2]7 az and agry ¢ E(G), it
follows that 129 € E(G). This completes the proof of our lemma.

m

Remark:

1. If n > 4 in Lemma 3.3.2; then it is not difficult to show that {ay,as,...,a,} N
{1, 29, ...,2,_1} = ¢. Consequently, z125...7,_1 is a path.

2. If n = 3, then {ay, as, as} N {1, 22} need not be empty. Consider a graph .J; 1 o

in Figure 6. By our construction, J ; 2 is 3-edge-i-critical graph.

aq a9 a

Figure 6: A graph J; 1.
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Clearly, if [a, 1‘1]7 as and [as, :@]7 as, then x; = a3 and x5 € {a; }U{u,v}. Thus
T1T9 ¢ E(G)

Lemma 3.3.3. If G is a connected 3-edge-i-critical graph of even order, then G

has a perfect matching.

Proof. Suppose that G does not contain a perfect matching. By Theorem 2.1.1,
thereis aset S C V(@) such that c¢o(G—S) > |S|. Since |V (G)|is even, ¢o(G—S) >
|S| + 2 which contradicts Theorem 2.3.3. Hence, G has a perfect matching.

O

The following two results provide the number of components of 3-edge-i-

critical graphs having vertex cutset of size at least three.

Theorem 3.3.4. Let G be a connected 3-edge-i-critical graph and let S be a vertex
cutset in G. If |S| > 4, then G — S has at most |S| — 1 components.

Proof. Suppose G — S contains n > |S| components. Let Cy, Cy, ..., C}, be compo-
nents of G—S. For 1 <i <mn, choose a; € C;. Then I = {ay,as, ..., a,} is an inde-
pendent set. By Lemma 3.3.2, the vertices in I may be ordered as uq, us, ..., u, in
such a way that there exist distinct vertices x1, s, ..., £, such that [u;, xi]T Ujsq
for i« = 1,2,...,n — 1. Without loss of generality, we may renumber the com-
ponents of G — S in such a way that u; € V (C;) for ¢ = 1,...,n. Note that, for
1 <i<n—1,{u;x; w1} isindependent. Sincen >4, x; € Sfori =1,2,...,n—1
and so |S| > n — 1. Thus n — 1 < |S| < n. Suppose that |S| = n — 1. Consider
G + uytp—q. Since i(G + uju,—1) = 2, there is v € V(G) — {uy, u,—1} such that
[ul,v]7 Up_1 OT [un_l,v]7 uy. In either case v € S and {uy,u,_1,v} is indepen-
dent. Since uyz; € E(G) for 2 < i <n—1, v # z; for 2 < i < n— 1. Further,
v # x1 because u,_1x1 € E(G). Therefore v ¢ S a contradiction. Hence, |S| = n.

Since [Uz',l’z‘]—; u;11 and [ is independent, it follows that x; is adjacent
to every vertex of (Ji_, V (C;) — (V(Ci) U {uipa}) for i = 1,2,..,n — 1. Let
{y} =85 —{x1, 29, .., tpn 1}

We now consider G + uju,. Since i (G + uju,) = 2, there is z € V (G) —
{uy,u,} such that [uy, Z]T Up, OT [y, 2]7 uy. In either case, z € S and {uy, up, 2}
is independent. Further, 2 dominates (J;_, V/(C;) — (V(C1) U V(C,)). Since
riu; ¢ E(GQ) for 2 < i <n-—1, 2z ¢ {x2,23,...,x,-1}. Because ziu,, € E(G),
z # x1. Thus z = y.
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Case 1: [ul,y]T U,

Then y dominates (J;_, V/(Cj) — {un}. Since vz, ¢ E(G), yr1 € E(G).
Now consider G + u,u,—o. Since i (G + upu,—2) = 2, there is w € V (G) —
{tn, up_o} such that [un,w]7 Up_o OT [un,2,w]7 u,. In either case, w € S and
{tn—2,un, w} is independent. Further, w dominates |Jj_, V(Cj) — (V(Cp2) U
V(Cy,)). Thus w ¢ {x1,...,24_3,2n_1,y}. It follows that w = z, 5. But this

contradicts Lemma 3.3.1 since x,,_su, € E(G). Hence, Case 1 cannot occur.

Case 2: [un,y]7 uy.

Then y dominates U;:ll V(C;) — {u1}. Since upu,—1 ¢ E(G), yu,—1 €
E(G). Now consider G + uju,_;. Since i (G 4+ uju,—1) = 2, there is w €
V(G) —{u1,un—1} such that [uy, w]T Up—1 O [Up_1, w]T uy. In either case w € S
and {uy,u,—1,w} is independent. Further, w dominates (J;_, V/(Cj) — (V(C1) U
V(Cpn-1)). Thus w ¢ {xa,...,x, o} since z;u; ¢ E(G) for 2 <i < n — 2. Because
T1Up_1, Tp_1U1, YUp—1 € E(G), w ¢ {x1,2,-1,y}. Hence, w ¢ S, a contradiction.
So Case 2 cannot occur either. This completes the proof of our theorem.

]

Theorem 3.3.5. Let G be a connected 3-edge-i-critical graph and let S be a vertex
cutset in G. If |S| = 3, then G — S contains at most 3 components, and if G — S

has exactly 3 components, then at least one component is singleton.

Proof. For 1 < i < n, let H; denote the component of G — S. Suppose to the
contrary that n > |S| 4+ 1 = 4. By Theorem 2.3.3, n = 4. For 1 < i < 4, choose
w; € V(H;). Clearly, W = {wy, ws,ws,ws} is an independent set. By Lemma
3.3.2, the vertices in W may be ordered as aq, as, as, as in such a way that there
exist distinct vertices xi, z9, x3 such that [a;, xi]—i» a1 for 1 <4 < 3. Note that
xz; € S for 1 < ¢ < 3 because G — S has 4 components. Further, z; # z; for
1 <i+#j5<3. Thus {z,29,23} = S.

We now consider G + ajaz. Since i(G + ajaz) = 2, there exists a vertex
y € V(G) —{a1,as} such that either [a1,y]— as or [ag,y]— a1. Clearly, in cither
case, y € S. Further, since {ay, as, as, a4} is independent, y is adjacent to ay and
as. Then y # x; and y # x5 because x1ay ¢ E(G) and xsay ¢ E(G). Further,
y # xg since x3ay ¢ F(G). Thus y ¢ S, a contradiction. Hence G — S contains at
most three components as required.

We now suppose that G — S contains exactly three components. That is,

n = 3. Suppose by a way of contradiction that each component of G — S has at
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least two vertices. For 1 < ¢ < 3, choose w; € V (H;). Clearly, W = {wy, ws, w3}
is an independent set. By Lemma 3.3.2, the vertices in W may be ordered as
ai,as,as in such a way that there exists a path z;25 such that [%‘;%‘]7 a;yq for
1 = 1,2. Without loss of generality, we may renumber the components of G — S
in such a way that a; € V (H;) for ¢ = 1,2,3. Since each component of G — S
has at least two vertices, x; and x5 must belong to S. Clearly, x; # 5. Let
{w} =S —{x1,22}. Choose a} € V (Hy) —{a1} and a} € V (H3) — {as}.
Consider G + aaj. Since i (G + ajay) = 2, there exists a vertex z €
V (G) —{d}, a} such that [da], z]T ay or [aj, z]7 a}. Clearly, in either case z € S
and {da},a}, 2z} is independent. Further, z dominates V(Hsy). Then z ¢ {x, 22}

since zyag, x2a9 ¢ E(G). Thus z = w.

Case 1: [a), w]- dj.

Clearly, w dominates (V(Hs) UV (H3)) — {a4}. Now consider G + d/as.
Since i (G + dja3) = 2, there is a vertex z; € G — {a, az} such that [a], 21]—7 as
or [a3,21]7 ay. In either case z; € S and {da), z1,a3} is independent. Further,
z; dominates V(Hy). Since zjag,x0a0 ¢ E(G), z1 ¢ {x1,25}. It then follows
that z; = w. But this contradicts Lemma 3.3.1 since w dominates V (Hs) — {a}}.

Hence, Case 1 cannot occur.

Case 2: [a}, z]— a].
1
By similar arguments as in the proof of Case 1, Case 2 cannot occur. This

completes the proof of our theorem.

]

The following lemma shows that 3-edge-i-critical graphs having odd order

have a near-perfect matching.

Lemma 3.3.6. Let G be a connected 3-edge-i-critical graph. If |V (G)| is odd,

then G contains a near-perfect matching.

Proof. Suppose that G does not contain a near-perfect matching. By Lemma 3.1.1,
there is a set S C V(G) such that ¢o(G—S) > |S|+2. But this contradics Theorem
2.3.3. Thus G contains a near-perfect matching, as required. This completes the

proof of our lemma.

]
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Theorem 3.3.7. Let G be a connected 3-edge-i-critical graph. If G has even order,
then G is defect 1-factor-critical.

Proof. By similar arguments as in the proof of Theorem 3.2.1 together with the
fact if [z, y]7 z, then {x,y, z} is independent, our theorem follows.
O

Recall that Jj , », is the graph defined in figure 5.

Theorem 3.3.8. Let G' # Ji , n, where ni+ny > 3 be a connected 3-edge-i-critical
graph of odd order. If § (G) > 2, then G is defect 2-factor-critical.

Proof. Suppose that G is not defect 2-factor-critical. By Theorem 3.1.2; there is a
set S C V(@) such that |[S| > 2 and ¢,(G—S) > |S|—2+2 = |S|. It follows by The-
orem 3.3.4 that 2 < |S| < 3. So, by Theorem 3.3.5, if |S| = 3 then G — S contains
at most 3 components and thus ¢o(G — S) = 3 = |S| which implies that |V(G)] is
even, a contradiction. Therefore, |S| = 2. Thus 2 = |S| < ¢o(G—=5) < |S|+1=3
by Theorem 2.3.3. If ¢o(G — S) = 2 = |S], then |V(G)]| is even, a contradiction.
So ¢o(G — S) = 3. Let Cy,Cy,C5 be odd components of G — S. For 1 < i < 3,
choose w; € V(C;). Clearly, W = {wy, ws, w3} is an independent set. By Lemma
3.3.2, the vertices in W may be ordered as ay, as, as in such a way that there exist
distinct vertices xq, xo such that [a;, a:i]7 a;1q for ¢+ = 1,2. Without loss of gener-
ality, we may renumber the components of G — S in such a way that a; € V (C})
for i = 1,2,3. By Lemma 3.3.1, {a;, z;,a,41} is independent for i = 1,2. Put
S =A{zy}.

Claim 1: [V(Cy)| > 3.

Suppose to the contrary that |V (C7)| = 1. Then a; is adjacent to every ver-
tex in S because 6(G) > 2. Since [al,x1]7 as, 1 € V(C3). Hence, V(Cy) = {as}.
Thus as is adjacent to every vertex in S because 6(G) > 2. Since [aQ,xQ]—i—» as,
x9 = ay. Therefore V(C3) = {as} and so as is adjacent to every vertex in S. It

follows that i(G) < 3, a contradiction. This proves claim 1.

Claim 2: If |[V(Cy)| = 1, then G = Jy 4, n,-

Suppose that [V (Cy)| = 1. Then ay is adjacent to every vertex in S be-
cause 6(G) = 2. Since [az, 23] a3, 2 € V(C1) and so V(C3) = {as}. Hence, a3
is adjacent to every vertex in S.

We next show that G[V(C})] is complete. Suppose to the contrary that
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there are u,v € V(C}) such that uv ¢ E(G). We now consider G + uay. Since
i(G + uay) = 2, there is a € V(G) — {u,as} such that [u,a]7 as or [aQ,a]? u.
By Lemma 3.3.1, {u, as, a} is independent. Further, in either case, a ¢ S because
asx,ay € E(G). If [u,a]7 as, then a = ag but {u, a3} cannot dominate v, a
contradiction. Hence, [as, a]T u . Then a # a3 because {ay, a3z} cannot dominate
V(Ch). So a € V(Cy). But then {a,a} cannot dominate a3, again a contradic-
tion. Therefore G|V (C1)] is complete, as required.

Note that there is at least one vertex z € V(C}) such that zz, zy ¢ E(G)
otherwise i(G) < 2. Consider G + zz. Since i(G + xz) = 2, there is w €
V(G) — {x, 2z} such that [x,w]—i—»z or [z,w]T x. In either case, w = y and so
xy ¢ E(G).

We next show that N¢, (z) = N, (y). Let b € V(C}) such that bx € E(G).
Suppose that by ¢ E(G). Then {b,y} dominates G and so i(G) = 2, a contra-
diction. Hence, by € E(G). Therefore N¢,(z) C N¢,(y). By similar arguments,
Ne, (y) € Ng, (z). Hence, N¢, () = N¢, (y) as required. Because G is connected,
Ne, (x) = N¢y (y) # ¢. Further, V(Cy) — N¢, (x) # ¢, since i(G) = 3.

Therefore G = Jy ,, n, Where ny = |Ng, (2)], na = |V(C1)| — | N¢, (z)|. This

completes the proof of claim 2.

Claim 3: |V(C3)| > 3.

Suppose to the contrary that |V(C3)| = 1. Then ag is adjacent to every
vertex in S because 0(G) > 2. Since [aQ,xQ]T as, ro € V(CY). Since [al,x1]7 as,
x1 € SU{asz}. If 21 = as, then V(Cy) = {az} and thus by Claim 2, G = Jy ,, n,,
a contradiction. Hence, z; € S. Without loss of generality, we may assume that
x1 = z. Then x dominates V(Cs) — {az}. Since asx ¢ E(G) and 6(G) > 2, it
follows that |V (Cy)| > 3. Choose a}, € V(Cy) — {as}. We now consider G + xodh.
Since i(G + x2a)) = 2, there is w € V(G) — {xq,a,} such that [xz,w]7 ay or
[ag,w]—f xo. In either case, w € S. Further, w # x because za), € E(G). Hence,
w = y. Suppose first that [xz,y]7 ay. Then y dominates V(Cy) — {a)}. Choose
ay € V(Cy) — {ag,ady}. Consider G + x9a3. Since i(G + xoal)) = 2, there is
z € V(G) —{x,al} such that [z, 2]7 ay or [ay, 2]7 To. In either case, z € S and
{z2, z,a3} is independent by Lemma 3.3.1. Since ajy € E(G), z # y. Further,
z # x because xaj € E(G). Thus z ¢ S, a contradiction. Therefore [a’Q,y]7 Tg.
Then y dominates V(C}) — {x2}. Consider G + a1a). Since i(G + ayah) = 2, there

is a € V(G) — {ay,ady} such that [al,a]T ay or [a’Q,a]—i—» aj. In either case, a € S
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and {ai,a,al} is independent by Lemma 3.3.1. Since y dominates V(C}) — {x2},
yay € E(G). Thus a # y. Further, a # = because za), € E(G). Hence, a ¢ S,

again a contradiction. This completes the proof of claim 3.

By Claims 1- 3, |V(C;)| > 3 for 1 < i < 3. From the fact that for 1 < <2,
[ai,xi]—; a;41, it follows that z; must belong to S. Note that xja; ¢ E(G) and
x9ay ¢ E(G). Consider G + ajaz. Then there is z € V(G) — {a1,a3} such
that [al,z]—i—» az or [as, z]—; ay. In either case, z dominates V(Cy) and {ay,as, 2}
is independent by Lemma 3.3.1. Consequently, z ¢ S. But z must dominate
(V(C)UV(Cy)) —{ar} or (V(Cy) UV(C3)) — {as} which is not possible. Hence,
G is defect 2-factor-critical as required. This completes the proof of our theorem.

O

Theorem 3.3.9. Let G be a connected 3-edge-i-critical graph of even order. If
d(G) >4, then G is defect 3-factor-critical.

Proof. By similar arguments as in the proof of Theorem 3.2.3 together with the
fact if [z, y]T z then {z,y, z} is independent, our theorem follows.
O

Theorem 3.3.10. Let G be a connected 3-edge-i-critical graph of odd order. If
d (G) > 5, then G is defect 4-factor-critical.

Proof. Let S C V (G) such that |S| = n > 4. Suppose to the contrary that
co (G —8) > |S|—2. Since |S| > 4, by Theorem 3.3.4, G — S has at most |S| — 1
components. Thus ¢o (G —S) =S| —1orc(G—S5)=|S|—2 Ifc¢(G-S5)=
|S| —2, then |V (G)]| is even, a contradiction. So, ¢o (G —S) =|S|—1=n—1and
G — S has no even components. Let Cy,Cs, ..., C,,_1 be the odd components of
G — S. For each 1 <i <n—1, choose u; € V (C;). Then I = {uy,ug, ..., up_1} is
independent. By Lemma 3.3.2, the vertices in I may be ordered as ay, as, ..., a,_1
in such a way that there exists a sequence of distinct vertices x1, s, ..., T,,_o such
that [a;, Ii]7 a1 fori=1,2,...,n—2. Without loss of generality, we may renum-

ber the components of G — S in such a way that a; € V (C;) for i =1,2,...,n — 2.

Case 1: n > 5.
Clearly, z; must belong to S. Hence, |S — {z1,22,...,2, 2} = 2. Let
{w,z} = S — {1, 29, ...,2,_2}. Consider G + aya,_1. Since i (G + a1a,_1) = 2,

there is © € V (G) — {a1, a1} such that [a,, x]—? Ap_1 OT [ay_1, x]T a;. In either
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case x € S and {ay, a, 1,2} is independent. Since ajxs, a123, ..., a1, 2,0, 121 €
E(G), v ¢ {x1,29,...,2p—2}. Thus x € {w, z}. Without loss of generality we may

assume that z = w. Then either [a;, w]— a,_1 or [a, 1, w]— a;.
7 7

Subcase 1.1: [al,w]7 Up_1.

Thus w dominates (V (C2) UV (Cs5) U ... UV (Chq) UA{z1}) — {an_1}-
Now consider G + aja,—». Then there exists y € V (G) — {a1,a,—2} such that
[a1,y]—7 (p_o OT [an_z,y]—7 ar. Note that {ai,a,—2,y} is independent. Since
A1T2, Q1L ooy Q1 Tp—2, Ap—2T1, Gpow € E(G), y & {x1,29,..., 2,2, w} and so y =

zZ.

Subcase 1.1.1: [al,z]T Up—2.

Then z dominates (V (Cy) UV (C5) U ... UV (Chy) U{zy,w}) — {an_2}.
We first suppose that n > 6. Let consider G + aja,,_3. Then there is u € S
such that [al,u]—i—» Ap_3 OT [an,g,u]T a; and {a1,a,_3,u} is independent. Since
A1 T2, A1 T3, ..., A1 Ty, Qp_3T1, Gp_3W, Gp_32 € E(G), u ¢ S, a contradiction. Hence,
n = 5. Since 0(G) > 5, a1z1, ayw, a1z ¢ E(G) and asxq, asxs, a3z ¢ E(G), it fol-
lows that there are ) € V (Cy) and a} € V (Cs) such that aya}, azaly € E(G). We
now consider G'+-ajag. Then there exists z € V(G) —{aj, a3} such that [a}, x]— a3
or [aj, x]T a}. Note that {a}, z,a}} is independent and in either case x € S. Since

alxq, d\x3, ayry, dyw, alz € E(G), x ¢ S, a contradiction.

Subcase 1.1.2: [an_2,2]7 ai.

Then z dominates (V (C)UV (Cy)U..UV (Cp,_3)UV (Cp_1)U{xp_3, Tp_2})—
{a1}. We first suppose that n > 6. Let consider G + asa, 5. Then there
exists u € S such that [ag,u]T Gy OT [an,g,u]T as and {as,a, o,u} is inde-
pendent. Since asxsz, asTy, ..., ATy 2, AW, A2, Ay_2T1,0n_oTs € E(G), u & S,
a contradiction. Hence, n = 5. Since 0(G) > 5, ayz1,aqw, a1z ¢ FE(G) and
asxs, azrs, a3z ¢ E(G), it follows that there are @} € V (C}) and aj € V (C5)
such that aja),azay € E(G). We now consider G + ajaj. Then there exists
z € V(G) —{a},as} such that [a’1,33]7 ay or [ag,x]7 a}. Note that {a},z,a}} is
independent and in either case x € S. Since a)xs,a)xs,d)z, a5z, a5w € E(G),

x ¢ S, a contradiction.

Subcase 1.2: [an,l,w]—i—» a.
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By similar arguments as in the proof of subcase 1.1, we get a contradiction.

Hence, Case 1 cannot occur either.
Case 2: n =4.

Since 0(G) > 5, |[V(Cy)| > 3 for all 1 < i < 3. From the fact that
for 1 < i < 3, [ai,xi]7 aiy1, it follows that x; must belong to S. Hence,
|S — {x1,22}| = 2. Let {w,z} = S — {z1,22}. Consider G + aja3. Since
i (G + ajaz) = 2, thereis z € V (G) — {a1, az} such that [a,, :1:]7 asz Or [a3,$]7 aj.
In either case z € S and {aj,as,x} is independent. Since ajzq,azz; € F(G),
x ¢ {x1,25}. Thus € {w,z}. Without loss of generality we may assume that
x = w. Then either [al,w]T as or [a3,w]7 a; and {ai, a3, w} is independent.

Since |V(Cy)| > 3, let a, € V(Cs) — {az}.

Subcase 2.1: [a;, w]— as.

Then w dominates (V (C2) UV (C5) U {x1}) — {as}. We now consider
G+aidy. Since i (G + aray) = 2, thereis y € V (G)—{ay, ay} such that [ay, y]— d}
or [al, y]7 ay. In either case y € S. Since a9, a4z, abw € E(G),y & {x1, x2, w}.
So y = z. Hence, either [al,z]—f ay or [G/Q’Z]T a; and {ay,d), z} is independent.
Note that in either case z dominates V' (C5). Let ay € V(C5) — {as}. We next con-
sider G + ahay. Since i (G + ahal) = 2, there exists u € V (G) — {a}, a4} such that
a, u]7 ajy or [a}, u]7 ay. In either case u € S. Since abxy, ahw, ayz, asxs € F(G),

u ¢ S, a contradiction.

Subcase 2.2: [a3, w]— a;.
7
By similar arguments as in the proof of Subcase 2.1, we get a contradiction.
Hence, Case 2 cannot occur.

]

The bound on the minimum degree stated in the hypotheses of Theorem
3.3.10 is best possible since there is a 3-edge-i-critical graph with minimum degree
4 having odd order which is not defect 4-factor-critical. Such a graph G is shown
in Figure 7. Note that G — {a, b, ¢, d} has no near-perfect matching.
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d

Figure 7: A 3-edge-i-critical graph of odd order with 0(G) = 4 which is not defcet

4-factor-critical.



Chapter 4

k-factor-critical in independent

domination critical graphs

In this chapter, we establish sufficient conditions for 3-edge-i-critical graphs

to be factor-critical and bicritical.

Theorem 4.1. Let G be a 2-connected 3-edge-i-critical graph having odd order.

Then G is factor-critical.

Proof. The proof follows by Theorem 2.3.6.
O

The next theorem is a well-known result on a planar graph. Before stating

this theorem, we need a new definition.

A subdivision of a graph G is a graph obtained by inserting vertices (of
degree 2) into the edges of G.

Theorem 4.2. (Kuratowski’s Theorem)(see Page 254 in [6]) A graph is planar if

and only if it contains no subgraph that is isomorphic to or is a subdivision of K

or K373.
We are now ready to state our next result.

Theorem 4.3. Let G be a 3-connected 3-edge-i-critical graph of even order. Then
G s bicritical if either 6(G) > 4 or G is planar.

31
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Proof. Suppose to the contrary that GG is not bicritical. By Theorem 2.1.2; there
exists S C V(G) where |S| > 2 and ¢o(G —S) > |S| —2. By Lemma 3.3.3 together
with the fact that G is of even order, ¢o(G —S) = |S|. This implies that |S| < 3 by
Theorem 3.3.4. Then, by the hypothesis that G is 3-connected, |S| = 3 and thus
S is a minimum vertex cutset. It follows that each vertex of S is joined to a vertex
in each component of G — 5. Consequently, G contains a subdivision of K33 and
a vertex of degree 3 by Theorem 3.3.5. But this contradicts our hypotheses and
completes the proof of our theorem.

[

A

Figure 8: A 3-edge-i-critical graph of even order with 6(G) = 3 which is not bi-

critical.

Note that the bound on the minimum degree stated in the hypotheses of
Theorem 4.3. is best possible since there is a 3-edge-i-critical graph with minimum
degree 3 having even order but is not bicritical. The graph G shown in Figure 8

is one of such graphs. Observe that G — {a, b} has no perfect matching.

Recall that a graph is claw-free if it contains no induced subgraph iso-
morphic to Kj3. Our next result shows that we can decrease the demand on

connectivity in Theorem 4.3 if 3-edge-i-critical graphs of even order are claw-free.

Theorem 4.4. Let G be a 2-connected 3-edge-i-critical claw-free graph of even
order. If §(G) > 3, then G is bicritical.

Proof. Suppose that G is not bicritical. Then, by applying similar arguments as
in the proof of Theorem 4.3, there exists S C V(G) where ¢o(G — 5) = |S] and
S| < 3. Since G is 2-connected, 2 < [S| < 3. Let Cy,Cs, ..., Cg be the odd
components of G — S.

Suppose that |S| = 3. Then, by Theorem 3.3.5, at least one component of
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(G— S is a singleton and G — S has no even components. Without loss of generality,
we may assume that [V(C})| = 1 and that V(C}) = {x¢}. Since §(G) > 3, xg
is adjacent to every vertex of S. Since GG is 2-connected, there are at least two
vertices of S which are adjacent to vertices of Cy. Similarly, there are at least two
vertices of S which are adjacent to vertices of C5. Because |S| = 3, there must
be a vertex of S, u say, such that u is adjacent to some vertex of Cy and to some
vertex of C5. Thus w is a claw center in G, a contradiction. Hence, |S| = 2.

Let S = {u,v}. If G — S contains an even component, H say, then
c¢(G — S) = 3. Since G is 2-connected, each vertex of {u,v} is adjacent to some
vertex of every component C7,Cy and H. Thus u is a claw center in G, again
a contradiction. Therefore, G — S has no even components. So G — S contains
exactly two odd components. Note that |V(C;)| > 3 for 1 < ¢ < 2 since 6(G) > 3.
For simplicity, we denote Ng(z) NV (C;) by N¢,(z).

Claim 1: For each = € S, G[N¢,(x)] is complete for 1 < i < 2.

Suppose to the contrary that there are a,b € N¢,(x) such that ab ¢ E(G)
for some 1 <7 < 2. Since G is 2-connected, there is ¢ € C; for 1 < j # 7 < 2 such
that zc € E(G). Hence, G[{z,a,b,c}] is a claw centered at x, a contradiction.

This proves our claim.

Claim 2: Suppose there is a vertex x € V(C;) where 1 < i < 2 and 2 dominates
V(C;) U {u,v}. Then for each y € V(C;) where 1 < i # j < 2 there is a vertex
z € V(C}) — Ng(y) such that [z, z]7y. Further, z dominates V(C;) — {y}.

Consider G + zy. Since i(G + zy) = 2, there exists a vertex zp € V(G) —
{z,y} such that [y, zo]?x or [x,zo]7y. In either case, {z,y, 20} is indepen-
dent. We first suppose that [y,zo]—i—»x. Then zp ¢ V(C;) U {u,v}. Thus 2z, €
V(C;). But then no vertex of {y, 2o} dominates V(C;) —{z}, a contradiction since
[V(Ci)| = 3. Hence, [z, %]—y. Consequently, zo dominates V(C;) — {y} and
29 € V(C}) — Ng(y). This proves our claim.

Claim 3: There is no vertex z € V(C;), 1 < i < 2 such that x dominates
V(C;) U{u,v}.

Suppose to the contrary that there is a vertex = € V(C;) such that = dom-
inates V(C;) U {u, v} for some 1 < i < 2. Let yo € V(C;) where 1 < i # j < 2.
Consider G + zyy. By Claim 2, there is a vertex 2y € V(C;) — Ng(yo) such that
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2o dominates V' (C;) — {yo}. We next consider G + zzp. Then, by Claim 2, there
is a vertex z, € V(C;) — Ng(20) such that z{ dominates V(C;) — {20}. Hence,
2, = yo since V(C;) — {yo} € Ng(20). Since |V(C;)| > 3 is odd, there is a vertex
y1 € V(C;) —{yo, 20}. By Claim 2, there is a vertex z; € V(C;) — Ng(y1) such
that z; dominates V(C;) — {y1}. Clearly, z1 ¢ {vo,20}. Again by Claim 2, there
is a vertex 2 € V(C;) — Ng(#1) such that 2{ dominates V(C;) — {z}. By similar
arguments as above, z; = y;. Continuing in this manner, we can get a sequence
of distinct vertices yo, 20,1, 21, ... such that y, dominates V(C;) — {2,} and z,
dominates V(C;) — {y,} where r > 0. But this contradicts the fact that [V (C})|

is odd. This proves our claim.

Let A =V(G) — ({u,v} U Ng(u) U Ng(v)). Our next claim follows imme-
diately from Claims 1 and 3.

Claim 4: If ANV(C;) = ¢ where 1 < i < 2, then Ng¢,(u) N Ng,(v) = ¢.

Claim 5: If ANV(C;) = ¢ where 1 <14 < 2, then no vertex of {u,v} dominates
V(Ci).

This claim follows by Claims 1 and 4 and the fact that N¢,(u) # ¢ and
Ne,(v) # ¢.

Note that, by Theorem 2.3.4, either ANV (C}) = ¢ or ANV(Cy) = ¢. We
may assume without loss of generality that ANV (C)) = ¢. Then the following

claim follows by Claims 4 and 5.
Claim 6: N¢, (u) N N¢, (v) = ¢ and no vertex of {u, v} dominates V(C}).
We now distinguish two cases according to AN V(Cy).

Case 1: ANV(Cy) = ¢.

Then, by Claims 4 and 5, N¢,(u) N Ne,(v) = ¢ and no vertex of {u, v}
dominates V(Cy). Further, uv € E(G) otherwise i(G) = 2. Since |V (C1)| > 3,
we may assume that |Neg, (v)] > 2. Choose a € N¢,(v). Then au ¢ E(G). We
now consider G' + au. Since i(G + au) = 2, there is b € V(G) such that [u, b]7a
or [a,b]—;u. Note that {a,b,u} is independent. If [u, b]Ta, then b € V(Cy) be-
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cause N¢,(v) # ¢ and so u dominates V(Cy) — {a}, contradicting the fact that
|Ne, (v)| > 2. Thus |a, b]Tu which implies that b € N¢,(v) and bu ¢ E(G). But
then G[{v,u,a,b}| is a claw centered at v, a contradiction. Hence, Case 1 cannot

occur.

Case 2: ANV(Cy) # ¢.
Let w € ANV(Cy). Consider G + ww. Since i(G + uw) = 2, there is
z € V(G) — {u,w} such that [w,z]Tu or [u,z]Tw. In either case, {u,w,z} is

independent.

Subcase 2.1: [w, z]—u.

Then z dominates V(C}) since w € V(Cy). Thus z € V(Cy) U {v}. By
Claim 6, z # v and thus z € V(Cy). Since wv ¢ E(G), zv € E(G). Choose
a € V(Cy) such that au € E(G). We now consider G + az. Since i(G + az) = 2,
there is z € V(G) — {a, z} such that [a, x]—i—»z or [z, x]—;a. In either case, {a, z, x}
is independent. We first assume that [a, :1:]72 Then = dominates V(C}) and thus
x € V(Cy) U{u}. Since au € E(G), x # u. Hence, x € V(C}). Since z dominates
V(Ch), zx € E(G), contradicting the fact that {a, z,z} is independent. There-
fore, [z,x]—i>a. Thus = dominates V(Cy) — {a} and ax ¢ E(G). Clearly, x # v
since zv € FE(G). Hence, x € V(Cy). Since zu ¢ E(G), zu € E(G). Therefore,
a,z € Ng,(u) and ax ¢ E(G). This contradicts Claim 1. Hence, Subcase 2.1

cannot occur.

Subcase 2.2: [u, z]—w.
It follows by Claim 6 that z ¢ V(Cy). Then z € V(C;) U {v}.

Subcase 2.2.1: z € V().

Then, zu ¢ E(G) and u dominates V' (Cy) — {w}. Consequently, A = {w}.
Choose a € V(Cy) such that av € E(G). Thus a € Ng(u) N Ng(v). We now
consider G'+az. Since i(G +az) = 2, there is b € V(G) — {a, 2} such that [z,0]—a
or [a, b]7z. In either case, {a, z, b} is independent. We first suppose that [z, b]7a.
Then b dominates V(Cy) —{a} and thus b € V(Cs). Since zu ¢ E(G), bu € E(Q).
So a,b € N¢,(u) and ab ¢ E(G), contradicting Claim 1. Hence, [a,b]7z. Then
b dominates V(C}) — {z}. Thus b € V(C}) since a € N¢,(u) N Ng,(v). Hence,
a dominates V' (Cy) U {u,v}. But this contradicts Claim 3. Hence, Subcase 2.2.1
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cannot occur.

Subcase 2.2.2: 2 € {v}.

Then [u, v]—w. Thus uv ¢ E(G). Furthermore, A = {w}. By Claim 6,
Ne, (u) N Ney (v) = ¢. We now consider G + uv. Since i(G + uv) = 2, there is
y € V(G) — {u,v} such that [u, y]TU or [v,y]Tu. Without loss of generality,
we may assume that [u,y]7v. Then {u,v,y} is independent. Thus y = w and
SO [u,w]—;v. Hence, u dominates V(C). But this contradicts Claim 6. Hence,
Subcase 2.2.2 cannot occur and thus Subcase 2.2 cannot occur. This completes

the proof of our theorem.
m

Let Gy be a complete bipartite graph K33 with bipartitioning sets {a, b, ¢}
and {z,y,z}. Then let G be a graph obtained from G by replacing the vertex z
with a complete graph K,, where n > 2 is odd and joining each vertex of {a, b, c}

to every vertex of K,,. Figure 9 illustrates the graph G.

Figure 9: A 3-edge-i-critical K 4-free graph of even order which is not bicritical.

It is not difficult to see that G is 3-edge-i-critical. Note that G is not bi-
critical since G — {a, b} has no perfect matching. Hence, the hypothesis that G is

claw-free in Theorem 4.4 cannot be relaxed.
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