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Chapter 1

Introduction and Literature Review

The classical Banach spaces [, (1 < p < 0o0) have played an important role
for a century in many branches of mathematics such as functional analysis, matrix
analysis, operator theory, and operator algebras. Currently, “theory of sequence
spaces”is a branch of mathematics which has been widely studied. There have
been a lot of research works on this area dealing with generalizing the classical
sequence spaces l,. The most natural generalization is the following sequence
space defined over any Banach space X:

lp(X) = {{xk}i"zl CX: ) llul” < OO}-

k=1

Some geometric properties, sequential convergence, duality and reflexivity of these
spaces were studied by I. E. Leonard in [9] since 1976. Another sequence space
which also generalizes the spaces [, naturally, but with a condition weaker than
the one above, is the following:

L[ X] = {{xk},cfl CX: io:|f(:vk)|p < oo forall f e X*}.

k=1

The study on these sequence spaces has been contributed by many people (see [1],
[5], [16] for references).

If o7 is a commutative C*-algebra with identity, then by Gelfand-Naimark’s
theorem, there exists a compact Hausdorff space X such that 7 is isometrically *-
isomorphic to C(X), the C*- algebra of complex-valued functions on X. In 2004,
L. Livshits, S.-C. Ong, and S.-W. Wang defined in [11] sequence spaces over a
commutative C*-algebra &/ =* C'(X) by a way analogous to the Hilbert space lo
as follows:

5(C(X)) = {{fk}iil COX): {Zlfzf} is bounded in C(X)};

I5(C()) = {{fk}z; C O(X): {ZW} converges in 0<X>}.



In [14], J. Rakbud and P. Chaisuriya extended those sequence spaces to any 1 <
p < oo and studied the duality, preduality, and reflexivity of them. In 2009, S.
Leelahanon and P. Chaisuriya extended in [8] the results of Rakbud and Chaisuriya
mentioned above. They defined two sequence spaces over any C*-algebras &/ with
identity, in particular the non-commutative C*-algebra of bounded linear operators
on Iy, as follows:

() = {{ak}zol Co: {Z\a;ﬁ} is bounded in 427} ;

k=1 n=1

Z(A) = {{ak}z‘)l Co {Z|ak\2} converges in 42%} :

k=1 n=1

where for any a € o7, |a| is the positive square root a*a.

Let 1 < p,q < oco. For any infinite scalar matrix A = [a;;], we say that

A defines a linear operator from [, into I, if for each x = {z;}32, in [, the series
fo%) e}

Zajka:k converges for all j, and the sequence Ax := {Zajkxk belongs to
k=1 k=1 i—1

ly. If A defines a linear operator from [, into l,, we call the opegator x — Ax
the linear operator defined by A. By the uniform boundedness principle, it can
be shown that the linear operator defined by A is bounded. Let B(l,,!,) be the
set of all infinite matrices defining linear operators from [, into l,. For the case
where p = ¢, we denote B(l,, l,) by just B(l,). For any matrix A, we define [[A], ,
to be the norm of the linear operator defined by A if A € B(l,,l,), and to be co
otherwise. It is well known that B(l,, ;) equipped with the norm [|-[|,, , is a Banach
space. In deed, It is exactly the set of matrix representations of all bounded linear
operators from [, into [, with respect to the standard Schauder bases on [, and .
For any matrix A, we call A bounded if A € B(l,,l,) and unbounded otherwise. It
is well known that a matrix A belongs to B(l,,1,) if and only if sup || A4, ], , < oo,

where A, is the matrix whose entries in the upper left n x n—glock are exactly
those of A and all other entries are zeros, and also known that for any matrix A,
1An ., /" IIAll,, A matrix A is said to be compact if the linear operator defined
by A is compact. It is well known that a matrix A is compact as an operator on
Iy if and only if [[A,, — All,, — 0.

The Schur product (also known as the Hardamard product or entry-wise
product) of two scalar matrices A = [aj;] and B = [bj;] of the same size is the
matrix Ae B := [a;;b;]. In [15], Schur proved that B(l3) is a commutative Banach
algebra under the operator norm and the Schur product multiplication. In [2], G.
Bennett extended the result from the study of Schur mentioned above. He proved
that for each 1 < p,q < oo, B(l,,l,) is also a Banach algebra under this simple
multiplication. In [3] P. Chaisuriya and S.-C. Ong studied the class of matrices
over any Banach algebra with identity. In that paper, for a fixed Banach algebra
% with identity and 1 < p,q,7 < oo, the authors defined the class S; (%) of

matrices A = [aj;] over % such that the absolute Schur rth-power Al := [||a;.||"]




defines a linear operator from [, into [,. And they proved that it is a Banach
= [lan,s

p,q,r p,q
and the Schur product which is generalized to this setting via the product in the

Banach algebra #. The authors also gave a nice relationship between the class
B(lp,l4) of all bounded operators and the algebra S2 (C). They found that S? (C)
contains B(l,,[,) as a non-closed ideal.

From the virtue of the absolute Schur algebra S5,(C) that it contains the
set of all bounded linear operators on [l as an ideal, J. Rakbud and S.-C. Ong
defined in [13] some sequence spaces of matrices from S3,(C) (see [13]). The
following are those sequence spaces:

algebra under the the absolute Schur r-norm defined by |[|A]|

O, = {{Ak}zol C 83,(C) : the sequence {ZAE]} is bounded in B(ZQ)} ;

k=1 n=1

n

0. = {{Ak}zol C &3,(C) : the sequence {ZAE} converges in B(lg)} ;
n=1
and

k=1
._ _ w1 2 (0. IS P
O, := {{Ak = [aﬁ } }k:1 C 855(C) : the matrix LZ_; ‘aﬂ- ] is compact} .

The authors proved that 0, & 0. & 0),. They defined a norm on these three

spaces by
n 1/2
)
k=1

and proved that the three sequence spaces equipped with this norm are Banach
spaces. It was noticed that due to the non-closedness of B(ly) in S3,(C), the
restrictions of these sequence spaces to B(lz) are not complete. In addition, the
authors also studied sequential convergence and duality in the three sequence
spaces.

In 2007, the absolute Schur algebras S (C) were generalized in [4] by P.
Chaisuriya, S.-C. Ong and S.-W. Wang to the setting of matrices over a fixed
C*-algebra with identity. The authors defined for each 1 < r,p,q < oo the set
Sy (@) of matrices over a fixed C*-algebra &7 with identity by

£ AR = (Sup

Sz’;q(exz%) = {[aj] : [¢(laj|")] € B(lp,1,) for all state ¢ of <},

where for any a € o7, |a|” is the image of the function f defined on the spectrum
of |a| by f(t) = t", under the function calculus of |a|. They also studied the
completeness under a suitable norm and preduality and duality of the sets S} (&)

In this research we extend some results of J. Rakbud and S.-C. Ong men-
tioned above to the setting of matrices in the absolute Schur algebra S3, () over
a fixed commutative C*-algebra o7 with identity. The following are our objectives.



(1) We first define an appropriate class of matrices over a fixed C*-algebra o/
with identity for playing the role as the Banach space B(ly) in the study of
Rakbud and Ong mentioned above.

(2) We generalize the three sequence spaces 0, 0., and O}, to the setting of
matrices in the the absolute Schur algebra 83 ,(</).

(3) We study some properties of those sequence spaces.



Chapter 2

Theoretical Background

In this chapter, we provide some theoretical background related to the
main results, which are presented in the next chapter. All theorems here are
stated without proofs.

2.1 Topological spaces

Definition 2.1.1. [10] A topology on a set X is a collection 7 of subsets of X
having the following properties:

(i) ¢ and X are in 7.
(ii) The union of the elements of any subcollection of 7 is in 7.
(iii) The intersection of the elements of any finite subcollection of 7 is in 7.

A pair (X, 7) of a non-empty set X and a topology 7 on X is called a topological
space. In the unobscure situation of what topology on X which is being considered,
we may write just X is a topological space. If (X, 7) is a topological space, we say
that a subset U of X is an open set of (X, 7) if U belongs to the collection 7. A
subset A of a topological space (X, 1) is closed if X — A is open. A subset U of a
topology space (X, 7) is called a neighborhood of a point x € X if thereis V € 7
such that x €¢ V C U.

Definition 2.1.2. [10] A relation > on set D is called a partial order relation if
for every «, 3,7 in D, the following conditions hold:

(i) a = a.
(ii) If « = B and B > «, then a = (.
(i) If « > B and 3 = v, then a = 7.

Definition 2.1.3. [10] A directed set D is a set with a partial order > such that
for each pair «, 3 of elements of D, there exists an element v of D having the
property that v > a and v > .



Definition 2.1.4. [10] Let X be a topological space. A net in X is a function
f from a directed set D into X. If « € D, we usually denote f(a) by z,. We
denote the net f itself by the symbol {Z,}aecp, or merely by {z,} if the index set
is understood.

Definition 2.1.5. [10] The net {z,} is said to converge to the point = of X
(written x, — ) if for each neighborhood U of z, there exists o € J such that
xzg € U for all B € D with 8 = a.

Definition 2.1.6. [10] Let X and Y be topological spaces and let f is a function
from X into Y. We say that f is continuous if f~1(U) is open in X for all open
set UinY.

Theorem 2.1.7. [10] Let X and Y be topological spaces; let f: X — Y. Then
the following are equivalent:

(1) f is continuous.

(2) Foreach x € X and each neighborhood V' of f(x), there exists a neighborhood
U of x such that f(U) CV.

(3) For every convergent net {x,} in X converging to x, the net {f(x,)} con-
verges to f(x).

Definition 2.1.8. [7] A topological space X is called a Hausdorff space if for
every two different points = and y in X, there are neighborhoods U and V of x
and y respectively such that UNV =0, 2 ¢ V and y ¢ U.

Definition 2.1.9. [7] A topological space X is called a compact space if every

open cover, a family of {U; : ¢ € I} of open sets of X with X = UU"’ has a finite
icl
subcover.

2.2 Banach spaces

Throughout this thesis, we let C, R, and N to denote the set of all complex
numbers, real numbers, and natural numbers respectively.

Definition 2.2.1. [12] Let X be a vector space over a scalar field K (K =R or C).
A norm on X is a real-valued function ||-|| on X satisfying the following properties:

(i)

(i)

(iii) [laz|] = laf flz[];
)

]l = 0;

[z =0 & = =0;

(iv) lz+y| < |l=| + [yl (Triangle inequality),



where x and y are arbitrary vectors in X and « is any scalar in K. A normed
space is a pair (X, ||-||) of a non-empty set X and a norm |[|-|| on X. It may be
sometimes written just X as a normed space by omitting the norm on X.

Definition 2.2.2. [12] A sequence {z,}>; in a norm space X is said to converge
or to be convergent if there is a point x in X which for any € > 0, there is N € N
such that

|z —x,|| <e forall n>N.

The point x is called the limit of {x,}°2 ; and write lim x,, = x, or simply, z,, — x.

Definition 2.2.3. [12] A sequence {z,}°2; in a norm space X is said to be a

bounded in X if there is a positive real number ¢ such that ||z, || < ¢ for all n € N.

Definition 2.2.4. [12] A sequence {z,}°2; in a norm space X is said to be a
Cauchy sequence in X if for any € > 0, there is N € N such that

|2 — nl| <€

for all m,n > N. A norm space X is said to be a Banach space if it is complete
under the metric d defined by d(z,y) = ||z — y||.

Definition 2.2.5. [12] Let X and Y be vector spaces having the same scalar field.
A function T': X — Y is said to be a linear operator or linear function or linear
transformation if

T(axy + Pxs) = aTxy + [Tz,

for every x1, x5 € X and any scalar a and (3.

Definition 2.2.6. [12] Let X and Y be normed spaces having the same scalar
field. A linear operator T : X — Y is said to be bounded if T'(B) is bounded for
all bounded subset B of X.

Theorem 2.2.7. Let T : X — Y be a linear operator from a normed space X
into a normed space Y. Then the following are equivalent.

(1) T is bounded.
(2) T is continuous.

(3) There is a constant M > 0 such that |Tz|| < M ||z|| for all z € X.

Let B(X,Y) be the set of all bounded linear operators from a normed space
X into a normed space Y.

Definition 2.2.8. [12] Let X and Y be normed spaces. For each 7" in B(X,Y),
the norm or operator norm ||T|| of T is the nonnegative real number sup{||Tz|| :

x € X, |lz|| <1}. The operator norm on B(X,Y") is the map T+ ||T]|.

Corollary 2.2.9. [12] If T is a bounded linear operator from a normed space X
into a normed space Y, then ||Tz| < ||T||||z| for all x in X. Furthermore, the
number ||T|| is the smallest nonnegative real number M such that || Tx| < M ||z|]
forallx € X.



Theorem 2.2.10. If X is a normed space and Y is a Banach spaces, then the set
B(X,Y) equipped with the operator norm is a Banach space.

Theorem 2.2.11. [12] (The Uniform Boundedness Principle) Let F be a nonempty
family of bounded linear operators from a Banach space X into a normed space Y .
If sup{||Tx|| : T € F} is finite for each x in X, then sup{||T|| : T € F} is finite.

Definition 2.2.12. [12] Let X and Y be normed spaces and let 7 : X — Y be a
linear operator. Then a norm on the cartesian product X x Y can be defined as

follows:
1, o)l = /Nl + Iyl

The normed space (X x Y, ||-||) is denoted specifically by X &, Y. The graph of
T denoted by G(T') is the subset of X x Y consisting of all order pairs of the form
(x,Tx) as x varies over X, that is, G(T') = {(z,Tx) : x € X }.

Theorem 2.2.13. [12] Let X and Y be normed spaces and let T : X — Y be a
linear operator.

(1) If X and Y are Banach space, then so is X @, Y.
(2) The graph G(T) is a normed subspace of X @, Y.

(3) The graph G(T) is a closed in X @, Y if and only if whenever we have
Tp — 2 in X and Tz, — y inY, it follows that Tz = y.

Theorem 2.2.14. [12] (The Closed Graph Theorem) Let X and Y be Banach
spaces, and let T : X — Y be a linear operator. Then T is bounded if and only if
its graph s closed in X @y, Y.

Definition 2.2.15. [12] A linear functional f is a linear operator from a normed
space X into the scalar filed K of X, where K is regarded as a normed space under
the usual norm on K.

If X is a normed space, then the set of all bounded linear functionals on
X is denoted by X*. By Theorem 2.2.10, the normed space X* is immediately a
Banach space.

Definition 2.2.16. [12] Let X be a normed space. The weak topology on X is
the smallest topology on X that makes all linear functionals in X™* continuous.

Definition 2.2.17. [12] Let X be a normed space and X the set of all linear
functionals 7 on X* defined for each # € X by Z(p) = p(z) for all p € X*.
The weak™ topology on X™ is the smallest topology on X* which makes all linear
functionals in X continuous.

Theorem 2.2.18. [12| Let X be a Banach space.

(1) A net {z,} converges to a point x in X equipped with the weak topology if
and only if f(xs) — f(x) for all f € X*.



(2) A net {pa} converges to a point p in X* equipped with the weak* topology if
and only if po(x) — p(z) for all x € X.

Definition 2.2.19. [12] Let X and Y be Banach spaces. A linear operator T :

X — Y is compact if T(B) is compact for all bounded subset B of X.
It is clear that every compact operator is necessarily bounded.

Definition 2.2.20. [12] A linear operator 7" from a Banach space X into a Banach
space Y is said to be finite rank if T'(X) is finite dimensional.

Theorem 2.2.21. [12] Every finite rank operator is compact.

2.3 [, spaces

Definition 2.3.1. [12] For 1 < p < oo and sequence {\;}72; of complex numbers,
the p-norm of {\;}%2, is defined by

00 1/p
<Z|/\k|p> if 1 <p< o0,
{AR IR 1l =

k=1
sup{| k] : £ =1,2,3,...} if p=oc.

For each 1 < p < o0, let

by = {{/\k}?:l CC:Y M < 00}

k=1
and
loo = {{)‘k}zozl cC: Sup{|)‘k| k= 1,2,3, } < OO} :
Theorem 2.3.2. [12] (Holder’s inequality) For any 1 < p < oo with % —1—5 =1
and sequences X and 'y of complex numbers, ||xyl|, < |[x][, [lyll, -
In particular, Holder’s inequality is called Cauchy-Schwartz’s inequality if

p = q = 2. From Holder’s inequality, the following Minkowski’s inequality is
obtained.

Theorem 2.3.3. [12] (Minkowski’s inequality) For any 1 < p < co and sequences
x and 'y of complex numbers, ||x +y|, < |x[[, + [lyll, -

Theorem 2.3.4. For any 1 <p < oo, the set |, endowed with the p-norm |||, is
a Banach space.

1 1
For 1 < p < oo with — 4+ — = 1, we define, for each x = {z;}32, € [,, the
p g
function fx : I, — C by

Sxlekis) = Zxkyk for all {yx}iZs € 1,
k=1

By Holder’s inequality, we have the function fy is well-defined.
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1 1
Theorem 2.3.5. [12] Let 1 < p < oo with —+ — = 1. Then l, is isometrically

b q
isomorphic to 1y by the isomorphism defined by x — fx.

The following result is closely related to the dulaity theorem above.

1 1
Theorem 2.3.6. [12] Let 1 < p < oo with 1 = —+—. Then a sequence {x}32, of

p q
complex numbers belongs to l, if and only if {xryi}7, belongs to ly for all {y;}72,
n .

2.4 (*- algebras

Definition 2.4.1. [6] An algebra < over a scalar field K is a vector space .7 over
the scalar field K equipped with a multiplication, a function (z,y) — zy from
o/ x & into &7 having the following properties:

(i) (zy)z = z(y2);

(i) (z+y)z = z2z + yz;

)
(i) z(y + 2) = 2y + zz;
)
(iv) a(zy) = (ar)y = z(ay)

for all x,y,2 € & and o € K. The algebra & is said to be commutative if the
multiplication is commutative, that is, if for all x,y € &7, xy = yx. An element [
of an algebra o is called an identity if Ix = xI = x for all z € .

Definition 2.4.2. [6] A normed algebra <7 is a normed space which is an algebra
such that for all z,y € &, ||zy|| < ||z||ly||. A normed algebra having an identity
I and ||I|| = 1 is called a normed algebra with identity. A Banach algebra is a
normed algebra which is a Banach space.

Definition 2.4.3. [6] Let &/ be a complex Banach algebra. By an involution on
</, we mean a function z — z*, from &7 into &7, such that

(i) ax + By = az* + By*;
(i) (zy)* =y z™;
(iil) (z*)* = x;

for all z,y € & and «, 3 € C.

Definition 2.4.4. [6] A C*- algebra is a complex Banach algebra <7 equipped
with an involution on &7 satisfying the following additional property:

2
]| = ]

for all z € &
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Definition 2.4.5. [6] Let &7 be a C*- algebra and = € 7.
(i) The element x is said to be self-adjoint if x = z*.
(ii) The element zx is said to be normal if x*x = zz*.

Definition 2.4.6. [6] Let .« be an algebra with the identity /. An element x € &/
is said to be invertible if there is an element x~! € o7 such that zz~ ' =z 'z = 1.
We call £~ ! the inverse of z.

Definition 2.4.7. [6] Let </ be an algebra with the identity I and = € 7. The
resolvent set p(x) of o is the set of all & € K such that al — z is invertible. We
call the complement of p(z) the spectrum of x and denote by sp(x).

Definition 2.4.8. [6] Let o/ be a C*- algebra with identity. An element x of &/
is positive if z is self-adjoint and sp(z) C [0,00). The set of all positive elements
of & is denoted by &7 7.

Theorem 2.4.9. [6] If o/ is a C*- algebra with identity and x € <7, then the
following conditions are equivalent:

(1) v e FT;
(2) z =19y* for somey € FT;
(3) x = z*z for some z € <.

Definition 2.4.10. [6] Let &/ be a C*- algebra with the identity I. A linear
functional p on 7 is said to be positive if p(x) > 0 for all x € &/. A positive
linear functional p on & is called a state of o7 if p(I) = 1. Let . (/) be the set
of all states of .o7. The state space of o is the set (<) equipped with the weak*
topology.

Theorem 2.4.11. [6] The state space of a C*- algebra with identity is a compact
Hausdorff space.

Proposition 2.4.12. [6] Let p be a positive linear functional on a C*- algebra o
with identity and x,y € 7. Then

(1) lp(z*y))? < p(z*z)p(y*y).
2) p((x+y) (= +y)"? < (pa*x)? + (p(y*y)) .
(3) p((zy)*(zy)) < |l=|* ply*y).

Theorem 2.4.13. [6] A linear functional p on a C*- algebra </ with the identity
I is positive if and only if p is bounded and ||p|| = p(I).

From Theorem 2.4.13, the following corollary is immediately obtained.

Corollary 2.4.14. [6] A positive linear functional p on a C*- algebra </ with
identity is a state of < if and only if ||p|| = 1.
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Theorem 2.4.15. [6] Suppose that <7 is a C*- algebra with the identity I, and
red.

(1) If p(x) = 0 for each state p of <, then x = 0.

(2) If p(x) is real for each state p of <, then x is self-adjoint.
(3) If p(x) > 0 for each state p of of, then x € o/ .

(4) If x is normal, there is a state p of & such that |p(x)| = ||z||.

Theorem 2.4.16. [6] Each bounded linear functional on C*- algebra </ with iden-
tity is a linear combination of at most four states.

Proposition 2.4.17. [6] Let o/ be a C*- algebra with identity. Then the map
a+— a*a is continuous.



Chapter 3

Sequence Spaces of Matrices over (-

Algebras

In this chapter, we extend some results in [13] to the setting of matrices over
commutative C*-algebras. Throughout this chapter, we let &/ be a commutative
C*-algebra with the identity I.

3.1 Classes of matrices over commutative ('*- al-
gebras

In the first section, we study some classes of infinite matrices over the fixed
commutative C*- algebra o/ with identity. These classes are the initial spaces
for defining some sequence spaces of matrices which will be presented in the next
section.

Let M (<) be the class of all infinite matrices whose entries are from
the C*-algebra 7. It is obvious that the class M* (&) is a complex vector space
under the usual addition and scalar multiplication of infinite matrices over a vector
space. For any matrix A = [a;;] in M*>(&7) and f € &/*, let f(A) = [f(a;)]. Let

MP(A)={A e MZ(A):p(A) € B(ly) forall p € S (F)}.
It is clear that Mj°(«7) is a vector subspace of M*> (7). First, we will define a
norm on the vector space M;j°(<7).

Theorem 3.1.1. For each A € M;°(</), sup |[¢p(A)] < oc.
peS ()

Proof. Let A = [aj;] € Mp°(<7). Then by the fact that every f € &/* is a linear
combination of at most four states, we have f(A) € B(ly) for all f € o/*. Thus
the function L, : &/* — B(ly) defined by L(f) = f(A) for all f € &7*, is well
defined. Since for all fi, fo € &* and o, 3 € C,

La(afi+6f2) = (afi +Bf2)(A) = [afi(a;) + Bfa(as)]
= [afia;)] + [Bfa(as)] = alfiaz)] + B fa(a)]
= aLa(f1) + BLa(f2),

13
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it follows that the operator L, is linear. Next, we will show that the graph
G(La) :== {(f, La(f)) : f € @*} of the linear operator Ly is closed in the Ba-
nach space &/ @, B(lz). To see this, we let {f,}72; be a sequence in &/* which
converges to an element f in &/*, and suppose that the sequence {La(fn)}>,
converges to a matrix B = [(;;] in B(lz). We want to show that B = La(f).
For each (j,i) € N x N, we have |f,(a;;) — f(a;;)| < |lajl| [|fn — f| for all n.
Thus, by the convergence of the sequence {f,}>°; to f in &7*, we have for each
(4,7) € N x N that the sequence {f,(a;;)}s>; converges to f(aj;) (in C). As for
each (j,7) € N x N, we have |f,(a;;) — Bji| < || fn(A) — B|| for all n, it follows by
the convergence of {L4(f,)}o2, to B in B(ly) that {f,(a;;)}>>, also converges to
Bji for all (j,7) € N x N. So f(aj;) = f;; for all (j,7) € N x N, which implies that
La(f) = [f(a;)] = [B;] = B. Thus the graph G(L,) is closed in &* P, B(l2).
Hence, by the closed graph theorem, we have L, is bounded. It follows that

sup [[@(A)[[ = sup [[La(p)]| < sup [[La(f)]l = [|Lall < oo O
pes () pe7 (o) Ifll<1

From Theorem 3.1.1, a norm on the vector space M;°(47) can reasonably
be defined as follows:

A gy = sup o (A
peS ()

Theorem 3.1.2. The vector space Mp°(</) equipped with this norm |H'”|Mg°(yi) is
a Banach space.

Proof. First, we will show that H]-\HM?W) is a norm on Mp°(<7). It is clear that
1A ey 2 0 nd Al ey = 0] Al e o) Tor all A € Mie(a) amd A € €.
If A=0, then p(A) =0 for all p € (o). Thus ’”A‘HMEO(W) = 0. Conversely, if
H|A|||Mg°(,«f) =0, then ||p(A)|| =0 for all p € (). It follows that p(A) = 0 for
all ¢ € (/). Hence each entry of A is mapped by ¢ to 0 for all ¢ € ./ (7). So
all entries of A are 0, which yields A = 0. Therefore, for each A € M (<), we
have [|Af| yee(ry = 0 if and only if A= 0. For any A, B € M*(«/), we have

A+ Bllyeery =  sup llo(A) +o(B)| < sup ([le(A)] +[le(B)])
peS () pes ()

< sup fle(A)[[+ sup [le(B)]|
peS () peS ()

= |“A|||Mg°(w) + |||B|||M§,’°(ﬂ) :

So HHHM?’(M) is a norm on M;°(«). Next, we will show that Mj°(«/) endowed
with the norm ’”"HM,‘;"(%) is a Banach space. To prove this, let {An = [@g?)} }n:1

be a Cauchy sequence in Mp°(<7). Then there exists N € N such that for eac
p € S (),

€
llp(An) — o(An)|l < |An — Am|||M§c(£{) < 3 for all n,m > N (%)

Thus {¢(A,)}22, is a Cauchy sequence in B(ly) for all ¢ € (7). Since B(ls) is
a Banach space, we have for each ¢ € (/) that there exists A, = [agf)] € B(ly)
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such that ¢(A,) — A,. By (x) and the normality of elements in the commutative
C*-algebra 7, we have for each (j,7) € N x N that

(n) (m)

’ = sup ‘gp <a§?) — a§;n))’ < sup |lp(A, — A
peS () peS ()

< € for all m,n > N.

This implies that {a(n)} is a Cauchy sequence in & for all (j,7). Hence, by
n=1

ji
the completeness of .o/, we have, for each (j,7), an element a;; € < such that
ag-?) — aj;. Let A =[a;;]. We claim that A € Mj°(«7) and A,, — A. To see that
A e MpP(), let p € (o). Since p is continuous, we have ¢ (ag?)> — p(aj;)
for all (j,7). As p(A,) — A,, we have for each (j,7) that ¢ <a§?)> — aéf). So
a$? = p(ay) for all (4,4), which implies that A, = ¢(A). Thus p(A) € B(l,) for all
v €. .L(). It follows that A € M°(«/) as claimed. We now have ¢(A,) — ¢(A)
for all p € .7 (7). Thus, by taking the limits as m — oo on both sides of (x), we
have for each ¢ € (/) that

lo(An) = $(A)] < 5 for all n > N

Hence

[An = Amll ey = sup [[0(An) — @(A)[| <€ for all n > N.
e ()

It follows that {A,,}7°, converges to A. Therefore, M;° (/) is a Banach space. [

We do not however know if the Banach space M3p°(</) is closed under the
Schur product multiplication. Another interesting subclass of M (/) is the class
of compact-like matrices defined below. Let

K(e) = {A € M(e/) 1 |4 - Ay,

M () 0} .

For the case where &f = C, the set IC(C) is exactly the set of all compact matrices
regarded as operators on [y and will be denoted by just . We obtain some
characterizations of the set K(27) as follows.

Theorem 3.1.3. Let A € Mj°(</). Then the following are equivalent.
(1) The matriz A belongs to K(<7).

(2) There is a sequence {F,,}5°, of matrices in M (<) with finitely many non-
zero entries such that ||F, — A|||M§o(ﬂ) — 0.

(3) The matriz p(A) belongs to K for all ¢ € () and the map ¢ — p(A)
from (&) equipped with the topology relative to the weak™ topology on <7 *
into IC is continuous.
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Proof. (1) = (2). By the definition of K(<7), the implication (1) = (2) is imme-
diately obtained.

(2) = (3). Suppose that there is a sequence { F}, }°2 ; of matrices in M ()
with finitely many non-zero entries such that || F,, — A Mee(ary = 0- Since for each
v € L(), we have ||p(A) —o(F,)| < ||A— Fn|||M§o(’Q{) for all n, it follows by
the assumption that ||@(A) — ¢(F,)|| — 0. Since for each ¢ € (/) and positive
integer n, the matrix p(F),) is finite rank, we have it is compact. Thus, by the
closedness of K in B(ly), we have p(A) € K for all ¢ € (7). Hence the map
@ — p(A) from (&) into K is well defined. To see that it is continuous, where
() is equipped with the topology relative to the weak* topology on «/*, let
€ > 0 be given, and suppose that ¢, —*" ¢ in .%(&). Then by the assumption,
there exists a positive integer N such that ||A — FNH‘M;O(%) < % Assume that
Fn = [bji]. Then there is a positive integer v such that b;; = 0 for all j,¢ > v. Since
Yo — ¢, there exists o such that for each 1 < j,i < v, |pa(bji) —@(bji)| < <

313/2
for all o = ay. It follows that
[ea(A) = e(A)|l < llealA) = alFN)[ + [l0(A) = (Fy)|
+ lo(Fv) — a(En)]|

< lpalA) = @a(Fn)|| + lo(A) — o(Fn)|

1/2

+ Z <Z‘90a(bji> - @(bjz‘”)

14
j=1

< —6 —E —6 =€ f 11
+ -4 or a = .
3 3 3 € Ifor « Qg

Thus ¢, (A) — ¢(A). Accordingly, the map ¢ — ¢(A) from . (%) equipped with
the topology relative to the weak* topology on .&7* into K, is continuous.

(3) = (1). Suppose that the assertion (3) holds. To prove that A belongs
to K(<7), let € > 0. Then by the continuity of the map ¢ +— ¢(A), we have for
each ¢ € .7(</) that there exists an open set V,, in .#(7) such that ¢ € V,, and

le(A) — p(A)|| < 2 for all p € V,,. We now have that the family {V,, : ¢ € (&)}

is an open cover of .#(«7). Thus, by the compactness of . (47), there exist
01, P2, ..., i € F (&) such that .7 () = V,, UV,,,U...UV,, . By the compactness
of matrices ¢1(A), a(A), ..., pr(A), there is a positive integer N such that for each

p=12 ..k |lp.(A) —p.(A,)] < 2 for all n > N. Next, let ¢ € ¥ (7). Then
there is 1 < v < k such that ¢ € V,,,. Hence

lo(A) —e(An )l < le(A) = eu (Al + llen(An,) — ©(An))
+ ”SOZ/(A) - SDZ/(A”/J>

= o(A) = e (A + [[(n(A) = o(A))n,
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+ e (A) — o (An))

< 2{[p(A) = oo (A + len(A) = wu(An,)

2¢ € 3e
— 4+ - =—f 11n>N.
< 4+4 1 or all n >

Since ¢ in .(&7) was given arbitrarily, we have by taking the supremun over all
pin () that [|A — A, Mz (er) < € for all n > N. This yields the membership

of Ain IC(«7). The proof is complete. O

From the theorem above, we have that the set K(.27) is exactly the closure,
in Mp°(<7), of the set of all matrices over &7 having finitely many non-zero entries.
Thus the following corollary is immediately obtained.

Corollary 3.1.4. The set K(<7) is a Banach subspace of Mi° ().
For any A = [a;;] € M>(&7), let AP = [a},a;:]. Let

S ) ={Ae M®(): A¥ e M*()}.

The set S?(o/) was first defined in [4] by P. Chaisuriya, S.-C. Ong, and S.-W.
Wang over any C*-algebra with identity. For completeness of the contents in
this thesis, we will study the set S?(.&7) restricted to be over just a commutative

C*-algebra with identity again here.
We define a norm on §?(&) by

1/2

ANl = A% ] opoe ) -

The following Cauchy-Schwarz-type inequality and Minkowsky-type in-
equality were first established in [3] by P. Chaisuriya and S.-C. Ong.

Theorem 3.1.5. (Cauchy-Schwarz-type inequality) For any infinite scalar ma-
trices A and B, |||A e B||| < HA[Q]Hl/Q HB[2]||1/2-

Theorem 3.1.6. (Minkowsky-type inequality) For any infinite scalar matrices A
and B, H(A—i—B)[2]H1/2 < HA[Q}H1/2 i ||B[2]H1/2~

The following lemma, which is very useful for the research, is a consequence
of the above Cauchy-Schwarz-type inequality.

Lemma 3.1.7. For any A, B € §*(«/),

a2 - < (1Al + IBIL) 14 = Bll,.

B i

Proof. Let A = [a;], B = [bj] € §*(«) and ¢ € (/). Then by Proposition
2.4.12(1), we have for each (j,7) € N x N that

[ (@i = biibia) | = | (i = ajibsi) + (afibsi — bjibia))|
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= o (afi(agi — bji) + (a0 — bji)*bsi) |
o (ali(aji — b)) | + | ((aji — bji)*bs:)]
< (@) 0 (a5 — bji) (a — b)) ?
+ (a5 = byi) (i — b)) ¢ (05:050)
= ¢ (a3,0;0) " 0 (a0 — bji) (a0 — b)) ?

* 1/2 * 1/2
+o ((aji = by)*(az — bii)) % o (b3ibsi) '~
So, by the Cauchy-Schwarz-type inequality above, we obtain

I (A2) — o (BE)]| < [lle (asl — bl
< ||l (™) o o (s — b3 — )] |
+ H [90 ((aji — bji)(azi — bj‘)*)lﬂ ° [(’0 (b;"bji)lﬂ H
|

+ H [90 ((aji = bji)"(azi — bj‘))l/z} * [(’0 (b;"bj")lﬂ H

IN

1/2

- H [90 (a}aﬁ)w] * [(P((aﬁ = bja)"(aji — bﬂ))m}

= H [Qp (a;iaji)l/Q] o [90 ((aji — bji)*(aji — bji))l/ﬂ 2|12
i H [gp ((aji = bji)"(azi — bj'))m} I [90 ( ;ibji)l/ﬂ I
< (e ()Tl + 1 o (B0 1) Ml (Cagi = )" s = B2

< (llAll; +1IBll2) 1A = Bl -
Thus, by taking the supremun over all ¢ € (&), we obtain the inequality

A% = By .y < (AN, + 1B, 1A = Bll,

as asserted. The proof is complete. O]

We are now ready for proving the completeness of the set S?(&).

Theorem 3.1.8. The set S*(/) endowed with the norm |||, is @ Banach algebra
under the Schur product multiplication.

Proof. We will show first that [|-[|, is a norm on 8?*(«). Let A, B € 8*(«/) and
a € C. Then

o (@) [["* = || [ (@a5ia0,) ][ = [[laf? [ (a50,)] | **

= Jal|je (AR)[|'* for all p € # (7).
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By taking suprema, as ¢ runs over the set .#(7), on both sides of the equation,
we get [|aAll, = |af [|A]l,. Next, we will show that [|A + B, < [|A]l, + [| B]l,-

By Proposition 2.4.12(2), and the Mikowsky-type inequality, we have for any ¢ in
(&) that

| ((A+ B)#) HW = e ((azi + bja)" (ags + b)Y

. 1/2 w1 \1/2)2 12
< (90 (afiazi) "~ + ¢ (b5:b5) )
[2] 1/2
= ([ (@ian)”®) + | @50
[2] 1/2 [2] 1/2
< [@ (a;iaji)1/2i| + H [90 (b;ibji)l/Q}

= [l (= + [l (B
This implies that A + B € §?(«) and

1/2
1A+ Bll, = ( ((A+B)¥) H) < [ Ally + 1Bl -

sup ng
peS ()

Thus §?(&) is a vector space and ||-]|, is a norm on §?(«7). Next, we will show
that S?(«) is a normed algebra under the Schur product multiplication. By
Proposition 2.4.12(3), we have

o (Ao B)E) || = Ille ((ajibji)*(azbi)]ll < || [Nlasill* @ (b2:bs0)] |

= [Illla5ias]l @ (5:05) | =

up 6 (aas) [ (5)] H
¢S ()

< sup o (AP) ||| (@5:050)] | = AN [|o(B2)]]
peS ()

< Al IBI;  for all p € 7 (7).

This yields A e B € §%(«). Moreover, ||A e B, < [|A]l, | B]l,- Thus §*(&) is

a normed algebra under the Schur product. Next, we will show that S?(&) is a

Banach space. Let {An = [ag-?)] } be a Cauchy sequence in §%(.«7). Since for
n=1

each (j,7) € N x N,

=

. 1/2
=) ()]

1/2
m) )\ [ (m) _ (n)
= (o, (=) (s )
(4,067(42/) ! ! ! /
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1/2
(cpEY((Q/) ! ! ! !

> 1/2
) >

ji } is a cauchy sequence in &7 for all (j,7). By the completeness
n=1

of &7, we have for each (j,7) that there exists an aj; € o/ such that ayz) — aj;
in /. Let A = [a;;]. We will show that A € §*(&/) and A, — A. To see that
A € §*(), let M be a positive real number such that || Ay, < M for all n € N,
Notice that the existence of such an M is from the boundedness of the Cauchy

sequence {A,}~ . By Lemma 3.1.7, we have

peS (o

— ( sup )ng(An—Am)[Q]

= |4, — Anlll, for all m,n,

we have {a

H‘Ag] — A%H‘Mw(d) <2M ||A, — An||, for all n,m.
(.

This implies that {AE]}OO is a Cauchy sequence in M;p°(<7). Hence, by the
n=1
completeness of Mp°(.7), there is a matrix B = [bj;] € M°(</) such that A -
(") b;;. Since ag?)
(n) — at.
ji ji
(j.4). Accordingly, alaj; = bj; for all (j,i), which yields A® = B. Therefore,
A € 8*() as required. Finally, we will show that A, — A. To this end, let € > 0

be given. Then there is a positive integer /N such that

B. From this, we obtain for each (j,) that ag-?)*a — aj;, wWe

Jt

have by the continuity of the map a — a*a on < that ag-?)*a a;; for all

A, — Anll, < % for all m,n > N.

Let x = {&}2, € I with [|x]|, <1, and let p € .(«7). Then for each fixed pair
(v, ) of positive integers, we have

> (Zso ((af =) (o)~ af™)) |§i|>2

j=1 \i=1

1/2

1/2

IN

00 [e%) 2
3 (S0 (o) (o ) )
J i=1

= [l ((An = 40) ) Ixl[], < [l (A0 = An)2) |

2
< lAn — An? < (%) for all m,n > N,

where |x| = {|&|}2,. For any (j,14), since agf;ﬂ)

(n)
71

— a;;, we have for each fixed n

that ag.?) —a™ =g

i — aj;. Thus, by the continuity of the map a — a*a on
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o, (a(") — a(m)> (a(n) — a(m)) — (a(") — aﬁ> (a(n) — aji> for all n. Hence, by

ji ji i ji ji ji
taking the limits as m — oo on both sides of the above inequality, we obtain for
each for pair (v, u) of positive integers that

1/2
v

) (i@ ((aﬁ?) - Cljz'>* (ag-?) - aj,->) |§i|)2 < (%)2 for all n > N.

j=1

Taking the limit as 4 — oo and then as ¥ — oo on both sides of the latest
inequality above, we obtain

o (A = P ], < [l ((An = D) [l

e 9y 1/2
B (o (o))
j=1 \i=1
6 2
< (§> for all n > N.
It follows that )
o (A= )| < (5) forallnzN.
Since ¢ € . (&) was given arbitrarily, we have
An—All, = [[(An— AP = su A, — A
40 = Al = [I(An = By = sup oo ((An = A)F)]
< g for all n > N.
Consequently, A,, — A. The proof is complete. n

Proposition 3.1.9. The map A — AP from S*(&7) into M§° () is continuous.

Proof. Suppose that {A,} 7 is a sequence in S?(&7) that converges to A in
S?(«/). We will show that {Ag]} converges to A in M°(«7). Since {A,}°°

n=1
converges to A, there exits M > 0 such that [|A|| < M and ||A,]| < M for all
n € N. So, by Lemma 3.1.7,

142 = AR, < 20 14, — A

”HM;@(Q{)

Thus, by taking limits as n — oo on both sides of the inequality, we have that

’HALQ] — A[Q]H’ — 0, which yields {AE]}OO converges to A in M (o).
M () n=1

Therefore, the map A — A is continuous. O

We end this section with a Cauchy-Schwarz-type inequality for the norm

e
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Theorem 3.1.10. If A, B € §*(«/), then
1/2 1/2
14 Bll sy < 14 atgecory 118
Proof. Let A = [aj;] and B = [bj;] be members of 82(,527). Then by Proposition

2.4.12(1), and the Cauchy-Schwarz-type inequality, we have for all ¢ € ()
that

lp(AeB)[| = lw(ab)lll < ||le(agiaz) *obsb) )|
= H[‘P(agzaﬂ)l 2] i [‘P(b;ibji)l/gm
< |letagam] |7 e el

= o (A" o (B2

< AP oy B2 e
Thus Ae B belongs to M;p°(.2) and we then obtain the mequality |Ae B|||M§o(d) <
AP ) 1B e 2 msserted. 0

3.2 Sequence spaces of matrices in S?(&/)

From the structure of the Banach algebra S?(«7), we can reasonably define
two sets of sequences of matrices over the C*-algebra o7 as follows:

Oy( ) = {{Ak}zol C (o) : {iAE?}

is bounded in M,‘fo(szf)} :

n=1
and
— 00 2 . - 2] : e
O () = {{Ak}kl C S§* () {ZAk } converges in M (42/)} :
k=1 n=1

It is clear that 0.(«/) C Oy().

Lemma 3.2.1. Let [a )}} be a sequence in B(ly) with aj; ") >0 for all i, j, k.

QA

(1) The sequence { } is bounded if and only if [Za(’? € B(ly).

Proof. (1) Let {[ ]} be a sequence in B(ly) with agf) > 0 for all 4,7, k.

k=1

(2) I { } is bounded, then sup

n

|-1I5

k=1

k 1

k=1
n

Suppose that the sequence Z [agf)] is bounded. Then there exists M > 0
k=1 n=1
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n

< M

such that for each (j,i) € N x N, Z ") <

~. o] _ )
k=1

k=1
for all n. This implies that the series Zag-lf) converges for all (j,7). Next, let

k=1
00 K
Zaé’;)]’ M = sup Z [ay:}

A= ,and let x = {§}2, € Iy with [[x][, < 1.

Then we have for each n by Minkowski’s inequality for scalar sequences that

2y 1/2

[Anx]l, = Z 4

IN

n n 00 K 2
(Sl - 3

1/2

j=1
k
= ( Z“gi)@>
j=1 \i=1 |k=1
n n | oo K K 2y 1/2
k k k)
< O3 (5[ - St e+ 52 e
j=1 \i=1 |k=1 k=1 =1
{ 1/2

n n [e'e) K 2 1/2 K
k k k
< ( Sl -3 W |@-|) T (Z [agi)}>
j=1 \i=1 |k=1 k=1 ) n
n n 00 K 2 1/2 K
k k k
< (S -se) b (SEe)]
j=1 \i=1 |k=1 k=1 1
n n o0 K 2 1/2
— ( Z@-'ﬁ - Za§’§) |§z‘> + M for all K.
j=1 \i=1 |k=1 k=1

for all x € Iy with ||x[|, < 1. So ||A,,| < M for all n. Consequently, A € B(l).

Hence, by taking the limit as K — oo, we have for each n that ||A, x|, < M

Conversely, suppose that [Zajlf € B(ls). Then [Za ] < Z 51:) for
k=1 k=1
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is bounded.

all n, which implies that {
k=

—_

MBH

(2) Suppose that the sequence { [ } } is bounded. It is clear that
n=1

=1

3

sup

= sup

I ??‘

w3 ]

2

o

Let x = {&}°, € Iy with ||x[|, < 2. Then for each positive integer v,
o\ 1/2
(k) _ (k)
S| o - (T
k=1 v,y =1 | i=1 k=1
, 9y 1/2
< L3y
=1 1=1 k=1
v 2
- 03 (33
7j=1 =1 k=1
[e o] o0 n 2
. k
< 03 (330
j=1 \i=1 k=1

(k)

3 Jal

k=1

|

all positive integer v.

> [ut]] - |[3]

sup

"ol k=1

o
|} is a bounded increasing sequence,
n=1

It follows that

< lim

n—oo

~>]> x|

2

IN

>l

i for
k=1

‘ Thus

|

>

.

gl

From the lemma above, the following simple characterization of the set

Oy(<7) is immediately obtained.
Theorem 3.2.2. Let Ak =

]},
LZ

Oy() if and only if sup

peS ()

be a sequence in 8*(/). Then {Ax}y, €

o)

< 00.
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A simple characterization of the set &.(<) is obtained as follows.
Theorem 3.2.3. Let A = {Ak}k L bea sequence in S*(). Then A € O.()
if and only if the sequences Z(p (A[2> converge in B(lg) uniformly on

n=1

().
Proof. Let A = {A;}2, be a sequence in S?(«/). Suppose that the sequences
{Z‘P ( )} converge in B(lz) uniformly on #(«/). We will show that

n=1

ZA; converge in Mp°(<f). To see this, let ¢ > 0 be given. Then by the
k=1
assumption, there exists a positive integer N such that for every ¢ € .7 (&),

()l

=5

It follows that {ZAE]} is a Cauchy sequence in M3°(.2). Thus, by the com-

k=1

<§ for all u > v > N.

= sup

gf forall p >v > N.
peS (o 2

2] ‘
k

M2 ()

n=1

pleteness of My°(.«7), we have ZALQ] converges in M («7). Conversely, suppose
k=1

that A belongs to 0.(</). We will show that the sequence {ng [2] } con-
n=1

k=1

verges to ¢ (ZAE) uniformly on . (&7). Let € > 0 be given. Then there exists
k=1
a positive integer N such that

nA[2}_ OOA[Q]

Thus, for any ¢ € (), we have that

el -z

nAm_ OOA[Q]

The proof is finished. O]

<§ for all n > N.
M ()

> 4

k=n-+1

Mo ()

<§ for all n > N.
Mg ()




26

From the above characterization of the set &,.(/), another interesting space
of sequences in 8?(&/) arises. Let

ﬁpc(d)

- {{Ak}z‘;l C S*(o):Vpe S (o {ZSO (A[2]>}

It is obvious by Theorem 3.2.3 that 0.(«/) C O,.(</). The following example
shows that the inclusion 0,.(<7) C 0,.(</) can be proper.

converges in B(lz)} .

Example 3.2.4. For each positive integer k, let f be a function defined on [0, 1]
by fu(t) = (t* —t***)Y4 It is clear that f, € C[0,1] for all k. Let, for each k, Ay,
be the matriz whose (1, k)-th entry is the function fi. and all other entries are 0’s.
Then the sequence {Ag}2, belongs to O,.(</) but does not belong to O (7). To
see this explicitly, we will show first that {p(f2)}32, € Iy for all ¢ € % (C[0,1]).
To prove this, let ¢ € .7 (C[0,1]) be given. Then for each {\}32, € la,

Sle (] = e l) = Y (e )
- go(irxk\fz) < el

| fi
oo

= sup Z || (87 — thH1)1/2

01—
/2 /. 1/2
< sup Z el PG
t€[0,1] el
n 1/2 n 1/2
— Z IAk|? sup Z(tk — ¢kt
—1 t€l0,1] \ 17—

" 1/2
= (Z \)\k|2> sup (t — t”“)l/Q

=1 t€(0,1]

0o 1/2
< <Z |>‘k|2> = {132l for all n.

k=1

This implies that {\p(f2)}ie; € L1 for all {\,}3>, € ls. Thus, by Theorem 2.3.6,
the sequence {o(f7)}32, belongs to ly. Notice that for any matriz A with the first
row a sequence {\;}5°, that is an element of lo and all other entries 0’s, has the
norm equal to the norm of the sequence {\;}5°,. Indeed, for any x = {&;}2, € Iy,

we have
Ax = {Z)\zgz, O, 0, } .
i=1
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Thus
|A]

sup {[|Ax|[, - x € by, [[x|[, <1}

= sup{ZA&
= WA = [{AHZ

where U s the usual isometric isomorphism from ly onto 5. Next, we will show

that the sequence ng <AE€2}> converges in B(ly) for all ¢ € .7 (C|0,1]).
k=1 n=1

To see this, let ¢ € . (C0,1]), and let € > 0. Then by the membership of the

sequence {¢ (f2)}re, in lo, there is a positive integer N such that

x ={&}2) € by, [Ix[l, < 1}

“w
Z f7) <62f0rall,u>1/>N.
k=v

Consequently,

(#)

| = [{0,0, 0 (£2) 0 (f211) 0 (£2) 0,0, 3

i 1/2
= (Z((p(f]g))2> <e forallv>pu> N.
k=v

This yields that {Z(p (A[Z])} is a Cauchy sequence in B(ly), and hence it
k=1 =1
is convergent. Therefore {Ak}k L € 0, (C10,1]). We claim that {Ag}2, ¢

O.(C[0,1]). For each positive integer n, let §, be the pure state of C[0,1] that
1
is the point evaluation at 1 — e i.e., Oy is defined by 0,(f) = f (1 — —) for all

f € C[0,1]. Suppose to the contrary that { Ay}, € O.(C[0,1]). Then there is a
positive integer N such that

for all n > N.

n—1 00
2 2
AT =347
k=1 k=1

M2 ()

Since ZAE] is precisely the matriz whose first row is the sequence {2}, and

k=1
all other entries are 0’s, it follows that

(™Y = B ()
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k=n
- 1/2
< 2)”
< we;Ele[O,l}) (; (90 (fk)) )
= sup H{0,0,- S0, (f2) 0 (fia) 5 }H2
pe7(CI0,1])
_ sup A[2 A[2
peZ(C[0,1]) (; Z
n—1 00
= {[D-AF -S4l
k=1 k=1 MG ()

2
Thus, by taking the limit as n — oo, we have , which 1is

impossible. Therefore, { Ay}, ¢ O.(C[0,1]).
From Lemma 3.2.1, we have for each { [ay;)] }Zo € 0,.(/) that the matrix
=1
[ng <a§-Z ii )] belongs to B(ly) for all ¢ € .#(&7). Since every f € &/* is a
-1

linear combination of at most four states and B(ly) is a vector space, we have

Zf( i agf))] belongs to B(ly) for all

f e o/ Forany f € o if Zf <ALQ}> — ﬂ then {Zf( (]:* U:)}oo
k=1 n=1

converges to bj; for all (7,7). It follows for each f € o/* that

for each {[a%)} }OO € O,.(<) that
k=1

3 [ ()] - S (a) - [zf@ )
o (48)) <

Proof. Let A {Ac}i2, € Op(). For each n, we define \I/XL) c o/ — B(ly) by

Theorem 3.2.5. For every {Ay},—, in Op(), sup
peS (A

\If(n Zf ( ) for all f € &/*. By the linearity of f € &/*, we have \IJXL) is

linear for all n Let f € @/*. Then there exist states @1, p2, @3, @4, and complex
numbers vy, vy, V3, vy whose absolute values are less than or equal to || f|| such
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that f = v1p1 + veps + 393 + v4p4. Then we have for each n that

i) = |3 ()] <323 o (a2)]
=1 k=1 1=1 k=1
< Il <4f|uAku|§);
k=1
and
o] = 33 (ar)] < v (3555 )
=1 k=1 =1 k=1

[e.e]

Z%’ (AE])

k=1

< |11l (i

i=1

)

(n

The first inequality implies that the operator ¥ A) is bounded for all n, and
the other one implies that the set { \IIXL)(f) n=1,2,3, } is bounded for all
f € @/*. Thus, by the uniform boundedness principle, we have that the set

{H\IJE:)‘ n=1,2,3, } is bounded. Let M = sup {H\Ifff) n=1,23, }, and
let ¢ € (). Then
S (a2)| < [Soe(a2) - 3o (a) | + | 300 (48)
k=1 k=1 k=1 k=1
= IS0 () - S0 (a4 o]
k=1 k=1

IA
g
AN
—
&
~—
|
g
AS)
—
&
~—

+ H\pf:’

< igp (AE]) — igp (AE) + M for all n.

Thus, by taking the limit as n — oo, we have for any ¢ € . (47) that

> (af)| = m
k=1
It follows that
sup ng (AE) < M < oo0.
pes () ||y

The proof is finished. O]
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From Theorem 3.2.2 and Theorem 3.2.5, the following corollary is obtained.
Corollary 3.2.6. 0,.(o) C Oy().

The example below shows that the inclusion O,.(</) C 0,(<f) is always
proper.

Example 3.2.7. For each positive integer k, let Ay be the matriz with (k,k)-
th entry the identity I of o/ and all other entries 0. For any ¢ € (), we
have o(I*1) = p(I*) = o(I) = ||¢|| = 1. Thus, for each positive integers v, p with

v > [, the matriz Z(p (AE) is the scalar matriz whose (k, k)-th entry is 1 for all

k=p
w <k <v and all other entries are 0’s. From this, we obtain for each ¢ € /()

that
(47)

This implies for each p € (&) that the sequence {ng <AE> } is a bounded
k=1 n=1

non-Cauchy sequence in B(ly). Hence { A }32, belongs to O,(<f) but doesn’t belong

to Op().

For any A = {Ak = [a(.]-g)} }OO € 0y(4f), we define

71 ) k=1

S ()]

Since for each k and ¢ € (), we have

o ()] = e )] < | 5o ()

it follows that ||Ax[|, < [|A[| for all k. For the case where A € 0,.(/), we have

()|

In the following proposition, we obtain another form of ||A|| for any A € O ().

00 /
ZALQ] 1/2

k=1

‘zlforally>,u.

1/2

IA[l:= " sup

peS ()

Y

Al = S

Proposition 3.2.8. If A = {A},-, € O.(), then ||A]| =

M2 ()

Proof. If A = {Ak = [a@} }OO € O.(4), then by the preceding theorem, we

70 1) k=1

have ZAE] converges in Mp°(7). It is easy to see that

ZA [Z o ay;>].

k=1
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Thus we obtain in this circumstance that

o0 1/2 o0
Al = <sup > e (af) |) —( sup [Z W al) ]H)
k=1 peZ () || k=1

peS ()
- 1/2
(k)" () 2]
= sup @ a;’ a = sup AL
v () [ (;; )”D (W (Z >
1/2
' k=1

The proof is finished. n

)

2]
k

M® ()

Another space of sequences in S?(.«7) which can reasonably be defined is
the following:

O () = {{ [ay;)} }:O:l C 8% : [iagf)*ag)

elC(ﬂ)}.

A characterization of the set 0, (&) is obtained as follows.

Theorem 3.2.9. Let A = {A;}2°, be a sequence in S*(o/). Then A € O, () if
and only if each of the following statements holds:

(1) A belongs to O.();

(2) ¢ <A£€2]> is compact for all positive integer k and ¢ € (&), and the map
defined by p — ng (A[ ) from (), equipped with the weak® topology
relative to of* mto IC is continuous.

Proof. Let A = {Ak [ (k)] }ZO be a sequence in S*(«). Suppose that A

jl
belongs to O, (<7). We will show ﬁrst that the assertion (1) holds. To see this, let
€ > 0 be given. Then by the membership of the sequence A in 0, (<), we have

the matrix Zagf) i ] belongs to Mp°(27) and there exists a positive integer
k=1
N such that

<€
4.

S| <[]
N, k=1

M3 ()

Since for each 1 < 7,7 < N, we have that the series Z aﬂ) converges in

k=1
C*-algebra o7 it follows that there exists a positive integer Ky such that for each
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1<7,i<N,
o0
(k)* (k)
Z ay; a; || < 2]\73/2 for all K > K,.
k=K+1
Thus
00 [ K e
[2 (k (k) _ (k)* (k) (k)= (k)
k=1 M () Lk=1 k=1 M2 ()
(k)* (k) (k)* (k)
k=1 N, k=1 A WMo ()
- K - - K -
(k)* (k) (k)* (k)
| k=1 I, Lk=1 4 M= (o)
K 7 [ oo ]
) (k (k)* (k)
+ Z(l i - Zaﬂ Ji
L k=1 InN, Lk=1 . My (o)
(k)* (k) (k)* (k) (k)* (k)
| k=1 In, | k=1 | MEO(Q{) k=K+1 N, leo(%)
(k)* (k) (k)* (k)
< 2 g~ Qg - Zajz aj;
| k=1 In, Lk=1 S WMo (@)
N N 9y 1/2
(k)* (k)
A (3] 3wt
j=1 \i=1 ||[k=K+1
€ €
< 5—}—5:6 for all K > K,.

It follows that {ZAB]} converges to [Za l] in Mp°(47). Conse-

k=1 =1
quently, A € O.(<7). Next, we will show that (2) is satisfied. For any ¢ € .7 (<)

and positive integer k, we have
- b, )

o (47), -0 (a7)

IA
—~
X
L)
~
S
X
S

IA
VR
WK
By
~
2
NE
N
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This yields that ¢ (A?) € K for all p € (&) and positive integer k. Since from
the statement (1), we have A € 0.(</) which is a subset of 0,.(</), it follows

(42
that ;gp (Ak )

we have for any ¢ € (&) by the membership of [Zay;)*a
k=1

k)* (k k)* (k k* (k
3 (a8) =[S (o) | = [ (el ) | o (| ]) <
k=1 k=1 k=1 k=1

K and the map ¢ — Zﬁp (Al[f]) = ([Zag.’;)*ag’:)]) from .#(</) along with
k=1

k=1
the weak* topology into K is continuous. Conversely, suppose that the statements

(1) and (2) are satisfied. Then ZAE] converges in Mp°(/). Since ZAE] =
k=1

k=1

ng (agf)*ayf)ﬂ for all ¢ € (). So, by Theorem 3.1.3,
k=1

W1 in (o) that

i

[Zagf)*az] and (2) is satisfied, we have immediately by Theorem 3.1.3 that the

k=1

matrix [Zaﬁ-’?*aﬁ] belongs to IC(.7). O
k=1

From the preceding theorem, the following corollary is immediately ob-
tained.

Corollary 3.2.10. 0, (<) C O.().

The following example shows that the inclusion 0, (&) C O (<) is always
proper.

Example 3.2.11. Let A be the matriz whose each entry in the main diagonal
is the identity of </ and all other entries are 0’s. Since for a fived p € (),
we have @(A) is exactly the identity matriz in B(ly), it follows that (A) is not
compact. Thus A ¢ K(<f). Hence the sequence { A}, where Ay = A and
Ay, = 0 otherwise, belongs to O.(</) but doesn’t belong to O, ().

The remaining contents of this chapter are all about proving the com-
pleteness of the four sequence spaces. To see that they are normed spaces, the
following Cauchy-Schwarz’s inequality, which is an extension of the one in [13], is
constructed.

Theorem 3.2.12. (Cauchy-Schwarz’s inequality) For any two n-tuples (A, ..., A,)
and (By, ..., By) of matrices in S*() and p € (),

Se ()| 3 (52)
k=1 k=1

1/2 1/2

<

D ¢ (Axe By)
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ji
1,...,n. Then by Theorem 3.1.10, p(A, e By) € B(l2) for all k. Let x = {x;}°, € Iy
with ||x||, < 1. Then by Cauchy-Schwarz’s inequality for scalar sequences,

= (S5l (45)])

Proof. Let ¢ € (&), and suppose that Ay = [a(k)] and By = [byﬂ for all k =

2 2

> p(Ay e By)x
k=1

IA
8
—N—
[M]8

VAN VAN IA
Mg Iz I[Me
e 1P
3
B
N
==
QQ/—i
RG>
~—
5
~—
PR
K
3
B
N
==
&:0/‘\
G
~
=
~_

IA
]2
N
NE
3
©
N
=)
oL~
s
s
oL~
Sz
N———
8
~_
(Y]

oo oo n 2
{EESkere)
j=1 \i

< 00 (A2) | [0 (B2)
k=1 2 11 k=1 2
< Isze (a5 <B,[31>\.
k=1 k=1

It follows that

N N 20 » 1/2
Y (Ao By <> ¢ (AE]> > e <BIE;2]>
k=1 k=1 k=1
The proof is complete. O

From Cauchy-Schwarz’s inequality above, the corresponding Minkowski’s
inequality, which is also an extension of that in [13], is obtained.
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Theorem 3.2.13. (Minkowski’s inequality) For any two n-tuples (A, ..., A,) and
(B, ..., Bn) of matrices in S*() and p € (),

(#)

Proof. From Cauchy-Schwarz’s inequality, we have

> (e + B ‘

k=1
= |[D_e((A; + Bi) o (A + By))

k=1

1/2
_l’_

1/2

> ()

k=1

<(Ak + Bk)m)

> (A + Br)" o (A + By))

= j{:qﬁ z4k‘%13k +-j£:¢713k 44k%—£ﬁJ)H

IN

2529914* f4k*_l3k

@ 13* /4k~+-13k))H

1/2 1/2

IN

> (47)
k=1

D (B;?])

k=1 k=1

(AE) zn:cp (BE) His& ((Ak + Bk:)m)

where C* = [c};] for any matrix C' = [¢;] over «/. It follows that

n 1/2
S (A + B®) (4f) (8F)

k=1
The proof is complete. O

> (e + B

1/2

1/2
+

i%ﬁ <(Ak + Bk)[ﬂ)

1/2
_I_

1/2

1/2 1/2

By Lemma 3.2.1 and the Minkowki’s inequality above, the triangle inequal-
ity for the norm ||-|| is immediately obtained.

Corollary 3.2.14. Let A and B be members of O,(<7). Then A + B € 0,()
and [|A + Bl < [[Afl+ IBI]-

On the space 0,.(4/), Cauchy-Schwarz’s inequality and Minkowski’s in-
equality can be extended, by the continuity of the operator norm on B(ls), to
infinite sums as follows.
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Corollary 3.2.15. Let {A;}2, and {By}2, be members of O,.(<7). Then for
any ¢ € S (),

1/2 1/2

<

(1) [ _e(Ay @ By)

> (42)
k=1

1/2
<

> (82)
k=1

1/2 1/2
_l’_

) >y (4 + BY) S (42) > (B2)
k=1 k=1 k=1

By Proposition 3.2.8 and the corollary above, the following corollary is
immediately obtained.

Corollary 3.2.16. If {A;}72, and { By}, be members of O.(<), then

0o 0o 1/2 0o 1/2
ORDDZIEY:N [ ) rle Sell

k=1 M () k=1 M2 () I k=1 M2 ()

oo 1/2 . 1/2 . 1/2
(2) Z(AkJer)m < ZALQ] + ZBE}

k=1 MR (o) k=1 M (o) k=1 M2 ()

We are now ready to prove the Rieze-Fisher-type theorem for completeness
of the four sequence spaces.

Theorem 3.2.17. The four sets Oy ), Op(), O(<), and O, () equipped
with the norm ||-|| are Banach spaces. Indeed, the three sequence spaces Op.(<f),
O (), and O () are all closed subspaces of Oy(<f).

Proof. First, we will show that &,(%7) endowed with the norm ||-|| is a normed
space. For any A = {4}, in 0y(«/), and o € C, it is clear that «A belongs
to Oy(«7). By Corollary 3.2.14, we have that the set 0)(%7) is closed under the
addition. Thus the set 0,(<7) is a vector space. It is clear that [|A]| > 0,
|l Al = |af[|A]l and [|O)] = 0. If |JA|] = 0, then [|Ax||, = 0 for all k, which
implies that A, = 0 for all k. Thus A = 0. By Corollary 3.2.14 again, the
triangle inequality for the norm ||-|| has obtained. Thus (<) equipped with
the norm ||-|| is a normed space. To see that 0,(<7) is a Banach space, let

{An = {A,ﬁ")}:ol}zol be a Cauchy sequence in 0,(<). For each k, we have
\HA;M . A;M\H < ||A, — Al for all n,m.
2

So {A,gn)} is a Cauchy sequence in §?(.&7) for all k. Thus, by the completeness
n=1

of 8%(a7), we have for each k that there is Ay in S2(«7) such that A" — A,
Let A = {A;}2,, we will show that A € 0,(«7) and A,, — A. In order to prove
these, let € > 0 be given. Then there exists a positive integer N such that

A, — Al < g for all n,m > N.
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Let K be a positive integer. Then we have

K
2] 2
2 (Afi”) - Aé’”)) H‘ <A, —Anl? < forallnm >N, (x)
4
k=1 MG ()

Since for each k, we have {A,(gm) }OO converges to Ay in S?(«), it follows for each
m=1
fixed k and n that {AI(CH) — Aém)}

converges to Agﬁb) — Ay in §*(«/). Hence,

m=1

(2] *°
by Proposition 3.1.9, we have for each fixed k and n that {(Algn) — Aém)> }
m=1

2]
converges to <A,(€”) — Ak) in M;°(«7) for all k. Hence, for each fixed n, we ob-

K & K
2] (2]
tain that { E <A,(€") — Aém)> } converges to E (A;") - Ak> in M ().
m=1

k=1 k=1
Thus, by taking the limits as m — oo on both sides of (), we have by the conti-

nuity of the operator norm on Mp°(</) that

N

k=1

2
< EZ for all n > N. (%)

M2 ()

Sine K was given arbitrarily, we have by (#x) that
A, — Al < g for all n > N. (% %)

By (% % %), we obtain that Ay — A belongs to 0y(</), which implies that A =
Ay — (Ay — A) € Op(). From this and (x * ) again, we obtain that A,, — A.
Thus 0,(47) is a Banach space.

To see that 0),.(27) is a Banach space, it suffices to show that 0,.(%/) is
a closed subspace of 0,(«7). Let A = {A;}32, and B = {By}2; be members
of Ope(e/), and o € C. It is obvious that A belongs to O,.(</). For every
v € (), we have for each u > v > 1 by Minkowski’s inequality that

f:so ((ax+ B1)™) is@ (4 is@ ()
k=v k=v k=v

Since A and B are members of 0,.(<7), it follows for each ¢ € /(&) that

1/2
+

1/2 1/2
<

{ng ((Ak —i—Bk)[Z])} is a Cauchy sequence in B(ly). Thus, by the com-
n=1

k=1
00

pleteness of B(ly), the sequence {ng (A + Bk)[2]) is convergent for all
k=1 n=1
¢ € (o). Hence A +B € 0,.(A) . Therefore, the set 0,.(A) is a vec-
tor subspace of 0,(.A). Next, to see that 0,.(.A) is closed in 0,(.A), we suppose
that {An = {A,(Cn)} } is a sequence in 0,.(4/) converging to an element
k=1

n=1
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A = {A}2, in O,(«/). We will show that A € O,.(«/). Let ¢ > 0 and
v € (). Then there exists a positive integer N such that

€
Ay - All < X

Since An € O).(47), there exists a positive integer K such that

e ((AéN)) m)

k=v

<§f0rallp>y>K.

Thus, by Minkowski’s inequality, we have for every p > v > K that

()] = (- -")

< i@(@w _Ak>[21> 1/2+ iw(@g))m) 1/2
< (|\|AN—A||| +§) < (§+§) .

It follows that A € 0,.(«7). Therefore 0,.(</) is a closed subspace of O(<7),
which implies that €,.(<7) is a Banach space.

To see that 0.(<7) is a Banach space, it suffices to show that €.(«) is a
closed subspace of 0,.(27). Let A = {A;}2, and B = {By}2, be members of
O.() and a € C. Then oA € 0.(«). For each ¢ € S (), we have for each
w > v > 1 by Minkowski’s inequality that

St "< S|+ [ 02)

Hence we obtain by taking suprema, as ¢ runs over the set .(27), on both sides
of the inequality above that

m
Z (Aj, + Bp)?
k=v

1/2

1/2 1/2 1/2

I

>l

k=v

I

> i

k=v

+
M ()

for all pu > v.
MG ()

M2 (o)

n

Since A,B € 0.(<), it follows that {Z(Ak—l—Bk)[Q]} is a Cauchy se-
k=1 —1
quence in M®(g7). Therefore, by the completeness of ./\/loo(,@f ), the sequence

{Z (Ap + Bk)m} is convergent. Hence A+B € 0.(A) . Thus the set 0.(A)
k=1 n=1
is a vector subspace of 0,.(.A). We will show that &.(A) is closed in O),.(A). To
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see this, suppose that {An = {Aé")} } is a sequence in O.(</) converging
k=17 n=1

to an element A = {A;}32, in O,.(«7). To get that A € O.(«7), let € > 0 be
given. Then there exists a positive integer N such that

Ve
A - Al < ¥
Since Ay € O (<), there exists a positive integer K such that

3 (a0

k=v

<
M2 ()

i for all p >v > K.

Thus, by Mikowski’s inequality, we have that

L 1/2 L 1/2
St = o(3oa?)
u 2 1/2
< sup | Z((A/E;N)—A ) )
pES () k—=v
u 2] 1/2
+ sup ||p Z (A,(GN))
peS (o) k=v
o - 1/2
<  sup ||¢ Z( A,E:N)—Ak) )
pES () k=1
u 2 1/2
+ sup |l Z (A,EN))
peS (o) k=v
1/2
5o\ B /
= flay —All+ || (40)
k=v M2 ()
< £+£:\/E forall p >v > K.

2 2

It follows that A € 0.(</). Therefore 0.(<7) is a closed subspace of 0,.(%7),
which implies that &.(<7) is a Banach space.

Finally, we will show that &, (<) is a closed subspace of O (7). Let A =
{Ar}32, and B = {By}32, be elements of 0,(«7) and a € C. It is obvious that

aA € 0,.(«/). Since A, B € 0,(o/) and O,(«/) C O,(/), we have Y (Ap+By)?
k=1

converges in Mp°(e/) and Z(Ak + BB = [Z <a§-l§) + bg’f))* (aﬁf) + byf)) Tt
k=1
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follows for any positive integer n by Theorem 3.2.16 that

00 00 1/2
Z (Ar + By)P (Z(Ak + Bk)[2]>
0o 1/2
= |ID_((Ax + Bi) = (A + Bi)n,)P
h=1 M= ()
1/2

((Ak - (Ak:)m) + (Bk - (Bk:)m))[Q]

WE

k=1 M5 ()
00 1/2 0o 1/2
< ISk = (A2 8 DICE A
k=1 M2 () k= MR ()
o o 1/2
= Z(Akﬂ?]—(Z(Ak)m)
k=1 k=1 n M e ()
o ~ 1/2
S ()
k= k=1 N mpe (o)

Since A, B € 0,,(«/), by taking the limits as n — oo on both sides of the above
inequality, we have

i Ay, + By)P (i(Ak + Bk)[2}>
k=1 n,

k=1

1/2

— 0.

M2 ()

Thus A + B = {Ay + Bi}i2, € 0.(</). Hence O,(<7) is a vector subspace

of 0.(</). Next, suppose that {An = {A,g")} } is a sequence in O, (<)
k=1J) n=1

converging to an element A = {A;}2, in O.(«/). We will show that A €

O. (). Since A € 0.(</), we have ZAE] converges in My° (/) and ZAE} =

* (k
E :a_]l ji
MG ()

given. Then there exists a positive integer N such that

k=1 k=1

. To see that — 0, let € > 0 be

€
Ay — Al < 5.

Since Ay € O,(47), there exists a positive integer J such that

%)= (S ).

6 2
< (5) for all n > J.

Mg=(o/)



It follows that

k=1 k=1 n,

1/2

IA
]2
N
=
=
\_/
VR
Mg

< S0 (5
( ki >m

> ()" (S

N V2e _ (1 +3\/§)6

<

M3 ()

(1))

J

€
3 3
Hence A € 0,(<7). The proof is complete.

<e foralln > J.

[] 1/2
(A — AP+ 40) )
o I pee (a7)
1/2
M ()
1/2
[2}) /
_ Ak)
n Mo (a7)
1/2
M2 ()
> (2]
|(Z (A0 - a) )
k=1 Mo (a7)
1/2
+V2||Ay — A
M2 (o)
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Chapter 4

Conclusion

In this thesis, we generalized some results of J. Rakbud and S.-C. Ong in
[13] to the setting of matrices over commutative C*-algebras with identity. Let <7
be a commutative C*-algebra with identity, and let . (/) be the set of all states
of /. Let M> (/) be the vector space of all infinite matrices over 7. For any
A =[a;] € M>(o) and f € %, let f(A) = [f(a;)] and A} = [a%a;]. The
following are what we have done.

- We defined the class Mj°(.e7) as follows:
M) ={A e MZ(d):p(A) € B(ly) forall p € S (F)}

for playing the role as the Banach space B(lz) in the setting of Rakbud and
Ong. By the closed graph theorem, we obtained for any A € M;°(<) that

the quantity sup |[[¢(A)|| is finite. This provided us with a reasonable
peS ()
way of defining a norm on M;°(«7), and then we obtained that the class
M2 () equipped with the norm defined by [|Al| ye () = sup [l(A)
b oS ()
is a Banach space.

- We defined the class K(.27) of compact-like matrices as follows:

K(e) = {A€ M () : |4~ A,

M (o) 0} .

For the case where o/ = C, the class K(C) which is denoted by just K is
exactly the class of all compact matrices regarded as operators on ly. We
obtained some characterizations of K(<) as follows.

Theorem 4.1 Let A € M>(7). Then the following are equivalent.
(1) The matriz A belongs to K(<7).

(2) There is a sequence {F,,}5°, of matrices in M (/) with finitely many non-
zero entries such that ||F, — A‘”Mgow) — 0.

(3) The matriz p(A) belongs to K for all ¢ € (&) and the map ¢ — p(A)
from # () equipped with the topology relative to the weak* topology on o7 *
into K is continuous.
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- We studied the class S*(«7) of all matrices A = [a;;] € M>(&/) such that
¢ (AP) € B(ly) for all ¢ € . (&), which was first defined in [4].

- We defined three sequence spaces by a way analogous to the ones given in
[13] as follows:

n

Oy( ) = {{Ak};o L CS8H) {ZAE} is bounded in Mgow)} ;

k=1

O () = {{Ak}g‘;l C S:() {ZAE]} converges in Mgow)} ;
k=1 n=1

O.(F) = {{ ]} s [iaﬁ-’f)*aﬁ’?] € K(e )} ,

and provided some characterizations of these three spaces as follows.
Theorem 4.2 Let {Ak = [agf)}} be a sequence in S*(</). Then {Ax},, €
k=1

Y (k
[zso (a0 )]
k=1

Theorem 4.3 Let A = {A;}32, be a sequence in S*(/). Then A € O.() if and

Oy() if and only if sup
pe s ()

< Q.

only if the sequences ng (AE]) converge in B(ly) uniformly on ().
k=1 n=1

Theorem 4.4 Let A = {A;}3°, be a sequence in S*(o/). Then A € O () if

and only if each of the following statements holds:

(1) A belongs to O.();
(2) ¢ <AL2]> is compact for all positive integer k and ¢ € (&), and the map

defined by ¢ — Zgo (AE) from (), equipped with the weak® topology
k=1
relative to o/, into K is continuous.

From the characterization of the set &.(<), we obtained one more interesting
sequence space as follows:

6%4&%)

= {{Ak}zozl C S*(H): Vo € S (), {ng (A?)} converges in B(lg)} .
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The inclusion relations among the four sequence spaces were studied. The
following is the result: Oy (/) ¢ O.() & O,() & Oy(</). Finally,
we proved the Rieze-Fisher-type theorem for completeness of our sequence
spaces under the norm defined by

115,

In [13], the authors also studied the sequential convergence as well as the
duality of their sequence spaces. These interesting problems will be a research
topic for us to work on in the future.

1/2

= sup
S ()

k) (k
[ 90(@%) @53)]
1

k=
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List of Symbols
set of all bounded linear operator on [y
set of all compact operator on [y
set of all states of &7

set of all infinite matrices A over o such that ¢(A) € B(l)
for all ¢ € ()

set of all matrices A in M(.«/) such that ||[A — A, || — 0
set of all infinite matrices A such that AP € M(&)

the matrix whose entries in the upper left n x n-block are
exactly those of A and are zero otherwise.
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