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Abstract 
 
The aim of this paper is to initiate and study a new class of functions termed as 𝑝𝑠-𝑟𝑜 fuzzy 𝛼-irresolute functions. It is 

found that this class of functions is independent of the existing class of fuzzy α-irresolute, 𝑝𝑠-𝑟𝑜 fuzzy irresolute and 𝑝𝑠-𝑟𝑜  

fuzzy continuous functions. Also the 𝑝𝑠-𝑟𝑜 fuzzy α-irresoluteness is found to be stronger than 𝑝𝑠-𝑟𝑜  fuzzy semicontinuity, 𝑝𝑠-

𝑟𝑜  fuzzy irresoluteness and 𝑝𝑠-𝑟𝑜fuzzy α-continuity. Several characterizations of these functions are obtained in terms of newly 

introduced concept of 𝑝𝑠-α interior (closure) operators, 𝑝𝑠-𝑟𝑜  fuzzy α-nbd, 𝑝𝑠-𝑟𝑜  fuzzy dense set and their graphs. 
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1. Introduction 
 

While studying the interplay among a fuzzy 

topological space (for short, 𝑓𝑡𝑠) (𝑋, 𝜏) and its corresponding 

general topology called strong α-level topology, 𝑝𝑠-𝑟𝑜 fuzzy 

topology was introduced, whose members and their 

complements are called 𝑝𝑠-𝑟𝑜 open and 𝑝𝑠-𝑟𝑜 closed fuzzy 

sets respectively (Deb Ray & Chettri, 2010). In terms of these, 

a class of functions called 𝑝𝑠-𝑟𝑜 fuzzy continuous functions 

was introduced and explored (Deb Ray & Chettri, 2011, 

2016). The notions of 𝑝𝑠-𝑟𝑜 fuzzy semi continuity, 𝑝𝑠-𝑟𝑜 

fuzzy irresoluteness and 𝑝𝑠-𝑟𝑜 fuzzy α-continuity were 

introduced and their different properties and interrelations 

with the existing allied concepts were studied in (Chettri & 

Gurung, 2016; Chettri, Gurung, & Halder, 2014; Chettri, 

Gurung, & Katwal, 2016). 

In this paper, we introduce the notions of 𝑝𝑠-𝑟𝑜 

fuzzy α-irresoluteness, determine their various characteri-

zations and establish their relation with existing notion of 

various types of fuzzy functions. 

We state a few known definitions and results here 

that we require subsequently. A fuzzy point 𝑥𝑡 is a fuzzy set 

where 0 <  𝑡 ≤  1 and defined as 𝑥𝑡(𝑧) equals to 𝑡 for 𝑧 =
 𝑥, otherwise its value is 0. A fuzzy point 𝑥𝑡 is called 𝑞-

 
coincident with a fuzzy set 𝐵, written as 𝑥𝑡𝑞 𝐵 if 𝑡 +
 𝐵(𝑥)  >  1 (Pao-Ming & Ying-Ming, 1980).  For a function 𝑔 

from a set 𝐴 into a set 𝐵, the following holds: 

(i) 𝑔−1(1 − 𝑉) = 1 − 𝑔−1(𝑉), for any fuzzy set 

𝑉on 𝐵.  

(ii) 𝑈1 ≤ 𝑈2⇒𝑔(𝑈1) ≤ 𝑔(𝑈2), for any fuzzy sets 

𝑈1and 𝑈2 on 𝐴. Also, 𝑉1 ≤ 𝑉2⇒𝑔−1(𝑉1) ≤ 𝑔−1(𝑉2), for any 

fuzzy sets 𝑉1and 𝑉2on 𝐵. 

(iii) For any fuzzy set 𝑈 and 𝑉on 𝐴 and 𝐵, 

𝑔𝑔−1(𝑉) ≤ 𝑉  and 𝑔−1𝑔(𝑈) ≥ 𝑈. Equality holds if 𝑔 is onto 

and one-to-one respectively (Chang, 1968).  

 Let 𝑔 be a function between two non-empty sets 𝐴 

and 𝐵 and 𝑈, 𝑉 be fuzzy sets on 𝐴 and 𝐵 respectively, then 

1 − 𝑈 (called complement of 𝑈), 𝑔(𝑈) and 𝑔−1(𝑉) are fuzzy 

sets on 𝐴, 𝐵 and 𝐴 respectively, defined by (1 − 𝑈)(𝑥) = 1 −

𝑈(𝑥) ∀ 𝑥 ∈  𝐴, 𝑔(𝑈)(𝑦) = {
sup

𝑧∈𝑔−1(𝑦)
𝑈(𝑧), 𝑤ℎ𝑒𝑛 𝑔−1(𝑦) ≠ ∅

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   

and 𝑔−1(𝑉)(𝑥)  =  𝑉(𝑔(𝑥)) (Zadeh, 1965). 
 

A fuzzy topology 𝜏 is a family of fuzzy sets on 𝐴 if 

(a) 0 , 1 ∈  𝜏 (b) arbitrary union and finite intersection of 

members of 𝜏 belongs to 𝜏.Then (𝐴, 𝜏) is called a 𝑓𝑡𝑠. 

Members of the fuzzy topology and their complements are 

termed as fuzzy open and closed sets respectively on 𝐴 

(Chang, 1968). 

For a fuzzy set 𝛾 on 𝐴, the set 𝛾𝛼 = {𝑥 ∈  𝐴 ∶
𝛾(𝑥) > 𝛼} is termed as strong α-level set of 𝐴. In a 𝑓𝑡𝑠 (𝐴, 𝜏), 

the family 𝑖𝛼(τ)= {𝛾𝛼 : 𝛾 ∈ 𝜏} for all 𝛼 ∈ 𝐼1 = [0,1) forms a  
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strong α-level topology on 𝐴 (Kohli & Prasan nan, 2001; 

Lowen, 1976). A fuzzy open set 𝛾 on a 𝑓𝑡𝑠 (𝐴, 𝜏) is said to be 

pseudo regular open fuzzy set if 𝛾𝛼  is regular open in 

(𝐴, 𝑖𝛼(τ)), ∀∈ 𝐼1. The collection of all pseudo regular open 

fuzzy sets form a fuzzy topology on 𝐴 called 𝑝𝑠-𝑟𝑜 fuzzy 

topology on 𝐴, whose members  are called 𝑝𝑠-𝑟𝑜 open and 

their complements as 𝑝𝑠-𝑟𝑜 closed fuzzy sets on (𝐴, 𝜏) (Deb 

Ray & Chettri, 2010). A fuzzy set 𝑈on a 𝑓𝑡𝑠 (𝐴, 𝜏) is called 

fuzzy α-open if 𝑈 ≤ 𝑖𝑛𝑡(𝑐𝑙(𝑖𝑛𝑡(𝑈))) (Bin Sahana, 1991). 
 

Fuzzy 𝑝𝑠-closure and 𝑝𝑠-interior of 𝑈 are denoted 

by 𝑝𝑠-𝑐𝑙(𝑈) and 𝑝𝑠-𝑖𝑛𝑡(𝑈) respectively and are given by 𝑝𝑠-

𝑐𝑙(𝑈) =∧ {𝑉: 𝑈 ≤ 𝑉, 𝑉 is 𝑝𝑠-𝑟𝑜 closed fuzzy set on 𝐴} and 

𝑝𝑠-𝑖𝑛𝑡(𝑈) = ⋁{𝑉: 𝑉 ≤ 𝑈, 𝑉 is 𝑝𝑠-𝑟𝑜 open fuzzy set on 𝐴} 

(Deb Ray & Chettri, 2011, 2016). A fuzzy set 𝑈on a 

𝑓𝑡𝑠 (𝐴, 𝜏) is said to be 𝑝𝑠-𝑟𝑜 semiopen (𝑝𝑠-𝑟𝑜α-open) fuzzy 

set if 𝑈 ≤ 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑈))(resp. 𝑈 ≤ 𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑝𝑠-

𝑖𝑛𝑡(𝑈)))) (Chettri & Gurung, 2016; Chettri, Gurung, & 

Halder, 2014).  

A function 𝑔 from a 𝑓𝑡𝑠 (𝐴, 𝜏1) to another 

𝑓𝑡𝑠 (𝐵, 𝜏2) is  

(i) fuzzy α-irresolute if the inverse image of every 

fuzzy α-open set on 𝐵  is also so on 𝐴 (Prasad, Thakur, & 

Saraf, 1994). 

(ii) 𝑝𝑠-𝑟𝑜 fuzzy continuous (𝑝𝑠-𝑟𝑜 semicontinuous, 

𝑝𝑠-𝑟𝑜 α-continuous) if the inverse image of every 𝑝𝑠-𝑟𝑜 open 

fuzzy set  on 𝐵  is 𝑝𝑠-𝑟𝑜 open (resp. 𝑝𝑠-𝑟𝑜 semiopen, 𝑝𝑠-𝑟𝑜 

α-open) fuzzy set on 𝐴 (Chettri & Gurung, 2016; Chettri, 

Gurung, & Halder, 2014; Deb Ray & Chettri, 2011, 2016). 

(iii) 𝑝𝑠-𝑟𝑜 fuzzy irresolute if the inverse image of 

every 𝑝𝑠-𝑟𝑜 semi open fuzzy set on 𝐵 is also so on 𝐴 (Chettri, 

Gurung, & Katwal, 2016). 

 

2. 𝒑𝒔-𝒓𝒐 Fuzzy α-Irresolute Function 
 

Definition 2.1: A function 𝑔 between two 𝑓𝑡𝑠 (𝐴, 𝜏1) and 

 (𝐵, 𝜏2) is called 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute  if 𝑔−1(𝑉) is 𝑝𝑠-𝑟𝑜 

α-open fuzzy set on 𝐴 for each 𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝑉 on 𝐵. 

We discuss some examples below to establish 

interrelations of the newly defined function with few well 

known existing functions between two 𝑓𝑡𝑠. 

 

Example 2.1: Let 𝐴 = {𝑎, 𝑏, 𝑐} and 𝐵 = {𝑥, 𝑦, 𝑧}. Let 𝑈, 𝑉 and 

𝑊 be fuzzy sets on 𝐴 defined by 𝑈(𝑎) = 0.2, 𝑈(𝑏) =
0.2, 𝑈(𝑐) = 0.3; 𝑉(𝑟) = 0.2, ∀ 𝑟 ∈  𝐴; W(𝑟) = 0.5,∀ 𝑟 ∈  𝐴. 
Let 𝑃, 𝑄, 𝑅 and 𝑆 be fuzzy sets on 𝐵 given by 𝑃(𝑠) =
0.4, ∀ 𝑠 ∈  𝐵;  𝑄(𝑥) = 0.5, 𝑄(𝑦) = 0.5, 𝑄(𝑧) = 0.6; 𝑅(𝑠) =
0.3, ∀ 𝑠 ∈ 𝐵 and 𝑆(𝑥) = 0.3, 𝑆(𝑦) = 0.3, 𝑆(𝑧) = 0.4. Clearly, 

𝜏1 = {0,1, 𝑈, 𝑉, 𝑊} and 𝜏2 = {0,1, 𝑃, 𝑄, 𝑅, 𝑆} are fuzzy topo-

logies on 𝐴 and 𝐵 respectively. In the corresponding strong α-

level topological space (𝐴, 𝑖𝛼(τ1))∀𝛼 ∈ 𝐼1, the open sets are 

∅, 𝐴, 𝑈𝛼 , 𝑉𝛼 and 𝑊𝛼where  

 

𝑈𝛼 = {

𝐴 𝑓𝑜𝑟 𝛼 < 0.2
 {𝑐} 𝑓𝑜𝑟 0.2 ≤ 𝛼 < 0.3

∅ 𝑓𝑜𝑟  𝛼 ≥  0.3
 , 𝑉𝛼 = {

𝐴 𝑓𝑜𝑟 𝛼 < 0.2 
∅ 𝑓𝑜𝑟  𝛼 ≥  0.2

 and 

𝑊𝛼 = {
𝐴 𝑓𝑜𝑟 𝛼 < 0.5

∅ 𝑓𝑜𝑟  𝛼 ≥  0.5
 

 

For 0.2 ≤ 𝛼 < 0.3, the closed sets on (𝐴,𝑖𝛼(τ1)) are 

∅, 𝐴 and 𝐴 − {𝑐}. As 𝑖𝑛𝑡(𝑐𝑙(𝑈𝛼)) = 𝐴, 𝐴𝛼 is not regular open 

on (𝐴,𝑖𝛼(τ1))for  0.2 ≤ 𝛼 < 0.3 and hence 𝑈 is not pseudo 

regular open fuzzy set on (𝐴, 𝜏1). 𝑖𝑛𝑡(𝑐𝑙(𝑉𝛼)) = 𝑉𝛼 and 

𝑖𝑛𝑡(𝑐𝑙(𝑊𝛼)) = 𝑊𝛼. So, 𝑉𝛼 and 𝑊𝛼 are regular open on 

(𝐴,𝑖𝛼(τ1)), ∀ α ∈ 𝐼1. 0, 1, 𝑉 and 𝑊 are pseudo regular open 

fuzzy sets on (𝐴, 𝜏1) and thus 𝑝𝑠-𝑟𝑜 fuzzy topology on 𝐴 is 

{0,1, 𝑉, 𝑊}.  Again, 𝑄 and 𝑆 are not pseudo regular open 

fuzzy sets for 0.5 ≤ 𝛼 < 0.6 and 0.3 ≤ 𝛼 < 0.4 respectively 

on 𝐵. So, the 𝑝𝑠-𝑟𝑜 fuzzy topology on 𝐵 is {0,1, 𝑃, 𝑅}. Let 𝑔 

be a function from 𝑓𝑡𝑠 (𝐴, 𝜏1) to 𝑓𝑡𝑠 (𝐵, 𝜏2) defined by 

𝑔(𝑎) =  𝑥, 𝑔(𝑏) =  𝑦 and 𝑔(𝑐) = 𝑧. 0, 1, 𝑃 and 𝑅 are 𝑝𝑠-𝑟𝑜 

open and hence 𝑝𝑠-𝑟𝑜 α-open fuzzy sets on 𝐵. Any fuzzy 

set 𝑇 on 𝐵 satisfying 𝑅 ≤ 𝑇 ≤ 𝑃 is also 𝑝𝑠-𝑟𝑜 α-open fuzzy 

set on 𝐵. For all  𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝐻 on 𝐵, 𝑔−1(𝐻) is 

also so on 𝐴. Hence, 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute. Here, 𝑄 is 

fuzzy α-open set on 𝐵 but 𝑔−1(𝑄) is not so on 𝐴. So, 𝑔 is not 

fuzzy α-irresolute. 

 

Example 2.2: Let 𝐴 = {𝑎, 𝑏, 𝑐} and 𝐵 = {𝑥, 𝑦, 𝑧}. Let 𝑈, 𝑉 

and 𝑊 be fuzzy sets on 𝐴 defined by 𝑈(𝑟) = 0.5, ∀ 𝑟 ∈
 𝐴;𝑉(𝑎) = 0.1, 𝑉(𝑏) = 0.1, 𝑉(𝑐) = 0.2;𝑊(𝑟) = 0.3, ∀ 𝑟 ∈  𝐴. 
Let 𝑃, 𝑄, 𝑅, 𝑆 and 𝑇 be fuzzy sets on 𝐵 defined by 𝑃(𝑥) = 0.3,
𝑃(𝑦) = 0.3, 𝑃(𝑧) = 0.4;  𝑄(𝑠)  = 0.2, ∀ 𝑠 ∈ 𝐵;  𝑅(𝑠) =   0.4,
∀ 𝑠 ∈ 𝐵;𝑆(𝑥)=0.1,  𝑆(𝑦) = 0.2, 𝑆(𝑧) = 0.2 and 𝑇(𝑥) = 0.4,
𝑇(𝑦) =0.4, 𝑇(𝑧) = 0.5. Clearly, 𝜏1 = {0,1, 𝑈, 𝑉, 𝑊} and 𝜏2 =
{0,1, 𝑃, 𝑄, 𝑅, 𝑆, 𝑇} are fuzzy topologies  on 𝐴 and 𝐵 res-

pectively. 𝑉 is not pseudo regular open fuzzy set for 0.1 ≤
𝛼 < 0.2 on 𝐴. So, the 𝑝𝑠-𝑟𝑜 fuzzy topology on 𝐴 is 
{0,1, 𝑈, 𝑊} and that on 𝐵 is {0,1, 𝑄, 𝑅}. Let 𝑔 be a function 

between two 𝑓𝑡𝑠 (𝐴, 𝜏1) and (𝐵, 𝜏2) given by 𝑔(𝑎) =
 𝑥, 𝑔(𝑏) =  𝑥 and 𝑔(𝑐) =  𝑦. For each fuzzy α-open set 

𝐸 on 𝐵, 𝑔−1(𝐸) is also so on 𝐴. Therefore, 𝑔 is fuzzy α-

irresolute. Here, 𝑄 is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝐵 but 𝑔−1(𝑄) 

is not so on 𝐴. Thus, 𝑔 is not 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute. 

 

Remark 2.1: From Example (2.1) and Example (2.2), we can 

conclude that 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute and fuzzy α-irresolute 

functions are independent of each other. 

 

Example 2.3: Let 𝐴 = {𝑎, 𝑏, 𝑐} and 𝐵 = {𝑥, 𝑦, 𝑧}. Let 𝑈, 𝑉, 𝑊 

and 𝐷 be fuzzy sets on 𝐴 defined by 𝑈(𝑎) = 0.2, 𝑈(𝑏) =
0.3, 𝑈(𝑐) = 0.3; 𝑉(𝑟) = 0.4, ∀𝑟 ∈ 𝐴; 𝑊(𝑟) = 0.1, ∀𝑟 ∈ 𝐴 

and 𝐷(𝑟) = 0.8, ∀𝑟 ∈ 𝐴. Let 𝑃, 𝑄 and 𝑅 be fuzzy sets on 𝐵 

defined by 𝑃(𝑠) = 0.4, ∀𝑠 ∈ 𝐵;𝑄(𝑥) = 0.2, 𝑄(𝑦) = 0.2 and 

𝑄(𝑧) = 0.3 and 𝑅(𝑠) = 0.1, ∀𝑠 ∈ 𝐵. Clearly, 𝜏1 =  {0,1, 𝑈, 
𝑉, 𝑊, 𝐷} and 𝜏2 = {0,1, 𝑃, 𝑄, 𝑅} are fuzzy topologies on 𝐴 and 

𝐵 respectively.  𝑈 is not pseudo regular open fuzzy set for 

0.2 ≤ 𝛼 < 0.3 on 𝐴. So, the 𝑝𝑠-𝑟𝑜 fuzzy topology on 𝐴 is 

{0,1, 𝑉, 𝑊, 𝐷}. Again, 𝑄 is not pseudo regular open fuzzy set 

for 0.2 ≤ 𝛼 < 0.3 on 𝐵. So, the 𝑝𝑠-𝑟𝑜 fuzzy topology on 𝐵 is 

{0,1, 𝑃, 𝑅}. Let 𝑔 be a function from the 𝑓𝑡𝑠 (𝐴, 𝜏1) to 

the 𝑓𝑡𝑠 (𝐵, 𝜏2) defined by 𝑔(𝑎) = 𝑥, 𝑔(𝑏) = 𝑦 and 𝑔(𝑐) = 𝑧. 

Here, 𝑔−1(𝑇) is 𝑝𝑠-𝑟𝑜 open fuzzy set on 𝐴 for every 𝑝𝑠-𝑟𝑜 

open fuzzy set 𝑇on 𝐵, proving that 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy 

continuous . 𝑄 is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝐵 but 𝑔−1(𝑄) is 

not so on 𝐴. Hence, 𝑔 is not 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute. 

 

Remark 2.2: In Example (2.1), 𝑃 is a 𝑝𝑠-𝑟𝑜 open fuzzy set on 

𝐵 but 𝑔−1(𝑃) is not a 𝑝𝑠-𝑟𝑜 open fuzzy set on 𝐴. Hence, 𝑔 is 

not 𝑝𝑠-𝑟𝑜 fuzzy continuous but 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute. 
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Combining this with Example (2.3), 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute 

and 𝑝𝑠-𝑟𝑜 fuzzy continuous functions do not imply each 

other. 

 

Remark 2.3: 𝑝𝑠-𝑟𝑜 fuzzy α-irresoluteness implies 𝑝𝑠-𝑟𝑜 

fuzzy semicontinuity but the converse is not true is illustrated 

by the example as follows. 

 

Example 2.4: Let 𝐴 = {𝑎, 𝑏, 𝑐} and 𝐵 = {𝑥, 𝑦, 𝑧}. Let 𝑈, 𝑉and 

𝑊 be fuzzy sets on 𝐴 defined by 𝑈(𝑎) = 0.1, 𝑈(𝑏) =
0.2, 𝑈(𝑐) = 0.2; 𝑉(𝑟) = 0.3, ∀ 𝑟 ∈  𝐴; 𝑊(𝑠) = 0.1, ∀ 𝑠 ∈  𝐵. 
Let 𝑃, 𝑄, 𝑅 and 𝑆 be fuzzy sets on 𝐵 defined by 𝑃(𝑥) = 0.3,
𝑃(𝑦) = 0.3 , 𝑃(𝑧) = 0.4; 𝑄(𝑠) = 0.4, ∀ 𝑠 ∈  𝐵; 𝑅(𝑥) = 0.1,
𝑅(𝑦) = 0.1, 𝑅(𝑧)=0.2 and 𝑆(𝑠) = 0.2, ∀ 𝑠 ∈ 𝐵. Clearly, 𝜏1 =
{0,1, 𝑈, V, 𝑊} and 𝜏2 = {0,1, 𝑃, 𝑄, 𝑅, 𝑆} are fuzzy topologies 

on 𝐴 and 𝐵 respectively. The 𝑝𝑠-𝑟𝑜 fuzzy topologies on 𝐴 and 

𝐵 are {0,1, 𝑉, 𝑊} and {0,1, 𝑄, 𝑆} respectively. Let 𝑔 be a 

function from the 𝑓𝑡𝑠 (𝐴, 𝜏1) to the 𝑓𝑡𝑠 (𝐵, 𝜏2) defined by 

𝑔(𝑎) = 𝑥, 𝑔(𝑏) = 𝑦 and 𝑔(𝑐) = 𝑦. Here, 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy 

semi continuous.  𝑄 is 𝑝𝑠-𝑟𝑜 open and hence a 𝑝𝑠-𝑟𝑜 α-open 

fuzzy set on 𝐵 but 𝑓−1(𝑄) is not so on 𝐴. Hence, 𝑔 is not 𝑝𝑠-

𝑟𝑜 fuzzy α-irresolute. 

 

Remark 2.4: In Example (2.4), 𝑔 is not 𝑝𝑠-𝑟𝑜 fuzzy α-

irresolute. For all 𝑝𝑠-𝑟𝑜 semiopen fuzzy set 𝑇 on 𝐵, 𝑔−1(𝑇) is 

also so on 𝐴. So, 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy irresolute. In Example (2.1), 

𝑔−1(𝑄) is not a 𝑝𝑠-𝑟𝑜 semiopen fuzzy set on 𝐴 although 𝑄 is 

so on 𝐵. So, 𝑔 is not 𝑝𝑠-𝑟𝑜 fuzzy irresolute. Hence, 𝑝𝑠-𝑟𝑜 

fuzzy α-irresolute and 𝑝𝑠-𝑟𝑜 fuzzy irresolute functions are 

independent of each other. 

 

Remark 2.5: Clearly, 𝑝𝑠-𝑟𝑜 fuzzy α-irresoluteness implies 

𝑝𝑠-𝑟𝑜 fuzzy α-continuity but this converse is not true as 

shown below. 

In Example (2.3), 𝑔−1(𝑇) is 𝑝𝑠-𝑟𝑜 α-open fuzzy set 

on 𝐴 for all 𝑝𝑠-𝑟𝑜open fuzzy set 𝑇 on 𝐵. So, 𝑔 is a 𝑝𝑠-𝑟𝑜 

fuzzy α-continuous function. Here, 𝑄 is a 𝑝𝑠-𝑟𝑜 α-open fuzzy 

set on 𝐵 but 𝑓−1(𝑄) is not so on 𝐴, proving that 𝑔 is not 𝑝𝑠-

𝑟𝑜 fuzzy α-irresolute function. 

All above discussed interrelations can be put to-

gether in an arrow diagram is given as Figure (1). 

 

Theorem 2.1: A function 𝑔 between two  𝑓𝑡𝑠 (𝑋, 𝜏1) and 

(𝑌, 𝜏2) is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute iff for any fuzzy point 𝑥𝑡 of 

𝑋and any 𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝐵 on 𝑌 satisfying  𝑔(𝑥𝑡)𝑞𝐵, 

∃ a 𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝐴 on 𝑋such that 𝑥𝑡𝑞𝐴 ≤ 𝑔−1(𝐵). 
 

Proof: Let 𝑔 be 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute. Let 𝑥𝑡 be any fuzzy 

point on 𝑋 and 𝐵 be a 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌 with 

𝑔(𝑥𝑡)𝑞𝐵. Thus  𝑔−1(𝐵) is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑋 and  

𝐵𝑔(𝑥) + 𝑡 > 1. So, 𝑥𝑡𝑞𝑔−1(𝐵). Taking 𝑔−1(𝐵) = 𝐴, the 

result follows. 

Conversely, let 𝐵 be a 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌 

and  𝑥𝑡 be a fuzzy point on 𝑔−1(𝐵). Then 𝑥𝑡  ≤ 𝑔−1(𝐵) and 

𝑔(𝑥𝑡)  ≤ 𝑔(𝑔−1(𝐵)) ≤ 𝐵. Choose a fuzzy point 𝑥𝑡
′  such that 

𝑥𝑡
′(𝑥) = 1 − 𝑥𝑡(𝑥). Now,𝐵(𝑦) + 𝑔(𝑥𝑡

′)(𝑦) = 𝐵(𝑦) + 𝑔(1 −
𝑥𝑡)(𝑦)  ≥  𝐵(𝑦) + (1 − 𝐵)(𝑦) = 1. So, 𝑔(𝑥𝑡

′)𝑞𝐵. Then 

∃ 𝑝𝑠-𝑟𝑜α-open fuzzy set 𝐴 on 𝑋 such that 𝑥𝑡
′𝑞𝐴 ≤ 𝑔−1(𝐵). 

𝑥𝑡
′(𝑥) + 𝐴(𝑥) = 1 − 𝑥𝑡(𝑥) + 𝐴(𝑥) > 1. So, 𝑥𝑡  ≤ 𝐴. Hence, 

𝑥𝑡  ≤ 𝐴 ≤ 𝑔−1(𝐵). As 𝑥𝑡 is arbitrary, taking union of all such 

relations, ⋁{𝐴: 𝑥𝑡 ∈ 𝑔−1(𝐵)} = 𝑔−1(𝐵) which shows that 

𝑔−1(𝐵) is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑋. So, 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy 

α-irresolute.     

 

Theorem 2.2: A function 𝑔 between two 𝑓𝑡𝑠 (𝐴, 𝜏1) and 

(𝐵, 𝜏2) is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute iff for each 𝑝𝑠-𝑟𝑜 α-closed 

fuzzy set 𝑈 on 𝐵, 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1(𝑈))))  ≤ 𝑔−1(𝑈). 
 

Proof: The proof is straightforward and hence omitted. 

 

Theorem 2.3: Let 𝐴, 𝐵 and 𝐶 be three 𝑓𝑡𝑠 and 𝑓: 𝐴 → 𝐵 and 

𝑔: 𝐵 → 𝐶 be two functions then: 

(a) If 𝑓 and 𝑔 are ps-ro fuzzy α-irresolute function 

then 𝑔 ∘ 𝑓 is also so. 

(b) If 𝑓 is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute and 𝑔 is 𝑝𝑠-𝑟𝑜 

fuzzy α-continuous, then 𝑔 ∘ 𝑓 is 𝑝𝑠-𝑟𝑜 fuzzy α-continuous. 

 

Proof: The proof is straightforward and hence omitted. 

 

Definition 2.2: For any fuzzy set 𝑈 on a 𝑓𝑡𝑠 (𝐴, 𝜏), we define,
𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈) = ⋁{𝑉: 𝑉 ≤ 𝑈, 𝑉 is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝐴 

and 𝑝𝑠-𝛼 𝑐𝑙(𝑈) =∧ {𝑉: 𝑈 ≤ 𝑉, 𝑉 is 𝑝𝑠-𝑟𝑜 α-closed fuzzy set 

on 𝐴. 

Some properties of  𝑝𝑠-𝛼 𝑖𝑛𝑡 and  𝑝𝑠-𝛼 𝑐𝑙 operators 

are furnished below. The proofs are straightforward and hence 

omitted.

 

fuzzy α-irresolute 
 

 

 

 

𝑝𝑠-𝑟𝑜 fuzzy irresolute               𝒑𝒔-𝒓𝒐 fuzzy α-irresolute   𝑝𝑠-𝑟𝑜 fuzzy continuous 

 

 
 

 

𝑝𝑠-𝑟𝑜 fuzzy α-continuous         𝑝𝑠-𝑟𝑜 fuzzy semicontinuous 

 
Figure 1. 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute arrow diagram
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Theorem 2.4: For any fuzzy set  𝑈  of a 𝑓𝑡𝑠 (𝑋, 𝜏), the fol-

lowing results are hold: 
(𝑎) 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈) is the largest 𝑝𝑠-𝑟𝑜 α-open fuzzy 

set which is contained in 𝑈 and  𝑝𝑠-𝛼 𝑐𝑙(𝑈) is the smallest 

𝑝𝑠-𝑟𝑜 α-closed fuzzy set which contains 𝑈. 
(𝑏) 𝐴 is 𝑝𝑠-𝑟𝑜 α-open fuzzy set iff 𝑈 = 𝑝𝑠-

𝛼 𝑖𝑛𝑡(𝑈) and 𝐴 is 𝑝𝑠-𝑟𝑜 α-closed fuzzy set iff 𝑈 = 𝑝𝑠-

𝛼 𝑐𝑙(𝑈). 
(𝑐) 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈)) = 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈) and  𝑝𝑠-

𝛼 𝑐𝑙(𝑝𝑠-𝛼 𝑐𝑙(𝑈)) = 𝑝𝑠-𝛼 𝑐𝑙(𝑈). 
(𝑑) 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈) ≤ 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑉) and  𝑝𝑠-𝛼 𝑐𝑙(𝑈) ≤

𝑝𝑠-𝛼 𝑐𝑙(𝑉) 𝑖𝑓 𝑈 ≤ 𝑉. 
(𝑒) 1 − 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈) =  𝑝𝑠-𝛼 𝑐𝑙(1 − 𝑈)and 1 − 𝑝𝑠-

𝑐𝑙(𝑈) =  𝑝𝑠-𝛼 𝑖𝑛𝑡(1 − 𝑈). 

 
Proof: The proof is straightforward and hence omitted. 

 
Theorem 2.5: For a function 𝑔 from a 𝑓𝑡𝑠 (𝑋, 𝜏1) to another 

𝑓𝑡𝑠  (𝑌, 𝜏2) the following statements are equivalent. 
(𝑎) 𝑔 is a 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute function. 
(𝑏) The inverse image of every 𝑝𝑠-𝑟𝑜 α-closed 

fuzzy set on 𝑌 is 𝑝𝑠-𝑟𝑜 α-closed fuzzy set on 𝑋. 

(𝑐) For any fuzzy point 𝑥𝑡 on 𝑋 and each 𝑝𝑠-𝑟𝑜 α-

open fuzzy set 𝐵 on 𝑌 and 𝑔(𝑥𝑡) ∈ 𝐵, ∃ 𝑝𝑠-𝑟𝑜 α-open fuzzy 

set 𝐴 on 𝑋 satisfying 𝑥𝑡 ∈ 𝐴 and 𝑔(𝐴) ≤ 𝐵. 
(𝑑) 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1(𝐵))))  ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙 

(𝐵)), for all fuzzy set 𝐵 on 𝑌. 

(𝑒) 𝑔(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙 (𝐴)))) ≤ 𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴)), 

for all fuzzy set 𝐴 on 𝑋. 
(𝑓) 𝑔(𝑝𝑠-𝛼 𝑐𝑙(𝐴))  ≤ 𝑝𝑠-𝛼 𝑐𝑙𝑔(𝐴) for all fuzzy set 

𝐴 on 𝑋. 

(𝑔) 𝑝𝑠-𝛼 𝑐𝑙(𝑔−1(𝐵))  ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝐵)) for all 

fuzzy sets 𝐵 on 𝑌. 

(ℎ) 𝑔−1(𝑝𝑠-𝛼 𝑖𝑛𝑡𝐵)  ≤ 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝐵)) for all 

fuzzy set 𝐵 on 𝑌. 

 
Proof:(𝑎) ⇒  (𝑏) and (𝑏) ⇒ (𝑎) The proof is straightforward 

and hence omitted. 

(𝑎) ⇒  (𝑐) Let 𝑥𝑡 be any fuzzy point on 𝑋 and 𝐵 be 

any 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌 with 𝑔(𝑥𝑡)  ∈  𝐵. Since 𝑓 is 

𝑝𝑠-𝑟𝑜 fuzzy α-irresolute, it implies that 𝑔−1(𝐵) is 𝑝𝑠-𝑟𝑜 α-

open fuzzy set on  𝑋 which contains 𝑥𝑡. Taking 𝑔−1(𝐵) =  𝐴, 

we get the required result. 
(𝑐) ⇒  (𝑎) Let the given condition hold and 𝐵 be a 

𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌. If 𝑔−1(𝐵) = 0, then the result is 

true. If 𝑔−1(𝐵)≠0, then ∃ a fuzzy point 𝑥𝑡 on 𝑔−1(𝐵). So, ∃ 

𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝑈𝑥𝑡
on 𝑋 which contains 𝑥𝑡 such that 

𝑥𝑡 ∈ 𝑈𝑥𝑡
≤ 𝑔−1(𝐵). 𝑥𝑡 being arbitrary, taking union of all 

such relations, we get 𝑔−1(𝐵) = ⋁{𝑥𝑡 ∶ 𝑥𝑡 ∈ 𝑔−1(𝐵)} ≤

⋁{𝑈𝑥𝑡
: 𝑥𝑡 ∈ 𝑔−1(𝐵)} ≤ 𝑔−1(𝐵).  𝑔−1(𝐵) = ⋁{𝑈𝑥𝑡

∶ 𝑥𝑡 ∈ 𝑔−1 

(𝐵)} which shows that 𝑔−1(𝐵) is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 

𝑋. Hence, 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute. 

(𝑏)  ⇒  (𝑑) For any fuzzy set 𝐵 on 𝑌,  𝑝𝑠-𝛼 𝑐𝑙(𝐵) is 

𝑝𝑠-𝑟𝑜 α-closed fuzzy set on 𝑌. So by given hypothesis, 

𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝐵)) is 𝑝𝑠-𝑟𝑜 α-closed fuzzy set on 𝑋 which 

imply that 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1(𝑝𝑠-𝛼 𝑐𝑙 𝐵)))) ≤ 𝑔−1(𝑝𝑠-

𝛼 𝑐𝑙(𝐵). Thus for a fuzzy set 𝐴 on 𝑋, as 𝐴 ≤ 𝑝𝑠-𝛼 𝑐𝑙(𝐴),we 

have 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1(𝐵)))) ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝐵). 

(𝑑) ⇒  (𝑒) Let 𝐴be fuzzy set on 𝑋 and 𝑔(𝐴) = 𝐵. 

Then, 𝐴 ≤ 𝑔−1(𝐵). So by our hypothesis, 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-

𝑐𝑙(𝑔−1(𝐵))))  ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝐵)).     So, 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙 
(𝐴)))  ≤ 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1(𝐵)))) ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝐵)) 

=   𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴))). This gives 𝑔(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-

𝑐𝑙 𝐴)))  ≤ 𝑔𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴))))  ≤ 𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴)). There-

fore, 𝑔(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙 𝐴)))  ≤ 𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴)). 
(𝑒) ⇒  (𝑏) Let 𝐵 be any 𝑝𝑠-𝑟𝑜 α-closed fuzzy set 

on 𝑌 and 𝐴 = 𝑔−1(𝐵). Then 𝑔(𝐴) ≤ 𝐵 and by given 

hypothesis,𝑔(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙 𝐴))) ≤ 𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴) ≤ 𝑝𝑠-

𝛼 𝑐𝑙(𝐵) = 𝐵. So,𝑔−1(𝑔(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙 𝐴)))) ≤ 𝑔−1(𝐵). 
This gives 𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙 𝐴)) ≤ 𝑔−1(𝐵) and hence, 𝑝𝑠-

𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1(𝐵)))) ≤ 𝑔−1(𝐵),  proving  that 𝑔−1(𝐵) 

is 𝑝𝑠-𝑟𝑜 α-closed fuzzy set on 𝑋. 
(𝑏) ⇒  (𝑓) For any fuzzy set 𝐴 on 𝑋, 𝐴 ≤

𝑔−1(𝑓(𝐴)) ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴))). As  𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴))is 𝑝𝑠-

𝑟𝑜 α-closed fuzzy set on 𝑌, 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴))) is also so on 

𝑋. Now, 𝑝𝑠-𝛼 𝑐𝑙(𝐴) ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴))) and 𝑔(𝑝𝑠-

𝛼 𝑐𝑙(𝐴)) ≤ 𝑔(𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴))) ≤ 𝑝𝑠-𝛼 𝑐𝑙(𝑔(𝐴)). Thus, 

𝑔(𝑝𝑠-𝛼 𝑐𝑙 𝐴)  ≤ 𝑝𝑠-𝛼 𝑐𝑙𝑔(𝐴). 
(𝑓) ⇒  (𝑔) Let 𝐵 be any fuzzy set on 𝑌 and  𝐴 =

𝑔−1(𝐵). By hypothesis, 𝑔(𝑝𝑠-𝛼 𝑐𝑙(𝑔−1𝐵))) ≤ 𝑝𝑠-𝛼 𝑐𝑙𝑔 

(𝑔−1(𝐵))  ≤ 𝑝𝑠-𝛼 𝑐𝑙(𝐵) and 𝑝𝑠-𝛼 𝑐𝑙(𝑔−1(𝐵)) ≤ 𝑔−1(𝑔(𝑝𝑠-

𝛼 𝑐𝑙(𝑔−1(𝐵)))) ≤ 𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝐵)). Thus 𝑝𝑠-𝛼 𝑐𝑙(𝑔−1(𝐵) ≤
𝑔−1(𝑝𝑠-𝛼 𝑐𝑙(𝐵)). 

(𝑔)  ⇒  (ℎ) The proof is straightforward and hence 

omitted. 

(ℎ)  ⇒  (𝑎) Let 𝐵 be a 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌. 

𝐵 = 𝑝𝑠-𝛼 𝑖𝑛𝑡𝐵. Then 𝑔−1(𝑝𝑠-𝛼 𝑖𝑛𝑡𝐵) = 𝑔−1(𝐵)  ≤ 𝑝𝑠-

𝛼 𝑖𝑛𝑡(𝑔−1(𝐵)). Also, 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝐵))  ≤ 𝑔−1(𝐵). There-

fore,  𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝐵)) = 𝑔−1(𝐵)which imply that 𝑔−1(𝐵)is 

𝑝𝑠-𝑟𝑜α-open fuzzy set on 𝑋. Therefore, 𝑔 is 𝑝𝑠-𝑟𝑜fuzzy α-

irresolute function.  

 

Theorem 2.6: A bijective function 𝑔 from a 𝑓𝑡𝑠 (𝑋, 𝜏1) to 

another 𝑓𝑡𝑠 (𝑌, 𝜏2) is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute iff for any 

fuzzy set 𝑈 on 𝑋,  𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔(𝑈))  ≤ 𝑔(𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈). 
 

Proof: Let 𝑔 be 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute and 𝑈 a fuzzy set on 

𝑋. 𝑔−1(𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑓(𝑈)) is 𝑝𝑠-𝑟𝑜α-open fuzzy set on 𝑋. 

𝑔   being  one-to-one,   𝑔−1(𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑓(𝑈)) ≤ 𝑝𝑠-𝛼 𝑖𝑛𝑡 (𝑔−1 

(𝑔(𝑈))) = 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈). Again, 𝑔 being onto, 𝑔(𝑔−1(𝑝𝑠-

𝛼 𝑖𝑛𝑡(𝑔(𝑈))) = 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔(𝑈))  ≤ 𝑔(𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑈)).  
Conversely, let 𝑉 be any 𝑝𝑠-𝑟𝑜α-open fuzzy set on 

𝑌. 𝑔 being onto, 𝑉 = 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑉) = 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔(𝑔−1(𝑉)). 
By hypothesis, 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔(𝑔−1(𝑉))  ≤ 𝑔(𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝑉)). 
As 𝑔 is one to one, 𝑔−1(𝑉)  ≤ 𝑔−1(𝑔(𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝑉)))) =

𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝑉)). As, 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝑉)) ≤ 𝑔−1(𝑉), 𝑝𝑠-

𝛼 𝑖𝑛𝑡(𝑔−1( 𝑉)) = 𝑔−1(𝑉) showing that 𝑔−1(𝑉) is 𝑝𝑠-𝑟𝑜 α-

open fuzzy set on 𝑋. Hence, 𝑔 is 𝑝𝑠-𝑟𝑜fuzzy α-irresolute 

function. 
 

Theorem 2.7: For a 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute function 

𝑔: (𝑋, 𝜏1) → (𝑌, 𝜏2), 𝑝𝑠-𝑐𝑙 (𝑝𝑠-𝑖𝑛𝑡 (𝑝𝑠-𝑐𝑙 (𝑔−1(𝑉))))   ≤ 𝑔−1 

(𝑝𝑠-𝑐𝑙(𝑉)), 𝑝𝑠-𝛼 𝑐𝑙(𝑔−1(𝑉))  ≤ 𝑔−1(𝑝𝑠-𝑐𝑙(𝑉)) forall fuzzy 

set 𝑉 on 𝑌 and  𝑔(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑈))))  ≤ 𝑝𝑠-𝑐𝑙(𝑔(𝑈)), 

𝑔(𝑝𝑠-𝛼 𝑐𝑙(𝑈))  ≤ 𝑝𝑠-𝑐𝑙𝑔(𝑈)  for any fuzzy set 𝑈on 𝑋. 
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Proof: Let 𝑔 be 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute and 𝑉 be a 

fuzzy set on 𝑌.  𝑝𝑠-𝑐𝑙(𝑉) is 𝑝𝑠-𝑟𝑜 closed  and hence 𝑝𝑠-𝑟𝑜 α-

closed fuzzy set on 𝑌. 𝑔−1(𝑝𝑠-𝑐𝑙(𝑉)) is 𝑝𝑠-𝑟𝑜 α-closed fuzzy 

set on 𝑋 which imply that  𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1(𝑝𝑠-

𝑐𝑙 𝑉)))) ≤ 𝑔−1(𝑝𝑠-𝑐𝑙(𝑉)). As, 𝑈 ≤ 𝑝𝑠-𝑐𝑙(𝑉), for a fuzzy set 

𝑈 on 𝑋,  𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑔−1 (𝑉))))  ≤ 𝑔−1(𝑝𝑠-𝑐𝑙(𝑉). 
Again, 𝑉 ≤ 𝑝𝑠-𝑐𝑙(𝑉), 𝑔−1(𝑉)  ≤  𝑔−1(𝑝𝑠-𝑐𝑙(𝑉) which gives  

𝑝𝑠-𝛼 𝑐𝑙(𝑔−1(𝑉)) ≤ 𝑝𝑠-𝛼 𝑐𝑙( 𝑔−1(𝑝𝑠-𝑐𝑙(𝑉))) = 𝑔−1(𝑝𝑠-

𝑐𝑙(𝑉)). Similarly another part can be proved. 

 

Theorem 2.8: 𝑔−1(𝑝𝑠-𝑖𝑛𝑡(𝑉)) ≤ 𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝑉)) for a 𝑝𝑠-

𝑟𝑜 fuzzy α-irresolute function 𝑔: (𝑋, 𝜏1) → (𝑌, 𝜏2) , for any 

fuzzy set 𝑉 on 𝑌. 

 

Proof: Let 𝑔 be 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute and 𝑉 be a fuzzy set 

on 𝑌.  𝑝𝑠-𝑖𝑛𝑡(𝑉) is 𝑝𝑠-𝑟𝑜 open and hence 𝑝𝑠-𝑟𝑜 α-open fuzzy 

set on 𝑌. 𝑔−1(𝑝𝑠-𝑖𝑛𝑡(𝑉)) being 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑋, 

𝑔−1(𝑝𝑠-𝑖𝑛𝑡(𝑉))  =   𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝑝𝑠-𝑖𝑛𝑡(𝑉)))   ≤ 𝑝𝑠-𝛼 𝑖𝑛𝑡 

(𝑔−1(𝑉), as  𝑝𝑠-𝑖𝑛𝑡(𝑉) ≤ 𝑉. Therefore, 𝑔−1(𝑝𝑠-𝑖𝑛𝑡(𝑉)) ≤
𝑝𝑠-𝛼 𝑖𝑛𝑡(𝑔−1(𝑉)). 

 

Lemma 2.1 (Azad  (1981), Lemma 2.4, p.17]: Let ℎ: 𝑋 → 𝑋 ×
𝑌 be the graph of a function 𝑔: (𝑋, 𝜏1) → (𝑌, 𝜏2) given by 

ℎ(𝑥) = (𝑥, 𝑔(𝑥)). If 𝑈 and 𝑉 be fuzzy sets on 𝑋 and 𝑌 

respectively, then ℎ−1(𝑈 × 𝑉) = 𝑈 ∧ 𝑔−1(𝑉).    

 

Theorem 2.9: For a function 𝑔 from a 𝑓𝑡𝑠 (𝑋, 𝜏1) to another 

𝑓𝑡𝑠 (𝑌, 𝜏2), if the graph ℎ: 𝑋 → 𝑋 × 𝑌 of 𝑔 is 𝑝𝑠-𝑟𝑜 fuzzy α-

irresolute then 𝑔 is also 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute, where 

(𝑋, 𝜏1)and(𝑌, 𝜏2) are two 𝑓𝑡𝑠. 

 

Proof: Let 𝐵 be any 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌. Using 

Lemma (2.1) we get, 

𝑔−1(𝐵)= 1 ∧  𝑔−1(𝐵) = ℎ−1 (1 × 𝐵). (1 ×  𝐵) is 

𝑝𝑠-𝑟𝑜 α-open fuzzy set on (𝑋 ×  𝑌) and as ℎ is 𝑝𝑠-𝑟𝑜 fuzzy α-

irresolute function, ℎ−1 (1 × 𝐵) is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 

𝑋. Thus, 𝑔−1(𝐵) is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑋. Hence 𝑔 is 

𝑝𝑠-𝑟𝑜 fuzzy α-irresolute.  

 

Definition 2.3: A fuzzy set 𝑈 on a 𝑓𝑡𝑠 (𝑋, 𝜏) is called 𝑝𝑠-𝑟𝑜  

fuzzy dense set if  𝑝𝑠-𝑐𝑙(𝑈) = 1 and 𝑈 is called a nowhere 

𝑝𝑠-𝑟𝑜 fuzzy dense set if  𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑈)) = 0. 
 

Theorem 2.10: If a function 𝑔: (𝑋, 𝜏1) → (𝑌, 𝜏2) is 𝑝𝑠-𝑟𝑜 

fuzzy α-irresolute, where (𝑋, 𝜏1) and (𝑌, 𝜏2) are two 𝑓𝑡𝑠 then 

𝑔−1(𝐴) is a 𝑝𝑠-𝑟𝑜 α-closed fuzzy set on 𝑋 for any nowhere 

𝑝𝑠-𝑟𝑜 fuzzy dense set 𝑈 on 𝑌. 

 

Proof: Let 𝑈 be a nowhere 𝑝𝑠-𝑟𝑜 fuzzy dense set on 𝑌. 𝑝𝑠-

𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(1 − 𝑈)) = 1.   𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(1 − 𝑈))) = 1. 
So, 1 − 𝑈 ≤ 𝑝𝑠-𝑖𝑛𝑡(𝑝𝑠-𝑐𝑙(𝑝𝑠-𝑖𝑛𝑡(1 − 𝑈))) = 1 and hence 

1−𝑈 is  𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌. 𝑔−1(1 − 𝑈) = 1 −
𝑔−1(𝑈), 𝑓−1(𝑈)  is 𝑝𝑠-𝑟𝑜 α-closed fuzzy set on 𝑋. 

 

Definition 2.4: A fuzzy set 𝑈 is said to be a 𝑝𝑠-𝑟𝑜 fuzzy α-

nbd of a fuzzy point 𝑥𝑡if ∃ a 𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝑉 such 

that 𝑥𝑡 ∈  𝑉 ≤ 𝑈. 

 

Theorem 2.11: For a function 𝑓 between two  𝑓𝑡𝑠 (𝑋, 𝜏1) 

and (𝑌, 𝜏2), the following are equivalent: 

(𝑎) 𝑓 is 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute function. 

(𝑏) For any fuzzy point 𝑥𝑡 on X, the inverse of each 

𝑝𝑠-𝑟𝑜 fuzzy α-nbd 𝑉 of 𝑓(𝑥𝑡) on 𝑌 is a 𝑝𝑠-𝑟𝑜 fuzzy α-nbd of 

𝑥𝑡 on 𝑋. 

(𝑐) For any fuzzy point 𝑥𝑡on 𝑋 and any 𝑝𝑠-𝑟𝑜 fuzzy 

α-nbd 𝑉 of 𝑓(𝑥𝑡) on 𝑌, ∃ a 𝑝𝑠-𝑟𝑜 fuzzy α-nbd 𝑈 of 𝑥𝑡on 𝑋 

satisfying 𝑓(𝑈) ≤ 𝑉. 

 

Proof: 

(𝑎)  ⇒  (𝑏) Let 𝑓 be 𝑝𝑠-𝑟𝑜 fuzzy α-irresolute. Let 

𝑥𝑡 be a fuzzy point on 𝑋 and 𝑉 be a 𝑝𝑠-𝑟𝑜 fuzzy α-nbd of 

𝑓(𝑥𝑡) on 𝑌. Then ∃ a 𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝑊 on 𝑌 such 

that 𝑓(𝑥𝑡) ∈ 𝑊 ≤ 𝑉. Now, 𝑓 being a 𝑝𝑠-𝑟𝑜 fuzzy α-

irresolute, 𝑓−1(𝑊) is 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑋. Then 𝑥𝑡 ∈
𝑓−1(𝑊) ≤ 𝑓−1(𝑉) which proves that 𝑓−1(𝑉)  is a 𝑝𝑠-𝑟𝑜 

fuzzy α-nbd of 𝑥𝑡 on 𝑋. 

(𝑏)  ⇒  (𝑐) Let 𝑥𝑡be any fuzzy point on 𝑋 and 𝑉 be 

a 𝑝𝑠-𝑟𝑜 fuzzy α-nbd of 𝑓(𝑥𝑡) on 𝑌.  𝑓−1(𝑉) is a 𝑝𝑠-𝑟𝑜 fuzzy 

α-nbd of 𝑥𝑡on 𝑋. Let 𝑓−1(𝑉) = 𝑈. Then 𝑓(𝑈) ≤ 𝑉. 

(𝑐)  ⇒  (𝑎) Let 𝑥𝑡 be any fuzzy point on 𝑋 and 𝑉 be 

a 𝑝𝑠-𝑟𝑜 α-open fuzzy set on 𝑌 with 𝑓(𝑥𝑡) ∈ 𝑉 then ∃ a 𝑝𝑠-𝑟𝑜 

fuzzy α-nbd 𝑊 of 𝑥𝑡 on 𝑋 with 𝑓(𝑊) ≤  𝑉. As 𝑊 is a 𝑝𝑠-𝑟𝑜 

fuzzy α-nbd of 𝑥𝑡on 𝑋, ∃ a 𝑝𝑠-𝑟𝑜 α-open fuzzy set 𝑈 on 𝑋 

satisfying  𝑥𝑡 ∈ 𝑈 ≤ 𝑊 i.e., 𝑓(𝑥𝑡) ∈ 𝑓(𝑈) ≤ 𝑓(𝑊) ≤ 𝑉. 

Hence, 𝑓(𝑈) ≤ 𝑉. Now, using (𝑐) ⇒  (𝑎) of Theorem  (2.5), 

the result follows. 
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