CHAPTER III

SHAPE-BASED AVERAGING

Since the causes of having cluster representatives, the outputs generated from a Subse-
quence Time Series Clustering (STSC) with both k-means clustering and k-hierarchical cluster-
ing, becoming all sine waves are inappropriate uses of Euclidean distance and Amplitude Aver-
aging as a distance measure and an averaging function, respectively, in this chapter, Shape-based
Averaging is proposed to use instead of Amplitude Averaging in STSC to correctly generate a clus-
ter representati.ve from trivial-matched subsequences. Unlike other typical data types, time series
data need Shape-based Averaging instead of Amplitude Averaging since correlations among ad-
jacent dimensions exist (Niennattrakul and Ratanamahatana, 2007a,b). Additionally, Amplitude
Averaging produces an undesired mean, where this leads to an inaccurate cluster representative.
Figure 3.1 shows the results from averaging of two time series sequences A and B using Am-
plitude Averaging and Shape-based Averaging, respectively. The sequence generated from the
Amplitude Averaging shows an undesired averaged result that contains two events, where both
original sequences A and B consist of only one event. The sequence generated from Shape-based

averaging preserves characteristics of these two data sequences that only one event exists.
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Figure 3.1: Comparision between two averaged results generated from Amplitude Averaging and Shape-
based Averaging.

However, constructing an accurate shape-based mean is still controversial because data
sequences are averaged in Dynamic Time Warping (DTW) distance space not in the Euclidean

space. Unfortunately, no optimal solution has been proposed. Over a decade ago, Gupta et al.
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proposed a heuristic solution called NLAAF (Gupta et al., 1996), while only a handful number of
work has been adapted to time series data mining domain (Ratanamahatana and Keogh, 2005a;
Salvador and Chan, 2007). Particularly, NLAAF does not produce good averaged results since
an averaged result is always longer than the original sequence and has large errors. In this the-
sis, a new averaging scheme with two averaging functions, Cubic-Spline Dynamic Time Warping
(CDTW) averaging and Iterative Cubic-Spline Dynamic Time Warping (ICDTW) averaging, is
introduced. With the proposed construction algorithm, a very well-formed mean is generated.
Averaged results generated from NLAAF, CDTW, and ICDTW are compared and evaluated in
terms of SUMDIST, a summation of distances between the averaged result and all original se-

quences.
3.1 Background

This section provides essential background knowledge, i.e., Dynamic Time Warping
(DTW) distance and Dynamic Time Warping (DTW) averaging function, to understand proposed

methods in this chapter.
3.1.1 Dynamic Time Warping (DTW) Distance

DTW distance (Berndt and Clifford, 1994; Ratanamahatana and Keogh, 2005b) is a well-
known shape-based similarity measure that uses a dynamic programming technique to find an
optimal warping path between two time series sequences. To calculate the distance, it first creates
a distance matrix, where each element in the matrix is a camulative distance of the minimum value
of three surrounding neighbors. Given two time series sequences A = (ay,a2,...,Gi,...,0n)
and B = (b1,b2,...,bj,...,bm), an n-by-m matrix is first created, and then each (7, 7) element

7i,; of the matrix is defined as:

Yij = lai — bj|p + min {’Yi—l,j—l,’Yi—Lj, ’Yi,j—l} 3.1

where ; ; is the summation of |a; — b;|” and the minimum cumulative distance of three elements
surrounding the (7,5) element, and p is the dimension of L,-norms. When all elements in the
matrix are filled, DTW distance is determined from the last element y, ,, of the matrix. For time
series domain, p = 2, equipping to Euclidean distance, is typically used. Since DTW distance is
important background knowledge for this thesis, a pseudo code is provided in Table 3.1 and an

illustrative example of DTW distance calculation is shown in Figure 3.2.
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Table 3.1: Pseudo code of Dynamic Time Warping distance measure

FUNCTION [dist] = DTW-DISTANCE [4, B]

1. Letn be the length of time series A
2. Let m be the length of time series B
3.  Let p be the dimension of L,-norms
4. Initialize D = ARRAY[n][m]

5. For(i=1ton)

6. For (j = 1tom)

7. If¢=1andj#1)

8. min = Di,j—l

9. Elseif (i # 1and j = 1)

10. min = Di—l,j

11. Else

12. m’l:’fl=MIN(D,',j_1,Di_l,j,Di_lyj_l)
13. End if

14. D; ; =min + |a; — bj[°

15. End for

16. End for

17. Returndist= ¢/Dp.m

Figure 3.2: Alignment obtained from a DTW distance calculation.

3.1.2 Dynamic Time Warping (DTW) Averaging

DTW averaging was first introduced by Gupta et al. (Gupta et al, 1996) to find an av-
eraged result between two time series sequences. Unlike DTW distance, DTW averaging uses
another matrix to store an index of the minimum distance among adjacent elements. The path
matrix is created to store an index of the adjacent element that has minimum cumulative distance,
and a path is traced back from the last element to the first element. An averaged result is then

calculated along the path. Suppose the path W = (wy, w2, . .., Wk, - - - ,wy) of length N, where

wy, 18 kth coordinate (ix, jx) in the optimal path of sequences A = Ry O = 1wy Biys o ,an) and
B = (b1,b2,...,bj,...,bn), where i) and ji are indices of data points in sequences A and B,
rethespectively. Therefore, a new sequence Z = (21,22, -2k, - --,2N) is derived from ele-

ments z; = Eﬁ%%ﬁw—'s-, where w4 and wp are the weights of sequences A and B, respectively.
We also provide a concrete pseudo code of DTW averaging in Table 3.2. For example in Fig-
ure 3.3, two sequences A = (2,3,8,2,3,1,3) and B = (3,1,2,3,8,3, 2) are averaged by DTW

averaging algorithm to produce an averaged result Z = (2.5,1.5,2,3,8,2.5,3, 1.5, 2.5).
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Figure 3.3: Result generated from DTW Averaging

Table 3.2: Pseudo code of Dynamic Time Warping averaging function

FUNCTION [W] = DTW-AVERAGING [4, B, w4, wg]

W = WARPINGPATH(A, B)
Let N be a length of the path W
Let Z be a time series sequence of length N
For (k=1to N)
[z, j1 = wk
o a;-watbj-wns
k watws

Add z, to Z
End for
Return Z

O GOV IGONRIN B L0 I

It is important to note that DTW averaging function is an operation which has only com-
mutative property with no associative property (Niennattrakul and Ratanamahatana, 2007a). In
the other words, if there are three sequences A, B, and C, a result of averaging A and B, then C
is not necessarily equal to a result of averaging B and C, then A. A sequence ordering can largely
affect the averaged result. In addition, an averaging sequence will always be longer or equal to
the original sequences. If a large dataset is to be averaged, averaging sequences will be very long
which will definitely decrease a system performance. Therefore, in this chapter, two new shape-
based averaging functions to resolve this problem and a new averaging scheme to efficiently order

averaging sequences are proposed.
3.2 Related Work

Over a decade ago, Gupta et al. proposed a heuristic shape-averaging scheme called
NLAAF (Gupta et al., 1996), which was first introduced in signal processing community, and
later has been utilized in data mining tasks (Ratanamahatana and Keogh, 2005a; Salvador and
Chan, 2007). Specifically, NLAAF uses DTW averaging to produce a mean between a pair of
time series sequences. NLAAF consists of two averaging schemes, i.e., NLAAF; and NLAAF;.

NLAAF; averages sequences in hierarchical manner. Suppose there are eight sequences, i.e., Ay
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Table 3.3: Pseudo code of generating a warping path

FUNCTION [W] = WARPINGPATH [A, B]

1. [Initialize distance matrix DM and path matrix PM
2. Foreacha; in Aand b; in B
3: DMTi, §1= |a; — b;[?
4. If(é=1andj#1)
5. DMTi, j1+= DM[i, j — 1]
6. PM[i, jl=1
. Elseif (i #1and j=1)
8. DM{i, j]1+= DM[i — 1, j]
9. PMT[i, jl1=2
10. Elseif (i # 1and j # 1)
11. dist = MIN(DMTi, j — 1], DM[i — 1, 51, DM[i — 1,5 — 1))
12. If (dist = DM[i, j — 1))
13. PM[i, jl1=1
14. Else if (dist = DM[i — 1, j])
15. PMl[i, j1=2
16. Else
17. PM][i, j1=3
18. End if
19. DMTi, 7] += dist
20. Else
21. PMTJi, j1=3
22, Endif
23.  Endfor

24. Let n be a length of the sequence X
25. Let m be a length of the sequence Y’
26. While (n # 0 and m # 0)

27. wy = [n, m]

28. If (PM[n,m]=1)

29. m=m-1

30. Else if (PM[n, m]=2)
31. n=n-1

32. Else

33. m=m-1;n=n-1
34. End if

35. End while
36. W =Reverse order of W
37. Return W

to Ag. A; and A, are averaged to produce A; 3, and A3 and A4 are averaged to produce Az 4,
and so on. Then, in the next level, A; 2 and A3y are averaged to produce A(1,2),(3,4), and so
on. Limitation of NLAAF; is that it requires that the number of sequences must be a power of
two. Unlike NLAAF;, NLAAF; averages sequences in sequential manner. A; and A, are first

averaged to produce A o, and then A; 5 and A3 are averaged to produce A(; 2y 3, and so on.

Since NLAAF; has limitation that it requires the number of sequences to be a power of two,
Gupta et al. recommend to use combination of both NLAAF, and NLAAF,. For example, to aver-
age 100 sequences, 4 sequences will be discarded, and the rest of the sequences will be separated

into three groups of 32 sequences, each of which will be averaged using NLAAF;. Therefore,



33

three averaged sequences produced from NLAAF,; will then be averaged using NLAAF;. Since
DTW averaging function does not have an associative property, different orderings of sequences
in both NLAAF; and NLAAF, will lead to different averaged results. Additionally, an averaged
sequence from NLAAF will be very long since DTW averaging function will always produce a
longer or equal sequence to its original sequences. In this chapter, two new DTW averaging func-
tions and an averaging scheme which produce a more accurate averaged result are proposed, and

when this result is used in subsequence clustering, it produces more meaningful clustering results.

3.3 Shape-based Averaging

To average a set of sequences, an averaging scheme to construct an averaged result is pro-
posed since the shape-based averaging does not have an associative property (Niennattrakul and
Ratanamahatana, 2007a). Instead of averaging sequences in a random order as done in NLAAF, a
heuristic solution is introduced to return a good averaged result by averaging a pair of sequences
which are the most similar first. After the averaged result is generated, a pair of sequences from
the remaining data including the previous averaged result is determined for the next iteration. The
scheme keeps going until only one sequence remains. A pseudo code of the averaging scheme is

provided in Table 3.4.

Table 3.4: Pseudo code of Shape-based Averaging scheme

FUNCTION [W] = AVERAGINGSCHEME [S]

1. Initialize a weight w = 1 for each sequence S in S
2. While (S1zE(S) > 1)

3 [A, B] = Most similar sequences in S
4. Z = AVERAGINGFUNCTION(A, B, wa, wB)
5. Remove A and B from S
6 Wz = w4 +wWB

7 Add ZtoS

8. End while

9. Return Z

In this chapter, two novel averaging functions, i.e., Cubic-Spline Dynamic Time Warping
(CDTW) and Iterative Cubic-Spline Dynamic Time Warping (ICDTW) are introduced. Either one
of these two averaging functions can be used as the AVERAGINGFUNCTION in Line 4 of Table

34.
3.3.1 Cubic-Spline Dynamic Time Warping (CDTW) Averaging

CDTW averaging function produces a more accurate averaged result by considering both
position and amplitude of each data point of a new averaged sequence, while DTW averaging

function (Table 3.1) considers only amplitude. In other words, DTW averaging function equally
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treats every new data point in a new sequence, while CDTW averaging function additionally de-
termines where a new data point should be placed. Specifically, a position and an amplitude of
a data point in the sequence can be observed as z- and y- coordinate in time series. Therefore,
the sequence generated from CDTW function is more useful since it preserves both position and
amplitude from the warping path. Figure 3.4 shows the comparision between averaged results gen-
erated from CDTW and DTW averaging functions, where two inputs are A = (2,3,8,2,3, 1, 3)
and B = (3,1,2, 3, 8,3, 2)s

1 2 3 4 5 6 il

TR s A, e
b) Averaged result generated from DTW averaging

T Ee * B 5 G
c) Averaged result generated from CDTW averaging

Figure 3.4: Comparison between DTW averaging and CDTW averaging functions

Suppose the path W = (wy, w2, . .., Wk, - . ., wN) , Where wg, = (ix, k) is k" coordinate in
the optimal path of sequences A and B. Therefore, a position z;cz of a data point in a new sequence
Z' is determined by z;, = ‘—"—%ﬂ, and an amplitude zj of a data point in a new sequence

g . ‘@i -b; d
Z' is determined by zj, = %, where w4 and wp are the weights of sequences A and

B, respectively.

However, the length of the sequence Z’ is always equal to or longer than two original
sequences; therefore, re-sampling is required. In this thesis, CDTW averaging function uses a
cubic-spline interpolation (Burden et al., 1997) since it requires no parameter and outperforms
other interpolation techniques in re-sampling of natural sequences. Additionally, CDTW function
re-samples positions of averaged result to integer values. As illustrated in Figure 3.5, the sequence
Z' of 9 data points is re-sampled to the sequence Z of 7 data points. A concrete pseudo code of

CDTW function is provided in Table 3.5.
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Figure 3.5: Averaged results before and after re-sampling in CDTW averaging function.

Table 3.5: Pseudo code of Cubic-Spline Dynamic Time Warping (CDTW) averaging function

FUNCTION [Z] = CDTW-AVERAGING [A, B, wa, wg]
1. W = WARPINGPATH(A, B)

2. Let N’/ be the length of the path W
3. Let N be the equal length of time series A and B
4. Let Z be a time series sequence of size N
5. Let Z' be a time series sequence of size N’
6. For(k=1toN')
745 [4, j] = wk
8 o — twatiwp
: wA+w
9 y = ai-wa+bj-wp
= watws
10. Add [z, y] to Z’
11. End for
12. Z = CUBICSPLINE(Z’)
13. Return Z

3.3.2 Iterative Cubic-Spline Dynamic Time Warping (ICDTW) Averaging

Although CDTW function produces a good averaged result since it considers both position
and amplitude, another essential but not necessary condition for averaging is that the averaged
result should be in the middle of two original sequences. In other words, DTW distances between
the sequences and the result should be equal. Therefore, an iterative approach for CDTW averag-
ing function called Iterative Cubic-Spline Dynamic Time Warping (ICDTW) averaging function

is proposed. ICDTW function can truly represent characteristics of a set of subsequences.

It is important to emphasize that the distances between the generated result from CDTW
function and two original time series sequences are not always equal; therefore, the averaged result
needs to be slightly adjusted. Obviously, since all elements in the sequence are real numbers, it
is very difficult to obtain the sequence that satisfies this condition; therefore, a heuristic and
deterministic solution is proposed, i.e., ICDTW averaging function mentioned above. To average
two time series sequences A and B, ICDTW function will find new weights 34 and Sp which

make the averaged result Z be the center between the sequences A and B. Obviously, finding both
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weights (34 and (g is not very practical since the weights 34 and p are real numbers. A binary
search is used instead to find only the weight 34, when the weight Bp is fixed. Specifically, for
each iteration, a new weight (34 is checked whether or not the generated averaged result Z has an
equal DTW distances to the sequences A and B. If the distances are equal, ICDTW terminates.
In other words, only weight 34 is necessary to search, while weight Sp can be fixed as a constant
because two sets of weights are equivalent. For example, for {84, 68} = {4, 5}, it can be reduced
to {0.8,1} when the weight Bp is fixed to 1; therefore, searching for 34 is enough to find any.
pair of weights {34, 8g}. Pseudo code of ICDTW averaging function is provided in Table 3.6.
Note that two initial weights of A, B4, and fBa,, are set to be 10~ and 10°. These numbers can

be initialized to any numbers, where 34, must be much smaller than 34,, so the algorithm can be

converged.

Table 3.6: Pseudo code of Iterative Cubic-Spline Dynamic Time Warping ICDTW) averaging function

FUNCTION [Z] = ICDTW-AVERAGING [A4, B, wa, wg]

1. Initialize weights 34, = 1075, B4, = 10°,and g = 1
(B4, +ﬁA2 )

2. [Initialize weight 84, =

3. Z=CDTW-AVERAGING(4, B ﬂA,,,ﬂB)
4. dz a=DTWDISTANCE(Z, A) - w4’

5. dzp=DTWDISTANCE(Z, B) - wp

6. Ba,=dza<dzp?pBa, :Pa,

7. While (Jdz,4 — dz | > 0)

8 (B4, +ﬁA2)

9

Bas =
: Z =CDTW- AVERAGING(A B, Bas, BB)
10. dz 4 =DTWDISTANCE(Z, A) - wa
11. dz B = DTWDISTANCE(Z, B) - wp
12. If(dZ,A <dZ,B)

13. Ba, = Bas
14. Else

15. Ba, = Pa,
16. End if

17. End while

18. Return Z

Note that both CDTW and ICDTW averaging functions can be used in subsequence clus-
tering. However, to preserve characteristics of an averaged result, ICDTW function is more pre-
ferred. For CDTW function, the averaged result preserves shape-based averaging process which
considers both position and amplitude of the warping alignment, while ICDTW averaging returns
more accurate characteristics of the averaged result by calibrating the resulted sequence having
the same distance between the result and original sequences. Performance of CDTW and ICDTW

functions will be demonstrated in the experiment evaluation.
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3.4 Experimental Evaluation

The following experiment will demonstrate the superiority of the proposed averaging func-
tions over the current existing approaches, where the accuracies of the proposed shape-based
averaging method, i.e., a new averaging scheme with two proposed CDTW and ICDTW algo-
rithms, comparing with those of NLAAF, are reported. Our proposed methods are evaluated with
20 datasets from the UCR classification/clustering page (Keogh et al., 2011). Table A.1 shows the
number of classes, the length of each time series sequence, and the size of the datasets, and Figure |
A.2 shows some examples of each dataset. Figure 3.6 shows examples of some classes used in

this evaluation.

0 20 40 60 80
ECG

Figure 3.6: Examples of some classes in evaluated datasets.

For each dataset, training data and test data are all combined, and then all sequences are
averaged. Note that sequences are averaged within their own classes to achieve maximum utili-
ties. The averaged results are evaluated using SUMDIST function, defined as a summation of all
distances between the averaged result and each of the original sequences in the dataset. If a value
from SUMDIST is small, it means that this method generates a good averaged result. SUMDIST

function is provided as follows.

SumDist (s S) - gDTWDistance (S Si) (3.2)

i=1
where S is a dataset, S is the averaged result, and S; is each data sequence in the dataset S.

Table 3.7 shows the SUMDIST comparison between NLAAF and our proposed meth-
ods, CDTW and ICDTW functions, where SUMDIST reported in Table 3.7 is a summation of
SUMDISTs of all classes. From the experiment results, it is apparent from the experiment results
that CDTW and ICDTW functions achieve lower SUMDIST values since all sequences are aver-
aged using a new averaging schemes, while the scheme of NLAAF averages sequences in random
manner, and no resampling method is adopted in NLAAF to scale the averaged sequence to the
same length. Averaged results from CDTW, ICDTW, and NLAAF of CBF and ECG are shown

in Figures 3.7 and 3.8, respectively, where the results from other datasets are provided in Figures



C.1to C.3 in Appendix C.

Table 3.7: SUMDIST of each averaging method

Dataset II NLAAF l CDTW I ICDTW
50words 42717.6 2348.2 2360.5
Adiac 3539 285.9 284.3
Beef 384.7 219.9 222.5
CBF 8730.6 4007.1 3821.0
Coffee 69.5 43.0 43.6
ECG 1160.8 528.4 519.4
Face (all) 18339.0 8748.6 8670.4
Face (four) 945.0 6134 604.4
Fish 516.9 297.3 284.4
Gun-Point 1375.0 466.0 468.4
Lighting-2 2606.9 1195.5 1183.3
Lighting-7 1142.0 858.4 865.1
Oliveoil 6.8 6.5 6.5
OSULeaf 6309.6 2797.4 2805.9
SwedishLeaf 2510.6 1452.8 1415.1
Synthetic 3472.5 2063.1 2050.5
Trace 469.9 221.0 248.5
TwoPatterns 46392.0 19114 1874.2
Wafer 635545.3 | 53026.4 | 52723.1
Yoga 117113.2 | 16924.0 | 16947.9
2 2
o2 e
% 20 40 60 80 100 120 2 20 40 60 80 100
CDTW ICDTW
2
2 7000 2000 3000 _ 4000 5000
NLAAF

Figure 3.7: Averaged results of CBF
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Figure 3.8: Averaged results of ECG
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3.5 Averaging Trivial-Matched Subsequences

Trivial-matched subsequences are a set of adjacent subsequences whose differences are
only a few points. For example, from a CBF dataset, in Figure 3.9, three sets of trivial-matched
subsequences are extracted and shown in Figure 3.9. Therefore, Amplitude Averaging function is
inappropriate to average these subsequences since Amplitude Averaging function does not align
subsequences before averaging. If Amplitude Averaging is used, the averaged result will be
smoothened and the output of subsequence clustering will be meaningless. Figure 3.10 shows the
averaged results when Amplitude Averaging averages three sets of trivial-matched subsequences.
Since CDTW and ICDTW averaging functions align subsequences before averaging, the averaged
result preserves all characteristics, as shown in Figure 3.11 and Figure 3.12, respectively. There-
fore, CDTW and ICDTW averaging functions are more appropriate to use to construct cluster
representatives in subsequence clustering than Amplitude Averaging function. Either CDTW or
ICDTW averaging function can be used to generate cluster representatives in subsequence clus-

tering, where according to experiments, [CDTW provides more accurate averaged results.

J

0 200 400 600 800 1000 1200 1400 1600 1800 2000
a) Some part of CBF sequence

b) Three sets of trivial-matched subsequences

Figure 3.9: Trivial-matched subsequences b) extracted from a) CBF sequence.

3.6 Conclusion

This thesis proposes CDTW and ICDTW functions to generate an accurate averaged re-
sult. Since time series data have correlation among dimensions, CDTW and ICDTW functions
are more appropriate than Amplitude Averaging function. In addition, CDTW and ICDTW func-
tions are shown to outperform NLAAF, and they should be used as an averaging function for

subsequence clustering.
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Figure 3.10: Averaged results generated from Amplitude Averaging.
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Figure 3.11: Averaged results generated from Shape-based Averaging with CDTW function.
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Figure 3.12: Averaged results generated from Shape-based Averaging with ICDTW function.





