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#

CHAPTER I

INTRODUCTION

#

#
Gravitation is one of the most important concepts in the world of physics.

As one of the four physical forces in nature; namely gravity, electromagnetism, strong

force, and weak force, gravity plays a crucial role in every physical system, though at

times gravity is neglected due to its weak magnitude compared with other forces. The

theory of gravitation started its story by Newton who proposed the theory of two-body

gravitational interaction. Such a theory coincides well with nature so far for centuries

and through it people have invented various useful innovations for mankinds. Despite

the great uses, the situation changed when one of cornerstones of physics had been in-

troduced by Einstein; the special relativity. In particular, the Newtonian gravity lacks

an equal treatment between space and time while both are on an equal footing in the

framework of special relativity. To formulate a gravity theory which also embraces spe-

cial relativity, Einstein came up with a new gravity theory in 1916 formally known as

general relativity.

General relativity (GR) is a theory which describes a system with gravitation

by introducing a concept of relations between a geometry of spacetime and matters that

exist in such a spacetime. Particularly, general relativity describes gravity as not a force

formulated in a flat spacetime but rather a manifestation of a curved spacetime. Such a

curved geometry is influenced by matters and energies in the spacetime. In this frame-

work, the gravitational force exerting on a particle as we know it is just a consequence

of that particle free-falling along a shortest path in the curved spacetime, known as a

geodesic. Such a consideration not only incorporates the scale at which the Newtonian

gravity works but also can give a correction to phenomina in the solar system scale; the

well-known success of general relativity is to be able to correct the former predicted orbit

of Mercury around the sun.

There are many attempts on general relativity to describe our universe. Many
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observational data instructs that our universe is expanding with acceleration [1, 2, 3, 4]

(see Ref. [5] for a review on the observations). This fact leads to the simplest modifica-

tion of general relativity in which a cosmological constant Λ is introduced as an object

that drives the accelerating expansion. Unfortunately, the existence of this cosmological

constant raises another problem. Namely, cosmological observations suggest that there

should exist the energy density ρ ∼ 10−47 GeV 4 in order to drive the expansion while

the interpretation of the constant as a vacuum energy from quantum field theory suggest

a completely different value, ρ ∼ 1071 GeV 4.

Though it serves as an accurate gravity theory in, for example, a solar sys-

tem, the fact about the cosmological constant may lead us to suspect whether the original

general relativity is a complete gravitational theory and it needs to be modified when cos-

mology is taken into account. One possible principle for modification is an infraredmod-

ification of the theory, namely, to weaken the gravitational strength on the large scale.

Onemay consider the generalization of the Einstein-Hilbert action from the generic Ricci

scalar to be a function of it, or the so-called f(R) theory [6] (see also [7] for the review).

On the other hand, by taking the large-scale modification into account, one can seek for

alternative gravity theory which directly relates to weakening the strength of the force

at a large scale. In the field theory point of view, general relativity is a field theory of

propagating massless spin-2 degrees of freedom called a graviton. The theory possesses

a gauge symmetry geometrically corresponding to the well-known general covariance;

the physics of the theory is invariant in any coordinate. Possessing such a symmetry,

an excitation of the tensor field becomes massless and thus the corresponding force is a

long-range one (the gravitational potential in the weak-field limit is proportional to 1
r
).

Thus, the straightforward thought of weakening the gravitational strength would be to

add nonzero mass to the graviton so it becomes massive (this inevitably breaks the gen-

eral covariance but later we will see the process of restoring it). Consequently, adding

mass to the graviton invokes the Yukawa factor in the gravitational potential of the form
e−mr

r
wherem is the mass, causing the gravitational interaction to bemodified at the scale

corresponding to the graviton mass while preserving predictions inside such a scale to

be those of general relativity (see [8] for a review on this topic).

Adding mass to the graviton defines the theory of massive gravity. The idea
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has been developing since the first attempt in 1939 when Fierz and Pauli added a mass

term to the linearized version of general relativity [9]. Due to this extra term, there

arised the problematic discontinuity in the theory, known as van Dam-Veltman-Zakharov

(vDVZ) discontinuity, which states that the limit graviton mass approaching zero of the

massive gravity cannot exactly recover the original GR [10, 11]. Later on, a nonlinear

theory of massive gravity was developed with hopes that it may cure the discontinuity

problem. The idea came from the existence of the scale Vainshtein claimed that non-

linear effects become important inside this scale [12]. Meanwhile, Boulware and Deser

investigated the massive gravity and found there exists a ghost in a generic nonlinear

massive gravity [13]. Finally, in 2010, de Rham, Gabadadze, and Tolley developed the

complete theory of dRGT massive gravity without the Boulware-Deser ghost by the par-

ticular construction on the interaction terms in the action [14, 15]. This is one of the best

hopes so far on massive gravity.

Still, dRGT theory has some problems when being used to describe our uni-

verse. The present universe, as we believe it, is based on two cosmological principles,

namely the isotropy and homogeneity, although these are valid only on quite large scale

of universe; approximately 100Mpc [16]. Moreover, such universe with those properties

can be well represented by the Friedmann-Lemaître-Robertson-Walker (FLRW) space-

time. Under the FLRW ansatz, the dRGT theory yields incorrect number of degrees of

freedom which is two instead of five [17]. Moreover, one of the other three vanishing

degrees of freedom turns out to be an instability, rendering the solution to be unstable

[18]. There are several ways to fix this problem. One can depart from the isotropic

consideration of the universe by introducing a small anisotropy to the spacetime while

others can add more degrees of freedom coupled to the massive graviton. Furthermore,

one can consider in extra-dimensional aspects of the massive gravity, which give a more

concrete and motivated explanation to the addition of extra degree of freedom approach.

This work focuses on various modifications of the dRGT massive gravity.

Each model is carefully investigated on its solutions and the corresponding dynamics.

Moreover, some of the cosmological implications are also studied in each of the models

in order to investigate the validity of the models.
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#

CHAPTER II

LITERATURE REVIEWS

#

#
Even though the cosmological constant problem is one of the motivations of

the massive gravity theory, the idea of introducing the mass to the graviton was studied

since 1939, fews decades before the birth of quantum field theory, by Fierz and Pauli

[9]. By adding a mass (self-interaction) term into the linearized general relativity, they

succeeded in constructing the linear theory of massive gravity.

Several decades later, in 1970, van Dam, Veltman, and Zakharov [10, 11]

studied the linear theory of massive gravity coupled to a source. They discovered a

discontinuity between the linear massive gravity theory and the linearized general rela-

tivity. In particular, the predictions made by the linear massive gravity do not coincide

with those from the linearized general relativity even when the graviton mass is ap-

proaching zero. This is commonly known as the van Dam-Veltman-Zakharov (vDVZ)

discontinuity, named after the discoverers. It was found that when the Fierz-Pauli action

is considered in a limit that the mass of graviton goes to zero, since there are two degrees

of freedom for tensor mode, two for vector mode, and one for scalar mode, the scalar

degree of freedom still couples to the trace of the source, i.e. the energy-momentum ten-

sor. This causes the difference between the linear massive gravity and linearized general

relativity and thanks to such a coupling the discontinuity occurs.

A few years later, a nonlinear version of massive gravity was studied by

Vainshtein [12] and he claimed that there exists a Vainshtein radius rv which corresponds

to the availability of the linear theory. Particularly, through the linear theory we can

trust predictions outside the region characterized by this radius while the nonlinearity

becomes more effective inside. Moreover, the graviton mass determines the fate of this

radius; the smaller the mass, the greater the radius will be. This discovery also provides a

possibility to fix the vDVZ discontinuity in such a way that the nonlinearity will correct

those predictions made by only the linear theory, via the Vainshtein mechanism, to match
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with those predicted by general relativity.

Same year as the Vainshtein's discovery, Boulware and Deser [13] showed

that a generic class of nonlinear theory of massive gravity possesses a ghost instability.

It appears that instead of having five degrees of freedom for the massive gravity, there is

the sixth ghostly degree of freedom due to the wrong sign of its own kinetic term. This

is known as a Boulware-Deser (BD) ghost. Such a ghostly degree of freedom brings up

a unphysical excitation mode with negative energy. In other words, in the hamiltonian

formalism, this is the result of the hamiltonian being a linear function of a canonical

momentum. Such a hamiltonian can be as negative as it could and no ground state can

be defined.

Several decades later, in 2010, de Rham, Gabadadze, and Tolley [14, 15]

constructed a nonlinear theory of massive gravity that does not suffer from BD ghost,

the so-called dRGT massive gravity. In lagrangian mechanics language, the theory in-

volves summing suitable interaction terms. Each interaction term is constructed through

a particular building block tensor from a reference metric, which acts like a lagrange

multiplier to give constraints to the theory. Furthermore, there is no vDVZ discontinu-

ity because the theory allow the existance of the Vainshtein mechanism, which screens

additional contributions apart from those in general relativity within a certain scale.

After the remarkable discovery, there were many attempts to test this dRGT

theory. In 2011, D' Amico et al. performed cosmological studies on the proposed ghost-

free massive gravity with the Minkowski reference metric [19]. They found that the

model does not allow the existence of a nontrivial isotropic and homogeneous solution.

Particularly, such a solution is prohibited due to the specific construction to avoid the

BD ghost. In the same year, however, it was found by Gumrukcuoglu, Lin, and Muko-

hyama [20] that there exists the FLRW solutions for the dRGT massive gravity whose

geometry is an open three-space. Moreover, the solutions are self-expanding which is

driven by a constant, acting as the dark energy, in terms of the graviton mass and the

free parameter of the dRGT theory. However, they claimed that the FLRW solutions

can only be approximated as a flat FLRW universe while the exact solution for the flat

FLRW universe is not allowed.

Following from the last work, Gumrukcuoglu, Lin, and Mukohyama [17]
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has also shown that the self-accelerating cosmological solutions have vanishing vector

and scalar degrees of freedom; while there are five degrees of freedom in the Fierz-

Pauli linear massive gravity [8] (two for tensor, two for vector, and one for scalar), and

the theory must satisfy the requirement for the massive spin-2 particle to have so many

degrees of freedom [19], it appears that there are only two propagating tensor degrees of

freedomwhen the FLRWgeometry is applied. Moreover, De Felice, Gumrukcuoglu, and

Mukohyama [18] considered the dRGT massive gravity with the anisotropy spacetime

in the FLRW limit or, in other words, the isotropy limit. They found that in the FLRW

limit, there still is a ghost instability in the theory which is not a BD ghost. These results

conclude the failure of the dRGT massive gravity towards the cosmological principles.

This fact invokes a question : why the nonlinear massive gravity forbids the FLRW

universe while the general relativity embraces it.

In order to fix such problems, there are suggestions from Ref. [21] that one

should leave from the isotropic property or modify the theory by introducing a new de-

gree of freedom. For the former case, it is proven that considering the anisotropy universe

recovers the vanishing degrees of freedom and also cure the ghost instability [22, 23].

For the latter case, to add a new degree of freedom, one can introduce a quasi-dilaton

scalar and its corresponding interaction into the theory [21, 24] or a Dirac-Born-Infeld

scalar along with the interaction which is motivated from the higher-dimensional point

of view [25, 26, 27]. The quasi-dilaton massive gravity theory serves as a consistent

theory since it allows a nontrivial cosmological solution as well as all of the degrees of

freedom of massive graviton are in active and healthy [28, 29]. Alternatively, to avoid an

inability to provide the meaningful cosmological solution, the authors in Ref. [19] sug-

gest that one may choose to take the graviton mass as a varying function of an additional

rolling scalar field. This consideration leads to a new model of a ghost-free massive

gravity theory known as a mass-varying massive gravity [30, 31, 32]. Unfortunately, by

allowing the graviton mass to be a function of the scalar field, the theory suffers from

the vanishing graviton mass at late-time which renders the massive gravity meaningless

in the late-time acceleration scenario. With hopes to obtain a more meaningful theory,

a new class of mass-varying massive gravity was proposed in which the graviton mass

is governed by a rolling k-essence field in such a way that not only the field itself but
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also the kinetic term of the k-essence field are involved in the graviton mass function

[33]. The proposed model allows a nontrivial cosmology where it is possible to have a

self-accelerating solution influenced by the massive gravity sector.
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#

CHAPTER III

BACKGROUND KNOWLEDGE

#

#
Modified gravities, like massive gravity, obviously involves modifying the

Einstein's general relativity. Usually, the modifications take place in the lagrangian of

the theory since upon tackling the modified theory with tools in quantum field theory,

the essence of such modifications can be extracted meaningfully. Thus, it is important to

study not only the general relativity but also the field theory, where we can understand

how the lagrangian of field works. This section is devoted for clarifying the methods

and analysis frequently used in the classical field theory and modified gravity.

3.1 General Relativity
General relativity describes the gravity by relating geometric curvature of

spacetime with matter and energy contents. The curvature of spacetime is represented

via the geometric measurement structure known as a ``metric tensor'', usually denoted

by gµν . This tensor specifies how one measure a distance between two points residing in

given spacetime. Given two infinitesimally adjacent points, the distance between those

points, formally known as a line element, is given in terms of the metric tensor by

ds2 = gµνdx
µdxν . (3.1)

Here, the Einstein's convention of summation is applied; the same (upper and lower)

indices imply summation over possible values of those indices. At times, we will expe-

rience a situation where an inverse of the metric, denoted by gµν , is considered. gµν is

defined to satisfy the following condition,

gµρgρν = δµν . (3.2)
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Having the metric tensor and its inverse, there are particular procedures involving ``rais-

ing'' or ``lowering'' the indices of a tensor. For example, given a vector V µ, we can find

its corresponding ``co-vector'' by lowering the index of V µ as follows,

Vµ = gµνV
ν . (3.3)

Although they look different, both V µ and Vµ correspond to the same geometrical object,

says V. The only different is that each of them is represented on different bases; one on

a vector basis and another on a 1-form basis. This is also true for other general-rank

tensors. For example, consider the following two-indices tensors,

T µ
ν ≡ gµρTρν ≡ T µρgρν . (3.4)

Each of these tensors corresponds to the same object, says T. Roughly speaking, T µν is

a representation of T on a vector/vector basis, Tµν is on a 1-form/1-form basis, and T µ
ν

is on a vector/1-form basis.

The concepts of geometry are introduced not only by the metric tensor but

also other quantities involving the metric tensor. Since general relativity involves con-

siderations on a manifold with nontrivial curvature, one may relate two vectors on dif-

ferent points of spacetime through a ``connection'' which is formally called a Christoffel

symbol, or Christoffel connection, given by

Γρ
µν =

1

2
gρλ (∂µgλν + ∂νgµλ − ∂λgµν) . (3.5)

The reason to its existence is that since the geometry in consideration is curved, the

concepts of vector defined in the Euclidean geometry as the arrow that points from one

to another coordinate point do not make sense anymore. Thus, a vector is redefined

as an object with magnitude and direction which resides on a particular point in the

manifold, without the sense of arrow pointing from one to another point in spacetime.

The connection then serves us as a ``connection'' from vectors (or other tensors) defined

on one point to those on another point. In other words, the connection allows us to define
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the concept of derivative on the manifold as a covariant derivative defined as follows,

∇µA
ν ≡ ∂µA

ν + Γν
µρA

ρ. (3.6)

The covariant derivative also works on the other kinds of tensor, for example,

∇µB
α1α2...

β1β2... ≡ ∂µB
α1α2...

β1β2...

+ Γα1
µρB

ρα2...
β1β2... + Γα2

µρB
α1ρ...

β1β2... (3.7)

− Γρ
µβ1
Bα1α2...

ρβ2... + Γρ
µβ2
Bα1α2...

β1ρ....

The curvature does not only affect how we define a notion of vector and tensor but

also deforms some elementary geometrical properties that we know in the Euclidean

space. The famous example is triangles drawn in spacetimes with different curvatures.

Particularly, a triangle living in a surface of a basketball, for example, can have the sum

of its three inner angles greater than 180 degrees while one living in a surface of a saddle

has the sum less than 180 degrees. In our sense, it is clear to use the triangle concept to

identify one kind of curvature from another. However, we use a quite different concept to

describe the curvature using mathematical symbols. We consider a change in a particular

quantity transported along a closed curve in a specific geometry. The change turns out

to be characterized via the Riemann curvature tensor, or just Riemann tensor, defined as

Rρ
σµν = ∂µΓ

ρ
σν − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
σν − Γρ

νλΓ
λ
µσ. (3.8)

Note that, by imposing the definition of the Christoffel symbol, the Riemann curvature

tensor involves second derivatives (and square of first derivatives) which naturally de-

note a curvature in the Euclidean sense. In the Einstein's general relativity, the Riemann

tensor is introduced via its corresponding Ricci tensor. By contracting the indices, one

can find the Ricci tensor to be

Rµν = Rρ
µρν = ∂ρΓ

ρ
µν − ∂νΓ

ρ
ρµ + Γρ

ρλΓ
λ
µν − Γρ

νλΓ
λ
ρµ. (3.9)

Contracting the remaining indices of the Ricci tensor, we obtain its corresponding Ricci
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scalar as follows,

R = Rµ
µ = gµνRµν . (3.10)

These quantities, especially the Ricci tensor and the Ricci scalar, are frequently used in

general relativity. Despite of the complicated structure, there are useful identities that

greatly simplify calculations involving these quantities. The first two indices of Riemann

tensor are anti-symmetric as well as the last two indices,

Rµνρσ = −Rνµρσ = −Rµνσρ. (3.11)

On the other hand, the first pair of indices and the last pair are symmetric under the

following swapping,

Rµνρσ = Rρσµν . (3.12)

Moreover, there is another useful identity which involves a covariant derivative as fol-

lows,

∇τRµνρσ +∇ρRµνστ +∇σRµντρ = 0. (3.13)

This identity is known as the Bianchi identity. Through the previous identities, this

Bianchi can be expressed in its alternative form as

∇µGµν ≡ ∇µ

(
Rµν −

1

2
gµνR

)
= 0, (3.14)

where Gµν ≡ Rµν − 1
2
gµνR is formally known as the Einstein tensor. This version of

Bianchi identity corresponds to a conservation laws of energy and momentum. In gen-

eral relativity, energies and momentums of matters in spacetime are described through

a geometrical object called energy-momentum tensor, usually denoted by Tµν . The con-
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servation laws then appear in this language as

∇µT
µ
ν = 0. (3.15)

One may note that this conservation law and the Bianchi identity in Eq. (3.14) share

some resemblances. One may expect a proportionality between these two quantities as

follows,

Gµν = Rµν −
1

2
gµνR = 8πGTµν =

1

M2
p

Tµν , (3.16)

where the proportional constant has already been determined; G is the Newtonian grav-

itational constant, and Mp ≡ 1√
8πG

is the reduced Planck mass (here we use a unit in

which �h = 1). Though such an anticipation is not trivially obvious, and there were

series of procedure when this equation was being developed, this is exactly the famous

Einstein's field equation, a core equation governing dynamics of metric tensor due to the

presence of energies and momentums of matters. One can see that the Bianchi identity in

Eq. (3.14) confirms the conservation of energy and momentum. This equation equates

two kinds of quantities together; one consists of geometric quantities describing the cur-

vature of spacetime while another one is a tensor determining energies and momentums

in the spacetime. In one way, the energy-momentum tensor tells the spacetime how to

curve according to its form. In general relativity (and beyond), many situations involve

a specific class of the energy-momentum tensor which can be fully specified only by an

energy density and a pressure of matter. Such matter is known as a perfect fluid. By def-

inition, the energy-momentum tensor corresponding to a perfect fluid can be expressed

as

Tµν = (ρ+ p)UµUν + pgµν , (3.17)

where ρ denotes an energy density of the fluid, p is its pressure and Uµ is a 4-velocity of

the fluid. By the term ``perfect fluid'', it suggests that particles in the fluid of considera-

tion do not interact, in every way, with one another. The examples of such fluid, which

turn out to be very important forms of matter in cosmology, are a dust and radiation.
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A dust is a terminology for a nonrelativistic matter, hence a pressureless matter, while

radiation is consist of photons as relativistic particles. One way to classify these fluids

is to consider their equations of state which usually are in the following form,

p = p(ρ). (3.18)

Equivalently, we can define a parameter corresponding to the equation of state as

w ≡ p

ρ
. (3.19)

This parameter is commonly known as an equation of state parameter. In this language,

the equation of state parameter of the dust is zero because of its pressureless property

while the radiation whose pressure is one-third of its energy density satisfying w = 1
3
.

At times, one may encounter a system in which a perfect fluid is considered in its rest

frame. The energy-momentum tensor in this case is simply

T µ
ν = diag (−ρ, p, p, p) . (3.20)

The field equation in Eq. (3.16) gives rise to various kinds of solution de-

pending on their symmetry properties. In black hole physics, for example, one can obtain

the Schwarzschild solution as a static and spherically symmetric solution to Eq. (3.16)

in empty space while one has the Kerr solution as a rotating and axisymmetric vacuum

solution. Moreover, we can add contributions from electrodynamics, via the energy-

momentum tensor, to obtain solutions incorporating, for instance, electric charge such

as the Reissner-Nordström solution which is a static and spherically symmetric kind

of solution. Furthermore, we can encounter an even more complex solution, the Kerr-

Newman solution which is a charged-version of the Kerr solution [34, 35]. Furthermore,

general relativity has also proven itself quite useful in the aspect of cosmology, which

will be briefly discussed in the following calculations.

To see the cosmological interpretation of general relativity (with Λ), one can

consider the universe satisfying the cosmological principles; the universe whose space

is isotropic and homogeneous. The spacetime that possess such properties is represented
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by the Friedmann-Lemaître-Robertson-Walker (FLRW) metric,

ds2 = −N(t)2dt2 + a(t)2Ωij(x
k)dxidxj, (3.21)

where N is a lapse function denoting a time parameterization and a is a scale factor

determining the overall spatial scale of the universe, and Ωij is a metric describing the

geometry of 3-space which is given by

Ωij(φ
k) = δij +

κδilδjmφ
lφm

1− κδpqφpφq
, (3.22)

where κ indicates the 3-space curvature; the positive value for a closed geometry, nega-

tive for a hyperbolic one, and zero for a flat space. Since we are considering the solution

with isotropy and homogeneity, the energy-momentum tensor must respect the cosmo-

logical principles as well; namely being isotropic and homogeneous. Thus, the energy-

momentum tensor of interest must be in its rest frame which implies Uµ = (U0, 0, 0, 0)

and consequently, assuming a perfect fluid, takes the form,

T µ
ν = diag (−ρ(t), p(t), p(t), p(t)) . (3.23)

If the FLRW solution is considered, the corresponding Einstein's equation in Eq. (3.16)

will be decomposed into two independent equations as follows,

M2
p

(
3H2 + 3

κ

a2

)
= ρ, (3.24)

M2
p

(
2Ḣ

N
+ 3H2 +

κ

a2

)
= −p, (3.25)

where H ≡ ȧ
Na

and the dot represents the derivative with respect to the time t. The

equation in Eq. (3.24) is called the first Friedmann equation or just Friedmann equation

while (3.25) is known as the second Friedmann equation or acceleration equation. The

Friedmann equation tells us how fast the spacetime expand due to the matter contents

while the acceleration equation determines the acceleration of such an expansion. Since

we obtained these equations from the Einstein field equation, these equations inevitably
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obey the Bianchi identity. The Bianchi identity implies the following equation,

ρ̇+ 3HN (ρ+ p) = 0. (3.26)

This equation is exactly the conservation of energy-momentum tensor, namely∇µT
µ
ν =

0, in the FLRW geometry. Note that ρ can be regarded as the total energy density of

the system. Usually, in the standard cosmology each matter content satisfies Eq. (3.26)

separately, namely

ρ̇i + 3HN (ρi + pi) = 0. (3.27)

Such a situation happens if there is no interaction among different matters. We will see

in Chapter VII an example of the case where the interaction exists which corresponds to

nonzero contribution on the right-hand side of Eq. (3.27).

One can notice that Eq. (3.24) and Eq. (3.25) are differential equations.

Sincewe have only two equations but with three unknown functions, namely a(t), ρ(t), p(t),

we need more information, or an another equation, in order to completely determine the

corresponding dynamics. One may think that one can include Eq. (3.26) (or all of Eq.

(3.27)) in order to obtain solutions to those functions. However, Eq. (3.26) cannot fulfil

such a purpose since Eq. (3.26) is not mutually independent from Eq. (3.24) and Eq.

(3.25); they are all related through the Bianchi identity. Thus, to fully determine the

forms of those functions, an another additional equation is needed which turns out to be

the equation of state about which we previously discussed in Eq. (3.18) or equivalently

the equation of state parameter in Eq. (3.19). With such an equation, accompanied with

Eq. (3.24) and Eq. (3.25), one can fully determine the dynamics of the cosmological

solution properly.

The acceleration equation in Eq. (3.25) can appears in its alternative but

more reasonable form. As the name suggests, by using the following relation,

Ḣ =
1

a

d

dt

(
ȧ

N

)
−HN, (3.28)
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it can be rewritten in term of an acceleration of the scale factor in the following form,

d2a

adt̃2
= − 1

M2
p

(
p+

ρ

3

)
,

= − ρ

M2
p

(
w +

1

3

)
, (3.29)

where the equations is reparameterized by a time t̃ satisfying dt̃ = Ndt. For ordinary

matters, such as dust and radiation, the acceleration of the scale factor is always negative

which otherwise implies a deceleration of the universe. Though it is reasonable since

gravitating objects, as we know them, attract one another, the observations reveal that

the universe is in fact expanding with acceleration [1, 2, 3, 4]. It appears that to have an

accelerating expansion, where d2a
adt̃2

> 0, one can fill the universe with a specific matter

having the following equation of state parameter,

w < −1

3
. (3.30)

However, as far as we know there is no such matter which satisfies w < −1
3
. Since

the observations suggest otherwise, one may choose to modify general relativity to fix

this disagreement. Here comes a very simple yet promising modification of general rel-

ativity; general relativity with a cosmological constant, or commonly known as ΛCDM

model.

ΛCDM (or Λ-cold-dark-matter) model is the general relativity with the exis-

tence of a cosmological constant represented by Λ (see [36] for more reviews on ΛCDM

model). The model describes a universe in which Λ is associated to the dark energy

whereas nonrelativistic particles are associated with the dark matter. This model is the

very first model which is able to describe the cosmic expansion with acceleration. In this

model, the Einstein's field equation is slightly modified as follows,

Geff
µν ≡ Gµν + Λgµν = 8πGTµν =

1

M2
p

Tµν , (3.31)

where Λ represents the cosmological constant. Depending on the sign of Λ, there exist

two kinds of solutions. For a positive Λ, one obtains a de Sitter solution while others
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have an anti-de Sitter solution for the negative Λ, though the anti-de Sitter solution does

not have a meaningful cosmology. Note that introducing the cosmological constant term

on the left-hand side indicates that the geometrical nature of general relativity is modi-

fied. In particular, a spacetime governed by the modified Einstein's equation is warped

differently under the influence of the energy-momentum tensor compared with one in

general relativity. Mathematically speaking, the geometrical part of the Einstein's field

equation is characterized by the effective Einstein tensor Geff
µν . One may argue that,

however, the modified Einstein's equation can always be rearranged so that the cosmo-

logical constant is incorperated in the energy-momentum tensor, rendering it to be an

``effective'' energy-momentum tensor as follows,

Gµν =
1

M2
p

Tµν − Λgµν ≡ 1

M2
p

T eff
µν . (3.32)

In spite of the simple rearrangement, this equation has a slight different meaning from

the previous equation. The geometrical part in Eq. (3.32) is exactly that in general

relativity while the equation is rather sourced by the effective energy-momentum tensor

T eff
µν than the actual energy-momentum tensorTµν . Thismodified Einstein's equation has

proven itself to be quite useful in cosmology since, in the effective energy-momentum

tensor picture, the cosmological constantΛ serves similarly as perfect fluid with negative

pressure producing an outward push in the system of interest. This will become clearer

in the following calculations where the cosmology of general relativity is discussed.

In the ΛCDM model, it is the constant Λ that drives the expansion with ac-

celeration of the universe. One can see such an expansion behavior by considering Eq.

(3.24) and Eq. (3.25) in the absence of other matter, or in other words ρ = p = 0. We

have

M2
p

(
3H2 + 3

κ

a2

)
=M2

pΛ, (3.33)

M2
p

(
2Ḣ

N
+ 3H2 +

κ

a2

)
=M2

pΛ. (3.34)

From the equations above, we can see some important consequences. In the case of the

flat FLRW universe where κ = 0, we may require Λ to be positive, otherwise we would
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have negative H2. The positive Λ gives us a constant H and then, from the definition

of H , we will have an exponentially expansion of the scale factor; a ∝ eHt, provided

that the spatial curvature is flat. This is known as the de Sitter universe. Such a universe

expands so rapidly due to the positive cosmological constant, as we claimed before.

We can see that the negative Λ yields a negative value of H2, in the flat FLRW case,

which is not consistent, thus an anti-de Sitter universe does not exist. By treating Λ as

an additional part of the energy-momentum tensor, the corresponding energy density ρΛ
and pressure pΛ can be read out instantly as

ρΛ =M2
pΛ, (3.35)

pΛ = −M2
pΛ. (3.36)

Note that the pressure of the cosmological constant is negative and equal to −ρΛ which

reflects a simple implication that if one naively treated Λ as a real matter, due to its neg-

ative pressure this matter repeled from each other while other positive-pressure matter

attracts one another in a gravitational field. Though this naive idea may be rather an illus-

tration than an actual physical phenomenon, it is still useful to adopt such an illustration

as a mnemonic. Obviously from Eq. (3.35) and Eq. (3.36), we obtain the equation of

state parameter corresponding to Λ as

wΛ =
pΛ
ρΛ

= −1. (3.37)

This equation of state parameter agrees with the condition for the accelerating expansion

in Eq. (3.30) which simply implies that the cosmological constant is capable of driving

the cosmic accelerating expansion. Actually, this model is of interest in cosmology such

that it fits well with most of observations via introducing only one parameter to modify

general relativity. Despite being compatible to the observations, the introduction of Λ

poses another issue to the model; fromwhere or through which process this cosmological

constant originates. Due to its equation of state, we can find that the corresponding
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energy density being constant in time,

dρΛ
dt

= 0. (3.38)

Since Λ is constant in time, no matter how dense Λ initially was, it will be that dense

during the entire evolution of the universe. In other words, the energy due to Λ fills

in the spacetime more and more as the spacetime grows. One may have an idea of

this energy being vacuum energy since the more vacuum there is, the more vacuum

energy is filled. However, the vacuum energy estimated from quantum field theory has

its value drastically different from one obtained from cosmological observations; the

observed energy density for Λ is around 10−47GeV 4 while quantum field theory predicts

the value of around 1071GeV 4 --- a more than hundred order of magnitude difference.

This huge difference poses another theoretically dangerous issue in physics, known as

the cosmological constant problem. As a result, physicists are accordingly motivated to

seek for a better model, or a better modified gravity, that both suits the universe more

properly and satisfies the predictions made from quantum field theorists.

Before we leave this section of introductory general relativity, there is an-

other important property which is worth mentioned. It is the concept of a general covari-

ance, an important characteristic of the general relativity. The general covariance states

that the law of physics must be the same in every single coordinate system. In particular,

the law of physics must be invariant under any coordinate transformation. Mathemati-

cally speaking, under some coordinate transformation from x toX(x), the metric tensor

transforms as

gµν(x) → g′µν(X) =
∂xα

∂Xµ

∂xβ

∂Xν
gαβ(x). (3.39)

Since the metric tensor is a dynamical field in general relativity, the theory must be the

same under the change in Eq. (3.39). To be exact, the transformation in Eq. (3.39)

leaves the Einstein's field equation in Eq. (3.16) covariant, meaning that it is the form

of the equation that is invariant but not the values of each variables. Consequently, in

a field theory language, this property introduces the concept of the gauge invariance
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of the theory of massless spin-2 particle where the gauge parameters correspond to the

coordinate transformations.

Though in this section we only discuss about general relativity via the Ein-

stein's field equation in Eq. (3.16), we can also see general relativity through its la-

grangian formalism. However, since general relativity determines the dynamics of a

metric, a tensorial function of spacetime, then the field theory inevitably comes into the

play.

3.2 Classical Field Theory
Suppose that we have a system whose configuration is described by dynam-

ical fields ϕa(xµ) parametrized by spacetime coordinates xµ ∈ (t, x1, x2, x3) where the

latin letters represent all possible dynamical fields and the greek letters run from 0 to

3 denoting the indices of the spacetime coordinates. Let the system corresponds to the

action of the form

S[ϕa(xµ)] =

∫
d4x L(ϕa(xµ), ∂νϕ

a(xµ)), (3.40)

while ∂µ ≡ ∂
∂xµ is the partial derivative along the xµ. The L is said to be a lagrangian

density, commonly known as just a ``lagrangian'', of the system. Applying the least

action principle, one can find equations of motion of each dynamical fields through the

following Euler-Lagrange equation,

∂L
∂ϕa

− ∂µ

(
∂L

∂(∂µϕa)

)
= 0. (3.41)

In the field theory point of view, general relativity is described via the Einstein-

Hilbert action of the form

SGR =
M2

p

2

(∫
d4x

√
−g R

)
+ SMatter, (3.42)

where g ≡ det gµν . SMatter denotes the matter contents which distort the geometry and

gives rise to the energy-momentum tensor Tµν . From a variation of SMatter with respect
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to gµν , the energy-momentum tensor is defined as follows,

Tµν ≡ −2√
−g

δSMatter

δgµν
. (3.43)

Through the Euler-Lagrange equation, we can obtain the equation of motion which is ex-

actly the Einstein's field equation in Eq. (3.16). For theΛCDMmodel, the corresponding

action is that of the general relativity with an additional extension as follows,

SGR =
M2

p

2

(∫
d4x

√
−g(R− 2Λ)

)
+ SMatter. (3.44)

By using the Euler-Lagrange equation, the modified Einstein's equation in Eq. (3.31)

can be obtained readily.

3.3 Linearized Gravity
One may see that to realize general relativity, one must deal with the nonlin-

ear equation of motion, which is usually not able to be solved analytically. Fortunately,

when considering a system in which the gravitational field is weak such as that in the

solar system, we can realize the equation in a more suitable way. For a weak field ap-

proximation, instead of brute calculating for gµν , we can treat the metric to be composed

of two parts; the (Minkowskian) background and its fluctuation as follows,

gµν = ηµν + hµν , (3.45)

where |hµν | ≪ |ηµν |. According to the weak field approximation, the Einstein's field

equation can be simplified to a linear differential equation, or it can be ``linearized'' as

we shall see in the following calculation.

In the language of the linearized gravity, instead of the metric gµν , the dy-

namical field in consideration is its fluctuation around some background metric, the

Minkowski metric in this case. This means that the fluctuation hµν is considered as

a field propagating in Minkowski spacetime. In other words, raising or lowering any in-

dex of tensors are performed through the Minkowski metric ηµν . When the fluctuation in
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Eq. (3.45) is introduced, it is always useful to consider its corresponding inverse metric

gµν , up to the second order of perturbation, as

gµν = ηµν − hµν + hµρh ν
ρ +O(3), (3.46)

where

hµν = ηµρηνσhρσ, (3.47)

h ν
µ = ηρνhµρ. (3.48)

To compute the geometrical quantities, in order to construct the Einstein's field equation

in a linearized gravity language, we can start from the Christoffel connection in Eq. (3.5).

Up to the second order of perturbation, the Christoffel connection reads

Γρ
µν =

1

2
ηρλ (∂µhλν + ∂νhµλ − ∂λhµν)

− 1

2
hρλ (∂µhλν + ∂νhµλ − ∂λhµν) +O(3). (3.49)

Note that in this weak field approximation, the Christoffel connection contains no ze-

roth order term, which is not so surprising since the connection for the background

Minkowski spacetime actually vanishes. For conveniences, we introduce

(Γ(1))ρµν ≡ 1

2
ηρλ (∂µhλν + ∂νhµλ − ∂λhµν) , (3.50)

(Γ(2))ρµν ≡ −1

2
hρλ (∂µhλν + ∂νhµλ − ∂λhµν) . (3.51)

These quantities represent the contributions in the Christoffel connection with respect

to their order of perturbation. In particular, (Γ(1))ρµν is of first order and (Γ(2))ρµν is of

second order. The Riemann tensor can also be found in this language as, up to the second
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order of perturbation,

Rρ
σµν = ∂µ(Γ

(1))ρσν − ∂ν(Γ
(1))ρσµ

+ ∂µ(Γ
(2))ρσν − ∂ν(Γ

(2))ρσµ + (Γ(1))ρλµ(Γ
(1))λσν − (Γ(1))ρλν(Γ

(1))λσµ

+O(3). (3.52)

By considering their order of perturbation, the first line corresponds only the first order

quantities while the second order terms and so on are expressed on the second line. The

associated second order Ricci tensor and the Ricci scalar are

Rµν = ∂ρ(Γ
(1))ρµν − ∂ν(Γ

(1))ρµρ

+ ∂ρ(Γ
(2))ρµν − ∂ν(Γ

(2))ρµρ + (Γ(1))ρλρ(Γ
(1))λµν − (Γ(1))ρλν(Γ

(1))λµρ

+O(3), (3.53)

R = gµνRµν = (ηµν − hµν)Rµν . (3.54)

In Eq. (3.54), since Rµν is of at least first order in hµν , it is sufficient to expand gµν

only up to first order to obtain a second order of R. Evaluating these quantities, we are

now be able to compute the Einstein tensor Gµν in this language. Since we are going to

consider the Einstein's field equation being linear in hµν , we can keep only the first order

contributions from the Gµν as

Gµν = Rµν −
1

2
gµνR,

=
(
∂ρ(Γ

(1))ρµν − ∂ν(Γ
(1))ρµρ

)
− 1

2
ηµνη

αβ
(
∂ρ(Γ

(1))ραβ − ∂β(Γ
(1))ραρ

)
+O(2). (3.55)

Upon using the first order Christoffel connection in Eq. (3.50), the linearized Einstein's

field equation can be expressed as

Gµν = −1

2

(
2hµν − ∂λ∂µh

λ
ν − ∂λ∂νh

λ
µ + ηµν∂λ∂σh

λσ + ∂µ∂νh− ηµν2h
)

=
1

M2
p

Tµν . (3.56)
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One can see that Eq. (3.56) is a linear differential equation of hµν . This equation of

motion is very useful for a study of small-scale structures as in our solar system, or for

some other gravitating systems whose gravitational strength is weak. Moreover, one of

the solutions to this linearized Einstein's field equation is able to describe a gravitational

wave which is a small geometric fluctuation in given spacetime, in this case the flat

Minkowski spacetime. Such a solution turns out to be useful in various fields of research

both in astrophysics and in cosmology.

The linearized equation in Eq. (3.56) can also be found from the lagrangian

formalism of general relativity. In particular, one can find a corresponding action of

the linearized gravity which yield an equation of motion being the linearized Einstein

equation in Eq (3.56). By treating hµν as a dynamical field, we expect to obtain the ac-

tion of second order of perturbation so that the associated equation of motion is a linear

differential equation of hµν . This can be done by performing the previous perturbative

procedures on the Einstein-Hilbert action in Eq. (3.42) up to the second order of pertur-

bation. We first consider the Einstein-Hilbert action, without the source term, from Eq.

(3.42),

SGR =
M2

p

2

∫
d4x

√
−g R.

By noting that from Eq. (3.54), the Ricci scalar is of at least first order in hµν , we can

expand the action up to the second order. Schematically, the action is expressed as

S(2) =
M2

p

2

∫
d4x

√
−g(1)R(1) +

√
−g(0)R(2), (3.57)

=
M2

p

2

∫
d4x

√
−g(1)ηµνR(1)

µν +
√
−g(0)ηµνR(2)

µν −
√
−g(0)hµνR(1)

µν , (3.58)

where the superscripts denote the order of perturbation. Moreover, we also have

√
−g = 1 +

1

2
h+O(2), (3.59)

which, according to the previous terminology, readily implies
√
−g(1) = 1

2
h. After some
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manipulations, we can arrive at the action of linearized gravity as

S(2) =
M2

p

2

∫
d4x

[
− 1

4
∂λhµν∂

λhµν +
1

2
∂µhνλ∂

νhµλ − 1

2
∂µh

µν∂νh

+
1

4
∂λh∂

λh

]
. (3.60)

This action is consistent with Eq. (3.56) since the equation of motion of Eq. (3.60) is

exactly the linearized Einstein's field equation in Eq. (3.56). Note that one can possi-

bly formulate the perturbative theory of general relativity on some non-Minkowskian

background g(0)µν . For example, one can consider the cosmological perturbation in which

the dynamical field is a fluctuation around the Friedmann-Lemaître-Robertson-Walker

metric.

One may expect to deduce the general covariance of the general relativity in

the linearized gravity language. By the weak field approximation, the general coordinate

transformation from x to X(x) in Eq. (3.39) can be realized as an infinitesimal coordi-

nate transformation from x to x − ξ done to the perturbation field hµν . The resulting

transformation can be expressed as

h′µν = hµν − ∂µξν − ∂νξµ. (3.61)

One can prove that the transformation in Eq. (3.61) leaves the linearized Einstein's field

equation and also the linearized gravity action invariant up to the total derivatives in the

action.

In the quantum field theory point of view, the action of linearized gravity is

exactly the action governing a massless spin-2 particle commonly known as a graviton.

Hence, it is well known that general relativity is a theory corresponding to a massless

graviton as the gravitational mediator. We will see in the next chapter a gravitational

theory where the corresponding graviton has nonzero mass, the so-called massive grav-

ity. Moreover, the first model of the massive gravity theory will be discussed in which

the model is formulated as an extension of the action of linearized gravity we previously

discussed about, which was introduced for the first time by Fierz and Pauli.
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#

CHAPTER IV

FIERZ-PAULI MASSIVE GRAVITY

#

#
The first model of massive gravity was formulated from the linearized grav-

ity by Fierz and Pauli in 1939 [9]. They added interaction terms which are of second

order of the fluctuation field hµν with a parameter of the interaction interpreted as a

square of graviton mass. In four dimensions, the resulting action is expressed in a flat

geometry background as

S =

∫
d4x

[
−1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µh

µν∂νh+
1

2
∂λh∂

λh

−1

2
m2

g

(
hµνh

µν − h2
)]
, (4.1)

where h ≡ ηµνhµν and raising or lowering indices are done with theMinkowskian metric

ηµν . Note that this action contains only the gravity sector. One can include a source by

adding a lagrangian of the source into the action in Eq. (4.1) yet for now we will inves-

tigate the source-free action first. The terms with derivatives come from the linearized

gravity action whereas the interaction terms modify the gravity sector where the graviton

becomes massive with the mass mg. Note that the action contains all possible second

order terms with appropriate coefficients. In particular, coefficients and signs in front

of the derivative terms are required by the linearized gravity action while those of the

interaction terms are specified by the requirement of theoretical consistency. The minus

sign in front of the m2
g ensures the real-valued graviton mass whereas the sign between

hµνh
µν and h2 ensures the absent of the instability formally known as a Boulware-Deser

(BD) ghost, obviously named after the founders (though this BD ghost appears as a ter-

minology for a ghost in nonlinear theory of massive gravity, the concept of avoiding its

existence is the same for the linear theory). At first glance, it may seem to be able to

recover the general relativity by just setting the mass mg to be zero. However, we will

see in the following sections that this action actually reduces to something else which is
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closely related to the general relativity.

4.1 Equations of Motion
To deduce the dynamics of the theory, one can find an equation of motion

of the Fierz-Pauli action in Eq. (4.1) via the Euler-Lagrange equation. The source-free

equation of motion is as follows,

2hµν − ∂λ∂µh
λ
ν − ∂λ∂νh

λ
µ + ηµν∂λ∂σh

λσ + ∂µ∂νh− ηµν2h

−m2
g (hµν − ηµνh) = 0. (4.2)

In the limitmg → 0, this equation of motion reduces exactly to the linearized Einstein's

field equations. Due to the presence of the nonzero mg, the equation of motion loses

the general covariance. In particular, the nonderivative terms are not covariant under

the guage transformation h′µν = hµν − ∂µξν − ∂νξµ which make the entire action not

covariant under such a gauge transformation. Despite being a linear differential equation,

the equation of motion in Eq. (4.2) is quite complicated. Let us simplify it by considering

its divergence. After applying ∂µ to Eq. (4.2), we have

∂µhµν − ∂νh = 0. (4.3)

Using Eq. (4.3), the equation of motion in Eq. (4.2) reads

2hµν − ∂µ∂νh−m2
g (hµν − ηµνh) = 0. (4.4)

This equation can be further simplified by the use of its trace. Contracting ηµν to Eq.

(4.4), we have

h = 0, (4.5)
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which indicates that hµν is a traceless tensor. Finally, we have an equation of motion

with a set of constraints as follows,

2hµν −m2
ghµν = 0, (4.6a)

∂µhµν = 0, (4.6b)

h = 0. (4.6c)

This set of equations is equivalent to the equation of motion in Eq. (4.2). Eq. (4.6a) is

nothing but the Klein-Gordon equation whose solution is well known in quantum field

theory. We can see from Eq. (4.6b) and Eq. (4.6c) that the field hµν is transverse and

traceless respectively. We can also deduce the number of degrees of freedom by investi-

gating this set of equations. In four dimensions, a symmetric rank-2 tensor, like hµν , has

ten independent elements. The transverse condition in Eq. (4.6b) gives four constraints

which reduces the number of independent elements into six and the tranceless condition

in Eq. (4.6c) constraints one of the remaining independent elements. As a result, only

five entries of the hµν are independent variables. These five independent variables cor-

respond to five propagating degrees of freedom. This is an exact number of degrees of

freedom of the massive graviton in four dimensions.

This result cannot be applied to the massless case, since in such a limit the

existence of the general covariance makes the situation different from one in the massive

gravity. In the exactly massless case mg = 0, we have the gauge transformation h′µν =

hµν − ∂µξν − ∂νξµ. In such a case, the structure of general relativity renders h00 and

h0i nondynamical, leaving six independent components to propagate freely. Moreover,

there are four ways to transform hµν by using the gauge transformation and we can still

get the same equation of motion. This freedom to transform hµν covariantly renders

four of remaining six degrees of freedom nondynamical, resulting only two propagating

degrees of freedom, which also correspond to two polarizations of the gravitational wave

solution in general relativity.

In terms of their corresponding degrees of freedom, massive gravity propa-

gates more degrees of freedom than general relativity. This fact signals a discontinuity

in the mass parameter. Particularly, we can still have a theory of linear massive gravity
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in a limit mg → 0 where there is no general covariance and the theory propagates five

degrees of freedom. However, when the graviton mass is exactly zero, the theory then

becomes that of general relativity which possesses the general covariance and has two

active degrees of freedom. It appears that some properties in massive gravity abruptly

change when the graviton mass vanishes completely. In other words, somehow the mass-

less limit of massive gravity does not approach a theory of general relativity, in terms

of the disappearance/reappearance of degrees of freedom and general covariance. These

points correspond to the well known discontinuities which exist in this kind of massive

gravity pointed out by van Dam, Veltmann, and Zakharov. We will see more illustrations

of such discontinuities in the following section.

4.2 vDVZ Discontinuity Visualization
As pointed out briefly in the end of the previous section, the linear massive

gravity possesses the problem on the discontinuities in many senses, namely, the jump

of the number of the degrees of freedom and the sudden reappearance of the general

covariance when mg = 0. These are parts of what is known as van Dam-Veltmann-

Zakharov (vDVZ) discontinuity. To see this discontinuity in a more realistic way, let us

consider the gravitational lensing, a famous phenomenon in general relativity.

Gravitational lensing is a phenomenon where an object has a gravitational

attraction with light as if the object is a lens to the light. In general relativity, this situation

is possible since not only a material object but also any form of energy, including a

photon, gravitates in a gravitational field. Since the gravitational lensing is caused by

an object that lies in a vicinity of such phenomenon, the source terms in the equation of

motion must be involved. In the following calculations, we will see the differences in

the gravitational lensing predictions between those made by Fierz-Pauli massive gravity

and general relativity. The equation of motion sourced by the energy-momentum tensor
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Tµν reads

2hµν − ∂λ∂µh
λ
ν − ∂λ∂νh

λ
µ + ∂µ∂νh− ηµν2h+ ηµν∂λ∂σh

λσ

−m2
g (hµν − ηµνh) = −κTµν , (4.7)

where κ ≡ M−1
p ≡

√
8πG is a normalization factor and G is the usual Newtonian

gravitational constant. Note that the normalization is introduced so that the equation of

motion is in agreement with one in general relativity with a redefinition of the field hµν
as h′µν = 2

Mp
hµν . We can perform the same procedures as we have done for the case

of the source-free equation of motion in the previous section. The divergence of this

equation of motion can be found, after applying ∂µ to Eq. (4.7), as

∂µhµν − ∂νh = −κ∂µTµν . (4.8)

To simplify Eq. (4.7), we use Eq. (4.8) then we obtain

2hµν − ∂µ∂νh−m2
g (hµν − ηµνh) = −κTµν +

κ

m2
g

(
∂λ∂µTνλ + ∂λ∂νTµλ

− ηµν∂
ρ∂σTρσ

)
. (4.9)

By multiplying ηµν to Eq. (4.9), we obtain the trace of hµν as follows,

h = − κ

3m2
g

T − 2κ

3m4
g

∂ρ∂σTρσ, (4.10)

where T ≡ ηµνTµν denotes the trace of the energy-momentum tensor. After substituting
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the trace h into Eq. (4.8) and Eq. (4.9), we have

(
2−m2

g

)
hµν = −κ

[
Tµν −

1

3

(
ηµν −

∂µ∂ν
m2

g

)
T

]
+

κ

m2
g

[
∂λ∂µTνλ + ∂λ∂νTµλ −

1

3

(
ηµν + 2

∂µ∂ν
m2

g

)
∂ρ∂σTρσ

]
, (4.11a)

∂µhµν = − κ

3m2
g

∂νT +
κ

m2
g

∂µTµν −
2κ

3m4
g

∂ν∂
ρ∂σTρσ, (4.11b)

h = − κ

3m2
g

T − 2κ

3m4
g

∂ρ∂σTρσ. (4.11c)

Note that conservation of the source is not yet assumed here, since in general relativity

the general covariance or the gauge symmetry automatically implies the conservation of

the energy-momentum tensor while such a situation is not applicable in massive gravity.

However, in the actual situation, we assume the conserved source in the equation of

motion. Since the conservation satisfies ∂µT µ
ν = 0 in the Minkowski background, Eq.

(4.11a), Eq. (4.11b), and Eq. (4.11c) accordingly read

(
2−m2

g

)
hµν = −κ

[
Tµν −

1

3

(
ηµν −

∂µ∂ν
m2

g

)
T

]
. (4.12a)

∂µhµν = − κ

3m2
g

∂νT, (4.12b)

h = − κ

3m2
g

T. (4.12c)

Nowwe have the equation of motion that is sourced by the conserved energy-momentum

tensor, we can predict the gravitational lensing in the massive gravity. To go further, we

follow the method of Green's function to solve the equation of motion. The solution thus

reads

hµν(x) = κ

∫
d4p

(2π)4
eipλx

λ 1

pρpρ +m2
g

[
Tµν(p)−

1

3

(
ηµν +

pµpν
m2

g

)
T (p)

]
, (4.13)
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where the Fourier transform of the source is defined as

Tµν(p) =

∫
d4x e−ipλx

λ

Tµν(x), (4.14)

Tµν(x) =

∫
d4p

(2π)4
eipλx

λ

Tµν(p). (4.15)

Suppose that there is a point source of massM sitting at rest at the origin where x⃗ = 0.

The corresponding energy-momentum tensor is

Tµν(x) =Mδ0µδ0νδ
(3)(x). (4.16)

We can find the corresponding Fourier transform of the source as follows,

Tµν(p) = 2πMδ0µδ
0
νδ(p

0), (4.17)

T (p) = −2πMδ(p0), (4.18)

where we have used the following definition of the delta function,

δ(4)(p) =

∫
d4x

(2π)4
eipλx

λ

. (4.19)

With such a source, the solution for hµν in Eq. (4.13) is expressed as

h00(x) =
2

3
κM

∫
d3p

(2π)3
eip⃗·x⃗

1

p⃗2 +m2
g

, (4.20a)

h0i(x) = 0, (4.20b)

hij(x) =
1

3
κM

∫
d3p

(2π)3
eip⃗·x⃗

1

p⃗2 +m2
g

(
δij +

pipj
m2

g

)
. (4.20c)
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The previous integrals can be evaluated by using the following formulae,

∫
d3p

(2π)3
eip⃗·x⃗

1

p⃗2 +m2
g

=
e−mgr

4πr
, (4.21)∫

d3p

(2π)3
eip⃗·x⃗

1

p⃗2 +m2
g

pipj = −∂i∂j
∫

d3p

(2π)3
eip⃗·x⃗

1

p⃗2 +m2
g

= −∂i∂j
(
e−mgr

4πr

)
(4.22)

where r ≡
√
x⃗ · x⃗. Finally, we obtain a solution for hµν as

h00(x) =
2

3
κM

e−mgr

4πr
, (4.23a)

h0i(x) = 0, (4.23b)

hij(x) =
1

3
κM

(
e−mgr

4πr
δij −

1

m2
g

∂i∂j
e−mgr

4πr

)
. (4.23c)

We can read out an important physical implication from this form of h00. By comparing

it with that in linearized gravity, the (00) component of a metric perturbation δgµν is

associated with a Newtonian gravitational potential by the raletion δg00 = −2ϕ. The

component δg00 is related to h00 through the relation δg00 = 2
Mp
h00. This means that

the Newtonian gravitational potential predicted from the Fierz-Pauli massive gravity has

a profile of e−mgr

r
while that from linearized general relativity is of the inverse-r form.

The factor e−mgr, known as the Yukawa factor, essentially reduces the strength of the

gravitational pull especially at large scale (the scale of about 1
mg

). As opposed to that in

general relativity, the weakening of the gravitational force could possibly allow a system

to self-expand especially at the scale of 1
mg

. As a result, this characteristics of the Fierz-

Pauli massive gravity becomes a key idea to explain the accelerating expansion of the

universe at large scale.

Beside the remarkable property, from the above equations, we have seen the

first sign of an inconsistency between the massive gravity in a massless limit and general

relativity. In particular, Eq. (4.23c) diverges in such a limit, indicating that the massless

limit of this theory requires more delicate procedures, which can be done by the use of

the Stückelberg fields. We will discuss later about this issue in the next section.

Since now we have a solution which is sourced by a point mass M , let us
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review the same kind of solution but in the general relativity language. In other words,

we consider the linearized Einstein's equation in Eq. (4.7) with ``exactlymg = 0'',

2hµν − ∂λ∂µh
λ
ν − ∂λ∂νh

λ
µ + ∂µ∂νh− ηµν2h+ ηµν∂λ∂σh

λσ = −κTµν . (4.24)

The reason for the ``emphases'' is that there are quite differences between massless limit

and exactly vanishing mass. To set mg = 0 means we are working in the general rela-

tivity point of view in which, for example, the gauge symmetry kicks in. Consider the

trace of the Eq. (4.24), we have

−2h+ ∂µ∂νh
µν = −1

2
κT. (4.25)

The trace in Eq. (4.25) simplifies Eq. (4.24) as follows,

2hµν − ∂λ∂µh
λ
ν − ∂λ∂νh

λ
µ + ∂µ∂νh = −κTµν +

1

2
ηµνκT. (4.26)

This equation can be expressed in the same form as in Eq. (4.11a) by choosing the

Lorentz gauge,

∂µhµν −
1

2
∂νh = 0. (4.27)

Eq. (4.26) consequently becomes

2hµν = −κTµν +
1

2
ηµνκT, (4.28)

whose solution is

hµν(x) = κ

∫
d4p

(2π)4
eipλx

λ 1

pλpλ

[
Tµν(p)−

1

2
ηµνT (p)

]
. (4.29)
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Under the influence of the source in Eq. (4.17) and Eq. (4.18), Eq. (4.29) becomes

h00(x) =
1

2
κM

∫
d3p⃗

(2π)3
eip⃗·x⃗

1

p⃗2
=

1

2
κM

1

4πr
, (4.30a)

h0i(x) = 0, (4.30b)

hij(x) =
1

2
κM

∫
d3p⃗

(2π)3
eip⃗·x⃗

1

p⃗2
=

1

2
κM

1

4πr
. (4.30c)

At this level, onemay notice the difference between both of the solutions; one fromFierz-

Pauli massive gravity and another from the linearized general relativity. In particular, the

massless limit of the solution in Eq. (4.23a) differs from one in Eq. (4.30a) by a constant

factor and Eq. (4.23c) diverges in such a limit when Eq. (4.30c) does not. To get a

clearer picture, we may consider their consequences on the gravitational lensing. To do

that, we suppose that the massless limit of the massive gravity reduces exactly to general

relativity and possesses properties that belong to general relativity, e.g. gauge symmetry.

Consequently, the massless limit of a solution obtained from the massive gravity induces

a deflection of light in the same way as that in general relativity. In practice, we assume

that the limitmg → 0 allows us to gauge-transform Eq. (4.23a)-(4.23c) as we like. The

purpose of introducing such ideas is to do the gauge transformation in order to remove

the divergence in Eq. (4.23c) when the massless limit is applied. By the use of the gauge

transformation, the problematic 1
m2

g
term in Eq. (4.23c) can be eliminated by choosing

gauge parameters satisfying

ξi = −1

3

κM

m2
g

∂i
e−mr

4πr
. (4.31)

After being gauge-transformed, Eq. (4.23a)-(4.23c) can be rewritten in themassless limit

as

h00(x) =
2

3
κM

1

4πr
, (4.32a)

h0i(x) = 0, (4.32b)

hij(x) =
1

3
κM

(
1

4πr
δij

)
. (4.32c)
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It is known in the linearized general relativity that the (00) component of a fluctuation

δgµν corresponds to a Newtonian gravitational potential ϕ by the relation δg00 = −2ϕ

and we can read a parameter γ from the (ii) component by the relation ψ = γϕ where

gij = −2ψδij . This γ is known as a parameterized post-Newtonian parameter which

equals one in the case of general relativity. In this context, the fluctuation hµν is related

to δgµν by

δgµν =
2

Mp

hµν . (4.33)

The normalization factor 2/Mp is introduced so that the corresponding action coincides

with the linearization of the Einstein-Hilbert action in general relativity. The gravita-

tional potential ϕ and the parameter γ give rise to a deflection of light with an angle

α̂ =

∣∣∣∣(1 + γ)

∫ ∞

−∞
∇⃗ϕ · b̂ dx

∣∣∣∣ , (4.34)

where b̂ is a unit vector along which an impact parameter b is measured (the derivation

of the deflection angle are in Appendix A). Note that the deflection angle in Eq. (4.34)

corresponds to the photon that comes from x = −∞ to x = ∞. With the help of Eq.

(4.34), the deflection angles corresponding to both the massive gravity and the general

relativity are

αmg→0 =
4GM

b
, αmg=0 =

4GM

b
. (4.35)

One may see that the angles for both cases are the same and they do not indicate any

discontinuity at first glance. However, let us have a look at the gravitational potential

for each case,

ϕmg→0 = −4

3

GM

r
, ϕmg=0 = −GM

r
. (4.36)

If one use the gravitational potential derived from the massive gravity to measure the

Newtonian constant G for a stellar object like the sun, he will measure the Newtonian

constant G differently from others who use the prediction from general relativity by the
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factor 3/4;

GMassive =
3

4
GGR. (4.37)

If we adopt such a situation, the deflection angles in Eq. (4.35) will be different from

each other; the angle predicted from the massive gravity will be 25% smaller from the

angle predicted from general relativity. This is one of the vDVZ discontinuities that exist

in the very first model of linear massive gravity.

The visualization of the vDVZ discontinuity given above does not explain

to us exactly why such discontinuity emerges. In order to see its origin, we have to be

more careful on a massless limit of the Fierz-Pauli massive gravity. In particular, the

massless limit we considered previously, by straightforwardly setting mg → 0, reduces

the massive gravity, which has five degrees of freedom but no gauge symmetry, into

general relativity, which propagates two degrees of freedom and has gauge symmetry. In

these senses, such a massless limit is discontinuous. If the limit is to be taken properly, it

should be smooth; it should preserve both degrees of freedom and the gauge properties of

the theory. Thus, to see a more rigorous picture of the vDVZ discontinuity, the massless

limit of the theory must be refined. Fortunately, there is a process which reintroduce

the gauge symmetry to the massive gravity known as a Stückelberg trick. By this trick,

we can apply the massless limit to the massive gravity while preserving the degrees

of freedom and equipping the gauge symmetry to the massive gravity. Thanks to the

Stückelberg trick, not only the linear massive gravity but also other nonlinear models of

massive gravity can be constructed and equipped with general covariance.

4.3 Stückelberg Trick
The Stückelberg trick is to restore a general covariance to themassive gravity

so that the massless limit of the massive gravity can be considered properly. The essence

of this trick is to introduce additional fields representing the gauge parameters and to

equip the fields to the theory in the same way as the gauge symmetry in general relativity.

Let us consider the Fierz-Pauli massive gravity in Eq. (4.1) with source
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determined by Tµν ,

S =

∫
d4x

[
−1

2
∂λhµν∂

λhµν + ∂µhνλ∂
νhµλ − ∂µh

µν∂νh+
1

2
∂λh∂

λh+ κhµνT
µν

−1

2
m2

g

(
hµνh

µν − h2
)]
.

In the case mg = 0, the infinitesimal coordinate transformation x → x − ξ induces the

gauge symmetry by which under the transformation

h′µν = hµν − ∂µξν − ∂νξµ, (4.38)

themg = 0 action is covariant, where in the context of gauge transformation ξµ is a gauge

parameter. To equip this gauge symmetry into the action in Eq. (4.1), let us introduce an

extra field as follows,

Aµ = Aµ(x). (4.39)

We then define a tensor h̃µν corresponding to hµν as,

h̄µν ≡ hµν − ∂µAν − ∂νAµ. (4.40)

To equip the field Aµ as the gauge parameter, we ``replace'' the field hµν in Eq. (4.1)

by the field h̄µν . In particular the derivative terms remain in the same form under the

replacement since the replacement looks exactly like the gauge transformation in Eq.

(4.38). More importantly, the terms involving the graviton mass are affected as follows,

S =

∫
d4x

[
Lmg=0 −

1

2
m2

g

(
h̄µν h̄

µν − h̄2
)
+ κh̄µνT

µν

]
,

=

∫
d4x

[
Lmg=0 −

1

2
m2

g

(
hµνh

µν − h2
)
− 1

2
m2

gFµνF
µν

+m2
ghµν (∂

µAν + ∂νAµ)− 2m2
g∂µA

µh+ κhµνT
µν + 2κAν∂µT

µν

]
, (4.41)

where the integration by parts is used on the last term, Lmg=0 represents the linearized

general relativity terms, and Fµν ≡ ∂µAν − ∂νAµ. The last term can be simplified in the
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case of conserved source. At this point, the gauge symmetry is already equipped in the

theory and the corresponding gauge transformation is

hµν → hµν − ∂µξν − ∂νξµ, Aµ → Aµ − ξµ. (4.42)

We can see that under such a gauge transformation, h̄µν is invariant and the action after

the replacement is invariant accordingly. After rescaling the fieldAµ → 1
mg
Aµ, we have

S =

∫
d4x

[
Lmg=0 −

1

2
m2

g

(
hµνh

µν − h2
)
− 1

2
FµνF

µν

+mghµν (∂
µAν + ∂νAµ)− 2mg∂µA

µh+ κhµνT
µν +

2κ

mg

Aν∂µT
µν

]
, (4.43)

where the gauge transformation is

hµν → hµν − ∂µξν − ∂νξµ, Aµ → Aµ −mgξµ. (4.44)

By fixing the gaugeAµ = 0, we recover the Fierz-Pauli action in Eq. (4.1). This indicates

that the absence of the gauge symmetry earlier in the Fierz-Pauli action is only because

the action is already gauge-fixed. Thus, the action in Eq. (4.43) is an actual massive

gravity action equipped with gauge symmetry. Though the gauge symmetry is equipped

via the introduction of Aµ, we still have the problem of discontinuity in the number of

degrees of freedom when the massless limit is considered. If the massless limitmg → 0

is taken into account, provided that the source Tµν is conserved, the action in Eq. (4.43)

then reads

S =

∫
d4x

[
Lmg=0 −

1

2
FµνF

µν + κhµνT
µν

]
, (4.45)

and the resulting gauge transformation is

hµν → hµν − ∂µξν − ∂νξµ, Aµ → Aµ. (4.46)

From the analysis previously, we know that the propagating degrees of freedom of the

lagrangian Lmg=0 in Eq. (4.45) correspond to those in general relativity in which there
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are only two active degrees of freedom. For the lagrangian −1
2
FµνF

µν , since Fµν ≡

∂µAν − ∂νAµ and Aµ is a vector field, Aµ generally has four entries in four-dimensional

spacetime. Due to the unique structure of Fµν , a kinetic term of A0, namely (∂0A0)
2,

vanishes identically. This fact renders A0 nondynamical. Furthermore, Fµν is invariant

under the transformation Aµ → Aµ− ∂µΛ where Λ is an arbitrary function of spacetime

coordinate. In other words, there exists another gauge symmetry corresponding to the

field Aµ and this gauge symmetry allows us to choose a particular gauge which put an

additional constraint toAµ. Due to the facts above, only two entries ofAµ are allowed to

propagate independently which coincide with the degrees of freedom of a gauge vector

field. As a result, only four degrees of freedom propagate; two for massless graviton and

another two for massless gauge field. Note that if the source is not conserved, then in

such a limit it should shrink by at least a power ofmg [37]. Otherwise, the field Aµ will

be strongly coupled to the divergence of the source and then the limit does not exist. At

this point, the massless limit still does not preserve the number of the degrees of freedom

since we lose one as we have seen in the above analysis. Moreover, we still miss another

gauge symmetry for Aµ which must exist due to the structure of Fµν . The solution to

these points is applying the trick again but this time on the field Aµ. We replace Aµ in

Eq. (4.41) by a field Āµ which is defined as

Āµ ≡ Aµ − ∂µϕ. (4.47)

As in the previous calculation, the term FµνF
µν is invariant under this replacement since

it looks exactly like the gauge transformation of the gauge field. After the replacement,
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the action becomes

S =

∫
d4x

[
Lm=0 −

1

2
m2

g

(
hµνh

µν − h2
)
− 1

2
m2

gFµνF
µν

+m2
ghµν

(
∂µĀν + ∂νĀµ

)
− 2m2

g∂µĀ
µh+ κhµνT

µν + 2κĀν∂µT
µν

]
,

=

∫
d4x

[
Lm=0 −

1

2
m2

g

(
hµνh

µν − h2
)
− 1

2
m2

gFµνF
µν

+m2
ghµν (∂

µAν + ∂νAµ)− 2m2
g∂µA

µh− 2m2
ghµν∂

µ∂νϕ

+ 2m2
g∂µ∂

µϕh+ κhµνT
µν + 2κAν∂µT

µν + 2κϕ∂µ∂νT
µν

]
, (4.48)

where the corresponding gauge transformation is

hµν → hµν − ∂µξν − ∂νξµ, Aµ → Aµ − ξµ − ∂µΛ, ϕ→ ϕ− Λ. (4.49)

Again, the integration by parts is used to simplify the couple between the scalar ϕ and

the source. By rescaling Aµ → 1
mg
Aµ, ϕ→ 1

m2
g
ϕ, the action in Eq. (4.48) reads

S =

∫
d4x

[
Lm=0 −

1

2
m2

g

(
hµνh

µν − h2
)
− 1

2
FµνF

µν

+mghµν (∂
µAν + ∂νAµ)− 2mg∂µA

µh− 2hµν∂
µ∂νϕ

+ 2∂µ∂
µϕh+ κhµνT

µν +
2κ

mg

Aν∂µT
µν +

2κ

m2
g

ϕ∂µ∂νT
µν

]
, (4.50)

where the gauge transformation becomes

hµν → hµν − ∂µξν − ∂νξµ, Aµ → Aµ −mgξµ − ∂µΛ, ϕ→ ϕ−mgΛ. (4.51)

Thus, by assuming conserved source, the massless limit of the action in Eq. (4.50) reads

S =

∫
d4x

[
Lm=0 −

1

2
FµνF

µν − 2hµν∂
µ∂νϕ+ 2∂µ∂

µϕh+ κhµνT
µν

]
, (4.52)

and the gauge transformation in such a limit is

hµν → hµν − ∂µξν − ∂νξµ, Aµ → Aµ − ∂µΛ, ϕ→ ϕ. (4.53)



Lunchakorn Tannukij Fierz-Pauli Massive Gravity / 42

Again, if the source is not conserved, the divergence of the source should shrink fast

enough, e.g. shrinks by at least a second order ofmg, or the limit does not exist because

of the strong couplings. The massless limit mg → 0 now becomes exactly what we

want, in such a way that the limit should preserve the degrees of freedom and the gauge

symmetry. In particular, the massless limit action in Eq. (4.52) propagates five degrees

of freedom; two frommassless graviton, two fromAµ, and another one from the scalar ϕ.

Moreover, the gauge symmetry is still in active in such a limit as shown in Eq. (4.53). In

addition, the additional gauge symmetry on Aµ which was not presented in the previous

analysis is already included in terms of the gauge parameter Λ.

This Stückelberg trick has proved itself useful in refining the massless limit

of the Fierz-Pauli massive gravity. Not only that, it reveals all of five degrees of freedom

ofmassive graviton (as shown in Eq. (4.52)) where the gauge symmetry is still preserved.

Moreover, having all of the degrees of freedom exposed in the massless limit shows us

interactions between the tensor degrees of freedom and the scalar degree of freedom as

in Eq. (4.52). This is the sign to the vDVZ discontinuity since such terms should vanish

if the massive gravity was reducible to general relativity. To see a clearer picture, we

find the massless-limit equation of motion of hµν as follows

2hµν − ∂λ∂µh
λ
ν − ∂λ∂νh

λ
µ + ∂µ∂νh− ηµν2h+ ηµν∂λ∂σh

λσ

−2∂µ∂νϕ+ 2ηµν∂ρ∂
ρϕ = −κTµν . (4.54)

Note that this equation differs from the linearized gravity equation of motion in Eq.

(3.32) since this equation involves the scalar degree of freedom as well (we do not take

into account the difference between Eq. (4.54) and Eq. (3.32) by a factor of Mp

2
since the

difference of this kind can be easily amended by a field redefinition h′µν = 2
Mp
hµν). To

decouple the scalar from the equation of motion, we need another equation which comes

from varying the action in Eq. (4.52) with respect to ϕ yielding

∂µ∂νhµν −2h = 0. (4.55)

With a help of Eq. (4.55), we can simplify the trace of Eq. (4.54) and obtain an equation
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of motion of ϕ as follows,

−22h+ 2∂µ∂νh
µν + 62ϕ = −κT, (4.56)

2ϕ = −κ
6
T. (4.57)

Eq. (4.57) explicitly shows how the scalar degree of freedom in the massive gravity

is involved in the situation. The equation of motion of ϕ is sourced by the trace T of

the energy-momentum tensor Tµν and consequently contributes its nonvanishing effect

via Eq. (4.54). This shows us that not only the tensor part mediates the gravity but

the scalar degree of freedom also determines the gravitation as well (where the vector

part does not) which is a totally different story compared with the linearized general

relativity. Moreover, thanks to this additional mediator, the gravity is modified from

the general relativity which reflects the existence of vDVZ discontinuity in the Fierz-

Pauli massive gravity theory. In addition, one can choose to reach this result through

another approach via diagonalizing the action in Eq. (4.52) by applying the following

(linearized) conformal transformation (see also [8]),

hµν → hµν + πηµν , (4.58)

where π ≡ ϕ
2
. The action is diagonalized accordingly and takes the form,

S =

∫
d4x Lm=0 −

1

2
FµνF

µν − 3∂µϕ∂
µϕ+ κhµνT

µν +
1

2
κϕT. (4.59)

This transformed action confirms the previous result on the discontinuity being intro-

duced via the coupling of the scalar to the trace of the source for which the coupling

term 1
2
κϕT is responsible. Note that this action provides the same equation of motion

for ϕ as in Eq. (4.57).

Up to this point, we have seen the problematic discontinuity that exists in the

linear theory of massive gravity proposed by Fierz and Pauli. The vDVZ discontinuity

poses clear-cut separations between the linear massive gravity and the linearized gen-

eral relativity as we can rule one out just by observational data on, for example, a light

deflection around a massive star. So far general relativity fits the observations inside
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the scale of our solar system. At least, we can conclude that the linear massive gravity

fails in such scale while the nonlinear theory may work. This was claimed long time ago

by Vainshtein [12] who believes the nonlinearities can be a treatment for such discon-

tinuity, which leads us to the next section where a viable nonlinear massive gravity are

discussed.
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#

CHAPTER V

NONLINEAR MASSIVE GRAVITY

#

#
We have seen some analyses on the linear massive gravity given by Fierz

and Pauli in the previous chapter. Such model possesses a problematic vDVZ disconti-

nuity which, claimed by Vainshtein [12], can be lifted by putting nonlinear contributions

in consideration. However, the nonlinear contributions must be designed carefully to

avoid an instability known as a ghost. A ghost represents a mode whose kinetic term ap-

pears with wrong sign, resulting in an unphysical excitation in the system. Pointed out

by Boulware and Deser [13], this ghost appears in the theory when various class of non-

linearities are taken into account. Fortunately, de Rham, Gabadadze, and Tolley found

a healthy class of nonlinearities which does not excite the ghost. This class of massive

gravity, dubbed de Rham-Gabadadze-Tolley (dRGT) massive gravity [14, 15], had open

a way for physicists to seek its implications on cosmology and on astrophysics. We will

see in this section a rough picture of this healthy model of nonlinear massive gravity.

In order to promote the linear massive gravity to a fully nonlinear theory, one

must include all orders of derivative terms in the action, which are summed up with the

linearized gravity terms to be the Einstein-Hilbert action. Not only that, the interaction

terms in the Fierz-Pauli thoery are appended with suitable forms of nonlinearities. Thus,

in four-dimensional nonlinear massive gravity, we consider a full Einstein-Hilbert action

equipped with the interaction terms as follows,

S =
M2

p

2

∫
d4x

√
−g
(
R(g) + 2m2

gU(g, f)
)
, (5.1)

where R(g) is a Ricci scalar denoting the lagrangian density of the Einstein-Hilbert ac-

tion, mg is interpreted as graviton mass, and U(g, f) is the nonlinear interaction con-

structed from a physical metric gµν and another ``reference'' metric. The reference metric

is another metric introduced into the theory so that nonvanishing and nonlinear interac-
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tion terms can be constructed. In particular, it is not possible to construct a nontrivial

nonlinearity from only the physical metric gµν since any higher-order construction of

gµν will reduce to either identity matrix or gµν itself due to its identity gµρgρν = δµν .

By introducing the reference metric fµν , one can include any higher-order interaction in

terms of, for example, fµρgρν . To avoid the Boulware-Deser ghost, U(g, f) is designed

carefully as follows,

U(g, f) ≡ U2(K) + α3U3(K) + α4U4(K), (5.2)

U2(K) ≡ 1

2

(
[K]2 − [K2]

)
, (5.2a)

U3(K) ≡ 1

3!

(
[K]3 − 3[K][K2] + 2[K3]

)
, (5.2b)

U4(K) ≡ 1

4!

(
[K]4 − 6[K]2[K2] + 3[K2]2 + 8[K][K3]− 6[K4]

)
, (5.2c)

where the square brackets denote a trace of the argument inside them, or [K] ≡ Kµ
µ,

(K2)µν = Kµ
ρKρ

ν and so on. Moreover, the building-block tensor Kµ
ν is defined as fol-

lows,

Kµ
ν ≡ δµν − (

√
g−1f)µν , (5.3)

where the square root of an arbitrary tensorA is defined such that (
√
A)µρ(

√
A)ρν ≡ Aµ

ν .

Generally speaking, one may construct interaction with the power of higher than four

which are crucial when one is interested in the theory in higher dimensions. In four

dimensions, the higher order interactions vanish trivially, leaving nonvanishing interatc-

tions up to U4 [14, 15, 38, 39].

In the Fierz-Pauli massive gravity, one may recognize that the theory is for-

mulated on the linearized general relativity which is based on the Minkowski metric, or

more generally an arbitrary background metric. Similarly, in dRGT massive gravity we

have a reference metric apart from the physical one. This reference metric is not directly

the background metric but a metric for constructing nontrivial interactions. Moreover,

the presence of the reference metric allows us to equip the general covariance into the
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theory by using the Stückelburg trick as follows,

fµν = ∂µφ
ρ∂νφ

σf̃ρσ, (5.4)

where φµ's are four Stückelburg scalar fields. Usually, the form of the reference metric

f̃µν determines the form of the solution to this theory. For example, a spherical black

hole solution are obtained when a spherical symmetric reference metric is assumed [40,

41, 42, 43] whereas an FLRW-like reference metric leads to a cosmological solution

[17, 44, 27].

In the previous chapter, we have roughly seen a way to explain the accelerat-

ing expansion through the linear massive gravity. However, when the nonlinearities are

in consideration, it may not be clear at first glance how the graviton mass contributes to

the cosmic expansion. Thus, it is necessary to study its cosmology to see how exactly the

graviton mass is responsible for such an expansion. Let us consider the FLRW physical

metric as

ds2 = gµνdx
µdxν = −N(t)2dt2 + a(t)2Ωij(x

k)dxidxj, (5.5)

where N(t) is a lapse function, a(t) is a scale factor representing the spatial scale of the

universe, and Ωij is the 3-dimensional spatial metric defined in Eq. (3.22). In order to

respect the isotropy and homogeneity of the physical metric, let us choose the reference

metric f̃ab to have the same FLRW form as

ds̃2 = f̃µν(φ)dφ
µdφν = −n(φ0)2

(
dφ0
)2

+ α(φ0)2Ωij(φ
k)dφidφj, (5.6)

where φµ`s are coordinates in the ``reference'' space and φ0 denotes the time coordinate

in the reference sector. The general covariance is restored by the Stückelburg trick in Eq.

(5.4) whichmeansφµ's become the Stückelburg fields. Since now the general covariance

is restored, the action in Eq. (5.1) is covariance under coordinate transformations. In

other words, there is a gauge symmetry induced by the coordinate transformations. For

simplicity, the appropriate coordinatesφµ's can be chosen such that φµ = xµ. As a gauge

fixing, this is known as unitary gauge. Choosing such gauge, the corresponding dRGT
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action in Eq. (5.1) (usually known as a minisuperspace action) reads

SFLRW = 3M2
p

∫
d4x

√
Ω

Na3

[(
−
(

ȧ

aN

)2

+
κ

a2

)
+m2

g

(
F (X̄)−G(X̄)

n

N

)]
, (5.7)

whereΩ denotes the determinant of the tensorΩij(x
k) as presented in Eq. (3.22), X̄ ≡ α

a

and we have defined

F (X̄) ≡ 1

3
(6 + 4α3 + α4)− (3 + 3α3 + α4) X̄ + (1 + 2α3 + α4) X̄

2

− 1

3
(α3 + α4) X̄

3, (5.8)

G(X̄) ≡ 1

3
(3 + 3α3 + α4)− (1 + 2α3 + α4) X̄ + (α3 + α4) X̄

2 − 1

3
α4X̄

3. (5.9)

Varying this action with respect toN and a gives rise to the Friedmann equation and the

acceleration equation, respectively, as follows

3M2
p

(
H2 +

κ

a2

)
= −3M2

pm
2
gF, (5.10)

M2
p

(
2Ḣ

N
+ 3H2 +

κ

a2

)
= −3M2

pm
2
g

(
F −

X̄F,X̄

3
(1− r)

)
, (5.11)

where F,X̄ ≡ dF
dX̄

and we have defined new variables as follows,

H ≡ ȧ

aN
, r ≡ n

NX̄
. (5.12)

From the Friedmann equation and the acceleration equation, one can obtain energy den-

sity and pressure of the fluid in the universe as

ρg = −3M2
pm

2
gF, (5.13)

pg = 3M2
pm

2
g

(
F −

X̄F,X̄

3
(1− r)

)
, (5.14)
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whose an equation of state parameter reads

wg =
pg
ρg

= −1 +
X̄F,X̄

3F
(1− r) . (5.15)

Note that up to this point, no source is involved in the system, which means we are

working with equations of motion in vacuum. However, in a general relativity language,

the Friedmann equation and the acceleration equation for this model are sourced effec-

tively by contributions from the massive graviton which are those on the right-hand side

of those equations. These contributions will be shown to be responsible for the self-

accelerating behavior. Since in massive gravity we have introduced the Stückelburg

fields, those fields are also governed by their equations of motion. The equations of mo-

tion can be obtained by realizing that the Stückelburg fields are introduced just to equip

the theory with the general covariance, which corresponds to the conservation of an ef-

fective energy-momentum tensor due to the massive gravity interactions. By evaluating

the corresponding conservation equation from Eq. (3.26), one can find the Stückelburg

equation of motion to be

F,X̄

(
H − X̄Hα

)
= 0, (5.16)

where Hα ≡ α̇
αn
. This equation provides two possible conditions by which the conser-

vation of the energy-momentum tensor is consistent in the thoery. Each condition cor-

responds to each branch of the cosmological solution. One may imply from Eq. (5.15)

readily that the condition F,X̄ = 0 leads to a solution in which the corresponding uni-

verse is expanding due to a cosmological constant induced by the graviton mass (since

the equation of state parameter is equal to −1). To investigate such behavior explicitly,

let us consider

F,X̄ = 0 = − (3 + 3α3 + α4) + 2 (1 + 2α3 + α4) X̄ − (α3 + α4) X̄
2. (5.17)

This equation fixes the value of X̄ since it is just a quadratic equation which can be



Lunchakorn Tannukij Nonlinear Massive Gravity / 50

solved for X̄ in terms of the other parameters. The corresponding X̄ is

X̄± =
1 + 2α3 + α4 ±

√
1 + α3 + α2

3 − α4

(α3 + α4)
. (5.18)

Interestingly, this branch of solution implies that α can only differs from the scale factor

a by a constant (X̄). The corresponding energy density and pressure can be found from

Eq. (5.13) and Eq. (5.14) to be constants as follows,

ρg =M2
pΛ±

= −
M2

pm
2
g

(α3 + α4)
2

[
(1 + α3)

(
2 + α3 + 2α2

3 − 3α4

)
± 2

(
1 + α3 + α2

3 − α4

)3/2 ]
, (5.19)

pg = −ρ, (5.20)

which clearly ensures the cosmological constant behavior satisfying w = −1.

Up to this point, we have not specify the curvature of the physical spacetime,

denoted by κ. This means that the solution obtained here is still valid for any value of

κ. Thus, the solution is also valid for any kind of curvature of the spatial hypersurfaces.

The varieties of spatial curvature of the solution are caused by assuming the isometries

of FLRW spacetime to the reference sector. On the other hand, if the reference metric is

of the Minkowskian form, then we can only obtain a self-accelerating FLRW solution to

the dRGT massive gravity whose space is characterized by open-slicing hypersurfaces

[20]. Though originally formulated on the Minkowski reference metric, it is proven in

Ref. [39] that any kind of reference metric does not reintroduce the BD ghost to the

dRGT massive gravity theory.

Although this self-accelerating branch looks fascinating in driving the cos-

mic expansion in the manner of the cosmological constant, this branch actually suffers

from the lack of number of degrees of freedom [17]. This flaw is due to the isotropy

and homogeneity of the FLRW ansatz which somehow render the vector mode and the

scalar mode nondynamical but let the tensor mode (the gravitational wave mode) prop-

agates. Moreover, a study of FLRW limit of an anisotropic but homogeneous solution
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reported that those vanishing degrees of freedom are in active though one of them is al-

ways a ghost, rendering the FLRW solution to be unstable [18, 23]. These are reasons

that drives physicists to seek for an extension of the massive gravity to be capable of

providing a better description of the cosmic expansion.

The other branch of solution corresponds to the following condition,

H − X̄Hα = 0. (5.21)

This branch is known as a normal branch. Unlike the previous case, this branch is rather

complicated since it involves derivatives. In spite of its complexity, we can still extract

some characteristics out of this branch. In order to do so, we rewrite the condition to be

H − X̄Hα = H

(
1− 1

r

)
−

˙̄X

n
= 0. (5.22)

We can see that in case of r = 1, Eq. (5.22) implies X̄ being constant. Moreover, the

condition r = 1 sets the equation of state parameter w from Eq. (5.15) to be −1 as the

constant X̄ renders both the energy density and the pressure in Eq. (5.13) and Eq. (5.14)

constants. As a result, this case leads us to a self-accelerating solution driven by an effec-

tive cosmological constant which is, however, different from the former self-accelerating

branch since here X̄ can take any value as long as r = 1 is satisfied. Generally, there

may exist a class of solution in which X̄ is not a constant.

This normal branch has its advantage on the number of propagating degrees

of freedom since all of five degrees of freedom are in active [44]. Unfortunately, previous

studies suggest that one of them is a ghost [44]. This is another reason for modifying the

dRGT massive gravity since the appearance of the ghost mode unstabilizes the thoery

[13]. The analyses on the appearance of the ghost is given in the next chapter where we

consider an extended model of dRGT massive gravity (the calculations and results are

also applicable to the original dRGT massive gravity).

One may note that Eq. (5.10), Eq. (5.11), and Eq. (5.16) are not mutually

independent since they are connected through the Bianchi's identity, which then implies

the conservation of energy-momentum tensor. Actually, as we have seen, the conserva-
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tion of energy-momentum tensor automatically leads to the Stückelburg equation, which

then confirms the Bianchi's identity. At times, obtaining the Stückelburg equation via

the continuity equation on the energy-momentum tensor could be a very cumbersome

calculation. An alternative approach to deal things in the Stückelburg sector is given in

the Appendix B.

Even though the interactions in Eq. (5.2) are to ensure the absence of the BD

ghost, this does not mean that other kinds of ghost will not appear in the theory. It has

been proven that a ghost appears in the theory in various situations [18, 23, 26, 27]. Other

significant problems existing in dRGT massive gravity lie on its cosmological solution.

In particular, isotropy and homogeneity of the FLRWmetric appear to be responsible for

three vanishing degrees of freedom, leaving only two dynamical degrees of freedom [17,

18, 23, 26, 27]. This is unusual for massive gravity theories because the massive graviton

must has five degrees of freedom, which can be seen in the Fierz-Pauli massive gravity.

These problems encourage physicists to study beyond dRGT massive gravity. There are

various ways to extend the dRGT theory; ones may add the Einstein-Hilbert term for the

reference metric, known as a bi-metric gravity [45], others may introduce extra degree(s)

of freedom into the theory [24, 26, 27, 28]. On the other hand, the extentions are not only

introducing new objects to the theory but also include a parameterization of the graviton

mass by other fields, known as a mass-varying massive gravity [30, 31, 33, 32]. In the

next section, the extended dRGT massive gravity, where an extra degree of freedom is

introduced via an extra dimension, is presented.
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#

CHAPTER VI

DBI EXTENSION OF THE DRGT MASSIVE GRAVITY

#

#
In Chapter V, we have seen some drawbacks of the dRGT massive gravity,

especially when its cosmological implications are in consideration. In particular, cosmo-

logical solutions to the dRGT massive gravity pose serious problems on a consistency of

the theory. It was found that, in a cosmological picture, only two (tensor-mode) degrees

of freedom propagate while others degrees of freedom (two for vector-mode and one

for scalar-mode) vanish [17]. Furthermore, in a more realistic consideration, a study of

the isotropic limit of an anisotropic (but homogeneous) solution to the dRGT massive

gravity reveals that even though all five degrees of freedom are at work, one of them

does propagate as a ghost mode [18, 23]. This indicates that the cosmological solution is

unstable. These facts suggest a necessity of extending the dRGT massive gravity so that

the problems in the theory can be lifted. There are many attempts to extend the theory.

One can seek for a fully anisotropic solution to the dRGT massive gravity. The solution

turns out to be free of ghost instability as well as all of the five degrees of freedom are

dynamical [23]. On the other hands, one can add an extra field as an extra gravitational

mediator. An example of this approach is the quasi-dilaton massive gravity in which a

dilaton scalar is introduced with a particular dilaton symmetry [24, 28]. Another exam-

ple is to promote the graviton mass from a constant to be a function that varies according

to a scalar field, dubbed mass-varying massive gravity [30, 31, 33, 32] which will be dis-

cussed in the next chapter. Furthermore, there is a generalization in which the reference

metric is also a dynamical metric apart from the physical one. Being known as a bimetric

gravity, this model involves adding a kinetic term corresponding to the reference sector

to the action of the dRGT massive gravity [45]. Such an aspect of modification is left as

a further work.
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6.1 The Model and Background Equations of Motion
In this chapter, We will investigate a model of the same concept of modifica-

tion, in which an extra field is added, through a Dirac-Born-Infeld (DBI) massive gravity

[25, 26, 27]. This model exists an extra scalar field which is introduced according to a do-

main wall moving in a five-dimensional spacetime. Moreover, the DBI scalar couples to

the massive gravity in the reference metric sector in such a way that the scalar possesses

a Galileon shift symmetry. In a previous study on this aspect of massive gravity, the au-

thors investigated a structure of the DBI massive gravity corresponding to a domain wall

moving in a flat Minkowskian spacetime [26]. As happened in the original dRGT mas-

sive gravity, however, the corresponding cosmological implications imply the vanishing

degrees of freedom problem, hence the solution is unstable. Consequently, investigating

the model in which the domain wall moves in a different geometric spacetime might be

able to fix such issue. One of cosmologically reasonable choices of the reference met-

ric would be the five-dimensional Schwarzschild-anti-de Sitter geometry [46]. Given

a five-dimensional reference spacetime with coordinate XA = (T, φ1, φ2, φ3, X5), the

Schwarzschild-anti-de Sitter metric is given as

ds2f = f̃ABdX
AdXB,

= −f(X5) (dT )2 +
(
X5
)2

Ωij(φ
k)dφidφj +

1

f(X5)

(
dX5

)2
, (6.1)

given that A,B are indices running amoung all of the spacetime indices corresponding

to T, φ1, φ2, φ3, X5, i, j indicate 3-space coordinates, like φ1, φ2, φ3, and

f(X5) ≡ κ− µ

(X5)2
+

(X5)
2

l2
. (6.2)

where κ is a curvature of the 3-space, µ is a parameter which has a unit of length

squared, and l is a length scale determining the scale of the anti-de Sitter space. In par-

ticular, one may see a resemblance between this metric and the usual four-dimensional

Schwarzschild geometry by considering the parameter µ as mass of a five-dimensional

Schwarszchild black hole in the anti-de Sitter geometry, except that the r-dependence

of the mass term in five-dimensional case differs from that in the four-dimensional case
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by a power of one. This difference is caused by the Newtonian gravitational constant

defined in five-dimensional space whose unit differs from the four-dimensional New-

tonian constant by a length dimension. According to the metric in Eq. (6.1), the fifth

coordinateX5 behaves as a scale factor on the 3-space in this reference spacetime which

makes this form of metric reasonably interesting when the cosmology is taken into ac-

count. SinceX5 behaves as the scale factor in 3-space as well as the fifth coordinate, the

fifth coordinate is then dimensionless which renders the line element in Eq. (6.1) quite

peculiar in terms of units. To make it more reasonable,X5 is rescaled to be λϕ where ϕ

is a coordinate with length dimension while T is also rescaled accordingly to be φ0/λ.

Under such rescaling, the metric reads

ds2f = f̃ABdX
AdXB,

= −f(ϕ)
(
dφ0
)2

+ (λϕ)2 Ωij(φ
k)dφidφj +

1

f(ϕ)
(dϕ)2 , (6.3)

where

f(ϕ) ≡ κ

λ2
− µ

λ4ϕ2
+
ϕ2

l2
. (6.4)

Note that now an event in the five-dimensional bulk is specified by spacetime coordi-

nateXA ≡ (φ0, φ1, φ2, φ3, ϕ). Since we are working in four-dimensional massive grav-

ity, we have to find a four-dimensional reference metric which corresponds to the five-

dimensional reference metric in Eq. (6.3). Taking the cosmological principle into ac-

count, we consider a brane specified by a functionϕ = ϕ(t). Hence, the four-dimensional

metric corresponding to the brane is then a metric induced on that brane which is ex-

pressed as follows,

fµν = ∂µX
A∂νX

B f̃AB,

= −f(ϕ)∂µφ0∂νφ
0 + (λϕ)2Ωij(φ

k)∂µφ
i∂νφ

j +
1

f(ϕ)
∂µϕ∂νϕ. (6.5)

This metric is a five-dimensional version of how to equip the Stückelburg fields into the

massive gravity compared to the four-dimensional one in Eq. (5.4). Note that for the



Lunchakorn Tannukij DBI Extension of the dRGT Massive Gravity / 56

brane corresponding to ϕ = ϕ(t), the reference metric in Eq. (6.5) inevitably involves

a time derivative of ϕ. It may be questionable whether the BD ghost reappears in this

context or not. Fortunately, it was found that the BD ghost is not presented even when a

general form of the reference metric is used, even there exists derivatives in the metric

[39]. Since we have introduced the DBI scalar via the reference sector, we can find its

contribution to the massive gravity and the cosmological solution. For that purpose, we

compute the full dRGT massive gravity action with a particular extention,

S = SdRGT + SDBI ,

=
M2

p

2

∫
d4x

√
−g
(
R(g) + 2m2

gU(g, f)
)
− Λ4

∫
d4x
√
−f. (6.6)

where the first term is the Einstein-Hilbert lagrangian,U(g, f) is the nonlinear interaction

in the original dRGT theory, and the last term is the extension corresponding to the DBI

scalar. In particular, this extension is a kinetic term of the DBI scalar ϕ corresponding

to the brane moving in the bulk with tension of magnetude Λ. Moreover, the kinetic

term is a leading order term of the entire class of lagrangian which is invariant under the

Galileon shift symmetry [47, 48, 49]. Since we are interested in the cosmological picture

of the model, we use the FLRW metric in Eq. (3.21) as the physical metric. Thus, by

using a unitary gauge; φµ = xµ, the action in Eq. (6.6) can be expressed accordingly as

SdRGT = 3M2
p

∫
d4x

√
Ω

Na3

[(
−
(

ȧ

aN

)2

+
κ

a2

)
+m2

g

(
F (X̄)−G(X̄)

n

N

)]
, (6.7a)

SDBI = −3M2
pm

2
gαΛ

∫
d4x

√
Ω Na3X̄3 n

N
, (6.7b)

where Ω ≡ detΩij(x
k), F (X̄) and G(X̄) are given as in Eq. (5.8) and in Eq. (5.9), and

we have defined the following new parameters,

X̄ ≡ λϕ

a
, n ≡

√
f(ϕ)− ϕ̇2

f(ϕ)
, αΛ ≡ Λ4

3M2
pm

2
g

. (6.8)
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By varying the action in Eq. (6.7) with respect to the lapse functionN , the corresponding

Friedmann equation is obtained as follows,

3M2
p

(
H2 +

κ

a2

)
= ρg ≡ −3M2

pm
2
gF. (6.9)

From this Friedmann equation, contributions from the massive graviton behave as a

source to the Friedmann equation exactly in the same way as those in the original model

of dRGT massive gravity shown in Eq. (5.10) in Chapter V. To ensure such a claim,

we vary the full action with respect to the scale factor a to obtain the corresponding

acceleration equation,

M2
p

(
2Ḣ

N
+ 3H2 +

κ

a2

)
= −pg ≡ −3M2

pm
2
g

(
F −

X̄F,X̄

3
(1− r)

)
, (6.10)

where r ≡ n
NX̄

. This acceleration equation is still of the same form as Eq. (5.11) in the

original dRGT theory (although here n takes a different form compared with the lapse

function in the reference sector in the previous chapter, the structure of the equations of

motion here is still as same as that in the pure dRGTmassive gravity). As also done in the

original theory, varying the action with respect to the Stückelburg fields gives equations

of motion corresponding to the conservation of the effective energy-momentum tensor

given by the massive gravity interactions. In this model, however, there are five Stück-

elburg fields, namely φ0, φ1, φ2, φ3, and ϕ where the first four fields should govern the

conservation of the four-dimensional effective energy-momentum tensor while ϕ has its

own dynamics as the moving brane. This suggests that two sets of condition must come

out of varying all of the Stückelburg fields, namely the conservation and the equation of

motion of ϕ. Alternatively, we can obtain those conditions via the perturbative approach

presented in the Appendix B. By any means, computing for the Stückelburg equation of

motion yields

F,X̄

(
H − X̄Hϕ

)
= 0, (6.11)

J = 0, (6.12)
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where

J ≡ a3

ϕn

[(
G+ αΛX̄

3
) (

6f 3 + ϕf 2f,ϕ − 3ϕϕ̇2f,ϕ + f
(
2ϕϕ̈− 6ϕ̇2

))
2fn2

+

(
f −NnX̄

(
1 +

aHϕHϕ

λf

))
F,X̄

]
, (6.13)

Hϕ ≡ ϕ̇

ϕn
, f,ϕ ≡ df

dϕ
. (6.14)

Here, the usual condition in Eq. (6.11) also rises up similarly to the original theory of

dRGTmassive gravitywhile Eq. (6.12) is the equation ofmotion governing the dynamics

of the brane or, in other words, the DBI field ϕ.

It is worth mentioning more on the connections amoung equations of motion

obtained so far. One can deduce directly the Stückelburg equation ofmotion in Eq. (6.11)

through simple manipulation on both Eq. (6.9) and Eq. (6.10) by requiring the conser-

vation of the energy-momentum tensor. However, the derivation through this approach

will be valid even n is not specified according to Eq. (6.8) since n does not involve

quantities in the physical sector explicitly. In other words, no matter how n looks like

(as long as it stays in the reference sector), it is always possible to obtain such a constraint

as in Eq. (6.11) given that the four-dimensional conservation of energy-momentum ten-

sor is required. Not only that, the self-accelerating branch actually decouples n from the

physical sector which can be seen in Eq. (6.10). All of these are caused by our four-

dimensional setup induced from a five-dimensional one. By such a setting, we require

the conservation of energy and momentum in the four-dimensional sector, in other words

any matter in four dimensions cannot leak into a five-dimensional bulk. Generally, it can

be shown through simple computations that if Eq. (6.11) is not assumed, then, in four

dimensions,∇µT
µν ∝ F,X̄

(
H − X̄Hϕ

)
indicating a violation of the conservation. This

suggests that one can think of the term F,X̄

(
H − X̄Hϕ

)
as a flow that conveys matter

contents between the physical four-dimensional spacetime and the fifth dimension which

is characterized by ϕ. In this context, to satisfy Eq. (6.11) means to cut the flow of mat-

ter from ``inside'' the brane to ``outside'' the brane (elsewhere in the bulk) and vise versa

which can be automatically implied by the four-dimensional induced theory where the
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induction is done on the five-dimensional reference metric.

As usual, Eq. (6.11) can be separated into two conditions; F,X̄ = 0 for a

self-accelerating solution and H − X̄Hϕ = 0 for a normal branch of solution. To be

exact, the self-accelerating branch obeys the condition

F,X̄ = 0 = − (3 + 3α3 + α4) + 2 (1 + 2α3 + α4) X̄ − (α3 + α4) X̄
2, (6.15)

which fixes X̄ to be a constant as,

X̄± =
1 + 2α3 + α4 ±

√
1 + α3 + α2

3 − α4

(α3 + α4)
. (6.16)

Similarly to the original dRGT theory, the effective cosmological constant can be found

as

ρg =M2
pΛ± (6.17)

= −
M2

pm
2
g

(α3 + α4)
2

[
(1 + α3)

(
2 + α3 + 2α2

3 − 3α4

)
± 2

(
1 + α3 + α2

3 − α4

)3/2 ]
. (6.18)

Furthermore, the pressure pg can be found along with its equation of state parameter as

pg = −ρg, wg = −1, (6.19)

which ensures the characteristics of the cosmological constant.

Note that up to this point we did not specify the value of κwhich characterize

the curvature of the spatial hypersurfaces. Consequently, the spatial curvature of the

solution obtained here can be of any kind of slicing, as well as the solution in Chapter

V. Interestingly, one may see that the dynamics of this branch, governed by the Hubble

parameterH , does not depend on the DBI sector. In other words, no matter how the DBI

scalar ϕ evolves, it does not affect the gravity sector since the dynamics on the gravity

sector is only governed by X̄ which is just a combination of constants.

Since in this model the DBI scalar also propagates, it is necessary to con-
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sider the equation of motion of the DBI scalar in Eq. (6.12) for the completeness of the

solution. For the self-accelerating solution, using the redefinition ψ(ϕ) ≡ ϕ̇2, Eq. (6.12)

implies the following equation,

dψ

dϕ
−
(
3
1

f

df

dϕ
+

6

ϕ

)
ψ + f 2

(
1

f

df

dϕ
+

6

ϕ

)
= 0. (6.20)

The solution to this equation is

ψ = ϕ̇2 = f 2 −
(
ϕ

ϕ0

)6

f 3, (6.21)

where ϕ0 is an integration constant. Since f is quite a complicated funtion, the solution in

Eq. (6.21) cannot be solved analytically. However, we can still obtain its consequences

without involving nasty computations. By the use of Eq. (6.9), we can find a relation

between the lapse function and the DBI scalar as follows,

N2 =
3λ2

(λ2ϕ2Λ± − 3κX2
±)

(
f 2 −

(
ϕ

ϕ0

)6

f 3

)
. (6.22)

Furthermore, we can obtain an interval in which the DBI scalar ϕ is allowed to propagate.

Requiring that ϕ̇2 > 0, Eq. (6.12) implies the following inequality,

1−
(
ϕ

ϕ0

)6

f = 1 +
µ

λ4ϕ6
0

ϕ4 − κ

λ2ϕ6
0

ϕ6 − 1

l2ϕ6
0

ϕ8 > 0. (6.23)

In principle, it is possible to determine the possible interval for ϕ from this inequality.

However, in the case of the flat FLRW solution where κ = 0, the inverval can be deduced

easily to be

0 < ϕ2 < b

[
1

2

(
1 +

√
1 +

4l2ϕ6
0

b4

)]1/2
, (6.24)

where b ≡
√
µl2/λ4. This b turns out to be an interesting value in the picture of dy-

namical analyses. One can see that Eq. (6.21) determines how the DBI scalar ϕ changes

in time due to itself (implicitly expressed as the function f ) which makes Eq. (6.21) an
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autonomous equation. Interestingly, it can be seen from Eq. (6.21) that if ϕ evolves to

some specific values, its velocity ϕ̇ vanishes and the scalar ϕ stays at that value forever.

Those special values are called fixed points. In particular, there are two fixed points for

Eq. (6.12), all of which involve b, namely

ϕ2 = b and ϕ2 = b

[
1

2

(
1 +

√
1 +

4l2ϕ6
0

b4

)]1/2
. (6.25)

These fixed points also have their interesting physical meaning. When ϕ̇2 = 0, it also

implies that the fifth coordinate is fixed to some particular value. Such a situation render

the fifth dimension meaningless as can be seen in Eq. (6.5) when n =
√
f is the lapse

function in the reference sector. Thismodel thus essentially reduces to the dRGTmassive

gravity with FLRW reference metric presented in Chapter V.

As in Chapter V, this model also provides a normal branch which, from Eq.

(6.11), corresponds to a condition

H − X̄Hϕ = 0. (6.26)

This branch is exactly a modified version of the normal branch which exists in the dRGT

massive gravity with FLRW reference metric presented in Chapter V. For this version,

however, the condition in Eq. (6.26) becomes more complicated because of how the DBI

scalar ϕ is involved. To grasp some ideas out of it, we will put an assumption to continue

our calculation. Let us assume that the solution satisfiesG+αΛX̄
3 = 0. This condition

explicitly reads

G+ αΛX̄
3 = −1

3

[
− (3 + 3α3 + α4) + 3 (1 + 2α3 + α4) X̄ − 3 (α3 + α4) X̄

2

+ (α4 − 3αΛ) X̄
3

]
= 0, (6.27)

which implies that X̄ is constant. Solving Eq. (6.27) for X̄ , we can find the relation
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between ϕ and a as follows,

λϕ = X̄a = χa, (6.28)

where χ is one of the roots to Eq. (6.27). Using this relation, Eq. (6.26) reads

n

N
= χ. (6.29)

This implies exactly r = 1 which is similar to the special case in Chapter V. The corre-

sponding equation of state parameter in this setting is−1 indicating the self-accelerating

expansion in the cosmological constant manner . Note that this self-accelerating class

in the normal branch is not the same as the former self-accelerating branch since X̄ can

take any constant value other than X̄± as long as r = 1 is satisfied. As a special case,

here X̄ takes a value of χ, a root to the conditionG+αΛX̄
3 = 0. One may note that for

a particular choice of parameter which satisfies α4−3αΛ = 0, Eq. (6.27) simply reduces

to a quadratic equation which has two roots and it is easy to find those roots. We will

come back to this parameter choice later. Not only the nature of X̄ but also the dynamics

of the DBI scalar are also different between these two kinds of self-accelerating solution.

Under such conditions for this special case, since Eq. (6.12) vanishes completely, we

cannot obtain an equation of motion of the DBI scalar from this equation. Fortunately,

we can find how it evolves through the proportionality between ϕ and a in Eq. (6.28)

and the Friedmann equation in Eq. (6.9). Assuming a spatially flat FLRWmetric; κ = 0,

the equation for the DBI scalar eventually reads

ϕ̇2 =
ρ̃gϕ

2f 2

1 + ρ̃gϕ2
, (6.30)

where

ρ̃g =
ρg

3M2
pχ

2
. (6.31)

Since there exists only a first derivative, Eq. (6.30) can be treated as an autonomous

equation from which the corresponding fixed point can be found. From Eq. (6.30), the
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fixed point that makes the first derivative vanished isϕ2 = bwhich is the same fixed point

as in the former self-accelerating branch. We can also obtain a full equation governing

the DBI scalar by integrating Eq. (6.30) which reads

√
1 + cnb tanh−1

(√
1 + cnϕ2

1 + cnb

)
−
√
1− cnb tanh−1

(√
1 + cnϕ2

1− cnb

)

=
2b
√
cn

l2
t+ C, (6.32)

where C is an integration constant. We can see that the case ϕ2 = b corresponds to

t → ∞ which is reasonable in the view of the dynamical analysis. In particular, we

know that ϕ2 = b is the fixed point to Eq. (6.30) such that the DBI scalar does not evolve

once it reaches this value within a long enough time and the model reduces accordingly

to the dRGT massive gravity with FLRW reference metric as n =
√
f .

6.2 Perturbations, Degrees of Freedom, and Stabilities
Up to this point, it has been shown that in this model there exist two condi-

tions obtained from the equations of motion of the Stückelburg fields which are similar

to the original dRGT theory. One is formally named in literatures as a self-accelerating

branch by which it allows the FLRW universe of any kind of spatial geometry to expand

with acceleration. It effectively provides a cosmological constant which originates from

the existence of the graviton mass. It has been claimed that the self-accelerating branch

in the dRGT massive gravity is plagued by vanishing degrees of freedom which is not

supposed to happen. Another condition corresponds to what is known as a normal branch

where, in some specific situations, it can also provide a self-accelerating behavior which

shares some resemblances with the former self-accelerating branch. Since the model

succeeds in describing the accelerating expansion, it is tempting to find out whether or

not the issue of vanishing degrees of freedom is alleviated. To do such an analysis, we

need to take into account a metric perturbation of the model. This analysis not only sat-

isfies us on the purpose of counting degrees of freedom but also allows us to investigate

whether the model excites a ghost instability or not. To begin such an investigation, we
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define a physical metric perturbation as

gµν = g(0)µν + δgµν . (6.33)

According to this form of metric, we perform the analyses on the model through a pertur-

bative calculation around a general background metric g(0)µν . In this case we are interested

in the perturbation around a cosmological solution. In other words, we set g(0)µν to be a flat,

for simplicity, FLRWmetric as in Eq. (3.21). The perturbation δg is defined accordingly

as

δg00 ≡ −N2A, (6.34a)

δg0i ≡ NaBi, (6.34b)

δgij ≡ a2hij. (6.34c)

Note that the perturbations; A, Bi, and hij , are defined separately according to whether

they are temporal or spatial quantities. To be exact, each perturbation is classified due

to its transformation under spatial coordinate transformations; namely A transforms as

a scalar, Bi transforms as a vector, and hij transforms as a rank-2 tensor. Moreover, the

perturbations are defined in this way so that they are independent of a time reparame-

terization N and the scale factor a. Such a definition ensures that only the geometrical

deviations are encoded in the perturbations in Eq. (6.34) and not the time reparameter-

ization or the scale factor. Not only that, these perturbations are allowed to depend on

all of the spacetime coordinates. Such a dependence is rather a realistic representation

because our universe does not strictly obey the cosmological principle; we have a bunch

of stars, clusters of galaxies, and many objects that render the universe slightly inhomo-

geneous. Apart from those scattered matters, the universe is also inhomogeneous in a

small scale caused by fluctuations of background temperature, known as the cosmic mi-

crowave background (CMB) (for the observational data, see Ref. [50]). Theoretically,

CMB is investigated through the perturbative cosmology in which the metric perturba-

tion plays a crucial role.

For conveniences, the perturbations in Eq. (6.34) are decomposed further
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into components according to their tensorial properties under spatial rotations as follows,

δg00 = −2N2Φ, (6.35a)

δg0i = Na
(
BT

i + ∂iB
)
, (6.35b)

δgij = a2
[
hTT
ij +

1

2

(
∂iE

T
j + ∂jE

T
i

)
+ 2δijΨ+

(
∂i∂j −

1

3
δij∂k∂

k

)
E

]
. (6.35c)

In such a decomposition, the perturbations are classified into three types; tensor mode,

vector mode, and scalar mode. The tensor mode is represented by the 3-space metric hTT
ij

which is transverse and traceless, or, in other words, satisfies ∂ihTT
ij = 0, and δijh(TT )

ij =

0, given that ∂i ≡ δij∂j . The vector mode corresponds to two transverse vectors, namely

BT
i and ET

i which obey ∂iBT
i = 0 and ∂iET

i = 0. The scalar mode is determined by

four scalars; Φ, B,Ψ, and E. This looks complicated at the beginning but it has its own

advantages; these distinct modes actually decouple from one another in the Einstein-

Hilbert action when being expanded perturbatively up to the quadratic order. Apart from

the physical metric, the perturbation is done on the DBI scalar as well. The DBI scalar

is expanded accordingly as follows,

ϕ = ϕ(0) + δϕ. (6.36)

We also stay in the unitary gauge where no perturbation on the gauge is performed. The

Stückelburg fields in five dimensions are separated into two parts. Particularly, φµ's rep-

resent general covariance in four dimensions while ϕ propagates as an additional scalar.

The first four Stückelburg fields are not perturbed but are fixed to be in the unitary gauge

while the perturbation is done on the fifth Stückelburg field ϕ which in four dimensions

is now interpreted as a scalar field. This means that we do the perturbations only on the

fields that mediate gravity for this model, namely the physical metric and the DBI scalar.

Due to the above defined perturbations, each mode can be investigated separately on the

issue of degrees of freedom and stability as follow.
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6.2.1 Tensor Mode

To extract information corresponding to this mode, we expand the action

according to the tensor perturbation hTT
µν in Eq. (6.2) up to quadratic order where the

equations of motion in Eq. (6.9) and Eq. (6.10) are taken into account. The expan-

sion is then Fourier transformed where the transformation is done on only the spatial

coordinates, namely x, y, and z. The resulting expansion then reads

S
(2)
Tensor =

M2
p

8

∫
d3kdt Na3

 ˙̃hTT
ij ( ˙̃h∗)ijTT

N2
−
(
k2

a2
+M2

GW

)
h̃TT
ij (h̃∗)ijTT

 , (6.37)

where h̃TT
ij = h̃(k)TT

ij is a Fourier transform of hTT
ij , the dot represents a time derivative,

h̃ijTT = δikδjlh̃TT
kl , and

M2
GW ≡ m2

gA, (6.38)

A ≡ X̄2

[(
3

X̄
− 1− r

)
+ α4

((
3

X̄
− 2

)
−
(
2− X̄

)
r

)
+ α4

(
1− X̄

)( 1

X̄
− r

)]
,

= −X̄F,X̄ + X̄2 (1− r)
(
1 + 2α3 + α4 − (α3 + α4) X̄

)
. (6.39)

The tensor mode action in Eq. (6.37) provides a wave solution of each Fourier mode de-

noted by the wave number k. The termM2
GW involving the graviton massmg indicates

the mass corresponding to this wave solution. Asmg → 0, we recover the gravitational

wave solution in general relativity. We can see that this action involves only the trans-

verse and traceless tensor field h̃TT
ij which means degrees of freedom in this mode are

determined only by the nature of h̃TT
ij . Together with the constraints on the transverse

and traceless tensor, h̃TT
ij in Eq. (6.37) can be fully determined by only 2 dynamical

variables which coincides with the number of polarizations of the gravitational wave in

general relativity. This is essentially similar to general relativity; the only difference is

the existence ofMGW induced by the graviton mass.

By obtaining the action like in Eq. (6.37), we can determine whether or not

the dynamical fields excite the ghost instability just by looking at the sign in front of their
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kinetic terms in the Fourier space. Since we are considering the second-order perturbed

action around the background solution, the sign determines whether or not the solution

is stable. Quantum mechanically, the solution has a well-defined ground state when the

sign is plus while the sign being minus otherwise indicates that there is no ground state.

By just looking at the sign of ˙̃hTT ( ˙̃h∗)TT , it can be easily implied that this mode does not

excite the ghost. Moreover, to avoid another instability known as ``tachyonic instability'',

we must requireM2
GW > 0 or, otherwise, the tensor mode will acquire imaginary mass.

Such imaginary mass is not physical in terms of special relativity since it renders each of

the Fourier mode to be superluminal (the propagation speed is faster than that of light).

This can be roughly illustrated by considering one Fourier mode with the wave number

k. The solution to this Fourier mode is of the following form,

h̃TT
ij ∝ eiωkt. (6.40)

This implies the corresponding wave equation as

−
¨̃hTT
ij

N2
−
(
k2

a2
+M2

GW

)
h̃TT
ij ∝

(
ω2
k

N2
−
(
k2

a2
+M2

GW

))
eiωkt, (6.41)

c2s =
ω2
k/N

2

k2/a2 +M2
GW

. (6.42)

Since the null geodesic corresponds to gµνdxµdxν = 0, then for a photon of energy ωk,

we have a condition

c2 = 1 =
ω2
k/N

2

k2/a2
. (6.43)

By comparing Eq. (6.42) with Eq. (6.43), we have a superluminality as c2s > 1 in the

case ofM2
GW < 0 whileM2

GW > 0 implies a more physical situation as c2s < 1.

Note that up to this point, the constraint in Eq. (6.11) is not yet used, or,

in other words, the solution is not yet specified to which branch it belongs. Thus, the

results obtained so far should be valid for both branches. Essentially, the tensor mode

of perturbation, no matter what branch it belongs to, coincides with general relativity;

namely there are two degrees of freedom representing two polarizations of the gravita-
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tional wave solution and the degrees of freedom are healthy without the ghost instability

and the tachyonic instability. From these results, we can deduce suitable values for the

parameters of the model, namely α3 and α4. For the self-accelerating branch where

F,X̄ = 0, we require the appropriate values of so thatM2
GW , ρg, and X̄± are all positive.

The corresponding values of (α3, α4) are illustrated in Figure. (6.1). One can see from
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(a) X+ solution.
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(b) X− solution.

Figure 6.1 These plots show the available regions in (α3, α4) space satisfying the sub-

luminal condition M2
GW > 0, ρg > 0, and X̄± > 0 provided that the self-accelerating

branch is satisfied. Figure. (6.1a) corresponds to X̄+ > 0 while Figure. (6.1b) corre-

sponds to X̄− > 0. The regions with horizontal blue-dashed line satisfy the subluminal

conditionM2
GW > 0while each of X̄± > 0 is denoted by the regions with vertical black-

dashed line separately in each plots. The grey regions satisfy ρg > 0. Obviously, the

branch with X̄− allows larger class of (α3, α4) than the X̄+ branch [27].

Figure. (6.1) that there is an obvious difference on the available regions between X̄+ and

X̄−. This big difference is caused by the condition of positive energy density ρg > 0. In

particular, it is the term 1 + α3 + α2
3 + α4 that is responsible. From Eq. (6.16), we must

have 1 + α3 + α2
3 + α4 > 0 in order to have a real value of X̄ . This affects the energy

density in Eq. (6.18) differently between the case of X̄+ and that of X̄−. In particular,

the term (1 + α3 + α2
3 + α4)

3/2 appears with a minus sign for the branch of X̄+ while

the term oppositely appears with a plus sign in the case of X̄−. Qualitatively, the case of

X̄− has more room to be positive according to the positive addition to the energy density
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ρg which results in the plots shown in Figure. (6.1). Moreover, for the self-accelerating

branch, r can be determined readily from the subluminal condition through Eq. (6.39).

For X̄+ branch the subluminal condition is valid only when r > 1 while for X̄− branch

wemust have r < 1 to satisfyM2
GW > 0. Obviously, r = 1makesM2

GW vanishes for the

self-accelerating branch, which exactly describes gravitational waves similar to general

relativity. Actually, such a case is nothing but general relativity with the cosmological

constant or ΛCDM model. Though the model considered here involves DBI scalar, the

self-accelerating branch does not depend strongly on the scalar field which is why the

results obtained so far are similar to the original dRGT massive gravity when the FLRW

ansatz is taken into account [17].

Apart from what we have done on the self-accelerating branch, it is unsur-

prisingly complicated to do such analyses on the normal branch without any simplifica-

tion. Thus, we focus on the special case mentioned earlier in the previous section. In

particular, we consider the self-accelerating class in the normal branch where X̄ is con-

stant and r = 1. For simplicity, we are interested in the case α4 − 3αΛ = 0 so that Eq.

(6.27) reduces to a quadratic equation and its roots can be found easily. The roots thus

read

X̄ = χ± =
(1 + 2α3 + α4)±

√
1− 2α4 − 1

3
α2
4 − 4

3
α3α4

2 (α3 + α4)
. (6.44)

Since we have claimed that the tensor mode degree of freedom for the normal branch

is not plague by a ghost instability as shown explicitly via Eq. (6.37), this solution of

X̄ is obviously healthy. However, the values of χ± obtained here destines the solution

whether or not there exists the superluminality. In particular, Eq. (6.39) in this branch,

where X̄ = χ± and r = 1, reads

M2
GW = −m2

gX̄F,X̄ , (6.45)

= ∓m2
gχ

2
±

√
1− 2α4 −

1

3
α2
4 −

4

3
α3α4. (6.46)

Provided that we are considering a class of parameters by which X̄ = χ± exists, the

solution forχ+ always suffers from the superluminality since it always causesM2
GW < 0.
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This leaves χ− only a possible choice of this normal branch. Furthermore, a previous

study on the dRGT massive gravity corresponding to the FLRW and de Sitter reference

metrics suggests the Higuchi bound on this MGW by the relation M2
GW > 2H2 [44].

Similarly to the former analyses, we consider the availability of the parameters by taking

χ− > 0, ρg > 0, andM2
GW > 0 into account as well as the Higuchi bound. The available

class of parameters is illustrated in Figure. (6.2).
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(a) χ− solution withM2
GW > 0.
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(b) χ− solution with M2
GW

H2 > 2.

Figure 6.2 These plots show the available regions in (α3, α4) space satisfying ρg > 0,

χ− > 0 and two kinds of the bounds onMGW for the self-accelerating class of normal

branch subjected to Eq. (6.27) and α4− 3αΛ = 0. The subluminality conditionM2
GW >

0 is considered together with the positivities of the energy density and χ− in Figure.

(6.2a) while the Higuchi bound is considered instead in Figure. (6.2b). The regions with

horizontal blue-dashed lines in both figures correspond to the bound onMGW , namely

M2
GW > 0 andM2

GW > 2H2. The regions with vertical black-dashed lines represent the

condition χ− > 0 and the grey regions imply positive energy density ρg [27].

Up to this point, by requiring the absence of various instabilities and incon-

sistencies, we are able to put bounds on the parameters of the model for both branches

when their self-accelerating characteristics are satisfied. The results obtained here, how-

ever, need more considerations on the other perturbation modes in order to fully deter-

mine the availability of the solutions. This leads to the next mode of perturbation which

transforms under spatial rotation as a vector.
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6.2.2 Vector Mode

The vector mode of perturbation is described through BT
i and ET

i . To per-

form analyses in this mode, we expand the action, in Fourier space, according to those

vectors up to second order of BT
i and ET

i which reads

S
(2)
V ector =

M2
p

2

∫
d3kdt Na3

[
k2

8N2

˙̃ET
i (

˙̃E∗)iT − k2

2Na
B̃T

i (
˙̃E∗)iT

− k2

4

(
2Ḣ

N
+ 3H2

)
ẼT

i (Ẽ
∗)iT +

(
k2

2a2
+ 3H2

)
B̃T

i (B̃
∗)iT

− k2

4

(
pg
M2

P

+
1

2
M2

GW

)
ẼT

i (Ẽ
∗)iT

−

(
ρg
M2

P

+
m2

gX̄F,X̄

(1 + r)

)
B̃T

i (B̃
∗)iT

]
, (6.47)

where the fields with tildes are their Fourier transform as before. Although there are two

vector fields in the action, B̃T
i is not dynamical due to the absence of its time derivative

or kinetic term. This means that B̃T
i can be found in terms of other variables in the action,

in this case ẼT
i , through its equation of motion. By doing so, Eq. (6.47) can be rewritten

in term of only ẼT
i , with helps from Eq. (6.9) and Eq. (6.10), as follows,

S
(2)
V ector =

M2
P

8

∫
d3kdt Na3

[
−

k2m2
ga

2X̄F,X̄

N2
(
k2(1 + r)− 2m2

ga
2X̄F,X̄

) ˙̃ET
i (

˙̃E∗)iT

− k2

2
M2

GW Ẽ
T
i (Ẽ

∗)iT

]
. (6.48)

Due to its transversal behavior, this action for ET
i governs the dynamics of two degrees

of freedom. Note that this action does not belong to any branch of solution since the

constraints for each branch are not yet specified. The ghost instability can be determined

readily by looking at the sign in front of the kinetic term. In particular, for the self-

accelerating branch satisfying F,X̄ = 0, such a condition renders the coefficient of the

kinetic term vanishing, implying that ẼT
i does not propagate. This vanishing term is

exactly the problem commonly known in cosmology of dRGT massive gravity. Despite

the mass term involving M2
GW , vector degrees of freedom does not propagate for the

self-accelerating branch. On the other hand, the normal branch seems to work fine with
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two propagating vector degrees of freedom since there is no such restriction as F,X̄ = 0

like in the self-accelerating branch. Generally, the condition to ensure the absence of

the ghost is F,X̄ < 0. This condition allows the vector degree of freedom to be healthy

at any value of k. Since k denotes a wave number, a reciprocal of a length scale, this

implies that the ghost is not excited at any length scales.

Up to now, we have investigated the action for vector perturbations and re-

alized some properties of both branches of solution we obtained previously. For the

self-accelerating branch, the vector perturbations do not propagate due to the absence of

the corresponding kinetic terms. On the other hand, the normal branch has proven itself

to be free of such issue as long as F,X̄ < 0 is satisfied. It may be clear now for the self-

accelerating branch to have an incorrect number of propagating degrees of freedom yet

further investigation is needed for the normal branch which leads us to the next section

in which the scalar perturbation is taken care of carefully.

6.2.3 Scalar Mode

To get a complete picture of the model, the analyses on scalar perturbations

are necessary. As we have done previously, the action for scalar perturbations is ex-

panded in Fourier space up to second order of the scalar perturbations in Eq. (6.2). The

Einstein-Hilbert part thus reads

S
(2)
Scalar,EH =

M2
P

2

∫
d3kdt Na3

[
k4| ˙̃E|2

6N2
− 6| ˙̃Ψ|2

N2
− 2k4B̃ ˙̃E∗

3aN
+ ˙̃Ψ

(
12HΦ̃∗

N
− 4k2B̃∗

aN

)

+ |Ẽ|2
(

k6

18a2
− k4

3

(
2Ḣ

N
+ 3H2

))
+ |Ψ̃|2

(
2k2

a2
+ 3

(
2Ḣ

N
+ 3H2

))

+ 3k2H2|B̃|2 − 9H2|Φ̃|2 + 2k4Ψ̃Ẽ∗

3a2

+ Φ̃

(
4k2HB̃∗

a
+ Ψ̃∗

(
4k2

a2
+ 18H2

)
+

2k4Ẽ∗

3a2

)]
, (6.49)

where the scalar fields with tildes on top are those in Fourier space and |Q|2 ≡ QQ∗.

The interaction parts are expressed perturbatively, including the perturbation of the DBI
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scalar; δϕ, as follows,

S
(2)
Scalar,dRGT + S

(2)
Scalar,DBI

=
M2

Pm
2
g

2

∫
d3kdt Na3

[
3

(
G+ αΛX̄

3

Nn3

)
| ˙̃δϕ|2 −

6ϕHϕF,X̄

Nf
˙̃δϕΨ̃∗

− 3J,ϕ
a3N

|δ̃ϕ|2 − k2

a2NnX̄

((
G′ + 3αΛX̄

2
)
−

(f +NnX̄)F,X̄

fX̄(1 + r)

)
|δ̃ϕ|2

− k4

3

(
pg

M2
Pm

2
g

+
A

2

)
|Ẽ|2 + 3

(
pg

M2
Pm

2
g

+ 2A

)
|Ψ̃|2

+ k2
(

pg
M2

Pm
2
g

−
n2F,X̄

N2X̄(1 + r)

)
|B̃|2 + ρg

M2
Pm

2
g

|Φ̃|2

+ 3

(
f,ϕ(f

2 + ϕ̇2)F,X̄

Nnf 2
− 4A

ϕ

)
δ̃ϕΨ̃∗ +

2k2nHϕF,X̄

Nλf(1 + r)
δ̃ϕB̃∗

+
6λF,X̄

a
δ̃ϕΦ̃∗ + 18

(
F −

X̄F,X̄

3

)
Φ̃Ψ̃∗

]
. (6.50)

Note that neither B nor Φ is a dynamical field because of the absence of their kinetic

terms in the action. Thus, these scalars can be expressed in terms of other fields in the

action through their equations of motion. With helps from those equations of motion,

only three scalars remain to be determined in this action, namely E, Ψ, and δϕ. Further-

more, the resulting action can be simplified by using Eq. (6.9) and Eq. (6.10). It turns

out that the use of Eq. (6.9) renders the kinetic term of Ψ vanishing. Though it is appa-

rant for B and Φ, it is not obvious that Ψ is nondynamical. To get a rough description

of this, let us consider the following portion of the full scalar-mode action in Eq. (6.49)

and in Eq. (6.50),

S
(2)
Scalar ∝

∫
d3kdt

[
− 6| ˙̃Ψ|2

N2
− 2k4B̃ ˙̃E∗

3aN
+ ˙̃Ψ

(
12HΦ̃∗

N
− 4k2B̃∗

aN

)
+ 3k2H2|B̃|2

− 9H2|Φ̃|2 + 4k2HB̃∗Φ̃

a
+ k2

(
pg
M2

P

−
m2

gn
2F,X̄

N2X̄(1 + r)

)
|B̃|2

+
ρg
M2

P

|Φ̃|2 + . . .

]
, (6.51)

where the ellipsis denotes the remaining terms. The reason for picking these terms is that

such terms are the only ones that can contribute to the kinetic terms of Ψ̃. The action in
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Eq. (6.51) can be simplified by the following field redefinition,

Φ̄ ≡ HΦ̃− k2

3a
B̃. (6.52)

By the use of this redefinition, we can express Eq. (6.51) in terms of Φ̄ as

S
(2)
Scalar ∝

∫
d3kdt

[
− 6

∣∣∣∣∣ ˙̃ΨN − Φ̄

∣∣∣∣∣
2

− 2k4B̃ ˙̃E∗

3aN
− 3

(
1− ρg

3M2
PH

2

) ∣∣∣∣Φ̄ +
k2

3a
B̃

∣∣∣∣2
+ k2

(
3H2 +

pg
M2

P

−
m2

gn
2F,X̄

N2X̄(1 + r)
+

2k4

3a2

)
|B̃|2 + . . .

]
. (6.53)

The equation of motion of Φ̄ accordingly reads

2

(
˙̃Ψ

N
− Φ̄

)
−
(
1− ρg

3M2
PH

2

)(
Φ̄ +

k2

3a
B̃

)
= 0. (6.54)

By using Eq. (6.9), it is obvious that the equation of motion in Eq. (6.54) yields a con-

dition
˙̃Ψ
N

= Φ̄. Together with Eq. (6.9), this condition implies readily the disappearance

of the kinetic term of Ψ̃. As a consequence, Ψ̃ can be found in terms of other fields via

its equation of motion. Finally, there are only two scalars as dynamical variables in the

resulting action which reads

S
(2)
Scalar =

∫
d3kdt

(
KIJ χ̇

I χ̇J +MIJ χ̇
IχJ + PIJχ

IχJ
)
, (6.55)

where χI =
(
δ̃ϕ, Ẽ

)
. The 2× 2 matrices KIJ ,MIJ , and PIJ represent the coefficients

corresponding to each combination of the remaining scalars; one for the DBI scalar and

another one for the scalar degree of freedom of the graviton.

Though the absences of their kinetic terms are mathematically clear, the

vanishing scalar degrees of freedom, namely B̃, Φ̃, and Ψ̃, deserve more explanation.

Among those scalars, Ψ̃ is the only one rendered out of the picture by the background

equation in Eq. (6.9), while B̃ and Φ̃ cease to propagate at the lagrangian level due to

the generic construction of the theory. Actually, the scalar Ψ̃ corresponds to the BD

ghost, a common threat to the nonlinear massive gravity, which is removed by a specific
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structure of dRGT massive gravity, or, in this case, the background equations which set

the kinetic term of Ψ̃ to vanish.

For the self-accelerating branch, the kinetic matrix K can be expressed as

follows,

K
(s)
IJ =

3M2
pm

2
ga

3
(
G+ αΛX̄

3
)

2n3
, K

(s)
12 = K

(s)
21 = 0, det(K(s)

IJ ) = 0. (6.56)

Due to the vanishing determinant and off-diagonal elements, the only propagating degree

of freedom can be readily implied to be the DBI scalar. Since the DBI scalar is a field

added in the theory of massive gravity, this degree of freedom does not belong to the

massive gravity sector. Thus, together with the result from the vector mode, a massive

graviton propagates with only two tensor degrees of freedom for the self-accelerating

branch which coincides with previous studies on the dRGT massive gravity with FLRW

reference metric [17]. Interestingly, an introduction of a DBI scalar does not effectively

contribute to the dRGT theory when the self-accelerating branch is considered.

Due to the complexity of the calculation, we limit our study on the normal

branch only to the special case of the self-accelerating class which satisfiesG+αΛX̄
3 =

0 and r = 1. The kinetic matrixK in the action then reads

K
(n)
11 = −

9M2
pm

2
gaλ

2V 2F 2
,X̄

NH2W
,

K
(n)
12 = K

(n)
21 =

3M2
pk

4λV F 2
,X̄

NH2UW
,

K
(n)
22 =M2

p

(
k4a3F,X̄

4NU
−

k8F 2
,X̄

m2
gaNH

2U2W

)
,

det(K(n)
IJ ) = −

9M4
pm

2
gk

4a4λ2V 2F 3
,X̄

4N2H2UW
, (6.57)

where we have used the following definitions,

U =

(
3F,X̄ − 4k2

m2
ga

2X̄

)
, V =

(
1 +

a2H2

λ2f

)
,

W =

(
12A+ 2F,X̄

(
2k4

m2
ga

4H2U
+ 9X̄

)
+

3m2
gX̄

2F 2
,X̄

H2

)
. (6.58)
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For an arbitrary choice of parameters, it can be seen readily that the scalar degrees of

freedom are at work here, namely Ẽ which belongs to a graviton and δ̃ϕ corresponding

to the DBI scalar. On the ghost issue, it is quite difficult to deduce a full picture from

this cumbersome matrix. Thus, we consider qualitatively only its small scale limit which

corresponds to a high k limit. Under such a limit, we can write leading contributions of

the quantities in Eq. (6.58) as

U ∼ −k2, V ∼ O(1), W ∼ −k2F,X̄ . (6.59)

Hence, the leading terms of Eq. (6.57) read

K
(n)
11 ∼

F,X̄

k2
,

K
(n)
12 = K

(n)
21 ∼ F 2

,X̄ ,

K
(n)
22 ∼ 0,

det(K(n)
IJ ) ∼ −F 2

,X̄ . (6.60)

Note that the off-diagonal elements ofK(n)
IJ do not vanish. In order to investigate whether

or not the scalar perturbations are ghost, one way is to diagonalize this kinetic matrix and

examine the signs in front of the diagonalized kinetic terms directly. Equivalently, we

can just check the sign of one of the diagonal elements (K(n)
11 orK(n)

22 ) and also that of the

determinant of the matrix if they are positive or not. Obviously, no matter how the sign

of F,X̄ is, the determinant is always negative, in a small scale. This implies the existence

of a ghost instability at the small scale among those two scalar degrees of freedom; one

of them is always a ghost. Note that this results do not conclude the failure of the normal

branch; only the self-accelerating class satisfyingG+αΛX̄
3 = 0 is plagued by the ghost

and thus considered as an unphysical solution. The result may change if other classes

of normal branch are carefully investigated as we did in this work. Such a complex

consideration is left as a further work.
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6.3 Conclusions
After quite immense analyses, we have seen various cosmological behaviors

of the dRGT theory extended by introducing a DBI scalar. With hopes for fixing the van-

ishing degrees of freedom and the ghost instability issues, the DBI scalar is introduced

into the theory via a concept of the braneworld cosmology. The scalar is originally corre-

sponds to a moving brane in five-dimensional reference spacetime of the Schwarzschild-

anti-de Sitter form given in Eq. (6.1). To imply such a higher-dimensional quantity, a

corresponding four-dimensional reference metric is introduced via an induction from the

five-dimensional one as in Eq. (6.5). This induction introduces the DBI scalar in four

dimensions which respect the galileon shift symmetry. Moreover, the dynamics of the

DBI scalar is also governed by an extension which is a leading contribution of a gen-

eral action obeying a galileon shift symmetry [47, 48, 49]. Interestingly, background

equations obtained from the model are similar to those in the original dRGT theory; the

DBI scalar only plays its role implicitly in the Friedmann and acceleration equations.

Similar to the original one, this model can provide a self-accelerating branch of solution,

characterized by X̄±, in which an effective cosmological constant arises naturally from

the graviton mass. Remarkably, the self-accelerating branch obtained here admits any

kind of spatial geometry which differs from that obtained from the original dRGT theory

whose the reference metric is Minkowskian. The other branch of solution, known as a

normal branch, is also an another possible solution of the model. Surprisingly, a self-

accelerating class of solution, where X̄ is a constant given by χ± and r = 1, is found

existing in the normal branch which also behaves in a cosmological constant manner.

This self-acceleration class, however, does not share the same characteristics as in the

former self-accelerating branch. The crucial difference is the availability of X̄ for each

branch. In particular, X̄ in the former self-accelerating branch is fixed to be only X̄±

which are solutions to F,X̄ = 0 while the latter self-accelerating class in normal branch

admits any arbitrary value of X̄ as long as r = 1 is satisfied. For simplicity, particu-

lar conditions G + αΛX̄
3 = 0 and α4 − 3αΛ = 0 are imposed on the self-accelerating

class of normal branch to limit the possibility of X̄ to only X̄ = χ±. This is quite a

fascinating result since from the former study on the dRGT massive gravity, the former
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self-accelerating branch suffers from having an incompatible number of degrees of free-

dom while the normal branch tends to work better on such an issue [17]. This result can

enable the normal branch to match the well-known ΛCDMmodel which is currently the

best-fit model, no matter how mysterious and ambiguous it may be.

To satisfy the purposes of modifying the theory of massive gravity, the pro-

posed action is expanded in terms of perturbative variables, which are defined via metric

decomposition in Eq. (6.2), up to second order. Each of the degrees of freedom are con-

sidered separately according to their tensorial properties under spatial rotation, namely

transforming as a tensor, a vector, or a scalar. An analysis on tensor mode of perturbation,

described by a transverse-traceless tensor hTT
ij , reveals two ghost-free tensor degrees of

freedom, for both branches, which match exactly the polarizations of the gravitational

wave in general relativity. In particular, there are two (ghost-free) degrees of freedom

in this mode and are governed by an equation of motion similarly to the gravitational

wave equation. The graviton mass contributes as the mass MGW of the wave given in

Eq. (6.39). SinceM2
GW does not have a positive definite form, only a class of parameter

setting is valid so that the tensor degrees of freedom do not give rise to a superluminal

excitation. To avoid the superluminality, the action requires M2
GW > 0, otherwise the

solution will acquire an imaginary mass and propagate with speed faster than light. By

graphic representations, the possible sets of parameters are shown in Figure. (6.1) for the

self-accelerating branch and in Figure. (6.2) for the normal branch, where the conditions

on the positive energy density and positive X̄ are taken into account for both branches. In

Figure. (6.1), it is found that X̄− solution allowsmore parameter setups than X̄+ solution

does. On the other hand, the possible sets of parameter setup in the special case of nor-

mal branch, satisfying G + αΛX̄
3 = 0, which give rise to a self-accelerating evolution,

characterized by χ±, are shown in Figure. (6.2). Such possibilities turn out to depend

on which branch of χ± is used to characterize the self acceleration. To be exact, it is

impossible to find a parameter setting by which the χ+ solution works. Moreover, the

previous study suggests that in the case of normal branch, there is a boundM2
GW > 2H2

which also restrict a parameter setting, known as the Higuchi bound. Such a bound is

additionally included in the plot in Figure. (6.2) as well.

After focusing on the tensor mode, we examine a vector mode of perturba-
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tion. A corresponding action for vector mode turns out to govern only one vector pertur-

bation, namelyET
i which, being a transverse vector, has two degrees of freedom. Unlike

the tensor mode, different branches imply different outcomes in the vector mode. For

the self-accelerating branch, the condition F,X̄ = 0 renders the vector degree of freedom

nondynamical, indicating the absence of the vector degrees of freedom. In particular, it

is F,X̄ that lies in front of the kinetic term of the vector perturbation (see Eq. (6.48)).

Obviously, for F,X̄ = 0 the kinetic term vanishes. However, we need F,X̄ < 0 in the

case of normal branch in order to avoid having ghostly degrees of freedom in the model.

Finally, the scalar mode action is carefully investigated. The action turns out

to govern only two scalar perturbations, namely δϕ, a perturbation on the DBI scalar,

and E, a scalar mode of graviton. In particular, B and Φ are nondynamical at the la-

grangian level while Ψ, the BD ghost, is killed by the well-designed structure of the

dRGT theory. For the self-accelerating branch, the scalar mode of massive graviton is

rendered nondynamical due to the condition F,X̄ = 0 of this branch, which, together

with the vanishing vector degrees of freedom, makes the model a massive gravity the-

ory with only two tensor degrees of freedom for its cosmological solution. Oppositely,

five degrees of freedom, as there should be, are in active for the normal branch. Due

to the complexity, we choose a particular class of the normal branch which represents a

solution with self-accelerating expansion as in Eq. (6.27). We have shown the existence

of a ghost instability residing in the sector of scalar degrees of freedom at small scale.

Depending on the parameter setting, either the graviton scalar mode or the DBI scalar

exhibits ghostly behaviors at the small scale. Since the ghost appears at the small scale,

the model is naturally unphysical or one may consider applying this model with a par-

ticular cutoff kUV at which the ghost does not appear. Also note that these results only

valid for the choice of parameters satisfying Eq. (6.27). Other classes, though involves

complicated calculations, may provide more physical and consistent solutions which is

left as a further work.



Lunchakorn Tannukij Mass-Varying Massive Gravity / 80

#

CHAPTER VII

MASS-VARYING MASSIVE GRAVITY

#

#
We have seen an extended model of dRGTmassive gravity in which an addi-

tional degree of freedom is introduced in the previous chapter. Unfortunately, the model

does not succeed in fixing the remaining problems of the vanishing degrees of freedom

and the existence of the ghost instability. Generally, this does not mean that adding a new

degree of freedom is a dead end for the massive gravity. For example, in an extended

quasi-dilaton massive gravity, all of five degrees of freedom are healthy and dynamical

for the cosmological solution [28, 29]. Another remarkable example is motivated from

the absence of the cosmological solution to the original dRGT massive gravity. Due to

the study in Ref. [19], the original theory cannot provide a nontrivial cosmological solu-

tion given that the referencemetric isMinkowskian. The authors in Ref. [19] had pointed

out that such results may change if the graviton mass happens to depend on some other

fields so that it no longer is a constant. This led to a generalization of massive gravity,

known as a mass-varying massive gravity [30, 31, 32, 33], in which the graviton mass is

promoted to a function governed by an additional scalar field. The only drawback of this

model is that its self-accelerating branch of solution evolves toward a situation in which

the varying graviton mass shrinks and eventually vanishes [30, 31, 32]. This means, if

being applied to the cosmological solution, at last the self-accelerating expansion would

be driven due to other factors but the massive graviton. Such an expansion is meaning-

less for the massive gravity since it does not serve as an agent of the cosmic expansion at

late time. So far the mass-varying massive gravity is not successful in late-time cosmol-

ogy. Here we present a new model of the mass-varying massive gravity where not only

the scalar field itself but also its kinetic term govern the graviton mass function [33].

The scalar field is governed by a k-essence lagrangian, a generalization promoting the

canonical kinetic term to an arbitrary function of it [51, 52, 53]. The proposed model

turns out to be able to provide the cosmic acceleration characteristics at late time. More-
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over, the model does give rise to the cosmological-constant-like quantity as well as an

effective content capable of serving as a dark matter which is also another contribution

from the graviton mass. This is a crucial point of this model since the contents in the

dark sector naturally come out from only the massive gravity sector via the dependence

of the graviton mass function to the kinetic term of the scalar. In other words, this model

may be a possible approach to unify the dark contents together even though the k-essence

lagrangian is absent.

Due to such a dark-matter-like content, it is tempting to study the model on

the issue of the cosmic coincidence problem, a well-known situation of this recent uni-

verse in which the amounts of dark energy and darkmatter (also with the ordinarymatter)

are of the same order of magnitude; the ratio of the dark energy to the matters is roughly

7 : 3 [50]. This issue happens in various models of modified gravity. In particular,

many dark energy models fail to predict such distribution; many models usually give a

solution in which there is only one dominated content. Since the model does provide the

``dust-like'' matter as well as the massive graviton description of the dark energy as we

will see in the following sections, it is of great interest to investigate whether the model

can or cannot be cleansed from the cosmic coincidence problem.

7.1 The Model and the Background Equations
In this section, we are going to investigate the proposed model which in-

volves both a scalar field and its kinetic term in the process of promoting the graviton

mass to a function. The action for the model mentioned earlier is just a combination of

the dRGT massive gravity action in Eq. (5.1) but with the graviton mass function V and

the lagrangian of a k-essence scalar ϕ as follows,

S =

∫
d4x

√
−g
[
M2

p

2
R(g) + V (X,ϕ)U(g, f) + P (X,ϕ)

]
, (7.1)

where g and f represent physical and reference metrics respectively as usual, the func-

tion P (X,χ) is a lagrangian governing dynamics of the k-essence scalar ϕ which is

a function of ϕ and its kinetic term X ≡ −1
2
gµν∇µϕ∇νϕ. The graviton mass func-



Lunchakorn Tannukij Mass-Varying Massive Gravity / 82

tion V also has two arguments; the field ϕ and the kinetic term X . For a special case

where V (X,ϕ) = const = M2
pm

2
g, the massive gravity sector in Eq. (7.1) reduces to

the original dRGT action. Note that in the case that the X-dependence in the gravi-

ton mass function is removed and P (X,ϕ) is unity, the model recovers the very first

model of mass-varying massive gravity [30, 31, 32] where the scalar propagates in the

quintessence framework. As usual, U(g, f) is a combination of interaction terms be-

tween the physical and the reference metric as defined in Eq. (5.2). In order to obtain

the corresponding cosmological implications, we consider the physical metric g of the

FLRW form as

ds2 = gµνdx
µdxν = −N(t)2dt2 + a(t)2Ωij(x)dx

idxj, (7.2)

where the spatial metric Ω is previously defined in Eq. (3.22) and N characterizes the

reparameterization of the time coordinate. To obtain a solution for an arbitrary spatial

curvature (like the case in Chapter V), we choose to consider the four-dimensional ref-

erence metric of the same form as the physical one,

ds2f = f̃µνdφ
µdφν = −n(φ0)2

(
dφ0
)2

+ α(φ0)2Ωij(φ)dφ
idφj, (7.3)

where φµ is a coordinate in the reference spacetime, n(φ0) is a lapse function in the

reference sector and α(φ0) is a corresponding scale factor. The reference metric is then

covariantized in the physical spacetime via the following Stückelburg trick,

fµν = ∂µφ
ρ∂νφ

σf̃ρσ, (7.4)

where φµ's are treated as four scalars in physical spacetime introduced to restore general

covariance. Assuming unitary gauge; φµ = xµ, plugging Eq. (7.2) and Eq. (7.4) into

Eq. (7.1) gives us the following mini-superspace action,

S =

∫
d4x

√
Ω

Na3

[
3M2

p

(
−
(

ȧ

aN

)2

+
κ

a2

)
+ 3V

(
F (X̄)−G(X̄)

n

N

)
+ P

]
, (7.5)
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where F (X̄) and G(X̄) are given as in Eq. (5.8) and in Eq. (5.9). Under the FLRW

ansatz, the kinetic term becomes simply X = ϕ̇2

2N2 . The Friedmann equation can be

found by varying the action in Eq. (7.5) with respect to the lapse function N as follows,

3M2
p

(
H2 +

κ

a2

)
= −3V F + 6XV,X (F −Gη) + (2XP,X − P ) , (7.6)

where we have define a new variable η ≡ n/N . Note that the terms with derivatives

with respect to X appear since X also involves the physical metric, or N to be exact.

By comparing to the previous massive gravity models in Chapter V and Chapter VI, this

Friedmann equation coincides with ones in those models if the graviton mass function is

assumed to be a constant. Note that there are terms involving the derivative of V which

we will see later that these terms, with a particular assumption, behave like a dust. By

varying the action in Eq. (7.5) with respect to a, one obtains the following acceleration

equation,

M2
p

(
2Ḣ

N
+ 3H2 +

κ

a2

)
= −3V F + V F,X̄

(
X̄ − η

)
− P. (7.7)

This acceleration equation is obviously reduced to the acceleration equation in Eq. (5.11)

or in Eq. (6.10) under the assumption V = m2
g. In addition, these background equations,

namely Eq. (7.6) and Eq. (7.7), together reduce exactly to the background equations in

the k-essence model when mg → 0 [51, 52, 53]. Since now V also determines the

dynamics of ϕ (through the existence of X), the equation of motion of ϕ also involves

V as follows,

Na3 (3V,ϕ (F −Gη) + P,ϕ) =
d

dt

[(
a3
√
2X
)
(3V,X (F −Gη) + P,X)

]
. (7.8)

Now we have three equations of motion corresponding to N, a, ϕ, we need one more

equation of motion which comes from the Stückelburg sector. First, we consider the

conservation of energy-momentum tensor ∇µT
µν = 0. The explicit expression of this

conservation equation can be obtain via Eq. (7.6) and Eq. (7.7). By plugging Eq. (7.6)
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and its time derivative into Eq. (7.7), we obtain a relation

3HN
[
−2XP,X − 6XV,X(F −Gη) + V F,X̄

(
X̄ − η

)]
=

d

dt
[−3V F + (2XP,X + 6XV,X (F −Gη))− P ] . (7.9)

In order to have the conservation of the energy-momentum tensor, this relation must

be satisfied. Through a simple calculation, it can be shown that when the graviton mass

function V is absent, this conservation equation is exactly the equation ofmotion of the k-

essence scalar. In the k-essence cosmology, an equation of motion of a k-essence scalar

determines a flow of the k-essence field in a consistent way by which the energy and

momentum in the system are conserved [51, 52, 53]. However, in this case an additional

relation, which is exactly the Stückelburg equation of motion, is needed to ensure the

conservation in Eq. (7.9). By combining Eq. (7.8) and Eq. (7.9), such a relation is then

expressed as follows,

V̇

V
= NH

(
1− hX̄

) F,X̄

G
, (7.10)

where h ≡ Hα/H andHα is the Hubble parameter in the reference sector, i.e. Hα = α̇
αn
.

As claimed in the previous chapters, this Stückelburg equation of motion can be com-

puted via an alternative and perturbative approach presented in Appendix B. Note the

relation in Eq. (7.10) that it is exactly the condition in the dRGT massive gravity in

Eq. (5.16) when the graviton mass is constant, in other words V̇ = 0. It is important

to note the dependences between these background equations. These five background

equations, namely Eq. (7.6), Eq. (7.7), Eq. (7.8), Eq. (7.9), and Eq. (7.10) are not mutu-

ally independent; obviously Eq. (7.10) is deduced from Eq. (7.8) and Eq. (7.9). In this

sense we can use only four of them to cover all of the dynamics of the system. Though

we only need to take four equations into account, the remaining equations are still com-

plicated thanks to the graviton mass function and the k-essence sector. To simplify them,

we choose the k-essence lagrangian to be only a function of X as follows,

P (X,ϕ) = P (X), (7.11)



Fac. of Grad. Studies, Mahidol Univ. Ph.D. (Physics) / 85

and, as we have promoted V to be also a function ofX and ϕ, we let V mimic the above

expression as

V (X,ϕ) = V (X), (7.12)

Note that now the dependence on the scalar ϕ is removed from both P and V through

the above assumptions. The equation of motion for ϕ in Eq. (7.8) accordingly reads

d

dt

[(
a3√
2X

)
(6XV,X (F −Gη) + 2XP,X)

]
= 0. (7.13)

This equation can be treated in two separated ways; one is to directly perform a dif-

ferentiation of the equation and another one is to integrate this equation. The direct

differentiation of Eq. (7.13) yields

d

dt
ρX + 3HNρX =

Ẋ

2X
ρX , (7.14)

where we have define an effective energy density

ρX ≡ 2XP,X + 6XV,X (F −Gη) . (7.15)

These terms appear in the right-hand side of the Friedmann equation (7.6) which is why

such terms together are reasonably defined as an effective energy density. Moreover,

upon defining ρX , Eq. (7.14) has the form of the equation of a nonconservative fluid

whose energy density is ρX and pressure pX is zero. The right-hand side of Eq. (7.14)

denotes the nonconservation by which the corresponding matter flows accordingly to

other sectors of matter. Since the corresponding pressure vanishes, Eq. (7.14) suggests

that the matter of energy density ρX should behave like a dust. On the other hand, inte-

grating Eq. (7.13) gives us the following relation,

ρX =

√
2XC

a3
, (7.16)
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where C is an integration constant. In the case that X = const, this relation ensures

the properties of a pressureless dust that reside in the matter of energy density ρX . In

particular, ρX dilutes as its volume grows whenX = const which is exactly the same as

what the dust behaves. In addition, such a case renders Eq. (7.14) to be a fluid equation

of a conserved dust.

This analyses of ρX provide important results. First, through the assumption

of the ϕ-independent form of V (X,ϕ) it is possible for a massive graviton to contributes

itself as a ``dust-like'' matter as well as the effective dark energy. This encourages us to

treat this kind of contribution as an effective dark matter. By this treatment, one can also

consider the dark matter as a contribution from graviton mass which, in term of their

common origins, could possibly unify the dark sector, consisting of dark matter and dark

energy, together through only one quantity, the graviton mass. Because up to now we

did not introduce any other kinds of matter into the system, the nonconservative flow in

Eq. (7.14) suggests that such a flow should convey the matter of ρX to the effective dark

energy sector, indicating that there should exists an interaction between them in the dark

sector. This claim coincides with the key idea of interacting dark matter/dark energy

models which are also widely studied [54, 55]. Furthermore, taking the early state of

the universe into account, the existence of the nonconservative matter of ρX , thanks to

the right-hand side of Eq. (7.14) interpreted as an interaction term, could possibly be

consistent with an evolution of the universe in which there exists an epoch where a dust

dominated as well as there exists one where the dust almost vanished. This leads us to

further investigate this model whether or not it can provide a full timeline of the universe

in which each matter content changes through time and end up as we see today where the

dark energy is comparable to the dark matter. In other words, in the following sections

we are going to find an explanation on the cosmic coincidence problem in the framework

of this mass-varying massive gravity.
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7.2 Dark Energy Solution
Though our target is to verify the cosmic coincidence problem in this model,

the corresponding calculations are not so simple due to the complexities of the back-

ground equations. This would involves dynamical analyses of those background equa-

tions where the dynamics of each matter content is considered and thus the fixed points

of the system, the stationary points through which the system evolves, are obtained. Be-

fore we consider such an aspect of calculation which will be in the very last section, at

this point we can see a rough picture of the dynamics of the system through the following

simple calculations. Since now we are living in an epoch believed to be a dark energy

domination causing the cosmic acceleration, we consider a solution of the model whose

expansion is driven by an effective cosmological constant. By taking only the massive

gravity sector into account, such a situation can be acquired by a simple relation; we

consider a solution in which the corresponding equation of state parameter is −1. To

adopt such an idea, we define

ρg ≡ −3V F + 6XV,X (F −Gη) , (7.17)

pg ≡ 3V F − V F,X̄

(
X̄ − η

)
. (7.18)

Note that each of ρg and pg covers all the relevant terms involving the graviton mass

function V . In the original dRGT massive gravity, an effective cosmological constant

comes from ρ = −3V F and p = pg by requiring the vanishing F,X̄ = 0 so that the

equation of state parameter w = p
ρ
= −1 is readily satisfied. In this case we shall also

adopt this kind of an equation of state parameter. First, we recall that the corresponding

equation of state parameter is as follows,

wg ≡
ρg
pg
. (7.19)

By imposing the condition wg = −1, we have to fulfil this following condition,

6XV,X (F −Gη) = V F,X̄

(
X̄ − η

)
. (7.20)
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We can see that this condition implies the constant graviton mass in the case of the self-

accelerating solution F,X̄ in the original dRGT massive gravity in Chapter V. Since in

this condition the partial derivative ofX is involved, we can readily integrate Eq. (7.20)

with respect to X to obtain V of a power form as

V (X) = V0X
λ/2, λ =

F,X̄

(
X̄ − η

)
3 (F −Gη)

, (7.21)

where the divisor factor 2 is defined for conveniences. Surprisingly, his form of V coin-

cides with a particular class of k-essence which behaves similar to a perfect fluid; such a

class is governed by a lagrangian of the form P (X) ∝ X(1+w)/2w where w is the corre-

sponding equation of state parameter [56, 57]. Note that in general, λ can be a function

which varies as time goes by. In particular, V0 can also be a function of time in general.

However, such time dependence will make Eq. (7.10) involves more cumbersome cal-

culation. Thus, here we choose the case where V0 is constant. The result in Eq. (7.21) is

interesting since the dark energy solution to the model tends to fix the form of the gravi-

ton mass function to be of the perfect-fluid form like in the k-essence model but with

even more generalized exponent. Particularly, the k-essence model possessing perfect-

fluid properties corresponds to a lagrangian P (X) of the power form with a constant

exponent, which in this framework corresponds to its equation of state parameter. Thus,

it is also tempting to choose P to be of the power form which will be in consideration in

the section of dynamical analyses. To go further, we consider for simplicity dynamics

satisfying the following assumption,

X̄ = const, η = const. (7.22)

Through simple manipulations, these assumptions lead to the following relation,

h =
1

η
. (7.23)
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Moreover, the assumptions also render λ constant. Under these assumptions, with the

value of λ in Eq. (7.21), Eq. (7.10) implies

λẊ

2X
= −NH

(
1− X̄

η

)
F,X̄

G
,

Ẋ

X
= −6 (F −Gη)

Gη

ȧ

a
. (7.24)

Due to X̄ , η and hence F ,G being constant, integrating this relation yields the following

expression of X in term of the scale factor a,

X = C0a
− 6(F−Gη)

Gη , (7.25)

whereC0 is an integration constant. Thus, the gravitonmass function V can be expressed

also in term of the scale factor as follows,

V = V0X
−
(1− X̄

η )ηF,X̄
6(F−Gη) = V0C0a

(1− X̄
η )

F,X̄
G . (7.26)

In addition, we can find, in principle, how the k-essence scalar evolves according to the

scale factor through Eq. (7.25) for this dark energy solution as follows,

X =
ϕ̇2

2N2
= C0a

− 6(F−Gη)
Gη . (7.27)

The dependence of V to the scale factor in Eq. (7.26) can tell us how graviton

mass behaves at late time as a scale factor grows while the equation of state parameter

of an effective matter induced by the graviton mass stays at −1. In the previous model

of mass-varying massive gravity, the graviton mass function unfortunately shrinks at

late time due to its dependence on the inverse of (polynomials of) scale factor while the

situation is quite different for the model presented here. The fate of the graviton mass

depends on the exponent of the scale factor presented in Eq. (7.26). In particular, if the

exponent is negative, then we have the case arising in the original mass-varying massive

gravity previously mentioned. On the other hand, the positive exponent would render

the graviton mass to be indefinitely large. Interestingly, the self-accelerating branch of
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the original dRGT massive gravity, satisfying F,X̄ = 0, is recovered here in the case of

vanishing exponent by which the graviton mass remain constant. This case may corre-

spond to an evolution which is governed by the dRGT theory at late time while by the

mass-varying massive gravity at an earlier time. Note that these differences between the

present model and the previous mass-varying massive gravity originate from different

choices of the reference metric. The original model is formulated on the Minkowskian

reference metric or other kinds of constant isotropic and homogeneous metric, in con-

trast to the (non-constant) FLRW reference metric used in this model. In the context of

a massive gravity, these differences on the results are not so surprising since in various

situations it has been demonstrated that the model is sensitive to different choices of the

reference metric. For example, massive gravity withMinkowskian reference metric does

not admit a self-accelerating solution with arbitrary spatial geometry [19, 20] while it is

possible to have the self-accelerating behavior for any kind of spatial curvature in the

theory formulating on the FLRW reference metric [17, 27]. Another example is a black

hole solution in massive gravity where a specific form of a reference metric is required

[40, 41, 42, 43].

There is one more crucial remark on these analyses of the dark energy so-

lution. The condition for the dark energy solution is that we need the equation of state

parameter of the contributions from the graviton mass to be −1 no matter how ρg or pg
are. In the previous section we have seen that some of the contributions behave similarly

to what dust does. This means that we can have a system whose an effective equation of

state parameter is the same as that of the dark energy while among those matters there

exist ``dust-like'' contents introduced by the graviton mass function, namely the term

6XV,X (F −Gη). Such a term belongs to ρX which has a characteristic of an inter-

acting dust governed by Eq. (7.14). This may be a way out for the cosmic coincidence

problem since the equation of state parameter for the dark energy is observed to be closed

to−1 while there is a considerable amount of dark matter whose origin is still unknown.

Through this model, we may be able to explain the dark matter as a contribution from

the varying graviton mass governed by the k-essence field. This leads us to the next

section where we perform dynamical analyses on this model to verify those previously

mentioned ideas and to investigate if the model solves the cosmic coincidence or not.
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7.3 Dynamical Analyses
As mentioned in the previous section, this section is devoted for dynamical

analyses of the cosmological solution to this model. The dynamical analyses are useful

for a complex systemwhose analytic solutions may not be easy to obtain. The dynamical

analysis does not actually solve the problem. Rather, it allows us to get some information

of the solution without dealing with complicated procedures of differential equations.

The key idea of this approach is to rewrite system of equations to be of the first derivative

form. In other words, given a set of variables x = (x1, x2, . . . , xk) parameterized by a

variable Ñ (usually being a time coordinate), we expect the equation of the following

form,

dxi

dÑ
= fi(x

1, x2, . . . , xk). (7.28)

This set of equations is commonly known as autonomous equations. At times, though

they are in first derivative form, these equations may not be obviously solvable. Rather,

we look for a ``fixed point'' on which the system in consideration is stationary. For ex-

ample, given a system sitting ``right at a fixed point'', without any presence of external

influence the system will stay at the point forever. Mathematically, the statement corre-

sponds to a configuration xi = xi0 which makes all of fi's in Eq. (7.28) vanished;

fi(x
1
0, x

2
0, . . . , x

k
0) = 0. (7.29)

Consequently, such a configuration ensures the vanishing derivatives on the left side

of Eq. (7.28) and then all of xi's cease to evolve away from the point. Note that the

configuration of the system sitting right at the fixed point does not ensure a stability of

the point. In other words, if there is any influence, no matter how tiny it is, altering the

configuration slightly away from the fixed point, the system can either readjust itself

back to the fixed point or evolve away from the point and never return. The former

happens around a stable fixed point, also known as an attractor, and the latter is the case

for an unstable fixed point. To determine whether a fixed point is stable or not, we may

investigate it through a perturbative method. Suppose that we consider perturbations
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δx = (δx1, δx2, . . . , δxk) around a fixed point x0 = (x10, x
2
0, . . . , x

k
0). Then we expand

Eq. (7.28) according to the defined perturbations. By keeping only the first order of

perturbation, we obtain an equation for each perturbation as

dδxi

dÑ
=

∂fi
∂xj

∣∣∣∣
x0

δxj. (7.30)

This equation tells how each of δxi's changes when the configuration at x0 is perturbed

by δx. For a special case where fi = fi(x
i) (no summation is taken), it is obvious that if(

∂fi
∂xi

)
(no summation is taken) is negative, the change of δxi will be in opposite direction

to δxi; particularly dδxi

dN
< 0 for δxi > 0 and vise versa. Such an opposite change denotes

that x0 is a stable fixed point. On the other hand, if
(
∂fi
∂xi

)
(no summation is taken) is

positive, the fixed point is unstable; the rate of change of δx will be proportional to

δx which only causes the system to evolve away exponentially from the fixed point.

Generally, this is not the case for fi can be a function of some or all of xi's. In that case

Eq. (7.30) becomes a matrix equation as follows,

dδx
dÑ

= J(fi(x0))δx, (7.31)

where δx is a column matrix whose elements are x1, x2, . . . , xk, J(fi(x0)) is a Jacobian

matrix of the collection of function fi(x) evaluated at x = x0. For this matrix equation,

the stability may not be obvious to determine as in the simple case we have previously

discussed. However, we can diagonalize J(fi(x0)) so that we can simply determine the

stability by only looking at the sign of the diagonal elements, provided that the matrix

is not singular. This is equivalent to finding eigenvalues of the matrix J(fi(x0)) and

then investigating their signs. The eigenvalues together actually form a diagonalized

representation of the original matrix J(fi(x0)) as follows,

J(fi(x0)) ⇒ diag (µ1, µ2, . . . , µk) . (7.32)

The corresponding fixed point is said to be stable if all of the eigenvalues are negative

while it is unstable if all of the eigenvalues are positive, otherwise the fixed point is

a saddle point. This will become useful in the following analyses since we expect to
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obtain a stable fixed point which matches with the current status of our universe in terms

of the matter contents. In other words, the desired fixed point must solve the cosmic

coincidence problem and be stable during the late-time acceleration.

For the next portion of this section, we consider dynamical analyses of the

mass-varying massive gravity model. Since V (X) tends to be a function of the power of

X in the dark energy solution considered previously, we choose to consider a k-essence

field governed by the lagrangian of the same form. Such a k-essence field actually be-

haves as a perfect fluid in cosmology with a constant equation of state parameter [56, 57].

The lagrangian governing the k-essence field is as follows,

P (X) = P0X
1+w
2w = P0X

γ/2, γ ≡ 2XP,X

P
=

1 + w

w
, (7.33)

where P0 is a constant, and w is thus the corresponding equation of state parameter. As

suggested in the dark energy solution, we also choose V (X) to be of the following power

form,

V (X) = V0X
λ/2, λ ≡ 2XV,X

V
, (7.34)

provided that the exponent λ is a constant. We will see in the very last part of this

section where λ is needed to change during the evolution of our desired solution. For

this moment, let us consider it as a constant for simplicity.

Through their dynamics equations, it is possible to find a fixed point which

determines a stationary configuration of each of the matter content in the system. Before

going any further, let us rewrite the Friedmann equation in Eq. (7.6), given that the

spatial curvature is flat and X̄ and η are constant over time (thus implying h = 1/η), as

follows,

1 =
−3V F

3M2
pH

2
+

2XP,X + 6XV,X (F −Gη)

3M2
pH

2
+

−P
3M2

pH
2
,

= x+ y + z, (7.35)
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where

x ≡ − V F

M2
pH

2
, (7.36)

y ≡ 2XP,X + 6XV,X (F −Gη)

3M2
pH

2
=

ρX
3M2

pH
2
, (7.37)

z ≡ − P

3M2
pH

2
. (7.38)

In this context, the energy densities on the right-hand side of the Friedmann equation are

all redefined to be some kind of ``normalized'' densities, commonly know as density pa-

rameters in the standard cosmology. Particularly, these kind of densities are summed up

to be unity as in Eq. (7.35), which then can be considered as a constraint equation. These

quantities, namely x, y, and z, are the ones we want to find their configurations corre-

sponding to a fixed point in the framework of dynamical analysis. For conveniences, let

us define a new time parameterization Ñ as

Ñ ≡ ln a. (7.39)

In the standard cosmology, Ñ is known as an e-folding. Moreover, Ñ is related to the

time coordinate t by the following relation,

dÑ =
ȧ

a
dt = HNdt. (7.40)

Consequently, a derivative with respect to Ñ to a function, says A, is the following,

A′ ≡ Ȧ

HN
. (7.41)

In terms of the e-folding Ñ , Eq. (7.10) shows us an evolution equation forX as follows,

X ′

X
=

Ẋ

HNX
=

2

λ

F,X̄

G

(
1− hX̄

)
= −6s

λr̃
, (7.42)
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given that

r̃ ≡ Gη

F
, s ≡

F,X̄

(
X̄ − η

)
3F

. (7.43)

Not only the dynamics of X but we will also find dynamics of other density parameters

x, y, and z parameterized by the e-folding Ñ . Before going into those procedures, it is

useful to rewrite the acceleration equation in Eq. (7.7) in terms of the previously defined

parameters by dividing Eq. (7.7) with 3M2
pH

2 as follows,

1

3M2
pH

2
M2

p

(
2Ḣ

N
+ 3H2 +

κ

a2

)
=

−3V F + V F,X̄

(
X̄ − η

)
− P

3M2
pH

2
,

H ′

H
=

Ḣ

H2N
=

3

2
(−xs− y) , (7.44)

where in the last step the constraint in Eq. (7.35) is used for the simplification. Then we

compute x′ for the dynamics of x which is the following autonomous equation,

x′ =
ẋ

HN
= − 1

HN

(
V̇ F

M2
pH

2
− V F

M2
pH

2

2Ḣ

H

)
. (7.45)

By the use of Eq. (7.42) and Eq. (7.44), this equation reads

x′ = 3x
(
y + sx− s

r̃

)
. (7.46)

This equation is the desired equation for the dynamical analyses for it is an equation

with a first derivative of x. Through the same procedures, we can obtain an autonomous

equation for y as follows,

y′ =
ẋ

HN
=

1

HN

(
ρ̇X

3M2
pH

2
− ρX

3M2
pH

2

2Ḣ

H

)
. (7.47)

Since Eq. (7.14) determines the flow of ρX , we use Eq. (7.14) to simplify y′ equation.

The autonomous equation for y eventually reads

y′ = 3y
(
y + sx− 1− s

λr̃

)
. (7.48)
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Even though an equation for the dynamics of z can also be found, it is not necessary

to find the equation since finding the equation would only give us an equation which is

not mutually independent to the other equations since the z′ equation can be obtained

readily through x′, y′, and the constraint in Eq. (7.35). In other words, once x and y are

specified, we can obtain z simply from the constraint equation in Eq. (7.35). However,

since we have invoked an assumption of the perfect-fluid form of P (X) and V (X) in

Eq. (7.33) and Eq. (7.34), the assumption has placed another kind of constraint amoung

x, y, and z. Such constraint arises from the definition of ρX which reads

ρX ≡ 2XP,X + 6XV,X (F −Gη) ,

= γP + 3λV F (1− r̃) . (7.49)

In terms of the density parameters, this constraint reads

y = −γz − λx (1− r̃) . (7.50)

This constraint actually relates γ to λ when x, y, and z obtained from the previous equa-

tions are specified. Note that since we have assumed that X̄ and η are constant, the

assumption also renders r̃ and s constant. For more conveniences, we can find an effec-

tive equation of state parameter corresponding to the total energy density and the total

pressure in the system. The effective equation of state parameter can be found via the

total pressure in the right-hand side of Eq. (7.7) as follows,

weff =
ptot
ρtot

,

=
P + 3V F − V F,X̄

(
X̄ − η

)
3M2

pH
2

= −z − x+ xs,

= −1 + y + xs. (7.51)

Through this effective equation of state parameter, we can determine what kind of matter

dominates during a period of our consideration by just evaluating it with the configura-

tion x and y at the period.

Now we are ready to find a fixed point of the cosmological solution of the
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model. As previously suggested, we set x′ and y′ to vanish and evaluate all of the fixed

points, the possible values of x and y that satisfy the vanishing x′ and y′. The fixed

points are all listed in Table 7.1 along with their configurations and conditions for their

stabilities of which the details will be investigated and discussed later. Here we first

discuss on characteristics of each of the fixed points in the following sections.

Name x y z weff existence stability
(a) 0 0 1 -1 γ = 0 s

r̃
≥ 0

(b) 1
r̃

0 1− 1
r̃

−1 + s
r̃

γ = λ λ
1−λ

≤ s
r̃
< 0

(c) 0 1 + s
λ r̃

− s
λ r̃

s
λ r̃

γ = 1 + λ r̃
s

1
λ−1

< s
λ r̃
< −1

(d) 1
1+λ(r̃−1)

λ(r̃−1)
1+λ(r̃−1)

0 1
λ−1

λ = s
s−r̃

0 < λ < 1

(e) 1+(λ−1)z0
1+λ(r̃−1)

−λ(1−r̃(z0+1))
1+λ(r̃−1)

z0
1

λ−1
λ = γ = s

s−r̃
0 < λ < 1

Table 7.1 Summary of the properties of the fixed points [33].

7.3.1 Fixed Point (a)

This fixed point corresponds to (x, y) = (0, 0), a configuration obviously

satisfies the vanishing of x′ and y′. Through the constraint equation in Eq. (7.35), it can

be found that z = 1 and Eq. (7.50) implies γ = 0. This vanishing γ indicates that P (X)

is only a constant which represents a cosmological constant term in the action. Thus,

since x = 0 represents a vanishing graviton mass function, this fixed point corresponds

to a trivial model which is general relativity with a cosmological constant, or the ΛCDM

model. In addition, the effective equation of state parameter corresponding to this fixed

point can be found as follows,

w
(a)
eff = −1 + y + xs = −1. (7.52)

This w(a)
eff ensures the characteristics of the ΛCDM model in which the cosmological

constant drives the cosmic expansion [36].

Though being the trivial model, for the sake of completeness we find the cor-

responding stability of this point. We use the method discussed previously to determine

the stability. The corresponding equations according to Eq. (7.30) are the following
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matrix equation, δx′

δy′

 =

 3y + 6xs− 3 s
r̃

3x

3ys 6y + 3xs− 3− 3 s
λr̃

 δx

δy

 . (7.53)

This linear stability equation is very important for determining whether or not the fixed

point in consideration is stable. Wewill use this stability equationmany times throughout

this section of dynamical analyses. Upon substituting the configuration of the fixed point

(a); (x, y) = (0, 0), this matrix equation is simplified as follows,

 δx′

δy′

 =

 −3 s
r̃

0

0 −3− 3 s
λr̃

 δx

δy

 . (7.54)

Because of its diagonal form, the eigenvalues of the matrix can be read out readily as

µ1 = −3
s

r̃
, µ2 = −3− 3

s

λr̃
. (7.55)

To have the fixed point (a) as a stable fixed point, we require negative values for all of

the eigenvalues. Hence, for positive λ the stable fixed point is implied from a condition
s
r̃
> 0. Note that in the case that s

r̃
= 0 one of the eigenvalues vanishes. The vanishing

eigenvalue(s) indicates the failure of this method to predict the stability. Particularly, the

stability analysis introduced previously is a linear approximation of the full analysis. The

vanishing eigenvalue can only tell us that such a linear approximation is not enough to

determine the stability and the procedures involving the higher-order contributions must

then be taken into account. Alternatively, one may deal with such a situation through a

numerical solution of the cosmic evolution corresponding to the system. Through such

an approach, one may find that, for a particular class of parameter setup, the fixed point

is stable or not.

Though it provides the cosmic expansion at late time, this fixed point is not

much of interest to us because it is obviously ΛCDM or, in other words, the cosmic

acceleration is driven by a cosmological constant Λ and not by graviton mass (since

x = 0). This fixed point is actually the situation happening in the previous model of
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mass-varyingmassive gravity in which the gravitonmass shrinks as the universe expands

for its cosmological solution and eventually vanishes at late time.

7.3.2 Fixed Point (b)

This fixed point has its configuration being (x, y) = (x0, 0). The vanishing

y indicates the absence of ρX which is the dust-like matter arising from both the massive

gravity sector and the k-essence lagrangian. We may think of this point as a massive

gravity dominated period since we can always take the limit by which the k-essence is

absent. By setting x′ = 0, we can easily find x0 through Eq. (7.46) and z0 through Eq.

(7.35) which read

x0 =
1

r̃
, z0 = 1− 1

r̃
. (7.56)

Here, we can see that the massive gravity fully dominates when r̃ = Gη
F

= 1 which

corresponds to x0 = 1 and z0 = 0. Moreover, we can find a relation between λ and γ of

this fixed point via Eq. (7.50) to be λ = γ. The equation of state parameter according to

this fixed point thus reads

w
(b)
eff = −1 +

s

r̃
= −1 +

F,X̄

(
X̄ − η

)
3Gη

. (7.57)

This form of equation of state parameter, interestingly, confirms the claim of this point

being the massive gravity dominated period since w(b)
eff = −1 for F,X̄ = 0 which is in

agreement with the self-accelerating branch in the original dRGT massive gravity. Not

only the self-accelerating branch, this fixed point also admits the normal branch existing

in the original massive gravity where X̄ − η = 0 is satisfied (up to the assumption that

X̄ and η are constant, thus implying h = 1/η). Furthermore, depending on the model

parameters, this point could have the effective equation of state parameter less than −1

which is suggested from observations that the equation of state parameter is actually

slightly less than −1 [58].

In addition, both the k-essence and the massive graviton contribute them-

selves into the system in a similar manner for their exponents λ and γ are the same for
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this point and they behave as other kind of matter with nonzero pressure. This situation

is quite obvious since the dust-like contributions vanish.

Regarding the stability of this fixed point, we use Eq. (7.53) with the con-

figuration of the fixed point (b). The equation accordingly reads δx′

δy′

 =

 3 s
r̃

3
r̃

0 −3 + 3 s
r̃
λ−1
λ

 δx

δy

 . (7.58)

Hence, the eigenvalues of the above matrix are

µ1 = 3
s

r̃
, µ2 = −3 + 3

s

r̃

λ− 1

λ
. (7.59)

By requiring both of the eigenvalues to be negative, we obtain readily a bound on s
r̃
as

follows,

λ

1− λ
<
s

r̃
< 0. (7.60)

From the previous analyses, we can see that this fixed point is not possible to represent

the recent configuration of the universe, which has a comparable amount of dark energy

and dark matter, because of the absence of the dust-like sector.

7.3.3 Fixed Point (c)

As opposed to the fixed point (b), we can find a fixed point of configuration

(x, y) = (0, y0). Since y0 is the density parameter for ρX , the dust-like matter, this point

may be able to represent a dust-dominated epoch. We can obtain the value of y0 through

Eq. (7.48) and z0 via Eq. (7.35) as follows,

y0 = 1 +
s

λr̃
, z0 = − s

λr̃
. (7.61)
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We can see that for s
λr̃

→ 0, y0 dominates. Moreover, Eq. (7.50) gives an expression for

γ as

γ = −y
z
= −1 +

1

z
. (7.62)

The effective equation of state parameter corresponding to this point reads

w
(c)
eff =

s

λr̃
= −z, (7.63)

which ensures that the fixed point corresponds to the dust-dominated epochwhosew(c)
eff →

0 once s
λr̃

→ 0 is satisfied. This existence of the dust domination is a great advantage to

the model since in the course of the universe's evolution there exists a dust-dominated

period for a significant duration.

As in the previous fixed points, we use Eq. (7.53) to determine the stability

of the fixed point (d). Upon substituting the configuration (x, y) = (0, y0), the linear

stability equation for this fixed point reads δx′

δy′

 =

 3− 3 s
r̃
λ−1
λ

0

3(1 + s
λr̃
)s 3 + 3 s

λr̃

 δx

δy

 . (7.64)

Thus, the corresponding eigenvalues read

µ1 = 3− 3
s

r̃

λ− 1

λ
, µ2 = 3 + 3

s

λr̃
. (7.65)

Requiring the negative eigenvalues poses a bound on s
r̃
as follows,

1

λ− 1
<

s

λr̃
< −1. (7.66)

No matter how λ is, we always encounter the unstable fixed point if we require this fixed

point to represent the dust domination; a dust-dominated period requires w(c)
eff = s

λr̃
= 0

but such a condition does not reside in the stable region suggested in Eq. (7.66). Actually,

this point being unstable is more useful and reasonable than the stable one. From the

history of the universe, we know that there is a period mainly filled with dust (or dust-
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like matter) that happened at some earlier time and is not currently happening. This

suggests that maybe the universe was on this kind of a fixed point at the earlier time

but due to the unstability the universe adjusted its configuration away from the point

and went onto some other fixed points (maybe a late-time kind of a fixed point which

represents our present time). The idea may seem peculiar since such a situation possibly

require some parameters to change in time in order to cover other fixed points in the

timeline of the universe. We will see such a treatment in the very last section.

7.3.4 Fixed Point (d)

One more possible form of a fixed point is a nonvanishing configuration like

(x, y) = (x0, y0). Through Eq. (7.46), Eq. (7.48), and both of the constraint equations

in Eq. (7.35) and Eq. (7.50), we can find the corresponding configuration to be

x0 =
1

1 + λ (r̃ − 1)
, y0 =

λ (r̃ − 1)

1 + λ (r̃ − 1)
, z0 = 0, (7.67)

given that γ is arbitrary while λ = s
s−r̃

. From the first glance, since there is a possibility

that both of x0 and y0 may not be zero, this may correspond to our desire fixed point; a

point which solve the cosmic coincidence problem where the amount of dark energy is

of the same order as that of dark matter. As y representing the dust-like matter of energy

density ρX , this point may be able to give a description on the dark matter at late time as

well as be able to explain the cosmic coincidence problem in terms of the mass-varying

massive gravity. To verify such an idea, as done previously, we compute the following

effective equation of state parameter,

w
(d)
eff =

1

λ− 1
. (7.68)

Though in the case that λ = 0 the equation of state parameter w(d)
eff is −1, such a case

leads to a vanishing value of y and then obviously the dust-like matter does not exist in

this manner. The stability of this fixed point can be found as usual from Eq. (7.53) as
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follows,  δx′

δy′

 =

 3λr̃
(λ−1)(1+λ(r̃−1))

3
1+λ(r̃−1)

3λ2r̃(r̃−1)
(λ−1)(1+λ(r̃−1))

3λ(r̃−1)
1+λ(r̃−1)

 δx

δy

 . (7.69)

The above matrix is actually singular since its determinant vanishes. Since it is two

dimansional, this means the matrix possesses one vanishing eigenvalue. Actually, this

indicates a failure of the method of the linear stability. However, through simple ma-

nipulation, we can still get some information about the stability of this point. From Eq.

(7.69), we can see that the δx′ equation only differs from the δy′ equation by a factor

λ (r̃ − 1). In this sense, the equation seems to have some kind of a ``degeneracy''. The

equation of two variables δx and δy can be reduced to an equation of only one variable;

either δx or δy or even a function of them. Thus, if the stability on one variable is ob-

tained, it implies readily the stability condition on another variable through the simple

relation between them. Although it is not difficult to compute for the eigenvalues of the

matrix, we will take another approach to obtain them. Since from Eq. (7.69) we have

δy′ = λ (r̃ − 1) δx′, (7.70)

provided that λ and r̃ are constant, we can choose a relation according to the above

equation as

δy = λ (r̃ − 1) δx. (7.71)

Then the x′ equation from Eq. (7.69) accordingly reads

δx′ =
3λr̃

(λ− 1) (1 + λ (r̃ − 1))
δx+

3

1 + λ (r̃ − 1)
δy,

=
3λ

λ− 1
δx. (7.72)



Lunchakorn Tannukij Mass-Varying Massive Gravity / 104

Here the change in δx is determined by δx alone. The stability is thus governed by the

coefficient 3λ
λ−1

which places a bound on λ as follows,

0 < λ < 1. (7.73)

This also happen with the equation for δy′ which can be seen through using Eq. (7.70)

and Eq. (7.71) on Eq. (7.72). Since this fixed point places a restriction on λ such that

λ = s
s−r̃

, the bound previously obtained also set another bound on s and r̃. Such a

bound on λ corresponds to w(d)
eff ≤ −1. This is a benefit of the fixed point (d) because

it can provide an explanation of the equation of state parameter being slightly less than

−1 via the consideration of the stability of such a configuration. In particular, to have a

stable fixed point of type (d), the universe must have w(d)
eff < −1 according to the bound

0 < λ < 1. Moreover, having w(d)
eff < −1 can make rooms for y to have a nonzero

value since the exact equality w(d)
eff = −1 can only satisfy y = 0 for this model and thus

does not coincide with the observation indicating the nonzero dark matter [50] and the

effective equation of state parameter slightly less than −1 [58]. One would want λ to

be so close to zero, in other words 0 < λ ≫ 1, to have the solution more compatible

to the observational data [58]. From all of these benefits, the fixed point (d) may be a

promissing configuration of our universe at its present state.

The analyses previously done on the stability equation in Eq. (7.69) are actu-

ally equivalent to finding eigenvalues of the matrix straightforwardly. It is the coefficient
3λ
λ−1

that is another eigenvalue for the matrix in Eq. (7.69) apart from zero. In addition,

one can explicitly show that the eigenvalues of the matrix are 0 and 3λ
λ−1

via the usual

characteristic equation det(M− λI) = 0.

If this fixed point were to represent the late-time status of the universe, it

would serve as a great representation since this point can provide an idea of the unifi-

cation of the dark sector through the concept of a massive graviton. In this fixed point

we have z = 0 indicating the absence of the k-essence sector. If we consider the fixed

point (c) as a dust-dominated period, since it also has a vanishing z, we can say that this

collection of fixed points is able to describe the course of the universe without introduc-

ing the k-essence lagrangian which, depending on its form, can serve as either an another
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source driving the late-time expansion or an another pressureless matter (this is true even

when radiation is in presence). The independence of the k-essence sector merely points

out that only the massive graviton alone can introduced the effective dark matter as well

as the effective dark energy, hence implying the unification of the dark sector.

7.3.5 Fixed Point (e)

This point involves an additional condition among the parameters. One can

simply impose a condition λ = γ and look for nonzero x and y. Under such a consider-

ation, we obtain a very similar result to that of the fixed point (d) as follows,

x =
1 + z0 (λ− 1)

1 + λ (r̃ − 1)
, y = −λ (1− r̃ (1− z0))

1 + λ (r̃ − 1)
, z = z0, (7.74)

where λ is fixed to be s
s−r̃

and so is γ while z0 can be any arbitrary value which is less

than unity. Moreover, the effective equation of state parameter is the same as that for the

fixed point (d); namely

w
(e)
eff =

1

λ− 1
. (7.75)

To find a corresponding stability condition, we consider Eq. (7.53) evaluated on the

configuration of this fixed point, δx′

δy′

 =

 3λr̃(1+z0(λ−1))
(λ−1)(1+λ(r̃−1))

3(1+z0(λ−1))
1+λ(r̃−1)

−3λ2r̃(1−r̃(1−z0))
(λ−1)(1+λ(r̃−1))

−3λ(1−r̃(1−z0))
1+λ(r̃−1)

 δx

δy

 . (7.76)

Alternatively, Eq. (7.76) can be divided into two following equations,

δx′ =
3 (1 + z0 (λ− 1))

1 + λ (r̃ − 1)

(
λr̃

λ− 1
δx+ y

)
, (7.77)

δy′ =
−3λ (1− r̃ (1− z0))

1 + λ (r̃ − 1)

(
λr̃

λ− 1
δx+ y

)
. (7.78)

Regardless of the factors in the front of them, these equation are similar to one another.

This is the sign of the vanishing determinant like in the case of the fixed point (d). One

can convince oneself by evaluating the determinant of the matrix in Eq. (7.76) to find
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that it is really zero. This means that these equations possess the same kind of degeneracy

as those of the fixed point (d) and we can reduce the system of two equations into only

one-dimensional problem like for the previous fixed point. As happened previously for

the fixed point (d), δx′ and δy′ are related through the following relation,

δy′ = −λ1− r̃ (1− z0)

1 + z0 (λ− 1)
δx′. (7.79)

This relation allows us to choose a simple relation among δx and δy related to the one

between δx′ and δy′ as follows,

δy = −λ1 + z0 (λ− 1)

1− r̃ (1− z0)
δx, (7.80)

which then allows us to express the δx′ equation, for example, in terms of only one

variable as

δx′ =
3 (1 + z0 (λ− 1))

1 + λ (r̃ − 1)

(
λr̃

λ− 1
δx− λ

1 + z0 (λ− 1)

1− r̃ (1− z0)
δx

)
, (7.81)

=
3λ

λ− 1
δx. (7.82)

Through Eq. (7.79) and Eq. (7.80), we can obtain the same form of equation for δy′

which means that the stability condition of δy is the same as that of δx. The stability

condition is also the same as for the fixed point (d) which is 0 < λ < 1.

Though this point has quite a similar structure as the fixed point (d), there

is an obvious difference among these two point. The difference is that the fixed point

(e) is valid under the assumption λ = γ only while the fixed point (d) has no such

restriction; λ and γ can take any values and need not to be equal to one another. Due

to the assumption, z must take a nonzero value while in the case that the assumption

is removed it is possible to have a configuration independent from the k-essence sector

like the fixed point (d). Unlike the fixed point (d), since the fixed point (e) can involve

a nonzero z, corresponding to the k-essence sector, it may not be so reasonable to claim

that the unification of the dark sector via massive gravity still holds in this case.

Through the dynamical analyses, we have seen the possibility to describe
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each significant period in the timeline of the universe in terms of each fixed point of the

FLRW solution to the proposed model. In particular, we expect the fixed point (c) to

represent the dust domination while the point (d) is expected to describe the late-time

cosmic expansion. The only yet biggest drawback of such consideration is the variety

of the values of λ corresponding to each period mentioned above. From the beginning,

λ is defined as a constant characterizing the form of the graviton mass function. Since

the results highly suggest the varying λ, we may relax the assumptions that are used

in the previous analyses. An obvious choice of such a relaxation is to promote λ to be

a function that varies in time. This way, with appropriate adjustments, would be able

to cover all of the significant periods of the universe whose λ's are different. The next

section is devoted to the verificaation of such an idea and analyses of such situation are

also given to test our hypothesis previously posted.

7.4 Extended Analyses
As mentioned in the previous section, though the model provides a possibil-

ity for the unification of the dark sector, the model cannot give a full and self-consistent

description of the entire course of the universe due to the incompatibility of the constant

λ for each of the desire fixed points. To fix that, we consider a generalization where

λ is promoted to a function which varies in time so that it can change accordingly and

allow an evolution through fixed points of different λ's. This λ function is defined in

such a particular way that the relation λ =
2XV,X

V
still holds. With such a definition,

the equations of motion appear to be the same as those in the case of constant λ. For

completeness, we include another form of matter which also exists in the real universe,

radiation or fluid of photons. Photon has a great deal in the cosmic evolution since in

some earlier period there was an immense amount of photons in the universe, known as

the radiation-dominated era.

Like the other form of matter, to include the radiation into our consideration,

we have to know how radiation evolves in the system. Mathematically speaking, what

form of equation is governing the dynamics of the radiation during the cosmic evolution.
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As a perfect fluid, since a photon is a relativistic particle, it must has a nonzero pressure

compared with the dust. It turns out that the pressure of the photon can be computed

to be of one-third of its energy density or, expressed in terms of its equation of state,

pγ = 1
3
ργ . The flow of the photon, on the FLRW geometry, can be determined through

the following continuity equation,

ρ̇γ + 3HN (ργ + pγ) = ρ̇γ + 4HNργ = 0. (7.83)

The evolution of radiation governed by Eq. (7.83) then affects the gravitation of the

system and also the evolution of the scale factor a which can be determined through

the following Friedmann equation and the acceleration equation, provided that the flat

geometry is assumed,

3M2
pH

2 = −3V F − P + ρX + ργ, (7.84)

M2
p

(
2Ḣ

N
+ 3H2

)
= −3V F − P + V F,X̄

(
X̄ − η

)
− pγ,

= −3V F − P + V F,X̄

(
X̄ − η

)
− 1

3
ργ. (7.85)

Through these equations we can obtain a set of first-derivative autonomous equations as

we obtained in the previous section. By defining the density parameter for the radiation

as

Ωr ≡
ργ

3M2
pH

2
, (7.86)

we can obtain the Friedmann equation in terms of density parameters as follows,

1 = x+ y + z + Ωr. (7.87)
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Moreover, the autonomous equations for x, y are expressed as follows,

x′ = 3x

(
y + sx− s

r̃
+

4

3
Ωr

)
, (7.88)

y′ = 3y

(
y + sx− 1− s

λr̃
+

4

3
Ωr

)
. (7.89)

These equations exactly reduce to the previous ones in the case of vanishing radiation;

Ωr = 0. Note that λ here is now a function of time defined as

λ ≡ λ(t) =
2XV,X
V

. (7.90)

We will rather stick to this definition of λ than the perfect-fluid form in the previous

section since such a form is not anymore valid for λ being a function. Moreover, this

definition allows us to express the autonomous equations in the same way as we did in

the previous section so that we can obtain the same set of fixed points, including another

fixed point corresponding to the radiation-dominated epoch. Since now λ varies in time,

we must also pay attention to its autonomous equation which can be found through the

definition of λ above as

λ′ =
6s

r̃

(
λ

2
− (1 + Γ)

)
, (7.91)

Γ ≡ XV,XX

VX
. (7.92)

This autonomous equation for λ vanishes in the case of λ = 2 (Γ + 1) which is thus

the fixed point for λ. As a special case, λ being constant in time corresponds to the

system sitting at the fixed point λ = 2 (Γ + 1) where Γ is also constant. Regardless of

the other contents, it is also possible to analyse the stability of λ alone, provided that Γ is

a constant. Upon being expanded according to a perturbation δλ, the equation governing

the stability is expressed as follows,

δλ′ =
3s

r̃
δλ, (7.93)

where Γ is treated to be constant from now on. The stability condition of λ can be
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obtained readily as s
r̃
< 0. This means that we have to set the value of s

r̃
to be negative

in order to have the stable fixed point or, in other words, to have an evolution toward

this fixed point. Apart from that ofλ, since we have already included the radiation into

the system, we can find its autonomous equation from the continuity equation of the

photon and the definition of the density parameter of the radiation. Consequently from

Eq. (7.83) and Eq. (7.86), the autonomous equation reads

Ω′
r = 3Ωr

(
y + sx+

4

3
(Ωr − 1)

)
. (7.94)

From this equation, it is obvious that the configuration x = 0, y = 0, and Ωr = 1 is a

fixed point which corresponds to the radiation-dominated period. This is the standard

result in cosmology where there exists an epoch filled mainly with radiation. Due to

introducing the radiation into the system, the effective equation of state parameter is

modified accordingly as

weff = −1 + y + xs+
4

3
Ωr. (7.95)

In addition, we still have the following relation between x, y, and z due to the definition

of y in Eq. (7.50),

y = −γz − λx (1− r̃) ,

where γ is now treated as a function of time and is defined similarly to λ as γ(t) ≡ 2XP,X

P
.

Up to this point, we can see that in the case Ωr = 0, the autonomous equa-

tions in this case recover the fixed points obtained in the previous section. In addition, as

claimed previously, we also obtained the fixed point in which the system is filled mainly

with radiation; namely the fixed point where x = 0, y = 0, and Ωr = 1. The difference

from the λ-constant consideration is that the system is allowed to evolve through the

various desire fixed points, such as those corresponding to the dust-dominated epoch,

the late-time acceleration epoch, and even the radiation-dominated epoch. In order to

investigate whether or not the evolution can be as we expected, we perform a numerical

method by solving the autonomous equations numerically and then present the solution
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through graphic representations with various parameter settings.

In the previous section we have brought up the idea of unifying dark energy

and dark matter via only a theory of massive gravity. In other words, we expect an

evolution in which z vanishes for the entire course of the system while it can still give

an accurate profile of the evolution. We first determine the fixed point which should

represent the dust-dominated epoch. As we have seen above, the fixed point (c) is the

most appropriate point since it yields the effective equation of state parameter of dust

(weff = 0) and a dominant portion of the dust-like matter of ρX if we require s
λr̃

= 0.

Moreover, z is zero under such situation. The corresponding evolution of x, y, and Ωr

is shown in Figure. (7.1) where there exist a period in which the radiation dominates, a

period of mainly dust, and a period of dark energy domination successively, though it is

obvious that such a situation does not alleviate the cosmic coincidence problem.
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(a) Evolutions of x, y, and Ωr.
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(b) weff during the evolution.

Figure 7.1 These figures show evolutions of various quantities in the case that the k-

essence sector is absent. Figure. 7.1a shows the evolutions of matter contents, namely

x, y, and Ωr, parameterized by Ñ ≡ ln a where the blue-dashed curve denotes that of

x, the red-dotted curve indicates that of y, and the green-solid curve shows that of Ωr.

In this case, there exist a radiation-dominated epoch, a dust-dominated epoch, and a

dark energy-dominated epoch. In Figure. 7.1b, the corresponding effective equation of

state parameter weff during the evolution is shown which confirms the existence of the

various epochs previously mentioned [33].
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Now let us focus more on how to solve the cosmic coincidence problem.

From the previous case, we have seen that maybe the fixed point with vanishing z may

not solve the problem. Thus, we will consider the fixed point (e) for it is possible to

have a nonzero z and has the same characteristics as the point (d). To determine the

appropriate values of each of parameters; s, r̃, and Γ, we require that those parameters

are assigned with specific values such that they agree with the initial condition of the

dynamical variables. We also require that the initial conditions are slightly away from

the exact configuration of the fixed point (e) in order to produce an entire evolution

numerically (otherwise the systemwill sit at the fixed point indefinitely). Similarly to the

point (d), the corresponding effective equation of state parameter is given byw(e)
eff = 1

λ−1
.

By requiring w(e)
eff = −1 for the late-time universe, we obtain a condition on λ which

is λf → 0 at the point (e), given that λf is the value of λ at the fixed point. This

condition then puts another condition on s
r̃
; from s

r̃
= λ

λ−1
we can see that the condition

λf → 0 fix s
r̃
to be slightly negative, in other words s

r̃
→ 0 on the negative side. This

condition of s
r̃
is in agreement with the stability condition for λ which requires s

r̃
to be

negative. Moreover, the small value of λ is quite appropriate in the sense that according

to such value λ does not drop too drastically as the system evolves and thus the dust-

dominated period can exist for a considerable period of time. According to those setup,

the evolution should be as we expected. However, since λ is large at earlier time and it

decreases quite slowly, there is a big chance for the system to evolve towards the fixed

point (b) rather than the point (e). This is because the stable region in the parameter

space for the point (b) under such a circumstance is qualitatively bigger than that of (e).

Moreover, λ must decrease all the way to the value of s
s−r̃

in order to satisfy the fixed

point (e). The possible way to make this work is to have the effective equation of state

parameter significantly less than −1 which results in a more drastic decrease in λ. Such

a way can provide more chance for the system to approach the fixed point (e). This is

shown in Figure. (7.2) where there exist a comparable amount of y --- the effective dark

matter --- as well as x + z corresponding to the effective dark energy, where λf = 0.4,

leading to weff = −1.67 and the initial Λ is 1.0.

Another possibility is illustrated in Figure. (7.3) in which the assumption

λ = γ is satisfied for the entire evolution. Under this assumption, the description of the
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(a) Evolutions of x, y, x+ z and Ωr.
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Figure 7.2 These figures show a cosmic evolution which evolves towards the fixed point

(e). Figure. 7.2a shows the evolutions of each matter content, namely x, y, x + z, and

Ωr, parameterized by Ñ ≡ ln a. The blue-dashed curve denotes the evolution of x, the

red-dotted curve indicates that of y, the black-solid curve denotes that of x + z, and

the green-solid curve shows that of Ωr. In this case, there exist a radiation-dominated

epoch, a dust-dominated epoch, and a dark energy-dominated epoch. There also is a

considerable amount of dark matter y in the dark energy-dominated epoch. In Figure.

7.2b, the corresponding effective equation of state parameterweff during the evolution is

shown which confirms the existence of the various epochs previously mentioned. Note

that weff at late-time is significantly below −1 [33].

evolution is quite different from the previous situation. From Eq. (7.50), λ is governed

by other variables through the following relation,

λ =
y

r̃x+ y + Ωr − 1
. (7.96)

Due to such a relation, λ is no longer a dynamical variable. Thus, s
r̃
does not have to

satisfy the stability condition for λ as in the previous case. This means we can design the

parameter setting so that the evolution does not go towards the fixed point (b). Such an

evolution discussed above is given in Figure. (7.3) along with its effective equation of

state parameter as a function of time. We can see from Figure. (7.3) that due to a particu-

lar setting of parameters, in this case λf = 0.02, the effective equation of state parameter
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Figure 7.3 These figures show a cosmic evolution which satisfies the condition λ = γ.

Figure. 7.3a shows the evolutions of each matter content, namely x, y, x + z, and Ωr,

parameterized by Ñ ≡ ln a. The blue-dashed curve denotes the evolution of x, the

red-dotted curve indicates that of y, the black-solid curve denotes that of x + z, and

the green-solid curve shows that of Ωr. In this case, there exist a radiation-dominated

epoch, a dust-dominated epoch, and a dark energy-dominated epoch. There also is a

considerable amount of dark matter y in the late-time dark energy-dominated epoch.

In Figure. 7.3b, the corresponding effective equation of state parameter weff during

the evolution is shown which confirms the existence of the various epochs previously

mentioned. Note that weff at late-time is slightly below −1 [33].

can be designed to be slightly below −1 while at late time of the evolution there exist

comparable amounts of the dark energy and the dark matter. Note that the evolution

is sensitive to how the initial condition is given at the time of radiation-dominated era.

Particularly, the resulting evolution changes drastically by only the slight change in the

initial condition of, says, x by ∼ 10−16. This is known as the fine-tuning problem in

which we have to fine-tune or adjust carefully the initial condition so that we can obtain

the profile of our universe as we see today. Though this model succeeds in alleviating

the cosmic coincidence problem by being able to provide the satisfactory cosmic evolu-

tion, the model suffers from the necessity of being fine-tuned in order to provide such

an evolution.
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7.5 Conclusion and Discussion
After a series of analyses, we have seen some particular features of a new

class of mass-varying massive gravity. Apart from the previous model, this new class

of mass-varying massive gravity is introduced by allowing the graviton mass to be a

varying function which depends on an extra scalar field along with its kinetic term. In

this work we consider such a dependence which is governed by a k-essence scalar and

investigate its consequences in cosmological aspects. On the gravity sector, the FLRW

ansatz is used as a physical metric governing the physical spacetime and another FLRW

ansatz is considered as a reference metric in the interaction sector. To investigate effects

of including the kinetic term of the scalar into the graviton mass function, we stick to a

special case where the graviton mass function is a function of only the kinetic term X .

Through standard procedures in cosmology, we obtained a corresponding Friedmann

equation and an acceleration equation describing dynamics of the universe, along with

the Stückelburg equation of motion and continuity equations of each matter content. As

opposed to the previous model of the mass-varying massive gravity, this model prevents

the graviton mass to shrink in time and vanish trivially when the universe approaches its

late-time epoch, thanks to the dependence on the kinetic term of the scalar. We also found

that among those matter contents there exists a particular contribution arising from both

the graviton mass and the k-essence sector which shares some characteristics with dust.

In addition to such properties, not only this contribution, denoted by an energy density

ρX , has its equation of state parameter being zero, i.e. it is a pressureless matter, in the

perfect fluid framework but also has a nontrivial interaction with other matters (see Eq.

(7.14)). Because of its resemblance to the dust, it is tempting to consider a chance of such

a contribution to be a promising candidate for the darkmatter. Moreover, if the idea of ρX
being the dark matter is embraced, the interaction to the other sector of ρX may denote

the situation of the interacting dark matter/dark energy model which is widely studied as

another cosmological model. Interestingly, ρX can even arise regardless of the presence

of the k-essence lagrangian. Thus, due to the ability to provide effective dark energy of

the graviton mass, the massive gravity can give rise to both of the dark quantities and

hence it may be possible to unify these quantities in the dark sector together via only one
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concept, an existence of the massive graviton.

Since the model is able to provide a description for a dark matter, one way to

assess how promissing the model is to be a dark matter candidate is to consider an evolu-

tion of the universe through a solution to the model. This leads to the last section where

dynamics of the solution is carefully investigated through a method of dynamical analy-

ses. Since the equations governing a system in consideration involve lots of differential

equations. Even containing only first derivatives, it is quite difficult to solve the system

of those differential equations analytically. To extract valuable information from them,

the dynamical analyses focus on finding fixed points of those equations and investigate

the fixed points in the cosmological aspects. From the analyses, we obtain five fixed

points from the governing equations, some of which can be treated as particular periods

existing in the timeline of the universe. Namely, the fixed point (a) is found to repre-

sent trivially the ΛCDM model where there is no contribution from the massive gravity.

The fixed point (b) can correspond to the late-time acceleration where both the massive

gravity and the k-essence scalar are presented but without the dust-like contribution. The

fixed point (c) can represent a dust-dominated epoch since its equation of state parame-

ter can be adjust to zero, the suitable value for the dust. The fixed point (d) and (e) are

quite similar to one another such that both points can be designed to have their equation

of state parameters equal to −1 where the dust-like contribution is also presented. The

only difference is that the fixed point (d) is independent from the k-essence scalar which

indicates the unification of the dark sector through only the massive graviton, the ad-

vantage of this model we mentioned previously. Though we can map each of the fixed

points to various cosmic epochs, these points cannot exist in the same evolution because

these points correspond to different constant values of λ's since in this aspect λ is treated

as a constant throughout the evolution. This suggested us to promote λ to be a function

of time so that we can cover all of the desire fixed points within one evolution. In the

very last section, we have considered such a situation via numerical calculations of the

autonumous equations of the system. By allowing λ to be a function, in the entire evo-

lution according to the model there exists the fixed point (c) as a dust-dominated epoch.

We then expect that the evolution would go from the fixed point (c) to the fixed point

(d) which is our desire point that can represent the late-time acceleration accompanied
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with the unification of the dark sector. Unfortunately, from the stability analyses, such

an evolution is unlikely to happen since due to the (dust-dominated) configuration of the

point (c), the fixed point (b) is more stable than the point (d) and thus the system would

more likely evolve to point (b), as illustrated in Figure. (7.1). We then move to the

second possibility in which such a system evolves to the fixed point (e) as the late-time

state. It is found that such an evolution can provide the late-time universe with compa-

rable amounts of the dark energy and dark matter, i.e the cosmic coincidence problem

can be alleviated, while the corresponding effective equation of state parameter is sig-

nificantly less than −1, as illustrated in Figure. (7.2). This kind of evolution requires

the condition λ = γ at the time the system reaches the point (e). Moreover, if we require

the condition λ = γ for the entire evolution, we can construct another evolution which

can also alleviate the cosmic coincidence problem, as illustrated in the Figure. (7.3). As

an alternative choice, this evolution has its equation of state parameter close to −1 and

thus can represent the late-time expansion. The only drawback is that the evolution is

sensitive to initial conditions such that a slight change in one of the initial conditions

could make the system at late-time changing drastically. We can say that this model can

relieve the cosmic coincidence problem though it invokes another problem involving the

fine-tuning of the initial condition, known as the fine-tune problem.

These whole analyses are under specific assumptions. One can exclude some

of those assumptions to obtain a more complex system and consider such a system in a

more general approach. Apart from the dynamical consideration, one can consider this

model on an issue of theoretical consistencies. In particular, it is common for massive

gravity to have a ghost instability, for example the BD ghost. The BD ghost can be lifted

if the model of massive gravity contains a hamiltonian constraint due to the proper con-

struction involving physical metric [13] (see also [39]). Since in this model the graviton

mass is modified to be a function of the kinetic term of the scalar field, which makes it

depends on the physical metric, then it is questionable whether or not there exists the BD

ghost in this model. This issue is not mentioned here and is left for further work.
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#

CHAPTER VIII

DISCUSSION AND REMAINING QUESTIONS

#

#
There has been a series of developments in massive gravity since 1939 [9]

and the developments are still in progress. Although the nonlinear dRGTmassive gravity

has been proposed successfully [14, 15], the theory still faces a great threat in a theoretical

point of view. One of the reasons why the massive gravity needs an improvement lies

in its cosmological implications. When the cosmology is taken into account, dRGT

massive gravity only propagates two degrees of freedom instead of five [17]. Moreover,

the cosmological solution turns out to be unstable at a nonlinear level of perturbation

[18, 23]. These unpleasant facts pose a threat to the theory of nonlinear massive gravity.

As in other studies, this work also seeks for a better model of massive gravity.

We have been investigated possible extensions to the nonlinear dRGT massive gravity.

Two aspects of extension have been investigated in this work, namely adding an extra

degree of freedom to the dRGT theory and promoting the graviton mass from being a

parameter to a function of some extra fields. The first kind of extension is carefully

studied in the case of adding a DBI scalar field which possesses a Galileon symmetry

[27]. Formulating on the five-dimensional Schwarzschild-anti-de Sitter referencemetric,

the proposed model admits the self-accelerating branch of solution, in which an effective

cosmological constant is generated from graviton mass, as well as the normal branch

whose condition also admit a self-accelerating behavior. Interestingly, the equations of

motion which belong to the gravity sector are exactly in the same form as those in the

pure dRGT theory which means that the DBI sector does not spoil the structure of the

massivee gravity theory. In the perturbation analyses, the tensor degree of freedom is

healthy in terms of its stability for both branches. On the other hand, the situations for

the vector mode and scalar mode are different for each branch. For the self-accelerating

branch, the vector degrees of freedom vanish according to the condition of the branch

itself while for the normal branch a condition to avoid the ghost instability can be simply
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deduced. In the scalar mode perturbation, there is only the DBI scalar propagating for

the self-accelerating branch whereas the scalar mode of the gravity sector ceases to be

dynamical. Moreover, one of the scalar modes for the normal branch always exhibits a

ghost instability. From these consequences, we found that the self-accelerating branch

has two propagating degrees of freedom in the gravity sector which is exactly the case

in the pure dRGT massive gravity, and hence the corresponding solution is unstable.

Furthermore, even the normal branch has five propagating degrees of freedom in the

gravity sector, it is either a gravitational scalar mode or a DBI scalar mode that exhibits

the ghost instability. To sum up, we have ensured the inability for the DBI massive

gravity to provide a stable and theoretically consistent cosmological solution.

The second kind of the extension to the dRGT massive gravity in this work

is to treat the graviton mass to be a varying function, known as a mass-varying massive

gravity [30, 31, 32, 33]. We propose a new class of the theory by allowing the graviton

mass function V to depend on not only an extra scalar field but also the kinetic term

of the scalar field itself [33], where the scalar field is governed by a k-essence action.

By allowing the graviton mass function to depend on only the kinetic term of the scalar

field, we found an extra contribution on the right-hand side of the Friedmann equation

which has a potential of being an interacting dust. This dust is expected to be a candi-

date for the mysterious dark matter. If such an expectation were true, then the model

could provide a way to unify the dark matter and the dark energy together via only one

quantity, the varying graviton mass. We then investigate a possibility of this model to

explain the well-known cosmic coincidence problem, a problem of coincidently compa-

rable amounts of dark energy and dark matter. Thanks to the dynamical analyses, we can

determine the possible fixed points of the system and can deduce possible courses of the

cosmic evolution. From verifying such courses through numerical analyses, it is found

that if one wants to embrace the unification of the dark sector by considering the case that

the k-essence is absent, one may obtain a fully dark energy-dominated universe whereas

the universe with a considerable amount of k-essence field allows the desire late-time

phase of the universe where there exist both dark energy and dark matter. The latter

case can, at least, alleviate the coincidence problem since it either predicts the effective

equation of state parameter significantly less than −1 or it suffers from the fine-tuning
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problem, a problem of a necessity to finely tune initial condition to obtain the desire

results.

As a further study, since the four dimensional theory of the DBI massive

gravity cannot provide a theoretically consistent cosmological solution, it is possible

to consider a full five-dimensional theory of the dRGT massive gravity or even that of

the DBI massive gravity and then investigate consequences of their four-dimensional

reductions. One may depart from the DBI massive gravity in order to consider adding

extra degrees of freedom with other kinds of symmetry. Not only for the DBI massive

gravity but there also is a couple of interesting questions left for the proposedmodel of the

mass-varying massive gravity. An obvious one is to relax the assumptions which are put

during the calculation. Such an approach may allow more possible and more complex

evolutions which may be more suitable than those obtained here. Another interesting

question is to investigate whether the BD ghost is reintroduced into the theory from the

kinetic-dependence graviton mass function. Since the kinetic term always involves the

physical metric, it is possible that such a term can spoil the ghost-free characteristics of

the dRGT theory. Moreover, investigating the BD ghost issue may be able to constraint

the form of the graviton mass function. These questions are left as future works.
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#

APPENDIX A

DEFLECTION ANGLE

#

#
Gravitational lensing is one of the remarkable phenomena that exist in gen-

eral relativity. When a massive object is presented, a photon that travels nearby is at-

tracted by the gravitational field and its trajectory is deviated accordingly. In this section,

a derivation of the deflection angle of the photon is given using a weak field approxi-

mation. By the weak field approximation, a fluctuation on the Minkowski metric is

considered,

gµν = ηµν + δgµν , (A.1)

where η represents the Minkowski metric and δg is the fluctuation. Given a spherical

static source, δg in a transverse gauge is expressed as [34]

δgµν =


−2ϕ

−2ψ

−2ψ

−2ψ

 . (A.2)

Although in Ref. [34] the transverse gauge also implies ϕ = ψ, it is more useful to do

the calculation without such condition, especially when modified gravities are taken into

account. Suppose that there is a photon travelling in+x direction with an impact param-

eter b to the source. The trajectory of the photon must satisfies the so-called geodesics

equation

d2xµ

dλ2
+ Γµ

αβ

dxα

dλ

dxβ

dλ
=
dxα

dλ
∇α

dxµ

dλ
= 0, (A.3)
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where λ is an affine parameter which parameterizes the trajectory along the curve xµ =

(t, x, y, z). Usually, a proper time is used as the affine parameter when we consider a

motion for a massive particle. However, we cannot use the proper time for the photon

since it cannot be defined for the case. This explains why we have an arbitrary λ in Eq.

(A.3). Since λ parameterizes the motion of the photon along a path xµ, the derivative

of xµ with respect to λ should describe a ``velocity'' of the photon, or rather its ``wave

vector''. Consequently, it is natural to define the wave vector of the photon as

kµ ≡ dxµ

dλ
. (A.4)

Thus, Eq. (A.3) can be rewritten as

dkµ

dλ
+ Γµ

αβk
αkβ = kα∇αk

µ = 0. (A.5)

In order to obtain a weak field approximation for the deflection angle, the wave vector

kµ which is a solution to Eq. (A.5) is decomposed perturbatively as

kµ = kµ(0) + kµ(1), (A.6)

where kµ(0) is the solution for the (Minkowskian) background while kµ(1) is a first order

of perturbation which deviates from the background solution due to the presence of the

fluctuation δgµν . Keeping up to the first order, Eq. (A.5) reads

kα∇αk
µ = kα

(
∂αk

µ + Γµ
αβk

β
)
,

= kα(0)

(
∂αk

µ
(0)

)
+ kα(0)

(
∂αk

µ
(1) + Γµ

αβ(1)k
β
(0)

)
+ kα(1)∂αk

µ
(0) +O(2), (A.7)

provided that the Christoffel symbol vanishes at zeroth order. Since a wave vector is also

a null vector, which satisfies kµkµ = 0, the wave vector for the photon travelling in +x

direction in the Minkowski space can be evaluated readily as

kµ(0) = (k, k, 0, 0) . (A.8)
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The proposed kµ(0) is a solution to the background (zeroth order) geodesics equationwhich

simplify Eq. (A.7) to be of only first order,

kα(0)

(
∂αk

µ
(1) + Γµ

αβ(1)k
β
(0)

)
= 0, (A.9)

where the second order and beyond are omitted. The nonzero Christoffel symbols com-

patible with Eq. (A.2) are

Γ0
0i(1) = Γi

00(1) = ∂iϕ, (A.10)

Γi
jk(1) = −

(
δik∂jψ + δij∂kψ − δjk∂

iψ
)
, (A.11)

where i, j, k denote the spatial indices 1, 2, 3. Evaluating only the spatial components in

Eq. (A.9) yields

∂1k⃗(1) + k∇⃗ (ϕ+ ψ) = 0, (A.12)

where k⃗(1) is a spatial vector for kµ(1). From this, k⃗(1) at an arbitrary x can be computed,

given that k⃗(1) vanishes at −∞ and∞, as

∆k⃗(1) = −k
∫ x

−∞
∇⃗ (ϕ+ ψ) dx. (A.13)

To compute the deflection angle of a photon travelling from xi to xf , we compute the

deviation of the trajectory, i.e. k⃗(1), in the interval between xi and xf ,

∆k⃗(1) = k⃗(1)f − k⃗(1)i, (A.14)

= −k
∫ xf

xi

∇⃗ (ϕ+ ψ) dx, (A.15)
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and then we can compute the deflection angle of the photon, up to the first order, to be

α̂i→f =

∣∣∣∆⊥k⃗(1)

∣∣∣∣∣∣⃗k0 +∆∥k⃗(1)

∣∣∣ ,
≈

∣∣∣∆⊥k⃗(1)

∣∣∣
k

, (A.16)

where∆⊥ is evaluated along a direction perpendicular to the background path and∆∥ is

along a direction parallel to the background path. By evaluating the angle for a photon

travelling from −∞ to∞, Eq. (A.16) reads

α̂ ≈
∣∣∣∣∫ ∞

−∞
∇⃗ (ϕ+ ψ) · b̂dx

∣∣∣∣ , (A.17)

where b̂ is a unit vector along the perpendicular direction. Usually, b̂ denotes the direction

along which an impact parameter b is measured.
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#

APPENDIX B

STÜCKELBERG EQUATION OF MOTION

#

#
In order to equip massive gravity with general covariance, we have to in-

troduce extra fields, known as Stückelberg fields, into the theory. As a consequence

of having general covariance, the equations of motion of the Stückelberg fields can be

easily found by verifying conservation law of energy and momentum. In this chapter an-

other method of obtaining the equations of motion is presented [17]. Instead of requiring

the conservation of the energy and momentum, we utilize the variational procedures of

finding equations of motion on the action directly. As an example, let us consider such

an approach on the dRGT massive gravity action in Eq. (5.1) as follows,

S =
M2

p

2

∫
d4x

√
−g
(
R(g) + 2m2

gU(g, f)
)
,

= SGR + Sint. (B.1)

where the interaction termU(g, f) is defined in Eq. (5.2), SGR is the Einstein-Hilbert ac-

tion for the general relativity, and Sint refers to the action containing the interaction term

U(g, f). Since the Stückelberg fields are not involved in the general relativity sector,

namely the Ricci scalar term, we need to investigate only the action Sint. For simplic-

ity, we consider a cosmological solution in which both the physical metric gµν and the

reference metric f̃µν are of the FLRW form as follows,

ds2 = gµνdx
µdxν = −N(t)2dt2 + a(t)2Ωij(x

k)dxidxj, (B.2)

ds̃2 = f̃µν(φ)dφ
µdφν = −n(φ0)2

(
dφ0
)2

+ α(φ0)2Ωij(φ
k)dφidφj, (B.3)
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whereΩij is the spatial metric defined in Eq. (3.22). For the Stückelberg fields, we focus

on a variation around the unitary gauge as follows,

ϕµ = xµ + πµ, (B.4)

where πµ = πµ(t) is a perturbation around the unitary gauge. Due to the variation intro-

duced for the Stückelberg fields, the reference metric fµν = ∂µϕ
ρ∂νϕ

σf̃ρσ is expanded

generically as the following expression,

fµν = f̃µν(x) + πρ∂ρf̃µν(x) + ∂µπ
ρf̃ρν(x) + ∂νπ

ρf̃µρ(x) +O((π)2). (B.5)

By substituting the form of f̃µν from Eq. (B.3) into Eq. (B.5), we obtain

f00 = −n2

[
1 +

2

n
∂0
(
nπ0
)
+O((π)2)

]
, (B.6)

f0i = fi0 = αn
[
−n
α
Diπ

0 +
α

n
π̇i +O((π)2)

]
, (B.7)

fij = α2
[(
1 + 2nHαπ

0
)
Ωij +Diπj +Djπi +O((π)2)

]
, (B.8)

where we have used the following definitions,

Hα ≡ α̇

αn
, πi ≡ Ωijπ

j, Di ≡ ΩijDi, (B.9)

where ΩikΩkj = δij and Di denotes the covariant derivative corresponding to 3-space

defined by Ωij . By using a perturbative method [17] , the building-block tensor Kµ
ν ≡
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δµν − (
√
g−1f)µν can be computed up to the first order of perturbation as follows,

Kµ
ν = K(0)µ

ν +K(1)µ

ν +O((π)2), (B.10)

K(0)µ

ν = diag
(
1− n

N
, 1− α

a
, 1− α

a
, 1− α

a

)
, (B.11)

K(1)0

0 = − 1

N
∂0
(
nπ0
)
, (B.12)

K(1)0

i =
na

N2 (1 + r)

[
−n
α
Diπ

0 +
α

n
π̇i

]
, (B.13)

K(1)i

0 = − n

a (1 + r)

[
−n
α
Diπ0 +

α

n
π̇i
]
, (B.14)

K(1)i

j = − α

2a

[
2nHαπ

0δij +Diπj +Djπ
i
]
, (B.15)

where r ≡ na
Nα

. As a consequence of keeping up to the first order, the corresponding

variation of the action Sint thus reads

δSint = −M2
pm

2
g

∫
d4xNa3

√
Ω3nF,X̄

(
H − X̄Hα

)
π0, (B.16)

where F = F (X̄), and X̄ ≡ α
a
is previously defined in Eq. (5.8). Note that the 3-

space covariant derivative terms are vanishing boundary terms since there is no spatial

dependence in the variation. For arbitrary variation π0, Eq. (B.16) yields the following

condition,

F,X̄

(
H − X̄Hα

)
= 0. (B.17)

This condition is exactlywhat we have upon verifying the conservation of energy-momentum

tensor in Chapter V. In other words, this is the equation of motion for the Stückelberg

field π0 whereas the other Stückelberg fields do not propagate. Similar to the previous

results, two branches can be read out from Eq. (B.17); F,X̄ = 0 corresponds to the

self-accelerating branch while
(
H − X̄Hα

)
= 0 denotes the normal branch.
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