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Abstracts

The research performed in the project can be formally separated in three parts.
All these parts are related by the method of the study and the sequence of
discoveries. The first part of the project deals with modeling in fluid dynamics.
A systematic application of the group analysis method for modeling fluids with
internal inertia is presented. The group classification separates these models into
73 different classes. The second part of the project deals with applications of the
group analysis method to integro-differential equations. The research deals with
an evolutionary integro-differential equation describing nonlinear waves. We
discuss new approaches developed in modern group analysis and apply them to
the general model considered in the present paper. Reduced equations and exact
solutions are also presented. Another application of the group analysis method to
integro-differential equations related with the Boltzmann equation. The group
classification with respect to sources is carried out for the equations under
consideration using the algebraic method. The third part of the first project is
focused on the study of two problems: (a) on first integrals of second-order
ordinary differential equations; (b) the complete group classification of systems
of two linear second-order ordinary differential equations with constant
coefficients. Here we discuss first integrals of a particular representation
associated with second-order ordinary differential equations. The relationship
between the integral form, the associated equations, equivalence transformations,
and some examples are considered as part of the discussion illustrating some
important aspects and properties. For group classification the present project
corrects the way of using Jordan canonical forms for studying the symmetry
structures of systems of linear second-order ordinary differential equations with
constant coefficients applied in (Wafo Soh (2010)). The approach is
demonstrated for a system consisting of two equations.
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Chapter 1

Introduction

1.1 Background and Significance

Many important physical processes in nature are governed by partial differential equations
(PDEs). For this reason, the knowledge of the mathematical character and properties of
the governing equations are required. Properties of PDEs can be effectively studied by
using their exact solutions. Therefore, there is interest in finding exact solutions of PDEs.
In general, it is not easy to obtain exact solutions of PDEs. One of the methods for
obtaining exact solutions is the group analysis method. It is well-known that the group
analysis method is a powerful and direct approach to construct exact solutions of PDEs.

The research performed in the project can be formally separated in three parts. All
this parts are related by the method of the study and the sequence of discoveries.

1.1.1 Fluids with internal inertia

The first part of the project deals with modeling in fluid dynamics.

Developing new technology requires developing new models in fluid dynamics. Equa-
tions of fluids with internal inertia is the new theory considered in the fluid dynamics.
These equations are obtained on the base of Euler-Lagrange principle. Among fluids with
internal inertia there are intensively studied two classes of models. This project is focused
on group classification of a class of dispersive models [1]!

(1.1)

where ¢ is time, V is the gradient operator with respect to space variables, p is the fluid
density, u is the velocity field, W (p, p, S) is a given potential, "dot” denotes the material
time derivative: f = % = fi +uVf and % denotes the variational derivative of W
with respect to p at a fixed value of u. These models include the non-linear one-velocity
model of a bubbly fluid (with incompressible liquid phase) at small volume concentration
of gas bubbles (Iordanski (1960) [2], Kogarko (1961) [3],Wijngaarden (1968) [4]), and the
dispersive shallow water model (Green & Naghdi (1975) [5], Salmon (1998) [6]). Equations
(1.1) were obtained in [1] using the Lagrangian of the form

1 .

1See also references therein.



This is an example of a medium behavior dependent not only on thermodynamical vari-
ables but also on their derivatives with respect to space and time. In this particular case
the potential function depends on the total derivative of the density which reflects the
dependence of the medium on its inertia. Another example of models where the medium
behavior depends on the derivatives is constructed in [7] by assuming that the Lagrangian
is of the form:

1
L= lul’ = <(p[Vpl, S).

One of the methods for studying properties of differential equations is group analysis
[8, 9, 10]. This method is a basic method for constructing exact solutions of partial
differential equations. A wide range of applications of group analysis to partial differential
equations are collected in [11, 12, 13]. Group analysis, besides facilitating the construction
of exact solutions, provides a regular procedure for mathematical modeling by classifying
differential equations with respect to arbitrary elements. This feature of group analysis
is the fundamental basis for mathematical modeling in the present research.

An application of group analysis employs several steps. The first step is a group clas-
sification with respect to arbitrary elements. An algorithm of the group classification is
applied in case where a system of differential equations has arbitrary elements in form of
undefined parameters and functions. This algorithm is necessary since a specialization of
the arbitrary elements can lead to an extension of admitted Lie groups. Group classifica-
tion selects the functions W(p, p, S) such that the fluid dynamics equations (1.1) possess
additional symmetry properties extending the kernel of admitted Lie groups. Algorithms
of finding equivalence and admitted Lie groups are particular parts of the algorithm of
the group classification.

A complete group classification of equations (1.1), where W = W(p, p) is performed
in [14] (one-dimensional case) and [15] (three-dimensional case). Invariant solutions of
some particular cases which are separated out by the group classification are considered
in [14, 15, 16]. Group classification of the class of models describing the behavior of a
dispersive continuum with € = ¢(p, |Vp|) was studied in [17]. It is also worth to notice
that the classical gas dynamics model corresponds to W = W (p, S) (or € = £(p, 5)). A
complete group classification of the gas dynamics equations was presented in [8]. Later,
an exhausted program of studying the models appeared in the group classification of
the gas dynamics equations was announced in [18]. Some results of this program were
summarized in [19)].

1.1.2 Application of the group analysis method to
integro-differential equations

The second part of the project deals with applications of the group analysis method to
integro-differential equations.

In applied mathematics and physics a special attention is given to the study of invariant
solutions of integro-differential equations which are directly associated with fundamental
symmetry properties of these equations. Group analysis in this case is an universal tool
for obtaining complete sets of symmetries. However a direct transference of the known
scheme of the group analysis method on integro-differential equations is impossible. The
general algorithm for application of the group analysis to equations with nonlocal terms
was proposed recently [20]. It is worth to notice that this area of the group analysis
method is still developing. In the present research the group analysis method is applied



to two integro-differential equations: (a) the Rudenko equation, and (b) the Boltzmann
equation with sources.

The Rudenko equation

One of the most general evolution equations used in nonlinear wave physics is the following
one [21, 22]:
(up — uuy — W), = Uyy + Uz

w= [7K(s)u(t—s)ds

Here the variable ¢ is the time, and x, y, z are the spatial Cartesian coordinates. The
coordinate x is distinguished as a ”longitudinal” one. It coincides with a preferred ori-
entation of the wave propagation. Other coordinates y, z are identified as ”transversal”
ones. They are commonly introduced in the cross-section of a wave beam.

Special cases of the equation (1.2) are well-known. In particular, if the kernel is identi-
cally zero, K (s) = 0, the general equation (1.2) is reduced to the Khokhlov-Zabolotskaya
(KZ) equation [23, 24], describing wave beams in nonlinear media:

(1.2)

(Uy — ), = Uyy + Uy (1.3)
If the kernel is the delta-function, K = 20 (s), the model (1.2) leads to the equation
(g — vty — W), = Uyy + Uss (1.4)

for nonlinear beams in a dissipative medium [25, 26]. Equation (1.4) is known as the
Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation. It is widely used in underwater
acoustics for engineering design of parametric radiating and receiving arrays [26].

If the kernel is proportional to the derivative of the delta-function, K = 2§’ (s), the
integro-differential equation (1.2) becomes the Kadomtsev-Petviashvili (KP) equation

(g — Uy — W), = Uyy + Uz (1.5)
for nonlinear beams in a dispersive medium [27, 28]. The similar equation
(Uy — WU — Upgr); = Uy + Uss (1.6)

for a scattering medium [29] follows from (1.2) when K = 24" (s).

There exist other models that specify or generalize the equation (1.2), e.g. by including
(1.2) in a coupled systems of nonlinear equations [30, 31].

If the wave field u = u(t, ) is a function of a single spatial (longitudinal) coordinate
x and does not depend on transverse coordinates y, z, equation (1.2) is reduced to well-
known equations for plane waves [32]. In particular, the Riemann-Hopf equation follows
from (1.3), the Burgers equation follows from (1.4), and the Korteweg- de Vries equation
follows from (1.5). The one-dimensional equation with fourth-order derivative for scat-
tering medium suggested and solved in [29] follows from equation (1.6). 1D equations
can be obtained by eliminating the y, z derivatives of 3D equations and the subsequent
integration over dt, provided that the wave field vanishes at ¢t — 4o00.

A choice of the kernel as a linear combination of the delta-function and its derivatives
of different orders gives a possibility to derive from (1.2) various well-known differential
equations of the physics of nonlinear waves. Symmetries of such equations either have
already been studied (many results obtained until 1995 are collected in [11, 12, 13]), or
can be studied by the standard Lie group methods [8, 33, 9]. However, to the best of our

8



knowledge, particular versions of the general equation (1.2) with non-degenerate kernels
which maintain the integro-differential feature of the model have not been studied yet.

The exponential kernel K = exp(—s) is of particular applied interest. Equation
(1.2) with such kernel describes wave beams in relaxing media. In this case the integro-
differential equation is also reduced to a differential equation [21]. To derive such an
equation, it is sufficient to note that the integral term w in (1.2) and the variable u for
the exponential kernel are related by the following equation:

wy +w = u. (1.7)

Reduction of (1.2) to a differential equation is also possible for some more complicated
kernels. For example, if K = exp (—s)cos (wp s), then the kernel describes internal dy-
namics of medium with resonant inclusions. In this case, the differential relation between
w and w in equation (1.2) has the form:

(wy +w — u), + (wp +w — u) +wiw = 0. (1.8)

A special class is formed by "model” kernels which are non-zero on the finite segment,
for example, within s € (0, 1]. The simplest case is

1 if s<1,
K_{O if s>1.

For this kernel the integro-differential equation (1.2) is reduced to the difference-differential
equation:
(g — vy — Awy), = Uyy + U,

Au=u(t) —u(t —1). (1.9)

Note that, using the finite shift operator, one rewrites the integral term of equation
(1.2) in the form

w(t) = Fu(®), ﬁ(at):/ooof((s) exp (—s0,) ds, (1.10)

where 0, is the partial derivative with respect to time. The second operator L (0y) is the
Laplace transform of the function K (s) defining the kernel of equation (1.2).
For example, if a kernel has the form of the Bessel function of zero order, then one has

K=Jo(s), L@)=(1+0)"

Using the tables of the Laplace transform and physical restrictions of the kernel forms,
one can single out all cases when equation (1) can be reduced to a differential equation of
a finite order. In the general case, decomposing the exponential function of the integrand
(9) into power series, one verifies that the resulting differential equation will contain
derivatives of an arbitrary order.

In the present research we use our method [34, 35] to the Rudenko equation.

The Boltzmann equation with sources

The Boltzmann kinetic equation is the basis of the classical kinetic theory of rarefied
gases. Considerable interest in the study of the Boltzmann equation was always the
search for exact (invariant) solutions directly associated with the fundamental properties

9



of the equation. After the studies of the class of the local Maxwellians [36, 37, 38] new
classes of invariant solutions were constructed in the 1960s in [39, 40, 41]. A decade later
the BKW-solution was almost simultaneously derived in [42] and in [43]. Contrary to
the Maxwellians, the Boltzmann collision integral does not vanish for this solution. The
discovery of the BKW-solution stimulated a great splash of studies of exact solutions
of various kinetic equations. However, the progress at that time was really limited to
the construction of BKW-type solutions for different simplified models of the Boltzmann
equation [44].

The Boltzmann equation is an integro-differential equation. Whereas the classical
group analysis method has been developed for studying partial differential equations, the
main obstacle for applying group analysis to integro-differential equations comes from
presence of nonlocal integral operators. The direct group analysis for equations with
nonlocal operators was worked out and successfully used in [34, 45, 20]. In particular,
a complete group classification of the spatially homogeneous and isotropic Boltzmann
equation without sources was obtained in [34, 35].

One of the alternative approaches for studying solutions of the Boltzmann equation,
by transition to an equation for a moment generating function, was first considered in
[46, 47]. The BKW-solution was obtained there. In [48], such an approach was applied to
the spatially homogeneous and isotropic Boltzmann equation with sources. The author
of [48] used the group analysis method for studying solutions of the equation for the
generating function. However, it was not taken into account that this equation is still a
nonlocal one.

In the present research we use our method [34, 35] to amend the results of [48]. A
group classification of the equation for a moment generating function with respect to a
source function is obtained.

1.1.3 Application of group analysis to ordinary
differential equations

Many methods of solving differential equations use a change of variables that transform a
given differential equation into another equation with known properties. Since the class
of linear equations is considered to be the simplest class of equations, it was attractive
to transform a given differential equation into a linear equation. This problem, which
is called a linearization problem, is a particular case of the equivalence problem. The
equivalence problem can be formulated as follows. Let a set of invertible transformations
be given. One can introduce the equivalence property according to these transformations:
two differential equations are equivalent if there is a transformation of the given set which
transforms one equation into another. The equivalence problem involves a number of
related problems such as defining a class of transformations, finding invariants of these
transformations, obtaining the equivalence criteria, and constructing the transformation.

The third part of the present project is focused on the study of two problems: (a)
on first integrals of second-order ordinary differential equations; (b) the complete group
classification of systems of two linear second-order ordinary differential equations with
constant coefficients.

10



Introduction to the problem of finding first integrals
of second-order ordinary differential equations

We give a short review of results related with an equivalence problem for a second-order
ordinary differential equation. Two types of transformations can be distinguished among
the transformations used in the equivalence problem for second-order ordinary differ-
ential equations: point transformations and the generalized Sundman transformations.
S.Lie [49] also noted that all second-order ODEs can be transformed to each other by
means of contact transformations, thus this set of transformations cannot be applied for
a classification of second-order ODEs.

Among the target equations two classes of equations can be mentioned. One set
of this class was obtained by S.Lie [50]. Lie’s group classification of ODEs shows that
the second-order equations can possess one, two, three or eight infinitesimal symmetries.
The equations with eight symmetries and only these equations can be linearized by a
change of variables. Lie showed that the latter equations are at most cubic in the first
derivative and gave a convenient invariant description of all linearizable equations. A
similar description of the equations with three symmetries were provided in [51, 52].
Another set of target classes corresponds to the Painlevé equations. Analysis of the
classes of equations corresponding to the first and second Painlevé equations was done in
[53, 54].

For the linearization problem one studies the classes of equations equivalent to linear
equations. The first linearization problem for ordinary differential equations was solved by
S.Lie [49]. He found the general form of all ordinary differential equations of second order
that can be reduced to a linear equation by changing the independent and dependent
variables. He showed that any linearizable second-order equation should be at most cubic
in the first-order derivative and provided a linearization test in terms of its coefficients.
The linearization criterion is written through relative invariants of the equivalence group.
A.M.Tresse [55] treated the equivalence problem for second order ordinary differential
equations in terms of relative invariants of the equivalence group of point transformations.
In [56] an infinitesimal technique for obtaining relative invariants were applied to the
linearization problem.

S.Lie also noted that all second order equations can be transformed to each other by
means of contact transformations, and that this is not so for third order equations.

A different approach for tackling the equivalence problem of second order ordinary
differential equations was developed by E.Cartan [57]. The idea of his approach was to
associate with every differential equation a uniquely defined geometric structure of a cer-
tain form. The Cartan approach was further applied by S.S.Chern [58] to third order
differential equations. Since none of the conditions given in [58] are implicit expressions
that could be used as tests for deciding about the type of the studied equation, in a series
of articles [59, 60, 61, 62, 63] the linearization problem was also considered. Linearization
with respect to point transformations is studied in [59], with respect to contact trans-
formations in [60, 61, 62, 63, 64]. The linearization problem was also investigated with
respect to generalized Sundman transformations [65, 66, 67].

The linearization problem via point transformations

T = gp(t, SL‘), u = w(tam)

for a second-order equation & = F(t,x, %) is attractive because of the simplicity of the
general solution of a linear equation: a linearizable second-order ordinary differential
equation is equivalent to the free particle equation u” = 0. Thus, if one found linearizing

11



transformation, then the general solution of the original equation can be relatively found
casily. Note that for a linearizable equation & = F'(¢,z, &) the value

o = Wt U
I‘:O;r"i_(pt

is a first integral of the equation. Here subscripts mean derivatives, for example, ¢; =
dp/0t, p, = dp/0x and etc... This motivated one to study equations possessing a first
integral of the form
_ dA(tz) + C(t,x)
iB(t,x) + Q(t,z)
Notice that a second-order equation equivalent to the free particle equation via the gen-
eralized Sundman transformation also possesses a first integral of the form (1.11).

The authors of [68, 69, 70] came to the form of first integral (1.11) from the study of
A-symmetries for second-order equations which play a fundamental role. Although the
equation may lack Lie point symmetries, there always exists a A-symmetry associated to
a first integral I = I(t,z, ). Such a A—symmetry can be defined in canonical form by the
vector field v = 0, and the function A = —1,,/I;. When I is of the form

(1.11)

1

I = A 1.12
such a function A is given by
Mt z, i) = (t,2)i* + a(t,z)i + Bt z)T (1.13)
where
v=AC, = —as (1.14)
a=2BC, — A,J/A = —ay — AC, (1.15)
B =(CyB*— B,)JA=—a; +A;//A—2BC,. (1.16)

In this way the study of the ODEs that admit first integrals of the form (1.12) can be
seen as a problem of classification of the ODEs that admit v = 0, as A—symmetry for

some function A of the form (1.13).
The case where C, = 0:

1
TA(t,z) + C(t, x)

[=C(t)+

was studied in [71]. It has to be mentioned here that the case where B = 0 was completely
studied in [70].

We denote by B the class of equations corresponding to the particular case when v = 0
in (1.13). The equations in B are the ODEs of the form

&+ ag(t,z)i® + ay(t, 2)d + ao(t,z) =0 (1.17)

that admit first integrals of the form (1.12) with C, = 0.

A significant subclass of ODEs in B, denoted by A, is constituted by the equations that
admit first integrals of the form A(¢,z)% + B(t,z) (that is, C = 0 in (1.12)). By (1.15),
the equations in A4 are the equations of the form (1.17) that admit v = 0, as A—symmetry
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for some function A = —as® + . According to the results in [70], the coefficients of the
equations in A must satisfy either S; = Sy = 0, where

Si(t, ) = a1, — 2as, So(t, x) = (apas + aoz)s + (a2t — a1)e + (a2 — a1z)ar, (1.18)
or, if Sl 7& O, S3 = S4 = O, where

2
Sg(t, ZL‘) = (g—j)w — (agt — alm), 54(t, ZL‘) = (%)t + (%) + ay (g—j) + [01Y0 ) + apg -

(1.19)
The equations in A such that S; = S5 = 0 constitute the subclass A; and they admit two
functionally independent first integrals of the form A(t,z)% + B(t, z).

Several properties on the linearization through local and nonlocal transformations of
the equations in B have been derived in [72] and [71]. All the equations in A; pass the
Lie test of linearization (i. e. their coefficients satisfy L; = Ly = 0). On the contrary,
none of the equations in A, can be linearized through a local transformation; actually,
there exist equations in A that lack Lie point symmetries (see, for example, equations
(2.6) and (4.12) in [70]).

Although there exist equations (1.17) whose coefficients satisfy L; = Ly = 0 that are
not in 4; (see example 9 in [72]), all of them must belong to B. It is important to remark
that there are equations in B not linearizable through local transformations, apart from
the subclass A, (as the family appearing in example 2.1 in [73]). In order to linearize
such type of equations one has to consider nonlocal transformations of the form

X = F(t,x), dT = (G1(t, z)t + Ga(t, z))dt. (1.20)

The equations in B can be characterized as the unique ODEs (1.17) that can be linearized
through some nonlocal transformation of the form (1.20). When G1(¢,z) = 0 in (1.20),
the equation must belong to A, and conversely. In other words, the equations in A, are
the unique ODEs (1.17) that can be transformed into the linear equation Xrr = 0 by
means of some nonlocal transformation of the form

X = F(t,x), dT = G(t,z)dt. (1.21)

These transformations are known in the literature as generalized Sundman transforma-
tions (see [65],[66], [74, 75, 76, 77, 78] and references therein). Constructive methods to
determine nonlocal linearizing transformations can be derived from the algorithms that
calculate the first integrals ([72], [71]). In particular, local changes of variables that lin-
earize the equations in A; can be determined by just dealing with first order ODEs. We
remark that such linearizing point transformations usually appear in the literature as
solutions of an involutive system of second-order partial differential equations ([79],[80]).

Complete group classification of systems of two linear second-order
ordinary differential equations with constant coefficients

Recent works by C.Wafo Soh [81] have focused on the study of systems of second-order
ordinary differential equations with constant coefficients. The studies deal with symme-
tries of systems of linear second-order ordinary differential equations with two and three
equations are considered. The goal of the present research is to study the symmetry struc-
ture of a system of n, (n = 2,3) linear second-order ordinary differential equations with
constant coefficients. Since a change of the dependent and independent variables does not
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change the structure of the admitted Lie group, the author at first simplify the system,
and then calculate the admitted Lie group of the simplified system using the standard
procedure.

The paper [81] concentrated attention on the system of n equations of the form

% = Mx, (1.22)

where the overdot denotes differentiation with respect to ¢, x is an n-dimensional vector
with complex entries, and M is an n X n matrix with complex entries.
A first simplification of system (1.22) is achieved by using the Jordan normal form J
of the matrix M,
M =P 'JP.

The change u = Px reduces system (1.22) to the system
u=Ju. (1.23)

Next, a simplification of system (1.23) is made for coefficients corresponding to diagonal
blocks of the Jordan matrix J: the authors applied scaling. This step is crucial in both
papers. In fact, in case of a diagonal block of the Jordan matrix J, scaling of the dependent
variables does not change the coefficients of this part of the system. Hence, one can
conclude that scaling is applied to the independent variable. Because the independent
variable is real valued, one can only make a real valued scaling. This allows one to
reduce only one component of a diagonal coefficient: either the real or imaginary part of
the eigenvalue of the Jordan matrix J. Whereas in [81] for any eigenvalue (including a
complex eigenvalue) the corresponding coefficients are reduced to the real number 1. This
means that the author [81] considered in the corresponding cases only real eigenvalues.
Therefore, the results of [81] are not complete. For a complete study one also needs to
study complex eigenvalues corresponding to diagonal Jordan blocks.

It is also worth to notice that from the paper it is unclear how the author calculated
an admitted Lie algebra. In the standard procedure, the dependent and independent
variables are real-valued, whereas the results of [81] are obtained for n complex-valued
dependent variables. Does this mean that the authors considered 2n real-valued equations
for calculating the admitted Lie algebra?

The goal of the present research is to correct the approach applied in [81]. The
approach is illustrated by using a complete study of symmetry structures of systems of two
real-valued linear second-order ordinary differential equations with constant coefficients.
In application of this approach to a system with more than two equations one needs
to take into account that if a real-valued matrix M has a complex eigenvalue, then the
conjugate number is also an eigenvalue. Only systems of two second-order equations are
considered here.

1.2 Objectives

1.2.1 Fluids with internal inertia

The research is focused on the group classification of the one-dimensional equations of
fluids (1.1), where the function W = W (p, p, S) satisfies the conditions Wg,, = 0 and
Ws # 0.
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1.2.2 Applications of group analysis to integro-differential equa-
tions

The Rudenko equation

The objective is to apply the recently developed approach of the group analysis method
for the Rudenko equation. In the present research the objective is to find admitted Lie
group of transformations using the explained above method.

The Boltzmann equation with sources

In the paper [48] the equation for generating function of the power moments of the Boltz-
mann equation solution was considered. However, this equation is still a nonlocal partial
differential equation, and this property was not taken into account there. The objective
of the present research is to apply the group analysis method developed recently for equa-
tions with nonlocal operators, and to make a group classification of the equation for the
generating function with respect to sources.

1.2.3 Application of group analysis to ordinary
differential equations

On first integrals of second-order ordinary differential equations

The objective of this part of the research is to give a criteria of the existence of a first

integral of the form
TA(t,x) + C(t, x)

T iB(tx) + Qt x)

for a second-order ordinary differential equation

i+ ag(t, x)i® + 3aq(t, ¥)i* + 3ay(t, x)i + ao(t, x) = 0.

Complete group classification of systems of two linear second-order
ordinary differential equations with constant coefficients

The objective is to make a complete group classification of systems of two linear second-
order ordinary differential equations with constant coefficients:

% = Mx,

X:(Q?)7 M:<m11 m12)'
Y Ma1 Mg

1.3 Scope of the Work

where

1.3.1 Overall scope and assumptions of the group classification
of fluids with internal inertia

The research is restricted by the study only the case where the function W = W (p, p, S)
satisfies the conditions Wg;, = 0 and Wg # 0.
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1.3.2 Applications of group analysis to integro-differential
equations

Overall scope and assumptions of the study of the Rudenko equation

Since it is difficult to find the general solution of the determining equations (3.10) and
(3.11), the following simplification is considered. One can assume that the determining
equation (3.10) is valid for any functions wu(t, x,y, z) and w(t, x,y, z) only satisfying the
first equation of (1.2). This allows to use standard procedure for solving determining equa-
tions developed for partial differential equations. After solving the determining equation
(3.10), one can use the found solution for solving the integral determining equation (3.11).

Overall scope and assumptions of the study of the Boltzmann equation
with sources

In the project the equation for generating function of the power moments of the Boltzmann
is analyzed.

1.3.3 Application of group analysis to ordinary
differential equations

Overall scope and assumptions of the study first integrals of
second-order ordinary differential equations

The criteria for existence of first integrals of the form

At r) + Ot )
~ @B(t,x) +Q(t,z)

for a second-order ordinary differential equation

i+ ag(t, ©)i® + 3ag(t, v)i* + 3ay (t, x)i + ao(t,x) = 0

only with Ly = 0 is studied.

Overall scope and assumptions of the study of the group classification of
systems of two linear second-order ordinary differential equations
with constant coefficients

In the research we only study systems with two linear second-order ordinary differential
equations with constant coefficients of the form

x = Mx.

1.4 Outcomes of the research

The outcomes of this research are 5 papers in International journals and 1 paper in
Proceedings of International conference with peer reviewing:

1. S.V.Meleshko
Comment on ”Symmetry breaking of systems of linear second-order ordinary differential
equations with constant coefficients”, Communications in Nonlinear Science and Numer-
ical Simulations, 2011, 16(9), pp.3447-3450.
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2. Ibragimov N.H., Meleshko S.V., Rudenko O.V.

Group analysis of evolutionary integro-differential equations describing nonlinear waves:
General model. J. of Phys. A: Math. and Theor., 2011, 44(31), art.no. 315201.

3. P.Siriwat, S.V.Meleshko
Group classification of one-dimensional non-isentropic equations of fluids with internal in-
ertia. Continuum Mechanics and Thermodynamics, 2012, 24:115-148 (DOI 10.1007/s00161-
011-0209-6).

4. Yu.N.Grigoriev, S.V.Meleshko
On group classification of the spatially homogeneous and isotropic Boltzmann equation
with sources. International Journal of Non-Linear Mechanics, 2012, 47, 1014-1019.

5. S.V.Meleshko, S.Moyo, C.Muriel, J.L.Romero, P.Guha and A.G.Choudhury
On first integrals of second-order ordinary differential equations J. Eng. Math. (DOI
10.1007/s10665-012-9590-9)

6. Yu.N.Grigoriev, S.V.Meleshko and A.Suriyawichitseranee
On the equation for the power moment generating function of the Boltzmann equation.
Group classification with respect to a source function. Proc. 6th Workshop ” Group Anal-
ysis of Differential Equations & Integrable Systems” (Protaras, Cyprus, 2012), University
of Cyprus, Nicosia, 2013, pp. 98-110
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Chapter 2

Group classification of
one-dimensional nonisentropic
equations of fluids

with internal inertia

Abstract A systematic application of the group analysis method for modeling fluids with
internal inertia is presented. The equations studied include models such as the non-linear
one-velocity model of a bubbly fluid (with incompressible liquid phase) at small volume
concentration of gas bubbles (lordanski (1960), Kogarko (1961), Wijngaarden (1968)),
and the dispersive shallow water model (Green & Naghdi (1976), Salmon (1988)). These
models are obtained for special types of the potential function W (p, p, S) (Gavrilyuk &
Teshukov (2001)). The main feature of the present research is the study of the potential
functions with Wg # 0. The group classification separates these models into 73 different
classes.

The present research is focused on the group classification of the one-dimensional
equations of fluids (1.1), where the function W = W(p,p, S) satisfies the conditions
Wgﬁ,; =0 and WS 7é 0.

The report is organized as follows. The next section studies the equivalence Lie group
of transformations. The equivalence transformations are applied for simplifying the func-
tion W (p, p, S) in the process of the classification. In Section 3 the defining equations
of the admitted Lie group are presented. Analysis of these equations separates equa-
tions (1.1) into equivalent classes. Notice that these classes are defined by the function
W (p, p,S). For convenience of the reader, this analysis is split into two parts. A complete
study of one particular case is given in Section 4. Analysis of the other cases is similar but
cumbersome. A complete study of the other cases is provided in Appendix. The result of
the group classification of equations (1.1) where Wg,;, = 0 and Wy # 0 is summarized in
Table 2.1. The admitted Lie algebras are also presented in this table.

2.1 Equivalence Lie group

For finding an equivalence Lie group the algorithm described in [82, 45] is applied. This
algorithm differs from the classical one [8] by assuming dependence of all coefficients
from all variables including the arbitrary elements. Since the function W depends on the
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derivatives of the dependent variables and in order to simplify the process of finding an
equivalence Lie group, new dependent variables are introduced:
uz=p,uyg =.9.
Here u; = p, us = u, ug = p and uy =95, x1 = x, x5 = t. An infinitesimal operator X*°
of the equivalence Lie group is sought in the form [45]
X =0y, + ¢y, + ¢V ow,

where all the coefficients ¢¢,¢%, (i = 1,2; j = 1,2,3,4) and ¢ are functions of the
variables x, t, p, u, p, S, W. Hereafter a sum over repeated indices is implied. The
coefficients of the prolonged operator are obtained by using the prolongation formulae:

(Ui = DEC" — ug DEET — uga DECY, (1= 1,2),
Di - az + uﬁ,laUB + (pzWa,l + pra,2 + SxWa,?))aWa’
D§ = 0, + U5,2au5 + (pWana + pWao + SeWo 3)0w,,
where oo = (o, g, av3) and = (51, fa) are multi-indexes (a; > 0), (8; > 0)

(061,0627053>,1 - (Oél+1,0627063), (0417062,063)72: (0617062—'_]_,063), (Oél)Oé27Oé3)73: (061,0627()[3+1)

(B1,62),1 = (b1 + 1, B2), (B, f2),2 = (B, P2+ 1)

9b1+82y, Hortaztas |y
1) = gV eened = o ppmpges
The conditions that W does not depend on ¢, x and u give

szoa CZL“:O? = =0, §33:O7 =0, Cu4:O7 CX/:O7 CX;/:O? (22172)

Using these relations, the prolongation formulae for the coefficients ("= become:
(Mo = DV = W1 DEC™ = Wy DEC™ — W g DEC™, (i = 1,2),
D§ =8, + Wardw,, D=0+ Wasdw,, D=0ds+Wasdw,.

For constructing the determining equations and for their solution, the symbolic computer
Reduce [83] program was applied. Calculations give the following basis of generators of
the equivalence Lie group

X6 =0y, X§=0,, X; =10, + 0y, XS =18, + 20,
Xg = t@t -+ 2p8p — u@u, Xg = aw, X7e = —u@u + pap — Waw + t@t,
X§ = pp(S)0w, X§ = pg(p, S)0w, Xis = h(S5)0s,

where the functions g(p, S), ¢(S) and h(S) are arbitrary. Here only the essential part of
the operators X¢, (1 = 5,6, ...,10) is written.

Since the equivalence transformations corresponding to the operators X¢ , X¢, X7,
X§,X§ and X7, are applied for simplifying the function W in the process of the group
classification, let us present these transformations. Because the function W depends on
p, p and S only, the transformations of these variables are presented:

Xe: p=pe*, p=p S =85 wW'=Ww;

Xe: p=p, p=p S =5 W' =We 2,

Xe: p=pe*, p=p S =5 W' =W + a;

Xg: p=p  p=p =S5 W’ = po(S)a+ W;
Xs: p=p, p=p S=89 W' = pg(p, S)a+W
XleO: p/:p7 p/: ), SIZQ(S7G) W'=Ww;
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Here a is the group parameter.

2.2 Defining equations of the admitted Lie group

An admitted generator X is sought in the form
X =0, + &0, + 0, + ("0 + (505,

where the coefficients &%, &%, ¢?, ¢%, ¢ are functions of (x,t, p,u,S). Calculations showed

that
£ = (kat + k) + kat + ks, & = kot® + (k1 + 2k3)t + k7.

CP = plks — kat), " = kao(—ut + x) — u(ky + k3) + ku,

(% = ¢%(9),
ka(3Wsppp + Wisppp + 3Wp) = 0, (2.1)
—SW,-,,-)S/')CS + 3prp,@2(k§1 + 2/{33 - kg) - ?)Wp'ppppkg (2 2)
+3Wpp(2ks — ki) — pka(3Wss + Wpsop) = 0, '
ko(Wpopspp — Woppp + 3Wﬂpﬁﬁp2 — Wopop +W,,) =0, (2.3)
Qsp<prS —~ Woppsh) = Woppptp*ks — Wopppp(2ky + 2k3 + kg)
+Wopp0? p(k1 4 2ks — ks) + Wppp?ks + W,pp(2ky + 2k3 + ks) (2.4)

2 p(Wopppp® + 5Wippp + 3Wpp) = 0,

ko (Wopsspp® = 3Wopspp + 3Woppsp° 0 — 3Wpsp + 3Wpsp — Wopsp? +3W,sp — 3Ws) = 0,

(2.5)

~Woppspp*ks — 2Wpsppk — 2W ppsppks + Wops ppks + Wpssp°p(2ks + ki — ks)
+pr5p2(k8 — k1 — 2ks) + Wysp(2ky + 2ks — kg) + prsp2k8 + Wosp(2ky + 2k3 — kg)
+W5(k‘8 — 2k — 2]{73) + pka(pr’ps,O + 3pr5) + Cg(—prspp + Wisp+ Wposp — WS)
+CF(=Wopsspp + Wpssp + Wssp — Wss) = 0,

(2.6)
where k;, (i =1,2,...,8) are constant. The determining equations (2.1)—(2.6) define the
kernel of admitted Lie algebras and its extensions. The kernel of admitted Lie algebras
is determined for all functions W (p, p, S) and it consists of the generators

Y;l:ax,}%:at,}%:tam—l—au

Extensions of the kernel depend on the value of the function W (p, p, S). They can only
be operators of the form

ki X1+ ko Xo + ks X3 + ks Xs + (50,

where
X1 = t(?t - Uau - pap,
X3 = 2t0y + 0, — u0,, — 3p0, — po,,
Xg = ,08p + p5p
Since the function W (p, p,S) depends on p, the term with 0, is also presented in the
generators.
Relations between the constants ki, ko, ks, kg and (%(S) depend on the function

W(p, p,S).
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2.3 Case ky #0

If ko # 0, then equation (2.1) gives
SWipph + Wippp + 3Wsp = 0.

The general solution of this equation is

W(p,p,S) :p39(275)+§00(P,S), (27)

where z = pp~3. Substituting (8) into (4), one obtains

PLoppp — Popp = 0.

The general solution of this equation is
po = p°u(S) + pI(S) + J(9), (2:8)

where without loss of the generality by virtue of the equivalence transformation corre-
sponding to the operator X, it can be assumed that I(S) = 0. Equation (6) gives that
J' = 0. By virtue of the equivalence transformation corresponding to X, it can also be
assumed that J = 0. Substituting the obtained W into (2.2) and splitting it with respect
to p, one obtains g... = 0 or g = ¢5(S5)2?%, where @y # 0. Notice that the linear part of
the function (5 is also omitted because of the equivalence transformations corresponding
to the generator X§. The remaining part of equation (2.2) becomes

05¢% — 209 (ks + ks) = 0. (2.9)
If ), =0 or gy = q # 0, then k3 = —ks and equation (5) becomes
1WCS + 2k = 0. (2.10)

For i/ = 0 the function W does not depend on S. Since this case has been studied in
[14], it is excluded from further study in the present research. Thus, one has to assume
that p/ # 0. From (2.10) one gets (¥ = —2k;u/p/. Changing the entropy S = u(S), one
has

W(p, p,S) = Z—z + S,
and the extension of the kernel is given by the generators
X, —250;, Xy, X3— Xg.
In the final Table 1 this is model M;, where the tilde sign is omitted.
If ¢y # 0, then from (2.2) and (2.9), one obtains

¢F = QQp—,Q(ki*» + ks),

i)
/J/(pg(k’:g + ]Cg) + (,OIQ,U/(]ﬁ + ]{73 + /{38) =0. (211)
If 1o # 0 then, the last equation defines
/
k= — (ks + ke) (1 + 2222, (2.12)

©5
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Differentiation (2.12) with respect to S gives

'z
(ks + ks)( ,2)’ = 0. (2.13)
/
It (/;:00/2)/ =0 or = @5, then the general solution of equations (2.1) - (2.6) is
2

-2
o P 5
W(pu P, S) = ES + Q1035k7
where S = ©2(S). The extension of the kernel is given by the generators

Xy, X3—Xs, Xs— (k+1)X; + 250

In the final Table 1 this is model Ms.

/
If ('M—SO/Q)' # 0, then the general solution of equations (2.1) - (2.6) is
2

22
PG : =
Wip.p,5) = 55+ pPu(S), (u# asSh),
and the extension of the kernel is given by the generators
X9, X3 — Xs.

In the final Table 1 this is model Ms.
If £ =0, then

P e
W(pa P S) = ES7
and the extension of the kernel is given by the generators
X1, X, Xs— Xs, Xs+250;.

In the final Table 1 this is model My.

Remark. The last two cases do not satisfy the restriction W;;s # 0 announced in the
title. For the case where ky # 0 it is not necessary to separate the study into the cases
Wsss # 0 and Wy,5 = 0. Whereas for the analysis of the case where ky = 0, one needs to
make this separation.

2.4 Results of the group classification

The result of the group classification of equations (1.1) is summarized in Table 2.1.
The linear part with respect to p of the function W(p, p, S) is omitted. The equivalence
transformation corresponding to the operator X7, is also used. This transformation allows
one to simplify the dependence on entropy of the function W(p, p, S).

The first column in Table 2.1 presents the number of the extension, forms of the func-
tion W(p, p, S) are presented in the second column, extensions of the kernel of admitted
Lie algebras are given in the third column, restrictions for functions and constants are in
the fourth column.
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Table 2.1: Group classification

w(p, p,S) Extensions Remarks
My qop_°p° +p°S X1 —2S0s, X3, X3-—Xg
My | p=3p°S + q1p°8% Xy, X3—Xg, Xg—(k+1)X; +259g
Mz | p=3p%S + p>u(S) X2, X3—Xs u # q1SF
My | p3p%S X1, X3, X3-—Xs, Xs+259s
Ms | (p,p)+ 3 95
Ms | o(p)p> +S dg, X1 —2809g
My | o(p)p”> +n(p) +S ds n" #0
Mg | w(p)p*> +n(p)S X, — 25895 n” #£0
My | p(p)pIn[p[+3S X3 — 2505, 95
Mio | w(p)pn|pl+n(p) + S 9s n"” #0
M1 | e(p)pln|pl 4+ n(p)S X3 — 2595 n” #0
M2 (q1p+q0)In|p| + n(p) + S X3 — X1, 9s 95+ 491 #0
Miz | e(p)In|pl+n(p) + S 9s P #0
Mg | (q1p+4q0)In|p| + h(p, S) X3 — X1 (a5 + a1)hpps # 0
Mis | e(p)(nfp|+ S) +n(p) + g2 X3 — X1+ 95 " #0
Mg | ¢(p)p"T2+8 kX3 —2(k + 1) X3 +2(k +2)S8g, g k(k+1)(k+2) #0
Miz | o(@)p" >+ n(p) + 5 ds n” #£0
Mis | 00" +n(p)S kX3 —2(k + 1) X1 + 2(k +2)S9g n” #0
Mg | p g(pp"™) +n(p) + S ds
Mao | 9(pp™) + a1 + 8 —2kX1 + (2k + X3 +2X5, Os
M1 | pg(pp™) +aiplnp+ S (k+1)(X3 —X1) + Xg+ 505, 9s
May | p*g(pp®) + 8 —2(k+X) X1 + (2k + A + 1) X3
+2Xg 4+ 20\Sdg, g AA—1) #0
Mz | g(ppF) + Snp —2kX1 + (2k + 1) X3 + 2Xg
Maa | pa(pp®) + Spinp (k+1)(X3 — X1) + Xsg
Mas | p*(g(pp™) + 8) —2(k + N X1 + (2k + A + 1) X3 +2X3 AA-—1D #0
Ms | 9(pp™) + Q(pS) + q11n S —2kX; + (2k+ 1) X3 + 2Xg — 2595
My7 | p*9(60") + Q(pS) —2(k+ M) X1 + (2k+ X+ 1) X3 + 2Xg — 2595 A#0
Mas | qopp™In|pl+ S X3 — 2895, Xs — AX1+ (2\+1)Sdg, s
Mag | qopp™ In|pl +n(p) + S 2Xg —22X1 + (A —v — 1) X3 +2(v+2)S9s, 95 | n”' =qip¥ #0
Mso | gopp™In|p| +n(p) + S ds n" #aqp”, n” #0
M3y | gopp™ In|p| +n(p)S X3 — 2595 n"” #0
Mszy | qopp  Inlp| + Splnp X3 — 2505, —AX; + X35 + 2505
Mss | qopp™In|p|+ S(plnp+q1) X3 — 2S9s a1 #0
M3a q0pP> In|p| + Splnp+galnS 2(Xg — AX1 + AX3) + X3 — 2509 g2 #0
Mss | gopp™ In|p|+ Splnp + g2 S 2(1 — a)(Xg — AX1 + AX3) + X3 — 2595 gra(a—1) #0
Msze | qopp™ In]pl + S(np + a1) X3 — 2505
M3y q0pp™ In|p| + S(np+4q1)+aSInS —2XaX1 4+ (2ax+ 1) X3 + 2aXg + 2(a — 1)S0g a #0
Mss | qopp™In|p| + Sp” ™2 X3 — 2505, —AX1+ Xs + (2A —v — 1)Sdg (v+2)(v+1) #£0
Mo | qopp™ In[pl + S(0"F2 + a1) X3 — 25805 a@+2)(v+1) #0
Muo | qopp™In|pl+ Sp”T2 +q InS —2AX1 + (22 + 1) X3 + 2Xg — 2(v + 2)Sdg (v +2)(v+1)#0
Mar | qopp” In|pl + Sp" T + 425 2X(a — DX + (a(v +1—2)) +2X + 1) X3 (v+2)(+1) #0,
+2(1 — a)Xg — 2(v + 2)S9g goa(a —1) #0
Mys | gopp*In|pl +9g(pS) +g21n S —22X; + (2A + 1) X3 + 2X3g — 2595
Mas | gopp In|p| + p”g(pS) + a2S~" —2XX1 + (2X — v + 1) X3 + 2X5 — 2505 v#0
Mas | p*(a1 + g0 In(p”[p)) + S —2(A+ 1) X1 + (A + 20+ 1)X3
+2Xg 4+ 2AS90g, Og
Mys | qop> In|pl+n(p) + S ds n # p>(q1 + a2 1np)
Mg | qop™In|p| +n(p) + S X3 — X1, 9g n" #qp 2,
A(A—1)=0
My7 | gop” In(|plp”) + S X3 — X1, (1-XNX; +2Xg+2)259g, Ig AA-1)=0
Mys | goln|p|+ Slnp + f(S) X3 — X4
Myg p(go1n|p| + S1np) + f(S) X3 — X3 fT#0
Mso | p(goln|p| + Slnp) X3 — X1, Xs
Ms1 | goln|pl+¢(pS)+a1lnS X3 — X1, X1 +2Xg —2539g (z6(x))" #0
Msz | p(goIn gl + ¢(pS)) + a1 5" X3 — X1, Xs—S0s (z0(2)")" #0
Mss | p*(qoIn|p| + 6(pS)) + £(S) X3 — X1 A(A—1) =0,
(Sf' +Xf) #0,
(z¢(x))" #0
Mssa | qop”(In|pl +S) +n(p) +a1S X3 — X1+ 9s AN —=1) #0,
0 #p*"2(vInp + qp)
Mss | qop™(n(1plp") + S) + q1p™ X3 — X1 + 95, AA—1) #0
2\ — 1)X1 +2Xg — (A 4 2v + 1)dg
Mse | qop™(In([plp”) + S) + a1p™ + a2S X3 — X1+ 95 g@2A(A—1) #0
Ms7 | qop” (In(|plp”) + S) + q1p™ + g2e” —2(k(A +v) + XN) X1 + 26Xg + 2005 a@2A(A = 1) #0
+(2/\ —+ A(A —+ 2v 4+ 1))X3
Mss | aop™(n(1pp") + 9(pS)) + a2S~ -2\ +v)X1 + (A +2v + 1) X3 + 2Xg — 2595 AN —1) #0,
(g ()" #£0
Msg | q0p™p" T2 +n(p) + S —2(2k + A+ 2+ (k + v) X (k+1)(k+2) #0,
+(kv + 3k 4+ 2X + 2) X3 7 =qup¥ #0
+2(k + 2)(Xg + (v + 2)S08g, 0Os
Mo | 00" T2 +n(p) + S ds (k+1)(k+2) #0,
n'" #aqp”,n” #0
Mgy | q0p™p* T2+ S 2(k + 1)X1 — kX3 — 2(k + 2)S9g, (k+1)(k+2)#0
(E+X+1)X3+2(k+1)Xg —2AS0g, 9g
Mgz | aop”p" T2 +g(pS) +a21n S —2XX1 + (k42X +2) X3 + 2(k + 2)(Xg — S95) (k+1)(k+2)#0
(29’ (z))" #0
Mgz | aop” "2 + p"g(pS) + ¢28~7 —2(v(k+1) + M) X1 + (k(v + 1) + 2X + 2) X3 v(k+1)(k+2) #0
+2(k + 2)(Xg — S9g) ("' N £0
Mes | qop™ " T2 + Sn(p) 2(k + 1)X1 — kX3 — 2(k + 2)S9g (k+1)(k +2) #0,
n' #aqp”, 0" #0
Mgs | qop™p" T2 + S(In(pSP) + q2) 2(k+1—BN)X1 + (B(k+2X+2) — k) X3 (k+1)(k+2)#0
+2(k + 2)(BXs — S95s)
Mes | q0p™p" T2 + pIn(p)S 2(k +1)X1 — kX3 — 2(k 4 2)S9g, (k+1)(k+2) #0

2A(X3 — X1) + (k +2)(X3 + 2Xg — 2505)

23




Table 2.1. Continue

(k+ A+ 1)Xs +2(k + 1)Xg
—2(\ + v(k + 1))Sdg)

w(p, p, S) Extensions Remarks
Mgz | a0p™ " T2 + S(pIn(p) + az2) 2(k+1)X1 — kX3 —2(k+2)S0s q2 # 0,
(k+1)(k+2)#0
Mes | q0p™p* T2 + Splnp+gaIn S 2X(X3 — X1) + (k +2)(X3 + 2Xg — 259g) q2 # 0,
(k+1)(k+2)#0
Mey | a0p” T2 + S(plnp+ q25°) 28k + A+ 1) + k+ 1)(X3 — X1) Baz # 0,
—(k+2)X3 +2(k+2)(BXs + S95) (k+1)(k+2)#0
Mr7o | qop>p*T2 + Sp” 2(k + 1)X, — kX3 — 2(k + 2)Sdg, v

Z0,
(K+1)(k+2) #0

Mrz1 | a0p™ "% 4+ S(p” + a2) 2(k +1)X1 — kX3 — 2(k + 2)S9g q2 # 0,
(k+1)(k+2) #0
Mrzz | q0p™p* T2 + Sp” + q21n S 2M(X3 — X1) + (k + 2)(X3 + 2Xg — 2v50g) g2 # 0,
(k+1)(k+2)#0
Mzs | aop”p" T2 + S(p” + q257) 261 + vk + 1) + v(k + 1)(X5 — X1) 928 # 0

—(k+2)(Bv — B+ v)X3 (k+1)(k+2)#0

+2(k + 2)(BXs + vSdg)

2.5 Appendix. Case ky =0

For further study the knowledge of (°(S) plays a key role. For example, for ky = 0
equation (2.2) becomes

WipsC™ = Wapppky + 2ks(Wppp + W) — ks(Wapop + Woppp + Wp). (2.14)
In the present research we study the case where
prs = 0.

By virtue of the equivalence transformation corresponding to the generator Xg, the
general solution of the equation Wy, = 0 is

¢(p, p) + h(p, S),

where ¢,hg # 0. Since for ¢;;, = 0 equations (1.1) are equivalent to the gas dynamics
equations, it is assumed that ¢,, # 0. Equation (2.14) reduces to

W(ﬂ, pa S) =

kla + kfgb - k‘gC = 0, (215)

where
a = Pbpppy b =2(pPppp + Dip)s €= —(DPppp + PPysp + Dpp)-
In the further study the following strategy is used. Notice that equation (2.4) is linear
with respect to ¢ with the coefficient h,,s, i.e.,

s <S =4

with some function A = A(p, p, S) which is independent of ¢°. If h,,s = 0, then due to
equivalence transformations one can also assume that

h(p,S) = n(p) + p(S),

where p/ # 0. In this case equation (2.6) leads to

(% = (—2kypu — 2k + ks + co) /11,
where ¢ is an arbitrary constant. The admitted generator takes the form
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where S = 1(S). Remaining equations are (2.2) and (2.4). The relations between con-
stants k;, k3 and ks depend on the functions n(p) and ¢(p,p). If h,,s # 0, then the
function ¢* is defined by equation (2.4). In this case one needs to satisfy the system of
equations (2.2), (2.6) and the condition that (¥ = ¢3(S).

The analysis of the relations between the constants ki, ks and kg, follows to the
algorithm developed for the gas dynamics equations [8]: the vector space Span(V'), where
the set V' consists of the vectors (a,b,c) with p, p and S are changed, is analyzed. This
algorithm allows one to study all possible subalgebras without omission.

2.5.1 dim(Span(V)) =3

If the function W (p, p, S) is such that dim(Span(V')) = 3, then equation (2.15) is only
satisfied for
kit =0, ks=0, ks=0.

In this case equations (2.4) and (2.6) become
C%hpps =0,  C5(phys — hs) + ¢°(phpss — hss) = 0.

Since for (¥ = 0 there are no extensions of the kernel of admitted Lie algebras, one has
to consider ¢ # 0. The general solution of the first equation, after using the equivalence
transformation corresponding to the generator X, is

h = p(S),

where 1/ # 0. The general solution of the second equation is ¢* = ¢/y/. Hence

W(P, pa S) = ¢(p> p) + S7
and the extension of the kernel is given by the generator
Og,

where S = ;(S). In the final Table 1 this is model M.

2.5.2  dim(Span(V)) =2
There exists a constant vector («, 8,7) # 0, which is orthogonal to the set V:
aa + Bb+ e = 0. (2.17)
This means that the function ¢(p, p) satisfies the equation
(@ + 28 4+ 7)pbppp + 10Pisp = — (28 + 1) Dpp- (2.18)
The characteristic system of this equation is

dp Cdp dey

@1 28175 9 2B+ (2.19)

25



Case 7 =0

Because ¢,;, # 0 and («a,3,7) # 0, one has that o + 28 # 0. The general solution of
equation (2.18) is

bpp = P(p)A", (2.20)
where @(p) # 0 is an arbitrary function and k& = 28/(a + 2f). Since dim(Span(V)) =0

for (p@’ /@)’ = 0, one has to assume that (pg’' /@)’ # 0.
Substitution of (2.20) into (2.15) gives

The case kg # 0 leads to (p@' /@)’ = 0. Hence, ks = 0 and equation (2.21) becomes
k,’(k’l + 2]{33) + 2ks = 0. (2.22)

Let & = 0. Due to equation (2.21) one gets k3 = 0. Integrating (2.20), one finds
¢ = ¢(p)p*. Equation (2.4) becomes

RppsC® + 2,k = 0. (2.23)

Assume that h,, = 0, this means that after using the equivalence transformation
corresponding to the generator X§, one has that h = u(S), where i/ # 0. Equation (2.6)
after integration gives

¢ = =2kwpu/ 1 + o/,
where ¢ is a constant of the integration. Thus,

Wi(p, p,S) = ¢(p)p* + 5.

and the extension of the kernel is given by the generators

0s, Xy — 250

where S = 11(S). In the final Table 1 this is model M.

Assume that h,, # 0. For the existence of an extension of the kernel, equation (2.23)
implies that h(p,S) = n(p)u(S) + u2(S), where un” # 0. In this case equation (2.4)
becomes

(/¢ + 2kypu = 0.

If 4/ = 0, then p # 0, k; = 0 and equation (2.6) gives (% = co/py. Thus,
W(p, p,5) = (p)p* +n(p) + S,
and the extension of the kernel is given by the generator
g

where S = 115(S). In the final Table 1 this is model M;.
If 4/ # 0, then ¢¥ = —2ku/y/, and equation (2.6) gives

(ha/1) = 0.
Hence, without loss of generality one can assume that ps = 0. Therefore,
Wi(p, p,S) = @(p)p* +n(p)S.
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and the extension of the kernel is given by the generator
X, — 250;,

where S = 11(S). In the final Table 1 this is model Ms.
Remark. In the cases where p/ # 0 one can assume that ps(S) = f(u(S)). This

simplifies calculations.
Let k # 0. Equation (2.22) gives

ky = —2k3 .

The function ¢(p, p) is obtained by integrating equation (2.20). The integration depends
on the value of k.
Let k = —1, then

¢ = p(p)pIn|pl. (2.24)
Substituting (2.24) into (2.4), one obtains
C®Rpps + 2k3h,, = 0. (2.25)
If h,, =0, then h = p(S) with x/ # 0, and equation (2.6) leads to

(% = —2ksp/p + cof .
Therefore, . .
W(p, p,S) = e(p)pIn|p| + 5,
and the extension of the kernel is given by the generators

X3 —250;, Og

where S = p1(S). In the final Table 1 this is model M.
If h,, # 0, then

h(p,S) = u(S)n(p) + wa2(S), (un" #0).

Equation (2.4) becomes pi/¢% + 2ksu = 0.
If 4/ = 0, then p, # 0, k3 = 0 and equation (2.6) gives (% = co/py. Thus,

Wi(p, p,S) = ¢(p)pIn|p| +n(p) + S,
and the extension of the kernel is defined by the generator
Jg,

where S = 115(S). In the final Table 1 this is model M.
If 4/ # 0, then
¢F = —2ksu(S) /1.

Similar to the case k = 0, equation (2.6) gives o = 0. Therefore

W(p,p,S) = w(p)pln|p| +n(p)S, (0" #0),

and the extension of the kernel is given by the generator
X3 — 250;,
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where S = w(S). In the final Table 1 this is model My;.
Let k = —2, then

¢ = o(p)In|pl. (2.26)

Equation (2.4) becomes
CshppS - k?’()@” =0 (2.27)

Assuming that h,,s = 0, one has
h(p, ) = n(p) + p(S),
where y/ # 0. Equation (2.6) leads to

¢ =co/t. (2.28)

Therefore

W(p, p, S) = ¢(p) || +n(p) + S,
and (a) for ¢” = 0, one has two admitted generators
X3 — Xy, 0z
(b) for ¢" # 0, there is the only admitted generator
3.

Here S = ;1(S). In the final Table 1 case (a) is model M, and case (b) is model Mys.
Assuming that h,,s # 0, one has
/"

s 4
=k .
¢ s

Notice that here k3 # 0, otherwise there is no an extension of the kernel of admitted Lie

algebras. Hence,
<)0//
( ) =0. (2.29)
hppS o

If ¢” =0, then equation (2.6) is also satisfied. Therefore there is the only extension

X3 - X17

and

Wi(p, p,S) = (q1p + ) In|p| + h(p, S),

where (g2 + ¢?)h,ps # 0. In the final Table 1 this is model M.
If " # 0, then equations (2.29) and (2.6) give

h(p,S) = w(p)u(S) + nlp) + qapu(S),

where y/ # 0. Therefore,

W(p,p,S) = p(p)(In|p| + ) +n(p) + @S, (¢" #0),
and the extension of the kernel is

X3 — X; + 03,
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where S = w(S). In the final Table 1 this is model Mys.
Let k(k + 1)(k + 2) # 0 in (2.20), then

¢ = p(p)p*? (2.30)
Substituting (2.30) into (2.4), one obtains
C%hgppk — 2ks(k + 2)h,, = 0. (2.31)
If h,, = 0, then one can consider that h = u(S), where 1/ # 0. Equation (2.6) is

k—+2
CSZQkB( - )M/N/+CO/M/-

In this case

W(p,p,S) = " p(p) + 5,
and the extension of the kernel is given by the generators

kX3 —2(k+1)X;, + 2(k + 2)585, Og,

where S = ;(S). In the final Table 1 this is model Myg.
If h,, # 0, then for an existence of an extension of the kernel, equation (2.31) requires
that

h(p,S) = n(p)u(S) + pa(S),
where un” # 0. Equation (2.31) becomes
'k — 2ks(k +2)p = 0.

If i/ = 0, then pf, # 0, k3 = 0 and equation (2.6) gives ¢° = co/py. Thus,

W(p, p,S) = §*0(p) +1(p) + 5, (1" #0).
and the extension of the kernel is given by the generator
Og,

where S = p2(S). In the final Table 1 this is model M.
If ¢/ # 0, then
k+2
CS — 2k3( - )M///,

Similar to the case k = 0, equation (2.6) gives ps = 0. Therefore,

W(p.p,S) = §**0(p) +1(p)S, (1" #0),
and the extension of the kernel is given by the generator

kX3 —2(k+1)X; +2(k + 2)585,

where S = 11(S). In the final Table 1 this is model Ms.
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Case v # 0.

In this case the general solution of (2.19) is

o=p'g(z), (9" #0), (2.32)

where 2z = pp*, k= —(a+28)/y—1, A= 2(8+ a)/v + 1. Substituting ¢ into (2.14), one
obtains .
29" ko + ¢"ko = 0, (2.33)

where kg = ky + 2k; — ks(k + 1) and ko = 2k; — ks(2k + X + 1). If kg # 0, then
dim(Span(V)) < 1, hence, ky = 0 and ky = 0, which mean that

Equation (2.4) becomes
gshspp + kS(Phppp - (A= 2>hﬂp) = 0. (2.34)
Assume that h,,s = 0 or
h(p, S) = n(p) + p(S),
where 1/ # 0. Equation (2.4) and (2.6) become, respectively,
ks(pn™ — (A =2)0") =0, (%= kshu/p' + co/i"
If p”" — (A —=2)n" # 0, then kg = 0. Thus,

W(p,p,S) = p*g(pp") +n(p) + S,

and there is the only extension of the kernel of admitted Lie algebras corresponding to
the generator

g

where S = w(S). In the final Table 1 this is model Myy.
If o — (A =2)n" =0 or

qp A=0,
n=14 @aphnlp), A=1,
ap’, AA—=1) #0.

Then, . )
W(p, p.S) = pg(pp") +n(p) + S,
and the extension of the kernel of admitted Lie algebras corresponding to the generators

1S
2k+ A +1
—(IH—)\)XNL%

where S = 1(S). In the final Table 1 these models correspond to Mag-Mas.
Assume that hg,, # 0 in (2.34), then

CS = —ks(Phppp — (A = 2)hyp) [R5 pp-
Since (¥ = ¢°(9), one has

X3+ Xg + A\S93, 05,

= H(S), (2.35)



and (¥ = kgH(S).
If H =0, then the general solution of (2.35) is

hpo(p, S) = 1(S)p* 2. (2.36)

Hence,
h(p, ) = u(S)n(p) + na2(S),
where 1/(S) # 0 and

In p, A =0,
n=1< pln(p), A=1,
2 A=) £0.

Equation (2.6) gives

ks (M + 1 (p*n" = XMpn = n))) = 0.

This equation leads to: (a) if A = 0, then kg = 0, (b) if A # 0, then ubks = 0. Hence,
an extension of the kernel of admitted Lie algebras occurs for A # 0. In this case u, = 0,
which allows one to assume that py = 0. Thus,

W (p, 5, S) = p*g(pp*) + Sn(p),
and the extension is given by the generator
(2k+A+1)

2

In the final Table 1 these models correspond to Mayz-Mos.
If H # 0, then equation (2.35) leads to

—(k+NX; + X+ X

h:pAQ+M27
where p = pu(S), p2 = f(u(9)), @ = Q(2), 2 = pu and p’ # 0. Here H(S) = p/p’ # 0.

Substitution of
W(p, p,S) = p*g(pp") + p7Qpi(S)) + f(1(S))
into (2.6) gives
pf"+ A+ 1)f =0.
Hence,
f/ — Cuf()\Jrl).

Integration of this equation depends on A:

_ qi In M, A= 07
“2_{ qpt, A#£0.
Thus, . B 3
A=0 : W(p,p,S)=g(pp") +Q(pS) + ¢ 1n S,
AA£0 + W(p,p,S) = pMg(pp®) + Q(pS)).
The extension of the kernel is given by the generator

(2k+X+1)

—(/{:+>\)X1+ 5

X3+ Xg — 5*85,
where S = w(S). In the final Table 1 these models correspond to Mag-Msy.
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2.5.3 dim(Span(V)) =1
Let dim(Span(V')) = 1. There exists a constant vector («, 3,7) # 0 such that
(a’ b7 C) = (a7 /877)B

with some function B(p, p,S) # 0. Since ¢;, # 0, one has 8 — 2a # 0, and

Popp = APpps PPpsp = kg,

where
Pl S AL
B — 2« b — 2«
These relations give
bpp = 190", (2.37)

where ¢; # 0 is constant. Equation (2.2) becomes
kik + 2ks(k+ 1) — ks(k+ A+ 1) = 0. (2.38)

Integration of (2.37) depends on the value of k. Notice that k? + A\? # 0, otherwise
dim(Span(V)) = 0.

Case k= —1.
Integrating (2.37), one obtains
¢ = qop’pInp|. (2.39)
Equation (2.38) gives
kl = —)\kg,
and equation (2.4) becomes
hSpp<S - _2k3hpp - kS(Phppp - hpp(Z)‘ - 1)) (2'4())

Assuming that hg,, = 0 or

h(p,S) =n(p) +p(S), (1 #0),

equation (2.40) is reduced to the equation
,077///]{38 - (/{38(2)\ - 1) - 2]{33)77// =0. (241)

The general solution of equation (2.6) is

Co

¢S = (ks(2A + 1) — 2@,)5 +2

17

where ¢y is an arbitrary constant.
If n”” = 0, then without loss of the generality one can assume that n = 0. Equation
(2.41) is satisfied. Thus, ) )
W (p, p,S) = qopp n|p| + S,

and the extension of the kernel of admitted Lie algebras is defined by the generators
X3 — 2805, Xg —AX; + (2A+1)50;, 03,

32



where S = 14(S). In the final Table 1 this model corresponds to Mas.

If n” # 0, then
1 n
kg,:kg(A———p"). (2.42)

Because k3 is constant, one has

Assume that

or " = qp¥, where v is constant. Substituting " into (2.42), one gets
1
k;gzkg(A—”; >

W(p,p,S) = qopp™In|p| +n(p) + S, (1" =aqp", @ #0),

and the extension of the kernel of admitted Lie algebras is defined by the generators

Thus

2Xg — 20X, + 2\ — v — 1) X3 +2(v + 2)S05, O,
where S = w(S) and ¢ # 0. In the final Table 1 this model corresponds to Mag.
If
pn/// /
( n’ ) 70
W (p, p,S) = qopp™ In |p| + n(p) + S,

and the extension of the kernel of admitted Lie algebras is defined by the only generator

then kg = 0,

dg.

In the final Table 1 this model corresponds to Msg.
Assuming that hg,, # 0, equation (2.40) gives

— 20 —1

CS — ks Pop - ksphppp hpp( A ) (2.43)
hSﬂﬂ hSﬂﬂ
Differentiating equation (2.43) with respect to p, one obtains
— 20 —1

2y (—hp" ) + ks (php"” g0 (22 >> — 0. (2.44)

hspp P Rspp P

If <:S—”p”p>p =0, then h = n(p)u(S) + f(u(S)), and equation (2.44) becomes
pn/// /

NCam .

Here u/'n" # 0.

33



TI//

111 /
If <p" > # 0, then kg = 0. Equation (2.6) gives

f(p) = cop. (2.46)
Changing the function n such that n 4+ ¢y — 7, one obtains
W(p, p,8) = qopp™ I |p| +n(p)S, (0" #0),
and the extension of the kernel is given by the only generator
X3 — 250;,

where S = 11(S). In the final Table 1 this model corresponds to Mas; .

m\ !
It (077 ) =0, then 1" = p”, where v is constant. Further study depends on v.

/!
If v = —1, then
n=plnp. (2.47)
Substitution of (2.47) into (2.6) gives

2(ks — Mes)(f'n = f) = (c1 = ksf), (2.48)

where c; is a constant of the integration.
Assume that f'u — f =0, then f = ¢, and equation (2.48) becomes

qQrksp = c1.
Because ' # 0, one obtains ¢1kg = 0 and ¢; = 0. If ¢; = 0, then
W(p,p,S) = aopp™ I |p| + Spln p,
and the extension of the kernel is given by the generators
X3 — 2805, —AX| + Xz + 2\S50;,

where S = w1(S). In the final Table 1 this model corresponds to Msy. If ¢ # 0, then
ks = 0. Thus, ) )
W (p, p,8) = qopp* I |p| + S(plnp+a1), (a1 #0),

and the extension is given by the only generator

In the final Table 1 this model corresponds to Mss.
If f'u— f =0, then
c1 —ksf

Differentiating the last equation with respect to u, one gets
cp—k '
(bt g
fru—f

co(f'u—f)=c1—ksf,

or
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where ¢ is constant. Notice that if ¢y = 0, then an extension of the kernel only occurs
for kg # 0. This means that f = const which is without loss of generality can be assumed
f =0, and then f'u— f = 0. Hence one has to assume that ¢y # 0. This implies that

f/M—OZfZCI:%,

where kg = ¢o(1—a) and ¢; = ¢pgs. Notice that by virtue of the equivalence transformation
corresponding to the generator X¢ one can assume that ags = 0. We also note that for
a = 1 one obtains kg = g3 = 0, which prohibits an extension of the kernel. Hence, o # 1.
The extension of the kernel of admitted Lie algebras is given by the only generator

2(1 — Oé)(Xg - /\X1 + )\Xg) + X3 - 25’83,

where . . ~
W(p, p,S) = qopp* In|p| + Splnp + f(5),

S = p(S) and

5 @2 In(S), a=0;
3) — "
15 { ¢25°, ala—1) #£0.
In the final Table 1 these models correspond to M3, and Mass.
If v =—2,then h = p(S)Inp+ f(u(S)). Integrating equation (2.6), one has

(2ks — (A + Dks)(f — f) — phks = a1, (2.50)

where ¢; is a constant of the integration. If f'u— f =0 or f = ¢ u, then kg = 0, and
c1 =0, and 3 5

Wip,p,S) = qopp* In|p| + S(np + q1). (2.51)
The extension of the kernel in this case is given by the only generator

X3 — 2505

In the final Table 1 this model corresponds to Msg. If f'uu— f # 0, then

C1 +,UJ€8
2ks = A+ 1)ks + ———,
o= A DR
and, hence,
(C1—|—]€8,u>, —0
wf' = f
or

co(pf' — f) = c1 + ksp,

where ¢ is constant. Notice that if ¢ = 0, then kg = 0, and there is no an extension of
the kernel of admitted Lie algebras. Hence, ¢y # 0, and

fu—f=a+ap,
where kg = coar and ¢; = cgq3. The general solution of the last equation is
f=apn(p) + g —gs.
Thus, the extension of the kernel of admitted Lie algebras is given by the generator

—2Xa X + (20) + 1) X5 + 2aXg + 2(a — 1)50;,
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where . . B R
W(p,p,S) = qopp* In|p] + S(Inp + q1) + aSIn(S),

and S = u(S). Notice also that the previous case (2.51) is included in the present case
by setting a = 0. In the final Table 1 this model corresponds to Ms;.
Let (v +1)(v +2) # 0, then h = p**2u(S) + f(u(S)), and equation (2.6) gives

(2hs — (22— v — k) (f — f) + (v +2) fhs = cx. (2.52)
If f'u—f=0or s =qu, then
(Vv +2)uqiks = ci.
Because (v 4 2)u’ # 0, one obtains that ¢iks = 0 and ¢; = 0. If ¢g; = 0, then
W(p, p,S) = aopp™ I |p| + Sp" 2,
and the extension of the kernel is given by the generators
X3 — 2505, —AX; + X+ (2A — v —1)50;,

where S = 11(S). In the final Table 1 this model corresponds to Mas.
If ¢ # 0, then kg = 0. Thus

W(p,p,S) = qopp* W |p| + S(0"** + 1), (a1 #0),
and the extension of the kernel is given by the only generator
X3 — 2505
In the final Table 1 this model corresponds to Msg.
If puf' — f #0, then

C1 — (l/ + Q)f]{?g

2ka = (2N — v — 1k +
2= s+ = ¢

and, hence,
C1 — (V+ 2)fk58 —
wf' = f N
where ¢ is constant. Notice that if ¢y = 0, then an extension of the kernel only occurs
for f = const, whereas by virtue of the equivalence transformation corresponding to the
generator X< one can assume that f = 0, and then f'u — f = 0. Hence, ¢y # 0, and

f'u—af =g,
where
1—«a
v+2
Here, as in the previous case, one has to require that a ¢ 1. Hence,

c1 = oGz, ks = co

W(p, p,S) = qopp™ I |p| + Sp"** + £(9),

and the admitted generator is

20— 1DX; 4+ (a(v +1—=2\) + 22+ 1) X3+ 2(1 — a)Xs — 2(v + 2)S0g,
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where

f _ { QZl}l(S)’ a = O;
725, ala—1) #0.

In the final Table 1 these models correspond to Myq and My;.
h
Returning to (2.44), if (%) # 0, then equation (2.44) gives
P

Spp
s = — ks (Phppp _}?pp@)‘ - 1)) / (:ﬂ) .
Spp p Sep/ p
Thus,
(Phppp — hpp(21 — 1)) / (%) = const
hspp P o P
or

Phppp — Hhspp = kol

(2.53)

where kg is constant and H = H(S) is some function. Notice that for H = 0 one has the

h
contradiction (i> = 0. Hence, H(S) # 0. The general solution of the last equation
P

Spp
(up to an equivalence transformation) is

h(p,S) = p"g(pu(S)) + f(u(S)),

where /' # 0. Equation (2.6) becomes
pf"+w+1)f =0.

Thus, ) . R
W(p,p,S) = qop™pln |p| + p”g(pS) + f(95),

and the extension is given by the only generator

—2AX) + (2)\ — v + 1) X3 + 2X5 — 2505

Here S = p(S), and )
g2 In(S5), v=0;

S) =
f< ) { QQS_V, v 7& 0.
In the final Table 1 these models correspond to My and Mys.

Case k = —2.
Integrating (2.37), one obtains

¢ = qop*n|pl, (qo #0).
Substituting (2.56) into (2.2), one gets

I-A
klz—kg—l-kg 9 .

Equation (2.4) becomes

2h5ppC° = 2qokzp* AN — 1) — kg(2ph,pp — 2(A — 2)h,, + qop 2NN = 1)).
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Assuming that hg,, = 0 or

h(p,S) = n(p) + u(S), (W #0),

equation (2.6) and (2.4) are reduced to the equations, respectively,

s\
¢F = = /;,+ 2, (2.58)
GoAN — 1)(2ks — ks(A+ 1)) = 2ksp™ (0" p — 0" (A = 2)), (2.59)

where ¢ is the constant of integration.
Let A(A — 1) # 0. Equation (2.59) gives

A+l ("p—n"(A—2))
ks =k
s 8( 2 TN =2 )

Differentiating this equation with respect to p, one has

ks (0 7("p =" (A = 2))), = 0.

If (0> (0"p —n"(A=2))), =0, then 0" = p*~2(¢1 + goA(X — 1)vIn(p)) or, by virtue of
equivalence transformations,
n=p a1 + govn(p)).

Here v and ¢; are constant. Thus,
W(p,p,S) = pMaq1 + qon(p”|p])) + 5,
and the extension of the kernel is given by the generators
2\ + )X, + (A + 20+ 1) X3 + 2Xg + 20503, Os.

In the final Table 1 this model corresponds to Mus. If (p*~*(n"p — 1" (X — 2)))p # 0, then
ks = 0. Thus, ) N
Wi(p,p,S) = qop*n|p| +n(p) + 5,

and the extension of the kernel is given by the only generator
0.

In the final Table 1 this model corresponds to Mys.
Let A(A — 1) = 0. Equation (2.59) becomes

K" — 1"(A — 2)) = 0.
If " # ¢ p*2), then ks = 0. Thus

W(p, p,S) = qop™ n[p| +1(p) + S,
and the extension of the kernel is given by the generators

X, + Xg, ag.
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In the final Table 1 this model corresponds to Myg. If " = ¢4 p()‘_2) or
Wi(p, p,S) = qop* n(|plp") + 5, (AMA—1)=0),
then the extension of the kernel is given by the generators
— X1 4 X3, (1 = N)X; +2Xg + 20805, 05

In the final Table 1 this model corresponds to My;.
Assuming that hg,, # 0 in equation (2.57), one obtains
A—2

hypy — (A —2)h
2(5 = qo)\()\ — 1)(2k3 — kg(/\ + 1))p — 2k8p pep (A ) oy (2.60)
Spp hSpp

Differentiating the last equation with respect to p, one gets

A—2

h —2)h
goAN — 1)(2ks — k(A + 1)) (Z ) — 9k (ph por _ (X . ) Pﬂ) . (2.61)
Spp Spp Spp p

If A\(A—1) =0, then equation (2.61) becomes

g (phppp _ (A= 2>hpp) -0
o

hSpp hSpp
Let
(phppp _ (A — 2)hpp) —0
hSpp hSpp P
then

Phippp + H(S)hspp = (A = 2)hyp, (2.62)

where H = H(S) is a function of the integration. A solution of the last equation depends
on the function H(S).
Assuming that H = 0, one has ¢ = 0,

h(p,S) = u(S)p* Inp + f(1(S5)),
where /' # 0. Equation (2.6) becomes
kO + ao(A — 1)p*) = 0. (2.63)
If A =0, then equation (2.63) gives kg = 0. Thus,
W(p, ,5) = qoln|pl + S p+ £(S),

and the extension of the kernel is given by the only generator

X1 — X5,
If A =1, then equation (2.63) becomes ksf’ = 0. For f’ # 0 one has kg = 0,

W (p. . 3) = plaoln|pl + Snp) + F(S), (f#0),

and the extension of the kernel is given by the only generator

X — Xs.
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In the final Table 1 these models correspond to Myg and Myg. For f/ = 0 one has
W (p, p,S) = plgoIn|p| + S p),
and the extension of the kernel is given by the generators
X1 — X3, Xs.

In the final Table 1 this model corresponds to Msxg.
Assuming that H # 0 in (2.62), one obtains

h(p, S) = p*d(pu(S)) + f(u(S)), (2.64)
where p/ # 0. Substitution of h(p, S) into (2.6) gives
ks(uf + Af) =0. (2.65)

If (uf'+Af) =0or

then
W(p, . S) = p*(qoIn |p| + 6(pS)) + £(S),

and the extension of the kernel is given by the generators
X1 — X3, (1—=XNX; +2Xg — 250;.

In the final Table 1 these models correspond to Ms; and Mso. If (uf’ + Af) # 0, then
ks =0, . N N
W(p.p,S) = p*aoIn |p| + &(pS)) + f(9),

and the extension of the kernel is given by the only generator
X1 — X;.

In the final Table 1 this model corresponds to Mss.
Returning to (2.61), let A(A — 1) # 0. Assume also that

(p)\—2> .y
hSpp p ’

h(p, S) = qon(S)p* +n(p) + f(u(S)),
where p/ # 0. Then equations (2.61) becomes

ks (0~ Mo = (A= 2)9") = 0.

If (0> pn"” — (A= 2)7]”)p # 0, then kg = 0. Substituting into (2.6), one obtains

which means that

ksf" = 0. (2.66)
Since for k3 = 0 there is no extension of the kernel, one has f” = 0. Thus,
W(p, p8) = qop (I |p| + S) +1(p) + @S,
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and the extension of the kernel is given by the only generator
X1 — X35 —0s.

In the final Table 1 this model corresponds to Msy.

If (pz_’\(pn”’ — (A — 2)77”)p = 0, then " = p*2(VInp + ¢q1), where 7 and ¢, are
constant. Using equivalence transformations, one finds that n = p*(gov Inp + ¢1), where
v=qowA(A—1)and ¢ = g A(A — 1) + gov(2A — 1). In this case

A—1

ki = —(ks — ks —

), (%= (2ks — ks(A+2v +1))/(24),

and equation (2.6) becomes
(2/€3 — kg()\ + 2v + 1))f/ — 2]€8)\f = 527
where ¢, is constant. The last equation can be rewritten in the form

af —1f =g,

where
[ « I A +2v+1

o BTt

Further analysis depends on the constants o and [. Notice that for the existence of an
extension of the kernel of admitted Lie algebras, one needs to require that a? + 1% # 0.
Hence, for a = 0, one has [ # 0, which means that without loss of generality one can

assume that f = 0. In the case f = 0 one obtains

ks

W (p, p,S) = qop™(n(|p|p") + 5) + a1p™,
and the extension of the kernel is given by the generators

In the final Table 1 this model corresponds to Mss. For a@ # 0, one has

Fod @l [ =0;
Q2€_Hu l7é07
and o)+ A )
KA+1V)+ K K
k1 7 , ks o\ ks 2+4A(A+ v+1),

where [ = ka and g # 0 is constant. Thus, one obtains:
(a) for the function f(S) = ¢25:

W(p, p,5) = qop*((|plp") + ) + a1p* + @5, (g2 # 0),
and the extension of the kernel is given by the only generator
= X1+ X3 + 0g;
(b) for the function f(S) = ™S
W(p,4,5) = qop*(n(Iplp") + 5) + @p" + 4ae™®, (g2 #0),
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and the extension of the kernel is given by the only generator
—2(k(A +v) + A) Xy + 26Xs + (2A + (A + 20 + 1)) X3 + 2)03.

In the final Table 1 these models correspond to Msg and Ms;.

A—2
Assume that (p ) # 0, then from (2.61) one finds
Spp / p

(PhppP;éA*Q)hpp) )\ + 1
kg = kg e N_2 —|—
AN =1)(F—), 2

Spp

(2.67)

Since for kg = 0 there is no an extension, then
(Phppp _ ()‘*Q)hpp>
hspp hspp p
(%)
hspp P
Phopp + H(S)hspp = (A = 2)hy, + vp* 2, (2.68)

where v is constant and H(.S) is some function. Notice that for H(S) = 0 one obtains

= const

or

hop = (vInp + ()2,

A—2
(p > — 0.
hSpp p
Hence, one has to assume that H(S) # 0, which gives

hoo(p, S) = p*2(TIn p + G(pu(S)))

which leads to the contradiction

or
hp, S) = p*(vinp + g(pu(S))) + f(1(S)),
where 1/ # 0. Equation (2.6) gives f = g~ Thus
W(p, p,.S) = a0 ((1pl") + 9(p8) ) + @S,
and the extension of the kernel is given by the only generator
2\ 4 1) X) +2Xs + (A + 2v + 1) X5 — 2505,
In the final Table 1 this model corresponds to Msg.
Case (k+1)(k+2)#0
Returning to integration of (2.37), if (k + 2)(k + 1) # 0, then one obtains

¢ = qoppt? (2.69)

Substituting (2.69) into (2.2), one has

ks = —ky



and equation (2.4) becomes

k+2 2k + A+ 2

C¥hspp + hpp <k1k R ) + ksphpp, = 0. (2.70)
Assuming that hg,, = 0, one finds
h(p. S) = n(p) + p(S),
where 1/ # 0. Equation (2.70) becomes
k+2 2k + X+ 2

"k k kspn" = 0. 2.71
77<1k_|_1+8k_|_1 )+8P77 0 (2.71)

Let " # 0, then

kE+1(2k+X+2  pn”
k’l — —HRg —+ .
k42 k+1 n"
Differentiating the last equation with respect to p, one gets

pn/// !
ks < p ) = 0. (2.72)

"
If ,077/ = ko = const, then 1" = ¢, p”, where v = ky. This gives that

/.

W(p,p.S) = qop "> +n(p) + S, (" =aqp” #0),

and the extension of the kernel is given by the generators

k1 (2k+A+2 kv + 3k 4+ 2\ + 2 N
+ ( TAY V)Xl Y OR T AT  Xe+ (v +2)505, s,

k+2\ k+1 2(k +2)

where 7/ = q1p”, S = w(S) and ¢; # 0. In the final Table 1 this model corresponds to
Msg, (k% + A2 #£0).

m\ !
It (’”7” ) £ 0, then kg = 0,
7

W (p, p,S) = qop™p"* +n(p) + 9,

and the extension of the kernel is given by the only generator
Js.

In the final Table 1 this model corresponds to Mg, (k* + A2 # 0).
Considering (2.71), let n” = 0. Without loss of the generality one can assume that
n = 0. Equation (2.6) gives

Thus, 3 )
W(p7 p? S) = CIOPAPHQ + 57
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and the extension of the kernel of admitted Lie algebras is defined by the generators

ok hF2s kA4
Yok + )T k+177Y 2(k+1)

X3+ Xg — S’@g 0s.

E+1

In the final Table 1 this model corresponds to Mg, (k* + A% # 0). Returning to (2.70),
assume that hg,, # 0. Then

h k+2 2k + N+ 2 h
_ Npp (/ﬁ + T ks T A+ ) . ksp pop.
hspp k—+1 k+1 hspp

¢5 =

Differentiating this equation with respect to p, one finds

k+2 2k + X+ 2 h
<_hpp> (kl o gt AT )+kg (—p ””p) = 0. (2.73)
hgpp p k—+1 k—+1 hgpp p
It (%) # 0, then
hSpp P

(Phppﬂ>
kE+1 2k+)\—|—2+ hspp 0
k+2 kE+1 (hpp>

P

ky = —kg

Extension of the kernel occurs only for
(Phppp>
hspp p
)
hspp P

Phopp — H(S)hspp = Vhyp,

where H(S) is some function and v is constant. Notice that for H(S) = 0 one has

hpp(P> S) = PDM(S)

= const,

which means that

h
which leads to the contradiction (i> = 0. Hence, H(S) # 0, and then
Spp/ p

hoo(p, S) = p"G(pr(S)),

or
h(p,S) = p"9(pu(S)) + f(u(S)),
where g/ # 0 and (2"*1¢/(2))"” # 0. Equation (2.6) leads to the condition

Mf/+Vf:q~2;

where ¢, is constant. The general solution of the last equation depends on v:

_ q2 lIl(,M), V= 07
f(ﬂ) - { q2/"l/7’/7 v ?é 0.
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Thus, setting S = w1(S), one gets

W(p, p,S) = qop "> + p"9(pS) + £(5),
and the extension of the kernel of admitted Lie algebras is defined by the generator

vl DA k(1) 42042

k42 ! 2(k + 2) Xa + Xg = 50s.

In the final Table 1 these models correspond to Mgy and Mgz, (k% + A2 # 0).

It (:ﬂ) = 0, then h(p,S) = u(S)(n(p) + f(1(S))), where "y’ # 0. Equation
Spp/ p

(2.73) becomes

my\ !
If (pﬁ ) # 0, then kg = 0, equation (2.6) leads to the equation

!

pf"+2f =0.

A solution of the last equation is f(u) = ¢1/p+ co, where ¢g and ¢; are constant. Without
loss of generality, one can assume that ¢; = ¢y = 0. Thus,

k

I k+2p
"2k +1)

k1w

k3: ) CS:

and

W(p, p,8) = qop™p** + Sn(p).

The extension of the kernel consists of the generator
20k + 1) X, — kX5 — 2(k +2)50;.

In the final Table 1 this model corresponds to Mgy, (k* + A2 # 0).

"
If P

/!

= ko = const, then " = qp"?, where v = 2(ky + 1). One can choose the
n P

function n(p) as follows

In(p), v=0,
n= pln(ﬂ)? v=1,
e 1/<V - 1) 7& 0.

This reduces equation (2.6) to the equations

v=0: apf =b+qpu ",
v=1: auf +bf = q@u ', (2.74)
viv—=1)#0: auf +vbf = qu .

where a = ky(k +2) + ks(A+v(k+1)), b= ks(k+ 1) and G is constant. Notice that the
condition a? 4+ b*> = 0 leads to the relations k; = 0 and ks = 0. These conditions do not
allow an extension of the kernel of admitted Lie algebras. Hence, one has to assume that

a’ +b* # 0.
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Let us consider the case v = 0, where n = In(p). In this case a # 0, because otherwise
b = 0. Using equivalence transformations, the general solution of equation (2.74),—¢ has
the representation:

f=08m(p) + g,

where  and ¢o are constant. Substituting the representation of the function f(u) into
equation (2.74),-¢, one finds that Sa = b and gz = 0. Therefore,

kE+1—M\3 Blk+2\+2)—k I6;

) ks = ) kg = T 10
E+Dk+2)7 2" 2k+nE+2) T "kl

klza

and

W = qopp"*? + S (hl (Pgﬂ> + CJ2> ;

where S = ;1(S). The extension of the kernel of admitted Lie algebras is defined by the
only generator

kE+1—p8A kE+2XA+2)—k
By, A )

k+2 2(k +2) Xa + fXs = 505.

In the final Table 1 this model corresponds to Mgs, (k* + A? # 0). In other two cases
v =1and v(v — 1) # 0 one has to solve the equation

apf +vbf = qut, (v #0). (2.75)

By virtue of equivalence transformations the function f is equivalent to the function
f = f —rp~t, where r is constant. The change f = f+ rp~! reduces equation (2.75) to
the equation . .

anf' + vbf = (@ + (a — vb)r)u .

This means that for a — vb # 0 one can assume in (2.75) that go = 0. Therefore the
analysis of solutions of equation (2.75) is reduced to the study of solutions of either the
homogeneous equation

apf' +vbf =0, (2.76)
or the nonhomogeneous equation
wf' +f=aq@u ", (¢#0). (2.77)

The function f = 0 is the trivial solution of equation (2.76). In this case k; and k3
are arbitrary. Thus

W(p, p,S) = qop™p"*2 + Sn(p),

and the extension of the kernel consists of the generators
2(k +1)X, — kX3 — 2(k +2)S05, (k+ X+ 1)X3+2(k +1)Xg — 20\ + v(k + 1))S03).

Here S = ©(S). In the final Table 1 these models correspond to Mgg and My, (k2+M? # 0).
The only nontrivial solution of equation (2.76) has the representation

flp) = Q2/i57 (2 #0, B#—1).

Substituting the representation into equation (2.76), it becomes

Blki(k+2)+ks(A+v(k+1)))+ksv(k+1)=0. (2.78)
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If =0, then kg = 0, and

W(p, p,S) = qop* "> + S(n(p) + @2),
with the extension .
2<k + 1)X1 — ng — 2<k + 2)86@.

In the final Table 1 these models correspond to Mg; and My, (k* + A2 # 0). If 8 # 0,
then equation (2.78) gives

BA+v(k+1))+v(k+ 1)'

b= —ks Bk +2)

Thus,
Blkv 4+ k +2X+2) + kv

s _p ZH
2(k +2) Gk

k3:k8 6/1/’

and the potential function is

W(p, p,S) = qop " + S(n(p) + ©57%), (0B(B+1) #0).
The extension of the kernel of admitted Lie algebras is defined by the only generator

BA+v(k+1)+v(k+1)
(k+2)

2 (Xg _Xl) — <5V—B+V)X3+2ﬁXg+2V§a§

In the final Table 1 these models correspond to Mgy and Mys, (k% + A2 # 0).
The representation of the general solution of equation (2.77) is f = gop™ " In(p). Sub-
stituting the representation into equation (2.75), it gives

G2 = aqy, a—vb=0.

Hence,

A
k42

ky = —ksg

Thus, ) 3 )
W(p, p,S) = qop "> + Sn(p) + ¢2In(S), (g2 # 0),

and the extension of the kernel is defined by the generator
2A( X3 — X1) + (k + 2)(X3 + 2X5 — 2vS05).
In the final Table 1 these models correspond to Mgg and My, (k% + A2 # 0).
2.5.4 dim(Span(V)) =0
In this case the vector
(Pdpiss 2(pPppp + Gip)s —(Pbppp + PDpip + Ppp))
is constant. This condition implies that

¢ = qop’.
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Substituting ¢ into (2.2) and (2.4), one gets, respectively,

1
ks = §k87

C*hspp + 2k1hyy + ks(phppp + 2h,,) = 0. (2.79)

Assume that hg,, # 0, then
¢% = —2aky — kb, (2.80)

h 2h

where a = 2 b= pppp—w' Differentiating (2.80) with respect to p, one obtains
hSpp hSﬂﬂ

2kya, + ksb, = 0. (2.81)

If a, = 0 then, h(p,S) = n(p)u(S) + f(u(S)), where 0"y’ # 0. Equation (2.81)
becomes N
(-
n

m\ !
If (/)77// ) # 0, then kg = 0, and equation (2.6) becomes
n

klf// =0.

Since for k; = 0 there is no extension of the kernel, without loss of generality one can
assume that f = 0. Thus, .
W = p*q +n(p)S,

and the extension of the kernel is given by the generator
X, — 250;,

where S = 11(S). In the final Table 1 this model corresponds to Mgy, (k= A = 0).

AN

P

,rI//
Let v(v — 1) # 0, then n = p” and equation (2.6) becomes

If =0 or " = p”~2. Finding the function n(p) depends on the value of v.

2k puf” + vks (uf” + f) = 0. (2.82)
If /=0, then f = ¢, and equation (2.82) is reduced to the equation
ksq1 = 0.
Hence, if ¢; # 0, then ks = 0 and
W =g+ (0" + @1)S, (@ #0),
the extension of the kernel is given by the generator
X, — 250;,

In the final Table 1 this model corresponds to M7y, (k=X =0).
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If g = 0, then kg is arbitrary, and
W = p’q + p”S.
The extension of the kernel is given by the generators
X, — 2505, X3+ 2Xg — 2vS50;.

In the final Table 1 this model corresponds to My, (k= A =0).
If f” # 0, then equation (2.82) gives that

pf" = Bf =0, (u#0),

where [ is constant and

(B+1)

k’l = —I/k’g 25

(2.83)

Thus, B B
W = pqo + p"S + f(5),

and the extension of the kernel is given by the generator
—v(B41)X, + X5 + 26Xs + 20595, (8 #0).

Here

f: QIIP(S)v ﬁ:—l,
Q1SB+17 B 7& —L
In the final Table 1 these models correspond to M7 and Mz, (k= A =0).

For v = 1 one has n = pln(p). Further analysis of this equation is similar to the
previous case:

W =qop” + S(pInp+aq), (@ #0): X;—250;,
W = qop*+ Splnp: X; — 2§8§, X3+ 2X5 — 2/\585,
W = qop* + Splnp+ f(S): —(k+1)X, + kX3 + 2kXg +250s, (k #0),

where

_{ QII?(S)7 6: _17
B %Sﬁﬂ, B?é _1a

and ¢; # 0. In the final Table 1 these models correspond to Mgy, Mgg, Mgs and Mgg, (k =
A = 0), respectively.
Let v = 0, then n = In(p), and equation (2.6) becomes

ks = 2k pf”.

This equation gives
R (") = 0.

Since for k; = 0 there is no extension, one has that uf” is constant or after using equiva-
lence transformation, one finds

f=u(BIn(p) + g2).

Thus,
W = qop® + S(In(pS®) + q2) - X1 + B( X5 + 2Xg) — 250;.
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In the final Table 1 this model corresponds to Mgs, (k=X = 0).

If in equation (2.81) a, # 0, then there exists a constant v and a function H(S) such

that
b—va+H(S)=0
or
Phopp + H(S)hspp = (v = 2) .
Hence,

k’l = Vk'g/Q.
Notice that if H = 0 then a, = 0, hence H # 0. In this case

h = p"g(pu(S)) + f(1(S)),
where /' # 0. Equation (2.6) becomes
wf"+w+1)f =0.

Thus,
W = qop® + p"9(pS) + f(S) : —vX1 + X3+ 2Xg — 259;.

In the final Table 1 these models correspond to Mgs and Mgz, (kK= A =0).
If hsp, = 0, then
h=mn(p) + p(S),

where /' # 0, and equations (2.4) (or (2.79)) and (2.6) become, respectively,
2k + ks(pn™ + 20") = 0.

(¢S = =2kusd
Equation (2.87) gives
(% = (=2kap + co) /1

Hence, if n” = 0, then one can assume that n = 0. In this case
W = qop* + S,
and the extension of the kernel is given by the generators
X, — 250, X3+ 2Xs, 05

In the final Table 1 this model corresponds to Mgy, (k=X =0).
If " # 0, then equation (2.86) leads to

pnl/l
k?l = —k'g (2/’7” + 1> .

m\ !
kg ()077// ) == 0
n

2]€1 + kg(V + 2) = 0.

This gives that

For pn”" = vn” one has
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In this case ~
W =qp*+n(p)+S, 0" =ap),

and the extension of the kernel is given by the generators
—(v+2) X1 + X3+ 2X5 + 2(v + 2)505, 0.

In the final Table 1 this model corresponds to Msg, (k=X =0).
1 /
For (’)7’7’,, ) # 0 one has the only generator dz. In the final Table 1 this model
corresponds to Mgy, (k= \=0).
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Chapter 3

Group analysis of evolutionary
integro-differential equations
describing nonlinear waves:
General model

Abstract The research deals with an evolutionary integro-differential equation describ-
ing nonlinear waves. Particular choice of the kernel in the integral leads to well-known
equations such as the Khokhlov-Zabolotskaya equation, the Kadomtsev-Petviashvili equa-
tion and others. Since solutions of these equations describe many physical phenomena,
analysis of the general model studied in the project is important. One of the methods for
obtaining solutions differential equations is provided by the Lie group analysis. However,
this method is not applicable to integro-differential equations. Therefore we discuss new
approaches developed in modern group analysis and apply them to the general model
considered in the present research. Reduced equations and exact solutions are also pre-
sented.

3.1 Physical statement and main physical parame-
ters

For definiteness, a concrete physical object is considered which is most simple and, at
the same time, can be adequately described by models like (1.2). Namely, we will deal
with high-intensity acoustic waves. The general equation (1.2), as well as majority of the
particular models (1.3)-(1.8) have been written at first for nonlinear acoustic waves.

Note that equation (1.2) is written in certain dimensionless variables in order to reduce
all coefficients of the equation into unity. To discuss a physical meaning of mathematical
models we rewrite equation (1.2) using initial physical notations:

o | op e Op _c
E{%—%PE—W}—2ALP, (3.1)
m 0 [7 T—1"\ 0p ,,
W= Q—CE/W ( o )a#”

(3.2)
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Here z is the coordinate along the direction of wave propagation; A, is the Laplace
operator written in the coordinates y, z on the orthogonal plane, 7 = t — z/c is the
time in the moving system of coordinates propagating with the sound velocity ¢, ¢ is the
parameter of nonlinearity, and p is the density of a medium. The acoustic pressure p is
chosen as the wave field variable. The constant m characterizes the ”force” of time delay
processes, and ty is the typical “memorizing time” of a medium.

Let us note an important point before passing to further discussion. The natural
question arises: why is the coordinate x instead of time ¢ used as a ”slow” (evolutionary)
variable in equations (1.2) and (3.1)?7 The answer is that the difference between x and ¢
depends only on the way of description which depends on the statement of problem and
ease of analysis of results. In the case of non-wave problems (e.g description of turbulence)
the problem is posed as follows. At the initial moment ¢ = 0 a distribution of the velocity
field in space u(t = 0, x) = uo(z) is given, and the solution u(t, ) is sought with growing
time ¢ > 0. In the corresponding experiment, sensors measuring the velocity field are
placed in various locations, and the measurement is made by all sensors at the same
time ¢;. These results determine the spatial structure of the field u(t;,x). Then similar
measurements performed at ¢, give the field profile u(tq, ). Repeating the measurements
we trace the field evolution with respect to time.

When propagating waves are of interest, the experiment is done in a different way. The
only sensor placed at the position x; measures the variation of the signal with respect
to time: u(xy,t). Then the sensor is moved to another position xs > z; and the signal
u(zy, t) is measured. By moving the sensor of the vibration velocity (or the acoustic
pressure) farther and farther from the source of wave, we trace the evolution of the form
of the wave profile as the wave propagates. In real experiments a wave gets distorted
at distances of the order of thousand wavelengths, whereas, for a good reconstruction of
the wave profile within its each length A, one has to place no fewer than ten sensors. In
this case the method of the "slow time” is very inconvenient. Moreover, this method is
completely inappropriate in those cases when the wave profile contains shock fronts whose
extent is very small, e.g. 1074\,

But in various acoustic problems, e.g. those dealing with standing waves in a resonator,
it is convenient to utilize the “slow time” instead of the “slow coordinate.” It is clear that
the resonator has a limited length and, by measuring the field at the lowest modes, it
is quite realistic to place several sensors along the length of the resonator and perform
simultaneous measurement with them at various moments of time.

Let us return to the physical model (3.1), (3.2). The integration within the limits
—o0 < 7' < 7 in the first integral (3.2) means that the wave behavior at a given moment
7 is determined by the values of the field variable at the preceding moments from 7 to
the infinitely distant past. Consequently, the kernel K (7) describing the “memory” of
a medium, must be nonzero only at positive values of its argument and tend to zero for
T — +00. Decreasing can be non-monotone and can look like oscillatory damping (see
the example leading to formula (7)).

In order to understand how the concrete form of the kernel is related with the measured
characteristics of the medium, we shall consider the simplest model of a plane wave moving
in a medium without nonlinearity. In other words, let us consider the equation

) 82 oo
ﬁ—gw/o K(%)p(%T—g)df:O- (3.3)

Let us establish a relation of a kernel with the dispersion law. A solution is sought in the
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form
p=exp(—iwt+ikz), k=FK+ik". (3.4)

Here k is the wave number, and k', k" are its real and imaginary parts. Substituting (3.4)
into (3.3), we find

2t 00
o= Y 0/ K (s)sin (wtg s) ds,
2c  Jo
mwity [ (3:5)
k' = 0/ K (s) cos (wtg s) ds.
2¢ Jy

The first formula in (3.5) gives a frequency-dependent addition to the velocity of the
wave propagation: c¢(w) = ¢ (1 —ck’ (w) /w). The second one defines the absorption

coefficient or the law of spatial decrease of the wave amplitude: pgexp (—k"z).
Evidently, the integrals (3.5) must be convergent for physically feasible kernels. The
concrete form of a kernel can be reconstructed on the base of corresponding physical
model, or on the base of experimental measurements.
A relaxing medium provides an important model known as the Mandelstam-Leontovich
model (see [21, 84]). The kernel for this model has the exponential form (see the example
leading to formula (1.7)). In this case

, MW (wito)? y Mw  wig

= , e o 3.6
2¢ 1+ (wto)? 2¢ 1+ (wto)? (3.6)

The frequency dependencies (3.6) of the dispersion k&’ and the absorption k" were con-
firmed repeatedly in experiments. One could proceed in an opposite way. First establish
the dependencies (3.6) as empirical generalization of measured data, and then recon-
struct the kernel by means of a standard procedure. This procedure exploits the causality
principle according to which two functions & and k” cannot be arbitrary but should be
connected by relations of Kramers-Kronig’s type [32].

The method of kernel reconstruction has been utilized for deriving mathematical mod-
els used in medical applications of ultrasound [85]. It is known that, within the most
interesting frequency range, the absorption of the ultrasound in soft tissues behaves like
' ~w*" | 0<v <1 Itis easy to reconstruct the kernel K(s) = s*~! and verify that
the corresponding absorption coefficient

" m ™ 2—v
E" = EF(V) cos <§l/> (wtp) (3.7)
has the correct frequency dependence. Note that the considered power kernel has a
singularity at s = 0 and is not integrable in semi-infinite limits. However, the convolution
of this kernel with the oscillating function describing a wave provides convergence of the
integral for k£”. This example demonstrates a wide variety of situations which can be met
in applications.

In conclusion of this section we demonstrate how one has to change variables in equa-
tion (3.1), (3.2) to reduce it to the simplest normalized form (1.2). One has to set

T = tot, p— pou, T — Tor, Y— Yoy, 2 — 2%, (3.8)

where the constant ¢y (the "memory” time) is defined by the structure of kernel, and the
other constants are:
m o 2 cto

- = "t = 20= —— - 3.9
Do 2500, Zo m007 Yo 20 \/ﬁ ( )
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3.2 Admitted Lie group

As for differential equations an admitted Lie group of integro-differential equation (1.2) is
defined by the determining equations. These equations are integro-differential equations
for the coordinates of the infinitesimal generator

X = gtat + SCC&E + gyay + gzaz + Cuau + Cwawa

where the coordinates &', &%, &Y, €%, (* and (¥ are functions depending on the vari-
ables (t,z,y,z,u,w). The system (1.2) comprises a partial differential equation and an
integro-differential equation. The determining equation related with the partial differen-
tial equation is obtained by the standard procedure:

G — UGt — 2up (Y — (P = (g (e (3.10)

where the coefficients ("= (", ("t ("t ("wv and ("# are the coefficients of the prolonged
generator X:

7 = X + Cum autz + Cutt 8Utt + Cut aut + Cw“t a'wttt + Cuyy8

Uyy

+ (;ZZ 8’“«22 .

The general theory of constructing determining equations for integro-differential equa-
tions can be found in [20]. Formerly the determining equation related with integro-
differential equation is obtained applying the following strategy. First, one has to con-
struct the canonical Lie-Backlund operator equivalent to the generator X:

X = (¢ = &uyp — £y — §Vuy — Eu,)0, + (¢ — Ehwy — £ w, — §Ywy — §w,) 0y
Then the Lie-Backlund operator has to be prolonged up to the maximum order of deriva-
tives of the equation. Finally, the determining equation is obtained by applying the

prolonged Lie-Béacklund operator to the equation, where the actions of the derivatives are
considered in terms of the Frechet derivatives:

Ytz y, 2) = /000 K(s)y“(t — s, z,y, 2) ds. (3.11)

Here

PU(h1) = C"(h) — E(ho)us(hy) — £ (ha)uw(h1) — E¥(ho)uy (hy) — £ (ho)u.(h1),
Y (hy) = ¢“(ha) — ' (h2)wi(h1) — £ (ha)wa(hy) — &¥(ha)wy(hy) — &£ (ho)w.(hy),

where for the sake of simplicity of the presentation we denoted
hl = (tv z,Y, Z)a h’2 = (t> x,Y,z, U(t, z, Yy, Z)a UJ(t, z,y, Z))

The determining equations (3.10) and (3.11) have to be satisfied for any solution of equa-
tions (1.2). Notice that the determining equation (3.11) is still an integral equation.

Since it is difficult to find the general solution of the determining equations (3.10)
and (3.11), the following simplification is considered. One can assume that the determin-
ing equation (3.10) is valid for any functions u(¢,x,y, z) and w(t, z,y, z) only satisfying
the first equation of (1.2). This allows to use standard procedure for solving determining
equations developed for partial differential equations. After solving the determining equa-
tion (3.10), one can use the found solution for solving the integral determining equation
(3.11). It has to be noticed that this way of solving the determining equations (3.10) and
(3.11) can give a particular solution. In the present research this method is used.

The described method of solving the determining equations (3.10) and (3.11) will be
illustrated on the one-dimensional case of equations (1.2). For the other cases final results
will be presented in next sections.
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3.2.1 One-dimensional case

In the one-dimensional case equations (1.2) are

0
5
The admitted generator is sought in the form

X =&t u, )0 + E°(t, z,u, w)0p + C(t, 2, u, w) Dy + CV(t, T, U, ) Dy

Uy —uty —wy) =0, w(t,z) = /000 K(s)u(t — s, x)ds. (3.12)

Applying the group analysis method to the first equation, one finds that

gt = t(él/z + kl)t +9, Cu = u(kl - €//2) - tf”/2 - gla (3 13)
(Y = — (6w + 13¢") /12 + 3wk + t2u +tn + C. '

where k; is constant, £ = £(x), ( = ((z), n = n(z), p = p(x) and g = g(x) are arbitrary
functions.

Remark. There is another representation of the first equation of (3.12). This equation
is obtained by integrating with respect to ¢ and setting the arbitrary function of the
integration to zero:

Uy —uuy —wy =0, w(t,z) = / K(s)u(t — s,z)ds. (3.14)
0

In this case the first step in finding admitted Lie group leads to (3.13) with the particular
case of the function p = —&”/2.
The determining equation for the second equation of (3.12)

w(t,r) = /000 K(s)u(t — s, x)ds.

is the equation

(C" — Ewy — Ew,) (¢, ) / K(s)(C" = E'uy — Euy ) (t — s, ) ds, (3.15)
where

&t ) = &t u(t x), w(t,n)), E(tx) = &(ta,u(t ), wit, ),
CY(t,x) = ¢ (t, z,u(t,x),w(t,z)), ¢“(t,x) =¥t z,u(t,x),w(t, )).

Substituting the coefficients (3.13) into (3.15), let us satisfy equation (3.15). Notice
that

(Ew,)(t, ) = /0 h K(s)(Eu)(t — s,2) ds,

and

B gt —s) = ﬁt()—s(kl—l—;&')

CU(t—s) = (ki — 5§ ult — s) — 5(t = 5)¢" —
Here and further, the argument x is omitted7 further tilde is also omltted. The determining
equation (3.15) becomes

)+ K6 (¢ )~k + 36wl —9)

= (68w + 13¢") /12 — 3wk:1 —tu—tn—C(+ (k-3 w—g
—Le" (¢ [ K(s)ds — [}7 sK (s) ds) + (3¢’ + k1) fo°° sK(s)u

=t3¢" /12 = 2wky — P —tn—C— g [, K(s)ds

3 (5 RS s — f7 K (s)ds) + (364 ) i SR (ot — ) ds.
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Let us calculate

J° sK(s)u(t — s)ds = — [77 sK(s) du(t — s)
= —sK(s)u(t — s)|° + J; (K (s) + sK'(s))u(t — s) ds
=w+ [;7sK'(s)u(t — s)ds.

Here it is assumed that
sK(s)u(t — s)|g° = 0.

The determining equation becomes

3" 12 = 2wky — P —tn —C— ¢ [77 K(s)ds
_%g” (t fooo K(s)ds — fooo sK(s) ds) + (%f’ + kl) fooo sK(s)uy(t — s)ds
= 3" /12 — 2wky — Ppu—tn—C— ¢ [T K(s)ds — 3&" (¢ [[° K(s)ds — [;° sK(s)ds)
+ (%f’ + k;l) (w + fooo sK'(s)u(t — s) ds)
= 3¢" /12 + w(%é” —k)—tu—tn—C—g¢ fooo K(s)ds — %5” (t fooo K(s)ds — fooo sK(s) ds)
+ (%5’ + /{:1) fooo sK'(s)u(t — s)ds
=312 = Pu—tn—C—g [T K(s)ds — 36" (¢ [, K(s)ds — [[7 sK(s) ds)
+ J5° ((%f' + kl) sK'(s) + (%5’ - kl) K(s)% u(t — s)ds = 0.

Since u = 0, w = 0 is a solution of equations (3.12), the determining equation has to be
satisfied on this solution. Thus, one obtains

—3¢" 12+ Pu+tn+C+g [ K(s)ds
+58" (t Jy7 K(s)ds — []7 sK(s)ds) =0,

/Ooo ((%E’ + kl) sK'(s) + (%5’ - kl) K(s)) u(t — s)ds = 0.

Since u(t, z) is an arbitrary, the last equation gives

(3.16)

and, hence,

1 1
(55/ + kl) SK/<S) + (55/ — kl) K(S) = O,
which means that & is constant, for example, & = 2kx + ko. Thus,
(k4 ki) sK'(s) + (k — k1) K(s) = 0,

or K(s) = Kys*, and
(k+k)a+(k—Fk)=0.

Equation (3.16) becomes
t2u~|—tn+C+g'/ooK(s)ds =0.
0
This equation implies
w=0, n=0, (= —g’/OOK(s)ds.
0

To prevent problems with convergency of the integral fooo K (s)ds, one can assume that

/

g =0.
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Remark. One can call the transformations corresponding to the generators
X = gat - g/au

formally admitted. These generators can be used for constructing invariant solutions.
Thus, one obtains that the Lie group corresponding to the generators

Xl = 8x7 X2 = 8757

X5 = k'O, + k* 20, + k*ud, + k" wd,,,
is admitted by equations (3.12). Here

Kt=k+k, k*=2k, k"=k —k, k*=3k —k,

(k+ki)a + (k— k) = 0. (3.17)

Notice also that
kY = akt, k' £ 0.

Since the integro-differential equations are nonlocal, not any admitted Lie group has
the property to transform a solution of integro-differential equations into a solution. How-
ever, for the transformations corresponding to the generators X; and Xj it is trivial to
check that these transformations possess this property. Let us also check that the scaling
group corresponding to the generator X3 maps any solution of equations (3.12) into a
solution of the same equations.

The transformation corresponding to the generator Xj is

t x u
t=te* | 2 = e, v = ue™".

which maps a function u(¢, ) into the function
u'(t',:z:') _ eak“u(tlefakt’ l,/efakz).
Let us consider the transformation of the integral

JoK ()Wt =, a)ds

= e [XK(shu((t' — s')e ™ a'em) ds’
ek [ K(su(t'e ™" — s'e=") ds'
ea(k +k") fo"o K(s'e= % e Y (t — s'e= ") d(s'e=")
a(k"+hk*) I K (se™ Yu(t — s) ds
a(k¥+k?) fooo KO(Seakt)aU(t _ S) ds

(

(

k4 (a+1)k?) fooo Kos®u(t — s) ds
a k“+(a+1)kt)w(t’ $)

Thus, for checking one only needs to check that
—k" + k" + (a+ 1)k = 0.
Indeed
—kY B+ (a+ DA =
=3k +k+ki—k+ (a+1)(k+k)

=k(-3+1+a+1)+k(l-14+a+1)
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Here the condition (3.17) was used. One also needs to check the other conditions:
k' — k' — k% = 2k" — 2k = k¥ — 3K

Indeed,
kK — k' — k% =k —k— (k+ k) — 2k = —4k,
2k —2k' = 2(ky — k) — 2(k + k1) = —4k,
kv —3k' =3k; — k — 3(k + ki) = —4k.

3.2.2 Classification of subalgebras
The commutator table of the Lie algebra Ly = { X7, X5, X3} is

X1 X2 X3
X 0 0 kE* X4
Xs 0 0 kX,
X3 —k*X, —k'X, 0

The set of automorphisms is defined by the commutators table:

. /
Al : Ty = T + (Zlk’xl"g,
A2 : $,2 =9+ Clgk‘txg,
Q kT t
Az 2h = 3e®h | ol = ppe®k

where only changeable coordinates of the automorphisms are presented.
If a = 1, then £ = 0, and the operator X; composes a center of the Lie algebra. Thus
the one-dimensional optimal system of subalgebras consists of the subalgebras

{X5+ 20Xy, Xo+9X4, Xu},

where v = +1.
If « # 1, then k* # 0, and the one-dimensional optimal system of subalgebras consists
of the subalgebras
{)(37 X2 + )\Xl, Xl}

For o # 0, using the automorphism Ajz the subalgebra X5 + AX; can be also reduced to
Xo+ Xj.

3.2.3 Invariant solutions

The optimal system of subalgebras of the Lie algebra Ls defines the complete set of
representations of solutions invariant with respect to Ls.

Case a =1
The subalgebra { X3 + AX;}. The generator {X5 + AX;} is
10y + u0y, + A0,
It is convenient to separate on two cases (a) A =0, (b) A # 0. The invariants are

A=0: u/t,z;
AN£0: u/t te™ (N, =—1/)).
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Invariant solutions have the representations

A=0: u=tp(x);

N£0: u=tp(y), (y=rte™).
Notice that for A = 0 the integral

w = / Kos(t — s)p(z)ds = Kogo(x)/ s(t — s)ds,
0 0
is divergent. Hence, one has only to consider the case A # 0. In this case

Wit z) = Ko [ s(t = s)p((t — s)em) ds = Ko™ [~ (y — 2)z(2) d(y — 2)
= Koe 3% [¥s(y — s)p(y — ) ds = e > W (y).
wy = 672x)\owl’ Wy = 673:)\0{/1///7
where we used the relations
§=1—ze ™ = g7 Mo (e —

Equation (3.14) becomes

v (e +1)¢ —¢?) = Kodd—; (/OOO s(y — s)e(y — s) ds) -

The subalgebra {X; + vX;}. The generator {Xs +vX1} is 9; + v0,. The invariants
are
U,y = — yt.
An invariant solution has the representation
u=¢(y)
Hence, one has

w(t,x) = Ko [;7 sp(x —y(t —s))ds = Ko [, " (y — 2)p(2) d(y — 2)
=Ko [y sply —s)ds = W(y).
Wy = —’YW/, Wit = Wl/u

where we used the relations

s=t+7y(z—2)=—y(x—t)+7z=—yy—2)
Equation (3.14) becomes

(L+yp)p' = Kodd—; (/000 s(y — s)p(y — s) ds) .

The subalgebra {X;}. The generator {X;} is 0,. The invariants are
u, t.

An invariant solution has the representation

Hence, one has

Equation (3.14) becomes



3.2.4 Case a # 1.
The subalgebra {X3}. The generator {X3} is
X3 = k"0, + k™20, + k"ud,, (k* #0),

where the constants k', k* and k" are defined by (3.17). Substituting the representation

of the invariant solution
u=a"CPp(y), t = ya/H

into the second equation of (3.14), one has

w= fo Kos®u(t — s) ds = Koz*"/ Qk)f s%p((t — s)x —/’ﬂ’f/(?’f))ag3
= —K, ()t +k®) /(2k) f— kt/<2k)(y ) (Z)
= Kx(1+a)k:t+ku /(2k) ﬁ/ — 2)ep(2) dz
= Kox((1+a)kt+ku)/(2k)w<y) — Kox(kt+2ku)/(2k)W(y>7

where we used the relations
5 =1t — zaF'/CR) = gh"/@R) (1=K CR) _ o) = /@R (y — 2) (1 + a)kt + k* = K + 2k,

and

The derivatives are changed as follows

do 'y, Op  k'y ,

E_tgp’ or 2]{;3:90’

0 ow _8 Yy ’ _1 ’ //_y2 "
a(ﬁ)—a(;w)—ﬁ(—yw+y<yW>>—t—zW-

Thus, the first equation of (3.14) becomes

Uy — ULy — Vg = Uy — ULy — atQ fo Kos®u(t — s) ds

_ kv ght/CR) AT, 2K (2R) ookt (2k) Y ok +2k”>/<2k>y "
% k“g/c(%) o k“/x(%) v o SO Ko v W

_ kuwak /R gt a TERy kY /(2K) kv/(2k)y (2k*—kt)/(2k)yx /1
=, TR A pr 1 — Koy w
_ Rk [ pu Kt kT +kv—kt)/(2k), 1 kv —kt+k®)/(2k) 1171

= —— (Lpo—Lyp —90»’17( )/( )<P —Kol'( )/ (k)17

2R/ (2k)

= T (5o — Gy — ¢ - KoW”) = 0.
Here, the following relation was used
'+ k" — k' =k —k+2k— (k+k)=0.
Thus, the reduced equation is

ap + ((a— e —y)¢' = (1 — a)Ko /Ooo s*p"(y — s) ds,

where

W' (y) = dd—; (/_:(y — 2)%p(2) dZ> = j—; (/Ooo s%p(y — s) d8> = /OOO s*¢"(y — s) ds.



The subalgebra {X; + AX;}. The generator {Xs + AX;} is 0; + A\0J,. The invariants
are
U,y = — At.

An invariant solution has the representation of a traveling wave type
u=p(y).

As in the previous case one only needs to study the case A # 0. If A > 0, then one has

w(t, ) = Ko [y~ sp(x = At — s)) ds = A7 Ko [7(2 — y)%(2) d(z — y)
=\ IK I s%e y—l—s)ds—W(y).
_ —AW/ Wy = )\QW//
where
_t+z—a:__a:—/\t+i_ z—y
o D WS WY
The reduced equation is
(1+Ap)y' = Al_O‘KO/ 0" (y + s) ds. (3.18)
0
If A <0, then
w(t,r) = Ko [y~ s*p(x = Mt = s)) ds = Ko(=\)"*" [ () d(y — 2)

= (=N "*'Ko [y s%o(y + 8) ds = W(y)

Equation (3.14) becomes
(1+ o)y = (—)\)1_0‘]{0/ s (y + s) ds. (3.19)
0
Combining equations (3.18) and (3.19), one has

(14 \o)¢ = A K, / 0y + 5) ds. (3.20)
0

The subalgebra {X;}. The generator {X;} is 0,. The invariants are u,t. An invariant
solution has the representation

Hence, one has

Equation (3.14) becomes
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3.3 Two-dimensional equation

The studied equations are

0

a (ux — upuy — wtt) = uyy7 U)(t, x,y) = / K(S)u<t -5, x>y) ds.
0

The first step gives the generator

X =&tz y,p,w)0 + (¢, x,y, p, w)0, + E¥(t, z,y, p, w)0,
+C"(t, z, Y, p, w)0, + (L, 2, Y, p, w) Oy,

where the coefficients are

£ = (2t + ">+ 30'y) 6+ thy + g, & =&, & = (4y& + 3yk1)/6 + h,
¢" = ((6ky —48") — &"y* — 2t€" — 69’ — 3yh") /6, (3.21)
"= Bk — N w+tPpu+tn+¢,

Here ky is constant, £ = &(x), h = h(z), g = g(z), ¢ = ((t,x,y), n = n(t,z,y) and
p = pu(t, z,y) are arbitrary functions.
The determining equation for the second equation

w(t,z,y) = /OO K(s)u(t — s, z,y) ds.
0
is the equation
(¢" = &'we — £ w, — Ewy) (¢, 2,y) = /0 K(s)(C" = &ue — §up — &%y )(t — 5, 2,y) ds.

Substituting the coefficients (3.21) into the last equation, one obtains

,U,ZO, 7]:07 CZOJ glzoa h”:()u

1 2
(55/ + k1> SK/<S) + (ggl — ]{71> K(S) = O,
which means that & is constant, for example, £ = 3kx + ko. Thus,
(k4 k1) sK'(s) + (2k — k1)K (s) =0,

or
K(s) = Kys%,

and

Therefore, the admitted Lie algebra is defined by the generators

Xl - 8:(37 X2 = 8?57 X3 = yat + 21'8y7 X4 = 8y7
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3.4 3-dimensional case

The studied equations are

0
T (Up — Uy — Wy) = Uyy + Uy, w(E, 2,0y, 2 / K(s —8,x,9,2)ds.

The first step gives the generator

X = ét(t7 x? y? u? Z? w)at + gl‘(t7 .,L‘, y7 u? Z? w)a$ + gy(t7 x? y? u? Z? w)ay
_'_Cu(t? x’ y? u? Z? w>8u + Cw(t7 I? y’ Z? u? w)aw

with the coefficients
§ =t +2k1) + 36" (2 + ) A+ (Wy + ['2) /2 + g,
=058, & =3y+ zko+yki+h, & =32+ zky —yka+ f,
¢ =2(ky — 28 )u—3" (P +y*) /A -t —g — (W'y+ '2)/2,
¢ = w(6ky — 7Y+ "33+ Pu+tn+ C.

whete &y, ky are constant, £ = £(z), h = h(z), g = g(z), f = f(&), ¢ = C(@3,2),
n =n(z,y,z) and p = u(x,y, z) are arbitrary functions. It is obvious that the generator
corresponding to the rotation in the plain y and z is admitted. This generator is defined
by ks:

X = 20, — y0,.

Excluding this generator one obtains
€ =t(& + 2k1) + 3" (2> + ) A+ (Wy + f'2) /2 + g,

§"=5¢ &=yB+k)+h, &=203+k)+f
Cu _ 2(k‘1 - 25/)71' - 35///(2,2 + y2)/4 o gl/t o g/ o (h//y + f”Z)/2,
Y = w6k, — 7))+ "3+ Pu+tn+ (.

The determining equation for the second equation

w(t,x,y, z) / K(s —s,2,Y,2)ds
is the equation
(Cw - gtwt - gxwx - gywy - gsz)(ta z,Y, Z)
= [T K(s)(¢" = Euy — Eup — EVuy — Eu)(t — 5, 3,y, 2) ds.
Substituting the coefficients into the last equation, one obtains
g:k’g, h:2]€4$+k5, f:2]€6l'+k57
gt = t(k’ + le) + k?4y + kGZ + kg, fx = 5(]{31’ + k?()), fy = y(3]€ + k’l) + 2]{341’ + k?5,
€% = 2(3k + k1) + 2kex + k7, (" = 2(k1 — 2k)u, (¥ =w(6ky — 7k).
(k + 2k1) sK'(s) + 2(2k — k1)K (s) = 0,
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which means that
K(S) = K()Sa,

and
k(o +4) 4 2k (e — 1) = 0.

The admitted generators are
X1 =0, Xo=0, X3=20,—y0,, Xy=y0 +2z0,,
X5 = 20, +220,, X¢=20, X;=0,,
Xg = t(k + 2k1)0; + 5kx0, + (3k + k1)y0y + (3k + k1)20.
+2(ky — 2k)ud, + w(6ky — Tk)0,.

3.5 Exponential kernel

There exists one known exact solution to 1D equation for an exponential kernel [21, 84]:

Uy — utly — Wy = 0,
w= [ exp(—s) u(t—s)ds.

One can seek for it in the form of a traveling wave:
u=u(t+ ax).
The solution has the form:

L L lu—a+ A"
= — In .
v A |u_a_A|1+A

Here «, A and v are the constants. This solution has evident physical meaning for the
parameters A > ||, 0 < A < 1. This is shown in Fig. 7?7 and the solution describes the
shape of a single shock front in a relaxing medium.

It is interesting to derive this solution using computed symmetries.

Since for the exponential kernel K (s) = e~* one has the relation (1.7):

Wy = U — W,

equations
2
Upt — Uy — Uy = Wy (3.22)

and
Uy — U = Wy (3.23)

can be reduced to the partial differential equations, respectively,
Ugtt — (1 + u)uttt — 3ututt + Ugpt — Ul — U? = 0, (324)

and
Ugr — (14 u)uy — uf + uy — uuy = 0. (3.25)

Admitted Lie groups of these equations are as follows. The admitted Lie group of
equation (3.24) is defined by the generators

Xl = 8:(:7 X2 = g(x)at - g/<x)8uv
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where the function g = g(z) is an arbitrary function. The admitted Lie group of equation
(3.25) is defined by the generators

X1 =0y Xo=0, X3=1u0— 0y
The commutators table of the algebra {X;, Xo, X3} is

X1 XQ X3
Xy 0 0 X,
Xy 0 0 O
Xs =X 0 0

The generator X5 is a center of the Lie algebra. The set of automorphisms is defined by

the commutators table:
A xh = Ty + ay 3,

As: b =19 — azx.

The one-dimensional optimal system of subalgebras consists of the subalgebras
{X34+ X1, Xo, Xi}.

Representations of invariant solutions are

Xa+ X1 u=—%+p@®—-2X), (A#0),
X3 u=—14¢(),
Xy u=p(z),
X1 u=p(t).

and the reduced equations are

X3+ AX1 0 (4X3(¢ + pp') — N2 +1 =0,
Xyt ¢ +30=0,
X2 : QOI = O,
Xit (¢ +op' +¢*/2) =0.
The solution
u = u(t + ax)

is invariant with respect to the operator X; — a Xy = 9, — ad;. The subalgebra corre-
sponding to this operator is equivalent to the subalgebra with the generator: X;. The
reduced equation of an invariant solution corresponding to the generator X, is

/o k_§02
7T o0t

where k is an arbitrary constant of the integration. The general solution of this equation
depends on the constant k:

[o—alT7a
k=—-a’<0 : t+c¢=—In(¢?+a?) — 2 arctan(£),
k=0 : t+00:—21n(g0)+%.

k:O[2 >0 t"‘Cozéln('wJ’_a'lia),
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3.6 Delay equation

It is desirable to derive an exact solution for any kernel which does not permit the re-
duction of integral equation to the differential one. Such an example exists. That is the
model kernel which is nonzero on the finite segment, say, s € [0, 1]. The simplest case
is K=1, s<1; K =0, s > 1. For this kernel the integral equation is reduced to the
difference-differential equation

Uy —uty — Auy,  Au=u(t) —u(t —1).

Its solution can be sought in the form of a traveling wave: u = u(t + ax). The reduced
equation can be integrated one time. The solutionisu (t — 1) = 3 [u? (t) + 2 (1 — a) u (t) — 52].
Here e and § are constant. This formula defines a mapping w (t) — u (¢ — 1) which offers
easy possibility to construct curves representing profiles of the wave. These profiles are
shown in Fig. ??. They display the image of a shock front in medium with constant
"memory” within the segment [0, 1].
The equation
ug(t, ) = (u(t,x) + Dug(t, x) — ug(t — 1, x)

is a delay differential equation. Algorithm for applying the group analysis method to
delay differential equations is given in [20, 86, 45]. Calculations show that the admitted
Lie group is defined by the generators

X1 =0, Xo=20,, X3=20,—0,.

Representations of invariant solutions are given in the previous case. The reduced
equations are

XaFAX s 202 (2)(p(2) + 1)+ ¢z +20) = L,

X3 : 80, + %SO = 07
Xo: ¢ =0,
Xio @()(p(t) +1)+¢'(t—1) =0.

The reduced equations can be integrated

Xs+AX1 0 A2e(2) +20(2) + ¢*(2 +2X)) = 2 + o,
X3 p=c/z,
Xo: = co,
X1 @3(t) 4+ 2p(t) + 20t — 1) = c.

3.7 Conclusion

The nonlinear integro-differential evolution equation (1.2) considered in the present re-
search is not an exotic model. It encapsulates numerous mathematical models formu-
lated by differential evolution equations and differs from them significantly not only in its
form, but mostly due to its physical content meaning. Namely, any dispersion (frequency-
dependent phase velocity) must be strongly connected with frequency-dependent absorp-
tion. Such connection follows from the causality principle. For example, waves having
infinite velocities of propagation which are allowed by differential equations of Burgers
and Korteweg-de Vries type must disappear on their way, since otherwise a cause ap-
pears at a certain point later than its effect. The causality principle is given in physical
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models by integral Kramers-Kronig relations. Consequently, a consistent model must
contain integral terms, in other words, be represented in an integro-differential form.
Though this conclusion is well known, mathematical models described by purely differen-
tial evolution equations have been widely accepted in the nonlinear wave physics due to
their simplicity compared to the integro-differential models. It seems that the consistent
integro-differential nonlinear models will meet more applications in future.

The present research provides a first step in application of the Lie group analysis to
Equation (1.2). The approach used in this research is described in [20]. The analysis
of the determining equation for the integro-differential equation allows, in particular, to
single out a class of kernels used for deriving mathematical models in medical applications
of ultrasound [85].

Note that for particular kernels the integro-differential equation (1.2) becomes a partial
differential equation or a delay partial differential equation. In these cases the complete
group classification of equation (1.2) can be obtained. In the case of partial differential
equations the classical group analysis is used. For delay partial differential equations
the analysis developed in [86, 45] and described in [20] is applied. A complete study of
particular cases is given in the report. This provides a new result in the application of
the group analysis method to partial and delay partial differential equations.

Along with admitted Lie groups, representations of exact solutions and reduced equa-
tions are constructed in the report. A complete solution and a physical interpretation of
some of them is presented.

We hope that more results will be obtained in future by applying the above approach
for solving concrete models of physical significance as well as for new mathematical de-
velopments. In particular, it is interesting to make the preliminary group classification of
exceptional kernels by applying the method of an a priory use of symmetries [87] to the
integro-differential equations of the form (1.2).
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Chapter 4

On the equation for the power
moment generating function of the
Boltzmann equation. Group
classification with respect to a
source function

Abstract

An admitted Lie group of transformations for the spatially homogeneous and isotropic
Boltzmann equation with sources was firstly studied by Nonnenmacher [1984]. In fact,
in this paper the equation for generating function of the power moments of the Boltz-
mann equation solution was considered. However, this equation is still a nonlocal partial
differential equation, and this property was not taken into account there. In the present
research the admitted Lie group of this equation is studied using original method de-
veloped by Grigoriev and Meleshko [1986] for group analysis of equations with nonlocal
operators. This method allows us to correct Nonnenmacher’s approach. A group classi-
fication of the equation for the generating function with respect to sources is obtained.
In the process of the group classification the algebraic method considered in Nikitin and
Popovych [2001] is applied.

4.1 General Equations

The Fourier image of the spatially homogeneous and isotropic Boltzmann equation with
sources has the form [88]

oy 1) + (. £)0(0.1) = / (s, D)p(y(1 — 5),1) ds + 4(y.1). (4.1)

Here the function ¢(y,t) is related with the Fourier transform ¢(k,t) of the isotropic
distribution function f(v,t) by the formulae

4 o
o(k2/2,1) = @k, t) = %/ vsin(kv) (v, t).dv
0
Similarly, the transform of the source function g(v,t) is

. A [
G(k,t) = %/ vsin(kv)q(v,t) dv,
0
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and 3
q(k,t) = q(k*/2,1).

The inverse Fourier transform of @¢(k,t) gives the distribution function

flot) = 27 /OOO ke sin(kv)@(k, £) k.

()

Normalized moments of the distribution function are introduced by the formulae
M,(t) = AT /Oo f (v, t)v* 2 dy (n=0,1,2..). (4.2)
(2n+ D!/, ’

Following [89], one can obtain a system of equations for the moments (4.2) from (4.1). It
is sufficient to substitute the expansions in power series

S y" . — v Y
n=0 n=0
into (4.1), where
1

qn(t) = >”47r/ q(v, t)v*" 2 dv, (n=0,1,2...)

(2n+1

are the normalized moments of the source function. As a result, one derives the moment
system considered in [48]:

dM,(t)
dt

+ M, (£) My (2) Z My(t )+ Gn (). (4.3)

n—i—l

For ¢(v,t) = 0 this system was derived in [43] in a very complicated way.
Let us define moment generation functions for the distribution function f(v,t) and for
the source function ¢(v,t):

=N WM, Sw,t) =Y waa(t).

Multiplying equations (4.3) by w™, and summing over all n, one obtains for G(w,t) the
equation

0?(wG)

Otow

Here the obvious relations are used

S+ 1M () S Dt = 29,

n=0 n=0

I(w@) 2y 3(@05).

+ Mo(?) Oow Oow

(4.4)

Zw ZMk G2.
n=0

In contrast to the case of homogeneous relaxatlon with g(v,t) = 0, the gas density My(t) =
©(0,t) is not constant. From equation (4.3) for n = 0 one can obtain

Mo(t) = /Ot Q()(t,)dt/ + Mo(O)
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Notice also that
My(t) = G(t,0). (4.5)

This is the reason why equation (4.4) has a nonlocal term. This fact was not taken
into account in [48] in the process of finding an admitted Lie group. The lack of this
condition can lead to incorrect admitted Lie groups. In the present research this omission
is corrected.

4.2 Admitted Lie algebra of the equation for the gen-
erating function

Equation (4.4) is conveniently rewritten in the form
(zur), — u? +u(0)(zu), = g, (4.6)

where u(0) = u(t,0). Here w =z, G = v and (wS), = g.

As mentioned, because of the presence of the term u(0), equation (4.6) differs from
a partial differential equation. Hence, the classical group analysis method cannot be
applied to this equation. A method that can be used for such equations with nonlocal
terms was developed in [34, 45, 20]. In this section the latter method is applied for finding
an admitted Lie group of equation (4.6).

The admitted generator is sought in the form

X =7(t,z,u)0 + &(t, x,u)0p + ((t, 2, u)0,.
According to the algorithm [34, 45, 20], the determining equation for equation (4.6) is

2t + Ve + u(0)(2¢s + ) — 2¢pu + ¢(0)(zu), = 0, (4.7)

where

w(tv ZL’) = <<t7 xz, u(t7 x)) - ut(t7 *T)T(tv x, u<t7 x)) - um(tv I)é(lf, €T, u(tv ZE)), 2/}(O) = w(tv O)

After substituting the derivatives uy, . and uy, found from equation (4.6) and its
derivatives with respect to x and ¢ into (4.7), one obtains the determining equation

Ca®? + G + Cugr + CuPx + g€ + u?é — 2ux¢ + uz(0)
—2 (g + 9o€ + g(1e + &) — mvle — EuPa — 2u(0) (ugz + u)€(0)
Fu(0)(Ca? — Cuuzr — ug + 2( + vEu + TTU) — Trupt® — T2UUunT,

_utua:x'fux2 - uxmftx2 + utuzx(Cuux — Tt + TuU(O).ﬁL' - fa:uaj + gu) 4 8
Fug (€ + Cout? — € — Tipx? — 27,2(g + u?) + u(0)z(27,u — 27,)) (4.8)
+uZe(Ty — 27pu) + 2us(0) (7 — 7(0)) (upx + u) + v22?(Eu(0) — &)
+aug (2 (Tu(0) + C(0) + C) — o — & — 2649 — 2&,u? + 26, uu(0))

2 2 2 2 _
—UFUy Ty 7 — U5 € x” = 0.

Here
7(0) = 7(£,0,u(t,0)), £(0) = &(t,0,u(t,0)), ¢(0) = ((t,0,u(t,0)),
w(0) = w(t,0), 1, (0) = w(t,0).
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Differentiating the determining equation (4.8) with respect to wy, ., and then with
respect to u; and u,, one gets

Tuzoy T.r:O) fuzoa é'tzo

Hence,
T=1(t), £ =&(x),
and
7(0) = 7.
Differentiating the determining equation with respect to u;, and then u,, one finds
Cuu =0
or

C(t,x,u) = uly(t, x) + (o(t, ).

The coefficient with u,u,(0) in the determining equation (4.8) gives £(0) = 0. Continuing
splitting the determining equation (4.8) with respect to u;, and then u,, one finds

Gt ) = —27"¢(x) + Colt).
Hence,
¢(0) = ¢(t,0) = u(0)(Cio(t) = £'(0)) + Co(t,0).
The coefficient with u,u(0) leads to the condition
G0 = —7 +£(0).
Differentiating the determining equation with respect to u twice, one has

e =25 —€().

X

The general solution of this equation is
& =z(c1x + cp).
Equating the coefficient with u, to zero, one derives
Tu(t) = Co(t, 0).
The coefficient with %(0) in the determining equation (4.8) gives
xCoz + Co = 0.
This equation only has one solution which is nonsingular at x = 0:
Co(t,z) = 0.
Hence, (o(t,0) = 0, and

T = cot + c3.

The remaining part of the determining equation (4.8) becomes
gi(cat + ¢3) + xg (12 + o) = —2g(c1x + ¢2). (4.9)
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Thus, the admitted generator has the form
X = CQXO + Cle + CQXQ + Cng,

where

X(] = x@x, X1 = x(x@x - u@u), X2 = tat - u@u, X3 = (9t. (410)

The values of the constants ¢y, ¢1, co, c3 and relations between them depend on the
function ¢(t, ).
The trivial case of the function
9=0,

satisfies equation (4.9), and corresponds to the case of the spatially homogeneous and
isotropic Boltzmann equation without a source term. In this case, the complete group
classification of the Boltzmann equation was carried out in [34, 35] using its Fourier image
(4.1) with ¢(y,t) = 0. The four-dimensional Lie algebra L* = {Y;, Y5, Y3, Y;} spanned
by the generators

}/b = yaya }/1 = yspaﬂéh }/2 = tat - QDaw, }/E% = at (411)

defines the complete admitted Lie group G* of (4.1). There are direct relations between
the generators (4.10) and (4.11).

Indeed, since the functions ¢(y, t) and u(x,t) are related through the moments M, (t),
(n = 0,1,2,...), it is sufficient to check that the transformations of moments defined
through these functions coincide.

Let us consider the transformations corresponding to the generators Yy and Xj:

=t, y=ye', P=;

=t, T =uxe* U=u.
The transformed functions are §(7,t) = p(ye *, ) and u(Z, t) = u(Te *t). The transfor-
mations of moments are, respectively:

— 0"p(y, 1) L0 o(ge 1) O
Mnt = (-1 nf = —  a—n 1n ne— O,t
0= (== == = (e
= e "M, (t);
7\ 611 ( a7%) __—na '6nu N _ _—na n
Mn(t) - '@—‘5:0 =€ n%(o,t) =€ Mn(t)

Hence, one can see that the transformations of moments defined through the functions
¢(y,t) and u(x,t) coincide.
The Lie groups of transformations corresponding to the generators Y; and X; are

Y, = %0890
Xy = z(x0; — ud,)

=y, p = pe’y

==, u=(1—az)u.

HI @I

t,
t,

el IS |

These transformations map the functions ¢(y,t) and u(z,t) to p(y,t) = e¥*p(y,t) and

@) = 1 Jrlafu(f’ 1 faf
R T

=(=1)" ((3% + CL)ngo) (0,7);

— 0"u(z,t) o" 1 - T
M, () = n!  =nl— <1—|—a§u(t’ —)

). The transformations of moments are, respectively:

20" (e 0(7, 1))
W

y=0




Using computer symbolic calculations with Reduce [83] one can check that these trans-
formations of moments also coincide.
The Lie groups of transformations corresponding to the generators Y; and X, are

—a.
we
ue ?.

=Y
I‘?

}@:tat—goap : %
t

te?,
Xy =t0, — u0, te?,

8| <
gl Sl
I

a

These transformations map the functions ¢(y,t) and u(z,t) to p(y,t) = e *p(y, te~*) and

u(T,t) = e “u(T, te”*). The transformations of moments are, respectively:

7 "p(y, ) _a 0" (Y, te™?)
M) = (—1)n T2 (e LA )
@ = (1) o (1) .

N 7oy

— (—1)" @ ay — M a a.

(—1) ayT_L(O,te ) W (te _)e ;

— - o"u(z,t) _,0"Mu(T, te™?)
Ma() = n! OT"  |z=0 e oT"  |z=0

The case where the transformations of moments corresponding to the generators Y3 =
0; and X3 = 0; coincide is trivial. These direct relations between the Lie algebras confirm
correctness of our calculations.

4.3 Comparison with the results of the paper
by T.F.Nonnenmacher

Let us formulate the results of [48] using the variables of the present research. The
admitted generator obtained in [48] has the form

Zy =1(t) (0 — Mo(t)udy) + aud, + (v — 0)x(x0; — udy,) — yx0,, (4.12)

where

a, B, v and § are constant. The function g(¢, z) has to satisfy the equation

T(t)% +a(x(y—0) =)

99 _
or

Since Mjy(t) is unknown, comparison of our results is only possible for g = 0. Moreover,
in contrast to equation (4.9), the source function g(¢, x) in (4.13) as a solution of equation
(4.13) depends on the function My(t), whereas the function My(t) also depends on the
source function. This makes equation (4.13) nonlocal and very complicated.

Comparing the operator Z; for g = 0 with (4.10), one obtains that the part related
with the constants v and ¢ coincides with the result of the present report, whereas the part
related with the constants a and ( is completely different. Indeed, in this case equation
(4.13) is satisfied identically, My(t) = My(0), and for

=2 (z(y —0) + My(t)T(t) — ) g. (4.13)

My(0) #0: mg(t) = tMu(0), 7(t) = Bet™o©) 4 e (1 M) ;

My(0) =0: mo(t) =0, T(t) = 5 — ot.
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The admitted generator (4.13) becomes

Mo (0)
+(y = 0)x(x0y — ud,) — yxOy;
My(0) =0 : Zy=p0; — a(tdy — udy) + (v — §)x (20, — ud,) — yx0,.

Mo(0) #0 : Zy= (5 - L) MO (8, — Mo(0)udy) + 372550

One can see that the above results coincide with [48] only for My(0) = 0. The case
My(0) = 0 corresponds to a gas with zero density which is not realistic. For My(0) # 0,
the coefficient with the exponent e™0(®) plays a crucial role. This coefficient only vanishes

for
a = My(0)5. (4.14)

In this case the admitted Lie algebra found in [48] is a proper subalgebra of the Lie
algebra defined by the generators (4.10). Thus, all invariant solutions with («, 5,7, 9) =
(Mo(0)B, B,7,9) considered in [48] are particular cases of invariant solutions obtained in
[34, 20]. In particular, the well-known BKW-solution is an invariant solution with respect
to the generator Yprw = (Y1 —Yo) + Ys. In the Lie algebra (4.10) this solution is related
with the generator Xprw = c(X1 — Xo) + X3. Other classes of invariant solutions studied
in [48] correspond to (4.14) with the particular choice 8 = 0.

4.4 On equivalence transformations of the equation
for the generating function

For the group classification one needs to know equivalence transformations. Let us find
some of them using the generators (4.10) and considering their transformations of the left
hand side of equation (4.6)

Lu = 2usy + up — u® + u(0)(zu, + u).

The transformations corresponding to the generator Xy = xd, map a function wu(t, x)
into the function
u(t,T) = u(t,Te ),
where a is the group parameter. Hence,

Lu = Lu.

One can check that the Lie group of transformations

t=t, T=uxe"

, u=u, g=4g
is an equivalence Lie group of equation (4.6).

Similarly, one derives that the transformations corresponding to the generator X5 = 0,
define the equivalence Lie group:

t=t+a, T=x,U=u, §g=g.

The transformations corresponding to the generator Xy = t0; — ud, map a function
u(t, z) into the function

u(t,T) = e “u(te™*,T).
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Hence, B
Lu=e%Lu.

One can conclude that the transformations

a 6—2(1

t=t, T=xe", U=u,g=4g
compose an equivalence Lie group of equation (4.6).
The transformations corresponding to the generator X; = z(xd, —ud,) map a function
u(t, x) into the function
1 - T
—u(t, —
1+azx 1+azx

u(t,T) =

).
Hence,
Lu = (1-ax)’Lu
and the transformations
x 2

, T=1—— u={1-az)u, g=(1-az)y

compose an equivalence Lie group of transformations.
Thus, it has been shown that the Lie group corresponding to the generators

X§ =20, X{ = x(x0; — ud, — 290,), X5 =t — ud, — 290,, X5 = 0,

is an equivalence Lie group of equation (4.6).

4.5 Group classification

Group classification of equation (4.6) is carried out up to the equivalence transformations
considered above.
Equation (4.9) can be rewritten in the form

C()ho + Clhl + CQhQ + Cghg = 0, (415)

where
ho = xg,, hy = z(xg, + 29), ha = tg; + 29, hs = g;. (4.16)

One of the methods for analyzing relations between the constants ¢y, ¢, ¢ and c3
consists of employing the algorithm developed for the gas dynamics equations [8]: one
analyzes the vector space Span(V'), where the set V' consists of the vectors

V= <h07 hl; hQ; h3)

with ¢ and x are changed. This algorithm allows one to study all possible admitted Lie
algebras of equation (4.6) without omission. Unfortunately, it is difficult to implement.

In [90] an algebraic algorithm for group classification was applied, which essentially re-
duces this study to a simpler problem. Here we follow this algorithm!. Observe here that
because of the nonlinearity of the equivalence transformations corresponding to the gener-
ator X7, it is difficult to select out equivalent cases with respect to these transformations,
whereas the algebraic algorithm free of this complication.

!The authors thank the anonymous referee for pointing to the possibility of applying to the analysis
of equation (4.15) the algorithm considered in [90]
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First, let us study the Lie algebra L, composed by the generators { Xy, X1, Xo, X3}.

The commutator table is
Xo X1 X9 X3

Xo| 0 X5 O 0
X —-X1 0 0 0
Xo| O 0 0 —-X;
Xs| O 0 X3 0

The inner automorphisms are

AO . .f?l = .fL'lea,
A1 . 3%1 =+ axy,
AQ . 11}3 = ZL’36a,
Az 1 I3 =13+ axy,

where only the changed coordinates are presented.

Second, one can notice that the results of using the equivalence transformations cor-
responding to the generators X§, X7, X5, XS are similar to changing coordinates of a
generator X with regarding to the basis change. These changes are similar to the inner
automorphisms. Indeed, the coefficients of the generator X are changed according to the
relation [8]:

X = (Xt)0; + (XT)0z + (Xu) 0.

Any generator X can be expressed as a linear combination of the basis generators:
Z%()X() -+ i‘le + jZQXQ + ngXg = .I'()XO + ZE1X1 + ZL‘QXQ + CCng, (417)

where

Xo =Tz, X1 = T(T0; — W0y), Xz = 10; — s, X3 = 0.

Using the invariance of a generator with respect to a change of the variables, the basis
generators X;, (1 = 0,1,2,3) and X;, (« = 0,1,2,3) in corresponding equivalence trans-
formations are related as follows

X¢ : Xo=Xo, X1 =e Xy, Xy = Xy, X5 = Xg;
Xe © Xo=Xo4aX, X; = X1, Xy = Xo, X3 = X;;
X¢ : Xo=X0, X, = X1, Xo = X, X3 = e X;;
X¢ : Xo=Xo0, X, =X, X, =Xy —aXs, X3 = X

Substituting these relations into the identity (4.17), one obtains that the coordinates of
the generator X in the basis B = { Xy, X;, X5, X3} and in the basis B = {XO,Xl,Xz,Xg}
are related similar to the changes defined by the inner automorphisms.

This observation allows us to use an optimal system of subalgebras of the Lie algebra L,
for studying equation (4.15). The construction of such an optimal system is not difficult.
Moreover, it is simplified if one notices that Ly = Fy @ Fy, where F; = {Xj, X1} and
Fy, = {X5, X3} are ideals of the Lie algebra L,. This decomposition gives possibility to
apply a two-step algorithm [18, 91]. The result of construction of an optimal system of
subalgebras is presented in Table 1.

For obtaining functions ¢(t, z) using the optimal system of subalgebras one needs to
substitute the constants ¢; corresponding to the basis generators of a subalgebra into
equation (4.15), and solve the system of equations thus obtained. The result of group
classification is presented in Table 2, where o and k are constant and the function ® is
an arbitrary function of its argument.
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Table

4.1: Optimal system of subalgebras

Algebra Algebra

L | {Xe+ aXo, X3+ Xo, X1} | 11. { X2, X3}
2. { Xo, X1, X3} 12. | { X5+ aXo, X1}
3. {Xo, Xl, XQ} 13. {Xo, Xl}
4. {AXV()7 XQ, X3} 14. {X2 —I—OéX()}
5. {XQ, Xg} 15. {X2+X1}
6. { Xy — Xo, X1+ X3} 16. { X2}
7. {aXs —2X,, X3} 17. { X5+ aXo}
8. {Xo+ Xy, X5} 18. { X3+ X4}
9. { Xo, Xo} 19. { X3}
10. {XQ"’OKXO, Xl} 20. {XO}

21. { X1}

Table 4.2: Group classification

No. | Function Admitted generators | Condition
1. | g=ka? {Xs + Xo, X3, X3}
2. | g=ka*(xt+1)71 { X, — Xo, X1+ X3}
3. g = kx® {aXs —2Xy, X3} a# —2
4. | g=ka 2> { X, + X1, X3}
5. | g=kt? { Xo, X2}
6. | g=ka 2D { X5+ aXo, X} a#1
7. | g=ka?e* { X5+ aXy, X1} a#0
8. | g=t2®(xt™) { Xo + aXo}
9. | g=a"2> "D(te* ) {Xo+ X1}
10. | g = ®(ze ) { X5+ aXo}
1. |g=z®(t+z7) { X5+ X1}
12. | g = P(z) { X5}
3. [ g=(0) {Xo)
4. | g=a720(t) { X1}
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Chapter 5

On first integrals of second-order
ordinary differential equations

Abstract

Here we discuss first integrals of a particular representation associated with second-
order ordinary differential equations. The linearization problem is a particular case of the
equivalence problem together with a number of related problems such as defining a class
of transformations, finding invariants of these transformations, obtaining the equivalence
criteria, and constructing the transformation. The relationship between the integral form,
the associated equations, equivalence transformations and some examples are considered
as part of the discussion illustrating some important aspects and properties.

5.1 Invariants of a class of second-order equations

We recall some known properties of a second-order equation,
i+ ag(t, x)i® + 3aq(t, v)i* + 3ay(t, x)i + ao(t, x) = 0. (5.1)

This form of equation is conserved with respect to any change of the independent and
dependent variables

7= p(t, 1), u=1(t,x). (5.2)

In fact, derivatives are changed by the formulae

Dyp — thy + @1y

D @ +ip,
W= P(tx, @ F) — Dig g+ 29 + Zg;

Dip @i+ i, (5.3)

F& (P2t — Cutbe + 20t — Prathr)) + Qetbu — Pue).
Here D, is the operator of the total derivative with respect to ¢, and
A= thd]m — 7é 0.
Since the Jacobian of the change of variables A # 0, the equation

!/

w= g(t,z,t)=

u” + by (T, u)u® + 3bo (7, w)u? + 3by (1, u)u’ + bo(,u) =0 (5.4)
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becomes (5.1), where

ay = (Qoaﬂ/)xm 9035171/}93 + @xbﬂ + 3%%1?1 + 3@11/}2872 + ¢3b3>
Ay = ( (¢t¢xz @xxwt + 2(‘;0:c¢tx Sptxwx)) + @t%;bo
+90x(2S0t¢x + 0 0)b1 + (P2 4 20,0015 )by + Yy1p2bs) (5.5)
a3 = A7 (BN outu — outhe + 200 — Prtt)) + iesbo .
+(P70e + 201020)b1 + (200105 + 0007 )b + 71hbs)
a = ATty — euth + ©ibo + 37hiby + 307 bs + UPbs) .
Two quantities play a major role in the study of equations (5.4):
oIl oIl
L, = — 2y 2 bollag — boIlyy + 20,1155,
ou or
oIl il
Ly, = — 2y 2 b3l — b11lgg + 2051155,
ou or
where
[Ty = 2(b} — babo) + b1y — bou, oy = 2(b3 — 3b1b3) + b, — bay,
IT12 = byby — b3by + bar — biy.
Under point transformation (5.2) these components are transformed as follows [92]:
Zl = A(Lyps + Loty), Ez = A(Lyps + La),). (5.6)

Here tilde means that a value corresponds to system (5.1): the coefficients b; are exchanged
with a;, the variables 7 and u are exchanged with ¢ and x, respectively.

S.Lie [49] showed that any equation with L; = 0 and L, = 0 is equivalent to the
equation u” = 0. R.Liouville [92] also found other relative invariants, for example,

Vs = Lo(L1Lar — LoLa;) + Li(LoLyy — L1Loy,)—
b33 + 3by 2Ly — 3by Ly L3 + by L3,
and
wy = Ly (—Li (o Ly — W41 Lo) + Ri(L3); — LiRyr + LiRi (b1 Ly — boLs)) |

where
Ry = L1Ly, — LoLy; + by L3 — 2by Ly Ly + by L3.

Notice that for the Painlevé equations L; # 0 and Ly = 0, v5 = 0 and w; = 0.

Remark 5.1.1. Without loss of generality one can assume that L; # 0 and Ly, = 0,
otherwise a change of the dependent and independent variables such that the functions
o(t, ) and ¥(t, ) satisfy the equation

QOyLl + ¢yL2 = 0

leads to this case. For the sake of simplicity we study equations with L; # 0 and Ly = 0.
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5.2 General difficulties of the equivalence problem

Despite the fact that the criteria for linearizability can be simply checked, there are
certain difficulties for finding the linearizing transformation. Let us consider a second-
order ordinary differential equation

Y +b(z,y)y* + c(z,y)y +d(z,y) =0, (5.7)

where the coefficients satisfy the conditions

cy = 2by, dyy — byy — byc+ byd + dyb = 0. (5.8)
The transformation

t=p(), u=y(,y) (5.9)
mapping equation (5.7) into the equation u” = 0 is found from the compatible conditions
wyy = wyba 2%3, = %Zl%%x + Cwya wmz = 90;1%80m + wyda (510>

20/ " — 3" 2
% — I, (5.11)

¥

where H = 4(d,+bd) — (2¢,+¢*). Notice that by virtue of the second equation of (5.8) the
function H = H(x). To solve the system (5.10), (5.11), one has to firstly solve equation
(5.11). The change ¢’ = g~ reduces equation (5.11) into the equation

1
q" + ZHg = 0. (5.12)
It is well-known that the Riccati substitution

/

g =gv
reduces equation (5.12) into the Riccati equation

1
v’+u2+ZH=0.

Thus, in order to solve equation (5.11) one has to be able to solve the Riccati equation,
which is not solvable in the general case.

The example presented above shows that the solution of the linearization problem
is only theoretical: in many applications it becomes impossible to find the linearizing
transformation. A similar problem is also encountered in finding the intermediate integral.

5.3 Existence of the First Integral

The existence of the first integral of the form:

1
B(t,z)x + Q(t,z)’

[=A(t,z)+ (B #£0), (5.13)

of a second-order equation requires that the necessary form of the equation is (5.1), where
the coefficients are related by the equations

ap = (Q: — A:Q*)/B, a = (By + Q. — 2A,BQ — A,Q?)/(3B),

(5.14)
a9 = (Bx - AtB2 - 2AxBQ)/<3B), as = —AxB
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The sufficient conditions for existence of an intermediate integral of the form (5.13) are
obtained if one considers (5.14) as equations for the functions A(¢, x), B(t, x) and Q(¢, x)
with given coefficients a;(t,z), (1 =0,1,2,3).

Equations (5.14) give

At = B_1G7 A:r = _B_la?n Qt = CLOB + B_IGQ27

(5.15)
By = —Q, +2GQ + 3a,B — a3 B71Q?,
where
G = B (B, — 3a3B + 2a3Q).
The function G(t,z) is introduced for simplicity of calculations.
The equations (A,); = (A;), and (B,); = (By). give
Gm = —B_IQIGB — asy + 3&10,3 + SCLQG - B_QagQQ + G2,
Q.. = B2(Q.B(3ayB — 4a3Q + 3BG) — Gy B3 + B*(3a1, — 3ag; + 2apas3) (5.16)

+(6asas — as,) BQ? — 4a2Q3 + 4a3 BGQ?).
The equation (Q..): = (@) becomes

Gy = B (4GQ,B° — 3G,B'a; + 4G, B%a3Q* — 2Q2B2G — 2Ga2Q"
+3Q$B3(2a2t — A1y — a0a3) - 4Q$BG(I3Q2 + B4G26L0 + B4G(CL0$ + 3(10@2)
+B4(a0ta3 + Q1 + 3a1xa1 - 2a2tt - 6a2ta1 + astag + 3&0@1(13 — )\1)
—3Bza3Q2(a1x — 2a2t + (Ioag)).
(5.17)
The equation (Gy), — (Gy)y = 0 leads to S = 0, where

S = 12G,Q,B%G — 6G2B* — 6Q*B2G? + 12G, B*Ga3Q* — 12Q,BG2a;Q>
+12(ay, — 2a9; + apaz) B3(GyB? — Q. BG — GazQ?) — 6G%a3Q* + 3B'G )\,
—B4()\1$ - 3@2)\1 + 6(61/1;r — 2@275 + a0a3)2).

Furthermore the equations
S, —6(G +ay)S =0, B%S; — 6(Q.B — B%a; +azQ*)S =0

are

Ba3Q, = 3B*Gu, — 5B*G? + B*(3aja3 — ua) — a3Q?, (5.18)

Gy = (15B*\))71(6Q.BA (5G — 1) — 3B2G(A\i; + 6a1 M) + 6a3\ Q*(5G — 1)
+B2( A pirs + 12a1.A1 — 24a9: M1 + Agpn + 12agasz Ay + 6a1 A1),
(5.19)
where all coefficients ;, (i = 1,2,...,7) are presented in the Appendix.
For further analysis one needs to consider two cases: a) az # 0 and b)! a3 = 0. It is
also worth noting that because of the relative invariant vs the property for az not to be
equal to zero is an invariant property of the point transformations conserving Lo, = 0.

1This case has been studied in the literature.
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5.3.1 Case a3z # 0
Let a3 # 0, then equation (5.19) gives

Q. = (Bas) ' (3B*Gu1 — 5B*G” + B*(3aya3 — p12) — a3Q7).

Thus, all first-order derivatives of the unknown functions A(t,x), B(t,z), Q(t,xz) and
G(t,x) are found:

At = BilGa Aw = _Bila& Qt = Bay + BilGQ27
Q. = (=5B*G? + 3B*G + B*(3a1a3 — p12) — a3Q°)/(Bas),
Bt = (5BG2 - 3BG,u1 + B,LLQ + 2Ga3Q)/a3, ng = BG + 3BCL2 - 2@3@7

Gy = (—10G? + 8G?uy — Gus + M) /as, G, = 6G? + 3G (ag — 1) — az; + pa-
(5.20)

The overdetermined system (5.20) is compatible if the conditions

(At)x - (Aw)t = 07 (Bt)m - (Bz)t =Y,

(Qm)t - (Qt)m - 07 (Gt)a: - (Gm)t =0
are satisfied. Notice also that by virtue of (5.20), equations (5.15) are satisfied. Hence, it
is not necessary to substitute the first-order derivatives into the intermediate equations

(5.16) and (5.17).
The conditions (5.21) are reduced to the equations

(5.21)

H = 12G%a3 — G*us — Gug — 17 = 0, (5.22)

75G* — 801G + 5¢G* — 1G — ¢y = 0, (5.23)

where coefficients ¢;, (i = 0, 1,2) are presented in the Appendix. Let us also add to this
set of equations the following equations:

H,=0, H,=0. (5.24)

The equation (5.22) is a polynomial equation of third degree with respect to G. Ex-
cluding from equations (5.23) and (5.24) the value

G3 = (G2,U5 + GHG + u7)/(12a3),
equations (5.23) and (5.24) become
500G + 1G4y = 0, @G? + BoG + 7y = 0, 2503G? + B3G + 25v3 = 0, (5.25)

where all coefficients «;, §; and ~;, (i = 1,2, 3) are presented in Appendix.

In solving equation (5.22) with respect to G, one has to also satisfy the conditions
Gi = (G); and G, = (G),. Satistying these conditions is equivalent to satisfying equations
(5.24). Thus, further study is just an algebraic study of equations (5.22) and (5.25). This
study depends on the coefficients oy, 5, (i = 1,2, 3).

For example, assume that a; # 0. From the first equation of (5.25) one finds G2.
Substituting G? into (5.22) and the remaining equations of (5.25), one obtains linear
equations with respect to G. One needs to study resolving these linear equations with
respect GG. This depends on the coefficients of these equations. Notice that one does not
need to differentiate equations any more.
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54 Case G=0

Let us consider the case G = 0 without restrictions for? \y. Then

At:0> Ax:_GB/Ba Qt:aoB7

By = (—Q.B + 3a; B* — a3Q?)/B, B, = 3asB — 2a3Q). (5.26)
The equations (A,): — (A). = 0 and (B,): — (By). = 0 give
Q.a3B = —a3 B* + 3a,a3B* — a3Q?, (5.27)
Qe B? + Q. B(2a3Q — 3asB) + B?(3ay — 3a1, — 2apas3)
+BQ*(az, — 6asaz) + 2B%*Q(3ayas — az;) + 2a3Q3 = 0. (5.28)
5.4.1 Case a3z # 0
If a3 # 0, then equation (5.27) defines
Q. = (—a3B* + 3a1a3B* — a3Q%)/ (a3 B). (5.29)
This reduces equation (5.28) and the equation (Q,); — (Q¢)., = 0:
(aze — 3agas + 2apai)az — aspaz, = 0,
(5.30)

asgr — 3a3ta1 —+ (agx — 3@115 —+ 3@0@2)&3 =0.

Thus, if equation (5.1) satisfies the conditions (5.30), then the overdetermined system of
equations consisting of equations (5.26) and (5.29) is involutive.
For example, for ag = 1 the conditions (5.30) can be solved

ap = 3as /2, ay = Go./2 + 3a3/4 + ¢,
where ¢(z) is an arbitrary function. This means that all equations of the form
&+ @+ 3agdi® + (a9, /2 + 3a3/4 + )i + 3ag /2 = 0 (5.31)

with arbitrary functions as(t, ) and ¢(x) have the intermediate integral

1
B(d + 3ay) + H’

I=A+

where the functions A(z), B(z) and H(x) are solutions of the equations
A'=-1/B, B'=—H, H =3Bp— H*/B.

Notice that for ag; = 0 equation (5.30) can be reduced to a first-order ordinary differ-
ential equation by the standard change & = y(z) whereas for ay; # 0 this technique is not
applicable.

2There is no restrictions for Ao
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5.4.2 Casea;=0

In this case equation (5.27) is satisfied and equation (5.28) becomes

Qxx = 3Qxa2 - 3B(a2t - al:c)- (532)
The equation (Quz)¢ — (Q4)ze = 0 gives
3Q.n = B(n + 3a1n — A1), (5.33)

where n = aj, — 2as,. Hence, for n = 0 one has that®> A\; = 0, and there are no other
additional equations for the functions A(t,x), B(t,z) and Q(t,z). This means that the
system of equations consisting of equations (5.26) and (5.32) is involutive. If n # 0, then
one can find @,. The equations (Q.); — (Q¢)r = 0 and (Quz)z — (Qz)z = 0 give the

conditions

3w = 4An? — 3mmar + 15m:A1 + 99 (ag, — a1 + 3agas — 2a7)
—In(Ae + arhy) + 927, (5.34)

M = Me + 30:M1 — 20 + 3nag — 3.

Thus, if equation (5.1) satisfies the conditions (5.34), then the overdetermined system of
equations consisting of equations (5.26) and (5.33) is involutive.

5.5 Examples

In this section we consider examples of first integrals of the form

A(t,z)t + B(z,t)
T+ Q(x,1)

Example 5.5.1. The equation associated with the first integral I in (5.35) is given by

I = (5.35)

Ay
x+—:c3+ (A B, +A,Q—AQ, )+

AYTA Bi+AiQ—-AQi+B.Q— BQx>x+ (QB,—BQ,) =

(5. 36)

A(
where A = AQ) — B.
Proof. Re-arranging (5.35), we obtain
I(z + Q(x,t)) = A(t,x)t + B(z,t)
which immediately yields
(34 Q.2 + Q) = A% + A 3* + Ay + B3 + B,

(A + B) (3 + Qui + Q) = (¢ + Q(x,1))(AZ + A3 + Ayi + Boi + By)

(I
This equation is closely related to the (unparametrised) geodesic equations of some
connection I' on U € R?
i¢ 4+ T¢a% = vit

3Notice that for not linearizable equation (5.1) without loss of generality one can assume that \; # 0.
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for z%(t) = (z(t),y(t)). Eliminating the parameter ¢ yields the second-order ODE for y
as a function of z

d?y dy\’ dy\? dy
A - b - — d =0 5.37
= atw) () e (L) +elon) (§) +awn =0 51
where
a(x, y) = _F%b b(l‘, y) = Fil - 2F%27 C(xa y) = 21—%2 - F§27 d(xa y) = F%?
In other words, any second order ODEs with cubic nonlinearity in the first derivatives

of the form (5.36) gives rise to some projective structures.

Example 5.5.2. A quasimonomial ¢ over K is defined as
q:XCZH'r? C’LGK

A quasimonomial function is a finite sum of quasimonomials f : C — >, where ¥ =

C U {00}, defined as
X — Z a; H xj”
=1

We assume A = 2°t%, B = 27t and Q = 1 in (5.36) to obtain the second-order
equation

a+ BT 4 g z 4 gy-otl 4y -t
i+ « i‘g + /Bt Y .Zt‘2 + 5,5 6 t B i+ ﬁ t _ O,
(1 —z7~®) (1l — z7=) (1l — 27=) (1 —x7~®)

(5.38)

which admits the first integral
I o8 (3 + 2779)
T+1
Claim 5.5.1. Setting « = —1, g =1=0,7 =0, we obtain the first integral of

i+ﬁa‘c3+ (x<x1_1) +t(11_x))92:2+%Gti)jﬂrt(lix) =0 (5.39)

[:<E>.jf’+x.
T r+1

Example 5.5.3. The first integral of another second-order equation
i t 3 2 (1+x)t+1 2 1 n 1—1t - 1 0
i+ —-—1 — -z i =
22(x —1) l—2 (1—-2x)2® =x l—z (1-2)x 1—x
(5.40)

as

is .
B et/xx +x
R
Example 5.5.4. Let us set A = Q7! = ¢*@* and B = b (constant) in (5.35). Then we
obtain the equation

(1=b)i4e* @ (o (z)ti+a(x))i?+2(c (2)ti+a(z))i+e @ o/ (2)ti+ba(x)) = 0, (5.41)

corresponding first integral is
[ @ty b
- T+ e—a(@)t’
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5.5.1 Time-independent case

Consider A; = B; = Q; = 0. Thus the equation (5.35) becomes

A, . 1 . 1 .
i+ T+ (Bt AQ — AQ)E + L (AQ — AQi+ B.Q — BQL)i =0, (5.42)

which can be expressed as

This yields the flow equation

d 1
= < (A" + (B, + A,Q - AQu)y + (B.Q - BQ.).)
Assume A =1, thus A = @Q — B. The flow becomes

dy A(x) B*d Q
& A’ A

This immediately yields
1

“o/B-1 "

’y:

Thus we obtain

dx
= / C1Q — (Ci+1)B(z)

5.5.2 Reduction
Let A, = 0 and set

Ai+ B, — AQ,) = b(x,t) = %gbx %(Bt + AQ — AQy + B,Q — BQ,) = c(x,t) = ¢

(5.44)
A large number of second-order ODEs in the Painlevé-Gambier classification system
belong to the following class of equations, namely

1
A

1
I+ 5@,:‘52 + ¢pit + B(t,x) = 0.

This equation yields the Lagragian description via Jacobi’s last multiplier. Writing this
equation in the form

i = Ft,0,4) = ~[56.° + G+ Bt )],

the Jacobi last multiplier M is given by the solution of

d oOF
In the present case we have
M- 0*L
952 exp P(t, )



We then obtain the Lagrangian as

2
x
L(t,,l‘,l‘) = €¢(t7$)? + fl(t7$)x + fg(t,l‘)

Conditions for Lagrangians
Let us express ¢ in terms A, B, Q) and find the conditions for Lagrangian. Defining

2
gb:v = Z(At + Ba: - AQJ:))

1

Or = Z(Bt + A,Q — AQ, + B,Q — BQ,),

immediately yields

2 2

Gor = R (A"(8) + Bor = A ()05 — AQue) = 5 (A (HQ + AQ — B)(A'(t) + By — AQq),

Ore = 5 (Bt A'Qu AQurt BuuQ—BQur)— 75(AQu—B)(B+ A'Q-AQu+ B.Q—BQ.).

1
A

Claim 5.5.2. The second-order nonlinear equation of the form
i+ bz, t)i* + c(z,t)i + d(z,t) =0
admits Lagrangian provided
A'Q(2A" + 3B, — 34Q,) + (AQ: — By)(2A" + B, — AQ.)
_(AQx — B:p)(BacQ - BQ:E)v

where b(z, t), ¢(z,t) defined as (8) and d(z,t) = x(QB, — BQy).

Outline of proof. It follows from the compatibility condition ¢,z = ¢y.
O

Example 5.5.5. Set A = 1, A = AQ — B = 2*t’ and assume Q = 27 in (5.45), the
equation becomes

n t———=0 (5.45)

i— it ((7 — )l - ﬁ) . o

whose first integral is
i 4 27 — xoth

T+ x7

I =

Let us find the condition v and « for which equation (5.45) gives Lagrangian descrip-
tion.

Claim 5.5.3. For v = a or v = 1 equation (5.45) yields a Lagrangian description.

Proof. Equate ¢, = —2 and ¢, = (y—a)z? ! — ’%3 It immediately yields ¢,; = 0 and
¢ = (v — a)(y — 1)27~2. Thus from the compatibility condition we obtain our criteria.
|
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5.6 Conclusion

Any second-order ordinary differential equation which possesses a first integral of the
form (1.11) has to be cubic with respect to the first-order derivative (5.1). The present
research gives a complete criteria of the existence of a first integral of the form (1.11) for
a second-order ordinary differential equation (5.1) which is reduced to the equation with
Ly = 0. Despite that any second-order ordinary differential equation (5.1) can be reduced
to the equation with Ly = 0, the complete solving of the problem requires the sufficient
conditions be given using coefficients of the original equation (not reduced). This is still
an open problem.

Appendix

Coeflicients are

H1 = ()\190 - 3612)\1)/)\1,

po = (pz + 3ase — 3agpn + p3)/3,

ps = (Arag — 24a1azhy + 6 42 + 101 412)/(5M1),

py = (piraz + 12as(a1, — 2a9; + agas + apuy) — 63 — dpypio + Spaps) /(15X1),

ps = aze — 6azaz + 10azpuy,
pe = (asias — 6ara3 + 18asui + asps — aspis — 3paps) /5,
pr = (3aga? — pogas — 2apas — 18ayapy + 6asaspis + azAipy + Sdagp’
—dagpnpig — 3azpipiz — Ipips — 15 jie + papis) /5,
ap = 7200312 — 432a1a3 + 14403y — 144a3u3 — 80aspuips — 300aszpe — Hpu?,

By = 1728ay,a3 — 3456aya3 + 1776agas + 3024ayadp; — 1680a3\; pg — 3456033
—1008a3 1 1o + 1008a3 i1 piz + 432azp2 s + 1040azp1 16 — 300az iy — 25 s e,

1= 48ag.ai — 144ay,a3 + 48uqas + 144agasay — 432arai e — 144a2 Xy iy gy + 96a3 3
+864azipe — 48a3puaps — 144asp piops + 320aspuypir — 240aspiopie — 255417,

g = —T2u5a3 + 432a1a3 15 + 2592a3 N1 pug — 12960313 s + 1152a3 41 pg — 7203 o5
—2160a3u7 + 264azp p2 + 180asjispe — Hus,

By = —T2ueras + 432araipe — 144ai g papes — 12960212 g + 1728a g pur
—T2a3 016 — T2a3 316 + 264aspu prspue — 60as sy + 240aspud — 52 pie,

Yo = —T2una3 + 432aya3py — 7203\ papie — 129603 1% iy — T2a3 sy — 144aps iy
+264asp sty + 240ag ey — Spdpug,

a3 = —2useaz — 432a1a3 + 18asazpus + 1296a3u? + 144aips — 72a3us
—242a3p11 15 — 336aspis + 3112,

B3 = —1212a1,a3 + 2424a2a3 — 10p5:a3 + 30puspazpy — 1244agas + 4644a, a3y
+120aya3 15 — 270aza3p1 s + 154003 1y — 18336a3 13 — 1548a3 1y o + 468a3 i i3
+3312azu3 s + 5090as 1 pg — 30azpiaps + 20aspuspis + 850aspir + THiis e,

Y3 = —2prza3 + 12a1a3p6 + 30aza3p7 — 36aspipig — 38aspipir — daspiapig
+2azpuspis + 6 s pis + 3ps iy + 104G,
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qo =
g1 —
g2 =

0p 05 — 31,03 — Asfis + posas + 3agaza3 — 3ayaspy — 3N fa + 13,
36a1,a3 — T2ag:a3 + 3agepy + 3Tagas + 45a1azpy — 35X g — 18puy (13 + pa — p3),
az + 3araz + 3ut — 2p0 + 2u3.
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Chapter 6

Complete group classification of
systems of linear second-order
ordinary differential equations with
constant coeflicients

Abstract.

The present research corrects the way of using Jordan canonical forms for studying
the symmetry structures of systems of linear second-order ordinary differential equations
with constant coefficients applied in [81]. The approach is demonstrated for a system
consisting of two equations.

6.1 Equivalence Lie group

The first step in group classification is the step of obtaining an equivalence Lie group.
The equivalence Lie group allows one to change the coefficients of the original system of
equations. For completeness, this group is presented here.

Let us consider the system of equations

T = mnx + my,
Y = Mo1T + Maay,

where m;; are real-valued constants. The functions x(t) and y(t) are also real-valued. In
matrix form, these equations are written as

x = Mx,

X:($)7 M:(mn m12).
) mMa1 Moz

The equivalence Lie group of this system is defined by the generators:

where

Xf = at, Xze = x@x + m128m12 — m218m21, X§ = yﬁy — m128m12 + m218m21,
XE = t@t - 2(m228m22 + m213m21 + mnamu + m128m12),
XS = y0p + M210my, + (Maz — M11)0myy, — M210rmy,,
X66 = QTay — mlgamn — <m22 — m11)8m21 + m128m22.
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The transformations corresponding to the generators X5 , X§ and X{ define scaling of
the coefficients if one scales the variables x, y and ¢, respectively. The transformations
corresponding to the generators X¢ and X§ define the change of the coefficients if one
takes linear combinations of the dependent variables x and y. Since the transformations
corresponding to these generators are used for simplifying the canonical form, let us
present them here:

XQG T = ZE@a, 77112 = mlgea, ﬁ’LQl = mgle_a;

XS y=uye?, mia =mize ?, Mg = Mmore®;

X5 t=te, My = mue 2, My = mpge™ 2%, Mg = mare 2%, Mgy = Mage ™24

X¢: T=x+ay, M =mi + amar, Miz = Mz + a(may — may) — a*may, Moy = Moy — aMoay;

Lo~ ~ ~ 2 ~
X§: y=y+axr, my=my — amya, Mo = My — a(m22 - mn) — a“Mmy2, Moy = Mag + AMy2.

Here only changeable variables are presented. There are also four involutions correspond-
ing to the discrete transformations

E,: 2=—ux;
Ey : g:—%
Eg: t:—t7

E42 i'/:y,g:%

6.2 Canonical forms

For a real-valued 2 x 2 matrix M, the Jordan matrix is one of the following three types,

a 0 a ¢ a 1
JIZ(O b)’J2:<—Ca>’J3:<Oa>’

where a, b and ¢ > 0 are real numbers. The matrix P has also real-valued entries in these
cases. The simplification of system (1.23) through scaling of the dependent variables and
independent variables depends on the form of the Jordan matrix.

6.2.1 Case J =J;

Since a and b are real-valued, it is well-known that for a = b the corresponding system
of equations (1.23) with J = .J; is reduced to the free particle system. The admitted Lie
algebra in this case is also well-known and consists of the generators:

X1 = @, X2 = am X3 = ay, X4 = t&r, X5 = tay, XG = x@m, X7 = yay, Xg = t@t,
X9 = x@t, Xip = yau X = yax, Xip = Iay,
X3 = x(y0y + 20, +t04), Xia = y(y0, + 20, +t0;), Xi5 = t(y0, + 20, + t0;).

If a # b, then using the equivalence transformations corresponding one part of the set
of admitted generators is

X1 = 8t, X2 = x@x, X3 = yﬁy
The remaining generators are defined by the formulae
X =p(t)0,, Y =1(t)0,,

where

o' =ap, Y =0bp.
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The general solution of these equations depends on the signs of the coefficients. Notice also
that using the involution Ej4 and the scaling of the independent variable corresponding to
X, the coefficient a can be reduced to £1, where the sign coincides with the sign of a.
Thus one obtains the cases:

(al)a=1,b=0: Xy =¢€'0,, Xs=¢""10,, Xo=20,, Xr=10y;

(a2)a=1,b=k>>0: Xy =¢€'0,, Xs=e"0,, Xg=¢"0,, X;=er0,;

(a3)a=1,b=—-k*<0: Xy =¢'0,, X5=¢"0,, X¢=-sin(kt)d,, X;= cos(kt)d,;
(a.d) a=—1,b=0: Xy =sin(t)0,, X5 = cos(t)0,, Xe =0y, X7 =10y;

(ab) a=—1,b=—k* <0: Xy = sin(t)d,, X5 = cos(t)d,, X¢ = sin(kt)d,, X; =
cos(kt)0y;

Notice that the last two cases are missing in [81]. Considering the commutators tables,
one can show that the structure of these Lie algebras also differs from the structure of
the Lie algebras presented in [81]. However, in term of the dimension of the symmetry
Lie algebra no new dimension arises.

6.2.2 Case J =

Using the scaling corresponding to X, and the involutions E;, Es, E, (if necessary),
system (1.23) with J = J is reduced into the system

I=ar+vy, U=-—x+ay.
Calculations give the admitted Lie algebra corresponding to the generators

X1 =y0, — 20y, Xy =20, +yd,, X3=0,
Xy = e (cos(tqe)0r — sin(tq)dy), X5 = €' (sin(tga)0, + cos(tq)0y) ,
Xo = e (cos(tqa) 0y + sin(tqe)0y) , X7 = e ' (sin(tqz)d, — cos(tq)dy) ,
where
Vi+at+a V1+a?—a

q1 = Ta G2 = 5

This case is also missing in [81].

6.2.3 Case J = J;

In this case system (1.23) is
i=ar+y, §=ay (6.1)

One part of the set of admitted generators is
X1 =0, Xo=9y0,, X3=20,+y0,.
The remaining generators are defined by the formula
X =c(td, — 2(y + ax)9y) + 90, + (¢" — ap)d,,
where the constant k and the function ¢ = @(t) satisfy the equations
ca=0, oW —2ap" 4+ ap=0.

Thus, one has three cases:
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(c.1) if @ = 0, then ¢ = pyt> + pst? + pat + p1, and the additional generators are
Xy =0y, X5 =10, — 2y0,, X¢ =120, + 6t0,, Xy =120, + 20,, Xg = t0,;

(c.2) if a = —k* < 0, then ¢ = 0 and ¢ = (p1t + p2) sin(kt) + (pst + p4) cos(kt), and
the additional generators are

Xy = sin(kt)0,, Xs = cos(kt)0,,
X = 2k cos(kt)0, + tsin(kt)0,, X7 = tcos(kt)d, — 2ksin(kt)0,.

(c.3)ifa=k* > 0, then ¢ = 0 and ¢ = (p1t+p2)er + (pst +ps)e ™, and the additional
generators are

X4 == ektﬁz, X5 = e_kt&;, X6 = €kt(tam + 2k8y), X7 == e_kt(t&; - 2/{;8y)
Here p;, (i = 1,2,3,4) are constant.

In [81], the last case is presented incorrectly. One can check that the generator 0, is
not admitted by system (6.1) in case (c.3).
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Chapter 7

Summary

7.1 Fluids with internal inertia

A systematic application of the group analysis method for modeling fluids with internal
inertia is considered in the third part of the research. The equations studied include mod-
els such as the nonlinear one-velocity model of a bubbly fluid (with incompressible liquid
phase) at small volume concentration of gas bubbles, and the dispersive shallow water
model. These models are obtained for special types of the potential function W (p, p, S).
The main feature of the present research is the study of the potential functions with
W;ss # 0. The group classification separates these models into 73 different classes. The
result is published in [93].

7.2 Applications of group analysis to
integro-differential equations

7.2.1 The Rudenko equation

The research deals with an evolutionary integro-differential equation describing nonlinear
waves. A particular choice of the kernel in the integral leads to well-known equations
such as the Khokhlov-Zabolotskaya equation, the Kadomtsev-Petviashvili equation and
others. Since the solutions of these equations describe many physical phenomena, the
analysis of the general model studied in this paper is important. One of the methods
for obtaining solutions of differential equations is provided by the Lie group analysis.
However, this method is not applicable to integro-differential equations. Therefore, in the
research we discuss new approaches developed in modern group analysis and apply them
to the general model considered in this paper. Reduced equations and exact solutions are
also presented. The result is published in [94].

7.2.2 The Boltzmann equation with sources

This part of the research considered in the project is started after visiting Suranaree
University of Technology by Professor Yu.N.Grigoriev. We started with the following
problem. In [48] the classical group analysis method was applied to the equation which
was obtained from the spatially homogeneous and isotropic Boltzmann equation with
sources. The derived equation is still a nonlocal partial differential equation. However,
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this property was not taken into account there. In the present paper this lack of [48] is
corrected. The result is published in [95, 96].

7.3 Application of group analysis to ordinary
differential equations

7.3.1 On first integrals of second-order ordinary differential equa-
tions

This part of the research considered in the project is devoted to the study of intermediate
integrals of a second-order ordinary differential equation of the form

TA(t,x) + C(t, x)

1= Bt 100

This research is started after visiting Suranaree University of Technology by Professor
Sibusiso Moyo (DUT, South Africa). The sufficient conditions for existence of an inter-
mediate integral of the form presented above are obtained. The result is published in
[97].

7.3.2 Complete group classification of systems of two linear
second-order ordinary differential equations
with constant coefficients

Recent works by Wafo Soh [81] have focused on the study of systems of second-order
ordinary differential equations with constant coefficients. The studies deal with symme-
tries of systems of linear second-order ordinary differential equations with two and three
equations are considered. The research conducted in the project corrects the way of using
Jordan canonical forms for studying the symmetry structures of systems of linear second-
order ordinary differential equations with constant coefficients applied by Wafo Soh. The
result is published in [98].
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1. Introduction

Recent works by Wafo Soh [1] have focused on the study of systems of second-order ordinary differential equations with
constant coefficients. The studies deal with symmetries of systems of linear second-order ordinary differential equations
with two and three equations are considered. The goal of the paper is to study the symmetry structure of a system of
n =2 linear second-order ordinary differential equations with constant coefficients. Since a change of the dependent and
independent variables does not change the structure of the admitted Lie group, the author at first simplify the system,
and then calculate the admitted Lie group of the simplified system using the standard procedure.

The paper [1] concentrated attention on the system of n equations of the form

X = MX, (1.1)

where the overdot denotes differentiation with respect to t, X is an n-dimensional vector with complex entries, and M is an
n x n matrix with complex entries.
A first simplification of system (1.1) is achieved by using the Jordan normal form J of the matrix M

M=PP.
The change u = Px reduces system (1.1) to the system
u=Ju (1.2)

Next, a simplification of system (1.2) is made for coefficients corresponding to diagonal blocks of the Jordan matrix J: the
author applied scaling. This step is crucial in the paper. In fact, in case of a diagonal block of the Jordan matrix J, scaling of the
dependent variables does not change the coefficients of this part of the system. Hence, one can conclude that scaling is
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applied to the independent variable. Because the independent variable is real valued, one can only make a real valued scal-
ing. This allows one to reduce only one component of a diagonal coefficient: either the real or imaginary part of the eigen-
value of the Jordan matrix J. Whereas in [1] for any eigenvalue (including a complex eigenvalue) the corresponding
coefficients are reduced to the real number 1. This means that the author [1] considered in the corresponding cases only real
eigenvalues. Therefore, the results of [1] are not complete. For a complete study one also needs to study complex eigenvalues
corresponding to diagonal Jordan blocks.

It is also worth to notice that from the paper it is unclear how the author calculated an admitted Lie algebra. In the stan-
dard procedure, the dependent and independent variables are real-valued, whereas the results of [ 1] are obtained for n com-
plex-valued dependent variables. Does this mean that the authors considered 2n real-valued equations for calculating the
admitted Lie algebra?

The goal of the present paper is to correct the approach applied in [1]. The approach is illustrated by using a complete
study of symmetry structures of systems of two real-valued linear second-order ordinary differential equations with con-
stant coefficients. In application of this approach to a system with more than two equations one needs to take into account
that if a real-valued matrix M has a complex eigenvalue, then the conjugate number is also an eigenvalue. Only systems of
two second-order equations are considered here.

2. Equivalence Lie group

The first step in group classification is the step of obtaining an equivalence Lie group. The equivalence Lie group allows
one to change the coefficients of the original system of equations. For completeness, this group is presented here.
Let us consider the system of equations

X =mux+ myy,

V= myux+ myy,

where my; are real-valued constants. The functions x(t) and y(t) are also real-valued. In matrix form, these equations are writ-
ten as

X = MX,
where
X mp; m
x:( >7 M:( 1 12>.
y My My
The equivalence Lie group of this system is defined by the generators:
X5 =0, X5 =2Xx0x+ M20m, — M210pm,,, X5 =Yy — M120m,, + M210m,,,
Xi =to; — 2(m228m22 + leamZ] + m]]am“ + mlz(?mlz),

X& = Y0y + M210m,, + (Ma2 — M11)Imy, — M210myy .
X¢ = X0y — M120m,, — (M2 — M11)Omy, + M120m,, -

The transformations corresponding to the generators X5, X5 and Xj define scaling of the coefficients if one scales the vari-
ables x, y and t, respectively. The transformations corresponding to the generators X and X¢ define the change of the coef-
ficients if one takes linear combinations of the dependent variables x and y. Since the transformations corresponding to these
generators are used for simplifying the canonical form, let us present them here:

X5 :X=xe", My =mpet, My =mye
X5:y=ye', iy =mpe?, My = mye’;
XE . i. =t a o _ —2a o o —2a o o —2a o _ —2a.
git=te, My =mpe =", Mp=mpe =, My =mye =, My =mpe
- - - 5 -
XZ (X=X+ay, My =My +amy, My =My +a(My —Myp) — A My, My = My — AMyy;

- _ _ ) -
XZ (y=Yy4ax, My =My —aMy, My =My — a(My — Myg) — A My, My = My + AMyy.

Here only changeable variables are presented. There are also four involutions corresponding to the discrete
transformations
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3. Canonical forms

For a real-valued 2 x 2 matrix M, the Jordan matrix is one of the following three types,

(o D) e (59 85D

where a, b and ¢ > 0 are real numbers. The matrix P has also real-valued entries in these cases. The simplification of system
(1.2) through scaling of the dependent variables and independent variables depends on the form of the Jordan matrix.

3.1. Case J=];
Since a and b are real-valued, it is well-known that for a = b the corresponding system of Eq. (1.2) with J = J; is reduced to
the free particle system. The admitted Lie algebra in this case is also well-known and consists of the generators:
Xi=0, Xo=0r X3=0y, Xa=1tdy, Xs=19,, Xe=2x0x, X7=Yy0y, Xg=1td, Xo=2x0;, Xio=Yor,
Xi1 =Y0x, X1z =x0y, Xi3=x(y0y +Xx0x+1t9), Xia=yy0y +x0x+1t0d), Xis==t(ydy+x0x+td).
If a # b, then using the equivalence transformations, one part of the set of admitted generators is
X1 =0, Xy=2x0x, X3=Y0,.
The remaining generators are defined by the formulae
X=@(t)dx, Y=y(t)dy,
where
¢"=ap, y"=by.

The general solution of these equations depends on the signs of the coefficients.
Notice also that using the involution E4 and the scaling of the independent variable corresponding to X¢, the coefficient a
can be reduced to +1, where the sign coincides with the sign of a. Thus one obtains the cases:

(a1) a=1,b=0: X4 =60y X5 =€ 'Oy, X5 = Dy, X7 =t0y;

(@2)a=1,b=k*>0: Xy, =€'y, Xs= €70 5, X = €0y, X; = e X9,
(@3)a=1,b=-k*<0: Xy=e"y, X5 ="y, X5 = sin(kt)d,, X7 = cos (kt)dy;

(a4) a=—-1,b=0: X4 =sin(t)dx X5 = cos(t)dx, Xe = 0y, X7 = t,;

(@5) a=—1,b=—k*<0 : X4 =sin(t)dy, Xs = cos(t)dx, Xs = sin(kt)d,, X7 = cos(kt)dy;

Notice that the last two cases are missing in [1]. Considering the commutators tables, one can show that the structure of
these Lie algebras also differs from the structure of the Lie algebras presented in [1].
However, in term of the dimension of the symmetry Lie algebra no new dimension arises.

3.2.CaseJ =],

Using the scaling corresponding to X3, and the involutions E, E,, E, (if necessary), system (1.2) with J = J, is reduced into
the system
X=ax+y, y=-x+ay.
Calculations give the admitted Lie algebra corresponding to the generators
X1 =Y0—x0y, Xp=X0x+Yy0y, X3=0;, X4=e"(cos(tq,)d — sin(tq,)d,),
Xs = "1 (sin(tq, )0 + cos(tq,)dy), Xe = e "1 (cos(tq,)dx + sin(tq,)dy), X7 =e "1 (sin(tq,)dx — cos(tq,)dy),

where
vi+a®+a vi+a2-a
a, = 2 ) 2= —2 .

This case is also missing in [1].
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3.3. CaseJ=]3

In this case system (1.2) is
X=ax+y, y=ay. (3.3)
One part of the set of admitted generators is
X1 =0, Xo=y0k X3=Xx0x+Y0,.
The remaining generators are defined by the formula
X =c(to = 2(y + ax)dy) + @ox + (¢" — ap)oy,
where the constant k and the function ¢ = ¢(t) satisfy the equations
ca=0, @%W—-2ap"+da*p=0.
Thus, one has three cases:
(c.1) if a=0, then @ = p4t> + p3t + pot + pq, and the additional generators are
X4 =0y, Xs=10 —2y9,, Xe="t30,+6t8,, X;=1t20,+29,, Xg="td;
(c.2) ifa=—k*<0, then c=0 and ¢ = (pit + p,)sin(kt) + (pst + p4)cos(kt), and the additional generators are
X4 =sin(kt)dy, Xs =cos(kt)dy, Xe=2kcos(kt)d, + tsin(kt)dy, X7 = tcos(kt)dx — 2ksin(kt)d,.
(c3)ifa=k*>0,thenc=0and ¢ =(pt+ p2)ekt + (pst + pa)e™, and the additional generators are
Xy =€e"8,, Xs=e My, Xs=el(tdy+2kd,), X;=eM(td, — 2kd)).
Here p;, (i=1,2,3,4) are constant.

In [1], the last case is presented incorrectly. One can check that the generator 9, is not admitted by system (3.3) in case
(c.3).
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1 Introduction

Many methods of solving differential equations use a change of variables that transform a given differential equation
into another equation with known properties. Since the class of linear equations is considered to be the simplest
class of equations, it is attractive to transform a given differential equation into a linear equation. This problem,
which is called a linearization problem, is a particular case of the equivalence problem. The equivalence problem
can be formulated as follows. Let a set of invertible transformations be given. One can introduce the equivalence
property according to these transformations: two differential equations are equivalent if there is a transformation
of the given set that transforms one equation into another. The equivalence problem involves a number of related
problems such as defining a class of transformations, finding invariants of these transformations, obtaining the
equivalence criteria, and constructing the transformation.

1.1 Introduction to the problem

We give a short review of results related to an equivalence problem for a second-order ordinary differential equation
(ODE). Furthermore, we distinguish two types of transformations used in the equivalence problem for second-order
ODEs, namely point transformations and generalized Sundman transformations. Lie [1] also noted that all sec-
ond-order ODEs can be transformed into each other by means of contact transformations and that this is not so for
third-order equations. Thus this set of transformations cannot be applied to a classification of second-order ODEs.

Among the target equations, two classes of equations can be mentioned. One set of this class was obtained by
Lie [2]. Lie’s group classification of ODEs shows that the second-order equations can possess one, two, three, or
eight infinitesimal symmetries. The equations with eight symmetries can be linearized by a change of variables.
Lie showed that the latter equations are at most cubic in the first derivative and gave a convenient invariant descrip-
tion of all linearizable equations. A similar description of the equations with three symmetries was provided in
[3,4]. Another set of target classes corresponds to the Painlevé equations. Analysis of the classes of equations
corresponding to the first and second Painlevé equations was performed in [5,6].

For the linearization problem one studies those classes of equations that are equivalent to linear equations. The
first linearization problem for ODEs was solved by Lie [1]. He found the general form of all ODEs of second order
that can be reduced to a linear equation by changing the independent and dependent variables. He showed that any
linearizable second-order equation should be at most cubic in the first-order derivative and provided a linearization
test in terms of its coefficients. The linearization criterion is written through relative invariants of the equivalence
group. Tresse [7] treated the equivalence problem for second-order ODEs in terms of relative invariants of the
equivalence group of point transformations. In [8] an infinitesimal technique for obtaining relative invariants was
applied to the linearization problem.

A different approach to tackling the equivalence problem of second-order ODEs was developed by Cartan [9].
The idea of his approach was to associate with every differential equation a uniquely defined geometric structure of
a certain form. The Cartan approach was further applied by Chern [10] to third-order differential equations. Since
none of the conditions given in [10] is an implicit expression that could be used as a test for determining the type
of the studied equation, in a series of articles [11-15] the linearization problem was also considered. Linearization
with respect to point transformations is studied in [11], with respect to contact transformations in [12—-16]. The
linearization problem was also investigated with respect to the generalized Sundman transformations [17-19].

The linearization problem via point transformations

T =9, x), u=y(, x)

for a second-order equation X = F (¢, x, x) is attractive because of the simplicity of the general solution of a linear
equation: a linearizable second-order ODE is equivalent to the free particle equation u” = 0. Thus, if one found the
linearizing transformation, then the general solution of the original equation could be found easily. Note that for a
linearizable equation X = F (¢, x, x) the expression
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U = XY + Yy
XQx + @
is a first integral of the equation. Here subscripts mean derivatives, for example, ¢; = d¢/dt, ¢, = d¢/dx and so
on. This motivated the authors of [20-22] to study equations possessing a first integral of the form
XA(t, x)+ C(t, x)

B, x)+ 0, x)

Notice that a second-order equation equivalent to the free particle equation via the generalized Sundman transfor-
mation also possesses a first integral of the form (1).

The authors of [20-22] came to the form of first integral (1) from the study of A-symmetries for second-order
equations that play a fundamental role in the study of A-symmetries. Although the equation may lack Lie point
symmetries, there always exists a A-symmetry associated to a first integral I/ = I (¢, x, x). Such a A-symmetry can
be defined in canonical form by the vector field v = 9, and the function A = —I,/I;. When [ is of the form

ey

1
I=Cce 0N+ —ivsen @70 @

such a function A is given by

A, x, %) = p(t, )% 4 alr, x)i + B(t, x), 3)
where

y = ACy = —as, (4a)
@ =2BCy — AyJA = —ay — AC,, (4b)
B = (Csz - Bx) JA = —a; + A,/A —2BC,. (4c)

In this way the study of ODEs that admit first integrals of the form (2) can be seen as a problem of classification
of ODEs that admit v = 9, as a A-symmetry for some function A of the form (3).
The case where C, = 0,
1

XA(t, x)+C(t, x)°

I=Ct)+

was studied in [23]. It must be mentioned here that the case where B = 0 in (1) was thoroughly examined in [22].
We denote by B the class of equations corresponding to the particular case where y = 0 in (3). The equations in
B are ODE:s of the form

¥4 ax(t, x)x* +ai(t, x)x +aop(t, x) =0 5)
that admit first integrals of the form (2) with Cy = 0.

A significant subclass of ODEs in B, denoted by A4, is constituted by the equations that admit first integrals of
the form A(¢, x)x + B(z, x) [that is, C = 0 in (2)]. By (4b), the equations in 4 are the equations of the form (5)

that admit v = 9, as A-symmetry for some function A = —asx + 8. According to the results in [22], the coefficients
of the equations in .A must satisfy either S; = S> = 0, where

Si(t, x) = arx —2ay, S2(t, x) = (apaz + aoy), + (a2 — aix), + (a2 — aix) ay, (6)
or, if §1 # 0, §3 = S4 = 0, where
Sz Sz S2 2 SZ
S3(t, x) = (—) —(azr —a1x), Sa(t, x) = (—) + (—) +a (—) + apaz + apy. @)
Sl x Sl t Sl Sl

The equations in .4 such that §; = S, = 0 constitute the subclass .4, and they admit two functionally independent
first integrals of the form A (¢, x)x + B(t, x).

Several properties of the linearization through local and nonlocal transformations of the equations in B are derived
in [23,24]. All the equations in .4 pass the Lie test of linearization (i.e., their coefficients satisfy L1 = Ly = 0). In
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contrast, none of the equations in .4, can be linearized through a local transformation; actually, there exist equations
in A, that lack Lie point symmetries [see, for example, Egs. (2.6) and (4.12) in [22]].

Although there exists Eq. (5) whose coefficients satisfy L; = L = 0, which are not in .4; (see Example 9 in
[24]), they must all belong to B. It is important to remark that there are equations in B not linearizable through
local transformations, apart from the subclass A (as the family appearing in Example 2.1 in [25]). To linearize
such types of equations, one must consider nonlocal transformations of the form
X =F(t, x), dT =(Gi(t, x)x + Ga(z, x))dr. 8)
The equations in B can be characterized as the unique ODEs (5) that can be linearized through some nonlocal
transformation of the form (8). When G (¢, x) = 0 in (8), the equation must belong to .4, and vice versa. In other
words, the equations in A are the unique ODEs (5) that can be transformed into the linear equation X77 = 0 by
means of some nonlocal transformation of the form
X =F(t, x), dT =G(¢, x)dr. C))
These transformations are known in the literature as generalized Sundman transformations (see [17,18,26-30]
and references therein). Constructive methods to determine nonlocal linearizing transformations can be derived
from the algorithms that calculate the first integrals [23,24]. In particular, local changes of variables that linearize
the equations in A; can be determined by just dealing with first-order ODEs. We remark that such linearizing
point transformations usually appear in the literature as solutions of an involutive system of second-order partial
differential equations [31,32].

1.2 Invariants of a class of second-order equations

We recall some known properties of a second-order equation:

¥+ az(t, )X + 3ax(t, x)%% + 3ai (t, x)% + ap(t, x) = 0. (10)
This form of equation is conserved with respect to any change of the independent and dependent variables:
T =0(, x), u=y({, x). (11)
In fact, derivatives are changed by the formulae

Dy Y+ Xy

u' = g(t, x, ¥) =

Dip ¢ +ips’
Dig g +igy +Xgi
Dip @ +ig (12)
= (@ + 007 (@ — 00 + 3 @t — @uathn)
+ 5% (@ ex — et + 2 (Ve — Gre¥n)
& (@avn — @uie + 2 @¥ix — Pa) + @ — Pt
Here Dy is the operator of the total derivative with respect to 7, and

A=@fx — e # 0.
Since the Jacobian of the change of variables A # 0, the equation

W+ by(t, Wy + 3by(t, wyu'> + 3by(z, wy' + bo(z, 1) =0 (13)
becomes (10), where
a1 = A7 (@ Vr — uxVic + @3b0 + 393 Ynb1 + 3. Wiby + ¥ lb3),
ay = A7 (37N (@Y — @ux Wi + 2 (0x Ve — @rx V) + @i 92bo
+0x Qi + 0¥ bi + (@07 + 201 Vx) by + Vi Yihs),
a3 = A7 (37 N (@x Vi — @iV + 2 (@i — @i ¥e)) + 92 pxbo
+ (0P + 20i0:01) bi + Qe + @) by + Y Ycbs),
ag = AN (@i — @ure + @2bo + 3921 + 3@ by + Y b3).

u" =P, x, x, X) =

(14)

@ Springer
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Two quantities play a major role in the study of Eqgs. (13):

oIl oIl
L =— + — bollyy — byI1i1 + 2b1 11>,
ou at
dall, ol
L) =— + — b3I11 — b1I1xy + 2by 111>,
ou at
where

M =2 (b} = babo) +bie = bous Mo =2 (b3 = 3b1b3) + bsc — b,

IT2 = byby — b3bo + bar — biy.

Under point transformation (11) these components are transformed as follows [33]:

Li= Ao+ Loy, Lo=A(Lige + Lav) . (15)

Here the tilde means that a value corresponds to system (10): the coefficients b; are exchanged with a;, the variables
T and u are exchanged with ¢ and x, respectively.

Lie [1] showed that any equation with L; = 0 and L, = 0 is equivalent to the equation u” = 0. Liouville [33]
also found other relative invariants, for example,

vs = Ly (L1Ly; — LoLy¢) + Ly (LaLyy, — L1Lyy,) — b3L? + 3b2L%L2 - 3b1L1L% + boLg
and

w| = Lf4 (—L? (IT12Ly — ITi1L2) + Ry (L%)T — L3Ry; + L 1Ry (b1 Ly — boLz)) ,
where

Ry = LiLy; — LaLy; + by L3 —2b1 L1 Ly + by L3.

Notice that for the Painlevé equations L1 # 0 and L, = 0, vs = 0 and w; = 0.

Remark 1.1 Without loss of generality one can assume that L; # 0 and L, = 0; otherwise a change of the
dependent and independent variables such that the functions ¢(#, x) and (¢, x) satisfy the equation

oyLy +vYyLy =0

leads to this case. For the sake of simplicity we study equations with Lj # 0 and L, = 0.

1.3 General difficulties of the equivalence problem

Despite the fact that the criteria for linearizability can be simply checked, there are certain difficulties associated
with finding the linearizing transformation. Let us consider a second-order ODE

Y b, )y e »y +dx, y) =0, (16)
where the coefficients satisfy the conditions

cy =2by, dyy —byx —byc+byd+dyb =0. 17
The transformation

t=9x), u=vyx,y) (18)
mapping Eq. (16) into the equation #” = 0 is found from the compatible conditions

Yyy = Uyb, 2y = 07 Wyonr + Wy, Yax = 07 Waonr + Uyd (19)
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and

2(/3/(/3/// _ 3¢// 2

(P/ 2
where H = 4(dy +bd) — (2¢x + ¢?). Notice that by virtue of the second equation of (17), the function H = H(x).
To solve systems (19) and (20), one must first solve Eq. (20). The change ¢’ = g_2 reduces Eq. (20) to the equation

= H, (20)

" 1

It is well known that the Riccati substitution
g =gv
reduces Eq. (21) to the Riccati equation

1
v’+v2+ZH=0.

Thus, to solve Eq. (20), one must be able to solve the Riccati equation, which is not solvable in the general case.

The example presented above shows that the solution of the linearization problem is only theoretical: in many
applications it becomes impossible to find the linearizing transformation. A similar problem is also encountered in
finding the intermediate integral.

2 Existence of first integral

The existence of the first integral of the form
1
I = A t 5 . 3 B 0 ’ 22
( x)+B(t,x)x+Q(t,x) (B #0) (22)
of a second-order equation requires that the necessary form of the equation be (10), where the coefficients are
related by the equations

ap=(Qr — A/Q%) /B, a1 = (B, + Qx —2A;BQ — A, 0%)/(3B),
a) = (Bx — A,B? — 2AxBQ)/(3B), a3 = —AyB.
The sufficient conditions for the existence of an intermediate integral of the form (22) are obtained if one considers

(23) as equations for the functions A(#, x), B(t, x), and Q(¢, x) with given coefficients a; (¢, x), (i =0, 1, 2, 3).
System (23) gives

A, =B 'G, Ac=-B'as, Q;,=ayB+B'GQ? B, =-0,+2GQ +3a;B—a3B~'10?, (24)

(23)

where
G =B (B, —3a2B +2a30).

The function G (¢, x) is introduced in order to simplify the calculations.
The equations (Ay); = (A;)y and (By); = (By)y give

Gy = —B'Q.a3 — ay + 3ajaz + 342G — B~%a3 0% + G2,

O.x = B2 (QxB 3azB — 4a30 + 3BG) — G, B> + B> (3aix — 3ax + 2apa3)

25
+ (6azaz — azy) BQ? — 4a2 0% + 4a3BG Q?) . 23)
The equation (Qyx): = (Qf)xx becomes
Gu = B™* (4G, 0,B> — 3G,B*a; + 4G,B*a3 0> — 2Q2B*>G — 2Ga3 0*
+30,B? 2ay — a1y — apaz) — 4Q,BGaz Q% + B*G?ap + B*G (aox + 3apaz) 26)

+B* (agia3 + aisx + 3aicar — 2ax, — 6axyay + azap + 3aparaz — A1)
—3B2%a3 0% (a1 — 2ay + apas)) .
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The equation (G¢)x — (Gy)y = 0 leads to S = 0, where

S =12G,0,B*G — 6G?B* — 602 B>G? + 12G,B*>Ga3 Q> — 120, BG*a3 0
+12 (a1x — 2ax; + apaz) B? (G;B* — Q. BG — Ga3 Q%) — 6G?a3 Q* + 3B*G),
—B* (Ax — 3axh + 6 (a1 — 2ay + 0003)2) .

Furthermore, the equations

S, —6(G+a)S=0, BS, —6(QXB — B2 +a3Q2) S=0

are

Baz Q. =3B*Gu; — 5B>G* + B* (3ajaz — ju2) — a3 02, (27a)

G, = (15B%11) " (60, BA1 (5G — j11) — 3B2G (A1 + 6a1h1) + 6a3h1 Q2 (5G — 1)
+B? (Mpir + 12ai.hy — 24ax g + Ay + 12a0azhy + 6aiiimy))

where all coefficients wu;, (i = 1, 2,...,7) are presented in the Appendix.

For further analysis one needs to consider two cases: (a) a3 # 0 and ) a3 = 0. 1t is also worth noting that
because of the relative invariant vs, the property for az which is not equal to zero, is an invariant property of the
point transformations conserving Ly = 0.

(27b)

2.1 Caseaz #0

Let a3 # 0; then Eq. (27b) gives
0. = (Baz)™! (332(;“1 — 5B2G2 + B% Bayas — j12) — a%QZ) .

Thus, all first-order derivatives of the unknown functions A(¢, x), B(¢, x), Q(¢, x), and G (¢, x) are found:

A; = B71G, Ay = —B laz,

Q: = Bap+B~'GQ?, Q: = (-5B*G*+3B*Gui+B? Gajaz—2) —a3 Q%) /(Bay),
B,=(5BG? —3BGpu + Bus +2Ga3Q) /a3, B.=BG +3Ba, —2a30,

G, = (—10G> + 8G* 111 — Gus + AMpa) /as, Gy = 6G* + 3G (ar — 1) — a3 + pa. (28)

The overdetermined system (28) is compatible if the conditions
(At)x - (Ax)z = 07 (Bl)x - (Bx)t = 0,
(Ox); — Q1) =0, (G)y —(Gyx); =0
are satisfied. Notice also that by virtue of Eqgs. (28), (24) are satisfied. Hence, it is not necessary to substitute the

first-order derivatives into the intermediate Eqs. (25) and (26).
The conditions in (29) reduce to equations

H=12Ga3 — G*us — Gug — 7 = 0, (30a)
75G* — 801 G> + 5¢2G* — q1G — g = 0, (30b)

where the coefficients ¢; (i = 0, 1, 2) are presented in the Appendix. Let us also add to this set of equations the
following ones:

H,=0, H =0. (3D

Equation (30a) is a polynomial equation of third degree with respect to G. If we exclude from Egs. (30b) and (31)
the value

G* = (GPus + Gpus + 1) /(12a3)
then Eqgs. (30b) and (31) become

(29)

! This case has been studied in [23].
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501G+ B1G +y1 =0, aaG*+ G+ =0, 2503G% + B3G + 253 = 0, (32)

where all coefficients «;, B;, and y;, (i = 1, 2, 3) are presented in the Appendix.

In solving Eq. (30a) with respect to G, one must also satisfy the conditions G; = (G); and Gy = (G)y. Satis-
fying these conditions is equivalent to satisfying Eq. (31). Thus, further study simply entails an algebraic study of
Egs. (30a) and (32). This study depends on the coefficients «;, B;, (i =1, 2, 3).

For example, assume that o1 # 0. From the first equation of (32) one finds G2. Substituting G? into (30a) and
the remaining equations of (32), one obtains linear equations with respect to G. One needs to study resolving these
linear equations with respect to G. This depends on the coefficients of these equations.

3CaseG=0

Let us consider the case G = 0 without restrictions for A,. Then
Ay =0, Ay=-—a3/B, Q:/=aoB,

By = (= QxB +3a1B* —a30?)/B, By =3aB — 2a30.
The equations (Ay); — (A)y = 0 and (By); — (B)x = 0 give
0.a3B = —a3, B> + 3a1a3 B> — a3 Q°, (34a)

QB> + QB 2a3Q — 3a;B) + B? (3ay — 3aix — 2apas)
+BQ? (a3y — 6azaz) +2B2Q (3aiaz — az) +2a3Q° = 0.

(33)

(34b)

3.1 Caseaz #0

If a3 # 0, then Eq. (34a) defines

0. = (~ay B +3a1a:5% — a3 0?) /(@3 B) (35)
This reduces Eq. (34b) and the equation (Qy); — (Q:)x = 0to

(a3,x — 3ayaz + 2a0a§) az —azazy = 0,

az — 3aszia; + (aox — 3ai; + 3apaz) az = 0. (36)

Thus, if Eq. (10) satisfies condition (36), then the overdetermined system of equations consisting of Eqgs. (33) and
(35) is involutive.
For example, for a3 = 1 condition (36) can be solved as follows:

ap =3ax /2, ay =ax/2+ 3a§/4 + @,
where ¢ (x) is an arbitrary function. This means that all equations of the form
P44+ 304 + (azx J2+3a2/4 + go) i 43a2/2=0 37)

with arbitrary functions a; (¢, x) and ¢(x) have the intermediate integral
1

B(i+3a)+H

where the functions A(x), B(x), and H (x) are solutions of the equations

A'=—1/B, B'=—H, H =3Byp— H?/B.

I=A+

Notice that for ay; = 0 Eq. (36) can be reduced to a first-order ODE by the standard change x = y(x), whereas
for ap; # 0 this technique is not applicable.
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3.2 Caseaz =0

In this case, Eq. (34a) is satisfied and Eq. (34b) becomes

Oxx =3Qxay — 3B (ay — aiy) . (38)
The equation (Qyx)r — (Qr)xx = 0 gives
300 = B (n; +3ain — 1), (39)

where n = a, — 2ay;. Hence, for n = 0 one has that®> A; = 0, and there are no other additional equations for the
functions A(z, x), B(¢, x), and Q(z, x). This means that the system of equations consisting of Egs. (33) and (38)
is involutive. If n # 0, then one can find Q. The equations (Qy); — (Q:)x = 0and (Qxx)x — (Qx)x = 0 give the

conditions
3nme = 4n? — 3nmay + 15n,A1 + 902 (aox — air + 3apaz — 2a3) — 9 (kiy + arry) + 923, 40)
NMex = NNy + 3nxh — 2773 + 3n232t —3nhix.

Thus, if Eq. (10) satisfies condition (40), then the overdetermined system of equations consisting of Eqs. (33)
and (39) is involutive.

4 Examples

In this section we consider examples of first integrals of the form
/ A(t, x)x + B(x, t)

41
X+ 0K, 1) (41)
Example 4.1 The most general equation associated with the first integral / in (41) is given by
. Ax .3 1 )
X+ —x"+—(Ar+ By +A,0—AQy) X
A A
1 o1
+Z(Bz+AzQ—AQz+BxQ—BQx)X+Z(QBz—BQz)=0, (42)
where A = AQ — B.
Proof Rearranging (41) we obtain
I(x + Q(x, 1)) = A(t, x)x + B(x, 1),
which immediately yields
TG4 Oy + Q) = AX + A x> + A + Bex + By,
(A% + B)(E + Oy + Q) = ( + O(x, 1))(A¥ + Ayi® + Ak + Box + By). O

This equation is closely related to the (unparameterized) geodesic equations of some connection I" on U € R?
¥4 05 x0%b = vie
for x4(t) = (x(¢), y(¢)). Eliminating the parameter ¢ yields the second-order ODE for y as a function of x

2

vy dy)’ dy\? dy .
@—a(x, y) (a) +b(x, y) (a) +clx, y) (a)-ﬁ*d(x, y) =0, (43)
where

2 1 2 1 2 1
alx, y) =17, bx,y) =17 —2I7, cx,y) =217 —T%, dix,y) =1,
2 Notice that for Eq. (10), which is not linearizable, one can assume without loss of generality that A1 3 0.
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In other words, any second-order ODEs with cubic nonlinearity in the first derivatives of the form (42) gives rise

to some projective structures.

Example 4.2 A quasimonomial g over K is defined as

n
. Ci
q:XL:H'xil’ C,'G]K.
i=1

A quasimonomial function is a finite sum of quasimonomials f : C — %, where ¥ = C U {oo}, defined as

n

Cij

X —> E a,-ij .
j=1

We assume A = x%t#, B = x¥¢% and QO = 1 in (42) to obtain the second-order equation

o+ BE 4 yxV ¢ X4 ﬂ_,. XV« arzott

i+ ¥ 3 Pity P PidP Ay, P, (44)

x(1 —xr—9) x(1 —xv—9) x(1 —x7v—) x(1 —x7r—%)
which admits the first integral
I x4tP (X 4+ x779)

B X4 1

4.1 Claim
Settingae = —1, B =1 =24, y =0 we obtain the first integral of
.. 1 .3 1 1 o L f1+x). X

— X -{— — =0 45
oot T (x(x— n T —x))’C ti (1 —x)’“L (- “5)
as
()

x) x+1
Example 4.3 The first integral of the second-order equation
. t 3 2 (14 x)t 1\ ., 1 1—1 . 1
— Z =0 46

x+x2(x—1)x+<l—x (1—x)x2+x)x+ 1—x+(1—x)x x+1—x (46)

is
/xx +x

I =¢e/" - .
x+1

Example 4.4 Letusset A = Q7' = e*™! and B = b (constant) in (41). Then we obtain the equation

(1 = b)i + e/ ()t + a(x)x? + 2(e’ ()% + a(x)x + e 2D (&' (x)tx + ba(x)) = 0.
The corresponding first integral is

i 4 b
= x + e—oz(x)t :
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4.2 Time-independent case

Consider A; = B, = Q; = 0. Thus Eq. (41) becomes

A 1 1
i+ Zxx%r - (B + A0 —AQy) i+ F(AQ—AQ:+B.0-BQ) =0,

which can be expressed as

1
X=y, y= —Z(Axy3 + (Bx + AxQ — AQ) y* + (BxQ — BO.) ).

This yields the flow equation
dy 1 2
i _Z(Axy + (Br+A:Q —AQ,) y+ (B:Q — BQy)).
Assume A = 1; thus, A = Q — B. The flow becomes
dy A'(x) BXd (0
dx A(x)yZZE(E)‘
This immediately yields
1
- 0/B-—1

Hence we obtain

y= + C1.

t—/ dx
) CIQ—(Ci+ DB’

4.3 Reduction

Let A, = 0 and set

1 1 1
7 A+ By = AQy) =b(x. 1) = 3¢, Z (Bi+ A4Q—AQ: + B:Q — BOx) =cx, 1) = .

(48)

(49)

(50)

A large number of second-order ODEs in the Painlevé—Gambier classification system belong to the following

class of equations:

1
¥+ Eqﬁx)'cz +¢x + B(t, x) = 0.

This equation yields the Lagrangian description via Jacobi’s last multiplier. If we write this equation in the form

i=F(@ x, %) =— B@xz + ¢ix + B(t, x)} ,

then the Jacobi last multiplier M is given by the solution of

d oF
—InM=——.
dr ax
In the present case we have
2
L e
0x2

We then obtain the Lagrangian as

<2
Lt x, %) = e‘“’»”% + it )i+ ot x).
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4.4 Conditions for Lagrangians

Let us express ¢ in terms A, B, Q and find the conditions for the Lagrangian. Defining

2
¢x:Z(At+Bx_AQx)»

1
¢t = Z(Bt+AtQ_AQt+BxQ_BQx)

immediately yields

2 " l 2 ! /
bu = — (A"(®) + By — A () Qx — AQxs) — e (A'(Q+AQ, — B)) (A'(t) + Bx — AQ.).,

1 1
¢tx = Z (th +A,Qx _Ath +Bxe _BQxx) - E(AQX - Bx) (Bt +A/Q_AQI +BxQ_BQx)-

4.5 Claim

A second-order nonlinear equation of the form
F+bx, X2 +c(x, DX +d(x, 1) =0
admits a Lagrangian provided
2A" + By —3A'Qy — AQx — Bix O + BO:x (AQ — B)
=A'Q (2A"+ 3B, —3AQ0.) + (AQ; — B)) (2A" + B, — AQ,) — (AQx — By) (B:Q — BQ,),
where b(x, t) and c(x, t) are defined as (8) and d(x, t) = %(QB, — BQ,).

Outline of proof. It follows analogously to the argument in Sect. 4.3 and makes use of the compatibility condition

¢xt = ¢tx~ O
Example 4.5 Set A=1,A=AQ0 — B = x%18, and assume Q = xV in (51); the equation becomes
14
x-3x2+((y—a)xy‘—§)x_ﬁ%:0 (51)
X

whose first integral is
/ X+ x7 —x%h
X+ xv
Let us find the conditions y and « for which Eq. (51) gives a Lagrangian description.

4.6 Claim

For y = o or y =1 Eq. (51) yields a Lagrangian description.

Proof Equate %q&x =-—%and ¢, = (y — a)x? 1 — g This immediately yields ¢, = 0 and ¢, = (y — @)(y —
1)x?~2. Thus from the compatibility condition we obtain our criteria. O

5 Conclusion

Any second-order ODE that possesses a first integral of the form (1) must be cubic with respect to the first-order
derivative (10). This paper gives complete criteria of the existence of a first integral of the form (1) for a second-order
ODE (10), which is reduced to an equation with L, = 0. Despite the fact that any second-order ODE (10) can be
reduced to an equation with L, = 0, the complete solution of the problem requires that sufficient conditions be
given using coefficients of the original equation (not reduced). This is still an open problem.
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Appendix

The following coefficients p; appear in Egs. (27a) and (27b) in Sect. 2:

u1 = (Arx — 3axhy) /A1,

1o = (p1x + 3az — 3azpr + u?) /3,

n3 = (raz — 24arazhy + 61107 + 10A 1 12) / (511,

s = (r1iaz + 12a3 (arx — 2az + apas + ayjur) — 613 — dpipo + Spips) / (1511,

s = azxy — 6azaz + 10az 1,

e = (azas — 6aia + 18azu? + azpa — aspus — 3uius) /5,

w7 = (3a2ta32, — waxasz — 2apa; — 18ajal s + 6arazjin + azhipa + S4azpi
—dazpipo — 3aspips — Iuius — 1501 e + taps) /5.

In addition, the coefficients «;, B;, y; appear in Sect. 2.1 and Eq. (32):

ay = 720a3u} — 432a1a3 + 144a3 s — 144a3ps — 80az s — 300azue — Sz,

B = 1728a1.a3 — 3456az.a3 + 1776aga3 + 3024ara3 ) — 1680a3r g — 34564313
—1008a3 4112 + 1008a3 0103 + 432a3 143 115 + 1040a3 11 e — 300azje7 — 255 L6,

= 48a0xa§ - 144a1,a§ + 48u2,a§’ + 144a0a2a§ - 432a1a§,u2 - 144a%klulu4 + 96a§u%
+864a3 i o — 48a3paps — 144az i pogs + 320a3 1 w7 — 240a3 o phe — 2545147,

oy = —72,u5ta§ + 432a1agu5 + 2592a§)»1p,4 - 1296(1%“%#5 + 1152a§u1,ué — 72a§u2u5
—2160a§u7 + 264(13“11@ + 180azusme — S,ug,

Bo = —T2ueras + 432a1a3 6 — 144a2ry puapns — 129643 142 we + 172842y 17
—72a3 pape — 7203 u3 e + 2643 s e — 60azps i + 240a3ug — Susie,

y2 = —T2u7:03 + 432a1a3 107 — T2a3 k1 papis — 1296a3 i g — 72a3 popuy — 144a3 3y
+264az 1 s + 240az e — Sudig,

a3 = —2uscaz — 432a1a3 + 18azazjus + 1296a3 1% + 14403y — 7203 13
—242a3 1145 — 336a3 16 + 313,

By = —1212ay,a3 + 2424ax.a3 — 10usa3 + 30uscaz iy — 1244agai + 4644ara3
+120a1a3us — 270azaz 1 s + 1540a3 1 g — 18336a3 13 — 1548a2 i jun 4 468a3 1 113
+3312a3 7 s + 5090a3 1 e — 30azpaps + 20aspsps + 850asp + T5pus/ie,

y3 = —2p7caz + 12a1a3 e + 30azazuy — 36azpl we — 38az i — 4azpaqie
+2a3pspte + 61 s e + s + 10ug.

The g; that follow appear in Eq. (30b):

qo = aoxa3 — 3aya3 — az o + Haas + 3aparas — 3arazpn — 3h s + 13,

q1 = 36aicaz — T2ayaz + 3ax 1 + 37apa3 + 45ajazpy — 35k s — 18y (13 + o — u3) .,

@ = az + 3aijaz + 33 — 2u + 2u3.
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Abstract

The paper deals with an evolutionary integro-differential equation describing
nonlinear waves. A particular choice of the kernel in the integral leads
to well-known equations such as the Khokhlov—Zabolotskaya equation, the
Kadomtsev—Petviashvili equation and others. Since the solutions of these
equations describe many physical phenomena, the analysis of the general model
studied in this paper is important. One of the methods for obtaining solutions
of differential equations is provided by the Lie group analysis. However,
this method is not applicable to integro-differential equations. Therefore, we
discuss new approaches developed in modern group analysis and apply them
to the general model considered in this paper. Reduced equations and exact
solutions are also presented.

PACS numbers: 02.30.Rz, 05.45.—a, 11.10.Lm, 42.65.—k, 43.25.—x, 52.35.Py
Mathematics Subject Classification: 35C99, 35C07, 35G20, 74130, 76Q05

1. Introduction

One of the most general evolution equations used in nonlinear wave physics is as
follows [1, 2]:

(ux —uy — Wy = Uyy + Uy,

00 1
w =/ K$)u(t —s)ds. )
0
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Here the variable 7 is the time, and x, y, z are the spatial Cartesian coordinates. The coordinate
x is distinguished as a ‘longitudinal’ one. It coincides with a preferred orientation of the
wave propagation. The other coordinates y, z are identified as ‘transversal’ ones. They are
commonly introduced in the cross-section of a wave beam.

Special cases of equation (1) are well known. In particular, if the kernel is identically zero,
K (s) = 0, the general equation (1) is reduced to the Khokhlov—Zabolotskaya (KZ) equation
[3, 4], describing wave beams in nonlinear media:

(uy —uuy); = Uyy + Uzz. (2)
If the kernel is the delta-function, K = 24(s), model (1) leads to the equation
(uy —uy — Uy ) = Uyy + Uz 3)

for nonlinear beams in a dissipative medium [5, 6]. Equation (3) is known as the Khokhlov—
Zabolotskaya—Kuznetsov (KZK) equation. It is widely used in underwater acoustics for the
engineering design of parametric radiating and receiving arrays [6].

If the kernel is proportional to the derivative of the delta-function, K = 2§'(s), the
integro-differential equation (1) becomes the Kadomtsev—Petviashvili (KP) equation

(U —utty — Upy); = Uyy + U, 4
for nonlinear beams in a dispersive medium [7, 8]. The similar equation
(U — utty — Upyp)r = Uyy t Uz o)

for a scattering medium [9] follows from (1) when K = 28" (s).

There exist other models that specify or generalize equation (1), e.g. by including (1) in
a coupled systems of nonlinear equations [10, 11].

If the wave field u = u(¢, x) is a function of a single spatial (longitudinal) coordinate x
and does not depend on the transverse coordinates y, z, equation (1) is reduced to well-known
equations for plane waves [12]. In particular, the Riemann—Hopf equation follows from (2), the
Burgers equation follows from (3) and the Korteweg—de Vries equation follows from (4). The
one-dimensional equation with fourth-order derivative for the scattering medium suggested
and solved in [9] follows from equation (5). 1D equations can be obtained by eliminating
the y, z derivatives of 3D equations and the subsequent integration over d¢, provided that the
wave field vanishes at t — Fo0.

A choice of the kernel as a linear combination of the delta-function and its derivatives
of different orders gives a possibility of deriving from (1) various well-known differential
equations of the physics of nonlinear waves. Symmetries of such equations either have
already been studied (many results obtained until 1995 are collected in [13—15]) or can be
studied by the standard Lie group methods [16—18]. However, to the best of our knowledge,
particular versions of the general equation (1) with non-degenerate kernels which maintain the
integro-differential feature of the model have not been studied yet.

The exponential kernel K = exp(—s) is of particular applied interest. Equation (1) with
such kernel describes wave beams in relaxing media. In this case, the integro-differential
equation is also reduced to a differential equation [1]. To derive such an equation, it is
sufficient to note that the integral term w in (1) and the variable u for the exponential kernel
are related by the following equation:

w,+w=u. (6)

Reduction of (1) to a differential equation is also possible for some more complicated
kernels. For example, if K = exp(—s)cos(wys), then the kernel describes the internal

2
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dynamics of the medium with resonant inclusions. In this case, the differential relation
between w and u in equation (1) has the form

(W, +w —u); + (w, +w — u) + wiw =0, (7)

A special class is formed by ‘model” kernels which are non-zero on the finite segment,
for example, within s € (0, 1]. The simplest case is

1 if s<1,
K_{() if s>1.

For this kernel the integro-differential equation (1) is reduced to the difference-differential
equation

(uy —uu; — Auy); = Uyy + Uz,
Au=u(t) —u(t—1).

Note that, using the finite shift operator, one rewrites the integral term of equation (1) in
the form

®)

w(t) = Lu(r), L@,) = /oo K (s) exp(—sd;) ds, 9)
0

where 9, is the partial derivative with respect to time. The second operator L (9;) is the Laplace
transform of the function K (s) defining the kernel of equation (1).

For example, if a kernel has the form of the Bessel function of zero order, then one has

K = Jo(s), L@y =(+d)""

Using the tables of the Laplace transform and physical restrictions of the kernel forms, one
can single out all cases when equation (1) can be reduced to a differential equation of finite
order. In the general case, decomposing the exponential function of the integrand (9) into
power series, one verifies that the resulting differential equation will contain derivatives of an
arbitrary order.

The discussion of the properties of a kernel is continued below by considering the
formulations of main physical problems.

2. Physical statement and main physical parameters

For definiteness, a concrete physical object is considered which is most simple and, at the same
time, can be adequately described by models like (1). Namely, we will deal with high-intensity
acoustic waves. The general equation (1), as well as majority of the particular models (2)—(7),
has been written at first for nonlinear acoustic waves.

Note that equation (1) is written in certain dimensionless variables in order to reduce all
coefficients of the equation into unity. To discuss a physical meaning of mathematical models,
we rewrite equation (1) using initial physical notations:

a [adp e dp c
T [ N 10
at [8x c3pp8t :| 2°4P (19
Wzﬂi ' a_pdf’

2¢ 0t J_o to ot’

L e A (11)

= —— 2 ) p(F T — :
2¢ 912 ), fo P
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Here x is the coordinate along the direction of wave propagation, A | is the Laplace operator
written in the coordinates y, z on the orthogonal plane, T = ¢t — x/c is the time in the
moving system of coordinates propagating with the sound velocity c, ¢ is the parameter of
nonlinearity and p is the density of a medium. The acoustic pressure p is chosen as the wave
field variable. The constant m characterizes the ‘force’ of time delay processes and ¢ is the
typical ‘memorizing time’ of a medium.

Let us note an important point before passing to further discussion. The natural question
arises: why is the coordinate x instead of time 7 used as a ‘slow’ (evolutionary) variable in
equations (1) and (10)? The answer is that the difference between x and ¢ depends only on
the way of description which depends on the statement of problem and ease of analysis of
results. In the case of non-wave problems (e.g. description of turbulence), the problem is
posed as follows. At the initial moment t = 0, a distribution of the velocity field in space
u(t =0, x) = up(x) is given, and the solution u(z, x) is sought with growing time ¢ > O.
In the corresponding experiment, sensors measuring the velocity field are placed in various
locations, and the measurement is made by all sensors at the same time #;. These results
determine the spatial structure of the field u(#;, x). Then similar measurements performed at
1, give the field profile u(#,, x). Repeating the measurements we trace the field evolution with
respect to time.

When propagating waves are of interest, the experiment is performed in a different way.
The only sensor placed at the position x; measures the variation of the signal with respect to
time: u(xy, #). Then the sensor is moved to another position x, > x; and the signal u(x;, t)
is measured. By moving the sensor of the vibration velocity (or the acoustic pressure) farther
and farther from the source of wave, we trace the evolution of the form of the wave profile
as the wave propagates. In real experiments a wave gets distorted at distances of the order of
thousand wavelengths, whereas, for a good reconstruction of the wave profile within its each
length A, one has to place no fewer than ten sensors. In this case, the method of the ‘slow
time’ is very inconvenient. Moreover, this method is completely inappropriate in those cases
when the wave profile contains shock fronts whose extent is very small, e.g. 10742,

But in various acoustic problems, e.g. those dealing with standing waves in a resonator,
it is convenient to utilize the ‘slow time’ instead of the ‘slow coordinate’. It is clear that the
resonator has a limited length and, by measuring the field at the lowest modes, it is quite
realistic to place several sensors along the length of the resonator and perform simultaneous
measurement with them at various moments of time.

Let us return to the physical model (10), (11). The integration within the limits
—00 < 7’ < 7 in the first integral (11) means that the wave behavior at a given moment
T is determined by the values of the field variable at the preceding moments from t to the
infinitely distant past. Consequently, the kernel K (7) describing the ‘memory’ of a medium
must be nonzero only at positive values of its argument and tend to zero for t — +oo. This
decrease can be non-monotone and can look like oscillatory damping (see the example leading
to formula (7)).

In order to understand how the concrete form of the kernel is related to the measured
characteristics of the medium, we shall consider the simplest model of a plane wave moving
in a medium without nonlinearity. In other words, let us consider the equation

2 0o
dp _m 8 % (té) (e T — £)dE = 0. (12)
0

ox  2c¢ 972 J,

Let us establish a relation of a kernel with the dispersion law. A solution is sought in the form

p = exp(—iwt + ik x), k=K +ik”. (13)
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Here k is the wave number, and k' and k” are its real and imaginary parts, respectively.
Substituting (13) into (12), we find

2 o)
mw*t
K =——21[ K(s)sin(wtys)ds,
2¢ 0
(14)
L ma’ty [
k" = K (s) cos(wty s) ds.
26' 0

The first formula in (14) gives a frequency-dependent addition to the velocity of the wave
propagation: c(w) = ¢(1 — ck’'(w)/w). The second one defines the absorption coefficient or
the law of spatial decrease of the wave amplitude: pgexp(—k”x).

Evidently, integrals (14) must be convergent for physically feasible kernels. The concrete
form of a kernel can be reconstructed on the base of the corresponding physical model, or on
the base of experimental measurements.

A relaxing medium provides an important model known as the Mandelstam—Leontovich
model (see [1, 19]). The kernel for this model has the exponential form (see the example
leading to formula (6)). In this case,

,  mo (wtp)? , Mmool

== , =" 15
2¢ 1+ (otp)? 2¢ 1+ (otp)? (15)

The frequency dependences (15) of the dispersion k" and the absorption k” were confirmed
repeatedly in experiments. One could proceed in an opposite way. First, establish the
dependences (15) as an empirical generalization of measured data, and then reconstruct the
kernel by means of a standard procedure. This procedure exploits the causality principle
according to which two functions k' and k” cannot be arbitrary but should be connected by
the relations of Kramers—Kronig’s type [12].

The method of kernel reconstruction has been utilized for deriving mathematical models
used in the medical applications of ultrasound [20]. It is known that, within the most
interesting frequency range, the absorption of the ultrasound in soft tissues behaves like
k" ~@*™, 0 < v < 1. Itis easy to reconstruct the kernel K (s) = s"~! and verify that the
corresponding absorption coefficient

” m 7 2—v
K= 50 T cos(2 v) (@) (16)
has the correct frequency dependence. Note that the considered power kernel has a singularity
at s = 0 and is not integrable in semi-infinite limits. However, the convolution of this kernel
with the oscillating function describing a wave provides the convergence of the integral for
k”. This example demonstrates a wide variety of situations which can be met in applications.
In the conclusion of this section we demonstrate how one has to change variables in
equations (10) and (11) to reduce these to the simplest normalized form (1). One has to set

T — fot, p — polt, X —> XoX, y = Yoy, 7= 202, a7

where the constant 7 (the ‘memory’ time) is defined by the structure of kernel and the other
constants are
m

2 ; cly (18)
= —C N X9 = —Clp, = = —.
Po 26 o 0 " 0 Yo = 20 N



J. Phys. A: Math. Theor. 44 (2011) 315201 N H Ibragimov et al

3. Admitted Lie group

As for differential equations, an admitted Lie group of integro-differential equation (1) is
defined by the determining equations. These equations are integro-differential equations for
the coordinates of the infinitesimal generator

X=§0,+&E0,+&0,+E°0,+ "0, + "y,

where the coordinates &7, &%, &Y, &%, ¢" and ¢" are functions depending on the variables
(t,x,y,z,u,w). The system (1) comprises a partial differential equation and an integro-
differential equation. The determining equation related to the partial differential equation is
obtained by the standard procedure:

CM” _ ué-un _ 2ut§u’ _ é-wm — C”yy + é‘”zz’ (19)

where the coefficients ¢"~, g%, ¢*, ¢", ¢*» and {*= are the coefficients of the prolonged
generator X:

X =X+ 5" 0, + 0" By + C By + 0 