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ABSTRACT

The opaque problem on a plane is a problem which seeks, among curves

(or unions of curves) that intersect all the straight lines passing through a given

shape (e.g., a square, a circle, a polygon, etc.), the curve (or union of curves)

with the shortest length. In this study, we simplify this problem by fixing a point

on the plane outside the given shape and considering only the straight lines that

pass through this point. Our problem is then to find a “minimizer” inside the

given shape that intersects all those straight lines that intersect the given shape.

We prove that, for most of the convex shapes on the plane, solutions to this

problem always fail to exist. However, the greatest lower bound of the length of

the candidates is found to be simply

∫ θ2

θ1

r dθ, where r = r(θ) is the distance, in

polar form, from the fixed point to a certain part of the boundary of the region

in question. We also extend our study to non-convex shapes, whose boundary is

a simple closed curve. We prove that the solution exists if its boundary satisfies

certain conditions.

KEY WORDS : OPAQUE PROBLEM/CONVEX SET/CURVE
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CHAPTER I

INTRODUCTION

The opaque problem on the plane (R2) is a problem of seeking the shortest

curve or union of curves that intersects all the lines passing through the given

shape (e.g., square, circle, polygons, etc.). We shall use the term “general curves”

for unions of curves. Let P (R2) be the class of all subsets of R2 (the power set of

R2). Let C(R2) be the class of all convex sets in R2 and C ′(R2) be the class of all

non-convex sets in R2. Then C(R2) and C ′(R2) are subsets of P (R2). Given that

S ∈ P (R2), let S be the closure of S, ∂S the boundary of S and P (S) the power

set of S. For example, if S is a square, then ∂S is a boundary of the square; see

Figure 1.1. On the plane, some straight lines intersect S but some do not. The

problem is to find a general curve S̃ inside S that satisfies:

1) for any straight line l on the plane, l intersects S̃ if and only if l

intersects ∂S, and

2) among all general curves inside S that satisfy 1), S̃ has the shortest

length.

Imagine that there is an observer on the plane. The observer’s vision is

represented by straight lines from the eyes. Similarly in the opaque problem, if

there are many observers surrounding the shape, the straight lines on the plane

represent the vision of each observer. See Figure 1.2. In this study, we simplify

this problem by considering the specific set of straight lines on the plane through

one observer. That means we fix a point A on the plane outside S and consider

the straight lines that pass through A. See Figure 1.3. Then our problem is to

find a general curve S̃ inside S that satisfies:

1) for any straight line l that passes through A, l intersects S̃ if and only

if l intersects ∂S, and

2) among all general curves inside S that satisfy 1), S̃ has the shortest

length.
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Figure 1.1: S is a square on the plane.

Figure 1.2: Each • is an observer and there are many observers surrounding the
square.

Figure 1.3: One observer: a point A on the plane.
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In this study we consider separately the convex and non-convex shape

problems in which the boundary of the region in question is a simple closed

curve (a closed curve which does not intersect itself). We consider the case of

solutions being connected general curves and the case of solutions not necessarily

connected, each among general curves of the same type. For the convex shape

problems, we prove that the connected general curve solutions are in the form of

line segments but the not-necessarily-connected solutions do not exist. For the

non-convex shape problems, we prove that the solutions are in the form of arcs

of circles with centers at A, which are subcurves of the boundaries of the given

shapes. See Figure 1.4.

Figure 1.4: Example of the non-convex shape which has the best solution.

1.1 Objectives

The main objectives of this study are

1. Finding solutions of the convex and non-convex shape problems with one

observer.

2. Studying properties of solutions of the convex and non-convex shape prob-

lems with one observer.

1.2 Expected Benefits

In this study, we expect to
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1. Obtain solutions of the problems with one observer and their properties.

2. Apply the results to more general cases that relate to the opaque problem.

1.3 Organization of the Study

This study will be organized into five chapters. First, an introduction to

this study is given in Chapter 1. Chapter 2 describes a literature review. The

construction and basic concepts relating to this study are presented in Chapter

3. The results and the proofs are shown in Chapters 4 and 5. In particular,

we show in Chapter 4 that connected solutions exist for convex shapes, while

not-necessarily-connected solutions do not, except for line segments. In any case,

the infimum of the measure of candidates can be computed. Finally, we conclude

our results in Chapter 6.
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CHAPTER II

LITERATURE REVIEW

In 1992, the report of Kenneth A. Brakke stated in [1], the opaque square

problem:

“What is the shortest length fence that can block any line of sight across

a square plot of ground?”

Figure 2.1: The best known opaque square solution (total length = 2+
√

3√
2

) [1].

The best known solution (not proved minimal) is shown in Figure 2.1

from [2]. It has straight fence from three corners meeting at a point at angles of

2π/3 plus fence from the fourth corner to the center. It has length 2+
√

3√
2

≈ 2.64,

see [3].

In 1997, Bernd Kawohl ([3] and [4]) proved that the solution in Figure

2.1 is a general curve, which has the shortest length in the class of all doubly

connected curves (two connected components) and satisfies the property that

every straight line intersecting the square also intersects one of its components.

Figures 2.2-2.6 [5] show opaque regular polygons (polygons with all their

sides equal in length), in which figures (a) show the shortest known connected

curves, figures (b) show the shortest known connected union of curves, and figures

(c) show the shortest known union of curves.

Note that in figures 2.2(b) and (c), 2.3(b), and 2.6(c), the shortest known

union of curves that connect all the vertices of the given polygon are called Steiner
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(a)2
3

= 0.66666... (b)
√

3
3

= 0.577350269... (c)
√

3
3

= 0.577350269...

Figure 2.2: An equilateral triangle with sidelength 1
3
; see [5].

(a) 3
4

= 0.75 (b) 1+
√

3
4

= 0.683012702... (c) 0.659739609...

Figure 2.3: A square with sidelength 1
4
; see [5].

(a) 0.780422607... (b) 0.778231365... (c) 0.705577112...

Figure 2.4: A 5-polygon with sidelength 1
5
; see [5].
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(a) 3+
√

3
6

= 0.788675135... (b) 0.788675135... (c) 7+
√

3
12

= 0.727670901...

Figure 2.5: A 6-polygon with sidelength 1
6
; see [5].

(a) 3
2+2

√
2

= 0.621320344... (b) 0.602538433... (c) 0.592620968...

Figure 2.6: A parallelogram; see [5].

span of the vertices. See [5].
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CHAPTER III

BASIC KNOWLEDGE

In this chapter, we review some basic concepts and facts that will be used

throughout the thesis. We also define our measure and discuss some properties

for our problem.

3.1 Compactness

We now discuss some properties of compactness. All of these properties

are found in [6].

Definition 3.1 Let X be a topological space. A subset Y ⊂ X is said to be

compact if whenever Y is contained in a union of open sets Ui (called an open

cover of Y ), Y is contained in the union of a finite subcollection of these open

sets (called a finite subcover)

The next proposition allows us to deduce that certain sets are compact

by knowing that they are closed subsets of a compact set.

Proposition 3.2 Let X be compact and let Y be closed in X. Then Y is com-

pact.

The next theorem classifies closed segments as compact sets in the usual

topology of the real line.

Theorem 3.3 (Heine-Borel) The closed interval [a, b] is compact.

As a corollary, we can now characterize compact sets in the line.

Corollary 3.4 A ⊂ R is compact iff it is closed and bounded.

The characterization of compact sets in Rn is shown in the next theorem.
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Theorem 3.5 (Heine-Borel) A subset of Rn is compact iff it is closed and bounded.

The next proposition is an important property of a closed bounded set.

Proposition 3.6 A compact subset X of R has a largest element M and a small-

est element m such that m ≤ a ≤ M for all a ∈ X.

The next proposition shows that compactness is preserved by continuous

maps.

Proposition 3.7 Let f : X → Y be continuous and suppose that X is compact.

Then the image set f(X) is compact.

The next proposition is an application of the previous two propositions.

Proposition 3.8 Let f : X → Y be continuous and suppose that X is compact.

Then f assumes a maximum (and a minimum) on X; that is, there are x, y ∈ X

with f(x) ≤ f(z) ≤ f(y) for all z ∈ X.

3.2 Measurable spaces and integration

We now discuss some definitions and theorems in Real Analysis. All of

these properties are from references [7], [8], and [9].

Let H be a (non-empty) set. By a σ-algebra we mean a collection M
of subsets of H having the following properties:

(i) ∅ is in M,

(ii) if A is in M, then Ac is also in M, and

(iii) if {Ei} is a sequence of elements of M , then
∞⋃
i=1

Ei is also an element of M.

Then a set H together with a σ-algebra in H is called a measurable space, and

the elements of M are called its measurable sets. If (H,M) and (G,MG) are

measurable spaces, and f : H → G is a map, we define f to be measurable if

for every V in MG the set f−1(V ) is in MG. A positive measure on M (or
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on H) is a map µ : M → [0,∞] which is countably additive. In other words

µ(∅) = 0, and if {Ei} is a sequence of measurable sets which are mutually disjoint

(An ∩ Am = ∅ if n �= m), then µ

( ∞⋃
i=1

Ei

)
=

∞∑
i=1

µ(Ei).

Theorem 3.9 Let f be measurable and nonnegative on H, and let {Ei} be a

sequence of disjoint measurable subsets of H. If E =
∞⋃
i=1

Ei, then

∫
E

fdµ =
∞∑
i=1

∫
Ei

fdµ.

3.3 Measure for unions of curves

Let ρ be the usual metric on R2. Thus ρ is defined by

ρ(X,Y ) =
√

(x1 − x2)2 + (y1 − y2)2,

where X = (x1, y1) and Y = (x2, y2) are points in the plane R2. The pair (R2, ρ)

is called a metric space. In this study, any curve γ in R2 is a continuous map of

a compact interval into R2. Let γ : [a, b] → R2 be a curve, where a, b ∈ R and

a < b. Then γ is said to be closed if γ(a) = γ(b). The length 	(γ) of γ is defined

by

	(γ) = sup
k∑

i=1

ρ(γ(ti−1), γ(ti)),

where the supremum is taken over all partitions a = t0 < t1 < ... < tk = b of

[a, b].

Let γ be a simple rectifiable curve on the plane with 	(γ) = c. Then

we can parametrize γ by its length, γ : [0, c] → R2. Next, we will define the

measure of subsets of the image {γ} of γ by using the Lebesgue outer measure.

The length of a bounded interval I (open, closed, half-open) with endpoints a

and b (a < b) is defined by |I| = b− a. If I is (a,∞), (−∞, b) or (−∞,∞), then

|I| = ∞. For each subset E of {γ}, we define µγ(E) by

µγ(E) = µ∗(γ−1[E]),

where µ∗ is the Lebesgue measure on R. Then µγ is well-defined and

µγ({γ}) = |[0, 	(γ)]| = 	(γ).
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Furthermore, µγ is a positive measure on the set of subsets of {γ}. Next, the

author will show that if E is a subset of the images of two distinct curves, γ and

α, then the measures of E on each curve are equal, µγ(E) = µα(E). Let α be a

simple rectifiable curve on the plane parametrized by arclength, with 	(α) = d.

Suppose that E is also a subset of {α}. We prove that µγ(E) = µα(E). Let (Ak)

be a sequence of countable unions of disjoint closed intervals in [0, c] containing

γ−1[E] such that µ∗(Ak) converges to µγ(E). Then γ−1[E] ⊆ Ak =
∞⋃
i=1

Iγ
k,i ⊆ [0, c].

Let (Bk) be a sequence of countable unions of disjoint closed intervals in [0, d]

containing α−1[E], Bk =
∞⋃
i=1

Iα
k,i such that for all i, µ∗(Iα

k,i) ≤ µ∗(Iγ
k,i). From the

countably additive property and that for all i, µ∗(Iα
k,i) ≤ µ∗(Iγ

k,i),

∞∑
i=1

µ∗(Iα
k,i) ≤

∞∑
i=1

µ∗(Iγ
k,i)

µ∗(Bk) ≤ µ∗(Ak).

Then µ∗(Bk) converges to µα(E) as µ∗(Ak) converges to µγ(E). Since E is a

subset of γ[Ak] and α[Bk], γ(Iγ
k,i) ∩ E = α(Iα

k,i) ∩ E ⊆ α[Iα
k,i] and for all i, the

length of γ[Iγ
k,i] ∩ E is less than or equal to the length of α[Iα

k,i],

µ∗(Iγ
k,i ∩ γ−1(E)) ≤ µ∗(Iα

k,i)
∞∑
i=1

µ∗(Iγ
k,i ∩ γ−1(E)) ≤

∞∑
i=1

µ∗(Iα
k,i)

µ∗(γ−1(E)) ≤ µ∗(Bk)

µγ(E) ≤ µ∗(Bk).

Since for all ε > 0 there exists a positive integer N such that k > N implies

|µ∗(Ak) − µγ(E)| < ε and |µ∗(Bk) − µα(E)| < ε. We obtain that

|µγ(E) − µα(E)| = |µγ(E) − µ∗(Ak) + µ∗(Ak) − µ∗(Bk) + µ∗(Bk) − µα(E)|
≤ |µγ(E) − µ∗(Ak)| + |µ∗(Ak) − µ∗(Bk)| + |µ∗(Bk) − µα(E)|
< |µ∗(Ak) − µ∗(Bk)| + 2ε.

Since µγ(E) ≤ µ∗(Bk), |µ∗(Ak) − µ∗(Bk)| < ε for large k and we have that

|µγ(E) − µα(E)| < 3ε.
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Since ε is arbitrary, µγ(E) = µα(E). Thus, we may write µ(E) in place of µγ(E).

Let V (R2) be the set of compact countable unions of images of simple

rectifiable curves in R2 such that any pair of distinct curves in the union intersect

in at most one point. Let G be a compact countable union of curves in V (R2).

Then G is of the form
∞⋃
i=1

{γi}, where γi and γj intersect in at most one point, for

all i �= j. We define m : V (R2) → [0,∞] by

m(G) = m

( ∞⋃
i=1

{γi}
)

=
∞∑
i=1

	(γi) =
∞∑
i=1

µ({γi}).

We will show that m is well-defined. Suppose that G =
∞⋃
i=1

{γi} =
∞⋃

j=1

{αj}, we

will show that
∞∑
i=1

	(γi) =
∞∑

j=1

	(αj). For a fixed i,

{γi} = {γi}
⋂

G

= {γi}
⋂[ ∞⋃

j=1

{αj}
]

=
∞⋃

j=1

[
{γi}

⋂
{αj}

]
.

Then, since µ is a positive measure,

∞∑
i=1

	(γi) =
∞∑
i=1

	

( ∞⋃
j=1

[
{γi}

⋂
{αj}

])
=

∞∑
i=1

µ

( ∞⋃
j=1

[
{γi}

⋂
{αj}

])

=
∞∑
i=1

[ ∞∑
j=1

µ
(
{γi}

⋂
{αj}

)]

=
∞∑

j=1

[ ∞∑
i=1

µ
(
{γi}

⋂
{αj}

)]

=
∞∑

j=1

µ

( ∞⋃
i=1

[
{γi}

⋂
{αj}

])

=
∞∑

j=1

µ(αj)

=
∞∑

j=1

	(αj).

It is obvious that countable additivity holds for m. We will use this function m

to measure the size of unions of curves in V (R2).
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The next lemma gives a way to find the length of a curve by using its

polar equation.

Lemma 3.10 [10] If a curve γ is defined by a polar equation r = r(θ) on [a, b]

where r(θ) is smooth, then the length of γ is∫ b

a

√
[r(θ)]2 + [r′(θ)]2dθ.

Next, we define some terms that will be needed in finding solutions of our

problems. Let P (R2) be the class of all subsets of R2 (the power set of R2). Let

C(R2) be the class of convex sets in R2 and C ′(R2) be the class of non-convex sets

in R2. Given that S is an element in P (R2), let S be the closure of S. Let ∂S be

the boundary of S and P (S) be the power set of S. In what follows, we consider

the problem described in the introduction, with only one observer located at a

given point A and a given region denoted by S on the plane. Assume that the

convex hull of S does not contain A.

Definition 3.11 (The Two-Condition Property) Let L be the set of straight lines

l in R2 such that A ∈ l. A general curve S̃ in V (R2) ∩ P (S) satisfies the two-

condition property if it satisfies

(C1) for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ ∂(S) �= ∅, and

(C2) for all G in V (R2) ∩ P (S) that satisfies C1, m(S̃) ≤ m(G).

The next definition defines the first and last lines from A intersecting a

curve not passing through A. Let γ : [a, b] → R2 be a curve such that γ(t) �= A for

all t ∈ [a, b], and let {γ} = {γ(t) : a ≤ t ≤ b}. By the Heine-Borel Theorem, the

closed and bounded interval [a, b] on R is compact. Since γ is a continuous map

on [a, b], {γ} is compact. For each X ∈ {γ}, let lX ∈ L be such that X ∈ lX . Fix

u ∈ [a, b], then γ(u) ∈ {γ}. We define a continuous function fu : [a, b] → [−π, π)

by

fu(t) = the signed angle at A measured clockwise from lγ(u) to lγ(t)

= ∠(lγ(u), lγ(t)),
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Figure 3.1: The first and last lines intersecting γ.

for all t ∈ [a, b]. By the preservation of compact sets under continuous maps,

fu[[a, b]] ⊆ [−π, π) is compact and we get the following definition.

Definition 3.12 Let γ : [a, b] −→ R2 be a curve such that γ(t) �= A for all

t ∈ [a, b]. Fix u ∈ [a, b]. The first line in L intersecting the curve γ is the line in

L that intersects γ and makes the biggest signed angle with lγ(u) measured in the

clockwise direction. The last line in L intersecting the curve γ is the line in L

that intersects γ and makes the smallest signed angle with lγ(u) measured in the

clockwise direction. See Figure 3.1.

The next definition deals with tangent lines to a curve.

Definition 3.13 Let X be any point in a curve γ. Then a line l passing through

X is a tangent to the curve γ at X if there is an open disk D (X, ε) of radius

ε > 0 with center at X such that a part of l lies entirely in a half disk of D (X, ε).
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CHAPTER IV

THE CONVEX SHAPES

In this chapter, we study the solutions of the convex shape problems and

their properties. We assume throughout that A is the origin on the plane and S

is a convex set not containing A. It is easily seen that the first and last lines are

independent of the choices of u ∈ [a, b]. Our first lemma is the properties of the

first and the last lines intersecting S.

Lemma 4.1 Let S be a convex set not containing A on the plane which is not a

line segment. Then l0 is the first or last line in L that intersects ∂S if and only

if either

1) there is a point Z in ∂S such that l0 ∩ ∂S = {Z} or

2) l0 contains an edge of ∂S, i.e., a line segment contained in ∂(S).

Proof. Let S be a convex set not containing A on the plane. Assume

that S is not a line segment.

(⇒) Without lost of generality, suppose that l0 ∈ L is the first line in L

that intersects ∂S, i.e., l0∩∂S �= ∅. We will show that either there is a point Z in

∂S such that l0∩∂S = {Z} or l0 contains an edge of ∂S by showing that if l0 does

not contain any edge of ∂S then there is a point Z of ∂S such that l0∩∂S = {Z}.
Suppose that l0 does not contain any edge of ∂S. Since l0 ∩ ∂S �= ∅, we choose

Z ∈ l0 ∩ ∂S. If l0 ∩ ∂S �= {Z}, then there is a point V in ∂S\{Z} such that

V ∈ l0 ∩ ∂S. Since S is a convex set, V Z ⊆ S and V Z ⊆ l0. But l0 does not

contain any edge of ∂S, so V Z � ∂S. This implies that l0 decomposes S into

two parts and l0 is not the first line in L intersecting ∂S, a contradiction. So

l0 ∩ ∂S = {Z} for some point Z in ∂S.

(⇐) Let l0 be any line in L. Suppose that either there is a point Z in ∂S

such that l0 ∩ ∂S = {Z} or l0 contains an edge of ∂S. We will show that l0 is the

first (or the last) line in L that intersects ∂S. Suppose that there is a point Z
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Figure 4.1: The convex set S.

in ∂S such that l0 ∩ ∂S = {Z}. Then l0 does not contain any edge of ∂S. From

Definition 3.12, we suppose that the size of angle measured clockwise from the

first to the last lines from A intersecting ∂S is ω degrees. Since S is a convex set

and A is outside S, ω < 180◦. We choose δ = 180◦−ω
2

> 0. Then l0 is the first

(or the last) line in L that intersects ∂S if and only if for all l in L such that

∠(l0, l) ≤ δ measured in clockwise direction from l0, l∩∂S = ∅. By contradiction,

suppose that l0 is not the first (or the last) line in L that intersects ∂S then there

is l in L such that ∠(l0, l) ≤ δ in clockwise of l0, l ∩ ∂S �= ∅. Then there is a

point V in ∂S such that V ∈ l∩∂S. Since S is a convex set, ZV ⊆ S. Since l0 is

not the first (or the last) line that intersects ∂S, l0 decomposes S into two parts

and there is X in ∂S staying in opposite part of l0 with V such that X /∈ ZV

and ZV � V X. Therefore V X ∩ l0 �= ∅ and Z /∈ V X ∩ l0. Since S is a convex

set, V X ⊆ S and then l0 intersects ∂S more than one point, l0 ∩ ∂S �= {Z},
contradiction. So l0 is the first (or the last) line in L that intersects ∂S.

Suppose that l0 contains an edge XY of ∂S. Then there is no point Z in

∂S such that l0∩∂S = {Z}. By contradiction, suppose that l0 is not the first (or

the last) line in L that intersects ∂S. Then there is l in L such that ∠(l0, l) ≤ δ

in clockwise of l0, l ∩ ∂S �= ∅. Then l0 decomposes S into two parts. We choose

a point in ∂S from each part and construct line segments from each point to any

points in open line segment XY . Since S is a convex set, all line segments are in
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S and then all points in open line segment XY are not the boundary points of

S. This contradicts with XY ⊆ ∂S. So l0 is the first (or the last) line in L that

intersects ∂S.

4.1 Connected solutions for convex sets

In this section, we consider a convex set S with one observer when so-

lution candidates are connected general curves in V (R2)∩P (S) that is enclosed

by ∂S. Then the solution S̃ that we find in this part is in fact a curve. Let l0

and l̃0 be the first and the last lines in L that intersect ∂S, respectively. From

the first of the two-condition property, for all l ∈ L, l ∩ S̃ �= ∅ if and only if

l ∩ ∂S �= ∅, so S̃ is a curve in V (R2)∩P (S) that connects l0 and l̃0. Since the

shortest curve that connects any two points on the plane is a line segment and

S is convex, S̃ is the shortest line segment that connects X and Y for some

X ∈ l0 ∩ ∂S and Y ∈ l̃0 ∩ ∂S. So S̃ = XY corresponds to the second condition

property, m(S̃) = m(XY ) ≤ m(G), where G ∈ V (R2)∩P (S) that satisfies the

first condition property, for all l ∈ L, l ∩ G �= ∅ if and only if l ∩ ∂S �= ∅.

4.1.1 S is a line segment.

Let B = (x1, y1) and C = (x2, y2) be extreme points of S.

Figure 4.2: S is a line segment.

Case 1. There is l0 ∈ L such that ∂S ⊆ l0. See Figure 4.2. Then for all

X ∈ ∂S, {X} ∩ l0 �= ∅ if and only if ∂S ∩ l0 �= ∅. So S̃ = {X}, for all X ∈ ∂S.
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Case 2. ∂S � l, for all l ∈ L. See Figure 4.2. We choose S̃ = ∂S and we

will show that S̃ satisfies the two-condition property.

1) For all l ∈ L, l ∩ S̃ �= ∅ if and only if l ∩ ∂S �= ∅. This is obvious.

2) Let G ∈ V (R2)∩P (S) that satisfies C1: for all l ∈ L, l ∩G �= ∅ if and

only if l ∩ ∂S �= ∅. We will show that m(S̃) = m(XY ) ≤ m(G). Suppose not.

Since we consider only members of V (R2)∩P (S), G is the set of points that are

elements in ∂S. Since the answer must be a connected curve in V (R2)∩P (S), G

is a line segment. If G �= ∂S, then there is a point D in ∂S such that D /∈ G.

Let lD be a line in L such that D ∈ lD ∩ ∂S. Then lD ∩ G = ∅ but lD ∩ ∂S �= ∅.
This contradicts with the supposition. So G is the solution S̃ of itself.

4.1.2 S is a triangle.

Let B,C and D be extreme points of ∂S.

Figure 4.3: There is a line in L that contains two extreme points of ∂S.

Case 1. There is a line in L that contains two extreme points of ∂S.

See Figure 4.3. That means this line contains an edge of ∂S. From Lemma 4.1,

this line is the first (or the last) line in L that intersects ∂S. Suppose this line

is l0 and l0 ∩ ∂S = BC. Then the last line from A (l̃0) intersects ∂S only at

a point D. So S̃ is the shortest line segment that connects D and l0. Let PD

be the perpendicular from D to l0. From the perpendicular is the shortest line

segment that connects the point to the line, PD is S̃. If PD /∈ V (R2)∩P (S), then

�BCD is an obtuse angle and either BĈD or DB̂C is an obtuse angle. Suppose

BĈD is an obtuse angle. Then CD is the shortest line segment that contains in
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V (R2)∩P (S) and connects D and l0. So CD is S̃. Similarly, we get BD is S̃, if

DB̂C is an obtuse angle. Hence

S̃ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
PD if PD ∈ V (R2) ∩ P (S),

CD if PD /∈ V (R2) ∩ P (S) and BĈD is an obtuse angle,

BD if PD /∈ V (R2) ∩ P (S) and DB̂C is an obtuse angle.

Figure 4.4: There are no lines in L that contain any two extreme points of ∂S.

Case 2. There are no lines in L that contain any two extreme points of

∂S. See Figure 4.4. From Lemma 4.1, we get l0 ∩ ∂S = {X} and l̃0 ∩ ∂S = {Y }
for some extreme points X and Y of ∂S. Then S̃ is the curve that contains in

V (R2)∩P (S) and connects X and Y . Since the shortest curve that connects any

two points is a line segment, so S̃ is XY . Since X and Y are extreme points of

∂S, XY ⊆ ∂S.

4.1.3 S is quadrilateral.

Let B,C,D and E be extreme points of ∂S such that B is adjacent to

C and E.

Case 1. There is only one line in L that contains edges of ∂S. See Figure

4.5. From Lemma 4.1, this line is the first or the last line in L that intersects

∂S. Suppose this line is l0 and l0 ∩ ∂S = BC. Then l̃0 ∩ ∂S = {Z}, for some

Z ∈ {D,E} and we can find S̃ by consider �BCZ.

Case 2. There are no lines in L that contain edges of ∂S. See Figure 4.6.

From Lemma 4.1, we obtain that l0 ∩ ∂S = {X} and l̃0 ∩ ∂S = {Y } for some
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Figure 4.5: There is only one line in L that contains an edge of ∂S.

Figure 4.6: There are no lines in L that contain edges of ∂S.

Figure 4.7: There are only two lines in L such that each line contains one edge
of ∂S.

extreme points X and Y of ∂S. Then S̃ is the curve that contains in V (R2)∩P (S)

and connects X and Y . Since the shortest curve that connects any two points is

a line segment, so S̃ is XY .
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Case 3. There are only two lines in L such that each line contains one

edge of ∂S and the distinct extreme points of ∂(S). See Figure 4.7. From

Lemma 4.1, we get these two lines are l0 and l̃0. Suppose that l0 ∩ ∂S = BC and

l̃0 ∩ ∂S = DE. Then S̃ is the shortest line segment that connects BC and DE.

Suppose that
∣∣AB

∣∣ <
∣∣AC

∣∣ and
∣∣AE

∣∣ <
∣∣AD

∣∣. We will show that

S̃ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

PB if PB ∈ V (R2) ∩ P (S),

PE if PE ∈ V (R2) ∩ P (S),

BE if AB̂E and AÊB are acute angles, PB and PE are not in V (R2) ∩ P (S),

BD if AÊB is an obtuse angle, PB and PE are not in V (R2) ∩ P (S),

CE if AB̂E is an obtuse angle, PB and PE are not in V (R2) ∩ P (S),

where PB is a perpendicular from B to l̃0, PC is a perpendicular from C to l̃0,

PD is a perpendicular from D to l0 and PE is a perpendicular from E to l0.

Figure 4.8: Either PB ∈ V (R2) ∩ P (S) or PE ∈ V (R2) ∩ P (S).

First, we will show that if PB ∈ V (R2) ∩ P (S) then PE /∈ V (R2) ∩ P (S)

and m(PB) ≤ ∣∣XY
∣∣ = m(

∣∣XY
∣∣) for all X ∈ BC and Y ∈ DE. See Figure 4.8.

Suppose that PB ∈ V (R2)∩P (S) and intersects with l̃0 at B̃ ∈ DE. Then AÊB

is an obtuse angle and AB̂E is an acute angle. If PE is also in V (R2) ∩ P (S),

then AÊB must be an acute angle. Therefore, PE /∈ V (R2) ∩ P (S). Then

PE /∈ V (R2) ∩ P (S). Let X and Y be any points in BC and DE, respectively.

Then XY is in V (R2) ∩ P (S).
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Case I. XY ⊥ l̃0. Then XY //PB and we obtain∣∣∣BB̃
∣∣∣∣∣AB
∣∣ =

∣∣XY
∣∣∣∣AX
∣∣ ,∣∣∣BB̃

∣∣∣ =

∣∣XY
∣∣× ∣∣AB

∣∣∣∣AX
∣∣ .

Since
∣∣AB

∣∣ ≤ ∣∣AX
∣∣, m(PB) =

∣∣∣BB̃
∣∣∣ ≤ ∣∣XY

∣∣ = m(XY ).

Case II. XY � ⊥l̃0. Let PX be a perpendicular from X to l̃0 at X̃. Then

m(PX) =
∣∣∣XX̃

∣∣∣ <
∣∣XY

∣∣ = m(XY ) and we obtain that m(PB) =
∣∣∣BB̃

∣∣∣ ≤∣∣∣XX̃
∣∣∣ < m(XY ). Therefore, m(PB) ≤ m(XY ) for all X ∈ BC and Y ∈ DE.

On the other hand, if PE ∈ V (R2) ∩ P (S) then PB /∈ V (R2) ∩ P (S) and

for all X ∈ BC and Y ∈ DE, m(PB) ≤ m(XY ) =
∣∣XY

∣∣. Hence

S̃ =

⎧⎨⎩ PB, if PB ∈ V (R2) ∩ P (S),

PE, if PE ∈ V (R2) ∩ P (S).

Figure 4.9: AB̂E and AÊB are acute angles.

Next, we will show that if AB̂E and AÊB are acute angles, then for all

X ∈ BC and Y ∈ DE, m(BE) ≤ m(XY ). See Figure 4.9. Suppose that AB̂E

and AÊB are acute angles. Then PB and PE /∈ V (R2)∩P (S). Let X ∈ BC and

Y ∈ DE. We will show that m(BE) ≤ m(XY ).
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Case I. BE//XY . Then we obtain∣∣BE
∣∣∣∣AB
∣∣ =

∣∣XY
∣∣∣∣AX
∣∣ ,∣∣BE

∣∣ =

∣∣XY
∣∣× ∣∣AB

∣∣∣∣AX
∣∣ .

Since
∣∣AB

∣∣ ≤ ∣∣AX
∣∣, so m(BE) =

∣∣BE
∣∣ ≤ ∣∣XY

∣∣ = m(XY ).

Case II. BE ∦ XY . Since X ∈ BC and Y ∈ DE, there is either a point

V in DE such that BV //XY or a point U in BC such that EU//XY . If there

is a point V in DE such that BV //XY , then we obtain∣∣BV
∣∣∣∣AB
∣∣ =

∣∣XY
∣∣∣∣AX
∣∣∣∣BV

∣∣ =

∣∣XY
∣∣× ∣∣AB

∣∣∣∣AX
∣∣ .

Since
∣∣AB

∣∣ ≤ ∣∣AX
∣∣, so m(BV ) =

∣∣BV
∣∣ ≤ ∣∣XY

∣∣ = m(XY ). Since AÊB is an

acute angle, V ÊB is an obtuse angle. So m(BE) <
∣∣BV

∣∣ ≤ m(XY ). Similarly,

we get that m(BE) <
∣∣EU

∣∣ ≤ m(XY ) if there is U ∈ BC such that EU//XY .

Hence, S̃ is BE if AB̂E and AÊB are acute angles, PB and PE /∈ V (R2)∩P (S).

Figure 4.10: AÊB is an obtuse angle, PB and PE are not in V (R2) ∩ P (S).

For the last condition, if AÊB is an obtuse angle, PB and PE are not in

V (R2)∩P (S), then for all X ∈ BC and Y ∈ DE, m(BD) ≤ m(XY ), see Figure

4.10. Suppose that AÊB is an obtuse angle, PB and PE /∈ V (R2) ∩ P (S). We

will show that for all X ∈ BC and Y ∈ DE, m(BD) ≤ m(XY ). Let B̃ be an
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intersection point between PB and l̃0. By assumptions, B̃ /∈ DE and AD̂B is an

obtuse angle. Let X ∈ BC and Y ∈ DE. Choose V ∈ AD such that BV //XY .

Then ∣∣BV
∣∣∣∣AB
∣∣ =

∣∣XY
∣∣∣∣AX
∣∣ ,∣∣BV

∣∣ =

∣∣XY
∣∣× ∣∣AB

∣∣∣∣AX
∣∣ .

Since
∣∣AB

∣∣ ≤ ∣∣AX
∣∣, m(BV ) =

∣∣BV
∣∣ ≤ ∣∣XY

∣∣ = m(XY ). Since AD̂B is an

obtuse angle and V ∈ AD, V D̂B is an obtuse angle and m(BD) ≤ ∣∣BV
∣∣ ≤

m(XY ). Similarly, if AB̂E is an obtuse angle, PB and PE /∈ V (R2)∩P (S), then

for all X ∈ BC and Y ∈ DE, m(CE) ≤ m(XY ). Hence,

S̃ =

⎧⎨⎩ BD, if AÊB is an obtuse angle, PB and PE are not in V (R2) ∩ P (S),

CE, if AB̂E is an obtuse angle, PB and PE are not in V (R2) ∩ P (S).

4.1.4 S is a convex n-gon, where n ≥ 5.

Let E1, E2, ..., En be extreme points of S, with E1 = En+1.

Figure 4.11: Convex n-gons S, where n ≥ 5.

Case 1. There is only one line in L that contains an edge of ∂S. See

Figure 4.11. Suppose that E1E2 ⊆ l0 and l̃0 ∩ ∂S = {Ei} for some i ∈ [3, n].

Similar to the case 1 of quadrilateral, S̃ is the line segment that connects Ei and

X for some X ∈ E1E2. Then we can find S̃ by considering �E1E2Ei.
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Case 2. There are no lines in L that contain edges of ∂S. See Figure

4.11. From Lemma 4.1, we get l0 ∩ ∂S = {Ei} and l̃0 ∩ ∂S = {Ej} for some

i, j ∈ [1, n] and i �= j. Then S̃ is the curve that connects Ei and Ej. Similar to

the case 2 of quadrilateral, S̃ is EiEj.

Case 3. There are two lines in L such that each line contains one edge

of ∂S. See Figure 4.11. From Lemma 4.1, we get that these two lines are l0 and

l̃0. Suppose that l0 ∩ ∂S = E1E2 and l̃0 ∩ ∂S = EiEi+1, for some i ∈ [3, n]. Then

S̃ is contained in the quadrilateral E1E2EiEi+1, that is similar to the case 3 of

quadrilateral.

For the case S is a circle, l0 and l̃0 are the tangent lines of ∂S. Let X

and Y be points of tangency of ∂S with l0 and l̃0, respectively. See Figure 4.12.

We show that S̃ is XY . Let l ∈ L.

Figure 4.12: S is a circle.

1) Since XY connects l0 and l̃0, so l ∩XY �= ∅ if and only if l ∩ ∂S �= ∅.
2) Let G ∈ V (R2)∩P (S) that satisfies C1: l ∩ G �= ∅ if and only if

l ∩ ∂S �= ∅. We show that m(S̃) = m(XY ) ≤ m(G). Then G is a curve that

connects X and Y . Since the shortest curve that connects any two points is a

line segment, so m(S̃) = m(XY ) ≤ m(G).
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4.2 General, not necessarily connected solutions for convex sets

In this section, we study a convex set S which is not a line segment (the

interior of S is not empty). We prove that solutions in the form of finite union of

curves does not exist and then we study properties of the candidates for solutions.

4.2.1 Non-existence of finite solutions

In this part we prove the following theorem, which implies that there are

no solutions in the form of finite union of curves.

Theorem 4.2 Assume that S is a convex set with nonempty interior. For any

curve in S, where S ∈ C(R2), we can find a general curve in V (R2 ∩ P (S) that

intersects all lines in L intersecting the curve and the length of this general curve

is shorter than the length of the curve.

Proof. Let S ∈ C(R2) and γ : [a, b] −→ R2 be a curve in S, where

a, b ∈ R and a < b. Let γ(t) = γt, for all t ∈ [a, b] and {γ} = {γ(t) : a ≤ t ≤ b}.
We denote the line from A passing through a point X by lX . We show that there

is a general curve S̃ in V (R2)∩P (S) satisfying

1) for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ {γ} �= ∅, and

2) m(S̃) < m(γ).

If there is a line l in L such that {γ} ⊆ l, then we can choose S̃ be a point on

{γ} and this S̃ satisfies 1) and 2). Next, we consider the case that for all l in L,

{γ} � l. Let Lγ = {l ∈ L|l ∩ {γ} �= ∅}. Suppose u, v ∈ [a, b] such that lu and lv

in Lγ are the first and the last lines from A that intersect γ, respectively, and

for all t in (u, v), γ(t) /∈ lu and lv. Then γu = γ(u) ∈ lu ∩{γ} and γv = γ(v) ∈ lv

∩{γ}. Let γ̃ be a curve in R2 which is a subcurve of γ and γ̃ : [u, v] −→ R2.

Then γ̃t = γ̃(t) = γ(t) = γt, for all t ∈ [u, v] and m(γ̃) ≤ m(γ). We consider γ̃.

Case 1. γ̃ is not a line segment. See Figure 4.13. We choose S̃ = γ̃uγ̃v.

Since S is a convex set, S̃ = γ̃uγ̃v ∈ V (R2)∩P (S). Since S̃ is a line segment

that connects lu and lv, S̃ satisfies 1). Since γ̃ is not a line segment, m(S̃) ≤
m(γ̃uγ̃v) < m(γ̃) ≤ m(γ).
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Figure 4.13: γ̃ is not a line segment.

Figure 4.14: γ̃ is a line segment.

Case 2. γ̃ is a line segment. Then γ̃ = γ̃uγ̃v. See Figures 4.14 and 4.15.

First, we claim that there is a line segment CE, which is a subset of {γ̃}, that

satisfies

1) lC , lE ∈ Lγ such that C ∈ lC ∩ {γ}, E ∈ lE ∩ {γ} and CE is not

perpendicular to lC and lE, and

2) PC or PE is in V (R2)∩P (S), where PC and PE are the perpendiculars

from C to lE, respectively.

Let PA be a perpendicular from A to γ̃ and Ã an intersection point between

PA and γ̃. If Ã /∈ {γ̃}, then there is z ∈ (u, v) such that γ̃(z) �= Ã. On the

other hand, if Ã ∈ {γ̃}, then there is z ∈ (u, v) such that γ̃(z) �= Ã because γ̃

is continuous. Choose a point C, which is γ̃(z) in {γ̃} such that z ∈ (u, v) and
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Figure 4.15: γ̃ is a line segment.

γ̃(z) �= Ã. Let D be a point in ∂S such that D is not a point on {γ}. We choose

ε = min
{

m(CD),m(Cγ̃u),m(Cγ̃v),m(CÃ)
}

> 0. We construct an open disk

D(C, ε) with center at C and radius ε. Since C is not the point Ã and γ̃ is a

continuous mapping, there is E in D(C, ε)\{C} such that E is a point on {γ̃}
and AĈE is an obtuse angle. Therefore, the line segment CE is a subset of {γ̃}.
Let lC and lE be a line in Lγ such that C is a point in lC ∩ {γ} and E is a point

in lE ∩ {γ}, respectively. Since AĈE is an obtuse angle and C is not Ã, then

lC and lE are not perpendicular to CE. Let PC and PE be the perpendiculars

from C to lE at a point Ẽ and from E to lC at a point C̃, respectively. If Ẽ is

not in D(C, ε), then ε ≤ m(CẼ) < m(CE) < ε, a contradiction. Therefore, Ẽ

is not a point in D(C, ε). Since �ACE is an obtuse triangle, then C̃ ∈ AE and

Ẽ ∈ AC. Since m(CẼ) < m(CE) < ε, then C̃ ∈ D(C, ε). So C̃ and Ẽ are points

in D(C, ε) and are on opposite sides of CE ⊆ {γ̃}. In other word, if {γ̃} is a

subset of ∂S, then PC and PE is in V (R2)∩P (S). Hence there is CE ⊆ {γ̃} such

that lC and lE are not perpendicular to CE, and PC or PE is in V (R2) ∩ P (S).

Next, we suppose that CE is a subset of {γ̃} such that lC and lE are not

perpendicular to CE, and PC is in V (R2) ∩ P (S). Choose S̃ = γ̃uC ∪ PC ∪ Eγ̃v.

Then S̃ ∈ V (R2)∩P (S) and we get

m(S̃) = m
(
γ̃uC ∪ PC ∪ Eγ̃V

)
≤ m(γ̃uC) + m(PC) + m(Eγ̃v).
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Since S̃ is the finite union of line segments,

m(S̃) = m(γ̃uC) + m(PC) + m(Eγ̃v).

Since m(PC) < m(CE),

m(S̃) < m(γ̃uC) + m(CE) + m(Eγ̃v) = m(γ̃) ≤ m(γ).

Since PC is a perpendicular from C to lE, for all l in L, l ∩ CE �= ∅ if and only

if l ∩ PC �= ∅. So for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ {γ} �= ∅.
From these two cases, we have that for any curve γ in V (R2)∩P (S),

where S ∈ C(R2), there is a general curve S̃ in V (R2) ∩ P (S) such that for all l

in L, l ∩ S̃ �= ∅ if and only if l ∩ {γ} �= ∅, and m(S̃) < m(γ).

4.2.2 The union of perpendiculars from boundary points of S
to lines in L

Figure 4.16: S ∈ C(R2) and ∠(l0, l̃0) = ω.

Let l0, l̃0 be the first and the last lines from A in L that intersect ∂S.

Let ω be the angle between l0 and l̃0, i.e., ∠(l0, l̃0) = ω. Let B be a point in ∂S

such that
∣∣AB

∣∣ = min
{∣∣AX

∣∣ |X ∈ l0 ∩ ∂S
}

and C be a point in ∂S such that∣∣AC
∣∣ = min{∣∣AY

∣∣ |Y ∈ l̃0 ∩∂S}. We divide S into two parts by the line segment

BC. Then ∂S is divided into two curves. Let S1 and S2 be these two curves,

then ∂S = S1 ∪ S2 and B,C are the endpoints of each S1 and S2. See Figure

4.16. The distance from A to each point in S1 is always less than or equal to the
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distance from A to a point in S2, i.e.,
∣∣AX

∣∣ ≤ ∣∣AY
∣∣, for all X ∈ S1 and Y ∈ S2.

We then describe S1, without loss of generality, by a polar equation

r = r(θ), 0 ≤ θ ≤ ω

and the parametric equations

x = r(θ) cos θ = r cos θ, and

y = r(θ) sin θ = r sin θ, 0 ≤ θ ≤ ω.

Next, we consider a special general curve. Let X be a point in S1\ {B,C} and lX a

line in L that intersects S1 at X. We divide ω into n equal parts by the line li from

A that intersect S, where i = 0, 1, 2, ..., n. Then we construct a perpendicular

from the intersection point of li and S1 to li−1 for all i = 1, 2, ..., n. Let Dn be a

union of all these perpendiculars. We will prove the following theorem.

Theorem 4.3 lim
n→∞

m(Dn) =
∫ ω

0
rdθ.

Case 1. lX is not perpendicular to l∗X , where l∗X is a tangent line of ∂S

at X.

Figure 4.17: ∠(l0, l
∗
X) < 90o, for all X ∈ S1\ {B,C}.

Case 1.1. ∠(l0, l
∗
X) < 90o, for all X in S1\ {B,C}. See Figure

4.17. Consider subdivisions of the interval 0 ≤ θ ≤ ω by values 0 = θ0 < θ1 <

θ2 < ... < θn = ω and �θi = θi − θi−1. See Figure 4.18. Suppose θi = iω
n

, for all
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i = 1, 2, ..., n. Then �θi = ω
n
, for all i = 1, 2, ..., n. Let lθi

be a line in L such

that lθi
∩ ∂S �= ∅ and ∠(l0, lθi

) = θi, for all i = 1, 2, ..., n. Then there is a point

Xi in S1 such that Xi is a point in lθi
∩ ∂S, for all i = 1, 2, ..., n. Since Xi is a

point in S1, for all i = 1, 2, ..., n, we can write the coordinates of Xi as

(xi, yi) = (r(θi) cos θi, r(θi) sin θi)

for all i = 1, 2, ..., n.

Figure 4.18: Subdivisions of the interval 0 ≤ θ ≤ ω.

Let us define the equation of lθi
by aix+biy+ci = 0, for all i = 1, 2, ..., n.

Since lθi
intersects y-axis at the origin A (0, 0), we obtain that

aix + biy = 0

y = mix, where mi = −ai

bi

is a slope of lθi

0 = mix − y, for all i = 1, 2, ..., n.

Let di be a perpendicular from Xi to lθi
, for all i = 1, 2, ..., n. See Figure 4.18.

From this equation, we get that

m(di) =
|mi−1xi − yi|√

m2
i−1 + 1

, for all i = 1, 2, ..., n.

Since ∠(l0, lθi−1
) = θi−1, we obtain that mi−1 = tan(θi−1), for all i = 1, 2, ..., n.
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Then

m(di) =
|tan(θi−1)xi − yi|√

tan2(θi−1) + 1

=
|tan(θi−1)xi − yi|

|sec(θi−1)| , since tan2(θi−1) + 1 = sec2(θi−1)

=

∣∣∣ sin(θi−1)
cos(θi−1)

xi − yi

∣∣∣∣∣∣ 1
cos(θi−1)

∣∣∣
= |xi sin(θi−1) − yi cos(θi−1)| , for all i = 1, 2, ..., n.

Since (xi, yi) = (r(θi) cos θi, r(θi) sin θi), we have

m(di) = |r(θi) [cos(θi) sin(θi−1) − sin(θi) cos(θi−1)]|
= |r(θi) [sin(θi−1 − θi)]|
= |r(θi) [− sin(θi − θi−1)]|
= |r(θi) [sin(�θi)]| , for all i = 1, 2, ..., n.

Let Dn =
n⋃

i=1

di. See Figure 4.18. Then m(Dn) =
n∑

i=1

m(di). Since di is a per-

pendicular from Xi fo lθi−1
, for all i = 1, 2, ..., n, we have for any line l in L,

l ∩ Dn �= ∅ if and only if l ∩ ∂S �= ∅. We take limit as n goes to infinity and

obtain

lim
n→∞

m(Dn) = lim
n→∞

n∑
i=1

m(di)

= lim
n→∞

n∑
i=1

|r(θi) [sin(�θi)]| .

Since �θi = ω
n
, for all i = 1, 2, ..., n, we obtain that

lim
n→∞

m(Dn) = lim
n→∞

[∣∣∣sin(ω

n

)∣∣∣ n∑
i=1

|r(θi)|
]

= lim
n→∞

[∣∣∣∣∣sin
(

ω
n

)
ω
n

∣∣∣∣∣×ω

n
×

n∑
i=1

|r(θi)|
]

= lim
n→∞

[∣∣∣∣∣sin
(

ω
n

)
ω
n

∣∣∣∣∣
n∑

i=1

[
|r(θi)| ω

n

]]
.

Let θ∗i ∈ [θi−1, θi]. Since �θi = ω
n
, for all i = 1, 2, ..., n,

h = max {�θi = θi − θi−1|i = 1, 2, ..., n} =
ω

n
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and h goes to 0 as n goes to infinity. So

lim
n→∞

m(Dn) = lim
h→0

∣∣∣∣sin (h)

h

∣∣∣∣× lim
n→∞

n∑
i=1

[|r(θi)| � θi] .

Since lim
x→0

sin(x)
x

= 1,

lim
n→∞

m(Dn) = lim
n→∞

n∑
i=1

[|r(θi)| � θi] , θ∗i = θi ∈ [θi−1, θi].

From the definition of definite integrals and that r is a positive-definite continuous

mapping, we obtain that

lim
n→∞

m(Dn) =

∫ ω

0

|r(θ)| dθ =

∫ ω

0

rdθ.

Figure 4.19: ∠(l0, l
∗
X) > 90o, for all X ∈ S1\ {B,C}.

Figure 4.20: Subdivisions of the interval 0 ≤ θ ≤ ω.
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Case 1.2. ∠(l0, l
∗
X) > 90o, for all X in S1\ {B,C}. See Figure

4.19. Similar to the case 1.1, but we let di be a perpendicular from Xi−1 to li,

for all i = 1, 2, ..., n. See Figure 4.20. Then

m(Dn) = m

(
n⋃

i=1

di

)

=
n∑

i=1

|mixi−1 − yi−1|√
m2

i + 1

=
n∑

i=1

|tan(θi)xi−1 − yi−1|√
tan2(θi) + 1

=
n∑

i=1

|xi−1 sin(θi) − yi−1 cos(θi)|

=
n∑

i=1

|r(θi−1) [sin(θi − θi−1)]|

and we take limit as n goes to infinity to get

lim
n→∞

m(Dn) = lim
n→∞

[
n∑

i=1

|r(θi−1) [sin(�θi)]|
]

= lim
n→∞

[
n∑

i=1

|r(θ∗i )| � θi

]
, θ∗i = θi−1 ∈ [θi−1, θi].

By the definition of definite integrals, we get that

lim
n→∞

m(Dn) =

∫ ω

0

|r(θ)| dθ =

∫ ω

0

rdθ.

Case 1.3. There is X̃ ∈ S1\ {B,C} such that l∗
X̃

is perpendicular

to l0 and for all Y in S1\
{

B,C, X̃
}

, ∠(l∗Y , l0) < 90o. See Figure 4.21. In this

case, we get the same result to the case 1.1.

Case 1.4. There is X̃ ∈ S1\ {B,C} such that l∗
X̃

is perpendicular

to l0 and for all Y in S1\
{

B,C, X̃
}

, ∠(l∗Y , l0) > 90o. See Figure 4.22. In this

case, we get the same result to the case 1.2.

Case 2. There is X̃ ∈ S1\ {B,C} such that l∗
X̃

is perpendicular to lX̃ ,

where l∗
X̃

is a tangent line of ∂S at X̃. See Figure 4.23. First, we show that X̃ is

unique. By contradiction, suppose that Ỹ ∈ S1\
{

B,C, X̃
}

satisfying this case.

Since S is convex, X̃Ỹ is in V (R2)∩P (S). We consider �AX̃Ỹ . If A
̂̃
XỸ and
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Figure 4.21: There is X̃ ∈ S1\ {B,C} such that l∗
X̃
⊥ l0 and ∠(l∗Y , l0) < 90o.

Figure 4.22: There is X̃ ∈ S1\ {B,C} such that l∗
X̃
⊥ l0 and ∠(l∗Y , l0) > 90o.

A
̂̃
Y X̃ are acute angles, then l∗

X̃
and l∗

Ỹ
are not tangent lines of ∂S. If A

̂̃
XỸ is

an acute angle and A
̂̃
Y X̃ is an obtuse angle, then l∗

X̃
is not a tangent line of ∂S.

If A
̂̃
Y X̃ is an acute angle and A

̂̃
XỸ is an obtuse angle, then l∗

Ỹ
is not a tangent

line of ∂S. This contradicts with the assumption, so X̃ is unique.

Let ∠(lX̃ , l0) = β. Then ∠(lX̃ , l̃0) = ω − β. Next, we divide S1 into two

parts by X̃ and then S1 is the union of curves BX̃ (γBX̃) and X̃C (γX̃C). Then

γBX̃ corresponds to case 1.2 and γX̃C corresponds to case 1.1. Consider m(DBX̃)

of γBX̃ and m(DX̃C) of γX̃C . Similar to cases 1.1 and 1.2, we obtain that

lim
n→∞

m(DBX̃) =

∫ β

0

rdθ
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Figure 4.23: There is X̃ ∈ S1\ {B,C} such that l∗
X̃
⊥ lX̃ .

and

lim
n→∞

m(DX̃C) =

∫ ω

β

rdθ.

Since for all l in L, l∩DBX̃ �= ∅ if and only if l∩γBX̃ �= ∅ and l∩DX̃C �= ∅ if and

only if l ∩ γX̃C �= ∅, we have that l ∩ ∂S �= ∅ if and only if l ∩ (
DBX̃ ∪ DX̃C

) �= ∅.
Let Dn = DBX̃ ∪ DX̃C . Then

lim
n→∞

m(Dn) = lim
n→∞

(
m(DBX̃) + m(DX̃C)

)
=

∫ β

0

rdθ +

∫ ω

β

rdθ

=

∫ ω

0

rdθ.

4.2.3 The infimum of the length of the candidates

First, we consider S̃ in V (R2)∩ P (S) such that S̃ is in the form of finite

union of curves in V (R2) ∩ P (S). Let

P̃ =

⎧⎨⎩S̃

∣∣∣∣∣∣ S̃ is the finite union of curves in V (R2) ∩ P (S) such

that for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ ∂S �= ∅

⎫⎬⎭
and 	[P̃ ] the set of the length of S̃ in P̃ , i.e., 	[P̃ ] =

{
m(S̃) | S̃ ∈ P̃

}
. Putting

ω = ∠(l0, l̃0), we prove the following.

Theorem 4.4 inf 	[P̃ ] =
∫ ω

0
rdθ, where r is as defined in 4.2.2

Proof. To show inf 	[P̃ ] =
∫ ω

0
rdθ, we prove that
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Figure 4.24: Example of G =
∞⋃
i=1

γi ⊆ S̃ =
∞⋃
i=1

αi.

(1)
∫ ω

0
rdθ is a lower bound of 	[P̃ ], and

(2) for all ε > 0 there is S̃ ∈ P̃ such that m(S̃) <
∫ ω

0
rdθ + ε.

To obtain (1), let S̃ ∈ P̃ . Then m(S̃) ∈ 	[P̃ ]. We show that
∫ ω

0
rdθ ≤

m(S̃). We can write S̃ in the form of countable union of curves, S̃ =
m⋃

i=1

αi.

Since S̃ ∈ P̃ , the first and the last lines from A that intersect S̃ are l0 and l̃0,

respectively. Then for each point X in S̃ there is lθ in L such that X is in lθ ∩ S̃

and ∠(lθ, l0) = θ ∈ [0, ω]. We can divide S̃ into countable parts by using lθ such

that in each part there is a curve γi in S̃ connecting two consecutive lines. See

Figure 4.24. Let G =
n⋃

i=1

{γi}. Then G is a subset of S̃ and for all l in L, l∩ S̃ �= ∅
if and only if l ∩ G �= ∅. Therefore, m(G) ≤ m(S̃).

Let lγi
and l̃γi

be the first and the last lines from A intersecting γi for

all i = 1, 2, 3, ..., n. Given that βi is a line segment connecting the intersection

points between lγi
and l̃γi

with γi for all i = 1, 2, 3, ..., n and G̃ is the union of βi,

G̃ =
n⋃

i=1

βi. Since S is a convex set, G̃ is in V (R2) ∩ P (S). Since m(βi) ≤ m(γi),

for all i, m(G̃) ≤ m(G) ≤ m(S̃). Let θi be the measure of angle determined by l0

and lγi
, ∠(l0, lγi

) = θi, and θ̃i be the measure of angle determined by l0 and l̃γi
,

∠(l0, l̃γi
) = θ̃i, for all i = 1, 2, 3, ..., n. Since βi is smooth on

[
θi, θ̃i

]
, the length
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m(βi) of βi from θi to θ̃i is

m(βi) =

∫ θ̃i

θi

[
(R′

i)
2 + (Ri)

2
] 1

2 dθ,

where Ri = Ri(θ) is a polar equation of βi for all i = 1, 2, 3, ..., n. Then

m(G̃) =
n∑

i=1

∫ θ̃i

θi

[
(R′

i)
2 + (Ri)

2
] 1

2 dθ.

From properties of integration and Ri ≤ [(R′
i)

2 + (Ri)
2]

1
2 for all i = 1, 2, 3, ..., n,

we have ∫ θ̃i

θi

Ridθ ≤
∫ θ̃i

θi

[
(R′

i)
2 + (Ri)

2
] 1

2 dθ

and
n∑

i=1

∫ θ̃i

θi

Ridθ ≤ m(G̃).

From polar equation Ri = Ri(θ), where θi ≤ θ ≤ θ̃i, for all i = 1, 2, 3, ..., n, the

parametric equations are

x = Ri(θ) cos θ = Ri cos θ,

and y = Ri(θ) sin θ = Ri sin θ,

where θi ≤ θ ≤ θ̃i and for all i = 1, 2, 3, ..., n. Since any line from A meet

S1 before G̃, at the same value of θ the distance from A to the point in G̃,

(Ri cos θ,Ri sin θ), is greater than or equal to the distance from A to the point in

S1, (r cos θ, r sin θ). This implies that

r = r(θ) ≤ Ri(θ) = Ri,

θi ≤ θ ≤ θ̃i and for all i = 1, 2, 3, ..., n. From the property of integration, we

obtain that ∫ θ̃i

θi

rdθ ≤
∫ θ̃i

θi

Ridθ, for all i = 1, 2, 3, ..., n

and hence∫ ω

0

rdθ =
n∑

i=1

∫ θ̃i

θi

rdθ ≤
n∑

i=1

∫ θ̃i

θi

Ridθ ≤ m(G̃) ≤ m(G) ≤ m(S̃).

Hence
∫ ω

0
rdθ ≤ m(S̃), for all S̃ ∈ P̃ .



Fac. of Grad. Studies, Mahidol Univ. M.Sc. (Applied Mathematics) / 39

For (2), let ε > 0 be given. We show that there exists m(S̃) in 	[P̃ ] such

that m(S̃) is less than
∫ ω

0
rdθ+ε. Next, we construct S̃ ∈ P̃ to prove (2). First, we

construct the union of perpendicular from boundary points of S to lines in L, Dn,

that depends on the case that ∂S corresponds to. Suppose that ∂S corresponds

to the case 1.1 of Theorem 4.3, ∠(l0, l
∗
X) < 90o for all X ∈ S1\ {B,C}, and

Dn =
n⋃

i=1

di. See Figure 4.18. We consider the cases that can happen.

Case 1. dn /∈ V (R2) ∩ P (S). Since ∂S is the boundary of a convex

set, CXn−1 is a line segment in V (R2) ∩ P (S). Since lim
n→∞

ω
n

= 0 and Xn is

C, Xn−1 goes to C as n goes to ∞. Therefore, lim
n→∞

m(CXn−1) = 0. Since

lim
n→∞

n∑
i=1

m(di) =
∫ ω

0
rdθ,

lim
n→∞

[
n−1∑
i=1

m(di) + m(CXn−1)

]
= lim

n→∞

[
n−1∑
i=1

m(di)

]
+ lim

n→∞
m(CXn−1)

=

∫ ω

0

rdθ.

Case 2. d1 /∈ V (R2) ∩ P (S). Since ∂S is the boundary of a convex set,

BX1 ∈ V (R2) ∩ P (S). Since lim
n→∞

ω
n

= 0 and X0 = B, X1 goes to B as n goes to

∞. Therefore lim
n→∞

m(BX1) = 0. Since lim
n→∞

n∑
i=1

m(di) =
∫ ω

0
rdθ,

lim
n→∞

[
n∑

i=2

m(di) + m(BX1)

]
=

∫ ω

0

rdθ.

Case 3. d1, dn /∈ V (R2) ∩ P (S). From cases 1 and 2, we get that

lim
n→∞

[
m(BX1) +

n−1∑
i=2

m(di) + m(CXn−1)

]
=

∫ ω

0

rdθ.

From these three cases, we let Sn be the series such that Sn = m(BX1)+
n−1∑
i=2

m(di) + m(CXn−1). Then the sequence (Sn) converges to
∫ ω

0
rdθ. From the

definition of convergent sequence, (Sn) converges to
∫ ω

0
rdθ, if for every ε > 0,

there exists N in N such that whenever n ≥ N it follows that∣∣∣∣Sn −
∫ ω

0

rdθ

∣∣∣∣ < ε,

or

∫ ω

0

rdθ − ε < Sn <

∫ ω

0

rdθ + ε.
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We choose n ≥ N and we get the union of curves BX1

⋃[
n−1⋃
i=2

di

]⋃
CXn−1.

Then we consider di such that di /∈ V (R2) ∩ P (S). See Figrue 4.25. From the

construction of di, Xi ∈ li ∩ S1 is the endpoint of di. Let X̃i be an endpoint

of di in li−1. Then di = XiX̃i. Since di /∈ V (R2) ∩ P (S), X̃i /∈ S and there

is a point E2 in S2 such that E2 ∈ S2 ∩ di. Since ∂S corresponds to case 1.1

and di /∈ V (R2) ∩ P (S), S2 divides di into two parts such that the first part

d̃1,i = XiE2 is in V (R2) ∩ P (S) but the second part d̃2,i = E2X̃i does not. Let

lE be a line in L such that E2 ∈ lE ∩ S2 and let E1 be a point in S1 such that

E1 ∈ lE ∩ S1. Let F be a point in S2 such that F ∈ S2 ∩ li−1. Next, we find

a finite union of curves D̃i in V (R2) ∩ P (S) such that the length is less than or

equal to m
(
d̃2,i

)
=

∣∣∣d̃2,i

∣∣∣ and for all l in L, l ∩ d̃2,i �= ∅ if and only if l ∩ D̃i �= ∅.
Case 1. m

(
E1F

)
=

∣∣E1F
∣∣ ≤ ∣∣∣d̃2,i

∣∣∣ = m
(
d̃2,i

)
. We choose D̃i is E1F .

Since E1F connects lE and li−1, we have for all l in L, l ∩ d̃2,i �= ∅ if and only if

l ∩ D̃i �= ∅. Then d̃1,i ∪ D̃i is a finite union of curves in V (R2) ∩ P (S) such that

m
(
d̃1,i ∪ D̃i

)
≤ m

(
d̃1,i ∪ d̃2,i

)
= m(di) and for all l in L, l ∩ di �= ∅ if and only

if l ∩
(
d̃1,i ∪ d̃2,i

)
�= ∅.

Case 2. m
(
E1F

)
=

∣∣E1F
∣∣ >

∣∣∣d̃2,i

∣∣∣ = m
(
d̃2,i

)
. Since S is convex, E2F

is a line segment in V (R2) ∩ P (S) and we can construct a line segment W in

V (R2) ∩ P (S) from Xi−1 to a point in lE such that W is parallels to E2F and

connects lE and li−1. Then for all l in L, l ∩ d̃2,i �= ∅ if and only if l ∩ W �= ∅.
In this case, we consider li−1 as the x-axis (transformation of the curves). We

define the equation of W and E2F by

y = Mx + C1 and y = Mx + C2,

respectively. Then C2 < C1 < 0. Let ψ be the angle measured counterclockwise

from li−1 to lE, ∠(lE, li−1) = ψ. Similar to the case 1.1, ∠(l0, l
∗
X) < 90o for all

X ∈ S1\ {B,C} , we consider subdivisions of the interval 0 ≤ θ ≤ ψ by values

0 = θ0 < θ1 < θ2 < ... < θk = ψ and �θj = θj − θj−1. Suppose θj = jψ
k

, for

all j = 1, 2, ..., k. Then �θj = ψ
k
, for all j = 1, 2, ..., k. Let lθj

∈ L such that

lθj
∩ W �= ∅ and ∠(li−1, lθj

) = θj, for all j = 1, 2, ..., k. Then there is Yj in W

such that Yj ∈ lθj
∩ W , for all j = 1, 2, ..., k. Since Yj ∈ W , for all j = 1, 2, ..., k,
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Figure 4.25: di is not in V (R2) ∩ P (S) and m(E1F ) > m(d̃2,i).

we can define (xj, yj) to be the coordinate of Yj, for all j = 1, 2, ..., k. We define

the equation of lθj
by ajx + bjy + cj = 0, for all j = 1, 2, ..., k. Since lθj

intersects
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the y-axis at the origin A(0, 0), we get that

ajx + bjy = 0

y = mjx

0 = mjx − y,

where mj = −aj

bj
= tan jψ

k
is a slope of lθj

, for all j = 1, 2, ..., k. Let hj be a

perpendicular from Yj (xj, yj) to lθj−1
, for all j = 1, 2, ..., k. Then the equation

of hj is defined by

(y − yj) =
− (x − xj)

mj−1

y =
− (x − xj)

mj−1

+ yj.

We find the intersection point Yj (xj, yj) between W and lθj
by using y = Mx+C1

and y = mjx. We get that

mjx = Mx + C1

x =
C1

mj − M
.

Therefore,

xj =
C1

mj − M
and yj =

mjC1

mj − M
.

Then we find the intersection point
(
x∗

j , y
∗
j

)
between hj and lθj−1

. We obtain that

mj−1x =
− (x − xj)

mj−1

+ yj

(mj−1)
2 x + x = xj + mj−1yj

x∗
j =

xj + mj−1yj

(mj−1)
2 + 1

.

and y∗
j =

mj−1 (xj + mj−1yj)

(mj−1)
2 + 1

.

We substitute xj and yj into the above equation and obtain that

x∗
j =

xj + mj−1yj

(mj−1)
2 + 1

=
C1 + mj−1mjC1

(mj − M)
(
(mj−1)

2 + 1
)

and y∗
j =

mj−1 (xj + mj−1yj)

(mj−1)
2 + 1

=
mj−1 (C1 + mj−1mjC1)

(mj − M)
(
(mj−1)

2 + 1
) .
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From the equation of E2F , we suppose that

f(x, y) = Mx − y + C2 = 0.

We substitute
(
x∗

j , y
∗
j

)
into f(x, y),

f(x∗
j , y

∗
j ) = Mx∗

j − y∗
j + C2

= M

[
C1 + mj−1mjC1

(mj − M)
(
(mj−1)

2 + 1
)]−

[
mj−1 (C1 + mj−1mjC1)

(mj − M)
(
(mj−1)

2 + 1
)] + C2

= C1 (1 + mj−1mj)

[
M − mj−1

(mj − M)
(
(mj−1)

2 + 1
)] + C2. (4.1)

Since ∠(li−1, lθj
) = θj = jψ

k
for all j = 1, ..., k, we have

mj−1 = tan
(j − 1)ψ

k

=
tan jψ

k
− tan ψ

k

1 + tan jψ
k

tan ψ
k

=
mj − tan ψ

k

1 + mj tan ψ
k

.

We obtain that

f(x∗
j , y

∗
j )

= C1

(
1 +

(
mj − tan ψ

k

1 + mj tan ψ
k

)
mj

)⎡⎢⎢⎣ M − mj−tan ψ
k

1+mj tan ψ
k

(mj − m)

((
mj−tan ψ

k

1+mj tan ψ
k

)2

+ 1

)
⎤⎥⎥⎦ + C2

= C1

(
1 + (mj)

2

1 + mj tan ψ
k

)
⎡⎢⎢⎢⎢⎢⎢⎣

⎛⎝ M + Mmj tan ψ
k

−mj + tan ψ
k

⎞⎠(
1 + mj tan ψ

k

)2

(mj − M)
(
1 + mj tan ψ

k

)⎛⎝ (mj)
2 + tan2 ψ

k

+1 +
(
mj tan ψ

k

)2

⎞⎠

⎤⎥⎥⎥⎥⎥⎥⎦ + C2

= C1

(
1 + (mj)

2)⎡⎣ (
M + Mmj tan ψ

k
− mj + tan ψ

k

)
(mj − M)

(
(mj)

2 + tan2 ψ
k

+ 1 +
(
mj tan ψ

k

)2
)
⎤⎦ + C2

= C1

(
1 + (mj)

2) [ (
M + Mmj tan ψ

k
− mj + tan ψ

k

)
(mj − M)

(
(mj)

2 + 1
) (

1 + tan2 ψ
k

)] + C2

= C1

[(
M + Mmj tan ψ

k
− mj + tan ψ

k

)
(mj − M)

(
1 + tan2 ψ

k

) ]
+ C2. (4.2)
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If we want
(
x∗

j , y
∗
j

)
to be a point inside S for all j = 1, ..., k, then

f(x∗
j , y

∗
j ) = C1

[(
M + Mmj tan ψ

k
− mj + tan ψ

k

)
(mj − M)

(
1 + tan2 ψ

k

) ]
+ C2 ≤ 0.

Next, we find K ∈ N such that Mx∗
j − y∗

j + C2 ≤ 0, for all j = 1, 2, ..., K. First,

we extend the formula for f(x∗
j , y

∗
j ) to all j ∈ R and find the derivative of this

function with respect to j. We get that

d
(
f(x∗

j , y
∗
j )
)

dj
=

C1(
1 + tan2 ψ

k

)
⎡⎢⎢⎢⎢⎢⎢⎣

(mj − M)
(
m′

jM tan ψ
k
− m′

j

)
− (

M + Mmj tan ψ
k
− mj + tan ψ

k

) (
m′

j

)
(mj − M)2

⎤⎥⎥⎥⎥⎥⎥⎦

=
C1m

′
j(

1 + tan2 ψ
k

)
⎡⎢⎢⎢⎢⎢⎢⎣

(mj − M)
(
M tan ψ

k
− 1

)
− (

M + Mmj tan ψ
k
− mj + tan ψ

k

)
(mj − M)2

⎤⎥⎥⎥⎥⎥⎥⎦

=
C1m

′
j(

1 + tan2 ψ
k

)
⎡⎢⎢⎢⎢⎢⎢⎣

mjM tan ψ
k
− mj − M2 tan ψ

k
+ M

−M − Mmj tan ψ
k

+ mj − tan ψ
k

(mj − M)2

⎤⎥⎥⎥⎥⎥⎥⎦
=

C1m
′
j(

1 + tan2 ψ
k

) [
−M2 tan ψ

k
− tan ψ

k

(mj − M)2

]
,

where

m′
j =

d
(
tan jψ

k

)
dj

=
ψ

k
sec2

(
jψ

k

)
=

ψ

k

(
1 + tan2

(
jψ

k

))
=

ψ

k

(
1 + (mj)

2) .

Thus

d
(
f(x∗

j , y
∗
j )
)

dj
=

C1ψ
(
1 + (mj)

2)
k
(
1 + tan2 ψ

k

) [
−M2 tan ψ

k
− tan ψ

k

(mj − M)2

]

=
(−C1) ψ

(
1 + (mj)

2)
k
(
1 + tan2 ψ

k

) [
(M2 + 1) tan ψ

k

(mj − M)2

]
.

Since C1 < 0, we have
d
(
f(x∗

j , y
∗
j )
)

dj
> 0.
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Therefore, f(x∗
j , y

∗
j ) = Mx∗

j − y∗
j + C2 is an increasing function with respect to j.

From Equation 4.1, if we fix j = 1, we get that

f(x∗
1, y

∗
1) = C1 (1 + m1−1m1)

[
M − m1−1

(m1 − M)
(
(m1−1)

2 + 1
)] + C2

= C1

(
1 + tan

(1 − 1)ψ

k
tan

ψ

k

)⎡⎢⎢⎣ M − tan (1−1)ψ
k(

tan ψ
k
− M

)((
tan (1−1)ψ

k

)2

+ 1

)
⎤⎥⎥⎦ + C2

= C1

[
M

tan ψ
k
− M

]
+ C2.

We take a limit as k goes to infinity,

lim
k→∞

(Mx∗
1 − y∗

1 + C2) = lim
k→∞

(
C1

[
M

tan ψ
k
− M

]
+ C2

)
= −C1 + C2.

Since C2 < C1 < 0, lim
k→∞

(Mx∗
1 − y∗

1 + C2) = −C1 + C2 < 0. From Equation 4.2,

if j = k, we get

f(x∗
k, y

∗
k) = C1

[(
M + Mmk tan ψ

k
− mk + tan ψ

k

)
(mk − M)

(
1 + tan2 ψ

k

) ]
+ C2

= C1

[(
M + M

(
tan kψ

k

)
tan ψ

k
− (

tan kψ
k

)
+ tan ψ

k

)((
tan kψ

k

)− M
) (

1 + tan2 ψ
k

) ]
+ C2.

We take a limit as k goes to infinity,

lim
k→∞

f(x∗
k, y

∗
k) = lim

k→∞
C1

[(
M + M

(
tan kψ

k

)
tan ψ

k
− (

tan kψ
k

)
+ tan ψ

k

)((
tan kψ

k

)− M
) (

1 + tan2 ψ
k

) ]
+ C2

= C1

[
(M − tan ψ)

(tan ψ − M)

]
+ C2

= −C1 + C2 < 0.

Since Mx∗
j − y∗

j + C2 is an increasing function with respect to j and

lim
k→∞

f(x∗
k, y

∗
k) = −C1 + C2 < 0,

it follows that f(x∗
k, y

∗
k) < 0 for all j in N and there exists K ∈ N such that

Mx∗
j−y∗

j +C2 ≤ 0, for all j = 1, 2, ..., K. Let D̃i =
K⋃

j=1

hj. So D̃i is in V (R2)∩P (S)
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and for all l in L, l ∩ d̃2,i �= ∅ if and only if l ∩ D̃i �= ∅. Let gj be a line segment

such that gj ⊆ d̃2,i and for all l in L, l ∩ gj �= ∅ if and only if l ∩ hj �= ∅. Then

d̃2,i =
K⋃

j=1

gj and

m (hj) = |hj| < |gj| = m (gj) ,

for all j = 1, 2, ..., K. So

m
(
D̃i

)
=

K∑
j=1

m (hj) =
K∑

j=1

|hj| <

K∑
j=1

|gj| =
K∑

j=1

m (gj) = m(d̃2,i).

So we can find a finite union of curves D̃i in V (R2) ∩ P (S) where length is less

than or equal to m
(
d̃2,i

)
=

∣∣∣d̃2,i

∣∣∣ and for all l in L, l ∩ d̃2,i �= ∅ if and only if

l ∩ D̃i �= ∅. Then d̃1,i ∪ D̃i is a finite union of curves in S such that

m
(
d̃1,i ∪ D̃i

)
≤ m

(
d̃1,i ∪ d̃2,i

)
= m(di)

and for all l in L, l ∩ di �= ∅ if and only if l ∩
(
d̃1,i ∪ d̃2,i

)
�= ∅.

In these two cases, we let Ri = d̃1,i ∪ D̃i. Then Ri is a finite union of

curves in S and m (Ri) ≤ m(di). We choose S̃ = BX1

⋃[
n−1⋃
i=2

(Ri)

]⋃
CXn−1.

Then S̃ is in P̃ and

m
(
S̃
)

= m

(
BX1

⋃[
n−1⋃
i=2

(Ri)

]⋃
CXn−1

)

= m
(
BX1

)
+ m

(
n−1⋃
i=2

(Ri)

)
+ m

(
CXn−1

)
= m

(
BX1

)
+

n−1∑
i=2

m (Ri) + m
(
CXn−1

)
≤ m

(
BX1

)
+

n−1∑
i=2

m (di) + m
(
CXn−1

)
= Sn

m
(
S̃
)

<

∫ ω

0

rdθ + ε.

We get the same result in the other case that ∂S corresponds to. From these two

cases, we can conclude that
∫ ω

0
rdθ is an infimum of 	[P̃ ].

Now we consider the case

P̃ =

⎧⎨⎩S̃

∣∣∣∣∣∣ S̃ is the countable union of curves in V (R2) ∩ P (S)

such that for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ ∂S �= ∅

⎫⎬⎭ .
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Each element S̃ of P̃ can be written in the form of countable union of curves,

S̃ =
∞⋃
i=1

αi. We show that
∫ ω

0
rdθ ≤ m(S̃). Since S̃ ∈ P̃ , the first and the last lines

from A that intersect S̃ are l0 and l̃0, respectively. Since for all l in L, l ∩ S̃ �= ∅
if and only if l ∩ ∂S �= ∅, for each point X in S̃ there is lθ in L such that X is in

lθ ∩ S̃ and ∠(lθ, l0) = θ ∈ [0, ω]. We can divide S̃ into countable parts by using lθ

such that in each part there is a curve γi in S̃ connecting two consecutive lines.

Let G =
∞⋃
i=1

γi. Then G is a subset of S̃ and for all l in L, l ∩ S̃ �= ∅ if and only if

l ∩ G �= ∅. Therefore, m(G) ≤ m(S̃).

Let lγi
and l̃γi

be the first and the last lines from A intersecting γi for

all i in N. Given that βi is a line segment connecting the intersection points

between lγi
and l̃γi

with γi for all i in N and G̃ is the union of βi, G̃ =
n⋃

i=1

βi.

Since S is a convex set, G̃ is in V (R2) ∩ P (S). Since for all i, m(βi) ≤ m(γi),

m(G̃) ≤ m(G) ≤ m(S̃). Let θi be the measure of angle determined by l0 and

lγi
, ∠(l0, lγi

) = θi, and θ̃i be the measure of angle determined by l0 and l̃γi
,

∠(l0, l̃γi
) = θ̃i, for all i in N. Since βi is smooth on

[
θi, θ̃i

]
, the length m(βi) of

βi from θi to θ̃i is

m(βi) =

∫ θ̃i

θi

[
(R′

i)
2 + (Ri)

2
] 1

2 dθ,

where Ri = Ri(θ) is a polar equation of βi for all i in N. From the property of

integration and Ri ≤ [(R′
i)

2 + (Ri)
2]

1
2 for all i in N, we have that

∞∑
i=1

∫ θ̃i

θi

Ridθ ≤
∞∑
i=1

∫ θ̃i

θi

[
(R′

i)
2 + (Ri)

2
] 1

2 dθ = m(G̃).

Since any lines from A meet S1 before G̃, we have that in the same θ the distance

from A to the point in G̃, (Ri cos θ,Ri sin θ), is greater that or equal to the

distance from A to the point in S1, (r cos θ, r sin θ). This implies that

r = r(θ) ≤ Ri(θ) = Ri,

θi ≤ θ ≤ θ̃i and for all i in N. From the property of integration, we obtain that

∞∑
i=1

∫ θ̃i

θi

rdθ ≤
∞∑
i=1

∫ θ̃i

θi

Ridθ ≤ m(G̃) ≤ m(G) ≤ m(S̃). (4.3)
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Next, we show that
∫ ω

0
rdθ =

∞∑
i=1

∫ θ̃i

θi
rdθ. In the extended real line

[−∞,∞], its topology τ is generated by the open sets (a, b) , [−∞, a), (a,∞] and

any union of these sets. In the interval [0,∞], its topology τ[0,∞] is generated by

the intersection between [0,∞] and the elements in τ . Since r : [0, ω] → [0,∞] is

polar equation of S1, r is continuous. Let M be a power set of [0, ω]. We show

that M is a σ-algebra in [0, ω].

(i) [0, ω] ∈ M.

(ii) Let E ∈ M. Since E ⊆ [0, ω], Ec ⊆ [0, ω] and Ec ∈ M.

(iii) Let E =
∞⋃
i=1

Ei, where Ei ∈ M for i ∈ N. Then Ei ⊆ [0, ω] for i ∈ N. So

E =
∞⋃
i=1

Ei ⊆ [0, ω] and E ∈ M.

So M is a σ-algebra in [0, ω] and [0, ω] is called a measurable space and the

members in M are called the measurable sets. Let V be an open set in [0,∞],

then V is in τ[0,∞]. Since r is continuous, r−1(V ) ⊆ [0, ω] and r−1(V ) ∈ M. So r

is called measurable. Define the sequence Ei by

Ei =

⎧⎨⎩ {ω}, i = 1

[θi, θ̃i), i = 2, 3, 4, ...

Since [θi, θ̃i) ⊆ [0, ω], {Ei} be a sequence of disjoint measurable subsets of [0, ω]

and
∞⋃
i=1

Ei = [0, ω] ∈ M. Since r : [0, ω] → [0,∞] is measurable and Theorem 3.9

in real analysis, we obtain that∫
[0,ω]

rdθ =
∞∑
i=1

∫
Ei

rdθ

and then ∫ ω

0

rdθ =
∞∑
i=1

∫ θ̃i

θi

rdθ.

From equation 4.3, we obtain that∫ ω

0

rdθ =
∞∑
i=1

∫ θ̃i

θi

rdθ ≤ m(S̃).

Hence
∫ ω

0
rdθ ≤ m(S̃), for all S̃ ∈ P̃ .
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CHAPTER V

THE NON-CONVEX SHAPES

In this chapter, we consider the non-convex shape problem where the

boundary of the give region is a simple closed curve (a closed curve which does

not intersect itself). We consider the case of candidates being connected general

curves and the case of candidates not necessary being connected curves. Let S

be a non-convex set such that ∂S is a simple closed curve.

5.1 Connected solutions of non-convex sets

We consider a non-convex boundary ∂S with one observer when solution

candidates are connected general curves in V (R2)∩P (S). Then the solution S̃

that we find in this part is a connected general curve. Let l0 and l̃0 be the first

and the last lines in L that intersect ∂S, respectively. From C1: for all l ∈ L,

l∩ S̃ �= ∅ if and only if l∩∂S �= ∅, so S̃ is the shortest curve in V (R2)∩P (S) that

connects some points in l0 ∩ ∂S and l̃0 ∩ ∂S. From the preservation of compact

set S̄ to the set of curves in V (R2) ∩ P (S), that connects the first and last lines

intersecting S, we obtain that the shortest curve S̃ exists and

m(S̃) = min{m(γ) : γ is a curve from X to Y where X ∈ l0∩∂S and Y ∈ l̃0∩∂S}.

5.2 General, not necessarily connected solutions for non-convex sets

Let S be a non-convex. Let l0, l̃0 be the first and the last lines from A in

L that intersect ∂S. Let ω be the angle between l0 and l̃0, ∠(l0, l̃0) = ω. Let B

be a point in ∂S such that
∣∣AB

∣∣ = min
{∣∣AX

∣∣ |X ∈ l0 ∩ ∂S
}

and C be a point

in ∂S such that
∣∣AC

∣∣ = min
{∣∣AY

∣∣ |Y ∈ l̃0 ∩ ∂S
}

. Then ∂S is divided into two

curves with the same endpoints, B and C. Let S1 and S2 be these two curves,

then ∂S = S1 ∪ S2 and B,C are the endpoints of S1 and S2.
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Proposition 5.1 If S is a non-convex n-gon, then there is no solution in the

form of finite union of curves in S.

Proof. Suppose that S is a non-convex n-gon and let γ : [a, b] → R2

be a curve in S. To prove this, we will show that there is a general curve S̃ in

V (R2)∩P (S) satisfying

1) for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ {γ} �= ∅, and

2) m(S̃) < m(γ).

Let Lγ = {l ∈ L|l ∩ {γ} �= ∅}. Suppose u, v ∈ [a, b] such that lu and lv in Lγ

are the first and the last lines from A that intersect γ, respectively. Let γ̃ be a

subcurve of γ such that γ̃ : [u, v] −→ R2. Then m(γ̃) ≤ m(γ). We consider γ̃.

Case 1. ∂S∩{γ̃} = ∅. Let D ∈ ∂S. We choose a point C in {γ̃}\{γ̃u, γ̃v}
and ε = min

{
m(CD),m(Cγ̃v),m(Cγ̃v)

}
> 0. Let D(C, ε) be a disk with center

at C radius ε and β be a subcurve of γ̃ such that β = D(C, ε) ∩ {γ̃}. Therefore,

D(C, ε) is a convex subset of S. From Theorem 4.2, we can find a general curve

β̃ in S satisfying

1) for all l in L, l ∩ {β̃} �= ∅ if and only if l ∩ {β} �= ∅, and

2) m(β̃) < m(β).

We choose S̃ = [{γ̃}\{β}] ∪ β̃. Then S̃ is a general curve in V (R2) ∩ P (S) such

that for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ {γ} �= ∅ and m(S̃) < m(γ̃) ≤ m(γ).

Case 2. ∂S ∩ {γ̃} �= ∅. Let α be a curve in S such that {α} ⊆ {γ̃}.
Case 2.1. {α} ∩ ∂S = ∅, then we can consider α similar to case

1 and we get the same result.

Case 2.2. {α} ⊆ {γ̃}∩∂S. Since S is a non-convex n-gon, There

is a subcurve of α which is a line segment and does not contain in any lines from

A intersecting ∂S. From the case 2 of Theorem 4.2, we can find a general curve

α̃ in S that satisfies

1) for all l in L, l ∩ {α̃} �= ∅ if and only if l ∩ {α} �= ∅, and

2) m(α̃) < m(α).

Then we choose S̃ = [{γ̃}\{α}] ∪ α̃. So S̃ is a general curve in V (R2) ∩ P (S)

such that for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ {γ} �= ∅ and m(S̃) ≤ m(γ).
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In the next proposition, we show that for any curve γ in V (R2)∩P (S),

which is not contained in S1, we can find a general curve in V (R2) ∩ P (S) that

intersects all the lines from A intersecting γ but its length is shorter.

Proposition 5.2 For any curve γ in V (R2)∩P (S), which is not contained in

S1, there is a general curve S̃ in V (R2)∩P (S) such that for all l in L, l∩ S̃ �= ∅
if and only if l ∩ {γ} �= ∅ and m(S̃) < m(γ).

Proof. Let γ be a curve in V (R2)∩P (S) which is not contained in S1.

Then there is a curve γ̃ which is contained in {γ} \S1. We consider the curve γ̃.

Case 1. {γ̃} is a subset of an interior of S. We obtain the same result

with the case 1 of the proof of Proposition 5.1.

Case 2. {γ̃} is a subset of S2. Then there is an interior point X of S

which is a point in the line from A intersecting γ̃ and
∣∣AX

∣∣ <
∣∣AY

∣∣ where Y is a

point in lX ∩ γ̃. From the preservation of compact set ∂S, we construct an open

disk D(X, ε) which is a subset of S. Then we can find a line segment in this disk

such that intersects all the lines intersecting a curve, which is subset of {γ̃}, and

its length is less than this curve.

From these two cases, there is a general curve S̃ in V (R2)∩P (S) such

that for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ {γ} �= ∅ and m(S̃) < m(γ).

Lemma 5.3 If S1 is an arc of a circle with center at A, then S1 is a connected

solution of S.

Proof. Suppose S1 is an arc of a circle with center at A. From Proposi-

tion 5.2, the connected solution of S must be a subset of S1. Since the solution

must satisfy C1, S1 is a connected solution of S.

Next, we study the properties of existence of solutions of the non-convex

shapes. First, we consider S1, where any l ∈ L intersects S1 in at most a singleton.

Let lX be a straight line in L that intersects S1 at a point X in S and let l∗X be

a tangent line of S1 at X. Then we describe S1 by a polar equation

r = g(θ), 0 ≤ θ ≤ ω
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and the parametric equations

x = g(θ) cos θ = r cos θ, and

y = g(θ) sin θ = r sin θ, 0 ≤ θ ≤ ω.

Lemma 5.4 Let γ be a curve such that A is not a point on γ and any l ∈ L

intersects γ in at most a singleton. If for all X on a curve γ, any lines from A

intersecting γ meet γ before the perpendicular line to lX at X, then γ is an arc

of a circle with center at A.

Figure 5.1: The curve rn, where r1 (θ) = R cos θ

Proof. Let γ be a curve such that A is not a point on γ and any l ∈ L

intersects γ in at most a singleton. The polar equation of γ is defined by r (θ),

for all θ in
[
0, π

2

]
. Let X be a point on the curve γ and positive values of θ be

an angle measured counterclockwise from the polar axis to lX . Suppose that any

lines from A intersecting γ meet γ before the line PX which is perpendicular to lX

at X. We prove that γ is an arc of a circle with center at A (0, 0). Let R = r(0).

We consider the polar curve

r1 (θ) = R cos θ,

for all θ in
[
0, π

2

]
. This curve is a circular arc of radius R

2
with center at

(
R
2
, 0
)
.

See Figure 5.1. Let X ′ be a point in {r1} \ {A} which has rectangular coordinates

(r1 (θ) cos θ, r1 (θ) sin θ) . Then X ′ is an intersection point of lX to the curve r1
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and the tangent line to {r1} \ {A} at X ′ is not perpendicular to lX except the

point (R, 0). So r (θ) ≥ r1 (θ). Let PX′ be a perpendicular line to lX at some

points on lX such that PX′ is a tangent line of the curve r1 at a point (x0, y0) .

Suppose that an angle ω is measured counterclockwise from the polar axis to the

rotated axis passing through the point (x0, y0), its expression in polar coordinates

x0 = r1 (ω) cos ω and y0 = r1 (ω) sin ω.

We can define the equation of lX and PX′ by

y = x tan θ,

y − y0 =
− (x − x0)

tan θ

respectively. Then the intersection point of lX and PX′ is(
x0 + y0 tan θ

1 + tan2 θ
,
tan θ (x0 + y0 tan θ)

1 + tan2 θ

)
.

Since the tangent line to the curve γ at a point X on it must be perpendicular

to lX , the distance form A to X is greater than the distance from A to this

intersection point and we obtain that

r2 (θ) ≥
[
x0 + y0 tan θ

1 + tan2 θ

]2

+

[
tan θ (x0 + y0 tan θ)

1 + tan2 θ

]2

=
(x0 + y0 tan θ)2 (1 + tan2 θ)

(1 + tan2 θ)
2

=
(x0 + y0 tan θ)2

1 + tan2 θ

=

[
x0 + y0 tan θ

sec θ

]2

r2 (θ) ≥ [x0 cos θ + y0 sin θ]2

and then

r (θ) ≥ x0 cos θ + y0 sin θ

= r1 (ω) cos ω cos θ + r1 (ω) sin ω sin θ

r (θ) ≥ r1 (ω) cos (θ − ω) .
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From r1 (θ) = R cos θ, we have

r (θ) ≥ R cos ω cos (θ − ω) .

Next, we find the angle ω in the form of θ. Let φ be an angle of inclination of

tangent line PX′ to the curve r1 at (x0, y0) and ψ be an angle measured counter-

clockwise from the radial line r1 (ω) to PX′ . Then

θ + 90◦ = φ = ω + ψ.

Since r1 (θ) is differentiable, the slope of PX′ is equal to tan φ and we can find

the angle φ by the formula

tan φ =
dy

dx

tan φ =
d(r1(θ) sin θ)

dθ
d(r1(θ) cos θ)

dθ

.

We obtain that

tan φ =
r1 (ω) cos ω + r′1 (ω) sin ω

−r1 (ω) sin ω + r′1 (ω) cos ω

tan φ =
R cos ω cos ω + (−R sin ω) sin ω

−R cos ω sin ω + (−R sin ω) cos ω

sin φ

cos φ
=

cos (2ω)

− sin (2ω)

cos φ cos 2ω + sin φ sin 2ω = 0

cos (φ − 2ω) = 0.

Since the angle ψ is greater than 90◦ and φ = ω + ψ, φ is greater than 2ω and

φ − 2ω = 90◦

(θ + 90◦) − 2ω = 90◦

ω =
θ

2
.

So

r (θ) ≥ R cos
θ

2
cos

(
θ − θ

2

)
r (θ) ≥ R cos2 θ

2
.
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Next, we assume that

r2 (θ) = R cos2 θ

2

and consider r2 by the same process. We get that

r (θ) ≥ R cos2 ω

2
cos (θ − ω) .

Since r2 (θ) is differentiable, the slope of PX′ is equal to tan φ and we can find

the angle φ by

tan φ =
r2 (ω) cos ω + r′2 (ω) sin ω

−r2 (ω) sin ω + r′2 (ω) cos ω

tan φ =
R cos2 ω

2
cos ω +

(−R cos ω
2

sin ω
2

)
sin ω

−R cos2 ω
2

sin ω +
(−R cos ω

2
sin ω

2

)
cos ω

sin φ

cos φ
=

cos
(

3ω
2

)
− sin

(
3ω
2

)
cos φ cos

3ω

2
+ sin φ sin

3ω

2
= 0

cos

(
φ − 3ω

2

)
= 0.

Since the angle ψ is greater than 90◦ and φ = ω + ψ, φ is greater than 3ω
2

and

φ − 3ω

2
= 90◦

(θ + 90◦) − 3ω

2
= 90◦

ω =
2θ

3
.

So

r (θ) ≥ R cos2 θ

3
cos

(
θ − 2θ

3

)
r (θ) ≥ R cos3 θ

3
.

By Mathematical Induction, suppose r (θ) ≥ rn (θ) , where rn (θ) = R cosn θ
n
, is

true. We show that r (θ) ≥ rn+1 (θ) , where rn+1 (θ) = R cosn+1 θ
n+1

. From this

supposition, we let

rn (θ) = R cosn θ

n
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and consider rn by the same process. We get that

r (θ) ≥ R cosn ω

n
cos (θ − ω) .

Since rn (θ) is differentiable, the slope of PX′ is equal to tan φ and we can find

the angle φ by

tan φ =
rn (ω) cos ω + r′n (ω) sin ω

−rn (ω) sin ω + r′n (ω) cos ω

sin φ

cos φ
=

R cosn ω
n

cos ω +
(−R cosn−1 ω

n
sin ω

n

)
sin ω

−R cosn ω
n

sin ω +
(−R cosn−1 ω

n
sin ω

n

)
cos ω

sin φ

cos φ
=

R cosn ω
n

(
cos ω

n
cos ω − sin ω

n
sin ω

)
R cosn ω

n

(− cos ω
n

sin ω − sin ω
n

cos ω
)

sin φ

cos φ
=

cos
(

n+1
n

ω
)

− sin
(

n+1
n

ω
)

cos φ cos
n + 1

n
ω + sin φ sin

n + 1

n
ω = 0

cos

(
φ − n + 1

n
ω

)
= 0

Since the angle ψ is greater than 90◦ and φ = ω + ψ, φ is greater than n+1
n

ω and

φ − n + 1

n
ω = 90◦

(θ + 90◦) − n + 1

n
ω = 90◦

ω =
nθ

n + 1
.

So

r (θ) ≥ R cosn θ

n + 1
cos

(
θ − nθ

n + 1

)
r (θ) ≥ R cosn+1 θ

n + 1

and

rn+1 (θ) = R cosn+1 θ

n + 1
,

for all n in N.

Next, we consider the curve rn (θ) for all θ in
[
0, π

2

]
and n in N. Let

X be any point on the curve rn and positive values of θ be an angle measured

counterclockwise from the polar axis to the rotated axis passing through the
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Figure 5.2: The curve rn is concave down in
[
0, π

2

]
.

point X. Let φ be an angle of inclination of tangent line to the curve rn at X

and θ0 be a value in
(
0, π

2

)
. We show that for any θ in (0, θ0) , lX meets the

line segment connecting the polar coordinates (rn (θ0) , θ0) and (R, 0) before the

curve rn. See Figure 5.2. To show this, we prove that the curve rn is concave

down in
[
0, π

2

)
. That means for the slopes of tangent lines (tan φ) to increase

as θ increases, the tangent lines must rotate counterclockwise as the curve rn

is travelled in the direction of increasing θ. We show that for any θ in
(
0, π

2

)
,

d(tan φ)
dθ

≥ 0. We calculate the slope of tangent line (tanφ) by the formula

tan φ =
cos

(
n+1

n
θ
)

− sin
(

n+1
n

θ
) .

Then we find d(tan φ)
dθ

,

d (tan φ)

dθ
=

(
n+1

n

)
sin2

(
n+1

n
θ
)

+
(

n+1
n

)
cos2

(
n+1

n
θ
)

sin2
(

n+1
n

θ
)

d (tan φ)

dθ
=

n + 1

n sin2
(

n+1
n

θ
)

d (tan φ)

dθ
> 0.

So the curve rn is concave down in
[
0, π

2

)
and then for any θ in (0, θ0) , lX meets

the line segment connecting the polar coordinates (rn (θ0) , θ0) and (R, 0) before

the curve rn.

To prove that γ is an arc of a circle with center at A, first we find the

value of lim
n→∞

rn (θ). See Figure 5.3. We consider the limit n goes to infinity of
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Figure 5.3: The curve rn when n goes to infinity.

log
(
cosn θ

n

)
, where

lim
n→∞

log

(
cosn θ

n

)
= lim

n→∞
log

(
cos θ

n

)
1
n

.

Since lim
n→∞

log
(
cos θ

n

)
= lim

n→∞
1
n

= 0, we can apply l’Hôpital’s rule, obtaining

lim
n→∞

log

(
cosn θ

n

)
= lim

n→∞

1
cos θ

n

(− sin θ
n

) (− θ
n2

)(− 1
n2

)
log lim

n→∞

(
cosn θ

n

)
= lim

n→∞
−θ sin θ

n

cos θ
n

log lim
n→∞

(
cosn θ

n

)
= 0

and then

lim
n→∞

cosn θ

n
= 1.

So

r (θ) ≥ lim
n→∞

rn (θ) = lim
n→∞

R cosn θ

n
= R.

This implies that r (θ) ≥ R for all θ ∈ [0, π
2
. It is obvious that the assertion also

holds for negative values of θ. If γ is not an arc of a circle with center at A,

then there are θ1 and θ2 such that r (θ1) < r (θ2). This contradict with the result

obtained from the above applying process starting at the point r(θ2). So r (θ) is

a positive constant and γ is an arc of a circle with center at A.
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Theorem 5.5 For a non-convex shape with non empty interior, a connected

solution exists if and only if S1 is an arc of a circle with center at A.

Proof. (⇐) Suppose that S1 is an arc of a circle with center at A,

we show that S1 is the solution. To show this, we prove that S1satisfies the

two-condition property:

1) for all l in L, l ∩ S1 �= ∅ if and only if l ∩ ∂S �= ∅, and

2) for all G in V (R2) ∩ P (S) satisfying 1), m(S1) ≤ m(G).

Since S1 is a curve connecting l0 and l̃0, S1 satisfies 1). From Proposition 5.2, S1

is the solution of S.

(⇒) By contrapositive, suppose S1 is not an arc of a circle with center

at A, we show that for any G in V (R2)∩P (S) we can find S̃ in V (R2)∩P (S)

such that m
(
S̃
)
≤ m (G). Suppose S1 is a continuous mapping from [0, 1] to

the plane and a is a number in the interval (0, 1).

Case 1. Let K =
{
t ∈ [a, 1] | S1|[a,t] is an arc of a circle with center at A

}
so that the set K is bounded above and c = sup K exists. Then c is in K and c

is not 1.

Case 2. Let K =
{
t ∈ [0, a] | S1|[t,a] is an arc of a circle with center at A

}
so that the set K is bounded above and c = inf K exists. Then c is in K and c

is not 0.

From the supposition, case 1 or 2 can happen and we choose W is a point

in S1\ {B,C} such that S1 (c) = W . Then any curves containing W are not an

arc of a circle with center at A. Suppose that α is a curve containing W which is

not an arc of a circle with center at A. See Figure 5.4. From the preservation of

compact set of S2 ∪ {A}, there is a point W0 in S2 such that
∣∣WW0

∣∣ ≤ ∣∣AT
∣∣ for

all T in S2 ∪ {A}. Let D(W, |WW0|) be a disk radius |WW0| with center at W

and W ′ be an interior point in D(W, |WW0|) such that W ′ is a point in lW and∣∣AW
∣∣ <

∣∣AW ′∣∣. Then the perpendicular line to lW at W ′ intersects the boundary

of D(W, |WW0|) two points, U and V . We can construct a disk with center at W

which is a subset of triangle AUV . There is a curve γ which is contained in α, lies

entirely in this disk, and contains W . Then γ is not an arc of a circle with center at
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Figure 5.4: Finding the perpendicular line segment inside S for the forward prove
of Theorem 5.5.

A. Let X be a point in {γ} , Y be a point in {γ} \{X} and Y ′ be an intersection

point between lY and PX , a perpendicular line to lX at X. From Lemma 5.4,

there are a point X in {γ} and a point Y in {γ} \{X} such that
∣∣AY

∣∣ >
∣∣AY ′∣∣.

We consider a curve β that is contained in γ and X,Y are endpoints of β. Let

X ′ be an intersection point between the perpendicular line from Y to lX . Then

X ′ is an interior point of S and
∣∣AX

∣∣ <
∣∣AX ′∣∣ . We can choose a point Z in a

line segment XX ′ which is not X and X ′. From the preservation of compact

set {β}, at the point Z, we can find a line l∗Z that intersects β and makes the

smallest angle ∠ (lX , l∗Z) measured counterclockwise from lX to l∗Z . Since Y can

be the intersection point between β and l∗Z , and the angle ∠
(
lX , ZY

)
measured

counterclockwise from lX to ZY is less than 90o, we have that ∠ (lX , l∗Z) < 90o.

So we can construct the perpendicular line segment from this intersection point

to lX which is a subset of S. Then we use the perpendicular line segment to

construct a union of curves S̃ such that m
(
S̃
)
≤ m (S1). From this result and

Proposition 5.2, we can conclude that for any G in V (R2) ∩ P (S) we can find S̃

in V (R2) ∩ P (S) such that m
(
S̃
)
≤ m (G).
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Next, we consider S1, where any lines from A intersecting S and S1

intersect in at least one point.

Corollary 5.6 For a non-convex shape with nonempty interior, a solution exists

if and only if there is S̃, a countable union of arcs of circles with centers at A in

V (R2)∩P (S), that satisfies

(i) S̃ is a subset of S1,

(ii) for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ ∂S �= ∅,

(iii) any lines from A intersecting S̃ does intersect S̃ in either one point or two

points which are the endpoints of two distinct arcs, and

(iv) for any point X in S̃, if lX intersects S̃ at X only (X is an interior point

of S̃), then for all Y in lX ∩ ∂S,
∣∣AX

∣∣ ≤ ∣∣AY
∣∣.

In fact, any S̃ satisfying the above mentioned properties is a solution to

the problem. See Figure 5.5.

Figure 5.5: Example of S̃ satisfying all properties of Corollary 5.6.

Proof. (⇐) Suppose there is S̃, a countable union of arcs of circles

with center at A in V (R2)∩P (S), that satisfies these four properties. We choose

S̃ =
∞⋃
i=1

{αi}, where αi is an arc of a circle with center at A that is contained in

S1 and satisfies other three properties. From S̃ satisfies (ii), (iii) and (iv), we can

suppose that for all l in L, S̃ and l intersect in at most two points. Let lαi
and
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l̃αi
be the first and last lines in L intersecting αi, respectively, for all i ∈ N. We

prove that S̃ is the solution by showing that S̃ satisfies the two-condition property.

From assumption, S̃ satisfies C1. Let G be a general curve in V (R2)∩P (S) that

satisfies C1. Then we can rewrite G in the form of compact countable union of

sets, G =
∞⋃
i=1

Hi such that Hi is an element in V (R2)∩P (S) and has lαi
, l̃αi

to be

the first and the last lines in L intersecting Hi, respectively, for all i ∈ N. From

the backward proof of Theorem 5.5, we get that m (αi) ≤ m (Hi) for all i ∈ N.

Therefore, m(S̃) ≤ m(G).

(⇒) By contrapositive, suppose that for all S̃, which is a countable union

of arcs of circles with center at A in V (R2)∩P (S), S̃ satisfies either of the following

(i) S̃ is not a subset of S1

(ii) there is l in L such that l ∩ S̃ = ∅ if and only if l ∩ ∂S �= ∅

(iii) there is a line from A that intersects S̃ in more than two points

(iv) there is a point X in S̃ such that lX intersects S̃ at X only and there is a

point Y in lX ∩ ∂S,
∣∣AX

∣∣ >
∣∣AY

∣∣.
We show that the solution does not exist by showing that for any general

curve in V (R2) ∩ P (S), we can find a general curve in V (R2) ∩ P (S) which its

length is less than the length of the given general curve and intersects all the lines

intersecting the given general curve. Let G be a general curve in V (R2) ∩ P (S).

Then we consider G in the following cases.

Case 1. G is not a subset of S1. From Proposition 5.2, we can find a

general curve in V (R2) ∩ P (S) which its length is less than the length of G and

intersects all the lines intersecting G.

Case 2. G is a subset of S1 but G is not countable union of arcs of

circles with center at A. If for any lines from A intersecting G, the number of

intersection point between each line and G is one, from Theorem 5.5 we can find

a general curve which its length is less than the length of G and intersects all

the lines intersecting G. If there is a line from A, which intersects G more than
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one point, then there are two subcurves of G, γ and α, such that for all l in L,

l ∩ {γ} �= ∅ if and only if l ∩ {α} �= ∅. We obtain that G\ {γ} (or G\ {α}) is a

general curve in V (R2) ∩ P (S) which its length is less than the length of G and

intersects all the lines intersecting G.

Case 3. G is a subset of S1 and G is a countable union of arcs of circles

with center at A. From the four properties in the supposition about a countable

union of arcs of circles with center at A, we consider G in the following cases.

Case 3.1. There is l in L such that l ∩ G = ∅ if and only if

l ∩ ∂S �= ∅. Then G does not satisfy C1 and it is not the candidate solution.

Case 3.2. There is a line from A that intersects G more than

two points. Since G is a countable union of arcs of circles with center at A, there

are three arcs of circles with center at A, γ, α and β, such that there is a line

from S intersecting these three arcs. Then there are two arcs, γ and α, such that

for all l in L, l ∩ {γ} �= ∅ if and only if l ∩ {α} �= ∅. We obtain that G\ {γ}
(or G\ {α}) is a general curve in V (R2)∩P (S) which its length is less than the

length of G and intersects all the lines intersecting G.

Case 3.3. There is a point X in G such that lX intersects G at

X only and there is a point Y in lX ∩ ∂S,
∣∣AX

∣∣ >
∣∣AY

∣∣. Since G is a countable

union of arcs of circles with center at A, there are an arc of a circle γ with center

at A containing X and a curve α such that

1) α and γ are contained in S1,

2) the first and the last lines intersecting α and γ are the same, and

3) for all Z on γ,
∣∣AZ

∣∣ >
∣∣AZ0

∣∣, where Z0 is a point in lZ ∩ {α}.
Then we can choose a point W in the interior of S which is a point in line lZ and∣∣AZ

∣∣ >
∣∣AZ0

∣∣, for some Z on γ. From the preservation of compact set ∂S, we

construct an open disk D(W, ε) which is a subset of S. Then we can find a line

segment in this disk such that intersects all the lines intersecting an arc β, which

is contained in {γ}, and its length is less than β. This implies that we can find a

general curve, the union of G\{β} and this line segment, in V (R2)∩P (S) which

its length is less than the length of G and intersects all the lines intersecting G.
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From these three cases, for any general curves in V (R2) ∩ P (S) we can

find a union of curves which its length is less than the length of general curve

and intersects all the lines intersecting the general curve. We can conclude that

the solution does not exist.
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CHAPTER VI

CONCLUSIONS

The purpose of this chapter is to accumulate all the main results that we

have proved in Chapter 4 and Chapter 5. In Chapter 4, we let S be a convex set

and consider the solution candidates in V (R2)∩P (S). For the case that solution

candidates are connected general curves, the solution is the shortest line segment

that connects the first and last lines from A intersecting S. For the case that

solution candidates need not be connected general curves, first we prove that

there are no solutions in the form of finite union of curves. Then we show that

for the union Dn =
n⋃

i=1

di of perpendiculars from boundary points of S to lines in

L, if we take a limit as n goes to infinity of the length m(D) of this union, we

obtain that

lim
n→∞

m(D) =

∫ ω

0

rdθ,

where r = r(θ) is the equation, in polar form, of S1 (the front boundary of S

as seen from A), and ω is the angle between the first and last lines intersecting

S. From this result, we prove that the greatest lower bound of the length of the

candidates is equal to

∫ ω

0

rdθ.

In Chapter 5, we let S be a non-convex set where its boundary is a simple

closed curve (and hence S cannot have empty interior). For the case that solution

candidates are connected general curves, the solution is the shortest curve that

connects the first and last lines from A intersecting S. For the case that solution

candidates need not be connected general curves, we obtain the following results.

Lemma 6.1 If S1 is an arc of a circle with center at A, then S1 is a connected

solution of S.

Lemma 6.2 Let γ be a curve in S such that any l ∈ L intersects γ in at most

a singleton. If for all X on γ, any line from A intersecting γ meets γ before the
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perpendicular line to lX at X, then γ is an arc of a circle with center at A.

The next theorem asserts that by the prescribed property of S1, the

solution is S1 itself. We prove this theorem by using the previous lemmas.

Theorem 6.3 A connected solution exists if and only if S1 is an arc of a circle

with center at A.

From the previous theorem, we can make it more general in the following

corollary.

Corollary 6.4 A (not-necessarily-connected) solution exists if and only if there

is S̃, a countable union of arcs of circles with centers at A in V (R2)∩P (S), that

satisfies

(i) widetildeS is a subset of S1,

(ii) for all l in L, l ∩ S̃ �= ∅ if and only if l ∩ ∂S �= ∅,

(iii) any lines from A intersecting S̃ does intersect S̃ in either one point or two

points which are the endpoints of two distinct arcs, and

(iv) for any point X in S̃, if lX intersects S̃ at X only (X is an interior point

of S̃), then for all Y in lX ∩ ∂S,
∣∣AX

∣∣ ≤ ∣∣AY
∣∣.

In fact, any S̃ satisfying the above mentioned properties is a solution to

the problem.
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