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A VARIATION OF THE OPAQUE PROBLEM.
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ABSTRACT

The opaque problem on a plane is a problem which seeks, among curves
(or unions of curves) that intersect all the straight lines passing through a given
shape (e.g., a square, a circle, a polygon, etc.), the curve (or union of curves)
with the shortest length. In this study, we simplify this problem by fixing a point
on the plane outside the given shape and considering only the straight lines that
pass through this point. Our problem is then to find a “minimizer” inside the
given shape that intersects all those straight lines that intersect the given shape.
We prove that, for most of the convex shapes on the plane, solutions to this

problem always fail to exist. However, tehe greatest lower bound of the length of
2
the candidates is found to be simply rdf, where r = r(0) is the distance, in

0
polar form, from the fixed point to a certain part of the boundary of the region
in question. We also extend our study to non-convex shapes, whose boundary is
a simple closed curve. We prove that the solution exists if its boundary satisfies

certain conditions.

KEY WORDS : OPAQUE PROBLEM/CONVEX SET/CURVE
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CHAPTER I
INTRODUCTION

The opaque problem on the plane (R?) is a problem of seeking the shortest
curve or union of curves that intersects all the lines passing through the given
shape (e.g., square, circle, polygons, etc.). We shall use the term “general curves”
for unions of curves. Let P(R?) be the class of all subsets of R? (the power set of
R?). Let C'(R?) be the class of all convex sets in R? and C'(R?) be the class of all
non-convex sets in R2. Then C(R?) and C’(R?) are subsets of P(R?). Given that
S € P(R?), let S be the closure of S, &S the boundary of S and P(S) the power
set of S. For example, if S is a square, then 05 is a boundary of the square; see
Figure 1.1. On the plane, some straight lines intersect S but some do not. The
problem is to find a general curve S inside S that satisfies:

1) for any straight line [ on the plane, [ intersects S if and only if [
intersects 05, and

2) among all general curves inside S that satisfy 1), S has the shortest
length.

Imagine that there is an observer on the plane. The observer’s vision is
represented by straight lines from the eyes. Similarly in the opaque problem, if
there are many observers surrounding the shape, the straight lines on the plane
represent the vision of each observer. See Figure 1.2. In this study, we simplify
this problem by considering the specific set of straight lines on the plane through
one observer. That means we fix a point A on the plane outside S and consider
the straight lines that pass through A. See Figure 1.3. Then our problem is to
find a general curve S inside S that satisfies:

1) for any straight line [ that passes through A, [ intersects S if and only
if [ intersects 05, and

2) among all general curves inside S that satisfy 1), S has the shortest

length.
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Figure 1.2: Each e is an observer and there are many observers surrounding the
square.

Figure 1.3: One observer: a point A on the plane.



Fac. of Grad. Studies, Mahidol Univ. M.Sc. (Applied Mathematics) / 3

In this study we consider separately the convex and non-convex shape
problems in which the boundary of the region in question is a simple closed
curve (a closed curve which does not intersect itself). We consider the case of
solutions being connected general curves and the case of solutions not necessarily
connected, each among general curves of the same type. For the convex shape
problems, we prove that the connected general curve solutions are in the form of
line segments but the not-necessarily-connected solutions do not exist. For the
non-convex shape problems, we prove that the solutions are in the form of arcs
of circles with centers at A, which are subcurves of the boundaries of the given

shapes. See Figure 1.4.

Figure 1.4: Example of the non-convex shape which has the best solution.

1.1 Objectives

The main objectives of this study are

1. Finding solutions of the convex and non-convex shape problems with one

observer.

2. Studying properties of solutions of the convex and non-convex shape prob-

lems with one observer.

1.2 Expected Benefits

In this study, we expect to
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1. Obtain solutions of the problems with one observer and their properties.

2. Apply the results to more general cases that relate to the opaque problem.

1.3 Organization of the Study

This study will be organized into five chapters. First, an introduction to
this study is given in Chapter 1. Chapter 2 describes a literature review. The
construction and basic concepts relating to this study are presented in Chapter
3. The results and the proofs are shown in Chapters 4 and 5. In particular,
we show in Chapter 4 that connected solutions exist for convex shapes, while
not-necessarily-connected solutions do not, except for line segments. In any case,
the infimum of the measure of candidates can be computed. Finally, we conclude

our results in Chapter 6.
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CHAPTER II
LITERATURE REVIEW

In 1992, the report of Kenneth A. Brakke stated in [1], the opaque square
problem:
“What is the shortest length fence that can block any line of sight across

a square plot of ground?”

Figure 2.1: The best known opaque square solution (total length = zf/\—?/g) [1].

The best known solution (not proved minimal) is shown in Figure 2.1
from [2]. It has straight fence from three corners meeting at a point at angles of
27/3 plus fence from the fourth corner to the center. It has length % ~ 2.64,
see [3].

In 1997, Bernd Kawohl ([3] and [4]) proved that the solution in Figure
2.1 is a general curve, which has the shortest length in the class of all doubly
connected curves (two connected components) and satisfies the property that
every straight line intersecting the square also intersects one of its components.

Figures 2.2-2.6 [5] show opaque regular polygons (polygons with all their
sides equal in length), in which figures (a) show the shortest known connected
curves, figures (b) show the shortest known connected union of curves, and figures
(c) show the shortest known union of curves.

Note that in figures 2.2(b) and (c), 2.3(b), and 2.6(c), the shortest known

union of curves that connect all the vertices of the given polygon are called Steiner
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(a)2 = 0.66666... (b)¥%2 = 0.577350269... (c) %L = 0.577350269...

Figure 2.2: An equilateral triangle with sidelength £; see [5].

(a) 8 =075  (b) 23 = 0.683012702... (c) 0.659739609...

Figure 2.3: A square with sidelength ; see [5].

(a) 0.780422607... (b) 0.778231365... (c) 0.705577112...

Figure 2.4: A 5-polygon with sidelength £; see [5].
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(a) 223 = 0.788675135...  (b) 0.788675135...  (c) T5Y3 = 0.727670901...

Figure 2.5: A 6-polygon with sidelength #; see [5].

z ] 4
(a) 57575 = 0.621320344...  (b) 0.602538433...  (c) 0.592620968...

Figure 2.6: A parallelogram; see [5].

span of the vertices. See [5].
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CHAPTER III
BASIC KNOWLEDGE

In this chapter, we review some basic concepts and facts that will be used
throughout the thesis. We also define our measure and discuss some properties

for our problem.

3.1 Compactness

We now discuss some properties of compactness. All of these properties

are found in [6].

Definition 3.1 Let X be a topological space. A subset Y C X is said to be
compact if whenever Y is contained in a union of open sets U; (called an open
cover of Y ), Y is contained in the union of a finite subcollection of these open

sets (called a finite subcover)

The next proposition allows us to deduce that certain sets are compact

by knowing that they are closed subsets of a compact set.

Proposition 3.2 Let X be compact and let Y be closed in X. Then'Y is com-

pact.

The next theorem classifies closed segments as compact sets in the usual

topology of the real line.
Theorem 3.3 (Heine-Borel) The closed interval [a,b] is compact.

As a corollary, we can now characterize compact sets in the line.
Corollary 3.4 A C R is compact iff it is closed and bounded.

The characterization of compact sets in R™ is shown in the next theorem.
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Theorem 3.5 (Heine-Borel) A subset of R"™ is compact iff it is closed and bounded.
The next proposition is an important property of a closed bounded set.

Proposition 3.6 A compact subset X of R has a largest element M and a small-

est element m such that m < a < M for all a € X.

The next proposition shows that compactness is preserved by continuous

maps.

Proposition 3.7 Let f : X — Y be continuous and suppose that X 1is compact.
Then the image set f(X) is compact.

The next proposition is an application of the previous two propositions.

Proposition 3.8 Let f : X — Y be continuous and suppose that X is compact.
Then f assumes a mazimum (and a minimum) on X; that is, there are x,y € X

with f(x) < f(2) < f(y) for all z € X.

3.2 Measurable spaces and integration

We now discuss some definitions and theorems in Real Analysis. All of
these properties are from references [7], [8], and [9)].
Let H be a (non-empty) set. By a o-algebra we mean a collection M

of subsets of H having the following properties:
(i) 0 is in M,

(i) if A is in M, then A€ is also in M, and
(iii) if {E;} is a sequence of elements of M, then J F; is also an element of M.
i=1
Then a set H together with a o-algebra in H is called a measurable space, and
the elements of M are called its measurable sets. If (H, M) and (G, M) are

measurable spaces, and f : H — G is a map, we define f to be measurable if

for every V in Mg the set f~1(V) is in Mg. A positive measure on M (or
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on H) is a map p : M — [0,00] which is countably additive. In other words

wu(0) =0, and if { E;} is a sequence of measurable sets which are mutually disjoint
(Ay 1 Ay = 0 if n# m), then p (UE) — SSu(E).
i=1 i=1

Theorem 3.9 Let f be measurable and nonnegative on H, and let {E;} be a

sequence of disjoint measurable subsets of H. If E = |J E;, then
=1

/Efdu—g/&fdu-

3.3 Measure for unions of curves

Let p be the usual metric on R?. Thus p is defined by

P(X,Y) = /(21— 22)? + (1 — 12)*

where X = (x1,41) and Y = (x5,%2) are points in the plane R?. The pair (R?, p)
is called a metric space. In this study, any curve v in R? is a continuous map of
a compact interval into R%. Let v : [a,b] — R? be a curve, where a,b € R and
a < b. Then 7 is said to be closed if y(a) = v(b). The length ¢(v) of  is defined
by
k
((y) =sup Y _p(y(tia), (),

where the supremum is taken over .;111 partitions a = tp < t; < ... < t, = b of
la, b].

Let v be a simple rectifiable curve on the plane with ¢(y) = ¢. Then
we can parametrize v by its length, v : [0,¢] — R% Next, we will define the
measure of subsets of the image {7} of 7 by using the Lebesgue outer measure.
The length of a bounded interval I (open, closed, half-open) with endpoints a
and b (a < b) is defined by |I| =b—a. If I is (a,00), (—o0,b) or (—o0, 00), then
|I| = oo. For each subset E of {7}, we define ., (E) by

1y (E) = p* (v E)),

where p* is the Lebesgue measure on R. Then p., is well-defined and

({17} = 110, €] = (7).
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Furthermore, 1., is a positive measure on the set of subsets of {7}. Next, the
author will show that if E is a subset of the images of two distinct curves, v and
a, then the measures of E on each curve are equal, i, (E) = po(E). Let a be a
simple rectifiable curve on the plane parametrized by arclength, with ¢(«) = d.
Suppose that E is also a subset of {a}. We prove that pi,(E) = p1o(E). Let (Ay)
be a sequence of countable unions of disjoint closed intervals in [0, c] containing
v~ ![E] such that p*(Ay) converges to ., (F). Then vy HE] C Ay = U I, <0, .
Let (By) be a sequence of countable unions of disjoint closed mtervals in [0,d]
containing o [E|, By, = U I, such that for all i, p*(I7;) < p*(1};). From the

countably additive property and that for all i, p*(I7;) < p*(1};),
YouIg) < ) )
i=1 i=1
pr(Br) <t (Ag).
Then p*(By) converges to p,(E) as p*(Ay) converges to ., (E). Since E is a
subset of y[Ax] and a[By], y(I;) N E = a(Ip;) N E C o[I};] and for all i, the
length of v[/;];] N E is less than or equal to the length of a[lf],
PNy E) < (IR
DI THE) < Y u(I)
i=1 =1
p(yHE) < (B

py(E) < p*(By).

Since for all € > 0 there exists a positive integer N such that £ > N implies
| (Ax) — py(E)| < e and |p*(Bg) — pa(E)| < . We obtain that

1y (E) = po(E)| = [1y(E) — p* (Ag) + p*(Ar) — 0" (Br) + " (Br) — pa(E)
< iy (E) = ' (Ar)| + [ (Ag) — 1" (Br)| + | (Br) — pa(E))
< | (Ag) — p*(By)| + 2¢.

Since pu(E) < p*(Bg), |w*(Ax) — p*(Bg)| < € for large k and we have that

1,(B) = 1a(E)| < 3e.
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Since € is arbitrary, pi,(E) = po(E). Thus, we may write (E) in place of p1(E).

Let V(R?) be the set of compact countable unions of images of simple
rectifiable curves in R? such that any pair of distinct curves in the union intersect
in at most one point. Let G be a compact countable union of curves in V(R?).
Then G is of the form fj {7}, where v; and ~; intersect in at most one point, for

i=1

all i # j. We define m : V(R?) — [0, oo by
=m (U{%‘}> = Zf(%) = ZM({%})

We will show that m is well-defined. Suppose that G = (J{v:} = U{a;}, we
i=1

Jj=1

will show that > ¢(v;) = > ¢(a;). For a fixed 1,
j=1

(v} = @
- i |Uien)

[e.9]

= Ut Nias}].

j=1
Then, since p is a positive measure,

S = 3 (U {%}m{%}> (U [{%}ﬂ{aj}})
)
)

J=1

S (e}

_Jl

|
AM8

@
I
—

I
Mg

Zu (t3 s
u <U [{%} ﬂ{%}D

=1

<.
Il
-

[
Mg

[
Il
—

[
NE

p(a)

<.
Il

I
NE

g(Oéj).

1

<.
Il

It is obvious that countable additivity holds for m. We will use this function m

to measure the size of unions of curves in V(R?).
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The next lemma gives a way to find the length of a curve by using its

polar equation.

Lemma 3.10 [10] If a curve v is defined by a polar equation r = r(6) on [a, b
where r(0) is smooth, then the length of v is

| VE@F R,

Next, we define some terms that will be needed in finding solutions of our
problems. Let P(R?) be the class of all subsets of R? (the power set of R?). Let
C(R?) be the class of convex sets in R? and C’(R?) be the class of non-convex sets
in R2. Given that S is an element in P(R?), let S be the closure of S. Let 95 be
the boundary of S and P(S) be the power set of S. In what follows, we consider
the problem described in the introduction, with only one observer located at a
given point A and a given region denoted by S on the plane. Assume that the

convex hull of S does not contain A.

Definition 3.11 (The Two-Condition Property) Let L be the set of straight lines
I in R2 such that A € . A general curve S in V(R2) N P(S) satisfies the two-
condition property if it satisfies

(C1) for alll in L, 1N S # 0 if and only if INO(S) # 0, and

(C2) for all G in V(R2) N P(S) that satisfies C1, m(S) < m(G).

The next definition defines the first and last lines from A intersecting a
curve not passing through A. Let 7y : [a, b] — R? be a curve such that (t) # A for
all t € [a,b], and let {7y} = {7(t) : a <t < b}. By the Heine-Borel Theorem, the
closed and bounded interval [a, b] on R is compact. Since v is a continuous map
on [a,b], {7} is compact. For each X € {7}, let [x € L be such that X € [x. Fix
u € [a,b], then v(u) € {v}. We define a continuous function f, : [a,b] — [—7,7)
by

fu(t) = the signed angle at A measured clockwise from Iy, to I

= Ly, b)),
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The last line from 4 intersecting lo

r(u)

The first line from A intersecting ¥ /
0

Figure 3.1: The first and last lines intersecting ~.

for all t € [a,b]. By the preservation of compact sets under continuous maps,

fulla,b]] C [—m, ) is compact and we get the following definition.

Definition 3.12 Let v : [a,b] — R? be a curve such that y(t) # A for all
t € |a,b]. Fizu € [a,b]. The first line in L intersecting the curve «y is the line in
L that intersects v and makes the biggest signed angle with L,y measured in the
clockwise direction. The last line in L intersecting the curve 7y is the line in L
that intersects -y and makes the smallest signed angle with ) measured in the

clockwise direction. See Figure 3.1.
The next definition deals with tangent lines to a curve.

Definition 3.13 Let X be any point in a curve v. Then a line | passing through
X is a tangent to the curve v at X if there is an open disk D (X, ¢) of radius
e > 0 with center at X such that a part of l lies entirely in a half disk of D (X, ¢).
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CHAPTER IV
THE CONVEX SHAPES

In this chapter, we study the solutions of the convex shape problems and
their properties. We assume throughout that A is the origin on the plane and S
is a convex set not containing A. It is easily seen that the first and last lines are
independent of the choices of u € [a,b]. Our first lemma is the properties of the

first and the last lines intersecting S.

Lemma 4.1 Let S be a convez set not containing A on the plane which is not a
line segment. Then ly is the first or last line in L that intersects S if and only
if either

1) there is a point Z in 0S such that lyN0S = {Z} or

2) ly contains an edge of S, i.e., a line segment contained in O(S).

Proof. Let S be a convex set not containing A on the plane. Assume
that S is not a line segment.

(=) Without lost of generality, suppose that [y € L is the first line in L
that intersects 95, i.e., [iNAS # (. We will show that either there is a point Z in
0 such that l[pNAS = {Z} or [y contains an edge of 0S by showing that if [y does
not contain any edge of 05 then there is a point Z of 05 such that [(N0S = {Z}.
Suppose that [y does not contain any edge of 9S. Since lo N AS # B, we choose
Z elynoS. Iflyn oS # {Z}, then there is a point V in 05\{Z} such that
V €lynadS. Since S is a convex set, VZ C S and VZ C l,. But [, does not
contain any edge of 95, so VZ ¢ 0S. This implies that Iy decomposes S into
two parts and [y is not the first line in L intersecting 0S5, a contradiction. So
loN0S = {Z} for some point Z in 98.

(<) Let [y be any line in L. Suppose that either there is a point Z in 95
such that [oNAS = {Z} or Iy contains an edge of 0S. We will show that [ is the

first (or the last) line in L that intersects 0S. Suppose that there is a point Z
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o8

0.0

Figure 4.1: The convex set S.

in 0S such that o N 9S = {Z}. Then Iy does not contain any edge of 9S. From
Definition 3.12, we suppose that the size of angle measured clockwise from the
first to the last lines from A intersecting 0SS is w degrees. Since S is a convex set
and A is outside S, w < 180°. We choose § = % > (0. Then [y is the first
(or the last) line in L that intersects 05 if and only if for all [ in L such that
Z(ly,1) < § measured in clockwise direction from Iy, INAS = (). By contradiction,
suppose that [y is not the first (or the last) line in L that intersects 0.5 then there
is [ in L such that Z(ly,1) < § in clockwise of ly, I N IS # (). Then there is a
point V in 05 such that V € INAS. Since S is a convex set, ZV C S. Since [ is
not the first (or the last) line that intersects 05, [y decomposes S into two parts
and there is X in S staying in opposite part of [ with V such that X ¢ ZV
and ZV Q VX. Therefore VX Nly # 0 and Z ¢ VX Nl Since S is a convex
set, VX C S and then [y intersects &S more than one point, Io NS # {Z},
contradiction. So [y is the first (or the last) line in L that intersects 05S.
Suppose that Iy contains an edge XY of 9S. Then there is no point Z in
05 such that l[yN0S = {Z}. By contradiction, suppose that Iy is not the first (or
the last) line in L that intersects 0S. Then there is [ in L such that Z(l,1) < ¢
in clockwise of Iy, I N dS # (. Then Iy decomposes S into two parts. We choose
a point in JS from each part and construct line segments from each point to any

points in open line segment XY. Since S is a convex set, all line segments are in
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S and then all points in open line segment XY are not the boundary points of
S. This contradicts with XY C 9S. So Iy is the first (or the last) line in L that

intersects 05. ®

4.1 Connected solutions for convex sets

In this section, we consider a convex set S with one observer when so-
lution candidates are connected general curves in V(R?)NP(S) that is enclosed
by 0S. Then the solution S that we find in this part is in fact a curve. Let [
and Iy be the first and the last lines in L that intersect 95 , respectively. From
the first of the two-condition property, for all [ € L, [ N S # () if and only if
IN8S # 0, so S is a curve in V(R2)NP(S) that connects ly and ly. Since the
shortest curve that connects any two points on the plane is a line segment and
S is convex, S is the shortest line segment that connects X and Y for some
XelgnoSandY € 70 NoS. So S =XY corresponds to the second condition
property, m(S) = m(XY) < m(G), where G € V(R2)NP(S) that satisfies the
first condition property, for all l € L, I NG # 0 if and only if I N 9S # 0.

4.1.1 S is a line segment.

Let B = (z1,y1) and C' = (x2,y2) be extreme points of S.

Case 2

Figure 4.2: S is a line segment.

Case 1. There is Iy € L such that 95 C [y. See Figure 4.2. Then for all
X €058, {X}Nly#0if and only if SNy # 0. So S = {X}, for all X € 5.
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Case 2. S ¢ 1, for all | € L. See Figure 4.2. We choose S =85S and we
will show that S satisfies the two-condition property.

1) Forallle L, 1IN S # () if and only if [N S # 0. This is obvious.

2) Let G € V(R*)NP(S) that satisfies C1: for all [ € L, ING # () if and
only if 1N dS # (). We will show that m(g) = m(XY) < m(G). Suppose not.
Since we consider only members of V (R?)NP(S), G is the set of points that are
elements in 5. Since the answer must be a connected curve in V(R?)NP(S), G
is a line segment. If G # 0S5, then there is a point D in 05 such that D ¢ G.
Let Ip be a line in L such that D € ip N 9S. Then I[p NG = 0 but Ip N IS # 0.

This contradicts with the supposition. So G is the solution S of itself.

4.1.2 S is a triangle.

Let B,C and D be extreme points of 95S.

A

©0.0)

Figure 4.3: There is a line in L that contains two extreme points of 05S.

Case 1. There is a line in L that contains two extreme points of 9S.
See Figure 4.3. That means this line contains an edge of 9S. From Lemma 4.1,
this line is the first (or the last) line in L that intersects 0S. Suppose this line
is Iy and Iy N 0S = BC. Then the last line from A (l};) intersects 0S only at
a point D. So S is the shortest line segment that connects D and [y. Let Pp
be the perpendicular from D to ly. From the perpendicular is the shortest line
segment that connects the point to the line, Pp is S. If Pp ¢ V(R2)NP(S), then
ABCD is an obtuse angle and either BCD or DBC is an obtuse angle. Suppose

BCD is an obtuse angle. Then C'D is the shortest line segment that contains in
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V(R?)NP(S) and connects D and ly. So CD is S. Similarly, we get BD is S, if
DBC is an obtuse angle. Hence

Pp if Pp € V(R?) N P(9S),
S=< CDif Pp ¢ V(R?)NP(S) and BCD is an obtuse angle,
N P(S

BD if Pp ¢ V(R?) ) and DBC is an obtuse angle.

L4

Figure 4.4: There are no lines in L that contain any two extreme points of 0S.

Case 2. There are no lines in L that contain any two extreme points of
8S. See Figure 4.4. From Lemma 4.1, we get [y 19S5 = {X} and [, N dS = {Y'}
for some extreme points X and Y of 0S. Then S is the curve that contains in
V(R2)N P(S) and connects X and Y. Since the shortest curve that connects any
two points is a line segment, so S is XY. Since X and Y are extreme points of

95, XY C 9S.

4.1.3 S is quadrilateral.

Let B,C, D and E be extreme points of 5 such that B is adjacent to
C and F.

Case 1. There is only one line in L that contains edges of 0S. See Figure
4.5. From Lemma 4.1, this line is the first or the last line in L that intersects
0S. Suppose this line is Iy and I, N 9S = BC. Then 70 NosS = {Z}, for some
Z € {D, E} and we can find S by consider ABCZ.

Case 2. There are no lines in L that contain edges of 05. See Figure 4.6.
From Lemma 4.1, we obtain that o N1 S = {X} and Iy N 95 = {Y} for some
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Figure 4.5: There is only one line in L that contains an edge of 9S.

T

¥

(0.0) y

LA
0,0) SN Vi

Figure 4.7: There are only two lines in L such that each line contains one edge
of 0S.

extreme points X and Y of 5. Then S is the curve that contains in V (R2)NP(3S)
and connects X and Y. Since the shortest curve that connects any two points is

a line segment, so Sis XY.
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Case 3. There are only two lines in L such that each line contains one
edge of 0S and the distinct extreme points of 9(S). See Figure 4.7. From
Lemma 4.1, we get these two lines are [y and %. Suppose that I, N 9S = BC and
Z) N &S = DE. Then S is the shortest line segment that connects BC and DE.
Suppose that }E‘ < ‘E‘ and |E’ < ‘E‘ We will show that

(

Py if Pg € V(R?) N P(9),

Py if Py € V(R?) N P(S),

BE if ABE and AEB are acute angles, Py and Py are not in V(R?) N P(S),
BD if AEB is an obtuse angle, Py and Py are not in V(R%) N P(9),

CE if ABE is an obtuse angle, Py and Pg are not in V(R?) N P(S),

U
I

\

where Pp is a perpendicular from B to lNO, P is a perpendicular from C' to lNo,

Pp is a perpendicular from D to [y and Pg is a perpendicular from E to [.

A

.\ '
(0.0 5 Pl
i) ’

Figure 4.8: Either Pg € V(R?) N P(S) or Pr € V(R?) N P(S).

First, we will show that if Pg € V(R?) N P(S) then Py ¢ V(R?) N P(S)
and m(Pg) < !W‘ = m(|XY|) for all X € BC and Y € DE. See Figure 4.8.
Suppose that Py € V(R2) N P(S) and intersects with Iy at B € DE. Then AEB
is an obtuse angle and ABE is an acute angle. If Pg is also in V(R2) N P(S),
then AEB must be an acute angle. Therefore, Pg ¢ V(R?) N P(S). Then
Pp ¢ V(R) N P(S). Let X and Y be any points in BC and DE, respectively.
Then XY is in V(R?) N P(S).
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Case I. XY 1 ly. Then XY //Pg and we obtain

55| |xv]

a8 A

— |XY|x [AB|
|AX]

Since {E| < |H , m(Pp) = )ﬁ‘ < ‘W} =m(XY).

Case II. XY /Jjo. Let Px be a perpendicular from X to lo at X. Then
m(Px) = ‘E‘ < |XY] = m(XY) and we obtain that m(Pg) = ‘ﬁ’ <
)E‘ < m(XY). Therefore, m(Pg) < m(XY) for all X € BC and Y € DE.

On the other hand, if Pz € V(R?) N P(S) then Pp ¢ V(R?) N P(S) and
for all X € BC and Y € DE, m(Pg) < m(XY) = ‘W} Hence

5 Pg, if Pg € V(R?) N P(9),
Py, if Pp € V(R?) N P(S).

r 3

(0,0} PE

Figure 4.9: ABE and AEB are acute angles.

Next, we will show that if ABE and AEB are acute angles, then for all
X € BC and Y € DE, m(BE) < m(XY). See Figure 4.9. Suppose that ABE
and AEB are acute angles. Then Py and Pp ¢ V(RH) N P(S). Let X € BC and
Y € DE. We will show that m(BE) < m(XY).
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Case I. BE//XY . Then we obtain

|BE|  |XY]
AB|  |AX]
_— |XY| x |AB]
|BE|
|[4X]

Since |E| < |H‘, so m(BE) = ‘BE} < }XY| =m(XY).

Case II. BE }f XY . Since X € BC and Y € DE, there is either a point
V in DE such that BV //XY or a point U in BC such that EU//XY . If there
is a point V in DE such that BV //XY, then we obtain

|BV|  |XY]
AB]  |AX)|
— | XY| x |[AB|
BV
|[AX]|

Since |AB| < |AX|, so m(BV) = |BV| < |XY| = m(XY). Since AEB is an
acute angle, VEB is an obtuse angle. So m(BE) < |BV| < m(XY). Similarly,
we get that m(BE) < |EU| < m(XY) if there is U € BC such that EU//XY .
Hence, S is BE if ABE and AEB are acute angles, Py and Py ¢ V(R2) N P(S).

r s

o

¥

A

(0,0)

=3

Figure 4.10: AEB is an obtuse angle, Pz and Pg are not in V(R%) N P(S).

For the last condition, if AEB is an obtuse angle, Pg and Pg are not in
V(R?) N P(S), then for all X € BC and Y € DE, m(BD) < m(XY), see Figure
4.10. Suppose that AEB is an obtuse angle, P and Py ¢ V(R?) N P(S). We
will show that for all X € BC and Y € DE, m(BD) < m(XY). Let B be an
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intersection point between Pg and ZNO. By assumptions, B ¢ DE and ADB is an
obtuse angle. Let X € BC and Y € DE. Choose V € AD such that BV //XY .

Then
T
7 x|
__ [x7|x[1B
|BV| = 1
| AX]|

Since |[AB| < |AX|, m(BV) = |BV| < |XY| = m(XY). Since ADB is an
obtuse angle and V € AD, VDB is an obtuse angle and m(BD) < |BV| <
m(XY). Similarly, if ABE is an obtuse angle, Pg and Pg ¢ V(R?) N P(S), then
for all X € BC and Y € DE, m(CE) < m(XY). Hence,

5 BD, if AEB is an obtuse angle, Pz and Py are not in V(R2) N P(S),
CE, if ABE is an obtuse angle, Py and Pg are not in V(R2) N P(S).

4.1.4 S is a convex n-gon, where n > 5.

Let Fy, Es, ..., E, be extreme points of S, with £} = E,, ;.

v

] LA PR .

Figure 4.11: Convex n-gons S, where n > 5.

Case 1. There is only one line in L that contains an edge of 0S. See
Figure 4.11. Suppose that E;Ey C [y and 70 N oS = {E;} for some i € [3,n].
Similar to the case 1 of quadrilateral, S is the line segment that connects F; and

X for some X € FE1FE5. Then we can find S by considering AFE; EyFE;.
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Case 2. There are no lines in L that contain edges of 05. See Figure
4.11. From Lemma 4.1, we get Iy N 9S = {E;} and Iy N S = {E;} for some
i,j € [1,n] and i # j. Then S is the curve that connects E; and E;. Similar to
the case 2 of quadrilateral, S is E.E;.

Case 3. There are two lines in L such that each line contains one edge
of 0S. See Figure 4.11. From Lemma 4.1, we get that these two lines are [, and
lo. Suppose that I, N 9S = E,E, and loNOS = E;E;,,, for some i € [3,n]. Then
S is contained in the quadrilateral FyFEsFE;FE;,,, that is similar to the case 3 of
quadrilateral.

For the case S is a circle, [y and % are the tangent lines of 0S. Let X
and Y be points of tangency of S with [y and Z), respectively. See Figure 4.12.
We show that S is XY. Let [ € L.

v

(0.0)

Figure 4.12: S is a circle.

1) Since XY connects Iy and Iy, so [N XY # 0 if and only if I N dS # 0.
2) Let G € V(R*)NP(S) that satisfies C1: [ NG # 0 if and only if

1N3S # 0. We show that m(S) = m(XY) < m(G). Then G is a curve that

connects X and Y. Since the shortest curve that connects any two points is a

line segment, so m(S) = m(XY) < m(Q).
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4.2 General, not necessarily connected solutions for convex sets

In this section, we study a convex set S which is not a line segment (the
interior of S is not empty). We prove that solutions in the form of finite union of

curves does not exist and then we study properties of the candidates for solutions.

4.2.1 Non-existence of finite solutions

In this part we prove the following theorem, which implies that there are

no solutions in the form of finite union of curves.

Theorem 4.2 Assume that S is a convex set with nonempty interior. For any
curve in S, where S € C(R?), we can find a general curve in V(R? N P(S) that
intersects all lines in L intersecting the curve and the length of this general curve

1s shorter than the length of the curve.

Proof. Let S € C(R?) and v : [a,b] — R? be a curve in S, where
a,b € Rand a < b. Let y(t) = v, for all ¢t € [a,b] and {7y} = {y(t) : a <t < b}.
We denote the line from A passing through a point X by lx. We show that there
is a general curve S in V(R2)NP(S) satisfying

1) for all [ in L, NS # 0 if and only if 1N {y} # 0, and

2) m(S) < m(7).
If there is a line [ in L such that {y} C [, then we can choose S be a point on
{~} and this S satisfies 1) and 2). Next, we consider the case that for all [ in L,
{v} € 1. Let L, ={l € LlINn{y} #0}. Suppose u,v € [a,b] such that [, and I,
in L, are the first and the last lines from A that intersect 7, respectively, and
for all ¢ in (u,v),y(t) ¢ I, and l,. Then 7, = y(u) € I, N{y} and 7, = y(v) € I,
N{y}. Let ¥ be a curve in R? which is a subcurve of v and 7 : [u,v] — R2
Then 7, = 75(t) = y(t) = v, for all t € [u,v] and m(7) < m(7y). We consider 7.

Case 1. 7 is not a line segment. See Figure 4.13. We choose S = Vo
Since S is a convex set, S = 3,7, € V(R2)NP(S). Since S is a line segment

that connects [, and [,, S satisfies 1). Since 7 is not a line segment, m(S) <

m(3u) < m(F) < m(y).
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A
l,
S 7(v)
i
!
S v
’ i/
’
4 {7
L L }, »
< n >
(0,0) K
20 ,
v u

Figure 4.13: 7 is not a line segment.

v

Figure 4.14: 7 is a line segment.

Case 2. 7 is a line segment. Then ¥ = 7,7,. See Figures 4.14 and 4.15.
First, we claim that there is a line segment C'E, which is a subset of {7}, that
satisfies

1) le,lp € L, such that C' € lo N {y},E € Iz N {7} and CFE is not
perpendicular to [ and [z, and

2) P or Pgisin V(R?)N P(S), where Po and Pg are the perpendiculars
from C' to lg, respectively.
Let P4 be a perpendicular from A to 7 and A an intersection point between
Py and 7. If A ¢ {7}, then there is z € (u,v) such that 3(z) # A. On the
other hand, if A € {7}, then there is z € (u,v) such that y(z) # A because 7

is continuous. Choose a point C, which is 7(z) in {7} such that z € (u,v) and
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A

70,0

A\ 4

N

Figure 4.15: 7 is a line segment.

Y(z) # A. Let D be a point in dS such that D is not a point on {v}. We choose
€ = min {m(C’D),m(C’%),m(C’%),m(ﬁ)} > 0. We construct an open disk

D(C,e) with center at C' and radius €. Since C' is not the point A and v is a
continuous mapping, there is £ in D(C,e)\{C} such that F is a point on {7}
and ACE is an obtuse angle. Therefore, the line segment CFE is a subset of {7}
Let lc and [g be a line in L, such that C' is a point in [c N {7y} and E is a point
in I N {7}, respectively. Since ACE is an obtuse angle and C' is not Z, then
lc and I are not perpendicular to CE. Let Po and Pg be the perpendiculars
from C to lg at a point E and from E to lc at a point 5, respectively. If E is
not in D(C,e), then € < m(ﬁ) < m(CE) < ¢, a contradiction. Therefore, E
is not a point in D(C,¢). Since AACE is an obtuse triangle, then C € AF and
E € AC. Since m(CE) < m(CE) < e, then C € D(C,¢). So C and E are points
in D(C,¢) and are on opposite sides of CE C {§}. In other word, if {7} is a
subset of 95, then Pc and P is in V(R?)NP(S). Hence there is CE C {7} such
that Ic and [ are not perpendicular to CE, and Pg or Pg is in V(R2) N P(S).

Next, we suppose that C'E is a subset of {7} such that lo and [z are not
perpendicular to CE, and P is in V (R2) N P(S). Choose S = 7,C U Po U E7,.
Then S € V(R2)NP(S) and we get

m(8) =m (7.0 U Pe UFAY) < m(F,C) + m(Pe) + m(E%,)
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Since S is the finite union of line segments,

m(S) = m(3,0) +m(Pe) +m(E7,).
Since m(Pz) < m(CE),

m(S) <m(3.C) + m(CE) + m(E7,) = m(3) < m(7).

Since Py is a perpendicular from C' to lg, for all [ in L, INCE # § if and only
if INPz#0. Soforall lin L, 1NS # 0 if and only if N {7} # 0.

From these two cases, we have that for any curve v in V(R%)NP(S),
where S € C(IR2), there is a general curve S in V(R2) N P(S) such that for all I
in L, 1N S # 0 if and only if [N {~} # 0, and m(S) < m(7). m

4.2.2 The union of perpendiculars from boundary points of S
to lines in L

- | I0)
(0.0)

Figure 4.16: S € C(R?) and Z(ly, ly) = w.

Let lo,% be the first and the last lines from A in L that intersect 0S.
Let w be the angle between [y and %, ie., é(lo,%) = w. Let B be a point in 95
such that ’E| = min{‘ﬁ’ |X €lo,ndS} and C be a point in 95 such that
|AC| = min{|AY||Y € loNDS}. We divide S into two parts by the line segment
BC. Then 98 is divided into two curves. Let S; and Ss be these two curves,
then 05 = S; U S, and B, C are the endpoints of each S; and S,. See Figure

4.16. The distance from A to each point in S is always less than or equal to the
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distance from A to a point in Ss, i.e., ‘ﬁ| < ’W yforall X € S;and Y € S,.

We then describe Sy, without loss of generality, by a polar equation
r=r), 0<f<w
and the parametric equations

x = r(f)cosf =rcosf, and

y = r(@)sind =rsinf, 0 <6 <w.

Next, we consider a special general curve. Let X be a point in S;\ {B,C} and Ix a
line in L that intersects S; at X. We divide w into n equal parts by the line /; from
A that intersect S, where i = 0,1,2,...,n. Then we construct a perpendicular
from the intersection point of /; and S; to [;,_; for all i = 1,2,...,n. Let D,, be a

union of all these perpendiculars. We will prove the following theorem.

Theorem 4.3 lim m(D,) = [, rdf.

n—oo

Case 1. lx is not perpendicular to (%, where [% is a tangent line of 95

at X.

A 4

0.0)

Figure 4.17: Z(ly, %) < 90°, for all X € S;\ {B,C}.

Case 1.1. Z(lp,l%) < 90°, for all X in S)\{B,C}. See Figure
4.17. Consider subdivisions of the interval 0 < 6 < w by values 0 = 6y < 6; <

Oy < ..<0,=wand AY; =0, — 0, 1. See Figure 4.18. Suppose 0; = %‘", for all
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i=1,2,..,n. Then Af; = =, for all © = 1,2,....;n. Let lp, be a line in L such
that lp, NS # 0 and Z(ly,lg,) = 6;, for all i = 1,2,...,n. Then there is a point
X, in Sy such that X; is a point in lp, N S, for all ¢ = 1,2,...,n. Since X; is a

point in S, for all i = 1,2, ..., n, we can write the coordinates of X; as
(i, y:) = (r(0;) cos ;,7(6;) sin 6;)

foralli=1,2,...,n.

v

Figure 4.18: Subdivisions of the interval 0 < 0 < w.

Let us define the equation of ly, by a;z +b;y+c; =0, foralli =1,2,...,n.

Since ly, intersects y-axis at the origin A (0,0), we obtain that

a;x+by = 0
a; .
y = m;z, where m; = —— is a slope of Iy,

0 = mizx—y, foralli=1,2,...,n.

Let d; be a perpendicular from X; to ly,, for all ¢ = 1,2,...,n. See Figure 4.18.

From this equation, we get that

_ |miflxi - yi‘

mi_y +1

m(d;) Jforalli=1,2,...,n.

Since Z(lo,lp,_,) = 0;—1, we obtain that m;_; = tan(f;_;), for all i = 1,2,...,n.
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Then

tan(0;1)z; — yil

tan2(6;_1) + 1

[tan(0;_1)x; — yi
|sec(6;-1)]

sin(6;_
cos((H 1)) Li = Yi

, since tan?(0;_;) + 1 = sec?(0;_1)

1
Cos( i—1)

= ’l’l Sll’l(‘gi_l) — Y COS(Qi_1)| s for all 7 = 1, 2, .., n.

Since (z;,y;) = (r(6;) cos6;,7(0;) sin0;), we have
m(d;) = |r(0;) [cos(0;)sin(h;—1) — sin(6;) cos(h;—1)]|
= |r(0) [sin(0i—1 — 6:)]|
= |r(6:) [=sin(6; — 6;)]]
= |r(6;) [sin(A8,)]], for all i = 1,2,....;n

Let D, = |Jd;. See Figure 4.18. Then m(D,) = Zm( ;). Since d; is a per-
i=1

pendicular from X; fo lp, , for all ¢ = 1,2,...,n, we have for any line [ in L,

IND, # 0 if and only if [N OS # (). We take limit as n goes to infinity and

obtain

limm(D,) = lim Zm(d

n—oo

= hmZ|r [sin(A;)]] -

Since Af; = 2, for all i = 1,2,...,n, we obtain that

(o) =t [l (2)] 1o
) x%'pr«(em]
- |25 2] |

i=1

sin (

3

= lim

n—oo

w0
—
=
— 3IE

3

3

Let 0 € [0;_1,0;]. Since A0; =%, foralli=1,2,...,n

h = maX{AQi = 01 — 91'_1|i = 1, 2, ,n} =
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and h goes to 0 as n goes to infinity. So

lim m(D,,) = lim

><hm2|’r JIVANCAR

n—00 h—0
Since hn%) Smx(z) =1,
lim m(D,,) = hrnz 17(0;)| & 6;], 07 =0, € [0;1,06;].

From the definition of definite integrals and that r is a positive-definite continuous

mapping, we obtain that

lim m(D,) = / r(0)] do = / rdo).

&~ |4 1) X N
e L=y L

Figure 4.20: Subdivisions of the interval 0 < 6 < w.
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Case 1.2. Z(lo,l%) > 90°, for all X in S;\{B,C}. See Figure
4.19. Similar to the case 1.1, but we let d; be a perpendicular from X;_; to [;,
forall  =1,2,...,n. See Figure 4.20. Then

m(D,) = <Ud>

_ Z|mxz 1 — Yi-1
211

’L

_ Z’tan( )Tic1 — Yio1

Py tan?(6;) + 1

= Z |z;—1 sin(6;) — yi—1 cos(6;)|
i=1

— Z 7 (6;—1) [sin(0; — 6;_1)]]

and we take limit as n goes to infinity to get

n—oo n—oo

lim m(D,) = lim Z| [sin(Ab; )”]

n—oo

= lim Z\T(Q;)m@] ,0F =01 € [0i1,04).

By the definition of definite integrals, we get that

lim m(D. /|r \dG—/ rdf.
n—oo 0

Case 1.3. There is X € 51\ {B, C} such that I is perpendicular
to lo and for all Y in Si\ {B,C,)N(}, Z(I,15) < 90°. See Figure 4.21. In this
case, we get the same result to the case 1.1.

Case 1.4. Thereis X € S;\ {B, C} such that I%; is perpendicular
to lo and for all Y in Si\ {B,C,X’}, Z(I,15) > 90°. See Figure 4.22. In this
case, we get the same result to the case 1.2.

Case 2. There is X € S1\ {B,C} such that I is perpendicular to I3,
where [%; is a tangent line of S at X. See Figure 4.23. First, we show that X is
unique. By contradiction, suppose that Y € S1\ {B ,C, X } satisfying this case.
Since S is convex, XV is in V(R2)NP(S). We consider AAXY. If AXY and
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(0,0) ~ D¢

Figure 4.22: There is X € S\ {B,C} such that Uy Lo and Z(1ly,lp) > 90°.

A}g)? are acute angles, then l} and l;i/ are not tangent lines of 0S. If A)A? Y is
an acute angle and A}%)? is an obtuse angle, then [% is not a tangent line of 0S.
If A)%)? is an acute angle and A)A? Y is an obtuse angle, then [% is not a tangent
line of 0S. This contradicts with the assumption, so X is unique.

Let Z(l,lo) = . Then é(l);,%) = w — . Next, we divide S into two
parts by X and then S; is the union of curves BX (vpx) and XC (Y%¢). Then
Ypx corresponds to case 1.2 and 75, corresponds to case 1.1. Consider m(Dy5)
of vp5 and m(Dg.) of vg. Similar to cases 1.1 and 1.2, we obtain that

B
limm(DB;():/ rdf
0

n—oo
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A
§
v

©.0) 5,

Figure 4.23: There is X € S\ {B,C} such that Iy Lig.

and

lim m(DXC):/ rdf.
B

n—oo

Since for all I in L, IND g5 # 0 if and only if INy,5 # 0 and IN Dy, # 0 if and
only if N7z, # 0, we have that [N dS # 0 if and only if [N (Dy5 U Dyy) # 0.
Let D, = D5 U Dg.. Then

limm(D,) = lim (m(Dyg)+m(Dye))

n—oo n—oo

= /rdG—l—/ rdf
= /rd@.
0

4.2.3 The infimum of the length of the candidates

First, we consider S in V(R2?) N P(S) such that S is in the form of finite
union of curves in V(R?) N P(S). Let

5 g S is the finite union of curves in V(R2) N P(S) such
that for all [ in L,1N S # 0 if and only if [N S # 0

and ([P] the set of the length of S in P, i.e., ([P] = {m(g) | S e ]3} Putting

w = Z(ly, ly), we prove the following.
Theorem 4.4 infﬁ[ﬁ] = fow rdf, where r is as defined in 4.2.2

Proof. To show inf ¢[P] = s rdf, we prove that
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fo
I
¥ 3 &
- Ag)’! = Hn - gn—l
: (24
7, ” lgn 1
: b,
}’4 l
4 % * .
i e '
0.0 A — I
al
e lgi
v lO

Figure 4.24: Example of G = U% CS= Uczi.

i=1 i=1

(1) J3 rdf is a lower bound of ¢[P], and
(2) for all £ > 0 there is S € P such that m(S) < Jo rdf +e.
To obtain (1), let S € P. Then m(S) € ¢[P]. We show that [*rdf <

m(S). We can write S in the form of countable union of curves, S = [Ja,.
i=1

Since S € 15, the first and the last lines from A that intersect S are lp and %,
respectively. Then for each point X in S there is lg in L such that X isin [y N S
and Z(lg,lp) = 0 € [0,w]. We can divide S into countable parts by using I, such

that in each part there is a curve 7; in S connecting two consecutive lines. See

Figure 4.24. Let G = [J{v;}. Then G is a subset of S and for all [ in L,INS # 0
i=1

if and only if [ N G # (). Therefore, m(G) < m(S).

Let [, and 2:, be the first and the last lines from A intersecting ~; for
all © = 1,2,3,...,n. Given that [; is a line segment connecting the intersection
points between [, and L with ; for allv =1,2,3,...,n and G is the union of Bs,
G = 6 3. Since S is a convex set, G is in V(R2) N P(S). Since m(3;) < m(v,),
for alll_il, m(G) < m(G) < m(S). Let 6; be the measure of angle determined by [,
and l,,, Z(lp,l,,) = 6;, and g?l be the measure of angle determined by Iy and 7%7

A(ZO,ZN%.) = gi, for all i = 1,2,3,...,n. Since §; is smooth on [61-,51}, the length
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m(p;) of B; from 6; to 51 is

m(B;) = /0 i [(R;)2 + (RZ.)2]% de,

i

where R; = R;(0) is a polar equation of f3; for all i = 1,2,3,...,n. Then
~ n 51' 1
m(@ =3 / [(R)? + (R.)?]* do.
i=1 /0

From properties of integration and R; < [(R})? + (Ri)2]% for all i = 1,2,3,...,n,

we have

(NI

/@ :;i R;df < /0 6 [(R})? + (R;)*]* o

and

n 0; _
3 / Ridf < m(C).
i=1 7 b

From polar equation R; = R;(#), where 6; < 6 < 52», for all i = 1,2,3,...,n, the

parametric equations are

r = R;(#)cosh = R;cosb,
and y = R;(f)sinf = R;sinb,

where 6; < 0 < 51 and for all 7+ = 1,2,3,...,n. Since any line from A meet
Sp before é, at the same value of 6 the distance from A to the point in é,
(R; cosf, R;sinf), is greater than or equal to the distance from A to the point in

S1, (rcos@,rsin@). This implies that
r=r(0) < R;(0) = R;,

0, <0< 5, and for all 4+ = 1,2,3,...,n. From the property of integration, we
obtain that N
0; 0;
/ rdf < / R df, foralli=1,2,3,....,n
0 0

i i

and hence

w n gg n gz — ~
/ rdf = Z/ rdf < Z/ R;df < m(G) < m(G) < m(S).
0 i=1 70 i=1 70

Hence [, rdf < m(S), for all S € P.
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For (2), let e > 0 be given. We show that there exists m(S) in ¢[P] such
that m(S) is less than o rdf+e. Next, we construct S € P toprove (2). First, we
construct the union of perpendicular from boundary points of S to lines in L, D,,,
that depends on the case that S corresponds to. Suppose that 9S corresponds
to the case 1.1 of Theorem 4.3, Z(lo,l%) < 90° for all X € S\ {B,C}, and
D, = Lnj d;. See Figure 4.18. We consider the cases that can happen.

Z:1C’ase 1. d, ¢ V(R*) N P(S). Since S is the boundary of a convex
set, CX,_ is a line segment in V(R?*) N P(S). Since lim¥ = 0 and X, is

n—oo

C, X,_1 goes to C as n goes to co. Therefore, lim m(CX,,_;) = 0. Since
lim Zm( i) = [, rdo,

n—»oo

+ lim m(CX,—1)

n—oo

n—1
nhﬂrgo Zm +m(CX,— 1)] = TLILI?E)IO [Zm(d)
i=1

= / rd0.
0

Case 2. d; ¢ V(R?) N P(S). Since 08 is the boundary of a convex set,
BX, € V(R?)N P(S). Since lim £ = 0 and X, = B, X; goes to B as n goes to

TL—’OO

oo. Therefore lim m(BX;) = 0. Since lim Zm(di) = [ rdf,

n—o0 n—00;_1
w
= / rdf.
0

Case 3. dy,d, ¢ V(R?) N P(S). From cases 1 and 2, we get that

lim

n—oo

Zm +m(BX))

lim

n—oo

m(BX;) + im(di) + m(C’Xn_l)] = /Ow rdf.

From these three cases, we let S,, be the series such that S,, = m(BX;) +
n—1
>-m(d;) + m(CX,_1). Then the sequence (S,) converges to [°rdf. From the
i=2
definition of convergent sequence, (.S,) converges to fow rdf, if for every ¢ > 0,

there exists N in N such that whenever n > N it follows that

Sn—/ rd@’ < g,
0

or/ rdd —e < Sn</ rdf + ¢.
0 0
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We choose n > N and we get the union of curves BX; |J ruldl] UCX.,. 1.
Then we consider d; such that d; ¢ V(R?) N P(S). See Figrueljf%. From the
construction of d;, X; € [; N S7 is the endpoint of d;. Let )ZZ be an endpoint
of d; in l;_y. Then d; = X;X,. Since d; ¢ V(R2) N P(S), X; ¢ S and there
is a point E5 in Sy such that Es € Sy N d;. Since 9S corresponds to case 1.1

and d; ¢ V(R?) N P(S), S, divides d; into two parts such that the first part
JM = X;E, is in V(R?) N P(S) but the second part c?m — F,X; does not. Let

lg be a line in L such that Ey € [ NSy and let E; be a point in S; such that
E, € lgnS;. Let F be a point in Sy such that F© € Sy N[;_;. Next, we find
a finite union of curves D; in V(R2) N P(S) such that the length is less than or
equal to m (21;) = |do,| and for all Lin L, I N da; # 0 if and only if { N D; # 0.

Case 1. m (ElF) = ‘E1F| < 672, =m (c@l> We choose IN)Z is B, F.

Since B4 F connects I and l;_1, we have for all [ in L, [ N (?21 # () if and only if
1N D, # (). Then 6711 U D; is a finite union of curves in V(R2?) N P(S) such that
m (JM U f)z-> <m (JM U @) — m(d;) and for all 1 in L, [ N d; # 0 if and only
if 1N (81 U c@) £ 0.

Case 2. m (E\F) = |E1F| >

da;

=m ((221) Since S is convex, FoF
is a line segment in V(R?) N P(S) and we can construct a line segment W in
V(R?) N P(S) from X;_; to a point in Iz such that W is parallels to EyF and
connects g and [;_;. Then for all [ in L, [ N (Zgl # () if and only if INW # 0.
In this case, we consider [;_; as the z-axis (transformation of the curves). We

define the equation of W and EyF' by
y=Mzx+ Cyand y= Mz + C5,

respectively. Then Cy < (7 < 0. Let ¥ be the angle measured counterclockwise
from I,y to lg, Z(lg,l;i—1) = . Similar to the case 1.1, Z(ly,l%) < 90° for all
X € S\ {B,C}, we consider subdivisions of the interval 0 < § < ¢ by values
0=0) <6, <0, <..<0,=1and AO; =0; —0;_1. Suppose 0; = %, for
all j = 1,2,...,k. Then Af; = %, for all j = 1,2,...,k. Let ly, € L such that
lo, "W # 0 and Z(l;—1,ls;) = 0;, for all j = 1,2,...,k. Then there is Y; in W
such that Y; € lp, "W, for all j =1,2,....k. Since Y; € W, for all j =1,2,..., k,
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Figure 4.25: d; is not in V(R?) N P(S) and m(E F) > m(ci;)

we can define (z;,y;) to be the coordinate of Y}, for all j =1,2,..., k. We define
the equation of lp, by a;x +bjy +c¢; =0, for all j =1,2,.... k. Since ly, intersects
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the y-axis at the origin A(0,0), we get that

a;x +bjy = 0

y = mx
0 = myxz—y,
where m; = —Z—; = tan% is a slope of ly,, for all j = 1,2,....k. Let h; be a

perpendicular from Y; (z;,y;) to ly,_,, for all j = 1,2,...,k. Then the equation
of h; is defined by

I C))
(y y]) M1
—(z—a))
y = — —+y;
m;—1

We find the intersection point Y; (x;,y;) between W and I, by using y = Ma+C)
and y = m;x. We get that

mjx = Mx+ C)

Cy
r = —.
m; — M
Therefore,
T; = G and _ G
j_mj—M y]_mj—M'
Then we find the intersection point (a:;“, y;‘) between h; and ly,_,. We obtain that
mj1T = (milj) +Yj
i
(mj_1)2 r+x = X + m;—1Y;
S Y
(mj—1)”+1
m;_1(x; +m;_1Y;
and y7 = j—1 (7 231%>
(mj1)” +1

We substitute x; and y; into the above equation and obtain that

o T + mg_wj _ Cr+ mj—lmjgl
J (mj_l) +1 (mj — M) ((mj_l) + 1)
and y? = T (2 +mj1y;) _ mya (Cr +mym;Cy)

(mj—1)*+1 (mj — M) ((mj—1)* + 1)
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From the equation of EsF', we suppose that
flz,y) = Mz —y+Cy=0.
We substitute (x;‘,y;k) into f(z,y),

flaj)) = Maj—y;+Co

01 + mj_lmjcl m;—q (Cl + mj_lijl)
- 2 - 2 + o
(my — M) ((m;—1)" +1) (m; — M) ((m;—1)" +1)
M — m;_1
= Cl (1+m_1m) J —I—CQ (41)
T my = M) ((my2)? 4+ 1)
Since Z(li—1,1ly,) = 0; = % for all j = 1,..., k, we have
—1
K Y
_ tan 25 — tan 7
j Y
1 + tan 4* tan +
My - tan%
L+ m,; tan%'
We obtain that
f(@5,v5)
m,;—tan =
) t ﬁ M o Jm ank2
- o (B | e
m; tan — mj;—tan —
T WF””@EE@%)*Q
[ M + Mm, tan |
! wk (1+mjtan%)2
- Cl< L+ (my)° —my ttang
(m; — M) (1 +m; tan i) o) .
I +14 (mjtan)” | |
M+ Mm;tan2 —m; + tan £
= 01 (1 + (mj)z) ( 2] k / k) B + 02
(m; — M) ((mj) +tan? £ + 1+ (m; tan £) )
[ (M + Mm;tan L —m; + tan &
= (4 (1 + (mj)Q) ( ! 2k ! f?b + s
| (m; — M) ((m;)"+1) (1+tan? %)
Y P
_ o (M—i—MmjtanE—mj—{—tanE) N (4.2)
(m; — M) (14 tan? %)

+ O
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If we want (xj,yj*) to be a point inside S for all j =1, ..., k, then

(M—i—Mm]-tan —m; +tand’)
(m; — M) (14 tan? %)

f(@5,y5) = +Cy <0,

Next, we find K € N such that M} —y; +Co <0, for all j = 1,2, ..., K. First,
we extend the formula for f(z7,y}) to all j € R and find the derivative of this
function with respect to j. We get that

[ (mj; — M) (m;M tan £ — m}) ]
d(f(5,y7)) C — (M + Mmjtan § —m; + tan §) (m})
dj (1+tan% %) (m; — M)?
(mj — M) (Mtan% —1)
B Cym); — (M + Mm; tan% — m; + tan %)
(1+tan? %) (m; — M)
[ m;Mtan¥ —m; — M?*tan £ + M |
B C’lm; —M—Mmjtan%+mj—tan%
(1+tan? %) (m; — M)?
_ Cym; — M? tan% —tan%
(1+tan%2) - (my - M)? ’

d(fy) O (14 (m »)[ MQtan——tan%]

dj k (1+ tan %) (m, — M)
_ (=C)w (14 (my)?) [+ 1) tan %
k(1+tan? %) (m, — M)?

Since C < 0, we have
d(f(z5.y;))

> 0.
dj
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Therefore, f(z},y;) = Mz} —y; + Cs is an increasing function with respect to j.

From Equation 4.1, if we fix j = 1, we get that

M —mi_
Ly = Cr(14+my_ + C!
[z, 97) 1 (T +my_ymy) [<m1 ZA) ((min)? + 1) 2
_ M — tap 4=L¥
= (1+tan%tan%) - 5 + Oy
(tan% —M) <<tan%) +1)
M
= Cl [7/17 +Cg.
tanE—M

We take a limit as k goes to infinity,

M
lim (Mzy —4y7+Cy) = lim |Cy|——| +C
k—>oo( 1 yl 2) k—oo ( ! tan% — M 2)

— —Cl + 02.

Since (', < C7 < 0, klim (Mzt —y; + Cy) = —Cy + Cy < 0. From Equation 4.2,
if j =k, we get

(M—l—Mmktan% — my + tan %)
(my — M) (1 + tan® %)

_ 0 _(M—l—M(tan%)tan%—(tan%)—i—tan%) e
B ! tan 22} — M) (1 + tan2 ¥ >
L k k

f('r27y2) = Cl ]+02

We take a limit as k& goes to infinity,

. . (M + M (tan %) tan% — (tan ’%) + tan %)
e B (T R [
_ o [(M —tany)
= G [(tanw—M) + 0
= -1+ Cy <.

Since Mz} — y; + C3 is an increasing function with respect to j and
khm f(l’z, yZ) =-C1+0y < 0,
it follows that f(z},y;) < 0 for all j in N and there exists K € N such that

~ K ~ —
Mz —y;4+Cy <0, forall j =1,2,..., K. Let D; = Ulhj. So D; isin V(R*)NP(S)

J]=
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and for all ['in L, I N 521 # () if and only if I N D; # (. Let g; be a line segment
such that g; C &;1 and for all [ in L, [N g; # 0 if and only if I N h; # (. Then
K

T = (g, and
7j=1

m (h;) = |h;| <lg;] =m(g;),
forall j =1,2,..., K. So

m (D) = Xom (hy) = 2l < Dbl = 3 m (95) = ()

So we can find a finite union of curves D; in V(R?) N P(S) where length is less
and for all [ in L, [ Ndy; # 0 if and only if
N 131 # (). Then g“ U li is a finite union of curves in S such that

than or equal to m <6722> = )6?21

m (c?ll U lN?z> <m (6717, U 672z> = m(d;)

and for all £in L, 11d; # 0 if and only if 11 (di; Udy, ) #0.

In these two cases, we let R; = (ZM U 151 Then R; is a finite union of
J— ~ - n—1 -
curves in S and m (R;) < m(d;). We choose S = BX;J [U (Rz)] UCX,-1.

=2

Then S is in P and

n(§) = (75U

m(§> < /Owrd0+5.

We get the same result in the other case that S corresponds to. From these two

cases, we can conclude that [ rdf is an infimum of /[P]. m

Now we consider the case
5 3 S is the countable union of curves in V (R2) N P(S)
such that for all [ in L,1 NS # 0 if and only if { NS # 0
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Each element S of P can be written in the form of countable union of curves,

S = o, We show that Jo rdf < m(S). Since S € P, the first and the last lines
i=1

from A that intersect S are lp and %, respectively. Since for all [ in L, [N S # ()
if and only if INAS # 0, for each point X in S there is Iy in L such that X is in
lyN S and Z(lg,lp) = 0 € [0,w]. We can divide S into countable parts by using [y
such that in each part there is a curve 7; in S connecting two consecutive lines.

Let G = |J~;. Then G is a subset of S and for all [in L,1N S # 0 if and only if

=1

NG # 0. Therefore, m(G) < m(S).

Let [,, and Z, be the first and the last lines from A intersecting ~; for
all 7 in N. Given that 3; is a line segment connecting the intersection points
between [,, and ,lv% with +; for all 4 in N and G is the union of Bi, G = LnJ B;.
Since S is a convex set, G is in V(R2) N P(S). Since for all i, m(5;) < n;_(iyl),
m(G) < m(G) < m(S). Let 6; be the measure of angle determined by Iy and
Ly, Z(lo,l,,) = 6;, and 0, be the measure of angle determined by [y and Ei,
4([0,7%.) = 51-, for all 7 in N. Since ; is smooth on [92-,@;}, the length m(f;) of

0; from 6; to 52 is B

m(a) = [ (R + (R

where R; = R;(0) is a polar equation of §; for all  in N. From the property of

(NI

do,

integration and R; < [(R})? + (RZ-)Q]% for all 7 in N, we have that

o 0 o0 6; . B
S [(rar<> [ (R (R do = m@)

Since any lines from A meet S; before G , we have that in the same 6 the distance
from A to the point in G, (R;cos, R;sinf), is greater that or equal to the
distance from A to the point in Sy, (rcosf,rsinf). This implies that

r=r(0) < R;(0) = R;,

0, <6< 51 and for all 7 in N. From the property of integration, we obtain that

o0 51- o az . ~
> / g <y / Rido < m(G) < m(G) <m(S). (4.3)
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Next, we show that fow rdfd = ;ilfgi rdf. In the extended real line
[—00, 0], its topology 7 is generated by the open sets (a,b) , [—00, a), (a, o] and
any union of these sets. In the interval [0, 0c], its topology 7o, is generated by
the intersection between [0, co] and the elements in 7. Since 7 : [0,w] — [0, o0] is
polar equation of Sy, r is continuous. Let M be a power set of [0,w]. We show

that M is a o-algebra in [0, w].
(i) [0,w] € M.
(ii)) Let £ € M. Since F C [0,w], E° C [0,w] and E° € M.

(iii) Let £ = |J E;, where E; € M for i € N. Then E; C [0,w] for i € N. So

i=1

E=JFE; C0,w] and E € M.

i=1
So M is a o-algebra in [0,w]| and [0,w] is called a measurable space and the
members in M are called the measurable sets. Let V' be an open set in [0, 0o,
then V' is in 7y og. Since r is continuous, r~*(V) C [0,w] and (V) € M. Sor
is called measurable. Define the sequence E; by

{w}, i=1

E; = _
[6,,6,), i =2,3,4,...

Since [6;,6;) C [0,w], {E:} be a sequence of disjoint measurable subsets of [0, w]
and |JE; = [0,w] € M. Since r : [0,w] — [0, 00| is measurable and Theorem 3.9
i=1

in real analysis, we obtain that

rdd = / rdf
/[;)1“)] ; E;

w oo 51
/ rdf = Z / rdo.
0 i=1 /0

From equation 4.3, we obtain that

w 0 51 N
/ rdf = Z/ rdf < m(S).
0 i=1 70

Hence [;"rdf < m(S), for all S € P.

and then
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CHAPTER V
THE NON-CONVEX SHAPES

In this chapter, we consider the non-convex shape problem where the
boundary of the give region is a simple closed curve (a closed curve which does
not intersect itself). We consider the case of candidates being connected general
curves and the case of candidates not necessary being connected curves. Let S

be a non-convex set such that 05 is a simple closed curve.

5.1 Connected solutions of non-convex sets

We consider a non-convex boundary 05 with one observer when solution
candidates are connected general curves in V(R2)NP(S). Then the solution S
that we find in this part is a connected general curve. Let [y and flvo be the first
and the last lines in L that intersect 0.5, respectively. From C1: for all [ € L,
INS # 0 if and only if INAS £ 0, so S is the shortest curve in V (R2)NP(S) that
connects some points in Iy N IS and ZNO N dS. From the preservation of compact
set S to the set of curves in V(R?) N P(S), that connects the first and last lines

intersecting S, we obtain that the shortest curve S exists and

m(S) = min{m(y) : v is a curve from X to Y where X € [(N0S and Y € %ﬂ@S}.

5.2 General, not necessarily connected solutions for non-convex sets

Let S be a non-convex. Let lo,% be the first and the last lines from A in
L that intersect S. Let w be the angle between [y and Tg, é(lo,%) = w. Let B
be a point in 05 such that }E‘ = min{‘ﬂ| |IX €lpn 65} and C be a point
in 85 such that [AC| = min {‘W| Y €lyn 35}. Then 05 is divided into two
curves with the same endpoints, B and C. Let S; and Sy be these two curves,

then 05 = S; U Sy and B, C are the endpoints of S; and Ss.
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Proposition 5.1 If S is a non-convex n-gon, then there is no solution in the

form, of finite union of curves in S.

Proof. Suppose that S is a non-convex n-gon and let v : [a,b] — R?
be a curve in S. To prove this, we will show that there is a general curve S in
V(R?)NP(S) satisfying

1) for all lin L, [N S # 0 if and only if 1N {7} # 0, and

2) m(S) < m(7).

Let L, = {l € L|INn{y} # 0}. Suppose u,v € [a,b] such that [, and [, in L,
are the first and the last lines from A that intersect v, respectively. Let 7 be a
subcurve of 7 such that 3 : [u,v] — R2 Then m(y) < m(y). We consider 7.

Case 1. 90SN{7} = 0. Let D € 0S. We choose a point C'in {7}\{7u, Y0}
and € = min {m(CD), m(C,), m(C%)} > 0. Let D(C,¢) be a disk with center
at C radius € and 3 be a subcurve of 4 such that 5§ = D(C,e) N {7}. Therefore,

D(C¢) is a convex subset of S. From Theorem 4.2, we can find a general curve
B in S satisfying
1) for all Lin L, [N {3} # 0 if and only if I N {3} # 0, and
2) m(B) < m().
We choose S = [{7}\{#}] U 3. Then S is a general curve in V(R2) N P(S) such
that for all [ in L, {NS # 0 if and only if [N {7} # 0 and m(S) < m&) < m(y).
Case 2. SN {7} # 0. Let a be a curve in S such that {a} C {7}.

Case 2.1. {a} NS = 0, then we can consider « similar to case
1 and we get the same result.

Case 2.2. {a} C {7}N0S. Since S is a non-convex n-gon, There
is a subcurve of a which is a line segment and does not contain in any lines from
A intersecting 0S. From the case 2 of Theorem 4.2, we can find a general curve
@ in S that satisfies

1) for all Lin L, INn{a} # 0 if and only if I N {a} # 0, and

2) m(@) < m(a).
Then we choose S = [{F}\{a}]U@. So S is a general curve in V(R2) N P(S)
such that for all 1 in L, {N S # 0 if and only if IN {7} # 0 and m(S) < m(y). =
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In the next proposition, we show that for any curve v in V(R?*)NP(S),
which is not contained in S;, we can find a general curve in V(R?) N P(S) that

intersects all the lines from A intersecting ~ but its length is shorter.

Proposition 5.2 For any curve v in V (R?)NP(S), which is not contained in
Sy, there is a general curve S in V(R2) N P(S) such that for alll in L, INS # 0
if and only if LN {7} # 0 and m(S) < m(y).

Proof. Let v be a curve in V(R?)NP(S) which is not contained in S;.
Then there is a curve 5 which is contained in {7} \S;. We consider the curve 7.

Case 1. {7} is a subset of an interior of S. We obtain the same result
with the case 1 of the proof of Proposition 5.1.

Case 2. {7} is a subset of S;. Then there is an interior point X of S
which is a point in the line from A intersecting 7 and ’ﬂ| < {W‘ where Y is a
point in [y N7. From the preservation of compact set S, we construct an open
disk D(X,¢) which is a subset of S. Then we can find a line segment in this disk
such that intersects all the lines intersecting a curve, which is subset of {7}, and
its length is less than this curve.

From these two cases, there is a general curve S in V(R2)NP(S) such

that for all [ in L, [N S # 0 if and only if I N {y} # 0 and m(S) < m(7). =

Lemma 5.3 If S| is an arc of a circle with center at A, then Sy is a connected

solution of S.

Proof. Suppose S; is an arc of a circle with center at A. From Proposi-
tion 5.2, the connected solution of S must be a subset of S;. Since the solution
must satisfy C1, S is a connected solution of S. =

Next, we study the properties of existence of solutions of the non-convex
shapes. First, we consider S, where any [ € L intersects S in at most a singleton.
Let lx be a straight line in L that intersects S; at a point X in S and let [% be

a tangent line of S7 at X. Then we describe S; by a polar equation

r=g@), 0<0<w
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and the parametric equations

x = g(f)cosd =rcosb, and

y = g(@)sinf =rsinf, 0 <0 <w.

Lemma 5.4 Let v be a curve such that A is not a point on v and any | € L
intersects vy in at most a singleton. If for all X on a curve v, any lines from A
intersecting v meet vy before the perpendicular line to lx at X, then v is an arc

of a circle with center at A.

P
1 (€)= Rcos¥ P
Xf
(%:-30)

W

A 0] (6
(RO)T '\

Figure 5.1: The curve r,, where r; (§) = Rcosf

Proof. Let v be a curve such that A is not a point on v and any [ € L
intersects v in at most a singleton. The polar equation of 7 is defined by r (6),
for all 6 in [O, g} Let X be a point on the curve v and positive values of 6 be
an angle measured counterclockwise from the polar axis to lx. Suppose that any
lines from A intersecting v meet v before the line Px which is perpendicular to [x

at X. We prove that v is an arc of a circle with center at A (0,0). Let R = r(0).

We consider the polar curve
r1(0) = Rcos@,

for all € in [0, g} This curve is a circular arc of radius % with center at (%, 0).
See Figure 5.1. Let X’ be a point in {71} \ { A} which has rectangular coordinates

(r1(0)cosB,ry (0)sind). Then X' is an intersection point of [x to the curve r
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and the tangent line to {r1}\ {4} at X’ is not perpendicular to [x except the
point (R,0). So r(0) > r1(0). Let Pxs be a perpendicular line to [y at some
points on lx such that Px: is a tangent line of the curve r; at a point (zg,yo) .
Suppose that an angle w is measured counterclockwise from the polar axis to the

rotated axis passing through the point (o, yo), its expression in polar coordinates
xo =11 (w)cosw and yy = ry (w) sinw.

We can define the equation of [x and Pxs by

y = xtanb,
= (=)
y=% = tan 6

respectively. Then the intersection point of [x and Py is

o+ Yo tan tané (ro + yotand)

1+tan?6 ’ 1+ tan?0 ‘
Since the tangent line to the curve v at a point X on it must be perpendicular
to lx, the distance form A to X is greater than the distance from A to this
intersection point and we obtain that

2 2
2(0) > Zo +y0tz;m9 N tan 0 (xo + y;)tanﬁ)
1+ tan<6 1+ tan=60
(2o + yo tan 6)” (1 + tan?6)
(1 + tan20)
(2o + yo tan §)?

1+ tan?6

o + yo tan b 2
sec

r2(0) > [zocosf + yosinb]
and then

r(0) > wzpcosh+ yysind
= 1y (w)coswcosf + ry (w)sinwsin f

r(@) > ri(w)cos(—w).
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From 7 (6) = Rcosf, we have
r(0) > Rcoswcos (0 —w).

Next, we find the angle w in the form of 6. Let ¢ be an angle of inclination of
tangent line Py to the curve 1 at (zg,yo) and ¥ be an angle measured counter-

clockwise from the radial line  (w) to Px/. Then
04+90°=¢p=w+1.

Since r1 (0) is differentiable, the slope of Py is equal to tan ¢ and we can find

the angle ¢ by the formula

dy
t = =
an ¢ .
d(r1(0) sin 0)
_ df
A0 = ) cnh)
df
We obtain that
fang = r (w) cosw + 7} (w) sinw
—71 (w) sinw + 7} (w) cosw
Rcoswcosw + (—Rsinw) sinw
tang = - -
—Rcoswsinw + (—Rsinw) cosw
sing  cos(2w)
cos¢  —sin(2w)
cos ¢ cos 2w +singsin2w = 0

cos (¢ —2w) = 0.
Since the angle v is greater than 90° and ¢ = w + 1, ¢ is greater than 2w and

¢—2w = 90°
(0+90°) — 2w = 90°

w =

| D

So

r(@) > Rcosgcos (0 — g)

r(0) > R cos? g
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Next, we assume that

75 (0) = R cos g

and consider ry by the same process. We get that
2 w
r(0) > Rcos 5005(0 —w).

Since 19 (0) is differentiable, the slope of Py is equal to tan ¢ and we can find

the angle ¢ by

o (w) cosw + 7 (w) sinw

tan -
¢ —7ry (w)sinw + 74 (w) cosw
fam Rcoszgcosw—l— (—RCOS%SiH ‘5") sin w
ang =
— R cos? 5 sinw + (—R cos § sin %) cos w
singp ~ cos (37”)
cos¢  —sin (37“’)
3w . . 3w
cosgzﬁcos? —l—smqﬁsm? =0

coS <¢ — 37&}) = 0.
3w

Since the angle 1 is greater than 90° and ¢ = w + 1, ¢ is greater than = and

(9+900)—37” -
w P %
- 3
So
0 20
r(f) > Rcoszgcos (6—3)
50

r(#) > Recos 3

By Mathematical Induction, suppose 7 (6) > r, (6) , where 7, (§) = Rcos™ £, is

n?

true. We show that r (6) > r, 1 (0) , where 7, () = Rcos™"! niﬂ. From this

supposition, we let

rn (0) = Rcos" 0

n
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and consider r,, by the same process. We get that

r(0) > Rcos™ < cos 0 —w).

n
Since 1, (#) is differentiable, the slope of Px/ is equal to tan ¢ and we can find
the angle ¢ by

T (W) cosw + 7, (w) sinw

tan ¢ —7p, (w) sinw + 7!, (w) cosw
sin ¢ Rcos™ “ cosw + (—R cos™ ! “sin ¥ ) sinw
cosé  —Rcos” ﬂ sinw + (—R cos™! g sin £) cos w
sin ¢ R cos™ (Cos “ cosw — sin £ sinw)
cos ¢ " Rcosn (— cos £ sinw — sin ¥ cos w)
sin ¢ cos (”“w)
coS @ a m
cos¢cosn w+sin¢sinn+1w = 0

<¢_n+1 > _ 0

Since the angle ) is greater than 90° and ¢ = w + 1), ¢ is greater than “*w and

1
6" = o
n
1
O+90°) = 2 — g0
n
no
w = :
n+1
So
0 0
r(0) > Rcos"n_i_lcos(@—nz_l)
r(9) > Rcos”Jrln_i_1
and
Tni1 (0) = Rcos" ! d
e n+1

for all n in N.
Next, we consider the curve 7, (6) for all 4 in [0, g] and n in N. Let
X be any point on the curve r, and positive values of ¢ be an angle measured

counterclockwise from the polar axis to the rotated axis passing through the
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(1.(6,)-6,)

¥

v\

(RO)

Figure 5.2: The curve 7, is concave down in [0, g]

point X. Let ¢ be an angle of inclination of tangent line to the curve r, at X

and 6y be a value in (O, g) We show that for any 6 in (0,6y), [x meets the

line segment connecting the polar coordinates (r, (6y),6) and (R,0) before the

curve r,. See Figure 5.2. To show this, we prove that the curve r, is concave

down in [O, g) That means for the slopes of tangent lines (tan¢) to increase
as # increases, the tangent lines must rotate counterclockwise as the curve 7,

is travelled in the direction of increasing . We show that for any 6 in (O, g) ,

—d“f;f; ) > 0. We calculate the slope of tangent line (tan ¢) by the formula
cos (H19)
tan ¢ = n V)
BT )
Then we find W,
dang) _ (222) sin? (2520) + (25) co? (2220)
“w oo sin” (216)
d(tang) n+1
9 nsin’ (%32)
d (tan @)
w0

So the curve r, is concave down in [O, g) and then for any 0 in (0,6p), [x meets
the line segment connecting the polar coordinates (7, (6p),6) and (R, 0) before
the curve r,,.

To prove that ~ is an arc of a circle with center at A, first we find the

value of limr, (6). See Figure 5.3. We consider the limit n goes to infinity of
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Figure 5.3: The curve r,, when n goes to infinity.

log (COS” %), where

9 1 g
lim log (cos" —) = lim w.
n

n—oo n—oo -
n

0

Since lim log (cos ﬁ) = lim % = 0, we can apply I’'Hopital’s rule, obtaining

n—oo n—oo
1 .0 0
. L0 . ws?® (=sin®) (=)
lim log { cos" — | = lim —= T
n—oo n n—oo (——2)
n
) 0 . —0sin %
log lim {cos" —) = lim ——;*
n—00 n n—oo COS Z

log lim (cos” Q) = 0
n—oo n
and then

lim cos"” — = 1.
n—oo n

So
r(0) > limr, () = lim Rcos" o _ R.

n—00 n—00 n
This implies that 7 (/) > R for all & € [0, 7. It is obvious that the assertion also
holds for negative values of 6. If v is not an arc of a circle with center at A,
then there are 6, and 05 such that r (6;) < r (63). This contradict with the result
obtained from the above applying process starting at the point 7(65). So 7 (0) is

a positive constant and -y is an arc of a circle with center at A. =
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Theorem 5.5 For a non-convexr shape with non empty interior, a connected

solution exists if and only if Sy is an arc of a circle with center at A.

Proof. (<) Suppose that S; is an arc of a circle with center at A,
we show that S; is the solution. To show this, we prove that Sjsatisfies the
two-condition property:

1) for all lin L, 1N Sy # 0 if and only if I N 9S # (), and

2) for all G in V(R?) N P(S) satisfying 1), m(S;) < m(G).

Since S is a curve connecting [y and ZNO, Sy satisfies 1). From Proposition 5.2, S}
is the solution of S.

(=) By contrapositive, suppose S; is not an arc of a circle with center
at A, we show that for any G in V(R*)NP(S) we can find S in V(R%)NP(S)
such that m (§) < m(G). Suppose S; is a continuous mapping from [0, 1] to
the plane and a is a number in the interval (0, 1).

Case 1. Let K = {t € [a,1] | Si|ja is an arc of a circle with center at A}
so that the set K is bounded above and ¢ = sup K exists. Then cis in K and ¢
is not 1.

Case 2. Let K = {t € [0,a] | S1|t,q is an arc of a circle with center at A}
so that the set K is bounded above and ¢ = inf K exists. Then c is in K and ¢
is not 0.

From the supposition, case 1 or 2 can happen and we choose W is a point
in S1\ {B, C} such that S; (¢) = W. Then any curves containing W are not an
arc of a circle with center at A. Suppose that « is a curve containing W which is
not an arc of a circle with center at A. See Figure 5.4. From the preservation of
compact set of Sy U {A}, there is a point Wy in Sy such that ’W—I/VO‘ < ‘ﬁ’ for
all T in Sy, U {A}. Let D(W, [WW,]|) be a disk radius |WWy| with center at W
and W' be an interior point in D(W,|WWj|) such that W' is a point in Iy and
}W‘ < |A—I/V" Then the perpendicular line to Iy, at W' intersects the boundary
of D(W, [WW,]) two points, U and V. We can construct a disk with center at W
which is a subset of triangle AUV'. There is a curve  which is contained in «, lies

entirely in this disk, and contains WW. Then y is not an arc of a circle with center at
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Figure 5.4: Finding the perpendicular line segment inside .S for the forward prove
of Theorem 5.5.

A. Let X be a point in {7}, Y be a point in {7} \{X} and Y’ be an intersection
point between ly and Py, a perpendicular line to [y at X. From Lemma 5.4,
there are a point X in {7} and a point Y in {7} \{X} such that |AY| > [AY"|.
We consider a curve [ that is contained in v and X,Y are endpoints of 5. Let
X’ be an intersection point between the perpendicular line from Y to lx. Then
X'’ is an interior point of S and |H‘ < ‘H| . We can choose a point Z in a
line segment X X’ which is not X and X’. From the preservation of compact
set {8}, at the point Z, we can find a line [}, that intersects § and makes the
smallest angle Z (Ix,(}) measured counterclockwise from [x to [3,. Since Y can
be the intersection point between 5 and [}, and the angle Z (l X,W) measured
counterclockwise from Ix to ZY is less than 90°, we have that £ (Ix,1}) < 90°.
So we can construct the perpendicular line segment from this intersection point
to lx which is a subset of S. Then we use the perpendicular line segment to
construct a union of curves S such that m (§> < m(Sy). From this result and
Proposition 5.2, we can conclude that for any G in V(R2) N P(S) we can find S
in V(R?) N P(S) such that m <§> <m(G). =
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Next, we consider S, where any lines from A intersecting S and 5

intersect in at least one point.

Corollary 5.6 For a non-convex shape with nonempty interior, a solution exists
if and only if there is §, a countable union of arcs of circles with centers at A in

V (R?)NP(S), that satisfies
(i) S is a subset of Sy,
(ii) for alll in L, 1N S # 0 if and only if 1N 0S # 0,

(7ii) any lines from A intersecting S does intersect S in either one point or two

points which are the endpoints of two distinct arcs, and

(iv) for any point X in S, if L intersects S at X only (X is an interior point
of g), then for all Y in lx NOS, ﬂ’ < ’W‘

In fact, any S satisfying the above mentioned properties is a solution to

the problem. See Figure 5.5.

Figure 5.5: Example of S satisfying all properties of Corollary 5.6.

Proof. (<) Suppose there is S , a countable union of arcs of circles
with center at A in V(R?)NP(S), that satisfies these four properties. We choose
S = Ej {a;}, where o is an arc of a circle with center at A that is contained in
Sh ar:ilsatisﬁes other three properties. From S satisfies (ii), (iii) and (iv), we can

suppose that for all [ in L, S and [ intersect in at most two points. Let [,, and
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lNOli be the first and last lines in L intersecting «, respectively, for all © € N. We
prove that S is the solution by showing that S satisfies the two-condition property.
From assumption, S satisfies C1. Let G be a general curve in V (R2) N P(S) that

satisfies C1. Then we can rewrite GG in the form of compact countable union of

sets, G = Ej H; such that H; is an element in V(R*)NP(S) and has I,,, l,, to be
the first a;dl the last lines in L intersecting H;, respectively, for all i € N. From
the backward proof of Theorem 5.5, we get that m («;) < m (H;) for all i € N.
Therefore, m(S) < m(G).

(=) By contrapositive, suppose that for all S, which is a countable union

of arcs of circles with center at A in V (R2)NP(S), S satisfies either of the following

(i) S is not a subset of S

(i) there is [ in L such that NS = 0 if and only if [N S # 0
(iii) there is a line from A that intersects S in more than two points

(iv) there is a point X in S such that Iy intersects S at X only and there is a
point Y in [x N OS, |H‘ > |W{

We show that the solution does not exist by showing that for any general
curve in V(R?) N P(S), we can find a general curve in V(R?) N P(S) which its
length is less than the length of the given general curve and intersects all the lines
intersecting the given general curve. Let G be a general curve in V(R2?) N P(S).
Then we consider G in the following cases.

Case 1. G is not a subset of S;. From Proposition 5.2, we can find a
general curve in V(R?) N P(S) which its length is less than the length of G and
intersects all the lines intersecting G.

Case 2. GG is a subset of S; but G is not countable union of arcs of
circles with center at A. If for any lines from A intersecting G, the number of
intersection point between each line and G is one, from Theorem 5.5 we can find
a general curve which its length is less than the length of G and intersects all

the lines intersecting G. If there is a line from A, which intersects G more than
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one point, then there are two subcurves of GG, v and «, such that for all [ in L,
IN{~} # 0 if and only if I N {a} # 0. We obtain that G\ {7} (or G\ {a}) is a
general curve in V(R?) N P(S) which its length is less than the length of G and
intersects all the lines intersecting G.

Case 3. (G is a subset of S} and G is a countable union of arcs of circles
with center at A. From the four properties in the supposition about a countable
union of arcs of circles with center at A, we consider G in the following cases.

Case 3.1. There is [ in L such that [ NG = () if and only if
1N IS # (). Then G does not satisfy C1 and it is not the candidate solution.

Case 3.2. There is a line from A that intersects G more than
two points. Since G is a countable union of arcs of circles with center at A, there
are three arcs of circles with center at A, v, o and 3, such that there is a line
from S intersecting these three arcs. Then there are two arcs, v and «, such that
for all [ in L, I N {y} # 0 if and only if I N {a} # 0. We obtain that G\ {v}
(or G\ {a}) is a general curve in V(R?)NP(S) which its length is less than the
length of G and intersects all the lines intersecting G.

Case 3.3. There is a point X in G such that [ intersects G at
X only and there is a point Y in [y N 9S, ‘ﬂ| > !W‘ Since G is a countable
union of arcs of circles with center at A, there are an arc of a circle v with center
at A containing X and a curve « such that

1) @ and ~y are contained in Sy,

2) the first and the last lines intersecting « and «y are the same, and

3) for all Z on ~, |ﬁ| > ‘A_Z(]

, where Zj is a point in [z N {a}.
Then we can choose a point W in the interior of S which is a point in line [z and

Az| > A7,

, for some Z on «. From the preservation of compact set 95, we
construct an open disk D(W, e) which is a subset of S. Then we can find a line
segment in this disk such that intersects all the lines intersecting an arc (3, which
is contained in {7}, and its length is less than 3. This implies that we can find a
general curve, the union of G\{3} and this line segment, in V(R?) N P(S) which
its length is less than the length of G and intersects all the lines intersecting G.
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From these three cases, for any general curves in V(R?) N P(S) we can
find a union of curves which its length is less than the length of general curve
and intersects all the lines intersecting the general curve. We can conclude that

the solution does not exist. m
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CHAPTER VI
CONCLUSIONS

The purpose of this chapter is to accumulate all the main results that we
have proved in Chapter 4 and Chapter 5. In Chapter 4, we let .S be a convex set
and consider the solution candidates in V(R?)N P(S). For the case that solution
candidates are connected general curves, the solution is the shortest line segment
that connects the first and last lines from A intersecting S. For the case that
solution candidates need not be connected general curves, first we prove that
there are no solutions in the form of finite union of curves. Then we show that
for the union D,, = Odi of perpendiculars from boundary points of S to lines in
L, if we take a limi‘zzf;s n goes to infinity of the length m(D) of this union, we

obtain that

lim m(D) = /w rdo,
n—oee 0
where r = r(0) is the equation, in polar form, of S; (the front boundary of S
as seen from A), and w is the angle between the first and last lines intersecting
S. From this result, we prove that the greatest lower bound of the length of the
candidates is equal to / i rdf.

In Chapter 5, Wé) let S be a non-convex set where its boundary is a simple
closed curve (and hence S cannot have empty interior). For the case that solution
candidates are connected general curves, the solution is the shortest curve that

connects the first and last lines from A intersecting S. For the case that solution

candidates need not be connected general curves, we obtain the following results.

Lemma 6.1 If S is an arc of a circle with center at A, then Sy is a connected

solution of S.

Lemma 6.2 Let v be a curve in S such that any | € L intersects v in at most

a singleton. If for all X on 7y, any line from A intersecting v meets v before the
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perpendicular line to lx at X, then ~v is an arc of a circle with center at A.

The next theorem asserts that by the prescribed property of Sy, the

solution is 57 itself. We prove this theorem by using the previous lemmas.

Theorem 6.3 A connected solution exists if and only if S1 is an arc of a circle

with center at A.

From the previous theorem, we can make it more general in the following

corollary.

Corollary 6.4 A (not-necessarily-connected) solution exists if and only if there
is S, a countable union of arcs of circles with centers at A in V (R2)NP(S), that

satisfies

(i) widetildeS is a subset of Sy,
(i1) for alll in L, INS #0 if and only if LN AS # 0,

(#1i) any lines from A intersecting S does intersect S in either one point or two

points which are the endpoints of two distinct arcs, and

(iv) for any point X in S, if Ly intersects S at X only (X is an interior point
of g}, then for all' Y in lx NOS, ﬁ‘ < ‘W‘

In fact, any S satisfying the above mentioned properties is a solution to

the problem.
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