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Abstracts

The program is assembled from four research projects of modeling physical
phenomena in applied sciences. These projects are connected by the methods applied
in mathematical physics, mathematical analysis of differential equations used for
modeling.

The research performed in the first project can be formally separated in three parts.
All these parts are related by the method of the study and the sequence of discoveries.
The first part of the project deals with modeling in fluid dynamics. A systematic
application of the group analysis method for modeling fluids with internal inertia is
presented. The group classification separates these models into 73 different classes.
The second part of the project deals with applications of the group analysis method to
integro-differential equations. The research deals with an evolutionary integro-
differential equation describing nonlinear waves. We discuss new approaches
developed in modern group analysis and apply them to the general model considered
in the present paper. Reduced equations and exact solutions are also presented.
Another application of the group analysis method to integro-differential equations is
related with the Boltzmann equation. The group classification with respect to sources
is carried out for the equations under consideration using the algebraic method. The
third part of the first project is focused on the study of two problems: (a) on first
integrals of second-order ordinary differential equations; (b) the complete group
classification of systems of two linear second-order ordinary differential equations
with constant coefficients. Here we discuss first integrals of a particular
representation associated with second-order ordinary differential equations. The
relationship between the integral form, the associated equations, equivalence
transformations, and some examples are considered as part of the discussion
illustrating some important aspects and properties. For group classification the
present project corrects the way of using Jordan canonical forms for studying the
symmetry structures of systems of linear second-order ordinary differential equations
with constant coefficients applied in (Wafo Soh (2010)). The approach is
demonstrated for a system consisting of two equations.

In the second research the problem of a two-dimensional fully mixed region
collapsing in continuously density-stratified medium is considered. This research
deals with the numerical treatment of the advective terms in the Navier-Stokes
equations in the Oberbeck-Bousinesq approximation. Comparisons are made between
the upwind scheme, flux-limiter schemes namely Minmod, Superbee, Van Leer and
Monotonized Centred (MC), monotone adaptive stencil schemes namely ENO3 and
SMIF, and weighted stencil scheme WENODS. Laboratory experimental data of Wu (J.
Fluid Mech. , 1969, vol. 35) are used as a benchmark test to compare performance of
different numerical approaches. We found that flux limiter schemes have smallest
numerical diffusion. The WENOS5 scheme describes more accurately the width of
collapse region variation with time. All considered schemes give realistic patterns of
internal gravity waves generatrd by collapse region.

In the third research a variational model for the reduction of speckle noise in
ultrasound images is developed, which assumes that speckle noise follows a Rayleigh
distribution. The model leads to a functional on the space of functions of bounded



variation to be minimized. This functional consists of an energy term and a data-
fidelity term derived from the Rayleigh distribution. It is shown that minimizers of
the functional exist and, under some additional assumptions, are unique. The solution
of the resulting Euler-Lagrange equation is then approximated by the gradient descent
method. For the purpose of verification of the model, a pattern image as well as the
Lenna image are used as sample images, and the correlations between the noisy,
respectively the reconstructed images and the original ones are compared. It is found
that the model can be used successfully to remove noise from images and ultrasound
videos. Finally, the performance of this new model is compared with that of some of
the variational denoising models described in the literature, by means of the sample
images.

The fourth research study has successfully produced a mathematical model that can
be used to predict the rate of solution mediated transformation of polymorphs and
also aid understanding of the phenomenon. The model results have been compared
with experimental values of the solution mediated transformation of o-DL-
methionine into y-DL-methionine (time dependent methionine concentration and
polymorph mass fraction results). Initially the parameters in the model were fitted
based on experimental measurements of crystal growth kinetics, nucleation kinetics,
dissolution Kinetics and induction times for the two polymorphs; there were no
parameters in the model that were fitted using solution mediated transformation data.
This model showed the same trends as the experimental data, but the rate of
transformation was not correct. Analysis of the results showed that the only parameter
that could be responsible for the mismatch was the dissolution rate constant; when
this result was fitted based on solution mediated transformation results then the fit
was very good. Reasons for the mismatch are also discussed. A second study was
made of modeling open steam distillation columns in order to solve for the reflux
ratio resulting in a minimum number of stages. It was hoped to be able to find an
analytical solution to the problem, however while an equation could be found that
gave the solution, the equation was very complex and could not be analytically
solved. The equation could be solved numerically for any set of operating conditions,
and example solutions are shown in this report.



