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บทคัดยอ
โครงการวิจัยนี้ไดทำการพิจารณาองคประกอบของควารกเอสที่มีอยูภายในนิวคลีออนจาก

การละเมิดกฎของโอเส็ดไอในที่พบในปฏิกิริยาแบบทำลายระหวางนิวคลีออนกับแอนตินิวคลีออน
ซึ่งการมีองคประกอบของคูควารกเอสกับแอนติควารกเอสในฟงกชันคลื่นนิวคลีออนจะสามารถ
กอใหเกิดอนุภาคเมซอนชนิดฟไดโดยตรงในปฏิกิริยาดังกลาวโดยไมเกิดการละเมิดกฎของโอเส็ด
ไอ แบบจำลองของโปรตอนที่มีองคประกอบของควารกเอสในฟงกชันคลื่นสามแบบจึงไดถูกนำ
มาพิจารณา ไดแก ฟงกชันคลื่นที่ประกอบดวยกลุมกอนของควารกสองกลุมอันไดแกกลุมที่ประ
กอบดวยควารกยูสองตัวกับควารกดีหนึ่งตัว กับกลุมกอนควารกเอสกับแอนติควารกเอส และ
แบบจำลองที่สองอยูบนพื้นฐานของแบบจำลองไคแรลควารกซึ่งฟงกชันคลื่นมีลักษณะเปนกลุม
กอนของอนุภาคเคออนกับไฮเปอรรอน และแบบสุดทายซึ่งในรูปของเพนตะควารก จากผลการ
คำนวณคาโมเมนตแมเหล็ก และสปนของควารกเอสที่มีผลตออนุภาคโปรตรอน ในกรณีที่ไม
พิจารณาแบบจำลองของควารกแบบสัมพัทธภาพ พบวาแบบจำลองของโปรตอนที่หนึ่งและสอง
นั้นใหคาโมเมนตแมเหล็กและสปนเปนลบ สอดคลองกับผลการทดลองที่ไดมีการรายงานออก
เมื่อเร็วๆนี้ ในขณะที่แบบจำลองที่สามสามารถพบโมเมนตแมเหล็ก และสปนเปนลบไดเฉพาะใน
กรณีที่โครงรางของควารกสี่ตัวเปน [31]FS[211]F [22]S และ [31]FS[31]F [22]S โดยอาศัยแบบ
จำลองทริปเปตพีศูนยรวมกับแผนผังแบบเสนของควารกยังผล เราไดคำนวณคาสัดสวนในการ
เกิดปฏิกิริยาของโปรตอนกับแอนติโปรตอนอยูนิ่งซึ่งถูกประลัยไปเปนอนุภาคฟกับอนุภาคเมซอน
ไดแก ไพ อีตา โรห และโอเมกา ผลลัพธของสัดสวนในการเกิดปฏิกิริยาของอนุภาคฟกับอนุภาค
เมซอนดังกลาวจากสถานะอะตอมคลื่นเอสระหวางโปรตอนกับแอนติโปรตอน พบวาฟงกชันคลื่น
ตามแบบจำลองที่หนึ่งและสามนั้น ไดคาที่มีลักษณะเปลี่ยนแปลงไปตามแตละปฏิกิริยาอยางมาก
และสอดคลองเปนอยางดีกับผลที่ไดจากการทดลอง

II



ABSTRACT IN ENGLISH

Apparent channel-dependent violations of the OZI rule in nucleon-antinucleon anni-

hilation reactions are discussed in the presence of an intrinsic strangeness component

in the nucleon. Admixture of ss̄ quark pairs in the nucleon wave function enables

the direct coupling to the ϕ - meson in the annihilation channel without violating

the OZI rule. Three models are considered in this work for the strangeness content

of the proton wave function, namely, the uud cluster with a ss̄ sea quark compo-

nent, kaon-hyperon clusters based on a chiral quark model, and the pentaquark

picture uudss̄. Nonrelativistic quark model calculations reveal that the strangeness

magnetic moment µs and the strangeness contribution to the proton spin σs from

the first two models are consistent with recent experimental data where µs and

σs are negative. For the third model, the uuds subsystem with the configurations

[31]FS [211]F [22]S and [31]FS [31]F [22]S leads to negative values of µs and σs. With

effective quark line diagrams incorporating the 3P0 model we give estimates for the

branching ratios of the annihilation reactions at rest pp̄ → ϕX (X = π0, η, ρ0, ω).

Results for the branching ratios of ϕX production from atomic pp̄ s-wave states are

for the first and third model found to be strongly channel dependent and in good

agreement with measured rates.
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Chapter 1

Introduction

In the simple constituent quark model, where the proton is made of two constituent

u quarks and one d quark, a good explanation of static properties e.g. magnetic

moment can be achieved. However, experimental results of the pion-nucleon sigma

term value, strange magnetic moment µs, strangeness contribution to nucleon form

factor [1] as well as the apparent violations in nucleon-antinucleon annihilation

reactions involving ϕ meson [2] indicate that the proton might contain a substantial

strange quark-antiquark (ss̄) component. The strangeness sigma term appears to lie

somewhere in the range of 2− 7% of the nucleon mass [3]. The substantial Okubo-

Zwieg-Iizuka (OZI) rule violations in the NN̄ annihilation reactions involving ϕ

meson may suggest the presence of an intrinsic ss̄ in nucleon wave function [4], for

instance, the presence of a q3ss̄(q̄3ss̄) piece in the N(N̄) wave function. With such

an assumption, the ϕ meson could be produced in NN̄ annihilation reactions via

a shake-out or rearrangement of the strange quarks already stored in the nucleon

without the violation of the OZI rule. There are other explanations of the OZI

rule violation without introducing strange component in the nucleon such as the

resonance interpretation, instanton induced interaction [5], and rescattering [6].

The EMC spin experiment [7] on deep inelastic scattering of longitudinally po-

larised muons by longitudinally polarised protons revealed the first time that the

polarization of the strange quark sea may contribute to the proton spin σs a sig-

nificant negative value. This experimental result was confirmed by the subsequent

deep inelastic double polarization experiments. Ref. [8] analyzed all the available

1



CHAPTER 1. INTRODUCTION 2

data then in a systematic way and found σs = −0.10±0.03. Among a large number

of theoretical works, Cheng and Li apply the chiral quark model (ChQM) to explain

the spin and flavor structure of proton [9]. With the fluctuation of the proton into a

kaon and a hyperon, they can explain the negative polarization of the strange quark

sea and get other theoretical results consistent with the DIS experimental results.

However, the configuration of strange quarks in the nucleon is still an open ques-

tion. The strangeness magnetic moment µs can be extrapolated from the strange

magnetic form factor Gs
M (Q2) at the momentum transfer Q2 = 0 measured in the

parity violation experiments of electron scattering from a nucleon [10]. Most ex-

perimental measurements suggest a positive value for µs, in contrast to the recent

experiment data [11] and most theoretical calculations which have obtained negative

values for this observable [12, 13]. A recent work [14] has proposed a different form

for the strangeness content of the proton which has the strange quark piece in terms

of pentaquark configurations instead of the 5-quark component which consist of a

uud cluster and a ss̄ pair proposed for solving the puzzle of violation the OZI rule.

Different pentaquark configurations that may be contained in the proton may yield

both positive and negative values for the strangeness spin and magnetic moment of

the proton.

The experimental results on µs, which is extracted from experimental data on

Gs
M (Q2), are rather uncertain due to the large uncertainties in Gs

M (Q2) and the

extrapolation approach. So it is believed that the proton-antiproton reactions in-

volving ϕ production may be another platform to be applied to tackle the possible

configuration of strange quarks in the proton. In the present work we consider the

strange content in the proton wave function in three models, namely, the uud clus-

ter with a ss̄ sea quark component, kaon-hyperon clusters based on the chiral quark

model, and the pentaquark picture uudss̄. The theoretical σs, µs and branching

ratios of the reactions pp̄→ ϕX (X = π0, η, ρ0, ω) will be compared to experimental

data. We resort to the 3P0 quark model [15] and the nearest threshold dominance

model [16] to obtain quantitative predictions for the branching ratios of the annihi-

lation reactions from atomic pp̄ states with the relative orbital angular momentum

L = 0 [17]. The paper is organized as follows. The proton wave functions are briefly

described in Section 2 while σs and µs are calculated and discussed in Section 3 for
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various strangeness quark configurations. In Section 4 we evaluate the branching

ratios for the reactions pp̄ → ϕX for the three forms of proton wave functions by

using the 3P0 quark model. Finally a summary and conclusion are given in Section

5.



Chapter 2

Proton wave functions

The proton wave function in the presence of strange quarks may include a 5-quark

component qqqss̄ in addition to the uud quark component, taking generically the

form

|p⟩ = A|uud⟩+B|uudss̄⟩ (2.1)

where A and B are the amplitudes for the 3- and 5-quark components in the proton,

respectively [18]. The possible spin-flavor structures of the 5-quark components dis-

cussed in the NN̄ annihilation process are considered in the next three subsections.

2.1 Proton wave function with an explicit ss̄ sea-

quark component

We consider the idea that strange quarks are present in the form of an ss̄ sea-quark

component in the proton state. This idea was proposed for describing the apparent

violation of the OZI rule in the ϕNN production process [19] and in more general

form used to discuss the ϕ meson production in NN̄ annihilation reactions [4]. The

corresponding 5-quark component for this model can be written in Fock space as

|uudss̄⟩ss̄ = a0|(uud)1/2(ss̄)0⟩1/2 + a1|(uud)1/2(ss̄)1⟩1/2 (2.2)

where the subscripts denote the spin coupling of the quark clusters, a0 and a1

represent the amplitudes for the spin 0 and spin 1 components of the admixed ss̄

4



CHAPTER 2. PROTON WAVE FUNCTIONS 5

pairs.

2.2 Proton wave function based on a chiral quark

model

In the chiral quark model, the dominant process is the fluctuation of a valence

quark q into a quark q′ plus a Goldstone boson (GB) which in turn forms a (qq̄′)

system [20]. After the fluctuation of the u and d quarks in the proton, one of these

quarks turns into a quark plus a quark-antiquark pair involving a strange quark.

This idea was considered, for example, for calculating the flavor and spin content of

the proton [9]. To obtain the proton wave function we consider the SU(3) invariant

interaction Lagrangian of baryon octet with nonet of pseudoscalar mesons:

LI = −g8
√
2
(
α[B̄BP ]F + (1− α)[B̄BP ]D

)
− g1

1√
3
[B̄BP ]S (2.3)

where g8 = 3.8 and g1 = 2.0 are coupling constants [21] and α is known as the

F/(F +D) ratio with F ≃ 0.51, D ≃ 0.76 [22]. The square parentheses denote the

SU(3) invariant combinations:

[B̄BP ]F = Tr(B̄PB)− Tr(B̄BP ) , (2.4)

[B̄BM ]D = Tr(B̄PB) + Tr(B̄BP )− 2

3
Tr(B̄B)Tr(P ) , (2.5)

[B̄BP ]S = Tr(B̄B)Tr(P ) , (2.6)

where B and P are the baryon octet and pseudoscalar meson nonet matrices, re-

spectively, given by

B =


Σ0
√
2
+ Λ√

6
Σ+ p

Σ− −Σ0
√
2
+ Λ√

6
n

−Ξ− Ξ0 − 2Λ√
6

 , (2.7)

P =


π0
√
2
+ η8√

6
+ η1√

3
π+ K+

π− − π0
√
2
+ η8√

6
+ η1√

3
K0

K− K̄0 −2η8√
6

+ η1√
3

 . (2.8)
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The part of the interaction Lagrangian which allows for a fluctuation of the proton

into kaons and hyperons is contained in

LI = −g1p̄η1p+ g8

[
p̄π0 +

1− 4α√
3

p̄η8 +
1 + 2α√

3
Λ̄K− + (2α− 1)Σ̄0K−

−
√
2n̄π− +

√
2(2α− 1)Σ̄−K0

]
p+ · · · (2.9)

The final states resulting from pseudoscalar meson emission by the proton are sum-

marized as

|Ψ⟩ ∼ −g1|pη1⟩+ g8

[
1− 4α√

3
|pη8⟩+ |pπ0⟩+ 1 + 2α√

3
|ΛK+⟩

+ (2α− 1)|Σ0K+⟩ −
√
2|nπ+⟩+

√
2(2α− 1)|Σ+K0⟩

]
. (2.10)

In the absence of the fluctuation, the proton is made up of the conventional two u

quarks and one d quark. Thus Ψ(p) may be interpreted as the 5-quark component

of the proton wave function which is given by

|uudss̄⟩ChQM = G1|Σ0K+⟩+G2|Σ+K0⟩+G3|Λ0K+⟩+G4|pη1⟩+G5|pη8⟩+ ,(2.11)

where the Gi are the coefficients corresponding to the respective factor in Eq. (2.10).

Each component in the last equation can be represented in terms of quark cluster

comnfigurations as

|pη1,8⟩ = |(uud)1/2(ss̄)0⟩1/2 , |Σ0K+⟩ = |(uds)1/2(us̄)0⟩1/2 ,

|Σ+K0⟩ = |(uus)1/2(ds̄)0⟩1/2 , |Λ0K+⟩ = |(usd)1/2(us̄)0⟩1/2 . (2.12)

2.3 Proton wave function including general config-

urations of the uuds subsystem

Another, more general form of the 5-quark component was proposed and analyzed

in Ref. [14]. Instead of first generating a meson coupling to a baryon cluster, they

consider the genuine 5-quark or q4q̄ pentaquark component in the proton. In this

model the 5-quark component in this model may be expressed in terms of the uuds



CHAPTER 2. PROTON WAVE FUNCTIONS 7

and the s̄ wave functions as

|uudss̄⟩uuds = |(uuds)s̄⟩1/2. (2.13)

The flavor wave functions for the uudss̄ components are usually constructed by

coupling the uuds to the s̄ flavor wave function. The configurations studied in [14]

include at most one unit of orbital angular momentum. The favored configurations

are connected to a positive sign for the strangeness magnetic moment and a negative

one for the strangeness contribution to the proton spin.



Chapter 3

Strangeness magnetic

moment and spin of the

proton

In the nonrelativistic quark model the strangeness magnetic moment operator µ⃗s

and the strangeness contribution to the proton spin operator σ⃗s are defined as

µ⃗s =
e

2ms

∑
i

Ŝi(ℓ̂s + σ̂s) , (3.1)

σ⃗s = σ̂s + σ̂s̄ . (3.2)

Ŝi is the strangeness counting operator with eigenvalue +1 for an s and -1 for an s̄

quark and ms is the constituent mass of the strange quark. To calculate the matrix

elements of these operators explicit forms of the spin-flavor wave functions of the

proton including orbital angular momentum are needed.

For the first model the spin-flavor wave function can be constructed by coupling

the |ss̄⟩js=0,1 configuration to the |uud⟩1/2 cluster. Since the admixed ss̄ carries

negative intrinsic parity, an orbital P-wave (ℓ = 1) has to be introduced into the

nucleon quark cluster wave function. The simplest configuration (see also Ref. [19])

corresponds to an 1S-state of the ss̄ pair moving in a p-wave relative to the (uud) va-

lence quark cluster of the nucleon. Then the 5-quark component with total angular

8
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momentum 1/2 can be written in the general form:

|uudss̄⟩ss̄1
2 ,mpss̄=

1
2
=

∑
js,ji=0,1

αjsji |[(ss̄)js ⊗ ℓ = 1]ji ⊗ (uud) 1
2
⟩ 1

2 ,mpss̄=
1
2

(3.3)

with the normalization
∑

js,ji=0,1

|αjsji |2 = 1.

Similarly, for the proton wave function in the ChQM, where the sea-quark con-

tributions are embedded in the pseudoscalar mesons, a relative P -wave between the

pseudoscalars and the uud or hyperon clusters has to be included. The spin-flavor

wave function with spin +1/2 for each coupled meson-baryon state of Eq. (2.12)

may be expressed as

|uudss̄⟩ChQM
1
2 ,

1
2

= |[(qs̄)js=0 ⊗ ℓ = 1]ji ⊗ (qqs)s⟩ 1
2 ,mpss̄=

1
2
. (3.4)

Wave functions of the pentaquark uudss̄ states employed in the third model are

more complicated because no restrictions are set concerning the sub-clusters. One

has to carefully consider the coupling of the color, spin, flavor and spatial parts

to construct the total wave functions [14]. The color part of the antiquark in the

pentaquark states is a [11] antitriplet, denoted by the Weyl tableau of the SU(3)

group. Hence the color symmetry of all the uuds configurations is limited to a [211]

triplet in order to form a pentaquark color singlet labeled by the Weyl tableau [222].

Three flavor symmetry patterns exist for the uuds system corresponding to the octet

representation for the proton: [31]F , [22]F and [211]F characterized by the S4 Young

tableau. However, the pentaquark should be antisymmetric under any permutation

of the four quark configuration. If the spatial wave function is symmetric, the

spin-flavor part of the uuds component must be a [31] state in order to form the

antisymmetric color-spin-flavor uuds part of the pentaquark wave function. For

instance, the flavor symmetry representations [31]F and [211]F may combine with

the spin symmetry state [22]S to form the mixed symmetry spin-flavor states [31]FS

(the explicit forms may be found in [14, 23, 24]). In this work we consider only the

case that the uuds component is in the ground state with the spin symmetry [22]S

corresponding to spin zero, and the relative orbital angular momentum between the

uuds component and the s̄ is of one unit to obtain the positive parity for the proton

wave function.
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|uudss̄⟩ µs(
eB2

2ms
) σs(B

2)

ss̄ −0.55ᾱα0,1 −1.22ᾱ2 [17]

ChQM −1.1g28 −0.31g28

[31]FS [211]F [22]S − 1
3 [14] − 1

3 [14]

[31]FS [31]F [22]S − 1
3 [14] − 1

3 [14]

Table 3.1: Strangeness magnetic moment and spin of the proton for the three models
of the 5-quark component.

Theoretical results for the strangeness magnetic moment µs of the proton and

the strangeness contribution to the proton spin σs are listed in Table I. In the

first model we have fixed the configuration parameters as α1,0 = α1,1 = ᾱ. The

strangeness magnetic moment µs depends explicitly on α0,1, which is related to the

amplitude for the ss̄ quark cluster with spin 0. Setting α0,1 = 0 is equivalent to

excluding the quantum number JPC = 0−+ for the ss̄ admixture in the nucleon wave

function connected to the the production of η and η′ inNN̄ annihilation as discussed

in [18, 25]. The chiral quark model always gives results for µs and σs which are

negative, the size of the strangeness contribution depends on the coupling g28 . For

the third model, we show only the results for the cases where the uuds component

is in the ground state with the spin-flavor configurations [31]FS [211]F [22]S and

[31]FS [31]F [22]S and the relative motion between the uuds component and the s̄ is

a P -wave.

All the three models yield negative values for the strangeness contribution to the

proton spin, which is consistent with present experimental results [7, 8]. Negative

values for the strangeness magnetic moment also result from all three models. Note

that we restricted the considerations of Ref. [14] to the pentaquark components

with the uuds configurations [31]FS [211]F [22]S and [31]FS [31]F [22]S , respectively.



Chapter 4

NN̄ transition amplitude and

branching ratios

To describe the annihilation reactions NN̄ → Xϕ (X = π0, η, ρ0, ω) we use an

effective transition dynamics, which is evaluated in the context of a simple con-

stituent quark model. In this specific process the ϕ meson couples to the intrinsic

ss̄ component of the nucleon, which is the leading order OZI allowed contribution.

The process pp̄ annihilation into ϕX involving the 5-quark components in the pro-

ton wave function can be described by the quark line diagrams of Fig. 1. In the

hadronic transition the effective quark annihilation operator is taken with the quan-

tum numbers of the vacuum (3P0, isospin I = 0 and color singlet). Meson decays

and NN̄ annihilation into two mesons are well described phenomenologically using

such an effective quark-antiquark vertex. At least fro meson decay, this approxima-

tion has been given a rigorous basis in strong-coupling QCD. The nonperturbative

qq̄ 3P0 vertex is defined according to [26]

V ij =
∑
µ

σij
−µY1µ(q⃗i − q⃗j)δ

(3)(q⃗i + q⃗j)(−1)1+µ1ijF 1
ij
C , (4.1)

where Y1µ(q⃗) = |q⃗|Y1µ(q̂) with Y1µ(q̂) being the spherical harmonics in momentum

space, and 1ijF and 1ijC are unit operators in flavor and color spaces, respectively. The

spin operator σij
−µ is part of the 3P0 vertex, destroying or creating quark-antiquark

pairs with spin 1.

11
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Figure 4.1: Quark line diagrams for the production of two meson final states in pp̄
annihilation. Small circles refer to the effective vertex of the 3P0 quark dynamics
for qq̄ annihilation. The first diagram corresponds to the shake-out of the intrinsic
ss̄ component of the proton wave function [4, 17].

In the momentum space representation the transition amplitudes for the quark

diagrams of Fig. 1 are given by

TAI =

∫
d3q1..d

3q8d
3q1′ ..d

3q4′⟨ϕX|q⃗1′ ..q⃗4′⟩

× ⟨q⃗1′ ..q⃗4′ |OAI
|q⃗1..q⃗8⟩⟨q⃗1..q⃗8|(uudss̄)⊗ (ūūd̄)⟩ (4.2)

where (ūūd̄) stands for the antiproton wave function and (uudss̄) for the five quark

component of the proton wave function. The effective operators OAI
take the form

OA1 = λA1δ
(3)(q⃗1 − q⃗1′)δ

(3)(q⃗2 − q⃗2′)δ
(3)(q⃗3 − q⃗3′)δ

(3)(q⃗8 − q⃗4′)V
56V 47 , (4.3)

OA2 = λA2δ
(3)(q⃗2 − q⃗1′)δ

(3)(q⃗3 − q⃗2′)δ
(3)(q⃗1 − q⃗3′)δ

(3)(q⃗8 − q⃗4′)V
56V 47 , (4.4)

OA3 = λA3δ
(3)(q⃗2 − q⃗1′)δ

(3)(q⃗3 − q⃗2′)δ
(3)(q⃗4 − q⃗3′)δ

(3)(q⃗8 − q⃗4′)V
56V 17 . (4.5)

The δ-functions represent the noninteracting and continuous quark-antiquark lines
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in the diagrams. The constants λAI
describe the effective strength of the transition

topology and are considered to be overall fitting parameters in the phenomenological

description of experimental data. Since the 5-quark component is treated as a small

perturbative admixture in the proton (B2 << 1), we ignore the transition amplitude

with a term to ⟨q⃗1..q⃗8|(uudss̄)⊗ (ūūd̄s̄s)⟩ or the rearrangement process [4].

In this work the internal spatial wave functions are taken in the harmonic os-

cillator approximation. For the mesons M (ϕ and X), the wave function can be

expressed in terms of the quark momenta as

⟨M |q⃗i′ q⃗j′⟩ ≡ φM (q⃗i′ , q⃗j′)χM = NMexp

{
−R

2
M

8

(
q⃗i′ − q⃗j′

)2}
χM , (4.6)

with NM = (R2
M/π)

3/4 and RM is the meson radial parameter. The spin-color-

flavor wave function is denoted by χM . The baryon wave functions are given by

⟨B|q⃗iq⃗j q⃗k⟩ ≡ φBχB = NBexp

{
−R

2
B

4

[
(q⃗j − q⃗k)

2 +
(q⃗j + q⃗k − 2q⃗i)

2

3

]}
χB , (4.7)

where NB = (3R2
B/π)

3/2 and RB is the baryon radial parameter. For the first

and the second model the full 5-quark component wave function, resulting from the

coupling of a meson to a baryon, is given by

⟨q⃗1 · q⃗5|uudss⃗⟩ = φuudss̄(q⃗1, · · · , q⃗5)χuudss̄

= Nuudss̄ exp

{
−R

2
B

4

[
(q⃗4 − q⃗5)

2 +
(q⃗4 + q⃗5 − 2q⃗3)

2

3

]}
× exp

{
−R

2

8
(q⃗3 + q⃗4 + q⃗5 − q⃗1 − q⃗2)

2

}
Y1µ(q⃗3 + q⃗4 + q⃗5 − q⃗1 − q⃗2)

× exp

{
−R

2
M

8
(q⃗1 − q⃗2)

2

}
(χB ⊗ χM ). (4.8)

The exponential form with the radial parameter R and the spherical harmonics Y1µ

together represent the internal relative P-wave between the 3-quark and 2-quark

clusters.

For the third model the proton wave function includes a pentaquark component

uudss̄ with the uuds part in the ground state and the P-wave internal relative

orbital angular momentum between uuds and the s̄. One may write the spatial
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wave function of the pentaquark component uudss̄ as

φuudss̄(q⃗1, · · · , q⃗5) = Nuudss̄ exp

{
−R

2
B

4

[
(q⃗2 − q⃗3)

2 +
(q⃗2 + q⃗3 − 2q⃗4)

2

3

+
(q⃗2 + q⃗3 + q⃗4 − 3q⃗5)

2

6
+

(q⃗2 + q⃗3 + q⃗4 + q⃗5 − 4q⃗1)
2

10

]}
× Y1µ

(
q⃗2 + q⃗3 + q⃗4 + q⃗5 − 4q⃗1√

20

)
. (4.9)

By choosing the plane wave basis for the relative motion of the proton and

antiproton, the initial state wave functions in the center of momentum system (k⃗ =

q⃗1 + q⃗2 + q⃗3 + q⃗4 + q⃗5) are obtained as:

⟨q⃗1 · · · q⃗8|(uudss̄)⊗ (ūūd̄)⟩ = φuudss̄,p̄[χuudss̄ ⊗ χp̄]S,Sz (4.10)

with

φuudss̄,p̄ = φuudss̄φp̄δ
(3)(q⃗1 + q⃗2 + q⃗3 + q⃗4 + q⃗5 − k⃗)δ(3)(q⃗6 + q⃗7 + q⃗8 + k⃗) . (4.11)

The spins of the pp̄ system are coupled to the total spin S with projection Sz.

Similarly, the final state ϕX wave functions in the center of momentum system are

given by (q⃗ = q⃗1′ + q⃗2′):

⟨ϕX|q⃗1′ ...q⃗4′⟩ = φϕ,X [χϕ ⊗ χX ]ji,mϵ (4.12)

with

φϕ,X = φϕφXδ
(3)(q⃗ − q⃗1′ − q⃗2′)δ

(3)(q⃗ + q⃗3′ + q⃗4′) . (4.13)

The spins of the two meson states are coupled to ji with projection mϵ.

In the low-momentum approximation, the transition amplitude Tfi of the an-

nihilation reaction of the S-wave pp initial state i to the P -wave two-meson final

state f with the quark line diagrams AI as shown in Fig. 1 is derived as

Tfi(q⃗, k⃗) = λAI
FL=0,ℓf=1q exp

{
−Q2

qq
2 −Q2

kk
2
}
⟨f |OAI

|i⟩ (4.14)

The index i represents the initial state 2I+1,2S+1LJ where L is the orbital angular

momentum, S is the total spin, J is the total angular momentum and I is the
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total isospin. The final state f is represented by the set of quantum numbers

f = {ℓf jJ ′} where ℓf is the relative orbital angular momentum. The constants

F0,1, Q
2
q and Q2

k are geometrical constants depending on the radial parameters.

The matrix element ⟨f |OAI
|i⟩ is the spin-flavor weight for a quark line diagram

AI . The detailed evaluation of the expression in Eq.(4.14) is given in Appendix A.

Since the in the particle basis pp̄ and nn̄ give the same spin-flavor weight, the ϕ

production from the nucleon-antinucleon annihilation at rest can be described by

the transition amplitude Eq.(4.14) multiplied with a factor
√
2.

As we consider pp̄ annihilations at rest where the strong interaction between

the proton and antiproton may largely distort the pp hydrogen-like wave function

at small distances [27], the effect of the initial state interaction is in general not

negligible. The inclusion of the initial state interaction for the atomic state of the

pp̄ system results in the transition amplitude [28],

Tf,LSJ(q⃗) =

∫
d3k Tfi(q⃗, k⃗)ϕ

I
LSJ(k⃗), (4.15)

where ϕILSJ(k⃗) is the protonium wave function in momentum space for fixed isospin

I. The partial decay width for the transition of the pp̄ state to the two-meson state

ϕX is given by

Γpp̄→ϕX =

∫
d3pϕ
2Eϕ

d3pX
2EX

δ(3)(p⃗ϕ + p⃗X)δ(E − Eϕ − EX)|Tf,LSJ(q⃗)|2 (4.16)

where E is the total energy (E = 1.876 GeV) and Eϕ,X =
√
m2

ϕ,X + p⃗2ϕ,X is the

energy of outgoing meson ϕ and X with mass mϕ,X and momentum p⃗ϕ,X . With

the explicit form of the transition amplitude given by Eq. (4.14), the partial decay

width for the S to P transition (L = 0, ℓf = 1) is written as

Γpp̄→ϕX = λ2AI
f(ϕ,X)⟨f |OAI |i⟩2γ(I, J), (4.17)

with

γ(I, J) = |F0,1

∫
d3k ϕILSJ(k⃗)exp

{
−Z2

γk
2
}
|2 (4.18)
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Table 4.1: Spin-flavor matrix elements ⟨f |OAI |i⟩ for the transitions pp̄(L = 0) →
ϕX(ℓf = 1) which are described by the quark line diagram AI . Here ηud refers to
the nonstrange flavor combination ηud = (uū+ dd̄)/

√
2.

Transition ss̄A1 ChQM [31][31][22]A1 [31][211][22]A1

11S0→ ωϕ 5
9
√
6

-0.097 5
36

√
6

5
36

√
6

33S1→ π0ϕ 5
27

√
2

0.031 5
108

√
2

5
108

√
2

31S0→ ρ0ϕ 13
27

√
6

0.040 13
108

√
6

13
108

√
6

13S1→ ηudϕ
1

9
√
2

0.013 1
36

√
2

1
36

√
2

and the kinematical phase-space factor defined by

f(ϕ,X) = 2π
EϕEX

E
q3exp

{
−2Z2

αq
2
}
. (4.19)

The spin-flavor weights ⟨f |OAI
|i⟩ for the transitions NN̄ → ϕX involving the dif-

ferent 5-quark components of the proton wave functions are listed in Table II. For

the initial values of the total angular momentum J the statistical weights 1/4 and

3/4 have to be added for J = 0 and J = 1, respectively. Finally the branching ratio

of S-wave pp̄ annihilation to the final state ϕX is then given by

BR(ϕ,X) =
(2J + 1)Γpp̄→ϕX

4Γtot(J)
, (4.20)

where Γtot(J) is the total annihilation width of the pp̄ atomic state with fixed

principal quantum number [29].

The model dependence in Eq.(4.17) may be reduced by choosing a simplified

phenomenological approach that has been applied in studies of two-meson branch-

ing ratios in nucleon-antinucleon [28] and radiative protonium annihilation [30].

Namely, instead of the phase space factor in Eq.(4.19) which depends on the rel-

ative momentum and the masses of ϕX system, we use a kinematical phase-space

factor of the form

f(ϕ,X) = q · exp{−as (s− sϕX)1/2} (4.21)

where as = 1.2 GeV−1, sϕX = (mϕ+mX)1/2 and
√
s = (m2

ϕ+q
2)1/2+(m2

X+q2)1/2.
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Last form is obtained from the fit to the momentum dependence of the cross section

of various annihilation channels [16]. In addition, the functions γ(I, J), depending

on the initial-state interaction, are related to the probability for a protonium state

to have isospin I and spin J with the normalization condition γ(0, J)+γ(1, J) = 1.

Here we adopt for a protonium state the probability γ(I, J) and the total decay

width Γtot(J) obtained in an optical potential calculation [31], where explicit values

are listed in [29].

In Table III we give the theoretical results for the branching ratios of Eq. (4.20)

compared with experimental data. The branching ratios BRss̄, resulting from the

first model where the proton wave function has an explicit ss̄ admixture, have

already been derived and studied in Ref. [17] by using the same approach. An-

nihilation processes in the first and third model are described by the quark line

diagram A1. Since the effective strength parameter λA1 is a priori unknown it has

to be adjusted to data. For this purpose one entry (as indicated by ⋆) is normalized

to the observed value.

For the second chiral model where the proton wave function contains a kaon-

hyperon or eta-proton cluster component, all three quark line diagrams may have

contributions to the pp annihilation process. However, the process proceeding by

the diagram A1 with the |pη⟩ component in the proton wave function has no con-

tribution to the transition because of orthogonality to the ϕ state. Therefore, the

annihilation process in the second model can only be described by the quark line

diagrams A2 and A3. Considering the same annihilation pattern in these two dia-

grams, for simplicity the two unknown strength parameters are of the same order

with λA2 = λA3 . Model predictions are also normalized to experimental data (as

indicated by ⋆). For final states with X = η, the physical η meson is produced by

its nonstrange component ηud with η = ηud(
√

1/3cosθ −
√

2/3sinθ) corresponding

to a variation of the pseudoscalar mixing angle θ from θ = −10.7o to θ = −20o.

As shown in Table III, the theoretical results of the first and third models, where

the proton wave function possesses respectively a small kaon-hyperon component

and a pentaquark, are in good agreement with the experimental data. Note that for

these two cases the annihilation processes pp̄ → ϕX are described with the quark

line diagram A1.
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Table 4.2: Branching ratio BR(×104) for the transition pp̄→ ϕX (X = π0, η, ρ0, ω)
in pp̄ annihilation at rest. The results indicated by ⋆ are normalized to the experi-
mental values.

Transition BRexp BRss̄ BRChQM BR[31][31][22] BR[31][211][22]

11S0→ ωϕ 6.3±2.3 6.3 ⋆ 6.3 ⋆ 6.3 ⋆ 6.3 ⋆

33S1→ π0ϕ 5.5 ± 0.7 5.4 1.6 5.4 5.4

31S0→ ρ0ϕ 3.4 ± 1.0 3.8 0.87 3.8 3.8

13S1→ ηϕ 0.9 ± 0.3 1.4−1.8 0.20−0.27 1.4−1.8 1.4−1.8



Chapter 5

Conclusions

Three models have been studied for the proton involving intrinsic strangeness in the

form of a 5-quark component qqqss̄ in the wave function. In particular, the proton

wave function is made up of a uud configuration and a uud cluster with a ss̄ sea-

quark component, kaon-hyperon clusters based on the simple chiral quark model,

or a pentaquark component uudss̄. We have calculated the strangeness magnetic

moment µs and spin σs for the first and second models and generate negative values

in line with recent experimental indication. Similarly, for the third model we pick

these configurations, where negative values for µs and σs result [14].

We further applied quark line diagrams supplemented by the 3P0 vertex to

study the annihilation reactions pp̄ → ϕX (X = π0, η, ρ0, ω) with the three types

of proton wave functions. Excellent agreements of the model predictions in the first

and third models with the experimental data are found for the branching ratios of

the reactions of the L = 0 atomic pp̄ state to ϕX (X = π0, η, ρ0, ω).
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Appendix A

Transition amplitude of the

proton wave function with ss̄

sea quark

To describe the annihilation process of pp̄ → ϕX where X = π0, η, ρ0, ω with the

proton wave function with ss̄ sea quark we consider the shake-out of the intrinsic

ss̄ component of the proton wave function as indicated in the diagram A1. With

the operator OA1 and the full account of the spin-flavor-color-orbital structure of

the initial and final state, the transition amplitude can be written as

T ss̄
if = λA1⟨f |

∑
ν,λ

(−1)ν+λσ56
−νσ

47
−λ1

56
F 147F 156C 147C I

ss̄
spatial|i⟩ (A.1)

where

|i⟩ = |{χ 1
2 ,mpss̄

(uudss̄)⊗ χ 1
2 ,mp̄

(ūūd̄)}S,Sz ⊗ (L,M)⟩J,Jz , (A.2)

|f⟩ = |{χ1,mα(ϕ)⊗ χjm,m3′,4′ (X)}j,mϵ ⊗ (ℓf ,mf )⟩J ′,J′
z
, (A.3)

and the total angular momentum of the initial state |i⟩ (the final state |f⟩) are

coupled to J with projection Jz (J ′ with projection J ′
z). Subscripts refer to the

24
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corresponding orbital structure. The spin-flavor-color content of the clusters is

denoted by χ(= χσ ⊗χF ⊗χC). The 5-quark component χ 1
2 ,mpss̄

(uudss̄) is defined

as

χ 1
2 ,mpss̄

(uudss̄) = |{χjs,ms(ss̄)⊗ (ℓ = 1, µ)}ji,mi ⊗ χ 1
2 ,mp

(uud)⟩ 1
2 ,mpss̄

, (A.4)

The spatial wave amplitude Iss̄spatial is explicitly given by

Iss̄spatial =

∫
d3q1...d

3q8d
3q1′ ...d

3q4′φϕ,XOspatial
A1

φuudss̄,p̄ (A.5)

where

Ospatial
A1

= Y1λ(q⃗4 − q⃗7)δ
(3)(q⃗4 + q⃗7)Y1ν(q⃗5 − q⃗6)δ

(3)(q⃗5 + q⃗6)

δ(3)(q⃗1 − q⃗1′)δ
(3)(q⃗2 − q⃗2′)δ

(3)(q⃗3 − q⃗3′)δ
(3)(q⃗8 − q⃗4′). (A.6)

By choosing a plane wave basis and the harmonic oscillator approximation for the

relative motions and the internal spatial wave functions respectively, the spatial

wave functions in Iss̄spatial are given by

φuudss̄,p̄ = φuudss̄φp̄δ
(3)(q⃗1 + q⃗2 + q⃗3 + q⃗4 + q⃗5 − k⃗)δ(3)(q⃗6 + q⃗7 + q⃗8 + k⃗), (A.7)

φϕ,X = φϕφXδ
(3)(q⃗ − q⃗1′ − q⃗2′)δ

(3)(q⃗ + q⃗3′ + q⃗4′), (A.8)

φuudss̄ = Nuudss̄exp

{
−R

2
B

2
[(
q⃗4 − q⃗5√

2
)2 + (

q⃗4 + q⃗5 − 2q⃗3√
6

)2]

}
exp

{
−R

2

8
(q⃗3 + q⃗4 + q⃗5 − q⃗1 − q⃗2)

2

}
Y1µ(q⃗3 + q⃗4 + q⃗5 − q⃗1 − q⃗2)

exp

{
−R

2
M

8
(q⃗1 − q⃗2)

2

}
, (A.9)

φp̄ = Np̄exp

{
−R

2
B

2
[(
q⃗6 − q⃗7√

2
)2 + (

q⃗6 + q⃗7 − 2q⃗8√
6

)2]

}
, (A.10)

φϕ = Nϕexp

{
−R

2
M

8
(q⃗1′ − q⃗2′)

2

}
, (A.11)

φX = NXexp

{
−R

2
M

8
(q⃗3′ − q⃗4′)

2

}
. (A.12)
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With x⃗2 = p⃗2, x⃗3 = p⃗3 and x⃗4 = bp⃗3+ p⃗4 with b = −1/2, the spatial wave amplitude

is reduced to

Iss̄spatial =

∫
d3p2d

3p3d
3p4Nδ

(3)(⃗0)exp(−Q2
kk⃗

2 −Q2
q q⃗

2 −Q2
kqk⃗ · q⃗

−Q2
p2
p⃗22 −Q2

p3
p⃗23 −Q2

p4
p⃗24)

Y1,λ(2(−α3k⃗ − α4k⃗ + k⃗ − q⃗ − p⃗3
2

− p⃗4 − q⃗β3 − q⃗β4))

Y1,µ(k⃗ − 2q⃗)Y1,ν(2(−
p⃗3
2

+ p⃗4 + k⃗α4 + q⃗β4)) (A.13)

where

Q2
k =

4R2
MR

2
B + 9R2R2

B + 3R2
MR

2

24 (R2
M + 3R2

B)
,

Q2
q =

12R4
B + 5R2

MR
2
B + 36R2R2

B + 12R2
MR

2

24 (R2
M + 3R2

B)
,

Q2
kq = −R

2
MR

2
B + 9R2R2

B + 3R2
MR

2

6 (R2
M + 3R2

B)
,

Q2
p2

= R2
M ,

Q2
p3

=
1

2

(
R2

M + 3R2
B

)
,

Q2
p4

= 2R2
B . (A.14)

To described the annihilation process at rest, the partial wave amplitude can be

obtained by projecting the transition amplitude onto the partial wave corresponding

to S to P transition. So the spatial wave amplitude for L = 0 to ℓf = 1 transition

is given by

Ispatial,L=0,ℓf=1 =

∫
dΩkdΩqY∗

0,0(k̂)Y∗
1,mf

(q̂)Ispatial . (A.15)

The spatial wave amplitude corresponding to leading order in the external momenta

q is given by

Iss̄spatial,0,1 = qF ss̄
0,1f

ss̄
0,1(ν, λ, µ,mf )exp

{
−Q2

qq
2 −Q2

kk
2
}

(A.16)
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The geometrical constant F ss̄
0,1 and the spin-angular momentum function fss̄0,1(ν, λ, µ,mf )

are given by

F ss̄
0,1 = 2Nπ2

(
1

Q2
p2

)
3/2

(
3
√
π(

Q2
p4

)
5/2

− 3
√
π

4
(
Q2

p3

)
5/2

)
δ(3)(⃗0),

fss̄0,1(ν, λ, µ,mf ) = (−1)νδν,−λδµ,mf
. (A.17)

With the spatial wave amplitude Iss̄spatial the transition amplitude T ss̄
if has the form

as eq.(4.14) with the spin-flavor weight:

⟨f |OA1 |i⟩ = ⟨f |
∑
ν,λ

(−1)ν+λσ56
−νσ

47
−λ1

56
F 147F 156C 147C (−1)νδν,−λδµ,mf

|i⟩. (A.18)

To evaluate the spin-color-flavor wight ⟨f |OA1 |i⟩, for S to P transition, firstly we

decouple the couple spins and angular momentums form the spin of quark clusters:

⟨f |OA1 |i⟩ =
∑

mϵ,mf

∑
mα,m3,8

∑
mpss̄,mp̄

∑
mi,mp

∑
ms,µ

∑
ν,λ

⟨j, 1,mϵ,mf |J ′, J ′
z⟩

⟨1, jm,mα,m3,8|j,mϵ⟩⟨
1

2
,
1

2
,mpss̄,mp̄|J, Jz⟩

⟨ji,
1

2
,mi,mp|

1

2
,mpss̄⟩⟨js, 1,ms, µ|ji,mi⟩

(−1)ν+λ(−1)νδν,−λδµ,mf
⟨SCF ⟩ss̄ (A.19)

with the matrix element

⟨SCF ⟩ss̄ = ⟨χ1,mα
(ϕ)χjm,m3′,4′ (X)|

σ56
−νσ

47
−λ1

56
F 147F 156C 147C |χjs,ms(ss̄)χ 1

2 ,mp
(uud)χ 1

2 ,mp̄
(ūūd̄)⟩. (A.20)

For color state wave function of meson and baryon that have to be singlet, the

corresponding color state wave function for each 2q and 3q is given by

χC(qq̄) =
1√
3
(RR̄ + GḠ + BB̄), (A.21)

χC(qqq) =
1√
6
(RGB− RBG−GRB+GBR− BGR+ BRG). (A.22)
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Transition ⟨f |OA1 |i⟩

11S0→ ωϕ 5
3
√
3

33S1→ π0ϕ 5
9

31S0→ ρ0ϕ 13
9
√
3

13S1→ ηϕ 1
3

Table A.1: Spin-flavor matrix elements ⟨f |OA1 |i⟩ for the transition pp̄(L = 0) →
ϕX(ℓf = 1) of the proton wave function with ss̄ sea quark component. Here, ηud
refers to the nonstrange flavor combination ηud = (uū+ dd̄)/

√
2.

With corresponding spin and isospin quantum number of each meson X

|ω⟩ ≡ |jm = 1, T38 = 0⟩, |π0⟩ ≡ |jm = 0, T38 = 1⟩,

|ρ0⟩ ≡ |jm = 1, T38 = 1⟩, |η⟩ ≡ |jm = 0, T38 = 0⟩ (A.23)

the spin-flavor wight ⟨f |OA1 |i⟩ of the different transitions are calculated as listed

in table A.1



Appendix B

Transition amplitude of the

proton wave function from

the chiral quark model

In case of the ChQM, the annihilation process can be described by the quark line

diagrams A2 and A3, we obtain the transition amplitude as

TChQM
if = TChQM

if (OA2) + TChQM
if (OA3). (B.1)

The corresponding transition amplitude for the two quarks line diagrams are given

by

TChQM
if (OA2) = λA2⟨f |

∑
ν,λ

(−1)ν+λσ56
−νσ

47
−λ1

56
F 147F 156C 147C I

ChQM
spatial,A2

|i⟩ (B.2)

and

TChQM
if (OA3) = λA3⟨f |

∑
ν,λ

(−1)ν+λσ56
−νσ

17
−λ1

56
F 117F 156C 117C I

ChQM
spatial,A3

|i⟩. (B.3)

29
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The initial stats |i⟩ and final state |f⟩ have the form as defined by eq.(A.2) and

eq.(A.3), but the 5-quark component in this case is given by

χ 1
2 ,mKY

(uudss̄) = g8

3∑
i=1

bi|{χi
js,ms

(qs̄)⊗ (ℓ = 1, µ)}ji,mi ⊗ χi
1
2 ,mY

(qqs)⟩ 1
2 ,mKY

,

(B.4)

where i = 1, 2, 3 represent the kaon-hyperon cluster K+Σ0, K0Σ+ and K+Λ0 re-

spectively. The coefficients corresponding to each component are represented by

bi:

b1 = 2α− 1, b2 =
2α+ 1√

3
, b3 =

√
2(2α− 1). (B.5)

The spatial wave amplitude corresponding to leading order in the external momenta

q take the form

IChQM
spatial,0,1,A2

= qFA2
0,1f

A2
0,1(ν, λ, µ,mf )exp

{
−Q2

qq
2 −Q2

kk
2
}
, (B.6)

with the geometrical constant and the spin-angular momentum function are given

by

FA2
0,1 = −6g8Nπ

4 (a3 − 1) a4

(
1

Q2
33

)
3/2

√
1

Q10
p1

(
1

Q2
p4

)
3/2 (β1 + β4 + 1) δ(⃗0),

fA2
0,1(ν, λ, µ,mf ) = (−1)µδλ,mf

δµ,−ν + (−1)λδλ,−νδµ,mf
+ (−1)µδµ,−λδν,mf

. (B.7)

Substitute the obtained spatial wave amplitude (eq.(B.6)) into the transition am-

plitude eq.(B.2), we obtain

TChQM
if (OA2) = λA2qF

A2
0,1 exp

{
−Q2

qq
2 −Q2

kk
2
}
⟨f |OA2 |i⟩ (B.8)

where

⟨f |OA2 |i⟩ = ⟨f |
∑
ν,λ

(−1)ν+λσ56
−νσ

47
−λ1

56
F 147F 156C 147C f

A2
0,1 |i⟩. (B.9)
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The spin-orbital coupling in ⟨f |OA2
|i⟩ can be decoupled to be

⟨f |OA2 |i⟩ =
∑

mϵ,mf

∑
mα,m1,8

∑
mϵ,mf

∑
mKY ,mp̄

∑
mi,mY

∑
ms,µ

∑
ν,λ

(−1)ν+λ

⟨j, 1,mϵ,mf |J ′, J ′
z⟩⟨1, jm,mα,m1,8|j,mϵ⟩

⟨1
2
,
1

2
,mKY ,mp̄|J, Jz⟩⟨ji,

1

2
,mi,mY |

1

2
,mKY ⟩

⟨js, 1,ms, µ|ji,mi⟩fA2
0,1⟨SCF ⟩

ChQM
A2

(B.10)

where ⟨SCF ⟩ChQM
A2

is given by

⟨SCF ⟩ChQM
A2

=
3∑

i=1

bi⟨χ1,mα(ϕ)χjm,m1,8(X)|

σ56
−νσ

47
−λ1

56
F 147F 156C 147C |χi

js,ms
(qs̄)χi

1
2 ,mY

(qqs)χ 1
2 ,mp̄

(ūūd̄)⟩. (B.11)

The spin-color-flavor wave functions in above equation (χ) also take the form as

eq.(??) with the spin-flavor wave function of the kaons χi
js,ms

(qs̄) and the hyperons

χi
1
2 ,mY

(qqs) are given by

χi
0,0(qs̄) = χ

i=1,3(2)
F (qs̄)⊗ χσ(0, 0) = |K+(0)⟩ 1√

2
(↑↓ − ↓↑), (B.12)

χi
1
2 ,mY

(qqs) =
1√
2
{|χi(qqs)⟩+|

1

2
,mY ⟩+ + |χi(qqs)⟩−|

1

2
,mY ⟩−}. (B.13)

By using the color wave function (eq.(A.21) and eq.(A.22)) and the two-body

matrix elements with the quark labeling as defined in the spatial part wave func-

tions, the spin-color-flavor wight ⟨f |OA2 |i⟩ are calculated as listed in Table B.1.

For the transition amplitude of the quark line diagram A3 given by eq.(B.3), the

corresponding spatial wave amplitude for S to P, in the low-momentum approxima-

tion, of this diagram is given by

IChQM
spatial,0,1,A3

= qFA3
0,1f

A3
0,1(ν, λ, µ,mf )exp

{
−Q2

qq
2 −Q2

kk
2
}
. (B.14)

The corresponding geometrical constant coupled to the spin-angular momentum:

FA3
0,1f

A3
0,1(ν, λ, µ,mf ) = Ω1,A3f1,A3 +Ω2,A3f2,A3 +Ω3,A3f3,A3 , (B.15)
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Transition ⟨f |OA2 |i⟩

11S0→ ωϕ
5(−

√
2b1+2b2+

√
6b3)

54
√
6

33S1→ π0ϕ 5
486

(
b1 +

√
2b2 + 3

√
3b3
)

31S0→ ρ0ϕ
5(−

√
2b1−2b2+

√
6b3)

54
√
6

13S0→ ηϕ 5
486

(
b1 −

√
2b2 + 3

√
3b3
)

Table B.1: The spin-color-flavor wight ⟨f |OA2 |i⟩ corresponding to the transition
pp̄(L = 0) → ϕX(ℓf = 1) with the 5q component from chiral quark model.

where

Ω1,A3 = 6g8Nπ
4 (a4 + 1)

√
1

Q10
p1

(
1

Q2
p3

)
3/2

(
1

Q2
p4

)
3/2 (β1 − β3 + 1) δ(⃗0), (B.16)

f1,A3 = (−1)λδλ,−νδµ,mf
, (B.17)

Ω2,A3 = −6g8Nπ
4 (a3 − 1) (a4 + 1)

√
1

Q10
p1

(
1

Q2
p3

)
3/2

(
1

Q2
p4

)
3/2δ(⃗0) (B.18)

f2,A3 = (−1)µδλ,mf
δµ,−ν , (B.19)

Ω3,A3 = −6g8Nπ
4 (a3 − 1)

√
1

Q10
p1

(
1

Q2
p3

)
3/2

(
1

Q2
p4

)
3/2 (β1 + β4 + 1) δ(⃗0), (B.20)

and

f3,A3 = (−1)µδµ,−λδν,mf
. (B.21)

Using the partial wave amplitude eq.(B.14) the transition amplitude TChQM
if (OA3)

can be written as

TChQM
if (OA3) =

3∑
r=1

λA3qΩr,A3exp
{
−Q2

qq
2 −Q2

kk
2
}
⟨f |OA3 |i⟩r, (B.22)
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Transition ⟨f |OA3 |i⟩1 ⟨f |OA3 |i⟩2 ⟨f |OA3 |i⟩3

11S0→ ωϕ −3
√
2b1−6b2+3

√
6b3

162
√
6

−7
√
2b1−14b2−3

√
6b3

162
√
6

0

33S1→ π0ϕ − 3
√
6b1−4

√
3b2+9

√
2b3

486
√
6

−3
√
6b1+4

√
3b2+9

√
2b3

486
√
6

− 9
√
6b1−3

√
2b3

486
√
6

31S0→ ρ0ϕ −2
√
6b3−6b2
162

√
6

−−6
√
2b1−14b2+2

√
6b3

162
√
6

−
√
6b3−9

√
2b1

162
√
6

13S1→ ηudϕ −
√
2b1−2b2
243

√
2

−
√
2b1−2b2
243

√
2

√
2(

√
2b1−2b2)
243

Table B.2: The spin-color-flavor wight ⟨f |OA3 |i⟩r corresponding to the transition
pp̄(L = 0) → ϕX(ℓf = 1) with the 5q component from chiral quark model.

with the spin-color-flavor wight

⟨f |OA3 |i⟩r = ⟨f |
∑
ν,λ

(−1)ν+λσ56
−νσ

17
−λ1

56
F 117F 156C 117C fr,A3 |i⟩. (B.23)

As the procedure we have done in the first two diagrams, ⟨f |OA3 |i⟩ can be decoupled

to be

⟨f |OA3 |i⟩r =
∑

mϵ,mf

∑
mα,m4,8

∑
mϵ,mf

∑
mKY ,mp̄

∑
mi,mY

∑
ms,µ

∑
ν,λ

(−1)ν+λ

⟨j, 1,mϵ,mf |J ′, J ′
z⟩⟨1, jm,mα,m4,8|j,mϵ⟩

⟨1
2
,
1

2
,mKY ,mp̄|J, Jz⟩⟨ji,

1

2
,mi,mY |

1

2
,mKY ⟩

⟨js, 1,ms, µ|ji,mi⟩fr,A3⟨SCF ⟩
ChQM
A3

(B.24)

with ⟨SCF ⟩ChQM
A3

is given by

⟨SCF ⟩ChQM
A2

=

3∑
i=1

bi⟨χ1,mα(ϕ)χjm,m4,8(X)|

σ56
−νσ

17
−λ1

56
F 117F 156C 117C |χi

js,ms
(qs̄)χi

1
2 ,mY

(qqs)χ 1
2 ,mp̄

(ūūd̄)⟩. (B.25)

Similarly, with the quark labeling as used in the spatial wave functions, we have

⟨f |OA3 |i⟩r as shown in Table B.2

In order to combine the two transition amplitudes, we choose the radial param-

eters for the baryons and mesons: RB = 3.1 GeV −1, RM = 4.1 GeV −1 [17] and

the size parameter between quark cluster R = 4.1 GeV −1. According to the vertex
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Transition ⟨f |OChQM |i⟩ × 10−2

11S0→ ωϕ −9.7

33S1→ π0ϕ 3.1

31S0→ ρ0ϕ 4.0

13S0→ ηϕ 1.3

Table B.3: The total spin-color-flavor wight ⟨f |OChQM |i⟩ corresponding to the
transition pp̄(L = 0) → ϕX(ℓf = 1) with the 5q component from chiral quark
model.

in the two quark line diagram, the effective strength can take same value, that is

λA2 = λA3 = λChQM . We have the total transition amplitude eq.(B.1) become

TChQM
if = λChQMF

ChQM
0,1 q exp

{
−Z2

q q
2 − Z2

kk
2
}
⟨f |OChQM |i⟩, (B.26)

where FChQM
0,1 = ΩA2 = 4.9×10−4 GeV −11, Zq ≃ 2.3 GeV −1 and Zk ≃ 1.3 GeV −1.

The total spin-color-flavor wight is given by

⟨f |OChQM |i⟩ ≃ ⟨f |OA2 |i⟩+ 2(⟨f |OA3 |i⟩1 − ⟨f |OA3 |i⟩2 + ⟨f |OA3 |i⟩3), (B.27)

as listed in Table B.3.



Appendix C

Transition amplitude of the

proton wave function with

the figure of penta quark

The transition amplitude with 5q component of penta quark has the form as eq.(A.1)

but the 5-quark component |uudss̄⟩ is defined as

χ 1
2 ,mpss̄

(uudss̄) = |{χ1/2,ms̄
(s̄)⊗ (ℓ = 1, µ)}ji,mi ⊗ χs,sz (uuds)⟩ 1

2 ,mpss̄
. (C.1)

According to its configuration, which is constructed by coupling an s̄ quark mo-

mentum q⃗1 to the 4-quark uuds momentum q⃗2 + q⃗3 + q⃗4 + q⃗5 with orbital angular

momentum (1, µ), the 5-quark component spatial wave function is given by

φuudss̄(q⃗1, .., q⃗5) = Nuudss̄exp{−
R2

B

2
[
1

2
(q⃗2 − q⃗3)

2 +
1

6
(q⃗2 + q⃗3 − 2q⃗4)

2

+
1

12
(q⃗2 + q⃗3 + q⃗4 − 3q⃗5)

2]}Y1µ(
q⃗2 + q⃗3 + q⃗4 + q⃗5 − 4q⃗1√

20
)

exp

{
−R

2
B

2
(
q⃗2 + q⃗3 + q⃗4 + q⃗5 − 4q⃗1√

20
)2
}
, (C.2)

With the spatial operator Ospatail
A1

and the spatial wave function of the antiproton

and the mesons as defined in appendix A, and integrating with the delta functions

as done in the case of ss̄-sea quark , Iuudsspatial can be reduced to the spatial wave

35
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amplitude for S to P transition in the low-momentum approximation is given by

Iuudsspatial,0,1 = qF0,1f0,1(ν, λ, µ,mf )exp
{
−Q2

qq
2 −Q2

kk
2
}
, (C.3)

with the geometrical constant and the spin-angular momentum function are given

by

Fuuds
0,1 =

3

8

√
5Nπ4

(
1

Q2
p2

)
3/2


(

1
Q2

p4

)
3/2(

Q2
p3

)
5/2

−
4
(

1
Q2

p3

)
3/2(

Q2
p4

)
5/2

 (β2 − 1) δ(3)(⃗0),

fuuds0,1 (ν, λ, µ,mf ) = (−1)νδν,−λδµ,mf
. (C.4)

Decoupling the spin-color-flavor weight ⟨f |OA1 |i⟩uuds:

⟨f |OA1 |i⟩uuds =
∑

mϵ,mf

∑
mα,m3,8

∑
mpss̄,mp̄

∑
mi,sz

∑
ms̄,µ

∑
ν,λ

⟨j, 1,mϵ,mf |J ′, J ′
z⟩

⟨Js, jm,mα,m3,8|j,mϵ⟩⟨
1

2
,
1

2
,mpss̄,mp̄|J, Jz⟩

⟨ji, s,mi, sz|
1

2
,mpss̄⟩⟨

1

2
, 1,ms̄, µ|ji,mi⟩

(−1)ν+λ(−1)νδν,−λδµ,mf
⟨SCF ⟩uuds, (C.5)

so the corresponding matrix element is given by

⟨SCF ⟩uuds = ⟨χ1,mα(ϕ)χjm,m3,8(X)|

σ56
−νσ

47
−λ1

56
F 147F 156C 147C |χ 1

2 ,ms̄
(s̄)χs,sz (uuds)χ 1

2 ,mp̄
(ūūd̄)⟩. (C.6)

The corresponding spin-flavor weights can be obtained as shown in Table C.1.
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Transition [31][31][22]A1 [31][211][22]A1

11S0→ ωϕ 5
36

√
6

5
36

√
6

33S1→ π0ϕ 5
108

√
2

5
108

√
2

31S0→ ρ0ϕ 13
108

√
6

13
108

√
6

13S1→ ηudϕ
1

36
√
2

1
36

√
2

Table C.1: Spin-flavor matrix elements ⟨f |OAI |i⟩ for the transition pp̄(L = 0) →
ϕX(ℓf = 1) which are described by quark line diagram AI with the 5-quark com-
ponent of pentaquark.



Appendix D

The construction of the

pentaquark wave functions

The spin, color and flavor wave functions of the q4 configuration of the pentaquark

can be worked out in the the Yamanochi technique [32]. Here we present some

detail description to illustrate how to construct the presentation matrices of the

irreducible representations of S4. For instant, there are three Young tableaux for

[3,1] with three corresponding basis function:

ϕ[3,1]η = 1 2 3
4

= |[3, 1](2111)⟩,

ϕ
[3,1]
λ = 1 2 4

3
= |[3, 1](1211)⟩,

ϕ[3,1]ρ = 1 3 4
2

= |[3, 1](1121)⟩, (D.1)

where ϕ
[λ̄]
r = |[λ̄](rn, rn−1, .., r2, r1)⟩ represents the Yamanochi basis or standard

basis with ri stands for the row from which a box is removed. Thus, there are three

projection operators for irreducible representations [3,1]:

W
[3,1]
(2111) =

3

4!

∑
i

⟨[3, 1](2111)|Pi|[3, 1](2111)⟩Pi,

W
[3,1]
(1211) =

3

4!

∑
i

⟨[3, 1](1211)|Pi|[3, 1](1211)⟩Pi,

W
[3,1]
(1121) =

3

4!

∑
i

⟨[3, 1](1121)|Pi|[3, 1](1121)⟩Pi, (D.2)
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where Pi stand for all the permutations of S4 and the factor 3 is the dimension of

the representation [3,1]. In order to evaluate the representation matrices for the

permutation Pi, in case of permutation between object n− 1 and n , we apply the

operation of the element (n− 1, n) on the standard basis satisfies the following:

(n− 1, n)|[λ̄](r, r, rn−2, .., r2, 1)⟩ = |[λ̄](r, r, rn−2, .., r2, 1)⟩,

(n− 1, n)|[λ̄](r, r − 1, rn−2, .., r2, 1)⟩ = −|[λ̄](r, r − 1, rn−2, .., r2, 1)⟩, (D.3)

when |[λ̄](r, r − 1, rn−2, .., r2, 1)⟩ not exists, and

(n− 1, n)|[λ̄](r, s, rn−2, .., r2, r1)⟩ = σrs|[λ̄](r, s, rn−2, .., r2, r1)⟩

+
√
1− σ2

rs|[λ̄](s, r, rn−2, .., r2, r1)⟩, (D.4)

where

σrs =
1

(λr − r)− (λs − s)
, (D.5)

for |[λ̄](r, s, rn−2, .., r2, r1)⟩ and |[λ̄](s, r, rn−2, .., r2, r1)⟩ all exist and r ̸= s. While

the matrices of the elements (i, n) can be obtained by using relation

(i, n) = (n− 1, n)(i, n− 1)(n− 1, n). (D.6)

For example, the matrix of the element (3, 4):

D[3,1](34) =


⟨ϕ[3,1]η |(34)|ϕ[3,1]η ⟩ ⟨ϕ[3,1]λ |(34)|ϕ[3,1]η ⟩ ⟨ϕ[3,1]ρ |(34)|ϕ[3,1]η ⟩

⟨ϕ[3,1]η |(34)|ϕ[3,1]λ ⟩ ⟨ϕ[3,1]λ |(34)|ϕ[3,1]λ ⟩ ⟨ϕ[3,1]ρ |(34)|ϕ[3,1]λ ⟩

⟨ϕ[3,1]η |(34)|ϕ[3,1]ρ ⟩ ⟨ϕ[3,1]λ |(34)|ϕ[3,1]ρ ⟩ ⟨ϕ[3,1]ρ |(34)|ϕ[3,1]ρ ⟩



=


−1/3 2

√
2/3 0

2
√
2/3 1/3 0

0 0 1

 . (D.7)
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A cycle permutation can be resolved into a product of transpositions, we have

D(ijk) = D(ik)D(ij),

D(ijkl) = D(il)D(ik)D(ij). (D.8)

By applying eq.(D.6) and eq.(D.8) with the matrix of the element (n− 1, n), all of

the permutation matrices D[3,1] can be obtained such as

D(123) = D(13)D(12) =


1 0 0

0 −1
2 −

√
3
2

0 −
√
3
2

1
2




1 0 0

0 1 0

0 0 −1



=


− 1

3 −
√
2
3

√
2
3

−
√
2
3

5
6

1
2
√
3√

2
3

1
2
√
3

1
2

 , (D.9)

D(1234) = D(14)D(13)D(12)

=


−1

3 −
√
2
3 −

√
2
3

−
√
2
3

5
6 − 1

2
√
3

−
√

2
3 − 1

2
√
3

1
2




1 0 0

0 − 1
2 −

√
3
2

0 −
√
3
2

1
2




1 0 0

0 1 0

0 0 −1



=


− 1

3
2
√
2

3 0

−
√
2
3 − 1

6

√
3
2

−
√

2
3

1
4
√
3
−

√
3
4 − 1

2

 . (D.10)

Substituting ⟨ϕ[3,1]i |(34)|ϕ[3,1]i ⟩ for all permutations into eq.(D.2) we obtain the pro-

jection opertor

W
[3,1]
(2111) =

1

8
(P1 −

1

3
P1,4P2,3 −

1

3
P1,3P2,4 −

1

3
P1,2P3,4 + P1,2 + P1,3

−P1,4

3
+ P2,3 −

P2,4

3
− P3,4

3
+ P1,2,3 −

1

3
P1,2,4 + P1,3,2

−1

3
P1,3,4 −

1

3
P1,4,2 −

1

3
P1,4,3 −

1

3
P2,3,4 −

1

3
P2,4,3

−1

3
P1,2,3,4 −

1

3
P1,2,4,3 −

1

3
P1,3,2,4 −

1

3
P1,3,4,2

−1

3
P1,4,2,3 −

1

3
P1,4,3,2), (D.11)
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W
[3,1]
(1211) =

1

8
(P1 −

2

3
P1,4P2,3 −

1

6
P1,3P2,4 +

1

3
P1,2P3,4 + P1,2 −

P1,3

2

+
5P1,4

6
− P2,3

2
+

5P2,4

6
+
P3,4

3
− 1

2
P1,2,3 +

5

6
P1,2,4

−1

2
P1,3,2 −

1

6
P1,3,4 +

5

6
P1,4,2 −

1

6
P1,4,3 −

2

3
P2,3,4

−2

3
P2,4,3 −

1

6
P1,2,3,4 −

1

6
P1,2,4,3 −

2

3
P1,3,2,4

−1

6
P1,3,4,2 −

2

3
P1,4,2,3 −

1

6
P1,4,3,2), (D.12)

and

W
[3,1]
(1121) =

1

8
(P1 +

1

2
P1,3P2,4 − P1,2P3,4 − P1,2 +

P1,3

2
+
P1,4

2
+
P2,3

2

+
P2,4

2
+ P3,4 −

1

2
P1,2,3 −

1

2
P1,2,4 −

1

2
P1,3,2 +

1

2
P1,3,4

−1

2
P1,4,2 +

1

2
P1,4,3 −

1

2
P1,2,3,4 −

1

2
P1,2,4,3

−1

2
P1,3,4,2 −

1

2
P1,4,3,2), (D.13)

where P denotes the permutation on the objects that labeled by the subscript.

Similarly, for the irreducible representation [2,2] and [2,1,1] that corresponding to

Young tableaux

ϕ
[2,2]
λ = 1 2

3 4
= |[2, 2](2211)⟩,

ϕ[2,2]ρ = 1 3
2 4

= |[2, 2](2121)⟩, (D.14)

ϕ[2,1,1]η =
1 4
2
3

= |[2, 1, 1](2111)⟩,

ϕ
[2,1,1]
λ =

1 2
3
4

= |[2, 1, 1](1211)⟩,

ϕ[2,1,1]ρ =
1 3
2
4

= |[2, 1, 1](1121)⟩, (D.15)
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we have

W
[2,2]
(2211) =

1

24
(2P1 + 2P1,4P2,3 + 2P1,3P2,4 + 2P1,2P3,4 + 2P1,2 − P1,3

−P1,4 − P2,3 − P2,4 + 2P3,4 − P1,2,3 − P1,2,4 − P1,3,2

−P1,3,4 − P1,4,2 − P1,4,3 − P2,3,4 − P2,4,3 − P1,2,3,4

−P1,2,4,3 + 2P1,3,2,4 − P1,3,4,2 + 2P1,4,2,3 − P1,4,3,2), (D.16)

W
[2,2]
(2121) =

1

24
(2P1 + 2P1,4P2,3 + 2P1,3P2,4 + 2P1,2P3,4 − 2P1,2 + P1,3

+P1,4 + P2,3 + P2,4 − 2P3,4 − P1,2,3 − P1,2,4 − P1,3,2

−P1,3,4 − P1,4,2 − P1,4,3 − P2,3,4 − P2,4,3 + P1,2,3,4

+P1,2,4,3 − 2P1,3,2,4 + P1,3,4,2 − 2P1,4,2,3 + P1,4,3,2), (D.17)

W
[2,1,1]
(2111) =

1

8
(P1 −

1

3
P1,4P2,3 −

1

3
P1,3P2,4 −

1

3
P1,2P3,4 − P1,2 − P1,3

+
P1,4

3
− P2,3 +

P2,4

3
+
P3,4

3
+ P1,2,3 −

1

3
P1,2,4 + P1,3,2

−1

3
P1,3,4 −

1

3
P1,4,2 −

1

3
P1,4,3 −

1

3
P2,3,4 −

1

3
P2,4,3

+
1

3
P1,2,3,4 +

1

3
P1,2,4,3 +

1

3
P1,3,2,4

+
1

3
P1,3,4,2 +

1

3
P1,4,2,3 +

1

3
P1,4,3,2), (D.18)

W
[2,1,1]
(1211) =

1

8
(P1 +

1

2
P1,3P2,4 − P1,2P3,4 + P1,2 −

P1,3

2
− P1,4

2
− P2,3

2

−P2,4

2
− P3,4 −

1

2
P1,2,3 −

1

2
P1,2,4 −

1

2
P1,3,2 +

1

2
P1,3,4

−1

2
P1,4,2 +

1

2
P1,4,3 +

1

2
P1,2,3,4 +

1

2
P1,2,4,3

+
1

2
P1,3,4,2 +

1

2
P1,4,3,2), (D.19)
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W
[2,1,1]
(1121) =

1

8
(P1 −

2

3
P1,4P2,3 −

1

6
P1,3P2,4 +

1

3
P1,2P3,4 − P1,2 +

P1,3

2

−5P1,4

6
+
P2,3

2
− 5P2,4

6
− P3,4

3
− 1

2
P1,2,3 +

5

6
P1,2,4

−1

2
P1,3,2 −

1

6
P1,3,4 +

5

6
P1,4,2 −

1

6
P1,4,3

+
1

6
P1,2,4,3 +

2

3
P1,3,2,4 +

1

6
P1,3,4,2

−2

3
P2,3,4 −

2

3
P2,4,3 +

1

6
P1,2,3,4

+
2

3
P1,4,2,3 +

1

6
P1,4,3,2). (D.20)

By acting the obtained projection operators onto the four quark state uuds,

the flavor wave function are obtained. The two corresponding spin wave functions

χ[22]Sλ
and χ[22]Sρ

can be constructed by the substitutions u ↔↑ and d, s ↔↓

in the flavor wave function, χ[22]Fλ
and χ[22]Fρ

, with an additional 1/
√
2 in the

normalization factor. Analogy, the color symmetry [211] is constructed by replacing

u↔ R, d↔ G and s↔ B in the flavor wave function χ[211]F .

Finally in order to complete the q4 wave function we have to couple the [211]

color with [31] the spin-flavor wave function to be [31] spin-color-flavor wave function

for uuds configuration. We write down the all possible multiplication of χ[211]Ci
with

χ[31]FSj
in form of linear combination

χ[31]CSF
=

∑
i,j=λ,ρ,η

ai,jχ[211]Ci
χ[31]FSj

, (D.21)

where ai,j is the coefficient for making the combination correspond to [31] symmetry

of spin-color-flavor wave function. There are only three components that give the

four quark configuration is antisymmetric,

χ[31]CSF
= aλ,ρχ[211]Cλ

χ[31]FSρ
+ aρ,λχ[211]Cρ

χ[31]FSλ
+ aη,ηχ[211]Cη

χ[31]FSη
.(D.22)

Transform χ[31]CSF
with corresponding permutation D(34), we have

(34)χ[31]CSF
= −aλ,ρχ[211]Cλ

χ[31]FSρ

+aρ,λ
(
− 1

3
χ[211]Cρ

+
2
√
2

3
χ[211]Cη

)(1
3
χ[31]FSλ

+
2
√
2

3
χ[31]FSη

)
+aη,η

(2√2

3
χ[211]Cρ

+
1

3
χ[211]Cη

)(2√2

3
χ[31]FSλ

− 1

3
χ[31]FSη

)
. (D.23)
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Antisymmetric wave function require that

(34)χ[31]CSF
= −χ[31]CSF

, (D.24)

this give a condition aρ,λ = −aη,η while aλ,ρ is arbitrary number. By choosing

aλ,ρ = 1 and normalizing χ[31]CSF
with the obtained condition we obtain

χ[31]CSF
=

1√
3

(
χ[211]Cλ

χ[31]FSρ
− χ[211]Cρ

χ[31]FSλ
+ χ[211]Cη

χ[31]FSη

)
. (D.25)

For the spin-flavor χ[31]FS
such as |[31]FSη [31]F [22]S⟩ corresponding to Young tableau

1 2 3
4

(D.26)

There are only two product of the spin χ[22]S and flavor χ[31]F wave function, that

are consistent with characteristic permutation of χ[31]FS

1 3 4
2

⊗ 1 3
2 4

, 1 2 3
4

⊗ 1 2
3 4

(D.27)

Hence, the spin-flavor |[31]FSη [31]F [22]S⟩ can be assumed as

|[31]FSη [31]F [22]S⟩ = aρ,ρχ[31]Fρ
χ[22]Sρ

+ aλ,λχ[31]Fλ
χ[22]Sλ

(D.28)

The coefficient aρ,ρ and aλ,λ one can be evaluated by acting the matrix D[3,1](123)

(eq.(D.9)) and

D[22](123) =

 −1
2

√
3
2

−
√
3
2 − 1

2

 , (D.29)

onto the corresponding wave function of eq.(D.28)

D[31](123)|[31]FSη [31]F [22]S⟩ = aρ,ρD
[31](123)χ[31]Fρ

D[22](123)χ[22]Sρ

+aλ,λD
[31](123)χ[31]Fλ

D[22](123)χ[22]Sλ
. (D.30)



APPENDIX D. THE CONSTRUCTION OF THE q4q̄ WAVE FUNCTIONS 45

We obtain

|[31]FSη [31]F [22]S⟩ = aρ,ρ(−
1

2
χ[31]Fρ

−
√
3

2
χ[31]Fλ

)(−1

2
χ[22]Sρ

−
√
3

2
χ[22]Sλ

)

+aλ,λ(−
1

2
χ[31]Fλ

+

√
3

2
χ[31]Fρ

)(

√
3

2
χ[22]Sρ

− 1

2
χ[22]Sλ

).(D.31)

Taking eq.(D.28) equal to eq.(D.31) and normalizing, give aρ,ρ = aλ,λ = 1/
√
2 so

we have the explicit form of the |[31]FSη [31]F [22]S⟩.
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Apparent channel-dependent violations of the Okubo-Zwieg-Iizuka (OZI) rule in nucleon-antinucleon

annihilation reactions in the presence of an intrinsic strangeness component in the nucleon are discussed.

Admixture of s �s quark pairs in the nucleon wave function enables the direct coupling to the �-meson

in the annihilation channel without violating the OZI rule. Three forms are considered in this work for

the strangeness content of the proton wave function, namely, the uud cluster with a s�s sea-quark

component, kaon-hyperon clusters based on a simple chiral quark model, and the pentaquark picture

uuds�s. Nonrelativistic quark model calculations reveal that the strangeness magnetic moment �s and

the strangeness contribution to the proton spin �s from the first two models are consistent with recent

experimental data, where �s and �s are negative. For the third model, the uuds subsystem with the

configurations ½31�FS½211�F½22�S and ½31�FS½31�F½22�S leads to negative values of �s and �s. With

effective quark line diagrams incorporating the 3P0 model, we give estimates for the branching ratios of

the annihilation reactions at rest p �p ! �X (X ¼ �0, �, �0, !). Results for the branching ratios of �X

production from atomic p �p s-wave states are for the first and third model found to be strongly channel

dependent, in good agreement with measured rates.

DOI: 10.1103/PhysRevD.84.074035 PACS numbers: 13.25.Ft, 13.25.Hw, 14.40.Lb, 14.40.Nd

I. INTRODUCTION

In the simple constituent quark model, where the proton
is made of two constituent u quarks and one d quark, a
good explanation of static properties, e.g. magnetic
moment, can be achieved. However, experimental results
of the pion-nucleon sigma term value, strange magnetic
moment �s, strangeness contribution to nucleon form
factor [1], as well as the apparent violations in nucleon-
antinucleon annihilation reactions involving the � meson
[2] indicate that the proton might contain a substantial
strange quark-antiquark (s�s) component. The strangeness
sigma term appears to lie somewhere in the range of 2–7%
of the nucleon mass [3]. The substantial Okubo-Zwieg-
Iizuka (OZI) rule violations in the N �N annihilation reac-
tions involving the � meson may suggest the presence of
an intrinsic s�s in the nucleon wave function [4], for in-
stance, the presence of a q3s�sð �q3s�sÞ piece in theNð �NÞwave
function. With such an assumption, the � meson could be
produced in N �N annihilation reactions via a shakeout or
rearrangement of the strange quarks already stored in the
nucleon without the violation of the OZI rule. There are
other explanations of the OZI rule violation without intro-
ducing a strange component in the nucleon such as the
resonance interpretation, instanton induced interaction [5],
and rescattering [6].

The European Muon Collaboration spin experiment [7]
on deep inelastic scattering of longitudinally polarized
muons by longitudinally polarized protons revealed for
the first time that the polarization of the strange quark sea
may contribute a significant negative value to the proton
spin �s. This experimental result was confirmed by the
subsequent deep inelastic double polarization experiments.
Reference [8] analyzed all the available data in a systematic
way and found�s ¼ �0:10� 0:03. Among a large number
of theoretical works, the chiral quark model (CQM) has
been successfully applied to explain the spin and flavor
structure of the proton [9,10]. With the fluctuation of the
proton into a kaon and a hyperon, the negative polarization
of the strange quark sea is explained and other theoretical
results are derived consistent with the deep inelastic scat-
tering experimental results [9]. The flavor and spin struc-
tures of the nucleon as well as other observables are studied
in Ref. [10], with both pseudoscalar and vector mesons as
well as octet and decuplet baryons included.
However, the configuration of strange quarks in the

nucleon is still an open question. The strangeness magnetic
moment �s can be extrapolated from the strange magnetic
form factor Gs

MðQ2Þ at the momentum transfer Q2 ¼ 0
measured in the parity violation experiments of electron
scattering from a nucleon [11]. Most experimental mea-
surements suggest a positive value for�s, in contrast to the
recent experiment data [12] and most theoretical calcula-
tions which have obtained negative values for this observ-
able [13,14]. A recent work [15] has proposed a different
form for the strangeness content of the proton. Instead of
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the 5-quark component, which consists of a uud cluster
and a s�s pair proposed for solving the puzzle of violation of
the OZI rule, Ref. [15] treats the strange quark piece in
terms of pentaquark configurations. Different pentaquark
configurations that may be contained in the proton may
yield both positive and negative values for the strangeness
spin and magnetic moment of the proton.

The experimental results on �s, which is extracted from
experimental data on Gs

MðQ2Þ, are rather uncertain due to
the large uncertainties in Gs

MðQ2Þ and the extrapolation
approach. So it is believed that the proton-antiproton re-
actions involving� production may be another platform to
be applied to tackle the possible configuration of strange
quarks in the proton. In the present work we consider the
strange content in the proton wave function in three mod-
els, namely, the uud cluster with an s�s sea-quark compo-
nent, kaon-hyperon clusters based on the chiral quark
model, and the pentaquark picture uuds�s. The theoretical
�s, �s, and branching ratios of the reactions p �p ! �X
(X ¼ �0, �, �0,!) will be compared to experimental data.
We resort to the 3P0 quark model [16] and the nearest

threshold dominance model [17] to obtain quantitative
predictions for the branching ratios of the annihilation
reactions from atomic p �p states with the relative orbital
angular momentum L ¼ 0 [18]. The paper is organized as
follows. The proton wave functions are briefly described
in Sec. II while �s and �s are calculated and discussed in
Sec. III for various strangeness quark configurations. In
Sec. IV we evaluate the branching ratios for the reactions
p �p ! �X for the three forms of proton wave functions by
using the 3P0 quark model. Finally a summary and con-

clusion are given in Sec. V.

II. PROTON WAVE FUNCTIONS

The proton wave function in the presence of strange
quarks may include a 5-quark component qqqs�s in addi-
tion to the uud quark component, taking generically the
form

jpi ¼ Ajuudi þ Bjuuds�si; (1)

where A and B are the amplitudes for the 3- and 5-quark
components in the proton, respectively [19]. The possible
spin-flavor structures of the 5-quark components discussed
in the N �N annihilation process are considered in the next
three subsections.

A. Proton wave function with an explicit s�s
sea-quark component

We consider the idea that strange quarks are present in
the form of an s�s sea-quark component in the proton
state. This idea was proposed for describing the apparent
violation of the OZI rule in the �NN production pro-
cess [20] and in more general form used to discuss the �
meson production in N �N annihilation reactions [4]. The

corresponding 5-quark component for this model can be
written in Fock space as

juuds�sis�s ¼ a0jðuudÞð1=2Þðs�sÞ0ið1=2Þ
þ a1jðuudÞ1=2ðs�sÞ1ið1=2Þ; (2)

where the subscripts denote the spin coupling of the quark
clusters, and a0 and a1 represent the amplitudes for the
spin 0 and spin 1 components of the admixed s�s pairs.

B. Proton wave function based
on a chiral quark model

In the chiral quark model, the dominant process is the
fluctuation of a valence quark q into a quark q0 plus a
Goldstone boson (GB) which in turn forms a (q �q0) system
[21]. After the fluctuation of the u and d quarks in the
proton, one of these quarks turns into a quark plus a quark-
antiquark pair involving a strange quark. This idea was
considered, for example, for calculating the flavor and spin
content of the proton [9,10]. To obtain the proton wave
function we consider the SU(3) invariant interaction
Lagrangian of baryon octet with nonet of pseudoscalar
mesons,

LI ¼ �g8
ffiffiffi
2

p ð�½ �BBP�F þ ð1� �Þ½ �BBP�DÞ
� g1

1ffiffiffi
3

p ½ �BBP�S; (3)

where g8 ¼ 3:8 and g1 ¼ 2:0 are coupling constants [22]
and � is known as the F=ðFþDÞ ratio with F ’ 0:51,D ’
0:76 [23]. The square brackets denote the SU(3) invariant
combinations,

½ �BBP�F ¼ Trð �BPBÞ � Trð �BBPÞ; (4)

½ �BBM�D ¼ Trð �BPBÞ þ Trð �BBPÞ � 2

3
Trð �BBÞTrðPÞ; (5)

½ �BBP�S ¼ Trð �BBÞTrðPÞ; (6)

where B and P are the baryon octet and pseudoscalar
meson nonet matrices, respectively, given by

B ¼

�0ffiffi
2

p þ �ffiffi
6

p �þ p

�� � �0ffiffi
2

p þ �ffiffi
6

p n

��� �0 � 2�ffiffi
6

p

0
BBBB@

1
CCCCA; (7)

P ¼

�0ffiffi
2

p þ �8ffiffi
6

p þ �1ffiffi
3

p �þ Kþ

�� � �0ffiffi
2

p þ �8ffiffi
6

p þ �1ffiffi
3

p K0

K� �K0 �2�8ffiffi
6

p þ �1ffiffi
3

p

0
BBBB@

1
CCCCA: (8)

The part of the interaction Lagrangian which allows for a
fluctuation of the proton into kaons and hyperons is con-
tained in
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L I ¼ �g1 �p�1pþ g8

�
�p�0 þ 1� 4�ffiffiffi

3
p �p�8

þ 1þ 2�ffiffiffi
3

p ��K� þ ð2�� 1Þ ��0K� � ffiffiffi
2

p
�n��

þ ffiffiffi
2

p ð2�� 1Þ ���K0

�
pþ � � � : (9)

The final states resulting from pseudoscalar meson emis-
sion by the proton are summarized as

j�i � �g1jp�1i þ g8

�
1� 4�ffiffiffi

3
p jp�8i þ jp�0i

þ 1þ 2�ffiffiffi
3

p j�Kþi þ ð2�� 1Þj�0Kþi

� ffiffiffi
2

p jn�þi þ ffiffiffi
2

p ð2�� 1Þj�þK0i
�
: (10)

In the absence of the fluctuation, the proton is made up of
the conventional two u quarks and one d quark. Thus�ðpÞ
may be interpreted as the 5-quark component of the proton
wave function which is given by

juuds�siCQM ¼ G1j�0Kþi þG2j�þK0i þG3j�0Kþi
þG4jp�1i þG5jp�8i; (11)

where the Gi are the coefficients corresponding to the
respective factor in Eq. (10). Each component in the last
equation can be represented in terms of quark cluster
configurations as

jp�1;8i ¼ jðuudÞð1=2Þðs�sÞ0ið1=2Þ;
j�0Kþi ¼ jðudsÞð1=2Þðu�sÞ0ið1=2Þ;
j�þK0i ¼ jðuusÞð1=2Þðd�sÞ0ið1=2Þ;
j�0Kþi ¼ jðusdÞð1=2Þðu�sÞ0ið1=2Þ:

(12)

C. Proton wave function including general
configurations of the uuds subsystem

Another, more general form of the 5-quark component
was proposed and analyzed in Ref. [15]. Instead of first
generating a meson coupling to a baryon cluster, they
considered the genuine 5-quark or q4 �q pentaquark compo-
nent in the proton. In this model the 5-quark component
may be expressed in terms of the uuds and the �s wave
functions as

juuds�siuuds ¼ jðuudsÞ �sið1=2Þ: (13)

The flavor wave functions for the uuds�s components are
usually constructed by coupling the uuds to the �s flavor
wave function. The configurations studied in [15] include
at most one unit of orbital angular momentum. The favored
configurations are connected to a positive sign for the
strangeness magnetic moment and a negative one for the
strangeness contribution to the proton spin.

III. STRANGENESS MAGNETIC MOMENT
AND SPIN OF THE PROTON

In the nonrelativistic quark model the strangeness mag-
netic moment operator ~�s and the strangeness contribution
to the proton spin operator ~�s are defined as

~� s ¼ e

2ms

X
i

Ŝið‘̂s þ �̂sÞ; (14)

~� s ¼ �̂s þ �̂�s: (15)

Ŝi is the strangeness counting operator with eigenvalueþ1
for an s and �1 for an �s quark and ms is the constituent
mass of the strange quark. To calculate the matrix elements
of these operators explicit forms of the spin-flavor wave
functions of the proton including orbital angular momen-
tum are needed.
For the first model the spin-flavor wave function can be

constructed by coupling the js�sijs¼0;1 configuration to the

juudi1=2 cluster. Since the admixed s�s carries negative

intrinsic parity, an orbital P-wave (‘ ¼ 1) has to be intro-
duced into the nucleon quark cluster wave function. The
simplest configuration (see also Ref. [20]) corresponds
to a 1S-state of the s�s pair moving in a P-wave relative
to the (uud) valence quark cluster of the nucleon. Then the
5-quark component with total angular momentum 1=2 can
be written in the general form,

juuds�sis�sð1=2Þ;mps�s¼ð1=2Þ

¼ X
js;ji¼0;1

�jsji j½ðs�sÞjs�‘¼1�ji�ðuudÞð1=2Þið1=2Þ;mps�s¼ð1=2Þ;

(16)

with the normalization
P

js;ji¼0;1j�jsji j2 ¼ 1.

Similarly, for the proton wave function in the CQM,
where the sea-quark contributions are embedded in the
pseudoscalar mesons, a relative P-wave between the pseu-
doscalars and the uud or hyperon clusters has to be in-
cluded. The spin-flavor wave function with spinþ 1=2
for each coupled meson-baryon state of Eq. (12) may be
expressed as

juuds�siCQMð1=2Þ;ð1=2Þ
¼ j½ðq�sÞjs¼0 � ‘ ¼ 1�ji � ðqqsÞsið1=2Þ;mps�s¼ð1=2Þ: (17)

Wave functions of the pentaquark uuds�s states em-
ployed in the third model are more complicated because
no restrictions are set concerning the subclusters. One has
to carefully consider the coupling of the color, spin, flavor,
and spatial parts to construct the total wave functions [15].
The color part of the antiquark in the pentaquark states is a
½11� antitriplet, denoted by the Weyl tableau of the SU(3)
group. Hence the color symmetry of all the uuds configu-
rations is limited to a ½211� triplet in order to form
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a pentaquark color singlet labeled by the Weyl tableau
½222�. Three flavor symmetry patterns exist for the uuds
system corresponding to the octet representation for the
proton: ½31�F, ½22�F, and ½211�F characterized by the S4
Young tableau. However, the pentaquark should be
antisymmetric under any permutation of the 4-quark con-
figuration. If the spatial wave function is symmetric, the
spin-flavor part of the uuds component must be a ½31� state
in order to form the antisymmetric color-spin-flavor uuds
part of the pentaquark wave function. For instance, the
flavor symmetry representations ½31�F and ½211�F may
combine with the spin symmetry state ½22�S to form the
mixed symmetry spin-flavor states ½31�FS (the explicit
forms may be found in [15,24,25]). In this work we con-
sider only the case that the uuds component is in the
ground state with the spin symmetry ½22�S corresponding
to spin 0, and the relative orbital angular momentum
between the uuds component and the �s is of one unit to
obtain the positive parity for the proton wave function.

Theoretical results for the strangeness magnetic moment
�s of the proton and the strangeness contribution to the
proton spin �s are listed in Table I. In the first model we
have fixed the configuration parameters as �1;0¼�1;1¼ ��.
The strangeness magnetic moment �s depends explicitly
on �0;1, which is related to the amplitude for the s�s quark
cluster with spin 0. Setting �0;1 ¼ 0 is equivalent to ex-

cluding the quantum number JPC ¼ 0�þ for the s�s admix-
ture in the nucleon wave function connected to the
production of � and �0 in N �N annihilation as discussed
in [19,26]. The chiral quark model always gives results for
�s and �s, which are negative, and the size of the strange-
ness contribution depends on the coupling g28. For the third
model, we show only the results for the cases where the
uuds component is in the ground state with the spin-flavor
configurations ½31�FS½211�F½22�S and ½31�FS½31�F½22�S
and the relative motion between the uuds component and
the �s is a P-wave.

All the three models yield negative values for the
strangeness contribution to the proton spin, which is
consistent with present experimental results [7,8]. Nega-
tive values for the strangeness magnetic moment also
result from all three models. Note that we restricted the
considerations of Ref. [15] to the pentaquark components
with the uuds configurations ½31�FS½211�F½22�S and
½31�FS½31�F½22�S, respectively.

IV. N �N TRANSITION AMPLITUDE
AND BRANCHING RATIOS

To describe the annihilation reactions N �N ! X�
(X ¼ �0, �, �0, !) we use an effective transition dynam-
ics, which is evaluated in the context of a simple constitu-
ent quark model. In this specific process the � meson
couples to the intrinsic s�s component of the nucleon, which
is the leading order OZI allowed contribution. The process
p �p annihilation into�X involving the 5-quark components
in the proton wave function can be described by the quark
line diagrams of Fig. 1. In the hadronic transition the ef-
fective quark annihilation operator is taken with the quan-
tum numbers of the vacuum (3P0, isospin I ¼ 0 and color

singlet). Meson decays and N �N annihilation into two
mesons are well described phenomenologically using
such an effective quark-antiquark vertex. At least for me-
son decay, this approximation has been given a rigorous
basis in strong-coupling QCD. The nonperturbative q �q 3P0

vertex is defined according to [27]

Vij ¼ X
�

�ij��Y1�ð ~qi � ~qjÞ�ð3Þð ~qi þ ~qjÞð�1Þ1þ�1ijF1
ij
C;

(18)

where Y1�ð ~qÞ ¼ j ~qjY1�ðq̂Þ with Y1�ðq̂Þ being the spheri-

cal harmonics in momentum space, and 1ijF and 1ijC are unit

TABLE I. Strangeness magnetic moment and spin of the pro-
ton for the three models of the 5-quark component.

juuds�si �sðeB2

2ms
Þ �sðB2Þ

s �s �0:55 ���0;1 �1:22 ��2½18�
CQM �1:1g28 �0:31g28
½31�FS½211�F½22�S � 1

3 ½15� � 1
3 ½15�

½31�FS½31�F½22�S � 1
3 ½15� � 1

3 ½15�

FIG. 1. Quark line diagrams for the production of two-meson
final states in p �p annihilation. Small circles refer to the effective
vertex of the 3P0 quark dynamics for q �q annihilation. The first

diagram corresponds to the shakeout of the intrinsic s �s compo-
nent of the proton wave function [4,18].
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operators in flavor and color spaces, respectively. The spin

operator �ij�� is part of the 3P0 vertex, destroying or

creating quark-antiquark pairs with spin 1.
In the momentum space representation the transition

amplitudes for the quark diagrams of Fig. 1 are given by

TAI
¼

Z
d3q1 . . . d

3q8d
3q10 . . . d

3q40 h�Xj ~q10 . . . ~q40 i
� h ~q10 . . . ~q40 jOAI

j ~q1 . . . ~q8ih ~q1 . . . ~q8jðuuds�sÞ
� ð �u �u �dÞi (19)

where ð �u �u �dÞ stands for the antiproton wave function and
ðuuds�sÞ for the 5-quark component of the proton wave
function. The effective operators OAI

take the form

OA1
¼ 	A1

�ð3Þð ~q1 � ~q10 Þ�ð3Þð ~q2 � ~q20 Þ
� �ð3Þð ~q3 � ~q30 Þ�ð3Þð ~q8 � ~q40 ÞV56V47; (20)

OA2
¼ 	A2

�ð3Þð ~q2 � ~q10 Þ�ð3Þð ~q3 � ~q20 Þ
� �ð3Þð ~q1 � ~q30 Þ�ð3Þð ~q8 � ~q40 ÞV56V47; (21)

OA3
¼ 	A3

�ð3Þð ~q2 � ~q10 Þ�ð3Þð ~q3 � ~q20 Þ
� �ð3Þð ~q4 � ~q30 Þ�ð3Þð ~q8 � ~q40 ÞV56V17: (22)

The �-functions represent the noninteracting and continu-
ous quark-antiquark lines in the diagrams. The constants
	AI

describe the effective strength of the transition topol-

ogy and are considered to be overall fitting parameters in

the phenomenological description of experimental data.
Since the 5-quark component is treated as a small per-
turbative admixture in the proton (B2 � 1), we ignore
the transition amplitude with the term h ~q1 . . . ~q8jðuuds�sÞ �
ð �u �u �d �s sÞi or the rearrangement process [4].
In this work the internal spatial wave functions are taken

in the harmonic oscillator approximation. For the mesons
M (� and X), the wave function can be expressed in terms
of the quark momenta as

hMj ~qi0 ~qj0 i 	 ’Mð ~qi0 ; ~qj0 Þ
M

¼ NM exp

�
�R2

M

8
ð ~qi0 � ~qj0 Þ2

�

M; (23)

with NM ¼ ðR2
M=�Þ3=4 and RM is the meson radial para-

meter. The spin-color-flavor wave function is denoted
by 
M. The baryon wave functions are given by

hBj ~qi ~qj ~qki 	 ’B
B

¼ NB exp

�
�R2

B

4

�
ð ~qj � ~qkÞ2

þ ð ~qj þ ~qk � 2 ~qiÞ2
3

��

B; (24)

where NB ¼ ð3R2
B=�Þ3=2 and RB is the baryon radial pa-

rameter. For the first and the second model the full 5-quark
component wave function, resulting from the coupling of a
meson to a baryon, is given by

h ~q1 . . . ~q5juuds~si ¼ ’uuds�sð ~q1; . . . ; ~q5Þ
uuds�s

¼ Nuuds�s exp

�
�R2

B

4

�
ð ~q4 � ~q5Þ2 þ ð ~q4 þ ~q5 � 2 ~q3Þ2

3

��
exp

�
�R2

8
ð ~q3 þ ~q4 þ ~q5 � ~q1 � ~q2Þ2

�

� Y1�ð ~q3 þ ~q4 þ ~q5 � ~q1 � ~q2Þ exp
�
�R2

M

8
ð ~q1 � ~q2Þ2

�
ð
B � 
MÞ: (25)

The exponential form with the radial parameter R and the spherical harmonics Y1� together represent the internal relative
P-wave between the 3-quark and 2-quark clusters.

For the third model the proton wave function includes a pentaquark component uuds�s with the uuds part in the ground
state and the P-wave internal relative orbital angular momentum between uuds and the �s. One may write the spatial wave
function of the pentaquark component uuds�s as

’uuds�sð ~q1; . . . ; ~q5Þ ¼ Nuuds�s exp

�
�R2

B

4

�
ð ~q2 � ~q3Þ2 þ ð ~q2 þ ~q3 � 2 ~q4Þ2

3
þ ð ~q2 þ ~q3 þ ~q4 � 3 ~q5Þ2

6

þ ð ~q2 þ ~q3 þ ~q4 þ ~q5 � 4 ~q1Þ2
10

��
Y1�

�
~q2 þ ~q3 þ ~q4 þ ~q5 � 4 ~q1ffiffiffiffiffiffi

20
p

�
: (26)

By choosing the plane wave basis for the relative motion
of the proton and antiproton, the initial-state wave func-

tions in the center of momentum system ( ~k ¼ ~q1 þ ~q2 þ
~q3 þ ~q4 þ ~q5) are obtained as

h ~q1 . . . ~q8jðuuds�sÞ � ð �u �u �dÞi ¼ ’uuds�s; �p½
uuds�s � 
 �p�S;Sz ;
(27)

with
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’uuds�s; �p ¼ ’uuds�s’ �p�
ð3Þð ~q1 þ ~q2 þ ~q3 þ ~q4 þ ~q5 � ~kÞ

� �ð3Þð ~q6 þ ~q7 þ ~q8 þ ~kÞ: (28)

The spins of the p �p system are coupled to the total spin S
with projection Sz. Similarly, the final state �X wave
functions in the center of momentum system are given
by ( ~q ¼ ~q10 þ ~q20)

h�Xj ~q10 . . . ~q40 i ¼ ’�;X½
� � 
X�ji;m�
; (29)

with

’�;X ¼ ’�’X�
ð3Þð ~q� ~q10 � ~q20 Þ�ð3Þð ~qþ ~q30 þ ~q40 Þ:

(30)

The spins of the two-meson states are coupled to ji with
projection m�.

In the low-momentum approximation, the transition
amplitude Tfi of the annihilation reaction of the S-wave

�pp initial state i to the P-wave two-meson final state fwith
the quark line diagrams AI as shown in Fig. 1 is derived as

Tfið ~q; ~kÞ ¼ 	AI
FL¼0;‘f¼1q expf�Q2

qq
2 �Q2

kk
2ghfjOAI

jii:
(31)

The index i represents the initial state 2Iþ1;2Sþ1LJ, where L
is the orbital angular momentum, S is the total spin, J is
the total angular momentum, and I is the total isospin. The
final state f is represented by the set of quantum numbers
f ¼ f‘fjJ0g, where ‘f is the relative orbital angular mo-

mentum. The constants F0;1, Q
2
q, and Q2

k are geometrical

constants depending on the radial parameters. The matrix
element hfjOAI

jii is the spin-flavor weight for a quark line

diagram AI. The detailed evaluation of the expression in
Eq. (31) is given in the Appendix.

As we consider p �p annihilations at rest where the strong
interaction between the proton and antiproton may largely
distort the �pp hydrogenlike wave function at small dis-
tances [28], the effect of the initial-state interaction is in
general not negligible. The inclusion of the initial-state
interaction for the atomic state of the p �p system results
in the transition amplitude [29],

Tf;LSJð ~qÞ ¼
Z

d3kTfið ~q; ~kÞ�I
LSJð ~kÞ; (32)

where �I
LSJð ~kÞ is the protonium wave function in momen-

tum space for fixed isospin I. The partial decay width for
the transition of the p �p state to the two-meson state �X is
given by

�p �p!�X ¼ 1

2E

Z d3p�

2E�

d3pX

2EX

�ð3Þð ~p� þ ~pXÞ

� �ðE� E� � EXÞjTf;LSJð ~qÞj2; (33)

where E is the total energy (E ¼ 1:876 GeV) and

E�;X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

�;X þ ~p2
�;X

q
is the energy of outgoing meson

� and X with mass m�;X and momentum ~p�;X. With the

explicit form of the transition amplitude given by Eq. (31),
the partial decay width for the S to P transition (L ¼ 0,
‘f ¼ 1) is written as

�p �p!�X ¼ 	2
AI
fð�;XÞhfjOAI

jii2�ðI; JÞ; (34)

with

�ðI; JÞ ¼ jF0;1

Z
d3k�I

LSJð ~kÞ expf�Q2
kk

2gj2 (35)

and the kinematical phase-space factor defined by

fð�;XÞ ¼ q3

8E2
expf�2Q2

qq
2g: (36)

The spin-flavor weights hfjOAI
jii for the transitions

N �N ! �X involving the different 5-quark components
of the proton wave functions are listed in Table II.
For the initial values of the total angular momentum J
the statistical weights 1=4 and 3=4 have to be added for
J ¼ 0 and J ¼ 1, respectively. Finally the branching ratio
of S-wave p �p annihilation to the final state �X is then
given by

BR ð�;XÞ ¼ ð2J þ 1Þ�p �p!�X

4�totðJÞ ; (37)

where �totðJÞ is the total annihilation width of the p �p
atomic state with fixed principal quantum number [30].
The model dependence in Eq. (34) may be reduced by

choosing a simplified phenomenological approach that has
been applied in studies of two-meson branching ratios in
nucleon-antinucleon [29] and radiative protonium annihi-
lation [31]. Namely, the phase space factor of Eq. (36) is
obtained in the harmonic oscillator approximation for the
hadron wave function, depending on the relative momen-
tum q and the masses of �X system. Instead we use
a kinematical phase-space factor of the phenomenological
form

TABLE II. Spin-flavor matrix elements hfjOAI
jii for the tran-

sitions p �pðL ¼ 0Þ ! �Xð‘f ¼ 1Þ which are described by the

quark line diagram AI. Here �ud refers to the nonstrange flavor
combination �ud ¼ ðu �uþ d �dÞ= ffiffiffi

2
p

.

Transition s�sA1
CQM ½31�½31�½22�A1

½31�½211�½22�A1

11S0 ! !� 5
9
ffiffi
6

p �0:097 5
36

ffiffi
6

p 5
36

ffiffi
6

p
33S1 ! �0� 5

27
ffiffi
2

p 0.031 5
108

ffiffi
2

p 5
108

ffiffi
2

p
31S0 ! �0� 13

27
ffiffi
6

p 0.040 13
108

ffiffi
6

p 13
108

ffiffi
6

p
13S1 ! �ud�

1
9
ffiffi
2

p 0.013 1
36

ffiffi
2

p 1
36

ffiffi
2

p
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fð�;XÞ ¼ q � expf�asðs� s�XÞ1=2g; (38)

where s�X ¼ ðm� þmXÞ1=2 and
ffiffiffi
s

p ¼ ðm2
� þ q2Þ1=2 þ

ðm2
X þ q2Þ1=2. The constant as ¼ 1:2 GeV�1 is obtained

from a phenomenological fit to the momentum dependence
of various multipion final states in p �p annihilation [17].
In addition, the functions �ðI; JÞ, depending on the initial-
state interaction, are related to the probability for a
protonium state to have isospin I and spin J with the
normalization condition �ð0; JÞ þ �ð1; JÞ ¼ 1. Here we
adopt for a protonium state the probability �ðI; JÞ and the
total decay width �totðJÞ obtained in an optical potential
calculation [32], where explicit values are listed in [30].

In Table III we give the theoretical results for the
branching ratios of Eq. (37) compared with experimental
data. The branching ratios BRs�s, resulting from the first
model where the proton wave function has an explicit s�s
admixture, have already been derived and studied in
Ref. [18] by using the same approach. Annihilation pro-
cesses in the first and third model are described by the
quark line diagram A1. Since the effective strength parame-
ter 	A1

is a priori unknown, it has to be adjusted to data.

For this purpose one entry in the table (as indicated by ?) is
normalized to the observed value.

For the second chiral model where the proton wave
function contains a kaon-hyperon or eta-proton cluster
component, all three quark line diagrams may have con-
tributions to the �pp annihilation process. However, the
process proceeding by the diagram A1 with the jp�i com-
ponent in the proton wave function has no contribution to
the transition because of orthogonality to the � state.
Therefore, the annihilation process in the second model
can only be described by the quark line diagrams A2 and
A3. Considering the same annihilation pattern in these two
diagrams, for simplicity the two unknown strength para-
meters are of the same order with 	A2

¼ 	A3
. Model

predictions are also normalized to experimental data (as
indicated by ?). For final states with X ¼ �, the physical �
meson is produced by its nonstrange component �ud with

�¼�udð
ffiffiffiffiffiffiffiffi
1=3

p
cos
� ffiffiffiffiffiffiffiffi

2=3
p

sin
Þ corresponding to a varia-
tion of the pseudoscalar mixing angle 
 from 
 ¼ �10:7o

to 
 ¼ �20o.
As shown in Table III, the theoretical results of the

first and third models, where the proton wave function
possesses, respectively, a small kaon-hyperon component

and a pentaquark, are in good agreement with the experi-
mental data. Note that for these two cases the annihilation
processes p �p ! �X are described with the quark line
diagram A1.
Please note that in the present model we cannot give

a reliable estimate for the genuine transition strength of the
p �p annihilation processes. Therefore, the measured pro-
duction rates cannot be used to get an estimate for the s�s
content in the nucleon or for the coefficient B in Eq. (1).

V. SUMMARY

Three models have been studied for the proton involving
intrinsic strangeness in the form of a 5-quark component
qqqs�s in the wave function. In particular, the proton wave
function is made up of a uud configuration and a uud
cluster with an s�s sea-quark component, kaon-hyperon
clusters based on the simple chiral quark model, or a
pentaquark component uuds�s. We have calculated the
strangeness magnetic moment �s and spin �s for the first
and second models and generated negative values in line
with recent experimental indication. Similarly, for the third
model we pick these configurations, where negative values
for �s and �s result [15].
We further applied quark line diagrams supplemented

by the 3P0 vertex to study the annihilation reactions p �p !
�X (X ¼ �0,�, �0,!) with the three types of proton wave
functions. Excellent agreements of the model predictions
in the first and third models with the experimental data are
found for the branching ratios of the reactions of the L ¼ 0
atomic p �p state to �X (X ¼ �0, �, �0, !).
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APPENDIX A: TRANSITION AMPLITUDES OF
THE ANNIHILATION PROCESSES p �p ! �X

To describe the annihilation process p �p ! �X, where
X ¼ �0, �, �0, ! with the proton wave function with s�s
sea quark, we consider the shakeout of the intrinsic s�s
component of the proton wave function as indicated in
the diagram A1. With the operatorOA1

and the full account

of the spin-flavor-color-orbital structure of the initial and
final states, the transition amplitude can be written as

Ts�s
if ¼ 	A1

�
f

								
X
�;	

ð�1Þ�þ	�56���
47
�	1

56
F 147F 156C 147C Is�sspatial

								i


;

(A1)

where

jii¼ jf
ð1=2Þ;mps�s
ðuuds�sÞ�
ð1=2Þ;m �p

ð �u �u �dÞgS;Sz �ðL;MÞiJ;Jz ;
(A2)

jfi ¼ jf
1;m�
ð�Þ � 
jm;m30 ;40 ðXÞgj;m�

� ð‘f; mfÞiJ;Jz : (A3)

The spin-flavor-color content of the clusters is denoted
by 
 	 
� � 
F � 
C. The 5-quark component

ð1=2Þ;mps�s

ðuuds�sÞ is defined as


ð1=2Þ;mps�s
ðuuds�sÞ

¼ jf
js;ms
ðs�sÞ�ð‘¼1;�Þgji;mi

�
ð1=2Þ;mp
ðuudÞið1=2Þ;mps�s

:

(A4)

The spatial amplitude Is�sspatial is explicitly given by

Is�sspatial ¼
Z

d3q1 . . .d
3q8d

3q10 . . . d
3q40’�;XO

spatial
A1

’uuds�s; �p;

(A5)

where

Ospatial
A1

¼ Y1	ð ~q4 � ~q7Þ�ð3Þð ~q4 þ ~q7ÞY1�ð ~q5 � ~q6Þ
� �ð3Þð ~q5 þ ~q6Þ�ð3Þð ~q1 � ~q10 Þ�ð3Þð ~q2 � ~q20 Þ
� �ð3Þð ~q3 � ~q30 Þ�ð3Þð ~q8 � ~q40 Þ: (A6)

Partial wave amplitudes can be obtained by projecting the
transition amplitude onto the partial waves, where L ¼ 0
and lf ¼ 1 corresponds to �pp annihilation at rest. In the

low-momentum approximation the integrals can be done
analytically, and the partial wave amplitude in the leading
order of the external momenta q is given by

Is�sspatial;L¼0;lf¼1¼qFs�s
0;1f

s�s
0;1ð�;	;�;mfÞexpf�Q2

qq
2�Q2

kk
2g:

(A7)

The geometrical constant Fs�s
0;1 and the spin-angular mo-

mentum function fs�s0;1ð�; 	;�;mfÞ are given by

Fs�s
0;1 ¼ 2N�2

�
1

Q2
p2

�
3=2

�
3

ffiffiffiffi
�

p
ðQ2

p4
Þ5=2 �

3
ffiffiffiffi
�

p
4ðQ2

p3
Þ5=2

�
;

fs�s0;1ð�; 	;�;mfÞ ¼ ð�1Þ���;�	��;mf
; (A8)

where N ¼ N�NXNuuds�sN �p, and the coefficients in the

exponential expression depend on the meson and baryon
size parameters,

Q2
k ¼

4R2
MR

2
B þ 9R2R2

B þ 3R2
MR

2

24ðR2
M þ 3R2

BÞ
;

Q2
q ¼ 12R4

B þ 5R2
MR

2
B þ 36R2R2

B þ 12R2
MR

2

24ðR2
M þ 3R2

BÞ
;

Q2
p2

¼ R2
M; Q2

p3
¼ 1

2
ðR2

M þ 3R2
BÞ; Q2

p4
¼ 2R2

B:

(A9)

By using the spatial wave amplitude Is �sspatial we obtain the

transition amplitude Ts�s
if taking the form as in Eq. (31) with

the spin-color-flavor weight,

hfjOA1
jii ¼

�
f

								
X
�;	

ð�1Þ�þ	�56���
47�	1

56
F 147F 156C 147C ð�1Þ�

� ��;�	��;mf

								i


: (A10)

According to the 3P0 quark model the matrix element

hfjOA1
jii can be evaluated by using the two-body matrix

elements for spin, flavor, and color given by

h0j�ij
� j
Jij

mij
ðijÞi ¼ �Jij;1�mij;��ð�1Þ� ffiffiffi

2
p

; (A11)

h0j1ijF j
Tij

tij ðijÞi ¼ �Tij;0�tij;0

ffiffiffi
2

p
; (A12)

and

h0j1ijCjqi� �qj�i ¼ ���; (A13)

where � and � are the color indices. The spin-color-flavor
weights hfjOA1

jii are evaluated for various transitions, as

listed in Table II.
In case of the simple chiral quark model, the annihilation

processes are described by the quark line diagrams A2 and
A3. Then the transition amplitude is set up as

TCQM
if ¼ TCQM

if ðOA2
Þ þ TCQM

if ðOA3
Þ; (A14)

where the corresponding transition amplitudes for the two
quark line diagrams are given by
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TCQM
if ðOA2

Þ ¼ 	A2

�
f

								
X
�;	

ð�1Þ�þ	�56���
47�	1

56
F 147F 156C 147C

� ICQMspatial;A2

								i



(A15)

and

TCQM
if ðOA3

Þ ¼ 	A3

�
f

								
X
�;	

ð�1Þ�þ	�56���
17�	1

56
F 117F 156C 117C

� ICQMspatial;A3

								i


: (A16)

The initial state jii and the final state jfi take the same form
as defined in Eq. (A2) and (A3), but the 5-quark component
in this case is given by


ð1=2Þ;mKY
ðuuds�sÞ ¼ X3

i¼1

Gijf
i
js;ms

ðq�sÞ � ð‘ ¼ 1; �Þgji;mi

� 
i
ð1=2Þ;mY

ðqqsÞið1=2Þ;mKY
; (A17)

where i ¼ 1; 2; 3 represent the kaon-hyperon clusters
Kþ�0, K0�þ and Kþ�0, respectively, and the coefficients
Gi are as defined in Eq. (11).

In the low-momentum approximation the partial wave
amplitude from each of the quark line diagrams A1 and A2
in leading order of the external momentum q takes the
general form as in Eq. (A7) but with different coeffi-
cients. In order to combine the two transition amplitudes,
we choose the radial parameters for the baryons and
mesons as RB ¼ 3:1 GeV�1, RM ¼ 4:1 GeV�1 [18] and
the size parameter between the two quark clusters as
R ¼ 4:1 GeV�1. Then the total transition amplitude
Eq. (A14) becomes

TCQM
if ¼ 	CQMF

CQM
0;1 q expf�Z2

qq
2 � Z2

kk
2ghfjOCQMjii;

(A18)

where FCQM
0;1 ¼ 4:9� 10�4 GeV�11, Zq ’ 2:3 GeV�1

and Zk ’ 1:3 GeV�1, and 	A2
¼ 	A3

¼ 	CQM. The total

spin-color-flavor weight hfjOCQMjii is calculated with

the spin-angular momentum wave functions in Eq. (A17)
and its elements are derived as

fCQM0;1 ¼ �ð�1Þ���;�	��;mf
þ 2ð�1Þ���;���	;mf

þ 2ð�1Þ	��;�	��;mf
: (A19)

Finally, we discuss the third model where the proton
wave function includes a 5-quark component in the form of
a pentaquark configuration. The � production is described
by only the quark line diagram A1, and the transition
amplitude takes the same form as Eq. (A1) but the 5-quark
component juuds�si is given by


ð1=2Þ;mps�s
ðuuds�sÞ

¼ jf
ð1=2Þ;m �s
ð �sÞ�ð‘¼1;�Þgji;mi

�
s;szðuudsÞið1=2Þ;mps�s
:

(A20)

In the low-momentum approximation, the partial wave
amplitude and for the transition of the S-wave �pp state
to the P-wave two-meson final states takes the same form
as Eq. (A7). The spin-angular momentum function
fs �s0;1ð�; 	;�;mfÞ is also the same as the one in Eq. (A8)

but the corresponding geometrical constant is given by

F0;1 ¼ � 3

16

ffiffiffi
5

p
N�4

�
1

Q2
p2

�
3=2

� ð 1
Q2

p4

Þ3=2
ðQ2

p3
Þ5=2 �

4ð 1
Q2

p3

Þ3=2
ðQ2

p4
Þ5=2

�
;

(A21)

with the constants depending on the baryon and meson size
parameters,

Q2
k ¼

7R2
B

30
� R4

B

2ð3R2
BþR2

MÞ
; Q2

q ¼ 1

8
R2
B

�
5� R2

B

3R2
BþR2

M

�
;

Q2
p2
¼R2

Bþ
R2
M

2
; Q2

p3
¼ 1

2
ð3R2

BþR2
MÞ; Q2

p4
¼ 2R2

B:

(A22)
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Permutation groups are applied to analyze the symmetries of multiquark systems and,
as examples, wave functions of three-quark and pentaquark states are constructed
systematically in the language of Yamanouchi basis.
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1. Introduction

Reports of the Θ+(1540) resonance with positive strangeness S = +1 by various experimental collaborations have
sparked an enormous amount of experimental and theoretical studies of exotic baryons. The existence of the Θ+(1540) is
arguable, but the pentaquark configuration has been considered a possible component of the nucleon [1,2]. The simplest
configuration of a baryon with S = +1 is q4q̄, a state made of four quarks and an antiquark. It is not straightforward to
construct the wave functions, which play a crucial role for any theoretical calculation, of exotic baryons such as pentaquark
states, q3g states and q6 states since the symmetries of multiquark systems are rather complicated. Here in this work we use
the q3 and pentaquark states as examples to analyze the symmetries of multiquark systems in the language of permutation
groups, and construct their wave functions in the framework of Yamanouchi basis.

2. Permutation group and Yamanouchi basis

Yamanouchi basis is also called the standard basis in group theory. For the Young tabloid λ ≡ [λ1λ2, . . . , ] in the
permutation group Sn, the basis functions are written as

|[λ1λ2 · · ·](rnrn−1 · · · r2r1)⟩ (1)
where λi are the number of boxes in the ith row of the Young tabloid [λ] and ri stands for the row where a box is filled with
the number i in a Young tableau of the Young tabloid [λ]. It is indeed that each Young tableau leads to one Yamanouchi basis
function and all such defined functions for a Young tabloid together form a complete basis.

The permutation group Sn−1 is a subgroup of the permutation group Sn, and the elements of Sn which are also in Sn−1
keep the nth object unchanged. It can be proven according to the representation theory of finite group that

D(R) =


r

Dr(R), λr − 1 ≥ λr+1 (2)

where D(R) is the representation [λ] of Sn,Dr(R) are the representation matrices of irreducible representations
[λ1, . . . , λr−1, λr−1, λr+1, . . . , λm]of Sn−1. From the above expression one can evaluate the representationmatrixD(R) (R ∈

Sn−1) of Sn if we know all the representation matrices of the permutation group Sn−1.
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Since any element of Sn can be resolved into a product of transpositions, the evaluation of representation matrices
D(R) (R ∋ Sn−1) becomes evaluating the representation matrices of the transpositions (i, n). But due to

(i, n) = (n − 1, n)(i, n − 1)(n − 1, n) (3)
we need to evaluate only the matrix D(n − 1, n). The matrix D(n − 1, n) plus the known matrices D(R ∈ Sn−1) give the [λ]
representation matrices for all the elements in Sn.

The operation of the transposition (n − 1, n) of the permutation group Sn on the standard basis obeys the followings:
(n − 1, n)|[λ](r, r, rn−2, . . . , )⟩ = +|[λ](r, r, rn−2, . . . , )⟩,

(n − 1, n)|[λ](r, r − 1, rn−2, . . . , )⟩ = −|[λ](r, r − 1, rn−2, . . . , )⟩ (4)
when |[λ](r − 1, r, rn−2, . . . , )⟩ does not exist, and

(n − 1, n)|[λ](r, s, rn−2, . . . , )⟩ = σrs|[λ](r, s, rn−2, . . . , )⟩ +


1 − σ 2

rs|[λ](s, r, rn−2, . . . , )⟩ (5)

with

σrs =
1

(λr − r)− (λs − s)
(6)

when |[λ](r, s, rn−2, . . . , r2, r1)⟩ and |[λ](s, r, rn−2, . . . , r2, r1)⟩ all exist and r ≠ s.
As an example, we now construct the matrices of the representation [211] of S4. There are three Young tableaux and

hence three Yamanouchi basis functions for [211],

φ1 = = |[211](3211)⟩, φ2 = = |[211](3121)⟩, φ3 = = |[211](1321)⟩. (7)

For the elements (12), (13) and (23), we can directly write down the representation matrices since these elements are also
the elements of S3

D[211](13) = D[21](13)⊕ D[111](13) =

 −1/2 −
√
3/2 0

−
√
3/2 1/2 0
0 0 −1


D[211](12) = D[21](12)⊕ D[111](12) =

1 0 0
0 −1 0
0 0 −1



D[211](23) = D[21](23)⊕ D[111](23) =

−1/2
√
3/2 0

√
3/2 1/2 0
0 0 −1

 . (8)

Here we have used that φ1 = |[211](3211)⟩ and φ2 = |[211](3121)⟩ are respectively the [21] basis functions |[21](211)⟩
and |[21](121)⟩ of S3 while φ3 is the [111] basis function |[21](321)⟩ of S3, and

D[21](12) =


1 0
0 −1


, D[21](13) =


−1/2 −

√
3/2

−
√
3/2 1/2


,

D[21](23) =


−1/2

√
3/2

√
3/2 1/2


.

(9)

For the element (34) of S4, we get from Eqs. (4) and (5),
(34)|[211](3211)⟩ = −|[211](3211)⟩

(34)|[211](3121)⟩ = σ31|[211](3121)⟩ +


1 − σ 2

31|[211](1321)⟩

(34)|[211](1321)⟩ = σ13|[211](1321)⟩ +


1 − σ 2

13|[211](3121)⟩ (10)

with

σ31 =
1

(λ3 − 3)− (λ1 − 1)
= −

1
3

= −σ13. (11)

Thus in the Yamanouchi basis of φ1, φ2 and φ3, the [211] representation matrix of the element (34) is

D(34) =

−1 0 0
0 −1/3 2

√
2/3

0 2
√
2/3 1/3

 . (12)

The representation matrices for other elements can be worked out from the matrices derived above.
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3. q3 baryon states

Baryon wave functions contain contributions of the spatial degrees of freedom and the internal degrees of freedom
of color, flavor and spin. The internal degrees of freedom are taken to be the three light flavors u, d, s with spin 1/2 and
three possible colors r, g, b. The quark transforms under the fundamental representation of SU(m), whereas the antiquark
transforms under the conjugate representation of SU(m), with m = 2, 3, 3, 6 for the spin, flavor, color and spin–flavor
degrees of freedom, respectively. The group representation theory states that n-quark states |q1⟩|q2⟩ · · · |qn⟩ form a mn-
dimensional direct product basis of SU(m), and the direct product representation can be decomposed according to the
irreducible representations of the permutation group Sn.

The explicit form of baryon spin and flavor functions can be easily derived in the framework of Yamanouchi basis
by following the process: (1) Work out first the matrices of the irreducible representations of S3 in Yamanouchi basis;
(2) Construct the projection operator for each representation; (3) Let the projection operators act on arbitrary three-quark
states to obtain the spin and flavor wave functions with the corresponding symmetries.

The projection operator corresponding to the Yamanouchi basis function |[λ](r)⟩ of the representation [λ] of Sn takes the
form

W [λ]
(r) =


i

⟨[λ](r)|Ri|[λ](r)⟩Ri (13)

where Ri stand for all the permutations of Sn. By lettingW
[λ]
(r) act on any function f1f2 · · · fn, one could derive the corresponding

standard basis function. Using the representation matrices of the permutation group S3, we can directly write down the
projection operators [3], for example,

Pλ = 1 + (12)−
1
2
(13)−

1
2
(23)−

1
2
(123)−

1
2
(132)

Pρ = 1 − (12)+
1
2
(13)+

1
2
(23)−

1
2
(123)−

1
2
(132). (14)

Let the operators Pλ and Pρ act on, for instance, the state udu (with u ≡ φu and d ≡ φd). We have

Pλudu H⇒ φλ =
1

√
6
[udu + duu − 2uud] ,

Pρudu H⇒ φρ =
1

√
2
[udu − duu] .

(15)

Spin–flavor wave functions of various permutation symmetries may be written in the general form,

φS,A,λ,ρ =


i=S,A,λ,ρ


j=S,A,λ,ρ

aijφiχj (16)

where φi and χi are respectively the q3 spin and flavor wave functions of symmetry (S), antisymmetry (A), λ-type and ρ-
type. The coefficient aij in Eq. (16) can be determined by applying the permutation operators of S3 to the general form. Check
the simplest case,

(23)

aφλχλ + bφρχρ


=


1
4
a +

3
4
b

φλχλ +


3
4
a +

1
4
b

φρχρ −

√
3
4
(a − b)


φλχρ + φρχλ


. (17)

a = b leads to a fully symmetric spin–flavor wave function. Here we have used D[21](23) in Eq. (9). The spin–flavor wave
functions of other permutation symmetries can be worked out the same way.

4. Pentaquark states

It is not straightforward to construct the wave function of pentaquark states since the permutation symmetries of the
five-particle system are rather complicated. Here we will first analyze the symmetries of pentaquark states in the language
of permutation groups in a shortenedmanner. For the details wemay refer to Ref. [4]. Thenwe construct the wave functions
of pentaquark antidecuplet states in the framework of the Yamanouchi basis.

The algebraic structure of pentaquark states consists of the usual spin–flavor and color algebras

SUsf(6)⊗ SUc(3) (18)

with

SUsf(6) = SUf(3)⊗ SUs(2). (19)
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In the language of group theory, the permutation symmetry of the four-quark configuration of pentaquark states is
characterized by the S4 Young tabloids [4], [31], [22], [211] and [1111]. That the pentaquark should be a color singlet
demands that the color part of the pentaquark wave function must be a [222]1 singlet. Since the color part of the antiquark
in pentaquark states is a [11]3 antitriplet

ψ c(q̄) = (20)

the color wave function of the four-quark configuration must be a [211]3 triplet

ψ c(q4) = (21)

That the total wave function of the four quark configuration is antisymmetric implies that its orbital-spin–flavor part must
be a [31] state

ψosf(q4) = . (22)

The total wave function of the q4 configuration may be written in the general form

ψ =


i,j=λ,ρ,η

aijψ c
[211]iψ

osf
[31]j . (23)

Considering that the [31] and [211] partitions are conjugate each other, an antisymmetric ψ may be formed by only three
components, that is

ψ = aλρφc
[211]λψ

osf
[31]ρ + aρλψ c

[211]ρψ
osf
[31]λ + aηηψ c

[211]ηψ
osf
[31]η . (24)

Applying the permutation (34) of S4 to Eq. (24), we have

(34)ψ = −aλρψ c
[211]λψ

osf
[31]ρ + aρλ


−

1
3
ψ c

[211]ρ +
2
√
2

3
ψ c

[211]η


1
3
ψosf

[31]λ +
2
√
2

3
ψosf

[31]η



+ aηη


2
√
2

3
ψ c

[211]ρ +
1
3
ψ c

[211]η


2
√
2

3
ψosf

[31]λ −
1
3
ψosf

[31]η


. (25)

An antisymmetric ψ demands aρλ = −aηη . Here we have used the [31] and [211] representation matrices for the
permutation (34) of the S4,

D[31](34) =

 −1/3 2
√
2/3 0

2
√
2/3 1/3 0
0 0 1

 , D[211](34) =

−1 0 0
0 −1/3 2

√
2/3

0 2
√
2/3 1/3

 . (26)

By applying the permutation (12) or (23) of the S4 to Eq. (24) the same way, we get aρλ = −aλρ . Finally, we derive a fully
antisymmetric wave function for the q4 configuration

ψ =
1

√
3


ψ c

[211]λψ
osf
[31]ρ − ψ c

[211]ρψ
osf
[31]λ + ψ c

[211]ηψ
osf
[31]η


. (27)

The total wave function of ground state pentaquarks may take the form

Ψ =
1

√
3


Ψ o

[5]


Ψ c

[211]λΨ
sf
[31]ρ − Ψ c

[211]ρΨ
sf
[31]λ + Ψ c

[211]ηΨ
sf
[31]η


(28)

whereΨ o,Ψ c andΨ sf are respectively the orbital, color and spin–flavor parts of the pentaquark states. The subscripts [211]
and [31] of the Ψ c and Ψ sf stand for the symmetries of the q4 configuration in pentaquark states. For the pentaquark states
with isospin I = 0 and strangeness S = 1, the spin–flavor wave function of the q4 configuration must have the symmetry,

[31] = [22] ⊗ [31]
SUsf(6) SUf(3) SUs(2).

(29)

Again, the spin–flavor wave functions of various permutation symmetries take the general form,

ψ sf
[31] =


i=λ,ρ


j=λ,ρ,η

aijφ[22]iχ[31]j (30)
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aij can be determined by acting the permutations of S4 on the general form. The spin–flavor wave functions for the q4 cluster
are finally derived as,

ψ sf
[31]ρ = −

1
2
φ[22]ρχ[31]λ −

1
2
φ[22]λχ[31]ρ +

1
√
2
φ[22]ρχ[31]η

ψ sf
[31]λ = −

1
2
φ[22]ρχ[31]ρ +

1
2
φ[22]λχ[31]λ +

1
√
2
φ[22]λχ[31]η

ψ sf
[31]η =

1
√
2
φ[22]ρχ[31]ρ +

1
√
2
φ[22]λχ[31]λ . (31)

The explicit form of the spin and flavor wave functions of the q4 configuration of pentaquark states can be easily worked
out in the Yamanouchi technique, following the three-step process as mentioned in the previous section. The λ-type and
ρ-type projection operators for the representation [22] as well as the λ-type, ρ-type and η-type projection operators for the
representation [31] are derived as follows:

P[22]λ = 2 + 2(12)− (13)− (14)− (23)− (24)+ 2(34)+ 2(12)(34)+ 2(14)(23)
+ 2(13)(24)− (123)− (124)− (132)− (134)− (142)− (143)− (234)− (243)
− (1234)− (1243)+ 2(1324)− (1342)+ 2(1423)− (1432),

P[22]ρ = 2 − 2(12)+ (13)+ (14)+ (23)+ (24)− 2(34)+ 2(12)(34)+ 2(14)(23)
+ 2(13)(24)− (123)− (124)− (132)− (134)− (142)− (143)− (234)− (243)
+ (1234)+ (1243)− 2(1324)+ (1342)− 2(1423)+ (1432),

P[31]λ = 6 + 6(12)− 3(13)+ 5(14)− 3(23)+ 5(24)+ 2(34)+ 2(12)(34)− 4(14)(23)
− 4(13)(24)− 3(123)+ 5(124)− 3(132)− (134)+ 5(142)− (143)− (234)
− (243)− (1234)− (1243)− 4(1324)− (1342)− 4(1423)− (1432),

P[31]ρ = 2 − 2(12)+ (13)+ (14)+ (23)+ (24)+ 2(34)− 2(12)(34)− (123)− (124)− (132)+ (134)
− (142)+ (143)+ (234)+ (243)− (1234)− (1243)− (1342)− (1432),

P[31]η = 3 + 3(12)+ 3(13)− (14)+ 3(23)− (24)− (34)− (12)(34)− (14)(23)− (13)(24)
+ 3(123)− (124)+ 3(132)− (134)− (142)− (143)− (234)− (243)
− (1234)− (1243)− (1324)− (1342)− (1423)− (1432). (32)

The flavor wave functions of the four-quark subsystem with the [22] symmetry are derived by operating P[22]λ,ρ on any
q4 state. For instance,

P[22]ρ (uudd) H⇒ φ[22]ρ =
1
2
(dudu − duud + udud − uddu)

P[22]λ(uudd) H⇒ φ[22]λ =
1

2
√
3
(duud + udud − 2uudd + uddu + dudu − 2dduu). (33)

The flavor wave functions for the antidecupletΘ+ pentaquark with I = I3 = 0 are given by

Φ[22]ρ = φ[22]ρ s̄, Φ[22]λ = φ[22]λ s̄. (34)

The flavor states with other values of isospin (I, I3) and strangeness S can be derived the same way.
The spin wave functions of the four-quark subsystem with the [31] symmetry can be derived by operating P[31]λ,ρ,η on

any q4 spin state, for example, the state ↑↑↑↓,

P[31]η (↑↑↑↓) H⇒ χ[31]η (sq4 = 1,mq4 = 1) =
1

2
√
3

|↓↑↑↑ + ↑↓↑↑ + ↑↑↓↑ −3 ↑↑↑↓⟩

P[31]ρ (↑↑↑↓) H⇒ χ[31]ρ (sq4 = 1,mq4 = 1) =
1

√
2

|↓↑↑↑ − ↑↓↑↑⟩

P[31]λ(↑↑↑↓) H⇒ χ[31]λ(sq4 = 1,mq4 = 1) =
1

√
6

|↓↑↑↑ + ↑↓↑↑ −2 ↑↑↓↑⟩ . (35)

The total spin wave function of the pentaquark states is formed by combining the spin wave functions in Eq. (35) of the
four-quark subsystem with the one of the antiquark, that is

χ(q4s̄)[31]α =


2
3
χ[31]α (sq4 = 1,mq4 = 1)χs̄(−1/2)−


1
3
χ[31]α (sq4 = 1,mq4 = 0)χs̄(1/2) (36)

with α = ρ, λ, η. The states with other values of the projectionms can be obtained the same way.
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Combining the flavor wave functions in Eq. (34) and the spin wave functions, we derive the total spin–flavor wave
function of the pentaquark state with isospin I = 0, strangeness S = 1 and spin s = 1/2,

Ψ sf
[31]ρ = −

1
2
Φ[22]ρχ(q

4s̄)[31]λ −
1
2
Φ[22]λχ(q

4s̄)[31]ρ +
1

√
2
Φ[22]ρχ(q

4s̄)[31]η

Ψ sf
[31]λ = −

1
2
Φ[22]ρχ(q

4s̄)[31]ρ +
1
2
Φ[22]λχ(q

4s̄)[31]λ +
1

√
2
Φ[22]λχ(q

4s̄)[31]η

Ψ sf
[31]η =

1
√
2
Φ[22]ρχ(q

4s̄)[31]ρ +
1

√
2
Φ[22]λχ(q

4s̄)[31]λ . (37)

The color wave function of the q4 configuration can be derived by applying the λ-type, ρ-type and η-type projection
operators for the representation [211] of the S4 to an arbitrary four-quark color state, for example, RRGB. We have

ψ c
[211]λ(R) =

1
√
16
(2|RRGB⟩ − 2|RRBG⟩ − |GRRB⟩ − |RGRB⟩ − |BRGR⟩

− |RBGR⟩ + |BRRG⟩ + |GRBR⟩ + |RBRG⟩ + |RGBR⟩),

ψ c
[211]ρ (R) =

1
√
48
(3|RGRB⟩ − 3|GRRB⟩ + 3|BRRG⟩ − 3|RBRG⟩ + 2|GBRR⟩

− 2|BGRR⟩ − |BRGR⟩ + |RBGR⟩ + |GRBR⟩ − |RGBR⟩),

ψ c
[211]η (R) =

1
√
6
(|BRGR⟩ + |RGBR⟩ + |GBRR⟩ − |RBGR⟩ − |GRBR⟩ − |BGRR⟩). (38)

The singlet color wave function Ψ c
[211]j

(j = λ, ρ, η) in Eq. (28) is given by

Ψ c
[211]j =

1
√
3


ψ c

[211]j(R)R̄ + ψ c
[211]j(G)Ḡ + ψ c

[211]j(B)B̄


(39)

where ψ c
[211]j

(G) and ψ c
[211]j

(B) are the color G and B wave functions of the q4 cluster, derived by acting the projection
operators in Eq. (32) on the states GGRB and BBGR, respectively.

So far we have worked out all the pieces of the pentaquark wave function in Eq. (28), which is for the ground state
pentaquark with isospin I = 0, strangeness S = 1, spin s = 1/2 andms = 1/2.

5. Conclusion

The representation of permutation groups and the main features of the Yamanouchi basis are outlined. Three-quark and
pentaquark states are analyzed in the language of permutation groups, and their wave functions are constructed in the
framework of Yamanouchi basis. We show that the Yamanouchi basis approach is an easy, systematical way to work out
multiquark wave functions.
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