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Abstract

Let  uv
mnA  be a sequence of bounded linear operators from a separable Banach metric space of  , 0X  into a Banach

metric space  , 0 .Y  Suppose that    is a countable fundamental set of X and the ideal I  of subsets    has property

(AP). The sequence  uv
mnA  is said to be *b I  convergent if it is pointwise I  convergent and there exists an index set K

such that / K I    and  
,

uv
mn m n K

A x


 is bounded for any ,x X  the  concept of lacunary vector valued of 2  and

the concept of 11  lacunary statistical convergent vector valued of 2 of difference sequences have been introduced. In
addition,  we  introduce  interval  numbers  of  asymptotically  ideal  equivalent  sequences  of  vector  valued  difference  by
Musielak fuzzy real numbers and established some relations related to this concept.

Finally we introduce the notion of interval numbers of Cesáro Orlicz asymptotically equivalent sequences vector
valued difference of Musielak Orlicz function and establish their relationship with other classes.
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1. Introduction

Throughout ,  and w    denote the classes of all, gai and analytic scalar valued single sequences, respectively. Wee
write 2w  for the set of all complex double sequences ( ),mnx  where , ,m n  the set of positive integers. Then, 2w  is a linear
space under the coordinate wise addition and scalar multiplication.

Some initial works on double sequence spaces is found in (Bromwich, 1965). Later on it was investigated by (Hardy,
1917; Moricz, 1991; Moricz & Rhoades, 1988) (Basarir & Solankan, 1999; Tripathy et al., 2003, 2004, 2006, 2007, 2008,
2009, 2010, 2011, 2013) (Mishra et al., 2007, 2013, 2014, 2015; Raj et al., 2010, 2011, 2012, 2013; Turkmenoglu, 1999) and
many others.

Let  mnx  be a double sequence of real or complex numbers. Then the series 
, 1

mn
m n

x



  is called a double series. The

double series 
, 1

mn
m n

x



  give one space is said to be convergent if and only if the double sequence ( )mnS  is convergent,

where
,

, 1
( , 1, 2, 3, ...).

m n

mn ij
i j

S x m n


 

A double sequence ( )mnx x  is said to be double analytic if
1

, .m nm n mnsup x   

The vector space of all double analytic sequences are usually denoted by 2 .  A sequence ( )mnx x  is called double entire
sequence if

1

0m nmnx    as , .m n 

The vector space of all double entire sequences are usually denoted by 2 .  Let the set of sequences with this property be
denoted by 2  and 2  is a metric space with the metric

1

,( , ) : , :1, 2, 3, ... ,m nm n mn mnd x y sup x y m n 
  
 
  

for all  mnx x  and  mny y  in 2 .  “Let  = {finite sequences}.

Consider a double sequence ( ).mnx x  The  , thm n  section [ , ]m nx  of the sequence is defined by [ , ] ,
, 0

m n
ij ij

m n
i j

x x 



for all , ,m n 

0 0 ...0 0 ...

0 0 ...0 0 ...

.

.

.

0 0 ...1 0 ...

0 0 ...0 0 ...

mn 

 
 
 
 
 
 
 
 
 
 
 

with 1 in the  , thm n  section and zero otherwise.

A double sequence ( )mnx x  is called double gai sequence if  
1

( )! 0m nmnm n x    as , .m n   The double

gai sequences will be denoted by 2 .
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2. Concepts of 11  lacunary   statistically convergent and Cauchy 2  sequences}

We first introduce the concept of lacunary double sequences as follows:

2.1 Definition

A sequence  mnA  of operators   , ,mnA B X Y m n   is said to be *b I   convergent if mn mn mnI lim A x  exists
 mn mn mnI limA x Ax   for any x X  and there is a set K I  such that   ,mn mn m n K

A x
  is bounded for every .x X

In the special case TI I  we get the notion of *b T  statistical convergence. The *b I  limit and the *b T  statistical of
 mnA  are denoted, respectively, by *

mn mnb I lim A  and * .T mn mnb st lim A

2.2 Definition

By a lacunary double sequence we mean an increasing sequence of positive integers  rs r sm n 

0 0 0 1

1 0 1 1 1 2

2 0 2 1 2 2 2 3

3 0 3 1 3 2 3 3 3 4

4 0 4 1 4 2 4 3 4 4 4 5

5 0 5 1 5 2 5 3 5 4 5 5 5 6

...

...

...

...

...

...

... ... ... ... . .

. . .

. . .

m n m n

m n m n m n

m n m n m n m n

m n m n m n m n m n

m n m n m n m n m n m n

m n m n m n m n m n m n m n

 
 
 
 
 
 
 
 
 
 
 
 
 
 

such that 
0 0 1 0 0 1 0 0

0, 0, 0, 0. 0
r s

m n m n m n m n m n
 

      for 1, 1,r s 

0
i j k j

m n m n   if i k

0
p i p k

m n m n   if i k

1 1
0

p j p
m n m n


   for 1, 2,p    and 1, 2,j  

and    01 1 10 1
, .

rs r s r s rs r s r s
h m n m n ass h m n m n asr

 
              The corresponding intervals are denoted

by 
01 rs

I  and 
10 rs

I  where  01 1rs r s r s
I m n m n


    and  10 1

.
rs r s r s

I m n m n


  

We define

   10 01 1 1

10 01

.
rs rs rs r s r s r s r s

h hrs rs

h h h m n m n m n m n
 

 

         

So 
rs

h    as , .r s 

The intervals determined by 
rs

  are denoted by 
rs

I  where

   10 01 1 1

10 01

.
rs rs rs r s r s r s r s

I Irs rs

I I I m n m n m n m n
 

 

        

and the ratios 
1 1

,r s r s

r s r s

m n m n

m n m n
 

 are denoted by 
10 rs

q  and 
01 rs

q  respectively. We will denote the set of all double lacunary

sequences by .
rs

N




Deepmala et al. / Songklanakarin J. Sci. Technol. 39 (4), 549-563, 2017552

Now we defined the backward differences of the double sequences  mn
x x  as follows:

11 1, , 1 1, 1
,

mn mn m n m n m n
x x x x x

   
    

10 1,mn mn m n
x x x


  

01 , 1
.

mn mn m n
x x x


  

We  now  define 
11

  statistical  convergence, 
11

  lacunary  statistically  Cauchy  sequence  for  double  sequences  in  the
following manner.

3. Definitions and Preliminaries

3.1 Definition

(Lindenstrauss and Tzafriri, 1971) An Orlicz function is a function    : 0, 0,M     which is continuous, non-
decreasing and convex with    0 0, 0,M M x   for 0x   and  M x   as .x    If convexity of Orlicz function
M is replaced by       ,M x y M x M y    then this function is called modulus function. An Orlicz function M is said
to satisfy 

2
   condition for all values u, if there exists 0K   such that    2 , 0.M u KM u u 

3.2 Lemma

Let M be an Orlicz function which satisfies 
2

   condition and let 0 1.   Then for each ,t   we have
   1 2M t K M   for some constant 0.K 

3.3 Definition

Let n  and X be a real vector space of dimension m, where .n m  A real valued function 1
( , , )

p n
d x x 

1 1
( ( , 0), , ( , 0))

n n p
d x d x‖ ‖  on X satisfying the following four conditions:

(i) 1 1
( ( , 0), , ( , 0)) 0

n n p
d x d x ‖ ‖  if and and only if  

1 1
( , 0), , ( , 0)

n n
d x d x  are linearly dependent,

(ii) 1 1
( ( , 0), , ( , 0))

n n p
d x d x‖ ‖  is invariant under permutation,

(iii) 1 1 1 1
( ( , 0), , ( , 0)) ( ( , 0), , ( , 0)) ,

n n p n n p
d x d x d x d x      ‖ ‖ ‖ ‖

(iv)    1/

1 1 2 2 1 2 1 2
( , ), ( , ) , ( , ) ( , , , ) ( , , , )

pp p

p n n X n Y n
d x y x y x y d x x x d y y y     for 11 ;p    (or)

(v)    1 1 2 2 1 2 1 2
( , ), ( , ), , ( , ) : sup ( , , , ), ( , , , ) ,

n n X n Y n
d x y x y x y d x x x d y y y  

for 
1 2 1 2
, , , , , , ,

n n
x x x X y y y Y    is called the p product metric of the Cartesian product of n metric spaces is the p

norm of the n-vector of the norms of the n subspaces.
A trivial example of p product metric of n metric space is the p norm space is X    equipped with the following

Euclidean metric in the product space is the p norm:

  

     
     

     

11 11 12 12 1 1

21 21 22 22 2 1

1 1

1 1 2 2

, 0 , 0 ... , 0

, 0 , 0 ... , 0

.
( ( , 0), , ( , 0)) | ( , 0 ) |

.

.

, 0 , 0 ... , 0

n n

n n

n n E mn mn

n n n n nn nn

d x d x d x

d x d x d x

d x d x sup det d x sup

d x d x d x

  

 
 
 
 
 
 
 
 
 

‖ ‖

where  1
, n

i i in
x x x    for each 1, 2, .i n 
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If every Cauchy sequence in X converges to some ,L X  then X is said to be complete with respect to the p metric.
Any complete p  metric space is said to be p  Banach metric space.

An interval number x  is a closed subset of the real numbers and denoted as 
11 11

, ,
pq rs

x x x      where 11 11pq rs
x x  

and 11 11
,

pq rs
x x   both are real numbers. Let us denote the set of all real valued closed intervals by  2 .R I  The set of all

interval numbers  2R I  is a metric space with the metric

   11 11 11 11
, , .

pq pq rs rs
d x y max x y x y       

Let us define transformation    2 2:f N N R I R I    by      11
, .

mn
m n f mn x     Then  11 mn

x   is called the

sequence of interval numbers. The 
11 mn

x   is called the  , thm n  term of sequence  11
.

mn
x 

3.4 Definition

Let ,I   be operator ideals and   be an ideal topology. We say that a Banach metric space E has the

(i)  , ,I    approximation property,  , ,I    AP for short if    ; ;I F E F E


   for every Banach metric

space F.

(i)  , ,I    weak approximation property,  , ,I    WAP for short if    ; ; .I E E E E


 

Example: The classical approximation property coincides with the   , , ,K F d x y   AP, with  , ,
c

L F    AP and hence

with the  , ,
c

L F    Wap.

Let X and Y be two Banach metric spaces, where X  has a countable fundamental set .   If the ideal I has

property (AP). A sequence  uv

mn
A  of operators  ,uv

mn
A B X Y  is *b I   convergent and  uv

mn
A   is I   convergent for every

   and M be a sequence of Orlicz functions and then consider the following definitions and the theorems are obtained:

3.5 Definition

A vector valued sequence  11 mn
x   of   2 ,R I d  is said to be convergent to the interval number 0  and we denote

it by writing

      2

1 2 1 ,
, , 0 , , 0 , , , 0I

A M n m np
d x d x d x lim




 
  

          1/

11 1 2 1
! , 0 , ( , 0 , , 0 , , , 0 ) 0 .

m nuv

mn mn n p
M A m n x d x d x d x




     ‖ ‖

Thus

          1/

, 11 1 2 1
! , 0 , ( , 0 , , 0 , , , 0 ) 0

m nuv

m n mn mn n p
lim M A m n x d x d x d x



 
      ‖ ‖

          1/

, 11 1 2 1
! , 0 , ( , 0 , , 0 , , , 0 ) 0

p quv

p q pq pq n p
lim M A p q x d x d x d x



 
   

  ‖ ‖
and

          1/

, 11 1 2 1
! , 0 , ( , 0 , , 0 , , , 0 ) 0 .

r suv

r s rs rs n p
lim M A r s x d x d x d x



 
     ‖ ‖

A four dimensional interval vector is an ordered 4-tuple of intervals,

    11 11 11 12 11 21 11 22 11 11 11 12 11 21 11 22
, , , , , , .

pq pq rs rs
x x x x x x x x x               

If the absolute value of each element of x  is zero, then x  is called zero interval vector and is denoted by  0, 0, 0, 0      

    0, 0 , 0, 0 .
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Let  2

4
R I  be the set of all four dimensional interval vectors. The scalar multiplication and addition of two vectors

in  2

4
R I  are defined as follows:

 11 11 11 11 12 11 21 11 22
, , ,x x x x x              

  
  

11 11 11 12 11 21 11 22

11 12 11 11 11 22 11 21

, , , , if 0

, , , , if 0
pq pq rs rs

pq pq rs rs

x x x x

x x x x





    

    

   
    

   11 11 11 11 12 21 22 11 11 12 21 22
, , , , , ,x y x x x x y y y y                

  11 11 11 11 12 11 12 11 21 11 21 11 22 11 22
, , , .

pq pq pq pq rs rs rs rs
x y x y x y x y             

Now, we introduce a distance of four vectors in  2

4
,R I  which is defined as

   11 11 11 11 11 12 11 12 11 21 11 21 11 22 11 22
, , , ,

pq pq rs rs pq pq rs rs
d x y max x y x y x y x y             

where      2

11 11 11 12 21 22 11 11 12 21 22 4
, , , , , , , .x x x x x y y y y y R I              

3.6 Definition

Consider two non-negative vector valued sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y     are
asymptotically equivalent   if

      11

11

0, 0, 0, 0 0, 0 , 0, 0 .mn

mn
mn

x
lim

y



  




   



and it is denoted by 
11

.x  

3.7 Definition

Let K  be the subset of ,   the set of natural numbers. Then the asymptotically density of K, denoted by   ,K  is
defined as

   
,

1
, , : , ,

k
K lim m n k m n K

k
   





where the vertical bars denote the cardinality of the enclosed set.

3.8 Definition

Consider vector valued sequence of interval numbers  11 11 mn
x x     is said to be statistically convergent to the

number   if for each 0,  the set

    1/

11
, : ! , 0

m n

mn
K m k n m n x


        has asympototic density .

   1/

11

1
, : ! , 0 .

m n

k mn
lim m k n m n x

k



     







In this case we write .St limx  

3.9 Definition

Let two non-negative double vector valued sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y     are
said to be asymptotically double equivalent of multiple  L  provided that for every 0,
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  11

,
11

1
, : , , .

,
mn

k
mn

x
lim m n m k n L

k y



    


 
 
 









and simply asymptotically double statistical equivalent if 1.L   Furthermore, let L

rs
S


 denote the set of all vector valued

sequences of interval numbers   11 11 mn
x x     and  11 11 mn

y y     such that 
11 11

.x y   

3.10  Definition

Let    ,
rs r s

m n   be a double lacunary sequence; the two double vector valued sequences of interval numbers

 11 11 mn
x x     and  11 11 mn

y y     are said to be asymptotically double lacunary statistical equivalent of multiple L pro-

vided that for every 0,

  11

, ,
, 11

1
, : mn

r s r s
r s mn

x
lim m n I L

h y



   

 
 
 
 






and simply asymptotically double lacunary statistical equivalent if L=1.Furthermore, let L

rs
S
  denote the set of all vector valued

sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y     such that 
11 11

.x y   

3.11  Definition

Consider   ,
rs r s

m n   be a double lacunary sequence; the two double vector valued sequences of interval numbers

 11 11 mn
x x     and  11 11 mn

y y     are said to be strong asymptotically double lacunary equivalent of multiple L provided
that

 

11

,
,, 11,

1
,mn

r s
m n Ir s mnr s

x
lim L

h y





 

 




that is 
11

x   is equivalent to 
11

y   and it is denoted by L

rs
N

  and simply strong asymptotically double lacunary equivalent if

L=1. In addition, let L

rs
N

  denote the set of all vector valued sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y   

such that 
11

x   is equivalent to 
11

.y 

3.12  Definition

An ideal I has property (AP). A sequence  uv

mn
A  of operators  ,uv

mn
A B X Y  is *b I  convergent and  uv

mn
A   is I 

convergent for every    and the double sequence   ,
rs r s

m n   is called double lacunary sequence if there exist two
increasing of integers such that

1
0,

r r r
m h m m

 
      as r    and 

1
0,

s s s
n h n n
 
      as .s  

Notations: , ,
,

r s r s r s r s
m m m h h h   and 

rs
  is determined by

  1 1
1 1

, : and , ,  and . r s

rs r r s s r s rs r s
r s

m n
I m n m m m n n n q q q q q

m n 
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3.13  Definition

Let  P denote the space whose elements are finite sets of distinct positive integers. Given any element   of P, we denote

by  P   the sequence   ab
P   such that   1

ab
P    for ,a b   and   0

ab
P    otherwise. Further

  
1 1

: ,
rs ab

a b

P P P r s 
 

 

  

that is 
rs

P  is the set of those   whose support has cardinality at most ,r s  and we get

    11 1, 1 1, 1
: 0 , 1, 1 .

ab ab a b a b ab
a b a b      

   
        
We define

,

1
.

rs
m n Prs rs  


   


  

3.14  Definition

Let ( , )
rs r s

m n   be a double lacunary sequence; the two non-negative double vector valued sequences of interval

numbers  11 11 mn
x x     and  11 11 mn

y y     are said to be   summable to 0  that is

      2

1 2 1 ,

1
, , 0 , , 0 , , , 0

,
I

A M n r sp
rs

d x d x d x lim
m n Prs




   


  
    

       
1/

11

1 2 1
11

! , 0 , ( , 0 , , 0 , , , 0 ) .
m n

mnuv

mn n p
mn

x
M A m n d x d x d x

y
 






 



     
           





‖ ‖

In this we write 2

11
0   and the set of all strongly   summable sequences is denoted by  .

3.15  Definition

Consider two double non-negative vector valued sequences  11 11 mn
x x    and  11 11 mn

y y    and let E    is
said to be the   density of E.

   ,

1
, , : , .

r s rs
rs

E lim m n P m n E

  


   



It is clear that     .E E


 

3.16  Definition

Let ( , )
rs r s

m n   be a double lacunary sequence; the two double non-negative vector valued sequences of interval
numbers  11 11 mn

x x     and  11 11 mn
y y     are said to be   statistical convergent summable to 0   if for each 0

,

1

,r s
rs

lim
m n Prs     

 

       
1/

11

1 2 1
11

! , 0 , ( , 0 , , 0 , , , 0 ) .
m n

mnuv

mn n p
mn

x
M A m n d x d x d x

y
 






 



    
          





‖ ‖

In this we write 2 0   and it is denoted by .St
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3.17  Definition

The double non-negative vector valued sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y     are said
to be cesáro strong Masymptotically double lacunary of multiple 0

      2

1 2 1 ,

1
, , 0 , , 0 , , , 0

1 1
I

A M n a bp

a bd x d x d x lim
m nab


 


 

    

       
1/

11

1 2 1
11

! , 0 , ( , 0 , , 0 , , , 0 )
m n

mnuv

mn n p
mn

x
M A m n d x d x d x

y
 






 



     
           





‖ ‖

denoted by    11 11mn mn
x y     and simply cesáro Orlicz asymptotically equivalent.

3.18  Definition

Consider ( , )
rs r s

m n   be a double lacunary sequence; the two double non-negative vector valued sequences of
interval numbers  11 11 mn

x x     and  11 11 mn
y y     are said to be cesáro strong Masymptotically double lacunary I 

of multiple 0,  provided that for every 0 

       
1/

11

1 2 1
11

1 1

! , 0 , ( , 0 , , 0 , , , 0 ) ,
m n

mnuv

mn n p
mn

a b
m n

x
M A m n d x d x d x I

y
 





 


  



     
           

 





‖ ‖

where , .a b  Simply cesáro asymptotically I  equivalent.

3.19  Definition

The two non-negative double vector valued sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y     are
said to be double lacunary ideal    of multiple 0,  provided that

          
,

1/

11 1 2 1

1

,

! , 0 , ( , 0 , , 0 , , , 0 ) .

r s
rs

m nuv

mn mn n p

lim
m n Prs

M A m n x d x d x d x

  

 







  

    

 

 ‖ ‖
Simply cesáro asymptotically   equivalent.

           
,

1/

11 1 2 1

1

,

! , 0 , ( , 0 , , 0 , , , 0 ) .

r s
rs

m nuv

mn mn n p

lim
m n Prs

M A m n x d x d x d x I

  

 







  

     

 

 ‖ ‖
Simply cesáro asymptotically I     equivalent.

3.20  Definition

Let  ( , )
rs r s

m n   be a double lacunary sequence; the two double non-negative vector valued sequences of interval
numbers  11 11 mn

x x     and  11 11 mn
y y     are said to be asymptotically double lacunary   of multiple 0 ,

provided that for every 0
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,

1/

11

1 2 1
11

1

! , 0 , ( , 0 , , 0 , , , 0 ) ,

r s
rs

m n

mnuv

mn n p
mn

lim

x
M A m n d x d x d x

y



 










  



     
           





‖ ‖

where , , .
rs

m n P    Simply asymptotically   equivalent.

3.21  Definition

Consider two double non-negative vector valued sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y   
are said to be asymptotically double lacunary   of multiple 0 ,  provided that for every 0  and for every 0 

       

,

1/

1 2 1

1

! , 0 , ( , 0 , , 0 , , , 0 ) ,

r s
rs

m n

mnuv

mn n p
mn

lim

x
M A m n d x d x d x I

y














   



     
           





‖ ‖

where , , .
rs

m n P    Simply asymptotically I     equivalent.

4. Main Results

4.1 Theorem

If ( , )
rs r s

m n   be  a  double  lacunary  sequence;  the  two  double  vector  valued  sequences  of  interval  numbers
 11 11 mn

x x     and  11 11 mn
y y     then the two sequences are

(a) I  equivalent I   statistically equivalent
(b) I  equivalent I  equivalent, if M is finite.

Proof:  Consider I  equivalent and 0  be given we write

       

 
       

1/

11

1 2 1
11

11 1/

1 2 1
11

1

1 1

! , 0 , ( , 0 , , 0 , , , 0 )

! , 0 ) , ( , 0 , , 0 , , , 0 ,

m n

mnuv

mn n p
mn

mnuv m n

mn n p
mn

a b
m nab

x
M A m n d x d x d x

y

M x
A m n d x d x d x

ab y













 


 




 

 

    
          
  
   
  

 














‖ ‖

‖ ‖

where ,m a n b 

Consequently for any ,   we have

       

         _ ^ _ ^ \\

1/

1 2 1

1/

11

1 2 1
11

1
! , 0 ) , ( , 0 , , 0 , , , 0

1
1 1 ! , 0 , ( , 0 , , 0 , , , 0 )

mnuv m n

mn n p
mn

m n

mnuv

mn n p
mn

x
A m n d x d x d x

ab y

x
m a n b M A m n d x d x d x

M ab y















  

 


    

 

  
   
   

   
        

 















‖ ‖

‖ ‖

,I   where ,a b  and ,m a n b 
Hence I equivalent.
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(b) Consider M is finite and I statistically equivalent then there exists a real number N   such that   .
t

sup M t N
Moreover for any   we can write

       

         

1/

11

1 2 1
11

11 1/

1 2 1
11

1

1 1

! , 0 , ( , 0 , , 0 , , , 0 )

! , 0 ) , ( , 0 , , 0 , , , 0 ,

m n

mnuv

mn n p
mn

mnuv m n

mn n p
mn

a b
m nab

x
M A m n d x d x d x

y

N x
A m n d x d x d x M

ab y













 


 




  

 

    
          
  
   
  

 










 

‖ ‖

‖ ‖

where , .m a n b   Now applying ,  then the result follows.

4.2 Theorem

Let ( , )
rs r s

m n   be a double lacunary sequence; the two double vector valued sequences of interval numbers

 11 11 mn
x x     and  11 11 mn

y y     then the two sequences and  rs
  be a non-decreasing sequence of positive real

numbers such that 
rs
    as ,r s   and ,

rs
r s   for every , .r s    Then statistically equivalent    statisti-

cally equivalent.

Proof: By definition of the  sequences 
rs

  it follows that 1.
rs

rs

rs
inf

rs 


 
 Then there exists a 0t   such that

1

rs

rs t

t






suppose that two sequences are statistically equivalent then for every   and sufficiently large ,r s  we have

       
1/

1 2 1

1
! , 0 , ( , 0 , , 0 , , , 0 )

m n

mnuv

mn n p
rs mn

x
M A m n d x d x d x

y









  

 

     
           





‖ ‖

       
1/

11

1 2 1
11

1
! , 0 , ( , 0 , , 0 , , , 0 )
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rs mn

rs x
M A m n d x d x d x

rs y









  

 

     
           





‖ ‖

       
1/
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11

1
! , 0 , ( , 0 , , 0 , , , 0 )
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mn n p
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x
M A m n d x d x d x
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11
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! , 0 , ( , 0 , , 0 , , , 0 )
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mn

t x
M A m n d x d x d x
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1/

11

1 2 1
11

1
! , 0 , ( , 0 , , 0 , , , 0 ) .

m n

mnuv

mn n p
rs mn

x
M A m n d x d x d x
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‖ ‖

where    , , , 1, 2, , , 1, 2, , ,
rs rs

m n P m r n s P             and
   0 0
1, 2, , , 1, 2, , , .

rs
m r n s P       
This completes the proof.
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4.3 Theorem

If  two  double  vector  lacunary  valued  sequences  of  interval  numbers  11 mn
x x     and  11 11 mn

y y     and

,m n  such that  
 

1 1

, ,rs

rs rs rs
r s

mn
mn sup


 


 

 
     


 then the two vector valued sequences are   statistically

equivalent   statistically equivalent.

Proof:  If 
 

1 1

,rs

rs
r s

mn
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 then there exists N   such that 

 
1

rs

rs

mn
N





 


 
 for all , 1.r s   Let ,a b  be an integers

such that 1, 1
, .

r s rs
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     Then for every   we have
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N

mn
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m n
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mn

x
M A m n d x d x d x M
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where , , , , , , , , , .
rs mn mnrs rs

m a n b m n m n P m n P
 

    
  

       

4.4 Theorem

If ( , )
rs r s

m n   be a double lacunary sequence; the two double vector valued sequences of interval numbers

 11 11 mn
x x     and  11 11 mn

y y     and , ,m n   then the two vector valued sequences of interval numbers are Cesáro
equivalent     equivalent

Proof:  From the definition of sequence  rs
  it follows that 1.

rs
rs

rs
inf

rs 


 
 Then there exists t   such that
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1
.

rs

rs t

t






Then the following relation
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1 2 1
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1
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rs
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m r n s Prs

x
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‖ ‖

Since the two sequences are Cesáro equivalent and M is continuous letting ,r s   we get

       
1/

11

1 2 1
11

1

,

! , 0 , ( , 0 , , 0 , , , 0 ) .

rs

m n

mnuv

mn n p
mn

m n Prs

x
M A m n d x d x d x

y

  

 




  


 



   
        

 





‖ ‖

Hence two sequences are   equivalent.

4.5 Theorem

If  two  double  lacunary  vector  valued  sequences  of  interval  numbers  11 11 mn
x x     and  11 11 mn

y y     and
,m n , then the two vector valued sequences of interval numbers are

(a) Cesáro equivalent   statistcally equivalent.

(b) If M satisfies the 
2

  condition and         2

11 1 2 1
, , 0 , , 0 , , , 0

mn M n p
x d x d x d x


      then the two

vector valued sequences of interval numbers are statistically equivalent   Cesáro equivalent.
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Proof (a): Consider two vector valued sequences are Cesáro equivalent. Then for every   we have

       
1/

11

1 2 1
11

1
! , 0 , ( , 0 , , 0 , , , 0 )

m n

mnuv

mn n p
mn

x
A m n d x d x d x

ab y







  

 

    
          





‖ ‖

         
1/
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1 2 1
11

1
! , 0 , ( , 0 , , 0 , , , 0 )

m n

mnuv

mn n p
mn

x
M A m n d x d x d x M
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‖ ‖

       
1/

11

1 1 1 2 1
11

1
! , 0 , ( , 0 , , 0 , , , 0 ) ,

m n

mna b uv

m n mn n p
mn

x
M A m n d x d x d x

ab y




  


  

 

   
        





‖ ‖

 where , .m a n b   This completes the proof.

Proof (b): Follows from the same technique of Theorem 4.1 and Theorem 4.4.

Theorem   If two double vector lacunary valued sequences of interval numbers  11 11 mn
x x     and  11 11 mn

y y     and
,m n  then the two sequences of interval numbers are

(a)    equivalent    statistcally equivalent

(b) If M satisfies the 
2

  condition and         2

11 1 2 1
, , 0 , , 0 , , , 0

mn M n p
x d x d x d x


       then the two vector

valued sequences of interval numbers are statistically equivalent    statistically equivalent.

(c) If M satisfies the 
2

  $condition, then    equivalent       2

1 2 1
, , 0 , , 0 , , , 0

M n p
d x d x d x 


      sta-

tistically equivalent       2

1 2 1
, , 0 , , 0 , , , 0 .

M n p
d x d x d x


  

Proof: Follows from the same technique of Theorem 4.1 and Theorem 4.5.

Acknowledgements

The authors are extremely grateful to the anonymous
learned referee(s) for their keen reading, valuable suggestion
and  constructive  comments  for  the  improvement  of  the
manuscript. The authors are thankful to the editor(s) and
reviewers  of  Songklanakarin  Journal  of  Science  and
Technology.

References

Bromwich, T. J. I’ A. (1965). An introduction to the theory of
infinite series. New York, NY: Macmillan.

Basarir, M., & Solancan, O. (1999). On some double sequence
spaces. Journal of Indian Academy Mathematics,
21(2), 193-200.

Hardy, G. H. (1917). On the convergence of certain multiple
series. Proceedings of the Cambridge Philosophical
Society 19, 86-95.

Lindenstrauss, J., & Tzafriri, L. (1971). On Orlicz sequence
spaces. Israel Journal of Mathematics, 10, 379-390.

Mishra, V. N. (2007). Some problems on approximations of
functions in Banach Spaces (Doctoral thesis, Indian
Institute of Technology, Uttarakhand, India).

Mishra,  V. N.,  Khatri,  K.,  &  Mishra,  L. N.  (2014).  Strong
Cesáro  summability  of  triple  fourier  integrals.
Fasciculi Mathematici, 53.

Mishra, V. N., Khatri, K., & Mishra, L. N. (2013). Statistical
approximation by Kantorovich type Discrete q-Beta
operators. Advances in Difference Equations, 2013,
345. doi: 10.1186/10.1186/1687-1847-2013-345.

Mishra, V. N., Sharma, P., & Mishra, L. N. (2015). On statistical
approximation properties of q-Baskakov-Szá operators.
Journal  of  Egyptian  Mathematical  Society.  doi:
10.1016/j.joems.2015.07.005, 1-6.

Moricz, F. (1991). Extentions of the spaces c and c0 from
single  to  double  sequences.  Acta  Mathematica
Hungariga, 57(1-2), 129-136.

Moricz, F., & Rhoades, B. E. (1988). Almost convergence
of  double  sequences  and  strong  regularity  of
summability matrices. Mathematical Proceedings of
the Cambridge Philosophical Society 104, 283-294.



563Deepmala et al. / Songklanakarin J. Sci. Technol. 39 (4), 549-563, 2017

Raj, K., & Sharma, S. K. (2013). Lacunary sequence spaces
defined by Musielak-Orlicz function. Le Matematiche,
68, 33-51.

Raj, K., Sharma, A. K., & Sharma, S. K. (2010). Difference
sequence spaces in n-normed spaces defined by
a  Musielak-Orlicz  function.  Armenian  Journal  of
Mathematics, 3, 127-141.

Raj, K., Sharma, A. K., & Sharma, S. K. (2011). A sequence
spaces defined by a Musielak-Orlicz function. Inter-
national Journal of Pure and Applied Mathematics,
67(4), 475-484.

Raj, K., & Sharma, S. K. (2011). Some sequence spaces in 2-
normed spaces defined by Musielak Orlicz function.
Acta Universitatis Sapientiae Mathematica, 3(1), 97-
109.

Raj, K., Sharma, A. K., & Sharma, S. K. (2012). Sequence
spaces  defined  by  Musielak-Orlicz  function  in  2-
normed spaces. Journal of Computational Analysis
and Applications, 14.

Raj, K., & Sharma, S. K. (2012). Some new Lacunary strong
convergent  vector-valued  multiplier  difference
sequence  spaces  defined  by  a  Musielak-Orlicz
function. Acta Mathematica Academiae Nyiregyha-
ziensis, 28, 103-120.

Raj, K., & Sharma, S. K. (2013). Ideal convergent sequence
spaces defined by a Musielak-Orlicz function. Thai
Journal of Mathematics, 11, 577-587.

Tripathy, B. C. (2003). On statistically convergent double
sequences. Tamkang Journal of Mathematics, 34(3),
231-237.

Tripathy, B. C., & Mahanta, S. (2004). On a class of vector
valued  sequences  associated  with  multiplier
sequences.  Acta  Mathematica  Applicata  Sinica
(English Series), 20(3), 487-494.

Tripathy, B. C., & Sen, M. (2006). Characterization of some
matrix classes involving paranormed sequence spaces.
Tamkang Journal of Mathematics, 37(2), 155-162.

Tripathy, B. C., & Dutta, A. J. (2007). On fuzzy real-valued
double  sequence  spaces 2 .

p
F  Mathematical  and

Computer Modelling, 46(9-10), 1294-1299.
Tripathy, B. C., & Hazarika, B. (2008). I-convergent sequence

spaces associated with multiplier sequence spaces.
Mathematical Inequalities and Applications, 11(3),
543-548.

Tripathy, B. C., & Sarma, B. (2008). Statistically convergent
difference double sequence spaces. Acta Mathematica
Sinica, 24(5), 737-742.

Tripathy, B. C., & Sarma, B. (2009). Vector valued double
sequence spaces defined by Orlicz function. Mathe-
matica Slovaca, 59(6), 767-776.

Tripathy, B. C., & Dutta, H. (2010). On some new paranormed
difference  sequence  spaces  defined  by  Orlicz
functions. Kyungpook Mathematical Journal, 50(1),
59-69.

Tripathy, B. C., & Dutta, A. J. (2010). Bounded variation double
sequence space of fuzzy real numbers. Computers and
Mathematics with Applications, 59(2), 1031-1037.

Tripathy, B. C., & Sarma, B. (2011). Double sequence spaces
of fuzzy numbers defined by Orlicz function. Acta
Mathematica Scientia, 31B(1), 134-140.

Tripathy, B. C., & Chandra, P. (2011). On some generalized
difference paranormed sequence spaces associated
with  multiplier  sequences  defined  by  modulus
function. Analysis in Theory and Applications, 27
(1), 21-27.

Tripathy,  B. C.,  &  Dutta,  A. J.  (2013).  Lacunary  bounded
variation sequence of fuzzy real numbers. Journal in
Intelligent and Fuzzy Systems, 24(1), 185-189.

Turkmenoglu, A. (1999). Matrix transformation between some
classes of double sequences. Journal of Institute of
Mathematics and Computer Science Maths Series,
12(1), 23-31.


