Songklanakarin J. Sci. Technol. * ? () S IST

39 (4), 549-563, Jul. - Aug. 2017

http://www.sjst.psu.ac.th

Original Article

The Cesdro Lacunary Ideal bounded linear operator of y2- of ¢-statistical
vector valued defined by a bounded linear operator of interval numbers

Deepmala’-?*, N. Subramanian®, and Lakshmi Narayan Mishra*>

! Statistical Quality Control and Operations Research Unite, Indian Statistical Institute,
203 B. T Road, Kolkata, West Bengal, 700 108 India

? Mathematics Discipline, Discipline of Natural Sciences,
PDPM Indian Institute of Information Technology, Design and Manufacturing, Jabalpur, Madhya Pradesh, 482 005 India

3 Department of Mathematics,
SASTRA University, Thanjavur, 613 401 India

* Department of Mathematics,
National Institute of Technology, Silchar, District Cachar, Assam, 788 010 India

’ Department of Mathematics, Lovely Professional University, Jalandhar-Delhi,
G.T. Road, Phagwara, Punjab, 144 411 India

Received: 5 December 2015; Revised: 7 June 2016; Accepted: 24 July 2016

Abstract

Let (A:; ) be a sequence of bounded linear operators from a separable Banach metric space of (X , 0) into a Banach

metric space (Y , 0). Suppose that ¢ € ®@ is a countable fundamental set of X and the ideal 7 — of subsets N x N has property

v

(AP). The sequence (A:m) is said to be b [ — convergent if it is pointwise /—convergent and there exists an index set K

such that NxN /K e/ and (A;’;x) is bounded for any x e X, the concept of lacunary vector valued of y° and
m,nek
the concept of A, —lacunary statistical convergent vector valued of x° of difference sequences have been introduced. In

addition, we introduce interval numbers of asymptotically ideal equivalent sequences of vector valued difference by
Musielak fuzzy real numbers and established some relations related to this concept.

Finally we introduce the notion of interval numbers of Cesdro Orlicz asymptotically equivalent sequences vector
valued difference of Musielak Orlicz function and establish their relationship with other classes.
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1. Introduction

Throughout w, y and A denote the classes of all, gai and analytic scalar valued single sequences, respectively. We
write w” for the setofall complex double sequences (x, ), where m,n € N, the set of positive integers. Then, w” isalinear
space under the coordinate wise addition and scalar multiplication.

Some initial works on double sequence spaces is found in (Bromwich, 1965). Later on it was investigated by (Hardy,
1917; Moricz, 1991; Moricz & Rhoades, 1988) (Basarir & Solankan, 1999; Tripathy ef al., 2003, 2004, 2006, 2007, 2008,
2009, 2010,2011,2013) (Mishra et al., 2007,2013, 2014, 2015; Raj et al., 2010, 2011, 2012, 2013; Turkmenoglu, 1999) and
many others.

0

Let (xmn ) be a double sequence of real or complex numbers. Then the series Z x,, iscalled a double series. The

0 m,n=l

double series Z X, give one space is said to be convergent if and only if the double sequence (S, ) is convergent,
m,n=l1

where

m,n

S = Z Xy (m,n=1,2,3,..).
i j=1
A double sequence x = (x, ) is said to be double analytic if
!

Sup |x |m+n < o0,
m,n 1" mn

The vector space of all double analytic sequences are usually denoted by AL A sequence x = (x, ) is called double entire

sequence if
1

|xmn|m+n — 0 as m,n — .

The vector space of all double entire sequences are usually denoted by . Let the set of sequences with this property be
2 2. . . .
denoted by A” and I'” is a metric space with the metric

1
d(x,y)= sup, . {|xmn ~Vom |E m,n:l, 2,3,..},

forall x=1{x and y=1y in T2, “Let ¢ = {finite sequences}.
mn

mn

Consider a double sequence x = (x, ). The [m, n]th section x""™ of the sequence is defined by P Zmn X

" xS
i,j=0"0"

forall m,n e N,

00 .0 O
00 .0 O
5 =
mn
0 0 I 0
00 .0 O

with 1 in the [m, n]th section and zero otherwise.
1
A double sequence x = (x, ) is called double gai sequence if ((m +n) !|xmn |)m — 0 as m,n — oo. The double

gai sequences will be denoted by ;(2.
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2. Concepts of A, —lacunary ¢ — statistically convergent and Cauchy ;(2 — sequences}
We first introduce the concept of lacunary double sequences as follows:

2.1 Definition

A sequence (Amn) of operators 4 € B(X ,Y )(m, ne N) issaidtobe b1 — convergentif / —lim A x . exists
(I—limA x =4 ) for any x € X and there is a set K €I such that (A

x
mn mn mn
In the special case I = I, we get the notion of b'T — statistical convergence. The p'J — limit and the b T — statistical of

onomn )m’neK is bounded for every x € X.

(Amn) are denoted, respectively, by b1 —lim A = and b*stT —lim_ A

mn” mn"’

2.2 Definition

By a lacunary double sequence we mean an increasing sequence of positive integers 6, = (mrns )

mn i’l’loi’lI

mn i’l’lli’lI Wlli’l2

mn mn mn mn
271 272

mn mn mn mn mn
31 32 33 34

mn mn mn mn mn mn
4 42 43 44 45

mn mn mn mn mn mn mn
501 52 53 54 55

such that mn =0,m n =0,mn =0,mn =0mmn =0 for r>1,52>1,
O<mn <mn ifi<k
i ko j
O<mn<mn ifi<k
p i Pk
0< mn <m_n forp= L,2,---and j =12,
and A h = (mrnx -mn_ ) —> ooass —> ©,A h = (mrns - ml‘_lny) — ooasr — . The corresponding intervals are denoted
by AOI[rx and AIOIrx Where AOl[r.y = (mrns—
We define

—mn] and A 1 =(m n —mn].
1 ros 107 rs r=1 s ros

Ahm =A h xA h‘, =(mrns —m"_lns)x(mrns —ml‘ns_]).

10 s 01 rs

MOk A01%ps
So Ah — 0 as r,s —> .

The intervals determined by 6 are denoted by A/ where

Al =A 1T xA T =(m n—mn]x(mn —mn].
s 10 rs 01 rs r=1 s ros roos-1 ros

7

MOTrs A01rs

m‘nS m"nS
and the ratios mon mn M€ denoted by A g and A g respectively. We will denote the set of all double lacunary

r=1 s roos-l1

sequences by N, .
s
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Now we defined the backward differences of the double sequences x = (xm” ) as follows:

117 mn mn m—1,n mon-1 m=1,n-1°

107 mn mn m—=1,n

o mn mon-1"
We now define A - statistical convergence, A - lacunary statistically Cauchy sequence for double sequences in the
following manner.

3. Definitions and Preliminaries

3.1 Definition

(Lindenstrauss and Tzafriri, 1971) An Orlicz function is a function M : [0,00) - [0,00) which is continuous, non-
decreasing and convex with M (0)=0,M (x)>0, for x>0 and M (x) — o0 as x — oo. If convexity of Orlicz function
M is replaced by M (x + y) <M (x) +M (y), then this function is called modulus function. An Orlicz function M is said
to satisfy A, — condition for all values u, if there exists K >0 such that M (2u) < KM (u) ,u>0.

3.2 Lemma

Let M be an Orlicz function which satisfies A, — condition and let 0 <& <1. Then for each > 6, we have
M (t)< K5 'M(2) for some constant K > 0.

3.3 Definition

Let ne N and X be a real vector space of dimension m, where n < m. A real valued function dp (X, )=
|| (d (x,0),....,d (x ,0)) ||p on X satisfying the following four conditions:

@) || (d (x,0),....,d (x ,0)) ||p= 0 ifand and onlyif d (x ,0),...,d (x ,0) arelinearly dependent,

(ii) || (d,(x,,0),....d (x,,0)) | is invariant under permutation,

(i) || (ad, (x,,0),....ad (x,, ) || =] || (d,(x,,0),....d, (x, ,0N|| ., e R

@) d, (9. (23,00 (329,)) = (d, (3 30002) " +d, (3 9,000009,)" ) for 11 p < oo; (or)

V) d (), (000, (x09)) = sup{d, (o x,e,x)0d, (00,000
for x,x,,~-,x €X,y,y,,--,y €Y is called the p product metric of the Cartesian product of n metric spaces is the p

norm of the n-vector of the norms of the n subspaces.

A trivial example of p product metric of » metric space is the p norm space is X =R equipped with the following
Euclidean metric in the product space is the p norm:

Il (d (x,0),....d (x ,0) ||, = sup (| det(d (x ,0))|)=sup

d (x,,0) d (x,0) .. d (x.0)

where x = (x,l,---x, )e R" foreach i =1,2,---n.
1 1 mn
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If every Cauchy sequence in X converges to some L € X, then X is said to be complete with respect to the p — metric.
Any complete p —metric space is said to be p — Banach metric space.

An interval number ¥ is a closed subset of the real numbers and denoted as X = [Anxm , Anxm] , where A”qu <A X
and A x ,A x_ both are real numbers. Let us denote the set of all real valued closed intervals by R* (7). The set of all

interval numbers R’ (7) is a metric space with the metric

d(%.5) = max{|a, x Al

Let us define transformation f: NxN — R’ (1)xR* (1) by (m,n) — f(mn)=(A % ). Then (A % ) is called the

mn

ll P4

sequence of interval numbers. The A X is called the (m, n) term of sequence ( . m)

3.4 Definition

Let 7,3 be operator ideals and 7 be an ideal topology. We say that a Banach metric space E has the

) ([ , 3, z') — approximation property, ([ , 3’,1’) — AP for short if 7 ( F,E ) c mr for every Banach metric
space F.

@ (1,3,7)— weak approximation property, (1,3,7 )~ WAP for shortif 1 (E; E) ¢ mr

Example: The classical approximation property coincides with the (K ,F.d (x, y)) — AP, with (L, F.,r, ) — AP and hence
with the (L, F.,r, ) — Wap.

Let X and Y be two Banach metric spaces, where X has a countable fundamental set ¢ € ®@. If the ideal I has
property (AP). A sequence ( "“) of operators A" e B(X Y) is b'I — convergent and (Am(]ﬁ) is I — convergent for every

¢ € ® and M be a sequence of Orlicz functions and then consider the following definitions and the theorems are obtained:
3.5 Definition

A vector valued sequence (A”im ) of (R2 (1).,d ) is said to be convergent to the interval number 0 and we denote
it by writing

20 -(d(5,0).d(x,.0).-.d (x,_.0)), |=tim,, .
{m (14 (Gnem)]a, %, )@ (5,0).d (,,0) . (.0 ) | =0}

Thus

tim,, A M (| 429 ((m+n)1]a, 5, 0)"" (@ (x,.0).d (x,.0)..d (x,,.0)[| ) | =0} &
lim {[M||Am¢(((p+q) a5, 0]) " (d(x,,0),d (x,,0),+.d (x, . 0) || ”=°}

and

tim, AL M (147001, 8) (@ (5,0).d (x,,0). . (x,,.0) ) | = 0

A four dimensional interval vector is an ordered 4-tuple of intervals,

(Anxn’Anxlz’Anxm’Anxzz (I:All 1pg? An Iqu:l [Anxzm’Anxzm])'

If the absolute value of each element of X is zero, then X is called zero interval vector and is denoted by 0 = ((Nl (~), 6, 6) =

([0.0].[0.0]).



554 Deepmala et al. / Songklanakarin J. Sci. Technol. 39 (4), 549-563,2017

Let R’ (I4 ) be the set of all four dimensional interval vectors. The scalar multiplication and addition of two vectors

in R’ (I4 ) are defined as follows:

CZAH)C = (aAnxn’aAnxlz’aAnxm’aAnxzz) =

([Anxnpq’Anxmpq]’[Anxzm’Ansz])’ ifa>0
(I:Anxlzpq’Anxnpq:I ’[Anxzzm’Anxzm ])’ ifor <0

A112+A11)~;=A11 (fll’ilz’iﬂ’izz)*_An (}3]]’)7]2’)72]’)722) =

(I:Axllpq +Allyllpq’A X + AIIyIqu ’[Anxzm +A||yzm’Anxzm + Anyzz»x )

11712 pq

Now, we introduce a distance of four vectors in R’ (I4 ) , which is defined as

}

"A X - Any ’|Anxzm - Anyzz»x

d(x’ y) = max{‘Allxllpq _Any ’|Allx12r‘x _AIIyIer 17 21pg

11pgq 21pg

~ ~ o~~~ ~ ~ o~ o~ o~ 2
where Anx:An(xn’xlz’le’xzz)’Any:( Il’yl2’y21’y22)€R (14)'
3.6 Definition

Consider two non-negative vector valued sequences of interval numbers A x = (A X ) and A y= (All )7’“”) are

11 mn

asymptotically equivalent 9 if

,0,0,0) = ([0,0].[0,0]).

and it is denoted by A x=0.

ll')fmn — 5 —

A,

—~~
(=1

mn

3.7 Definition

Let K be the subset of N x N, the set of natural numbers. Then the asymptotically density of K, denoted by & (K ), is
defined as

1
§(K)= lim,, ﬁHmn <k l:mmne K}|
where the vertical bars denote the cardinality of the enclosed set.

3.8 Definition

Consider vector valued sequence of interval numbers A X = (A”im) is said to be statistically convergent to the

number 0 iffor each € > 0, the set

K(e) = {m <k,n<i: (m + n)!|A X ,6|”m+" 2 6} has asympototic density 6.

11" mn

1
lim, T {m <k,n<i: ((m + n)!|A”)?nm,6|)”mM > e}‘ =0.

In this case we write St —limx = 0.

3.9 Definition

Let two non-negative double vector valued sequences of interval numbers A x = (A”im ) and A y = (All V., ) are
said to be asymptotically double equivalent of multiple L provided that for every € > 0,
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4

and simply asymptotically double statistical equivalent if L =1. Furthermore, let S;‘ denote the set of all vector valued
s

le
— L

A
: <
(m,n).msk,n_é, A

1
lim ——
im,, P

=6.

1< mn

sequences of interval numbers A X = (A”im ) and A y= (AH)?W ) such that A x=A y.

3.10 Definition

Let 6 = {(m, n )} be a double lacunary sequence; the two double vector valued sequences of interval numbers

A x= (A”im ) and A y = (All V. ) are said to be asymptotically double lacunary statistical equivalent of multiple L pro-

4

and simply asymptotically double lacunary statistical equivalent if L=1.Furthermore, let S ;rs denote the set of all vector valued

vided that for every e > 0,

{(m,n) el

1
lim ——
o Ah’ s

A X
L

Ay,

=6

sequences of interval numbers A X = (A”im ) and A y= (AH)?W ) such that A x=A y.

3.11 Definition

Consider 0 = {(m N )} be a double lacunary sequence; the two double vector valued sequences of interval numbers

A x= (A”im ) and A y = (All V., ) are said to be strong asymptotically double lacunary equivalent of multiple L provided
that
! |

limm A Z

s (nz,n)elr,s

11 inm A
~ L=0 s
11 ynm

A
A

thatis A X is equivalentto A y and it is denoted by N, g‘m and simply strong asymptotically double lacunary equivalent if

L=1.1In addition, let N ; denote the set of all vector valued sequences of interval numbers A X = (A”i ) and A y = (All y )
s

such that A x is equivalentto A y.

3.12 Definition

An ideal I has property (AP). A sequence (A““ ) of operators 4" e B(X,Y) is b'I — convergent and (A""(p) is 7 —

mn

convergent for every ¢ € @ and the double sequence 6 = {(m, n )} is called double lacunary sequence if there exist two

increasing of integers such that

m =0,h =m —m_ —>o asr—>owand n, =0,h =n —n_ — 0 as s — .

Notations: m_ =mm_h =hh and 6 is determined by

I = {(m,n) tm_ <m<m andn_ <n< nx},q =
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3.13 Definition
Let P denote the space whose elements are finite sets of distinct positive integers. Given any element o of P, we denote
by P(a) the sequence {Pa, (0)} such that P, (0) =1 for a,beo and P, (0) =0 otherwise. Further

oer S5 n0)5n)

a=1 b=1

thatis P_is the set of those o whose support has cardinality at most 7, s and we get

®={¢=(¢ab) 0<¢,<¢,<¢  abp <(a+1b+1), }
We define

1
TR

s MEC n€c.cEPyg

3.14 Definition

Let 6 =(m_,n_) be a double lacunary sequence; the two non-negative double vector valued sequences of interval

numbers A ¥ = (A”im ) and A y = (AH)?W ) are said to be ¢ — summableto 0 that is

I

)(j;M,(d(xl,O),d(xz,O),---,d( x 0 ” }—hm —Z

AP ec  neoc,0eP
rs

1 I _ i mn

Um-n
” :1\" ((m+n) ] ,(d(xl,O),d(xz,O),-~ (nl’ )”) =9_ .

I 1< mn

In this we write A 2° — 0 and the set of all strongly ¢ — summable sequences is denoted by [¢]

3.15 Definition

Consider two double non-negative vector valued sequences A x = (A”xm) and A y= (All ym) and let £ N is
said to be the ¢ — density of E.

1
5¢ (E) = limrva V {m,n €oc,0elP mne E}|

It is clear that 5¢(E)S 5(E).

s

3.16 Definition

Let 6 =(m_,n_) be a double lacunary sequence; the two double non-negative vector valued sequences of interval
numbers A X = (A”im ) and A y = (All v, ) are said to be ¢ — statistical convergent summable to 0 € R iffor each € > 0

—Z

r s>

€eoc  neo,0ceP
rs

11 mn 6

I 1< mn

1/m+n
((m+n) ] ,||(d(x],0),d(x2,0),---,d(x"_],O)||p) 0.

In this we write Ay* — 0 and it is denoted by St¢.
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3.17 Definition

The double non-negative vector valued sequences of interval numbers A X = (A X ) and A y = (All V. ) are said

11 mn

to be cesdro strong M—asymptotically double lacunary of multiple 0

[ (5,0). (5.0). - (5 )] J=tim,, 3¢ 3

Moo Agb Sm=1 =1

1 I _ L mn

1/m+n
M| || 4" ¢ ((m+n) ] (d(x,,0).d(x,,0),+.d(x, .0)|| )| |=€

I 1< mn

denoted by (A X ) = (AIl V. ) and simply cesdro Orlicz asymptotically equivalent.

11" mn

3.18 Definition

Consider 6 =(m_,n) be a double lacunary sequence; the two double non-negative vector valued sequences of
interval numbers A X = (A”im ) and A y = (All V. ) are said to be cesdro strong M—asymptotically double lacunary Al —
of multiple 0, provided that for every § > 0

20 20

m=1 n=1

I I _ M m

1/m+n
] (d(x,,0).d(x,,0),-.d(x,.0)| ) | |26 real

I 1< mn

where a,b € N. Simply cesdro asymptotically Al —equivalent.
3.19 Definition

The two non-negative double vector valued sequences of interval numbers A X = (A X ) and A y = (All V. ) are

11 mn

said to be double lacunary ideal Ag — of multiple 0, provided that

€eoc neo,ceP
rs

LM (|| ((m+n) 8,5, ) " (@ (5.0).d (x,,0)..d (x,_.0) | )) | =}

Simply cesdro asymptotically A¢ — equivalent.

—Z

e Ad €oc neo,0€P
rs

(Lo (120 (Omemfa 5 0] ™ @ (5,0).d (x,.0).d (s, 0) )] 2 6} e ar

Simply cesdro asymptotically Al —A¢ — equivalent.

» s

3.20 Definition

Let 6 =(m ,n) bea double lacunary sequence; the two double non-negative vector valued sequences of interval
numbers A X = (A”im) and A y= (All )7’“”) are said to be asymptotically double lacunary A¢ — of multiple 0 € R,
provided that for every ¢ > 0
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1

lim
r,s—w A¢

s

I I _ 1 mn

1/m+n
=] 0.0 0 ||ef-7

where m,n € 0,0 € P . Simply asymptotically A¢ — equivalent.

I 1< mn

3.21 Definition

Consider two double non-negative vector valued sequences of interval numbers A X = (A”im ) and A y = (All V. )
are said to be asymptotically double lacunary ¢ — of multiple 0 € R, provided that for every € > 0 and for every & > 0

1
lim —

r,s—0 A¢

s

mr m@m+@

_mn

1/m+n
] (d(x,,0),d(x,,0),--.d(x, ,0)|| ) ||zer|z5 e,

mn

where m,n € 6,0 € P_. Simply asymptotically A/ —A¢ — equivalent.

4. Main Results
4.1 Theorem

If @ =(m ,n) be a double lacunary sequence; the two double vector valued sequences of interval numbers
A x= (A X ) and A y = (AH)?W ) then the two sequences are

11 11 mn

(a) Al —equivalent = Al —statistically equivalent
(b) Al —equivalent = Al —equivalent, if M is finite.

Proof: Consider A/ —equivalentand € > 0 be given we write

Zb

1
A_
{ |40 (M+n)
ll mn

{H@|;<m+w

where m<a,n<b

I I _ M mn

] ((5.0).d (1.0) s (5 0) ) ||V =

1 I _ 1 mn
>

“Aab

) (d(xl,O),d(xz,O),---,d(x"_],O) ”p]]} > e}

I 1< mn

Consequently for any y > 0, we have

{H@|;<m+@

M( )_ Zm laZn—lb ||Ai¢((m+n)

y € Al, where a,be N and m<a,n<b

Hence Al —equivalent.

_m

>

)/ (d(xl,0),d(xz,O),---,d(x”_],O)||p]]}Ze}

mn

1 I _ 1L mn

] ,(d(xl,O),d(xz,O),-- ( n-1° )” ) =

I 14 mn
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(b) Consider M is finite and A7 —statistically equivalent then there exists a real number N > @ such that sup M (t) < N.

Moreover for any ¢ > 0 we can write
@ 20

1
A_

{M“ pmray| e

where m < a,n <b. Now applying ¢ — 6, then the result follows.

I I _ M mn

] (@ (5.0).d (1.0) (. 0) ]y ||V <

I 1< mn

I I _ 1 mn

Aab +M(e),

op, (d(xl,o),d(xz,o),---,d(x”_l,o)||p]ﬂz€}

I 1< mn

4.2 Theorem

Let & =(m ,n) be a double lacunary sequence; the two double vector valued sequences of interval numbers
A x= (A”im) and A y= (All )7’“”) then the two sequences and (A¢m) be a non-decreasing sequence of positive real

numbers such that Ag — o as r,s > and Ag <r,s forevery r,s € N. Then statistically equivalent = A¢ — statisti-

cally equivalent.
rs
Proof: By definition of the sequences A¢ it follows that inf Ve >1. Then there exists a ¢ > 0 such that
. 5 s —
rs 1+¢
S —_—
At

suppose that two sequences are statistically equivalent then for every ¢ > 6 and sufficiently large 7,s we have

1 M _ 1/m+n
E M ”A;‘”¢((m+n)|r’”"’0] ,(d(xl,O),d(xz,O),-~ ( n-1° )” ) 2er|=
1 s I I m” 1/m+n
v M||l4 (m+n) ,(d(x,,0),d(x,,0),-,d(x_,0 )||) >ep|—
rs II mn

1 I _ U mn

Ag

rs

1 1/m+n
iz (<m+n> ] W(3:0). (x,0) - (x, 0) )| [z <

I 1< mn

1+¢ 1

| VT (<m+n>
s

11 nm

] (d(x,,0),d (x,,0),.d (x_.0)]|)||>ef|-

I 1< mn

1 I _ L omn

1 1/m+n
A_ M || “” ((m+n) ] ,(d(xl,O),d(xz,O)," (M, )”) >e€

s

I 1< mn

where m,nec,ceP ,me {1,2,---,r}—c7,n e{l,2,---,s}—c7,c7 e P and
m, € {1,2,---,r}—0,n0 € {1,2,---,s}—c7,c7€P"S.
This completes the proof.
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4.3 Theorem

If two double vector lacunary valued sequences of interval numbers Ax = (Anim) and Ay =(Al y

1 mn
[Ag, ]+ mn .
m,n € Z such that Ag < [Aq)m ] +mn,sup ————— < oo, then the two vector valued sequences are A¢ — statistically

Ag

r—ls-1

) and

equivalent = statistically equivalent.

[Aqﬁr ] + mn _ [A¢m ] + mn
— - < oo, then there exists N > 6 such that A— < N forall r,s > 1. Let a,b be an integers

r=ls—1 rs

Proof: If sup

such that A¢ <a,b<A¢ . Then for every € > 0 we have

1,s-1

1 B 1/m+n
aaa || | 142 (<m+n> o ’: ] (@ (.0).d (5,,0)d (3, 0) ] | =
1 1/m+n
= pab ||A,'f,‘,,¢((m+n) s ] ((@(%,0),d (x,,0),-,d (x,_0)[| ) | [2 84 (e)
II mn
1 [A¢”]+mn
< :
[A¢m ] + mn Agzb"_h_I
1/m+n
” 9 ((m+n) 1% St ] ’(d(xl,O),d(xz,O),..., (M, )”) ZM(e)
II mn
< [A¢ ]+mn

Ag ]+mn Ap

r=ls-1

I I _ i mn

| IR RTO OO RY | BT

I 1< mn

[
l:M m (m+n)

: [A¢m ] +mn

I 1 nm

] @ (520).d (1,0) (5, 0) )| |2 800

I 1¥ mn

where mSa,nSb,m,nSAqﬁm,m,nea,oeP

,mneoc,ocepl
‘A(ﬁrs‘wim

[$peg [ +mn *

4.4 Theorem

If & =(m ,n) be a double lacunary sequence; the two double vector valued sequences of interval numbers

A x= (A”xm ) and A y = (All )7’“”) and m,n € Z, then the two vector valued sequences of interval numbers are Cesdro

equivalent = A¢ — equivalent

rs —
Proof: From the definition of sequence (A¢”) it follows that inf —A¢ >1. Then there exists ¢ > @ such that
. 5 s —

s
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rs 1+1¢
< —.
Ap, t

Then the following relation

1
YR

meo nec,ceP

(w2

ll _ 1 mn

| o0t 0 >ﬂ

ll mn

rs 1 o, b

A¢m; m=1  n=l
~ 1/m+n

{M(“A::((mm)u 1 6] ,(d(x],o),d(xz,o),.--,d(x,,_l,O)II,,)H—
11 n

1

—2 2

ne{l,2,--s}-0,0€Pg

II _ 1L mn

II mn

] (@(5.0).d(120). (5 0] >H

1+ 1 . s
EPa— et el
~ 1/m+n
[M@u,::{(mm)'&ﬁ] (@50, (5,0) (5,0, >ﬂ
11 nn
1

117" mn
,0

114" mn

Hnw(wm | 000 (,,1,)||>H

Since the two sequences are Cesdro equivalent and M is continuous letting 7,5 — o we get

)
A¢ meoc — nec,0€P
& rs

{ {”A ¢((m+n) ]UW,(d(xl,O),d(xz,O),- d(x,_.,0)l, )ﬂ

Hence two sequences are A¢ — equivalent.

ll _ It mn

ll mn

4.5 Theorem

If two double lacunary vector valued sequences of interval numbers A x = (A”im ) and A y = (All v, ) and
m,n € Z , then the two vector valued sequences of interval numbers are

(a) Cesaro equivalent = statistcally equivalent

(b) If M satisfies the A —condition and x [/\ (xz,O),---,d(x”il,O))”p] then the two
vector valued sequences of mterval numbers are statlstlcally equlvalent = Cesaro equivalent.
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Proof (a): Consider two vector valued sequences are Cesaro equivalent. Then for every € > 6 we have

o

—_— A" m+n l St

a1 (( =

a1 (e

Aab ’”” ” .
Za ||Au\¢((m+n) ll _ 1 mn

A b " " II mn

where m < a,n < b. This completes the proof.

| RO RERTR o E
=) 00 s 0l 2400

‘] (52000 (5,0)d (5,0 ) | |

Proof (b): Follows from the same technique of Theorem 4.1 and Theorem 4.4.

Theorem If two double vector lacunary valued sequences of interval numbers A x = (A X

m, n € Z then the two sequences of interval numbers are

(@) A¢— equivalent = A¢ — statistcally equivalent

(b) If M satisfies the A — condition and ( W) € [”A;,(d

) and Ay =(Au)~’m,,) and

11 mn

(xI,O),d(xz,O),---,d(x ],0))”[7} then the two vector

n—

valued sequences of interval numbers are statistically equivalent = A¢ — statistically equivalent.

(c) If M satisfies the A —S$condition, then A¢ — equivalent ﬂ[”/\zw (d (xI ,0).d (xz,O) soe,d

rl’ ||:|

tistically equivalent m[”/\;,(d (xI,O),d (xz,O),--

(x,, 0))”,] = A¢ — sta-

Proof: Follows from the same technique of Theorem 4.1 and Theorem 4.5.
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