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Abstract

The notion of N-fuzzy sets (NFS) has been applied to a newly defined algebraic structure bi I'-ternary semigroup. The
notions of N-fuzzy bi I'-ternary subsemigroups and N-fuzzy biI'-left (right, lateral, quasi, and bi) ideals have been defined
and related properties have been investigated. The characterization of bi I'-ternary semigroup under these ideals have been
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1. Introduction

Zadeh (1965) introduced the concept of fuzzy set. The
fuzzy set theories developed by Zadeh and others have been
found many applications in the domain of mathematics
and elsewhere. Rosenfeld (1971) started the study of fuzzy
algebraic structures and introduced fuzzy subgroup (sub-
groupoid) and fuzzy (left, right) ideal in his pioneering paper.

The concept of intuitionistic fuzzy set was introduced
by Atanassov (1983) as a generalization of fuzzy set. Biswas
(1989), introduced the concept of intuitionistic fuzzy sub-
groupoids. Kim and Jun (2002) applied the concept of
intuitionistic fuzzy sets to the ideal theory of semigroup and
defined several ideals of semigroup. Many other authors
applied the concept of fuzzy set and intuitionistic fuzzy set
to the algebraic structures.

A crisp set 4 in auniverse X can be defined in the form
of its characteristics function u : X — {0,1}. So far most
of the generalizations of the crisp set have been conducted
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on the unit interval [0,1] and they are consistent with the
asymmetry observation. the generalization of the crisp set to
fuzzy set and fuzzy set to intuitionistic fuzzy set relied on
spreading positive information. Jun et al. (2009) first time
used the negative meaning of information and introduced a
new function which is called negative-valued function (or
negative fuzzy set, briefly, N-fuzzy set) and constructed N-
structures. Khan et al. (2009) used the idea of N-fuzzy sets
to characterized ordered semigroups by their N-fuzzy ideals.
Akram et al. (2014) worked on the N-fuzzy ideals of I'-AG-
groupoids.

Recently Akram ef al. (2015) proposed a new algebraic
structure called bi-ternary semigroup as a generalization of
I'-semigroup and ternary semigroup. They introduced the
notions of biI'-ternary subsemigroup, bil'-left (right, lateral)
ideal, biI"-quasi ideal and bi I"-bi-ideals for this structure and
discussed the relationship between these substructures. They
also defined the regular biI'-ternary semigroup and charac-
terized it by these ideals.

In this paper, we have applied the concept of N-fuzzy set
to the ideal theory of bi I'-ternary semigroup. The notions of
N-fuzzy biI'-ternary subsemigroup, N-fuzzy biI'-left (right,
lateral, quasi and bi) ideals have been defined and the
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relationship between them have been investigated. The characterizations of bi I'-ternary semigroup by these ideals have been
discussed here.

2. Preliminary Concepts

Definition 2.1 (Akram et al., 2015). Let T ={x, y,z,..} and T ={a, B,7,...} be two nonempty sets. Then 7 is called a
bil-ternary semigroup if it satisfies

() xaypzeT
() (xayfz)yudv = xa(yPBzyu)dv=xayf(zyudv), forall x,y,z,u,ve S and o, B,y,6 €T.

Example 2.2 (Akram et al.,2015). Let T ={4n+3, ne N} and I' = {4n +1, n € N}. Define the mapping TxI'x T xI'xT —»> T
as xayfz =x+a+ y+ B +z Then T'is a biI'-ternary semigroup.

Example 2.3 (Akram et al., 2015). Let T = Z~ and I < Z". Define xyySz, for x,y,z €T and ¥, €I as the usual multi-
plication of integers. Then 7T'is a bi I'-ternary semigroup but not a I'-semigroup.

Example 2.4 (Akram et al., 2015). Let T = iR, where, i =+/—1 and R is the set of real numbers. If ' ¢ R and xayfz is
defined as the usual multiplication of complex numbers 7'is a bi[-ternary semigroup but not a I'-semigroup.

Definition 2.5 (Akram et al., 2015) A nonempty subset A of a biI'-ternary semigroup 7'is called a biI'-ternary subsemigroup
of Tif ATATA c A.

Example 2.6 (Akram et al.,2015). Let T = N = {1,2,3,..}and ' = {4n+2, n € N}. Define xayfz=x+a+y+ [ +z Then
T'is a biI-ternary semigroup. Let 4 = {4n,n € N} be a nonempty subset of 7. Then 4 is a bi'-ternary subsemi-group of 7.

Definition 2.7 (Akram et al., 2015). A nonempty subset 4 of a bi ['-ternary semigroup 7T is called a biI'-left ideal of T if
TTTTAcC A.

Definition 2.8 (Akram ef al., 2015). A nonempty subset 4 of a bi ['-ternary semigroup 7 is called a bi I'-right ideal of T if
ATTTT c A.

Definition 2.9 (Akram et al., 2015) A nonempty subset 4 of a bi ['-ternary semigroup 7 is called a bi I'-lateral ideal of T
if TTATT c A.

Definition 2.10 (Akram et al., 2015). A nonempty subset A of a biI'-ternary semigroup 7 is called a biI-ideal of T'if it is a
bil-left, a bi[-right and a biI'-lateral ideal of 7.

Definition 2.11 (Akram et al., 2015) Let T'be a biI'-ternary semigroup. A nonempty subset Q of T'is called a biI'-quasi-ideal
of T'if

QUTTT NTTQIT A TTTTQ < Q and QTTIT ATTTTQITIT ATTTTQ < Q.

Definition 2.12 (Akram et al., 2015). Let T be a bi ['-ternary semigroup. A bi'-ternary subsemigroup B of T is called a
biI'-bi-ideal of T if BITTI'BI'TTB c B.

Definition 2.13 (Akram et al., 2015). Let T ={2n,ne N}, I' ={a,B,7,..} and A={4n,ne N}. Define, xayfz =
2x+2y+z, for x,y,ze€T and a,f €I'. Then T is a bi[-ternary semigroup and is a bi I'-left ideal of T but neither a
biI'-right nor a bi-lateral ideal of 7. If we define, xayfz = x+2y+2z and xayfz =2x+ y + 2z respectively, then 4 is a
bil-right and a biI"-lateral ideal of 7.

Example 2.14 In the above example if we define, xayfz = 2x+2y+ 2z, then 4 is a biI'-left, a bi['-right and a biI"-lateral
ideal of 7. Hence 4 is a bi -ideal of T.
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Proposition 2.15 (Akram et al., 2015) Let Tbe a bi[-ternary semigroup and ¢ # X < 7. Then
(1) 7rTTX isabi-leftideal of
(i) XT7TTT isabi-rightideal of
(i) TTXTT OTTTTXTT I'T isabil-lateral ideal of .

3. N-fuzzy bi I'-ternary subsemigroup and N-fuzzy bi I'-ideals

Definition 3.1 (Khan, A negative fuzzy set (briefly, N-fuzzy set or NFS) in a nonempty set X is a function z : X —[-1,0].

n_n

Here we are using "~ for the negative fuzzy function.
Jun et al. (2009) used the term negative-valued function and N-function for negative fuzzy set and N-fuzzy set.

Definition 3.2 Let 1z be an NFSin Nand ¢ €[—-1,0]. Then the set N(u;¢) = {x € X | u(x) <t} is called an N-level subset
of 4.

Definition 3.3 Let zz and z, be two NFSs in X. If forall x € X, 7 (x) < (x) then u is called an N-fuzzy subset (NFSS)
of i andiswrittenas u < u,. Wesaythat u =z . if andonlyif g <z and u <7u

Definition 3.4 Let z and z be two NFSs in X. Then their union and intersection is also an N-fuzzy set in X, defined as,
forall x e X,

(p D) ={x, min{u (x), 1 ()}} = (g (x) A w (x),
and

(HAE) = {x, max{H (0.7 (0} = (H () v I (x).

Definition 3.5 Let X = {a,b,c,d} be a nonempty set. Define u: X —[-1,0] as, u(a)=-0.7, u(b)=-04, n(c)=-04,
71(d)=-02. Then 7 = {< a,-0.7 >, < b,-0.4 >, < ¢,-03 >,< d,-0.2 >}, obviously, i is an N-fuzzy set in X.
Now, let

u ={<a,-1>,<b,-0.8>,<¢c,-0.6 >,<d,-0.5>}

and

u, ={<a,=7>,<b,-0.7>,<c,-0.5>,<d,-0.3 >}.

Then u and u, are N-fuzzy setsin X. Easily we can verify that u < 1 .
If, we take

u =1{<a,-0.8>,<b,-0.7>,<¢,-0.5>,<d,-03 >}

={<a,-0.7>,<b,-0.8>,<¢,-0.6>,<d,-0.5>}.

I

Then and p are N-fuzzy setsin X and

2

x|

On ={<a,-0.8><b,-08><c,—0.6><d,-0.5>}

x|

g ={<a,~0.7><b,-0.7>,<c,-0.5><d,-0.3>}.
Obviously, © U, and p N u, are N-fuzzy sets in X.

In what follows, let T denotes a bi I'-ternary semigroup unless otherwise specified.

Definition 3.6 Let S be a nonempty subset of 7. Then the N- characteristic function of S is a function Z defined as, for any

xeT,

— -1, ifxe S
2s(x)=9
0, ifxeS.
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We denotes the N-characteristic function of T'by X-

Definition 3.7 Let uz , 2 and z be the three NFSs in 7. Then their product is given as, oz o u , whereforany x e 7,

A A (a)v (b)) v (o)}, ifx =aabfe, fora,b,ceT,a,f el’

_ _ _ x=aabfc
(B, o Hoop 1)) = { 0, otherwise.
Definition 3.8 Let &7 be an NFSin 7. Then u is called an N-fuzzy biI'-ternary subsemigroup of if

H(xaypz) < max{E(x), B(y), ()} forall x,y,z €T, a,fel.

Definition 3.9 Let 1z bean NFSin 7. Then g is called an N-fuzzy bi I'-left ideal of T'if
U(xayfz) < u(z), forall x,y,zeT,a,p el

Definition 3.10 Let ¢ bean NFSin 7. Then u is called an N-fuzzy bi I'-right ideal of T'if
a(xaypz)<u(x), forall x,y,zeT,a,p eT.

Definition 3.11 Let &7 bean NFSin 7. Then u is called an N-fuzzy bi I'-lateral ideal of T if
U(xaypfz) < u(y), forall x,y,zeT,a, B el

Definition 3.12 Let 1z be an NFS in 7. Then u is called an N-fuzzy bi I'-ideal of T if it is a bi I'-left, a bi I'-right and a bi
I'-lateral ideal of 7.

Example 3.13 Let 7 =27 and I' = Z". Then T is a bi I'-ternary semigroup but not a I'-semigroup under the usual multi-
plication of integersi.e. for x, y,z €T, a, B €', (xayBz) = xayz. Now define, u : T —[-1,0] as, for x e T,

. —0.5, ifx is even
H(x) = _
—0.1, otherwise.

Then u is an N-fuzzy set in 7. By simple calculations we can verify that i is an N-fuzzy bi I'-ternary subsemigroup of 7.

Example 3.14 Let T = {a,b,c} and I" = {a}. Then Tis a bi I'-ternary semigroup under the operation defined in the following
table,

alal|b|c

a aa)|a

blal|b|b]|

C a | c Cc

Define, i : T —[-1,0] such that g = {<a,-0.3>,<b,-0.7 >,<¢,—0.5>}. Then u is an N-fuzzy set in T which
is an N-fuzzy bi I'-ternary subsemigroup of 7. Further we can verify that 4 is not an N-fuzzy bi I"-left (bi I'-right, bi I'-lateral)
ideal of T.

If we take 1 = {< a,—0.7 >,<b,—0.5>,<¢,—0.5>}, then u isan N-fuzzy bi I'-left, a bi I'-right and a bi I'-lateral
ideal of Thence a N-fuzzy bi I'-ideal of 7. Obviously it is an I'-fuzzy bi I'-ternary subsemigroup of 7.

Example3.15Let 7 = {2n,n e N} and I ={«, B,7,...}. Define xayfz=2x+2y+z, for x,y,zeT,a, B €T, then T is
a bi I'-ternary semigroup. Now define, 1 : 7 —[-1,0] as
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_ —0.2, if x = 4n for somen e N
H(x) = _
-0.5, otherwise.

Then p isan N-fuzzybi'-left ideal of T

Now, for 2,4,6eT,a,Bel, 2a6)f4=2(2)+2(6)+4=20=4(5). Thus u(Ra6f4)=pu(4(5)=-0.2 and
(2) =-0.5 implies that @(2a6p4) £ u(2). Hence 1 isnot an N-fuzzy bi I'-right ideal of 7. Similarly, we can verify
that 1 isnotan N-fuzzy bi I'-lateral ideal of 7. If we define xayfz =x+2y+2z and xayfz =2x+y+2z, thenisan
N-fuzzy bi I'-right ideal of 7Tand N-fuzzy bi I'-lateral ideal of T, respectively. Further more if xayfz =2x+2y +2z, then
u is an N-fuzzy bi I'-ideal of T

From Example 3.14 3.15, we can write the following remark.

Remark 3.16 In a bi I'-ternary semigroup

(1) An N-fuzzy bi I'-left (right, lateral ) ideal of T is an N-fuzzy bi I'-ternary subsemigroup of 7 but the converse is
not true.

(i) An N-fuzzy bi I'-left ideal of 7 may not be an N-fuzzy bi I'-right (lateral) ideal of 7 and vice versa.

Lemma 3.17 Let T be a bi I['-ternary semigroup then,

(i) The intersection of any collection of N-fuzzy bi I'-ternary subsemigroups of 7'is an N-fuzzy bi I'-ternary subsemi-
group of 7.

(i) The intersection of any collection of N-fuzzy bi I'-left (right, lateral) ideals of 7 is an N-fuzzy bi I'-left (right,
lateral) ideal of T.

Proof. (i) Let {i,i € I} be a collection of N-fuzzy bi I'-ternary subsemigroups of 7, then z (xayfz) < max{z (x), (), &.(2)},
forall jel, x,y,zeT,a,f €. Now,forallfor ijel, x,y,zeT,a,p T

(M) (xayfz) = O ((xay f2)) < D(max{f (x), 1, (v), 1,(2)})
= max{AF, (0, SO AT()} = maxi(BE)), (R, (AE )
Hence N is an N-fuzzy bi I'-ternary subsemigroup of 7.
(ii) Proofis similar as (i).
Proposition 3.18 Let 1z be an NFS in 7'then

(i) wisan N-fuzzy bi I'-ternary subsemigroup of 7'ifand only if, e me u > .
(i) u isan N-fuzzybi I'-leftideal of T'ifand onlyif, ¥ o xo u

>
(iii) £ isan N-fuzzy bi I'-lateral ideal of T'ifand onlyif, o mo_ ¥
(iv) u isan N-fuzzy bi I'-right ideal of T'ifand only if, z1o_ 7y o 7 > 1.
Proof. (i) Let & be an N-fuzzy bi I'-ternary subsemigroup of 7and x e T.
Casel.If x #aabfc, for a,f el a,b,ceT ,then (mo_ po u)(x) =02 (m)(x).
Case2. If x = aabfc, for a,B €l and a,b,c €T, then (o mo_ m)(x)= min {max(z(a), @(b), (c))} > min m(aabfc)
x=aabfc x=aabfc

> nu(x),vxeT.

This implies that o o > u.

Conversely, we suppose that o o u>p. Let, a,f€l’, a,b,c eT and x = aabfc then,
H(aabfe) = p(x) < (fo, e, p)(x) = min {max(z(u), £(v), K(w))} < max((a), f(b), f(c))-

Hence 1 is an N-fuzzy bi I'-ternary subsemigroup of 7. Proof of Similarly, we can prove (ii), (iii) and (iv).

Lemma 3.19 Let 1z be an NFSin 7. Then
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() x o, xeo, u isan N-fuzzybi-leftideal of T.
(i) @o_ o, x isan N-fuzzybil-rightideal of T.

(i) y o o x isan N-fuzzybil-lateral ideal of 7.

Proof. (i) Let L= o yo m. Then Yo yo L=pxo yo xyo yo m2yo xyo m=L Hence L=Yyo yo u is
an N-fuzzybi I'-leftideal of T. Similarly, we can prove (ii) and (iii).

Theorem 3.20 Let 1z be an NFS in 7. Then u is an N-fuzzy bi -ternary subsemigroup of 7 if and only if N(u;t) isa
bi I'-ternary subsemigroup of 7, forall ¢ € [-1,0].

Proof. Let 1z be an N -fuzzy bi I'-ternary subsemigroup of 7. Let x, y,z € N(u;t), where ¢t €[—1,0] then u(x) <t,u(y)<t
and 1 (z)<t. Now for «,fB el u(xayBz)<max{g(x),u(y), 1(z)} <t. This implies that xayBze N(u;t), for all
x,y,ze€ N(u;t) and a,f €. Hence N(u;t) isabi'-ternary subsemigroup of 7. Conversely, we suppose that N(zz;¢) is
a bi I-ternary subsemigroup of 7, for all # €[-1,0]. Let x,y,z€T such that u(x)=¢, u(y)=1 and u(z)=t with
t.t,t €[-1,0]then x e N(m;t,), ye N(i;t ) and z e N(;¢). We may assume that ¢ <¢ <t then N(u;t )< N(ust)
< N(m;t.), which implies that x,y,z e N(u;t ). Since, N(u;t ) is a bi I'-ternary subsemigroup of 7" implies that
xayfze N(ust), for a,B el’. Then u(xayfz)<t =max(z, ty,t:) = max (ﬁ(x), u(y), ,L_t(z)), forall x,y,zeT and
a,B €l’. Hence i isan N-fuzzy bi I'-ternary subsemigroup of T.

Theorem 3.21 Let 1 be an NFS in 7. Then 1 is an N-fuzzy bi I'-left (right, lateral) ideal of 7 if and only if N(u;?) is a
bi I'-left (right, lateral) ideal of 7, forall ¢ <[-1,0].

Proof. Straightforward.

Theorem 3.22 A nonempty subset S of 7'is a bi I'-ternary subsemigroup of 7" if and only if y_ is an N-fuzzy bi I'-ternary

subsemigroup of 7.

Proof. Let be a bi I'-ternary subsemigroup of Tthen STSI'S = S. Let x,y,z€ T, o, € ' then we have following cases.

Case 1.1f x, y,z € Sthen xayfz € § and hence 7 (x) = ¥ (¥) = ¥, (2) = ¥, (xayfz) = —limplies that ¥ (xaypBz) =
max{y (x), x,(»), x,(2)}

Case 2. If either x ¢ § or y ¢S or z¢ S then either ¥ (x)=0 or y (y)=0 or x (z)=0. This implies that,
max{y (x),7,(»), x,(2)} =0 but ¥ (xaypz)<0 implies that ¥, (xayfz) <max{y (x), 7,(»), 2,(z)}, for all x,y,z€T,
a,pel.

Case 3. When any two of x,y,z arenotin S.

Case 4. When all x, y,z arenotin S.

Above both cases give the same results as in Case2. Hence y_ is an N-fuzzy bi I'-ternary subsemigroup of T.

Conversely, we suppose that  is an N-fuzzy bi I'-ternary subsemigroup of 7. Let x,y,z€ S and a,f €I then
xayPz e STSTS. By definition of 7, ¥ (x) = x,(») = x,(z) = —1 implies that max {¥, (x), 7, (1) x,(2)} =—1. Since ¥
isan N-fuzzy bi I'-ternary subsemigroup of 7, ¥ (xaypz)<max{y (x),x (»),x,(z)}=-1 implies that ¥ (xaypz)<-1
but by definition ¥ _(xayfz) > -1, which implies that ¥ (xayfz) = —1. This givesthat xayfz € S implies that STSTS < .

Hence S is a bi I'-ternary subsemigroup of 7.

Theorem 3.23 A nonempty subset S of 7'is a bi I'-left (right, lateral) ideal of T'if and only if % is an N-fuzzy bi I'-left (right,
lateral) ideal of T

Proof. Straightforward.
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Definition 3.24 Let S be a nonempty subset of Tand a,b €[—1,0] with g < . Define a N-fuzzy set C_'S inTasforall xeT,

_ aifxeS
C.(x)=
bifxgsS.

Lemma 3.25 A nonempty subset S of 7'is a bi ['-ternary subsemigroup (left ideal, right ideal, lateral ideal) of T'if and only if
a ; isan N-fuzzy bi I'-ternary subsemigroup (left ideal, right ideal, lateral ideal) of 7.

Proof. We prove this result for bi I'-right ideals. Let S be a bi I'- right ideal of Tand x, y,ze€T. If x € S then xayfBze S
implies that C_'S (x)=a-= C_'S(xayﬂz). If x¢ S then C_'S (x)=>b2 E‘é (xayfz). Hence C_'S is an N-fuzzy bi I'-right ideal
of T

Conversely, we suppose that C_'S is an N-fuzzy bi I'-right ideal of 7 Let x € S then C_'S (x)=a. For y,zeT and
a,pel,C(xayBz)<C (x)=a but C (xayfz)2a implies that C_(xayfz) = a implies that xayfiz € S= STTI'T c S.

Hence Sis a bi I'-right ideal of 7. The result for other cases is similar.
4. N-fuzzy bi I'-quasi ideals and N-fuzzy bi I"-bi-ideals

Definition 4.1 Let £ bean NFSin 7. Then u iscalledan N-fuzzy bi I'-quasi ideal of if for all

p(x) <max{(me, o (%), (% op o, 7)), (7 op o H)X)},

p(x)<max{(ze g o 2)(x),(x o, xo  Heo Loy x)X),(x o, o, H)X)}
Alternatively,

x|

A<e Zo ZVEo o ZIVTe To 0

o ;?or ﬁ

x|

AT 7o, IVTo 2o Mo 1o 2V
Proposition 4.2 Every N-fuzzy bi I'-quasi ideal of 7'is an N-fuzzy bi I'-ternary subsemigroup of 7.

Proof. Let 1 be an N-fuzzy bi I'-quasi ideal of 7. Since, po Yo ¥ <peo mo u, yo Ho x <pmo pmo pu and
Zo.xo . m<pmo po u impliesthat o Yo ¥ viyo Ho yvyo yo m<po o p. Also, since uisaa N-
fuzzy bi I'-quasi ideal of 7, so g < pro_yo xy v yo pmo xvyo_ yo . Thisimpliesthat u <o mo_ p. Henceby
Proposition 3.18, 1 isan N-fuzzy bi I'-ternary subsemigroup of 7.

Lemma 4.3 Let {1 ,i e/} bea collection of N-fuzzy bi I'-quasi ideals of 7' then If_) M, isalsoan N-fuzzy bi I'-quasi ideal
of T.

Proof. Straightforward.
Lemma 4.4 Every N-fuzzy bi I'-left (right, lateral) ideal of T'is an N-fuzzy biI'-quasiideal of 7.

Proof. Straightforward.

Theorem 4.5 Let 1 bean NFSin T.Then p isan N-fuzzybi I'-quasi ideal of 7ifand only if N(z;¢) isa biI'-quasiideal
of Tforall ¢t e[-1,0].

Proof. We suppose that 1z isan N-fuzzy bi I'-quasi ideal of T’ then
A<Ho Zo, ZVTo 0o IVEo T T

Let me N(u;\)I'TUT then m =naypz for ne N(u;t), y,z€T and a, €T. Since n € N(u;t) implies that u(n) <¢.
Now,
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(o, 2o X)m)= Xg}aij}k{max(ﬁ(n), 2(¥), 2(2)} <max(t,—1,-1)<¢

Similarly, (y o o x)m)<tand (y o y o m)(m)<t impliesthat

max{(i oz o x)m),(x o Ho. 2)m),(} o x o m)m)} <t
Le. (o yo xVxo mXVXxeo. xe. H)m)<t, and by supposition,
F(m) < (fo, o, TV T o o, TV T o, X o H)m) implies that Zi(m) <1.
This givesthat m = nayfz € N(u;¢t) impliesthat N(u;)I'TT'T < N(u;t).
So, N ; )T TTT NTTN(u; ) I T NnTUTIN (i) < N(ust)
and N(u; ) TTT NTTTUN(@; )T TTT NTTTUN (s t) < N(u;1).
Hence N(u;t) isabil-quasiideal of T.

Conversely, we suppose that N(z;¢) is a bi I'-quasiideal of T, for all ¢ € [-1,0]. We have to prove that iz isan N-fuzzybi
I'-quasi ideal of 7. On contrary, we suppose that there exist some m € T such that

(Ho xo XV Xo  Ho XV Koy o H)m)<u(m), ie.
(Hop Xop x)m)v (o, o x)m)v (x o %o m)(m)<u(m).
Now, choose a 7 €[~1,0] suchthat (@eo_ yo y v ye mo xyviyo xo. m)m)<t<u(m),
Since, (zo. y o x)(m)<t implies that me N(u;0)I'TT'T and () o mo. x)(m)<t implies that m e TUN(u;)['T
and (y o y o. p)(m) <t implies that m € TTTT'N(u; ). This gives that
me N, OITTTT N"TUN(u; )T nTITTUN (i t) < N(u;t) = me N(u;t) = u(m) < t, which is a contradiction.
So (o, 7o, ZVZ o, Ho, TV T o T o B)m)= E(m),YmeT.
e (Fo 7o, ZVTo Ao, IVTo, 2o M2
Similarly, we can verify that zio Yo ¥ v yo Yo o xo xvyo yo m=pu. Hence g isan N-fuzzybil-

quasi ideal of T.
Theorem 4.6 A nonempty subset S of is a bi I'-quasi ideal of T'ifand onlyif ¥ is an N-fuzzybi I'-quasi ideal of T.

Proof. Let S be abi I'-quasi ideal of 7 For m e T either me S or m¢ S. If m € S then x (m)=-1 and

(X, °p B, o, p,)(m) 2 -1 implies that (y o o  x)(m)= x (m) implies that

(Zgop 2o, 2)m)V xo xoo ) m)V yo o x)m)=y (m)
ie.  (Xye  Xe XNV Xo Xgor XNV X oy Xop X )m)= x (m).

If m ¢ S then either m = aabfic or m# aabfc, for a,b,c €T and a,f €I'. When m # aabfc, for a,b,c €T
then (y o  x o, x)(m)=0. Also ¥ (m)=0 implies that (} o Y o x)m) =y ,(m). When m = aabfc, for a,b,ceT
then maximum two of a, b,c maycontained in Sotherwiseif a,b,c € S then m = aabfic € STTTT "TTSIT N"TTTIS < S
(Since S is a bi I'-quasi ideal of 7) = m e §, which is a contradiction. We have following cases,

() m=aabfc and a ¢ S,b¢ S,c¢S. Inthiscase (¥ o x . x)m)=(x,°. x°. x)NaabBc)

= min{max(y, (a), 7 (b), 7 (¢)) = max{(0,-1,-1)} = 0.
This implies that (¥, o ¥ o x)(m)=0. Similarly, (¥ o % o x)(m)=0 and (¥ o ¥ . x )(m)=0. Since y (m)=0,
which implies that (} o yo. x Vv x e x.o. XV X°. X ° X, )m)=x (m).

(i) m =aabfc and exactly one of a,b,c contained in S. Let aeS,bg S and c¢ S then ¥ (m)=0 and
Z,(a)=-1. Also (7, o, 7o, 2)m) = (Z, o, 7 o, TNaabpc) = min{max(Z,(a), Z(b), Z()) = maxi(~1,~1,-1)} =—1.

Similarly, (3 oy . x)(m)=0 and (o x . x )(m)=0 implies that
(Z, o, Zo, DNm)V (T o, T, o TNmIV (T o, T o) Z,)m) = 0= 7, (m).
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(iii) m = aabPc and exactly two of a,b,c containedin S.Let a € S,be S and c ¢ S then x (m)=0 and ¥ (a)=
—1,7,(b)=-1. Inthiscase (y o x o p)m)=~-1, (@ o x o x)m)=-1and (o xo.x )(m)=0, which implies
that (o 7o, 2)m)v (g oy o X)m)v (¥ oy o 2, )(m) =y (m).

Hence, forall m e T, (7, o, Z o, ZXm)V (T o, T, o, D)V (T o, T o, Z,)m) > 7, (m).
This impliesthat ¥ o yo xvxye x.°. XV X°,

Vﬂ?or Zor ZSZZS'

x| X

Xor X 2 X
Similarly, we can verifythat y o yo y v e xyo x. o X°o. X
Hence, Y isan N-fuzzybiI-quasiideal of 7.

Conversely, we suppose that y_ is an N-fuzzy bi I'-quasi ideal of 7. Let x € STTTT NTTSTT NTTTTS. Then
xe STTTT, xeTISTT and x e TTTIS implies that x=aabfc =aab pc =aoabpc, where a,b ,c €S,
b,c,a,c,a,b eT and a,pB ,a,,pB,,a,B, €. Then

(X or Xop X)) =(Xgop xop xNaabBe)==1 (xe xoo 2)x) =)o X;° XNa,abfc)=-1,

(X o Xop X)) = (X e, X o, x Naab fe)=-1.

Thisimplies that (y o ¥ o X VX o X;°0 XV X oL X °p X )NX) =1
Since, ¥, isan N-fuzzybi'-quasiideal of 7.
This implies that—1 > ¥ (x)but ¥ (x) = —1 implies that % (x) = —1 implies that x € S thatis STTTT NTTSTT NTI'TTS < S.

Likewise, we can verify that STTTT WTTTTSTTI'T NnTI'TT'S < S. Hence, S is a bi ['-quasi ideal of T.

Lemma 4.7 A nonempty subset S of 7'is a bi I"-quasi-ideal of T’ if and only if C_'3 _isan N-fuzzy bi I'-quasi-ideal of 7.

Proof. Straightforward.

The following Examples 4.8 & 4.9, shows that the converses of Proposition 4.2 and Lemma 4.4 are not true in general.

Example 4.8 Let 7 = {a,b,c} and I" = {a}. Then T'is bi I'-ternary semigroup along with the operation defined in the table
below.

Let A=1{b,c} then A is a bi I'-ternary subsemigroup of 7" but not a bi I"-quasi ideal of 7. Now, define 1 : T —[-1,0] as
t(a)=-04,u(b)= pu(c)=-0.7. Then
T if te[-0.4,0]
N(u,t)=141{b,c} if t €[-0.7,-0.4)
o if te[-1,-0.7).

Obviously, N(u,t) is abi I'-ternary subsemigroup of 7’but not a bi I'-quasi ideal of 7, for all ¢ € [-1,0]. Then by Proposition
4.2 and Theorem 4.5, 1 isan N-fuzzy bi -ternary subsemigroup of 7’but not an N-fuzzy bi I'-quasi ideal of 70

Example 4.9 In above example if we take, 4 = {a,c} then A4 is a bi ['-quasi ideal of 7. Further more 4 is a bi I'-left ideal of
Tbut neither a bi I'-right ideal nor a bi I'-lateral ideal of T.
Now, define ¢ : 7 —[-1,0] as z(a) = (c) =-0.8, g (b) =-0.5. Then
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T if t[-0.5,0]
N(u,t)=11{a,c} if te[-0.8,-0.5)
O if te[-1,-0.8).
Obviously, N(u,t) isa bi I'-quasi ideal of 7, for all ¢ €[—1,0] but neither a bi I'-right ideal nor a bi I"-lateral ideal of T
for ¢ e[-0.8,-0.5). Hence by Theorem 4.5, 1z isan N-fuzzy bi I'-quasi ideal of 7 and by Theorem 3.21, x isneither an

N-fuzzy bi I'-right ideal nor an N-fuzzy bi I'-lateral ideal of 7. Similarly, we can construct examples of N-fuzzy bi I'-quasi
ideal of 7, which are not N-fuzzy bi I'-leftideal of T

Definition 4.10 Let ¢z bean NFSin 7. Then u iscalled an N-fuzzy bi I'-bi-ideal of if 7.
(1) m isan N-fuzzy bi I-ternary subsemigroup of 7.

(i) Forall x,y,zeT, a,B,n,0 €', g(xauPfynvéz) < max(u, (x), &, (y), i,(2)).

Proposition 4.11 Let ¢ bean NFSin 7. Then u isan N-fuzzy bi I'-bi-ideal of T'ifand only if

() 7o, Ho, A2 and

i) 7o, 7o Ho, 7o, B2
Proof. We suppose that 1 is an N-fuzzy bi I'-bi-ideal of T then it is bi ['-ternary subsemigroup of 7 and by Proposition
3.18, condition (i) holds. Now for (i), let m € T. If m # xaypz, forx,y,zeT and a, B €l then (e yo me yo m)(m)
=02 u(m).

If m=xaypfz and x =udvOw, for u,v,weT and 6,0 €' then

(7o, Zo o, Zo, M(m) = min {max{(@e, 7o, M), ZOLEE)}}

min {max{ min {max(Z(w), Z(v), ZW)}, 70, A}

m=xaypz

min {max { min {max(%(), -1, ZW)}, -1 ()}

m=xaypz

min { min {max{max(x(u), £(w)}, 1(z)}}

m=xayBz x=udvOw

min { min {max(z(u), £(w), 1(z)}}

m=xayfz x=udvOw

min {max(u(u), £ (W)}, u(z)}}

m=usvowaypz

> min pguovBwayfz) = u(m).

m=udvowaypz
This implies that o yo po yo u2>pu.

Conversely, we suppose that (i) and (ii) holds for any N-fuzzy subset 1 of T. Let m = xauffyovOz, for x,y,z,u,veT,
a,B,6,0 e’ .Asby(ii), g <o Yo po_ yxo m impliesthat

7 (xaufysv0z) = Fi(m) < (o, T o, Fo, 7 o, F)m)

= min {max{(uo y o u)xaupfy),y(v), u(z)}}

m=xaupysvoz

< max{ min {max(z(x), 7 (u), H(y)}, X (v), #(2)}

= min {max{max(u(x),~1, u(y))}, =1, u(2)}

n=xaufy

< max (i (x), £(y), 1(z)).
Hence u is an N-fuzzy bi I'-bi-ideal of T.
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Lemmad4.12 Let u and z, be twoNFSsin 7. Then g oy o u, isalsoan N-fuzzybiI-bi-ideal of T.
Proof. Straightforward.

Theorem4.13 Let 1, u, and p bethreeNFSsin 7. Then p o m o p isalsoan N-fuzzybil-bi-ideal of T ifanyone
of i, m, or wu, iseither an N-fuzzy bi I'-left ideal or an N-fuzzy bi I'-right ideal or an N-fuzzy bi I'-lateral ideal of 7.

Proof. Straightforward.

Lemma 4.14 Every N-fuzzy bi ['-quasi ideal of T is an N-fuzzy bi I'-bi-ideal of 7.

Proof. Straightforward.

Lemma 4.15 Every N-fuzzy bi I'-left (right, lateral) ideal of 7" is an N-fuzzy bi I"-bi-ideal of 7.

Proof. Straightforward.

Lemma 4.16 Let {1 ,i €I} bea collection of N-fuzzy bi I'-bi-ideals of T'then If_) M isalsoan N-fuzzy bi I'-bi-ideal of T,
Proof. Straightforward.

Theorem 4.17 Let 1z bean NFSin 7. Then g isan N-fuzzybiI'-bi-ideal of 7 ifand only if N(u;¢) isabiI-bi-ideal of 7, for
all t €[-1,0].

Proof. We suppose that 7 is an N-fuzzy bi I'-bi-ideal of Tand m € N(u; )L TTN (u; )T TTN (5 ¢). Then m = naxBody0q
for n,0,q e N(u;t), x,yeT and o, ,6,0 €T’ Since n,0,q € N(u;t) implies that 1 (n), (o), £(q) <t. Now, since is
N-fuzzy bi I'-bi-ideal of T'so u(m) = g(naxfody0q) < max(u(n), ti(o), i(q)) max(t,t,t) =t implies that 1 (m) < ¢. This
impliesthat m € N(u;¢) thatis N(u; )T TUN(u; )T TUN (u;t) < N(u;t). Hence N(u;t) isabil-bi-ideal of 70

Conversely, we suppose that N(i;¢) is a bi I'-bi-ideal of 7 for all # €[-1,0]. Let x,y,z €T such that u(x)=¢,
H(y)=t and u(z)=¢ with ¢ .t .t €[~1,0]. Then xe N(u;t),y e N(u;t ) and z e N(u;t ). We may assume thét
t <t Svt: and then }V(ﬁ; 1) ng(ﬁ;lv) < N(m;t). This implies that x,y,z e N(u;t). S{nce N(m;t) is a bi
F-bi-ideal of T then for u,veT, «a, ﬂ,n,é e, xaupPyovfz € N(u;t ), so we have u(xaufyévOz) <t =max(t, ‘, t)
= max(z(x), 1(y), 1 (2)).

Above holds for all x,y,z,u,veT and a,p,n,0 €I'. Hence i isan N-fuzzy bi I'-bi-ideal of T.

Theorem 4.18 A nonempty subset S of T'is a bi I'-bi-ideal of T'ifand onlyif y_ isan N-fuzzybiI'-bi-ideal of 7.

Proof. We suppose that S'is a bi I'-bi-ideal of T'then itisabi I'-ternary subsemigroup of 7'and by Theorem 3.22, % isan N-
fuzzy bi I'-ternary subsemigroup of 7" Also STTT'STTTS < S. Now for any x, y, z,u,veT,a, 3,1,0 €', xauBynvlz e T.
We have following cases,

() If x,y,z€ S then xauBynvdz e STTTSTTTS < S implies that 7 (x) = 7, (v) = 7,(2) = -1 = 1 (xaufynvéz).
Hence y (xaupynvOz) =—-1=max(y (x), x,(), x,(2)).

(i) If either x¢S§ or y&S or z¢S then either ¥ (x)=0 or ¥ (y)=0 or x (z)=0 implies that
max(y, (x), x,(»), x,(2)) = 0. But x (xaupBynv0z) < 0. This implies that y_(xauBynv0z) <max(y (x),x,(¥), x,(2)).

(i) If anytwo of x ¢ 4 arenotinS. Itis same like (ii).

(v)If xg 4 and y# A and z ¢ 4. Itisalsosame like (ii).
Hence ¥, isan N-fuzzybiI-bi-ideal of T
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Conversely, we suppose that 7, is an N-fuzzy bi I'-bi-ideal of 7" For any ¢ € STTI'STTTS there exists x,y,z € S,u,veT
and @, f,n,0 €T such that ¢ = xaufynv0z. Then ¥ (x) =7 (y) =7, (z) = -1 implies that max(¥, (x), 7z, (»), 7, (2)) = -1.
Since x is an N-fuzzy bi I'-bi-ideal of T implies that 7 (xaufynvoz) < max(y (x),% (¥),7 (2))=-1. But by definition
X, (xauBynvOz) > —1. This gives that y (xauBynv0z)=-1 implies that 7 =xaufynvdz € S. Which shows that
STTTSTTTS < S. Henceis SabiI-bi-ideal of T

Lemma 4.19 A nonempty subset S of 7'is a bi I"-bi-ideal of T'ifand only if is an N-fuzzy bi I'-bi-ideal of T.

Proof. Straightforward.

Example 4.20 Let 7 = {a,b,c} and I" = {a}. Then T'is bi ['-ternary semigroup along with the operation defined in the bellow
table.

Define, u:T —[-1,0] such that u ={<a,-0.9>,<b,-0.7 >,<¢,—0.5>}. Then isan N-fuzzy bi I'-bi-ideal of 7. Also,
t(cacab) = p(c)=-0.5£-0.7 =) and p(cabac)=pu(c)=-0.5<£-0.7=u(b).
This implies that i is neither N-fuzzy bi I'-left nor N-fuzzy biI'-lateral ideal of 7.

Example4.21 Let 7 = Z and I" = Z". Then T'is a bi '-ternary semigroup but not a I'-semigroup under the usual multiplication
ofintegersi.e. for x,y,zeT, a,B €I, (xayfz) =xayfz. Define, g :T —[-1,0] as, for x e T,

. 0.7, if x is even
H(x) = _
—0.1, otherwise.

Then w isan N-fuzzyset in 7. By simple calculations we can verify that 1 is an N-fuzzy bi I'-bi-ideal of T as well as N-fuzzy
bi I'-ideal of T

Example 4.22 Let

a b c
T=410 0 d|, ab,c,d,ecZ ; and r=2z",
0 0

e

where Z is the set of all non-positive integers. Then 7'is bi I'-ternary semigroup under the usual and scalar multiplication

of matrices. Now consider

0

0 m O
B=<10 0 m|, meZ
0 0 0

Then B is a bi I'-bi-ideal of 7 but not a bi I'-quasi ideal of 7, as we can see below, for s € B,x,y,z€ T and a, f €', where

0 -1 0 0 0 O 0 0 O 0 0 2
s=/0 0 -1|,x={0 0 -1|,y={0 0 O |,z={0 0 O
0 0 O 0 0 O 0 0 -1 0 0 O
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and
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a=1,B=2, then saxfy=ze€ BITI'T,xasPy=zeTI'BI'T and xayfBs =z €TTTIB.

This implies that z € BTTTT "TTBIT NTTTTB but 7 ¢ B implies that BTTTT "TTBTT N"TTTTB & B. Hence, B is
not a bi I'-bi-ideal of 7" Then by Theorem 4.6, y_ isnotan N-fuzzy bi I'-quasi ideal of 7but by Theorem 4.18, is an N-fuzzy

bi I'-bi-ideal of T'. If, we define

c ) -0.7ifxeB
X) =
’ -0.2 ifx ¢ B.

Then by Lemma 4.7, C_'B (x) isnot an N-fuzzy bi I"-quasi ideal of 7 but by Lemma 4.19, C_'B (x) is an N-fuzzy bi I'-bi-ideal of T.
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